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EQUIVALENCE OF A TANGLE CATEGORY AND A CATEGORY

OF INFINITE DIMENSIONAL Uqpsl2q-MODULES

K. IOHARA, G. I. LEHRER, AND R. B. ZHANG

Abstract. It is very well known that if V is the simple 2-dimensional rep-
resentation of Uqpsl2q, the category of representations V br , r “ 0, 1, 2, . . . ,
is equivalent to the Temperley-Lieb category TLpqq. Such categorical equiva-
lences between tangle categories and categories of representations are rare. In
this work we give a family of new equivalences by extending the above equiv-
alence to one between the category of representations M bV br , where M is a
projective Verma module of Uqpsl2q and the type B Temperley-Lieb category
TLBpq,Qq, realised as a subquotient of the tangle category of Freyd, Yetter,
Reshetikhin, Turaev and others.
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1. Introduction

Suppose that T is a subquotient of the tangle category of Freyd-Yetter [11] and
Reshitikhin-Turaev [24] (see below). There are many examples (cf. [24, 25]) of a
functor F : T ÝÑ ReppUqq, where ReppUqq is a full subcategory of the category of
representations of a quantum group Uq. However it is rare that F is an equivalence.
One such case is when T “ TLpqq, the Temperley-Lieb category. It is well known
(see, e.g., [4, 10, 17, 19, 24, 25]) that the Temperley-Lieb category is isomorphic to
the full subcategory of Uqpsl2q-modules with objects V br for r “ 0, 1, . . . , where
V is the 2-dimensional simple module. This isomorphism underlies the quantum
group theoretical construction of the celebrated Jones polynomial of knots [17].
In this work we show that this isomorphism of categories extends to a family of
equivalences between the Temperley-Lieb category of typeB, and a certain category
of infinite dimensional representations of Uqpsl2q.

Specifically, we generalise the classical isomorphism of categories above to an
isomorphism of categories between the Temperley-Lieb category TLBpq,Qq of type
B [14] with appropriate parameters and the full subcategory T of Uqpsl2q-modules
generated by the objects M b V br (r “ 0, 1, . . . ) where M is a fixed projective
Verma module. The choice of parameter Q depends on M .
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A consequence of the isomorphism between the categories TLBpq,Qq and T is
a generalised version of Schur-Weyl duality, identifying the endomorphism algebra
EndT pM b V brq with the Temperley-Lieb algebra TLBrpq,Qq of type Br, where
TLBrpq,Qq is the endomorphism algebra of an object of the category TLBpq,Qq

in analogy with [20]. This enables us to bring into play the cellular structure of
the Temperley-Lieb algebra, which we use to determine a precise criterion for the
semisimplicity of the endomorphism algebra EndT pM b V brq.

The proofs of the main results rely on a new description of the Temperley-
Lieb category TLBpq,Qq of type B as a subquotient T LBpq,Ωq of the coloured
framed tangle category extensively studied by Freyd, Yetter [11], Turaev, Reshi-
tikhin [24,25,27] and others. The category TLBpq,Qq was defined in [14] as a cate-
gory of marked diagrams (i.e., “blob diagrams”), and the new category T LBpq,Ωq

is described in terms of polar tangle diagrams. Ostensibly the two categories are
very different, but nevertheless we are able to construct in Theorem 3.27 an explicit
isomorphism between them with appropriate parameter matchings.

Two key ideas are involved in the reformulation of TLBpq,Qq. One is the uniform
description of the affine Hecke algebra, affine Temperley-Lieb algebra and other
related algebras given in [14], where the unifying object is the braid group of type
B. The affine Temperley-Lieb algebra is a quotient of the group algebra of this
group, which factors through the affine Hecke algebra, while the Temperley-Lieb
algebra of type B is in turn a quotient of the affine Temperley-Lieb algebra. The
other is the embedding of the braid group of type Br into the braid group of type
Ar`1 (see Remark 3.2), which leads to a description of the group algebra of the
former and its quotient algebras in terms of polar tangle diagrams [1, 8]. Our
construction of T LBpq,Ωq is a categorical generalisation of this.

We first introduce in Section 3.1 a category RT of coloured unoriented tangle
diagrams up to regular isotopy [11,24,27]. The objects of the category are sequences
of elements of C :“ tm, vu, and the modules of morphisms are spanned by a class
of coloured un-oriented tangle diagrams up to regular isotopy. This category has
many interesting quotient categories closely related to categories of representations
of quantum groups [2, 26, 28].

By imposing Temperley-Lieb skein relations (3.3), (3.4), (as well as their con-
sequence which we call free loop removal (3.5)) to morphisms of RT , we obtain
a quotient category MT Lpqq, the multipolar Temperley-Lieb category. The one-
parameter multi-polar Temperley-Lieb category MT Lpq,Ωq is obtained as a quo-
tient of MT Lpqq by specialising the two central morphisms given by (3.7) to appro-
priate scalars related to Ω as described in (3.9). The second version T LBpq,Ωq of
the Temperley-Lieb category of type B is the full subcategory of MT Lpq,Ωq gen-
erated by objects of the form pm, vrq :“ pm, v, . . . , v

loomoon

r

q for all r P Zě0. The category

MT Lpq,Ωq contains the finite Temperley-Lieb category T Lpqq as a full subcate-
gory in two different ways and in one of these it is also contained in T LBpq,Ωq.
There exists a tensor functor T LBpq,Ωq ˆ T Lpqq ÝÑ T LBpq,Ωq.

The structure of the category T LBpq,Ωq is studied in depth in Section 3.4, and
that of TLBpq,Qq is summarised in Section 2. An explicit isomorphism between
T LBpq,Ωq and TLBpq,Qq is constructed in Theorem 3.27.
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We construct in Theorem 4.5 a tensor functor pF from the category RT to the
category Oint of Uqpsl2q-modules. This functor is shown to factor through the mul-
tipolar Temperley-Lieb category MT Lpq,Ωq with parameter Ω, whose dependence
on M is given by (4.18). This induces a functor from MT Lpq,Ωq to Oint, which
restricts to a functor F 1 : T LBpq,Ωq ÝÑ T , where T is the full subcategory of Oint

mentioned above. We are able to show in Theorem 4.9 that F 1 is an isomorphism
of categories. Our proof of this theorem uses the fact that our category equivalence
extends the well known one between the Temperley-Lieb category and the category
with objects the tensor powers of the 2-dimensional simple Uqpsl2q-module (see,
e.g., [4, 10, 19]), which we refer to as the “classical case”.

We note that this latter equivalence leads to analogous statements when q is a
root of unity in the classical case (see [2]), and we expect this to be the case in our
more general situation.

The endomorphism algebra TLBrpq,Ωq of the object pm, vrq in T LBpqq and the
Temperley-Lieb algebra TLBrpq,Qq of type Br are isomorphic for appropriate pa-
rameters Q and Ω. The above isomorphism of categories implies that as associative
algebra EndT pM b V brq is isomorphic to TLBrpq,Ωq, and hence TLBrpq,Qq, for
all r ě 0, which is a generalisation of the well-known classical Schur-Weyl duality
[4, 10, 19] to the present case involving Verma modules.

Various new categories arise naturally from our constructions, which are inter-
esting in their own right. These could lead to further connections between the
(generally infinite dimensional) endomorphism algebras in these categories, and
certain subcategories of the representation category of Uqpsl2q. In particular, even
in the affine case, an equivalence would be interesting (cf. [6]).

We note finally that other work has been done in the general context of Schur-
Weyl duality for modules related to those in this work; see e.g., [6, 9, 16].

Throughout the paper, we work over the ground field K0 :“ Cpq
1
k q, where q is

an indeterminate over C such that pq
1
k qk “ q for some fixed positive integer k. For

any invertible scalar t P K0 we write δt :“ ´pt ` t´1q.

2. The Temperley-Lieb category of type B

2.1. The Temperley-Lieb category of type B. Let R be a ring and let q,Q P R
be invertible elements. We begin by recalling the definition of the Temperley-Lieb
category TLBpq,Qq of type B from [14] (see also [7,23]). The objects of TLBpq,Qq

are the integers t P Zě0. A (TLB) diagram D : t ÝÑ s is a “marked Temperley-Lieb
diagram” from t to s, and HomTLBpq,Qqpt, sq is the free R module with basis the set
of TLB diagrams: t ÝÑ s.

Left region

Figure 1
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To define marked diagrams, recall that a TL diagram t ÝÑ s divides the “funda-
mental rectangle” into regions, of which there is a unique leftmost one (see Figure 1,
which is a TL diagram: 4 ÝÑ 6). A marked diagram is a TL diagram in which the
boundary arcs of the left region may be marked with dots. Thus the TL diagram
depicted in Figure 1 has 2 markable arcs, and a corresponding marked diagram is
shown in Figure 2.

Left region

Figure 2

These marked diagrams are composed via concatenation, just as TL-diagrams,
with three rules to bring them to “standard form”, which is a diagram with at
most one mark on each eligible arc. The rules are (recalling that for any invertible
element x P R, δx “ ´px ` x´1qq:

(2.1)
(i) If D is a (marked) diagram and L is a loop with no marks then D > L “ δqD.

(ii) If, in (i), L is a loop with 1 mark then D > L “

ˆ

q

Q
`

Q

q

˙

D.

(iii) If an arc or loop of a diagram D has more than 1 mark and D1 is obtained

from D by removing one mark from that arc or loop, then D “ δQD
1.

Definition 2.1. The category TLBpq,Qq has objects Zě0 and morphisms which
are R-linear combinations of marked diagrams, subject to the rules (2.1).

It is evident that HomTLBpq,Qqpt, sq has basis consisting of TLB (marked) dia-
grams with at most one mark on each boundary arc of the left region. We shall
refer to these as “marked diagrams”; the next result counts them.

Proposition 2.2. For integers t, k ě 0, the number bpt, t`2kq of marked diagrams
t ÝÑ t ` 2k depends only on t ` k. If t ` k “ m, then the number of these is
dpmq “

`

2m
m

˘

.

Proof. Given a marked diagram t ÝÑ t ` 2k, one obtains a diagram 0 ÝÑ 2pt` kq

by rotating the bottom of the diagram through 180˝ until it becomes part of the
top, pulling all the relevant arcs appropriately. This is illustrated in Figure 3 for
the diagram in Figure 2 (but note that we are applying this construction only to
standard diagrams, which have at most one mark on each arc).

This shows that bpt, t ` 2kq “ bp0, 2pt ` kq, which proves the first statement.
Write dpmq “ bp0, 2mq, and following [15, §4.3], we write dpxq “

ř8

i“0 dpiqxi, where
dp0q “ 1. Now if the 2m upper dots are numbered 1, 2, . . . , 2m from left to right
any marked diagram D : 0 ÝÑ 2m will join 1 to an even numbered dot, say 2i. For
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Figure 3

fixed i, the number of such D is 2cpi´1qdpm´ iq, where cpiq is the Catalan number
(cf. [15]) (since the arc p1, 2iq may be either marked or unmarked). It follows that

(2.2) dpmq “ 2
m
ÿ

i“1

cpi ´ 1qdpm ´ iq.

