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LOCAL LANGLANDS CORRESPONDENCE

FOR UNITARY GROUPS VIA THETA LIFTS

RUI CHEN AND JIALIANG ZOU

Abstract. Using the theta correspondence, we extend the classification of
irreducible representations of quasi-split unitary groups (the so-called local
Langlands correspondence, which is due to Mok) to non quasi-split unitary
groups. We also prove that our classification satisfies some good properties,
which characterize it uniquely. In particular, this paper provides an alternative

approach to the works of Kaletha-Mı́nguez-Shin-White and Mœglin-Renard.

1. Introduction

In his monumental book [Art13], Arthur gave a complete description of the auto-
morphic discrete spectra of quasi-split orthogonal groups and symplectic groups, by
using the stable trace formula and the theory of endoscopy. One of the main local
theorems in that book is the local Langlands correspondence (“LLC” for short),
which gives a classification of irreducible tempered representations of quasi-split
classical groups. Following Arthur’s method, Mok established the same results for
quasi-split unitary groups [Mok15]. To extend these results to non quasi-split clas-
sical groups, one can use the stable trace formula à la Arthur. This was partially
carried out by Kaletha-Mı́nguez-Shin-White in [KMSW14] for unitary groups. In
particular, they established the LLC for all unitary groups, in the enhanced version
of Vogan. Mœglin-Renard also have some related results [MR18]. Both these two
papers use very difficult techniques.

However, the theta correspondence provides us a rather cheap way to establish,
or “transfer”, results from one group to another group. Indeed, this idea has been
used in many papers, for example, [GT11], [GS12], [GI18], and a recent paper
[Ish19]. This paper is another exploitation of this idea. The main goal of this paper
is to construct a (Vogan version) LLC for unitary groups over a p-adic field, based
on the LLC for quasi-split unitary groups. We will also prove that this LLC sat-
isfies several desired properties; these properties will uniquely determine the LLC
(see Theorem 2.5.1). Among these properties, the most important one is so-called
“local intertwining relations” (“LIR” for short), which allows us to distinguish rep-
resentations in a tempered L-packet by using (normalized) intertwining operators.
We would like to remark here that the LIR we used here is the same as in [GI16],
which is a little bit different from the LIR formulated by Arthur/ Mok/ KMSW
(see Remark 2.5.4). As in other instances where the LLC was shown using the
theta correspondence (such as [GT11] and [GS12]), we do not show the (twisted)
endoscopic character identities for the L-packets we constructed. To show that our
L-packets satisfy the endoscopic character identities, one would need to appeal to
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the stable trace formula (or a simple form of it), as was done in [CG15] and [Luo20].
Although essentially there is no new result in this paper, it provides an alternative
approach to the works of [KMSW14] and [MR18].

We would like to mention some related works. In [GI16], Gan-Ichino proved
the so-called Prasad conjecture, which describes the almost equal rank theta lifts
in terms of the LLC; similarly, in [AG17], Atobe-Gan described the theta lifts of
tempered representations in terms of the LLC. In this paper, we “turn the table
around”, namely, imitating the prediction of Prasad conjecture, we construct a
Vogan version LLC for unitary groups. We also write a parallel paper [CZ21],
in which we use the same method to deal with the even orthogonal groups (we
write it separately to avoid making notations too complicated). In a sequel to this
paper, we carry out the global counterpart of this paper and establish the Arthur’s
multiplicity formula for the tempered part of automorphic discrete spectra of even
orthogonal groups/ unitary groups.

We now give a summary of the layout of this paper. We formulate the main
theorem (i.e. the desired LLC, Theorem 2.5.1) in Section 2, taking the chance to
recall some results from [Mok15] that we are using. After recalling some basics of
theta correspondence in Section 3, we give our construction in Section 4, and prove
several properties of the desired LLC along the way. Then in Section 5 we recall
some results from [GI16], which will be the ingredients in the proof of the LIR in
Section 6. Finally in Section 7, with the help of the LIR, we are able to finish the
proof of the main theorem. To keep the paper in a reasonable length, we omit many
repeated details. Readers can refer to the arXiv version of this paper if they would
like the full details.

Notation

We set up some notations at the begining of this paper. Let F be a non-
Archimedean local field of characteristic 0 and residue characteristic p. Let E
be a quadratic field extension of F and let ωE/F be the quadratic character of F×

associated to E/F by local class field theory. We denote by c the non-trivial Galois
automorphism of E over F . Let TrE/F and NmE/F be the trace and norm maps

from E to F . We denote by E1 the subgroup of E× consisting of norm 1 elements.
We choose an element δ ∈ E× such that TrE/F (δ) = 0. We write | · | = | · |E for
the normalized absolute value on E. If ψ is an additive character of F , we shall
use ψE to denote the additive character of E defined by ψE = ψ ◦ TrE/F . If π is a
representation of some group G, we shall use π∨ to denote the contragredient of π.

2. Local Langlands correspondence

In this section, we formulate the desired LLC for unitary groups.

2.1. Hermitian and skew-Hermitian spaces. Fix ε = ±1. Let V be a finite
dimensional vector space over E equipped with a non-degenerate ε-Hermitian form

〈·, ·〉V : V × V −→ E.

Put n = dimV and disc V = (−1)(n−1)n/2 · detV , so that

discV ∈
{
F×/NmE/F (E

×) if ε = +1;

δn · F×/NmE/F (E
×) if ε = −1.
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We define ε(V ) = ±1 by

ε(V ) =

{
ωE/F (discV ) if ε = +1;

ωE/F (δ
−n · discV ) if ε = −1.

Given a positive integer n, there are precisely two isometry classes of n-dimensional
ε-Hermitian spaces V , which are distinguished from each other by their signs ε(V ).
Note that

• ε(V ) depends on the choice of δ if ε = −1 and n is odd;
• V + always has the maximal possible Witt index [dimV +/2].

Let U(V ) be the unitary group of V . If n = 0, we interpret U(V ) as the trivial
group {1}.

Sometimes we also need to consider a tower of ε-Hermitian spaces. Let Van be
an anisotropic space over E, and for r ≥ 0, let

Van,r = Van ⊕Hr,

where H is the (ε-Hermitian) hyperbolic plane. Let U(Van,r) be the unitary group
associated to Van,r. The collection

{Van,r | r ≥ 0}
is called a Witt tower of spaces. We note that any given ε-Hermitian space V is a
member of a unique Witt tower of spaces V .

2.2. Langlands parameters and component groups. Let WE be the Weil
group of E and WDE = WE × SL2(C) the Weil-Deligne group of E. Recall that
an L-parameter for the unitary group U(V ) is an n-dimensional conjugate self-dual
representation of WDE

φ : WDE −→ GLn(C)

with sign (−1)n−1. Let Φ(n) be the set of equivalence classes of L-parameters for
unitary groups of n variables. Given φ ∈ Φ(n), we may decompose it into a direct
sum

φ =
⊕
i

miφi

with pairwise inequivalent irreducible representations φi of WDE and multiplicities
mi. We say that φ is square-integrable if it is multiplicity-free and φi is conjugate
self-dual with sign (−1)n−1 for all i, and we say that φ is tempered if the image of
WE is bounded.

For an L-parameter φ for U(V ), we can define the component group Sφ associated
to φ following [GGP12] Section 8. If we write φ = ⊕imiφi, then Sφ has an explicit
description of the form

Sφ =
∏
j

(Z/2Z)aj

with a canonical basis {aj}, where the product ranges over all j such that φj is
conjugate self-dual with sign (−1)n−1. For a = aj1 + · · ·+ ajr ∈ Sφ, we put

φa = φj1 ⊕ · · · ⊕ φjr .

We shall let zφ denote the image of −1 ∈ GLn(C) in Sφ. More explicitly, we have

zφ = (mjaj) ∈
∏
j

(Z/2Z)aj .
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Let Sφ = Sφ/〈zφ〉. Then the canonical epimorphism Sφ � Sφ induces an inclusion

Ŝφ ↪→ Ŝφ.

Here, we denote by Â the Pontryagin dual of an abelian group A.

2.3. Whittaker data. To describe our main result, we need to choose a Whittaker
datum of U(V +), which is a conjugacy class of pairs (N, ξ), where

• N is the unipotent radical of a Borel subgroup of the quasi-split unitary
group U(V +),

• ξ is a generic character of N .

When n is odd, such a datum is canonical. When n = 2m is even, as explained
in [GGP12] Section 12, it is determined by the choice of an NmE/F (E

×)-orbit of
non-trivial additive characters{

ψE : E/F −→ C× if ε = +1;

ψ : F −→ C× if ε = −1.

According to this choice, we write{
WψE if ε = +1;

Wψ if ε = −1,

for the corresponding Whittaker datum.
Assume that ε = +1 for a while. So that V + is a Hermitian space. By choosing

a non-zero trace zero element δ ∈ E, we can define a skew-Hermitian space W+ =
δ · V +, which is the space V + equipped with the skew-Hermitian form δ · 〈·, ·〉V + .
Then U(V +) and U(W+) are physically equal as subgroups of GL(V +). Let ψ be
a non-trivial additive character of F , and

ψE = ψ

(
1

2
TrE/F (δ· )

)
be a character of E trivial on F . Then, there is a Whittaker datum WψE of U(V +),
and a Whittaker datum Wψ of U(W+). We have

WψE = Wψ.

Now we return to the general case. Sometimes we need to consider the LLC for
two (or more) unitary groups associated to spaces in a same Witt tower simulta-
neously, hence we must choose a Whittaker datum of each group in a compatible
way. Let W be a Whittaker datum of the unitary group U(V +). Then, for each

space Ṽ + in the Witt tower containing V +, we may choose a Whittaker datum of

U(Ṽ +) as follows. Let ψ (or ψE) be a non-trivial character of F (or E/F ), such
that

W = Wψ

(
or W = WψE

)
.

Then there is an obvious choice of the Whittaker datum of U(Ṽ +), namely, the
Whittaker datum associated to ψ (or ψE). By abuse of notation, we shall also

denote this Whittaker datum of U(Ṽ +) by W .



LOCAL LANGLANDS CORRESPONDENCE FOR UNITARY GROUPS 865

2.4. Local factors. To characterize the correspondence that will be established
later, we need to introduce two representation-theoretic local factors.

The first one is the standard γ-factor. Let V be an n-dimensional vector space
over E equipped with a non-degenerate ε-Hermitian form, π be an irreducible
smooth representation of U(V ), and χ be a character of E×. Following [LR05],
[GI14], one can define the standard γ-factor

γ(s, π, χ, ψ)

by using the doubling zeta integral. We remark here that in this paper we shall use
the definition in [GI14] Section 10, which is slightly different from the definition
in [LR05] (see [GI14] page 546 or [Kak20] Remark 5.4 for the modification of the
definition and explanations). The standard γ-factors satisfy many good properties,
for example, “Ten Commandments”.

The second one we want to introduce is the Plancherel measure. Let ψ be a non-
trivial additive character of F . Again let V be an n-dimensional vector space over
E equipped with a non-degenerate ε-Hermitian form, π be an irreducible smooth
representation of U(V ), and τ be an irreducible smooth representation of GLk(E).

For any s ∈ C, we put τs := τ ⊗ | det |s. Let Ṽ be the (n + 2k)-dimensional ε-
Hermitian space in the Witt tower containing V , and P = MPUP be a maximal

parabolic subgroup of U(Ṽ ) with Levi component MP and unipotent radical UP ,
such that

MP 
 GLk(E)× U(V ).

