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STABLE MAPS, Q-OPERATORS AND CATEGORY O

DAVID HERNANDEZ

Abstract. Motivated by Maulik-Okounkov stable maps associated to quiver
varieties, we define and construct algebraic stable maps on tensor products
of representations in the category O of the Borel subalgebra of an arbitrary
untwisted quantum affine algebra. Our representation-theoretical construction
is based on the study of the action of Cartan-Drinfeld subalgebras. We prove
the algebraic stable maps are invertible and depend rationally on the spectral
parameter. As an application, we obtain new R-matrices in the category O
and we establish that a large family of simple modules, including the prefun-
damental representations associated to Q-operators, generically commute as
representations of the Cartan-Drinfeld subalgebra. We also establish categori-
fied QQ∗-systems in terms of the R-matrices we construct.
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1. Introduction

Let q ∈ C∗ which is not a root of unity and let Uq(g) be an untwisted quantum
affine algebra. The category C of finite-dimensional representations of Uq(g) has
been studied from various geometric, algebraic and combinatorial points of view.
One crucial property of the category C, which goes back to Drinfeld, is to admit
generic braidings, that is there is an isomorphism

V ⊗W � W ⊗ V

for generic simple modules in C. Such isomorphisms are called R-matrices and
satisfy the Yang-Baxter equation. Moreover the tensor product V ⊗W is generically
simple. These results follows from the existence of the universal R-matrix of Uq(g).

Maulik and Okounkov [MO] proposed a striking new point of view on these
structures by introducing the notion of stable envelopes and stable maps. These
authors have presented a very general construction such maps

StabC : KT (X
A) → KT (X)
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based1 on remarkable Lagrangian correspondences in X × XA defined from the
action of a pair of tori A ⊂ T on a symplectic variety X (the action of A is supposed
to preserve the symplectic form). Here KT denotes the equivariant K-theory with
respect to T and XA the fixed point locus for the A-action. The Lagrangian
sub-varieties, the stable envelopes, are built by successive approximations from the
closure of a natural preimage of a diagonal subvariety. This holds in great generality
including symplectic resolutions.

The construction of stable maps depends on some additional data, in particular
on a cone C ⊂ Lie(A), the chamber, which is a connected component in the Lie
algebra of A of the complementary of an hyperplan arrangement. The choice of C
leads to the definition of attracting directions in the normal direction to XA and
determines the support of the stable envelope. The stable map StabC satisfies a
certain triangularity property with respect to ≺C. This “topological” triangularity
is a crucial property of stable maps.

For a choice of two chambers C and C′, the construction gives two maps:

KT (X)

KT (X
A)

StabC

�����������

RC′,C

����������� KT (X
A).

StabC′

������������

Up to localization, the map StabC′ is invertible and we get a geometric R-matrix

RC′,C = (StabC′)−1 ◦ StabC ∈ End(KT (X
A))

which might be seen as a wall-crossing from the chamber C to C′. It gives rise in
particular to R-matrices which are already known, but the techniques which are
used go much further.

The theory of stable envelopes plays an important role in geometric represen-
tation theory as well as in enumerative geometry and has various incarnations in
various areas of mathematics. Nakajima varieties are particularly important ex-
amples. Indeed in a series of seminal papers Nakajima has constructed, in the
equivariant K-theory of these varieties, certain representations of quantum affine
algebras Uq(g) for g simply-laced (see [N1, N2]). Moreover, the geometric study
of the coproduct [VV,N3] leads to the construction of tensor products of certain
finite-dimensional representations. Stable envelopes give a geometric construction
of R-matrices for tensor products of fundamental representations in the category C
of finite-dimensional representations of Uq(g) [MO,OS].

This leads to the question of extending the construction of stable maps to non-
simply laced quantum affine algebras as well as to representations which are not
necessarily finite-dimensional, for instance in the categoryO. However no geometric
model is known at the moment for these situations. More generally, we may ask
for a purely representation-theoretical or algebraic characterization of stable maps.

Let us recall that Jimbo and the first author introduced [HJ] the category O
of representations of a Borel subalgebra Uq(b) of Uq(g). Finite-dimensional repre-
sentations of Uq(g) are objects in this category as well as the infinite-dimensional

1For the moment, only the cohomological version of the work of Maulik-Okounkov is public yet.
For K-theoretic stable map there are several important differences with cohomological versions,
in particular they depend on a new parameter, the slope, see [OS].
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prefundamental representations of Uq(b) constructed2 in [HJ]. They are obtained
as asymptotic limits of Kirillov-Reshetikhin modules, which form a family of simple
finite-dimensional representations of Uq(g). These prefundamental representations,
denoted by L+

i,a and L−
i,a, are simple Uq(b)-modules parametrized by a complex

number a ∈ C∗ and 1 ≤ i ≤ n, where n is the rank of the underlying finite-
dimensional simple Lie algebra. The category O and the prefundamental repre-
sentations were used by Frenkel and the first author [FH] to prove a conjecture of
Frenkel-Reshetikhin [FR] on the spectra of quantum integrable systems, generaliz-
ing the existence of Baxter’s polynomials to describe these spectra beyond the case
of the XXZ-model. The prefundamental representations play a crucial role for
theses works as the corresponding transfer-matrices are the Baxter’s Q-operators.

Our present paper has a second main motivation: the study of tensor products
of �-weight vectors of representations of quantum affine algebras. The �-weight
vectors are pseudo eigenvectors for the action of the Cartan-Drinfeld subalgebra
Uq(h)

+ ⊂ Uq(g). The study of this action is strongly related to Frenkel-Reshetikhin
q-character theory [FR]. Note that the action of the Cartan-Drinfeld subalgebra
Uq(h)

+ can naturally be deformed to the action of the Baxter algebra (see [FH,
Proposition 5.5] for instance). It is well known that elements of the Cartan-Drinfeld
subalgebra Uq(h)

+ do not behave well with respect to the coproduct, that is why
the study of tensor product of �-weight vectors is technically involved. A tensor
product of �-weight vectors is not necessarily an �-weight vector, and this is a source
of many technical developments. This can be observed for example in the tensor

product of two 2-dimensional representations of Uq(ŝl2), see Example 2.17.
However, thanks to a remarkable properties of the coproduct on Cartan-Drinfeld

elements (see [D] and Theorem 2.15), certain �-weight vectors in the tensor product
can be decomposed into sums of pure tensor of �-weight vectors [H2] (see Theorem
2.16) for which a triangularity condition appears. This algebraic triangularity might
be seen as an analog of the topological triangularity discussed above for stable maps.

In the present paper we propose to define algebraic stable map directly from
�-weight vectors. This representation-theoretical point of view allows to give a
definition for the non simply-laced types as well as for the category O. It also give
a practical way to handle the algebraic stable maps (we compute several examples).

The idea is the following: let V , W in the category O. For v ∈ V , w ∈ W
�-weight vectors, we prove that v ⊗ w can be canonically perturbed to produce an
�-weight vector

SV,W (v ⊗ w) ∈ V ⊗W.

The different terms added to v ⊗ w in order to obtain the new �-weight vector
SV,W (v⊗w) in V ⊗W might be seen as algebraic analogs of the successive approx-
imations in the construction of the stable envelopes mentioned above. Moreover,
a key point is that our construction respects a triangularity property for a certain
partial ordering on the cartesian square of the integral weight lattice (Equation
3.11), by analogy to the topological triangularity discussed above.

We establish this defines a linear morphism

SV,W : V ⊗W → V ⊗W.

2Such prefundamental representations were first constructed explicitly for g = ŝl2 by Bazhanov-

Lukyanov-Zamolodchikov, for ŝl3 by Bazhanov-Hibberd-Khoroshkin and for ŝln with i = 1 by
Kojima.
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In certain cases for which the Maulik-Okounkov stable maps can be computed
[OS], it can be checked that they coincide with SV,W (up to a renormalization by
a diagonal operator). This is expected to be true in general.

It is well known that a representation V of Uq(g) can be deformed by adding a
spectral parameter u. We get a representation V (u) and the algebraic stable maps
deform accordingly

SV,W (u) : V (u)⊗W → V (u)⊗W.

We establish the algebraic stable maps are invertible and depend rationally on the
spectral parameter u.

We have reminded above that the category C of finite-dimensional representations
of Uq(g) has generic braidings as the universal R-matrix can be specialized to give
a meromorphic braiding, the R-matrix

RV,W (u) : V (u)⊗W → W ⊗ V (u),

for V , W simple finite-dimensional modules. For a generic complex number u
(which does not belong to a finite set), we get an isomorphism.

But for the category O, not only the universal R-matrix can not be specialized
on a general tensor product of simple representations (as only one Borel subalgebra
act on these representations in general), but also there are simple representations
V , W so that V (a)⊗W is non simple for any a ∈ C∗. Although its Grothendieck
ring is commutative [HJ], the category O is not generically braided (see Example
5.2: in the sl2-case, for any a, b ∈ C∗, L+

1,a ⊗L−
1,b is not isomorphic to L−

1,b ⊗ L+
1,a).

Hence, the R-matrices RV,W (u) do not exist for arbitrary simple representations in
the category O.

But the algebraic stable maps SV,W (u) do exist and the construction in the
present paper produces maps of the form

Rα
V,W (u) = SW,V (u)(τ ◦ α(u))(SV,W (u))−1 : V (u)⊗W → W ⊗ V (u),

where τ is the twist (and α(u) is a certain renormalization operator).
As an application of the results and constructions in this paper, we establish

that generic tensor products of a large family of simple representations V , W in the
category O commute as representations of the Cartan-Drinfeld subalgebra Uq(h)

+:

R1
V,W (u) : V (u)⊗W �Uq(h)+ W ⊗ V (u).

As far the author knows, this is a new representation-theoretical result, even in
the case of prefundamental representations (this is not a direct consequence of the
commutativity of Grothendieck ring).

We also obtain that the Cartan-Drinfeld factor of the universal R-matrix acts
rationally on a tensor product of finite-dimensional representation, up to a scalar
multiple (this is a well-known result for the whole universal R-matrix).

The category O has a remarkable monoidal subcategory O− generated by finite-
dimensional representations and negative prefundamental representations
constructed in [HL] (a dual category O+ is also constructed in [HL]; see also
[FJMM]). It is known [FH] that prefundamental representations in the category
O− commute:

L−
i,a(u)⊗ L−

j,b � L−
j,b ⊗ L−

i,a(u)

as this tensor product is simple.
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As a consequence of the result of this paper we prove the category O− admits
generic braidings: for V , W simple modules in O−, there is α such that Rα

V,W (u) is
an isomorphism of representations. By specialization, it gives non-zero morphisms

RV,W : V ⊗W → W ⊗ V

which are not invertible in general. This leads to categorification of remarkable
relations which hold in the Grothendieck ring of the category, such as the QQ∗-
systems (which appear as cluster mutations and are closely related to Bethe Ansatz
equations).

