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FOLIATIONS WITH GOOD GEOMETRY

SERGIO R. FENLEY

1. INTRODUCTION

The goal of this article is to show that there is a large class of closed hyperbolic
3-manifolds admitting codimension one foliations with good large scale geometric
properties. We obtain results in two directions. First there is an internal result:
A possibly singular foliation in a manifold is quasi-isometric if, when lifted to the
universal cover, distance along leaves is efficient up to a bounded multiplicative
distortion in measuring distance in the universal cover. This means that leaves
reflect very well the geometry in the large of the universal cover and are geomet-
rically tight - this is the best geometric behavior. We previously proved that non-
singular codimension one foliations in closed hyperbolic 3-manifolds can never be
quasi-isometric. In this article we produce a large class of singular quasi-isometric,
codimension one foliations in closed hyperbolic 3-manifolds. The foliations are
stable and unstable foliations of pseudo-Anosov flows. Our second result is an ex-
ternal result, relating (nonsingular) foliations in hyperbolic 3-manifolds with their
limit sets in the universal cover, that is, showing that leaves in the universal cover
have good asymptotic behavior. Let G be a Reebless, finite depth foliation in a
closed hyperbolic 3-manifold. Then G is not quasi-isometric, but suppose that G is
transverse to a quasigeodesic pseudo-Anosov flow with quasi-isometric stable and
unstable foliations - which are given by the internal result. We then show that the
lifts of leaves of G to the universal cover extend continuously to the sphere at in-
finity and we also produce infinitely many examples satisfying the hypothesis. The
main tools used to prove these results are first a link between geometric properties
of stable/unstable foliations of pseudo-Anosov flows and the topology of these foli-
ations in the universal cover, and second a topological theory of the joint structure
of the pseudo-Anosov foliations in the universal cover.

Reebless codimension one foliations are extremely useful for understanding the
topology of 3-manifolds. For instance they imply that the manifold is irreducible
[Ro], its universal cover is homeomorphic to R? [Pal, leaves are mi-injective [No]
and transversals are never null homotopic [No]. Hence they reflect topological
properties of the manifold. As for which manifolds have Reebless foliations, Gabai
[Gal, Ga2, Ga3| proved that any compact, oriented, irreducible 3-manifold with
nonzero first Betti number has many Reebless finite depth foliations. Roughly, a

Received by the editors October 20, 1997 and, in revised form, March 5, 1998.

1991 Mathematics Subject Classification. Primary 53C12, 53C23, 57R30, 58F15, 58F18; Sec-
ondary 53C22, 57M99, 58F25.

Key words and phrases. Foliations, flows, hyperbolic 3-manifolds, geometric structures, as-
ymptotic geometry, quasi-isometries.

This research was partially supported by an NSF postdoctoral fellowship.

©1999 American Mathematical Society



620 SERGIO R. FENLEY

finite depth foliation is one that reflects the topology of the manifold extremely well
in the sense that it is associated to a hierarchy (in the sutured manifold world) of
the manifold. They can also be thought of as generalizations of fibrations. These
results of Gabai had many important consequences for the study of 3-manifolds.

From a geometric point of view the geometrization conjecture [Th4] states that
closed, irreducible, atoroidal 3-manifolds are either Seifert fibered or hyperbolic.
An important question then is to understand how a Reebless foliation interacts
with such structures. In Seifert fibered spaces, Reebless foliations are relatively
well understood and interact very well with the Seifert fibration [Thl, Br]. There
are also some structure results in graph manifolds [Ba, BNR]. Our interest is in
understanding foliations in hyperbolic 3-manifolds. In that case it is essential to
relate the foliation to the geometry (in the large) of the universal cover and to its
ideal compactification with a sphere at infinity. This study of the geometry has
some important antecedents. Consider a m;-injective surface in a closed hyperbolic
3-manifold. Then deep work of Marden [Ma], Thurston [Th2] and Bonahon [Bo]
implies a fundamental dichotomy: either the surface is geometrically very good
(geometrically finite) or it is a virtual fiber (geometrically infinite), which is geo-
metrically very bad. This is used in the proof of the hyperbolization theorem in the
Haken case [Th2, Mor]. One important motivation to understand the possible geo-
metric behaviors of Reebless foliations and also essential laminations in hyperbolic
3-manifolds, is that it may shed some light in trying to prove the geometrization
conjecture for foliated or laminar manifolds.

In general what are good geometric properties for a foliation? The best property
is that leaves are totally geodesic. These occur for instance in the 3-torus, in
manifolds supporting suspension Anosov flows (which have solv geometry [Sc]) and
in fact in any torus or sphere bundle over the circle. On the other hand Zeghib
[Ze] showed that closed hyperbolic 3-manifolds do not admit geodesic foliations.
One can relax this geodesic condition, introducing a notion which is extremely
useful for hyperbolic 3-manifolds, namely quasi-isometric. A foliation is said to be
quasi-isometric if, when lifted to the universal cover, the path distance along its
leaves measures distance in the ambient manifold up to a bounded multiplicative
distortion. The quasiproperties turn out to be almost as effective as the exact
properties in hyperbolic manifolds. The lift of a quasi-isometric leaf has excellent
properties: its limit set is a Jordan curve in the sphere at infinity and the leaf
itself is a bounded distance from the hyperbolic convex hull of its limit set - it is
geometrically tight [Ma, Thl].

We previously proved that there are no quasi-isometric (nonsingular) foliations
in closed hyperbolic 3-manifolds [Fe2]. This basically depends on the leaf space
of the foliation in the universal cover. If the leaf space is not Hausdorff there are
points x,y in distinct leaves being approximated by x;,y; in the same leaf (for
each 1), contradicting quasi-isometric behavior. If the leaf space is Hausdorff, then
every leaf has limit set the whole sphere and no leaf can be quasi-isometric. Hence
the topology of the foliation in the universal cover strongly influences geometric
properties.

Given this result, a natural question is: are there “generalized” foliations for
which the quasi-isometric question makes sense? In this article we will consider
singular foliations, where the singular set is a union of simple closed curves and near
the singular set the foliation is a product of an interval with a singular foliation
in the plane having a prong singularity. Examples are the stable and unstable
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foliations of a pseudo-Anosov flow in a 3-manifold [Mo1]. Roughly a pseudo-Anosov
flow is one that is locally like a suspension of a pseudo-Anosov homeomorphism of
a closed surface [Bl-Ca]. The first examples of quasi-isometric singular foliations
in closed, hyperbolic 3-manifolds were given by Cannon and Thurston [Ca-Th]
who proved that the suspension of a pseudo-Anosov homeomorphism of a closed
surface has stable/unstable singular foliations which are quasi-isometric. The quasi-
isometric property was the main tool used to produce examples of sphere filling
curves [Ca-Th]. This highlights the usefulness of finding quasi-isometric objects in
the foliation setting.

Therefore one asks: how common are quasi-isometric singular foliations? The
first goal of this article is to produce a large class of quasi-isometric singular foli-
ations in hyperbolic 3-manifolds by looking at pseudo-Anosov flows and their sta-
ble/unstable foliations. It is easy to prove that if the stable foliation of such a flow is
quasi-isometric that implies that the flow lines themselves are quasigeodesics [Fe3],
that is, when lifted to the universal cover they are uniformly efficient in measuring
distance. Consequently we look for quasigeodesic pseudo-Anosov flows. Recently
the author and Lee Mosher showed that if M?3 is closed, oriented, hyperbolic and
with nonzero first Betti number, then M has a quasigeodesic pseudo-Anosov flow
[Fe-Mo]. The reader may notice this is the same class that has (nonsingular) finite
depth foliations in closed hyperbolic 3-manifolds, and this is not a coincidence since
the flows are obtained from the foliations and are “almost” transverse to these fo-
liations. This duality will be further explored in the second part of this article.
Given that the pseudo-Anosov flow is quasigeodesic, how far is it from proving that
the stable/unstable foliations are quasi-isometric? Not very far! The relationship
is explained in our first result:

Theorem A. Let ® be a quasigeodesic pseuiio—Anosov flow in M? closed, hyper-
bolic. Let F* be the stable foliation of ® and F* its lift to the universal cover. Then
F? is a quasi-isometric singular foliation if and only if F° has Hausdorff leaf space.

This result highlights the fundamental role that the topology of the leaf space
plays in understanding the geometry. One direction in Theorem A is very easy to
prove as was discussed previously. The importance of this result is that it exchanges
the verification of a geometric condition - which is usually extremely hard - and
replaces it with understanding a topological condition which is very simple and in
many cases possible to check, as explained below.

When does F* have Hausdorff leaf space? One is led to understand the topo-
logical theory of the stable/unstable foliations in the universal cover. Here the
important result is the same as for Anosov flows [Fe6]. We stress that in the next
result we do not assume that ® is quasigeodesic or that M is hyperbolic.

Theorem B. Let ® be a pseudo-Anosov flow in M3 closed. Let F,L € FS which
are not separated from each other in the leaf space of F5. Then F, L are both left
invariant by a nontrivial covering translation g of M. This produces a nontrivial
free homotopy between closed orbits of ® in M.

In fact the proof gives more information concerning the local structure of Fs
near a non-Hausdorff point. Regardless of geometric applications, Theorem B has
independent interest for the theory of pseudo-Anosov flows, for instance see another
application of Theorem B in [Fe7]. It follows from Theorem B that one way to obtain
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quasi-isometric singular foliations is to rule out freely homotopic closed orbits. In
this article we prove this is true for infinitely many examples:

Theorem C. There is a large class of examples of quasi-isometric singular folia-
tions in closed hyperbolic 3-manifolds, which are not obtained from suspensions of
pseudo-Anosov homeomorphisms.

The examples of Theorem C were obtained from pseudo-Anosov flows transverse
to depth one foliations, where it is easily checked that there are no freely homotopic
closed orbits and in addition they are quasigeodesic by the main result of [Fe-Mo].

We now explain the duality between finite depth foliations and pseudo-Anosov
flows. Given any transversely orientable foliation in a 3-manifold, a choice of a
continuous transverse vector field produces a transverse flow. In the case of Reebless
finite depth foliations one can find a dynamically “tight” representative in the
class of flows transverse to the foliation and is led to a pseudo-Anosov flow as
constructed by Mosher [Mo4]. Sometimes one has to consider flows which are
“almost” transverse to the foliation [Mo4]. This is a technical condition which
roughly means that, after blowing up a collection of singular orbits of the pseudo-
Anosov flow into a collection of annuli, one obtains a flow transverse to the foliation.
It is the property of the pseudo-Anosov flow being almost transverse to a finite depth
foliation which makes it possible to analyse its geometric behavior and prove that
it is quasigeodesic [Fe-Mo].

It is quite possible that all closed, oriented hyperbolic 3-manifolds with nonzero
first homology may admit pseudo-Anosov flows which satisfy the conditions of The-
orem A, and hence that any such manifold has singular quasi-isometric foliations.
Checking the condition of Theorem A depends on a very careful analysis of the in-
ductive step in Mosher’s construction [Mo4] of pseudo-Anosov flows using sutured
manifold hierarchies. We will analyse this in a future project.

If a (singular) foliation is quasi-isometric, then, in the universal cover, leaves
are boundedly near their tightest position. The relative position of an object with
respect to the leaves then tells us roughly where the object is in H3. This can give
precise information about asymptotic behavior of the object in H? as explained
below.

The second goal of this article is to study the asymptotic behavior of (nonsin-
gular) Reebless finite depth foliations in hyperbolic 3-manifolds. This will use the
results obtained in the first part. Let G be such a foliation. Then G cannot be
quasi-isometric. On the other hand, the foliation G reflects the topology of M ex-
tremely well because it is directly associated to a hierarchy of M. Therefore it is of
interest to understand exactly how good its geometry can be, as related to that of
M. One is led to analyse the continuous extension property: Each leaf of G admits
a hyperbolic metric quasiconformal with the Riemannian metric induced from the
manifold. Let F be a lift of such a leaf to M = H?. Then the intrinsic metric in F
is isometric to the hyperbolic plane H? and has a canonical compactification with a
circle at infinity O- F'. The continuous extension question is the following: does the
inclusion map ¢ : F — H? extend to a continuous map @ : F U 0 F — H? U S2,
for every F' € G? Notice that the continuous extension property is weaker than the
quasi-isometric property [Th2, Gr].

The continuous extension property was proved by Cannon and Thurston [Ca-Th]
for fibrations (= depth 0 foliations) and by the author for a large class of depth one
foliations in closed, hyperbolic 3-manifolds [Fel]. The main idea was the following:
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Cannon and Thurston introduced a pseudometric in M which is quasi-isometric
to the hyperbolic metric when lifted to the universal cover. This means they are
boundedly related up to a multiplicative constant. In this pseudometric the stable
and unstable leaves (in the universal cover) are totally geodesic which implies they
are quasi-isometric in the original hyperbolic metric. This gives information about
asymptotic behavior of leaves of G. In [Fel] we analysed the depth one case and
produced a pseudometric in the complement of the compact leaves so that leaves
of generalized stable/unstable laminations were totally geodesic and hence quasi-
isometric in the hyperbolic metric. The depth one case was much more involved
than the fibration case. The problem with this approach to study higher depth
foliations (depth > 2) is that it strongly depends on the topological structure of
the foliation, which gets more and more complicated as the depth grows. In addition
the ideas above only apply to the components of top depth leaves (which fiber over
the circle with infinite genus fiber) and another prerequisite for this program to
work is that the lower depth leaves are quasi-isometric. For depth one foliation this
is true as lower depth leaves are compact and assumed not to be fibers of a fibration
over the circle. However it is easy to construct examples of higher depth foliations
where this requirement does not hold, presenting a further difficulty to the above
program.

We bypass all these problems by using Theorem C which gives us quasi-isometric
singular foliations not just in the top depth regions but in the whole manifold.
We then prove the continuous extension property for a large class of finite depth
foliations:

Theorem D. Let G be a Reebless finite depth foliation in a closed hyperbolic 3-
manifold M. Suppose that G is transverse to a quasigeodesic pseudo-Anosov flow
® and that the stable and unstable foliations of ® are quasi-isometric singular foli-
ations. Let E be a leaf of G with hyperbolic metric quasiconformal with the induced
Riemannian metric from M. Let F' be a lift to M and @ : F' — M be the inclusion
map. Then ¢ extends to a continuous map P : F'U O F — M U S% and PloF
gives a continuous parametrization of the limit set Ap = P(0cF') of F. In addition
there is a large class of foliations satisfying the hypothesis of this theorem.

Here are the basic ideas in the proof of this theorem. We consider the unit ball
model for H3 U S2 with the Euclidean metric induced from R3. Since F* and F*
are transverse to F' they induce singular one-dimensional foliations F i ~F in F.
We first prove that each regular leaf of F 7 is a bounded distance from a geodesic
of F'. A similar statement holds for singular leaves. Let p be a point in 0, F and
suppose first that p is not an ideal point of any leaf of F 2 .7?}? One can then choose
l; leaves of F i so that {; union its ideal points in J.F define a basis for the system
of neighborhoods of p in F U0, F. Let L; be the leaf of F* with l; contained in
L;. If the L; escape compact sets in H3, then, because the L; are uniformly quasi-
isometric, it follows that the diameter of L; in the Euclidean metric of H? U S2
(which is homeomorphic to a closed 3-ball) converges to 0 and hence it will define
a single ideal point which is @(p). This is what happens when G is a fibration
or in the depth one cases analysed in [Fel]. However, and this is a fundamental
point, in the general case it may be that the L; do not escape compact sets in H?
and the argument above is inconclusive. One is led to understand what else can
happen “beyond” F' in the leaf spaces of F*, F*“. More specifically since in general
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F does not intersect all leaves of F 5 F “ what happens in the boundary of the set
of leaves of F s Fu intersected by F'?7 Understanding the topological structure of
the pseudo-Anosov foliations F*, F* plays a fundamental role here. The other two
cases to consider are that p is an ideal point of a leaf of F7,, 7} or maybe of both.
This last option could not occur for depth 0 and depth 1 foliations. Such is not the
case here and it makes the analysis here more complex.

The nontrivial assumption in Theorem D is that ® is transverse to G and not
just almost transverse. We stress that there are many examples where the pseudo-
Anosov flow ® cannot be made transverse to G [Mod4]. However this is not a fatal
difficulty for we expect that Theorem D will still hold under the weaker almost
transverse hypothesis, even though the proof will be more complicated. This is also
left for a future project.

Finally we describe a more conjectural project. The quasi-isometric property
of singular foliations may be used to study the geometrical finiteness question for
mi-injective immersed surfaces as follows: Let ® be a quasigeodesic pseudo-Anosov
flow in M? closed hyperbolic and let R be an immersed, mi-injective surface in M.
Then R is a virtual fiber if and only if given a lift of R to M its limit set is S% and
R is geometrically finite if and only if the limit set is a Jordan curve [Bo, Ma, Th2].
Put R in general position with respect to Fo. Tt is possible that the induced singular
foliations in R may give information enough to decide whether R is geometrically
finite or not. This has been successfully done when R is in fact transverse to a
pseudo-Anosov flow by work of Cooper, Long and Reid [CLR1, CLR2] and also the
author [FeT).

This article is organized as follows: In section 2 we review background material
on pseudo-Anosov flows. In section 3 we prove Theorem A. In the following section
we develop the topological theory of stable/unstable foliations of pseudo-Anosov
flows. In sections 5 and 6 we consider a finite depth foliation transverse to a pseudo-
Anosov flow and analyse topological and geometric properties of the singular 1-dim
foliations induced by F",F® in leaves of G. This is used in section 7 to prove
Theorem D. Finally in section 8 we produce the examples mentioned in Theorems
C and D.

We thank the referee, who did an extremely careful reading of this article and
whose many suggestions, comments and corrections improved the presentation of
this article.

2. PSEUDO-ANOSOV FLOWS

Pseudo-Anosov flows are a generalization of suspension flows of pseudo-Anosov
surface homeomorphisms. These flows behave much like Anosov flows, but they
may have finitely many singular orbits which are periodic and have a prescribed
behavior. In order to define pseudo-Anosov flows, first we recall singularities of
pseudo-Anosov surface homeomorphisms.

Given n > 2, the quadratic differential 2" ~2dz? on the complex plane C (see [St]
for quadratic differentials) has a horizontal singular foliation f* with transverse
measure p*, and a vertical singular foliation f* with transverse measure p*. These
foliations have n-pronged singularities at the origin, and are regular and transverse
to each other at every other point of C. Given A > 1, there is a homeomorphism
1 : C — C which takes f* and f*® to themselves, preserving the singular leaves,
stretching the leaves of f* and compressing the leaves of f° by the factor A\. Let Ry
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be the homeomorphism z — €*™z of C. If 0 < k < n, the map Ry, /0% has a unique
fixed point at the origin, and this defines the local model for a pseudohyperbolic
fizxed point, with n-prongs and rotation k. This map is everywhere smooth except
at the origin. Let dg be the singular Euclidean metric on C associated to the
quadratic differential 2" 2dz?, given by

di = piy, + 13-
Note that
(Riyym 0 ¥0)*dgy = A72ps, + N2

The mapping torus N = C x R/(z,7 + 1) ~ (R, 0 9(2),7) has a suspension
flow ¥ arising from the flow in the R direction on C x R. The suspension of the
origin defines a periodic orbit v in N, and we say that (IV,v) is the local model for a
pseudohyperbolic periodic orbit, with n prongs and with rotation k. The suspension
of the foliations f*, f* define 2-dimensional foliations on NV, singular along -, called
the local weak stable and unstable foliations.