Consider the (normalized parabolic) induced representation

Ind
U(˜V )
P (τs � π).

Let P = MPUP be the parabolic subgroup of U(Ṽ ) opposite to P , and UP be

the unipotent radical of P . Fix a Haar measure du × du on UP × UP as in [GI14]
Appendix B (this Haar measure depends on the choice of the additive character ψ).
We define an intertwining operator

MP |P (τs � π) : Ind
U(˜V )
P (τs � π) −→ Ind

U(˜V )

P
(τs � π)

by (the meromorphic continuation of) the integral

MP |P (τs � π)Φs(g) =

∫
UP

Φs(ug)du.

Then there exists a meromorphic function μψ(τs � π) of s such that

MP |P (τs � π) ◦MP |P (τs � π) = μψ(τs � π)−1.

In this paper, by “Plancherel measures”, we mean the functions of the form μψ(τs�
π).

Given a representation ρ of WDE , one can define the Galois-theoretic γ-factor

γ(s, ρ, ψE)

as usual. We denote by As+ the Asai representation of the L-group of ResE/F GLk

and As− = As+⊗ωE/F its twist. Readers may refer to [GGP12] Section 7 for these
representations.
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2.5. Main theorem. Now we can formulate our desired LLC for unitary groups.

Theorem 2.5.1. There is a canonical finite-to-one surjection

L : IrrU(V +) � IrrU(V −) −→ Φ(n),

where V + and V − are the n-dimensional ε-Hermitian spaces with ε(V +) = +1 and
ε(V −) = −1. For each L-parameter φ, we denote the inverse image of φ by Πφ,
and call Πφ the L-packet associated to φ. For each L-packet Πφ, there is a bijection
(depends on the choice of a Whittaker datum W of U(V +))

JW : Πφ −→ Ŝφ.

We shall use π(φ, η) to denote the element in Πφ corresponding to η (with respect
to W ).

This assignment π �→ (φ = L(π), η = JW (π)) satisfies following properties:

(1) The map L preserves square-integrability.
(2) The map L preserves temperedness.
(3) The map L respects standard γ-factors, in the sense that

γ(s, π, χ, ψ) = γ(s, φχ, ψE)

for any π ∈ IrrU(V ε) whose parameter is φ, and any character χ of E×.
(4) The map L respects Plancherel measures, in the sense that

μψ(τs � π) = γ(s, φτ ⊗ φ∨, ψE) · γ(−s, φ∨
τ ⊗ φ, ψ−1

E )

× γ(2s, As(−1)n ◦ φτ , ψ) · γ(−2s, As(−1)n ◦ φ∨
τ , ψ

−1)

for any π ∈ IrrU(V ε) whose parameter is φ, and any irreducible square-
integrable representation τ of GLk(E) with L-parameter φτ . In particular,
the Plancherel measures are invariants of an L-packet. Namely, if π1, π2

has the same L-parameter φ, then we have

μψ(τs � π1) = μψ(τs � π2)

for any irreducible square-integrable representation τ of GLk(E).
(5) π = π(φ, η) is a representation of U(V ε) if and only if η(zφ) = ε.
(6) Assume that φ is a tempered L-parameter, then there is an unique W -

generic representation of U(V +) in Πφ, which corresponds to the trivial
character of Sφ.

(7) (Local intertwining relation) Assume that

φ = φτ ⊕ φ0 ⊕ (φc
τ )

∨,

where φτ is an irreducible tempered representation of WDE which corre-
sponds to an irreducible (unitary) discrete series representation τ of GLk(E)
and φ0 is a tempered element in Φ(n−2k). So there is a natural embedding
Sφ0

↪→ Sφ. Let π0 = π(φ0, η0) be an irreducible tempered representation
of U(V ε

0 ), where V ε
0 is the (n − 2k)-dimensional ε-Hermitian space with

sign ε. There is a maximal parabolic subgroup of U(V ε), say P , with Levi
component M , so that

M 
 GLk(E)× U(V ε
0 ).

Then the induced representation Ind
U(V ε)
P (τ � π0) has a decomposition

Ind
U(V ε)
P (τ � π0) =

⊕
η

π(φ, η),
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where the sum ranges over all η ∈ Ŝφ such that η
∣∣
Sφ0

= η0. Moreover, if

φτ is conjugate self-dual, let

R(w, τ � π0) ∈ EndU(V ε)

(
Ind

U(V ε)
P (τ � π0)

)
be the normalized intertwining operator to be defined later in Section 5.2,
where w is the unique non-trivial element in the relative Weyl group for M .
Then the restriction of R(w, τ � π0) to π(φ, η) is the scalar multiplication
by {

εk · η(aτ ) if φτ has sign (−1)n−1;

εk if φτ has sign (−1)n,

where aτ is the element in Sφ corresponding to φτ .
(8) (Compatibility with Langlands quotients) Assume that

φ = (φτ1 | · |s1 ⊕ · · · ⊕ φτr | · |sr)⊕ φ0 ⊕ ((φτ1 | · |s1 ⊕ · · · ⊕ φτr | · |sr)c)
∨
,

where for i = 1, · · · , r, φτi is an irreducible tempered representation of
WDE which corresponds to an irreducible (unitary) discrete series repre-
sentation τi of GLki

(E), and si is a real number such that

s1 ≥ · · · ≥ sr > 0;

φ0 is a tempered element in Φ(n − 2k), where k = k1 + · · · + kr. So there

is a natural isomorphism Sφ0

 Sφ. Let η ∈ Ŝφ, and η0 := η

∣∣
Sφ0

. Let

π0 = π(φ0, η0) be an irreducible tempered representation of U(V ε
0 ), where

V ε
0 is the (n − 2k)-dimensional ε-Hermitian space with sign ε. Then there

is a parabolic subgroup of U(V ε), say P , with Levi component M , so that

M 
 GLk1
(E)× · · · ×GLkr

(E)× U(V ε
0 ),

and π(φ, η) is the unique irreducible quotient of the standard module

Ind
U(V ε)
P (τ1| det |s1 � · · ·� τr| det |sr � π0) .

(9) If π = π(φ, η), and χ is a character of E1, then the representation πχ :=
π ⊗ (χ ◦ det) has L-parameter φ · χ̃ and the associated character ηπχ = η,
where χ̃ is the base change of χ, i.e. the pull-back of χ along

E× → E1

x �→ x/c(x),

and we use the obvious isomorphism between Sφ and Sφ·χ̃ to identify them.
(10) If π = π(φ, η), then the contragredient representation π∨ of π has L-

parameter φ∨ and associated character ηπ∨ = η · ν, where ν is a character
of Sφ given by

ν(a) =

{
ωE/F (−1)dimφa

if n is even,

1 if n is odd

for a ∈ Sφ. Here we use the obvious isomorphism between Sφ and Sφ∨ to
identify them.
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Remark 2.5.2. Here, the formulations of some properties involve the LLC for a
smaller unitary group U(V ε

0 ). Hence we need to specify which Whittaker datum
of U(V +

0 ) we are using. Notice that V +
0 is in the Witt tower containing V +, as

explicated in Section 2.3, the Whittaker datum W of U(V +) uniquely determines a
Whittaker datum of U(V +

0 ), which we shall also denote by W . The LLC for U(V ε
0 )

we are using is with respect to this Whittaker datum W .

Following the method of Arthur, Mok established the LLC for quasi-split unitary
groups in [Mok15] (supplemented by some results of many others):

Theorem 2.5.3. There is a canonical finite-to-one surjection

L+ : Irr(U(V +)) −→ Φ(n),

where V + is the n-dimensional ε-Hermitian space with ε(V +) = 1. For an L-
parameter φ, let Π+

φ be the inverse image of φ under L+. For each Π+
φ , we have a

bijection (depends on the choice of a Whittaker datum W of U(V +))

J+
W : Π+

φ −→ Ŝφ.

This assignment π �→
(
φ = L+(π), η = J +

W (π)
)
satisfies all properties listed in The-

orem 2.5.1.

Remark 2.5.4.

(1) There are also some existed results on the LLC for (non quasi-split) unitary
groups, see [KMSW14], and [MR18]. Their methods are based on trace
formulas and endoscopic character identities. But we are not sure if all
properties listed in Theorem 2.5.1 were verified in their works. For example,
it seems to the authors that properties (3), (4), (9), and (10) are verified
only for quasi-split groups, though it is expected that these properties can
be verified through the endoscopic character identities. The approach in
this paper is independent with these works.

(2) Indeed, the LIR we formulated in Theorem 2.5.1 is the same as that in
[GI16], but is different from the LIR formulated by Mok in [Mok15] Propo-
sition 3.4.4, or KMSW’s version in [KMSW14] Chapter 2. There are several
different points between their LIR and the LIR we formulated here:

• their LIR is formulated for A-packets, rather than individual represen-
tations;

• their LIR is formulated in terms of distributions;
• the normalizing fator we used in the definition of the normalized in-
tertwining operator is slightly different from theirs (however our nor-
malized intertwining operator is still the same as theirs, see Remark
5.2.2).

In [Ato17], Atobe proved that for tempered L-packets, the LIR we used
here is a consequence of the LIR formulated by Mok/ KMSW. So we shall
take it as given for quasi-split unitary groups.

We emphasize that our proof of Theorem 2.5.1 relies on Theorem 2.5.3. Firstly
we shall extend Mok’s result to all odd unitary groups. Observe that when n is odd,
we may take V − = a · V +, where a ∈ F×\NmE/F (E

×). Then U(V +) and U(V −)
are physically equal as subgroups of GL(V +), and the identity map between them
induces a bijection

id∗ : IrrU(V −) −→ IrrU(V +).
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Under this identification, we can extend the map L+ to a map

L : IrrU(V +) � IrrU(V −) −→ Φ(n)

as follows:

L(π) =
{
L+(π) if π ∈ IrrU(V +);

L+(id∗ π) if π ∈ IrrU(V −).

Then for each parameter φ, we have

Πφ = Π+
φ � Π−

φ ,

where Πφ := L−1(φ), Π+
φ := (L+)−1(φ) and Π−

φ := (id∗)−1(Π+
φ ). We can also

extend the bijection J+
W to a bijection

JW : Πφ −→ Ŝφ

by letting

JW (π) =

{
J +

W (π) if π ∈ Π+
φ ;

J +
W (id∗ π) · η− if π ∈ Π−

φ ,

where η− is a character of Sφ given by

η−(a) = (−1)dimφa

for a ∈ Sφ. One can easily check that L and JW give us what we want:

Theorem 2.5.5. Theorem 2.5.1 holds for n odd.

Hence in the rest of this paper, we will focus on proving Theorem 2.5.1 for n
even.

3. Theta correspondence

In this section, we recall the notion of the Weil representation and local theta
correspondence.

3.1. Weil representations. Let V be a Hermitian space and W a skew-Hermitian
space. To consider the theta correspondence for the reductive dual pair U(V ) ×
U(W ), one requires some additional data:

• a non-trivial additive character ψ of F ;
• a pair of characters χV and χW of E× such that

χV

∣∣
F× = ωdimV

E/F and χW

∣∣
F× = ωdimW

E/F ;

• a trace zero element δ ∈ E×.

To elaborate, the tensor product V ⊗W has a natural symplectic form defined by

〈v1 ⊗ w1, v2 ⊗ w2〉 = TrE/F (〈v1, v2〉V · 〈w1, w2〉W ).