Note that our results give partial informations on possible varieties for a geo-
metric realization of prefundamental representations.3 We hope it will give some
additional practical tools to handle the corresponding geometric structures. Other
possible further developments of the results of our paper are discussed in the last
section, in particular on the polynomiality of Cartan-Drinfeld elements, general-
ized Schur-Weyl dualities in the sense of Kang-Kashiwara-Kim and natural bases
of standard modules.

Note also that the category O studied in the present paper has been recently
related [H5] to representations of shifted quantum affine algebras in the sense of
Finkelberg-Tsymbaliuk [FT] and so to quantized K-theoretic Coulomb branches.
Hence the method developed in the present paper may also be developed in these
new contexts.

In this paper we establish various properties of the algebraic stable maps we
consider. These properties are at the origin of the present work and discussions
with A. Okounkov were crucial for its development (see in particular Remark 4.6).

This paper is organized as follows. In Section 2 we give reminders on quantum
affine algebras, their finite-dimensional representations and the category O for its
Borel subalgebra. In Section 3 we explain the definition and the construction of
algebraic stable maps on tensor products of modules in the category O (Definition
3.5). We prove they define linear isomorphisms (Proposition 3.6) and we establish
the rationality in the spectral parameter (Theorem 3.9). We give explicit examples
for finite and infinite dimensional representations (Section 3.3). In Section 4, we
establish the compatibility of algebraic stable map with the Drinfeld coproduct
for the action of Cartan-Drinfeld subalgebras (Proposition 3.6). In the case of
finite-dimensional representation, the algebraic stable maps are related to factors
of the universal R-matrix (Proposition 4.4) and in certain remarkable cases to
Maulik-Okounkov stable maps. In Section 5 the applications to the construction of
R-matrices in the category O (Theorem 5.12) and categorifications of remarkable
relations (Theorem 5.16) are established. In Section 6 we discuss various possible
further developments.

2. Background on quantum affine algebras

In this section we collect some definitions and results on quantum affine algebras
and their representations. We refer the reader to [CP1] for a canonical introduction.
We also discuss representations of the Borel subalgebra of a quantum affine algebra,
see [HJ,FH] for more details. In particular we remind the corresponding category
O and the category of finite-dimensional representations. They have been studied

3In type A, relations between Q-operators and quantum K-theory are discussed in [PSZ] in
the context of the theory of stable envelopes.
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from many points geometric, algebraic, combinatorial point of views in connections
to various fields, see [MO,KKKO,GTL,Kas,O] for recent developments and [H3]
for a recent review.

All vector spaces, algebras and tensor products are defined over C, except when
otherwise specified.

2.1. Quantum affine algebras and Borel algebras. Let C = (Ci,j)0≤i,j≤n

be an indecomposable Cartan matrix of untwisted affine type. We denote by g the
Kac–Moody Lie algebra associated with C. Set I = {1, . . . , n}, and denote by g the
finite-dimensional simple Lie algebra associated with the Cartan matrix (Ci,j)i,j∈I .
Let

{αi}i∈I , {α∨
i }i∈I , {ωi}i∈I , {ω∨

i }i∈I ,

and h be the simple roots, the simple coroots, the fundamental weights, the funda-
mental coweights, and the Cartan subalgebra of g, respectively. We will use

Q = ⊕i∈IZαi, Q
+ = ⊕i∈IZ≥0αi, P = ⊕i∈IZωi.

Let D = diag(d0, . . . , dn) be the unique diagonal matrix such that B = DC is
symmetric and the di’s are relatively prime positive integers. We will also use
PQ = P ⊗Q with its partial ordering defined by

ω ≤ ω′ if and only if ω′ − ω ∈ Q+.

We use the numbering of the Dynkin diagram as in [Kac]. Let a0, . . . , an stand for
the labels as in [Kac, pp.55-56]. We have a0 = 1 and we set

α0 = −(a1α1 + a2α2 + · · ·+ anαn).

We fix a non-zero complex number q which is not a root of unity and we set qi = qdi .
We also set h ∈ C such that q = eh, so that qr is well-defined for any r ∈ Q.

We will use the standard symbols for z an indeterminate or a non-zero complex
number which is not a root of unity:

[m]z =
zm − z−m

z − z−1
, [m]z! =

m∏
j=1

[j]z,

[
s
r

]
z

=
[s]z!

[r]z![s− r]z!
.

The quantum loop algebra Uq(g) is the C-algebra defined by generators ei, fi,

k±1
i (0 ≤ i ≤ n) and the following relations for 0 ≤ i, j ≤ n.

kikj = kjki, ka0
0 ka1

1 · · · kan
n = 1, kiejk

−1
i = q

Ci,j

i ej , kifjk
−1
i =q

−Ci,j

i fj ,

[ei, fj ] = δi,j
ki − k−1

i

qi − q−1
i

,

1−Ci.j∑
r=0

(−1)re
(1−Ci,j−r)
i eje

(r)
i =0 (i �= j),

1−Ci.j∑
r=0

(−1)rf
(1−Ci,j−r)
i fjf

(r)
i =0 (i �= j).

Here we use the standard notations x
(r)
i = xr

i /[r]qi ! (xi = ei, fi). The algebra Uq(g)
has a Hopf algebra structure satisfying for 0 ≤ i ≤ n,

Δ(ei) = ei ⊗ 1 + ki ⊗ ei, Δ(fi) = fi ⊗ k−1
i + 1⊗ fi, Δ(ki) = ki ⊗ ki.

The algebra Uq(g) can also be presented in terms of the Drinfeld generators [Dr,Be]

x±
i,r (i ∈ I, r ∈ Z), φ±

i,±m (i ∈ I,m ≥ 0), k±1
i (i ∈ I).



STABLE MAPS, Q-OPERATORS AND CATEGORY O 185

It will be useful to consider the subalgebra U±
q (g) generated by the x±

i,r (i ∈ I,

r ∈ Z). We will also use the generating series (i ∈ I):

φ±
i (z) =

∑
m≥0

φ±
i,±mz±m = k±1

i exp

(
±(qi − q−1

i )
∑
m>0

hi,±mz±m

)
,

and we set φ±
i,±m = 0 for m < 0, i ∈ I.

These elements φ±
i,±m are called Cartan-Drinfeld generators. They generate a

subalgebra Uq(h) of Uq(g). Let Uq(h)
± be the subalgebra of Uq(h) generated by the

ki, k
−1
i and the hi,±r (i ∈ I, r > 0).

Definition 2.1. The subalgebras Uq(h) and Uq(h)
± are called Cartan-Drinfeld

subalgebras.

These algebras are commutative and will play a crucial role in this paper.
The algebra Uq(g) has a Z-grading defined by deg(ei) = deg(fi) = deg(k±1

i ) = 0
for i ∈ I and deg(e0) = − deg(f0) = 1. It satisfies deg(x±

i,m) = deg(φ±
i,m) = m for

i ∈ I, m ∈ Z. For a ∈ C×, there is a corresponding algebra automorphism

τa : Uq(g) → Uq(g)

so that an element g of degree m ∈ Z satisfies τa(g) = amg. The twist of a
representation W by τa is denoted by W (a).

We have also an automorphism τu of the algebra

Uq,u(g) = Uq(g)⊗ C(u)

defined as τa with a replaced by the formal variable u. A representation W of
Uq(g) gives rise to a twisted representation W (u) of Uq,u(g) (see [H3] for detailed
references). It is a C(u)-vector space W (u) = W ⊗ C(u). In the following, when
twisted representations are involved, we use vector spaces or tensor products over
fields of rational fractions (it will not be specified as there is no risk of confusion).

Definition 2.2. The Borel algebra Uq(b) is the subalgebra of Uq(g) generated by

ei and k±1
i with 0 ≤ i ≤ n.

The Borel algebra is a Hopf subalgebra of Uq(g) and contains the Drinfeld gen-

erators x+
i,m, x−

i,r, k
±1
i , φ+

i,r where i ∈ I, m ≥ 0 and r > 0. When g = sl2, these

elements generate Uq(b).
The Borel algebra Uq(b) contains the Cartan-Drinfeld subalgebra Uq(h)

+.

Similarly, we have the opposite Borel subalgebra Uq(b
−) generated by the fi, k

±1
i

with 0 ≤ i ≤ n.

Denote t ⊂ Uq(b) the subalgebra generated by {k±1
i }i∈I . Set t× =

(
C×)I , and

endow it with a group structure by pointwise multiplication. Consider the group
morphism

: PQ −→ t× by setting ωi(j) = q
δi,j
i .

We use the standard partial ordering on t×:

ω ≤ ω′ if ωω′−1 is a product of {α−1
i }i∈I .(2.1)



186 DAVID HERNANDEZ

2.2. Category O for representations of Borel algebras. For a Uq(b)-module
V and ω ∈ t×, we set

Vω = {v ∈ V | ki v = ω(i)v (∀i ∈ I)},(2.2)

and call it the weight space of weight ω.
We say that V is Cartan-diagonalizable if V =

⊕
ω∈t×

Vω.

For any i ∈ I, r ∈ Z we have

φ±
i,r(Vω) ⊂ Vω and x±

i,r(Vω) ⊂ Vωα±1
i
.

Definition 2.3. A series Ψ = (Ψi,m)i∈I,m≥0 of complex numbers such that Ψi,0 �=
0 for all i ∈ I is called an �-weight.

For such an �-weight, identifying (Ψi,m)m≥0 with its generating series, we shall
write

Ψ = (Ψi(z))i∈I , Ψi(z) =
∑
m≥0

Ψi,mzm.

We obtain a group structure on the set of �-weights that we denote by t
×
� .

We have a surjective morphism of groups � : t
×
� → t× given by �(Ψ) =

(Ψi(0))i∈I . In particular, we have a factorization of each �-weight

(2.3) Ψ = �(Ψ)Ψ̃

as a product of its constant part �(Ψ) by its normalized part Ψ̃, so that the
normalized part has a trivial constant part.

Definition 2.4. A Uq(b)-module V is said to be of highest �-weight Ψ ∈ t
×
� if there

is v ∈ V such that V = Uq(b).v and the following hold:

ei v = 0 (i ∈ I), φ+
i,mv = Ψi,mv (i ∈ I, m ≥ 0).

The �-weight Ψ ∈ t
×
� is uniquely determined by V and is called the highest

�-weight of V . The vector v is said to be a highest �-weight vector of V .

Proposition 2.5. For any Ψ ∈ t
×
� , there exists a simple highest �-weight module

L(Ψ) of highest �-weight Ψ. This module is unique up to isomorphism.

The submodule of L(Ψ) ⊗ L(Ψ′) generated by a tensor product of highest �-
weight vectors is of highest �-weight ΨΨ′. Hence L(ΨΨ′) is a subquotient of
L(Ψ)⊗ L(Ψ′).