Multiplying (2.2) by xm and summing, we obtain

(2.3) dpxq “
1

1 ´ 2xcpxq
,

where cpxq “
ř8

i“0 cpiqx
i “

ř8

i“0
1

i`1

`

2i
i

˘

xi. Now from the above relation, one sees
easily that

(2.4)
B

Bx
pxcpxqq “ xc1

pxq ` cpxq “

8
ÿ

n“0

ˆ

2n

n

˙

xn.

Now differentiating the relation xcpxq2 “ cpxq ´ 1, we obtain

p1 ´ 2xcpxqq
´1

“ dpxq “
c1pxq

cpxq2
“

B

Bx
pxcpxq ´ 1q,

and the result follows from (2.4). �

2.2. Generators and cellular structure. The usual Temperley-Lieb category
T Lpqq (see Definition 3.5) is a subcategory of TLBpq,Qq, with the same objects,
and morphisms which are R-linear combinations of unmarked diagrams. Thus there
is a faithful functor

T Lpqq ÝÑ TLBpq,Qq

as well as a “tensor product” functor

(2.5) TLBpq,Qq ˆ T Lpqq ÝÑ TLBpq,Qq,

given by juxtaposing diagrams. Note that the functor (2.5) restricts to the usual
tensor product on T Lpqq.

The category T Lpqq is generated, under composition and tensor product by the
morphisms A,U, I depicted in Figure 4, subject to the obvious relations.

The category TLBpq,Qq is generated by the generators A,U, I of T L, with C0

added as shown. Evidently it follows from (2.1)(iii) that C0 satisfies C2
0 “ δQC0

and from (2.1)(ii) that ApC0 b IqU “
q
Q `

Q
q . For n “ 1, 2, . . . , the algebra

HomTLBpq,Qqpn, nq is the Temperley-Lieb algebra TLBnpq,Qq of type Bn. It has a
cellular structure described as follows.

Given n P Zą0, define ΛBpnq “ tt P Z | |t| ď n and t ” n(mod 2qu. For
t P ΛBpnq define Mptq as the set of monic diagrams D : |t| ÝÑ n in which no
through string is marked. Here “monic” means that the diagram has a left inverse
in the category TLBpq,Qq, which is equivalent to the requirement that all arcs with
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; ; ;

A U I C0

Figure 4

a lower boundary point also have an upper boundary point. For each t P ΛBpnq,
there is an injective map βt : Mptq ˆ Mptq ÝÑ TLBnpq,Qq given by

(2.6) βtpD1, D2q “

#

D2D
˚
1 if t ě 0

D2pC0 b Ibp|t|´1qqD˚
1 if t ă 0,

where D˚ is the diagram obtained from D by reflection in a horizontal.
The next result is straightforward.

Proposition 2.3. Maintain the above notation.

(1) Let C :“ >tPΛBpnqβt : >tPΛBpnqMptq ˆ Mptq ÝÑ TLBnpq,Qq. The image of

C is a basis of TLBnpq,Qq. Write βtpS, T q “ Ct
S,T for the basis elements

(S, T P Mptq).
(2) The basis Ct

S,T (t P ΛBpnq, S, T P Mptq) is a cellular basis of TLBnpq,Qq.

Remark 2.4. An analogous result for Temperley-Lieb algebras of type D is proved
in [21].

2.3. Cell modules for TLBnpq,Qq. We give a description of the cell modules
corresponding to the cellular structure given in Proposition 2.3 and compute their
dimension, although this is implicit in the results of [14]. The cell module Wtpnq

(t P Λpnq) has basis the set Mptq, with TLBnpq,Qq-action defined in the usual way
by multiplication of diagrams.

Let upt, kq “ rankpWtp|t| ` 2kqq. We have seen (Proposition 2.2) that up0, kq “
`

2k
k

˘

. This is the case t “ 0 of the following result.

Proposition 2.5. We have

dimWtp|t| ` 2kq “ upt, kq “

ˆ

|t| ` 2k

k

˙

.

Proof. It clearly suffices to consider the case t ě 0. We prove the result by induction
on the pair t, k, the result being known for t “ 0 (Proposition 2.2), while for k “ 0,

clearly upt, 0q “ 1 “
`

|t|
0

˘

.
Now the same argument as in [15, Prop. 5.2], involving rotation of the bottom

row of a monic diagram |t| ÝÑ |t| ` 2k through 180˝ to obtain a diagram 0 ÝÑ

2|t| ` 2k, shows that we have the following recursion for upt, kq. Assume t, k ě 1.
Then

(2.7) upt, kq “ upt ´ 1, kq ` upt ` 1, k ´ 1q.

Hence by induction, upt, kq “
`

t´1`2k
k

˘

`
`

t`1`2pk´1q

k´1

˘

“
`

t`2k
k

˘

. �
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3. Multipolar and affine Temperley-Lieb categories

Certain categories of framed tangles, both oriented and unoriented [11], and of
ribbon graphs [24], have played important roles in the construction of topological
invariants of link and 3-manifold. We now develop an alternative formulation of
the Temperley-Lieb category TLBpq,Qq of type B in terms of framed tangles.

3.1. A subcategory of tangle diagrams. We introduce here a category of un-
oriented tangles up to regular isotopy in the sense of [11], which we denote by
RT . Our category is a subcategory of the category S ´ RTang, where S is the set
C :“ tm, vu which is defined in [11, Def. 3.1]. We shall use the language of tangle
diagrams, although an equivalent formulation could use the language of coloured
ribbon graphs.

The objects of RT are sequences of elements of C “ tm, vu, which are called
“colours”, where the empty sequence is allowed. The morphisms are spanned, over
a base ring R, by unoriented tangles up to regular isotopy in the terminology of
[11], coloured by C. Such tangles are represented in “tangle diagrams” as unions
of arcs; we say that an arc is horizontal if its end points are either both at the
top or at the bottom of the tangle. An arc is vertical if it has end points and
is not horizontal. To define (the subcategory) RT , we impose the following two
conditions on morphisms.

(1) Closed arcs (i.e. those with no end points) are all coloured by v.
(2) Any arc coloured by m P C is vertical, and no two such arcs cross.

The composition of morphisms is explained in [11] and is essentially by concate-
nation of tangle diagrams.

We call RT the restricted coloured tangle category.
Since the two ends of any arc have the same colour, we will write m or v beside

an arc to indicate its colour. The term “tangle diagram” will be abbreviated to
“diagram” below.

Theorem 3.1. The category RT has the following properties.

(1) There is a bi-functor b : RT ˆ RT ÝÑ RT , called the tensor product,
which is defined as follows. For any pair of objects A “ pa1, . . . , arq and
B “ pb1, . . . , bsq, we have A b B “ pA,Bq :“ pa1, . . . , ar, b1, . . . , bsq. The
tensor product is bilinear on morphisms. Given diagrams D and D1, DbD1

is their juxtaposition with D on the left.
(2) The morphisms are generated by the following elementary diagrams under

tensor product and composition,

,

a

,

bc

,

bc

,

v

,

v

where a, b, c P C “ tm, vu with b ‰ c or b “ c “ v.
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(3) The defining relations among the above generators are as follows.
(a) Over and under crossings are inverses of each other: for all a, b such

that either a ‰ b or a “ b “ v,

b a
“

a b
“

b a

;

(b) Braid relation: for all a, b, c at most one of which is equal to m,

b c a
“

c a b

;

(c) Straightening relations:

“

v

“

v v

;

(d) Sliding relations: for all a P C,

a

v “

a

v

;

a

v “

a

v

;

(e) Twists,

v “ v

.

Proof. This was proved in [11, Theorem 3.5] and in [24, Lemma 5.3]. The result
of [11, Theorem 3.5] in fact applies to several categories of tangles; the case which
covers our theorem is that of S ´ RTang with S “ C. Note that [11, Theorem 3.5]
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does not involve colours, but this is not an issue as colours merely label components
of tangles. We can also extract our theorem from [24, Lemma 5.3] by removing
directions of ribbon graphs and forbidding coupons. There is also a direct proof
along the lines of [20, Appendix]. �

An alternative representation. A second way of representing the category RT
is as follows. We depict arcs coloured by m as thick arcs called poles, and arcs
coloured by v as thin arcs. This way a diagram automatically carries the information
about the colours of its arcs, so that we may drop the letters for colours from the dia-
gram. For example, we have the following diagram pm, v2,m, v2q Ñ pv,m, v,m, v2q.

3.2. Some full subcategrories of RT . We denote by BT the full subcategory
of RT with objects pm, vrq “ pm, v, . . . , v

loomoon

r

q, r “ 0, 1, 2, . . . . This is the category of

“tangles of type B”, or tangles with a pole.
We note that the automorphism group of the object pm, vrq in BT (or RT )

contains the Artin braid group Γr of type Br (cf. [14, §2]). More generally, for any
object A P CN in RT , the set ΓpAq of diagrams A Ñ A with only vertical arcs (i.e.
arcs which are monotonic from top to bottom) forms a group. In particular Γpvrq

is the Artin braid group of type Ar, and Γpm, vrq – Γr is the Artin braid group of
type Br (cf. [14, §2]). It has generators ξ1, σ1, σ2, . . . , σr´1, and we shall freely use
the notation in loc. cit.; in particular the generators ξ1, σ1, σ2, . . . , σr´1 satisfy the
braid relations of type B:

(3.1)

ξ1σ1ξ1σ1 “ σ1ξ1σ1ξ1

ξ1σi “ σiξ1 if i ą 1

σiσj “ σjσi if |i ´ j| ą 1

σiσi`1σi “ σi`1σiσi`1 for i “ 1, . . . , r ´ 2.

These generators are identified with tangles as depicted in Figure 5. It is an enjoy-
able exercise to verify the first relation in (3.1) diagrammatically.

ξ1 “ξ1 “ . . .

; .

σi “ . . . . . .

1 i i ` 1

Figure 5. Generators ξ1 and σi
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The usual tangle category T0 is the full subcategory of RT with objects vr,
r “ 0, 1, 2, . . . . The tensor functor of RT given by juxtaposition of tangles restricts
to a tensor functor

(3.2) BT ˆ T0 ÝÑ BT ,

which will play an important role in this work.

Remark 3.2. When convenient, T0 will be identified with the subcategory of BT
whose morphisms have no entanglement with the pole in the obvious way.

3.3. Some subquotient categories of RT . There are various interesting quo-
tient categories of RT , the endomorphisms of which include well-known algebras
such as the affine Brauer algebra and affine Temperley-Lieb algebra. We define
some quotient categories of RT (resp. BT , T0) whose objects are the same as those
of RT , but whose Hom spaces will be quotients of the corresponding Hom spaces
in RT (resp. BT , T0). In general our categories will be multipolar. We refer to the
case where there is just one pole on the left, as the affine case.

Definition 3.3. The multipolar Temperley-Lieb category MT Lpqq is the quotient
category of RT pqq obtained by imposing locally the skein relations (3.3) and (3.4)
below.