Then there is a natural map

U(V )× U(W ) −→ Sp(V ⊗W ).

One has the metaplectic S1-cover Mp(V ⊗ W ) of Sp(V ⊗ W ), and the character
ψ (together with the form 〈·, ·〉 on V ⊗W ) determines a Weil representation ωψ of
Mp(V ⊗W ). The datum ψ := (ψ, χV , χW , δ) then allows one to specify a splitting
of the metaplectic cover over U(V )×U(W ). In [Kud94], [HKS96], it is showed that
this splitting in fact does not depend on the choice of δ. Hence, we have a Weil
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representation ωψ,V,W of U(V )× U(W ). The Weil representation ωψ,V,W depends

only on the orbit of ψ under NmE/F E×.

3.2. Local theta correspondence. Given an irreducible representation π of
U(W ), the maximal π-isotypic quotient of ωψ,V,W is of the form

Θψ,V,W (π)� π

for some smooth representation Θψ,V,W (π) of U(V ) of finite length. By the Howe

duality, which was proved by Waldspurger [Wal90] for p = 2 and by Gan-Takeda
[GT16a], [GT16b] for any p, we have

• The maximal semi-simple quotient θψ,V,W (π) of Θψ,V,W (π) is irreducible if

Θψ,V,W (π) is non-zero;

• If π1 and π2 are irreducible smooth representations of U(W ), such that
both θψ,V,W (π1) and θψ,V,W (π2) are non-zero. Assume that π1 
 π2. Then

θψ,V,W (π1) 
 θψ,V,W (π2).

In this paper, we use the theta correspondence for U(V )× U(W ) with

| dimV − dimW | ≤ 1

to construct the LLC for even unitary groups. In our proofs, we shall use some
results in the context of the theta correspondence from [GI14]. We emphasize that
the proofs of those results are independent of the LLC for unitary groups.

Here we give a generalization of [GI14] Proposition C.4, which will be frequently
used in later proofs.

Lemma 3.2.1. Let l = dimW − dimV . Assume that l = −1. Let π be an
irreducible tempered representation of U(W ) such that

π ⊂ Ind
U(W )
Q (τχV � π0),

where Q is a maximal parabolic subgroup of U(W ) with Levi component GLk(E)×
U(W0), τ is an irreducible (unitary) discrete series representation of GLk(E) and
π0 is an irreducible tempered representation of U(W0). Let

mQ(π) = dimHomU(W )

(
π, Ind

U(W )
Q (τχV � π0)

)
,

and

mP

(
θψ,V,W (π)

)
= dimHomU(V )

(
θψ,V,W (π), Ind

U(V )
P (τχW � θψ,V0,W0

(π0))
)
.

Then we have

mQ(π) ≤ mP

(
θψ,V,W (π)

)
.

Proof. The proof is almost the same as that of [GI14] Proposition C.1. The only
difference is that we count the multiplicities. Readers may also refer to [CZ21]
Lemma 3.5 and Lemma 8.2. �
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4. Constructions

In this section, we will construct an LLC for even unitary groups. We will first
construct such a correspondence for tempered representations, and then extend the
construction to non-tempered representations based on the tempered case. Several
properties listed in Theorem 2.5.1 will be proved along the way.

Before we start, we set up some notations here. For ε = ±1, let Vε be the
Witt tower of Hermitian spaces which consists of all V ε

2n+1, where V ε
2n+1 is the

(2n+ 1)-dimensional Hermitian space over E with sign ε. Similarly, let Wε be the
Witt tower of skew-Hermitian spaces which consists of all W ε

2n, where W ε
2n is the

2n-dimensional skew-Hermitian space over E with sign ε. Let

ψ = (ψ, χV , χW , δ)

be a tuple of data described in Section 3.1. Let W be an even dimensional skew-
Hermitian space. For an irreducible smooth representation π of U(W ), we will use
θεψ,2n+1(π) to denote the theta lift of π to V ε

2n+1, with respect to the datum ψ.

Similarly, let V be an odd dimensional Hermitian space. For an irreducible smooth
representation σ of U(V ), we will use θεψ,2n(σ) to denote the theta lift of σ to W ε

2n,

with respect to the datum ψ.

4.1. Construction of L. First of all, we attach L-parameters to irreducible tem-
pered representations of even unitary groups. We shall use two steps to achieve this
purpose. In the first step, for each tuple of data ψ = (ψ, χV , χW , δ), we construct
a map

Lψ : Irrtemp U(W+
2n) � Irrtemp U(W−

2n) −→ Φtemp(2n).

Then in the second step, we show that indeed Lψ is independent of the choice of
ψ, so we get the desired map L.

In this subsection we do the first step. Fix a tuple of data ψ = (ψ, χV , χW , δ).

Given π ∈ Irrtemp U(W ε
2n), consider its theta lifts to U(V +

2n+1) and U(V −
2n−1):

U(V +
2n+1)

U(W ε
2n)

U(V −
2n−1)

θ+ψ,2n+1(π)

π

θ−ψ,2n−1(π)

...........................................................

..............
..............

...............
..............

..

...............
..............

...............
..............

.........................
............

..........

................................................................................
...
............

.......
...

By the conservation relation (see [M1́2], [SZ15]), we know that exactly one of these
two representations is non-zero. Also, by [GI14] Proposition C.4, this non-zero
representation is also tempered.

Case 1. If σ := θ+ψ,2n+1(π) = 0, then we have:

Lemma 4.1.1. Let φσ be the L-parameter of σ. Then we have χW ⊂ φσ.

Proof. By the Howe duality, θεψ,2n(σ) = π is non-zero. Hence by [GI14] Proposition

11.2, γ(s, σ, χ−1
W , ψ) has a pole at s = 1. Applying the LLC for odd unitary groups,

we get

γ(s, σ, χ−1
W , ψ) = γ(s, φσχ

−1
W , ψE).
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Since σ is tempered, φσ is also tempered. This implies that φσχ
−1
W contains a trivial

representation. Hence we conclude χW ⊂ φσ as desired. �
In this case, we define Lψ(π) to be

φ := (φσ − χW )χ−1
W χV .

Case 2. If σ := θ−ψ,2n−1(π) = 0. Let φσ be the L-parameter of σ. In this case, we

simply define Lψ(π) to be

φ := φσχ
−1
W χV ⊕ χV .

Notice that in either case, φ is a tempered parameter. Thus we get a map

Lψ : Irrtemp U(W+
2n) � Irrtemp U(W−

2n) −→ Φtemp(2n).

Lemma 4.1.2. Let π be an irreducible tempered representation of U(W+
2n). Let φ

be the L-parameter of π in the sense of Mok’s LLC for quasi-split unitary groups,
i.e. φ = L+(π). Then we have Lψ(π) = φ.

Proof. See [GI14] Page 652. (If we only consider the case π ∈ Irrtemp U(W+
2n), the

proof in [GI14] Page 652 will only involve Mok’s LLC for quasi-split unitary groups,
without refering any non quasi-split unitary groups.) �
4.2. Independency. In the previous subsection we have constructed the map Lψ.

Now we do the second step.

Lemma 4.2.1. Let π ∈ Irrtemp U(W ε
2n) and φ = Lψ(π).

(1) For any character χ of E×, we have

γ(s, π, χ, ψ) = γ(s, φχ, ψE).

(2) For any irreducible square-integrable representation τ of GLk(E) with L-
parameter φτ , we have

μψ(τs � π) = γ(s, φτ ⊗ φ∨, ψE) · γ(−s, φ∨
τ ⊗ φ, ψ−1

E )

× γ(2s, As(−1)n ◦ φτ , ψ) · γ(−2s, As(−1)n ◦ φ∨
τ , ψ

−1).

Proof. We only prove the first statement here. The proof of the second is similar.
According to our construction, we need to consider two cases.

Case 1. Suppose that σ := θ+ψ,2n+1(π) = 0. Then for any character χ of E×, by

[GI14] Theorem 11.5, we have

γ(s, σ, χχ−1
W χV , ψ)

γ(s, π, χ, ψ)
= γ (s, χχV , ψE) .

Let φσ be the L-parameter of σ. It follows from our construction that

φσ = φχ−1
V χW ⊕ χW .

By the LLC for odd unitary groups, we have

γ(s, σ, χχ−1
W χV , ψ) = γ(s, φσχχ

−1
W χV , ψE)

= γ(s, φχ, ψE) · γ (s, χχV , ψE) .

Combining these equalities, we get

γ(s, π, χ, ψ) = γ(s, φχ, ψE).

Hence the first statement holds in this case.
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Case 2. Suppose that σ := θ−ψ,2n−1(π) = 0. In this case the desired formula also

follows from a similar computation. We omit the details here.

�

Corollary 4.2.2. The map Lψ is independent of the choice of ψ.

Proof. Assume that ψ′ = (ψ′, χ′
V , χ

′
W , δ) is another tuple of data. We define the

map

Lψ′ : Irrtemp U(W+
2n) � Irrtemp U(W−

2n) −→ Φtemp(2n)

in a similar procedure. By Lemma 4.1.2, the restrictions of both Lψ and Lψ′ to

Irrtemp U(W+
2n) coincide with L+, i.e.

Lψ

∣∣∣
Irrtemp U(W+

2n)
= L+ = Lψ′

∣∣∣
Irrtemp U(W+

2n)
.

Now given any irreducible tempered representation π of U(W ε
2n), we can find a

representation π′ ∈ Irrtemp U(W+
2n), such that

L+(π′) = Lψ(π
′) = Lψ(π).

Hence by Lemma 4.2.1, for all k ≥ 1, and all irreducible square-integrable repre-
sentation τ of GLk(E), we have

μψ′(τs � π′) = Cψ′,ψ,2n,k · μψ(τs � π′) = Cψ′,ψ,2n,k · μψ(τs � π) = μψ′(τs � π),

where Cψ′,ψ,2n,k is a constant only depends on ψ′, ψ, 2n and k. This equality,
together with Lemma 4.2.1 and [GI16] Lemma A.6, implies that

L+(π′) = Lψ′(π′) = Lψ′(π).

Hence Lψ(π) = Lψ′(π). In other words, Lψ is independent of the choice of ψ. �

After proving that the map Lψ is indeed independent of the choice of ψ, we will
denote the map abstractly by L. For an irreducible tempered representation π of
U(W ε

2n), we call L(π) the L-parameter of π. For a tempered L-parameter φ, we
let Πφ be the fiber L−1(φ), and call it the L-packet of φ. For ε = ±1, we also let
Πε

φ = Πφ ∩ IrrU(W ε
2n). Combining Lemma 4.2.1 and Corollary 4.2.2, we get

Corollary 4.2.3. For tempered representations, the map L respects standard γ-
factors and Plancherel measures.

4.3. Counting sizes of packets. Our next goal is to attach a character of compo-
nent group to each irreducible tempered representation of even unitary groups. To
do this, we need some preparations. In this subsection we consider the behaviour of
L-parameters under the local theta correspondence and count the sizes of L-packets
for even unitary groups. In this subsection when we talk about representations of
odd unitary groups, the L-parameter of a representation is in the sense of Theo-
rem 2.5.5; whereas when we talk about representations of even unitary groups, the
L-parameter of a tempered representation is in the sense of L.

