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1014 A. KLEMM, D. MAULIK, R. PANDHARIPANDE, AND E. SCHEIDEGGER

0. INTRODUCTION
0.1. Yau-Zaslow conjecture. Let S be a nonsingular projective K3 surface, and
let
B € Pic(S) = H*(S,Z) N H>'(S,C)

be a nonzero effective curve class. The moduli space M(S, 3) of genus 0 stable
maps (with no marked points) has the expected dimension

dim{" (Mo (S, B)) = / c1(S) + dimg(S) — 3 = —1.
B
Hence, the virtual class [M(S, 3)]*"" vanishes, and the standard Gromov-Witten
theory is trivial.
Curve counting on K3 surfaces is captured instead by the reduced Gromov-
Witten theory constructed first via the twistor family in [6]. An algebraic construc-
tion following [1I 2] is given in [31]. Since the reduced class

[Mo(S, 8)]"*" € Ho(Mo(S, B),Q)

has dimension 0, the reduced Gromov-Witten integrals of S,

(1) Ry 5(S) = /7 1 €Q,
[Mo(S,B)]"e?

are well-defined. For deformations of S for which 8 remains a (1,1)-class, the
integrals (1)) are invariant.
The second cohomology of S is a rank 22 lattice with intersection form

(2) H*(S,2) =UaU U@ Es(—1) @ Eg(—1),
where
0 1
v=(1s)
and
-2 0 1 0 0 0 0 O
0 -2 0 1 0 0 0 0
1 0 -2 1 0 0 0 0
0 1 1 -2 1 0 0 0
Es(-1) = 0O 0 0 1 -2 1 0 0
o 0 0O 0 1 =2 1 0
o 0 0 o0 0 1 -2 1
o 0 0O o0 o0 0 1 =2

is the (negative) Cartan matrix. The intersection form (2] is even.

The divisibility m(S) is the maximal positive integer dividing the lattice element
B € H?(S,Z). If the divisibility is 1, 3 is primitive. Elements with equal divisi-
bility and norm are equivalent up to orthogonal transformations of H?(S,Z). By
straightforward deformation arguments using the Torelli theorem for K3 surfaces,
Ry 5(5) depends, for effective classes, only on the divisibility m(/5) and the norm
(8, B). We will omit the argument S in the notation.

The genus 0 BPS counts associated to K3 surfaces have the following definition.
Let o € Pic(S) be a nonzero class which is both effective and primitive. The
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NOETHER-LEFSCHETZ THEORY AND THE YAU-ZASLOW CONJECTURE 1015

Gromov-Witten potential F, (v) for classes proportional to « is
Foa=> Roma ™.
m>0

The BPS counts 7 o are uniquely defined via the Aspinwall-Morrison formula,

dma
(3) Fo= Z To,ma 2%7

m>0 >0

for both primitive and divisible classes.

The Yau-Zaslow conjecture [36] predicts the values of the genus 0 BPS counts
for the reduced Gromov-Witten theory of K3 surfaces. We interpret the conjecture
in two parts.

Conjecture 1. The BPS count ro g depends upon B only through the norm (B, 5).

Conjecture[Ilis rather surprising from the point of view of Gromov-Witten theory
since Ry g certainly depends upon the divisibility of 5. Let ¢, » denote the genus
0 BPS count associated to a class 3 of divisibility m satisfying

(B.B) =2h—2.

Assuming Conjecture [Il holds, we define

TO,h = TO,m,hy
independen of m.

Conjecture 2. The BPS counts ron are uniquely determined by

oo

(4) S ron = [J1 -2

h>0 n=1

Conjecture [ can be written in terms of the Dedekind 7 function

> ron ¢ =n(r) 7,

h>0
where ¢ = €277,

The conjectures have been previously proven in very few cases. A proof of the
Yau-Zaslow formula ([ for primitive classes § via Euler characteristics of compact-
ified Jacobians following [36] can be found in [3| [7, TI]. The Yau-Zaslow formula
@) was proven via Gromov-Witten theory for primitive classes S by Bryan and
Leung [6]. An early calculation by Gathmann [I3] for a class § of divisibility 2 was
important for the correct formulation of the conjectures. Conjectures 1 and 2 have
been proven in the divisibility 2 case by Lee and Leung [26] and Wu [35]. The main
result of the paper is a proof of Conjectures [l and 2lin all cases.

Theorem 1. The Yau-Zaslow conjecture holds for all nonzero effective classes

B € Pic(S) on a K3 surface S.

ndependence of m holds when 2m? divides 2h — 2. Otherwise, no such class 8 exists and
70,m,n is defined to vanish.
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1016 A. KLEMM, D. MAULIK, R. PANDHARIPANDE, AND E. SCHEIDEGGER
0.2. Noether-Lefschetz theory.