(3.3) q
1
2 ´ q “ q´ 1

2 ´ q´1

.

(3.4) q
1
2 ´ q “

.

Lemma 3.4. In the category MT Lpqq, we have the following identity.

(3.5) ��
��

“ ´pq ` q´1q.

Proof. Let us write C1 “ q
1
2 σ1 ´q P EndMT Lpm, v2q. By (3.3), we have q

1
2 σ1 ´q “

q´ 1
2 σ´1

1 ´ q´1, which is equivalent to

(3.6) pσ1 ´ q
1
2 qpσ1 ` q´ 3

2 q “ 0.

It follows that C1pσ1`q´ 3
2 q “ 0 and hence that C2

1 “ C1pq
1
2σ1´qq “ C1p´q´1´qq.

But from (3.4) it is evident that C2
1 “ F > C1, where F is a free loop, and hence a

morphism in HomMT Lpqqp0, 0q “ K0. It follows that F “ ´pq`q´1q as claimed. �
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Definition 3.5. If we impose the skein relations (3.3) and (3.4) on the subcate-
gories BT and T0, we obtain the affine Temperley-Lieb category T La

pqq and the
Temperley-Lieb category T Lpqq respectively.

Remark 3.6. Note that T La
pqq and T Lpqq are also the full subcategories ofMT Lpqq

with objects pm, vrq and vr (r “ 0, 1, . . . ) respectively. The identification of T0 with
a subcategory of BT in Remark 3.2 leads to a similar identification of T Lpqq with
the corresponding subcategory of T La

pqq.

Proposition 3.7 identifies the endomorphism algebras in the categories above and
provides a justification for the terminology above.

Proposition 3.7.

(1) For r ě 1, the subalgebra of EndT Lapqqpm, vrq generated by the images of

the elements ξ1 and σi pi “ 1, 2, . . . , r ´ 1q depicted in Figure 5 is xTL
a

rpqq,
the extended affine Temperley-Lieb algebra [14, Definition (4.1)].

(2) For r ě 0, EndT Lpqqpm, vrq – TLrpqq, the Temperley-Lieb algebra.

Proof. The algebra EndRT pm, vrq contains a subalgebra generated by ξ1, σ1, . . . ,
σr´1 subject to certain relations. We have seen in the proof of Lemma 3.4 that
the relations (3.3) is equivalent to (3.6). Thus in case (1) the relevant algebra is

a quotient of K0Γr{xpq
1
2 σ1 ´ qqpq

1
2 σ1 ` q´1qy, where Γr is the Artin braid group

of type Br. But by [14, Definition (3.1)], this is isomorphic to the extended affine

Hecke algebra pHa
r pqq [22], since the generators σi (of Γr) may be replaced by q

1
2 σi

without changing the relations.
In case (2) we obtain in a similar way that EndT Lpqqpm, vrq is a quotient of the

algebra K0Br

xpq
1
2 σ1´qqpq

1
2 σ1`q´1qy

, where Br is the r-string braid group and this latter

algebra is well known to be isomorphic to the Hecke algebra Hrpqq.

Now write Ci “ q
1
2 σi ´ q. It is clear from (3.4) by composing diagrams that

CiCi`1Ci “ Ci. Expressing this relation in terms of the Hecke algebra Hrpqq, which
has basis elements Tw, w P Symr (note that here Tw is taken to be a word in the

q
1
2σi), it follows that in EndMT Lpqqpm, vrq, which is a quotient of pHa

r pqq, we have
the relation Fi “ 0, where

Fi “

ÿ

wPSym3

p´q´1
q
�pwqTw “ 0.

But Fi is (a scalar multiple of) the transform of the element Ei in [14, Definition

(4.1)] under the automorphism of pHa
r pqq defined by q

1
2 σi ÞÑ ´q´ 1

2 σ´1
i , ξ1 ÞÑ ξ´1

1 .
The statement (1) now follows from loc. cit. and similarly for (2). �

Remark 3.8. The tangle category RT is remarkably rigid with respect to skein
relations of the form (3.3) and (3.4). In fact the relations we have given may be
shown to be essentially unique with respect to the requirement of compatibility
with the sliding relations of Theorem 3.1(d).
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Next consider in the category MT Lpqq the morphisms depicted in (3.7).

z1 :“

,

z2 :“

.

(3.7)

Lemma 3.9. The elements z1 and z2 are central in MT Lpqq in the following sense.
Let D be a diagram D : pA1,m,A2q Ñ pB1,m,B2q in MT Lpqq, where the two m’s
shown are connected by a thick arc. Then

DpidA1
b zi b idA2

q “ pidB1
b zi b idB2

qD, i “ 1, 2.

This is clear diagrammatically, because the thin loops may be thought of as
pulled very tightly around the pole, so that they may be slid through any arcs
entangling the pole. However, note from Remark 3.11(3) that z1 and z2 are not
independent in MT Lpqq.

The next result relates z1 and z2 to polar loops. It is important for subsequent
developments.

Lemma 3.10. The following relation holds in MT Lpqq, and hence also in T La
pqq.

qδ ` δz1 “ pqz2 ` z21q

,

where the right hand side is a symbolic notation for pqz2 ` z21q b idv.

Proof. We prove the relation diagrammatically. Consider the first relation of (3.1),
that is, ξ1σ1ξ1σ1 “ σ1ξ1σ1ξ1, in Γ2. Now the skein relations (3.3) and (3.4) imply
that in the above notation, q1{2σ1 “ q ` C1. Hence substituting for σ1, we obtain
ξ1pC1 ` qqξ1pC1 ` qq “ pC1 ` qqξ1pC1 ` qqξ1, which after simplification yields the
following relation in MT Lpqq:

ξ1C1ξ1C1 ` qξ21C1 “ C1ξ1C1ξ1 ` qC1ξ
2
1 .

In terms of diagrams, this is expressed as follows.

q ` “ q `

.
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Now premultiply this equation by , and then pull the bottom right end
point of the string in each of the four diagrams anticlockwise to the top by using
the straightening relation. One then obtains the stated relation. �

Remark 3.11.

(1) The equation in Lemma 3.10 may be written symbolically as follows.

δξ21 “ ´q´1δξ1z1 b idv ` z2 b idv ` q´1z21 b idv.

(2) In principle, one might define elements zi for all i P Z, which are central
in MT Lpqq in the sense above, where the loop of the thin arc in zi wraps
around the pole i times. However, if we apply the operator D ÞÑ A ˝ pξi1 b

I ˝ Dq ˝ U , where A and U are as in Figure 11, to the relation in the proof
of Lemma 3.10, it is easily checked that we obtain

qδzi`2 ` δz1zi`1 “ pqz2 ` z21qzi, i P Z,(3.8)

which uniquely determines all zi and pqz2`z21qiz´i for i ě 0 as polynomials
in z1 and z2, with z0 “ δidm.

(3) From the diagrams it is evident that z´1 “ z1. Hence putting i “ ´1 in
(3.8) yields

qδz1 ` δ2z1 “ pqz2 ` z21qz´1 “ qz1z2 ` z31 ,

which simplifies to z1pz21 ` qz2 ` q´1δq “ 0.
In constructing quotients of MT Lpqq by setting z1 and z2 equal to con-

stants, this relation imposes constraints upon those constants. The values
in (3.9) satisfy these constraints.

(4) Polynomials in z˘i b idvr (for i ě 1) of degree greater than 0 are contained
in EndT Lapqqpm, vrq, but are not elements of the extended affine Temperley-

Lieb algebra xTL
a

rpqq.

3.4. Definition and structure of the category T LBpq,Ωq. In this section we
define (Definition 3.14) and study a category T LBpq,Ωq which will ultimately turn
out to be isomorphic to TLBpq,Qq for appropriate parameter choices.

We begin by considering the quotient category of MT Lpqq obtained by identi-
fying the central morphisms z1, z2 : m Ñ m (see (3.7)) with scalars, that is, by
imposing conditions on the removal of loops which are entangled with the pole. A
certain specialisation of this category is the category T LBpq,Ωq.

Remark 3.12. Note that if z1 and z2 are identified with scalars, then Lemma 3.10
implies that in the resulting specialised (quotient) category, ξ1 satisfies a quadratic
relation. The apparently mysterious choice of parameters below is such that this
quadratic relation reads pqξ1 ´ Ωqpqξ1 ´ Ω´1q “ 0 (cf. Lemma 3.15). Note also
that our choice of parameters is consistent with the constraint implied by Remark
3.11(3).

Definition 3.13. Fix an invertible scalar Ω P K0, and set

a1 “ ´pΩ ` Ω´1
q, a2 “ ´q´1

ppΩ ` Ω´1
q
2

` δq´1
q.(3.9)

Let MT Lpq,Ωq be the category whose objects are the same as those of MT Lpqq,
and whose modules of morphisms are obtained from those in MT Lpqq by imposing
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all relations which are consequences of the two equalities

z1 “ a1idm, z2 “ a2idm.

Definition 3.14. Let T LBpq,Ωq be the full subcategory of MT Lpq,Ωq with ob-
jects pm, vrq for all r P Zě0.

This will be referred to as the Temperley-Lieb category of type B. The justifi-
cation for the terminology will be provided by Theorem 3.27.

The following relation is an immediate consequence of Lemma 3.10. We refer to
it as the third skein relation.

Lemma 3.15. The following skein relation holds in MT Lpq,Ωq, and hence also
in T LBpq,Ωq.

q2 ` qδΩ ` “ 0

.

It is easy to see that the image of the Temperley-Lieb category T Lpqq in the
quotient category MT Lpq,Ωq is canonically isomorphic to itself. Thus we shall
regard T Lpqq as a full subcategory of MT Lpq,Ωq.

The following result is clear.

Lemma 3.16. The tensor product functor on RT induces a bi-functor

b : MT Lpq,Ωq ˆ MT Lpqq ÝÑ MT Lpq,Ωq,

which is defined on morphisms by juxtaposition of diagrams. It restricts to a bi-
functor

b : T LBpq,Ωq ˆ T Lpqq ÝÑ T LBpq,Ωq.

Remark 3.17. The Temperley-Lieb category T Lpqq may be thought of as a sub-
category of T LBpq,Ωq, since diagrams from pvrq to pvsq are evidently in bijection
with diagrams pm, vrq to pm, vsq which have no entanglement with the pole. Thus
T Lpqq is the subcategory of T LBpq,Ωq with precisely such morphisms.

We now investigate the structure of the Temperley-Lieb category T LBpq,Ωq in
more depth. Morphisms of T LBpq,Ωq are linear combinations of diagrams with
only one vertical thick arc placed at the left end, which can be described explicitly
as follows.

Definition 3.18. Call a tangle diagram in T LBpq,Ωq a Temperley-Lieb diagram
if it satisfies the following conditions:

(1) the diagram has only one vertical thick arc placed at the left end, which
will be called the pole;

(2) there are no loops in the diagram;
(3) arcs do not self-tangle, and thin arcs do not tangle with thin arcs;
(4) if a thin arc tangles with the thick arc, it crosses the thick arc just twice,

and crosses behind the pole in the upper crossing.
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For example, the diagrams in Figure 6 and Figure 7 are morphisms in T LBpq,Ωq.
The one in Figure 7 is not in the subcategory T Lpqq of T LBpq,Ωq, while that in
Figure 6 is in T Lpqq.