To define the map JW , we need to fix an Whittaker datum W of U(W+
2n). As

explained in Section 2.3, once we fix the Whittaker datum W , we may pick up a
non-trivial additive character ψ of F , such that

W = Wψ.
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We fix a pair of characters (χV , χW ) of E× and a trace zero element δ ∈ E× as
in Section 3.1. If there is no further explanation, the theta lifts used in the rest of
this section will be with respect to the datum

ψ = (ψ, χV , χW , δ).

We shall use Lψ to ‘realize’ the map L. For simplicity, we shall drop the subscript

“ψ” and just denote θ±ψ,∗ by θ±∗ . In the rest of this section, if ρ is an irreducible

smooth representation of some group G, we shall use the symbol φρ to denote the
L-parameter of ρ. If G is an odd unitary group, we shall also use the symbol ηρ to
denote the character of Sφρ

associated to ρ.

Lemma 4.3.1.

(1) If π ∈ Irrtemp U(W ε
2n), such that σ := θε

′

2n+1(π) = 0. Then

φσ = φπχ
−1
V χW ⊕ χW .

(2) Similarly, if σ ∈ Irrtemp U(V ε
2m−1), such that π := θε

′

2m(σ) = 0. Then

φπ = φσχ
−1
W χV ⊕ χV .

Proof. With Lemma 4.2.1 at hand, we can appeal to the same argument of [GI14]
Page 652 to prove this lemma. We omit the details here. �

As a consequence, we deduce

Corollary 4.3.2.

(1) Let π ∈ Irrtemp U(W ε
2n). If χV ⊂ φπ, then θ±2n−1(π) = 0. Hence by the

conservation relation, both θ+2n+1(π) and θ−2n+1(π) are non-zero.

(2) Similarly, let σ ∈ Irrtemp U(V ε
2m−1). If χW ⊂ φσ, then θ±2m−2(σ) = 0.

Hence by the conservation relation, both θ+2m(σ) and θ−2m(σ) are non-zero.

Lemma 4.3.3.

(1) Let π ∈ Irrtemp U(W ε
2n). If χV ⊂ φπ, then exactly one of θ+2n−1(π) and

θ−2n−1(π) is non-zero.
(2) Similarly, let σ ∈ Irrtemp U(V ε

2m−1). If χW ⊂ φσ, then exactly one of

θ+2m−2(σ) and θ−2m−2(σ) is non-zero.

Proof. We only prove the first statement here. The proof of the second statement
is similar. We shall prove this by counting fibers of the map L = Lψ. We define a
map

θ2n+1 : IrrU(W+
2n) � IrrU(W−

2n) −→ IrrU(V +
2n+1) � IrrU(V −

2n+1)

as follows:

π′ �→
{
θ+2n+1(π

′) if θ+2n+1(π
′) = 0;

θ−2n+1(π
′) otherwise.

By the Howe duality and the conservation relation, this map is well-defined and
injective. For each tempered L-parameter φ, by Lemma 4.3.1, the restriction of
this map to the L-packet Πφ gives an injection

θ2n+1 : Πφ ↪→ Πφ+ ,

where φ+ := φχ−1
V χW ⊕ χW .
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Now we let φ = φπ. By our assumption, χV ⊂ φ. Let φ− := (φ− χV )χ
−1
V χW .

Case 1. If 2χV ⊂ φ, then χW ⊂ φ−. Similarly we can define another map

θ2n : IrrU(V +
2n−1) � IrrU(V −

2n−1) −→ IrrU(W+
2n) � IrrU(W−

2n)

in the same way as θ2n+1. Again by Lemma 4.3.1, the restriction of this map to
the packet Πφ− gives an injection

θ2n : Πφ− ↪→ Πφ.

Hence we have
|Πφ− | ≤ |Πφ| ≤ |Πφ+ |.

But in this case, Sφ− 
 Sφ 
 Sφ+ , by using the LLC for odd unitary groups, we
get

|Πφ− | = |Ŝφ− | = |Ŝφ+ | = |Πφ+ |.
This implies that θ2n is surjective. Hence in this case the lemma holds.

Case 2. If 2χV ⊂ φ, then χW ⊂ φ−. We can define a map

θ+2n � θ−2n : Πφ− �Πφ− −→ Πφ

by {
σ �→ θ+2n(σ) for σ in the first copy of Πφ− ;

σ �→ θ−2n(σ) for σ in the second copy of Πφ− .

Again, by the Howe duality, the conservation relation, and Corallary 4.3.2, it’s easy
to see that this map is well-defined and injective. Thus we have

2|Πφ− | ≤ |Πφ| ≤ |Πφ+ |.
Also, in this case,

Sφ+ 
 Sφ 
 Sφ− ⊕ (Z/2Z)e,

where e is the element in Sφ corresponding to χV ⊂ φ. By using the LLC for odd
unitary groups, we get

2|Πφ− | = 2|Ŝφ− | = |Ŝφ+ | = |Πφ+ |.
This implies that θ+2n � θ−2n is surjective. Hence in this case the lemma also holds.

�
As a consequence of this lemma, we can compute the sizes of L-packets.

Corollary 4.3.4. Let φ ∈ Φtemp(2n). Then the size of the L-packet Πφ is exactly

the same as the size of Ŝφ. In particular, the packet is non-empty.

Proof. The case when χV ⊂ φ follows directly from the proof of Lemma 4.3.3. So
it is sufficient to prove the case when χV ⊂ φ. Similar to the proof of Lemma 4.3.3,
the theta lift gives us injections

θε2n+1 : Πφ ↪→ Πε
φ+

for ε = ±1. Lemma 4.3.3 tells us these injections are also surjective. Notice that in
this case, we have

Sφ+ 
 Sφ ⊕ (Z/2Z)e,

where e is the element in Sφ+ corresponding to χW ⊂ φ+. This induces an isomor-
phism

Sφ ↪→ Sφ+ � Sφ+ .
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Hence by the LLC for odd unitary groups, we conclude that

|Πφ| = |Πε
φ+ | = |Ŝφ+ | = |Ŝφ|

as desired. �

4.4. Construction of JW . Now given a tempered parameter φ ∈ Φtemp(2n), we

have shown the size of the L-packet Πφ is the same as Ŝφ. Next, we are going to
define the bijection

JW : Πφ −→ Ŝφ.

We separate the construction into two cases.

Case 1. If χV ⊂ φ, then by Corallary 4.3.2, we have σ := θ+2n+1(π) = 0. And by

our construction, φσ = φχ−1
V χW ⊕ χW . Therefore

Sφσ

 Sφ ⊕ (Z/2Z)e,

where e is the element in Sφσ
corresponding to χW ⊂ φσ. This induces an isomor-

phism

ι : Sφ ↪→ Sφσ
� Sφσ

.

In this case we define the character η ∈ Ŝφ associated to π to be

η := ησ
∣∣
Sφ

.

Case 2. If χV ⊂ φ, then by the Lemma 4.3.3, there exists an unique ε′, such that
θε

′

2n−1(π) is non-zero, hence σ := θε
′

2n+1(π) is also non-zero by the persistence of

theta lifts. According to Lemma 4.3.1, φσ = φχ−1
V χW ⊕ χW . Thus

Sφ 
 Sφσ
.

In this case we define the character η ∈ Ŝφ associated to π to be

η := ησ
∣∣
Sφ

.

By the LLC for odd unitary groups, the Howe duality, and Corollary 4.3.4, it is
easy to check that the assignment constructed here gives a bijection between Πφ

and Ŝφ.

4.5. From tempered to non-tempered. So far, we have attached L-parameters
and characters of component groups for all irreducible tempered representations of
U(W ε

2n). Next, for an irreducible non-tempered representation π of U(W ε
2n), we

shall attach an L-parameter and a character of component group to it. Readers
may also refer to [ABPS14].

Let π be an irreducible smooth representation of U(W ε
2n). By Langlands’ classi-

fication for p-adic groups [Sil78], [Kon03], we know that π is the unique irreducible
quotient of a standard module

Ind
U(W ε

2n)
P (τ1| det |s1 � · · ·� τr| det |sr � π0) ,

where P is a parabolic subgroup of U(W ε
2n), with a Levi component

M 
 GLk1
(E)× · · · ×GLkr

(E)× U(W ε
2n), k = k1 + · · ·+ kr;

τi is an irreducible (unitary) square-integrable representation of GLki
(E), si is a

real number such that

s1 ≥ · · · ≥ sr > 0;
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and π0 is an irreducible tempered representation of U(W ε
2n−2k). Let φτi be the

L-parameter of τi, and π0 = π(φ0, η0). We define the L-parameter of π to be

φ = (φτ1 | · |s1 ⊕ · · · ⊕ φτr | · |sr)⊕ φ0 ⊕ ((φτ1 | · |s1 ⊕ · · · ⊕ φτr | · |sr)c)
∨ .

Notice that Sφ 
 Sφ0
. Via this natural identification, we define the character in Ŝφ

associated to π to be
η = η0.

Since the datum (P, τi, si, π0) is uniquely determined by π up to Weyl group con-
jugate, φ and η are well-defined.

From now on, we shall use π(φ, η) to denote the element in Πφ corresponding to
η. It follows directly from our construction that

Proposition 4.5.1. The LLC we constructed for even unitary groups is compatible
with Langlands quotients.

An easy computation shows that

Proposition 4.5.2. The LLC we constructed for even unitary groups respects stan-
dard γ-factors and Plancherel measures.

Proof. We have proved this proposition for tempered representations. The gen-
eral case follows from Lemma 4.2.3 and multiplicativity of standard γ-factors and
Plancherel measures (see [GI14] Section 10.2, and Appendix B.5). �
4.6. Preservation. In this section we prove two further properties of the map L.
Proposition 4.6.1. The map L preserves square-integrability.

Proof. Let π be an irreducible smooth representation of U(W ε
2n), and φ be the

L-parameter of π. We first prove that if π is square-integrable, then φ is square-
integrable. We divide this into two cases.

Case 1. If χV ⊂ φ, then by the Corollary 4.3.2, θ+2n−1(π) = 0 and σ := θ+2n+1(π) =
0. Hence by [GI14] Corollary C.3, σ is also square-integrable. The LLC for odd
unitary groups then implies that

φσ = φχ−1
V χW ⊕ χW

is square-integrable. Thus φ is also square-integrable.

Case 2. If χV ⊂ φ, then by Lemma 4.3.3, there exists ε′ ∈ {±1}, such that σ :=

θε
′

2n−1(π) = 0. Hence by [GI14] Corollary C.3, σ is also square-integrable. The LLC
for odd unitary groups then implies that φσ is square-integrable. We claim that
χW ⊂ φσ. Indeed, suppose on the contrary that χW ⊂ φσ, by Lemma 4.3.3 and
the conservation relation, we must have

θε2n−2(σ) = 0.

Again by [GI14] Corollary C.3, π = θε2n(σ) cannot be square-integrable. This
contradicts with our assumption. It follows that

φ = φσχ
−1
W χV ⊕ χV

is also square-integrable.

Now it remains to prove that if φ is square-integrable, then π is square-integrable.
Indeed the proof follows from the same idea of the proof of the first part. We omit
the details here. �
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Proposition 4.6.2. The map L preserves temperedness.

Proof. This automatically follows from our construction. �

5. Preparations for the proof of local intertwining relation

Our next step is to prove that L and JW satisfy the LIR. In this section, we first
briefly recall the definition of normalized intertwining operators, following [GI16]
Section 7; and then recall a result in [GI16], which is the ingredient of our later
proof. Fix ε = ±1. In this section, we let V and W be an ε-Hermitian space and
an (−ε)-Hermitian space respectively. Put

m = dimV and n = dimW.