0.2.1. Lattice polarization. Let S be a K3 surface. A primitive class L € Pic(S) is
a quasi-polarization if

(L,Ly >0 and (L,[C]) >0
for every curve C' C S. A sufficiently high tensor power L™ of a quasi-polarization
is base point free and determines a birational morphism

S — S

contracting A-D-E configurations of (—2)-curves on S. Hence, every quasi-polarized
K3 surface is algebraic.
Let A be a fixed rank r primitivdg embedding

AcUaUaU®Es(—1)® Eg(—1)

with signature (1,7 — 1), and let v1,...,v,. € A be an integral basis. The discrimi-
nant is

(vi,01) -+ (v1,0)
A(A) = (=1)" ! det :
(Uryv1) o (Ur, Ur)
The sign is chosen so that A(A) > 0.
A A-polarization of a K3 surface S is a primitive embedding

j: A — Pic(9)

satisfying two properties:

(i) the lattice pairs A C U? & Eg(—1)? and A C H?(S,Z) are isomorphic via
an isometry which restricts to the identity on A,
(ii) Im(y) contains a quasi-polarization.

By (ii), every A-polarized K3 surface is algebraic.
The period domain M of Hodge structures of type (1,20,1) on the lattice U? ©
FEg(—1)? is an analytic open set of the 20-dimensional nonsingular isotropic quadric

Q,
M C Q CP((U? ® Es(—1)?) ®C).

Let My C M be the locus of vectors orthogonal to the entire sublattice A C
U3 @ Esg(—1)2.
Let T be the isometry group of the lattice U3 @ Eg(—1)2, and let

I'rcTl

be the subgroup restricting to the identity on A. By global Torelli, the moduli
space My of A-polarized K3 surfaces is the quotient

My = My /Ty

We refer the reader to [10] for a detailed discussion.

2An embedding of lattices is primitive if the quotient is torsion free.
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NOETHER-LEFSCHETZ THEORY AND THE YAU-ZASLOW CONJECTURE 1017

0.2.2. Families. Let X be a compact 3-dimensional complex manifold equipped
with holomorphic line bundles

Li,....L, - X
and a holomorphic map
. X —=>C

to a nonsingular complete curve.
The tuple (X, Ly,...,L,,m) is a 1-parameter family of nonsingular A-polarized
K3 surfaces if
(i) the fibers (X¢, L1g, ..., L, ¢) are A-polarized K3 surfaces via

[ ad Lif

for every & € C,
(ii) there exists a A™ € A which is a quasi-polarization of all fibers of 7 simul-
taneously.

The family 7 yields a morphism,
Ly : C — My,

to the moduli space of A-polarized K3 surfaces.
Let A™ = AJvg + -+ + Afv,. A vector (dy,...,d,) of integers is positive if

> Ardi > 0.
i=1
If 5 € Pic(X¢) has intersection numbers

di = <Li.£vﬂ>a
then 8 has positive degree with respect to the quasi-polarization if and only if
(di,...,d,) is positive.

0.2.3. Noether-Lefschetz divisors. Noether-Lefschetz numbers are defined in [31] by
the intersection of ¢, (C) with Noether-Lefschetz divisors in M. We briefly review
the definition of the Noether-Lefschetz divisors.

Let (L,t) be a rank r + 1 lattice L with an even symmetric bilinear form (,) and
a primitive embedding

t: A= L.

Two data sets (I, ¢) and (L', ") are isomorphic if there is an isometry which restricts
to the identity on A. The first invariant of the data (L, ¢) is the discriminant A € Z

of L.

An additional invariant of (IL,:) can be obtained by considering any vector v € IL
for whic
(5) L =(A) @ Zv.

The pairing

(v,): A=7Z
determines an element of 0, € A*. Let G = A*/A be the quotient defined via the
injection A — A* obtained from the pairing (,) on A. The group G is abelian of
order equal to the discriminant A(A). The image

0e G/

3Here, @ is used just for the additive structure (not the orthogonal direct sum).
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1018 A. KLEMM, D. MAULIK, R. PANDHARIPANDE, AND E. SCHEIDEGGER

of 4, is easily seen to be independent of v satisfying (Bl). The invariant ¢ is the
coset of (L, ).

By elementary arguments, two data sets (L,:) and (L',:) of rank r + 1 are
isomorphic if and only if the discriminants and cosets are equal.

Let vq,...,v, be an integral basis of A as before. The pairing of I with respect
to an extended basis vy, ..., v,,v is encoded in the matrix
(vr,v1) -+ (vi,vp) dy
Lnd,,..d. =
<UT‘)U1> e <U7‘7U’I‘> dr
dy e d, 2h — 2

The discriminant is
A(hydy,...,dy) = (=1)"det(Lp g4y ,....4,.)-
The coset §(h,dy,...,d,) is represented by the functional
v; — d;.

The Noether-Lefschetz divisor Pp s C Mjy is the closure of the locus of A-
polarized K3 surfaces S for which (Pic(S), ) has rank r 4+ 1, discriminant A, and
coset §. By the Hodge index theorem, P s is empty unless A > 0.

Let h,dy,...,d, determine a positive discriminant

A(h,dy,...,d,) > 0.
The Noether-Lefschetz divisor Dy, (4, ,....a,) C Ma is defined by the weighted sum

Dh7(d1,-..7d7-) = Zm(ha d17 B dT|A7 5) ! [PA,tSL
ALS

where the multiplicity m(h,dq,...,d.|A,d) is the number of elements S of the
lattice (L,¢) of type (A, d) satisfying

(6) (8,8) =2h =2, (B,v:) =ds.

