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DERIVED EQUIVALENCES AND EQUIVARIANT

JORDAN DECOMPOSITION

LUCAS RUHSTORFER

Abstract. The Bonnafé–Rouquier equivalence can be seen as a modular ana-
logue of Lusztig’s Jordan decomposition for groups of Lie type. In this paper,
we show that this equivalence can be lifted to include automorphisms of the
finite group of Lie type. Moreover, we prove the existence of a local version of
this equivalence which satisfies similar properties.

Introduction

Groups of Lie type and automorphisms. Establishing a conjecture by Broué,
Bonnafé–Rouquier [BR03] and later Bonnafé–Dat–Rouquier [BDR17] provided a
Morita equivalence for blocks of groups of Lie type. This equivalence can be seen
as a first step towards a Jordan decomposition for blocks of groups of Lie type and
has proved to be extremely useful in the representation theory of finite groups of
Lie type. For instance, this equivalence was a crucial ingredient in the verification
of one direction of Brauer’s height zero conjecture by Kessar–Malle [KM13]. On
the other hand, many open questions in the representation theory of finite groups
are concerned with the action of automorphisms on representations. Our main
objective in this article is therefore to extend the results of Bonnafé–Rouquier
to include automorphisms of groups of Lie type. More specifically, we want to
lift the Bonnafé–Rouquier equivalence to a suitable overgroup which induces all
automorphisms of our finite group of Lie type.

Representation theory of groups of Lie type. In order to make these state-
ments more precise we first need to introduce the necessary notation. For this let
G be a simple algebraic group, of simply connected type with Frobenius endomor-
phism F : G → G defining an Fq-structure on G. Fix a prime � coprime to q
and let (O,K, k) be an �-modular system as in Section 1.1. Suppose that (G∗, F ∗)
is a group in duality with (G, F ) and fix a semisimple element s ∈ (G∗)F

∗
of

�′-order. We denote by eG
F

s ∈ Z(OGF ) the central idempotent associated to the
(G∗)F

∗
-conjugacy class of s as in Broué–Michel [BM89]. Suppose that L∗ is the

minimal F ∗-stable Levi subgroup of G∗ containing C(G∗)F∗ (s)C◦
G∗(s). Let P be a
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parabolic subgroup of G with Levi decomposition P = L�U. Then the associated
Deligne–Lusztig variety

YG
U = {gU ∈ G/U | g−1F (g) ∈ UF (U)}

has a left GF - and a right LF -action. Its �-adic cohomology groups Hi
c(Y

G
U ,O) can

therefore be considered as ΛGF -ΛLF -bimodules. Then Theorem A was proved in
[BDR17]:

Theorem A (Bonnafé–Dat–Rouquier). Let L∗ be an F ∗-stable Levi subgroup of

G∗ containing C◦
G∗(s) C(G∗)F∗ (s). Then the complex C = GΓc(Y

G
U ,O)redeL

F

s

of OGF eG
F

s -OLF eL
F

s bimodules induces a splendid Rickard equivalence between

OGF eG
F

s and OLF eL
F

s . The bimodule Hdim(YG
U )(C) induces a Morita equivalence

between OGF eG
F

s and OLF eL
F

s .

Assume now (for the sake of exposition) that G is not of type D4 and let ι :

G ↪→ G̃ be a regular embedding. Using the classification of automorphisms of finite
simple groups of Lie type we prove the existence of bijective morphisms F0 : G̃ → G̃
and σ : G̃ → G̃ stabilizing a Levi subgroup L of G in duality with L∗ and such
that the image of G̃F � A, where A := 〈σ|G̃F , F0|G̃F 〉, generates the stabilizer of

eG
F

s in Out(GF ). Moreover, these bijective morphisms commute with each other
and the Frobenius endomorphism F is an integral power of F0. Using this explicit
description of automorphisms we can prove Theorem B:

Theorem B (See Theorem 5.8). Assume that the order of σ : GF → GF is coprime

to �. Then H
dim(YG

U )
c (YG

U ,O)eL
F

s extends to an O[(GF × (LF )opp)Δ(A)]-module

M . Moreover, the bimodule M̃ := Ind
G̃FA×(L̃FA)opp

(GF×(LF )opp)Δ(A)
(M) induces a Morita equiv-

alence between OL̃FAeL
F

s and OG̃FAeG
F

s .

One of the main results of [BDR17] is that the Morita equivalence in Theorem
A does not depend on the choice of the parabolic subgroup P. This shows that

the bimodule H
dim(YG

U)
c (YG

U ,O)eL
F

s is Δ(A)-invariant. However, this does not im-
ply that the Morita bimodule extends to Δ(A) since A might not be cyclic. To
remedy this problem we use a certain idea introduced by Digne [Dig99] in the con-
text of restriction of scalars for Deligne–Lusztig varieties. This allows us to show

that the module H
dim(YG

U)
c (YG

U ,Λ)eL
F

s can be endowed with a natural diagonal
action of the automorphism F0|G̃F . Using this we can show using the aforemen-
tioned independence result that the so-obtained bimodule is still invariant under
the automorphism σ. Once we have proved this, Theorem B is then a consequence
of general results on Clifford theory of Morita equivalences. This result gives us
the following strong compatibility of the Bonnafé–Rouquier equivalence with group
automorphisms:

Corollary C. In the situation of Theorem B we have the following commutative
square of Grothendieck groups:
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G0(OL̃FAeL
F

s ) G0(OG̃FAeG
F

s )

G0(OLF eL
F

s ) G0(OGF eG
F

s )

ResG̃
FA

GF

[M̃ ⊗−]

(−1)dim(YG
U)RG

L

ResL̃
FA

LF

Local equivalences. Many local-global conjectures, like the Alperin–McKay con-
jecture and the Alperin weight conjecture relate certain representations of a finite
group to certain data of its local subgroups. Therefore, it is desirable to have a
similar statement as Theorem B for local subgroups, i.e. normalizers of non-trivial
�-subgroups.

Let b be a block corresponding to the block c under the Morita equivalence

induced by H
dim(YG

U )
c (YG

U ,O)eL
F

s . Then the blocks b and c have a common de-
fect group D contained in LF , see Theorem 1.3. We denote by BD the Brauer
correspondent of b and by CD the Brauer correspondent of c. In addition, we

let B′
D = Tr

NG̃F A(D)

NG̃F A(D,BD)(BD) and C ′
D = Tr

NL̃F A(D)

NL̃F A(D,CD)(CD) be the corresponding

central idempotents of NG̃FA(D) and NL̃FA(D).

Theorem D (See Theorem 5.11). Suppose that the assumptions of Theorem B

are satisfied. Then the cohomology module Hdim
c (Y

NG(D)
CU(D) ,O)CD extends to an

O[(NGF (D) × NLF (D)opp)Δ(NL̃FA(D,CD))]-module MD. In particular, the bi-
module

Ind
NG̃F A(D)×NL̃F A(D)opp

(NGF (D)×NLF (D)opp)ΔNL̃F A(D,CD)(MD)

induces a Morita equivalence between ONG̃FA(D)B′
D and ONL̃FA(D)C ′

D.

To prove this theorem, we first use the fact that the complex C from Theorem

A induces a splendid Rickard equivalence between OGF eG
F

s and OLF eL
F

s . Using

a theorem of Puig, we can deduce from this that the bimodule Hdim
c (Y

NG(Q)
CU(Q) ,O)

induces a Morita equivalence between ONGF (D)BD and ONLF (D)CD. We then
generalize the proof of Theorem B to the local situation to again extend this bi-
module. An additional difficulty here is that we have to work in the non-connected
reductive group NG(D).

Applications to local global conjectures. In a second paper we use the strong
equivariance properties obtained in Theorem B and Theorem D to reduce the ver-
ification of the inductive Alperin–McKay condition to quasi-isolated blocks, see
[Ruh22] for an exact statement. Quasi-isolated semisimple elements for reductive
groups G have been classified by Bonnafé [Bon05] and are better understood by
fundamental work of Cabanes–Enguehard and recent work of Kessar–Malle, see
[KM13]. Our hope is therefore that the strong equivariance of the Bonnafé–Dat–
Rouquier equivalence established in this paper will provide a method for verifying
the inductive conditions for the Alperin–McKay and related local-global conjec-
tures.
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Summary of contents

In Section 1 we introduce the necessary material from the representation theory
of finite groups. We discuss categorical equivalences between blocks of group alge-
bras such as Morita equivalences and (splendid) Rickard equivalences. Afterwards
we discuss the Clifford theory of these equivalences based on the work by Marcus
[Mar96]. In particular, we explain how a splendid Rickard equivalence induces a
derived equivalence on the level of normalizers of suitable �-subgroups. These gen-
eral results will provide the means for lifting the explicit equivalences in the later
sections.

In Section 2 we discuss the Deligne–Lusztig theory for groups of Lie type. We
recall how this framework generalizes to disconnected reductive groups. These
groups appear naturally in the study of automorphisms of groups of Lie type.
Moreover, we give a summary of the main results of Bonnafé, Dat and Rouquier
[BDR17]. Section 3 is then devoted to generalizing some of the results of [BDR17]
to disconnected reductive groups. In particular, we extend the Bonafé–Rouquier
equivalence to certain disconnected groups and normalizers of �-subgroups.

After this, we discuss in Section 4 the structure of automorphisms of simple
groups of Lie type and their interplay with the Bonnafé–Rouquier equivalence. In
Section 5 we recall the results of Digne [Dig99] on descent of scalars for algebraic
groups and show how these results can be applied to our situation. This uses the
explicit description of automorphisms developed in Section 4. Combining this with
the results obtained in Section 3 we are then able to prove our main theorems from
the introduction.

1. Representation theory

In this chapter we introduce the necessary background material from the repre-
sentation theory of finite groups. We give a brief overview on various categorical
equivalences of module categories associated to finite groups. Subsequently, we
discuss the Clifford theory of these equivalences.

1.1. Modular representation theory. Let � be a prime and K be a finite field
extension of Q�. We say that K is large enough for a finite group G if K contains
all roots of unity whose order divides the exponent of the group G. In the following,
K denotes a field which we assume to be large enough for the finite groups under
consideration. We denote by O the ring of integers ofK over Z� and by k = O/J(O)
its residue field. We will use Λ to interchangeably denote O or k.

Let A be a Λ-algebra, finitely generated and projective as a Λ-module. We
denote by Aopp its opposite algebra. Moreover, we mean by A-mod the category of
left A-modules that are finitely generated as Λ-modules. We denote by G0(A) the
Grothendieck group of the category A-mod, see [Ben98, Section 5.1].

1.2. Module categories. Let A be an abelian category. We denote by Compb(A)

the category of bounded complexes of A and by Hob(A) its homotopy category. In
addition, Db(A) denotes the bounded derived category of A. When A = A-mod

we abbreviate Compb(A), Hob(A) and Db(A) by Compb(A), Hob(A) and Db(A)
respectively.

For C ∈ Compb(A) there exists (see for instance [BDR17, 2.A.]) a complex Cred,

unique up to isomorphism, with C ∼= Cred in Hob(A) such that Cred has no non-zero
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direct summand which is homotopy equivalent to 0. Moreover, C ∼= Cred⊕C0 with
H•(C0) ∼= 0.

Let A-proj denote the full subcategory of A-mod consisting of all projective A-
modules. We then denote by A-perf the full subcategory of Db(A) consisting of

complexes quasi-isomorphic to complexes of Compb(A-proj).
Let H and G be finite groups and let C be a complex of ΛG-ΛH-bimodules.

We call such a complex biprojective whenever it is projective when viewed as a
complex of ΛG-modules and ΛH-modules. In addition, we write C∨ for the com-
plex HomΛG(C,ΛG) viewed as a complex of ΛH-ΛG-bimodules. Let Λ denote
the trivial ΛG-ΛH-bimodule. As explained in [Ric96, Section 2.1] the functors
HomΛ(−,Λ) and HomΛG(−,ΛG) are isomorphic and thus we have an isomorphism
C∨ ∼= HomΛ(C,Λ). Moreover, if X is another complex of ΛG-ΛH modules then
[Bro94, 3.A.] implies that we have a natural morphism

C∨ ⊗ΛG X → HomΛG(C,X)

of complexes of ΛH-ΛH-modules. By [Bro94, 3.A.] this is an isomorphism whenever
C is projective as ΛH-module.

Let σ : G → G be an automorphism of a finite group G and H a subgroup of G.
Then σ induces an exact functor −σ : Λ[σH]-mod → Λ[H]-mod.

1.3. The Brauer functor. Let G be a finite group and Q an �-subgroup of G. For
a ΛG-module M we let MQ denote the subset of Q-fixed points of M . We consider
the Brauer functor

BrGQ : ΛG-mod → kNG(Q)/Q-mod

which for a ΛG-module M is given by

BrGQ(M) = k ⊗Λ (MQ/
∑
P<Q

TrQP (M
P )),

where TrQP : MP → MQ, m 	→
∑

g∈Q/P gm is the relative trace map on M .

Let f : M1 → M2 be a morphism of ΛG-modules. Then f restricts to a mor-

phism f : MQ
1 → MQ

2 of ΛNG(Q)-modules. One readily checks that f maps∑
P<Q TrQP (M

P
1 ) to

∑
P<QTrQP (M

P
2 ) and we hence obtain by taking quotients a

morphism BrQ(f) : BrQ(M1) → BrQ(M2).
If H is a subgroup of G containing Q then by definition we have

BrHQ ◦ResGH = Res
NG(Q)
NH(Q) ◦Br

G
Q .

Therefore, we will sometimes omit the upper index and write BrGQ = BrQ if the
group under consideration is clear from the context. Since BrQ is an additive
functor it respects homotopy equivalences and therefore extends to a functor

BrGQ : Hob(ΛG) → Hob(kNG(Q)/Q).

Recall that a ΛG-module M is called an �-permutation module if it is a direct
summand of a permutation module, i.e., a module of the form Λ[Ω], where Ω is
a G-set, see [Rou01, 4.1.3]. We let ΛG- perm be the full subcategory of ΛG-mod
consisting of all �-permutation modules of ΛG. If we consider ΛG as G-module via
G-conjugation, then BrQ(ΛG) ∼= kCG(Q) and the so-obtained surjection

brGQ : (ΛG)Q → kCG(Q),
∑
g∈G

λgg 	→
∑

g∈CG(Q)

λgg
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induces an algebra homomorphism, the so called Brauer morphism, see [Rou01,
Section 4.2].

1.4. Brauer pairs and the Brauer category. Since the blocks of OG and kG
correspond to each other via lifting of idempotents, see [Thé95, Theorem 3.1], we
will identify blocks of OG and kG if they correspond to each other via reduction
modulo J(O).

If H is a subgroup of G and f ∈ Z(ΛH) then we write

NG(H, f) := {x ∈ NG(H) | xf = f}

for the set of elements normalizing H and f . Moreover, we write TrGH(f) =∑
x∈G/H

xf ∈ Z(ΛG) for the trace of the element f .

If b is a block of G then we denote by F(G, b) the Brauer category of b, see [Thé95,
§47]. If (D, bD) is a maximal b-Brauer pair then we denote by F(G,D)≤(D,bD) the
full subcategory of F(G, b) with objects consisting of all b-Brauer pairs contained
in (D, bD). Recall that the natural inclusion functor F(G, b)≤(D,bD) ↪→ F(G, b)
induces an equivalence of categories, see e.g. [Thé95, Lemma 47.1 and afterwards].

If (Q, bQ) is a b-Brauer pair then the idempotent bQ is also a block of NG(Q, bQ)

by [Thé95, Exercise 40.2(b)]. Consequently, BQ := Tr
NG(Q)
NG(Q,bQ)(bQ) is a block of

NG(Q). Since all maximal Brauer pairs are G-conjugate it follows that

brD(b) = Tr
NG(D)
NG(D,bD)(bD).

For a finite group G and D an �-subgroup of G we denote by Bl(G | D) the set of
blocks of G with defect group D. Then by Brauer’s first main theorem we obtain
a bijection

brD : Bl(G | D) → Bl(NG(D) | D).

1.5. Morita equivalences and splendid Rickard equivalences. Let G and H
be finite groups and let e ∈ Z(ΛG) and f ∈ Z(ΛH) be central idempotents. In
addition, denote A = ΛGe and B = ΛHf .

Definition 1.1. Let C be a bounded complex of A-B-bimodules, finitely generated
and projective as A-modules resp. B-modules. We say that C induces a Rickard
equivalence between A and B if the following hold:

(a) The canonical map A → End•Bopp(C)opp is an isomorphism in Hob(A ⊗Λ

Aopp) and

(b) the canonical map B → End•A(C) is an isomorphism in Hob(B ⊗Λ Bopp).

We say that a complex C ∈ Compb(A ⊗ Bopp) induces a derived equivalence
between A and B if the functor

C ⊗L

B − : Db(B) → Db(A)

induces an equivalence of triangulated categories. A theorem of Rickard, see [Ric96,
Section 2.1], asserts that A and B are Rickard equivalent if and only if they are
derived equivalent. More precisely, the proof of said theorem shows that not every
complex C ∈ Compb(A ⊗ Bopp) inducing a derived equivalence between A and B
gives necessarily rise to a Rickard equivalence between A and B.

Assume now that H is a subgroup of G. For any subgroup X of H we let
ΔX := {(x, x−1) | x ∈ X}, a subgroup of G×Hopp.
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Definition 1.2. A bounded complex C of A-B-bimodules is called splendid if
Cred is a complex of �-permutation modules such that every indecomposable direct
summand of a component of C has a vertex contained in ΔH. If C is splendid and
induces a Rickard equivalence between A and B we say that C induces a splendid
Rickard equivalence between A and B.