Figure 6. A diagram pm, v7q Ñ pm, v5q

Figure 7. A diagram pm, v4q Ñ pm, v6q

Figure 6 is a morphism pm, v7q Ñ pm, v5q, where arcs do not cross, and Figure 7
is a morphism pm, v4q Ñ pm, v6q, where 2 thin arcs over cross the thick arc twice
each. Note that there is a unique Temperley-Lieb diagram m Ñ m consisting of a
thick arc only.

The spaces of morphisms of T LBpq,Ωq are easily seen to be spanned by Temper-
ley-Lieb diagrams, since the relations in Section 3.3 may be used to reduce any
diagram to a linear combination of Temperley-Lieb diagrams.

Composition of morphisms may be described as follows. Given morphisms D :
B Ñ T andD1 : T Ñ U represented by Temperley-Lieb diagrams, their composition
is defined by the following steps

(1) Concatenation of diagrams. Concatenate the diagrams D and D1 by joining
the points on the top of D with those on the bottom of D1.

(2) Reduction to Temperley-Lieb diagrams. Apply locally the skein relation
(Lemma 3.15), free loop removal (3.5) and tangled loop removal (Definition
3.13) to turn the resulting diagram into a linear combination of Temperley-
Lieb diagrams B Ñ U .

(3) The result of step (2) is the composition D1 ˝ D of the morphisms D and
D1.

The following result is obtained by repeatedly applying the straightening rela-
tions.

Lemma 3.19. Let N be any non-negative integer. Then for r “ 0, 1, . . . , 2N , the
vector spaces HomT LBpq,Ωqppm, vrq, pm, v2N´rqq are all isomorphic.

Proof. The proof is the same as in [20]. It amounts to simply observing that by
pulling the rightmost top arc of a diagram in HomT LBpq,Ωqppm, vrq, pm, v2N´rqq
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down, one obtains a diagram in HomT LBpq,Ωqppm, vr`1q, pm, v2N´r´1qq, and this
procedure defines the required isomorphism. �

A special case of the above is W p2q :“HomT LBpq,Ωqpm, pm, v2N qq. Let FtW p2Nq

be the subspace of W p2Nq spanned by diagrams such that at most t thin arcs are
entangled with the pole. For example, Figure 8 is a diagram m Ñ pm, v12q which

Figure 8. A diagram m Ñ pm, v12q

lies in F3W p12q. Note that two of the three arcs which cross the pole at its upper
part are “parallel” when they cross the pole. Let us make this notion more precise.

Definition 3.20. Any thin arc which is entangled with the pole has two polar
crossings, and in this way defines an interval on the pole, which we call its “polar
interval”. We say that two thin arcs in a Temperley-Lieb diagram are parallel if
they are both entangled with the pole and the polar interval defined by one is
contained in the polar interval defined by the other.

Remark 3.21. There is a partial order on the thin arcs in a Temperley-Lieb dia-
gram which are entangled with the pole, which is defined by containment of their
corresponding polar intervals. Two such arcs are parallel if they are comparable in
this partial order.

Definition 3.22. Call a Temperley-Lieb diagram m Ñ pm, v2N q distinguished if
any pair of thin arcs which entangle the pole are parallel, and standard if no two
thin arcs tangling with the pole are parallel. In view of Remark 3.21, a diagram is
distinguished (resp. standard) if those among its arcs which entangle the pole are
totally ordered (resp. have no two arcs which are comparable) in the partial order
on pole-entangled arcs.

Examples of distinguished and standard diagrams are given respectively in Figure
9 and in Figure 10.

It is easily seen that there is a unique distinguished (resp. standard) Temperley-
Lieb diagram m Ñ pm, v2N q with N thin arcs tangling with the pole.

Recall that FtW p2Nq is the subspace of W p2Nq “ HomT LBpq,Ωqpm, pm, v2N qq

spanned by diagrams with at most t thin arcs which are entangled with the pole.

Lemma 3.23.

(1) Any Temperley-Lieb diagram in FtW p2Nq not belonging to Ft´1W p2Nq

can be expressed as a linear combination of elements of Ft´1W p2Nq and
a distinguished (resp. standard) diagram with t thin arcs tangling with the
pole, where the coefficient of the distinguished (resp. standard) diagram is
a (half-integer) power of q.
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Figure 9. A distinguished diagram m Ñ pm, v10q

Figure 10. A standard diagram m Ñ pm, v12q

(2) Any Temperley-Lieb diagram in FtW p2Nq can be expressed as a linear com-
bination of distinguished (resp. standard) diagrams.

Proof. By stretching the entangled arcs, one sees that any Temperley-Lieb diagram
m Ñ pm, v2N q with t thin arcs entangling the pole can be expressed as the com-
position D1 ˝ D of two diagrams D : m Ñ pm, v2tq and D1 : pm, v2tq Ñ pm, v2N q,
where D1 has no thin arcs which entangle the pole.

Now consider a diagram D : m Ñ pm, v2tq with t thin arcs entangling the
pole. If D is distinguished, then the original diagram is distinguished. If D is not
distinguished, we may pull the thin arcs one by one so that all t arcs are parallel, at
the expense of introducing crossings, which after sliding (cf. Theorem 3.1(3(d))),
will all be to the right of the pole. We now use skein relations to remove the
crossings among the thin arcs. This leads to a linear combination of diagrams,
where the only diagram with t thin arcs entangling the pole is the distinguished
one, and its coefficient is a power of q.

In a similar way, we can express any Temperley-Lieb diagram in FtW p2Nq as
a linear combination of a standard diagram and diagrams in FW t ´ 1p2Nq. This
proves part (1) of the Lemma.

To see (2), observe that given any Temperley-Lieb diagram m Ñ pm, v2N q with t
thin arcs entangling the pole, we may use part (1) to express it as a linear combina-
tion of a distinguished (resp. standard) diagram and diagrams in Ft´1W p2Nq. We
then repeat the reduction process for diagrams in Ft´1W p2Nq, then Ft´2W p2Nq,
etc., and after t iterations, arrive at the statement (2). �

We have the following result.
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Lemma 3.24. For all r “ 0, 1, . . . , 2N ,

dimHomT LBpq,Ωqppm, vrq, pm, v2N´r
qq “

ˆ

2N
N

˙

.

Proof. We give a proof here which will be useful for proving Theorem 4.9. By
Lemma 3.19, we only need to prove the dimension formula for r “ 0. Recall that
in the proof of Lemma 3.23 we introduced the following filtration for W p2Nq “

HomT LBpq,Ωqpm, pm, v2N qq.

FNW p2Nq Ą FN´1W p2Nq Ą ¨ ¨ ¨ Ą F1W p2Nq Ą F0W p2Nq Ą H,(3.10)

where FtW p2Nq is the subspace spanned by Temperley-Lieb diagrams with at
most t thin arcs entangled with the pole. Let Endp2Nq “ HomT LBpq,Ωqppm, v2N q,

pm, v2N qq and denote by End0p2Nq the subspace of Endp2Nq spanned by diagrams
without tanglement. Then End0p2Nq is a subalgebra of Endp2Nq isomorphic to the

Temperley-Lieb algebra TL2N pqq of degree 2N . Now End0p2Nq acts naturally on

W p2Nq, and the FtW p2Nq are End0p2Nq-submodules. Clearly FtW p2Nq

Ft´1W p2Nq
is iso-

morphic to a cell module W2tp2Nq [13, Def.(2.2)] for End0p2Nqq, which is a simple
module in the present generic context. Hence as vector space,

HomT LBpq,Ωqpm, pm, v2N qq –

N
à

t“0

W2tp2Nq.(3.11)

Using the well-known fact [15] that

dimW2tp2Nq “

ˆ

2N
N ´ t

˙

´

ˆ

2N
N ´ t ´ 1

˙

with dimW2N p2Nq “

ˆ

2N
0

˙

“ 1, we obtain the result. �

3.5. Standard diagrams, tensor product and generators. Recall from Re-
mark 3.17 that the diagrams in the subcategory T Lpqq of T LBpq,Ωq are those
which involve no entanglement with the pole. As such, they look like a disentan-
gled pole adjacent to a ‘usual’ finite Temperley-Lieb diagram (cf. [13, 14]). Now it
follows from Lemma 3.16 that there is an obvious functor

(3.12) T LBpq,Ωq ˆ T Lpqq ÝÑ T LBpq,Ωq,

which is defined by juxtaposition of diagrams, where the disentangled pole is omit-
ted from the second factor. Moreover it is clear that the diagrams depicted as
I, A, U in Figure 11 generate the subcategory T Lpqq under composition and the
tensor product defined by (3.12).

I “

,

A “

,

U “

.

Figure 11. Generators of the subcategory T Lpqq
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All relations among these generators are well known to be consequences of the
following.

(3.13) AU “ δq “ ´pq ` q´1
q; pA b IqpI b Uq “ I.

We wish to determine a similar presentation for the whole of T LBpq,Ωq. For
this we begin by observing that any Temperley-Lieb diagram may be expressed as
a linear combination of diagrams which are standard in the following sense.

Definition 3.25. A Temperley-Lieb diagram D : pm, vrq Ñ pm, vsq is called stan-
dard if pD b idvrqpidm b Urq : m Ñ pm, vr`sq is a standard diagram in the sense of
Definition 3.22, where Ur : H Ñ v2r is given by the following diagram.

Ur “
. . . . . .

It follows from part (2) of Lemma 3.23 that

Corollary 3.26. Any Temperley-Lieb diagram can be expressed as a linear combi-
nation of standard diagrams.

It is now clear that to obtain T LBpq,Ωq from T Lpqq just one extra generator,
depicted L in the diagram below, needs to be added to the set of generators of
T Lpqq given in Figure 11. Note that L is the image of ξ1 in T LBpqq.

L “

.

We shall use these generators in the proof of Theorem 3.27.
Note that among the relations in T LBpq,Ωq we have, using Lemma 3.10 and

Definition 3.13,

qL2
“ pΩ ` Ω´1

qL ´ q´1I,(3.14)

ApL b IqU “ ´pΩ ` Ω´1
q.(3.15)

3.6. An equivalence of categories. We have defined two “Temperley-Lieb cate-
gories of type B”, viz. the category T LBpq,Ωq of Definition 3.13 and the category
TLBpq,Qq of Definition 2.1. Both categories contain the finite Temperley-Lieb cat-
egory T Lpqq as a subcategory. In the case of TLBpq,Qq this is realised as in Section
2.2. In the case of T LBpq,Ωq (cf. Definition 3.13), T Lpqq may be thought of as hav-
ing the same objects tpm, vrqu, r “ 0, 1, . . . as T LBpq,Ωq, but where the morphisms
are linear combinations of tangles which are not entwined with the pole.

Our next objective is to prove the following result.

