JOURNAL OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 20, Number 2, April 2007, Pages 385-439
S 0894-0347(06)00533-9

Article electronically published on May 18, 2006

NONCOMMUTATIVE MAXIMAL ERGODIC THEOREMS

MARIUS JUNGE AND QUANHUA XU

Contents

e

Introduction

Preliminaries

The spaces L,(M; )

An interpolation theorem

Maximal ergodic inequalities

Maximal inequalities for symmetric contractions
Individual ergodic theorems

The nontracial case

Examples

O NSO D=

0. INTRODUCTION

The connection between ergodic theory and the theory of von Neumann algebras
goes back to the very beginning of the theory of “rings of operators”. Maximal
inequalities in ergodic theory provide an important tool in classical analysis. In this
paper we prove the noncommutative analogue of the classical Dunford-Schwartz
maximal ergodic theorem, thereby connecting these different aspects of ergodic
theory.

At the early stage of noncommutative ergodic theory, only mean ergodic theo-
rems have been obtained (cf., e.g., [Jall [Ja2] for more information). The study of
individual ergodic theorems really took off with Lance’s pioneering work [L]. Lance
proved that the ergodic averages associated with an automorphism of a o-finite
von Neumann algebra which leaves invariant a normal faithful state converge al-
most uniformly. Lance’s ergodic theorem was extensively extended and improved
by (among others) Conze, Dang-Ngoc [CoN|, Kimmerer [Kil] (see [Jall, [Ja2] for
more references). On the other hand, Yeadon [Ye] obtained a maximal ergodic
theorem in the preduals of semifinite von Neumann algebras. Yeadon’s theorem
provides a maximal ergodic inequality which might be understood as a weak type
(1,1) inequality. This inequality is the ergodic analogue of Cuculescu’s [Cul result
obtained previously for noncommutative martingales. We should point out that in

Received by the editors March 5, 2005.

2000 Mathematics Subject Classification. Primary 46L53, 46L55; Secondary 46L50, 37A99.

Key words and phrases. Noncommutative L,-spaces, maximal ergodic theorems, individual
ergodic theorems.

The first author was partially supported by the National Science Foundation grant DMS-
0301116.

(©2006 American Mathematical Society
Reverts to public domain 28 years from publication

385



386 MARIUS JUNGE AND QUANHUA XU

contrast with the classical theory, the noncommutative nature of these weak type
(1,1) inequalities seems a priori unsuitable for classical interpolation arguments.

Since then the problem of finding a noncommutative analogue of the Dunford-
Schwartz maximal ergodic inequalities was left open. The main reason is that all
the usual techniques in classical ergodic theory involving maximal functions seem no
longer available in the noncommutative case. In fact, this applies for the definition
of the maximal function itself. As an example, we consider

(20 (11 (00
“=\Vo o) “27{1 1) =\o 1)

Then there is no 2 x 2 matrix a such that

<§v a£> = max {<€7 a1§>7 <§v a2§> <§v a3§>}

holds for all ¢ € /2.

However, this obstacle has been overcome recently in the theory of noncommu-
tative martingale inequalities. In fact, most of the classical martingale inequalities
have been successfully transferred to the noncommutative setting. These include
Burkholder inequalities on conditioned square functions [JX2], Burkholder-Gundy
inequalities on square functions [PX1], the Doob maximal inequality [Ju], Rosenthal
inequalities on independent random variables [JX4] and boundedness of martingale
transforms [Ra). See the survey [X] for the state of the art regarding this theory.

Let us point out that this new development of noncommutative martingale in-
equalities is inspired and motivated by interactions with operator space theory.
For instance, the formulation of the noncommutative Doob maximal inequality was
directly derived from Pisier’s theory of vector-valued noncommutative L,-spaces
[P].

Following the well-known analogy between martingale theory and ergodic theory,
we show that the techniques developed for noncommutative martingales can be used
to prove the noncommutative maximal ergodic inequalities as well.

To state our main results we need some notation. Let M be a semifinite von
Neumann algebra equipped with a normal semifinite faithful trace 7. Let L,(M)
be the associated noncommutative L,-space. Let T': M — M be a linear map
which might satisfy some of the following properties:

(0.I) T is a contraction on M: ||Tz||c < ||2|leo for all z € M;
(0.IT) T is positive: Tz > 0 if > 0;
(0.IIT) 70T <7: 7(T(x)) < 7(x) for all x € Ly (M) N My;
(0.IV) T is symmetric relative to 7: 7(T(y)*z) = 7(y*T(x)) for all z,y in the
intersection Lo(M) N M.

The properties (0.I), (0.II) and (0.III) will be essential for what follows. If T
satisfies these properties, then T naturally extends to a contraction on L, (M) for
all 1 < p < oo (see Lemma [Tl below). The extension will still be denoted by T'. If
T additionally has (0.IV), then its extension is selfadjoint on Lo(M). We consider
the ergodic averages of T*:
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The following is one of our main results:

Theorem 0.1. Let 1 < p < 0o and T be a linear map satisfying (0.1)—(0.I11) above.
i) For any x € L,(M) with x > 0 there is an a € L,(M) such that

VneN, My(T)(x) <a and |all, < Cpllzllp,

where Cp 1s a positive constant depending only on p. Moreover, Cp <
Cp*(p—1)72 and (p — 1)2 is the optimal order of C, as p — 1.

ii) If additionally T satisfies (0.IV), then for any x € L,(M) with x > 0 there
is an a € L,(M) such that

VneN, T"(z)<a and |al, <C,|z|,.

Part i) above is the noncommutative analogue of the classical Dunford-Schwartz
theorem in commutative L,-spaces (cf. [DS]). Note that the optimal order of
the constant C), above is different from that in the commutative case, which is
(p—1)"! as p — 1. Part ii) is the noncommutative analogue of Stein’s maximal
ergodic inequality (see [St2]). Note that in the case where 7 is normalized (i.e.
7(1) = 1), the following weak form of part i) was obtained in [GoGl: Given & > 0
such that p—e¢ > 1 and « € L,(M) (z > 0) there is an a € L,_.(M) such that

VneN, M,(T)(z) <<a and |a|p—c < Cpellz|l,-

As in the commutative case, Theorem also holds for all elements of L, (M)
(not only the positive ones). This requires an appropriate definition of the space
L,(M; ) in the noncommutative setting (see section 2 for more details). On the
other hand, by discretization, we have a similar theorem for semigroups.

The proof of Theorem [0] i) relies on Yeadon’s weak type (1,1) maximal ergodic
inequality already quoted (see also Lemma below). As in the commutative
case, the main idea is to interpolate this weak type (1,1) inequality with the trivial
case p = oo. Additional complications are due to the fact that the weak type
(1,1) estimate does not provide a majorant —a < M,,(T)(z) < a such that a is in
weak L. In our proof of the noncommutative version of the classical Marcinkiewicz
theorem (see Theorem B.Ilbelow) we first establish an intermediate inequality using
noncommutative Lorentz spaces. Then we use the real interpolation method. We
should emphasize that contrary to the classical situation, this interpolation theorem
is not valid for the spaces L,(M; ) themselves but only for their positive cones.

For the proof of part ii) of Theorem [-I] we adapt Stein’s arguments in [St2] to
the noncommutative setting.

As usual, the maximal ergodic inequalities in Theorem imply the correspond-
ing pointwise ergodic theorems. The arguments are standard in the tracial case.
However, the nontracial case requires additional work (see section [M). Our ap-
proach to the individual ergodic theorems seems new. In order to ensure pointwise
convergence we use the space L,(M;cy) which is the closure of finite sequences
in L,(M;4s) (p < 00). The main step towards individual ergodic theorems is
contained in the following result:

Theorem 0.2. Let 1 < p < oo and T satisfy (0.1)—(0.III). Let F be the projection
onto the fized point subspace of T considered as a map on L,(M). Then (Mn(x) —
F(x)), € Ly(M;co) for any x € Ly(M). If additionally, T has (0.IV), then
(T™(z) — F(x)), € Ly(M;cp).
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Let us mention here one application to free group von Neumann algebras for
illustration. Let F,, be a free group on n generators, and let VN (F,,) be its von
Neumann algebra equipped with the canonical normalized trace 7. Let A be the left
regular representation of F,, on ¢3(F,). Recall that VN(F,) is the von Neumann
algebra on £5(FF,,) generated by {\(g) : g € F,,}. Let | - | denote the length function
on F,, (relative to a fixed family of n generators). Haagerup [H4] proved that the
map T; defined by T;(A(g)) = e~ *19/\(g) extends to a completely positive map on
VN(F,). It is easy to check that T} possesses all properties (0.I)—(0.IV). Conse-
quently, T} extends to a positive contraction on L,(V N (F,,)) for all 1 < p < oo (still
denoted by T}). It is then clear that (T}) is a symmetric semigroup on L,(VN(F,))
and strongly continuous for p < oco. Thus applying Theorem [0T] ii) to this semi-
group, we obtain the following result formulated in terms of (bilateral) almost
uniform convergence:

Theorem 0.3. Let 1 < p < oo. Then for any x € L,(VN(F,,)) with x > 0 there
is an a € L,(VN(F,)) such that

Vt>0, Tiz)<a and |lafl, < Clall,-

Consequently, lim;_.o T;(z) = x bilaterally almost uniformly (and almost uniformly
if p > 2) for any x € L,(VN(F,)).

The notion of (bilateral) almost uniform convergence is a noncommutative ana-
logue of the notion of almost everywhere convergence. We refer to section 6 for the
relevant definitions. Note that when n =1, VIN(FFy) is just Loo(T), where T is the
unit circle and T; becomes the usual Poisson semigroup. Thus the theorem above
is the free analogue of the classical radial maximal inequality and of the radial
pointwise convergence theorem about the Poisson integral in the unit disc.

Let us end this introduction with a brief description of the organization of the
paper. The first six sections concern solely the semifinite case. After a preliminary
section, we give some elementary properties of the vector-valued noncommutative
L,-spaces L,(M;{) in section These vector-valued L,-spaces were first in-
troduced by Pisier [P] for injective von Neumann algebras and then extended to
general von Neumann algebras by the first named author in [Ju]. They provide the
main tool of this paper.

Section 3 is devoted to the noncommutative analogue of the classical Marcinkie-
wicz interpolation theorem. This is the most technical result of the paper. It seems
reasonable to expect further applications in the noncommutative setting.

Section 4 contains our first maximal ergodic theorems. The main result there is
Theorem [0], i). This is an immediate consequence of the previous interpolation
theorem.

Section 5 deals with the maximal inequalities when assuming the symmetry
condition (0.IV). In particular, we prove Theorem[0] ii). Our proof requires Stein’s
interpolation technique using fractional averages (which makes it quite involved).

In Section 6 we study the individual ergodic theorems. In particular, we prove
Theorem above.

The objective of section 7 is to extend all previous results to the general (non-
tracial) von Neumann algebras by a reduction argument. This argument is based
on an important (unfortunately) unpublished result due to Haagerup [H3]. Let
us mention that the arguments for pointwise convergence in Haagerup L,-spaces
are usually more delicate than their semifinite counterparts. However, our new
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approach presented in section 6 permits us to give a unified treatment of both
cases.

Section 8 presents some natural examples to which our theory applies. These
include the free products of completely positive semigroups, the Poisson semigroup
of a free group (which yields Theorem [03] above) and the ¢-Ornstein-Uhlenbeck
semigroups.

The main results of this paper were announced in [JX1].

1. PRELIMINARIES

The noncommutative L,-spaces used in this paper are most of the time those
based on semifinite von Neumann algebras, except those in the last two sections.
Thus in this preliminary section we concentrate only on the semifinite noncom-
mutative L,-spaces. There are numerous references for these spaces. Our main
reference is [FK]. The recent survey [PX2|] presents a rather complete picture on
noncommutative integration and contains a lot of references.

Let M be a semifinite von Neumann algebra equipped with a normal semifinite
faithful trace 7. Let S; denote the set of all x € M, such that 7(suppz) < oo,
where supp  denotes the support of z. Let S be the linear span of S;. Then § is
a w¥-dense *-subalgebra of M. Given 0 < p < co, we define

lall, = [r(12P)]"”. =€,
where |z| = (z*x)'/2 is the modulus of 2. Then (S, || - ||,) is a normed (or quasi-
normed for p < 1) space, whose completion is the noncommutative L,-space asso-
ciated with (M, 7), denoted by L,(M,7) or simply by L,(M). As usual, we set
Loo(M,7) = M equipped with the operator norm.

The elements in L,(M) can be viewed as closed densely defined operators on
H (H being the Hilbert space on which M acts). We recall this briefly. Let
Lo(M) = Lo(M,7) denote the space of all closed densely defined operators on
H measurable with respect to (M, 7). For a measurable operator x we define its
generalized singular numbers by

pe(z) = inf {A > 0:7(N\ 00)(|2])) <t}, >0.
Let
Ve, d) ={x € Lo(M) : pe(z) < d}.
Then {V(g,0) : € > 0, > 0} is a system of neighbourhoods at 0 for which Ly(M)
becomes a metrizable topological x-algebra. The convergence with respect to this
topology is called the convergence in measure. Moreover, M is dense in Lo(M).

The trace T extends to a positive tracial functional on the positive part Lg (M)
of Lo(M), still denoted by 7, satisfying

T(x):/ je(@)dt, @€ LT (M),
0
Then for 0 < p < o0,

Ly(M) ={z € Lo(M) : 7(|z|") < oo}
and for x € L,(M),

llzl|h = 7(|z|7) = /Ooo(,ut(x))p dt.
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More generally, we can define the noncommutative Lorentz space L, 4(M):
Ly (M, 1) = {3«" € Lo(M) : [[z]|p,q < oo},

fella = ([ @) §)"

for ¢ < oo and with the usual modification for ¢ = co. The positive cone of L,, ,(M)
is denoted by L} (M)

As the commutative L,-spaces, the noncommutative L,-spaces behave well with
respect to the complex interpolation method and the real interpolation method (in
the semifinite case). Let 0 < 8 < 1, 1 < py < p; < oo and 1 < gg,q1,q < co. Then

where

(1.1) Ly(M) = (Ly,(M), Ly, (M)), (with equal norms)
and
(1.2) Lpg(M) = (Lpy.q0 (M), Lp, ¢,(M)), , (with equivalent norms),
1-0
where — = —— + —, and where (-,-)g, (-,-)s,q denote respectively the complex
1

and rezﬁ interzpj)%lation methods. Our reference for interpolation theory is [Bel].

Let T be a linear map on L,(M). T is called positive if T preserves the positive
cone of L,(M), ie., > 0 = Tz > 0. The following lemma is elementary
and certainly well known. See [Ye|, where the extensions of T" to all L, (M) were
obtained but not their contractivity. The contractive extensions are, of course,
important in ergodic theory. We include a proof for completeness.

Lemma 1.1. Let T satisfy (0.1)—(0.IIT). Then T extends in a natural way to a
positive contraction on L,(M) for all 1 < p < co. Moreover, T is normal on M.
If T additionally has (0.IV), the extension of T on La(M) is selfadjoint.

Proof. Tt is clear that T extends to L} (M) and || Tx||; < ||z||; for all x € LT (M).
Then by a standard argument, T extends to a bounded map on L; (M), still denoted
by T', which is of norm < 2 and positive too. By duality, S =T* : M — M is a
bounded positive map. Consequently, ||S|| = [|S(1)|le (see [Pau]). However, one
easily checks that |S(1)]lcc < 1. Thus S is contractive, and so is 7" on Ly (M). Then
by complex interpolation, T' extends to a contraction on L,(M) for all 1 < p < co.