Note that there is a singular Riemannian metric ds on C x R that is preserved
by the gluing homeomorphism (z,7 4 1) ~ (R, 0 9(2),7), given by the formula

ds® = X722 4 N2 4 at?.

The metric ds descends to a metric on N denoted dsy.

Let @ be a flow on a closed, oriented 3-manifold M. We say that ® is a pseudo-
Anosov flow if the following are satisfied:

- For each € M, the flow line t — ®(x,t) is C!, it is not a single point, and
the tangent vector bundle D;® is C°.

- There is a finite number of periodic orbits {7;}, called singular orbits, such that
the flow is smooth off of the singular orbits.

- Each singular orbit +; is locally modelled on a pseudohyperbolic periodic orbit.
More precisely, there exist n,k with n > 3 and 0 < k < n, such that if (N,~)
is the local model for a pseudohyperbolic periodic orbit with n prongs and with
rotation k, then there are neighborhoods U of v in N and U; of v; in M, and a
diffeomorphism f: U — Uj;, such that f takes orbits of the semiflow Ry, o | U
to orbits of ® | U;.

- There exists a path metric day on M, such that dj; is a smooth Riemannian
metric off of the singular orbits, and for a neighborhood U; of a singular orbit ~; as
above, the derivative of the map f: (U —v) — (U; — ;) has bounded norm, where
the norm is measured using the metrics dsy on U and dy; on U;.

- On M — |J~i, there is a continuous splitting of the tangent bundle into three
1-dimensional line bundles E* & E® & T'®, each invariant under D®, such that T'®
is tangent to flow lines, and for some constants v > 1,6 > 1 we have

1. if v € E%, then |D®;(v)| < 6v'|v| for t < 0,

2. if v € E*, then |D®;(v)| < Ov~t|v] for t > 0,
where norms of tangent vectors are measured using the metric dyy.

- In a neighborhood U; of a singular orbit v; as above, D f(E?) is tangent to the
local weak stable foliation and similarly for D f(E").

With this definition, pseudo-Anosov flows are a generalization of Anosov flows
in 3-manifolds [An, An-Si]. The entire theory of Anosov flows can be mimicked for
pseudo-Anosov flows [Mo4]. In particular, a pseudo-Anosov flow ® has a singular
2-dimensional weak unstable foliation F* which is tangent to E* @& T'® away from
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FIGURE 1. (a) Non-Hausdorff behavior in the leaf space of Fe
(al) F, L nonseparated from each other, as seen in M, (a2) the
corresponding picture in the leaf space H(F?). (b) A singular leaf
of F2: (bl) as seen in M, (b2) as seen in H(F?).

the singular orbits. A complete leaf of this foliation is called a regular leaf of F*.
A noncomplete leaf can be completed by adding a singular orbit .. The union of
a and the noncomplete leaves abutting « forms a singular leaf of F* containing
a. Similarly there is a 2-dimensional weak stable foliation F* tangent to £° ¢ T'®.
These foliations are singular along the singular orbits of ®, and regular everywhere
else. In the neighborhood U; of an n-pronged singular orbit ;, the images of 7* and
F* in the model manifold N are identical with the local weak stable and unstable
foliations.

The pseudo-Anosov flow also has singular 1-dimensional strong foliations JF*%,
F**. Outside the singular orbits, leaves of F°° are obtained by integrating E°. If
z € o and « is a singular orbit of ®, then, in the local model N = C x R/ ~,
the point z corresponds to (O,t), where O is the origin in C. Then W3 (x) is

loc

¢ x {t}, where ( is the singular leaf of f* (which contains O). The {Wji(z)}, =
in singular orbit, glue up with the leaves of F*° outside singular orbits to form a
singular foliation F*°. The foliation F*° is flow invariant, that is, for any leaf {; of
F*° and any real t, ®¢((1) is a leaf of F*¢. Furthermore for ¢ > 0 ®; exponentially

contracts distances along leaves of F*¢. Similarly for F“*.

Notation/definition. The discussion above applies equally well to the lifted singu-
lar foliations F°, F4, Fss, Fuv in M. If 2 € M let W#(z) denote the leaf of F*
containing . Similarly one defines W¥(x), W**(z), W**(z) and in the universal
cover Ws(x), W“(x), Wss(x), W (z). Similarly if v is an orbit of ® define W*(«),
ete. Also let @ be the lifted flow to M.

In Figure 1 we highlight the difference between non-Hausdorff behavior in the
leaf space of F* and the splitting (or branching) of leaves associated to singular
orbits of ®. In part (a) the leaves F, L of F* are not separated from each other in
the leaf space of F*. Notice that the sequence F; converges to F' and L. In Figure
1 part (b) we sketch a singular leaf S with 3 prongs. Even though S separates M
into 3 or more regions, non-Hausdorfness is not involved. The leaves S; converge
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only to S. In this article, unless otherwise specified, all pictures of leaves of F 5, Fu
will describe them as subsets of M, rather than in the leaf space of Fs.

We need to understand the intrinsic geometry of a leaf L of 7°. All results apply
equally well to F*. We start by reparametrizing the flow to have constant speed 1.
Using the local model near singularities we may assume this was already true near
the singular orbits. The resulting flow is still a pseudo-Anosov flow with the same
weak stable and unstable foliations [An-Si], so we may assume it is the original
flow.

There is a stable lamination associated to the flow ®. Each singular leaf of
F*® can be split up into a union of finitely many nonsingular leaves by blowing
up the singularity, much like blowing air to inflate the leaves. If « is a p-prong
singular orbit of ®, then one sees p local leaves of W*(«a) — a abutting a. The
blow up operation will turn this into p local stable leaves. This produces a stable
lamination A®. There is an induced flow tangent to leaves of A®. Let A® be the lift
of A® to M. B

The leaves of A® are negatively curved in the large, as defined by Gromov [Gr]
who used the term hyperbolic. Notice first that there is no holonomy invariant
transverse measure to A® - because near the periodic orbits of ® there is expanding
holonomy. Using this Plante [Pl] proved that all leaves of A® have exponential
growth and Sullivan [Su] showed that leaves of A* are uniformly hyperbolic in the
Gromov sense. This immediately implies that the same is true for regular leaves of
F* and we will prove the same for singular leaves. First we define quasi-isometries
and standard leaves.

Definition 2.1. A quasi-isometric embedding is a map ¢ : (M,d) — (M’,d’) be-
tween metric spaces for which there is £ > 1 so that, for any x,y € M,

Liw,y) —k < d(6(@),6ly) < kd(z,y) + k.

k
In addition ¢ is a quasi-isometry if every y € M’ is a bounded distance from ¢(M).
Two metrics (M, d), (M,d") in M are quasi-isometric if id : (M,d) — (M,d’) is a
quasi-isometry.

Definition 2.2. Let L € F*. A standard leaf of L determined by orbit 5 of ® in
Lis 8 = S"UB, where S’ is a component of L — 3. If L is singular we only consider
[ to be the singular orbit in L. Similarly for G € F*.

Let L be a leaf of F*. The Riemannian metric in M induces Riemannian metrics
ds in each of the standard leaves of L. These glue together to produce a singular
Riemannian metric ds in L. Let d be the metric which is its path integral: if
x,y € L, then d(x,y) = inf{l(v) | v}, where the infimum is taken over all rectifiable
paths v from z to y in L. When L is regular ds is just the induced Riemannian
metric from M. B

In any standard leaf S in a leaf L of F* there is a foliation (vertical) by flow lines
and another (horizontal) by leaves of the strong stable foliation. Let dw (dt) be
the length along the strong stable (flow) direction. Define the infinitesimal metric
ds’" = dw + dy in L. Notice that ds’ is only a Finsler metric. However lengths of
paths can still be computed. Glueing this along all standard leaves of L produces
a singular Finsler metric ds’ in S. Let d’ be its path integral.
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With this background, then exactly as in [Fe3] it follows that: There is k1 > 0 so
that for any leaf L in Fs (or for any standard leaf of F* or any leaf of 7&5), then d
and d’ are ki-quasi-isometric metrics in L. To study the large scale geometry of L
we will use the metric d’ which has more obvious properties. When the dependence
upon L is important the metrics will be denoted by dr,, d’ .

A fundamental fact is that for L € F* (or line leaf of F* or leaf in A®), then
any orbit 3 of ® in L is a minimal geodesic in the d’ metric: if z,y € § are a flow
distance |At|, then any path from z to y in L has to cover at least that much |A¢|.
This is because L has a global product structure by leaves of F*5 and flow lines of
&), and the measure dt is holonomy invariant under leaves of F* in L.

Standard leaves in F* correspond to standard leaves of As. Using this and the
fact that any orbit 3 is a minimal geodesic in the d’ metric, it follows that leaves of
F* are also negatively curved in the large and have an associated ideal boundary.

We can now directly apply the analysis of [Fe3], section 5, to obtain the following:

Lemma 2.3. If R is a standard leaf of F* bounded by a flow line o of &), then
its ideal boundary O R is a closed segment. The ideal points correspond to the
common forward limit point of all flow lines and in addition a negative ideal limit
point for each flow line. The boundary points of the segment O R are the forward
and backwards ideal point of a. Finally if o;,i € N, are orbits of ® in R which
escape every compact set in R, then their negative ideal points converge to the
positive ideal point of R.

Now we can understand the intrinsic geometry of full leaves of Fs. If L € Fe
is regular, then it is obtained by identifying two standard leaves of Fs along their
common boundary. Intuitively the geometric model for L is the hyperbolic plane
H?2, where the flow lines in L correspond to all oriented geodesics of H? having the
same positive limit point in the ideal boundary OH?. Then 0., L is homeomorphic
to a circle. On the other hand if L has a p-prong singular orbit 8, then L is the
union of p standard leaves of Fs along B. Then J. L is a union of p closed segments
which have the forward ideal points of 3 in the different standard leaves identified
to a single point, and the same for the backward ideal points of 3. Equivalently
Oso L is homotopic to a bouquet of p — 1 circles.

3. QUASI—ISOMETRIC SINGULAR FOLIATIONS IN HYPERBOLIC 3-MANIFOLDS

The purpose of this section is to establish a strong relationship between the
geometry and the topology of the stable foliation F* of a quasigeodesic pseudo-
Anosov flow in M? hyperbolic. Our goal is to show that F* is quasi-isometric if
and only if the leaf space of F* is Hausdorff. We first define piece leaves in leaves
of F*5, FH.

Definition 3.1. A piece leaf of a leaf Z € Fois L = LiUaU Ly, where Ly, Ly are
distinct standard leaves of Z glued along «. If L is regular, then L itself is its only
piece leaf. If L has p-prongs, then it has p(p — 1)/2 piece leaves.

When « is regular, there are no singular orbits in the piece leaf L, so there is
a stable bundle E° induced in L. If on the other hand « is a singular orbit, then
because of the local model in a neighborhood of «, there are strong stable directions
in both of the sides of a in L and the directions define the same slope in L along
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y

FIGURE 2. Paths “flow, strong stable and flow” which efficiently
measure distance in L.

«. Hence for any piece leaf L of F* there is an induced continuous bundle E* in
the entire piece leaf L and for any v € E* (in L) then [D®;(v)| < v~t|v| for any
t>0.

First we need a lemma. Let L be a piece leaf of F*. Then ® and F* induce
foliations in L. Identify L to R? as follows: fix z € L, which will be the origin
of R2. Flow lines are vertical lines in R2. Leaves of F*° are horizontal lines,
where we identify W**(z) with its induced path metric to R. Any point u in L is
uniquely described as (w,t) € R?, where (w,0) € R? is identified to y € Wss(z)
and u = ®;(y). Recall the infinitesimal metrics ds and ds’ in L as well as their
path integrals d and d’. Let I’ be the length of a path in the ds’ metric.

We denote by d the ambient metric in M or M.

Lemma 3.2. There are constants ag,a1 > 0 so that: For any piece leaf L in a leaf
of.’/’f'S and any x,y € L, there is a path v in L from x to y with v = ag * a1 * as
and

- ag starts at z, endsNin Y,

-0 C Py 1o0) (%), 2 C Plo,400) (1),

- aq 1s contained in a leaf of F*°,

(1) <ay and

-U'(7) < aod'(z,y).
This means that there are paths of type flow segment forwards, strong stable and

then flow segment backwards which are uniformly efficient in measuring length in
L.

Proof. Let g be a minimal geodesic from x to y in the d’ metric. As &DR(;U), QI;R(y)
are minimal geodesics in the d’ metric of L, it follows that -y is contained in the
region of L bounded by these flow lines; see Figure 2.

Under the identification L =2 R? we have

% 0,8 — R A(r) = (w(r),t(r)).

Let 7/ € [0, 0] so that ¢(7') = max{t(r) | 7 € [0,0]}. Let

- ap be the segment in ®g(z) from z = (w(0),(0)) to 1 = (w(0), ¢(r")),

- o the segment in W**(z;) from z; to y; = (w(b),t(")) and

-z the segment in g (y) from y; to y = (w(b), t(b)) - notice that oy moves
in the direction opposite to the flow P.
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Finally let v = g * a1 * as. Recall that
ds' = dw+dt and '(vy) = / (dw + dt).
Yo

Since 7o goes from height £(0) (at x) to height ¢(7') and then back to height ¢(b)
(at y), then

dt > (t(7) = t(0)) + (") =t®) = (o) +U'(a2).
Yo
Since t < ¢(7’) in 79, push 7o forward along flow lines of ® to height t(r'). This
destroys the dt component of ds’ and since the change in t is always positive, it
expands the dw part by at most 6, where 6 was in the definition of the pseudo-
Anosov flow. But the push forward of 7 contains a; so we get I'(ay) < 6 f% dw.
Therefore

'(v) = I'ao)+ V() +(az) < /

dt + 9/ dw < 0| ds' = 0d(x,y).
Yo Yo

Yo

The proof will be finished by showing that I’(«;) is bounded. In the same way
as above we can push forward «; by At along flow lines of ® and obtain a path as
which is homotopic to o1 and consists of a flow segment followed by a segment in
a leaf of F** and another flow segment. By a similar argument as above:

U(as) < 20+ 002 (an) < 288+ 6272 [ dw.
Yo
By minimality of 7 it follows that

[ a5 < o)+ Vo) +Van) < [ dt+L(aa)

Yo
Therefore

dw < U'(ag) < 2At+ 9%‘“/ dw, VY At >0.
Yo Yo
Hence fw dw is bounded above and consequently I’(ay) is also bounded above. This

finishes the proof of the lemma. O
At this point we need to define the quasigeodesic property:

Definition 3.3. A quasigeodesic curve in a metric space (M,d) is the projection
to M of a quasi-isometry ¢ : I — M , where I is an interval in R which may be
bounded, infinite or bi-infinite. The metric in I is the induced Euclidean metric. If
M is compact, being quasigeodesic is independent of the choice of smooth metric
in M. Once a metric is fixed, we say that « is a k-quasigeodesic if it is the image
of a k-quasi-isometry. A flow for which all the flow lines are quasigeodesics is a
quasigeodesic flow.

For the rest of this section we restrict to M?3 closed, with negatively curved
fundamental group [Gr, Gh-Ha, CDP]. This was also defined by Gromov who
again used the term hyperbolic [Gr]. Examples are manifolds of negative sectional
curvature, therefore including all hyperbolic 3-manifolds. This property implies
that Z&Z does not inject in m1 (M) [Gr], [Gh-Ha], therefore M is atoroidal. Gromov
[Gr] showed that M is compactified with an ideal boundary dM. Bestvina and Mess
[Be-Me] proved that &M is homeomorphic to a 2-dimensional sphere, which will
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be denoted by S2 . They also showed that MU S2_ is homeomorphic to the closed
3-ball B3. Given a k-quasigeodesic in M, any lift to M is a bounded distance from
a minimal geodesic [Gr, Gh-Ha, CDP]. The bound depends only on k& and how
much 71 (M) is negatively curved. It follows that any quasigeodesic in M has 2
well-defined distinct ideal points in S2 [Gr].

Now let ® be a quasigeodesic pseudo-Anosov flow in M3 with negatively curved
m(M). Given x € M, PR (z) is a quasigeodesic in M. This defines functions

- M= 8%, np(@) = lim Bu(a), 7-(r) = lim ().

Any pseudo-Anosov flow in an atoroidal 3-manifold is transitive [Mo2]. Conse-
quently orbits of ® are uniformly quasigeodesic (that is, the same k can be used
for all flow lines). This implies that ny,n_ are continuous functions [Fe3]. In fact
the next result says that leaves of F* extend continuously to the sphere at infinity.

Theorem 3.4. Suppose ® is a quasigeodesic pseudo-Anosov flow in a 3-manifold
M with m (M) negatively curved. Let L be a leaf of F°. Then the embedding
¢€:L — M extends continuously to € : L UOsL — MU S2 .

Proof. If B is an orbit of ® in L, then 3 is a minimal geodesic in the d’ metric of
L. Therefore it suffices to consider standard leaves of L to prove this result. With
this in mind the proof is exactly the same as in Theorem 5.8 of [Fe3]. |

Now we define a quasi-isometric singular foliation.

Definition 3.5. We say that the foliation F* in M is quasi-isometric if there is
k > 0 so that

VL e F°, Yao,ye L, dp(z,y) < kdg(z,y) +k.

Similarly for F*. The property of M being hyperbolic is not needed for this
definition.

In order to prove Theorem A of the introduction we start with a quasigeodesic
pseudo-Anosov flow in M3 closed, hyperbolic and first relate the quasi-isometric
property for F° with the continuous extension property for leaves of F°. For sim-
plicity we consider M hyperbolic. Analogous proofs work when 71 (M) is negatively
curved in the large.

Theorem 3.6. Let ® be a quasigeodesic pseudo-Anosov flow in M3 closed, hyper-
bolic. Let F* be the singular stable foliation of ®. Then F* is a quasi-isometric
foliation if and only if, for each leaf L € F*, the extension L Udsx L — H3U S2 is
injective, that is, the map between ideal boundaries Oso L — S2, is a homeomorphism
onto its image.

Proof Suppose first that F*° is quasi-isometric and let L be a leaf of the foliation
F*. Let ¢ : L — M be the inclusion and € : LU 0sL — MU S2 the extension to
the ideal compactifications given by Theorem 3.4. Since L and M are negatively
curved in the large as defined by Gromov and £ : L — M is a quasi-isometric
embedding, then Theorem 7.2 of [Gr] implies that £ is injective.

Suppose now that € : LU dxL — M U S is injective for all L € F*. Fix ko
so that all flow lines of ® are ko-quasigeodesics. Recall that dp,d} are uniformly
quasi-isometric to each other in leaves or piece leaves L of Fs. Tt is simpler to use
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@ (b)

F1cUurE 3. (a) Convergence of good paths in leaves. (b) Conver-
gence in the sphere at infinity.

the d}, metric. Suppose that F* is not quasi-isometric. Then there are leaves V,, of
F* and z,,y, € V, so that

(%) dy (Tn,yn) > nd(xp, yn) +n, Yn e N.

Let L,, be piece leaves of V,, with x,,,y, € L,. The previous lemma produces paths
Yo C Lpy, Yo =0 xal xa?, with oY C E’(—%ﬁ] (z,), o C &)(—0070] (Yn)
and ) contained in a leaf of F*5. In addition

'(al) < a; and U'(y,) < aody, (T, yn)-

n

Up to subsequence assume that I’(a?) or I’(a2) is bounded, say the second option.
The arc a2 is in a flow line of ®, hence is ko-quasigeodesic. Since 7, is the union
of al * a2 of bounded length and a2, it follows that ~, is uniformly quasigeodesic
(with a different constant) and d7, (zy,yn) is bounded above by a constant times
d(xy, yn). This contradicts the hypothesis.