5.1. Parabolic subgroups. Let r be the Witt index of V and Van an anisotropic
kernel of V . Choose a basis {vi, v∗i | i = 1, · · · , r} of the orthogonal complement of
Van such that

〈vi, vj〉V = 〈v∗i , v∗j 〉V = 0, 〈vi, v∗j 〉V = δi,j

for 1 ≤ i, j ≤ r. Let k be a positive integer with k ≤ r and set

X = Ev1 ⊕ · · · ⊕ Evk, X∗ = Ev∗1 ⊕ · · · ⊕ Ev∗k.

Let V0 be the orthogonal complement of X ⊕X∗ in V , so that V0 is a ε-Hermitian
space of dimension m0 = m− 2k over E. We shall write an element in the unitary
group U(V ) as a block matrix relative to the decomposition V = X⊕V0⊕X∗. Let
P = MPUP be the maximal parabolic subgroup of U(V ) stabilizing X, where MP

is the Levi component of P stabilizing X∗ and UP is the unipotent radical of P .
We have

MP = {mP (a) · h0 | a ∈ GL(X), h0 ∈ U(V0)},
UP = {uP (b) · uP (c) | b ∈ Hom(V0, X), c ∈ Herm(X∗, X)},

where

mP (a) =

⎛⎝ a
1V0

(a∗)
−1

⎞⎠ ,

uP (b) =

⎛⎝ 1X b − 1
2bb

∗

1V0
−b∗

1X∗

⎞⎠ ,

uP (c) =

⎛⎝ 1X c
1V0

1X∗

⎞⎠ ,

and

Herm(X∗, X) = {c ∈ Hom(X∗, X) | c∗ = −c}.
Here, the elements a∗ ∈ GL(X∗), b∗ ∈ Hom(X∗, V0), and c∗ ∈ Hom(X∗, X) are the
adjoints of a, b, and c respectively. In particular, MP 
 GL(X) × U(V0) and we
have a exact sequence

1 −→ Herm(X∗, X) −→ UP −→ Hom(V0, X) −→ 1.



LOCAL LANGLANDS CORRESPONDENCE FOR UNITARY GROUPS 879

Put

ρP =
m0 + k

2
, wP =

⎛⎝ −IX
1V0

−εI−1
X

⎞⎠ ,

where IX ∈ Isom(X∗, X) is defined by IXv∗i = vi for 1 ≤ i ≤ k.
Similarly, let r′ be the Witt index ofW and choose a basis {wi, w

∗
i | i = 1, · · · , r′}

of the orthogonal complement of an anisotropic kernel of W such that

〈wi, wj〉W = 〈w∗
i , w

∗
j 〉W = 0, 〈wi, w

∗
j 〉W = δi,j

for 1 ≤ i, j ≤ r′. We assume that k ≤ r′ and set

Y = Ew1 ⊕ · · · ⊕ Ewk, Y ∗ = Ew∗
1 ⊕ · · · ⊕ Ew∗

k.

Let W0 be the orthogonal complement of Y ⊕ Y ∗ in W , so that W0 is a (−ε)-
Hermitian space of dimension n0 = n − 2k over E. Let Q = MQUQ be the
maximal parabolic subgroup of U(W ) stabilizing Y , where MQ is the Levi compo-
nent of Q stabilizing Y ∗ and UQ is the unipotent radical of Q. For a ∈ GL(Y ),
b ∈ Hom(W0, Y ) and c ∈ Herm(Y ∗, Y ), we define elements mQ(a) ∈ MQ and
uQ(b), uQ(c) ∈ UQ as above. We have MQ 
 GL(Y )× U(W0) and

1 −→ Herm(Y ∗, Y ) −→ UQ −→ Hom(W0, Y ) −→ 1.

Put

ρQ =
n0 + k

2
, wQ =

⎛⎝ −IY
1W0

εI−1
Y

⎞⎠ ,

where IY ∈ Isom(Y ∗, Y ) is defined by IY w
∗
i = wi for 1 ≤ i ≤ k.

5.2. Intertwining operators. To define the local intertwining operators, firstly
we need to choose Haar measures on various groups. For this part, readers may
refer to [GI16], Section 7.2. We follow their conventions on Haar measures.

Let τ be an irreducible (unitary) square-integrable representation of GL(X) on
a space Vτ with central character ωτ . For any s ∈ C, we realize the representation
τs := τ ⊗ | det |s on Vτ by setting τs(a)v := | det a|sτ (a)v for a ∈ GL(X) and
v ∈ Vτ . Let σ0 be an irreducible tempered representation of U(V0) on a space Vσ0

.
We consider the induced representation

Ind
U(V )
P (τs � σ0)

of U(V ), which is realized on the space of smooth functions Φs : U(V ) → Vτ ⊗ Vσ0

such that

Φs(umP (a)h0h) = | det a|s+ρP τ (a)σ0(h0)Φs(h)

for all u ∈ UP , a ∈ GL(X), h0 ∈ U(V0), and h ∈ U(V ). Let AP be the split
component of the center of MP and W (MP ) = NU(V )(AP )/MP be the relative
Weyl group for MP . Noting that W (MP ) 
 Z/2Z, we denote by w the non-
trivial element in W (MP ). For any representative w̃ ∈ U(V ) of w, we define an
unnormalized intertwining operator

M(w̃, τs � σ0) : Ind
U(V )
P (τs � σ0) −→ Ind

U(V )
P (w(τs � σ0))

by (the meromorphic continuation of) the integral

M(w̃, τs � σ0)Φs(h) =

∫
UP

Φs(w̃
−1uh)du,
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where w(τs � σ0) is the representation of MP on Vτ ⊗ Vσ0
given by

(w(τs � σ0))(m) = (τs � σ0)(w̃
−1mw̃)

for m ∈ MP .
Next we shall normalize the intertwining operator M(w̃, τs � σ0), depending on

the choice of a Whittaker datum. Having fixed the additive character ψ and the
trace zero element δ, we define the sign ε(V ) and use the Whittaker datum{

WψE if ε = +1, where ψE = ψ( 12 TrE/F (δ· ));
Wψ if ε = −1.

Also, we need to choose the following data appropriately:

• a representative w̃;
• a normalizing factor r(w, τs � σ0);
• an intertwining isomorphism Aw.

For the representative, we take w̃ ∈ U(V ) defined by

w̃ = wP ·mP

(
(−1)m

′ · κV · J
)
· (−1V0

)k,

where wP is as in the previous subsections, m′ = [m2 ],

κV =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−δ if m is even and ε = +1;

1 if m is even and ε = −1;

−1 if m is odd and ε = +1;

−δ if m is odd and ε = −1,

and

J =

⎛⎜⎜⎜⎝
(−1)k−1

. .
.

−1
1

⎞⎟⎟⎟⎠ ∈ GLk(E).

Here, we have identified GL(X) with GLk(E) using the basis v1, · · · , vk. In [GI16]
Section 7.3, it is showed that the representative defined above coincides with the
representative defined in [Mok15] when ε(V ) = 1.

Next we define the normalizing factor r(w, τs�σ0). Let λ(E/F, ψ) be the Lang-
lands λ-factor and put

λ(w,ψ) =

{
λ(E/F, ψ)(k−1)k/2 if m is even;

λ(E/F, ψ)(k+1)k/2 if m is odd.

Let φτ and φ0 be the L-parameters of τ and σ0 respectively. We set

r(w, τs � σ0) = λ(w,ψ) · γ(s, φτ ⊗ φ∨
0 , ψE)

−1 · γ(2s, As(−1)m ◦ φτ , ψ)
−1,

and the normalized intertwining operator

R(w, τs � σ0) := |κV |kρP · r(w, τs � σ0)
−1 · M(w̃, τs � σ0).

Lemma 5.2.1. The normalized intertwining operators satisfy the multiplicative
property

R(w,w(τs � σ0)) ◦ R(w, τs � σ0) = 1,

as well as the adjoint property

R(w,w(τs � σ0))
∗ = R(w, τ−s̄ � σ0).
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In particular, when s is purely imaginary, R(w, τs � σ0) is unitary. Hence the
normalized intertwining operator R(w, τs � σ0) is holomorphic at s = 0.

Proof. An easy computation shows that

M(w̃, τs � σ0) = |κV |−kρP �(w̃) ◦MP |P (τs � σ0),

where

�(w̃) : Ind
U(V )

P
(τs � σ0) −→ Ind

U(V )
P (w(τs � σ0))

is defined by

�(w̃)Ψs(h) = Ψs(w̃
−1h)

for Ψ ∈ Ind
U(V )

P
(τs � σ0). Here the factor |κV |kρP arises because of our choices

of the Haar measures on UP and UP × UP in the definition of M(w̃, τs � σ0) and
MP |P (τs � σ0). Hence

R(w,w(τs � σ0)) ◦ R(w, τs � σ0)

= r(w, τs � σ0)
−1 · r(w,w(τs � σ0))

−1 · �(w̃2) ◦MP |P (τs � σ0) ◦MP |P (τs � σ0)

= λ(w,ψ)−2 ·
γ (s, φτ ⊗ φ∨

0 , ψE) · γ
(
2s, As(−1)m ◦ φτ , ψ

)
γ (s, φτ ⊗ φ∨

0 , ψE) · γ
(
2s, As(−1)m ◦ φτ , ψ

)
×

γ (−s, φ∨
τ ⊗ φ0, ψE) · γ

(
−2s, As(−1)m ◦ φ∨

τ , ψ
)

γ
(
−s, φ∨

τ ⊗ φ0, ψ
−1
E

)
· γ
(
−2s, As(−1)m ◦ φ∨

τ , ψ
−1
) · �(w̃2)

= λ(w,ψ)−2 · det(φ∨
τ ⊗ φ0)(−1) · det(As(−1)m ◦ φ∨

τ )(−1) · (τs � σ0)(w̃
2)

= λ(w,ψ)−2 · ωτ (−1)mωE/F (−1)(m−1)mk

× ωτ (−1)kωE/F (−1)dimRφτ · ωτ

(
ε · κV (κc

V )
−1 · (−1)k−1

)
,

where

R =

{∧2 if m is even;

Sym2 if m is odd.

It follows that

R(w,w(τs � σ0)) ◦ R(w, τs � σ0) = 1

as desired. The adjoint property can be proved exactly the same as [Art13] Propo-
sition 2.3.1. �

Finally we define the intertwining isomorphism. Assume that w(τ�σ0) 
 τ�σ0,
which is equivalent to (τ c)∨ 
 τ . We may take the unique isomorphism

Aw : Vτ ⊗ Vσ0
−→ Vτ ⊗ Vσ0

such that:

• Aw ◦ (w(τ � σ0))(m) = (τ � σ0)(m) ◦ Aw for all m ∈ MP ;
• Aw = A′

w ⊗ 1Vσ0
with an isomorphism

A′
w : Vτ −→ Vτ

such that Λ◦A′
w = Λ. Here, Λ : Vτ → C is the unique (up to a scalar) Whit-

taker functional with respect to the Whittaker datum (Nk, ψNk
), where Nk

is the group of unipotent upper triangular matrices in GLk(E) and ψNk
is

the generic character of Nk given by ψNk
(x) = ψE(x1,2 + · · ·+ xk−1,k).
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Note that A2
w = 1Vτ⊗Vσ0

. We define a self-intertwining operator

R(w, τ � σ0) : Ind
U(V )
P (τ � σ0) −→ Ind

U(V )
P (τ � σ0)

by

R(w, τ � σ0)Φ(h) = Aw(R(w, τ � σ0)Φ(h))

for Φ ∈ Ind
U(V )
P (τ � σ0), and h ∈ U(V ). By construction,

R(w, τ � σ0)
2 = 1.