Note that our definition of a splendid Rickard equivalence is not symmetric since
we assume that H is a subgroup of G.

1.6. First properties of splendid complexes. Let L be a subgroup of a finite
group G and Q an �-subgroup of L. Then we can consider the Brauer functor

BrΔQ : Λ[G× Lopp]- perm → kNG×Lopp(ΔQ)/ΔQ- perm .

Notice that

NG×Lopp(ΔQ) = (CG(Q)× CL(Q)opp)Δ(NL(Q)).

Let c ∈ Z(ΛL) and b ∈ Z(ΛG) be two central idempotents and suppose that C is a
bounded complex of ΛGb-ΛLc-bimodules. Since

CG×Lopp(ΔQ) = CG(Q)× CL(Q)opp ⊆ NG×Lopp(ΔQ),

we can consider the image BrΔQ(C) as a complex of kCG(Q) brQ(b)-kCL(Q) brQ(c)
bimodules.

Theorem 1.3 crucially uses an important theorem of Puig showing that the
Brauer categories of splendid Rickard equivalent blocks are isomorphic.

Theorem 1.3. Let L be a subgroup of a finite group G. Let b ∈ Z(ΛG) and
c ∈ Z(ΛL) be primitive idempotents. Suppose that there exists a bounded complex
C of ΛGb-ΛLc-bimodules inducing a splendid Rickard equivalence between ΛGb and
ΛLc. If D is a defect group of the block c then D is a defect group of b.

Proof. Denote A = ΛGb and B = ΛLc. Since C induces a splendid Rickard equiv-
alence between A and B it follows by definition that B ∼= End•A(C) in Hob(B ⊗Λ

Bopp). We obtain

BrΔD(End•A(C)) ∼= End•kCG(D)(BrΔD(C)).

Since BrΔD(B) ∼= kCL(D)brD(c) we obtain

End•kCG(D)(BrΔD(C)) ∼= kCL(D)brD(c).

Taking cohomology yields EndHob(kCG(D))(BrΔD(C)) ∼= kCL(D)brD(c). Since D is

a defect group of c it follows that brD(c) �= 0. Therefore, the complex BrΔD(C)

is not homotopy equivalent to 0 in Hob(kCG(D)). As BrΔD(C) is a complex of
kCG(D) brD(b)-kCL(D) brD(c) bimodules it follows that brD(b) �= 0. This shows
thatD is contained in a defect group of b. Since C induces a splendid Rickard equiv-
alence it follows that C induces a basic Rickard equivalence between the blocks ΛGb
and ΛLc, see beginning of [Pui99, Section 19.2]. Consequently, [Pui99, Theorem
19.7] shows that the defect groups of b and c are isomorphic. Thus, D is also a
defect group of b. �

Proposition 1.4. Take the notation as in Theorem 1.3 and fix a maximal c-Brauer
pair (D, cD). Then there exists a b-Brauer pair (D, bD) such that the follow-
ing holds: If (Q, cQ) ≤ (D, cD) is a c-Brauer subpair then the b-Brauer subpair
(Q, bQ) ≤ (D, bD) is the unique b-Brauer pair such that the complex bQ BrΔQ(C)cQ
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induces a Rickard equivalence between kCG(Q)bQ and kCL(Q)cQ. For any other

b-Brauer pair (Q, b′Q) we have b′Q BrΔQ(C)cQ ∼= 0 in Hob(k[CG(Q)× CL(Q)opp]).

Proof. The subgroup D ⊆ L ⊆ G is a common defect group of the blocks b and c by
Theorem 1.3. Moreover, the complex C is splendid, so the vertices of all indecom-
posable direct summands of components of C are by definition contained in ΔL. On
the other hand, if P is an �-subgroup of L then BrΔP (C) ∼= brP (b) BrΔP (C) ∼= 0,
unless P is contained in a defect group of the block b. It follows that all indecom-
posable direct summands of components of C are relatively ΔD-projective. Hence,
the complex C induces a splendid Rickard equivalence between kGb and kLc in the
sense of [Har99]. The statement is therefore precisely [Har99, Theorem 1.6]. �

Let b be a block of a finite group G and (D, bD) a maximal b-Brauer pair.
Recall from Section 1.4 that we denote by F(G, b) the Brauer category of b and
by F(G,D)≤(D,bD) its full subcategory consisting of all b-Brauer pairs contained in
(D, bD).

Theorem 1.5. Suppose that we are in the situation of Proposition 1.4. Then
the map F(L, c)≤(D,cD) → F(G, b)≤(D,bD) given by (Q, cQ) 	→ (Q, bQ) induces an
isomorphism of categories. In particular, for any two c-Brauer subpairs (Q, cQ),
(R, cR) contained in (D, cD) and b-Brauer subpairs (Q, bQ), (R, bR) contained in
(D, bD) we have

HomF(L,c)((Q, cQ), (R, cR)) = HomF(G,b)((Q, bQ), (R, bR)).

Proof. The paragraph below [Har99, Theorem 1.7] shows that we have an inclusion

HomF(L,c)((Q, cQ), (R, cR)) ⊆ HomF(G,b)((Q, bQ), (R, bR)).

By [Pui99, Theorem 19.7] the Brauer categories F(L, c) and F(G, b) are equivalent.
Consequently, the inclusion above is an equality. �

By definition of the Brauer category we have

AutF(G,b)(Q, bQ) = NG(Q, bQ)/CG(Q).

Therefore, Theorem 1.5 implies Corollary 1.6.

Corollary 1.6. Suppose that we are in the situation of Proposition 1.4. Then for
any subgroup Q of D the inclusion map NL(Q)/CL(Q) ↪→ NG(Q)/CG(Q) induces
an isomorphism between NL(Q, cQ)/CL(Q) and NG(Q, bQ)/CG(Q).

1.7. Lifting Rickard equivalences. The aim of this section is to introduce a
lifting result for Morita equivalences due to Marcus. We first need to introduce
some notation. Let L̃ be a subgroup of a finite group G̃. Moreover, let G be a
normal subgroup of G̃ and set L := G ∩ L̃.

Let e ∈ Z(OG) and f ∈ Z(OL) be G̃-invariant resp. L̃-invariant central idempo-

tents, such that e ∈ Z(OG̃) and f ∈ Z(OL̃). Consider the diagonal subgroup

D := {(g̃, l̃) ∈ G̃× L̃opp | g̃G = l̃−1G} = (G× Lopp)Δ(L̃)

of G̃× L̃opp. Theorem 1.7 was first proved in [Mar96, Theorem 3.4]. An alternative
proof can be found in [Rou98, Lemma 2.8].

Theorem 1.7 (Marcus). Suppose that G̃ = L̃G. Let C be a bounded complex of
ΛGe-ΛLf -bimodules inducing a Rickard equivalence between ΛGe and ΛLf . Sup-

pose that C extends to a complex of D-modules C ′ and define C̃ := IndG̃×L̃opp

D (C ′).
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(a) The complex C̃ induces a derived equivalence between ΛL̃f and ΛG̃e.

(b) If C is concentrated in one degree or if � � [L̃ : L] then C̃ induces a Rickard

equivalence between ΛL̃f and ΛG̃e.

Proof. The statement of part (b) has been proved in the case where e and f are
primitive central idempotents in [Rou98, Lemma 2.8]. However, the assumption
in the proof of [Rou98, Lemma 2.8] that e and f are primitive is not necessary.

Furthermore, as said in [Rou02, Remark 5.4] if we drop the assumption that [L̃ : L]

is coprime to � in Theorem 1.7 it is still true that C̃ induces a derived equivalence
between ΛL̃f and ΛG̃e. �

In Remark 1.8 we observe some Clifford-theoretic consequences of Theorem 1.7.

Remark 1.8.

(a) Suppose that we are in the situation of Theorem 1.7. Let ϕ : Hob(ΛLf) →
Hob(ΛGe) and ϕ̃ : Hob(ΛL̃f) → Hob(ΛG̃e) be the functors induced by

tensoring with C resp. C̃. Let N be a complex of ΛL̃f -modules. Then by

Mackey’s formula ResG̃×L̃opp

G×L̃opp
(C̃) ∼= IndG×L̃opp

G×Lopp(C). In particular, we have

ResG̃G(C̃ ⊗
ΛL̃

N) ∼= IndG×L̃opp

G×Lopp(C)⊗
ΛL̃

N ∼= (C ⊗ΛL ΛL̃)⊗
ΛL̃

N ∼= C ⊗ΛL ResL̃L(N).

In other words, ResG̃G ◦ ϕ̃ ∼= ϕ ◦ ResL̃L. A similar calculation (or using the

fact that Ind and Res are adjoint functors) shows that IndG̃G ◦ϕ ∼= ϕ̃◦ IndL̃L.
(b) Let M be an OGe-OLf bimodule inducing a Morita equivalence between

OGe and OLf . Suppose that M extends to an OD-module M ′ and denote

M̃ := IndG̃×L̃opp

Δ (M ′). For R ∈ {K, k} the bimodule M ⊗O R (respectively

M̃ ⊗O R) induces a bijection ϕ : Irr(RLf) → Irr(RGe) (respectively ϕ̃ :

Irr(RL̃f) → Irr(RG̃e)) between irreducible modules. By Clifford’s theorem,
see [NT89, Theorem 3.3.1] we see that any simple RL-module S extends to

an RL̃-module if and only if ϕ(S) extends to an RG̃-module.

1.8. Descent of Rickard equivalences. We keep the assumptions of the previous
section. Theorem 1.7 shows that under certain conditions Rickard equivalences can
be lifted from normal subgroups. It is therefore natural to ask whether one can
also go the other way. For Rickard equivalences we obtain the following converse
to Theorem 1.7 which is tailored to our later applications.

Lemma 1.9. Suppose that G̃ = L̃G. Let C be a bounded complex of biprojective
ΛGe-ΛLf -bimodules with cohomology concentrated in degree d such that Hd(C)
induces a Morita equivalence between ΛGe and ΛLf . Assume that C extends to

a complex of ΛD-modules C ′ such that C̃ := IndG̃×L̃opp

D (C ′) induces a Rickard

equivalence between ΛL̃f and ΛG̃e. Then also the complex C induces a Rickard
equivalence between ΛGe and ΛLf .

Proof. By the Mackey formula we have

ResG̃×L̃opp

G×L̃opp
(C̃) ∼= C ⊗ΛL ΛL̃ and ResL̃×G̃opp

L×G̃opp
(C̃∨) ∼= C∨ ⊗ΛG ΛG̃.

Since C̃ induces a Rickard equivalence between ΛL̃f and ΛG̃e we therefore conclude
that

ResG̃×G̃opp

G×G̃opp
(ΛG̃e) ∼= C ⊗ΛL ΛL̃⊗ΛL̃ C̃∨ ∼= C ⊗ΛL C̃∨ ∼= C ⊗ΛL C∨ ⊗ΛG ΛG̃.
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Since Hd(C) induces a Morita equivalence between ΛGe and ΛLf it follows by the
remarks before [Rou98, Lemma 10.2.4] that we have an isomorphism

C ⊗ΛL C∨ ∼= ΛGe⊕R

in Compb(Λ[G × Gopp]), where R is a complex of ΛGe-ΛGe-bimodules such that
H•(R) ∼= 0 (but not necessarily homotopy equivalent to 0). From this we deduce
that

ResG̃×G̃opp

G×G̃opp
(ΛG̃e) ∼= C ⊗ΛL C∨ ⊗ΛG ΛG̃ ∼= ResG̃×G̃opp

G×G̃opp
(ΛG̃e)⊕ (R⊗ΛG ΛG̃)

in Hob(Λ[G× G̃opp]). We conclude that

IndG×G̃opp

G×Gopp(R) ∼= R⊗ΛG ΛG̃ ∼= 0

in Hob(Λ[G × G̃opp]). Since R is a direct summand of ResG×G̃opp

G×Gopp(Ind
G×G̃opp

G×Gopp(R))

as a complex we thus have R ∼= 0 in Hob(Λ[G × Gopp]). This shows that C ⊗ΛL

C∨ ∼= ΛGe in Hob(Λ[G × Gopp]) and similarly one proves C∨ ⊗ΛG C ∼= ΛLf in

Hob(Λ[L × Lopp]). Consequently, the complex C induces a Rickard equivalence
between ΛGe and ΛLf . �

It would be interesting to know whether the hypothesis that C has cohomology
concentrated in degree d such that Hd(C) induces a Morita equivalence between
ΛGe and ΛLf could be weakened or even completely removed. For Morita equiva-
lences Lemma 1.10 shows that the situation is much easier:

Lemma 1.10. Suppose that L̃G = G̃. Let M be a biprojective ΛGe-ΛLf -bimodule

and suppose that M extends to a ΛD-module M ′ such that M̃ := IndG̃×L̃opp

D (M ′)

induces a Morita equivalence between ΛL̃f and ΛG̃e. Then M induces a Morita
equivalence between ΛGe and ΛLf .

Proof. Since M̃ induces a Morita equivalence between ΛL̃f and ΛG̃e it follows that
the natural map ΛG̃e → End(ΛL̃)opp(M̃)opp is an isomorphism. This shows that the

natural map

ΛG̃e → End(ΛL)opp(Res
G̃×L̃opp

G̃×Lopp
(M̃))opp ∼= End(ΛL)opp(ΛG̃⊗ΛG M)opp

is injective. From this it follows that the natural map ΛGe → End(ΛL)opp(M)opp is
injective as well. Since ΛGe is projective as right ΛG-module it follows that the map
ΛGe → End(ΛL)opp(M)opp is a split injection of right ΛG-modules. Consequently,
there exists a right ΛG-module R such that

End(ΛL)opp(M)opp ∼= M ⊗ΛL M∨ ∼= ΛGe⊕R

as right ΛG-modules. We now want to show that R ∼= 0. According to the proof of
Lemma 1.9 we have

ResG̃×G̃opp

G×G̃opp
(ΛG̃e) ∼= M ⊗ΛL M∨ ⊗ΛG ΛG̃.

It follows that ΛG̃e ∼= ΛG̃e ⊕ (R ⊗ΛG ΛG̃e) as right ΛG̃-modules. We conclude

that R ⊗ΛG ΛG̃ ∼= 0 which implies that R ∼= 0. Hence, the natural map ΛGe →
End(ΛL)opp(M)opp is an isomorphism. Similarly, one shows that ΛLf → EndΛG(M)
is an isomorphism. �
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1.9. Rickard equivalences for the normalizer. We continue our discussion on
Marcus’ theorem. Let L̃ be a subgroup of a finite group G̃. Moreover, let G be
a normal subgroup of G̃ and set L := L̃ ∩ G. Let e ∈ Z(ΛG) and f ∈ Z(ΛL) be
central idempotents and denote by L′ := NL̃(f) and G′ := NG̃(e) their respective
stabilizers. In this section we suppose that G′ = GL′. We denote

D′ := (G× Lopp)Δ(L′) and D := (G× Lopp)Δ(L̃).

In what follows, we assume that f(lf) = 0 for any l ∈ L̃ \ L′ and e(ge) = 0 for any

g ∈ G̃ \ G′. This ensures that F := TrL̃NL̃(f)(f) is a central idempotent of ΛL̃ and

E := TrG̃NG̃(e)(e) is a central idempotent of ΛG̃.

Proof. By Theorem 1.7 the Λ-algebras ΛL′f and ΛG′e are Rickard equivalent via

the complex Ind
G′×(L′)opp

D′ (C ′). By Clifford theory, ΛL′f is Morita equivalent to

ΛL̃F . The same argument shows that ΛG′e and ΛG̃E are Morita equivalent. Thus,
the algebras ΛL̃F and ΛG̃E are Rickard equivalent and the Rickard equivalence is
given by the complex

ΛG̃e⊗ΛG′ Ind
G′×(L′)opp

D′ (C ′)⊗ΛL′ fΛL̃ ∼= Ind
G̃×(L̃)opp

D′ (C ′). �

Lemma 1.11. Let C be a bounded complex of ΛG-ΛL-bimodules and assume that
eCf induces a Rickard equivalence between ΛGe and ΛLf . In addition, suppose
that leCf ∼= 0 in Hob(Λ[G × Lopp]) for all l ∈ L̃ \ L′. Suppose that C is either
concentrated in one degree or � � [L′ : L]. If C extends to a complex of ΛD-modules

C ′ then ΛL̃F and ΛG̃E are Rickard equivalent via the complex

E IndG̃×L̃opp

D (C ′)F.

Proof. The complex C0 := eResDD′(C ′)f is clearly a ΛD′-complex extending eCf .
By Theorem 1.7 ΛL′f and ΛG′e are Rickard equivalent via the complex

Ind
G′×(L′)opp

D′ (C0). By definition, the stabilizer of f in L̃ is L′ and so the induction

functor yields a Morita equivalence between ΛL′f and ΛL̃F . The same argument
shows that ΛG′e and ΛG̃E are Morita equivalent. Thus, the algebras ΛL̃F and
ΛG̃E are Rickard equivalent and the Rickard equivalence is given by the complex

IndG̃×L̃opp

D′ (C0) induces a Rickard equivalence between ΛL̃F and ΛG̃E.

Recall that D′ is by definition the stabilizer in G̃× L̃opp of the idempotent e⊗f .
Since L̃/L′ ∼= D/D′, we have

TrDD′(e⊗ f) =
∑

l∈L̃/L′

(l,l−1)(e⊗ f).

By assumption we have leCf ∼= 0 for all l ∈ L̃ \ L′. From this it follows that

TrDD′(e⊗ f)C ∼= TrG̃NG̃(e)(e)CTrL̃NL̃(f)(f) = ECF.