We may now assume that I’(af),’(a?) — +oc as n — oo. Given this we can also
assume that I’(a) is bounded below, for otherwise we may save a lot of I’ length
by flowing o} backwards. Since I'(«) is bounded above and below we may assume
up to taking a subsequence that 7(al) converges to a segment of positive length in
a (possibly singular) leaf of F*°. Up to taking covering translations of M, we may
assume that the ol themselves converge to a segment [u,r] of positive length in a
leaf of F**. Then af converges to ®(_ . o)(u) and a2 converges to ®(_ ().

Let u, be the endpoint of a,OL, rpn, the starting point of a%, SO Up — U, Ty — T
Let 3, be the geodesic arc of H? connecting ., yn, and let v, € 3, be the closest
point to u,; see Figure 3 (a).

Suppose first that d(u,,v,) does not converge to +o0o. Therefore up to subse-
quence assume that d(u,,v,) < as. Notice that d(z,,yn) = d(xn, vn) + d(Vn, Yn)-
Since flow lines of ® are ko quasigeodesics, then

U(e2) < kod(rTn,yn) + ko, 1'(ad) < kod(zn,un) + ko.

In addition
d(un,mn) < ll(o%lz) < ar, d(rn,yn) < d(rn, un) + d(Un, Yn)-
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Therefore

U(al *a?) < ay + kod(rn, yn) + ko < a1 + kod(un, yn) + koay + ko.

Consequently

dy,, (2n,yn) < U(va) = U'(a}) +1'(ay, * a)
< kod(zp, un) + ko + kod(tn, yn) + koar + ko + a1
= ko(d(zn,un) + d(tn, yn)) + ko(2 + a1) + a1
< kod(zp, yn) + 2kod(un,vn) + ko (2 + a1) + ay

< kod(il?n, yn) + k0(2a2 +2+ al) +az.
This contradicts the hypothesis (*). We conclude that d(u,,v,) — +00.

Claim. z, — n—(u),yn — n—(r) in MU S2 asn — oo.

We prove this for ;. Consider the unit ball model for H? with compactifica-
tion M U S2 homeomorphic to a closed ball in Euclidean space. Let d. be the
Euclidean metric in this closed ball. Let (, be the geodesic of H? with endpoints
N4 (zn),n— (), and let ¢ be the geodesic of H? with endpoints 74 (u),n_ (u). Since

Tn = Py, (), up — uw as n — 400 and 7n_,n4 are continuous, it follows that

Fix € > 0. Let U, be the d.-neighborhood of n_(u) in M U S% with radius e.
There is ng so that for n > ng then n_(x,) € U, so {, has a ray contained in
Ue; see Figure 3 (b). Since &)R(xn) is a uniformly bounded distance from ¢, then
&)R(xn) also has a ray contained in U.. In fact more is true: because flow lines of
® are uniform ko-quasigeodesics, then orthogonal projection of a flow line of d to
the geodesic with same ideal points is a kj-quasi-isometry, where the k; depends
only on ko [Th2, Gr]. Also distance between points and their images is uniformly
bounded. Using this and the fact that u,, — wu, it follows that there is

ng € N, tg <0, so that Vn >mng, t <tg, then :Igt(un) € U

see Figure 3 (b). Since z,, = &, (u,) and t, — —oc, it follows that z, € U,, for n
big enough; see Figure 3 (b). This proves the claim.

Consequently 3, are geodesic arcs whose endpoints z,,y, converge to n_(u),
n—(r). If n_(u) # n—(r), then they define a geodesic 8 of H* and 3, — S, con-
tradicting d(un, 8,) — +o0o. Hence n—(u) = n—(r). As [u,r] has positive length,
then u, r are not in the same orbit of ® in C' = Ws(u) Let u—,r_ € 05C be the
negative ideal points of ®g(u), Pr(r) as seen in C' U dxC. Since u and r are not

in the same flow line of ®, then u_ # r_. But
Eu) = n-(u) = n-(r) = &(r-),

contradicting the fact that € : C' U 0,,C — MU S2_ is injective. This finishes the
proof of Theorem 3.6. O

We now define sectors and line leaves, which will be used throughout the article.
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y F3

Y, 3
F

FIGURE 4. The sets associated to a leaf I of F*: Fy, Fy, F3 are
standard leaves, V' is a sector of F'. Then FyUFy = 9V is a line leaf
of I and so is Fy U F3. Also F1 UF3 is a piece leaf of F' which is not
a line leaf since it has prongs of F' on each side. Each component
of ' — ~ is a half leaf of F'.

Definition 3.7. The sectors defined by L € F* are the components of M-—1L. A
line leaf of L € F* is the boundary of a sector of L. Notice that it is a piece leaf of
L, but if L is a singular leaf with 4 or more standard leaves, then there are many
piece leaves of L which are not line leaves. If L has a p-prong singular orbit, then
L has p line leaves.

Figure 4 illustrates all these concepts in a leaf F' of F*. We stress in the case of a
regular leaf that the following simplifications occur: line leaves are the same as piece
leaves and also half leaves are the same as standard leaves (modulo the boundary
orbit). Half leaves are formally defined in the beginning of the next section.

Recall the stable lamination A®. Its complementary regions are solid tori or solid
Klein bottles, hence A® is an essential lamination [Ga-Oe]. It follows that any piece
leaf of F* separates in M. .

Given B C H?, its limit set is Zg = B N S2,, the closure taken in M U S2 .

We will now prove Theorem A of the introduction.

Theorem 3.8. Let ® be a quasigeodesic pseudo-Anosov flow in M3 closed, hyper-
bolic. Let F* be the singular stable foliation of ®. Then F* is a quasi-isometric
singular foliation if and only if F° has Hausdorff leaf space.

Proof. One direction is very simple and the other uses the previous theorem.

First suppose that the leaf space of F* is not Hausdorff. There are F' # L € F*
and F, € F* with F, — F UL in the leaf space of FS. Letce Fande € L
and let ¢, e, € F,, with ¢, — ¢ and e, — e. Then d(c,,e,) — d(c,e) so d(cn,en)
is bounded. If dg, (cp,e,) has a bounded subsequence we may assume that it is
bounded. Hence there is a4 > 0 so that for all n, e,, € Bf; (¢n) = the ball of radius
a4 in the dg, metric of F,.

Here we use the fact that if ¢,, — ¢, with ¢, € F,, € Foandce F e .7?5, then

Bfr(c,) — Zasn— oo, where Z C BE(c)

in the Gromov-Hausdorff topology of closed sets of M. The reason is the following:
if F is not singular, then BE (c) has a small product foliated neighborhood and
BEn () actually converges to BE (¢). On the other hand if F' is singular, then up
to taking a subsequence of the ¢, it follows that either all ¢, are in F', in which
case W = Bé’; (¢) again, or the ¢, are all in one sector V' of F. In this last case

Bl (cn) — BE/(c), where F is the line leaf of F' which is the boundary of V.
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FIGURE 5. (a) Producing points on line leaves of L with same
negative ideal points. (b) Impossible configuration of convergence.

As a consequence of this fact, since e, € B.™(¢,), we conclude that e € Bf () C
F, contradicting F' # L. This proves one implication of the theorem.

Assume now that F* is not a quasi-isometric singular foliation. By the previous
theorem there is L € F* and z ,y € L, not in the same orbit of ® in L and so that
n—(x) = n—(y). First we claim that we can assume that x,y are in a line leaf of L.
Suppose then that 2 and y are not contained in a line leaf of L; see Figure 5 (a).
This implies that L is a singular leaf with 4 or more standard leaves. There is a
piece leaf Ly of L which separates x from y, that is, separates g (z) from Pg(y) in
M. In addition we can choose L; so that the two standard leaves LY, L} of L; are
part of line leaves of L which also contain y; see Figure 5 (a). As n_(z) = n_(y)
and L, separates ®g () from O (y) in M, it follows that 5_(z) is in Z.,,, the limit
set of L. . .

Let £ : Ly UDsLy — MU S2. be the extension of ¢ : Ly — M. By Theorem 3.4,
Tr, = £(0u0L1). Let co € Ooo Ly with E(co) = n—(y). By Lemma 2.3, we can choose
z € L, with either

n-(2) = &(co) =n-(y) or ny(2) =E(co) =n-(y)-
Suppose first that 7y (z) = 7_(y). As z,y € L € F*, then 1y (z) = n4(y). But
then n4(y) = n-(y), a contradlctlon to ®gr(y) being quasigeodesic. Therefore
n—(z) = n—(y). Suppose that z € f?. Then z,y are in a line leaf Ly of L. Ly is the
union of f(l) and the standard leaf of L containing y. This proves the claim.

By moving z,y slightly along their unstable leaves into the sector of L defined
by Lo we find 21 € W“( ),y1 € W“( )N Ws(zl) and Ws(zl) regular. Notice that

n-(z1) = n-(2) = n-(y) = n-(y1)

and z1,y; are not in the same orbit in Ws(zl). We may further assume that
y1 € W5 (21).

Let v, = <I>tn(21) with ¢, — —oo, hence v, — n_(z1). As n_(z1) = n-(y1),
then <I>R(21) @R(yl) are quasigeodesics of H? with same ideal points, and there
are s,, — —oo so that u,, = <I>Sn (y1) satisfies d(vp, u,) is bounded.

Assume up to taking a subsequence that 7(v,) converges to by € M. There
are covering translations g, € m (M) with g,(v,) — v and w(v) = by. As
d(gn(vn), gn(uy,)) is bounded, assume up to taking a further subsequence, that
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gn(uy) also converges to u € M. Let F, = gn(ws(zl)). Notice that d(vy,,uy) is
bounded below by a positive constant, because ¢, s, — —o0, so in F,,, dp, (tn,vy,)
— +00. Therefore u # v.

Suppose that u and v are in the same stable leaf F'. We first claim that u and v
cannot be separated by a piece leaf F’ of F'; see Figure 5 (b). Otherwise F’ would
separate u,, from v,, for n big, a contradiction to u,,v, € F, and u,, — u, v, — v.
Let v be a path in F' from u to v. Since F,, — F and no piece leaf of F' separates
u from v, it follows that there are paths ~, in F,, from g,(u,) to g,(v,) which
are converging to . This implies that I(7,) is bounded above and consequently
dp, (Un,uy,) is bounded, a contradiction to the above. Hence u and v are not in the
same leaf of 7% and F* does not have Hausdorff leaf space. This finishes the proof
of Theorem 3.8. O

Remark. The property F* quasi-isometric implies that ® is quasigeodesic: Let
be a flow line of ® and gCLe F*. Then (3 is a minimal geodesic in the d}; metric
of L, that is, length along 3 measures length in L. The quasi-isometric property
for L then immediately implies that § is a quasigeodesic in M.

4. TOPOLOGICAL THEORY OF PSEUDO-ANOSOV FLOWS

We showed in the previous section that if ® is a quasigeodesic pseudo-Anosov
flow in M3 hyperbolic, then important geometric questions for Fs fundamentally
depend on the topology of the leaf space of F*. When we want to think of this
leaf space as a topological space we use the notation H(F*®). Then H(F*) is a 1-
dimensional object which is not Hausdorff when there are leaves of Fs nonseparated
from other leaves (in H(F*)). Also H(F*) is not a manifold if ® is really singular
pseudo-Anosov (as opposed to being an Anosov ﬂow) Then each p-prong leaf of
F* gives rise to a p-prong in 'H(ﬁs) A leaf F of F* can be thought of as a subset
of M that is, the union of the points of M which are in the leaf F; or as a point
in H(F?).

In this section we study the structure of the non-Hausdorff points in H(F*). For
starters we stress that the analysis will be done in a completely general setting: we
will not assume that ® is quasigeodesic or that M is hyperbolic. The study of non-
Hausdorff points in 'H(ﬁ %) was done in [Fe6] for general Anosov flows. Much of the
analysis is very similar and we will refer to [Fe4, Feb, Fe6] whenever possible. The
main difficulty is to show that even though Fiisa singular foliation, its singularities
do not interfere with the analysis of the non-Hausdorff points of H(F*). Regardless
of geometric applications, the results of this section are of independent interest for
the theory of pseudo-Anosov flows.

In [Fe6] a non-Hausdorff point of H(]—' %) was called a branching point, and F, L €
F* was called a branching pair of F*if F is not separated from L as seen in H(}' ®).
In the case of pseudo-Anosov flows, a singular leaf L € F* also produces some sort of
branching in the leaf space H(F*) - this is not associated to non-Hausdorff behavior
in H(]? #). For this reason we do not find it appropriate to use the term branching
leaves for the non-Hausdorff points of H(F*) in the case of pseudo-Anosov flows.

The following facts and definitions will be needed here and in later sections.
We proved in [Fe-Mo] that the orbit space of ® in M is homeomorphlc to the
plane R2. This orbit space is denoted by © = M/®. Let © : M — O = R2 be
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the projection map. As the foliations f s, F* are invariant under &) they induce
singular, transverse 1-dim foliations .7?(59, & in O. The singular points of .7-'5 are
the same as those of .7?(89 If L is a leaf of .7-'S or F*, then ©(L) C O is a tree which
is either homeomorphic to R if L is regular, or is a union of p-rays all with the
same starting point if L has a singular p-prong orbit. In particular every orbit in
L disconnects L.

Definition 4.1. Let L be a leaf of F* or a line leaf or a piece leaf of a leaf of Fe.
Then a half leaf of L is a connected component A of L —, where -y is any full orbit
in L. The closed half leaf is A = A U~ and its boundary is A = ~. If ¢ is an
open, relatively compact, connected subset of ©(L), then it defines a flow band L,
of L by Ly = ©71(¢). Let L; be the closure of L in M. If ¢ is an open segment
in ©(L), then ©~1(¢) is called a segment flow band of L.

One difference from the case of Anosov flows is that even in the universal cover,
the stable and unstable foliations may not be transversely orientable. In fact the
foliations in the universal cover will be transversely orientable if and only if all
singular orbits have an even number of prongs. For Anosov flows, much of the
analysis in [Feb, Fe6] was coached using the transversal orientations to F*, F* and
given L € F 5. referring to the positive/negative sides of L in M. Here this will not
be possible. Nevertheless any leaf L in F* or F¥ separates M and we will use the
connected components of M — L, which are the sectors of L.

Here are two easy but important facts. First if F' € F*and G € f“, then F'
and G intersect in at most one orbit. This is a consequence of index computations
for foliations in the plane as follows. Project to O and suppose that there are
a # bin O(F) N O(G). Since O(F) is a tree, there is a unique segment [ from a
to b in O(F'). By the local product structure of .7-"0 and the fact that .7-'0,.7-'“ are
transverse, it follows that intersections of [ with ©(G) are discrete in [ and we may
assume that [ N O(G) = {a,b}. Let I’ be the segment in O(G) connecting a and
b. Then I NI = {a,b}. Let D be the disk of O bounded by [ U!’. Consider the
singular foliation in D induced by .77'5 and count the indices at each singularity of
Fe.

- Corner singularities. If there are n; interior prongs of .7?(59 from a corner (we do
not count ! here), then the index is 1/4 — n;/2.

- Transverse singularities in I’. Let p; be a singularity of ]?(59 in the interior of I’
so that there are m; prongs of .77'5 entering int(D). The index is (1 — m;)/2. Here
m; = 1 corresponds to !’ being regular on the side facing int(D).

- Interior singularities. Let ¢; be an interior singularity with w; prongs, u; > 3.
Then the index is 1 — u;/2.

The sum of the indices must be 1, the Euler characteristic of D. There are 2
corners, each with index < 1/4, with sum < 1/2. The other two index contributions
are negative so this is impossible. Hence F' and G intersect at most once.

A second important consequence of index computations is the following: Suppose
that a leaf ' € F* intersects two leaves G, H € F“ and so does L € F*. Let

= O(F N G), a single point, and likewise b = O(F N H), ¢ = ©(H N L) and
d = O(LNG); see Figure 6 (a). Let 11 be the closed segment in O(F') with endpoints
a,b and similarly I C ©(H) with endpoints b, ¢; I3 C ©(L) with endpoints ¢, d;
and Iy C ©(G) with endpoints d,a. Then (I3 Uls Ul3 Uly) bounds a disk D in O.
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FIGURE 6. (a) Rectangles. (b) Perfect fits in the universal cover.

Consider the singular foliation induced by ff,) in D. It is tangent to /; and I3 and
transverse to Iy and [;. Computing the index at singularities as above: the index
at each corner is < 1/4 and all other indices are negative. Since x(D) = 1, the only
possibility is that there are no interior prongs from the boundary or corners and
no interior singularities. It follows that there is a product structure in D: a leaf of

.’/TT'(S9 intersects lo if and only if it intersects Iy, and a leaf in .77'(% intersects [ if and
only if it intersects 3. We therefore call the region D (or ©~1(D)) a rectangle.

Recall that a line leaf L’ of L € F* is the boundary of a component of M — L.
Then L’ separates M into two components and we say that L’ is reqular on the side
which is a sector of L. Notice that L is regular if and only if both sides of L’ are
regular. In the same way a line leaf of ©(L) € ]?(59 is ©(B) where B is a line leaf of
L.

Definition 4.2. Perfect fits - Two leaves F € F* and G € F* form a perfect fit if
F NG = () and there are line leaves Fy, G of F,G respectively and half leaves F}
of Fy and G1 of Gy and also segment flow bands Ly C L € F* and H, CHEe f“,
so that Fy is regular on the side containing L, G is regular on the side containing
H and:

fl ﬂ@l = 0L, NoGy, Zl ﬁﬁl =0L,NOH,, Hl ﬂFl =0H1NJF,

with Zlﬂgl 7é @, Zlﬂﬁl 75 ® and Flﬂfl 7é 0.

Furthermore

(1) VSeF Y, SNLi#0 =SNF, #0
and

(2) VEeF, ENH #0 =ENG; #0.

We refer to Figure 6 (b) for perfect fits. We claim that implications (1), (2) imply
equivalences (that is, SN Ly # 0 < SN Fy # () and the same for (2)). To see this
let S € F* with SN Fy # (). Suppose that L; contains a singular orbit §. Extend
L, to a piece leaf Lo of L. We first show that L, must be regular on the side
containing F'. Otherwise there is a component V of L; — ¢ which is separated from
F by a line leaf of L. But then any unstable leaf U intersecting V' cannot intersect
this line leaf of L and hence cannot intersect F, a contradiction to condition (1).
Using the fact that Fy is regular on the side containing G, one finds R € F* near
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enough F, so that RN Hy # () and RN S # 0. By (2), RNG;y # (). Under these
conditions

RNG#0, RNH#0D, LNG#0 and LNH #0.

Therefore L, R, G and H form a rectangle. By the properties of rectangles it follows
that S intersects L;. This proves the clainl;

The set F; U H; ULy UG, separates M. Let A be the complementary region
which does not contain F' — F} in its closure. Let p; € H; with p; — p € F and
so that &)R(pi) separates &)R(pi_l) from éR(le) in Hy. Let R; = Ws(pi). Then
RiNG #0,s0 R;,G, L, H form a rectangle R; (see Figure 6 (b)) and there are no
singularities in the interior of R;. The condition on the p;’s implies that R; C R;t+1

for any i. Let
B =J Ri
ieN
Clearly B C A. We claim that B = A. Otherwise let z € A with z € B. Since
R; are increasing with 7 and only the stable boundary component of R; (contained
in R;) is changing, it follows that W“(z) N R; # 0 for i big enough. Because
R;, H, L,G form a rectangle this forces Wu (z) N Ly # (). The definition of perfect

fit implies that W“(z) N Fy # (). The construction of the R; implies that 2z € F},
which in turn implies that z € A, a contradiction. We conclude that A = B. This
is important:

Conclusion. There are no singularities of ® in A.