Note that the positive map S on M introduced above satisfies the same assump-
tions as T'. Thus applying the result just proved to S instead of T', we see that S
can be extended to a contraction on L;(M). Then a simple calculation shows that
the adjoint of this extension of S on L;(M) is equal to T. Hence T is normal on
M. The last part is clear. O

In the sequel, unless explicitly specified otherwise, T will always denote a map
on M with (0.I)-(0.ITI). The same symbol T will also stand for the extensions of
T on L,(M) given by Lemma [[Il Let T' be such a map. We form its ergodic

averages:
n

1
M, (T) = T .
@) n+1 kZ:O
M, (T) will be denoted by M,, whenever no confusion can occur.
By general ergodic theory on Banach spaces (cf. [DS]), one sees that T' is mean
ergodic on L,(M) for any 1 < p < oo; i.e., M, (x) converges to Z in L,(M) for all
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x € M. On the other hand, in case the trace 7 is finite, by a well-known mean

ergodic theorem (cf., e.g., [Jall Theorem 2.2.1] and the references therein), M, (z)

converges to Z with respect to the strong operator topology for every x € M. This

implies (and in fact is equivalent to) that M, (x) converges to Z for any € L1(M).
T induces a canonical splitting on L,(M) for 1 < p < oo:

LP(M) = fp(T) D fp(T)Lv

where F,(T) = {z € Ly(M) : T(z) = z} and F,(T)* is the closure of the image
(I —T)(Ly,(M)). The dual space of F,(T") coincides with F,/(T"), where p’ is the
index conjugate to p. If in addition 7 is finite, the previous splitting is also true for
p=1and p = co. Note then however that F..(T)" is the w*-closure of the image
(I = T)(Loo(M)).

Let F), be the contractive positive projection from L, (M) onto F,(T'). Then F5
is the orthogonal projection from La(M) onto F2(T) and F,; = Fj for 1 < p <
oo. (This is also true for p = 1 if 7 is finite.) Note that F}, and F, coincide on
Fp(T) N Fy(T) for two different p, ¢. This allows us to denote the F),’s by the same
symbol F' in the sequel. All previous facts are elementary and well known (cf. e.g.
[Yal).

Let us transfer the discussion above to the setting of semigroups. We will say that
a semigroup (7T});>¢ of linear maps on M satisfies one of the conditions (0.I)—(0.IV)
if so does T; for every t > 0. All semigroups considered in this paper will be assumed
to satisfy (0.I)-(0.III). They will be further required to be w*-continuous on M and
such that T} is the identity. As before, such semigroups are automatically extended
to positive contractive semigroups on L, (M) for every 1 < p < co. Note that the
w*-continuity of (73) on M implies that (73) is strongly (i.e. norm) continuous on
L,(M) for 1 < p < co. Put again

1

¢
Mt:—/Tsds, 0.
t Jo

Note that for notational simplicity we will use the same letter M to denote the
ergodic averages for a contraction as well as for a semigroup. The precise meaning
should be clear in the concrete context. Again, the mean ergodic theorem asserts
that M;(z) converges to F(z) in L,(M) for all z € L,(M) (1 < p < o0) , where F'
stands for the projection from L,(M) onto the fixed point space of (1}), i.e., the
space {x € Ly(M) : Ty(z) =,V t> 0}

The following result due to Yeadon [Ye] will play an important role in this paper.
P(M) denotes the lattice of projections in M. Given e € P(M), set et =1 —e.

Lemma 1.2. Let T satisfy (0.1)-(0.II1). Let x € LT (M). Then for any X > 0
there is e € P(M) such that

[k
A
The reader can easily recognize that this is a noncommutative analogue of the

classical weak type (1,1) maximal ergodic inequality. Yeadon’s theorem has a mar-
tingale predecessor obtained by Cuculescu [Cul.

sup ||e M, (T)(z) el|oo <A and 7(et) <
n>0

2. THE SPACES L,(M; /)

A fundamental objective of this paper is to study the noncommutative spaces
L,(M;ly). Given 1 < p < 00, L,(M;{s) is defined as the space of all sequences
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= (Tp)n>o0 in Ly(M) which admit a factorization of the following form: there are
a,b € Lop(M) and y = (yn) C Loo(M) such that

Ty = aynb, VYV n>0.
‘We then define

2]l 2, Mty = inf {llallzp sup [[Ynllos [bll2p },
n>0

where the infimum runs over all factorizations as above. One can (rather easily)
check that (L,(M; o), || - Iz, (Mmsen)) is a Banach space. These spaces are intro-
duced in [P] and [Ju]. (In [P], M is required to be hyperfinite.) To gain a very first
understanding on L,(M;{), let us consider a positive sequence x = (z,). Then
one can show that 2 € L,(M;{s) iff there are an a € LY (M) and a y,, € L, (M)
such that

xn:a%yna%, Vn>0.
We can clearly assume that the y, are positive contractions. Thus if z has a

factorization as above, then z,, < a for all n. Conversely, if x,, < a for some a €
L;(M), then x,l/Q = una'/? for a contraction u, € M, and so z, = a'/?ufu,a'/?.
Thus ¢ € L,(M; {s). In summary, a positive sequence = belongs to L,(M; o) iff

there is an a € L;f (M) such that z,, < a for all n, and moreover,
lzllz, Moy =inf {[lall, : a€ L (M)s.t. 2, <a, Vn>0}.

Convention. The norm of x in L, (M; ¢, ) will often be denoted by H sup,’ z, ||p .

We should warn the reader that H sup;’ anp is just a notation for sup,, x, and
does not make any sense in the noncommutative setting. We find, however, that
| sup;; anp is more intuitive than [|z||L (e

OO).

It is proved in [Ju] that L,(M;{s) is a dual space for every p > 1. Its predual
is Ly (M;¥¢y) (p being the index conjugate to p). Let us define this latter space.
Given 1 < p < 00, a sequence & = (z,,) belongs to L, (M; ¢1) if there are ugy,, vg, €

Lg, (M) such that
Tn = Z UZn Vkn

k>0
for all n and
Z u;:n Ukn € LP(M)a Z ’U;:n Vkn € LP(M)
k,n>0 k,n>0

Here all series are required to be convergent in L, (M) (relative to the w*-topology
in the case of p = 00). L,(M;¢1) is a Banach space when equipped with the norm

1 1
Hx”LP(M;ll) :lnf{H Z U‘Znukn”; || Z vl:nvan;}’
k,n>0 k>0

where the infimum is taken over all (ug,) and (vg,) as above. It is clear that finite
sequences are dense in L,(M;¢;) if p < co. The duality between L,(M; ¢ ) and
L, (M; ) is given by

(@, 9) =Y T(@nyn).

n>0
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As previously for L,(M;ls), it is easy to describe the positive sequences in
L,(M; ;). In fact, a positive sequence & = (x,,) belongs to L,(M; ) iff - x, €
L,(M). If this is the case,

lzllz, (e = | Y zall,
n>0

Compare this equality (whose member on the right has the usual sense) with our
previous convention for the norm in L,(M; ¢y ). This partly justifies the intuitive
notation H sup, anp

We collect some elementary properties of these spaces in the following proposi-
tion. We denote by L,(M; (%) the subspace of L,(M;{s) consisting of all finite
sequences (Zg,Z1, -+ ,Tn,0, --+). In accordance with our preceding convention,
the norm of x in L,(M; %) will be denoted by ||supi-,, Zklp- Similarly, we

introduce the subspace L, (M; €} ) of L,(M; ;).

Proposition 2.1. Let 1 < p < cc.

i) Each element in the unit ball of L,(M;ls) (resp. Ly(M;£1)) is a sum of
sizteen (resp. eight) positive elements in the same ball.
ii) A sequence x = (x,,) in L,(M) belongs to L,(M; ) iff

supH sup™ ka < 00.
n>0 0<k<n

If this is the case, then

—supH sup™ ka
n>0  0<k<n

iii) Let x = (x,) be a positive sequence in L,(M;{ls). Then
Isup*nll, = sup {3 7(@apn) : yn € Ly (M) and | 3 _uull,, <1

iv) We have the following Cauchy-Schwarz type inequality: for any sequences
() and (y,) in Lop(M),

|| supta;, yan < SUP+9C:L$7LH§ | sup+y2yan
n n n

Proof. 1) First note that both L,(M; /) and L,(M;¢;) are closed with respect
to involution. Thus we need only to consider selfadjoint elements. Let z be a
selfadjoint element (i.e., z, = , for all n) in the unit ball of L,(M; £y ). Write a
factorization of x:

@p = a’ypb with lallgy <1, [[bllap <1 and sup [lyn[lec < 1.
n

Then by a standard polorization argument,

3
1
_ —k -k k 1k .k
Ty = Zz (a+3"b)" yn (a +1i"b) = ZZ(G—H b)* zp, (a4 1%b)
4o k=0
> a+ifbi. | a—Hkb > ) _ a+ikb
k=0 0
where

iRy + (iR yn)*
Zp = >
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Hence the assertion concerning L, (M; {,) follows. The one for L, (M; ¢1) is proved
similarly.
ii) It is trivial that
upt +
sup || sup™ |, < || supTanl],

To prove the converse, we introduce the subspace L,(M;#) of L,(M;¢;), which
consists of all finite sequences x admitting a factorization as in the definition
above of L,(M;¥¢1) but with finite families (ux,) and (vg,) only. Note that for
p < oo, L,(M;£9) is dense in L,(M;¢1). Now let z be a sequence such that
SUp,, >0 ‘supgékgn kap = 1. Define ¢ : Ly (M;£9) — C by {(y) = >on T(@nyn).
Then ¢ is a continuous linear functional of norm < 1. Thus if p > 1 (i.e., p’ < c0),
by the duality result in [Ju| already quoted previously, ¢ can be identified with an
element of L,(M; ). This element must be x, and so we are done in this case.
It remains to consider the case p = 1. Using a standard Hahn-Banach argument as
presented in [Jul, we deduce two states ¢ and ¥ on M such that

|7 (zputv)| < (go(u*u))% (w(v*v))% , n>0, Vu,ve M.

Since x,, € L1(M) ~ M, is a normal functional, we can replace in the inequality
above ¢ and @ by their normal parts respectively, and so we can assume ¢ and
are already normal. (In fact, in the present case, one can check that the singular
parts of ¢ and 1 are zero.) Identifying ¢ and ¢ with two positive operators a and
b in the unit ball of L; (M), respectively, we rewrite the inequality above as

(2w )| < |lua? |y vb2 ],  n >0, Vu,ve M.

Then as in [Ju], we find contractions y,, € M such that z,, = b*/?y,, a'/?

x € Li(M;ly) and || sup;, z,[1 < 1.
Note that if additionally x is positive, in the Hahn-Banach argument above,
we can use only the positive cone L;C (M;£9) to get a factorization of z as z,, =

. Therefore,

a'/?y, a'/? with a € L (M) and y,, positive contractions. See [Jul for more details.
iii) For p > 1 this is already proved in [Ju]. For p = 1 this is a consequence of
ii) and the previous remark.
iv) We use duality. Let (ug,) and (vg,) be two finite families in Ly, (M). Then
by the Cauchy-Schwarz inequality

S (@ Yo o k)| < (73 @ v vk ) * (73 Yt e )
k.n k.n c

kn

*
E :uknu’kn
k,n

whence the desired inequality. (I

1
2
P’

1
2
P’

< || sup*agza|? || supyiyal|? || 3 vinvin
n n k.n

Remark 2.2. 1) From the proof of part ii) above, one sees that the infimum defining
the norm | sup,, ||, is attained for any « € L,(M;/lx) (1 < p < 00). The same
proof shows that Li(M;{y) is identified as an isometric subspace of the dual of
Lo (M; 7).

ii) We have a statement similar to Proposition 2] ii) for L,(M;¥¢;). On the
other hand, let L,(M;cp) be the closure of finite sequences in L, (M; ) for 1 <
p < 0o. Then one can show that the dual space of L,(M;¢o) is equal to L, (M; 1)
isometrically.
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iii) Neither L,(M; ) nor L,(M;¥q) is stable under the operation (z,), —
(|zn|)n. Thus || sup;} |, # ||sup; |||, in general.

Remark 2.3. If N C M is a von Neumann subalgebra such that the trace 7
restricted to A is semifinite on N, then we have a natural isometric inclusion
L,(N) C L,(M). This extends to isometric inclusions:

L,(Nils) C Ly(M;ls) and  Ly(N;ly) C Ly(M;ty).

Indeed, by the definition of L,(M;,¢s) and L,(M;¥;), the inclusions above are
contractive. On the other hand, the duality result from the preceding proposition
and remarks implies immediately that they are both isometric.

Remark 2.4. The definitions of L,(M;l) and L,(M;¥¢;) can be extended to an
arbitrary index set. Let I be an index set. Then L,(M;lx (1)) and L,(M; ¢1(1))
are defined similarly as before. For instance, L,(M; ¢s(I)) consists of all families
(x:)ier in Ly(M) which can be factorized as x; = ay;b with a,b € Lp,(M) and a
bounded family (y;)ier C Loo(M). The norm of (x;);er in L,(M; ls) is defined as
the infimum

inf [|a]|2p Sup [|yi o 16l2p

running over all factorizations as above. As before, this norm is also denoted by
Jr
sup’x;|| .
s,
Again the dual space of L,(M;¢1(I)) for p < 00 is Ly (M; o (I)). Proposition 2]
remains true in this general setting.

We end this section with a simple result on complex interpolation of these vector-
valued noncommutative L,-spaces.

Proposition 2.5. Let1 < py < p1 < o0 and 0 < 0 < 1. Then we have isometrically
LP(M;El) = (LPO(M;gl)v LPl (M;El))g

and

Lp(Miloo) = (Lpy (M L), Ly, (Milss))

1_1-0, 6
wherep— 50 T P

Proof. We use the column and row spaces L,(M;¢5(N?)) and L, (M; (5(N?)) (cf.
[PXT] for the definition). It is known that {L,(M;¢5(N?))}1<p<co form an inter-
polation scale with respect to complex interpolation. The same is true for the row
spaces. Note that by the definition of L,(M; ¢1), the bilinear map

B i Ly(M;05(N%))  x Ly(M;€5(N%)) — Ly(M; &)

(“k")k,nzo X (U’m)k,nzo — (Z“’mvk")nzo
%

is contractive (in fact, L,(M;¥;) is just the quotient space of L,(M;¢5(N?)) x
L,(M;t5(N?)) by the kernel of B). Thus by complex interpolation for bilinear
maps (cf. [Bell), we deduce that

B : Ly(M; £5(N?)) x Ly (M; 65(N?)) — (Lpy (M &1), Ly, (M3 41)),
is contractive. This yields
(2.1) Ly(M; 1) C (Ly,(M;41), Ly, (M;41)),, a contractive inclusion.
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Similarly, using the complex interpolation for trilinear maps, we obtain the fol-
lowing contractive inclusion

(22) LP(Mvéoo) C (Lpo (Maéoo)a Lpl (Mveoo))g .
Alternatively, this can be easily proved by using directly the factorization of ele-
ments in L,(M; ls).
Dualizing the corresponding inclusion of ([2.]]) for finite sequences, we get
n ) *) O n

(Lpy (M5 05), (Lpy (M3 £1)) )" C Ly (M3 £2,),
where (-, -)? denotes Calderén’s second complex interpolation method. However,

mn ny\ * 0 ) *) 0

(Lp{,(M%oo), (Lm (M;El)) )9 - (Lpf)(M;eoo)v (Lm (M;El)) ) .

It follows that

(Lop (M%), (Lpy (M5 £7))") 5 © Ly (ML),
Since Ly (M;€2) N (L, (M; K’f))* is dense in the complex interpolation space on
the left and

Ly (M £5) 1 (L, (M3 7)) € Ly (M5 £3,) 1 Ly (M3 £,),
we deduce that
(L, (M £2,), Ly (M; f’go))g C Ly (M;2y), a contractive inclusion.
Reformulating this for the indices pg, p1, we have
(Lpo (M £5,), Ly, (M;£3,)), C Lp(M; £%,),  a contractive inclusion.

From this we easily get the same inclusion for infinite sequence spaces. Indeed, let
z = (x1)k>0 be an element in (Lp,(M;ls), Ly, (M;Eoo))e of norm < 1 and let
2™ = (29,21, ...,20,0,0,...). Then z(™ € (L, (M;fh), Lpl(/\/l;égo“))e and is
of norm < 1. Thus z(™ € L,(M;¢%+") and is of norm < 1. Consequently,

(n)
SBLP Hx " HLP(M;ZOO) <1

Therefore, by Proposition 2] ii), we deduce that x belongs to the unit ball of
L,(M; ), and so by homogeneity, we obtain the converse inclusion of ([2.2).