We have IndDD′(eResDD′C ′f) ∼= EC ′F and as E ⊗ F is a central idempotent of

Λ[G̃× L̃opp] it follows that IndG̃×L̃opp

D (EC ′F ) ∼= EIndG̃×L̃opp

D (C ′)F . �

We can use this lifting result to prove Proposition 1.12.

Proposition 1.12. Let C be a bounded complex of �-permutation modules inducing
a splendid Rickard equivalence between the blocks ΛGb and ΛLc. Let (Q, cQ) be a
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c-Brauer pair corresponding to the b-Brauer pair (Q, bQ) under the splendid Rickard
equivalence given by the complex C as in Proposition 1.4. Then the complex

Ind
NG(Q)×NL(Q)opp

NG×Lopp (ΔQ) (BrΔQ(C)) Tr
NL(Q)
NL(Q,cQ)(cQ)

induces a derived equivalence between the blocks kNG(Q) Tr
NG(Q)
NG(Q,bQ)(bQ) and

kNL(Q) Tr
NL(Q)
NL(Q,cQ)(cQ).

Proof. Recall that BrΔQ(C) is a complex of kNG×Lopp(Q)-modules such that
bQ BrΔQ(C)cQ ∼= BrΔQ(C)cQ induces a Rickard equivalence between kCG(Q)bQ
and kCL(Q)cQ, see Proposition 1.4. Moreover, the groups NG(Q, bQ)/CG(Q) and
NL(L, cQ)/CL(Q) are isomorphic by Corollary 1.6. Thus, using the proof of Lemma
1.11 together with Theorem 1.7, we conclude that the complex

Ind
NG(Q)×NL(Q)opp

NG×Lopp (ΔQ) (BrΔQ(C)) Tr
NL(Q)
NL(Q,cQ)(cQ)

induces a derived equivalence between the blocks kNG(Q) Tr
NG(Q)
NG(Q,bQ)(bQ) and

kNL(Q) Tr
NL(Q)
NL(Q,cQ)(cQ). �

If the defect group D of b is abelian then the quotient group NG(D, bD)/CG(D)
is of �′-order, see [Thé95, Theorem 40.14]. In this case, the proof of Proposition

1.12 shows that the complex Ind
NG(D)×NL(D)opp

NG×Lopp (ΔD) BrΔD(C) induces in fact a Rickard

equivalence between kNG(D) brD(b) and kNL(D) brD(c).

1.10. The Brauer functor and Clifford theory. In this section we recall some
results of [Mar96, Section 3] and generalize them slightly. These results will be
needed in Section 1.12.

Whenever G is a finite group and Q, R are subgroups of G, then we let

TG(Q,R) := {g ∈ G | Qg ⊆ R}.

Lemma 1.13 is a variant of [Mar96, Lemma 3.7]. A complete proof can be found
in [Ruh20, Lemma 1.39].

Lemma 1.13. Let H be a subgroup of G and Q ⊆ P two �-subgroups of H. Suppose
that CG(Q)TH(Q,P ) = TG(Q,P ). Then for every relatively P -projective module
M ∈ kH-perm there is a natural isomorphism

Ind
NG(Q)
NH(Q)(Br

H
Q (M)) ∼= BrGQ(Ind

G
H(M))

of kNG(Q)-modules.

Remark 1.14 is a variant of [Mar96, Corollary 3.9].

Remark 1.14. As in Section 1.7 we let L̃ be a subgroup of a finite group G̃ and G
be a normal subgroup of G̃. We set L := G ∩ L̃ and we assume additionally that
G̃ = L̃G. Let Q be an �-subgroup of L̃. In the following diagram, Ind and Res
mean induction and restriction with respect to the subgroups of G̃× L̃opp involved.
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k[G̃× L̃opp]-perm k[NG̃×L̃opp(ΔQ)]-perm k[NG̃(Q)×NL̃(Q)opp]-perm

k[G× LoppΔ(L̃)]-perm k[NG×LoppΔ(L̃)(ΔQ)]-perm k[NG(Q)×NL(Q)oppΔ(NL̃(Q))]-perm

k[G× Lopp]-perm k[NG×Lopp(ΔQ)]-perm k[NG(Q)×NL(Q)opp]-perm

BrΔ(Q) Ind

BrΔ(Q) Ind

Ind Ind Ind

BrΔ(Q) Ind

Res Res Res

We claim that the upper left square commutes for all relatively ΔL̃-projective
�-permutation k[G× LoppΔ(L̃)]-modules. In view of Lemma 1.13 it is sufficient to
show that

CG̃×L̃opp(ΔQ)TG×LoppΔL̃(ΔQ,ΔR) = TG̃×L̃opp(ΔQ,ΔR)

for all �-subgroups R of L̃ containing Q. This is proved as in [Mar96, Corollary 3.9].
The upper right and the bottom left square are clearly commutative. Moreover, the
commutativity of the bottom right square is a consequence of Mackey’s formula.

1.11. The Harris–Knörr correspondence. In this section we recall the notion
of block induction as given in [Nav98, Theorem 4.14]. This will allow us to give a
nice formulation of the important Harris–Knörr correspondence.

Definition 1.15. Suppose that H is a subgroup of G and b is a block idempotent
of G. Furthermore, assume that there exists an �-subgroup P of G such that
PCG(P ) ⊆ H ⊆ NG(P ). Then we say that the block idempotent c ∈ Z(OH)
induces to b if brP (b)c �= 0. In this case we write b = cG.

Note that the definition of block induction in [Nav98, page 87] is more gen-
eral. However, we will not need this general definition and have therefore de-
cided to use the characterisation of block induction in [Nav98, Theorem 4.14] as
a definition. Recall that for a subgroup Q of the defect group D of b we denote

BQ := Tr
NG(Q)
NG(Q,bQ)(bQ), which is a block of NG(Q).

Theorem 1.16 (Harris–Knörr). Let G be a normal subgroup of a finite group G̃.
Let b be a block of G with defect group D and denote by BD its Brauer correspondent
in kNG(D). Then the map

Bl(NG̃(D) | BD) → Bl(G̃ | b), c 	→ cG̃

is a bijection.

Proof. See [Nav98, Theorem 9.28]. �

If Q is a characteristic subgroup of the defect group D of b we have NG(D) ⊆
NG(Q). Brauer correspondence therefore yields a bijection

brD : Bl(NG(Q) | D) → Bl(NG(D) | D).

After having established this notation we can now state Lemma 1.17:

Lemma 1.17. Let Q be a characteristic subgroup of D. Then BQ ∈ Bl(NG(Q)) is
the Brauer correspondent of BD ∈ Bl(NG(D)).
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Proof. By [Thé95, Theorem 40.4(b)] we have brD(bQ) = bD. Since D ⊆ NG(Q)
we can write BQ ∈ Z(kCG(Q)) as a sum BQ =

∑s
i=1 ci of block idempotents of

kCG(Q). Note that each ci is a sum of idempotents which constitute a D-orbit on
{tbQ | t ∈ NG(Q)}.

Assume first that ci comes from a D-orbit of length greater than 1. Let t ∈
NG(Q) with tbQci �= 0. Then the block ci covers

tbQ and it follows that any defect
group of ci is contained in NG(Q, tbQ). Since

tbQ is not D-stable it follows that D
is not contained in NG(Q, tbQ). Thus D is not contained in a defect group of ci.
This implies that brD(ci) = 0.

On the other hand, if ci =
tbQ for some t ∈ NG(Q) it follows that tbQ is D-stable.

Assume that brD(tbQ) �= 0. Then we have t(Q, bQ) � (D, b′D) for some maximal
b-subpair (D, b′D). Since also t(Q, bQ)� t(D, bD) it follows by [Thé95, Proposition
40.15(b)] that there exists some x ∈ NG(Q, bQ) such that tx ∈ NG(D). From this
we conclude that

brD(tbQ) = brD(txbQ) =
tx brD(bQ) =

txbD.

These calculations show that brD(BQ)BD = BD. On the other hand BQ is an
idempotent occurring in brQ(b) and we have brD(brQ(b)) = BD. Writing brQ(b) =
BQ+C we obtain BD = brD(BQ)+brD(C), a sum of orthogonal idempotents. Now
observe thatBD is a primitive central idempotent of NG(D) and brD(BQ)BD = BD.
Therefore, BD = brD(BQ). �

We obtain a version of the Harris–Knörr theorem for characteristic subgroups of
defect groups.

Corollary 1.18. With the notation of Theorem 1.16 assume that Q is a character-
istic subgroup of D. Let (Q, bQ) be a b-Brauer pair with (Q, bQ) ≤ (D, bD). Then
block induction yields a bijection

Bl(NG̃(Q) | BQ) → Bl(G̃ | b), c 	→ cG̃.

Proof. Brauer correspondence gives a bijection brD : Bl(G | D) → Bl(NG(D) | D)
with brD(b) = BD. Moreover, by Lemma 1.17 the map brD : Bl(NG(Q) | D) →
Bl(NG(D) | D) is a bijection with brD(BQ) = BD.

By Theorem 1.16 we have bijections Bl(NG̃(D) | BD)→Bl(G̃ | b) and Bl(NG̃(D) |
BD) → Bl(NG̃(Q) | BQ) both given by block induction. This yields a bijection

Bl(NG̃(Q) | BQ) → Bl(G̃ | b).

Moreover, if c ∈ Bl(NG̃(D) | BD) then cNG̃(Q) and cG̃ are both defined. By [Nav98,

Problem 4.2] it follows that cG̃ = (cNG̃(Q))G̃. Hence, the bijection Bl(NG̃(Q) |
BQ) → Bl(G̃ | b) is given by block induction. �

1.12. Splendid Rickard equivalences and Clifford theory. In Proposition
1.12 we have shown that a splendid Rickard equivalence induces a derived equiva-
lence on the level of normalizers. Therefore, a natural question to ask is whether
the so-obtained equivalences behave nicely with respect to the Clifford theory of
Rickard equivalences and with the Brauer category of the involved blocks. These
questions will be addressed in this section. We first make the following useful
observation.
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Lemma 1.19. Let G be a normal subgroup of a finite group G̃. Let b be a G̃-stable
block of G with defect group D and Q a characteristic subgroup of D. Then BQ is

an NG̃(Q)-stable block of NG(Q) and we have NG̃(Q)/NG(Q) ∼= G̃/G.

Proof. Recall that all defect groups of b are G-conjugate. Since b is a G̃-stable block
of G we thus obtain G̃ = GNG̃(D). Moreover, Q is a characteristic subgroup of D

and so NG̃(D) ⊆ NG̃(Q). From this we conclude that G̃/G ∼= NG̃(Q)/NG(Q). It
remains to show that BQ is NG̃(Q)-stable. If g ∈ NG̃(Q) then g(D, bD) is a second
maximal b-Brauer pair, so there exists some x ∈ G with gx(D, bD) = (D, bD).
In particular, gx ∈ NG̃(D) ⊆ NG̃(Q) and thus x ∈ NG(Q). Moreover, (Q, bQ) ≤
(D, bD) and (Q, gxbQ) =

gx(Q, bQ) ≤ (D, bD) are two b-Brauer pairs with first entry
Q. Therefore, gx ∈ NG̃(Q, bQ) and so gBQ = gxBQ = BQ. �

In the following, L̃ denotes a subgroup of a finite group G̃ and G a normal
subgroup of G̃. We set L := G ∩ L̃ and assume that G̃ = L̃G. As before we set
D := (G × Lopp)Δ(L̃). Furthermore, let c ∈ Z(kL) be an L̃-stable block of L and
b ∈ Z(kG).

Lemma 1.20. Let C be a bounded complex of kGb-kLc-bimodules inducing a splen-
did Rickard equivalence between the blocks kGb and kLc. Assume that C extends

to a complex C ′ of kD-modules and denote C̃ := IndG̃×L̃opp

D (C ′). Let D be a defect
group of kLc and Q a characteristic subgroup of D. Let (Q, cQ) be a c-Brauer pair
corresponding to the b-Brauer pair (Q, bQ) as in Proposition 1.4. Set

C̃ := Ind
NG̃(Q)×NL̃(Q)opp

NG̃×L̃opp (ΔQ) (BrΔQ(C̃))CQ and C := Ind
NG(Q)×NL(Q)opp

NG×Lopp (ΔQ) (BrΔQ(C))CQ.

Then the following diagram is commutative:

Db(kNL̃(Q)CQ) Db(kNG̃(Q)BQ)

Db(kNL(Q)CQ) Db(kNG(Q)BQ)

Res
NG̃(Q)

NG(Q)

C̃ ⊗L

kNL̃(Q) −

C ⊗L

kNL(Q) −

Res
NL̃(Q)

NL(Q)

where the horizontal maps induce equivalences of the derived categories.

Proof. By the commutativity of the first two rows of the commutative diagram in
Remark 1.14 we have a natural isomorphism

C̃ ∼= Ind
NG̃(Q)×NL̃(Q)opp

NG(Q)×NL(Q)oppΔNL̃(Q)(C
′),

where C′ := Ind
NG(Q)×NL(Q)oppΔNL̃(Q)

NG×LoppΔL̃(ΔQ) (BrΔQ(C
′))CQ. Now by the commutativity

of the second and the third row of the commutative diagram in Remark 1.14 we
deduce that

Res
NG(Q)×NL(Q)oppΔNL̃(Q)

NG(Q)×NL(Q)opp (C′) ∼= C.
By Proposition 1.12 the complex C induces a derived equivalence between the blocks
kNG(Q)BQ and kNL(Q)CQ. By Lemma 1.19, the block BQ is NG̃(Q)-stable and
CQ is NL̃(Q)-stable. Moreover, we have

NG̃(Q)/NG(Q) ∼= NL̃(Q)/NL(Q).
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It follows from Theorem 1.7 that the complex C̃ ∼= Ind
NG̃(Q)×NL̃(Q)opp

NG(Q)×NL(Q)oppΔNL̃(Q)(C′)

induces a derived equivalence between kNL̃(Q)CQ and kNG̃(Q)BQ. The commuta-
tivity of the diagram is now a consequence of Remark 1.8(a). �

In Corollary 1.18 we have established a Harris–Knörr correspondence for char-
acteristic subgroups of the defect group of a block. It is therefore natural to ask
whether the construction in Lemma 1.20 is compatible with this correspondence.

Remark 1.21. Assume that we are in the situation of Lemma 1.20. Let c = c1+· · ·+
cr be a decomposition of c into block idempotents of kL̃. We let b = b1 + · · ·+ br
be the decomposition of b into block idempotents of kG̃ such that biC̃ci �= 0 in
Hob(k[G̃ × L̃opp]). Denote by BQ,i := brQ(bi)BQ the Harris–Knörr correspondent
of bi, see Corollary 1.18. We deduce that BQ = BQ,1+ · · ·+BQ,r is a decomposition
into block idempotents of kNG̃(Q). Similarly, we have a decomposition CQ =
CQ,1+ · · ·+CQ,r into block idempotents of kNL̃(Q), where CQ,i := brQ(ci)CQ. We
obtain

C̃ = Ind
NG̃(Q)×NL̃(Q)opp

NG̃×L̃opp (ΔQ) (BrΔQ(C̃)CQ) ∼=
r⊕

i=1

C̃CQ,i.

From this we conclude that the complex C̃CQ,i induces a derived equivalence be-
tween the blocks kNG̃(Q)BQ,i and kNL̃(Q)CQ,i. Thus, the local equivalences for
the normalizer are compatible with the Harris–Knörr correspondence.

2. Deligne–Lusztig theory and disconnected reductive groups

In this section we recall the necessary background in the representation theory
of finite groups of Lie type. We will in particular discuss extensions of this theory
to disconnected reductive groups. Then we will recall the Morita equivalence con-
structed by Bonnafé, Dat and Rouquier which can be seen as a starting point of
this work.

2.1. Disconnected reductive algebraic groups. Fix a prime number p and an
algebraic closure Fp of Fp. Let G denote a (not necessarily connected) reductive

algebraic group defined over Fp. We denote by G◦ the connected component of G
containing the identity.

In the following, we recall some standard facts, which can for instance be found
in [BDR17, Section 2.D.] and [BDR17, Section 3.A.]. A closed subgroup P of G
is called parabolic subgroup if the variety G/P is complete. One can show that a
closed subgroup P of G is a parabolic subgroup of G if and only if P◦ is a parabolic
subgroup of G◦. Moreover, we have P ∩G◦ = P◦ and the unipotent radicals of P
and P◦ coincide.

Suppose that P is a parabolic subgroup of G. Let L◦ be a Levi subgroup of
G◦ so that P◦ = L◦ �U is a Levi decomposition of the parabolic subgroup P◦ in
G◦. Then we call L = NP(L◦) a Levi subgroup of P in G. In addition, we have a
decomposition P = L�U and L◦ is the connected component of L, i.e. L◦ = L◦.

Example 2.1. Let G be a reductive algebraic group. Let P◦ = L◦ �U be a par-
abolic subgroup with Levi decomposition in G◦. Then P = NG(P◦) is a parabolic
subgroup of G with Levi subgroup L = NG(L◦,P◦) = NP(L◦) such that P◦ = P◦.

As we show in Example 2.2, disconnected reductive groups arise naturally in the
study of automorphisms of reductive groups.



558 LUCAS RUHSTORFER

Example 2.2. Let G◦ be a connected reductive group and τ : G◦ → G◦ an
algebraic automorphism of G◦ of finite order. Then the semidirect product G :=
G◦�〈τ 〉 is again a reductive algebraic group but no longer connected. This situation
was for instance considered in [Mal93]. Let P◦ = L◦�U be a Levi decomposition of
a parabolic subgroup P◦ of G◦. If the tuple (L

◦,P◦) is τ -stable, then P := P◦�〈τ 〉
is a parabolic subgroup of G with Levi subgroup L := L◦ � 〈τ 〉, see Example 2.1.