Therefore perfect fits produce “ideal” rectangles, in the sense that even though F
and G do not intersect, there is a product structure (of 7° and F*) in the interior
of A. Notice that the flow bands Lq, H; (or the leaves L, H) are not uniquely
determined by the perfect fit (F,G).

There is at most one leaf G € Fu making a perfect fit with a given half leaf
of FF € F*® and in a given side of F' - the proof is the same as that for Anosov
flows [Fe5]. Therefore if (F,G) forms a perfect fit and g is a covering translation
preserving the half leaf F; and also the components of M — F, then ¢(G) = G.
This follows from uniqueness of perfect fits and the fact that g takes perfect fits to
perfect fits, because it acts by homeomorphisms in the leaf spaces.

Definition 4.3. Given p € M (or p € O), and a half leaf H of we (p) defined by
Pr(p), let

JUH) = {FeH(F*) | FNH+#0} c H(F?).
Notice that Ws(p) ¢ J(H). Also let
cvH) =|J{peM | peFeJgu} c M

Then £*(H) C M and W*(p) C d£%(H). Similarly define 7(L), £*(L) for a stable
half leaf L.

The notation J*(H) is chosen to match the previous definition for Anosov flows
[Feb, Fe6]. In those articles the data was p € M, a symbol u or s (corresponding to

a half leaf of WU (p) or Ws(p)) and a symbol + or — specifying that the half leaf
is on the positive or negative side of the leaf through p of the dual foliation. For
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FIGURE 7. (a) A lozenge. (b) A chain of lozenges.

instance one such set was J{'(p). This entails transversal orientations which we do
not have here. The data here is already a half leaf in W*(p) or W*(p).

Definition 4.4. Lozenges - Let p,q € M and let there be half leaves L,, Hy, of
W (p), W*(p) defined by ®r(p), and half leaves Ly, H, of W*(q), W"(q) defined

by ®r(q) so that:
£(L,) N L5(H,) = L£%(L,) N L5(H,) C M.

Ihen this intersection is called a lozenge A'in M. The corners of the lozenge are
Pr(p) and Pr(q) and A is a subset of M. The sides of A are L,, H,, Ly, H;. The
sides are not contained in the lozenge, but are in the boundary of the lozenge.

Sometimes we also refer to p and ¢ as corners of the lozenge.
An argument as done previously shows that there are no singularities in the

lozenges. This in fact shows that A is an open region in M. However there may
be singular orbits on the sides of the lozenge and the corner orbits also may be
singular. The definition of a lozenge implies that L,,, H, form a perfect fit and so
do Ly, Hp - this is an equivalent way to define a lozenge with corners &)R(p), &)R(q).
Given any four leaves there is at most one lozenge with sides in them, so we may
refer to the full leaves as the sides of the lozenge.

Two lozenges are adjacent if they share a corner and there is a stable or unstable
leaf intersecting both of them; see Figure 7 (b). Therefore they share a side. A
chain of lozenges is a collection {A4;},7 € I, where I is an interval (finite or not)
in Z; so that if 4,4 + 1 € I, then A; and A;;1 share a corner; see Figure 7 (b).
Consecutive lozenges may be adjacent or not. The chain is finite if I is finite.

Definition 4.5. Suppose ( C E € F* is a (possibly infinite) strong stable segment

so that for each p € ¢ there is a half leaf H,, of W*(p) defined by ®r(p) so that
Vp.a€(, JHp)=JT"(Hy).

In that case let P = (J o Hp. Then P C M is called an unstable product region

with base segment (. The base segment is not uniquely determined by P. Similarly
define stable product regions.
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The main property of product regions is the following: for any F € F .G e Fu
so that

(i) FOP # 0 and (it) GNP # 0, then FNG # 0.

Suppose for instance that P is an unstable product region. First notice that (ii)
implies that § # GN¢ =p, so H, C G. By (i) let ¢ € ¢ with F' N Hy # 0. Then
F e J“(Hy), hence F € J“(H,), that is, FN G # 0. As before it follows that
there are no singular orbits of ® in P.

We will also denote by rectangles, perfect fits, lozenges and product regions
the projection of these regions to ©. One good way to visualize these objects in
O is as follows. Consider proper embeddings ¢ : U — O of sets U C R? into O,
sending the horizontal and vertical foliations induced in U to the stable and unstable
foliations in £(U) C O. Then a proper embedding is associated to a rectangle £(U) if
U =10,1]x[0,1]. A proper embedding is associated to a perfect fit if U is a rectangle
without a corner, that is, U = [0,1] x [0,1] — {(1,1)}. A lozenge is associated to the
image of a rectangle without two opposite corners U = [0, 1] x [0,1] —{(1, 1), (0,0)}
(the lozenge is the interior of £(U)). A stable product region is associated to the
image of U = [a, b] x [0,00) (or U = R X [0, 00) when the base segment is infinite)
and similarly for an unstable product region. The important fact here is that there
are no singular orbits in any of these regions.

Definition 4.6. Convergence in the leaf space H(.?ES) of F5. We say that L; € F*
converges to L € F* if there is ¢ € L and x; € L; with z; — x.

For a nonsingular foliation this is the same as requiring that for any x € L there
are x; € L; with z; — x. The introduction of singularities changes this: the L;
usually only converge to a line leaf in L. Here’s why: The trivial case is L; = L
for all but finitely many 4, in which case all points in L satisfy the requirement.
So we may assume all L; are distinct from each other and from L. Up to taking a
subsequence we may assume all L; are in the same sector Vg of L. Let E be the
line leaf OVy. If y € E, let B be a small segment in W*%(y) with one endpoint in y
and contained in Vp. Then since there are no components of L — E contained in Vj
there is a local product structure of F* in this side of F, therefore for i big enough
L; N B = y; and clearly y; — y. Finally if 4/ € L — E, then E separates 3’ from all
L; so no sequence in L; can converge to y. This shows that taking a subsequence
of the L; is unnecessary. We conclude that the points y € L which are obtained as
limits of y; € L; are exactly those in the line leaf E.

A leaf L of 7* or F* is called periodic if there is a nontrivial covering translation
g of M with g(L) = L. This is equivalent to w(L) containing a periodic orbit of ®.
In the same way an orbit ~ of d is periodic if w(vy) is a periodic orbit of ®.

The following is a fundamental result:

Theorem 4.7. Let ® be a pseudo-Anosov flow in M?3. Let F be a non-Hausdorff
point in the leaf space of F°. Then F' is periodic.

Proof. We will make extensive use of the detailed analysis in [Fe6], particularly
Theorem 3.5, which is the analog result for Anosov flows. The primary goal is to
show that singularities do not affect this situation. Let then L € F s, L #F, so
that F, L are not separated from each other in the leaf space of Fs. Let L; € F*
with L; - LU F. Since L # F, only finitely many L; can be either F' or L. As
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FIGURE 8. Non-Hausdorff points in F*.

seen above there are line leaves Fy, Ly of F, L respectively with L; — Lo U Fy. Let
Wy be the sector of F' bounded by Fy and containing L and similarly define Uy as
the sector of L defined by Lo. -

Fix a € Fy,b € Lo, with W*(a), W*(b) not containing singular orbits of ®. Fix
compact segments

AC W"(a), BCW"(b), with A—{a}C Wy, B-{b}cCU

and a, b are in the boundary of A, B. For i big enough L; N A # () and L; N B # (),
so we may assume this is true for all ¢. For simplicity assume that L; separates
L;—y from L;yq for all i € N. Now L; intersects W*(a), W*(b) and so does L;.
Therefore Ly, L;, W¥(a), W*(b) forms a rectangle R;. In particular there are no
singularities in the interior of R;. Notice that R; C R;1+1 and R; # R;+1 for all i.
By omitting L; we may assume that R = (J,c Ri does not contain any singular
orbits. There is a half leaf of F;y contained in the closure of R and similarly for L.

Given the fact that R has no singularities we can now apply the proof contained
in [Fe6] for Anosov flows. We sketch the steps. As in [Fe6] choose py € L1 so that
we (po) does not intersect either of L or F, but separates one from the other and
so that: for any ¢ in the flow band of L; bounded by CT)R(W“ (a)NLy) and Pgr(po),
then W“(q) N Fy # 0; see Figure 8. The orbit &)R(po) is uniquely determined by
these conditions. Then as shown in the claim of Theorem 3.5 of [Fe6], Fy and
W“(po) form a perfect fit. Hence F is periodic if and only if W“(po) is. We
concentrate on W¥(p). If it is not periodic consider C' = m(W*(py)) an unstable
leaf in M. All orbits in C' are backward asymptotic. If an orbit in C' only limits
(backwards) in a periodic (singular or not) orbit of ®, then W"(py) is in fact
periodic as we wanted to prove. Otherwise let ¢ € M be a nonsingular limit point
of this backward orbit. Lifting to the universal cover produces covering translates
of W¥(pg) arbitrarily near ¢/, where m(¢) = ¢, that is, the picture in M can be
perturbed in an arbitrarily small way. This produces a contradiction to Fpy, Lg
not separated from each other, as proved in Theorem 3.5 of [Fe6]. Beware that
instead of using the positive/negative half leaves as in [Fe6], one should use the
appropriate half leaves in stable/unstable leaves. If wu (po) is periodic, then all
orbits in C only limit in the periodic orbit in C' and there is no small perturbation.
This is a topological rigidity of the stable/unstable foliations which also works in
our situation. O
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We say that two orbits v, a of ® (or the leaves W*(v), W*(a)) are connected by
a chain of lozenges {A;},1 <i < n, if v is a corner of A; and « is a corner of A,.

Theorem 4.8. Let ® be a pseudo-Anosov flow in M3 closed and let Fy # Fy € Fs.
Suppose that there is a nontrivial covering translation g with g(F;) = F;,i =0, 1.
Let a;,i = 0,1, be the periodic orbits of:I; in F; so that g(a;) = «;. Then ap and
are connected by a finite chain of lozenges {A;},1 < i < n, and g leaves invariant
each lozenge A; as well as their corners.

Proof. This is exactly as was done for Anosov flows in Theorems 3.3 and 3.5 of
[Fed]. We sketch the main ideas here. There is a sector Vg of Fy which contains F3.
Let Hy be the component of (W“(ao) — ap) contained in Vy. Then Fy N Hy = 0,
or else g would leave invariant two orbits in Fy. So Fy N L*(Hy) = @. The latter
set is a union of leaves of F*. Hence there is a unique leaf L; € F* with a line
leaf contained in OLY(Hy) so that Ly is either Fy or the line leaf separates £*(Hg)
from Fy. These conditions imply that g(L1) = Ly. If L1 = F; stop. Otherwise
reapply the argument to Li, F} and eventually produce Lo, L3, .... As shown in
[Fe4] this eventually stops, that is, there is L; = F;. We only need to consider
Ly = Fy and L1, both g-invariant. Let o be the periodic orbit of ® in L; and let
H; be the component of W*(a*) — a* intersecting £*(Hp). Then g(H;) = H; and
Hy, H; intersect the same set of stable leaves. The last part of the proof is to show
that «g,a* are connected by a finite chain of lozenges, all contained in L*(Hy).
Consecutive lozenges are adjacent. O

The main result concerning non-Hausdorff behavior in the leaf spaces of F 5 Fu
is the following;:

Theorem 4.9. Let ® be a pseudo-Anosov flow in M?3. Suppose that F # L are not
separated in the leaf space of F*. Let Fy, Lo be the line leaves of F, L which are not
separated from each other. Let Vo be the sector of F' bounded by Fyy and containing L.
Let « be the periodic orbit in Fy and Hy be the component of (W*(a) — ) contained
in Vy. Let g be a nontrivial covering translation with g(Fy) = Fy, g(Ho) = Hy and
g leaves invariant the components of (Fo — «). Then g(Lo) = Lo. This produces
closed orbits of ® which are freely homotopic in M. Theorem 4.8 then implies that
Fy and Lg are connected by a finite chain of lozenges {A;},1 < i < n, all contained
in L%(Hy). Consecutive lozenges are adjacent. There is an even number of lozenges
in the chain; see Figure 9. In addition let Bp 1 be the set of leaves nonseparated
from F and L. Put an order in Br, as follows: Let C' € F* not singular so that

/N O/

A A | A4 | As | A

NN

FI1GURE 9. The correct picture between nonseparated leaves of as
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CNHy#0. Put an orientation in {1 = W”(a) where a € C. If R1,Ry € Bp,
let aq, ag be the respective periodic orbits in Ri, Ro. Then W“(ai) NC # 0 and let
a; = W“(ai) N¢1. We define Ry < Ry in Br, if a1 precedes as in the orientation
of (1. Then Bp 1, is either order isomorphic to {1,...,n} for somen € N; or Bp r, is
order isomorphic to the integers Z. In addition if there are Z,S € F* so that Bz.s
is infinite, then there is an incompressible torus in M transverse to ®. In particular
M cannot be atoroidal. Finally up to covering translations, there are only finitely
many non-Hausdorff points in the leaf space of Fe.

Given that the regions associated to non-Hausdorff F), L are free of singular orbits,
it follows that the proof of this result is entirely analogous to the corresponding
results in [Fe6]. See the proofs of Theorems 4.3, 4.9 and Corollaries 4.4, 4.5, 4.6
and 4.7 of [Fe6]. Furthermore if B 1, is infinite there is a region in M associated to
this, which is called a scalloped region. For its description see Theorem 5.3 of [Fe6].

Consider the chain A;,1 < i < n, of lozenges connecting Fy and Ly produced
by Theorem 4.9. Let «, 3 be the corner orbits of A;. Then g(A1) = A1, g(a) = a,
g9(8) = B. Let aq, $1 be the quotients of «, 8 by ¢g. Then a1, 8; are periodic orbits
of ® - which may not be indivisible. Still their invariance by g implies that oy, 51
are freelyllomotopic. In fact suppose that g acts as a contraction on the set of
orbits of W#(«). Then analysing the action of g on the lozenge A;, we see that g
acts as an expansion in the set of orbits of Ws(ﬁ). This implies that «; is freely
homotopic to the inverse of 3;. This is fundamental for us:

Conclusion. If F* is not Hausdorff, then there are 2 closed orbits v, ¢ of ® which
are freely homotopic to the inverse of each other, v = ¢~

Theorem 4.10. Let @ be a pseudo-Anosov flow in M?3. If there is a product region
in M, then ® is topologically conjugate to a suspension Anosov flow.

This follows because product regions in M cannot contain singular orbits of .
The proof of Theorem 5.1 of [Fe6] then shows that in fact there are no singular
orbits in M , that is, ® is an Anosov flow. The result follows as in Theorem 5.1 of
[Fe6].

In section 8 we will produce infinitely many examples of pseudo-Anosov flows in
closed hyperbolic 3-manifolds which have quasi-isometric stable/unstable foliations
as follows: we will check that such flows do not have any freely homotopic closed
orbits. We then use Theorem 4.9 to conclude that F*°, F* have Hausdorff leaf space
and finally use 3.8 to conclude that F*, F" are quasi-isometric.

5. TOPOLOGY OF THE SINGULAR FOLIATIONS IN THE LEAVES OF 5

The goal of the next three sections is to study the asymptotic behavior of Reeb-
less foliations in closed hyperbolic 3-manifolds. Let G be a Reebless, finite depth
foliation in M3. Suppose that G is transverse to a pseudo-Anosov flow ®. Let G
be the lift of G to M. Given F € 5, then fs, F* induce singular foliations f}, f}:ﬁ
in F. In this section we study topological properties of F # and .7?}? This will be
used in a fundamental way in section 7 to analyse asymptotic behavior of leaves of
G in M. However, in this and the following section we will not assume that ® is
quasigeodesic or that M is hyperbolic.
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Recall that © : M — O is the projection into the orbit space of ® and that O is
homeomorphic to the plane R?. For our analysis we will need to understand what
the boundary 9O (F) C O is when F does not intersect every orbit of ®. Since G is
Reebless, then F'is properly embedded in M [No] and therefore separates M. Since
® is transverse to g it follows that every orbit of ® can intersect ' at most once.
Therefore © : F — O is injective. In analogy with the previous section, a sector of
aleaf | of F % is the closure (in F') of a component of F' —[. A leaf is regular if and
only if it produces exactly two sectors. Also a line leaf of a leaf [ of F sisoU =1
where U is a sector of I. The components of [ — [’ are all in one side of I’ and I’ is
regular in the other side. In the same way a piece leaf is a bi-infinite arc properly
embedded in a leaf of .7?2

Proposition 5.1. 90(F) is a disjoint union of line leaves of f(ﬁ), ~(%, all reqular
on the side containing O(F). Also if L € F* (or F*), then F'N L is connected.

Proof. Because ® is transverse to G and M is compact, then for € > 0 sufficiently
small there is n(e) with n(e) — 0, when € — 0 so that: any orbit of ® which
comes within € of a point z € F € G will in fact intersect F within 7(e) of z. Let
p € 9O(F) and let p; € O(F) with p; — p. Let z € M with ©(z) = p. Consider
D C M a small embedded disk, transverse to ® with z € int(D) and © injective in
D. Let w; € F with ©(w;) = p;. By truncating finitely many terms if necessary,
there are unique z; € D and t; € R so that w; = ff’ti (z:). If |t;] # +o0, assume up
to subsequence that t; — tg. It follows that w; — <T>t0 (z). But since F is closed in
M, then ®,,(2) € F, contradicting p & O(F).

Assume then that there is a subsequence t; — +00. Suppose that the corre-
sponding p; are all in the closure of the same sector defined by m = @(f/[vfs(z)) at
p. Let [ be the line leaf of m which bounds this sector.

Claim. 1 C 0O(F).

Let v € M with ©(v) € [. For i big enough let ¢; = W*“(v) N W*(w;). The
intersection is nonvoid because [ is regular on the side containing p;. There are

si€R, s; — +oo so that @, (q) € W”(wi) and d(®,, (q;), w;) — 0.

This implies that there are ¢; — 0 with ®, 4, (¢;) € F. Hence for i big enough
O(q;) € O(F). In fact this shows that the segment from @, (g;) to w; in W**(w;)
projects into ©(F'). One concludes that

O(v) € O(F) U dO(F).

If ©(v) € O(F) let E be a small disk contained in F' with v in the interior. Hence
for i big enough there are bounded r; with &%L(ql) € E. But the argument above
shows that there are ¢57+6L(q1) € F with s; + ¢, — +00 as ¢ — +oo. This would
produce two points @, (¢;) and @, 1., (¢;) of F in Pr(q;), a contradiction.

We conclude that the stable line leaf [ C 0O(F), showing the claim.