The converse inclusion of (2 can be proved similarly. But this time instead
of Proposition 1] it suffices to use the fact that finite sequences are dense in
(Lpo(M; 1), Ly, (M;£1)),. We omit the details. O

Remark. In a forthcoming paper we will show that the interpolation equalities in
Proposition are no longer true for the real interpolation. This is one of the
difficulties we will encounter for proving the Marcinkiewicz type theorem in the
next section.

3. AN INTERPOLATION THEOREM

The main result of this section is a Marcinkiewicz type interpolation theorem
for L,(M; ls). Tt is the key to our proof of the noncommutative maximal ergodic
inequalities. We first introduce the following notion. For every integer n > 0
assume given a map Sy, : Lf (M) — L (M). Set S = (S,)n>0. Thus S is a map
which sends positive operators to sequences of positive operators. We say that S
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is of weak type (p,p) (p < o) if there is a positive constant C' such that for any
x € L} (M) and any X > 0 there is a projection e € M such that

T(GL)S[C@]IJ and e(Sy(z))e <A, Vn>0.

Similarly, we say that S is of type (p, p) (this time p may be equal to 0o) if there is a
positive constant C' such that for any = € L (M) there is an a € L} (M) satisfying

lall, < Cllzl|, and Sp(z)<a, ¥Yn>0.
In other words, S is of type (p,p) iff
1S@) |z, ey < Cllzllp, V@ € Ly (M).

Theorem 3.1. Let 1 < py < p1 < 00. Let S = (S”)n>o be a sequence of maps

Jrom L} (M) + L} (M) into L (M). Assume that S is subadditive in the sense
that Sp(x +y) < Sp(x) + Sn(y) for all n € N. If S is of weak type (po,po) with
constant Cy and of type (p1,p1) with constant Cy, then for any po < p < p1, S is
of type (p,p) with constant C, satisfying
(3.1) G ool (= -7,

Po P

where 0 is determined by 1/p = (1 —6)/po + 0/p1 and C is a universal constant.

The reader can easily recognize that this result is a noncommutative analogue
of the classical Marcinkiewicz interpolation theorem. Recall that in the classical
case the constant C), is majorized by Céfe cy (1/p0 — 1/p)71, i.e., without the
square in ([B.]). We will see later that the estimate given by (3] is optimal in the
noncommutative setting. This difference indicates that though similar in form to
the classical Marcinkiewicz interpolation theorem, Theorem [B.I] cannot be proved
by the standard argument in the commutative case. The rest of this section is
entirely devoted to its proof. In the following S will be fixed as in the theorem
above; p will denote a number such that pg < p < p1, and 0 is determined by
1/p=(1—-0)/po+0/p1. C will stand for a universal constant.

The following lemma is entirely elementary.

Lemma 3.2. Let (z;;) be a finite matriz of bounded operators on a Hilbert space
H. Let (e;) and (f;) be two sequences of pairwise disjoint projections in B(H).
Then

H ZeixiﬁfjHB(H) = H(”eixijfj”B(H))i,jHB(ég) :

¥
Proof. Let £&,n € H. Then
(€ > e fim) > llewii fill el 11f5m]
(2] 4,J

< ez fillen) e (3 ledl®) (S l1ml?)?

i J

e A )

A

IN

This yields the desired inequality. (I
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Lemma 3.3. Let x € L} (M) and X\ > 0. Then there is an e € P(M) such that

7(e") < [CoA™"|zlpe )™,

[sup* (eSa(@)e), < CO-2)715 [Collall] ¥ A%

Proof. Fix an x € L} (M). Set x, = Sy(x) for n € N. Since S is of weak type
(po, o), given k € Z there is fr, € P(M) such that

T(fi) < [Co27F|llp, )™ and  franfr <28, VneN.

g =\ I}

i>k

Let

Then (gx)kez is a decreasing sequence of projections and
7(gr) < [Co2 ¥ |||, )™ .

Thus limg 400 g = 0. Put g_oo = limp— oo gx- Then g > gr > f,j, and so
9 oo < gt < fy for all k € Z. Put

Qe =gi— g and ec=Y d,.
i<k
Then e = g—0o — gr+1. We claim that
(9% +ex) Tn (950 + er) = enzner.

Since g < fr, by the choice of f,

9EoTn9T o0 = 950 (Frxnfr) 0o < 280t k€
thus letting k — —oo, we get g+ 7,9~ = 0. On the other hand,
g% wnerlloo < g sctng & lewmnenll & =0,
whence
gJ_‘oo:cnek =0= ekxngfoo .
Therefore our claim is proved.
Now let 0 < s < 1 such that sp > py. Set

b= 2%d;.
i<k
Since the d; are disjoint projections, we have

loell, = (3 27%%r(d)”

i<k

(329 [Co2= ], ]7) 7

i<k

VAN

Po

_1 20 s—Po
< C(sp—po) 7 (Collalpy) * 2K,

_1
On the other hand, since the support of by is equal to ey, exb, * can be regarded
as a well-defined operator, and we have

—1 js
exby = 277d;.

J<k
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Thus
_1 _1 _is __ ds
b, *erxnerb, * = g 272272 dxnd; .
1,j<k

Since d; < gi5, < fi41, then by the choice of f;, we get

1 1 i+l g
ldiznd;lloe < ldiwndil|% ldjandsl|% < 275 23
Therefore, using Lemma 3.2 we deduce
-3 -3 1 ok(1
(3.2) (|04 % exznerby 2 ||oo <CO(1—s)"tokd=s)

Note that the sequence (exz,er)n>0 admits the following factorization:
1 _1 _1 1
exTner = b [bk *epTperb, 2] by .

Combining this with the previous inequalities, we obtain

P

[ sup (exner) [, < (1= )" (sp = po) F (Collell) ¥ 2075
Thus the choice of s = (1 + pg)/(1 + p) yields
H sup™ (exzner) Hp <C(1- %)—1—% (C’0||:U||p0)p?D oh(1-52)

Given A > 0 we choose k such that 28 < A < 28+l Then e = gJ;OO + ey, is the
desired projection. O

_1 1
Remark. If we simply use the triangle inequality to majorize ||b,C *eprperb; * ||OO
instead of Lemma [3.2] the estimates in [3.2) become (1 — s)~2. This does not give
the right estimate in (B.1J).
The following lemma is a key step towards the proof of Theorem 3.1

Lemma 3.4. For any x € L} (M) N L} (M),
Poy—1-1 -
[ sup*8a(@)]l, < €1 = Z)717 (Collallp) ™ (Crllaly)”

Proof. Fix x € L} (M) N L} (M), and set z, = Sy(z) as before. Let A > 0.
Choose e € P(M) as in Lemma [3:3 Then

Ty = €Tpe + eane + ear:nel + eLacneL .

Let us first estimate || sup,, etz et||,. Since S is of type (p1,p1), there is an a €
L} (M) such that
lall,, < Cillzll,, and z, <a, VneN.
Thus
etapet <eltaet, VneN.
With r determined by 1/r = 1/p — 1/p1, by the Holder inequality, we have

1 N
”elaeLHp < (T(EL))T ”ale < (CO||$||po>‘ 1) " Cle”pl‘

Therefore .,
Po
Hsgp*(e%nel)ﬂp < (CollzllppA™) ™ Culllp, -
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For the two mixed terms, by the Cauchy-Schwarz inequality in Proposition 2.1l we
have
1
Isup™ (e*ane) ||, < || sup™ (e zne 2 [[sup* (eaae);
n
and the same inequality holds for the other mixed term. Hence, we deduce

Isup*an|l, < 2(|[sup™ (ezne)l, + [|sup™ (e znet)]],)
<c- g)fl*ﬁ(collxl\po) PN 4 C(Collzlp AN T Crllally, -

Choosing A such that

1— 2o

_ _ro
AT = (Collzllpe) *t Cullzlp,
we obtain the desired inequality. O

The previous lemma can be restated as follows.

Lemma 3.5. For any = € L} (M),
|| sup™ Sy (2)]|, < C(1 - p) ey O Nlallp

We will need to interpolate a compatible couple of cones. We refer to [Bel] for
the J- and K-methods in interpolation theory for Banach spaces. Let (By, B;) be a
compatible couple of Banach spaces. Let A; C B; be a closed cone (i = 0,1). Given
0 <6< land1 <g < ocowe can define the J-method for the couple (Ag, A1). More
precisely, (Ao, A1)g,q;7 consists of all x € By + B; which admit a decomposition of
the following form:

° dt
T = / u(t) n (convergence in By + By)
0

with u(t) € Ag N A; such that
Sl dtya
(] 172 ma (Juto) . puoll))* )" < o
We define

[l (A0, A1)0.000 = inf{(/ooo [t—G maX(HU(t)HBO, t||u(t)||31)}q %)%}7

where the infimum runs over all decompositions of = as above.
It is clear that

(Ao, A1)g.q:0 C (Bo, B1)g,q.s » a contractive inclusion.

But in general the norm in (Ao, A1)g,q.s is not equivalent to that of (By, B1)g,q.7
when restricted to (Ao, A1)g,q7. However, this is true for a couple of noncommu-
tative L,-spaces.

Remark 3.6. The following natural inclusion

(LJr (M) L+ (M)) C (LPOHD(M)’LM»% (M))

Po,q0 P1,q1 0,q;J 0,q;J

is isometric.
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Po,90 ,q;J "

Vo Let
° dt
JACE
0 t
be a decomposition of z relative to (Lp, g0 (M), Ly, ¢ (M))
space Ly qo (M) N Ly, 4, (M) such that

(/OO [t77 max ([|u(t)||pg.q0» ¢ u(E)llprar)]” %)% .

0

Proof. Let x € (L}, , (M), L} . (M)
Tr =

9.y With u(t) in the

Then we must find a similar decomposition of z with all u(t) in L} (M) N
+

a.q. (M) without increasing the integral above. Since x > 0, we can assume
all u(t) above to be selfadjoint. Decomposing u(t) into its positive and negative

part, we have
o dt e dt o dt
a::/ u(t)*——/ u(t)*fg/ utyt
0 t 0 t 0 t

Therefore there is a contraction v € M such that

x zv[/ooou(t)Jr%r,

N

and so

yields the desired decomposition of x. ([

We will need the following result from [Hol, which gives the optimal estimates
for the equivalence constants in ([2)). Note that this result is stated in [Ho] for
the commutative L,-spaces only. It is easy to see that the noncommutative result
follows immediately.

Lemma 3.7. Let 1 < py #p1 < o0 and 1 < qo,q1,q9 < 0o. Then the equivalence
constants in the following equality

Lp,q(M) = (Lpo,qo (M), Ly, q, (M))

0,¢;K

are estimated as follows:

C=1om ™G w) (1 - 0)” G 3D o,y < lellogx
1

<co ™) (1 -0 |a),,
Lemma 3.8. The norm of the following inclusion

LP(M) C (Lpoﬁl(M)v Lpl (M))

0,p;J
is magjorized by C (1 — )1 ~1/P.
Proof. This is an immediate consequence of Lemma [3.7] by duality. O

Our last result in this section concerns the real interpolation of the positive cones
L} (M; L) of the spaces Ly(M; lo). Together with Lemma[B.5] it constitutes the
main technical part of the proof of Theorem [3.11
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Lemma 3.9. We have
(L (M o), L (M3 6s0)) -, © L (M L)
and the inclusion norm is < C’G_l+1/p(1 — 9)—1+1/p1'

Proof. Let x € (L;{O(/\/l;éoo),L;f1 (M5£°°))9p-J of norm < 1. Choose u(t) in the
space L (M;lo) N L (M; o) such that

x = /OOO u(t)% and /OOO [t*(’ Jt(u(t))]p% <1

Here we have set
Jt(?J) = max (”yHL;fO(M;éoo)v t ”ZUHL;,*l (M;Zoc))'

In order to prove x € L} (M; L), we use duality. Let y = (yn)n € L;’, (M; £y1) be of
norm < 1. Set a = ) y,. Then ||a|,y < 1. Let K; denote the K-functional relative
to (Lypy (M), Ly (M)), i.e., K¢(+) is the norm of the space L, (M)+tL,, (M). Since
a > 0, for every t > 0 there is a spectral projection e(t) of a such that

le(t)allpy + ¢~ le(t)  ally, < 2K-1(a).
Then

(z,y) = ; T(Znyn) = /O“ ; 7 [t () Y] %
B /ooo S Olel)ne®) + (1) 5ue(0) + eOpe(t) +e(0) e®)]] G-

Since y,, is positive, we have
e(t)yne(t)™ + e(t) yne(t) < e(t)yne(t) + e(t)  yne(t): .

Hence uy,(t) > 0 implies

7 [un () [e(D)yne(t) " + e(t)  yne(®)]] < 7 [un(®)[e(t)yne(t) + e(t) “yne(t) ).
Therefore
dt

@ = 2 [ F rlunOlelmet) + et voett ]

~ / [(ult), w(t)) + (u(t), v()] &
0

P
where
w(t) = (e(t)yne(t))nzo and o(t) = (e(t)lyne(t)L)nZO .
Note that
lw@®)llz,, ey = 1D eOyne)]],, = lle@)ally, -
Similarly,

lo(®)llz,, (mier) = le(®) ally -
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It then follows that

(oo}
@) <2 [ [y csnen 1ol o)

dt

Flu@®llL,, (miew) @Ol (Mstr)] )

<1 () K () &

< 4(/000 [0 7, (ut))]? %)% (/OOO [t 5,1 (a))” %) >

<4 ||a||(Lp6(M),Lp/1 (Moo
By Lemma [3.7] the norm of the following inclusion

Ly (M) C (Lyy (M), Ly (M))o
is controlled by CO~'/7'(1 — §)~1/P. Hence we deduce
(w,y) < CO 7 (L—0) 7 .

Finally, taking the supremum over all positive y in the unit ball of L, (M;¥;), we
obtain the announced result. ]

Now we are in a position to prove Theorem [3.1}

Proof of Theorem Bl Fix z € L (M) such that [z[l, < 1. Let py < ¢ < p.
Let n and ¢ be determined by 1/¢ = (1 —n)/po + n/p1 and (1 — o)n + ¢ = 6.
Applying Remark and Lemma [B.8] with ¢ in place of pg, we deduce that = €
(LI (M), L} (M) and z admits a decomposition

m:/ u(t)ﬂ,
0 t

| e max (@l du@ll)) § < 0o,

p.p;d’?

such that

Set v(t) = u(CJ" C~"t). Then we again have

x/ooov(t)cit.

Therefore, the subadditivity of S implies
dt def

oo
(3.3) S(z) < / S(v(t)) T v
0
Applying Lemma B with ¢ instead of p and by the type (p1,p1) of S, we deduce

max (IS@O 1t ey - SO 15 re)

<Co(1- %) max (C3™" C7 [v(t) g1, tCal[o(t)lp, ) -
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Hence
[ [ max (15O aneny  HISEO 1 veen)) T
Poy—1-21P [T _ dt
< loa -] / [#77 max (G5 " Y o(®) g1, ¢ Callo®)l)]" 5
dt

= ecireta= 2] [T e max (L@l o))"

t
<[eccta-yia-grs)
It thus follows that
y € (Lf(Mils), L (M;ls))

@,p;J

and
1

— Poy—1-1 _1
Yl ppis < CCh 90{’(1—;) Ti(l-p)t.