Theorem 3.27. Let R be an integral domain with invertible elements q,Q and Ω

and an element
?

´1 such that
?

´1
2

“ ´1. Then there is an isomorphism of cate-
gories M : TLBpq,Qq ÝÑ T LBpq,Ωq which takes the object r P Z to pm, vrq, is the
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identity on T Lpqq, and respects the tensor product, if and only if Ω “ ˘p
?

´1Qq˘1.
In this case we have MpC0q “

?
´1qL ´ QI.

Note that the stated conditions on M imply that for diagrams D P TLBpq,Qq

and D1 P T Lpqq, we have

(3.16) MpD b D1
q “ MpDq b D1.

Proof of Theorem 3.27. We shall define M on the generators A,U, I and C0, the
effect of M on objects having been given. Since M is to be the identity functor
on the subcategory T Lpqq, evidently we must have MpAq “ A, MpUq “ U and
MpIq “ I, where on the left side of these equations A,U and I are as in Figure 4,
while on the right side they are as defined in Figure 11.

It remains only to define MpC0q. This is a morphism in EndT LBpq,Ωqpm, vq, and
since this space has basis I, L, it follows that

(3.17) MpC0q “ aL ` bI,

for a, b P R. We shall determine constraints on a, b. First, observe that it follows
by applying Ap´ b IqU to both sides of (3.17) that

MpApC0 b IqUq “ aApL b IqU ` bApI b IqU,

whence using (3.15) and (2.1)(ii) it follows that

(3.18)
q

Q
`

Q

q
“ aδΩ ` bδq,

where, for any invertible x P R, δx “ ´px ` x´1q.
Next, we square both sides of (3.17) using the relations (3.14) and (2.1)(iii). One

obtains

(3.19) p2ab ´ q´1δΩa
2
qL ` pb2 ´ q´2a2q “ aδQL ` bδQI,

and equating the coefficients of L and I respectively, we obtain

2ab ´ q´1δΩa
2

“ aδQ,(3.20)

b2 ´ q´2a2 “ bδQ.(3.21)

Moreover, since evidently a ‰ 0, we may divide (3.20) by a to obtain

(3.22) 2b ´ q´1δΩa “ δQ.

It therefore remains to solve equations (3.18), (3.21) and (3.22) for a and b.
It is straightforward to show that (3.22) and (3.18) imply that

(3.23) b “ ´Q.

It now follows easily from (3.18) that

(3.24) a “
qpQ´1 ´ Qq

δΩ
.

Now the values of a, b in (3.23) and (3.24) are easily shown to satisfy (3.18) and
(3.22). However they satisfy (3.21) if and only if δ2Ω “ ´pQ´1 ´Qq2, and this holds
if and only if

Ω “ ˘
?

´1Q˘1.(3.25)

Substituting this into (3.24), we obtain

a “ ˘
?

´1q.
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It is now easily checked that the defining relations among the generators A,U, I
and C0, which are those involving only A,U and I, as well as those in (2.1), are
respected by M. Thus M is well defined; that is, Mpφq is well defined for any
morphism φ P TLBpq,Qq.

But evidently, given the relation δ2Ω “ ´pQ´1 ´ Qq2, M has an inverse functor,
M´1 which is defined on the generators of T Lpq,Ωq by M´1 : I ÞÑ I; A ÞÑ

A; U ÞÑ U and M´1pLq “ a´1C0 ´ a´1bI, where a´1 “ ˘
?

´1q´1 and b “

˘
?

´1Ω˘1. If we take Ω “
?

´1Q and a “
?

´1q then M´1pLq “ ´
?

´1q´1C0 ´

q´1ΩI. It is now clear that provided δ2Ω “ ´pQ´1 ´ Qq2, M ˝ M´1 “ idT LBpq,Ωq

and M´1 ˝ M “ idTLBpq,Qq, proving the required isomorphism of categories. �

Remark 3.28. It is evident from Theorem 3.27 that the Hom spaces in T Lpq,Ωq and
TLBpq,Qq have the same dimension. Hence Lemma 3.24 follows from Proposition
2.2. We have included an independent proof of this result to illustrate the role of
the filtrations by tangle diagrams in the context of the latter category.

4. Quantum Schur-Weyl duality

4.1. The quantum group Uqpsl2q. We briefly describe the representations and
the universal R-matrix of Uqpsl2q in this section. We write Uq for the K0-algebra
Uqpsl2q. This has generators E,F and K˘1, with relations

KEK´1
“ q2E, KFK´1

“ q´2F, EF ´ FE “
K ´ K´1

q ´ q´1
.

The comultiplication is given by

ΔpKq “ K b K, ΔpEq “ E b K ` 1 b E, ΔpF q “ F b 1 ` K´1
b F,

and the antipode by

SpEq “ ´EK´1, SpF q “ ´KF, SpKq “ K´1.

4.1.1. Representations. Projective modules. An integral weight Uqpsl2q-module M
of type-1 is one such that M “ ‘kPZMk where Mk “ tv P M Kv “ qkvu. Let
Uqpbq be the Borel subalgebra of Uqpsl2q generated by E and K˘1. The category
Oint is defined as the category of Uqpsl2q-modules M , which satisfy:

‚ M is finitely generated as a Uqpsl2q-module.
‚ M is locally Uqpbq finite.
‚ M is an integral weight module of type 1.

For any integer � P Z, denote by pK0q� “ K0v
` the 1-dimensional Uqpbq-module

such that Ev` “ 0 and Kv` “ q�v`, and let Mp�q “ Uqpsl2q bUqpbq pK0q�. This
is the Verma module with highest weight �, which has a unique simple quotient
V p�q. Then Mp�q and V p�q are the standard and simple objects in Oint. The
simple module V p�q is finite dimensional if and only if � ě 0, and in this case it is
p� ` 1q-dimensional.

The element z :“ FE `
qK`q´1K´1

pq´q´1q2
is central in the quantum group Uqpsl2q. It

acts as the scalar χ� :“ q�`1
`q´�´1

pq´q´1q2
on any highest weight vector of weight � and

since it is central, therefore acts as the scalar χ� on the whole of any highest weight
module in Oint with highest weight �.

For any module M P Oint, if we define Mχ� :“ tm P M | pz ´ χ�q
im “

0 for some i ě 0u, then Mχ� is a direct summand of M . We denote by Oχ�

int the full
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subcategory of Oint whose objects are modules M such that M “ Mχ� , and call it
the block (which is indeed a block) of Oint corresponding to χ�. It follows from the
definition of Oint that any M P Oint is a direct sum of finitely many summands,
each of which belongs to a block.

Evidently χ� “ χ�1 if and only if � “ �1 or � ` �1 ` 2 “ 0.

Definition 4.1. The weights �, �1 P Z are said to be linked if � “ �1 or �`�1 `2 “ 0.
The linkage principal asserts here merely that χ� “ χ�1 ðñ �, �1 are linked.

Observe that if � ě ´1, then there exists no �1 ą � linked to �. This leads to the
following result, which is well known, but we provide a proof for the convenience of
the reader.

Lemma 4.2. Fix an integer � ě ´1.

(1) The Verma module Mp�q is projective in Oint.
(2) If M is a finite dimensional module in Oint, then there is a linear isomor-

phism
HomUqpsl2qpMp�q,Mp�q b Mq – M0,

where M0 is the zero weight space of M .

Proof. Consider first part (1). Let ψ : M � N be any surjection in Oint. Then
ψpMq “ N , so that ψpMχ�q “ Nχ� . If φ : Mp�q ÝÑ N is any homomorphism, then
clearly φpMp�qq Ď Nχ� and hence to prove (1), we may suppose that M and N are
in the block Oχ�

int of Oint. Since the image φpm`q of the highest weight vector m` of
Mp�q is in N “ ψpMq, φpm`q “ ψpvq for some v P M . Writing v “ v0`v1`¨ ¨ ¨`vk,
where v0 has weight � and for i ě 1, vi has weight �i ‰ � (the �i being pairwise
distinct), we see that for j “ 1, 2, 3, . . . , we have qj�pψpvq ´ ψpv0qq ` qj�1ψpv1q `

¨ ¨ ¨ ` qj�kψpvkq “ 0. A van der Monde type argument shows that ψpviq “ 0 for
i ą 0 and that ψpvq “ ψpv0q. Replacing v by v0, we may therefore assume that v
is a weight vector of weight �.

Now the subspace Uqpbqv Ď M contains a highest weight vector v1 of weight
(say) �1. Thus v1 is an eigenvector of z, with eigenvalue χ�1 . Since M is in the block
Oχ�

int, we must have χ� “ χ�1 , i.e. �1 is linked to �. But �1 ě � ě ´1, so �1 “ �, and
hence v is a highest weight vector in M .

It follows that the unique homomorphism φ1 : Mp�q ÝÑ M with φ1pm`q “ v,
renders the following diagram commutative.

Mp�q

φ

��

φ1

���
�
�
�

M
ψ

�� �� N.

This proves that Mp�q is projective in Oint.
We now prove part (2). Since the module M given in part (2) is finite dimen-

sional, Mp�q bM “ Uqpsl2q bUqpbq ppK0q� bMq. Applying the induction functor to
the composition series of pK0q� b M as Uqpbq-module leads to a filtration

Mp�q b M :“ W0 Ą W1 Ą W2 Ą ¨ ¨ ¨ Ą WD´1 Ą WD “ 0, D “ dimM,

where the Wi are in Oint and Wi{Wi`1 “ Mp�iq for some integer �i. By the
projectivity of Mp�q, we have

HomUqpsl2qpMp�q,Wiq “ HomUqpsl2qpMp�q,Mp�iqq ‘ HomUqpsl2qpMp�q,Wi`1q
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as vector space, and hence

HomUqpsl2qpMp�q,Mp�q b Mq “
à

i

HomUqpsl2qpMp�q,Mp�iqq.

But HomUqpsl2qpMp�q,Mp�iqq ‰ 0 only when � and �i are linked. The condition
� ě ´1 requires �i “ �, and in this case, HomUqpsl2qpMp�q,Mp�iqq is one dimen-
sional. Since the weight space of weight � in Mp�q b M is v` b M0, we have
HomUqpsl2qpMp�q,Mp�q b Mq – M0. �

Some properties of V “ V p1q. There exists a basis tv1, v´1u of V such that the
corresponding representation is given by

K ÞÑ

ˆ

q 0
0 q´1

˙

, E ÞÑ

ˆ

0 1
0 0

˙

, F ÞÑ

ˆ

0 0
1 0

˙

.

We have V b V “ V p2q ‘ V p0q, with the 1-dimensional submodule spanned by

c0 :“ ´qv1 b v´1 ` v´1 b v1.

Since V is self-dual, there exists a unique (up to scalar multiple) non-degenerate
invariant bilinear form p , q : V ˆ V ÝÑ K0 given by

pv1, v´1q “ ´qpv´1, v1q “ 1, pv1, v1q “ pv´1, v´1q “ 0.

Here invariance of the form means that pXv,wq “ pv, SpXqwq for all v, w P V and
X P Uqpsl2q, where S is the antipode of Uqpsl2q.