Disconnected reductive groups also appear naturally as local subgroups of (con-
nected) reductive groups.

Example 2.3. Let G be a possibly disconnected reductive group, P a parabolic
subgroup of G with Levi decomposition P = L � U. In addition, we assume
that Q is a finite solvable p′-subgroup of L. By [BDR17, Remark 3.5] it follows
that the normalizer NG(Q) is a reductive group. Moreover, NP(Q) is a parabolic
subgroup of NG(Q) with Levi decomposition NP(Q) = NL(Q)�CU(Q). Similarly,
CG(Q) is a reductive group with parabolic subgroup CP(Q) and Levi decomposition
CP(Q) = CL(Q)�CU(Q), see [BDR17, Proposition 3.4]. Note that NG(Q)/CG(Q)
is finite. Therefore, N◦

G(Q) = C◦
G(Q) and we have a Levi decomposition C◦

P(Q) =
C◦

L(Q)� CU(Q) in the connected reductive group C◦
G(Q).

2.2. �-Adic cohomology of Deligne–Lusztig varieties. From now on � denotes
a prime number with p �= � and q is an integral power of p. By variety we always
mean a quasi-projective variety defined over Fp. Let X be a variety acted on by a
finite group G. We denote by RΓc(X,O) ∈ Db(OG) the �-adic cohomology with
compact support of the variety X with coefficients in O, see [CE04, A.3.7] and
[CE04, A.3.14]. For A ∈ {K,O, k} we define

RΓc(X, A) := RΓc(X,O)⊗L

O A ∈ Db(AG).

Moreover, we denote by Hd
c (X, A) ∈ AG-mod the dth cohomology module of the

complex RΓc(X, A).
Let G be a reductive group with Frobenius endomorphism F : G → G defining

an Fq-structure on G. Let P be a parabolic subgroup of G, P = LU be a Levi
decomposition and assume that L is F -stable. Consider the GF -LF -variety

YG
U := {gU ∈ G/U | g−1F (g) ∈ UF (U)} ⊆ G/U.

If the ambient group G is clear from the context we will just write YU instead of
YG

U . The cohomology of this variety provides us with a triangulated functor

RG
L⊆P : Db(ΛLF ) → Db(ΛGF ), M 	→ RΓc(Y

G
U ,Λ)⊗L

ΛLF M.

This functor induces a map

RG
L⊆P := [RG

L ] : G0(ΛL
F ) → G0(ΛG

F ), [M ] 	→
∑
i

(−1)i[Hi
c(Y

G
U ,Λ)⊗ΛLF M ],

on Grothendieck groups (see Section 1.1) the so-called Lusztig induction.

2.3. Properties of Deligne–Lusztig varieties. In this section we will study the
following set-up: Let Ĝ be a reductive group with Frobenius F : Ĝ → Ĝ. Moreover,
assume that G is a closed F -stable normal subgroup of Ĝ. Suppose that P = LU
and P̂ = L̂U are two Levi decompositions of parabolic subgroups P of G and P̂
of Ĝ such that P̂ ∩G = P and L̂ ∩G = L. Assume that the Levi subgroup L̂ is
F -stable. Let us denote

D = {(x, y) ∈ ĜF × (L̂F )opp | xGF = y−1GF } = (GF × (LF )opp)Δ(L̂F ).



DERIVED EQUIVALENCES & EQUIVARIANT JORDAN DECOMPOSITION 559

Lemma 2.4. With the notation as above, the variety YG
U is a D-stable subvariety

of Ĝ/U.

Proof. Let (x, y) ∈ D and gU ∈ G/U. By definition of D we have xy ∈ GF and

as G is a normal subgroup of Ĝ we have xgx−1 ∈ G. Since L̂ normalizes U we
conclude that

xgUy = xgyU = xgx−1xyU ∈ G/U.

Hence, the group action of D stabilizes the subvariety G/U of Ĝ/U.
Now suppose that gU ∈ YG

U . Let us define c = xgy. It follows that

c−1F (c) = y−1g−1F (g)y ∈ (UF (U))y = UF (U)

since y ∈ L̂ normalizes U. Consequently, the Deligne–Lusztig variety YG
U is a

D-stable subvariety of Ĝ/U. �

We also consider the generalized Deligne–Lusztig varieties as introduced in
[BDR17, Section 6A]. Let P1 and P2 be two parabolic subgroups of G with com-
mon F -stable Levi complement L and unipotent radicals U1 and U2 respectively.
We define

YG
U1,U2

= {(g1U1, g2U2) ∈ G/U1×G/U2 | g−1
1 g2 ∈ U1U2; g

−1
2 F (g1) ∈ U2F (U1)}

which is a variety acted on diagonally by ĜF × (L̂F )opp. Similarly to Lemma 2.4

one proves that YG
U1,U2

is a D-stable subvariety of Ĝ/U1 × Ĝ/U2.

Notation 2.5. Let H be a finite group. If X is a right H-variety and Y a left
H-variety we denote by X×H Y the quotient of X×Y by the diagonal right action
of the group Δ(H) = {(h, h−1) | h ∈ H} given by

X×Y → X×Y, (x, y) 	→ (xh, h−1y).

Now assume that X is a G-H-variety and Y an H-L-variety. Then X ×H Y
becomes a G-L-variety. To compute the cohomology of this new variety one uses
Theorem 2.6:

Theorem 2.6 (Künneth formula). If the stabilizers of points of X×Y under the
diagonal action of H are of invertible order in Λ, then we have

RΓc(X,Λ)⊗L

ΛH RΓc(Y,Λ) ∼= RΓc(X×H Y,Λ)

in Db(Λ[G× Lopp]).

Proof. See [BR03, Section 3.3]. �

The following geometric lemma describes two closely related decompositions of

the Deligne–Lusztig variety YĜ
U . The following result is certainly well known, but

it does not appear in this exact form in the literature, see also [CE04, Theorem 7.3]
or [BR06, Proposition 1.1]. A complete proof can be found in [Ruh20, Lemma 2.8].

Lemma 2.7. We have the following decompositions of YĜ
U as a (ĜF × (L̂F )opp)-

variety.

(a) YĜ
U =

∐
g∈ĜF /GF gYG

U = ĜF ×GF YG
U ,

(b) YĜ
U

∼= (ĜF × (L̂F )opp)×D YG
U .
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Corollary 2.8. We have

RΓc(Y
Ĝ
U ,Λ) ∼= Λ[ĜF × (L̂F )opp]⊗L

ΛD RΓc(Y
G
U ,Λ)

in Db(Λ[ĜF × (L̂F )opp]).

Proof. By Lemma 2.7 we have YĜ
U

∼= (ĜF × (L̂F )opp) ×D YG
U as ĜF × (L̂F )opp-

varieties. The group D acts freely by right multiplication on ĜF × (L̂F )opp. Hence,

it follows that D acts freely on (ĜF × (L̂F )opp) × YG
U . Thus, Theorem 2.6 is

applicable and we obtain

RΓc(Y
Ĝ
U ,Λ) ∼= Λ[ĜF × (L̂F )opp]⊗L

ΛD RΓc(Y
G
U ,Λ)

in Db(Λ[ĜF × (L̂F )opp]). �

2.4. Godement resolutions. Let X be a variety defined over an algebraic clo-
sure of Fp endowed with an action of a finite group G. By work of Rickard and

Rouquier there exists an object GΓc(X,Λ) in Hob(ΛG-perm) which is a representa-
tive of RΓc(X,Λ) ∈ Db(ΛG), see [Ric94] and [Rou02, Section 2]. The advantage of
the Rickard–Rouquier complex GΓc(X,Λ) is that it is a complex of �-permutation
modules which is compatible with the Brauer functor. More precisely, if Q is an
�-subgroup of G then we have a canonical isomorphism

BrQ(GΓc(X,Λ)) ∼= GΓc(X
Q, k)

in Hob(kNG(Q)), see [Rou02, Theorem 2.29]. Building on this fundamental result,
Bonnafé–Dat–Rouquier show the following:

Lemma 2.9. Let G be a (non-necessarily connected) reductive group with parabolic
subgroup P and Levi decomposition P = L � U such that F (L) = L. For an �-
subgroup Q of LF we have

BrΔQ(GΓc(Y
G
U ,Λ)) ∼= GΓc(Y

CG(Q)
CU(Q) , k)

in Hob(k[NGF×Lopp(ΔQ)]),

Proof. See [BDR17, Proposition 3.4(e)] and [BDR17, Remark 3.5]. �

The previous lemma can be used to show that the indecomposable summands of
the components of the complex GΓc(Y

G
U ,Λ)red of Λ[GF ×NGF (P,L)opp]-modules

have a vertex contained in ΔNGF (P,L)opp, see [BDR17, Corollary 3.8]. Using the
proof of [Ric96, Lemma 4.3] one easily observes that the components of
GΓc(Y

G
U ,Λ)red considered as Λ[GF × (LF )opp]-modules are relatively ΔLF -pro-

jective.

2.5. Levi subgroups and duality. We recall the classification of F -stable Levi
subgroups of a connected reductive group G. Fix an F -stable maximal torus T0

of G contained in an F -stable Borel subgroup B0 of G. Let Φ be the root system
of G relative to the torus T0 and Δ ⊆ Φ the base of Φ associated to T0 ⊆ B0.
By [DM91, Proposition 4.3] the GF -conjugacy classes of F -stable Levi subgroups
of G are classified by F -conjugacy classes of cosets WIw, where I ⊆ Δ and w ∈ W
satisfies wFWI = WI . More precisely, if L is an F -stable Levi subgroup of G of

type WIw then there exists g ∈ GF such that gL = LI for some I ⊆ Δ and g−1

T0

is a maximal torus of L of type w = g−1F (g)T0. Here, LI denotes the standard
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Levi subgroup of G associated to a subset I of the base Δ, see [MT11, Section
12.2].

An important property of duality is that it extends to Levi subgroups.

Lemma 2.10. Suppose that (G∗,T∗
0, F

∗) is in duality with (G,T0, F ). Then the
map which sends a Levi subgroup L of G of type WIw to a Levi subgroup L∗ of G∗

of type W ∗
I F

∗(w∗) induces a bijection between the GF -conjugacy classes of F -stable

Levi subgroups of G and the (G∗)F
∗
-conjugacy classes of F ∗-stable Levi subgroups

of G∗.

Proof. See [CE04, Section 8.2]. �
2.6. Isogenies. Let G be a connected reductive group. Recall that an isogeny of
algebraic groups ϕ : G → G is a surjective homomorphism of algebraic groups with
finite kernel. Let ϕ : G → G be an isogeny stabilizing a maximal torus T0 of G.
We write X(T0) for the character group of T0 and Y (T0) for the cocharacter group
of T0, see [MT11, Definition 3.4]. The morphism ϕ induces a group homomorphism
ϕ : X(T0) → X(T0) and its dual morphism ϕ∨ : Y (T0) → Y (T0), y 	→ ϕ◦y, which
preserve the set of roots Φ(T0) resp. coroots Φ∨(T0). We will now define what it
means for isogenies to be in duality with each other.

Definition 2.11. Suppose that (G,T0, F ) is in duality with (G∗,T∗
0, F

∗). We say
that isogenies σ : G → G and σ∗ : G∗ → G∗ are in duality with each other if
there exist g ∈ G and h ∈ G∗ such that σ0 := gσ stabilizes T0 (resp. σ∗

0 := hσ∗

stabilizes T∗
0) and δ ◦ σ0 = (σ∗

0)
∨ ◦ δ on Y (T∗

0).

Note that this means that dual isogenies are only defined up to inner automor-
phisms of G respectively G∗. Remark 2.12 is crucial for working with automor-
phisms of finite groups of Lie type, see also [NTT08, Section 2] and the proof of
[CS13, Proposition 2.2].

Remark 2.12. Recall that we have fixed a pair (T0,B0) consisting of an F -stable
maximal torus T0 of G contained in an F -stable Borel subgroup B0 of G. Since
(σ(T0), σ(B0)) is again such a pair it follows that g(T0,B0) = (σ(T0), σ(B0)) for
some g ∈ GF . Hence, we may assume that σ stabilizes the pair (T0,B0). Thus,
the isogeny theorem (see [Spr09, Theorem 9.6.2]) together with [Tay18, Lemma
5.5] shows that there exists a bijective morphism σ∗ : G∗ → G∗ in duality with σ.
Moreover, since σ∗ is unique up to inner automorphism we can choose σ∗ such that
σ∗F ∗ = F ∗σ∗. (We first have tσ∗F ∗ = F ∗σ∗ for some t ∈ T∗

0. Then by Lang’s
theorem there exists t0 ∈ T∗

0 such that t0σ
∗ commutes with F ∗.) The isogeny σ∗

with these properties is then unique up to conjugation with elements of L−1
F∗(Z(G)),

where LF∗ : G∗ → G∗, x 	→ x−1F ∗(x), is the Lang map of F ∗ on G∗.

Corollary 2.13. Let σ : G → G be a bijective morphism with σ ◦ F = F ◦ σ and
σ∗ : G∗ → G∗ be a dual isogeny with σ∗ ◦ F ∗ = F ∗ ◦ σ∗. Under the bijection in
Lemma 2.10, the set of σ-stable GF -conjugacy classes of F -stable Levi subgroups
of G corresponds to the set of σ∗-stable (G∗)F

∗
-conjugacy classes of F ∗-stable Levi

subgroups of G∗.

Proof. As in Remark 2.12 we may assume without loss of generality that σ stabilizes
the pair (T0,B0). We may also assume that σ∗ : G∗ → G∗ satisfies δ◦σ = (σ∗)∨◦δ
on Y (T∗

0), see Definition 2.11. In particular, this yields w∗ = σ∗(σ(w)∗) for all
w ∈ W (same proof as in [Car93, Proposition 4.3.2]).
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Observe that the GF -conjugacy class of an F -stable Levi subgroup of type WIw
is σ-stable if and only if σ(WIw) is F -conjugate to WIw. This is equivalent to
σ∗(W ∗

I F
∗(w∗)) being F ∗-conjugate to W ∗

I F
∗(w∗). The latter is now equivalent

to the (G∗)F
∗
-conjugacy class of F ∗-stable Levi subgroups of G∗ associated to

W ∗
I F

∗(w∗) being σ∗-stable. This gives the claim. �
2.7. Lusztig series for disconnected reductive groups. We give an elemen-
tary description of Lusztig series for disconnected reductive groups introduced in
[BDR17].

Let G be a non-necessarily connected reductive group. Note that the maximal
tori of G are the maximal tori of G◦. As in the case of connected reductive groups,
we denote by ∇(G, F ) the set of pairs (T, θ) where T is an F -stable maximal torus
ofG and θ ∈ Irr(TF ) is an irreducible character of TF . We denote by∇�′(G, F ) the
subset of ∇(G, F ) consisting of the pairs (T, θ) such that the order of θ is coprime
to �. Note that Irr(TF )�′ can be identified with the set of characters TF → Λ× of
�′-order. We denote by eθ ∈ Z(ΛTF ) the unique central primitive idempotent of
ΛTF with θ(eθ) �= 0.

Definition 2.14. We say that two pairs (T1, θ1) ∈ ∇(G, F ) and (T2, θ2) ∈
∇(G, F ) are rationally conjugate if there exists some t ∈ NGF (T1) such that
(T1,

tθ1) and (T2, θ2) are rationally conjugate in G◦. We write ∇(G, F )/≡ for
the set of equivalence classes under rational conjugation. Such an equivalence class
is called a rational series of (G, F ).

With this in mind, we can now state Definition 2.15 from [BDR17, 4.D.].

Definition 2.15. Let X ⊆ ∇�′(G, F ) be a rational series of (G, F ). We denote
by CX the thick subcategory of ΛGF -perf generated by the complexes RΓc(YB)eθ,
with (T, θ) ∈ X and B a Borel subgroup of G◦ with maximal torus T. We denote
by eX ∈ ΛGF the central idempotent such that CX = ΛGF eX -perf.

Note that the existence of the idempotents eX ∈ Z(ΛGF ) is ensured by [BDR17,
Theorem 4.12].

Remark 2.16. Suppose thatG is a connected reductive group. We let s ∈ (G∗)F
∗
be

a semisimple element of �′-order such that its (G∗)F
∗
-conjugacy class is associated

to the rational series X ⊆ ∇�′(G, F ). Then we have eG
F

s = eX , see [BR03, Remark
9.3].

Lemma 2.17. Let X ⊆ ∇�′(G, F ) be a rational series of G and choose a rational

series X ◦ of G◦ such that X ◦ ⊆ X . Then we have eX = TrG
F

NGF (eX◦ )(eX◦).

Proof. Write e′X :=
∑

g∈GF /NGF (eX◦ )
geX◦ . Let (T, θ) ∈ X and B be a Borel

subgroup of G◦ with maximal torus T. By [BDR17, (3.1)] we have

IndG
F

(G◦)F (RΓc(Y
G◦

B )eθ) ∼= RΓc(Y
G
B )eθ ∼= IndG

F

(G◦)F (RΓc(Y
G◦
tB )etθ)

for any t ∈ NGF (T). Therefore, the generators of CX lie inside ΛGF e′X -perf. Thus,
CX is a subcategory of ΛGF e′X -perf and we have eX e′X �= 0. By [BDR17, Theorem
4.12] it follows that we have two decompositions

1 =
∑

Z∈∇�′ (G,F )/≡
eZ =

∑
Z∈∇�′ (G,F )/≡

e′Z

into orthogonal central idempotents. From this we deduce that eX = e′X . �
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We recall the definition of (super)-regular series, see [BR03, Section 11.4] and in
particular [BR03, Lemma 11.6].