Therefore, by Lemma [B.9] (applied with ¢ and ¢ in place of pg and 6, respectively),
we deduce that y € L} (M;{) and

1 1 _1,1
YL,y < CCPCT (=) Tap o (1—p) v
< cortor-y-r o
q P
Choosing ¢ such that
L 1_11 1
po ¢ 2'po p’
we get
_ 1 1, -2
9l Lymien) < CCo0CT (— = =)
bo P
This last inequality, together with ([B.3]), implies the desired inequality (31I). Thus
we have completed the proof of Theorem B.11 O

4. MAXIMAL ERGODIC INEQUALITIES

The following is our main maximal ergodic inequality in noncommutative L,-
spaces. Restricted to the positive cone L;(M), it becomes Theorem [0T] i). Recall
that for a map 7" with (0.I)—(0.III), T also denotes its extensions to L,(M) given
by Lemma [T11

Theorem 4.1. Let T be a linear map with (0.1)—(0.II1). Let

n+1 ZTk

M, = M,(

Then for every 1 < p < co we have
(4.1) I sup+Mn(x)Hp <Cplzll,, YzeLy,(M).
n

Moreover, C), < Cp*(p—1)72, and this is the optimal order of Cpasp—1.
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Proof. Decomposing an operator into a linear combination of four positive ones,
we can assume z € L} (M). Now consider each M, as a map defined on Li (M) +
LY (M). Then M, is positive and additive (and so subadditive too). Let M =
(My)n>0. Yeadon’s inequality says that M is of weak type (1,1). On the other
hand, M is trivially of type (0o, 00) with constant 1. Therefore, by Theorem Bl
M is of type (p,p) for every 1 < p < oo with constant C), verifying

1,2
Cpgc(lfg) :

Thus we have proved ([@I)). The optimality of this estimate follows from the op-
timal order of the best constant in the noncommutative Doob maximal inequality
obtained in [JX3] and the following useful lemma due to Neveu, for which the
validity in the noncommutative setting was observed by Dang-Ngoc [Dal.

Lemma 4.2. Let (M,)n>0 be a decreasing sequence of von Neumann subalgebras
of M. Assume that for every n there is a normal faithful conditional expectation
En from M onto M,, such that 70 &, = 7. Let (ay,) be an increasing sequence in
[0,1) with cy = 0. Then the map

T = Z(Oén+1 —an)én

n>0

satisfies all conditions (0.1)~(0.IV). Moreover, given any € > 0 one can choose ()
and an increasing sequence (my,) of positive integers such that

> || Mo, (T) = &a| <,

n>0
where the norm is relative to L,(M) for any 1 < p < co.

Note that if additionally lim, a,, = 1, T preserves the trace 7 since the &,
preserve 7. With the help of this lemma, one sees that the noncommutative maximal
inequality () implies the noncommutative Doob maximal inequality proved in
[Ju] and ¢, < C,, where 6, is the best constant in the latter inequality. On the
other hand, it was shown in [JX3] that the optimal order of 6, is (p—1) 2 asp — 1.
It then follows that the estimate for C), in (&I)) is optimal. Theorem (1] is thus
proved. ([l

Remark. The optimal order of the constant C), in (41]) implies that the estimate
given in (B is the best possible as p — pg (with py = 1). Recall that in the
commutative case the best C,, in (@I is of order (p —1)~! as p — 1. This explains
partly the extra (noncommutative) effort in getting (Z1]).

We will see in section 6 that Theorem H.I] implies that the ergodic averages
(M, (z)),, converge bilaterally almost uniformly for any = € L,(M). However, for
p > 2 the bilateral almost uniform convergence can be improved to the almost
uniform convergence. This improvement will be a consequence of the following
corollary of Theorem[4£1l For the formulation of this result we need further notation
from [Mul DJ1]. Let 2 < p < oo and I be an index set. We define the space
L,(M; €5, (1)) as the family of all (z;);er C Lp(M) for which there are an a €
L,(M) and (y;)ier C Loo(M) such that

x; =ya and sup ||y;lleo < 0.
icl
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(@)l (Msee_(r)) is then defined to be the infimum {sup;c; [|yilleo [lall,} over all
factorizations of (r;) as above. It is easy to check that || ||z, (aee (1)) is @ norm,
which makes L,(M; ¢S (I)) a Banach space. Note that (z;) € L,(M; 5 (1)) iff
(zizi) € Ly (M;loo(D)). U I =N, L(M; L5, (1)) is simply denoted by L;,(M;£5,).

Corollary 4.3. Let T be as in Theorem 1l and 2 < p < co. Then
H(Mn(x))nonLp(M;egc) < \/ CP/2 ||33||p , Vze Lp(M)

Proof. Let © € L,(M). By decomposing « into its real and imaginary parts, we
can assume z is selfadjoint. Since T is positive, so is M,, for every n. Thus by the
classical Kadison inequality [Ka], we have

(M (2))? < Ma(a?).
Thus applying Theorem EIlto ? € L;,/2(M) we get b € L;/Q (M) such that
[bllp/2 < Cpya l|2°lp2 and  My(z®) <b, Vn>0.
Hence (M,,(2))? < b. It then follows that for each n there is a contraction y,, € M

such that M, (z) = y,b'/?. This gives the desired factorization of (My,(z)), ., as

an element in L,(M; ¢5,) and thus proves the corollary. d

The following maximal inequality for multiple ergodic averages is an easy con-
sequence of Theorem [£.11

Corollary 4.4. Let Ty,...,T4 be d maps satisfying (0.1)—(0.1II). Set

1 ng ny
Mnl,,nd:[Hn+1]Z ZT;dlel
j=1 "7 kq=0 k1=0

Then for any 1 < p < oo,
|| sup™ Mnh-u,nd(x)Hp < C{f lzll, , VaeLy,(M)
ny

seee s Md

and for 2 < p < oo,

d
[V, s @), il rtsee, grayy < Copa Nl ¥ @ € Ly(M).

Proof. The first part is obtained from Theorem (1] by iteration. The second is
proved in the same way as Corollary [£3] O

By a standard discretization argument, Theorem .1l and the previous corollaries
imply the following maximal ergodic inequalities for semigroups.

Theorem 4.5. i) Let (T})¢>0 be a semigroup satisfying the conditions (0.I)—(0.I1I).
Let

1 t
Mt:—/TSds, t>0.
t Jo

Then for 1 < p < oo,
|| Slip"_Mt(CC)Hp <Cp HCC”p , VaeL(M)

and for 2 < p < oo,

[(Me(@)) ool atcee @y < \/Corz 2l V@ € Ly(M).
t>01 Ly (Mg (Ry))
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ii) Let (Tt(l))tzo, s (Tt(d))tzo be d such semigroups. Let

1 ) Rt
Mtl,“.,td = mA TSd de /0 T51 dsl.

Then for any 1 < p < oo,
| swpt M @), <Clall, . Va e LM)

t1>0,...,t4>0
and for 2 < p < oo,

d
| (M. 4 (x))tl,“. ,thLP(M;ZgQ(]Rd)) <GP lzllp Ve Ly(M).

Proof. We show only the first inequality in i). Recall that the semigroup (7})¢>0
is strongly continuous on L,(M); i.e., for any x € L,(M) the function ¢ — T;(z)
is continuous from [0, 00) to L,(M), and so is the function ¢ — M;(z). Thus to
prove the first inequality in i) it suffices to consider M;(z) for ¢ in a dense subset of
(0, 00), for instance, the subset {n2~™ : m,n € N}. Using once more the strong
continuity of (73):>0, we can replace the integral defining M;(x) by a Riemann sum.
Thus we have approximately

1 "=l G2
M,o-m(z) = Z/k Ts(x)ds

n2-m =0 2-m

Q

n—1
% > Tia-m(2) = My_y(Tp-n) ().
k=0

Thus by Theorem ] applied to T' = T5-m, we obtain
| sup* My (2)]], < Cy 1l -

Since the subsets {n2™™ : n € N} are increasing in m, by Proposition 21|, we get

H S;llP: MnQ—m(x)Hp < Cp Hx”p :

This is the desired inequality. O

It is easy to show that the ergodic averages in Theorem can be replaced
by many other averages. Let us consider, for instance, the Poisson semigroup
subordinate to (T3):

1 [>e™
(42) Pt = ﬁ A %Tﬁ/élu du.

Recall that if A denotes the infinitesimal generator of (73), then that of (P;) is
—(—=A)Y/2. More generally, given any 0 < a < 1, we can consider a semigroup (P;)
subordinate to (1) via the following formula:

(4.3) P = / o(s)Tys ds,
0
where § =1/« and ¢ is the function on R defined by
o(s) = / exp [stcosf — t* cos(af)] x sin [stsinf — t* cos(ad) + 0] dt,
0

0 being any number in [7/2, 7]. When a = 1/2, (@3] reduces to ([@2). Note that
the infinitesimal generator of (P;) in (£3]) is —(—A)% (see [Yd, IX]).
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Corollary 4.6. Let (T;) be a semigroup verifying (0.1)—(0.I1I). Let 0 < ae < 1 and
(P;) be the semigroup subordinate to (Tt) as in ([@3). Then for 1 < p < oo,

(4.4) H S‘ip-‘rpt(x)”p < Caplally, Ve Lp(M)

and for 2 < p < oo,

H(Pt(x))t>0||Lp(M;£gc(R+)) < O;,p lz|l, , Ve L,(M).

Proof. Let us first rewrite ([{3]) as

o0 o0 d
P=t" / Ot P Tyds =t~ / o(t™Ps) —(sM,) ds.
0 0 ds
Thus by integration by parts,
P, = t*B/ O (tPs)t™Ps My ds = / s¢'(8) Mys, ds.
0 0

Therefore, by Theorem [45] 1), for any x € L,(M),

oo
[sw*Pi@)| <G, [ sle'(s)lasliel,.

It is easy to see that the integral on the right is finite by virtue of the definition of
. Thus we have proved ([@4]). In the same way, we get the second inequality. O

Remark 4.7. Let (T3) be a semigroup as in Theorem [ i). Using Lemma [[.2] and
the preceding discretization argument, one can easily obtain the following weak
type (1,1) inequality: for any x € L7 (M) and A > 0 there is a projection e € M
such that

sup [|eM;(z)e|| <A and T(et) < m
t>0 o) )\

Moreover, M; in the inequality above can be replaced by P; in ({Z3)).

5. MAXIMAL INEQUALITIES FOR SYMMETRIC CONTRACTIONS

The main result of this section is the following, which is a reformulation of
Theorem [0.T] ii) for general elements in L, (M).

Theorem 5.1. Let T be a linear map on M satisfying (0.1)—(0.IV). Then for any
1 < p < oo we have

(5.1) [sup* T @)||, < G llally ¥ € Ly(M),

where C]’g is a constant depending only on p.

This is the noncommutative analogue of a classical inequality due to Stein (cf.
[St1]; see also [St2, Chapter IIT]). Stein’s approach is via complex interpolation. The
main ingredient is the maximal ergodic inequality ([@1l), which allows us to deduce
similar maximal inequalities for fractional averages. We refer to [Sta] (and the
references therein) for more general maximal inequalities based on Rota’s dilation
theorem. (We are grateful to the referee for bringing [Stal] to our attention.) Let us
point out that Rota’s theorem is not sufficiently understood in the noncommutative
setting and hence Starr’s method is not yet available. It is Stein’s original approach
that suits well to the noncommutative setting. Thus we will follow the same pattern
as in [St2, Chapter III]. Throughout the remainder of this section T will be fixed
as in Theorem [B.]]
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We begin by introducing the fractional averages on the powers of T. Given a
complex number a and a nonnegative integer n, set
(a+1)(a+2)-- (a+n)

[& 2
An = n!

and
n

Se=S3T) =D A, TF, Mg=MXT)=(n+1)""S5.
k=0
The M are the so-called fractional averages of the T%. Note that M? = T™ and M}
is the usual ergodic average M, already considered before. Also if « is a negative
integer —m, then
Sy = A ((TF)izo),
where A,, denotes the first difference map on sequences; i.e.,
An(a) = Qap — An-1

for every sequence a = (a,). Then A” = A, (A™~1) is defined by induction and
is the difference map of order m. Here and in the sequel we adopt the convention
that for any sequence (ay)n>0 we put a,, = 0 for n < 0. Since we will only consider
actions of A™ on the sequence (T%)x>0, we will simply put

A7 = AT ((T")i>0)-

Thus M,;™ = (n+ 1)™A™.
We will need a generalization of Theorem [B.11

Theorem 5.2. Let T be as in Theorem Bl with the additional assumption that T is
positive as an operator on La(M) (i.e., (x, Tx) = 7(z*Tx) > 0 for allx € La(M)).
Then for all « € C and p € (1, 00) we have

(5.2) 1 sup+Ms‘(x)||p < Copllzlp, YaeL,(M),
n
where C,, p s a constant depending only on o and p.

It is easy to see that Theorem implies Theorem 5.1l Indeed, applying Theo-
rem to T2 with a = 0, we get

[sup* T2 @), < Gy llall, and [[sup* T*" (@), < G Tall, < G llally

for every x € L,(M). Thus (5] follows.

As already said before, our proof of Theorem will follow the pattern set up
by Stein. The main steps are as follows. First, using Theorem [l we show that
(B2) holds for all complex « whose real part is greater than 1. Then with the
help of the discrete Littlewood-Paley function, we deduce (2] for p = 2 and for
all nonpositive integers «. It is this Lo result which demands the symmetry of T
For interpolation we need to modify slightly this Lo result into another one, i.e.,
to prove (B.2) for p = 2 again and for all complex o whose real part is of the form
—m + 1/2 with m € N. Finally, complex interpolation permits us to conclude the
proof.

We will use the following elementary properties of the A%: for all & € C and
/6 > _1a
(5.3) Ag = AP, A - AT =AY

n—1> AQSCﬁ(n—Fl)ﬁ,
k=0
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where cg is a positive constant depending only on 3 (noting that A2 > 0 when
B > —1). The reader is referred to [Z, Vol. I, Chapter III1.1] for these formulas. The
following estimates on A$ are also well known.

Lemma 5.3. Let a = 3+ iy € C.
i) If B=m+r withm € Z and 0 < r < 1, then |A%Y| < exp(c,~?) |A8].
ii) If 3> —1, then |A%| < exp(csy?) AL.

Proof. We have

[e3

A% ~
L 1+
%8 3 z:: Z +k)

n

Writing A—g = " with u,v € R, we see that
n n R 72 n 1 )
u = ;Re(Log(1+zﬁ+k)) <5 kZIW <7t
The second part is proved similarly. O

The following is an easy consequence of Theorem [T}

Lemma 5.4. Let o =+ iy with 8> 1. Then for all 1 < p < oo,
|| supt M2 (z || < Cp s exp(cay )H:CHP , YaeL,(M).

Proof. Without loss of generality, we assume x > 0. Let (y,) C L;/ (M). Using
Lemma 53 and (53]), we have

n

(M (@)yn)| < (n+1)77 Y JARZ L [T ()ys]
k=0

< G exp(esn®) (n+1)77 ) (n =k + 1) 7T (2)yn]
k=0

< Cp exp(esy®)(n+ 1)) 7[TH(@)yn] = C exp(cgy®) [ M (2)yn)-
k=0

Therefore,

D T (M (@)yn)| < Cp explesr®) > T[My(z)yn]-

n>0 n>0

Taking the supremum over all (y,) C L;r, (M) such that || >, ynlly <1 and using
Proposition 2] iii) and Theorem ], we deduce the assertion. O

Our next step is to prove a similar maximal inequality in Lo(M) for MS with
a=—m+1/2 and m € N. To this end we will need the following inequality on the
discrete Littlewood-Paley square function. Let

Bl'=k(k—1)---(k—m+1)form <k and B =0form > k.
Lemma 5.5. Let m € N. Then for every selfadjoint operator x € La(M),

T[S k(BI AP (2))?] < Cor(a?).

k>m
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Proof. Note that if x is selfadjoint, so is A}*(x) (recalling that T is positive).
Moreover, A}*, considered as an operator on Ly(M), is also selfadjoint by virtue
of (0.IV). Fix a unit selfadjoint € Ly(M). We have

T[S k(BT AR ()] S kB AR ()3

k>m k>m

> k(B e (A7) (),

k>m

where (, ) stands for the scalar product on Ly(M). Observe the following easily
checked formula:

R=T-10)"T . VE>m.