The following maps are clearly Uqpsl2q-morphisms

Č : K0 ÝÑ V b V, 1 ÞÑ c0,(4.1)

Ĉ : V b V ÝÑ K0, v b w ÞÑ pv, wq,(4.2)

as are the maps η, ζ : V ÝÑ V respectively defined by the compositions

η : V
„

ÝÑ K0 b V
Čbid
ÝÑ V b V b V

idbĈ
ÝÑ V,

ζ : V
„

ÝÑ V b K0
idbČ
ÝÑ V b V b V

Ĉbid
ÝÑ V.

The statements in Lemma 4.3 are all either well-known or easily checked.

Lemma 4.3. Let e “ Č ˝ Ĉ. The following relations hold.

ĈpČq “ ´pq ` q´1
q,(4.3)

η “ ζ “ idV ,(4.4)

e2 “ ´pq ` q´1
qe.(4.5)

4.1.2. The universal R-matrix. As the universal R-matrix of Uqpsl2q will play an
important role in our development, we give some explicit information concerning
it. Following [18], we define a functorial linear operator Ξ as follows. For any pair
of modules M1,M2 in Oint, and weight vectors w1 P M1 and w2 P M2 with weights
k1, k2 respectively,

ΞM1,M2
: M1 b M2 ÝÑ M1 b M2, w1 b w2 ÞÑ q

k1k2
2 w1 b w2.(4.6)

The universal R-matrix is the functorial linear isomorphism

R “ Ξ

˜

8
ÿ

j“0

pq ´ q´1qj

vjwq!
Ej

b F j

¸

,(4.7)
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where vjwq! “
śj

k“0vkwq with vkwq “
1´q´2k

1´q´2 . [Warning: this is not the usual

definition of q-numbers.] For i “ 1, 2, denote the representation of Uqpsl2q on Mi

by πi. Then the universal R-matrix acts on M1 b M2 by

RM1,M2
“ Ξ

˜

8
ÿ

j“0

pq ´ q´1qj

vjwq!
π1pEj

q b π2pF j
q

¸

.

This is well defined, since E and F act locally nilpotently. The universal R-matrix
has the following properties.

RM1,M2
pπ1 b π2qΔpxq “ pπ1 b π2qΔ1pxqRM1,M2

, @x P Uqpsl2q;(4.8)

RM1bM2,M3
“ RM1,M3

RM2,M3
, RM1,M2bM3

“ RM1,M3
RM1,M2

,(4.9)

RM1,M2
RM1,M3

RM2,M3
“ RM2,M3

RM1,M3
RM1,M2

,(4.10)

where the last two equations are equalities of automorphisms of M1 b M2 b M3.
The last equation is the celebrated Yang-Baxter equation.

Let PM1,M2
: M1 b M2 ÝÑ M2 b M1 be the permutation w b w1 ÞÑ w1 b w, and

denote ŘM1,M2 “ PM1,M2
RM1,M2

: M1 b M2 ÝÑ M2 b M1. Then

(4.11) ŘM1,M2
pπ1 b π2qΔpxq ´ pπ2 b π1qΔpxqŘM1,M2

“ 0, @x P Uqpsl2q,

and the Yang-Baxter equation becomes the following “braid relation” among iso-
morphisms M1 b M2 b M3 ÝÑ M3 b M2 b M1 in Oint.

pŘM2,M3
b idM1

qpidM2
b ŘM1,M3

qpŘM1,M2
b idM3

q

“ pidM3
b ŘM1,M2

qpŘM1,M3
b idM2

qpidM1
b ŘM2,M3

q.

For M1 “ M2 “ V p1q, by looking at the action of q
1
2 ŘV,V on the respective

highest weight vectors of the simple submodules of V bV “ V p2q‘V p0q, it becomes

evident that q
1
2 ŘV,V has eigenvalues q and ´q´1 on V p2q and V p0q respectively.

Bearing in mind that Č ˝ Ĉ “ ´pq ` q´1q times the projection to V p0q this may be
restated as follows.

Lemma 4.4. The R-matrix ŘV,V satisfies the following relation.

q
1
2 ŘV,V “ q ` Č ˝ Ĉ,(4.12)

where Č and Ĉ are as defined in (4.1).

Now let

RT
“ Ξ

˜

8
ÿ

j“0

pq ´ q´1qj

vjwq!
F j

b Ej

¸

,(4.13)

and denote RT
M1,M2

“ RT : M1 b M2 ÝÑ M1 b M2. Then

RT
M1,M2

“ PM2,M1
RM2,M1

PM1,M2
: M1 b M2 ÝÑ M1 b M2.

Furthermore, ŘM2,M1
ŘM1,M2

“ RT
M1,M2

RM1,M2
, and

RT
M1,M2

RM1,M2
“ Δpv´1

qpv b vq : M1 b M2 ÝÑ M1 b M2,

where v is Drinfeld’s central element of Uqpsl2q (see [18]). The element v acts on any
highest weight module with highest weight � (i.e., a module which is generated by a

highest weight vector of weight �) in Oint as multiplication by the scalar q´ 1
2 �p�`2q.



SCHUR-WEYL DUALITY 289

Assume that M1 and M2 are both highest weight modules with highest weights
�1 and �2 respectively. Then RT

M1,M2
RM1,M2

acts on a highest weight submodule

M 1 of M1 b M2 with highest weight � as

RT
M1,M2

RM1,M2
|M 1 “ qχp�,�1,�2qidM 1 , where

χp�, �1, �2q “
�p� ` 2q

2
´

�1p�1 ` 2q

2
´

�2p�2 ` 2q

2
.

(4.14)

If m` is the highest weight vector of M1, and v P M2 is a vector of weight j, we
have Km` “ q�1m` and Kv “ qjv. Then

(4.15) RT
M1,M2

RM1,M2
pm` b vq “

8
ÿ

k“0

pq ´ q´1qkqj�1`kp�1´j´2kq

vkwq!
F km` b Ekv.

4.2. A tensor functor. We again fix V “ V p1q, and for any integer �, let M be
either Mp�q or V p�q. We shall adopt the following notation. Recall that C “ tm, vu;
for any sequence A “ pa1, a2, . . . , arq with aj P C, write

UA
“ Ua1 b Ua2 b ¨ ¨ ¨ b Uar ,

where Um “ M and Uv “ V . We set UH “ K0 for the empty sequence H.
Recall that there exists a canonical tensor functor from the category of directed

coloured ribbon graphs to the category of finite dimensional representations of any
quantum group; see [24, Theorem 5.1]. Adapting that functor to our context yields
the following result.

Theorem 4.5. Let V “ V p1q, and for any integer � let M be either Mp�q or V p�q.

There exists a unique covariant linear functor pF : RT ÝÑ Oint, which satisfies the
following properties.

(1) The functor respects the tensor products of RT and Oint;

(2) pF sends the object A of RT to pFpAq “ UA; and

(3) pF maps the generators of the morphism spaces as indicated below.

a
ÞÑ idUa ,

bc
ÞÑ ŘUb,Uc ,

bc
ÞÑ pŘUb,Ucq´1,

for all a, b, c P C with b, c not both equal to m, and

v

ÞÑ Č,

v

ÞÑ Ĉ,

where the maps Č : K0 ÝÑ V b V and Ĉ : V b V ÝÑ K0 are defined by
(4.1) and (4.2) respectively.
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Proof. Suppose for the moment that the functor pF as defined in (2) and (3) is well
defined on morphisms, that is, that

(4.16) The relations in part (3) of Theorem 3.1 are preserved by pF .

Then equation (4.17) and property (3) of the statement, which defines the images

of the generators of morphisms under pF , define the functor uniquely. The functor
evidently respects the tensor products for objects, since for any objects A and B
in RT , we have

pFpA b Bq “ U pA,Bq
“ UA

b UB .

The statement (1) now reduces to showing that pF respect tensor products for
morphisms, that is, for any two morphisms D,D1 in RT ,

(4.17) pFpD b D1
q “ pFpDq b pFpD1

q,

which will follow from (4.16). Thus we are reduced to proving the latter statement.

Clearly pF preserves relations (a). It also preserves relations (b) since the R-
matrices satisfy the Yang-Baxter equation. It follows from (4.4) that the straight-
ening relations (c) are also preserved.

To prove the sliding relations, let us write

Ψ` :“ pF

¨

˚

˝

a

v

˛

‹

‚
, Ψ1

` :“ pF

¨

˚

˝

a

v

˛

‹

‚
,

Ψ´ :“ pF

¨

˚

˝

a

v

˛

‹

‚

, Ψ1
´ :“ pF

¨

˚

˝

a

v

˛

‹

‚

.

Let v, v1 P V be vectors with weights � and �1 respectively, and let w P Ua be a
vector with weight k. Then we have

Ψ`pv b w b v1
q “ q

1
2k�pv, v1

qw ` pq ´ q´1
qq

1
2 pk´2qp�`2q

pEv, v1
qFw,

Ψ1
`pv b w b v1

q “ q´ 1
2k�

1
pv, v1

qw ´ pq ´ q´1
qq´ 1

2k�
1
pv, Ev1

qFw.

Invariance of the bilinear form implies that pv, Ev1q “ ´pEv,Kv1q “ ´q�
1
pEv, v1q.

Also note that pv, v1q “ 0 unless � ` �1 “ 0, and pEv, v1q “ pv, Ev1q “ 0 unless
� “ �1 “ ´1. Hence

Ψ`pv b w b v1
q “ q

1
2k�pv, v1

qw ` pq ´ q´1
qq

1
2 pk´2q

pEv, v1
qFw “ Ψ1

`pv b w b v1
q.

Similarly we have

Ψ´pv b w b v1
q “ q´ 1

2k�pv, v1
qw ´ pq ´ q´1

qq´ 1
2k�pFv, v1

qEw,

Ψ1
´pv b w b v1

q “ q
1
2k�

1
pv, v1

qw ` pq ´ q´1
qq

1
2 pk`2qp�1

´2q
pv, Fv1

qEw.

In this case, pFv, v1q “ ´pv,KFv1q “ ´q´1pv, Fv1q, and pFv, v1q “ pv, Fv1q “ 0
unless � “ �1 “ 1. We still have pv, v1q “ 0 unless � ` �1 “ 0. Hence

Ψ´pv b w b v1
q “ q´ 1

2k�pv, v1
qw ` pq ´ q´1

qq´ 1
2 pk`2q

pv, Fv1
qEw “ Ψ1

´pv b w b v1
q.
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Now consider the twists. Let

ϕ :“ pF

¨

˚

˚

˚

˚

˝

v
˛

‹

‹

‹

‹

‚

, ϕ1 :“ pF

¨

˚

˚

˚

˚

˝

v
˛

‹

‹

‹

‹

‚

,

which are scalar multiples of idV . By direct computations, one can verify that

ϕv1 “ ´q
3
2 v1, ϕ1v´1 “ ´q´ 3

2 v´1.