Definition 2.18. Let G be a connected reductive group and L an F -stable Levi
subgroup of G. We say that the rational series of (L, F ) associated to the con-
jugacy class of the semisimple element s ∈ (L∗)F

∗
is (G,L)-regular (respectively

superregular) if C◦
G∗(s) ⊆ L∗ (respectively CG∗(s) ⊆ L∗).

This notion can now be naturally extended to rational series of disconnected
reductive groups. Let G be a reductive group. If X is a rational series of (L, F )
we say that X is (G◦,L◦)-regular (respectively superregular) if any (and hence
every) rational series of (L◦, F ) contained in X is (G◦,L◦)-regular (respectively
superregular). We then say that the central idempotent eX associated to X is
(G◦,L◦)-(super)-regular.

2.8. Lusztig series and Brauer morphism. Let G be a reductive group and Q
a finite �-subgroup of GF . Then we consider the map

iGQ : ∇�′(CG(Q), F )/≡ → ∇�′(G, F )/≡
as defined in [BDR17, Theorem 4.14]. By [BDR17, Theorem 4.14] for any rational
series Y ⊆ ∇�′(G, F ) we have

brG
F

Q (eY) =
∑

Z∈(iGQ)−1(Y)

eZ .

Lemma 2.19. Let L be an F -stable Levi subgroup of G and let X ⊆ ∇�′(L, F )
be a (G◦,L◦)-(super)-regular rational series. Then for any �-subgroup Q of LF we
have that

brL
F

Q (eX ) =
∑

Z∈(iLQ)−1(X )

eZ

is a decomposition into central orthogonal (C◦
G(Q),C◦

L(Q))-(super-)regular idempo-
tents.

Proof. See [BDR17, Proposition 4.11]. �

We gather some useful facts.

Lemma 2.20. Let L be an F -stable Levi subgroup of G and P a parabolic subgroup
of G with Levi decomposition P = L � U. In addition, let X ⊆ ∇�′(L, F ) be a
(G◦,L◦)-regular rational series.

(a) There exists a unique rational series Y ⊆ ∇�′(G, F ) containing X .
(b) Deligne–Lusztig induction restricts to a functor RG

L⊆P : Db(ΛLF eX ) →
Db(ΛGF eY).

(c) Given X ′ ∈ (iLQ)
−1(X ) let Y ′ be the unique rational series of ∇�′(CG(Q), F )

containing X ′. Then we have iGQ (Y) = Y ′.

Proof. Let X ◦ be a rational series of (L◦, F ) contained in X . Then X ◦ is associated
to the conjugacy class of a semisimple element s ∈ ((L◦)∗)F

∗
of �′-order. The

rational series Y◦ of (G◦, F ) associated to s ∈ ((G◦)∗)F
∗
is the unique rational

series containing X ◦. By definition, there exists a unique rational series Y of (G, F )
containing Y◦ and X is the unique rational series of (L, F ) containing X ◦. This
shows part (a).



564 LUCAS RUHSTORFER

Deligne–Lusztig induction restricts to a functor RG◦

L◦⊆P◦ : Db(Λ(L◦)F eL
F

s ) →
Db(Λ(G◦)F eG

F

s ) by [BR03, Theorem 11.4]. For part (b) it suffices to show that
RG

L⊆P(M) ∈ Db(ΛGF eY) for M = ΛLF eX . By [BDR17, (3.1)] we have

IndG
F

(G◦)F ◦ RG◦

L◦⊆P◦ = RG
L⊆P ◦ IndL

F

(L◦)F .

By Lemma 2.17 we have eX = TrL
F

NLF (eLF
s )

(eL
F

s ) and so M ∼= IndL
F

(L◦)F (ΛL
F eL

F

s ).

We conclude that RG
L⊆P(M) ∈ Db(ΛGF eY). This implies that RG

L⊆P restricts to a

functor RG
L⊆P : Db(ΛLF eX ) → Db(ΛGF eY).

We now prove part (c). By Lemma 2.9 we have

BrΔQ(GΓc(Y
G
U)eX ) ∼= GΓc(Y

CG(Q)
CU(Q)),Λ)brQ(eX )

= brQ(eY)GΓc(Y
CG(Q)
CU(Q)),Λ)brQ(eX ).

On the other hand, by part (b) RCG(Q)
CL(Q)⊆CP(Q) restricts to a functor

RCG(Q)
CL(Q)⊆CP(Q) : D

b(ΛCLF (Q)eX ′) → Db(ΛCGF (Q)eY′).

This implies that brQ(eY)eY′ �= 0 which shows that eY′ appears in the decom-
position into central idempotents of brQ(eY) from Lemma 2.19. Therefore, we
necessarily have iGQ (Y) = Y ′. �

For our purposes it is necessary to slightly modify the definition of (super-)regular
series.

Definition 2.21. Let G be a connected reductive group and L be an F -stable
Levi subgroup of G. We say that the rational series of (L, F ) associated to the
conjugacy class of the semisimple element s ∈ (L∗)F

∗
is almost (G,L)-superregular

if C◦
G∗(s) CG∗(s)F

∗ ⊆ L∗.

Remark 2.22. The result of Lemma 2.20 remains true if we replace everywhere the
word (super)-regular by the word almost superregular. To show this one takes the
proof of Lemma 2.19 and takes F -fixed points at the appropriate places.

2.9. Equivariance of Deligne–Lusztig induction. In this section we establish
some elementary results on the action of group automorphisms on Deligne–Lusztig
varieties. Most of the results in this section are known, see [NTT08, Section 2].

Let G be a reductive group and σ : G → G be a bijective morphism of algebraic
groups which commutes with the action of the Frobenius endomorphism F , i.e. we
have σ ◦ F = F ◦ σ. Let P be a parabolic subgroup of G with Levi decomposition
P = L�U such that F (L) = L. Note that σ(P) is a parabolic subgroup of G with
F -stable Levi σ(L) and unipotent radical σ(U).

Lemma 2.23. With the notation as above, σ induces an isomorphism

σ∗ : GΓc(Y
G
σ(U),Λ) → σGΓc(Y

G
U ,Λ)σ

in Hob(Λ[GF × (LF )opp]).

Proof. The variety YG◦

U is smooth, see for instance [CE04, Theorem 7.2]. By

Lemma 2.7, we have YG
U =

∐
g∈GF /(G◦)F gYG◦

U which implies that the variety YG
U

is smooth as well. Thus, as in the proof of [NTT08, Proposition 2.1] it follows that



DERIVED EQUIVALENCES & EQUIVARIANT JORDAN DECOMPOSITION 565

the morphism σ : σYσ−1

U → Yσ(U) given by gU 	→ σ(g)σ(U) is GF × (LF )opp-
equivariant and induces an isomorphism of étale sites. Now [Rou02, Theorem 2.12]
shows that the map GΓc(Y

G
σ(U),Λ) → σGΓc(Y

G
U ,Λ)σ is an isomorphism. �

Assume now that G is connected and let s ∈ (G∗)F
∗
be a semisimple element of

�′-order. Using Lemma 2.23 one can show that σE(GF , t) = E(GF , (σ∗)−1(t)) for
every semisimple element t ∈ (G∗)F

∗
, see [NTT08, Corollary 2.4] and also [Tay18,

Proposition 7.2]. In particular, for a semisimple element of �′-order, σ(eG
F

s ) =

eG
F

(σ∗)−1(s).

2.10. The Bonnafé–Dat–Rouquier Morita equivalence. Let G be a con-
nected reductive group defined over an algebraic closure of Fp, where p is a prime
number. Let F : G → G be a Frobenius endomorphism of G defining an Fq-
structure on G. Let (G∗, F ∗) be in duality with (G, F ). Fix a semisimple element
s ∈ (G∗)F

∗
of �′-order. Let L∗ be an F ∗-stable Levi subgroup of G∗ which satisfies

C◦
G∗(s) ⊆ L∗ and

L∗CG∗(s)F
∗
= CG∗(s)F

∗
L∗.

This assumption is for instance satisfied if L∗ = CG∗(Z◦(C◦
G∗(s))) is the mini-

mal Levi subgroup of G∗ containing C◦
G∗(s) or if L∗ is any Levi subgroup of G∗

containing CG∗(s)F
∗
. Then we define

N∗ := CG∗(s)F
∗
L∗

which is a subgroup of G∗ by the property above. Note that N∗ is an F ∗-stable
subgroup of NG∗(L∗). Let L be an F -stable Levi subgroup of G in duality with
the Levi subgroup L∗ of G∗. We let N be the subgroup of NG(L) corresponding
to N∗ under the isomorphism of the relative Weyl groups

NG(L)/L ∼= NG∗(L∗)/L∗

induced by duality. The closed subgroup N of G is F -stable and it holds that

NF = NGF (L, eL
F

s ) by [BDR17, (7.1)]. We let P be a parabolic subgroup with Levi
decomposition P = L�U. In addition, we let d := dim(YU). By [BR03, Theorem
11.7] we have

Hi
c(Y

G
U ,Λ)eL

F

s = 0 for i �= d.

Hence, we are interested only in the dth cohomology group of the variety YG
U . For

convenience, we will therefore use Notation 2.24.

Notation 2.24. Let X be a variety of dimension n. Then we write RΓdim
c (X,Λ) :=

RΓc(X,Λ)[n] and Hdim
c (X,Λ) := Hn

c (X,Λ).

Let ι : G ↪→ G̃ be a regular embedding. Set L̃ = LZ(G̃) and Ñ = NL̃.

Assumption 2.25. Suppose that the k[(GF × (LF )opp)ΔL̃F ]-module

Hdim
c (YU, k)eL

F

s

extends to a k[(GF × (LF )opp)ΔÑF ]-module.

This assumption is for instance satisfied if NF /LF is cyclic, see [Rou98, Lemma
10.2.13].

We have Theorem 2.26, see [BDR17, Theorem 7.7]:
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Theorem 2.26 (Bonnafé–Dat–Rouquier). Suppose that Assumption 2.25 holds.

Then Hd
c (Y

G
U ,O)eL

F

s extends to an OGF -ONF -bimodule. Moreover, for any bi-

module M extending Hd
c (Y

G
U ,O)eL

F

s there exists a complex C of OGF -ONF -

bimodules extending GΓc(Y
G
U ,Λ)redeL

F

s such that Hd(C) ∼= M . The complex C

induces a splendid Rickard equivalence between OGF eG
F

s and ONF eL
F

s and the

bimodule M induces a Morita equivalence between OGF eG
F

s and ONF eL
F

s .

Proof. In the proof of [BDR17, Theorem 7.5] apply Assumption 2.25 instead of
[BDR17, Proposition 7.3]. The rest of the proof of the theorem is as in [BDR17,
Section 7]. �

Note that the assumption previously made that L∗ normalizes CG∗(s)F
∗
is not

necessary for Theorem 2.27. This means we only assume that L∗ is an F ∗-stable
Levi subgroup containing C◦

G∗(s).

Theorem 2.27. Let P1 and P2 be two parabolic subgroups of G with common Levi
complement L and unipotent radical U1 respectively U2. Then we have

Hdim
c (YU1 ,Λ)e

LF

s
∼= Hdim

c (YU2 ,Λ)e
LF

s

as ΛGF -ΛLF -bimodules.

Proof. This is proved in [BDR17, Theorem 7.2]. We sketch how the isomorphism
of the theorem is obtained. All mentioned statements are proved in loc. cit. We
define

Ycl
U1,U2

:= {(g1U1, g2U2) ∈ YU1,U2 | g1U1 ∈ YU1},
which is a GF × (LF )opp-stable closed subvariety of YU1,U2

. We have a closed
immersion iU1,U2

: Ycl
U1,U2

→ YU1,U2
and a natural projection map πU1,U2

:

Ycl
U1,U2

→ YU1
.

The map πU1,U2
is smooth with fibers isomorphic to an affine space of dimension

d := dim(U1 ∩F (U1))− dim(U1 ∩U2 ∩F (U1)), see [BDR17, Lemma 6.1]. Conse-
quently, we have an isomorphism π∗

U1,U2
: RΓc(YU1

,Λ)[−2d] → RΓc(Y
cl
U1,U2

,Λ).

Moreover, we have a morphism i∗U1,U2
: RΓc(YU1,U2

,Λ) → RΓc(Y
cl
U1,U2

,Λ). The
resulting map

ψU1,U2 = (π∗
U1,U2

)−1 ◦ i∗U1,U2
: RΓdim

c (YU1,U2 ,Λ) → RΓdim
c (YU1 ,Λ)

induces a quasi-isomorphism

ψU1,U2,s : RΓdim
c (YU1,U2 ,Λ)e

LF

s → RΓdim
c (YU1 ,Λ)e

LF

s

of ΛGF -ΛLF -complexes. Similarly, the map ψU2,F (U1) induces a quasi-isomorph-
ism

ψU2,F (U1),s : RΓdim
c (YU2,F (U1),Λ)e

LF

s → RΓdim
c (YU2 ,Λ)e

LF

s

of ΛGF -ΛLF -complexes. However, the shift map

sh : YU1,U2 → YU2,F (U1)

given by (g1U1, g2U2) 	→ (g2U2, F (g1U1)) is GF -LF -equivariant and induces an
equivalence of étale sites. In particular this map induces a quasi-isomorphism

sh∗ : RΓdim
c (YU1,U2 ,Λ) → RΓdim

c (YU2,F (U1),Λ)

of ΛGF -ΛLF -complexes. Consequently, we have a quasi-isomorphism

ΘU2,U1 := ψU2,F (U1),s ◦ sh
∗ ◦ψ−1

U1,U2,s
: RΓc(YU1 ,Λ)e

LF

s → RΓc(YU2 ,Λ)e
LF

s

of ΛGF -ΛLF -complexes. �
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We abbreviate C(G∗)F∗ (s)C◦
G∗(s) by CG∗,F∗(s) or even C(s) if (G∗, F ∗) is clear

from the context. We mention the following important special case of Theorem
2.26 which follows from Theorem 2.26 by observing that NF = LF if and only if
C(s) ⊆ L∗.

Theorem 2.28 (Bonnafé–Dat–Rouquier). Let L∗ be an F ∗-stable Levi subgroup

of G∗ containing C◦
G∗(s) C(G∗)F∗ (s). Then the complex C = GΓc(YU,O)redeL

F

s

of OGF eG
F

s -OLF eL
F

s bimodules induces a splendid Rickard equivalence between

OLF eL
F

s and OGF eG
F

s . The bimodule Hdim(YU)(C) induces a Morita equivalence

between OGF eG
F

s and OLF eL
F

s .

3. Generalizations to disconnected reductive groups

In this section we suppose that Ĝ is a reductive group with Frobenius F and we
let G be a closed normal connected F -stable subgroup of Ĝ. We let s ∈ (G∗)F

∗

be a semisimple element of �′-order and L∗ be an F ∗-stable Levi subgroup of G∗

such that C◦
G∗(s) ⊆ L∗. Let L be a Levi subgroup of G in duality with L∗. As in

Section 2.2 we suppose that P = LU and P̂ = L̂U are two Levi decompositions of
parabolic subgroups P of G and P̂ of Ĝ such that P̂∩G = P and L̂∩G = L. Let

D := (GF × (LF )opp)Δ(L̂F ) and D′ be the stabilizer of the idempotent eG
F

s ⊗ eL
F

s

in ĜF × (L̂F )opp. Note that we have D′ = GF × (LF )opp Δ(NL̂F (eL
F

s ))
We generalize Theorem 2.27 to disconnected reductive groups.

Lemma 3.1. Let Q = LV and Q̂ = L̂V respectively be two Levi decompositions
of parabolic subgroups Q of G and Q̂ of Ĝ respectively which satisfy Q̂ ∩G = Q.
Then we have

H
dim(YG

U )
c (YG

U ,Λ)TrL̂
F

NL̂F (eLF
s )

(eL
F

s ) ∼= H
dim(YG

V )
c (YG

V ,Λ)TrL̂
F

NL̂F (eLF
s )

(eL
F

s )

as ΛD-bimodules.

Proof. By the proof of Theorem 2.27 we have a quasi-isomorphism

ΘU,V := ψV,F (U),s ◦ sh∗ ◦ψ−1
U,V,s : RΓc(YU,Λ)eL

F

s → RΓc(YV,Λ)eL
F

s .

The varieties involved in the construction of this map have a D-structure (extending
the usual GF × (LF )opp-structure), see Lemma 2.4. The maps between them in
the proof of Theorem 2.27 are easily seen to be D-equivariant. Therefore, the map
ΘV,U is a quasi-isomorphism of ΛD′-complexes. By applying the functor IndDD′ we
obtain an isomorphism

H
dim(YĜ

U )
c (YĜ

U ,Λ)TrL̂
F

NL̂F (eLF
s )

(eL
F

s ) ∼= H
dim(YĜ

V )
c (YĜ

V ,Λ)TrL̂
F

NL̂F (eLF
s )

(eL
F

s )

of ΛD-modules. �

Lemma 3.2. Suppose that C(s) ⊆ L∗ and NL̂F (eL
F

s )GF = NĜF (eG
F

s ). Then the

bimodule Hdim
c (YĜ

U ,Λ)eX induces a Morita equivalence between

ΛĜF TrĜ
F

NĜF (eGF
s )

(eG
F

s )

and ΛL̂F TrL̂
F

NL̂F (eLF
s )

(eL
F

s ).
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Proof. By Lemma 1.11 it follows that the bimodule

Ind
ĜF×(L̂F )opp

D (Hdim
c (YG

U ,Λ))TrL̂
F

NL̂F (eLF
s )

(eL
F

s )

induces a Morita equivalence between ΛĜF TrĜ
F

NĜF (eGF
s )

(eG
F

s ) and

ΛL̂F TrL̂
F

NL̂F (eLF
s )

(eL
F

s ).