Definition 2.6 ([HJ]). For i ∈ I and a ∈ C×, let

L±
i,a = L(Ψ±1

i,a ) where (Ψ±1
i,a )j(z) =

{
(1− za)±1 (j = i),

1 (j �= i).
(2.4)

The representation L+
i,a (resp. L−

i,a) is called a positive (resp. negative) prefun-
damental representation in the category O.

Definition 2.7 ([HJ]). For ω ∈ t×, let

[ω] = L(Ψω) where (Ψω)i(z) = ω(i) (i ∈ I).
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Note that such a representation [ω] is one-dimensional. For λ ∈ P , we will use
the notation [λ] for the representation [λ]. For λ ∈ t×, we set

D(λ) = {ω ∈ t× | ω ≤ λ}.

The following category O is introduced in [HJ], mimicking the definition for classical
Kac-Moody algebra, but using the weight space decomposition for the underlying
finite-type Lie algebra.

Definition 2.8. A Uq(b)-module V is said to be in category O if:

(i) V is Cartan-diagonalizable,
(ii) for all ω ∈ t× we have dim(Vω) < ∞,
(iii) there exist a finite number of elements λ1, . . . , λs ∈ t× such that the weights

of V are in
⋃

j=1,...,s

D(λj).

The category O is a monoidal category.
Let Ψ ∈ r be the subgroup of t×� consisting of Ψ = (Ψi(z))i∈I such that Ψi(z) is

rational for any i ∈ I.

Theorem 2.9 ([HJ]). Let Ψ ∈ t
×
� . The simple module L(Ψ) is in the category O

if and only if Ψ ∈ r.

Let E be the additive group of maps c : PQ → Z whose support {ω ∈ PQ, c(ω) �=
0} is contained in a finite union of sets of the form D(μ).

For V in the category O we define the character of V to be an element of E

χ(V ) =
∑
ω∈t×

dim(Vω)[ω],(2.5)

where for ω ∈ PQ, we have set [ω] = δω,. ∈ E .
This is coherent with the notation in Definition 2.7, as for a one-dimensional

representation [ω] therein, we have χ([ω]) = [ω] in E .
As for the category O of a classical Kac–Moody algebra, the multiplicity of a

simple module in a module of our category O is well-defined (see [Kac, Section 9.6])
and we have the corresponding Grothendieck ring K0(O) (see [HL, Section 3.2]).
Its elements are the formal sums

χ =
∑
Ψ∈r

λΨ[L(Ψ)],

where the λΨ ∈ Z are set so that
∑

Ψ∈r,ω∈PQ
|λΨ| dim((L(Ψ))ω)[ω] is in E .

2.3. Finite-dimensional representations. For i ∈ I and a ∈ C∗, consider

Yi,a = ωiΨ
−1
i,aqi

Ψi,aq−1
i

.

If M is a product of such �-weight, then L(M) is finite-dimensional. Moreover, the
action of Uq(b) can be uniquely extended to an action of the full quantum affine
algebra Uq(g), and any simple object in the category C of (type 1) finite-dimensional
representations of Uq(g) is of this form. By [CP1] and [FH, Remark 3.11], for L a
finite-dimensional module in the category O, there is M as above and ω ∈ t× such
that

L � L(M)⊗ [ω].
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Example 2.10. For i ∈ I, a ∈ C× and k ≥ 0, we have the Kirillov–Reshetikhin
(KR) module

W
(i)
k,a = L(Yi,aYi,aq2i

· · ·Y
i,aq

2(k−1)
i

).(2.6)

The representations Vi(a) = L(Yi,a) are called fundamental representations.

2.4. �-weight spaces. For a Uq(b)-module V and Ψ ∈ t
×
� , the linear subspace

VΨ = {v ∈ V | ∃p ≥ 0, ∀i ∈ I, ∀m ≥ 0, (φ+
i,m −Ψi,m)pv = 0}(2.7)

is called the �-weight space of V of �-weight Ψ.
The study of these �-weight spaces is one of the motivations for the q-character

theory [FR].
A representation in the category O is the direct sum of its �-weight spaces.

Moreover we have the following.

Theorem 2.11 ([HJ]). For V in category O, VΨ �= 0 implies Ψ ∈ r.

Example 2.12.

(i) The fundamental representation V1(a) of Uq(ŝl2) is 2-dimensional and has

�-weight spaces attached respectively to Y1,a and Y −1
1,aq2 .

(ii) It is proved in [HJ, FH] that for i ∈ I and a ∈ C∗, the �-weights of L+
i,a

are all of the form Ψi,aω where ω ∈ Q. In the sl2-case, all �-weight spaces are of
dimension 1 and the �-weights are the Ψ1,a−2rω1, r ≥ 0.

Let E� be the additive group of maps c : r → Z such that

�({Ψ ∈ r | c(Ψ) �= 0})
is contained in a finite union of sets of the form D(μ), and such that for every
ω ∈ PQ, the set of Ψ ∈ r satisfying c(Ψ) �= 0 and �(Ψ) = ω is finite. The map �
is naturally extended to a surjective homomorphism

� : E� → E .
For Ψ ∈ r, we define [Ψ] = δΨ,. ∈ E�.

For V in the category O, we define [FR,HJ] the q-character of V as

χq(V ) =
∑
Ψ∈r

dim(VΨ)[Ψ] ∈ E�.

Following [FR], we will use for i ∈ I, a ∈ C∗ the �-weight Ai,a which is set to be

Y
i,aq−1

i
Yi,aqi

( ∏
{j∈I|Cj,i=−1}

Yj,a

∏
{j∈I|Cj,i=−2}

Yj,aq−1Yj,aq

∏
{j∈I|Cj,i=−3}

Yj,aq−2Yj,aYj,aq2

)−1

.

Example 2.13. In the case g = ŝl2, we have:

χq(L
+
1,a) = [(1− za)]

∑
r≥0

[−2rω1], χq(L
−
1,a) =

[
1

(1− za)

]∑
r≥0

A−1
1,aA

−1
1,aq−2 · · ·A−1

1,aq−2(r−1) .

Recall the factorization of �-weights (2.3). We will use the following.

Proposition 2.14. Let L(Ψ) finite-dimensional and Ψ′ be an �-weight of L(Ψ).

Then its constant part �(Ψ′) is uniquely determined by its normalized part Ψ̃′.

Note that this statement is not satisfied in general, for example it is not satisfied
by positive prefundamental representations.
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Proof. The �-weights of L(Ψ) are of the form [FR,FM]:

(2.8) Ψ′ = ΨA−1
i1,a1

· · ·A−1
iN ,aN

,

where the i1, . . . , iN ∈ I and a1, . . . , aN ∈ C∗. In particular

Ψ̃′ = Ψ̃Ãi1,a1

−1
· · · ÃiN ,aN

−1
,

�(Ψ′) = �(Ψ)−αi1 − · · · − αiN .

But the Ãi,a are free in the multiplicative group of �-weights, so �(Ψ′) is uniquely

determined from Ψ̃′. �

The algebra Uq(g) has a natural Q-grading defined by

deg
(
x±
i,m

)
= ±αi, deg (hi,r) = deg

(
k±i

)
= deg

(
c±1/2

)
= 0.

Let Ũ+
q (g) (resp. Ũ−

q (g)) be the subalgebra of Uq(g) consisting of elements of positive
(resp. negative) Q-degree. These subalgebras should not be confused with the
subalgebras U±

q (g) previously defined in terms of Drinfeld generators. Let

X+ =
∑

j∈I,m∈Z

Cx+
j,m ⊂ Ũ+

q (g).

Theorem 2.15 ([D]). Let i ∈ I, r > 0, m ∈ Z. We have

Δ(hi,r) ∈ hi,r ⊗ 1 + 1⊗ hi,r + Ũ−
q (g)⊗ Ũ+

q (g),(2.9)

Δ
(
x+
i,m

)
∈ x+

i,m ⊗ 1 + Uq(g)⊗
(
Uq(g)X

+
)
.(2.10)

By definition, the q-character and the decomposition in �-weight spaces of a rep-
resentation in the category O is determined by the action of Uq(h)

+ [FR]. Therefore
one can define the q-character χq(W ) of a Uq(h)

+-submodule W of an object in the
category O.

The following result describes a condition on the �-weight of a linear combination
of pure tensor products of weight vectors. It was originally proved in [H2] for finite-
dimensional representations in the category C, but the proof is the same for general
representations in the category O.

Theorem 2.16 ([H2]). Let V1, V2 representations in the category O and consider
an �-weight vector

w =

(∑
α

wα ⊗ vα

)
+

⎛⎝∑
β

w′
β ⊗ v′β

⎞⎠ ∈ V1 ⊗ V2

satisfying the following conditions.

(i) The vα are �-weight vectors of weight ωα and the v′β are weight vectors of
weight ωβ.

(ii) For any β, there is an α satisfying ωβ > ωα.
(iii) For ω ∈ {ωα}α, we have

∑
{α|ωα=ω} wα ⊗ vα �= 0.

Then the �-weight of w is the product of the �-weight of one of the vα by an �-weight
of V1.
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This result is one of the motivations for the constructions in this paper. It can
be seen as an algebraic analog of the topological triangularity for K-theoretic stable
map, as discussed in the introduction. It is also crucial for the results in [H4] about
modules of highest �-weight.

Example 2.17. Let a, b ∈ C∗ and V1(a)⊗ V1(b) a tensor product of fundamental

representations of Uq(ŝl2). We denote by v±a (resp. v±b ) a natural basis of �-

weight vectors of V1(a) (resp. V1(b)). Then v−a ⊗ v+b and (b− a)(v+a ⊗ v−b ) + a(q −
q−1)(v−a ⊗v+b ) are �-weight vectors of respective �-weights Y

−1
1,aq2Y1,b, Y1,aY

−1
1,bq2 , but

not v+a ⊗ v−b . See [H2, Example 3.3] for details.

3. Algebraic stable maps

In this section we define and construct algebraic stable maps on tensor products
of modules in the category O (Definition 3.5). We prove they define linear isomor-
phisms (Proposition 3.6). We introduce the deformations of algebraic stable maps
and we establish the rationality in the spectral parameter (Theorem 3.9). Then we
give various examples in Section 3.3.

The main motivations for the constructions in this section are the stable maps
and the triangularity of �-weight vectors in Theorem 2.16 (see the Introduction).

3.1. Definition and construction. Motivated by Theorem 2.16, let us consider
the following partial ordering on PQ × PQ which will be crucial in the following:

(3.11) (ω1, ω2) � (ω′
1, ω

′
2) if and only if (ω1 + ω2 = ω′

1 + ω′
2 and ω1 ≤ ω′

1).

Obviously, this is equivalent to (ω1 + ω2 = ω′
1 + ω′

2 and ω2 � ω′
2).

Let V and W representations in the category O.
For v ∈ V , w ∈ W �-weight vectors of respective �-weights Ψ, Ψ′ and corre-

sponding weights ω1, ω2, let us denote

(v ⊗ w)≺ =
∑

(�(Ψ),�(Ψ′))	(ω1,ω2)

Vω1
⊗Wω2

,

(v ⊗ w)
 = v ⊗ w + (v ⊗ w)≺.