1
Let T = / Adey be the spectral resolution of T' on La(M) (recalling that T is a

0
selfadjoint positive contraction on La(M)). Then

1
(@ (AP @) = [ (0= ANl ena)
0
Since d(x, exz) is a probability measure on [0, 1], it remains to estimate

Z k (BJT_HI)Q (1 _ /\)2m \2k—2m <O+ Cy (1 _ )\)2m Z Bimfl \2k—2m
k>m k>2m—1

< Co b C W21 AP 30 Bt ()2

k>2m—1

< Ot O NP2 (1 NPT (1= X2) 727 <

Therefore the lemma is proved. (I

Lemma 5.6. Let m € N. Then

[| sup™ ((n 4+ 1)™ A7 ( @) ||, < Cm llzll2, V€ Ly(M).
Proof. It suffices to show this for a positive © € Lo(M). To this end let us first
observe the following formula:
n n—1
> Bt (ap —ag—1) = Byt a, — (m+1) Y Bl ay.

k=m k=m

Applying this to ay = AJ*(z), we deduce

(54) BZHJA?( m+ 1 Z Bm m + Z Berl Aerl( )

k=m
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Now let (y,) C Ly (M). Using the convexity of the operator-valued function z
|z|2, we have (recalling that A7*(z) is selfadjoint)

s S e arem)| < (A S mesrein)
< Ut ) Bp AP@) 0]
< (DB AT @) ).
Hence, by Lemma B3, o
S Y B AR <T[<§f<k+1 g 8 Yol

<[ R+ D7 B AR@]) HZy"Hz

k=m

< G llzll2 11 yallz.
n

Similarly,

1 n
S S BT AP @)g)| < Gl [ Sl
n k=m n

Combining these inequalities with (B.4)), we deduce

1 m m
| Sy B 8 @) | < ool | ol

whence .
| Stllp+(n—+1 B AT ()], < Cm Izl -

This is clearly equivalent to the desired inequality. (I
Lemma 5.7. Let x = (z,,) € L,(M;l) and (2n 1 )nx C C. Then

Isup™ Zk: zni|, < sup (Xk: [zn4]) [| sup™ i,

Proof. This is easy. Indeed, given a factorization of x as x; = ayrb, we have

> znrwr=a (D znrye) b
k k

Thus

IN

>
HSlrle : Zn,kkap

lall2p [1Bll2p sup || znsun
n k

IN

lallap [1Bll2p sup [k lloo sUP Y 20 4] -
k n &

This implies the desired inequality. ([
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Lemma 5.8. Let a = 8+ i~ be such that 6 = —m + 1/2 with m € N. Then
I sup+M,‘;‘(x)H2 < Crexp(57?) ||z]l2, V@ € Lo(M) .
n

Proof. Given n € N choose d,, € N such that n/2+1 < d,, < n/2+ 3. Then by
successive use of the Abel summation, we obtain

n d,—1 n
Spo= Y A TR= D" AT TR Y AT T
k=0 k=0 k=dy,
dp,—1 n
= D AT AL, T DAY LA
k=0 k=d,,
d,—1

= Z AN TR+ AR g T0 T+ AYY) Ag o+ ) ARTLAR
d,—1
ZAg IiTk_FZAoH-j 1 fj 1+ Z Aa—i—m lAm

Therefore, by the triangle mequahty and Lemma (.7, we get
| sup™ Mg ()|, < I x 11,
n

where
=2 llswpt(n+ 1)/ 25, (@)
§=0
and
dn—1 atj—1 at+m—1
— |An7dn | |A
II—sup( {Z| ’1<;<mT7k§W}'

By Lemma 5.6, I < Cy, [|z][2. On the other hand, by Lemma B3] i) (c;/2 <5 with
r = 1/2 there) we may estimate IT by

1 dn—1 4o |A,3+ilfl| ‘A6+m 1|
2 - n—dn
Cn exp(577) sup CFSE max kg_o |4, ks max g1 k_zd Grom (-

Now using the following easily verified estimate
|A}] < Cs (k+1)°
for real § (see also [Z], Vol. I, Chapter IH.l]) and by the choice of d,,, we get
| Aﬂ+m 1| n

> kot = n+1 Z m (n+1)"

k=dn =

This gives the desired estimate on the last term in the brackets above. The other
two terms can be estimated similarly. Therefore, 1T < C,,. Putting together all
preceding inequalities yields the lemma. (I

Now we are in a position to prove Theorem



414 MARIUS JUNGE AND QUANHUA XU

Proof of Theorem 52 Write a = 8 + ¢y with 8,7 € R. Choose 8 € (0,1), g €
(1,00), m € Z and b > max(f, 1) such that

1 1-6 6 1

—=——+— and B=(1-0)a+0b witha=m+ _.

p 2 q 2
Let x € L,(M) and y = (y,) be a finite sequence in L, (M) with ||z||, < 1 and
I9llz, (Mmier) < 1. Define

P(l Z)+pz

f(z)—u’| , zeC,

where x = u|z| is the polar decomposition of . On the other hand, by Proposition
2.5 there is a function g = (g, ), continuous on the strip {z € C : 0 < Re(z) < 1}
and analytic in the interior such that g(f) =y and

sup max {[lg(i 1) acanes) - 1901+, o | < 1
S

Now define
F(2) = exp (6(2% — 6%)) Y 7[MI =7 £(2)) gn(2)],

n

where § > 0 is a constant to be specified. F'is a function analytic in the open strip
{z € C : 0 <Re(z) <1}. Applying Lemma .4 when m > 1 and Lemma 5.8 when
m < 0, we have

[F(it)] < exp (5(=* = 6%)) [| (M0 (F i), 1 ey 196D 1 agieny
< Cq exp (=6 + cap )t — 660%) || f(it)||l2 < Co exp ((—0 + cgpq)t* — 06°) .
Similarly, by Lemma [5.4]
|F(1+4it)| < Ca,q exp ((—0 + ¢, )t + (1 — 6%)) .
Choosing ¢ bigger than max(cg b, cj; ). We get

sup max{\F(it)| , [F(1 +it)|} < Cap.
teR

Therefore, by the maximum principle, |F(0)] < Cp g.. Namely,

| Z yn | < Ca D
This yields (B.2]), and thus the theorem is proved. O

We end this section with some direct consequences of Theorem [B.11

Corollary 5.9. Let T be as in Theorem 5.1l and 2 < p < co. Then

Proof. Based on Theorem [B.11 this corollary is proved in the same way as Corollary
4.9l O

By iteration, we get the following.
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Corollary 5.10. Let Ty, ..., Ty satisfy (0.1)~(0.IV). Then for 1 < p < oo,
H sup™ Tqd - T ( H C' deHp, Ve Ly(M)
ng

and for 2 < p < oo,

(T - <(C)E ||zll,, Y& e Ly(M).

mn
T l(x))nl,...,nd ||LP(M;ZgO(Nd))
By discretization, the previous maximal inequalities on contractions imply sim-
ilar ones on semigroups.
Corollary 5.11. i) Let (T3)i>0 be a semigroup verifying the conditions (0.1)—(0.IV).
Then for 1 < p < oo,

[swp* Ti@), < Chllall, . Vo€ Ly(M)

and for 2 < p < oo,

T@), |y aee gy < \/Collly s ¥ @ € Ly(M).

ii) A similar statement holds for d such semigroups.

6. INDIVIDUAL ERGODIC THEOREMS

In this section we apply the maximal inequalities proved in the two previous
sections to study the pointwise ergodic convergence. To this end we first need an
appropriate analogue for the noncommutative setting of the usual almost every-
where convergence. This is the almost uniform convergence introduced by Lance
[L] (see also [Jall).

Definition 6.1. Let M be a von Neumann algebra equipped with a semifinite
normal faithful trace 7. Let x,,z € Lo(M).
i) (x,) is said to converge bilaterally almost uniformly (b.a.u. in short) to
if for every € > 0 there is a projection e € M such that

m(et) <e and lim |le(z, — x)e||o = 0.
n—oo

ii) (z,) is said to converge almost uniformly (a.u. in short) to z if for every
€ > 0 there is a projection e € M such that

m(et) <e and  lim ||(z, — z)ello = 0.

In the commutative case, both convergences in the definition above are equivalent
to the usual almost everywhere convergence by virtue of Egorov’s theorem. However
they are different in the noncommutative setting. Similarly, we introduce these
notions of convergence for functions with values in Ly(M) and for nets in Lo(M).

In order to deduce the individual ergodic theorems from the corresponding maxi-
mal ergodic theorems, it is convenient to use the subspace L, (M;cg) of L,(M; £so).
L,(M;cy) is defined as the space of all sequences (z,,) C L,(M) such that there
are a,b € Lyp(M) and (y,,) C M verifying

Tpn =ay,b and lim [|y,|e = 0.
n—oo
It is easy to check that L,(M;c) is a closed subspace of L,(M;{s) and
[ sup*ay |, = inf {|lall2p sup [yl [0]l2}
n n>0
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where the infimum runs over all factorizations of (z,,) as above. We define similarly
the subspace L,(M;cf) of L,(M;£5,). Note that L,(M;co) (resp. Lp(M;cf)) is
just the closure in L,(M; lx) (resp. L,(M;£S)) of finite sequences in L,(M) for
1 < p < oo. The definition of these spaces is readily extended to any index set
instead of N.

The following simple lemma from [DJI] will be useful for our study of individual
ergodic theorems. We include a proof for completeness.

Lemma 6.2. i) If (z,,) € L,(M;co) with 1 < p < oo, then x, converges b.a.u. to
0.
ii) If 2 <p < o0 and (zy,) € Ly(M;cf), then x,, converges a.u. to 0.

Proof. 1) Let (x,) € L,(M;co). Then there are a,b € Lop(M) and y,, € M such
that
vu=ayb and falzy <1, [Blap < 1, T ]l = 0.

We can clearly assume a,b > 0. Let ¢’ be a spectral projection of a such that
€ 2, L
r(e") < 5 and el < (2)7 .
€
Similarly, we find a spectral projection e” of b. Set e = ¢’ A¢”. Then

r(et) < T(e'J') + T(e”l) <e

and
2.1
llexneloo < |lealloo [[Ynlloo 1bElloe < [[4n]loo ”e,a”oo Hbenuoo < (g)p lYnlloo -
Thus lim,, ||eze|lcc = 0, and so z,, — 0 b.a.u.
i) The proof of this part is similar and left to the reader. O

Now let T be a linear map satisfying the conditions (0.I)-(0.IIT). Let (M),
denote the ergodic averages of T'. Recall that F, denotes the fixed point subspace
of T'in L,(M) and F the projection from L,(M) onto F, (see section 1).

Theorem 6.3. Let T be a map on M satisfying (0.I)—(0.III). Let 1 < p < co and
z € Ly(M). Then (My(z) — F(x)), € Ly(M;co) Moreover, if p > 2, (My(z) —
F(m))n € L,(M;cf).

Proof. Let x € Ly(M). Since (I —T')(L1(M)N Log(M)) is dense in F-, there are
z € (I = T)(L1(M)N Loo(M)) such that

lim || — F(x) — x|, = 0.
k—o0
By Theorem [A.T],

||(Mn(x)_F($)_Mn(xk)) ) SCpHx_F(x)_wkHP'

n||Lp(./\/l;£oc
Thus
;}LH;O (M (zx)), = (Mn(z) — F(z))  in Ly(M; l

L)
Since L,(M;¢p) is closed in L, (M; L), it suffices to show (Mn(xk))n € L,(M;cp)
for every k. To this end consider an arbitrary z € (I — T')(L1(M) N Log(M)). Let
y € L1(M) N Loo(M) be such that z =y — T(y). Then

Ma(2) = —— [y =T w)].
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Since z € Ly(M) for any 1 < ¢ < oo we deduce from Theorem BT that (M, (z))
belongs to Ly(M;{). Choose a ¢ € (1,p). Then by Proposition 20 for any
m < n,

H sup™ M](Z)H

m<j<n

IN

sup HM(Z)HF% H sup™ M(Z)H%
P m<g<n 00 Wi, T

2ylloor1-1 :
Gnrt) 7 llsupr M)l

Let (%) denote the finite sequence (My(x), ..., Mi(z),0,...). The inequality above
shows that the sequence (2(%));>q converges to (M, (2)), in L,(M;ly) as k — oc.
Thus (M, (2)), € Ly(M;co), as wanted.

The second part can be similarly proved. Now we use Corollary 1.3 and the
analogue for the spaces L,(M;c§) of Proposition O

The following is an extension of Yeadon’s noncommutative individual ergodic
theorem [Ye] to all L,(M) with 1 < p < 0.

Corollary 6.4. Let T be a map satisfying the conditions (0.1)—(0.III). Let 1 < p <
oo and x € L,(M). Then (M, (z)), converges to F(z) b.a.u. forl <p <2 and
a.u. for2 < p < oo.

Proof. This is an immediate consequence of Lemma and Theorem O

Remark. Corollary can also be proved by using Yeadon’s theorem. This is
however not the case for the multiple individual ergodic theorem below. We refer
to [Skal for multiple ergodic theorems for commuting operators.

Remark 6.5. Again using Yeadon’s theorem, one can prove that the convergence in
Theorem is a.u. for p = 2.

Proof. Fix x € Ly(M) and € > 0. By decomposing « into its real and imaginary
parts, we can assume that z is selfadjoint. Let (e,) and (d,) be two sequences of
small positive numbers. Then for each m > 1 there are w,, € La(M) N Loo(M)
and z,, € Ly(M) such that

x=F(z)+ym + 2m with Yy =wp —T(wy) and ||zZm|2 < dm-
Since x is selfadjoint, wy,, ¥, and z,, can be chosen to be selfadjoint too. We have
My (z) = F(2) = Mp(ym) + Mn(2m)
and )
([ M (ym) | n+1||w |

Now we apply Yeadon’s weak type (1,1) inequality (Lemma[[2) to 22,. Thus there
is a projection e,, such that

sup HemMn(zfn)emH<>o <&l and T(ep) < e iT(22) <e,ld2, .
n

By Kadison’s Cauchy-Schwarz inequality [Kal], we get

1Moem)enllz, < llemMa(h)em]., -
Thus
sup ||Mn(zm)em||oo <ém -
n
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Let e = A,, eém. Then
T(eh) <Y elon <e
m>1
provided &, and é,,, are appropriately chosen. On the other hand, by the preceding
inequalities, we deduce

[elMa@) = F@le]., < = lumllow + leMo(zm)el

lwimlloo + ll€[emMpn(zm)emlelloo < [wmlloo + €m-

:nJrl n+1

It then follows that

lim sup He[Mn(a:) - F(x)}eHoo <eéem.
Since lim,, €, = 0, we get that lim,,_,q ||e[M,(z) — F(x)]e||cc = 0. Hence, M, (x)
converges to F(z) b.a.u. O

We pass to the multiple version of Theorem and Corollary Let 11, ..., Ty
be d maps satisfying (0.I)—(0.III). As before, set

d

ng ni
Moo= [T] 1“] SN TheTh

! n;
j=1 kq4=0 k=0

Let F; be the projection onto the fixed point subspace of Tj.

Theorem 6.6. Let T4, ..., Ty be d maps satisfying (0.I)—(0.III). Let 1 < p < oo and
x € Ly(M). Then

(Mnlw-,nd(x) - Fd F1($))
and if p > 2,
(Mnl,_“,nd(l‘) - Fd F1($))

Consequently, My, . n,(x) converges b.a.u. to Fy --- Fi(x) as ni,...,nq tend to
00. Moreover, the convergence is a.u. in the case of p > 2.