On the other hand, Lemma 2.7 implies that

Ind
ĜF×(L̂F )opp

D Hdim
c (YG

U ,Λ)TrL̂
F

NL̂F (eLF
s )

(eL
F

s ) ∼= Hdim
c (YĜ

U ,Λ)TrL̂
F

NL̂F (eLF
s )

(eL
F

s ).

�
3.1. Independence of Godement resolution. Let G be a finite group and L be
a subgroup of G. Let e be a central idempotent of kG and f be a central idempotent
of kL. In this section we consider two complexes C1 and C2 which both induce a
splendid equivalence between kGe and kLf and we want to give a criterion when
C1

∼= C2 in Hob(k[G× Lopp]).
Lemma 3.3 should be compared to [BDR17, Lemma A.5].

Lemma 3.3. Let C1 and C2 be two bounded complexes of �-permutation kGe-kLf-
modules inducing a splendid Rickard equivalence between kGe and kLf . Suppose
that for all �-subgroups Q of L there exists an integer dQ such that the cohomology
of BrΔQ(C1) and BrΔQ(C2) is concentrated in the same degree dQ. In addition,
assume that Hd1(C1) ∼= Hd1(C2) for the trivial subgroup Q = 1. Then we have

C1
∼= C2 in Hob(k[G× Lopp]).

Proof. As in the proof of [Rou98, Lemma 10.2.6] one shows that the complex
C∨

1 ⊗ΛG C2 induces a splendid Rickard self-equivalence of kLf . Therefore, we

have BrR(C
∨
1 ⊗kG C2) ∼= 0 in Hob(k[L×Lopp]) if R is not conjugate to a subgroup

of ΔL. Moreover, by the proof of [Ric96, Theorem 4.1] we have

BrΔQ(C
∨
1 ⊗kG C2) ∼= BrΔQ(C

∨
1 )⊗kCG(Q) BrΔQ(C2)

for all �-subgroups Q of L. The complexes BrΔQ(C1), BrΔQ(C2) are complexes of
finitely generated projective kCG(Q)-modules and their cohomology is by assump-
tion concentrated in the same degree dQ. By [Ben98, Theorem 2.7.1] we thus have
Hi(BrΔQ(C

∨
1 ⊗kG C2)) = 0 for i �= 0. Therefore, we can apply [BDR17, Lemma

A.3] and obtain that

C∨
1 ⊗kG C2

∼= H0(C∨
1 ⊗kG C2) ∼= Hd1(C1)

∨ ⊗kG Hd1(C2)

in Hob(k[G × Lopp]). By assumption we have Hd1(C1) ∼= Hd1(C2). Moreover,
the bimodule Hd1(C1) induces a Morita equivalence between kLf and kGe by
[Rou98, Section 10.2.3]. From this we can conclude that kLf ∼= C∨

1 ⊗kG C2 in

Hob(k[L× Lopp]). Therefore, we have

C1
∼= C1 ⊗kL kLf ∼= C1 ⊗kL C∨

1 ⊗kG C2
∼= C2

in Hob(k[G× Lopp]). �

Corollary 3.4. Let G be a connected reductive group, s ∈ (G∗)F
∗
semisimple of

�′-order and L∗ the minimal Levi subgroup of G∗ with C(s) ⊆ L∗. Let P = LU
and Q = LV be two parabolic subgroups of G with Levi subgroup L. Then we have

GΓc(YU, k)eL
F

s
∼= GΓc(YV, k)eL

F

s [dim(YG
V)− dim(YG

U)]
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in Hob(kGF ⊗k (kLF )opp) if

dim(YG
U)− dim(YG

V) = dim(Y
CG(Q)
CU(Q))− dim(Y

CG(Q)
CV(Q))

for all �-subgroups Q of LF .

Proof. By Theorem 2.28 the complex GΓc(YU, k)eL
F

s induces a splendid Rickard

equivalence between kLF eL
F

s and kGF eG
F

s . Its cohomology is concentrated in
degree dim(YU). Moreover, the cohomology of

BrΔQ(GΓc(Y
G
U , k)eL

F

s ) ∼= GΓc(Y
CG(Q)
CU(Q) , k) brQ(e

LF

s )

is concentrated in degree dim(Y
CG(Q)
CU(Q)). The same holds for the variety YG

V . By

Theorem 2.27, Hdim
c (YU,Λ)eL

F

s
∼= Hdim

c (YV,Λ)eL
F

s . Hence the statement of the
corollary is an immediate consequence of Lemma 3.3. �

We don’t know when the condition of Corollary 3.4 holds in general. Example
3.5 is an application of Corollary 3.4.

Example 3.5. Suppose that σ : G → G is a bijective endomorphism with σ ◦F =

F ◦ σ and stabilizing L and eL
F

s . Suppose that a Sylow �-subgroup D of LF is
cyclic. Up to changing σ by inner automorphisms of LF we may assume that D is
σ-stable. Hence, for any subgroup Q of D we have σ(Q) = Q. It follows that

dim(Y
CG(Q)
Cσ(U)(Q)) = dim(σ(Y

CG(Q)
CU(Q))) = dim(Y

CG(Q)
CU(Q)).

From this and Corollary 3.4 we conclude that

GΓc(Yσ(U), k)e
LF

s
∼= GΓc(YU, k)eL

F

s

in Hob(kGF ⊗k (kLF )opp). Therefore, by Lemma 2.23 we have

σ(GΓc(YU, k)eL
F

s )σ ∼= GΓc(YU, k)eL
F

s

in Hob(kGF ⊗k (kLF )opp).

3.2. Comparing Rickard and Morita equivalences. LetG be a not necessarily
connected reductive group and L be an F -stable Levi subgroup of G with Levi
decomposition P = L�U. Let X be a (G◦,L◦)-regular series of (L, F ). Denote by
Y the unique series of (G, F ) containing X . We denote d := dim(YG

U). We recall
the following important result:

Proposition 3.6. We have

End•kGF ((GΓc(Y
G
U , k)eX )red) ∼= EndDb(kGF )((GΓc(Y

G
U , k)eX )red)

in Hob(k[LF × (LF )opp]).

Proof. This is proved in Step 1 of the proof of [BDR17, Theorem 7.6]. Note that
the assumption G is connected is not needed in this step of the proof. �

Proposition 3.7. Let b be a block of ΛGF eY and c be a block of ΛLF eX . Denote
C := bGΓc(Y

G
U ,Λ)redc and d := dim(YG

U). Then the complex C induces a splendid
Rickard equivalence between ΛGF b and ΛLF c if and only if Hd(C) induces a Morita
equivalence between ΛGF b and ΛLF c.
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Proof. Let us first assume that Λ = k. By Proposition 3.6 we have

End•kGF (C) ∼= EndDb(kGF )(C).

Since C is a complex of projective kGF -modules we have EndDb(kGF )(C) ∼=
H0(End•kGF (C)) and as the cohomology of C is concentrated in degree d, we deduce
thatH0(End•kGF (C))∼=EndkGF (Hd(C)). Therefore, End•kGF (C)∼=EndkGF (Hd(C))

in Hob(k[LF × (LF )opp]). By [Ric96, Theorem 2.1] it follows that C induces a
Rickard equivalence if and only if Hd(C) induces a Morita equivalence.

Let us now assume that Λ = O. If Hd(C) induces a Morita equivalence between
OGF b and OLF c then Hd(C ⊗O k) ∼= Hd(C) ⊗O k induces a Morita equivalence
between kGF b and kLF c. Using the result for the case Λ = k shows that the
complex C ⊗O k induces a splendid Rickard equivalence between kGF b and kLF c.
Thus, by the proof of [Ric96, Theorem 5.2] the complex C induces a splendid
Rickard equivalence between OGF b and OLF c. On the other hand, if the complex
C induces a Rickard equivalence then it follows by [Rou98, Section 10.2.3] that
Hd(C) induces a Morita equivalence. �

3.3. Morita equivalences for local subgroups. In this section we give some
applications of Proposition 3.7. We keep the notation of the previous section
and assume additionally that the rational series X of (L, F ) is almost (G◦,L◦)-
superregular, see Definition 2.21.

Corollary 3.8. Suppose that NLF (e
(L◦)F

s )(G◦)F = NGF (e
(G◦)F

s ). Then the com-
plex GΓc(Y

G
U ,Λ)eX induces a splendid Rickard equivalence between ΛGF eY and

ΛLF eX .

Proof. By Lemma 3.2 the bimodule H
dim(YG

U)
c (YG

U ,Λ)eX induces a Morita equiv-
alence between ΛGF eY and ΛLF eX . Write eX = c1 + · · · + cr as a sum of block
idempotents. Then there exists a decomposition eY = b1 + · · · + br into block

idempotents such that H
dim(YG

U)
c (YG

U ,Λ)ci induces a Morita equivalence between
ΛGF bi and ΛLF ci. Set C := GΓc(Y

G
U ,Λ)redeX . It follows from Proposition 3.7

that the complex biCci induces a splendid Rickard equivalence between ΛGF bi
and ΛLF ci. Consequently, the complex

⊕r
i=1 biCci induces a splendid Rickard

equivalence between ΛGF eY and ΛLF eX .
For j �= i consider the complex X := biCcj . By the proof of Proposition 3.7 we

have

X∨ ⊗kGF X ∼= End•kGF (X) ∼= EndkGF (Hdim(YG
U)(X)) ∼= 0

in Hob(k[LF × (LF )opp]). By the proof of [Ric96, Theorem 2.1], the complex X
is a direct summand of X ⊗kLF X∨ ⊗kGF X. This shows that X = biCcj ∼= 0

in Hob(k[GF × (LF )opp]) for j �= i. Hence, the complex GΓc(Y
G
U ,Λ)eX induces a

splendid Rickard equivalence between ΛGF eY and ΛLF eX . �

Suppose that we are in the situation of Corollary 3.8. Let b be a block of ΛGF eY
corresponding to the block c of ΛLF eX under the splendid Rickard equivalence
between ΛGF eY and ΛLF eX given by C := GΓc(Y

G
U ,Λ)redeX . Let (Q, cQ) be

a c-Brauer pair and (Q, bQ) be the unique b-Brauer pair of kCGF (Q) such that
the complex bQ BrΔQ(C)cQ ∼= BrΔQ(C)cQ induces a Rickard equivalence between
kCGF (Q)bQ and kCLF (Q)cQ, see Proposition 1.4.

Proposition 3.9 is yet another application of Proposition 3.7.
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Proposition 3.9. Suppose that NLF (e
(L◦)F

s )(G◦)F = NGF (e
(G◦)F

s ). Then the bi-

module Hdim
c (Y

CG(Q)
CU(Q) ,Λ)cQ induces a Morita equivalence between the blocks

ΛCLF (Q)cQ and ΛCGF (Q)bQ.

Proof. Recall that c is a block of ΛLF eX . Since (Q, cQ) is a c-subpair we have

brL
F

Q (c)cQ = cQ. Thus, there exists some rational series X ′ ∈ (iLQ)
−1(X ) such that

cQ is a block of kCLF (Q)eX ′ , see Lemma 2.19. Let Y ′ be the unique rational series
of (CG(Q), F ) containing X ′, see Lemma 2.20(a).

Since the complex BrΔQ(C)cQ ∼= GΓc(Y
CG(Q)
CU(Q) , k)cQ induces a Rickard equiv-

alence between kCLF (Q)cQ and kCGF (Q)bQ it follows by Lemma 2.20(c) that
bQ is a block of kCGF (Q)eY′ . By the remarks following Lemma 2.9 the com-

plex GΓc(Y
CG(Q)
CU(Q) ,O)cQ is a splendid complex of OCGF (Q)-OCLF (Q)-bimodules,

which is a lift toO ofGΓc(Y
CG(Q)
CU(Q) , k)cQ. By the proof of [Ric96, Theorem 5.2] it fol-

lows that GΓc(Y
CG(Q)
CU(Q) ,O)cQ induces a Rickard equivalence between OCLF (Q)cQ

and OCGF (Q)bQ. It therefore follows by Proposition 3.7 that Hdim
c (Y

CG(Q)
CU(Q) ,Λ)cQ

induces a Morita equivalence between ΛCLF (Q)cQ and ΛCGF (Q)bQ. �

In the following we consider the subgroup

D := {(x, y) ∈ NGF (Q)× NLF (Q)opp | xCGF (Q) = y−1 CGF (Q)}

of NGF (Q)×NLF (Q)opp.

In addition, we let BQ := Tr
NGF (Q)

NGF (Q,bQ)(bQ) and CQ := Tr
NLF (Q)

NLF (Q,cQ)(cQ). The

following can be seen as a geometric version of Proposition 1.12.

Theorem 3.10. Suppose that NLF (e
(L◦)F

s )(G◦)F = NGF (e
(G◦)F

s ). Then the bi-

module Hdim
c (Y

NG(Q)
CU(Q) ,Λ)CQ induces a Morita equivalence between ΛNLF (Q)CQ

and ΛNGF (Q)BQ.

Proof. Corollary 1.6 shows that the factor groups NLF (Q, cQ)/CLF (Q) and
NGF (Q, bQ)/CGF (Q) are isomorphic via the inclusion NLF (Q) ⊆ NGF (Q).

Moreover, by Proposition 1.4 we deduce xbQH
dim
c (Y

CG(Q)
CU(Q) ,Λ)cQ = 0 for all x ∈

NGF (Q) \NGF (Q, bQ). The bimodule Hdim
c (Y

CG(Q)
CU(Q) ,Λ)cQ induces by Proposition

3.9 a Morita equivalence between the blocks ΛCLF (Q)cQ and ΛCGF (Q)bQ.
Recall from Example 2.3 that NG(Q) is a reductive group. Moreover, NP(Q)

is a parabolic subgroup of NG(Q) with Levi decomposition NP(Q) = NL(Q) �
CU(Q). Note that CG(Q) is a normal subgroup of NG(Q) and we have a Levi
decomposition CP(Q) = CL(Q)�CU(Q) in CG(Q), see Example 2.3. By Corollary

2.8 it follows that the bimodule Hdim
c (Y

CG(Q)
CU(Q) ,Λ) has a natural D-action and we

have an isomorphism

Ind
NGF (Q)×NLF (Q)opp

D Hdim
c (Y

CG(Q)
CU(Q) ,Λ)

∼= Hdim
c (Y

NG(Q)
CU(Q) ,Λ).

By Lemma 1.11 it follows that the bimodule Hdim
c (Y

NG(Q)
CU(Q) ,Λ)CQ induces a Morita

equivalence between ΛNLF (Q)CQ and ΛNGF (Q)BQ. �
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4. Automorphisms of quasi-simple groups of Lie type

4.1. Automorphisms of simple groups of Lie type. We briefly recall the clas-
sification of automorphisms of finite simple groups of Lie type. Let G be a simple
algebraic group of simply connected type with Frobenius F : G → G such that
GF is perfect. Fix a maximal torus T0 and a Borel subgroup B0 of G containing
T0. We let Φ be the root system relative to T0 and Δ be the base of Φ relative to
T0 ⊆ B0. For every α ∈ Φ we fix a one-parameter subgroup xα : (Fp,+) → G. We
consider the following bijective morphisms of G as introduced before [Ste16, The-
orem 30]:

• The field endomorphism φ0 : G → G, xα(t) 	→ xα(t
p) for every t ∈ Fp and

α ∈ Φ.
• For any angle preserving permutation γ of the simple roots Δ we consider
the graph endomorphism γ : G → G given by

γ(xα(t)) :=

{
xγ(α)(t) if α is long or all roots have the same length,

xγ(α)(t
p) if α is short

for every t ∈ Fp and α ∈ ±Δ.

For any fixed prime power q = pf of p and a graph automorphism γ we consider

the Frobenius endomorphism F = φf
0γ : G → G. Note that any Frobenius endo-

morphism of G is (up to inner automorphisms of G) of this form by [MT11, The-
orem 22.5]. We say that (G, F ) is split if γ is the identity and twisted otherwise.

We let ι : G ↪→ G̃ be a regular embedding as in [MS16, Section 2.B]. In particular,

there exist suitable extensions of φ and γ to G̃ (denoted by the same letter) such
that all relevant relations are preserved. The automorphisms of GF obtained by
conjugation with elements of G̃F are called diagonal automorphisms of GF .

To avoid cumbersome notation we will use the same letter for bijective morphisms
of G commuting with F and their restriction to GF :

Notation 4.1. Let σ : G → G be a bijective morphism of algebraic groups with
σ ◦ F = F ◦ σ. Then we also denote by σ : GF → GF the automorphism of GF

obtained by restricting σ to GF . In particular, the expression GF � 〈σ〉 always
denotes the semidirect product of finite groups obtained by letting σ : GF → GF

act on GF .

Corollary 4.2. Let G be a simple algebraic group of simply connected type not of
type D4 with Frobenius F . Let s ∈ (G∗)F

∗
be a semisimple element of �′-order.

There exists a Frobenius endomorphism f0 : G̃ → G̃ with fr
0 = F for some positive

integer r and a bijective morphism γ0 : G̃ → G̃ such that the image of G̃F �〈f0, γ0〉
in Out(GF ) is the stabilizer of eG

F

s in Out(GF ).

Proof. Let DiagGF be the image of the set of diagonal automorphisms in Out(GF ).