Proposition 3.1. There is an �-weight vector of V ⊗W in (v⊗w)
. The �-weight
of such an �-weight vector is ΨΨ′.

Proof. Let M be the Uq(h)
+-submodule of V ⊗W generated by (v ⊗ w)
. By the

coproduct approximation formula (2.9), we have the Uq(h)
+-submodules

(v ⊗ w)≺ ⊂ M = (v ⊗ w)≺ + Uq(h)
+.(v ⊗ w) ⊂ V ⊗W.

Then
χq(M) = χq((v ⊗ w)≺) + χq(M/(v ⊗ w)≺).

By coproduct formulas (2.9) again, all weight vectors in M/(v⊗w)≺ have the same
�-weight ΨΨ′, and so one has

χq(M/(v ⊗ w)≺) = dim(M/(v ⊗ w)≺)[ΨΨ′].

This implies
M = (v ⊗ w)≺ ⊕M ′,

where M ′ ⊂ MΨΨ′ is a space of �-weight vectors. Consider the component in M ′

of the decomposition of v ⊗ w in this direct sum. It satisfies the properties in the
statement. �
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Example 3.2. In Example 2.17, if a �= b we have the �-weight vector

(v+a ⊗ v−b ) +
a(q − q−1)

b− a
(v−a ⊗ v+b ) ∈ (v+a ⊗ v−b )
.

Remark 3.3. In general the �-weight vector is not unique, even if V and W are sim-
ple. For example, in the sl2-case, consider the tensor square V

⊗2 of a 2-dimensional
fundamental representation. Then the weight space (V ⊗2)0 is an �-weight space.
For v ∈ V−ω, w ∈ Vω non-zero, then

v ⊗ w + Vω ⊗ V−ω

is an affine subspace of dimension 1 contained in an �-weight space.

Let us go back to the general case of V , W in the category O. Now we introduce
a specific �-weight vector associated to v ⊗ w.

As any object in the category O, the representation V ⊗W can be decomposed
into a direct sum �-weight spaces. We have a corresponding projection

π = πΨΨ′ : V ⊗W → (V ⊗W )ΨΨ′

of V ⊗W on the �-weight space associated to ΨΨ′.

Proposition 3.4. The �-weight vector π(v ⊗ w) is non-zero and

π(v ⊗ w) ∈ (v ⊗ w)
.

Proof. This is a direct consequence of the proof of Proposition 3.1 as the projection
π(v ⊗ w) is the �-weight vector constructed there in which is non-zero:

π((v ⊗ w)≺) ⊂ (v ⊗ w)≺,

and

π(v ⊗ w) ∈ v ⊗ w + (v ⊗ w)≺ ⊂ M \ (v ⊗ w)≺.

Hence the result. �

Definition 3.5. We define the algebraic stable map

SV,W : V ⊗W → V ⊗W

by

SV,W = πΨΨ′ on (V )Ψ ⊗ (W )Ψ′ .

Proposition 3.6. SV,W is a linear isomorphism.

Proof. Let us decompose V ⊗W as a direct sum of tensor products of weight spaces
of V and W . Then the partial ordering ≺ on PQ×PQ induces a filtration on V ⊗W
by Uq(h)

+-submodules. It follows from Proposition 3.4 that SV,W is compatible
with the filtration and that it induces the identity on the corresponding graded
space. This implies the injectivity. We get the result as the weight spaces of V ⊗W
are finite dimensional and stable by SV,W . �
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3.2. Deformations. In the following, it will be useful to consider deformations of
algebraic stable maps which depend on a spectral parameter u.

As the subalgebra Uq,u(b) = Uq(b) ⊗ C(u) ⊂ Uq,u(g) is stable by the automor-
phism τu considered in Section 2.1, for a formal parameter u and V a representation
in the category O, we have the deformed Uq,u(b)-module V (u) as above. The rep-
resentation V (u) has also a decomposition into a direct of �-weight spaces, and the
�-weights are formal power series with coefficients in C[u].

Remark 3.7. The same proof as in Proposition 3.1 gives an analog �-weight vector
in the tensor product V (u)⊗W , that is when V is replaced by the deformed module
V (u). Its �-weight is Ψ(u)Ψ′ where Ψ(u) is defined as the �-weight

Ψ(u) : z �→ Ψ(zu).

Proposition 3.8. Let V , W simple modules in the category O such that V or W
is finite-dimensional. Then the �-weight vector of �-weight Ψ(u)Ψ′ in (v ⊗ w)
 ⊂
V (u)⊗W is unique.

Proof. Suppose first that V is finite-dimensional. It suffices to prove that (v⊗w)≺
does not contain any �-weight vector X of �-weight Ψ(u)Ψ′. In a decomposition of
such an �-weight vector X as a sum of tensor products of �-weight vectors, a term
of the form v′ ⊗ w′ would occur, with v′ of �-weight Ψ(u). Then it follows from
Proposition 2.14 for the finite-dimensional representation V that the weight of v′

is the weight of v. This contradicts X ∈ (v ⊗ w)≺.
This is analog in the case W is finite-dimensional as

(V (u)⊗W )(u−1) � V ⊗W (u−1).

�
By Remark 3.7, for formal parameters u, v, the map SV,W can be deformed by

replacing the representations V , W respectively by V (u) and W (v). We get the
deformed algebraic stable map

SV,W (u, v) : V (u)⊗W (v) → V (u)⊗W (v).

Theorem 3.9. SV,W (u, v) depends only on the quotient u/v and is rational in this
parameter.

In the following, it will just be denoted by SV,W (u/v).

Proof. The first point follows from the elementary observation:

V (u)⊗W (v) � (V (u/v)⊗W (1))(v).

Then an �-weight vector in V (u/v) ⊗ W (1) is still an �-weight vector when the
action is twisted by v.

So for the second point, we can suppose v = 1. Let us consider a non-zero weight
space

(V (u)⊗W )λ.

As it is finite-dimensional, there is a finite N > 0 such that the �-weight vectors in
(V (u)⊗W )λ are uniquely determined by the action of the hi,m, i ∈ I, 0 < m ≤ N .
By the definition of the coproduct, for an element x ∈ Uq(b) of degree m ≥ 0, Δ(x)
is a sum of pure tensors a⊗ b with a, b of degree ≤ m. So the hi,m with 0 < m ≤ N
act on V (u) ⊗ W as polynomials in u of degree lower than M . Besides, consider
a basis of V (u) ⊗ W of pure tensor of �-weight vectors. Then there is a partial
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ordering on such a basis induced from �. Indeed, for v, v′, w, w′ �-weight vectors
of respective weights ω1, ω

′
1, ω2, ω

′
2, we set

v ⊗ w � v′ ⊗ w′ if (ω1, ω2) � (ω′
1, ω

′
2).

We can re-order the basis of �-weight vectors so that it is compatible with �.
Then the action of the hi,m gives triangular matrices in such a basis thanks to
the coproduct formula (2.9). So the operators hi,m are pseudo-diagonalizable on
V (u)⊗W over the field C(u). Hence the projection on the corresponding generalized
eigenspaces is rational. �

3.3. Examples. We consider various explicit examples of the maps constructed in
the previous sections. Our examples contain some infinite-dimensional representa-
tions.

Example 3.10. Let g = ŝl2 and for k and consider the evaluation representation

Wk = L(Y1,q−1Y1,q−3 · · ·Y1,q1−2k),

see [HJ, Section 4.1]. We can choose a basis of �-weight vectors v0, . . . , vk of Wk

so that e1.vi = vi−1 for i ≥ 1. Then we have

e0.vi = q2−k[i+1]q[k− i]qvi+1 and h1,1.vi = (q2−2i+q−2i−q−2k−q2)(q−q−1)−1vi.

The spectrum of h1,1 = q−2e1e0−e0e1 is simple and so the action of h1,1 is sufficient
to determine the �-weight vectors of Wk. For u a formal variable, this is also true
on a tensor product Wk(u)⊗Wl:

h1,1.(vi ⊗ vj) = q−2e1(e0vi ⊗ vj + q2i−kvi ⊗ e0vj)− e0(e1vi ⊗ vj + qk−2ivi ⊗ e1vj)

= (h1,1.vi ⊗ vj) + (vi ⊗ h1,1.vj)

+ q−4+k−2ie0vi ⊗ e1vj + q−2+2i−ke1vi ⊗ e0vj

− q2i−k−2e1vi ⊗ e0vj − qk−2ie0vi ⊗ e1vj

= (h1,1.vi ⊗ vj) + (vi ⊗ h1,1.vj) + (q−4 − 1)qk−2i(e0.vi ⊗ vj−1)

= P k,l
i,j (u)(vi ⊗ vj) + uαi,k(q + q−1)(vi+1 ⊗ vj−1),

where αi,k = (q−1 − q)q−2i[i+ 1]q[k − i]q and the

P k,l
i,j (u) = ((q2 + 1)q−2j − q2 − q−2l + u((q2 + 1)q−2i − q2 − q−2k))(q − q−1)−1

are the eigenvalues of h1,1 on the tensor product. Then we get an �-weight vector
of the form

vi ⊗ vj +
uαi,k(q + q−1)vi+1 ⊗ vj−1

P k,l
i,j (u)− P k,l

i+1,j−1(u)

+
u2αi,kαi+1,k(q + q−1)2vi+2 ⊗ vj−2

(P k,l
i,j (u)− P k,l

i+1,j−1(u))(P
k,l
i,j (u)− P k,l

i+2,j−2(u))
+ · · ·

So by substituting vi ∈ Wk(u) by v′i = (α0,kα1,k · · ·αi−1,k)vi, we get the following:

SWk,Wl
(u).(v′i ⊗ vj) = v′i ⊗ vj

+
∑

0<λ≤Min(j,k−i)

uλv′i+λ ⊗ vj−λ

[λ]q!(uq−2i − q2(1−j)) · · · (uq1−2i−λ − q1−2j+λ)
.
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In particular, for k = l = 1, v′1 = (q−1 − q)v1 and we get:

SW1,W1
(u).(v1 ⊗ v0) = v1 ⊗ v0, SW1,W1

(u).(v0 ⊗ v1) = v0 ⊗ v1 +
u(q − q−1)

1− u
v1 ⊗ v0.

This matches the �-weight vectors computed in Example 2.17.

Remark 3.11. In Example 3.10, one can observe the following: SWk,Wl
(u) is regular

at u = 0 and at u = ∞, and SWk,Wl
(0) = Id. This is not true in general as the

examples below will show.

Example 3.12. Let g = ŝl2 and k ≥ 0. We can choose a basis of �-weight vectors
w0, w1, . . . of the prefundamental representation L−

1 so that e1.wi = wi−1 for i ≥ 1,
see [HJ, Section 4.1]. Then

h1,1.wi =
q2−2i + q−2i − q2

q − q−1
wi.