€ Ly(M; eo(NY))

€ Ly(M; c(NY)).

ni,...,ng>1

Proof. This proof is similar to that of Theorem [6.3] modulo an iteration argument.
We consider only the typical case d = 2. Note that

Mnlﬂw = My, (TQ)MW1 (Tl)
Fix ¢ € L,(M) and decompose x as = Fi(z) + yi + ui with

ye € (I = T1)(Li(M) N Loo(M)), - up € Lp(M),  lurll, <

Similarly, we decompose Fj(x) with respect to To: Fy(z) = Fo(Fi(z)) + 21 + vg
with )

2k € (I — Tg)((Ll(M) N LOO(M)), Vg € LP(M), HUIC”P < E
Applying successively M, (T1) to z and M,,(T3) to Fy(z), we get

My, iy (2) = FoF1 (%) = My 0, (Yr) + Moy ny (ur) + M, (T2) (2) + M, (T2) (V) -

By Corollary [£4]

2

|| sup™ anz(“k)Hp < C2 gl < ?p — 0as k — oo.

ni,n2
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Similarly,
klim H supt M, (T2>(”k>Hp =0.
— 00 no

Therefore, as in the proof of Theorem [6.3] we need only to show
(Mnlﬂlz (yk))nl’n221 € LP(M; CO(NZ)) and (an (Zk))n221 € LP(M’ CO)'

Theorem [6.3]implies the latter. The former is proved by the arguments in the proof
of Theorem [6.3] Thus the first part of the theorem is proved. The second part for
p > 2 is left to the reader.

Then applying Lemmal6.2] to multiple sequences, we deduce the announced point-
wise multiple ergodic convergence. (I

We have the following stronger convergence result for symmetric 7.

Theorem 6.7. Let T be a map satisfying (0.1)—~(0.IV). Assume further that T
is positive as an operator on La(M). Let 1 < p < oo and x € L,(M). Then
(T™(x) — F(x))y belongs to L,(M;co) and to Ly(M;c) if additionally p > 2.
Consequently, T™(x) converges to F(x) b.a.u. for 1 <p <2 and a.u. for2 <p<
00.

Proof. Let us first treat the case p = 2. Write the spectral decomposition of 7"

1
T:/ )\de)\.
0

Note that for any z € (I —T)(L2(M)),
/{iml ex(z) =z in Lo(M).

Given x € Ly(M) choose xy, € (I —T)(La(M)) such that lim ||z — F(z) — zx|]2 = 0.
Then limy_1 ex(x) = 2. Thus replacing xj by ey, (z) with an appropriate A\, €
(0,1), we can assume that z, = ey, (yx) for some y € La(M). Then

Ak
T"(x1) = N'dex(yx), whence | T"(zx)|l2 < Mg llykllz -
0

It then follows that (T"(zx)), € La(M;co) for every k, and so by Theorem (.1
(T™(z) — F(z)), € La(M; ).
To treat the general case we first claim that

lim |T7"(2) = F(2)]l, =0, ¥ € Ly(M).

Indeed, the preceding argument shows that this is true for p = 2. Now let 2 < p < c©
and x € L1(M) N M. By interpolation,

IT"(2) — F(@)llp < IT"(x) — F(@)l|s * |T"(x) - F@)[5

whence lim,, ||T"(x) — F(x)||, = 0. Then our claim in the case p > 2 follows from
the density of Ly (M) N M in L,(M). The case p < 2 is proved similarly.

Now we can easily finish the proof of the theorem. Let z € L,(M). Fix k € N.
Then Theorem [£.1] and the claim above imply

klln()lo (T (T () — F(QU)))nHLp(M;@m) =0
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Note that T (T*(z) — F(z)) = T""*(x) — F(x), and so the sequence (1™ (T*(z) —
F(2))), -, can be considered as the rest of (T"(z) — F(x)), ., starting from the
k-th coordinate. It follows that (7" (xz) — F(x))n>0 € Ly(M;co).

In a similar way, using Corollary 5.9, we show that (7" (x) - F(z)) € L,(M;cf)
for any « € L,(M) with p > 2. O

Remark. If we remove the additional assumption that T is a positive operator on
Ly(M) in Theorem 6.7, then for any x € L,(M) the two subsequences (72" (z)),
and (T?"+1(x)), still converge b.a.u.; however, their limits are not equal in general.

We end this section with the pointwise ergodic theorems for semigroups. Let
(T)¢>0 be a semigroup satisfying (0.I)—(0.III). We denote again by F' the projection
from L,(M) onto the fixed point subspace of (T});>o.

Theorem 6.8. Let (T}):>0 be a semigroup with (0.I)~(0.III). Let (M;);>o denote
the ergodic averages of (Tt)i>0. Let 1 < p < oo and x € L,(M).
i) Then
a) My (z) converges to F(x) b.a.u. for1 <p < 2 and a.u. for2 <p < oo
when t — co.
b) M;(x) converges to x b.a.u. for 1 <p <2 and a.u. for 2 < p < o
when t — 0.
ii) Assume in addition that (T})i>0 satisfies (0.IV). Then
a) Tiy(x) converges to F(x) b.a.u. for 1 <p <2 and a.u. for2 <p < oo
when t — oco.
b) Ti(z) converges to x b.a.u. for 1 < p <2 and a.u. for2 < p < o
when t — 0.

Proof. The two statements a) can be proved similarly as in the discrete case, using
Theorem The main step here is to obtain the semigroup analogue of Theorem
as t — oo, namely, to show that the family (M(z) — F(z)),,, belongs to
Ly(M; c([1,00))) or L,(M;c§([1,00))). Note however that the a.u. convergence
for p = 2 in the first statement a) is shown similarly as Remark [65] using now
Remark €71 We leave this part of the proof to the reader and will show the two
statements b). (The first of them is the noncommutative analogue of the classical
Wiener local pointwise ergodic theorem.)

Let us first consider i), b). Let € L,(M). By Lemma [6.2] it suffices to prove
that (M;(z) —z),_,., belongs to L,(M;co((0,1])) (with respect to t — 0). By the
mean ergodic theorem, we have M;(x) — = when t — 0. Thus by a limit argument
as in the proof of Theorem [6:3] we may assume x = M, (y) for some 0 < ¢ty < 1
and y € L,(M). On the other hand, by the density of L;(M) N M in L,(M), we
can further assume that y € L1 (M) N M. Let 0 < s <t < ty. Then

1 to+s S
L@ o=y [ [ T~ [ Tuwal.
0 LJ¢, 0
It then follows that
25|ylloo
ITs(2) — 2l < =002
0
and so

|Mi(2) - @l <

L”yHOO —0ast—0
to '
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Thus by the interpolation argument used in the proof of Theorem 6.3l we deduce
that the family (M, (z) 7x)0<t<1 belongs to L,(M;co((0, 1])). This proves the first
part of the statement i), b).

The second part for p > 2 can be shown in the same way. The case p = 2 is
dealt with similarly to Remark by virtue of Remark .7

ii), b) is proved similarly by using Corollary .11l and Lemma Indeed, for
x = M,;,(y) as above, we have already proved

lim || 7,(2) — .0 = 0.

Therefore, (My(x) —z),_, ., € Lp(M;co((0,1])). Thus the proof of the theorem is
finished. - O

Remarks. 1) Both statements in Part i) of Theorem [6.8] also hold for p = 1 because
of Remark 7l On the other hand, both Theorem and Theorem admit
multiple versions, similar to Theorem

ii) Using Corollary .0l one sees that the ergodic averages M; in Theorem [6.8] i)
can be replaced by P;, where (P;) is a semigroup subordinate to (7;). This is also
true for p = 1.

7. THE NONTRACIAL CASE

So far we have restricted our attention to the semifinite case only. In this section
we will extend the previous results to arbitrary von Neumann algebras. Despite
the obvious similarity between the statements in the semifinite and the nontracial
cases, we want to point out that the situation for type III von Neumann algebras is
more complicated. This is due to the fact that for a state ¢ the equality p(eV f) <
w(e)+¢(f) is no longer valid, and therefore many (Egorov type) arguments from the
previous section do not apply in this general setting. Our tool for maximal ergodic
inequalities in Haagerup noncommutative L,-spaces is an important unpublished
theorem due to Haagerup, which consists in reducing the general case to the tracial
one. For clarity, we divide this section into several subsections.

7.1. Haagerup noncommutative L,-spaces. The general noncommutative L,-
spaces used below will be those constructed by Haagerup [H2]. Our reference is
[Te]. Throughout this section M will be a von Neumann algebra equipped with
a distinguished normal faithful state ¢, unless explicitly stated otherwise. L, (M)
denotes the associated noncommutative L,-space (0 < p < 00). Recall that Lo, (M)
is just M itself and L; (M) is the predual of M. The duality between M and L; (M)
is realized via the distinguished tracial functional tr on L, (M):

(z,y) =tr(zy), y€Li(M), x€M.

As a normal positive functional on M, ¢ corresponds to a positive element in
Ly (M). In the sequel this element will always be denoted by D, called the density
of ¢ in Li(M). Then ¢ can be recovered from D through the preceding duality:

o(z) =tr(zD) = tr(Dz), z€ M.

We will often use the density of D% MD? in L,(M) for any p € (0,00) and

0 < 6 < 1. Moreover, D%MQD% is also dense in L,(M), where M, is the family
of all elements in M analytic with respect to the modular group of of ¢ (see [JX2|
Lemma 1.1]).
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An important link between the spaces L, (M) is the following external product.
Let 1 = 1—1) + % and z € L,(M), y € Ly(M). Then zy € L, (M) and

lzylly < llllp llyllq -

Namely, the usual Holder inequality extends to Haagerup L,-spaces too. In partic-
ular, the dual space of L,(M) is L, (M) for 1 < p < oo, and we have

tr(zy) = tr(yz), x € Ly(M), y € Ly(M).

The definition of all vector-valued L,-spaces extends verbatim to the present
setting. These include L,(M;ls), Lp(M;LS), Ly(M;cy) and Ly(M;cj). For
instance, L,(M; ) consists of all sequences x = (x,) in L,(M) which admit a
factorization of the following type: there are a,b € Lyy,(M) and a bounded sequence
(yn) C M such that x,, = ay,b for all n. The norm of z is then defined as

2]l 2, (i) = 0f {llall2p 5P [lynlloo [1b]l2p}
n

where the infimum runs over all factorizations as above. We adopt the conven-
tion introduced in section [2] and denote again this norm by H supn+xn’|p. Note
that L,(M;co) (resp. Lp(M;cf)) is again a closed subspace of L,(M;/ls) (resp.
L,(M;(,)). Similarly, given an index set I we define the analogues of these spaces
for families indexed by I.

All properties in section [2] continue to hold in the present setting. However, for
an inclusion L,(N) C L,(M) we will now require the existence of a normal state
preserving conditional expectation from M onto A. Under this hypothesis Remark
still holds. Also note that for the interpolation result in Proposition we use
Kosaki’s interpolation theorem [Kol.

7.2. An extension result. Let T be a map on M. We will assume that T satisfies
conditions similar to (0.I)-(0.IV). More precisely, we will consider the following
properties of T":
(7.I) T is a contraction on M;
(7.II) T is completely positive;
(TI0D) poT < ¢;
(TIV) Toof =of oT for all t € R;
(7.V) T is symmetric with respect to ¢; ie., o(T(y)*z) = @(y*T(z)) for all
x,y € M.
In order to consider maximal ergodic inequalities in L,(M), we need first to
extend a map T with the properties above to a contraction on L,(M) for all 1 <
p < co. The following is the nontracial analogue of Lemma [TT1

Lemma 7.1. Let T be a map on M satisfying (7.1)—(7.11I). Define
T, : D% MD% — D% MD?%,
D%z D% + D% T(z)D% .

Then T, extends to a positive contraction on Ly,(M) for all 1 < p < co. Moreover,
T is normal. If additionally T verifies (7.V), then the extension of Ty is selfadjoint
on La(M).

In fact, the complete positivity assumption can be weakened to positivity. This
result comes from [JX5]. Its proof is much more involved than that of Lemma
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[T The main difficulty is to show the extension property of T;. This extension
is essentially a reformulation of Lemma 1.2 from [HI] into the present setting. We
refer to [JX5] for more details. The following observation is easily checked:

Remark. Let T and T, be as in Lemma [Z1] (T}, also denoting the extension). Let
S =Ty. Then S satisfies (7.1)~(7.II) too. Moreover, S; = T}, for all 1 < p < oo,
where S, is the extension of S on L,(M), guaranteed by Lemma [Z.Il This shows,
in particular, that 7" is normal.

The extension in Lemma[Z.Ilis symmetric with respect to the injection of M into
L,(M). We could also consider the left extension: xD? s T(x)D'/? (z € M).
More generally, for any 0 < 8 <1 we can define

T,p : D' MD» — D% MD>,
1-6 2] 1—-6 6
D7#» xDvr — D» T(x)D»r.
Note that T}, ; /5 is exactly the T}, defined in Lemma [ZTl Assume in addition that
T satisfies (7.IV). Using the equality

1—6 0 1
D> MyDr =M,D?,
one easily checks that
T,

P, = Tp’

“Im. o M, Dv

Thus T, 9 does not depend on 6 (at least when restricted to analytic elements).
Consequently, T}, ¢ extends to a contraction on L,(M). Since we will use this
observation later, we formulate it explicitly.

Remark 7.2. Let T satisfy (7.1)—(7.IV). Then T, ¢ does not depend on 6 € [0, 1]
and extends to a positive contraction on L,(M).

Convention. In the sequel, we will denote, by the same symbol 7', all the maps
T, and T, ¢ as well as their extensions to the L,-spaces in Lemma [T and Remark
[T2] whenever no confusion can occur.

Let T be a map on M with (7.I)-(7.III). We will consider again the ergodic
averages:

1 n
M, = M,(T) = ZT’“.
k=0

n+1

All discussions in section [I] concerning the mean ergodic theorem are still valid now.
Thus T is ergodic on L,(M) for all 1 < p < oo (relative to the w*-topology for
p = 00). We still have the decomposition

Ly(M) = Fy(T) @ Fp(T)*,
with F,(T) = {x € L,(M) : T(xz) = z}. In the previous sections, we used several
times the fact that (I —T)(L1(M)N M) is dense in F,(T)*. Now this fact should
be changed to the following: D3 (I-T)(M) D3 is dense in Fp(T):. I T further

satisfies (7.IV), this dense subspace can be replaced by D%Q(I —T)(M,) D¥ for

any 6 € [0, 1], which is equal to (I —T)(M,) D7 too. The easy verification of these
facts is left to the reader. As before in the tracial case, the projection from L, (M)

onto F,(T') will be denoted by F' for any 1 < p < co. Again F is normal as a map
on Lo (M).
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The discussion above is readily transferred to semigroups. Let (T%) be a semi-
group of maps on M satisfying (7.I)~(7.III) (i.e., each T} satisfying (7.I)-(7.III)).
Then (T}) extends to a semigroup of positive contractions on L, (M) for 1 < p < oc.
We will assume that (73) is w*-continuous and Tj is the identity. Then (73) is
strongly continuous on L, (M) for every p < co. Again the fixed point projection
of (T}) is denoted by F. Then the mean ergodic theorem asserts that M;(x) con-
verges to F'(z) ast — oo for all z € L, (M) (relative to the w*-topology for p = c0),
where M, denotes the ergodic averages of (T}).

The following extends a well-known result in the commutative case to the present
situation.

Remark 7.3. Let T be a map on M verifying (7.I)—(7.III). Assume in addition that
poT = . Then Foo(T) is a von Neumann subalgebra of M, and F' is the normal
conditional expectation from M onto Foo(T') such that p o F' = ¢.

Proof. First note that under the assumptions above, both T" and F' are unital and F’
preserves the state ¢. Thus F'is a normal unital completely positive projection from
M onto Foo (T). Consequently, Foo(T') contains the unit of M and is closed under
involution, and so Fu.(T) is a w*-closed operator system. Therefore, it remains to
show that F(T) is closed under the product of M.