The stabilizer of eG
F

s in Out(GF ) contains DiagGF by the remarks following Lemma
2.23. Suppose that (G, F ) is twisted. Observe that in this case the group

Out(GF )/DiagGF is cyclic. Let γ0 : G̃ → G̃ be a bijective morphism whose
image generated the cyclic group Out(GF )eGF

s
/DiagGF and set f0 := F .

Now suppose that (G, F ) is split. Let γ : G → G be a non-trivial graph
endomorphism (if it exists). Then the classification of automorphisms of simple
groups of Lie type (see [Ste16, Theorem 30 and 36]) shows that Out(GF )/DiagGF

∼=
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〈γ, φ0〉 ∼= Ct×Cm, where t ≤ 3. Thus, every subgroup of Out(GF )/DiagGF is either
cyclic or isomorphic to 〈γ〉×〈f0〉, where f0 = φi

0 : G → G for some i with i | f . �

Note that the restriction of f0 and γ0 to the finite group GF can be trivial.

4.2. Automorphisms and stabilizers of idempotents. Let G be a simple al-
gebraic group of simply connected type not of type D4 with Frobenius F . Let
s ∈ (G∗)F

∗
be a semisimple element of �′-order. Recall that by Corollary 4.2 there

exists a Frobenius endomorphism f0 : G̃ → G̃ with fr
0 = F for some positive integer

r and a bijective morphism σ : G̃ → G̃ commuting with f0 such that G̃F � 〈f0, γ0〉
is the stabilizer of eG

F

s in Out(GF ).

Lemma 4.3. Let ψ ∈ {f0, γ0}. There exists some xψ ∈ GF such that xψψ nor-

malizes L and xψψeL
F

s = eL
F

s .

Proof. Since the (G∗)F
∗
-conjugacy class of s is ψ∗-stable it follows that the (G∗)F

∗
-

conjugacy class of L∗ is ψ∗-stable. By Corollary 2.13 it follows that the GF -
conjugacy class of L is ψ-stable. We can therefore find g ∈ GF and h ∈ (G∗)F

∗

such that ψ0 := gψ stabilizes L and ψ∗
0 := hψ∗ stabilizes L∗. Moreover, we can

choose g and h with the additional property that ψ0|L and ψ∗
0 |L∗ are in duality

with each other. Since the (G∗)F
∗
-conjugacy class of s is ψ0-stable there exists

some n∗ ∈ (G∗)F
∗
such that (ψ∗

0)
−1(s) = n∗

s. Since L∗ is ψ∗
0-stable it follows that

n∗ ∈ N(G∗)F∗ (L∗). Let n ∈ NGF (L) be an element corresponding to n∗ under the
canonical anti-isomorphism

NGF (L)/LF ∼= N(G∗)F∗ (L∗)/(L∗)F
∗

induced by duality. Using the remarks following Lemma 2.23 we obtain

nψ0(e
LF

s ) = eL
F

s .

Therefore y := ng ∈ GF satisfies yψL = L and yψeL
F

s = eL
F

s . �

We use the following well-known fact:

Lemma 4.4. Let G be a connected reductive group and φ : G → G a Frobenius

endomorphism. The norm map Nφr/φ : G → G, x 	→
∏r−1

i=0 φi(x), is surjective.

Proof. By Lang’s theorem we can write y ∈ G as y = a−1φr(a). Then for x :=
a−1φ(a) we have Nφr/φ(x) = y. �

Lemma 4.5. There exists a Frobenius endomorphism F0 : G̃ → G̃ satisfying
F r
0 = F with the following properties.

(a) We have F0 = ad(x)f0 for some x ∈ GF and f0 and F0 are Inn(GF )-
conjugate.

(b) F0 stabilizes L and eL
F

s .

Proof. By Lemma 4.3 there exists some y0 ∈ GF such that L and eL
F

s are y0f0-

stable. We have (y0f0)
r=NF/f0(y0)F and therefore y := NF/f0(y0)∈NGF (L, eL

F

s )

= LF .
The Levi subgroup L is y0f0-stable. Therefore, by Lemma 4.4 there exists l ∈ L

such that y−1 = NyF/y0f0(l). We define x := ly0 and F ′
0 := xf0. Then we have

(F ′
0)

r = (ly0f0)
r = (l(y0f0))

r = NyF/y0f0(l)yF = F.
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Denote by Bij(G) the set of bijective (set-theoretic) maps onG. Since F0 = xf0 and
f0 commute as elements of G� Bij(G) with F = F r

0 we necessarily have x ∈ GF .
To show that F0 and f0 are GF -conjugate use Lang’s theorem to find y ∈ G with
yf0(y)

−1 = x. Then yf0 = xf0 = F0 and as

F = F r
0 = (yf0)

r = y−1F (y)F,

we have y ∈ GF . �

Proposition 4.6 describes the set of automorphisms stabilizing the idempotent

eG
F

s in a nice way:

Proposition 4.6. Let G be a simple algebraic group of simply connected type not
of type D4 with Frobenius F . Let s ∈ (G∗)F

∗
be a semisimple element of �′-order.

There exists a Frobenius endomorphism F0 : G̃ → G̃ with F r
0 = F for some positive

integer r and a bijective morphism σ : G̃ → G̃ such that A = 〈F0, σ〉 ⊆ Aut(G̃F )
satisfies:

(a) F0 ◦ σ = σ ◦ F0 as morphisms of G̃.

(b) The image of G̃F �A in Out(GF ) is the stabilizer of eG
F

s in Out(GF ).
(c) There exists a Levi subgroup L of G in duality with L∗ such that A stabilizes

L and eL
F

s .

Proof. By Lemma 4.3 there exists an element y ∈ GF such that γ := yγ0 stabilizes

L and eL
F

s . Let F0 = xf0 be the element constructed in the proof of Lemma 4.5.
Since the elements f0 and γ0 commute in G � Bij(G) we have z := [F0, γ] ∈ GF .

As [F0, γ] stabilize L and eL
F

s we must have z ∈ NGF (L, eL
F

s ) = LF . By Lang’s
theorem applied to F0 : L → L there exists l ∈ L such that z = F0(l

−1)l. We
conclude that

[F0, lγ] = F0(l)[F0, γ]l
−1 = F0(l)zl

−1 = 1.

In particular, the bijective morphisms F0 and σ := lγ commute. Note that F r
0 = F

and thus σ commutes with the Frobenius endomorphism F as well. As we have
changed f0 and γ0 only by an inner automorphism of GF this gives part (b) of the
proposition. Part (c) is also immediate from the construction of F0 and σ = lγ0. �

Note that the natural map Aut(GF ) � Out(GF ) does not necessarily induce an
isomorphism of A with its image in Out(GF ). This is essentially the case since we
need to replace the automorphism σ by xσ in the proof of Proposition 4.6.

5. Extending the Morita equivalence

Suppose that we are in the situation of Corollary 4.2. Then by Theorem 2.28

the bimodule Hdim
c (YG

U ,O)eL
F

s induces a Morita equivalence between OLF eL
F

s and

OGF eG
F

s . In Proposition 4.6 we have constructed a group A such that G̃F � A
generates the stabilizer of eG

F

s in Out(GF ). The aim of this section is to show that

the Morita equivalence induced by Hdim
c (YG

U ,O)eL
F

s lifts (under mild assumptions

on �) to a Morita equivalence between OL̃FAeL
F

s and OG̃FAeG
F

s .
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5.1. Disconnected reductive groups and Morita equivalences. Let G be a
connected reductive group which is not a torus with Frobenius F : G → G and
ι : G ↪→ G̃ be a regular embedding. Consider an algebraic automorphism τ : G̃ →
G̃ satisfying τ ◦ F = F ◦ τ and τ (G) = G. By the discussion at the beginning of
[CS13, Paragraph 2.4] it follows that the automorphism τ is uniquely determined

up to powers of F by its restriction to G̃F . Consequently, the automorphisms τ
and its restriction to G̃F have the same order. As in Example 2.2 we consider the
not necessarily connected reductive group G̃� 〈τ 〉.

Let G∗ be in duality with G. Fix a semisimple element s ∈ (G∗)F
∗
of �′-order

and let L∗ be a Levi subgroup with C◦
G∗(s) ⊆ L∗. Let P be a parabolic subgroup of

G with Levi decomposition P = L�U. We have a Levi decomposition P̃ = L̃�U
in G̃, where P̃ := PZ(G̃) and L̃ := LZ(G̃). Suppose that the tuple (P,L) is

τ -stable. Then P̂ := P̃〈τ 〉 is a parabolic subgroup of Ĝ := G̃ � 〈τ 〉 with Levi

decomposition P̂ = L̂ � U, where L̂ := L̃〈τ 〉, see Example 2.2. The Frobenius

endomorphism F extends to a Frobenius endomorphism of G̃� 〈τ 〉 by defining

F : G̃� 〈τ 〉 → G̃� 〈τ 〉, gτ i 	→ F (g)τ i, (i ≥ 0).

Since τ and its restriction to G̃F have the same order we have an isomorphism

(G̃� 〈τ 〉)F ∼= G̃F � 〈τ |G̃F 〉.
In the following, we will as in Notation 4.1 use the same letter τ for the automor-
phism τ : G̃ → G̃ and its restriction to G̃F .

We let Y and X be the rational series of (G〈τ 〉, F ) and (L〈τ 〉, F ) which contain
the rational series associated to the semisimple element s of G and L respectively.

Let σ : G̃ → G̃ be a bijective morphism of algebraic groups commuting with
the action of τ and F . Then σ extends to a bijective morphism σ : G̃ � 〈τ 〉 →
G̃� 〈τ 〉, gτ i 	→ σ(g)τ i, (i ≥ 0). With this notation we have the following:

Lemma 5.1. The bimodule Hdim
c (YG

U ,Λ)eX is endowed with a natural (GF ×
(LF )opp)Δ(L̃F 〈τ 〉)-action. If L is σ-stable then we have

Hdim
c (YG

U ,Λ)eX ∼= σHdim
c (YG

U ,Λ)σσ(eX )

as Λ[(GF × (LF )opp)Δ(L̃F 〈τ 〉)]-bimodules.

Proof. This follows from Lemma 3.1 and Lemma 2.23. �

Suppose that b is a block of ΛGF eG
F

s corresponding to a block c of ΛLF eL
F

s un-

der the Morita equivalence induced by Hdim
c (YG

U ,Λ)eL
F

s . Let (Q, cQ) be a c-Brauer

pair and (Q, bQ) the corresponding b-Brauer pair such that bQH
dim
c (Y

CG(Q)
CU(Q) , k) =

Hdim
c (Y

CG(Q)
CU(Q) , k)cQ. As usual, we define BQ := Tr

NGF (Q)

NGF (Q,bQ)(bQ) and CQ :=

Tr
NLF (Q)

NLF (Q,cQ)(cQ). We will now provide a local version of Lemma 5.1. The tech-

nical difficulty is to keep track of the diagonal actions.

Theorem 5.2. Assume that Q̂ = L̂ � V is a parabolic subgroup of Ĝ with Levi
subgroup L̂. Then we have

Hdim
c (Y

NG(Q)
CU(Q) ,Λ)CQ

∼= Hdim
c (Y

NG(Q)
CV(Q) ,Λ)CQ

as Λ[(NGF (Q)×NLF (Q)opp)Δ(NL̂F (Q,CQ))]-modules.
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Proof. Firstly, recall that NĜ(Q) is a reductive group with closed connected nor-
mal subgroup C◦

Ĝ
(Q), see Example 2.3. We have a Levi decomposition NP̂(Q) =

NL̂(Q) � CU(Q) in NĜ(Q). Furthermore, C◦
G(Q) is a closed normal subgroup of

NĜ(Q) and we have a Levi decomposition C◦
P(Q) = C◦

L(Q) � CU(Q) in the con-
nected reductive group C◦

G(Q), see also Example 2.3. In addition, we have

NL̂(Q) ∩ C◦
G(Q) = CL̂∩G(Q) ∩ C◦

G(Q) = CL(Q) ∩ C◦
G(Q) = C◦

L(Q)

and similarly NP̂(Q) ∩ C◦
G(Q) = C◦

P(Q). This shows that we are in the situation
of Section 2.3.

Recall that since (Q, cQ) is a c-subpair we have brL
F

Q (c)cQ = cQ and by Lemma

2.19 there exists X ′ ∈ (iLQ)
−1(X ) such that cQ is a block of kCLF (Q)eX ′ .

Let Z be a rational series of C◦
L(Q) contained in X ′. By Lemma 2.19 and Remark

2.22 we obtain that the rational series Z is (C◦
G(Q),C◦

L(Q))-regular. By the proof
of Lemma 3.1 we thus obtain an isomorphism

Hdim
c (Y

C◦
G(Q)

CU(Q) ,Λ)eZ
∼= Hdim

c (Y
C◦

G(Q)

CV(Q) ,Λ)eZ

of Λ[(C◦
G(Q)F × (C◦

L(Q)F )opp)ΔNL̂F (Q, eZ)]-modules. Moreover we have eX ′ =

Tr
CLF (Q)

(C◦
L(Q))F

(eZ) by Lemma 2.17, which implies that

NL̂F (Q, eX ′) = CLF (Q)NL̂F (Q, eZ).

We obtain an isomorphism

Hdim
c (Y

CG(Q)
CU(Q) ,Λ)eX ′ ∼= Hdim

c (Y
CG(Q)
CV(Q) ,Λ)eX ′

of Λ[(CGF (Q) × (CLF (Q))opp)ΔNL̂F (Q, eX ′)]-modules. Since cQ is a block of

kCLF (Q)eX ′ we obtain, by truncating to cQ, an isomorphismHdim
c (Y

CG(Q)
CU(Q) ,Λ)cQ

∼=
Hdim

c (Y
CG(Q)
CV(Q) ,Λ)cQ of Λ[CGF (Q)×(CLF (Q))oppΔNL̂F (Q, cQ)]-modules. Applying

Lemma 2.7 yields an isomorphism

Hdim
c (Y

NG(Q)
CU(Q) ,Λ)CQ

∼= Hdim
c (Y

NG(Q)
CV(Q) ,Λ)CQ

of Λ[(NGF (Q)×NLF (Q)opp)ΔNL̂F (Q,CQ)]-modules. �

The previous statements rely on the parabolic subgroup P being τ -stable. In
the following, we will use an idea from [Dig99] to reduce the situation outlined at
the beginning of this section to this case.

5.2. Restriction of scalars for Deligne–Lusztig varieties. Let G be a reduc-
tive group with Frobenius endomorphism F0 : G → G. For an integer r we let
F := F r

0 : G → G. We consider the reductive group G = Gr with Frobenius
endomorphism F0 × · · · × F0 : G → G which we also denote by F0. We consider
the permutation

τ : G → G

given by τ (g1, . . . , gr) = (g2, . . . , gr, g1). Consider the projection onto the first
component

pr : G → G, (g1, . . . , gr) 	→ g1.

The restriction of pr to GF0τ induces an isomorphism

pr : GF0τ → GF
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of finite groups with inverse map given by pr−1(g) = (g, F r−1
0 (g), . . . , F0(g)) for

g ∈ GF .
For any subset H of G we set

H := H× F r−1
0 (H)× · · · × F0(H).

Note that if H is F -stable then H is τF0-stable and the projection map pr : H → H
induces an isomorphism HτF0 ∼= HF . Conversely, one easily sees that any τF0-
stable subset of G is of the form H for some F -stable subset H of G.

Let L be an F -stable Levi subgroup of G and P a parabolic subgroup of G with
Levi decomposition P = L � U. Then P is a parabolic subgroup of G with Levi
decomposition P = L � U such that τF0(L) = L. We can therefore consider the

Deligne–Lusztig variety Y
G,F0τ
U which is a GF0τ × (LF0τ )opp-variety. Under the

isomorphism GF ∼= GF0τ we will in the following regard it as a GF × (LF )opp-
variety.

Proposition 5.3 is proved in [Dig99, Proposition 3.1] under the additional as-
sumptions that G is connected and that the Levi subgroup L is F0-stable. Here,
we give a complete proof of this proposition following the lines of the original proof
and thereby show that these assumptions are superfluous.

Proposition 5.3. Let L be an F -stable Levi subgroup of G and P a parabolic
subgroup of G with Levi decomposition P = L�U. Then the projection pr : G → G
onto the first coordinate defines an isomorphism

Y
G,τF0

U
∼= YG,F

U

of varieties which is GF × (LF )opp-equivariant.

Proof. Let g = (g1, . . . , gr) ∈ G. Then gU ∈ YG,τF0

U if and only if

g−1(τF0)(g) ∈ U(τF0)(U) = UF (U)× F r−1
0 (U)× · · · × F0(U).