We shall also use the notation R(w, τ � σ0, ψ) if we want to emphasize the depen-
dence of R(w, τ � σ0) on the additive character ψ.

Remark 5.2.2.

(1) The normalizing factor we defined here is the same as in [GI16] Section 7.
It is not exactly the same as the normalizing factor defined in [Mok15] or
[KMSW14]; but they have the same analytic behavior near s = 0. So the
final self-intertwining operator R(w, τ � σ0) we defined here coincides with
Mok’s when U(V ) is quasi-split.

(2) In the definition of the self-intertwining operator R(w, τ�σ0), if we replace
the additive character ψ by ψa, where a ∈ F×, then it follows from an easy
computation that

R(w, τ � σ0, ψa) =

{
R(w, τ � σ0, ψ) · ωτ (a) if m is even;

R(w, τ � σ0, ψ) if m is odd.

In particular, the self-intertwining operator R(w, τ � σ0) only depends on
the choice of the Whittaker datum.

Similarly, we can define the normalized intertwining operator for U(W ). We put

w̃ = wQ ·mQ

(
(−1)n

′ · κW · J
)
· (−1W0

)k,

where wQ is as in the previous subsection, and n′ = [n2 ]. Let π0 be an irreducible
tempered representation of U(W0). We denote the L-parameters of τ and π0 by φτ

and φ0 respectively. We set

r(w, τs � π0) = λ(w,ψ) · γ(s, φτ ⊗ φ∨
0 , ψE)

−1 · γ(2s, As(−1)n ◦ φτ , ψ)
−1,

and the normalized intertwining operator

R(w, τs � π0) := |κW |kρQ · r(w, τs � π0)
−1 · M(w̃, τs � π0).

Assume that w(τ � π0) 
 τ � π0, we take an isomorphism Aw similarly, and define
the self-intertwining operator R(w, τ � π0) by

R(w, τ � π0)Φ(g) = Aw (R(w, τs � π0)Φ(g))

for Φ ∈ Ind
U(W )
Q (τ � π0), and g ∈ U(W ). We have

R(w, τ � π0)
2 = 1.
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5.3. An equivariant map. In [GI16] Section 8, Gan-Ichino constructed an equi-
variant map. We will apply this map to do some computations in later sections.
Now we briefly recall some related results.

Let τ be an irreducible square-integrable representation of GLk(E), π0 be an
irreducible tempered representation of U(W0), and σ0 = θψ,V0,W0

(π0) be the theta

lift of π0 to U(V0).

Proposition 5.3.1.

(1) There is a family of U(V )× U(W )-equivariant maps

Ts : ω ⊗ Ind
U(V )
P (τ csχ

c
W � σ∨

0 ) −→ Ind
U(W )
Q (τsχV � π0)

parametrized by s ∈ C. This family of maps Ts is holomorphic in s.

(2) Assume that m ≥ n. Let Φ ∈ Ind
U(V )
P (τ cχc

W � σ∨
0 ). If Φ = 0, then there

exists ϕ ∈ S such that

T0(ϕ⊗ Φ) = 0.

Proof. See [GI16] Lemma 8.1 and Lemma 8.3. �

Let φτ , φ0, and φ′
0 be the L-parameters of τ , π0, and σ0 respectively. We denote

by w̃′ and w̃ the representatives of the non-trivial element in W (MP ) and W (MQ)
respectively, as described in the previous subsection.

Proposition 5.3.2. The diagram

ω ⊗ Ind
U(V )
P (τ csχ

c
W � σ∨

0 )
Ts−−−−→ Ind

U(W )
Q (τsχV � π0)

1⊗R(w̃′,s)

⏐⏐� ⏐⏐�R(w̃,s)

ω ⊗ Ind
U(V )
P (w′(τ csχ

c
W � σ∨

0 ))
T−s−−−−→ Ind

U(W )
Q (w(τsχV � π0))

commutes up to a scalar. Indeed, for ϕ ∈ S and Φs ∈ Ind
U(V )
P (τ csχ

c
W � σ∨

0 ), we
have

R(w̃, τsχV � π0)Ts(ϕ⊗ Φs) = α · β(s) · T−s(ϕ⊗R(w̃′, τ csχ
c
W � σ∨

0 )Φs),

where

α =
[
γ−1
V · γW · χV

(
(−1)n

′ · ε · κ−1
W

)
· χW

(
(−1)m

′−1 · κ−1
V

)
· (χ−n

V χm
W )(δ)

]k
× ωτ

(
(−1)m

′+n′−1 · κc
V κ

−1
W

)
· λ(w′, ψ) · λ(w,ψ)−1

and

β(s)=L

(
s− s0 +

1

2
, φτ

)−1

·L
(
−s− s0 +

1

2
, (φc

τ )
∨
)
· γ
(
−s− s0 +

1

2
, (φc

τ )
∨, ψE

)
× |κV κ

−1
W |−ks · γ (s, φc

τ ⊗ φ′
0 ⊗ χc

W , ψE)
−1 · γ (s, φτ ⊗ φ∨

0 ⊗ χV , ψE) .

Proof. See [GI16] Corollary 8.5. �
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6. Local intertwining relation

In this section, we prove the LLC we constructed for even unitary groups (i.e. L
and JW ) satisfy the LIR. We retain notations in Section 4.4.

Assume that φ ∈ Φtemp(2n) is a tempered L-parameter, such that

φ = φτ ⊕ φ0 ⊕ (φc
τ )

∨,

where φτ is an irreducible tempered representation of WDE which corresponds
to an irreducible (unitary) discrete series representation τ of GLk(E), and φ0 ∈
Φtemp(2n0), where n0 = n − k. So there is a natural embedding Sφ0

↪→ Sφ. Let
π0 = π(φ0, η0) be an irreducible tempered representation of U(W ε

2n0
). We can write

W ε
2n = Y ⊕W ε

2n0
⊕ Y ∗,

where Y and Y ∗ are k-dimensional totally isotropic subspaces of W ε
2n such that

Y ⊕Y ∗ is non-degenerate and orthogonal to W ε
2n0

. Let Q be the maximal parabolic
subgroup of U(W ε

2n) stabilizing Y , and L be the Levi component of Q stabilizing
Y ∗, so that

L 
 GL(Y )× U(W ε
2n0

).

Our goal is to completely analyze the induced representation Ind
U(W ε

2n)
Q (τ � π0).

We divide our proof into three parts. In the first part, we analyze the L-

parameter for each irreducible constituent π of Ind
U(W ε

2n)
Q (τ�π0); and as a corollary,

we get some information on the reducibility of Ind
U(W ε

2n)
Q (τ�π0). In the second part,

we analyze the action of the normalized local intertwining operator R(w, τ � π0)

on Ind
U(W ε

2n)
Q (τ � π0). In the last part, we relate the character η = JW (π) with η0.

6.1. L-parameters and reducibilities. We first prove that

Proposition 6.1.1. Let π be an irreducible subrepresentation of Ind
U(W ε

2n)
Q (τ�π0).

Then the L-parameter of π is φ.

Proof. We pick up ε′ ∈ {±} appropriately such that σ := θε
′

2n+1(π) is non-zero. By
Lemma 3.2.1, we have

σ ⊂ Ind
U(V ε′

2n+1)

P (τχ−1
V χW � σ0),

where P is a maximal parabolic subgroup of U(V ε′

2n+1) with Levi componentGLk(E)

× U(V ε′

2n0+1), and σ0 := θε
′

2n0+1(π0). By using the LLC for odd unitary groups, it
is easy to see that

φσ = φτχ
−1
V χW ⊕ φσ0

⊕ (φc
τ )

∨χ−1
V χW .

On the other hand, by Lemma 4.3.1, we have

φσ = φπχ
−1
V χW ⊕ χW ,

φσ0
= φ0χ

−1
V χW ⊕ χW .

From these equalities, we get φπ = φ. �

Recall that there is a natural embedding Sφ0
↪→ Sφ of component groups. We

identify Sφ0
with a subgroup of Sφ via this embedding.
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Corollary 6.1.2. The induced representation Ind
U(W ε

2n)
Q (τ�π0) is semi-simple and

multiplicity free. Moreover, we have

(1) If Sφ0
= Sφ, then Ind

U(W ε
2n)

Q (τ � π0) is irreducible.

(2) If Sφ0
is a proper subgroup of Sφ, then Ind

U(W ε
2n)

Q (τ � π0) is reducible, and
has two inequivalent constituents.

Proof. Since τ � π0 is an irreducible unitary representation of L, the parabolic

induction Ind
U(W ε

2n)
Q (τ � π0) is unitary and of finite length, hence semi-simple. Let

π be an irreducible constituent of Ind
U(W ε

2n)
Q (τ � π0), and

mQ(π) = dimHomU(W ε
2n)

(
π, Ind

U(W ε
2n)

Q (τ � π0)
)
.

As in the proof of Proposition 6.1.1, there exists ε′ ∈ {±1}, such that σ := θε
′

2n+1(π)
is non-zero and

σ ⊂ Ind
U(V ε′

2n+1)

P (τχ−1
V χW � σ0),

where P is a maximal parabolic subgroup of U(V ε′

2n+1) with Levi componentGLk(E)

× U(V ε′

2n0+1), and σ0 := θε
′

2n0+1(π0). By the LLC for odd unitary groups,

Ind
U(V ε′

2n+1)

P (τχ−1
V χW � σ0)

is multiplicity free. It then follows from Lemma 3.2.1 that

mQ(π) ≤ 1.

Hence Ind
U(W ε

2n)
Q (τ � π0) is also multiplicity free. We denote by

JH
(
Ind

U(W ε
2n)

Q (τ � π0)
)

the set of irreducible constituents of Ind
U(W ε

2n)
Q (τ � π0). Consider the set⊔

π0

JH
(
Ind

U(W ε
2n)

Q (τ � π0)
)
,

where the disjoint union runs over all π0 ∈ Πφ0
. By the Howe duality, Lemma 3.2.1,

and Proposition 6.1.1, this set is indeed a subset of Πφ.
Now suppose that Sφ0

= Sφ. Then we have

|Πφ| ≥
∣∣∣∣∣⊔
π0

JH
(
Ind

U(W ε
2n)

Q (τ � π0)
)∣∣∣∣∣ ≥ |Πφ0

|.

But in this case, it follows from Corollary 4.3.4 that

|Πφ| = |Ŝφ| = |Ŝφ0
| = |Πφ0

|.
Therefore we must have ∣∣∣JH (IndU(W ε

2n)
Q (τ � π0)

)∣∣∣ = 1

for all π0 ∈ Πφ0
. In other words, Ind

U(W ε
2n)

Q (τ � π0) is irreducible.
Next suppose that Sφ0

is a proper subgroup of Sφ. In this case, Sφ0
is an index

two subgroup of Sφ. We first show that for all π0 ∈ Πφ0
, we have∣∣∣JH (IndU(W ε

2n)
Q (τ � π0)

)∣∣∣ ≥ 2.
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In other words, Ind
U(W ε

2n)
Q (τ � π0) is reducible. Let

φ+
0 := φ0χ

−1
V χW ⊕ χW ,

φ+ := φχ−1
V χW ⊕ χW .