Similarly given the t; defined above, if there is some subsequence t;, — —oo,
then we have an unstable line leaf I through p with I C 90O(F). Since O(F) is
connected this would force INO(F) # () which is impossible. In addition [ is regular
on the side containing F'. This proves the first statement.
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Now let F € G and L € F*. Suppose that F'N L has two components ui, us.
Then O(u1)NO(uz) = 0 and there is x € L with ©(x) separating O (uq) from O(usz)
in ©(L) and O(x) € 90(uy). By the proof above O(z) € 9O(F') and there is a line
leaf

m C J0O(F) with either m C @(/VIV/S(J:)) or m C @(W"(m))

Since ©(u1) C O(F), O(u1) C @(Ws(x)) and m is regular on the side containing
O(F), then m C @(Ws(x)) cannot happen. Now O(u;) and ©(us) must be in the
same component of O —m and O(x) separates O(u;) from O(ug) in ©(L). Hence
there is a component of @(f/[v/"(x)) — O(x) contained in O(F') and separating O (u1)
from O(uy) in O(F). This contradicts the fact that m is a line leaf of ©(W*(x))
which is regular on the side containing ©(F'). This finishes the proof of the second
statement. 0

The following fact will be useful in the future. Since F' separates M and & is
transverse to I, there are positive and negative flow sides of F' in M —F. By the
above proof, if | € 9O(F) and | C (L) with L € F*, then L is on the negative
flow side of F, because the t; — +o00. Similarly if [ C 90(F) with [ € ©(U) and
UeF “ then U is on the positive flow side of F. It follows that F separates L
from U.

The following proposition will be fundamental for the results in this article. We
will assume that the lifted foliations F 5, FU to M have Hausdorff leaf spaces.

Proposition 5.2. Suppose that F* has Hausdorff leaf space. Let F' € 5, and let
F3 be the induced singular stable foliation in F'. Then Fi has Hausdorff leaf space.
Similarly for Fi.

Proof. Suppose there are leaves [; € F % converging to [ and I’ € F % Let L;,L, L' €
F%so that I; C Lj,l € L and ! C L'. Then clearly L; — L and L; — L’ in
H(F*). By hypothesis F* has Hausdorff leaf space, therefore L = L’. The previous
proposition shows that F' N L is connected, and it follows that [ = I’. We conclude
that F # has Hausdorff leaf space. O

6. GEOMETRY OF THE SINGULAR FOLIATIONS IN THE LEAVES OF G

Let G be a finite depth foliation transverse to a pseudo-Anosov flow @, so that
the lifted stable and unstable foliations F*°, F* have Hausdorff leaf space. In this
section we do not assume that ® is quasigeodesic or that M is hyperbolic. We
prove some geometric properties of the leaves of F3,, Fi (for F' € G), which will be
needed in section 7 to analyse the asymptotic behavior of G when M is hyperbolic.
This is a technical section - on a first reading the reader may just check properties
(A), (B) and (C) for leaves of Fj and then proceed to section 7.

Put a hyperbolic metric in the leaves of G, so that it varies continuously in the
transversal direction [Ca-Co, Can]. The metrics can be chosen so that projection
to lower depth leaves is a local isometry, but that is not necessary for the proofs
here. Given F' € G we say that F has depth k if 7(F') has depth &k in G. Since F is
isometric to H2, it has a canonical compactification with a circle at infinity which
will be denoted by 0o F'. Fix the depth k and consider the following properties:
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Property (A). This has 3 parts: For any F € G of depth < k then:

(i) If o is a ray of Fj, then o accumulates in a unique point of O F.

(ii) If & is a bi-infinite arc in a leaf of F§, then the endpoints corresponding to
the two rays of av are distinct points in Jsc . B

(ili) If @, is a sequence of rays of Fj. converging to the ray & of F3, then the
limit points of &; converge to the limit point of & in J F.

Property (B). Given k there is pg = po(k) so that: For any F' € G of depth < k,
(i) and (ii) above hold. In addition if v is a line leaf of a leaf of F3., = is any point
in 4 and 7* is the geodesic with same ideal points as v, then dp(z,v*) < po.

Property (C). There is u1 > 0 so that: Given any F € G of depth < k, then the
line leaves of 7 are uniform p;-quasigeodesics in F'.

Property (C) implies the other two [Gr, Gh-Ha, CDP] and states that leaves
of F 7 have excellent geometric properties. The strategy is to use induction and
for each k, first prove the topological properties (A) and use (A) and induction to
upgrade this to the geometric information (B) and (C). The Hausdorff property
for the leaf spaces will be fundamental throughout this section. The following two
lemmas show that (i) and (iii) of (A) hold under very general conditions:

Lemma 6.1. Let V be a singular foliation in H? with only p-prong singularities,
p > 3. Suppose that each half plane U C H? contains a curve v which is a bounded
distance from a geodesic in H? and v is either a leaf of V or is transverse to V.
Then the following happens: If B is a ray in a leaf V, then B converges to a unique
ideal point of S, .

Proof. Suppose not. First notice that index computations imply that rays of leaves
of V are properly embedded in H2. Let p # q € H? with 3 accumulating on p and
q. Choose z;,y; € B with z; — p,y; — ¢q. Let §; be the segment of § between
x; and y;. Since 3 does not accumulate on H? assume (up to subsequence) that
every (3; has a subset which is very near a component Z of SL — {p,q}. Let Z’ be
a closed segment C Z, so that Z’ bounds the half plane U C H2. By hypothesis
there is v C U with v a bounded distance from a geodesic and either v a leaf of V
or transverse to V. If v is a leaf of V, then clearly 8 cannot limit in the interior of
7', a contradiction to the above argument. If v is transverse to V, then 3 cannot
intersect v more than once (index computations), hence 8 cannot limit in Z’ and
also in p,q. Hence f3 limits in only one point of S. . Notice it is fundamental here
that there are no center singularities of V! O

Lemma 6.2. Let V be a singular foliation in H? with only p-prong singularities,
p > 3. Suppose that each ray in a leaf of V limits in a unique ideal point of S .
Also assume that the set of ideal points of leaves of V is dense in St and V has
Hausdorff leaf space. Then if B; is a collection of rays converging to a ray 3, it
follows that the ideal points of B; converge to the ideal point of 3.

Proof. Let (; converge monotonically to 8. Let x; € §; converge to x € 3, with «
nonsingular, all in a foliated box @ of V; see Figure 10. Let p; be the ideal point of
Bi and p that of 3; see Figure 10. Then {p;} is monotone with i in SL . If p; /4 p,
then p; — q # p. Since ideal points of leaves of V are dense in SL, there is a leaf [
with ideal point in ¢’ between p and q. Therefore the sequence {3;} also has to limit
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FI1GURE 10. Proving continuity of ideal points.

on another leaf besides 3 and the leaf space of V is not Hausdorff, a contradiction.
This finishes the proof. O

We now analyse geometric properties of leaves of F mF e G. Proposition 6.3
proves (A), Proposition 6.6 proves (B) and Proposition 6.7 proves (C).

Proposition 6.3. Suppose that (A), (B) and (C) hold for any depth < k (empty
assumption for k =0). Then (A) holds for depth k.

Proof. For k = 0 (i) and (ii) were proved by Levitt in [Le]. Let F € G have depth 0.
Since 7(F') is compact, the orbit of any point in d-F under covering translations
is dense in 05 F'. Part (iii) of (A) now follows from Lemma 6.2.

Using (A) for k = 0, we can prove Lemmas 6.4 and 6.5 which will be needed
for higher depths. Notice that any leaf [ of F 7 has at most one singularity. This
is because | = LN F, with L € F* and L has at most one singular orbit and any
orbit of ¢ intersects F' at most once. We can define a geodesic lamination Vr by
pulling leaves of F7 tight: a regular leaf of 7. produces a geodesic with same ideal
points and a p-prong leaf splits into p geodesics forming an ideal polygon with p
sides. These polygons are the complementary regions of V.

A convention in this section is: suppose 7 is either an embedded segment in
a leaf of G or a properly embedded infinite ray with unique accumulation point
in the corresponding circle at infinity or a properly embedded bi-infinite ray with
well-defined (distinct) ideal points in both directions; then we denote by +* the
associated geodesic segment, ray or bi-infinite geodesic having the same endpoints
(ideal or not) as 7.

Lemma 6.4. Any closed curve ¢ in a compact leaf G can be chosen to be either
contained in a leaf of F& or to be be transverse to F¢.

Proof. We allow the curve to pass through a singularity of F¢,, if there are at least
two prongs of the singularity in each side of the curve. Let F' € G with m(F) =G.
Let 6be a lift of ¢ to F', and let a,b be the ideal points of Z in O F. There are
two options:

Suppose first that a, b are not ideal points of leaves of F . As the complementary
regions of Vg are finite sided ideal polygons, then there is a leaf m* of Vp so that
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its ideal points separate a,b. Let g be the covering translation of F' associated to
¢. Connect y € m* to a y € g(m*) by a geodesic arc a. Collapsing « to the
foliation setting produces a curve transverse to F¢&. Adjusting endpoints yields a
closed curve isotopic to . This transversal can pass through prongs with index
> 4, corresponding to a geodesic crossing an ideal polygon region with > 4 sides.
If a is an ideal point of a line leaf | of F3 with other ideal point a’ # a, let h be
the covering translation of F' having a,b as fixed points, a the repelling one. Then
h™(1*),n > 0, converges to Ij € Vp with h(l7) = I}. Let [y € F}, generating 7.
Then /; has ideal points a, b and considering h™(l;) we obtain a limit lo with h(lz) =
la. Then 7(l3) is a closed leaf of F¢ isotopic to . This proves the lemma. O

Lemma 6.5. Let F € G (of any depth). The union of the accumulation points of
leaves of Fp is dense in O L.

Proof. Let T be an interval in 0, F and W the half plane in F' with T as limit set.

We claim that the closure of 7(W) (in M) contains a depth 0 leaf. The hyperbolic
metric in leaves of G are quasiconformal with the induced Riemannian metrics from
M. Take z; € W with dp(z;, F — W) — +oo (distance in F'). Obtain balls of
arbitrarily large radius in W and conclude that the closure of 7(W) in M contains
a leaf of G. But any leaf of G contains compact leaves in its closure so the claim
follows.

Hence 7(W) limits on a compact leaf R. The compact leaf has a juncture § on
that side which defines the spiralling of depth one leaves towards R - for details on
juncture and its properties see [Gal, Ga3, Ca-Co]. By the above we can assume
that 0 is either transverse to or contained in a leaf of F3. The transversal flow @
lifts § to a closed curve in a depth one leaf and also lifts § completely to the higher
depth leaf w(F'), to curves which are a bounded distance from a geodesic. Consider
all such lifts to the piece of m(F’) contained in a small neighborhood of that side of
R. In the intrinsic topology of 7(F'), this collection is properly embedded, that is,
all leaves are isolated and so the same occurs to the lift to F. By the claim above
there are infinitely many lifts intersecting W. Given any two such lifts ag, a3 C F),
if neither of them is contained in W, then they intersect the geodesic ay of F = H?
which is the boundary of W. By the properness property there are only finitely
many lifts intersecting the segment of ap between o and a;. It now follows that
there is a lift a3 entirely contained in W. Notice that a3 is either a leaf of F7. or
transverse to F . In the first case the ideal points of ag are limit points of leaves
of F . In the second case any ray of F 7 entering the region of F' bounded by as
cannot double back, hence only accumulates in T'. This finishes the proof. O

We proceed with the proof of the induction step in Proposition 6.3. (B) for
depth 0 is proved in Proposition 6.6 and (C) for depth 0 is proved by the argument
in Proposition 6.7. Let k& > 0 and assume that (A), (B) and (C) hold for all depths
< k. We prove (A) for k+ 1. Let F € G of depth (k + 1), E = n(F).

Since E has depth k + 1, it can only limit in lower depth leaves. Therefore
for any € > 0 there is a compact core C(E) so that £ — C(E) is e-close to lower
depth leaves. Let C(F) = n~!(C(E)). Each component Z of E — C(E) projects
entirely to a lower depth leaf G along flow segments of ® of length < e. Then 07
projects to a closed curve in G. Let Z be a lift of Z to F' and pr the projection to
a lower depth leaf N with 7(N) = G. If ¢ is sufficiently small, then the projection
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r 7 — pr(g) C N is a quasiconformal homeomorphism with quasiconformal
constant very near 1. Therefcire pr is a quasi-isometry.

Now consider a ray & of 3. The argument in the proof of Lemma 6.5 shows
that the hypothesis of Lemma 6.1 is satisfied and then Lemma 6.1 implies that «
converges to a unique ideal point in d, F. This proves (i).

We now prove (ii). Properties (A), (B) and (C) for lower depths and 9C(E)
projecting to a lower depth leaf along the transversal flow ® imply, as in Lemma
6.4 (applied to the projection of C(FE) to a lower depth leaf and pulled back to F
by the transversal flow), that dC(E) can be chosen to be either in leaves of F§, or
transverse to Fp. Notice that OC(F) is a finite union of closed curves. Let & be a
bi-infinite arc in a leaf of F§, and a = 7(@) C E.

The first option is that « NIC(E) = 0. If « C E—C(E), let Z be the component
of £ — C(F) containing «. Then « projects under some projection pr to a lower
depth leaf G and pr(a) is a leaf of F&. By the induction hypothesis, pr(a) is a
quasigeodesic in pr(Z). Since Z and pr(Z) are quasiconvex subsets in hyperbolic
surfaces they are negatively curved. As pr is a quasi-isometry, then « itself is
a quasigeodesic, hence (ii) follows. There are only finitely many components of
E — C(E), hence « is a uniform quasigeodesic. The other possibility here is that
a C C(F) and the result follows from Lemma 6.8.

A second option is that & intersects dC(F) only once in 3 C dC(F). Let a1, ds
be the components of &@—90C(F). If ideal points of a4, &z are the same, then because
6 separates ay from s, these ideal points are an ideal point of ﬁ Suppose that
&y C (F—C(F)). As above it follows that &; is a quasigeodesic and hence that
ay is a bounded distance from ﬁ As ay € C(F), Lemma 6.8 implies that as is a
bounded distance from (3. Hence a is a bounded distance from 7(3). Let g € 71 (E)
so that g(ﬁ) ﬂ and the ideal point of « is the repelling fixed point of g. Then
all g"(a) are a bounded distance from 3 and intersect it only once. It follows that
g"(@) converges (as n — 400) to two distinct leaves of F§. This contradicts Fp
having Hausdorff leaf space.

Finally, the third option is that « intersects OC(F) at least twice. Let Bl #* 52 C
OC(F) which are intersected by a. As B1, B2 are lifts of closed curves in E, they do
not share an ideal point in J..F. It follows that a has distinct ideal points in this
case too. This proves (ii).

Lemma 6.2 now proves (iii). This finishes the proof of Proposition 6.3. O

Proposition 6.6. Property (B) holds for k = 0. In addition suppose that Proper-
ties (A), (B) and (C) hold for all depths < k and that Property (A) holds for depth
k+ 1. Then Property (B) holds for (k+1).

Proof. We first show (B) for k = 0. Let F' € F* of depth 0 and E = 7(F). If the
result is not true for F' there are x; € F' with z; in line leaves ~; of F  and geodesics
~# with same ideal points as 7; (because (A) holds for F), so that dp(x;,v}) — +o0.
As 7(F') is compact, then up to subsequence and covering translations of F' assume
that x; — x. Then v; — =, where + is a line leaf of F 7 containing x and regular on
the side ; are limiting to. Let v* be the corresponding geodesic. The key fact here
is that property (iii) of (A) shows that v} — v*. As dp(x,7*) = a < 00, then for ¢
big dp(x;,vF) < a+ 1, a contradiction. Since there are only finitely many compact
leaves there is a uniform bound on the distance dp(x,~*). This shows Property
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Ui F-C(F

F1GURE 11. Producing bounded distance from the minimal geodesic.

(B) for k = 0. Compactness is the key here and we will extract some compactness
from the higher depth leaves - the fact that the core C(E) is always compact.

We now prove the second assertion of the proposition. Suppose that result is
true up to k and let F € G of depth k+1 and E = 7(F). If the result is not true for
F, then as above find x; and v; with dp(x;,v) — +o00. If there is a subsequence of
x; such that dp(x;, C(F)) is bounded, then the argument above finishes the proof.

Hence dp(x;,C(F)) — +o0o. Let 3; = m(7;). There are two cases:

Case 1. f3; intersects OC(E).

Up to subsequence assume that §; always intersect the same component p of
OC(FE). From 7(z;) choose one side and the first point uw; € 5; N p. Let a; € v;
corresponding to this first intersection so that m(a;) = u; (a; € OC(F)); see Figure
11. Since p is compact the proof for depth 0 shows that dg(a;, ;) is bounded. The
bound only depends on k + 1.

If the other side of +; from a; intersects OC(F), let b; be the first intersection.
As above dp(b;,~}) is bounded. Let 7; be the hyperbolic geodesic segment in
F between a; and b;; see Figure 11. The segments v; of v; between a; and b;
are contained in a fixed component U of (F' — C(F)). The boundary of U is a
union of uniform quasigeodesics and we can homotope 7; by a bounded homotopy
to 7/ C U, so that 7/ are uniform quasigeodesics. Project U to a lower depth leaf
pr:U — pr(U) C N, N of lower depth. Then pr(7/) is also a uniform quasigeodesic
in N. Also Property (C) for k implies that pr(v;) is a bounded distance from the
corresponding geodesic arc in N [Gr, Gh-Ha, CDP], hence dn(pr(v;),pr(r})) is

bounded. The quasi-isometry pr implies that dp(v;,7/) is bounded and finally

dr(vi,7;) is also bounded. Since dp(a;, 7)), dr(b;, ) are also bounded, then 7; is
in a bounded neighborhood of ;. Hence d(z;,~;) is uniformly bounded.

The second option in Case 1 is that the other side of 7; does not intersect OC(F).
Then the corresponding ray of ~; is contained in (F'—C(F')). A proof as above using

Property (C) for rays in lower depth leaves implies the same result.
Case 2. (3; does not intersect OC(E).

If §; is contained in E — C(E), then as seen in the proof of the induction step in
Proposition 6.3 (first option), 5; is a uniform quasigeodesic and the result follows.
Otherwise §; is contained in C(F) and the result then follows from Lemma 6.8.

There are only finitely many isotopy classes of leaves at each new depth, except
for the fibering regions. A fibering region minus a leaf has a product foliation
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F x [0,1]. An analysis as above in F' x [0,1] yields the same result. Hence the
bound po in Property (B) can be chosen to work for all leaves of depth < k + 1.
This finishes the proof of Proposition 6.6. O

Proposition 6.7. Suppose that Properties (A), (B) and (C) hold for all depths
< k. In addition suppose that Properties (A) and (B) hold for depth (k+ 1) also.
Then Property (C) holds for (k + 1) also.

Proof. The same proof works for k = 0 or higher. First we claim that for any a > 0
there is b(a) > 0 so that if x,y are in the same leaf v of F§ (with F' € F*), then

dy(z,y) > a = U(z,y]) > bla),

where [x,y] is the segment of v from z to y and I denotes length. Otherwise find
a > 0 and z;,y; with dn, (2, y:) < a, but I([z;,v:]) > ¢. Up to subsequence and
covering translations assume that x; — x and y; — y. As dn,(x;,v;) < a, the local
product structure of G  implies that z,y are in the same leaf F' of G. If they are
in the same leaf v of Fs 7, then the local pictures of F* and G along v show that
I([x;,y:]) is bounded, a contradiction (notice that F % is regular along 7 in the side
the x;, y; are converging to). Since the leaf space of F*is Hausdorff, then x, y are in
the same leaf L of F*. But then LN N is not connected, contradicting Proposition
5.1. This proves the claim.