Then as above one has:

SWk,L
−
1
(u).(v′i ⊗ wj)

= v′i ⊗ wj +
∑

0<λ≤Min(j,k−i)

uλv′i+λ ⊗ wj−λ

[λ]q!(uq−2i − q2(1−j)) · · · (uq1−2i−λ − q1−2j+λ)

SL−
1 ,Wl

(u).(w′
i ⊗ vj)

= w′
i ⊗ vj +

∑
0<λ≤j

uλw′
i+λ ⊗ vj−λ

[λ]q!(uq−2i − q2(1−j)) · · · (uq1−2i−λ − q1−2j+λ)

where w′
i = q−3i(i−1)/2(−1)i[i]q!wi.

Example 3.13. Let g = ŝl2 and k ≥ 0. We can choose a basis of �-weight vectors
z0, z1, . . . of the prefundamental representation L+

1 so that e1.zi = zi−1 for i ≥ 1,

see [HJ, Section 7.1]. Then we have e0.zi = −qi+2 [i+1]q
q−q−1 zi+1, h1,1.zi = (q−1−q)−1zi

and

SWk,L
+
1
(u).(v′i ⊗ zj) =

∑
0≤λ≤Min(j,k−i)

q2iλ+
λ(λ−1)

2

[λ]q!
v′i+λ ⊗ zj−λ,

SL+
1 ,Wl

(u).(z′i ⊗ vj) =
∑

0≤λ≤j

q(2j−i)λ−λ(λ+1)

[λ]q!
(−u)λz′i+λ ⊗ vj−λ,

where z′i = [i]q!zi.

Example 3.14. Let g = ŝl2.

SL−
1 ,L+

1
(u).(w′

i ⊗ zj) =
∑

0≤λ≤j

q2iλ+
λ(λ−1)

2

[λ]q!
w′

i+λ ⊗ zj−λ

SL+
1 ,L−

1
(u).(z′i ⊗ wj) =

∑
0≤λ≤j

q(2j−i)λ−λ(λ+1)

[λ]q!
(−u)λz′i+λ ⊗ wj−λ,

SL−
1 ,L−

1
(u).(w′

i ⊗ wj) = w′
i ⊗ wj

+
∑

0<λ≤j

uλw′
i+λ ⊗ wj−λ

[λ]q!(uq−2i − q2(1−j)) · · · (uq1−2i−λ − q1−2j+λ)

SL+
1 ,L+

1
(u) = Id as each weight space of L+

1 (u)⊗ L+
1 (v) is an �-weight space.
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3.4. Normalized stable map. Note that SV,W (u) may have poles and does not
necessarily converges to SV,W when u → 1. However, it is possible to define a
renormalized limit. Indeed, there is unique N ∈ Z such that the limit

lim
u→1

(u− 1)NSV,W (u)

exists and is non-zero. It is denoted

Snorm
V,W : V ⊗W → V ⊗W.

Remark 3.15. The normalized Snorm
V,W is not equal to SV,W in general.

Example 3.16. Let g = ŝl2. We use the notations of Example 3.10. For k = l = 1,
we get:

Snorm
W1,W1

.(v1 ⊗ v0) = v1 ⊗ v0, S
norm
W1,W1

.(v0 ⊗ v1) = (q−1 − q)v1 ⊗ v0.

We observe that Snorm
W1,W1

is not invertible in opposition to SW1,W1
(see Proposition

3.6). In fact, SW1,W1
is just the identity as the weight spaces of W1 ⊗ W1 are its

�-weight spaces and so a tensor product of two �-weight vectors of W1 lies in an
�-weight space of W1 ⊗W1.

4. R-matrices and finite-dimensional representations

In the case of finite-dimensional representations, the algebraic stable maps are
related to multiplications by factor of the universal R-matrix (Proposition 4.4), by
analogy to the original stable maps. Note that this is not true in general for the
category O as the action of the universal R-matrix is not always well-defined.

The properties established in this section are at the origin of the present work
and discussions with A. Okounkov were crucial for its development (see in particular
Remark 4.6).

4.1. Reminders on R-matrices. Let W and W ′ be simple finite-dimensional
representations of Uq(g).

For a ∈ C∗ generic (that is in the complement of a finite set of C∗), we have an
isomorphim of Uq(g)-modules

RW,W ′(a) : W ⊗W ′(a) → W ′(a)⊗W.

Considering a as a variable u, we get a rational map in u

RW,W ′(u) : (W ⊗W ′)⊗ C(z) → (W ′ ⊗W )⊗ C(u).

This map is normalized so that for v ∈ W , v′ ∈ W ′ highest weight vectors, we have

(RW,W ′(u))(v ⊗ v′) = v′ ⊗ v.

Note that RW,W ′(u) defines an isomorphism of representations of Uq,z(g). As in
Section 3.4, we may consider the first term in the development in u− 1, and we get
a non-zero morphism

RW,W ′ : W ⊗W ′ → W ′ ⊗W

which is not necessary invertible (see [H3] for references).
By original results of Drinfeld, it is well known that these intertwiners come from

the universal R-matrix
R(z) ∈ (Uq(g)⊗̂Uq(g))[[z]]

which is a solution of the Yang-Baxter equation (here ⊗̂ is a slightly completed
tensor product).

Let Uq(b)
± = Uq(b) ∩ U±

q (g) and Uq(b
−)± = Uq(b

−) ∩ U±
q (g).
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The universal R-matrix has a factorization [KT,D]

R(z) = R+(z)R0(z)R−(z)R∞,

where R±(z) ∈ Uq(b)
±⊗̂Uq(b

−)∓[[z]],

R0(z) = exp

⎛⎝−
∑

m>0,i,j∈I

(qi − q−1
i )(qj − q−1

j )mB̃i,j(q
m)

(q − q−1)[m]q
zmhi,m ⊗ hj,−m

⎞⎠
with B̃(q) the inverse of the symmetrized quantum Cartan matrix of g, and R∞ =
q−t∞ where t∞ ∈ h ⊗ h is the canonical element (for the standard invariant sym-
metric bilinear form as in [D]), that is, if we denote formally q = eh, then

R∞ = e−ht∞ .

Hence if ki.x = q(λ,αi)x and ki.y = q(μ,αi)y, then R∞.(x⊗ y) = q−(λ,μ)x⊗ y.

The following is a direct consequence of well-known results. The algebras Ũ±
q (g)

are defined in Section 2.4.

Proposition 4.1. We have

R+(z) ∈ 1 + (Ũ+
q (g)⊗ Ũ−

q (g))[[z]].

Proof. Let us recall that for a variable x, the q-exponential in x is a formal power

series expqp(x) =
∑

r≥0
xr

[r]′
qp

! where p ∈ Z and [r]′v! =
∏

1≤s≤r
v2s−1
v2−1 = v

r(r−1)
2 [r]v!

for r ≥ 0.
Let us also remind [Be,D] that we have the root vectors Eα ∈ Uq(b), Fα ∈ Uq(b

−)
for

α ∈ ΦRe
+ = Φ+

0 � {β +mδ|m > 0, β ∈ Φ0}.
Here Φ0 (resp. Φ+

0 ) is the set of roots (resp. positive roots) of g and δ is the
standard imaginary root of g.

R+ (resp. R−) is a product of q-exponentials of a scalar multiple of a tensor
product of root vectors zmEα+mδ ⊗Fα+mδ with m ≥ 0, α ∈ Φ+

0 (resp. with m > 0,
α ∈ Φ−

0 ). The result follows. �

Example 4.2. In the case g = ŝl2, we have an explicit description in terms of
Drinfeld generators:

R+(z) =

→∏
m≥0

expq
(
(q−1 − q)zmx+

1,m ⊗ x−
1,−m

)
,

R−(z) =
←∏

m>0
expq−1

(
(q−1 − q)zmk−1

1 x−
1,m ⊗ x+

1,−mk1
)
,

R0(z) = exp

(
−(q − q−1)

∑
m>0

zm
m

[m]q(qm + q−m)
h1,m ⊗ h1,−m

)
.

Remark 4.3. In the formula4 given in [FH, Example 7.1], the products defining
R+(z) and R−(z) are not ordered as the ordering has no importance for the ex-
amples considered in that paper (indeed on the representation R1,1 there, the x+

m

4The sign in the q-exponential for R−(z) in [FH, Example 7.1] has to be changed as above.

Then, q−q−1 should be q−1−q in [FH, Example 7.8] (for L−
V (z) and tV (z, u)) and in [FH, Section

5.7] (for L−
V (z)). In the first line for the image of the transfer-matrix, −(q − q−1)2 should be

(q − q−1)2.
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and x−
m+1 act by 0 for m > 0). In general we have to use the ordering given above,

which is obtained from the convex ordering on affine roots

α < α+ δ < α+ 2δ < · · · < δ < 2δ < · · · < −α+ 2δ < −α+ δ.

For τ the twist we have

τ ◦Δ = R(u)ΔR−1(u)

and so the specializations of τ ◦ R(z) give morphisms of Uq(g)-modules.

4.2. Relations to known constructions. The main motivation for this work in
the theory of stable envelopes by Maulik-Okounkov [MO] (see the Introduction). In
the case of finite-dimensional fundamental representations V , W of a simply-laced
quantum affine algebra, it provides the geometric construction of maps

Stab±V,W (z) : V (z)⊗W → V (z)⊗W,

the chambers being defined from the quotient of spectral parameters (see Example
4.8). These maps depend on additional parameters (see the Introduction), and it
is expected, and proved in certain cases [OS, Section 2.3.3], that some choice of
these parameters, Stab±V,W (z) is obtained from R±(z) multiplied by a factor in

(Uq(h)
+ ⊗ Uq(h)

−)[[z]].
By analogy, we have the following for V , W in the category O such that W is

simple finite-dimensional (not necessarily fundamental). In particular, when the
statement above is established, the algebraic stable map SV,W (u) in this paper is

the Maulik-Okounkov stable map τ Stab+W,V τ , up to a factor which is a tensor
product of Cartan-Drinfeld elements.

Proposition 4.4. The multiplication by R+(u) (resp. by R−(u)) on V (u) ⊗ W
corresponds to the action of

τ ◦ SW,V (u
−1) ◦ τ (resp. R∞(SV,W (u))−1(R∞)−1).

Remark 4.5. The construction of R-matrices from the Cartan-Drinfeld subalgebra
might be seen as a reminiscent of the vertex algebra representations of quantum
affine algebras [FJ].

Proof. Let us explain it for R+(u) (this is analog for R−(u)). R+(u) is a product
of q-exponentials in the form described in Section 4.1. Hence for v ∈ V , w ∈ W
�-weight vectors, we get

(τ ◦ R+(u) ◦ τ ).(w ⊗ v) ∈ (w ⊗ v)
.

Moreover it is known [KT, End of Section 5] that R+(u) defines a morphism of
Uq(h)

+-modules as above

τ ◦ R+(u) : V (u)⊗d W → W ⊗ V (u).