To that end we will use the following formula from [ChE|] (formula (3.1) there),

(71) F(aF(z)) = F(ax) and F(F(x)a)=F(za), Va€ Fuo(T), € M.
Let us consider the pre-adjoint of F, F, : M, — M,. We claim that
F.(zp) = F(z)p, YzeM.
Indeed, since p o F' = ¢, given y € M, by (1) we have
Fozo)y) = zo(F(y)) = ¢(F(y)r) = ¢[F(F(y)z)] = ¢[F(F(y)F(x))]
= @lF(yF(z))] = o(yF(z)) = [F(z)e](y)-
Now let a,b € Foo (T). Then Fi(abp) = F(ab)p. On the other hand, for any x € M,
F(abp)(z) = @(F(x)ab) = o[F(F(x)ab)] = ¢[F(F[F(x)a]b)]
= ¢lF(F(za)b)] = ¢[F(zab)] = p(zab) = [abg](x).

Hence, Fi(abp) = abp. It thus follows that F'(ab)y = abp. Then the faithfulness
of ¢ implies that F'(ab) = ab, and so Foo(T) is stable under multiplication, as
desired. 0O

7.3. Maximal ergodic inequalities. The following is the extension of Theorems
1] and 5T to the nontracial case.

Theorem 7.4. i) Let T satisfy (7.1)—(7.1IV). Let (M,,) denote the ergodic averages
of T. Then for any 1 < p < oo,

[sup* M@, < Cpllally ;@ € Ly(M).

i) If T further satisfies (7.V), then
[sup*T" ()|, < Cp llall, , @ € Ly(M).

Here C), and C,, are respectively the constants in A1) and (B.1)).
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Remark. Compared with Theorems [£.I] and £.1] in the tracial case, the assumption
in Theorem [Z.4lis a little bit stronger, namely, the positivity of T' in those theorems
is now reinforced to the complete positivity (7.1I). It is likely that this is not really
needed.

As in the tracial case, Theorem [(.4] immediately yields the following two corol-
laries.

Corollary 7.5. Let T satisfy (7.1)~(7.IV) and 2 < p < co. Then

||(Mn(x))n20||Lp(M;£gc) < G2 lizllp . Vae LyM).

If additionally T has (7.V), then

1T (@) 50l ptiee ) < A/ Clor2llzllp s ¥ @ € Ly(M).
Corollary 7.6. Let (T;) be a w*-continuous semigroup of maps on M satisfying
(7.1)—(7.IV). Let
1t
M, = - / Tsds, t>0.
t Jo

Then for any 1 < p < oo,
| sup* MyGo)]l, < Cy el . € Ly(M)

and forp > 2,

M) 2ol 1, atiee ey S/ Corzllzll s V@ € Ly(M).
If additionally each T; satisfies (7.V), then
I T, < Chllel @ € Ly(a)

and forp > 2,

H(Tt(x))t>OHL,)(M;ZgO(]R+)) =/ Clopllzlly s Ve Ly(M).

Although they are not stated here, all other inequalities in sections @ and
continue to hold for Haagerup noncommutative L,-spaces. We omit the details.
The rest of this subsection is devoted to the proof of Theorem [(.4l It relies in a
crucial way on Haagerup’s reduction theorem [H3]. We will need the precise form
of Haagerup’s construction that we recall very briefly below.

Let G denote the discrete subgroup J,,,~; 27™Z of R. We consider the crossed
product R = M x4+ G. Here the modular automorphism group o is also regarded
as an automorphic representation of G on M. As usual, M is viewed as a von
Neumann subalgebra of R. Let @ denote the dual weight of ¢. Since G is discrete, @
is a normal faithful state on R and its restriction to M coincides with ¢. Moreover,
there is a normal faithful conditional expectation ® from R onto M such that

$o®=3 and ofo®=Poo?, teR

Then Haagerup’s reduction theorem can be stated as follows.
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Theorem 7.7 (Haagerup). With the notation above, there is an increasing sequence
(Rm)m>1 of von Neumann subalgebras of R satisfying the following properties:
i) each Ry, is equipped with a normal faithful tracial state 7, ;
i) Ups1 Rm s w*-dense in R;
iii) there is a normal faithful conditional expectation @, from R onto R, such
that

po®, =0 and afo@m:@noaf, teR.

We refer to [H3] for the proof. [JX5] reproduces Haagerup’s proof and presents
several applications of Theorem [l

In the situation above, L,(M) and L,(R,,) can be regarded naturally and iso-
metrically as subspaces of L,(R). Moreover, the conditional expectation ® (resp.
®,,,) extends to a positive contractive projection from L,(R) onto L,(M) (resp.
L,(Ry)) (see [JX2]; this is also a particular case of Lemma [TI]). On the other
hand, U,,>; Lp(Rm) is dense in L,(R) for p < oo, and the sequence (®,,) is in-
creasing. Thus (R,,) gives rise to a martingale structure on R, and consequently,
given z € L,(R) with 1 < p < o0, ®,,(z) converges to z in L,(R) as m — occ.

Let us also observe that by Remark applied to Haagerup spaces, L, (M; ()
and L,(R; ¢s) are isometrically subspaces of L,(R;lx).

For the proof of Theorem [[4l we will further need the following result from [JX5].

Lemma 7.8. Let T be as in Theorem [(.4].

i) Then T has an extension T to R which satisfies (7.1)~(7.IV) relative to
(R, ®). Moreover, if T verifies (7.V), so does T relative to .

o~

i) T(Rm) C Rm and 7y o T < 7y for all m > 1.
Now we are ready to show Theorem [Z.4]

Proof of Theorem [[4l Fix 1 < p < oo and x € L,(M). We consider x as an ele-

ment in L,(R) and then apply the conditional expectation ®,, to it: xmdgq)m (z) €
L,(R.,). Note that T‘R satisfies the conditions (0.I)—(0.III) relative to 7,,,. So

we can apply Theorem @ to T’ on R, and get
[ sup™ My, (T) (@), < Cp 2], , ¥meN.

By the martingale convergence theorem recalled previously,

lim z, =2z in L,(R).
m—00

Consequently,
lim 7*(z,) =2 in L,(R), Vk=>O0.

On the other hand, it is clear that the norm of L,(R; /%) is equivalent to that of
07 (Ly(R)) for each fixed n. We then deduce that

lim || sup™ Mk(f)(azm)Hp = || 1831?: \Mk(f)(f)‘np .

Mm—00 1 1<k<n

However, since 2 € L,(M),
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Therefore, we deduce

H sup™ Mk(T)(a:)Hp <Cplzll,, YneN.
1<k<n

Thus, by Proposition 2.1l and Remark 23] we have
| sup* Mo (D) @), < Cy il

This shows the first part of Theorem [[.4l The second part is proved similarly. [

7.4. Individual ergodic theorems. In this subsection we consider individual
ergodic theorems in Haagerup’s noncommutative L,-spaces. As mentioned earlier,
the situation is more complicated than that in the tracial case. One of the reasons is
that the elements in L, (M) are no longer closed densely defined operators affiliated
with M but affiliated with a larger von Neumann algebra, namely the crossed
product M x,» R. We first need to introduce an appropriate analogue of the
almost everywhere convergence for sequences in L,(M). There are several such
generalizations. Here we adopt the almost sure convergence introduced by Jajte
[Ja2] (following ideas from [DJ2]). In the L..-case, we continue to use Lance’s
almost uniform convergence.

Definition 7.9. i) Let z,,x € M. x, is said to converge almost uniformly (a.u.
in short) to z if for every € > 0 there is a projection e € M such that

pler) <e and lim [|(z, —z)e| 0 = 0.

ii) Let @,z € L,(M) with p < oo. The sequence (x,,) is said to converge almost
surely (a.s. in short) to x if for every £ > 0 there is a projection e € M and a
family (a, k) C M such that

plet) < e and :cnf:c:Zamk Dv, lim HZ(anyk e)”OO =0,
=1 n—oo ko1

where the two series converge in norm in L, (M) and M, respectively.
iii) Similarly, we define bilateral almost uniform (b.a.u.) convergence and bilat-
eral almost sure (b.a.s.) convergence. Note that for the latter we use the symmetric

injection of M into L,(M) : a — D q D3,

The following nontracial analogue of Lemma is obtained in [DJ2]. For the
sake of completeness we provide a simplified proof.

Lemma 7.10. i) If (x,) € L,(M;co) with 1 < p < 0o, then x,, converges b.a.s. to
0.
ii) If 2 <p < o0 and (z,) € Ly(M;cf), then x,, converges a.s. to 0.

Proof. Suppose (z,,) € L,(M;cp). Then there are a,b € Ly, (M) and y,, € M such
that

Tn = ay,b and HCLH2P <1, Hb”Qp <1, nlglgo [¥nllos = 0.
By the density of D M in Ls, (M), there are ap, € M such that

a= ZDﬁak and ||Dﬁak||2p <27k,
E>1
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Similarly,
b= b0xD% and |bD% ||
k>1

—k
oy < 27"
Thus
1 i .
T, = Z Dzra,y,bpyD? converges in L,(M).
J.k
By the Holder inequality,

vlagay,) = ’D%akaZD%HI < HDﬁakaZDﬁ Hp <272

In the same way, p(b;bi) < 272k, Now let ¢ > 0. Then by [Jall Corollary 2.2.13],
there is a projection e € M such that
plet) <e and max {|learajel, |[ebfbreloc} <8e7P27F | VE>1.

Therefore,

Z ”eajynbkenoo < e ! HynHOO[ZQ—k/Z]Z ’

Jik=1 k
whence the double series 3, ; (ea;ynbre) converges absolutely in M and
nlLII;OZ ea;ynbre = 0.
Jik
Hence z,, — 0 b.a.s. The second part is proved similarly. O

Theorem 7.11. i) Let T be a map on M satisfying (7.1)~(7.1V). Then (M, (z) —
F(:L'))n € L,(M;cp) for 1 <p < oo and x € L,(M). More generally, let Th, ..., Ty
be d such maps and let

Moy, .. ng = Mn,(Tq) -+ My, (Th) .
Let Fy, be the projection on the fixed point subspace of Ty,. Then
(Mnlnd(x) —F; - Fl(x))nl,...,nd21 S Lp(M;co(Nd)),
forallz e L,(M), 1 <p< oo and
(My,, ... na(x) — Fy -+ Fi(z))

for allx € Ly(M), 2 <p < 0.

ii) If the Ty further verify (7.V) and are positive operators on Lo(M), then in
the statement above the iterated ergodic averages My, .. n, can be replaced by the
iterated powers T;¢ ---T)".

€ Lp(M; c§(N)),

ni,...,ng>1

Proof. 1) Let 1 < p < oo and = € L,(M). By the discussion following Remark [7.2]
we can find y € M and
1 1
a, = D (y, — T(yx)) D
such that

klim |z — F(z) — x|, =0.

We have

1 1 1
M, = —— D [y, — T D=
(k) nt1 [yk (yk)]
and so (Mn(xk))n € L,(M;cp). Then as in the proof of Theorem [6.3, we deduce

that (M, (z) — F(z)) € Ly(M;co).

n
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Now assume 2 < p < oo. Then by Remark [[.2] the x; above can be defined by
S
rp = (yp — T(yr)) D> with y € M, .

Then (M (xy)), € Ly(M;cf), and so (M, (z) — F(z)) € Ly(M;cf).

Iterating the arguments above as in the proof of Theorem and using the
Haagerup space analogue of Corollary 4 we obtain the result for the multiple
ergodic averages.

ii) In the case of one contraction, this part is proved in the same way as Theorem
The general case is dealt with by iteration. We omit the details. O

Corollary 7.12. With the assumption and notation in Theorem [[11] 1), for any
1<p<ooandz € Ly(M),
lim My, . n,(x)=F4-- Fi(z) b.as.;

ni—00, ..., Ng—00

if p > 2, the convergence above is a.s. With the same assumption as in Theorem

[[111ii), we have
lim Tyt - T/ (x) =Fy --- Fi(z) b.a.s.

N1—00, ...y Bg—00
for x € Ly(M) and 1 < p < co. Again the convergence is a.s. for p > 2.

Remarks. i) Combining the preceding arguments with those in the tracial case in
section [G] we easily show that Theorem continues to hold in the present setting
of Haagerup L,-spaces with a.s. convergence in place of a.u. convergence, as in
Corollary above.

ii) Using Goldstein’s maximal weak type (1,1) inequality ([Gol; see also [Ja2l
Theorem 2.2.12]), we can show that the first part of Corollary remains true
for p=1and d =1 (i.e., for only one contraction).

iii) Jajte [Ja2] states a multiple individual ergodic theorem in La(M) (Theorem
2.3.4 there), which corresponds to the first part of Corollary in the case of
p = 2. His proof uses in an essential way his previous Theorem 2.2.4. Based upon
an iteration using Goldstein’s maximal weak type (1, 1) inequality, the proof of the
latter theorem seems, however, to present a serious gap.

Corollary [[.12] excludes the case p = oo, so does not allow us to recover all
previous results by Lance [L], Kiimmerer [Kii], etc. This situation can be easily
remedied. This is done by virtue of the following simple lemma (see also [DJ2]):

Lemma 7.13. Let 1 <p < oo and x, € M. Then
(Dﬁanﬁ)n € L,(M;¢p) = z, — 0 bau.,
(an%)n € L,(M;c5) = z,—0au.
Proof. Assume (D%Panﬁ)n € L,(M;cp). Choose a,b,yn,ar and by exactly as

in the proof of Lemma [TT0 (with D% x,D% = aynb). Next for each n choose an
integer k,, such that

kn
|D% D% — Y DFajy,bD¥ || <47
jk=1
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Set

k”‘l,
Zn = Tpn — Z ajynbk'
Jik=1
Then
1 1 1 1
[D52,0b), < [DHzDH], <47

Let u,, and v, be respectively the real and imaginary parts of z,. Then the in-
equality above holds with w,, and v,, instead of z,. Now we apply [HI, Lemma 1.2]

already quoted previously and reformulated in our setting as in [JX5]. We then
find ), u € My such that u, = u), — u, and

40,04, = |40, + DA, = ol + ot
Similarly, we have v}, and v/ for v,. Thus
P(up) +o(uy) <47, p(v) +p(vy) <477
Now given € > 0, applying [Jall Corollary 2.2.13] to the family
{anal, by, ul,, ul, v, vi @ neN},
we get a projection e € M such that p(et) < e and
max {|leanaselloo, [[€b,bnelloo, leunellos, [leurellos, llevnelloo, llevyellos
<16et2™m

for all n € N. Therefore,
k

leznelloa < lleznelloc + H Z eajynbkeHoo
J.k=1
kW,
/ " / "
< le(uy, —up)elloo + le(vr, = v})elloo + > leaynbrello
J,k=1
< 6427 1166 gl [ D27 — 0as - oo,

E>1

Thus z, — 0 b.a.u. The proof of the second part on the a.u. convergence is
similar and even easier (without appealing to Haagerup’s Lemma). Thus we omit
the details. O

The first part of the following is well known (cf., e.g., [Jal]).
Corollary 7.14. Let T, ..., Ty satisfy (7.1)—(7.IV) and let

M, ....ng = Mn,(Ta) -+ My, (T1) .
Then for any x € M,
m%oo’li“r‘r’lndﬂoo My, . ny(x)=F4--- Fi(z) a.u
If Ty, ..., Ty additionally have (7.V), then
nlﬁoolirnndﬁOo Ty - - T{" () = Fyq - Fi(z) a.u

Proof. This immediately follows from Theorem [.11] and Lemma [Z.13] O
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Remark. In the case of d = 1, the first part of Corollary [[.14] permits us to recover
Lance’s theorem. However, compared with Kiimmerer’s theorem, our hypothesis is
stronger since Kiimmerer assumed only that T is a positive contraction verifying
(7.I1I). We do not know whether all ergodic theorems in this section hold for such
contractions or not. In particular, is Theorem [4] true for a positive contraction T'
satisfying (7.1II) (and (7.V))?

Remark. Asin the tracial case, all the preceding individual ergodic theorems admit
semigroup analogues.

8. EXAMPLES

We will give some natural examples to which the results in the previous sections
can be applied.