Depending on the relative size of Sφ+
0
and Sφ+ , there are two subcases:

Subcase 1. If φτ = χV , then Sφ+
0
is also a proper subgroup of Sφ+ . Pick up any

ε′ ∈ {±1} such that σ0 := θε
′

2n0+1(π0) is non-zero. Then σ0 has L-parameter φ+
0 ,

and by the LLC for odd unitary groups,

Ind
U(V ε′

2n+1)

P

( (
τχ−1

V χW

)c � σ∨
0

)


(
Ind

U(V ε′
2n+1)

P (τχ−1
V χW � σ0)

)∨
is reducible. By Proposition 5.3.1, there is a U(V )× U(W )-equivariant map

T0 : ω ⊗ Ind
U(V ε′

2n+1)

P

( (
τχ−1

V χW

)c � σ∨
0

)
−→ Ind

U(W ε
2n)

Q (τ � π0),

such that for any irreducible constituent σ of Ind
U(V ε′

2n+1)

P (τχ−1
V χW�σ0), the restric-

tion T0
∣∣
ω⊗σ∨ is non-vanishing, and its image is just θε2n(σ). Hence Ind

U(W ε
2n)

Q (τ�π0)

at least contains all these θε2n(σ) as subrepresentations. In particular, Ind
U(W ε

2n)
Q (τ�

π0) is also reducible.

Subcase 2. If φτ = χV , then the natural embedding Sφ+
0
↪→ Sφ+ is an isomorphism.

Our assumptions in this subcase imply that χV ⊂ φ0. By Corollary 4.3.2, both
σ+
0 := θ+2n0+1(π0) and σ−

0 := θ−2n0+1(π0) are non-zero. Moreover, for ε′ ∈ {±1}, σε′

0

has L-parameter φ+
0 , and by the LLC for odd unitary groups,

Ind
U(V ε′

2n+1)

P

( (
τχ−1

V χW

)c � (σε′

0

)∨ )


(
Ind

U(V ε′
2n+1)

P

(
τχ−1

V χW � σε′

0

))∨
is irreducible. Similar to Subcase 1, there are non-vanishing U(V )×U(W )-equivari-
ant maps

T ε′

0 : ω ⊗ Ind
U(V ε′

2n+1)

P

( (
τχ−1

V χW

)c � (σε′

0

)∨ )
−→ Ind

U(W ε
2n)

Q (τ � π0).

Let
πε′ := Im(T ε′

0 ) ⊂ Ind
U(W ε

2n)
Q (τ � π0).

Then by the Howe duality, we know that πε′ is irreducible and is just the theta

lift of Ind
U(V ε′

2n+1)

P

(
τχ−1

V χW � σε′

0

)
. Since πε′ has L-parameter φ and χV ⊂ φ, it

follows from Lemma 4.3.3 that
π+ 
 π−,

which implies that Ind
U(W ε

2n)
Q (τ � π0) is reducible.

Now similar to the previous case, we have

|Πφ| ≥
∣∣∣∣∣⊔
π0

JH
(
Ind

U(W ε
2n)

Q (τ � π0)
)∣∣∣∣∣ ≥ 2|Πφ0

|.

Again in this case, Corollary 4.3.4 forces these inequalities to be equalities. There-
fore we conclude that ∣∣∣JH (IndU(W ε

2n)
Q (τ � π0)

)∣∣∣ = 2

for all π0 ∈ Πφ0
. This completes the proof.

�
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6.2. Actions of intertwining operators. In the previous subsection, we showed

that Ind
U(W ε

2n)
Q (τ � π0) is semi-simple and multiplicity free. In this subsection, we

prove the following:

Proposition 6.2.1. Assume that φτ is conjugate self-dual. Let π = π(φ, η) be an

irreducible constituent of Ind
U(W ε

2n)
Q (τ �π0). Then the restriction of the normalized

intertwining operator R(w, τ � π0) to π is the scalar multiplication by{
εk · η(aτ ) if φτ is conjugate symplectic;

εk if φτ is conjugate orthogonal,

where aτ is the element in Sφ corresponding to φτ .

Proof. Since Ind
U(W ε

2n)
Q (τ � π0) is multiplicity free, the restriction of R (w, τ � π0)

to π gives a self intertwining operator of π. Hence by Schur’s lemma, R (w, τ � π0)
acts on π by a scalar. Let’s denote this scalar by R(π). We want to relate the
scalar R(π) with the character η.

Let

ε′ =

{
+ if θ+2n+1(π) = 0;

− otherwise,

and let σ := θε
′

2n+1(π) (which is non-zero by the conservation relation). Recall that
there is a natural embedding of component groups Sφ ↪→ Sφσ

, and it follows from
our construction that η = ησ

∣∣
Sφ

. According to Lemma 3.2.1, we have

σ ⊂ Ind
U(V ε′

2n+1)

P (τχ−1
V χW � σ0),

where P is a maximal parabolic subgroup of U(V ε′

2n+1) with Levi componentGLk(E)

× U(V ε′

2n0+1), and σ0 := θε
′

2n0+1(π0). Hence

σ∨ ⊂ Ind
U(V ε′

2n+1)

P

( (
τχ−1

V χW

)c � σ∨
0

)
.

By Lemma 5.3.1, there exists a U(V ε′

2n+1)× U(W ε
2n)-equivariant map

T0 : ω ⊗ Ind
U(V ε′

2n+1)

P

( (
τχ−1

V χW

)c � σ∨
0

)
−→ Ind

U(W ε
2n)

Q (τ � π0) ,

whose restriction to ω ⊗ σ∨ gives an epimorphism

T0 : ω ⊗ σ∨ −→ π.

Applying Proposition 5.3.2, we get

R(π) = α · β(0) · R(σ∨),

where R(σ∨) is the scalar defined by the action of the normalized intertwining op-
erator R

(
w′, (τχ−1

V χW )c � σ∨
0

)
on σ∨. Following the calculation in [GI16] Section

8.4, we have

εk · (ε′)k · α · β(0) = 1.

Then one can easily deduce the desired formula for R(π) from these two equalities
and the LLC for odd unitary groups. �
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6.3. Matching characters of component groups. Let π be an irreducible con-

stituent of Ind
U(W ε

2n)
Q (τ�π0). We showed in Proposition 6.1.1 that the L-parameter

of π is φ. In this subsection, we are going to relate the character η = JW (π) of Sφ

with η0.
We first consider a special case.

Lemma 6.3.1. Assume that the natural embedding Sφ0
↪→ Sφ is an isomorphism.

Then

η
∣∣
Sφ0

= η0.

Proof. Similar to the proof of Proposition 6.2.1, we can pick up ε′0, ε
′ ∈ {±} ap-

propriately such that σ0 := θ
ε′0
2n0+1(π0) and σ := θε

′

2n+1(π) are non-zero, and by our
construction,

η0 = ησ0

∣∣
Sφ0

,

η = ησ
∣∣
Sφ

.

One can easily check case-by-case that under our assumption,

(†) ε′0 = ε′.

On the other hand, by Lemma 3.2.1, we have

σ ⊂ Ind
U(V ε′

2n+1)

P (τχ−1
V χW � σ0),

where P is a maximal parabolic subgroup of U(V ε′

2n+1) with Levi componentGLk(E)

× U(V ε′

2n0+1). We have a commutative diagram

Sφ0
−−−−→ Sφ⏐⏐� ⏐⏐�

Sφσ0
−−−−→ Sφσ

Here every arrow in this diagram is the natural one. Hence we get

η
∣∣
Sφ0

=
(
ησ
∣∣
Sφ

) ∣∣∣
Sφ0

(by our construction of η)

=

(
ησ
∣∣
Sφσ0

) ∣∣∣
Sφ0

(by the commutative diagram)

= ησ0

∣∣
Sφ0

(by the LLC for odd unitary groups)

= η0. (by our construction of η0)

�

Here in this lemma, the assumption is only used to guarantee that the equality
(†) holds, which may fail in the general case. With this special case at hand, we
can show that

Corollary 6.3.2. Let ε′ ∈ {±1}. Assume that σ0 := θε
′

2n0+1(π0) is non-zero. Then

η0 = ησ0

∣∣
Sφ0

.

Here we use the natural embedding Sφ0
↪→ Sφσ0

to identify Sφ0
with a subgroup of

Sφσ0
.
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Proof. We use an argument similar to that of [Ato18] Section 7.3. Let φρ be any
irreducible conjugate symplectic subrepresentation of φ0, which correponds to a
square-integrable representation ρ of GLd(E), for some d ≤ 2n0. We can write

W ε
2n0+2d = Yρ ⊕W ε

2n0
⊕ Y ∗

ρ ,

where Yρ and Y ∗
ρ are d-dimensional totally isotropic subspaces of W ε

2n0+2d such that

Yρ⊕Y ∗
ρ is non-degenerate and orthogonal to W ε

2n0
. Let Q̃ be the maximal parabolic

subgroup of U(W ε
2n0+2d) stabilizing Yρ and L̃ be its Levi component stabilizing Y ∗

ρ ,
so that

L̃ 
 GL(Yρ)× U(W ε
2n0

).

We consider the induced representation π̃0 := Ind
U(W ε

2n0+2d)

˜Q
(ρ� π0). By Corollary

6.1.2, π̃0 is irreducible. Moreover, it follows from Proposition 6.1.1 and Lemma
6.3.1 that

π̃0 = π(φ̃0, η0)

is the element in Π
˜φ0

corresponding to η0, where

φ̃0 = φρ ⊕ φ0 ⊕ (φc
ρ)

∨,

and we use the natural isomorphism Sφ0

 S

˜φ0
to identify Sφ0

and S
˜φ0
.

Similarly, we can write

V ε′

2n0+2d+1 = Xρ ⊕ V ε′

2n0+1 ⊕X∗
ρ ,

where Xρ and X∗
ρ are d-dimensional totally isotropic subspaces of V ε′

2n0+2d+1 such

that Xρ ⊕X∗
ρ is non-degenerate and orthogonal to V ε′

2n0+1. Let P̃ be the maximal

parabolic subgroup of U(V ε′

2n0+2d+1) stabilizing Xρ and M̃ be its Levi component
stabilizing X∗

ρ , so that

M̃ 
 GL(Xρ)× U(V ε′

2n0+1).

Set σ̃0 := Ind
U(V ε′

2n0+2d+1)

˜P
(ρχ−1

V χW � σ0). By the LLC for odd unitary groups, σ̃0

is irreducible. Moreover, we have

σ̃0 = π(φ̃σ0
, ησ0

)

is the element in Π
˜φσ0

corresponding to ησ0
, where

φ̃σ0
= φρχ

−1
V χW ⊕ φσ0

⊕
(
(φρχ

−1
V χW )c

)∨
,

and we use the natural isomorphism Sφσ0

 S

˜φσ0
to identify Sφσ0

and S
˜φσ0

.

Recall by Proposition 5.3.1, there exists a non-zero U(V ε′

2n0+2d+1)×U(W ε
2n0+2d)-

equivariant epimorphism

T̃0 : ω ⊗ σ̃∨
0 −→ π̃0.