Indeed, the Drinfeld coproduct is obtained from the usual coproduct by conjugation
by R+(u) [KT, Proposition 5.1] (see also [EKP] for more details).

Consequently
(τ ◦ R+(u) ◦ τ ).(w ⊗ v)

is an �-weight vector. Hence, by the uniqueness in Proposition 3.8, this implies

SW,V (u
−1) = τ ◦ R+(u) ◦ τ.

�
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Remark 4.6.

(i) The compatibility of R±(u) with the actions of Uq(h)
+ discussed in [KT]

was pointed out by A. Okounkov to the author as an answer to his question about
the seeming compatibility between stable maps and �-weight vectors (see Example
2.17).

(ii) Note that the statement of Proposition 4.4 does not make sense in general
in the category O as R+(z) cannot be applied to V ⊗W for general representations
V , W in this category O.

(iii) For g = ŝl2, in the case of a prefundamental representation V and a Kirillov-
Reshetikhin module W , a construction is discussed in [PSZ] in terms of equivariant
K-theory.

(iv) R∞ commutes with the twist τ .

It is well known the full R-matrix R(u) has a rational action up to a scalar. We
deduce Corollary 4.7 from our constructions.

Corollary 4.7. Let V , W be finite-dimensional representations of Uq(g). Then
R+(u) and R−(u) define rational operators on V (u)⊗W . The factor R0(u) defines
a rational operator up to a scalar factor.

Proof. The rationality of R±(u) follows from the rationality of the algebraic sta-
ble maps and from Proposition 4.4. As the universal R-matrix defines a rational
operator up to a scalar factor, we get the result for R0(u). �

Example 4.8. Let g = ŝl2, V � W � W1 fundamental representation. Then the
action of R+(u) (resp. of R−(u)) reduces to the action of

1 +
∑
m≥0

(q−1 − q)umx+
m ⊗ x−

−m (resp. of 1 +
∑
m>0

um(q−1 − q)k−1x−
m ⊗ x+

−mk).

In particular, in the basis (v0 ⊗ v1, v1 ⊗ v0), we have

R+(u) =

(
1 q−1−q

1−u

0 1

)
= τ ◦ SW,V (u

−1) ◦ τ,

R−(u) =

(
1 0

u(q−1−q)
1−u 1

)
= (SV,W (u))−1.

Note that the action of R∞ on the zero weight space of V (u)⊗W is the multipli-

cation by q(ω,ω) = q
1
2 .

We recover the computations in [OS, Section 7.1.7] in the case of X = T ∗P1

the cotangent bundle of P1 with the natural action of T = A× C∗ where A = C∗.
Indeed, the action of A is induced from the action on C2 and given by characters
denoted by u1, u2. The additional factor C∗ has a non-trivial action on the fibers
of T ∗P1 given by the character h. The fixed points in X are

XA = {p0 = [1 : 0], p1 = [0 : 1]}.
There are 2 chambers C± = {x ∈ R| ± u(x) > 0} ⊂ aR = R where u = u1/u2. Then

{p0} �C− {p1} et {p1} �C+
{p0}.

We have the basis [p0], [p1] of KT (X
A) over C(u, h

1
2 ). Using the inclusion XA ⊂ X

and the corresponding injection i : KT (X) ↪→ KT (X
A), we have a corresponding

basis in KT (X). In these basis, for a choice of a slope (see footnote 1 and [OS,
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Section 7.1.5] for details), we get the matrices in the basis of fixed points ([p1], [p0])

(here we set q = h− 1
2 ):

StabC+
=

(
q−1(u− q2) 0
u(q−1 − q) 1− u

)
=

(
q−1(u− q2) 0

0 1− u

)(
1 0

u(q−1−q)
1−u 1

)
,

StabC− =

(
u− 1 q−1 − q
0 q(q−2 − u)

)
=

(
u− 1 0
0 q(q−2 − u)

)(
1 q−1−q

u−1

0 1

)
.

The triangularity property can clearly be observed here. The diagonal factors
correspond to the renormalization of �-weight vectors (see below).

Example 4.9. Let us consider the tensor product L+
1 ⊗Wk with the notations of

the previous examples. Then the action on L+
1 (u)⊗Wk ofR+(u) (resp. (R−(u))−1)

reduces to

expq
(
(q−1 − q)x+

1,0 ⊗ x−
1,0

)
( resp. expq−1

(
(q − q−1)uk−1

1 x−
1,1 ⊗ x+

1,−1k1
)
).

So we get

R+(u).(zj ⊗ v′i) =
∑
λ≥0

(q−1 − q)λ(x+
0 )

λzj ⊗ (x−
0 )

λv′i

q
λ(λ−1)

2 [λ]q!

=
∑

0≤λ≤Min(j,k−i)

q2iλ+
λ(λ−1)

2

[λ]q!
zj−λ ⊗ v′i+λ

which matches the formula for τSWk,L
+
1
(u−1)τ in Example (3.13). The formula is

obtained from

(x+
0 )

λ.zj = zj−λ and (x−
0 )

λ.v′i = q2iλ+λ(λ−1)(q−1 − q)−λv′i+λ

as (x−
0 )

λ.vi = ([i+ 1]q · · · [i+ λ]q)([k − i]q · · · [k − (i+ λ− 1)]q)vi+λ.
Note that we have e0 = k−1x−

1,1 and f0 = x+
1,−1k and

fλ
0 .vj = qλ(k−2)vj−λ and eλ0z

′
i = qλ(i+1)+λ(λ+1)

2 (q−1 − q)−λz′i+λ.

As R∞.(z′i ⊗ vj) = qi(k−2j)z′i ⊗ vj and (R∞)−1z′i+λ ⊗ vj−λ = q(i+λ)(2j−2λ−k)z′i+λ ⊗
vj−λ, we get also

(R∞)−1(R−(u))−1R∞.(z′i ⊗ vj) =
∑

0≤λ≤j

uλ(q − q−1)λ(e0)
λz′i ⊗ (f0)

λvj

q
−λ(λ−1)

2 [λ]q!

=
∑

0≤λ≤j

(−u)λqλ(2j−i)−λ(1+λ)z′i+λ ⊗ vj−λ

[λ]q!
.

This matches the formula for SL+
1 ,Wk

(u) in Example 3.13.

5. R-matrices in the category O
In this section we give application of the results of the first sections in this paper

to the construction of new R-matrices in the category O (Theorem 5.12) and to
categorifications of remarkable relations (Theorem 5.16), the QQ∗-systems in the
Grothendieck ring K0(O).
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5.1. Braidings in the category O. We have reminded above that the category C
of finite-dimensional representations admits generic braidings. The commutativity
of the Grothendieck ring of the category O could indicate the category O has the
same property. However it is not the case. Moreover tensor products of simple
modules are not generically simple in the category O.

Example 5.1. For g = ŝl2, let us study the tensor product of prefundamental
representations L+

a ⊗L−
b . This representation is never simple. Indeed its character

is (
∑

r≥0[−rα])2 but the character of the simple representation of the same highest

�-weight is of the form
∑

0≤r≤R[−rα] where R ∈ N ∪+∞ (it can be realized a an

evaluation representation of a simple Uq(sl2)-module). Hence L+
1 (z) ⊗ L−

1 is not
generically simple.

In addition, tensor products do not generically commute.

Example 5.2. For g = ŝl2, L
+
1 (z)⊗L−

1 is not isomorphic to L−
1 ⊗L+

1 (z). This can
be proved as in [BJMST]. For completeness let us give an argument. Let a, b ∈ C∗

and consider a basis (wi)i≥0 (resp. (zi)i≥0) of L
−
b (resp. L+

a ) as above. Then the

kernel of the action of e1 on (L+
a ⊗L−

b )−α (resp. on (L−
b ⊗L+

a )−α) is generated by
u = z1 ⊗w0 − z0 ⊗w1 (resp. v = w1 ⊗ z0 −w0 ⊗ z1). As h1,1 = q−2e1e0 − e0e1, we

get that v is eigenvector of h1,1 of eigenvalue a−b
q−q−1 which is 0 if and only if a = b.

However

h1,1.u =
1

q − q−1
(z0 ⊗ w1(b(q

2 − 1− q−2) + a) + z1 ⊗ w0(a(−q2 − 1 + q−2) + b))).

And so u is an eigenvector if and only b(q2−1−q−2)+a)+(a(−q2−1+q−2)+b = 0,
that is a = b. And in this case, the eigenvalue is −a(q + q−1) which is non-zero. v
generates a submodule of L−

b ⊗L+
a of highest weight −α. But L+

a ⊗L−
b has no such

submodule if a �= b. In the case a = b, it has such a submodule, but not isomorphic
to the first one. We have proved that L+

a ⊗ L−
b is never isomorphic to L−

b ⊗ L+
a .

However that there are many examples of braidings in the category O. For
instance we have the following.

Theorem 5.3 ([FH]). Any tensor product of positive (resp. negative) prefunda-
mental representations L+

i,a (resp. L−
i,a) is simple.

As a direct consequence, for each i, j ∈ I, there are isomorphisms

L+
i,1(z)⊗ L+

j,1 � L+
j,1 ⊗ L+

i,1(z),

L−
i,1(z)⊗ L−

j,1 � L−
j,1 ⊗ L−

i,1(z).

Note also that the universal R-matrixR(z) can be generically specialized on a tensor
product V ⊗W of a simple finite-dimensional representation V by a representation
W in the category O. This leads to non-zero morphisms RV,W (z) : V (z) ⊗W →
W ⊗ V (z) as in the case of finite-dimensional representations. Although R(z) can
not be specialized directly on W ⊗ V (z), we can apply (R(z))−1 ◦ τ on W ⊗ V (z)
to get the inverse. So we get an isomorphism. We can also consider as above the
associated specialization RV,W which is not invertible in general.

Example 5.4. For g = ŝl2 we may consider the case of V = L(Y1,aq) fundamental
representation of dimension 2 and W = L−

1,a prefundamental representation. Then
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RV,W has simple image and kernel isomorphic respectively to L−
1,aq−2 ⊗ [ω1] and

L−
1,aq2 ⊗ [−ω1]. This leads to an exact sequence

0 → L−
1,aq2 ⊗ [−ω1] → L(Y1,aq)⊗ L−

1,a → L−
1,aq−2 ⊗ [ω1] → 0

which is a categorification of the Baxter’s QT -relation in K0(O) (see [FH, Remark
4.10]):

[L(Y1,aq)][L
−
1,a] = [L−

1,aq−2 ][ω1] + [L−
1,aq2 ][−ω1].

For general types, there are various generalizations of the Baxter’s QT -relation,
such as the generalized Baxter’s relations [FR,FH] or the QQ∗-systems considered
in [HL, Section 6.1.3, Example 7.8] from the point of view of cluster algebras (they
are obtained as cluster mutation relations, see [L] for a general point of view).
They involve the simple representation W = L−

i,qr and the simple representation

L∗
i,a = L(Yi,aqi

∏
j,Cj,i<0Ψj,aq

Cj,i
j

) which is not finite-dimensional (except in the

sl2-case). The relation reads

(5.12) [L∗
i,a][L

−
i,a] = [ωi]

∏
j,Cj,i �=0

[
L−
j,aq

Cj,i
j

]
+ [ωi − αi]

∏
j,Bj,i �=0

[
L−
j,aq

−Cj,i
j

]
.