Let v be a line leaf of Fj with depth(F) < (k +1). By (B) there is a > 0
so that v C By(v*). Let b = b(2a + 1). Given z,y € v, let 2,y € v* with
dr(z,7"),dr(y,y") < a. Split the segment of v* from 2z’ to ' into < (dr(z’,y’")+1)
subsegments of length 1, except for the last with length < 1. Let 2] be the starting
points of these subsegments and z; € [z, y] with dp(2}, z;) < a. Then

dF(Zi,Zi+1) < 2a+1, SO l([zi,ziﬂ]) < V.
Consequently
Wz,y]) < (dp(z,y)+ 10

This shows the quasi-isometric behavior of line leaves of F  and finishes the proof.
O

Remark. Notice that Property (B) for line leaves easily implies the same property

for piece leaves of F§ (probably with a different constant) and the same is true for
Property (C).

Lemma 6.8. Let S be a compact surface with a hyperbolic metric and 9S # 0. Let
D be a singular foliation in S with only p-prong singularities (p > 3 in the interior,
p > 2 in the boundary) and in general position with respect to 0S. Let D be the
lifted foliation to S. S has a 1 compactification with an ideal boundary dS which is
a Cantor set. Suppose that D has Hausdorff leaf space. Then Properties (A), (B)
and (C) hold for leaves of D.

Proof. If v is a leaf of 157 then a sector V of « is a component of S — v and a line
leaf of 7 is the closure (in S) of OV — 8S. We stress that as S has boundary, line
leaves of D may be rays or even finite segments. Up to a bounded distortion in
the metric assume that 95 is geodesic. The proof of (i), (ii) of (A) is as in [Le].
As in Lemma 6.2, (iii) of Property (A) follows from the fact that D has Hausdorff
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leaf space. The bounded distance from geodesics (Property (B)) is proved as in
Proposition 6.6, for k = 0. Property (C) is proved as in Proposition 6.7. O

7. CONTINUOUS EXTENSION OF LEAVES
In this section we prove Theorem D of the introduction:

Theorem 7.1. Let G be a Reebless, finite depth foliation in a closed hyperbolic
3-manifold M. Suppose that G is transverse to a quasigeodesic pseudo-Anosov flow
® and that the stable and unstable foliations of ® are quasi-isometric singular fo-
liations. Let E be a leaf of G with hyperbolic metric quasiconformal to the induced
Riemannian metric from M. Let F' be a lift of E to M and ¢ : F' — M the in-
clusion map. Then ¢ extends to a continuous map @ : FU 0o F — M U S% . The
ideal boundary map D5 _p : Ol — S2. gives a parametrization of the limit set
of F as the image of a continuous (closed) curve.

Proof. Fix once and for all a hyperbolic metric in F, quasiconformal to the induced
Riemannian metric from M. This may be the metric used in the last section.

We will use the unit ball model for H® and identify M U SZ% to a closed ball in
Euclidean R3. Let d. be the induced Euclidean metric in M US2. and let diam.(B)
be the Euclidean diameter of the set B C M U S2,. Similarly there is a unit disk
model for F = H? and a Euclidean metric and diameter in F U 0, F, which are
also denoted by d. and diam., respectively.

Fix a base point ap € H?. Let B C H? be a set which is K-quasi-isometrically
embedded in H?. Then if dgs (B, ag) is very big, it follows that diam.(B) is very
small [Th2]. Otherwise find b1,bs € B not d, close. Then the hyperbolic geodesic
segment connecting them has big d. diameter and therefore is dgs boundedly near
ap. By the quasi-isometric hypothesis, dgs (ag, B) is also bounded, a contradiction.
The same is true for quasigeodesics in H? [Th2]. This fact applied to leaves of
F S,f“ is fundamental for our result and will be used throughout the proof. Let
K > 0 so that all leaves of F*, F* are K-quasi-isometrically embedded and all flow
lines of ® are K-quasigeodesics.

Fix F € G. As is the case for depth 0 leaves, the results of the previous section
show that each leaf v € F} is quasi-isometrically embedded in F' and hence can
be pulled tight: If ~ is regular it produces a geodesic v*. If v contains a p-prong
singularity it produces an ideal polygon with p-sides; each side is obtained by pulling
tight a line leaf of . Let V3 be the union of the geodesics thus produced. Clearly for
any [, 1’ distinct leaves in V5, then [ N1’ = () because leaves of F} do not intersect.
Suppose that I; € V5 and I; — [ (I a geodesic of F'). Then there are line leaves s;
of ]?f? with sf = [;. By Property (B), s; does not escape compact sets in F' and
thus s; — s (up to subsequence). By (iii) of (A) it follows that s* = [. Therefore
V4 is closed and is a geodesic lamination in F.

Consider a complementary region C' of V.. Take a leaf [ of dC' and consider the
line leaf s € F, # so that s* = [ and so that s separates all other line leaves of F Ja
with same ideal points as s, from the remaining ideal points of C' in JoF. Notice
s is unique. If the leaf o of F3 containing s is not singular on the corresponding
C side, then there are s; line leaves of F », with s; — s on that side. But then
sf — s* on that side of s and by construction s} # s*. This implies that for ¢ big
enough s; intersects the interior of C, a contradiction. Hence « is singular on the
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C side. This shows that any complementary region C' of Vj, comes from splitting a
singular leaf of F  and is an ideal polygon with a bounded number of sides.

We cannot stress enough the importance of the hypothesis that .7?8,%“ have
Hausdorff leaf space for the arguments in this section. As the reader will see, this
property is used in various strategic situations along the proof of Theorem 7.1.

Notation. Since there will be so many cases to consider, then in order to simplify the
exposition we do the following: the notation I,1’,l; will almost always be reserved
for leaves of F # and L, L; will denote the leaves of F* containing these. In the
same way ¢, ¢, g; will be leaves of f}ﬁ and G, G; leaves of Fu.

Construction of extension of ¢. We now start the proof of Theorem 7.1. We may
assume that no depth 0 leaf of G is a virtual fiber of M over S!, for otherwise G is
essentially a fibration [Fe-Mo] and the result was proved by Cannon and Thurston
[Ca-Th]. We will use Properties (A), (B) and (C) of the previous section. Fix
Fegand p: F— M. First we show there is a natural extension of @ to SL. Let
q € O F.

Case 1. ¢ is not an ideal point of a leaf of F§ or Fi.

Let r be a geodesic ray in F' with ideal point gq. The goal is to show that ¢(r)
has a unique ideal point in S2 and let this be %(q). Since any other ray r’ with
ideal point ¢ is asymptotic to r, then ¢(r), p(r’) are a bounded distance from each
other in M , so this is well defined.

The complementary components of V3, are finite sided ideal polygons in F'. Since
¢ is not an ideal point of leaves of V., there are s; leaves of V3, so that {3,},i € N
(closure in F'U 05 F), defines a neighborhood system for ¢ in F'U S. . Let I; be
leaves of F & with s; = [7. As there are only countably many singular leaves in
F , we may assume that [; are regular and that [; separates [;_; from [;y; for all
i € N. Then r intersects each s; once and, for each i, r is eventually on the ¢
side of I; in F'USL . Property (B) implies that dr(l;, s;) is bounded, consequently
{I;},i € N, also defines a neighborhood system of ¢ in F U 0, F. Let L; € Fs
with [; C L;. Because [; separates [;_; from [;y1 in F, it follows that L; separates
L;—y from L;y; in M. Here is the key fact: the intersection r N I; is bounded in
F and so r is eventually contained in the component W; of F' — [; which has ¢ in
its closure (in F'U 05 F); see Figure 12 (a). This is the two-dimensional picture.
Then from the point of view of M , ©(r) is eventually contained in the component
of M — L; containing o(W;). Similarly let g; be leaves of f}é defining a system of
neighborhoods of g and G; € FU with g; C G;. Assume that L;, G; are regular.

Case 1.1. One of the sequences L; or G; escapes in M.

Suppose that (say) L; escapes in M. Fix a basepoint ap € H?. Let U; be
the component of (H? — L;) always containing a subray of ¢(r). Since L; escapes
M, then dgs(L;,a0) — +00. As L; is K-quasi-isometrically embedded, where K is
fixed, then diam.(L;) — 0 and consequently diam.(U;) — 0. In addition the family
{U;},i € N, is nested. Let U; be the closure of U; in MUS? . Then diam.(U;) — 0
also. Therefore

N T = {z

ieEN
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FIGURE 12. (a) System of neighborhoods of an ideal point of F.
(b) Separation properties of leaves.

a single point in S2,. Since ¢(r) is eventually contained in any U; and hence in U,
it follows that z is the unique limit point of ¢(r). Let this be $(q).

Remark. In the case of fibration then: (1) No point ¢ € O F is an ideal point of
leaves of both ff; and f}‘;, (2) If ¢ is not an ideal point of leaves of .7?15;, then the
leaves L; defined above escape M. Case 1.1 shows there is a natural extension of
© 10 P : 0o F — SL. In addition the sets L; (or G;) show that the extension is
continuous (see proof of continuity later in this section). The difficulty in the higher
depth case is that in general we cannot prove (and it may not be true) that (1) or
(2) holds. This makes the analysis much more complicated.

Case 1.2. Neither L; nor G; escapes in M.

Then the {L;},7 € N, have to accumulate in M and since they are nested, it
follows that L; — L as ¢ — +oo, in fact L; — L’ where L’ is a line leaf in L. The
leaf L is unique because H(F*) is Hausdorff.

Let i3 = 1. Since {g;},j € N, defines a neighborhood system of ¢ in F'U

S1 . choose j; so that gj, is in the interior of the neighborhood bounded by Zil

and containing ¢; see Figure 12 (b). Inductively choose i,, so that I; is in the
neighborhood in FUSL bounded by 9;,._, and containing ¢ and choose j, so that

g;,, is in the neighborhood bounded by [;, and containing q. For simplicity we
assume these are the original sequences [;, g;- Then [; separates g;—;1 from g; in F
and g; separates [; from ;41 for all 4.

Lemma 7.2. L, NG; =0 for all i,j.

Proof. Suppose there are 7, j so that L; N G; # (. Then there is u € M with
O(u) € 99(l;) C O(L;)
and either
O(u) € ©(L,NG;) or O(u) separates O(l;) from O(L; NG,).
It follows that ©(u) € 9O(F) and by Proposition 5.1 there is either a line leaf v of

@(Ws(u)) contained in OO(F) or a line leaf v of @(W“(u)) contained in 9O (F),
with v regular on the side containing O(F'). Since v is regular on the O(F’) side and
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FIGURE 13. (a) The case ©(l) is a ray in a leaf of .77'5 (b) The
case O(l) is a bounded segment.

Li=W?* (u) intersects F', then v cannot be contained in Ws(u) In the second case
v N O(g;) = 0 and therefore v separates O(F) from O(g;), a contradiction. This
proves the lemma. O

Since g; separates l; from l;1; in F for all ¢ and L; N G; = (), then G, separates
L; from L;11. Choose x € L' nonsingular and a segment 7 in W“(x) transverse
to ® with one endpoint in z and in the side from which L; is limiting to L. Then
L;Nn # ( for i big enough. Since G; separates L; from L; 1, then G; Ny # () for
i big. Asn C W“(x% it follows that G; = W“(x) But then clearly G, N L; # 0, a
contradiction.

We conclude that Case 1.2 cannot happen.

Case 2. q is an ideal point of a line leaf of F & but not of .7?}5 (or vice versa).

Let [ be a ray in a line leaf of .7?18; with ¢ as ideal point. Let L € F* with
I C L. In L the ray [ is transverse to flow lines of ®. Parametrize [ by arclength as
ug, t € [0,00). Let o be the flow line of ® with u; € ay.

Suppose first that O(1) is an infinite arc in (L), see Figure 13 (a), which shows
I C L. In that case a; escapes in L as t — oo and since L is properly embedded
in M then the oy also escape in M. As the oy are K-quasigeodesics in H3, then
diam(cy) — 0. All o4 have the same positive ideal point, because they are forward
asymptotic. We denote this by L. Then ¢(u) — L.

The other option is that ©(I) is a bounded segment in O(L), see Figure 13 (b),
which shows [ C L. In tjlat case oy — a as t — 0o where « is a flow line in L. Fix
a disk D transverse to ® and with center in xy € a. For each t let

a; € R with w, = B, (Pr(u) N D).

Notice that us escapes in L as t — oo, otherwise F’ would not be properly embedded
in M. Therefore |a;] — +oo. If there is a subsequence a;;, — +oo, then since
the ay are all asymptotic to « in forward time it would follow that I N a # (), a
contradiction. Therefore a; — —o0 as t — 0o. Let a_ € 0., L be the negative ideal
point associated to «. Then u; — «a_ in LU 0y L. Since the embedding L — M
extends continuously to O L, it follows that B(u) — n—(«a).

If I is another ray of F % with ¢ as an ideal point, then Property (B) applied to
F implies that, up to taking subrays, [ and I’ are a bounded distance apart in F'
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FIGURE 14. (a) Isotopic leaves of Fj, Fp. (b) Lifting to the uni-
versal cover.

[Th2, Gr, CDP]. Therefore ¢(I’) is also a bounded distance apart from ¢(l) in M
and ((I") converges to the same ideal point in S% as ¢(I’). Let B(q) be this ideal
point.

Case 3. q is an ideal point of leaves of both ff; and f}ﬁ

If [ is a ray of .7?18; with ideal point ¢, then as in Case 2, ¢(I) converges to a
unique ideal point in S2 . By Property (B) applied to F, any other ray of F % or
.77'}5 with g as ideal point has a subray a bounded distance from [ in F'; so will have
the same ideal point when seen in M. Let ®(¢) be this common ideal point. In
Cases 2 and 3 notice that if ¢ is any geodesic ray in F' with ideal point ¢ in O F,
then ¢(¢) converges to a unique ideal point in S2 , which is exactly $(q). This was
also true in Case 1.

Conclusion. This finishes the construction of a natural extension map @ : F' U
Do F — M U S%..

Remark. Case 3 does not occur for suspension pseudo-Anosov flows transverse to
fibrations and one might think at first they do not occur in general. However such
is not the case! For instance suppose that G has a leaf F so that F3, 7z have
closed leaves o and 8 which are isotopic, see Figure 14 (a), which shows «, 8 and
F3, restricted to the annulus bounded by o U 8. This situation is quite possible;
see the construction of pseudo-Anosov flows in [Mo4]. It also occurs in the case
of intransitive Anosov flows as constructed by Franks and Williams [Fr-Wil. Let
F be a lift of E to M and lift « , 0 coherently to a 6 respectively in F. Then
a e Fs i ﬁ € .7-'17:& have the same ideal points in 0. F' providing an example where
Case 3 happens.

Proof of continuity of @. We will now prove that the extension map @ : FUQoo F' —
M U S2 is continuous. Clearly we only need to check continuity of @ in 0. F. Let
q € OxoF. The proof of continuity is a bit tricky and long, with many cases to
be checked. In some cases we prove continuity by considering neighborhoods of ¢
in F U s F bounded by 7, where r is a line leaf of F > or .77'}5 and 7T its closure
in F'U o F. Sometimes the neighborhood is obtained by a curve in F' which is
a concatenation of 2 or 3 segments or rays in different leaves of F F,]—' %. Finally
in other times we fix a ray r of Fs P or .7-'}& with ideal point ¢ and then consider
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continuity at g on each side of 7 in F'U 0 F. Again the side neighborhoods may
be bounded by one leaf or a union of pieces of various leaves.

Case 1. g is not an ideal point of a line leaf in ff, or f}é

We refer to the proof of the extension. Recall that only Case 1.1 can happen.
Fix ¢ > 0. Then one of L; or G; escapes in M7 so we assume that L; escapes
in M as i — oo. Recall that r is a geodesic ray in F with ideal point ¢ and
U, is the component of M — L; containing a subray of ¢(r). Since L; escapes in
M , choose i big enough so that diam.(U;) < e . Let A; be the component of
F — I; accumulating on ¢q. Then {4;},i € N, forms a neighborhood system of ¢ in
F U O0xF. By definition ¢(A;) C U;.

Lemma 7.3. p(4;) C U;.

Proof. Let w € A; N0s F (a closed segment in s F), but w not a boundary point
of this segment. In all cases (1), (2) and (3) of the definition of @(w) we considered
aray (geodesic or not) A in F which has w as ideal point; then we showed that ¢(\)
has a single accumulation point in SZ, and finally let B(w) be this accumulation
point. In case (1) A was a geodesic ray and in cases (2) and (3) A was a ray
in a leaf of f} or .7?}? The previous section shows that these rays are always
uniform quasigeodesics, hence have subrays which are a bounded distance (in F')
from geodesic rays with w as ideal point [Th2, Gr, CDP]. So up to taking a subray,
we may assume that X is a ray entirely contained in A;. Since ¢(A\) C p(4;) C U,
we conclude that @(w) € U;. Consequently B(4;) C U;. O

Since we can make diam.(U;) as small as we want, we conclude that % is con-
tinuous at g. This finishes the proof in Case 1.

Case 2. ¢ is an ideal point of a line leaf of F§ but not of Fg.

Let r be a ray of ff; with ¢ as an ideal point, so that r does not contain a

singularity of ffp Let I be a line leaf of .7?18; with » C [ and let L € F* with [ C L.
Choose

u; € r with u; — ¢, as j— oo.

Let g; be the unstable leaf of f}:ﬁ through u;; see Figure 15 (a). If g; does not
escape in F' as j — oo, then g; — g, which is a leaf of ]?}i with g NIl = 0. By
continuity of ideal points of line leaves of .7?}? it follows that one of the ideal points
of g is ¢, a contradiction to the hypothesis. Therefore g; escapes in F'. In the same
way all the endpoints of g; converge to ¢ as j — co. Otherwise 0o F has an interval
free of ideal points of line leaves of .7?}5, a contradiction to Lemma 6.5.

Hence the g; define a system of neighborhoods of ¢ in FUO F'. Let G € FU with
g; C Gj; we may assume G is nonsingular. If G; escapes M, then an argument as
in Case 1 shows that ¥ is continuous at g. B

Suppose then that G; — G. We consider continuity at ¢ in each side of [ in
F U8y F. Consider all line leaves of F§, in a side of [ in F having ¢ as one ideal
point. If [; is a sequence of such line leaves, let ¢; # g be the other ideal point of [;
in 05 F’; see Figure 15 (a) (notice that r C [ in this figure).
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FIGURE 15. (a) Escaping ; in the leaf F. (b) The picture in M.

Case 2.1. There is a sequence I; as above with ¢; — ¢; see Figure 15 (a).

This is equivalent to saying that /; escapes in F' when ¢ — co. Assume that the
l; are nested in F. Let [; C L; € F°. There are two subcases:

Case 2.1.1. The L; escape in M.

Let € > 0. Each [; bounds a unique region D; C F with [N D; = (); see Figure
15 (a). Let U; be the component of M — L; with D; C U;. The hypothesis implies
that the U; escape in M. Choose i big enough so that diam.(U;) < e.

Let Ny be the wedge region bounded by [;, [ and a segment connecting their
starting points. Since all line leaves of F} are uniform quasigeodesics, there is a
fixed n > 0 satisfying: as [;,1 converge to the same ideal point ¢, then there are
subrays r;, ' of [;, ] which are in an n-neighborhood of each other in F' [Th2, CDP,
Gh-Ha]. In addition, because the hyperbolic metrics in leaves of G are uniformly
quasiconformal to the induced Riemannian metrics from M, it follows that there is
1’ depending only on 7 so that ¢(r;) is in an n’-neighborhood of ¢(r’) in M and the
same holds for ¢(NN7). This bounded thickness argument for wedges will be used a
few times throughout the proof.