Applying Proposition 5.3.2, we get

R(π̃0) = α · β(0) · R(σ̃∨
0 ),

where R(π̃0) is the scalar defined by the action of the normalized intertwining oper-
ator R (w, ρ� π0) on π̃0, and R(σ̃∨

0 ) is defined similarly. Following the calculation
in [GI16] Section 8.4, we have

εk · (ε′)k · α · β(0) = 1.



890 RUI CHEN AND JIALIANG ZOU

Combining these two equalitites, the LLC for odd unitary groups, and Proposition
6.2.1, we get

η0(aρ) = ησ0
(a′ρ),

where aρ is the element in Sφ0
corresponding to φρ, and a′ρ is the element in Sφσ0

corresponding to φρχ
−1
V χW . Since φρ is arbitrary, we deduce that

η0 = ησ0

∣∣
Sφ0

.

This completes the proof. �

Finally we can prove the general case:

Proposition 6.3.3. We have

η
∣∣
Sφ0

= η0.

Proof. The proof is almost the same as that of Lemma 6.3.1. Although the equality
(†) may not hold anymore without the assumption in Lemma 6.3.1, we can still
appeal to Corollary 6.3.2 to complete the comparison of η

∣∣
Sφ0

and η0. �

Combining Proposition 6.1.1, Corollary 6.1.2, Proposition 6.2.1, and Proposition
6.3.3, we get

Proposition 6.3.4. The LIR holds for the LLC we constructed for even unitary
groups.

7. Completion of the proof

Now we are equipped with enough powerful arms and able to complete the proof
of our main result Theorem 2.5.1. In this section, to simplify notations, we let V ε

be the (2n+1)-dimensional Hermitian space over E with sign ε, and U(V ε) be the
unitary group associated to V ε. Similarly, we let W ε be the 2n-dimensional skew-
Hermitian space over E with sign ε, and U(W ε) be the unitary group associated to
W ε. The idea of many proofs in this section comes from [Ato18] Section 7.3.

7.1. Comparison with LLC à la Mok. In this subsection, we compare the LLC
for even unitary groups constructed in Section 4 with the LLC for quasi-split unitary
groups constructed by Mok in [Mok15].

Fix a Whittaker datum W of U(W+). Let π be an irreducible smooth represen-
tation of U(W+). Recall that in Section 4, we associted a pair

(φ = L(π), η = JW (π))

to π. Also, in [Mok15], Mok associated a pair

(φM = L+(π), ηM = J +
W (π))

to π. Moreover, the LLC for quasi-split unitary groups constructed by Mok satisfies
all properties listed in Theorem 2.5.1.

Theorem 7.1.1. We have

φ = φM and η = ηM .

Proof. Since both two LLC are compatible with Langlands quotients, without loss of
generality, we may assume that π is tempered. Then the desired conclusion follows
from Proposition 4.1.2 and the same argument as that of Corollary 6.3.2. �
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Remark 7.1.2. Similarly, one can easily show that the bijection JW constructed in
Section 4.4 is independent of the choice of the datum ψ = (ψ, χV , χW , δ), but only
depends on the choice of the Whittaker datum W .

As a consequence of this comparison, we deduce

Proposition 7.1.3. The LLC we constructed for even unitary groups satisfies fol-
lowing properties:

(1) Let π = π(φ, η) be the element in Πφ corresponding to η. Then π is a
representation of U(W ε) if and only if η(zφ) = ε.

(2) Assume that φ is a tempered L-parameter, then there is an unique W -
generic representation of U(W+) in Πφ corresponding to the trivial char-
acter of Sφ.

7.2. Twisting by characters. In this subsection, we prove a formula which con-
cerns the behavior of the LLC we constructed with respect to twisting by characters.

Let π = π(φ, η) be the representation of U(W ε) in Πφ corresponding to η, where
ε = η(zφ). Let χ be a character of E1, and let χ̃ to be the base change of χ, i.e.
the pull-back of χ along

E× → E1

x �→ x/c(x).

Let πχ := π ⊗ (χ ◦ det). Denote by φχ the L-parameter of πχ.

Lemma 7.2.1. We have φχ = φ · χ̃.

Proof. We first assume that π is square-integrable. Then πχ is also square-integra-
ble. By Proposition 4.6.1, we can write

φ =
∑
i

φi

with pairwise inequivalent irreducible conjugate symplectic representation φi of
WDE . For each i, we may regard φi as an L-parameter of GLki

(E), where ki =
dimφi. We denote by ρi the irreducible square-integrable representation ofGLki

(E)

corresponding to φi. Let W̃φi
= W ε ⊕ Hki , where H is the (skew-Hermitian)

hyperbolic plane. We can decompose W̃φi
as follows

W̃φi
= Yφi

⊕W ε ⊕ Y ∗
φi
,

where Yφi
and Y ∗

φi
are ki-dimensional totally isotropic subspaces of W̃φi

such that

Yφi
⊕Y ∗

φi

 Hki and orthogonal to W ε. Let Q̃φi

be the maximal parabolic subgroup

of U(W̃φi
) stabilizing Yφi

and L̃φi
be its Levi component stabilizing Y ∗

φi
, so that

L̃φi

 GL(Yφi

)× U(W ε).

Consider the induced representation

Ind
U(˜Wφi

)

˜Qφi

(ρiχ̃� πχ) 
 Ind
U(˜Wφi

)

˜Qφi

(ρi � π)⊗ (χ ◦ det).

By Proposition 6.3.4, Ind
U(˜Wφi

)

˜Qφi

(ρi � π) is irreducible. Hence the induced repre-

sentation Ind
U(˜Wφi

)

˜Qφi

(ρiχ̃� πχ) is also irreducible. Again by Proposition 6.3.4, it
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follows that
φi · χ̃ ⊂ φχ.

This containment holds for all i. Therefore we must have

φχ =
∑

φi · χ̃ = φ · χ̃.
When π is tempered but not square-integrable, the lemma follows from Proposi-

tion 6.3.4 and induction in stages. In the general case, the lemma follows from the
compatibility of the LLC with Langlands quotients. �

Next we consider the character ηπχ of Sφχ
associated to πχ.

Lemma 7.2.2. If we use the natural isomorphism Sφ 
 Sφχ
to identify them, then

we have
ηπχ = η.

Proof. Since the LLC we constructed for even unitary groups is compatible with
Langlands quotients, without loss of generality, we may assume that π is tempered.

Similar to the proof of Lemma 7.2.1, given any irreducible conjugate symplectic

representation φi of WDE , we define W̃φi
, Q̃φi

and L̃φi
. Consider two induced

representations

Ind
U(˜Wφi

)

˜Qφi

(ρi � π) and Ind
U(˜Wφi

)

˜Qφi

(ρiχ̃� πχ) .

Then the LIR asserts that it is sufficient to prove the equality

R(w, ρi � π) = R(w, ρiχ̃� πχ),

where R(w, ρi�π) and R(w, ρiχ̃�πχ) are intertwining operators defined in Section
5.2. Consider the following commutative diagram

Ind
U(˜Wφi

)

˜Qφi

(ρi � π)⊗ (χ ◦ det) F−−−−→ Ind
U(˜Wφi

)

˜Qφi

(ρiχ̃� πχ)

R(w,ρi�π)⊗1

⏐⏐� ⏐⏐�R(w,ρiχ̃�πχ)

Ind
U(˜Wφi

)

˜Qφi

(ρi � π)⊗ (χ ◦ det) F−−−−→ Ind
U(˜Wφi

)

˜Qφi

(ρiχ̃� πχ)

where the horizontal arrow

F : Ind
U(˜Wφi

)

˜Qφi

(ρi � π)⊗ (χ ◦ det) −→ Ind
U(˜Wφi

)

˜Qφi

(ρiχ̃� πχ)

is given by
F(Φ)(g) = χ(det g)Φ(g)

for Φ ∈ Ind
U(˜Wφi

)

˜Qφi

(ρi � π). Here we realize Ind
U(˜Wφi

)

˜Qφi

(ρi � π) ⊗ (χ ◦ det) on the

same space as Ind
U(˜Wφi

)

˜Qφi

(ρi � π), but with the action twisted by χ. The desired

equality follows from this commutative diagram easily. �

Combining these two lemmas, we get

Proposition 7.2.3. Let π = π(φ, η) be the representation of U(W ε), where ε =
η(zφ). Let χ be a character of E1. Then

πχ = π (φ · χ̃, η) .
Here we use the obvious isomorphism between Sφ and Sφχ

to identify them.
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7.3. Changes of Whittaker data. In this subsection, we prove a formula which
concerns the behavior of the LLC we constructed for even unitary groups with
respect to changes of the Whittaker data.

Let φ ∈ Φ(2n), and π be an irreducible smooth representation of U(W ε) with
L-parameter φ. Let W and W ′ be the two Whittaker data of U(W+). Recall that
in Section 4, we have constructed two bijections

JW : Πφ −→ Ŝφ and JW ′ : Πφ −→ Ŝφ.

Proposition 7.3.1. Let η = JW (π) and η′ = JW ′(π). Then we have

η′ = η · η−,
where η− is a character of Sφ given by

η−(a) = (−1)dimφa

for a ∈ Sφ.

Proof. As described in Section 2.3, we may choose a non-trivial additive character
ψ of F , such that

W = Wψ and W ′ = Wψaw ,

where aw ∈ F×\NmE/F (E
×). Then by applying an argument similar to that of

Corollary 6.3.2, one can see immediately that the desired formula follows from the
LIR and Remark 5.2.2. �

Using this formula, we are able to prove the last property listed in our main
result Theorem 2.5.1, which concerns the behavior of the LLC we constructed with
respect to taking contragredient.

Proposition 7.3.2. Let π = π(φ, η) be the representation of U(W ε), where ε =
η(zφ) (with respect to the Whittaker datum W ). Then

π∨ = π (φ∨, η · ν) ,
where ν is a character of Sφ given by

ν(a) = ωE/F (−1)dimφa

for a ∈ Sφ. Here we use the obvious isomorphism between Sφ and Sφ∨ to identify
them.

Remark 7.3.3. In [Kal13], Kaletha proved such a formula using endoscopic character
identities for quasi-split groups. Here, based on Kaletha’s results for odd unitary
groups, we use an elementary arguement to establish the desired formula for all
even unitary groups.

Proof of Proposition 7.3.2. Since the LLC we constructed for even unitary groups
is compatible with Langlands quotients, without loss of generality, we may assume
that π is tempered.

Pick up a non-trivial additive character ψ of F , such that W = Wψ. Let ψ =
(ψ, χV , χW , δ) be a tuple of data as described in Section 3.1, and ε′ ∈ {±1} such
that

Θψ,V ε′ ,W ε(π) = θψ,V ε′ ,W ε(π) = 0.

Then we have
θψ′,V ε′ ,W ε(π∨χV ) 
 θψ,V ε′ ,W ε(π)MVWχW ,
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where ψ′ = (ψ−1, χV , χW , δ) (see also [GI14] Section 6.1). By applying Lemma
4.3.1, Proposition 7.2.3, and Theorem 2.5.5 to this equality, we get

L(π∨) = φ∨.

Moreover, by applying Corollary 6.3.2 and Theorem 2.5.5 to the same equality, we
get

JWψ−1 (π
∨χV ) = JWψ

(π).

It then follows from Proposition 7.2.3 and Proposition 7.3.1 that

ηπ∨ = η · ν
as desired. �

So now, we have finished proving all properties listed in our main result Theorem
2.5.1.
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