Hence ϕ “ ´q
3
2 idV , ϕ

1 “ ´q´ 3
2 idV , and ϕ ˝ ϕ1 “ idV . Another way to compute

this is to use the well known relationship between the R-matrix and Drinfeld’s
central element. By taking into account the q-skew nature of the bilinear form, we
immediately obtain

ϕ “ ´q
3
2 idV , ϕ1

“ ´q´ 3
2 idV .

This completes the proof of Theorem 4.5. �

Remark 4.6. Note that when constructing representations of the Artin braid group,
one has the freedom of multiplying the R-matrices by an invertible scalar. However

the sliding relations remove this freedom in the definition of the functor pF (cf.
Remark 3.8).

Theorem 4.7. The functor pF : RT ÝÑ Oint of Theorem 4.5 factors through
MT Lpq, q�`1q.

Proof. It follows from the property of Ř given in Lemma 4.4 that the functor pF
respects the first two skein relations of MT Lpq,Ωq. By Lemma 3.4 it therefore also
respects the free loop removal relation (cf. also (4.3)). We now set

Ω “ q�`1.(4.18)

We want to show that pF preserves the third skein relation of MT Lpq,Ωq (see
Lemma 3.15). We have

ξ :“ pF

¨

˚

˚

˚

˚

˚

˚

˝

˛

‹

‹

‹

‹

‹

‹

‚

“ ŘV,M ŘM,V .

In the case M “ Mp�q, if � ‰ ´1, we have M bV “ Mp�`1q ‘Mp�´1q. Hence
ξ “ ŘV,M ŘM,V has two eigenvalues qχ˘ , which we can compute by using (4.14) to
obtain

χ˘ “
1

2
p� ˘ 1qp� ` 2 ˘ 1q ´

1

2
�p� ` 2q ´

3

2
“ ˘p� ` 1q ´ 1.

Hence ξ satisfies the quadratic relation

pqξ ´ Ωqpqξ ´ Ω´1
q “ 0.(4.19)

If � “ ´1, we do not have such a decomposition for M b V . However, we can
directly verify the skein relation. Since ŘV,M ŘM,V is a Uqpsl2q-morphism, we only
need to verify this for the two vectors m` b v1 and m` b v´1, as they generate
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MbV . It is clear that m` bv1 is an eigenvector of RT
M,V RM,V with eigenvalue q´1.

For the vector m` b v´1, we use (4.7) and (4.13) to obtain the following relations.

RT
M,V RM,V pm` b v´1q “ qm` b v´1 ` q´1

pq ´ q´1
qFm` b v1,

pRT
M,V RM,V q

2
pm` b v´1q “ p2 ´ q´2

qm` b v´1 ` 2q´2
pq ´ q´1

qFm` b v1.

Combining these we arrive at pŘV,M ŘM,V ´ q´1q2pm` b v´1q “ 0. Hence we have
proved that in this case

pqξ ´ 1q
2

“ 0.

For M “ V p�q, we only need to consider � ě 0, since V p�q “ Mp�q if � ă 0. We
have V p�q bV “ V p�` 1q ‘V p�´ 1q for � ą 0 , and V p0q bV “ V . It follows from
these decompositions that the relation (4.19) is also satisfied in this case.

This proves that pF preserves the third skein relation for MT Lpq, q�`1q.
We now verify the tangled loop removal relation for both Mp�q and V p�q. We

note that for any linear transformation φ of V ,

Ĉpφ b idV qČp1q “ ´qpφv1, v´1q ` pφv´1, v1q “ ´trV pKφq.

Hence

Φ :“ pF

¨

˚

˚

˚

˚

˚

˝

˛

‹

‹

‹

‹

‹

‚

“ ´trV
`

p1 b KqŘV,M ŘM,V

˘

.

It follows from [29, Proposition 1] that Φ is a scalar multiple of idM . To compute
the scalar, we consider the action of Φ on the highest weight vector m` of M . Using
(4.15), we obtain

Φm` “ ´tr

ˆˆ

q 0
0 q´1

˙ ˆ

q� q´1pq ´ q´1q

0 q´�

˙˙

m` “ ´pΩ ` Ω´1
qm`.

This leads to Φ “ ´pΩ` Ω´1qidM , and hence pF respects the tangled loop removal
relation.

This completes the proof of Theorem 4.7. �

4.3. An equivalence of categories. In this section, we take V “ V p1q and
M “ Mp�q for � ě ´1. Let T be the full subcategory of the category Oint of
Uqpsl2q-modules with objects M b V br for r “ 0, 1, . . . . Regard T LBpq, q�`1q, the
Temperley-Lieb category of type B, as a full subcategory of MT Lpq, q�`1q.

Theorem 4.5 enables us to define the following functors.

Definition 4.8. Let F : MT Lpq, q�`1q ÝÑ Oint be the functor defined by the
commutative diagram

RT pqq

����

pF �� Oint

MT Lpq, q�`1q.

F

�������������

It is clear that F sends objects and morphisms in T LBpq, q�`1q to T . Hence the
restriction of the functor F to T LBpq, q�`1q leads to a covariant functor

F 1 : T LBpq, q�`1
q ÝÑ T .
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Theorem 4.9. Let V “ V p1q and M “ Mp�q. Then for all � ě ´1, the functor F 1 :
T LBpq, q�`1q ÝÑ T is an equivalence of categories, where T is the full subcategory
of the category Oint with objects M b V br for r “ 0, 1, . . . .

Proof. We will prove the equivalence of categories by showing that the functor F 1

is essentially surjective and fully faithful.
We set Ω “ q�`1 in this proof.
The essential surjectivity is clear, since F 1pm, vrq “ M b V br for all r.
Since V is self dual, HomT pM b V br,M b V bsq – HomT pM,M b V bpr`sqq as

vector spaces for all r and s. In view of Lemma 3.19, we have HomT LBpq,Ωqppm, vrq,

pm, vsqq – HomT LBpq,Ωqpm, pm, vr`sqq. Hence in order to prove that the functor
F 1 is fully faithful, it suffices to show that F 1 defines isomorphisms

HomT LBpq,Ωqpm, pm, vrqq
„

ÝÑ HomT pM,M b V r
q

for all r. We shall do this by showing that for all r,

dimHomT pM,M b V brq “ dimHomT LBpq,Ωqpm, pm, vrqq, and(4.20)

dimF 1pHomT LBpq,Ωqpm, pm, vrqqq “ dimHomT LBpq,Ωqpm, pm, vrqq.(4.21)

Consider first HomT pM,MbV brq. We decompose V br with respect to the joint
action of Uqpsl2q and TLrpqq to obtain V br “

À

t V ptq b Wtprq, where the direct
sum is over all t such that 0 ď t ď r and r ´ t is even. Since � ě ´1, we can apply
part (2) of Lemma 4.2 to obtain

HomUqpsl2qpM,M b V br
q “

à

t

HomUqpsl2qpM,M b V ptqq b Wtprq

“
à

t

V ptq0 b Wtprq.

If r is odd, then all t are odd, hence all V ptq0 “ 0. If r “ 2N is even,

HomUqpsl2qpM,M b V b2N
q “

N
à

t“0

V p2tq0 b W2tp2Nq “

N
à

t“0

W2tp2Nq.

In view of Lemma 3.24 and its proof, this establishes equation (4.20).
Next we consider F 1pHomT LBpq,Ωqpm, pm, vrqqq.
Applying F 1 to the filtration (3.10) of W p2Nq by TL2N pqq-modules FtW p2Nq,

and writing FiW p2Nq “ F 1pFiW p2Nqq, we obtain

(4.22) FNW p2Nq Ą FN´1W p2Nq Ą ¨ ¨ ¨ Ą F1W p2Nq Ą F0W p2Nq Ą H.

This is a filtration of modules for F 1pEnd0p2Nqq, which by [19, Thm. 3.5] is iso-

morphic to TLrp2Nq. For any i, if the quotient W 1
2ip2Nq :“ FiW p2Nq

Fi´1W p2Nq
‰ 0, then

it must be isomorphic to the cell module W2ip2Nq as TLrp2Nq-module. Therefore,
if we can show that W 1

2ip2Nq ‰ 0 for all i, then (4.21) follows in view of Lemma
3.24.

Assume to the contrary that W 1
2ip2Nq “ 0 for some i. This happens precisely

if, given any distinguished diagram D P FiW p2Nq with i thin arcs entangled with
the pole, there is an element Dred P Fi´1W p2Nq such that

F 1
pDq ´ F 1

pDred
q “ 0.(4.23)

Let D be given by the distinguished diagram in Figure 12. We shall show that
F 1pDq R F 1pFi´1W p2Nqq.
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. . . . . .

Figure 12. Diagram D : m Ñ pm, v2N q

Take the morphisms A : pm, v2N q Ñ pm, v2iq, Ii : vi Ñ vi and S : pm, v3iq Ñ

pm, viq, which are respectively given by

A “ . . .

2i . . .

,

Ii “ . . .

i

,

S “ . . .

i
. . . .

We first compose D and the related Dred with A to obtain AD and ADred, then
tensor them with Ii to obtain AD b Ii and ADred b Ii , and finally compose
these morphisms with S to obtain SpAD b Iiq and SpADred b Iiq. Write D̃ “

δ´N`iSpADb Iiq and D̃red “ δ´N`iSpADred b Iiq; these are both endomorphisms
of pm, viq.

Now if W 1
2ip2Nq “ 0 for some i, equation (4.23) implies

F 1
pD̃q ´ F 1

pD̃red
q “ 0.(4.24)

The diagram of D̃ is given by Figure 13. The morphism D̃red is spanned by
diagrams with less than i thin arcs tangled with the thick arc.

. . .i

Figure 13. Diagram D̃ : pm, viq Ñ pm, viq

Let w “ m` b vbi
´1, where vbi

´1 “ v´1 b v´1 b ¨ ¨ ¨ b v´1
looooooooooooomooooooooooooon

i

and let us compare

F 1pD̃qpwq and F 1pD̃redqpwq. By (4.15), we have

F 1
pD̃qpwq “

i
ÿ

k“0

pq ´ q´1qkq´i�`kp�`i´2kq

vkwq!
F km` b Ekvbi

´1.



SCHUR-WEYL DUALITY 295

In particular, the vector F im`bvbi
1 appears in F 1pD̃qpwq with a nonzero coefficient.

This vector is nonzero since F im` ‰ 0 for all i in the Verma module M .

Turning to F 1pD̃redqpwq, we note that w “ m` b vbi
´1 is annihilated by the

images under F 1 of all diagrams from pm, viq to pm, vi´2q which have an arc U as
depicted below, since the invariant form on V p1q satisfies pv´1, v´1q “ 0.

. . . . . .

.

Thus among all the diagrams in D̃red, only those shown in Figure 14 with t ă i
could have nonzero contributions to F 1pD̃redqpwq. Using (4.15), we obtain

Υt “

. . .t . . . . . .i ´ t

Figure 14. A diagram in D̃red

F 1
pΥtqpwq “

t
ÿ

k“0

pq ´ q´1qkq´t�`kp�`t´2kq

vkwq!
F km` b Ekvbt

´1 b v
bpi´tq
´1 .