This is equivalent to g−1
1 F0(g2) ∈ UF (U) and g−1

i F0(gi+1) ∈ F r+1−i
0 (U) for all

i = 2, . . . , r (where gr+1 := g1). Therefore, gU ∈ Y
G,τF0

U if and only if

gU = (g1, F
r−1
0 (g1), . . . , F0(g1))U and g−1

1 F (g1) ∈ UF (U).

Hence, an element gU ∈ Y
G,τF0

U is uniquely determined by its first component

g1U ∈ YG
U and each element of Y

G
U arises from an element g1U ∈ YG

U . This shows

that pr : G → G induces an isomorphism

YG,F
U

∼= Y
G,τF0

U ,

which is clearly GF × (LF )opp-equivariant. �

We will now provide a local version of Proposition 5.3. Let Q be a finite F -
stable solvable p′-subgroup of L. Recall from Example 2.3 that the normalizer
NG(Q) is a reductive group and NP(Q) is a parabolic subgroup of NG(Q) with
Levi decomposition NP(Q) = NL(Q)� CU(Q). We denote

Q := Q× F r−1
0 (Q)× · · · × F0(Q)

and observe that Q is a finite τF0-stable solvable p
′-subgroup of L. By the same ar-

gument as before, we see that NG(Q) is a reductive group with parabolic subgroup
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NP(Q) and Levi decomposition NP(Q) = NL(Q)� CU(Q). We can therefore con-

sider the Deligne–Lusztig variety Y
NG(Q),τF0

CU(Q) which is an NGF0τ (Q)×NLF0τ (Q)opp-

variety. Under the isomorphism pr : GF0τ → GF we may consider it as an
NGF (Q) × NLF (Q)opp-variety. Thus, we can apply Proposition 5.3 in this situ-
ation and obtain Corollary 5.4:

Corollary 5.4. Suppose that we are in the situation of Proposition 5.3 and assume
that Q is a finite F -stable solvable p′-group of L. Then the projection map pr :
NG(Q) → NG(Q) induces an isomorphism

Y
NG(Q),τF0

CU(Q)
∼= Y

NG(Q),F
CU(Q)

of varieties which is NGF (Q)×NLF (Q)opp-equivariant.

5.3. Restriction of scalars and Jordan decomposition of characters. In the
following section we use ideas from [Dig99, Corollary 3.5] and apply them to our
set-up.

In addition to the notation of Section 5.2 we assume that G is connected. We
let (G∗, F ∗

0 ) be a pair in duality with (G, F ). We consider the r-fold product
G∗ := (G∗)r of the dual group G∗ endowed with the Frobenius endomorphism
F ∗
0 := F ∗

0 × · · · × F ∗
0 : G∗ → G∗. Moreover, let

τ∗ : G∗ → G∗, (g1, . . . , gr) 	→ (gr, g1 . . . , gr−1).

Again pr : G∗ → G∗ denotes the projection onto the first coordinate.

Corollary 5.5. For any semisimple �′-element s ∈ (G∗)τ
∗F∗

0 we have eG
F

pr(s) =

e
GF0τ

s considered as idempotents of ΛGF under the isomorphism ΛGτF0 ∼= ΛGF

given by pr.

Proof. Note that eG
F

pr(s) is the idempotent associated to E�(GF , pr(s)) and e
GF0τ

s is

the idempotent associated to E�(GτF0 , s). Thus it is clearly sufficient to show that

E(GF , pr(x)) = E(GF0τ , x) for any semisimple x ∈ (G∗)τ
∗F∗

0 . This follows from
[Tay19, Corollary 8.8] or [Ruh20, Proposition 5.11]. �

Let L∗ be an F ∗
0 -stable Levi subgroup of G∗ with C◦

G∗(s) ⊆ L∗. Suppose that
L is an F0-stable Levi subgroup of G in duality with L∗. We denote by

σ = σ × · · · × σ : G → G

the induced map on G which commutes with the action of τF0 and its restriction

σ : GF0τ → GF0τ .

Observe that if the isogeny σ∗ is dual to σ then the isogeny σ∗τ∗ is dual to τσ.
We consider the unipotent radical U′ := Ur of the parabolic subgroup P′ = Pr

of G. Note that we have a Levi decomposition P′ = L � U′ in G and the pair
(L,P′) is τ -stable. Lemma 5.6 is an application of Lemma 5.1:

Lemma 5.6. Suppose that the idempotent eL
F

s is 〈F0, σ〉-stable. Then

Hdim
c (Y

G,τF0

U′ )eL
τF0

s

is endowed with a natural Λ[(GτF0 × (LτF0)opp)Δ(L̃
τF0〈τ 〉)]-structure. Moreover,

Hdim
c (Y

G,τF0

U′ )e
LτF0

s is (σ, σ−1)-invariant as Λ[(GτF0 × (LτF0)opp)Δ(L̃
τF0〈τ〉)]-module.
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Proof. The pair (L,P′) is τ -stable and L is σ-stable. We have pr(s) = s. We

note that σ ∈ Aut(GF ) corresponds to σ ∈ Aut(GτF0) under the isomorphism pr :

GτF0 → GF . Furthermore, the automorphism F0 : GF → GF corresponds under
the identification of GF with GF0τ via the projection map pr to the automorphism

τ−1 : GF0τ → GF0τ . Since eL
F

s is 〈F0, σ〉-stable it therefore follows that e
LτF0

s is
〈τ, σ〉-stable. Moreover, L∗ is F ∗

0 -stable by assumption, so we obtain

C◦
G∗(s) = C◦

G∗(s)× · · · × C◦
G∗(F r−1

0 (s)) ⊆ L∗.

We conclude that Lemma 5.1 applies which gives the claim of the lemma. �

Proposition 5.7. Suppose that L and eL
F

s are 〈F0, σ〉-stable. Then the bimod-

ule Hdim
c (YU,Λ)eL

F

s can be equipped with a Λ[(GF × (LF )opp)Δ(L̃F 〈F0〉)]-module
structure with which it is (σ, σ−1)-stable.

Proof. By Theorem 2.27, we have an isomorphism

Hdim
c (Y

G,τF0

U )eL
τF0

s
∼= Hdim

c (Y
G,τF0

U′ )eL
τF0

s

of Λ[(GτF0 × (LτF0)opp)Δ(L̃
F
)]-modules.

It follows by Lemma 5.6 that the bimodule Hdim
c (Y

G,τF0

U′ )e
LτF0

s has a Λ[(GτF0 ×
(LτF0)opp)Δ(L̃

τF0〈τ 〉)]-structure with which it is (σ, σ−1)-stable. By Proposition

5.3 and Corollary 5.5 the bimodule Hdim
c (Y

G,τF0

U )e
LτF0

s is isomorphic to

Hdim
c (YG

U ,Λ)eL
F

s as Λ[(GF ×(LF )opp)Δ(L̃F )]-modules. As noted above, the group

isomorphism σ ∈ Aut(GF ) corresponds to σ ∈ Aut(GτF0) under the isomor-

phism pr : GτF0 → GF . The automorphism τ ∈ Aut(GτF0) corresponds to
F−1
0 ∈ Aut(GF ). From this we can, by transport of structure, endow the bimodule

Hdim
c (YU,Λ)eL

F

s with a Λ[(GF × LF opp

)Δ(L̃F 〈F0〉)]-module structure with which
it is (σ, σ−1)-stable. �

In the following, we denoteA=〈σ, F0〉⊆Aut(G̃F ) andD=(GF×(LF )opp)Δ(L̃FA).
Furthermore, let A ∈ {K,O, k}.

Theorem 5.8. Suppose that L and eL
F

s are A-stable. Assume that C◦
G∗(s)C(G∗)F∗ (s)

⊆ L∗ and the order of σ : G̃F → G̃F is invertible in A. Then Hdim
c (YU, A)eL

F

s ex-

tends to an AD-module M . Moreover, the bimodule Ind
G̃FA×(L̃FA)opp

D (M) induces

a Morita equivalence between AL̃FAeL
F

s and AG̃FAeG
F

s .

Proof. The existence of the extension M follows from Proposition 5.7 and [Rou98,

Lemma 10.2.13]. The bimodule Hdim
c (YG

U , A)eL
F

s induces a Morita equivalence

between AGF eG
F

s and ALF eL
F

s . Since eL
F

s is A-invariant we conclude that the

assumptions of Theorem 1.7 are satisfied. It then follows that Ind
G̃FA×(L̃FA)opp

D (M)

gives a Morita equivalence between AL̃FAeL
F

s and AG̃FAeG
F

s . �

We remark the following consequence of Theorem 5.8 which is important for
character theoretic applications.

Corollary 5.9. In the situation of Theorem 5.8 we have the following commutative
square:
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G0(AL̃F 〈F0, σ〉eL
F

s ) G0(AG̃F 〈F0, σ〉eG
F

s )

G0(ALF eL
F

s ) G0(AGF eG
F

s )

Res

[M ⊗−]

(−1)dim(YG
U)RG

L

Res

Proof. This has been discussed in Remark 1.8(a). �

5.4. Jordan decomposition for local subgroups. We keep the assumptions of
Section 5.3. The aim of this section is to obtain a local version of Theorem 5.8.
We will essentially use the same strategy of Section 5.3 to prove this local version.
However, we need to adapt some of the arguments.

Recall that the projection map pr : GτF0 → GF onto the first coordinate induces
an isomorphism of groups, which extends to an isomorphism pr : ΛGτF0 → ΛGF of
Λ-algebras. Hence, under the isomorphism pr : GτF0 → GF the notions of blocks,
Brauer subpairs and defect groups translate. From now on we will use the following
notation: If H is a subgroup of GF we let H := pr−1(H) and if x ∈ ΛH then we
let x := pr−1(x) ∈ ΛH .

Let b ∈ Z(ΛGF eG
F

s ) and c ∈ Z(ΛLF eL
F

s ) be blocks which correspond to each

other under the splendid Rickard equivalence given by GΓc(Y
G
U ,Λ)eL

F

s . By Propo-
sition 5.3 and Corollary 5.5 the projection map pr yields an isomorphism between

GΓc(Y
G
U ,Λ)eL

F

s and GΓc(Y
G,τF0

U ,Λ)e
LτF0

s . Hence, the blocks b ∈ Z(ΛGτF0e
GτF0

s )

and c ∈ Z(ΛLτF0e
LτF0

s ) correspond to each other under the splendid Rickard equiv-

alence induced by GΓc(Y
G,τF0

U ,Λ)e
LτF0

s . We fix a maximal c-Brauer pair (D, cD)

and let (D, bD) be the b-Brauer pair corresponding to it under the splendid Rickard
equivalence induced by GΓc(Y

G
U ,Λ)c in the sense of Proposition 1.4. Consequently,

the c-subpair (D, cD) corresponds to the b-subpair (D, bD) under the Rickard equiv-

alence induced by GΓc(Y
G,τF0

U ,Λ)e
LτF0

s .

If Q is a subgroup of D we let (Q, cQ) ≤ (D, cD) and (Q, bQ) ≤ (D, bD) be

the corresponding Brauer subpairs. We denote BQ = Tr
NGF (Q)

NGF (Q,bQ)(bQ) and CQ =

Tr
N

LF (Q)

NLF (Q,cQ)(cQ).

Proposition 5.10. The bimodule Hdim
c (Y

NG(Q)
CU(Q) ,Λ)CQ can be equipped with a

Λ[NGF (Q)×NLF (Q)oppΔNL̃F 〈F0〉(Q,CQ)]-module structure.

Proof. By Theorem 5.2 (set Ĝ := G), we have

Hdim
c (Y

NG(Q),τF0

CU′ (Q) )CQ
∼= Hdim

c (Y
NG(Q),τF0

CU(Q) )CQ

as Λ[(NGτF0 (Q) × NLτF0 (Q)opp)Δ(N
L̃

τF0 (Q,CQ))]-modules. Moreover, Corollary

5.4 shows that Hdim
c (Y

NG(Q),τF0

CU(Q) )CQ is isomorphic to Hdim
c (Y

NG(Q)
CU(Q) ,Λ)CQ as

Λ[(NGF (Q)×NLF (Q)opp)Δ(NL̃F (Q, cQ))]-modules.

Since τ (U′) = U′ we obtain a Levi decomposition P̃〈τ 〉 = L̃〈τ 〉�U′ in the reduc-

tive group G̃� 〈τ 〉. Hence we obtain a Levi decomposition NP̃〈τ〉(Q) = NL̃〈τ〉(Q)�

CU′(Q) in NG̃〈τ〉(Q), see Example 2.3. From this we conclude (see Lemma 2.4)
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that the bimodule Hdim
c (Y

NG(Q),τF0

CU′ (Q) )CQ has a natural Δ(N
L̃

τF0〈τ〉(Q,CQ))-action.

It follows that the Morita bimodule Hdim
c (Y

NG(Q)
CU(Q) ,Λ)CQ can be equipped with a

Δ(NL̃F 〈F0〉(Q,CQ))-action. �

From now on we will assume that Q is a characteristic subgroup of the defect
group D.

Let us denote B′
Q = Tr

NG̃F A(Q)

NG̃F A(Q,BQ)(BQ) and C ′
Q = Tr

NL̃F A(Q)

NL̃F A(Q,CQ)(CQ). Recall

that A ∈ {K,O, k}.

Theorem 5.11. Suppose that the assumptions of Theorem 5.8 are satisfied. Let

Q be a characteristic subgroup of D. Then Hdim
c (Y

NG(Q)
CU(Q) , A)CQ extends to an

A[(NGF (Q)×NLF (Q)opp)Δ(NL̃FA(Q,CQ))]-module MQ. In particular, the bimod-
ule

Ind
NG̃F A(Q)×NL̃F A(Q)opp

(N
GF (Q)×N

LF (Q)opp)Δ(NL̃F A(Q,CQ))(MQ)

induces a Morita equivalence between ANG̃FA(Q)B′
Q and ANL̃FA(Q)C ′

Q.

Proof. The quotient group NL̃FA(Q,CQ)/NL̃F 〈F0〉(Q,CQ) is cyclic and of order

divisible by the order of σ ∈ Aut(G̃F ). Hence, there exist x ∈ L̃F and a bi-

jective morphism φ0 : G̃ → G̃ such that xφ0|G̃F generates the quotient group

NL̃FA(Q,CQ)/NL̃F 〈F0〉(Q,CQ). Let x := (x, F r−1
0 (x), . . . , F0(x)) ∈ GτF0 such that

pr(x) = x. Denote

φ0 : G̃〈τ 〉 → G̃〈τ 〉, (g1, . . . , gr)τ 	→ (φ0(g1), . . . , φ0(gr))τ

and consider the bijective morphism

φ := xφ0 : G̃〈τ 〉 → G̃〈τ 〉, z 	→ xφ0(z),

of the reductive group G̃〈τ 〉. Note that φ stabilizes G̃ and commutes with the

Frobenius endomorphism τF0 of G̃�〈τ 〉. Moreover, x(L̃〈τ 〉) = L̃〈τ 〉 and φ0(L̃) = L̃.

Therefore, the bijective morphism φ also stabilizes the Levi subgroup L̃〈τ 〉 of G̃�

〈τ 〉. Since φ|
G̃

τF0 ∈ Aut(G̃
τF0

) corresponds to the automorphism xφ0 ∈ Aut(G̃F )

under the isomorphism pr : G̃
τF0 → G̃F we deduce that φ(Q,CQ) = (Q,CQ).

Hence, Lemma 2.23 applies and we obtain an isomorphism

φ(Hdim
c (Y

NG(Q),τF0

CU′ (Q) ,Λ)CQ)
φ ∼= Hdim

c (Y
NG(Q),τF0

Cφ(U′)(Q) ,Λ)CQ

of Λ[(NGτF0 (Q) × NLτF0 (Q)opp)Δ(N
L̃

τF0〈τ〉(Q,CQ))]-modules. We have two Levi

decompositions

P̃〈τ 〉 = L̃〈τ 〉�U and φ(P̃〈τ 〉) = L̃〈τ 〉� φ(U)

with the same Levi subgroup L̃〈τ 〉 of G̃〈τ 〉. Therefore, Theorem 5.2 yields

Hdim
c (Y

NG(Q),τF0

Cφ(U′)(Q) ,Λ)CQ
∼= Hdim

c (Y
NG(Q),τF0

CU′ (Q) ,Λ)CQ.

It follows from this that Hdim
c (Y

NG(Q),τF0

CU′ (Q) ,Λ)CQ is (φ, φ−1)-invariant. Hence, the

bimodule Hdim
c (Y

NG(Q)
CU(Q) , A)CQ is by transport of structure (xφ0, xφ

−1
0 )-invariant

as A[(NGF (Q) × NLF (Q)opp)Δ(NL̃F 〈F0〉(Q,CQ))]-module. Thus, [Rou98, Lemma
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10.2.13] shows that there exists an A[(NGF (Q) × NLF (Q)opp)Δ(NL̃FA(Q,CQ))]-

module MQ extending Hdim
c (Y

NG(Q)
CU(Q) , A)CQ. By Theorem 3.10 the bimodule

Hdim
c (Y

NG(Q)
CU(Q) , A)CQ induces a Morita equivalence between the blocksANGF (Q)BQ

and ANLF (Q)CQ. Moreover, Lemma 1.19 implies

NL̃FA(Q,CQ)NGF (Q) = NG̃FA(Q,BQ).

Hence, Lemma 1.11 shows that the bimodule

Ind
NG̃F A(Q)×NL̃F A(Q)opp

(NGF (Q)×NLF (Q)opp)Δ(NL̃F A(Q,CQ))(MQ)

induces a Morita equivalence between ANG̃FA(Q)B′
Q and ANL̃FA(Q)C ′

Q. �
Remark 5.12. If one could prove a version of Theorem 5.8 with Morita equiva-
lence replaced by splendid Rickard equivalence then Theorem 5.11 would be ob-
tained as a consequence of that theorem, see Proposition 1.12. However this seems
to be difficult since we would have to show that the Rickard–Rouquier complex

GΓc(YU,Λ)eL
F

s is independent of the choice of the unipotent radical U used in its
definition. In the case where the Sylow �-subgroups of GF are cyclic we obtained
such an independence result in Example 3.5.
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[Bro94] Michel Broué, Equivalences of blocks of group algebras, Finite-dimensional algebras and
related topics (Ottawa, ON, 1992), NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci.,
vol. 424, Kluwer Acad. Publ., Dordrecht, 1994, pp. 1–26, DOI 10.1007/978-94-017-1556-
0 1. MR1308978
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