Note that the QQ∗-systems are important not only from the cluster algebras point
of view, but they also lead to the Bethe Ansatz equations [FJMM].

This a motivation to construct R-matrices in a more general situation (see Sec-
tion 5.5). The relevant framework seems to be the monoidal subcategory O− of the
category O defined in [HL].

Definition 5.5 ([HL]). The category O− is the full subcategory of representations
in the category O whose image in K0(O) is in the subring generated by finite-
dimensional representations and the prefundamental representations L−

i,a, i ∈ I,
a ∈ C∗.

The generalized Baxter’s relations as well as the QQ∗-systems hold in the Groth-
endieck ringK0(O−). Moreover this ring has nice properties in the context of cluster
algebras (see [HL,Bi]).

5.2. R-matrices by stable maps. We would like to know how to construct braid-
ings when the universal R-matrix cannot be directly specialized. To attack this
problem, mimicking the approach of Maulik-Okounkov, the algebraic stable maps
give a natural path.

Let V , W be simple representations in the category O. Then the space V ⊗W
has a structure of Uq(h

+)-module from the Hopf-algebra structure of Uq(b). But it
has also another Uq(h

+)-module structure obtained from the Drinfeld coproduct5

Δd : Uq(h
+) → Uq(h

+)⊗ Uq(h
+)

defined by

(5.13) Δd(hi,r) = hi,r ⊗ 1 + 1⊗ hi,r,Δd(ki) = ki ⊗ ki.

Let us denote by V ⊗d W the corresponding Uq(h
+)-module. Similarly, we can

define a representation V (u)⊗d W .

5In simply-laced case, a geometric approach to the Drinfeld coproduct is proposed in [VV].
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Remark 5.6. Recall the filtration of V ⊗ W by Uq(h)
+-submodules associated to

the partial ordering � in the proof of Proposition 3.6. Then the Uq(h)
+-module

V ⊗d W is isomorphic to the graded module associated to this filtration.

Let α(u) be an automorphism of the Uq(h)
+-module V (u) ⊗d W and consider

the composition

V (u)⊗W

S−1
V,W (u)

��

Iα
V,W (u)

�� W ⊗ V (u)

V (u)⊗d W
τ◦α(u)�� W ⊗d V (u),

SW,V (u−1)

��

where τ is the twist. We get a linear isomorphism

IαV,W (u) : V (u)⊗W → W ⊗ V (u).

These are candidates for R-matrices in the category O, but we have to make good
choices for α(u).

To illustrate this, consider V , W simple finite-dimensional representations of the
full quantum affine algebra Uq(g). Recall that by Corollary 4.7, the action of R0(u)
on V (u)⊗W is rational up to a scalar factor which is the eigenvalue of the tensor
product of highest weight vectors. We will work with the rational part that we

denote by R0
(u) (it depends on V and W , there is a slight abuse of notation). We

get a diagram

V (u)⊗W

(R∞)−1R−(u)R∞

��

Iα
V,W (u)

�� W ⊗ V (u)

V (u)⊗W
τ◦R0

(u)R∞
�� W ⊗ V (u).

τ◦R+(u)◦τ

��

The composition is equal up to a scalar to

SW,V (u
−1)τR0

V,W (u)R∞S−1
V,W (u) = τR+(u)ττR0

(u)R−(u)R∞.

It coincides with the action of τR(u) up to a scalar and so it is an isomorphism of
Uq(g)-modules.

Example 5.7. We continue Example 4.8. In the same basis, the matrix of R0(u)
is ⎛⎝exp

(∑
m>0

um(qm−q−m)q−2m

m(qm+q−m)

)
0

0 exp
(∑

m>0
um(qm−q−m)q2m

m(qm+q−m)

)⎞⎠
= exp

(∑
m>0

um(qm − q−m)q2m

m(qm + q−m)

)(
(1−uq2)(1−uq−2)

(1−u)2 0

0 1

)
.

So for the R-matrix R(u) = R+(u)R0(u)R−(u)R∞ we recover the well-known
matrix up to a scalar factor: (

q−1(u−1)
u−q−2

1−q−2

u−q−2

u(1−q−2)
u−q−2

q−1(u−1)
u−q−2

)
.
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5.3. Morphism for the Cartan-Drinfeld subalgebra. Consider V and W sim-
ple modules in the category O. Recall the category O− in Definition 5.5.

The statement of Proposition 2.14 is also true for simple representations in the
category O−. Indeed, the proof relies on the property (2.8) of �-weights of simple
finite-dimensional representations which is also satisfied for simple representations
in the category O− [HL, Section 7.2]. Consequently, the statement of Proposition
3.8 (uniqueness of �-weight vectors) is also satisfied.

Proposition 5.8. Suppose that one of the simple representations V or W is finite-
dimensional, or more generally in the category O−. Then

SV,W (u) : V (u)⊗d W → V (u)⊗W

is an isomorphism of Uq(h
+)-modules.

Proof. Let v ⊗ w ∈ VΨ ⊗WΨ′ . Then

v ⊗ w ∈ V (u)⊗d W

and

SV,W (u)(v ⊗ w) ∈ V (u)⊗W

are �-weight vectors of �-weight Ψ(u)Ψ′. Then SV,W (u) defines a linear isomor-
phism

SV,W (u) : (VΨ(u)⊗WΨ′) = (V (u)⊗d W )Ψ(u)Ψ′ → (V (u)⊗W )Ψ(u)Ψ′

between the corresponding �-weight spaces. Now it follows from the coproduct
formula (2.9) that for any i ∈ I, m > 0, we have

(hi,m.SV,W (u)− SV,W (u).hi,m)(v ⊗ w) ∈ (v ⊗ w)≺ ∩ (V (u)⊗W )Ψ(u)Ψ′ .

But from the hypothesis, this intersection is zero as in the proof of Proposition 3.8.
Hence the result. �

It implies that Snorm
V,W is a non-zero morphism of Uq(h

+)-modules.

As another consequence, IαV,W (u) is an isomorphism of Uq(h)
+-modules if V or

W is in the category O−, for any α as in the previous section. In particular, for
α = Id and IV,W (u) = IIdV,W (u), we get the following.

Theorem 5.9. Suppose one of the simple representations V or W is in the category
O−. We get an isomorphism of Uq(h

+)-modules

(5.14) V (u)⊗W

S−1
V,W (u)

��

IV,W (u) �� W ⊗ V (u)

V (u)⊗d W
τ �� W ⊗d V (u).

SW,V (u−1)

��

Remark 5.10. As discussed above, the map IV,W (u) may have poles.

Example 5.11. Although they are not isomorphic as Uq(b)-modules (see Example
5.2), Li,1(z)

+ ⊗ L−
j,1 and L−

j,1 ⊗ Li,1(z)
+ are isomorphic as Uq(h)

+-modules.
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5.4. Braidings in the category O−. The following result is one of the main
applications of the constructions in this paper.

Theorem 5.12. For V and W simple representations in the category O−, there is
α(u) automorphism of the Uq(h)

+-module V (u)⊗d W so that

IαV,W (u) : V (u)⊗W → W ⊗ V (u)

is an isomorphism of Uq(b)-modules.

Proof. Let us recall each simple module L(Ψ) in the category O−, there is a se-
quence of finite-dimensional modules constructed in [HL, Section 7.2] whose q-
characters converge to χq(L(Ψ)), up to a normalization, see [HL, Theorem 7.1]
(in the case when L(Ψ) is a prefundamental representation, it is a sequence of
Kirillov-Reshetikhin modules considered in [HJ, Section 4.1]). Consider the se-
quences Vk = L(Nk), Wk = L(Mk) associated respectively to V , W . Then for
l ≥ k we get as in [HJ, Section 4.2] an injective linear morphism

Fl,k : Wk → Wl.

It is obtained as the composition of the surjective morphism

Wk ⊗ L(MlM
−1
k ) → Wl

by the embedding

Wk → Wk ⊗ vl−k,

where vl−k is a fixed highest weight vector of L(MlM
−1
k ). As established in [HJ],

Fl,k is compatible with the x+
i,m and satisfies for any j ∈ I:

φ+
j (z) ◦ Fl,k = (MlM

−1
k )(φ+

j (z))× (Fl,k ◦ φ+
j (z)),

where we remind that the scalar (MlM
−1
k )(φ+

j (z)) ∈ C((z)) is the eigenvalue of

φ+
j (z) on an �-weight vector of corresponding monomial MlM

−1
k .

In the same way, we have injective linear morphisms F ′
l,k : Vk → Vl for l ≥ k,

with the same properties.
Now, for l ≥ k again, we have an injective linear morphism

Gl,k : Vk ⊗Wk → Vl ⊗Wl

obtained as a composition

L(Nk)⊗ L(Mk) → L(Nk)⊗ L(Mk)⊗ L(Nl/Nk)⊗ L(Ml/Mk)

→ L(Nk)⊗ L(Nl/Nk)⊗ L(Mk)⊗ L(Ml/Mk) → L(Nl)⊗ L(Ml).

The first arrow is constructed as above by using a highest weight vector of L(Nl/Nk)
⊗L(Ml/Mk). The last two arrows are morphisms of representations (which exist as
L(Mk)⊗L(Nl/Nk), L(Nk)⊗L(Nl/Nk) and L(Mk)⊗L(Ml/Mk) are cyclic). Then
Gl,k has properties analogous to Fl,k. In the same way, we have

G′
l,k : Wk ⊗ Vk → Wl ⊗ Vl,

and corresponding deformations Gl,k(u), G
′
l,k(u), Fl,k(u). These maps commute

with φ+
j (z) up to a scalar multiple, this is enough to characterize the algebraic

stable maps

SWk,Vk
(u) : Wk ⊗d Vk(u) → Wk ⊗ Vk(u)
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which are constructed from the action of the Cartan-Drinfeld subalgebra. Then for
l ≥ k, we have

Gl,k(u) ◦ SWk,Vk
(u) = SWl,Vl

(u) ◦ (Fl,k ⊗ F ′
l,k(u)).

Precisely, both maps send a tensor product of �-weight vectors to the projection
on the corresponding �-weight space in Wl ⊗ Vl(u). This means that SWk,Vk

(u) is
stationary when k → +∞ (this can be already observed in examples for the sl2-case
in Section 3.3).

Now, we have an isomorphism of finite-dimensional representations

Rk(u) : Vk(u)⊗Wk → Wk ⊗ Vk(u).

We establish by induction on the height of a weight space that for l ≥ k we have

Rl(u) ◦Gl,k(u) = G′
l,k(u) ◦ Rk(u).