Hence there is a small neighborhood N of ¢ in F U F', so that diam.(p(N)) <
€, where N = N1 N Ny. The set N U D, is a neighborhood of ¢ in that side of [ in
FUSL. Since € is arbitrary, this implies that @ is continuous at ¢ in that side of .

Case 2.1.2. The L; converge to Lg in Fs.

The goal is to show that this case cannot happen. As[; escapes in ' and l; C L;
with L; — Lo, then Lo has a line leaf L' with (L") C 0O(F).

We first claim that G; N Lo = @ for any j. Since ¢; — ¢ and [; escapes in F, then
there is

io so that ViZiQ, liﬂgj = @

The argument of Lemma 7.2 shows that L; N G; = () for any i > ip. On the other
hand if G; N Ly # 0, then G; N L; # 0 for ¢ sufficiently big, contradicting the
previous fact. This proves the claim.

Now as G; — G as j — oo and this sequence has no other limit (%u has
Hausdorff leaf space), it follows that there is jo so that for j > jo, G; separates Lo
from G; see Figure 15 (b). In addition L; converges to Lo as i — oo, so there is
an 41 big enough so that L,, separates G;, from Lo; see Figure 15 (b). Therefore
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(a) (b)

FIGURE 16. (a) Producing a rectangle in M. (b) A region in F
without singularities.

G,;NL;, =0 for any j > jo. But this leads to a contradiction as follows: In F' there
is j > jo with
g Ny # 0.
Hence
G;NL; # 0.
We conclude that Case 2.1.2 cannot happen.

Case 2.2. There is no sequence [; as above with ¢; — q.

Let s be the outermost line leaf of F 7 on that side of [ and with one ideal point
g. Up to taking a subsequence of {g;},j € N, we may assume that g; Ns # () for

all j e N. Let s C S € F*. There are two subcases:
Case 2.2.1. SNG # 0.

We will show that this case cannot happen. Choose s; € F 7, with s; — s from
the side opposite to [. Notice that s is regular on the s; side. Choose s; regular and
{si},i € N, nested. Then s; has an ideal point ¢; with ¢; — ¢ when i converges to
o0, but ¢; # ¢ for any i. In addition assume that ¢; # g, if ¢ # m.

Let S; € F* with s; C S;. Let S’ be the line leaf of S with s € $" and S; — S.
Choose i big enough so that S; NG # 0. Fix j so that g;Ns; #0, G; NS # 0.
Then G, NS; # 0 and G, G;, S, S; form a rectangle R; see Figure 16 (a). There is
no singular orbit of ® in the interior of R. Notice also that since s separates [ from
s; (or s =1), then g; N's # 0.

Let vy be the component of s — g; which is a ray with ideal point ¢q. Let 72 be
the component of s; — g; which is a ray with ideal point g;. Let v1 be the closure
of the bounded component of g; — (sUs;); see Figure 16 (b). Then 7 is a compact
segment with endpoints in the starting points of 71, vs.

Let H be the component of F' — (79 U~1 U~2) which intersects s; for all ' > 3.
Since F NG = ( it follows that H C R. In particular there are no singularities of
ffp in H. Choose points z, € H with z,, — ¢ € 0xF, so that ¢’ # q, ¢ # q.
Because line leaves from F & are a bounded distance from geodesics, then there are
balls in F, BY (z,) € H and a, — 400 as n — oo. This is disallowed by the
following lemma. We conclude that Case 2.2.1 cannot happen.
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Lemma 7.4. There is ag > 0 so that for any F' € G and any € F', then the ball
Bfo’ (x) in F' has a singularity of Fi.

Proof. Otherwise find F,, € 5, T, € F,, a, — oo, with Bf: (z,,) without singular-
ities. Therefore 7(BE»(x,)) also has no singularities. Assume that 7(z,) — y in
M. The local product structure of foliations then implies that if C is the leaf of G
containing y, then C; does not intersect any singular orbit of ®. But C; contains
a compact leaf, hence the same would be true for a compact leaf. Then F° would
induce a nonsingular foliation in this compact leaf, a contradiction to the compact
leaf having genus > 1. O

Case 2.2.2. SNG = 0.

Let Vi be the component of M-S containing all S;, and let V5 be the other
component of M — S’.

Case 2.2.2.1. G C Vy; see Figure 17 (a).

We will show that this case does not happen. Let U; be the component of M —S;
not containing S. Since S; — S when i — oo, then UieN(Ui) =Vi. AsGcCcW
there is ig € N so that GNU; # 0, for all i > 4g.

Suppose that

SmNG # 0, S,NG # 0, for m # n, and m,n > ig.

Let j € N so that G; N S,, #0, G; NS, # 0. Then S,,, Sy, G,G; form a rectangle
in M. Since Gm 7 qn, Lemma 7.4 shows that this is impossible. Therefore there is
at most one i > ig so that S; N G # (. It now follows that there is i1 > i¢ so that
G CU; for all i > i;.

Let Yy € F* be a nonsingular leaf with Yo N G # ). Since G; — G as j — oo,
there is jp so that

Vi >jo, GjNYy # 0.

Notice that Yy C U; for any i > 4;. In addition since sNg; # 0 in F, then SNG; # 0
in M. Since S; separates Yy from S, then G; N S; # 0,Vi > i1,Yj > jo.

Recall that G; is regular. Fix ¢ > ¢;. Then SNGj, # 0 and S; NG, # 0. Let P
be the segment flow band in G, defined by these two orbits in G, and let o be a
defining segment for this flow band. Our goal is to show that o is a base segment
for a stable product region in M and hence derive a contradiction. Let Cy be the
component of M — G, containing G; for j > jo. For any z € o, let R, be the
component of W#*(z) — ®gr(z) contained in Cy. Fix z € 0. Then W*(z) separates
S from S;. Since

Yj > jo, GjﬂS?é@, GjﬂSi;é@,
then
G;NW*(z) # 0, in fact G;NR. # 0.

Let 2 = G;NR,. If does~not escape in R, as j — oo, then 32 — 3, when
j — 00, where (3, is an orbit of ® in R,. Since

p c Gj and G; — G asj— oo,
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FIGURE 17. (a) Case G C V;. (b) Case G C Va.

then W“(ﬂz) and G are not separated in the leaf space of F*. But this leaf space
is Hausdorff, hence G = W“(ﬁz), that is, G N R, # (). This contradicts G C U;
and R, NU; = (). Therefore 5;‘ escapes in R,. This also implies that R, has no
singularities. Consequently

Vz,we o, JT(R.)=JT°(Ruy),

that is, o is the defining segment of a stable product region in M. Theorem 4.10
then implies that ® is a suspension Anosov flow and in particular has no singular
orbits, a contradiction. We conclude that Case 2.2.2.1 cannot happen.

Case 2.2.2.2. G C Va; see Figure 17 (b).

Let G;- = G;NVi. Recall that V; is the component of M-S containing S;. Let
Zj be the component of M —G; containing G and let R; = S'NZ;. Let v; = SNGj.
We may assume that R; has no singularity. Let

D; = RjU’YjUG;-.

Then D; separates M. Let C; be the component of M — D; not containing G.
The 7; escape in S” as j — oo. Otherwise 7; — v and as seen in Case 2.2.2.1

(Hausdorff leaf space of F “), v C G,s0 SNG # 0, a contradiction. Therefore R;U-~;
escapes in S’ and so escapes in M also (S’ is properly embedded in M). The leaves
of F* are uniformly quasi-isometrically embedded in M, hence this implies that
diame(R; U~;) — 0 as j — oco. Suppose that diam. (G;) +» 0. Then there is

as >0 and j,, — oo with diam@(G;m) > 2a9.

Since all orbits in G}m share the same negative ideal point in S2 , it follows that
there are orbits

am C G of ® with diame(am) > as.

As the a,;, are uniform K-quasigeodesics, it follows that the «,, intersect a fixed
compact set in M. Up to subsequence assume that o, — . Since G;,, — G, it
now follows that o C G. But

am C G C Vi, therefore o C ViUV = ViUS.
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This contradicts G C V. We conclude that diam.(G’;) — 0. Therefore diam.(D;)

— 0 and since G intersects M — C; for any j, it follows that diam,.(C;) — 0.

Let H; be the component of F' — g; so that ¢ € H; (closure in F U 05 F). Let
I; = H;NVy. Then I; is a neighborhood of ¢ in that side of 5 in F U 0o F' (this is
the side not containing ! if [ # s). These definitions imply that ¢(I;) C C; in M.
By Lemma 7.3, p(I;) C C;. Since diam.(C;) — 0 when j — oo, it follows that 3
is continuous at ¢ in that 51de of 5in F U O F. The wedge between [ and s has
bounded thickness so continuity in the wedge follows as in Case 2.1.1.

This finishes the proof of continuity in Case 2.

Case 3. q is an ideal point of line leaves of both F > and .’;'I%

Case 3.1. For every pair of leaves [ € ffp and g € f}é with both [ and g having ¢
as ideal point, then I[N g = 0.

Let I’ € .7-'F, g € .7-'}5 with ideal point g. Assume for simplicity that I’, ¢’ do not
have s1ngular1tles of F2 2 Fy #. Choose > Ui nested in I’ and converging to q as i — oo.
Let g; € .7-'}5 be the unstable leaf of .7-'}% through u;, assumed to be regular. By the
hypothesis of Case 3.1, ¢ is not an ideal point of g; for any ¢. The g; are nested in
F getting closer to ¢’ and never cross to the other side of ¢’ in F. Therefore the
sequence g; does not escape in I’ as ¢ — oo and since they are nested, they converge
to a line leaf g of F§. By construction g separates g’ from !’; see Figure 18 (a). As
u; — q and g; are uniform quasigeodesics in F, it follows that g; has at least one
of the ideal points near ¢ [Th2, CDP]. Therefore at least one of the ideal points of
g; converges to g. Continuity of ideal points in rays of .%}:i implies that ¢g has one
ideal point ¢g. In the same way choose v; nested in g with v; — qasi — oo and
let I; be the stable leaf of F}. through v;. Then [; — [, where [ is a line leaf of Fp,
with ideal point q. As I; intersects ¢’, then no [; has ¢ as ideal point.

The line leaves [ and I’ share a common ideal point g and since they are uniform
quasigeodesics, there is a wedge W of bounded thickness between them [Th2].

We claim that g does not intersect the wedge W. If [ and I’ share the other
ideal point ¢; too, then any leaf o of F 7 between them can only have ¢, ¢; as ideal
points. Since distinct prongs of o have to limit in different ideal points, a can have
only two prongs (« is nonsingular) and hence has one ideal point ¢. If g intersects
the wedge W in p, the stable leaf through p will have ideal point ¢, contradicting
the hypothesis of Case 3.1. On the other hand suppose [, " have other ideal points
v,y respectively with y # ¢'. If a leaf v of F§ intersecting W does not have ¢ as an
ideal point, then all of its ideal points are in the segment of J5 F from y to iy’ and
not containing ¢q. By the uniform quasigeodesics property, it follows that v cannot
have points close to ¢ in the d, metric of U0y F'. Hence there is a subwedge W7 of
W so that any stable leaf intersecting W7 will have ¢ as ideal point. By hypothesis
this implies that g does not intersect Wj. Since g does not intersect either [ or I’,
but has an ideal point ¢, it now follows that g does not intersect W either. This
proves the claim. Notice that a priori it might be g and [ share both ideal points;
see Figure 14 (b).

The claim shows that ¢’, g,1,1’ are nested in this order in F' as shown in Figure
18 (a). This implies that as I; — [, then there is i so that I; N g # 0, Vi > ip. Also
since g; — g, there is

317 >0 so that Vi > 1, gimlig 75 0.
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FIGURE 18. (a) Disjointness condition of the rays, producing a
neighborhood of ¢ in F U 0o F' bounded by ;U (I; Ng;) Ug.. (b)
Escaping regions in M.

As the [;, g; are nested it is easy to see that for any 4,5 > is = max{ig, 41}, then

ling; # 0.
Given i > i3 let g be the component of (g; —[;) intersecting I. Let also I] be the
component of (I; — g;) intersecting g; see Figure 18 (a). Let

Q; = l; U (liﬂgi) U gzl-.

Then «; separates F'. Let H; be the component of F' — «; so that ¢q € H,. The H;
are nested.

Claim. {H;},i > iy, defines a neighborhood system of ¢ in F'U 0 F.

In 05 F, q is an interior point of H; N O F, because none of the ideal points of

gi,li is q. Let
Z = () H.

i>ip

The ideal points of I} converge to ¢ and the ideal points of g} converge to ¢. Since
for any i, H; N OsF is an interval with boundary in these ideal points it follows
that Z N0 F = {q}.

Suppose now that Z # {q}. Then as {H;},i > 0, is nested in F' U o F, find
2i € q;, zi — 2z € F and ¢ — oo. Up to subsequence assume that (say)

zi € ¢gi U (ginNl;) C gi

Since g; — g, it follows that z € g. Since ;N g — ¢ as i — oo, choose i3 big enough
so that z & H;,. Then z ¢ Z, a contradiction. This proves the claim.

We now analyse the situation in the ambient 3-manifold M , which in fact will
be very similar to the setting in F. Let I; C L; € fs, lCcLe fs, g; C G; € Fu
andgCGE]?“. Then L; — L, G; — G as i — oo.

Since I N g = 0, the argument of Lemma 7.2 shows that L NG = 0.
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We may assume that G; and L; are nonsingular for all i. Let U; be the component
of M — G; containing G, and let Y; be the component of M — L; containing L. Let

L;ZLiﬂUi, G;ZGZQ}/Z and ﬁiZLiﬂGi.

Then D; = L,US; UG, separates M. Let C; be the component of M— D; containing
the ray of g which has ideal point ¢ in F'U 05 F’; see Figure 18 (b). The argument
of Case 2.2.2.2 shows that G; — (G} U f3;) is the part of G; which is converging to
G and similarly L; — (L} U ;) — L. This implies that D; escapes compact sets in
M. Since orbits of ® in D; are K-quasigeodesics, diam.(D;) — 0. Consequently
diam(C;) — 0. The definitions of H; and C; imply that ¢(H;) C C; and Lemma
7.3 shows that ®(H;) C C;. Since {H;},i > i, forms a neighborhood system of ¢
in F'U O F, this proves continuity of ¥ at ¢. This finishes Case 3.1.

Case 3.2. There are line leaves [ € ffp, g € .7?}5, with [ and ¢ having ¢ as ideal
point in doo F and I N g # ().

This is the final case to be considered. In this case, particularly in subcase 3.2.2,
we need to consider a continuous family of leaves, rather than just a countable set
of leaves. Therefore parametrize [ by arclength as

I: {u}, t>0, with uy —¢ when t — 400, so I(t) = u.

In the same way let g : {v:},t > 0, with v; — ¢ when ¢ — +o00. Suppose that
ug = vo. Here we only parametrize the rays of [ and ¢ starting in ug and having ¢
as ideal point. Let

gte.%};‘ with gtﬂlzut and lte]?f,w with ltﬂgzvt.

Let g: C G; be leaves of F and l; C Ly leaves of Fs. Let A’ be the region of F
bounded by ! U g and having ¢ as its only ideal point; see Figure 19 (a).

We claim there is no singularity in the interior of A’. From the point of view of
Fs P! the region A’ has boundary consisting of a ray in the leaf [ and a ray transverse
to F3 & contained in g. Any ray of any leaf of Fs I or ]-" % entirely contained in A’
can only limit in g, hence has ¢ as ideal point. Hence no leaf of Fs 2 ]-" % can have
two rays contained in A’. If there is a singularity p in the interior of A then at
most one prong in its stable leaf (of f}é) can be contained in A’. Therefore at least
two prongs have to exit A’, and they can only exit through the ray in g. This
contradicts the fact that the stable leaf through p and the leaf g can intersect at
most once. This proves the claim.

Given that A’ has no singularity in the interior, then by taking a smaller A" we
can assume it has no singularity in the boundary either and also that Ly and Gy
are regular leaves.

For any t > 0, the leaf (g; — [) has a unique component g; contained in A’. The
rays g, have ideal point ¢ for any ¢ and do not have any singularity. In the same way
(It — g) has a nonsingular ray contained in A" with ideal point q. We will consider
continuity on the side of [ containigg/ ly,t > 0.

Suppose first that L; escapes in M when ¢t — oco. Fix ¢ > 0. For t sufficiently
big diam.(L;) < €. Also the wedge in F' between l; and [y has bounded thickness.
Then continuity at g follows as in Case 2.1.1. Suppose from now on that L; — L
as t — oo.
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FIGURE 19. (a) Intersecting leaves of .7?15;, ~}ﬁ with same ideal point
gin FUOJsF. (b) The case Go N L # 0.

Case 3.2.1. Gy N L # (; see Figure 19 (b).

In this subcase we will only use the countable set of leaves L;, G;,i € N (that is,
only those L; for which ¢ is a natural number). Let wy € Go N L. Notice that

(GoﬂLi)ﬂF = (GoﬂF)ﬂ(LiﬂF) = goﬂli = V.
As
G() N Li — G() n L, then @(UZ) — @(wo)

Since O is injective when restricted to F' and v; escapes in F' as i — o0, it follows
that ©(wp) € 0O(F). In addition go C W“(wo) N F, hence by Proposition 5.1,
W4(wy) = L has a line leaf L' with ©(L') C 0O(F). Notice that L; — L.
Therefore LN F = () and I; escapes in F as i — oo. Let L* be the component of
L' — (L' N Gy) which does not intersect any G;,¢ > 0; see Figure 20 (b). Choose

wj € W* (wo) N L*, w; nested and escaping in W*s (wo) N L*.

Let S; = W“(wj) As O(L') C 0O(F), then for any j € N, it follows that
S; N F # 0. The intersection is a leaf s; = S; N F of FY; see Figure 20 (a). For
jZO, So = 9o andSong.

We claim that any s; C F has ideal point ¢ in doF. Fix j and find i(j) such
that L;;y NS # 0; see Figure 20 (b). Then

Ly, L, So, S; form a rectangle R C M
and there is no singularity in the interior of R. The rectangle projects in F' to a
region bounded by a ray in s;, a ray in sop = go and a segment in I;;, because

LN F = (. This region has no singularity, so by Lemma 7.4, it follows that the
ideal points of s; and s¢ are the same, proving the claim.

Rather than checking whether S; escapes in M or not we do a proof which deals
with both cases. We may assume that S; is regular for all j. For each j, consider

i(j) > j with Lz(]) nFEFNS; # 0
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FIGURE 20. (a) Neighborhood of ¢ in FUJ,F'. (b) Neighborhood
in M.

and suppose for simplicity that L;;) is regular. This implies that s; intersects ;)
in a single point; see Figure 20 (a). Consider the curve 8; C F consisting of the
union of:

(1) the ray of s; — l;(;) with g as ideal point,

(2) s5 M li(j) and

(3) the ray of I;(;y — s; with ideal point # ¢; see Figure 20 (a).
Then 3; separates F'. Let H; be the component of F' — 3; not containing lg. In
addition let

le- be the component of S; — (L'UL;;) between L' and L.

Let R? (respectively R?) be the component of L' — S; (respectively the component
of L;(;y — S;j) not intersecting Sp; see Figure 20 (b). Let

D; = R; U (S;NL") U R; U (S;NLy;) U R}

see Figure 20 (b). Then D; separates M. Let C; be the component of M — D;
not containing Go; see Figure 20 (b). We can choose i(j) carefully so that the
{C;UD;},j € N, form a nested family of subsets in M, that is, they decrease as
J increases. These definitions imply that D; N F' = (3; - notice that L' N F' = (. In
addition (p(Hj) C Oj.