8.1. Modular groups. The very first examples are modular automorphism
groups. Let ¢ be a normal faithful state on a von Neumann algebra M. Let
of be the modular group of ¢. Then T; = of satisfies the properties (7.1)—(7.IV).
On the other hand, (7.V) is equivalent to p(of (y)z) = ¢(yo?,(z)) for all z,y € M
and ¢t € R. Thus applying Corollary [T.8l we get that for 1 < p < oo,

1 t
I s%p+g/0 o (2)ds||, < Cyllall,. V€ L(M).

Note that the fixed point subspace Fo, of (07 ) coincides with the centralizer M., of
¢. Consequently, F, coincides with L,(M.,,), considered as a subspace of L,(M).
Thus applying the results in subsection 7.4, we deduce that the ergodic averages

1 t
= / o?(x)ds
tJo

converge b.a.u. to x (resp. F(z)) ast — 0 (resp. t — o0) for all x € L,(M)
and 1 < p < co. Moreover, the convergence is a.u. in the case of p > 2. Let us
consider a state p(x) = Ax1; + px22 on the matrix algebra My of 2 X 2 matrices,
where 0 < X\ # 1 < 1. Then we see that of(e12) = e**~#) e, is not convergent
for t — oo. At least in this case it is obvious that the symmetry condition (7.V) is
really necessary.

8.2. Semi-noncommutative case. Let (€2, F, 1) be a o-finite measure space and
N be a von Neumann algebra equipped with a semifinite normal faithful trace v. We
consider the von Neumann algebra tensor product (M, 7) = (Lo (), u)R(WN,v).
(Note here that p is understood as a trace on L, (2) via integration.) Given p < co
the corresponding noncommutative L,(M) is just L,(; L,(N)), the usual L,-
space of strongly measurable p-integrable functions on € with values in L, (N).
Now let (S;) be a semigroup on L,(2) satisfying the conditions (0.I)—(0.III) (with
M = L () there). Then T, = I ® S; is a semigroup on L,(M) verifying the
same conditions. Moreover, if S; is symmetric, so is 7;. Thus we can transfer
all classical semigroups to this semi-noncommutative setting and obtain the cor-
responding ergodic theorems. In particular, applying this procedure to the usual
Poisson semigroup (P;) on the unit circle T or on R™, by Corollary 6], we get

| stip+I® Pt(x)Hp <Cplzlp, € L,(R™LyN)), 1<p<cc.
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For p = 1 we also have a weak type inequality (see Remark 7). These results
were also proved by Mei [M] using a different method. Moreover, he obtained the
nontangential analogue (for the upper half-plane) of the inequality above. Note
that in this discussion, the usual Poisson semigroup on R™ can be replaced by the
Poisson semigroup subordinate to the Ornstein-Uhlenbeck semigroup on R™.

The situation above readily extends to the nontracial case. Assume that p is a
probability measure and A/ a von Neumann algebra equipped with a normal faithful
state ¥. Then the tensor product M is equipped with the tensor state ¢ = u ® .
This allows us to apply the ergodic results in section [ to this semi-noncommutative
setting.

8.3. Schur multipliers. Let M = B({3). Then the associated noncommutative
L,-spaces are the Schatten classes S,. The elements in .S}, are represented as infinite
matrices. Let ¢ be a function on N x N. Recall that ¢ is a Schur multiplier on S,
if the map My : « — (¢;r2;1), defined for finite matrices x, extends to a bounded
map on S, (which is still denoted by My).

Let us consider a function f : N — H, where H is a real Hilbert space, and the
associated kernel

K, k) =) = f®)I, 4,k €N.
We are interested in the semigroups (73) and (FP;) of Schur multipliers, which are
determined by

Ti(ejk) = e_tK(j’k)erk and Pi(ejr) = e_tK(j’k)ejk,

where the e;;,’s stand for the canonical matrix units of B(¢3). It is well known that
these are completely positive contractive semigroups on B(¢3). Indeed, let u be a
Gaussian measure on H, i.e., a probability space (€2, 1) together with a measurable
function w : 0 — H such that

exp (— ||h]]*) = /Qexp (i(h, w(w))) du(w), h € H.

Given w € €2, t > 0 we consider the diagonal matrix D;(w) with the diagonal matrix
with entries exp (ivt (f(j), w(w))), j € N. Then it is easy to see that

(8.1) Ti(z) = /QDt(w):th(w)* du(w), x € B(fs).

Since D;(w) is unitary, this formula shows that T} is a completely positive contrac-
tion on B(¢3). In fact, (8] is the Stinespring representation of T;. The semigroup
(T}) satisfies all properties (0.I)-(0.IV) with M = B(f2) and 7 being the usual
trace on B(¢s). Since (P;) is the Poisson semigroup subordinate to (73) via (£2]),
(P;) has the same properties. Thus these semigroups extend to symmetric positive
contractive semigroups on S, for 1 < p < oo.

Thus we have the maximal inequalities in Theorem 1l and Theorem B1] for (73)
as well as ([@4) for (P;). Note that in this situation the a.u. convergence reduces
to the uniform convergence in B({s).

8.4. Hamiltonians. In this subsection, M is semifinite and equipped with a nor-
mal faithful semifinite trace 7. Let L € Lo(M) be selfadjoint. We consider the
Hamiltonian semigroup given by the generator ad L:

adL(z) = Lz —xL, x€ M.
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Note that
(ad L)*(x) = L?x + 2L* — 2Lz L.
Set
T, = e~t@d D) ang P, = e tld Ll
It is again well known that these are completely positive contractive semigroups
on M (see [Par, Example 30.1]). Since (F;) is the Poisson semigroup subordi-

nate to (T3), it suffices to show this for (7;). In fact, (73) admits a Stinespring
representation similar to (81]):

(8.2) Ty(x) = E[eV9Fge VIIL] | 4 e M,

where ¢ is a Gaussian variable with mean zero and variance v/2 and E denotes the
expectation with respect to g. To check this, let us first write the spectral resolution

of L:
o0
L:/ Adey.
— 00

Let R > 0 and e be the spectral projection of L corresponding to the interval
[ R, R]. Consider z € M such that x = exe. Then

(8.3) L7 L*|| < R7*F|zl, ¥ j,k>0.

A simple induction shows that
(ad L)"(z) = (-1)" > _(~1)kCF LraL" ",
k=0
Now consider the formal power series representation

E[ei\/szxefi\/{gL] — E] i (iVt)! (—ivt)* gLz}

=il

_ Z(_ln)'ntn Z %(_1)ijka

n=0 ’ Jj+k=2n

= > P (e = 000 ),
n=0 '

Note that the series above are absolutely convergent due to (83). Thus B2) is
proved for all z € M such that x = exe. However, the left-hand side of (82)
defines a normal contraction on M because exp(iv/t g(w)L) is a unitary in M for
every w. On the other hand, limpr .o I_g, g)(L) = 1 weakly in M. By the w*-
continuity, we see that ([82) is true for all z € M. ([B2) also shows that T} preserves
the trace 7. On the other hand, since (ad L)? is positive on Ly (M), T} is symmetric.
Thus the semigroup (T}) verifies (0.I)—(0.IV).

Remark. Let us consider a particular case where M = B(¥2) and L is a real diagonal
matrix with diagonal entries (Ao, A1, --+). Then

lad L|(z) = (|A; — )‘k|xjk)j,k'

Thus |ad L| becomes a Schur multiplier and so (73) reduces to the semigroup already
considered in the previous example with H = R and f(j) = ;.
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8.5. Free product. Let (M,, ;)icr be a family of von Neumann algebras, each
equipped with a normal faithful state ;. Let

(M, @) = xicr (M, ;)

be the von Neumann algebra reduced free product (cf. [V] and [VDN]). Recall
that ¢ is a normal faithful state on M. If all ¢; are tracial, so is ¢. Now for every
i € I let a w*-continuous semigroup (7} );>0 on M; be given satisfying the following
conditions:
i) T} is unital;

i) o T} = ¢

iii) 77 is completely positive.
As usual, we always assume T} = idaq,. Then by [BID] (see also [CL]) it follows
that for each t the family {7} };c; defines a completely positive unital map T} on M,
preserving the state ¢. T} is uniquely determined by its action on the monomials:

Ti(xy -+ xp) = Ttil(xl) TZ"(xn)

for any 21, ..., x, with 2, € M¢_and iy # iy # - # in, where M{ = {x € M, :
@i(z) = 0}. T, is called the free product of the family {7}};c; and is denoted by
T; = #;c1 T;. Then it is easy to see that (T}) is a w*- continuous semigroup on M.
Thus this semigroup satisfies the conditions (7.I)—(7.11I). By Lemma [T (7}) and
(T}) extend to norm continuous semigroups respectively on L,(M;) and L, (M) for
all 1 < p < o0.

Recall that the modular group of is the free product of the modular groups o{*,
i € I (cf. [Dy]). Thus if each T} satisfies (7.IV), so does T;. On the other hand, it
is clear that the property (I.V) is also stable under free product.

Let us consider one special case. Note that M; = Cl g, & M. Let T} : M; —
M, be defined by

i . i —t-
Ttl|<c1Mj =idciy,, and Ty =e "idpme, t2>0.

‘M;’
Then it is easy to check that (T}) verifies the conditions i)-iii) above; moreover,
T} is symmetric relative to ¢;. The corresponding free product semigroup (73) is
uniquely determined by

Tt(xl e xn) = efntxl e Ty,

for any xq, ..., z, with zx € M§ and iy # i # .-+ # i, with n € N. This is
the free analogue of the classical Poisson semigroup on the unit circle. It plays an
important role in [RX].

The fixed point subspace of (T}) above is simply Clq. Let us briefly discuss
the pointwise convergence in this case. Every element x € M admits the following

formal development:
EORD DD DR ERE
n>1iy# iy

where x, € M5, . Then

Ti(z) = p(z) + Ze*"t Z Ty Ty

n>1 i1 - Fin
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Thus by the results in subsection 7.4,
limTy(z) =2 and lim Ti(z) = ¢(x) a.u.
t—0 t—o0o

A similar result also holds for « € L,(M) with 1 < p < c0.

8.6. Group von Neumann algebras. Let G be a discrete group. Let VN(G)
denote the group von Neumann algebra of G. Recall that V N(G) is a von Neumann
algebra on ¢3(G) generated by the left regular representation A. Let 7¢ be the
canonical faithful tracial state on VN(G); i.e., 7¢ is the vector state given by the
unit basis vector d., where e is the identity of G and where {d,}4cc denotes the
canonical basis of £2(G).
Now we assume that G is equipped with a length function, denoted by |-|. More

precisely, | - | is a positive function on G satisfying the following conditions:

i) le| = 0;

i) |g7!| = |g| for any g € G;

i) if d(f,g) = 3(|f1 + lg] — | fg~1]), then for all f,g,h € G,

d(f,g) =z min{d(f,h), d(h,g)}.

Bozejko [Bol] proved that g — e~ !9l is a positive definite function on G (see also
[Bo2]). Thus the associated Herz-Schur multiplier T is a normal completely positive
unital map on VN(G). More precisely, T; is given on polynomials by

Tt(z ag )\(g)) = Z el ag Ag).

Moreover, T; preserves the trace 7g. Thus by Lemma [Tl (7}) extends to a semi-
group on L,(VN(G)) for all 1 < p < co. Note that if G = Z, then VN(G) = L (T)
and T; becomes the usual Poisson semigroup on T.

More generally, it is proved in [Bol] that for any 0 < o < 1 the function g —
e~t91” is positive definite on G. It follows that

P(Y ag\g) =D e 1" agA(g)

defines a completely positive unital trace-preserving semigroup on VN(G). This
last statement also follows from the previous since (P;) is subordinate to (T3) by
@3).

Now let us specify the situation above to free groups. Let G be a free group,
say, G = F,,, a free group on n generators {gi, ..., gn} (n can be infinite). Let | - |
be the length function with respect to {g1, ..., g»}. Then the fact that et is a
positive definite function on F,, goes back to Haagerup [H4]. Note that this is also
a special case of the free product in the previous example. Indeed, writing F,, as
the reduced free product of n copies of Z, we have

(VN(Fn)’ 7—]17") *1<k<n (LOO(T), Tz).

Then the semigroup on F,, appears as the free product of n copies of the usual Pois-
son semigroup on T. Applying our ergodic theorems to this case, we get Theorem
0.0l

More generally, let {G,;};cr be a family of discrete groups, each equipped with a
length function. Let T} be the associated semigroup on G; defined previously. Let
G = *;c1 G; be the reduced free product. Then by [Bol] (or the previous example),
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the free product Ty = x;c;T} yields a symmetric completely positive contractive
semigroup on G.

8.7. ¢-Ornstein-Uhlenbeck semigroups. Let Hgr be a real Hilbert space and
Hc its complexification. For —1 < ¢ <1 let F,(Hc) be the ¢g-Fock space based on
H¢ constructed by Bozejko and Speicher (see [BSI] and [BS2]). Note that F; (Hc),
F_1(Hc) and Fo(Hg) are respectively the symmetric, anti-symmetric and full (=
free) Fock spaces. Given a vector h € Hg, let ¢(h) denote the associated (left)
creation operator on Fy(Hc). c(h) is a bounded operator for ¢ < 1 and a closed
densely defined operator for ¢ = 1. Its adjoint ¢(h)* is the annihilation operator
associated to h and denoted by a(h). Let

gq(h) = c(h) +a(h), he€ Hg.

gq(h) is a so-called g-Gaussian variable. Note that g;(h) is a usual Gaussian vari-
able, go(h) a semi-circular variable in Voiculescu’s sense (cf. [V] and [VDN]), and
finally g_1(h) corresponds to a Fermion. The g-von Neumann algebra I'j(Hg) is
the von Neumann algebra on F,(Hc) generated by all ¢g-Gaussians, namely,

Ty(He) = {gq(h) : h € Hr}" C B(F4(Hc)).

Let € be the vacuum vector in F,(Hc) and 7, the associated vector state. Then
7, is faithful and tracial. Hence I'(Hg) is a type II; von Neumann algebra for ¢ < 1.
(T'1(Hg) is commutative.) Moreover, it is a noninjective factor if —1 < ¢ < 1 and
dim H > 2. We refer to [BKS], [N] and [Ri] for more information.

Now let S be a contraction on Hr. Then S extends to a contraction on H¢. The
second quantization I'(S) is a normal completely positive unital trace-preserving
map on I';(Hg). To give the definition of I'(S), we recall the Wick product. Since
1 is separating for I'j(Hg), the map = € T'j(Hg) — x(Q) is injective. Its image is
a dense subspace of Fy(Hc) (for 2 is cyclic). It is easy to see that all elementary
tensors belong to this image. The inverse map (defined on the image) is called
the Wick product, denoted by W. Thus if £ is a linear combination of elementary
tensors, W () is the unique operator in I'j(Hg) such that W(£)Q2 = €. Note that
the collection of all such W(§)’s forms a w*-dense *-subalgebra of I';(Hg). Then
I'(S) is uniquely determined by

LS)(W(h1 ® -+ @ hy))W(Shy ® -+ ® Shy,), ha, ..., hy, € Hc.

Applying this construction to S = e~ *idy, for t > 0, we get a normal completely
positive unital trace-preserving map Ty = I'(e~*id g, ). The action of T} on the Wick
products is given by

Tt(W(hl Q --- ®hn)) — e—ntW(hl ® -+ @ hy).

Then (7}) is a semigroup on I'j(Hg) satisfying all conditions (0.I)-(0.IV). This
is the ¢-Ornstein-Uhlenbeck semigroup associated with Hg. The negative of its
infinitesimal generator is the so-called number operator. The cases ¢ = 1 and
q = —1 correspond respectively to the classical and Fermionic Ornstein-Uhlenbeck
semigroup. (73); in these two special cases have been extensively studied. See
[Bo3|, [Cal] and [Bi] for related results.

The preceding discussion also applies to the quasi-free case. Then the corre-
sponding von Neumann algebras are of type III. See [Sh] for the case of ¢ = 0 and
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[Hi] for the general case. In particular, for ¢ = —1, we have the classical Araki-
Woods factors. In this case, the resulting semigroup is the extension of the previous
Fermionic Ornstein-Uhlenbeck semigroup to the type III setting.
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