Indeed, we remind that there are no primitive vectors in Wk ⊗Vk(u) which are not
highest weight vectors and we observe the following, for i ∈ I, m ∈ Z:

x+
i,mRl(u)Gl,k(u) = Rl(u)Gl,k(u)x

+
i,m = G′

l,k(u)Rk(u)x
+
i,m = x+

i,mG′
l,k(u)Rk(u).

Hence we obtain stationary operators

S−1
Wk,Vk

(u−1) ◦ Rk(u) ◦ SVk,Wk
(u) : Vk(u)⊗d Wk → Wk ⊗d Vk(u)

with a well-defined limit

α(u) : V (u)⊗d W → W ⊗d V (u)

(which can be computed explicitly from the abelian part R0 of the universal R-
matrix). By construction, the corresponding composition IαV,W (u) is a morphism
of representations. This implies the result. �
Remark 5.13. One can make explicit the fact that IαV,W (u) is a morphism of rep-
resentations. As the Borel algebra is generated by its intersection with the asymp-
totical algebra Ũq(g) of [HJ] and by the Cartan subalgebra, it suffices to consider g
in this intersection. Then for v ∈ V ⊗W we have

g.v = Limk→∞G∞,kg.G
−1
∞,kv.

Besides, one has IαV,WG∞,k = G′
∞,kRk on each weight space for k large enough.

Hence

g.(IαV,W .v) = lim
k→∞

G′
∞,kg(G

′
∞,k)

−1IαV,W v = lim
k→∞

G′
∞,kgRk(u)G

−1
∞,kv

= lim
k→∞

G′
∞,kRk(u)gG

−1
∞,kv = lim

k→∞
IαV,W (G∞,kgG

−1
∞,kv) = IαV,W (g.v).

Remark 5.14. There are counter-examples when the representations are not in the
categoryO−: the fact thatR0(u) converges does not imply that we get a morphism.
For example in the sl2-case consider the limit when k → +∞ of algebraic stable
maps on L+

1 (u)⊗Wk where Wk converges to L−
1 (u). We can use

R0(u) = exp

(
−(q − q−1)

∑
m>0

um m

[m]q(qm + q−m)
h1,m ⊗ h1,−m

)
.

Each operator h1,m has a scalar action Id
m(q−1−q) on L+

1 . Hence we get the operator

Id⊗ exp

(∑
m>0

um

[m]q(qm + q−m)
h1,−m

)
.
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The space Wk has a basis (vj)0≤j≤m of eigenvectors of φ−(z) with eigenvalue

q2j−k (1− q2kz−1)(1− q−2z−1)

(1− q2j−2z−1)(1− q2jz−1)
,

and so the eigenvalue of (q−1 − q)h1,−m on vj is q2(j−1)m + q2jm − q2km − q−2m.
Then L+

1 (u)⊗ vj is an eigenspace of R0(u) with eigenvalue

exp

(∑
m>0

um

q2m + q−2m
(−q2(j−1)m − q2jm + q2km + q−2m)

)
.

So if we set

α(k) = exp

(∑
m>0

um

q2m − q−2m
q2km

)
,

the action of the operator α(k)R0(u) does not depend on k. This gives a well-
defined automorphism of the Uq(h)

+-module L+
1 (u)⊗d L

−
1 .

Remark 5.15. It should also be possible to derive from [HL, Theorem 7.6] that a
tensor product of simple representations in the category O− is generically simple.
Our result gives in addition a construction of corresponding braidings as well as a
factorization of these braidings using algebraic stable maps.

We will denote the R-matrix we have constructed by IαV,W (u) = RV,W (u). As

above, we can consider the first term in the development in u− 1 (see also Section
3.4). We get a non-zero morphism in the category O:

RV,W : V ⊗W → W ⊗ V

which is not invertible in general.

5.5. Example: Braidings and QQ∗-systems. We have seen in Example 5.4 that
in the sl2-case the Baxter’s QT-relation can be categorified using a normalized R-
matrix. As an application of the above result, we obtain also categorified versions
of the QQ∗-systems for general types (see Section 5.1 and Equation (5.12)).

Theorem 5.16. The specialized R-matrix

RL∗
i,a,L

−
i,a

: L∗
i,a(u)⊗ L−

i,a → L−
i,a ⊗ L∗

i,a(u)

is non invertible and gives a non-splitted exact sequence

0 → [ωi − αi]
⊗

j,Bj,i �=0

L−
j,aq

−Cj,i
j

→ L∗
i,a ⊗ L−

i,a → [ωi]
⊗

j,Cj,i �=0

L−
j,aq

Cj,i
j

→ 0

which categorifies the QQ∗-system (5.12).

Proof. From the QQ∗-system and Theorem 5.3, the tensor product L∗
i,a ⊗ L−

i,a is
of length 2. Hence the image of the specialized braiding RL∗

i,a,L
−
i,a

is simple or

isomorphic to Li,a ⊗ L∗
i,a.

Let Ψ be the highest �-weight of L∗
i,a ⊗ L−

i,a. We will also discuss the following
�-weights:

Ψ′ = ΨA−1
i,a ,Ψ

′′ = ΨA−1
i,aq2i

,Ψ′′′ = Ψ′A−1
i,a ,

where the Ai,a are defined as in Section 2.4. By the analysis in [HL, Section
6.1.3, 7.2], these are �-weights of L∗

i,a ⊗ L−
i,a of corresponding �-weight spaces of
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dimension 1. The two simple constituents of the tensor product are L(Ψ) and
L(Ψ′). The �-weights Ψ′′ and Ψ′′′ are �-weights of L(Ψ) only.

Consider the representation L−
i,a ⊗ L∗

i,a. Let wi,a be an highest weight vector of

L∗
i,a and v′i,a a weight vector of L−

i,a of weight −αi. From Theorem 2.16, we get

Snorm
L−

i,a,L
∗
i,a

(v′i,a ⊗ wi,a) = v′i,a ⊗ wi,a

which generates the �-weight space associated to Ψ′. But

x+
i,0.(v

′
i,a ⊗ wi,a) = (x+

i,0.v
′
i,a)⊗ wi,a �= 0.

Hence, such a vector is not of highest �-weight. This implies that L−
i,a ⊗ L∗

i,a is
cocyclic, that is the submodule generated by a tensor product of highest weight
vectors is simple.

Consider now the representation L∗
i,a ⊗ L−

i,a. Let vi,a be a highest weight vector

of L−
i,a and w′

i,a a weight vector of L∗
i,a of weight −αi. As above,

Snorm
L∗

i,a,L
−
i,a

(w′
i,a ⊗ vi,a) = w′

i,a ⊗ vi,a,

Snorm
L∗

i,a,L
−
i,a

(v′i,a ⊗ v′i,a) = w′
i,a ⊗ v′i,a,

which generate the �-weight spaces associated respectively to Ψ′′ and Ψ′′′

(note however that it would be more complicated for the �-weight associated to
Ψ′′′A−2

i,aq−2
i

). But x+
i,0(w

′
i,a ⊗ v′i,a) /∈ C.w′

i,a ⊗ vi,a. Hence L∗
i,a ⊗L−

i,a is not cocyclic,

but cyclic, that is generated by a tensor product of highest weight vectors.
We can conclude: the two representations are not isomorphic, the image of

RL∗
i,a,L

−
i,a

is simple isomorphic to L(Ψ). �

6. Further directions

In this section we discuss various possible further developments of the results in
this paper.

Polynomiality. A polynomiality property of the action of Cartan-Drinfeld ele-
ments was established in [FH, Theorem 5.17]: the action of a certain family of
Cartan-Drinfeld current Ti(z), which characterize the action of the Cartan-Drinfeld
algebra Uq(h)

+, acts polynomially on any tensor product W of simple-finite dimen-
sional modules. The relation to the polynomiality of the algebraic stable maps
SL+

i,1,W
(u), SW,L+

i,1
(u) observed in the sl2-case (Section 3.3) has to be understood.

Baxter algebra and geometry. One of the main application of the theory of
Maulik-Okounkov is the relation to the action of the Baxter subalgebra and to its
eigenvectors [MO]. The Baxter subalgebra is generated by coefficients of transfer-
matrices and can be seen as a deformation of the Cartan-Drinfeld subalgebra
Uq(h)

+. A natural question is to study in this context the relation between �-
weight vectors and eigenvectors of the Baxter algebra. More generally, a geometric
framework for the result of the present paper has to be developed, as for exam-
ple the results obtained in [PSZ] for the prefundamental representations in type
A. We hope our results give additional practical tools to handle the corresponding
geometric structures. The case of non symmetric cases is open as well.
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Fusion product. A fusion product ∗ was defined in [H1] for finite-dimensional
modules of highest �-weight from a specialization of the Drinfeld coproduct. It
would be interesting to understand how algebraic stable maps behave relatively
to this structure, for instance to determine if SV,W : V ∗ W → V ⊗ W defines a
morphism.

Generalized Schur-Weyl dualities. Kang-Kashiwara-Kim defined in [KKK]
generalized Schur-Weyl dualities as functors from categories of representations of
quiver Hecke-algebras (Khovanov-Lauda-Rouquier algebras) to categories of finite-
dimensional representations of quantum affine algebras, generalizing previous re-
sults of Chari-Pressley [CP2] obtained in type A. This leads to very interesting
equivalences of categories. The construction of the generalized Schur-Weyl func-
tors is based on certain bimodules obtained from the braidings in the category C
of finite-dimensional representations. The braidings constructed in this paper for
the category O− (Theorem 5.12) should lead to an extension of the construction of
[KKK] and to possible equivalences between subcategories of the category C and of
the category O−, explaining seemly analogous structures.

Tensor products and basis of �-weight vectors. Using the framework of the
present paper, one can define algebraic stable maps SV1,V2,...,VN

on tensor products
of more than 2 factors V1⊗V2⊗· · ·⊗VN as well as the corresponding deformations

SV1,V2,...,VN
(u1, . . . , uN ).

For i < j, we have the algebraic stable map SVi,Vj
(ui, uj). After tensoring with

identity maps, it gives an operator

S
(i,j)
V1,V2,...,VN

(ui, uj).

We conjecture that the composition of such operators is equal to SV1,V2,...,VN
(u1, . . . ,

uN ).
Besides, for a family of simple modules V1, . . . , VN endowed with a basis of

�-weight vectors, the algebraic stable map SV1,V2,...,VN
gives such a basis of �-weight

vectors of the tensor product V1⊗· · ·⊗VN . For example, one may consider a family
of thin (that is with one dimensional �-weight subspaces) fundamental modules.
We get a natural basis of �-weight vectors in the corresponding standard module,
that is the tensor product of the fundamental modules. In types A,B,C,G2, all
fundamental modules are thin, and so we get a basis of all standard modules. More
generally, an arbitrary simple module is a subquotient of such a standard module
(except in type E8 by [FH, Proposition 7.3]). We intend to study if such bases of
standard modules descend to simple modules and how such bases behave relatively
to tensor products.
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