We claim that C; escapes in M as j — oo. Since éR(wj) escapes in L' as
j — oo and L’ is properly embedded in M , it follows that RJQ- escapes in M. Since
Lijy — L" as j — oo, then if R? does not escape in M as Jj — o0, it has to limit in
some z € L’. But for j big enough S; separates z from R?, a contradiction. Finally

we consider R}. Let U} be the component of M — (L' U Ly(;)) containing R} and
let

Uj = U; UL U Ly = closure of Uj.

Fix jo € N. Then R} C Uj, for any j > jo, hence any limit point of {R}},j € N,
has to be in Uj,. Since this is true for any jo € N, then the limit points of
{R}},j € N, have to be in

v, =1L

JEN
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F1GURE 21. (a) The case L C V4. (b) The impossible case L C V5.

The last equality follows from L;;y — L’. But as before any z € L’ is separated
from le- by Sj for any j° < j, so again this cannot happen. We conclude that D
escapes in M. Tt follows that diame(aj) — 0 as j — oo. In addition the wedge
between [;;y and lp in F has bounded thickness, hence the wedge between ¢(l;(;))
and ¢(lp) in (F) does also. A proof as in Case 2.1.1 shows continuity of @ in ¢ in
that side of .

Case 3.2.2. GoNL = 0.

Let Vi be the component of M— Gy containing G¢,t > 0, and let V5 be the other
component of M — G.

Case 3.2.2.1. L C V1.

We refer to Figure 21 (a). Recall that L’ is the line leaf of L with L; — L’ when
t — +oo. Consider only those ¢ for which L; is regular. Let Z; be the component
of M — L; containing L’. Let

L;ZLthvg, 'yt:LtﬁGo, Rt:GoﬁZt and Dt:LQU’YtURt.

Then D; separates M. Since L} C Va, no part of L} can converge to points in
L. Hence L} escapes in M. The ¢ also escape in Gy as t — oo, hence the Dy
also escape in M. Let C} be the component of M — D; not containing L’ and let
H; = CyNF. The proof of continuity in this case is analogous to that of Case 3.2.1.

Case 3.2.2.2. L C V5.

We will show this case cannot happen. Recall the continuous maps 7—,7n+ :

M — S%:

n—(w) = . lim @, (w) €52, ny(w)= . liT P (w) € S2.
Also if ~ is an orbit of ® we define 17_(7), 74 (7); if Y € F*, there is n4(Y) and if
Y € FU, there is n_(Y).

Notice first that Go N Ly # @ for any t > 0, because go N l; = us. In addition
GoN L; escapes in Gg as t — 400, for otherwise this intersection has to limit in an
orbit in L', so Go N L' # (), a contradiction.

We refer to Figure 21 (b). Fix z > 0. Then

GzﬂLoﬂF = gmﬂlo = Ug,
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hence G, intersects L; for any t > 0 sufficiently small. We are using here the fact
that [y is regular.

The first option is that there is ¢ > 0 so that G, N L; = . Let ¢’ > 0 be the
smallest so that G, N Ly = () - this is where we use the continuous family of leaves
L;. The orbits G, N L; escape in G, as t — t', t < t/, for otherwise G, N Ly # ), a
contradiction. Therefore

diame(Gy N L) — 0 and (GoN L) —>n_(Gy) in MUS: ast—t, t<t,
because all orbits in GG, are backward asymptotic. In particular

n+(GeNLy) — n_(Gy), as t—t and t<t.
As G, NF =g, and

9:(t) = (GaNE)YNIt) = (Go NF)N(LyNF) = (G NL)NF € Gy N Ly,
it follows that
0(g2(t)) — 1—(Gy) in MUS? as t—t'
and consequently the ray ¢(g,) limits to n—(G,) in MU S2.. But
N4+(Ge N L) = ni(Le) = np(GoN L) — ne(GoNLy), ast —t.

Since 04 (G N L) — n—(Gz) also, we conclude that n_(G.) = n+(Go N Ly). So
©(gy) limits to 94 (Go N Ly).

Notice that Go N F = go and the orbits (Go N L) escape in Gy as t — oc.
Therefore ¢(go(t)) converges to n—(Go). In other words the ray ¢(go) limits to

1—(Gp) in MU S2.. Since go, g, have rays which are a bounded distance from each
other in F, then ¢(go), ¥(g.) have the same ideal points in S2. Putting this all
together we conclude that

N+(GoNLy) = n_(Gy), which implies that 71 (GoNLy) = n—(GoN Ly).

This contradicts the fact that Gog N Ly is a quasigeodesic in M. Therefore the first
option cannot occur.

The second gption is that G, N Ly # 0 for any ¢ > 0. Recall that Zp is the
component of M — Ly containing L. If G, N L; does not escape in G, as t — oo,
then G, N L' # 0, a contradiction to L’ C V5. Hence the half leaf T,, = G, N Z,
intersects the same set of stable leaves as Ty = Go N Zy. The same is true for
any half leaf T,r = G4 N Zy,0 < 2/ < x, thus producing a product region. This
contradicts Theorem 4.10, so this option cannot happen either. We conclude that
Case 3.2.2.2 cannot happen. This finishes the analysis of Case 3.2.

This completes the proof of continuity and hence of Theorem 7.1. O

8. THE EXAMPLES

In this section we describe a class of examples of quasi-isometric singular foli-
ations in hyperbolic 3-manifolds, as well as examples of finite depth foliations in
closed hyperbolic manifolds with good asymptotic properties in the universal cover.
The examples come from Mosher’s construction of pseudo-Anosov flows transverse
to finite depth foliations [Mo4].

First we need to describe round handles, which were created by Asimov [As].
A round handle is a standard neighborhood of a hyperbolic periodic orbit. We
consider a modified round handle as defined by Mosher [Mo3]: Let O be an octagon
in the plane with sides Oy, ..., Og. Let T = O x S! which has a structure of sutured
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FIGURE 22. (a) The flow in the round handle. (b) The leaves of
the foliation Gr.

manifold (see [Gal, Ga2, Ga3] for sutured manifolds) where the plus boundary is
R.T = (01 x S1)U (05 x St), the minus boundary is R_T = (O3 x S})U (07 x St)
and the sutures A = (O x S} U(O4 x S)U(Og x ST)U(Og x ST). There is a semiflow
®, in T having a unique orbit which stays for all time, forwards and backwards, in
T. This orbit « is periodic and hyperbolic. The sets W*(«a), W*(«) are properly
embedded annuli in 7" with boundary components in R_T, R, T, respectively. The
flow is incoming along R_T, outgoing along R T and tangent to A; see Figure 22
(a).

In T consider a foliation Gr so that components of R_T, R T are annuli leaves
and all other leaves of G are homeomorphic to ideal quadrilaterals, which intersect
OT transversely and only in the sutures ( = AT), and so that Gr is a fibration in
T—(R_-TURLT). See Figure 22 (b), where for simplicity we consider the picture
in the universal cover of T'. The interior leaves are noncompact and spiral towards
the boundary leaves. Then Gr is a depth one foliation [Gal]. The induced foliation
in Oy x S' has only the boundary components as compact leaves and the leaves in
the interior spiral towards the boundary leaves in different directions, that is, this
is not a Reeb foliated annulus; similarly for (O4 x S'),(Og x S!) and (Og x S').
The construction is done so that Gr is transverse to ®;.

Now consider S a compact surface with 4 boundary components. Consider the
product flow in S x I, also denoted by ®;. Choose two disjoint embedded arcs
(1, B2 connecting the 4 boundary components of S two by two. Put a depth one
foliation in S x I as follows: first put a product foliation in (S — N(6; U f2)) x I.
Let h : I — I be a homeomorphism with hA(0) = 0,h(1) = 1 and h(t) < ¢ for
every t € (0,1). Let ON(81) = ¢U¢’. Put a foliation in N(B1) x I so that all
leaves are compact disks from ¢ x I to ¢’ x I with one boundary component ¢ x {t}
and the other component ¢’ x {h(t)}. This is a depth one foliation. Similarly for
N(B2) x I. Glue these together to produce a depth one foliation Ggx in S x I.
This foliation is a fibration over the circle in S x (0, 1) and the only compact leaves
are (S x {0}),(S x {1}). Choose Ggxs so that it is transverse to ®;. Now glue
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the components of the suture in 7' to the components of 95 x I so as to produce
a manifold M; with two boundary components 0_M; and 04 M. The glueing can
be done so that foliation and flow match along the glueing set inducing a semiflow
®; in M; and a depth one foliation Gps, in My so that: 0_M;, 0, M; are the only
compact leaves of Gy, , the foliation Gy, is transverse to ®; and ®; is outgoing
along 04 M; and incoming along 0_ M.

The annuli W*(«a), W*(a) in T become properly embedded annuli in M; which
are respectively the stable Bj and unstable By branched surfaces in M;. Bg, By
induce laminations A_, Ay in 9M;. Each of A\_, A\ is a union of two disjoint simple
closed curves in OM;.

Now glue 9+ M; to 0— My by a homeomorphism g to produce a closed manifold
M. Clearly M has a depth one foliation G with a unique compact leaf denoted
by R and ®; in M; induces a flow in M which is transverse to G. This flow in
M is also denoted by ®;. Choose g so that g(Ay) and A_ intersect efficiently
and bind d_M;. Under these conditions it follows that M is atoroidal [Mo3] and
consequently hyperbolic [Th2, Th4, Mor]. In [Mo3] it is shown that R is not a
fiber of a fibration of M over the circle. In particular G is not a perturbation of a
fibration and ®; is not a suspension flow. This class of examples was created by
Mosher and is described in detail in [Mo2, Mo3].

We now make extensive use of the construction of pseudo-Anosov flow transverse
or almost transverse to G which was carried out in detail in [Mo4]. The key fact
here is that in M all orbits of ®; intersect R transversely, with the exception of
a. Mosher’s construction of the pseudo-Anosov flow [Mo4] first produces a pair of
good stable and unstable branched surfaces in M. In this case the procedure first
cuts M along R and then decomposes M; into a product sutured manifold (which
is § x I') and the round handle T. The pair of branched surfaces B, B} intersect
transversely and form a “dynamic pair” in T'; see [Mo4], section 4.5. Once the
glueing 0, M; — O_M; is done, then B{ is a branched surface with boundary in
the interior of M and one can flow Bj forwards along the ®; flow in M to extend
this branched surface - eventually pieces which are very near other pieces of the
extended Bj are tangentially collapsed together to produce a compact unstable
branched surface B*, which is properly embedded in M. The flow ®; is slightly
adjusted to be tangent to B*. This produces a generalized flow ®5: it is not uniquely
integrable. For instance in the branch set of B*, the flow moves forward from the
two sheeted side to the one sheeted side. Then orbits of ®2 in B* are uniquely
defined for all forward time, but have many divergent paths in backward time; see
section 2.4 of [Mo4]. In the same way B is constructed. Orbits of ®3 in B* have
unique backward orbits, but forward orbits are not uniquely integrable along the
branch set of B®. In any case all orbits of ® are transverse to G. The surfaces
B?, B* are transverse to each other (see Figure 23 (a)) and their intersection 7 is
a graph. The flows in B*, B" induce a nonintegrable flow in 7 - that is, 7 is an
orientable graph; see Figure 23 (b).

The surfaces B®, B* form a dynamic pair in the closed manifold M and @,
is tangent to both of them. In particular this implies that M — (B® U B*) is a
disjoint union of pinched tetrahedra and solid tori; see section 2.4 of [Mo4]. Each
corner orbit of a torus piece is a periodic orbit of ®5. Since B*, B* form a dynamic
pair in M, then in section 3.3 of [Mo4], Mosher constructs a uniquely integrable
flow @3 associated to B®, B“. This flow is called a pA flow [Mo4] and has stable
and unstable laminations which are contained in neighborhoods of B® and B".
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FIGURE 23. (a) Intersection of stable/unstable branched surfaces.
(b) The oriented flow in 7 = B* N B“.

Roughly @3 is constructed as follows: 7 = B® N B" is an oriented graph and &, is
a nonuniquely integrable flow in 7; see Figure 23 (b). The flow ®3 is constructed
by essentially transforming the nonuniquely integrable dynamics of ®5 in 7 into a
uniquely integrable flow. The flow ®3 has nonwandering set which is the union of
finitely many pseudohyperbolic orbits all contained in torus pieces, finitely many
attracting and repelling periodic orbits which are contained in the boundary of the
torus pieces and finally a hyperbolic set Z which is contained in a neighborhood
N(7) of the graph 7. The orbits of ®5 in Z are in one-to-one correspondence with
oriented paths in 7. The flow ®3 is still transverse to G.

Finally the pseudo-Anosov flow ®4 is obtained from ®3 by collapsing the comple-
mentary regions of N(B*® U B%); see section 3.4 of [Mo4]: a pinched tetrahedron is
collapsed to a segment and a torus piece is collapsed into a pseudohyperbolic closed
orbit. This collapsing preserves flow lines and produces a pseudo-Anosov flow ®4
in M. The collapsing operation is the inverse operation of the double DA blow up
operation (the blow up operation is described in detail in [Mol]). In the blow up
operation the singular leaves of the stable and unstable foliations F*, F* of ®4 split
up to produce nonsingular laminations A%, A* of ®3. Notice that the dynamics of
®, is essentially encoded by that of ®3 in N(7). It is in the blow down operation
®3 — &4 that the flow may lose the property of being transverse to G; see sections
3.5, 3.6 and 3.7 of [Mo4]. It may be that ®, is only “almost transverse” to G: this
means that one needs to blow up a finite collection 71, ..., v, of pseudohyperbolic
orbits of ®4 into a collection of annuli and adjust the flow accordingly to produce
a new flow transverse to G. See a detailed definition in section 3.5 of [Mo4]. We
will analyse the almost transversality of ®, more carefully below.

It will be important to understand the oriented orbits of ®5 in 7 = B® N B".
First notice that since a = B§ N By, then «a is a closed orbit of ®3 in 7. Let v be
an orbit of ®5 in 7. If « enters T, then it is either eventually contained in « or,
by the hyperbolic structure of ®5 in T, it follows that v eventually has to leave T
and ~ intersects R transversely in an outgoing branch of 7. If a point in 7 is in
S x I, then because ®; was a product flow in S x I and ®5 is obtained by tangential
collapsing of ®4, it follows that + also intersects R transversely. The same is true
for the negative direction. Putting all of this together, it follows that either ~ is
contained in « or v will intersect R transversely.
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Before concluding what this implies for orbits of ®4, we have to analyse whether
®, is transverse to G or not. In order to do that we first consider torus pieces. Since
g(A4) intersects each component of A_, it follows that BY is extended by the flow
®; to intersect Bj. Flowing forwards along ®; will bring this unstable branched
surface very near « and the original By and eventually collapse pieces of it with
the original By (here @5 will collapse forward orbits). The branch set created near
« is transverse to . This shows that « (as a full orbit) cannot be a corner orbit
of a torus piece of M — (B* U B"). As « is the only orbit of ®9 in 7 which does
not intersect R, it follows that all orbits of ®5 in 7 which are corner orbits of torus
pieces must transversely intersect R. The same is now true for the flow ®3 in N(7).

The question as to whether ®, is transverse to G or only almost transverse
to G depends on the structure of the foliation G induced in the torus pieces of
M — N(B?® U B"); see sections 3.5 and 3.6 of [Mo4]. Let V be such a torus piece.
Then there are compact leaves of G induced on V' and there are two options: either
the compact leaves are meridian disks in V' or they are peripheral annuli in V', which
do not intersect the corner orbits. In the first case ®4 will be transverse to G and in
the second case &, will not be transverse to G and will only be almost transverse to
G. In our situation the corner orbits (of ®3) in V all intersect R transversely. Since
RNV is compact, it follows that the compact leaf R cannot intersect V' in a union
of boundary parallel annuli (which would not intersect corner orbits). Therefore
R has to intersect V' in a union of meridian disks. Sections 3.5 and 3.6 of [Mo4]
then imply that the collapsing of pinched tetrahedra and torus pieces can be done
always transverse to the flow ®3. The conclusion is fundamental for us:

Fact 1. The pseudo-Anosov flow &4 produced by Mosher’s construction is transverse
to G (and not just almost transverse).

Once we know this, we can now study orbits of ®4. Every orbit of ®5 in 7 except
for « will intersect R transversely. Therefore, except for «, every orbit of ®3 which
is entirely contained in N(7) has to intersect R transversely. Since orbits of ®y4
are obtained by collapsing those of ®3 together and the dynamics of ®, is entirely
encoded by the nonwandering set of ®3 in N(7) it now follows that:

Fact 2. Except for a, every orbit of ®4 intersects R transversely.

Let ® = &4 be the pseudo-Anosov flow thus constructed. Notice that « is a
closed orbit which does not intersect R. Since R is not a fiber of a fibration of M
over the circle, then ® is not obtained as the suspension flow of a pseudo-Anosov
homeomorphism.

Theorem 8.1. Let M be as above, G a depth one foliation constructed as above
and ® a pseudo-Anosov flow transverse to G constructed as above. Then the stable
and unstable foliations F*,F* of ® are quasi-isometric singular foliations in M.
In addition leaves of G C M = H3 extend continuously to the sphere at infinity
S,

Proof. As seen before M is hyperbolic. Since @ is a pseudo-Anosov flow transverse
to a Reebless finite depth foliation G in a closed hyperbolic 3-manifold, then we
proved in [Fe-Mo| that ® is a quasigeodesic flow. Theorem 3.8 then shows that
F? is a quasi-isometric singular foliation if and only if F* has Hausdorff leaf space.
Theorems 4.9 and 4.8 then show that if 7% does not have Hausdorff leaf space, then
there are closed orbits 1, v2 of ® (which may not be indivisible) so that ~; is freely
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homotopic to the inverse of ~9; see the conclusion statement after these theorems.
The discussion follfovwing Theorem 4.9 shows that 71,2 can be chosen so that there
are lifts 71,72 to M, satisfying: 71,72 are the corner orbits of a lozenge B. Let us
check whether this is possible.

First suppose that 7; intersects R. Then its intersection number with R is
positive and since 72 = (y1)~! it follows that the intersection number of v, and
R is negative. This is impossible since R is transverse to ®. Hence 71,72 do not
intersect R and by fact 2 above, it follows that 73 = o™, 72 = o™, where nm < 0.
The free homotopy is realized by an element h € 71 (M) so that hla]"h™1 = [a]™.
Since M is Haken this implies that |n| = |m| = 1 [Ja-Sh]. Then h?, [a] generate an
abelian subgroup of 71 (M).

We can choose h so that h(31) = 2. If h(B) N B = (), then it is easy to see
that for any i # j € Z, h'(B) N kI (B) = . Since [a](B) = B, it follows that h?,[a]
generate a Z @ Z subgroup of 71 (M), a contradiction to M being hyperbolic. The
other option is that h(B) = B. This produces an orbit § C B of ® so that h(5) = 4.
Then W*(8) N W*(31) # 0 and is equal to an orbit &. But then h2(5,) = 71 and
h2(8) = & imply h2?(6") = &'. This produces two periodic orbits in W¥(a), also a
contradiction. B

We conclude that F° has Hausdorff leaf space and consequently that F° is a
quasi-isometric singular foliation; similarly for F*. This proves the first assertion
of the theorem. Given that F°, F* are quasi-isometric and ® is transverse to G,
then Theorem 7.1 proves that leaves of G extend continuously to S2 . This finishes
the proof. n
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