Note that for all t ă i, the vector F im` b vbi
1 never appears in F 1pΥtqpwq with a

non-zero coefficient. Thus (4.24) does not hold for any element Dred P Fi´1W p2Nq.
Hence W 1

2ip2Nq “ W2ip2Nq for all i, and equation (4.21) is proved.
We have now shown that F 1 is fully faithful, proving Theorem 4.9. �

4.4. Quantum Schur-Weyl duality. The algebra TLBrpq,Qq, defined in Section
2 as the algebra of endomorphisms of r in the category TLBpq,Qq, is generated
[14, (5.7)] by the elements ci :“ Ibpi´1q b pU ˝ Aq b Ibpr´i´1q (i “ 1, 2, . . . , r ´ 1)
and c0 :“ C0 b Ibpr´1q, subject to the relations set out in [14, Prop. (5.3)].
Likewise, the endomorphism algebra TLBrpq,Ωq of the object pm, vrq in T LBpq,Ωq

has generators Ci, i “ 1, . . . , r´1, defined in analogy with the ci using the elements
I, A and U of Section 3.5, as well as the element L b Ibpr´1q, which we refer to as
L P TLBrpq,Ωq.

Corollary 4.10. For any integer r ą 0, there is an isomorphism of algebras

TLBrpq,Qq ÝÑ TLBrpq,
?

´1Qq,

which, in the notation explained above, takes the generators ci to Ci (i “ 1, . . . , r´1)
and takes c0 to ´

?
´1qL ´ QIbr, where

?
´1 is a fixed square root of ´1.
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It is evidently a consequence of Theorem 4.9 and Corollary 4.10 that:

Proposition 4.11. Let V “ V p1q and M “ Mp�q with � ě ´1. Then for each
r “ 1, 2, . . . , there are the following isomorphisms of associative algebras

TLBrpq, q�`1
q

„
ÝÑ EndUqpsl2qpM b V br

q
„

ÝÑ TLBrpq,
?

´1q�`1
q.

Remark 4.12. A similar Schur-Weyl duality between classical sln and the degenerate
affine Hecke algebra was established in [3]. Our main result is that when n “ 2 one
can frame an equivalence, which may extend to the case where q is a root of unity
(cf. [2] for the classical case).

4.5. Semisimplicity of endomorphism algebras. It is apparent that analysis
of the algebras TLBnpq,Qq may be approached through their cellular structure out-
lined above. This makes it possible to analyse the representations Mp�q b V p1qbr.
In this section we determine precisely when EndUqpsl2qpMp�q bV p1qbrq is semisim-
ple. For ease of exposition, we assume throughout this section that Q and Ω are
both in the field K0 and we have chosen a fixed square root

?
´1 P K0.

4.5.1. Semisimplicity of TLBrpq,Ωq. This may be approached as in [7] for positive
characteristic. However here we shall use the approach of [13, 14] which relates
TLBrpq,Qq to the (unextended) affine Temperley-Lieb algebra T a

r pqq as in [14], as
well as the complete analysis of its cell modules Wt,zprq given in [13]. The results
we quote as background may all be found in [14, §§6,10].

For each integer r ě 0 define the following sets of parameters:

(4.25)

Λprq “ tt P Z | 0 ď t ď r and r ´ t P 2Zu

ΛBprq “ tt P Z | |t| P Λprqu

Λa
prq “ tpt, zq P Z ˆ K˚

0 | t P Λprqu{ „,

where in the third line, we declare p0, zq „ p0, z´1q.
The sets Λprq and ΛBprq are posets, with Λprq being ordered in the obvious way,

ΛBprq ordered according to |t|, with |t| ě t. The set Λaprq indexes the cell modules
of T a

r pqq, among which all homomorphisms are known.
Any cellular algebra is semisimple if and only if there are no non-trivial homo-

morphisms among its cell modules [12]. The key to the semisimplicity of TLBrpq,Qq

is therefore the following result. For the notation, the reader is referred to [14, §5].

Theorem 4.13 ([14, Cor (5.11), Thm. (6.15)]).

(1) For 1 ď i ď r´1, let ti “ ci `q P TLBrpq,Qq, and let t0 “ c0 `Q. There is
a surjective homomorphism g : T a

r pqq ÝÑ TLBrpq,Qq defined by gpfiq “ ci
for i “ 1, . . . , r ´ 1, and gpτ q “

?
´1q

1
2 pn´2qt0t1 . . . tr´1, where τ is the

“twist” diagram in T a
r pqq.

(2) Denoting by g˚pMq the pullback to T a
r pqq of a TLBrpq,Qq-module M , we

have, for t P ΛBprq,

g˚
pWtprqq – W|t|,z

εt
t

prq,

where εt “
t

|t| “ ˘1 and zt “ p´1qt`
1
2 q´ t

2Q´1.

Since all homomorphisms among the modulesWt,z are known, Theorem 4.13 may
be used to determine whether TLBrpq,Qq is semisimple, since TLB-homomorphisms
among the Wtprq are precisely T a-homomorphisms among the lifts. We begin by
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explaining when we have a non-trivial homomorphism between two cell modules
Wt,z.

Define a preorder on Λaprq as follows. Say that pt, zq ă ps, yq (pt, zq, ps, yq P

Λaprq) if for some ε “ ˘1 we have

(4.26) s “ t ` 2m for some m ą 0, y “ q´εmz, and z2 “ qεs.

A short calculation using equation (4.26) reveals that there is a non-zero homo-
morphism of cell modules Wsprq ÝÑ Wtprq for TLBrpq,Qq (t, s P ΛBprq) if and
only if either Wtprq – W´tprq (see Corollary 4.14) for some t ą 0 or if the following
conditions hold:
(4.27)

piq Dt, s P Λprq such that s “ t ` 2m ą t ě 0, and Q “
?

´1q´pt`mq;

piiq Dt ă 0, s ą 0 P ΛBprq, such that t “ ´2m, s “ 4m and Q “
?

´1qm;

piiiq Dt ă 0, s ă 0 P ΛBprq, such that |s| “ |t| ` 2m ą |t| and Q “
?

´1q´m.

Corollary 4.14. With the above notation, for each t ą 0, there is a non-trivial
homomorphism : Wtprq ÝÑ W´tprq if and only if Wtprq – W´tprq. Moreover this
condition is satisfied if and only if Q “

?
´1.

Proof. It follows from Theorem 4.13 that there is a homomorphism : Wtprq ÝÑ

W´tprq if and only if there is a non-trivial homomorphism of T a
r pqq-modules :

Wt,ztprq ÝÑ Wt,z´1
´t

prq. But this happens if and only if Wt,ztprq – Wt,z´1
´t

prq,

whence the first statement.
Moreover, again by the above statement, Wtprq – W´tprq if and only if zt “ z´1

´t .
Using the value of zt given in Theorem 4.13(2), one sees easily that this happens if
and only if Q2 “ ´1. �

4.5.2. Semisimplicity of endomorphism algebras. Our final result uses the cellular
structure to give a precise criterion for the semisimplicity of the endomorphism
algebra EndUqpsl2qpMp�q bV p1qbrq, which may also be deduced from results in [5].

Theorem 4.15. Assume that q is not a root of unity in K0. The endomorphism
algebra EndUqpsl2qpMp�qbV p1qbrq is non-semisimple for all r if � “ ´1. For � ě 0,
it is semisimple if and only if r ď � ` 1.

Proof. When � “ ´1, Q “
?

´1. Hence by Corollary 4.14, there are coincidences
among the cell modules of TLBrpq,Qq, whence the endomorphism algebra is neither
semisimple nor quasi-hereditary. This proves the first statement.

Now assume � ą ´1. We apply the criteria in (4.27) in the case where Q “
?

´1q´p�`1q. For the criterion (i) to apply, we require t`m “ �`1 ą 0; (ii) cannot
apply in any case, while for (iii) we require m “ � ` 1 ą 0.

Now in case (i) we require t` 2m “ � ` 1`m ď r for some m ą 0, so r ě �` 2.
In case (iii), we require m “ � ` 1 and |t| ` 2m ď r, i.e. r ą 2p� ` 1q ě � ` 3. This
shows that EndUqpsl2qpMp�q b V p1qbrq is semisimple for r ě � ` 1.

Consider now the case r “ � ` 2 (where � ě 0). We show that there is always a
non-trivial homomorphism : W�`2p� ` 2q ÝÑ Wp�qp� ` 2q. For this, observe that in

the notation above, z� “ p´1q�` 3
2 q

�
2 `1

?
´1 and z�`2 “ p´1q�` 3

2 q
�
2 `1

?
´1 “ q´1z�.

Now take t “ �,m “ 1 and ε “ 1 in (4.26). One concludes that p�, z�q ă p�`2, z�`2q.
This proves that EndUqpsl2qpMp�q b V p1qbrq is not semisimple for r ě � ` 2 and
r ” �(mod 2q.



298 K. IOHARA ET AL.

A similar argument applies for r ě � ` 2 with r ” � ` 1(mod 2q, and the proof
is complete. �

4.6. Remarks on categories related to T LBpq,Ωq. Note that our functor F
is defined on the multipolar category MT Lpqq. It would be interesting to de-
termine other cases, possibly when even one restricts to the affine subcategory
T La

pqq, where one still has an equivalence. We mention finally that endomor-
phisms of MT Lpqq and MT Lpq,Ωq in the multipolar case give rise to algebras
closely related to the affine Temperley-Lieb algebra, e.g., EndMT Lpqqpm, vr,mq and
EndMT Lpq,Ωqpm, vr,mq. The functor F enables us to investigate the representation
theory of such algebras via the quantum group Uqpsl2q.
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Univ Lyon, Université Claude Bernard Lyon 1, CNRS UMR 5208, Institut Camille

Jordan, 43 Boulevard du 11 Novembre 1918, F-69622 Villeurbanne cedex, France

Email address: iohara@math.univ-lyon1.fr

School of Mathematics and Statistics, University of Sydney, N.S.W. 2006, Australia

Email address: gustav.lehrer@sydney.edu.au

School of Mathematics and Statistics, University of Sydney, N.S.W. 2006, Australia

Email address: ruibin.zhang@sydney.edu.au

https://www.ams.org/mathscinet-getitem?mr=841713
https://www.ams.org/mathscinet-getitem?mr=908150
https://www.ams.org/mathscinet-getitem?mr=2271576
https://www.ams.org/mathscinet-getitem?mr=2761939
https://www.ams.org/mathscinet-getitem?mr=3420509
https://www.ams.org/mathscinet-getitem?mr=3040865
https://www.ams.org/mathscinet-getitem?mr=991016
https://www.ams.org/mathscinet-getitem?mr=1267001
https://www.ams.org/mathscinet-getitem?mr=1036112
https://www.ams.org/mathscinet-getitem?mr=1091619
https://www.ams.org/mathscinet-getitem?mr=782228
https://www.ams.org/mathscinet-getitem?mr=1292673
https://www.ams.org/mathscinet-getitem?mr=584084
https://www.ams.org/mathscinet-getitem?mr=1099254