If the multiplicity is nonzero, then A|A(h,dy,...,d,), so only finitely many divisors
appear in the above sum.

If A(h,dy,...,d;) =0, the divisor Dj, (4, ,...4,) has an alternate definition. The
tautological line bundle O(—1) is I'-equivariant on the period domain M, and
descends to the Hodge line bundle

/C—)MA.

We define Dy, (4,.....q,) = K*. See [31] for an alternate view of degenerate intersec-
tion.

If A(h,dy,...,d,) <0, the divisor Dy, (4,
the Hodge index theorem.

d4,) on My is defined to vanish by

,,,,,

0.2.4. Noether-Lefschetz numbers. Let A be a lattice of discriminant { = A(A),
and let (X, Ly,..., L., m) be a 1-parameter family of A-polarized K3 surfaces. The
Noether-Lefschetz number NLp ; , is the classical intersection product

(7) NI oy oy = /C i)
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NOETHER-LEFSCHETZ THEORY AND THE YAU-ZASLOW CONJECTURE 1019

Let Mp,(Z) be the metaplectic double cover of SLs(Z). There is a canonical
representation [4] associated to A,

g : Mpy(Z) — End(C[G)).

The full set of Noether-Lefschetz numbers NLj ; ; defines a vector-valued mod-

ular form
1

®"(q) = Y_ @T(q)vy € Cllg™]) ® C[G),
e
of weight 22~ and type p} by resultd] of Borcherds and Kudla-Millson [4,25]. The
Noether-Lefschetz numbers are the coefficientd] of the components of &7,

T T A(h,dla"'vdr)
NIy ay,..tr) = ©5 {—21

where §(h,dy,...,d,) = £7. The modular form results significantly constrain the
Noether-Lefschetz numbers.

3

0.2.5. Refinements. If dy,...,d, do not simultaneously vanish, refined Noether-
Lefschetz divisors are defined. If A(h,dy,...,d;) >0,

is defined by requiring the class 8 € Pic(S) to satisfy (@) and have divisibility
m > 0. If A(h,dy,...,d,) =0, then

Doy ,endr) = Dhods..vdy)

if m > 0 is the greatest common divisor of dy,...,d, and 0 otherwise.
Refined Noether-Lefschetz numbers are defined by
() Nty = [ 5Pt}

In Section 2.3 the full set of Noether-Lefschetz numbers NL} , a,) 18 easily

shown to determine the refined numbers NL”m)Mdh_”’dT).

0.3. Three theories. The main geometric idea in the proof is the relationship of
three theories associated to a 1-parameter family

m: X —>C

of A-polarized K3 surfaces:

(i) the Noether-Lefschetz numbers of ,
(ii) the genus 0 Gromov-Witten invariants of X,
(ili) the genus 0 reduced Gromov-Witten invariants of the K3 fibers.

The Noether-Lefschetz numbers (i) are classical intersection products while the
Gromov-Witten invariants (ii)-(iii) are quantum in origin. For (ii), we view the
theory in terms of the Gopakumar-Vafa invariantdd [16] 17].

Let n()f( du,dy) denote the Gopakumar-Vafa invariant of X in genus 0 for -
vertical curve classes of degrees dy,...,d, with respect to the line bundles L, ...,
L,. Let 7 m,» denote the reduced K3 invariant defined in Section[I.Il The following

4While the results of the papers [4] 25] have considerable overlap, we will follow the point of
view of Borcherds.

5If f is a series in ¢, f[k] denotes the coefficient of g*.

6 A review of the definitions can be found in Section
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1020 A. KLEMM, D. MAULIK, R. PANDHARIPANDE, AND E. SCHEIDEGGER

result is proven] in [B1] by a comparison of the reduced and usual deformation
theories of maps of curves to the K3 fibers of .

Theorem 2. For degrees (dy,...,d,) positive with respect to the quasi-polarization
AT,

o0 o0
X _ ™
0y ) = D D T0mh NLL oy -
h=0m=1

0.4. Proof of Theorem [l The STU model described in Section [l is a special
family of rank 2 lattice polarized K3 surfaces

,/TSTU : XSTU N ]Pl.

The fibered K3 surfaces of the STU model are themselves elliptically fibered. The
proof of Theorem [l proceeds in four basic steps:

(i) The modular form [4, 25] determining the intersections of the base P! with
the Noether-Lefschetz divisors is calculated. For the STU model, the mod-
ular form has vector dimension 1 and is proportional to the product E4Fg
of Fisenstein series.

(ii) Theorem [2lis used to show the 3-fold BPS counts ngfdﬁ?@), then determine
all the reduced K3 invariants 7o ,. Strong use is made of the rank 2
lattice of the STU model.

(iii) The BPS counts n()f(s dj;ijd2) are calculated via mirror symmetry. Since the
STU model is realized as a Calabi-Yau complete intersection in a nonsingu-
lar toric variety, the genus 0 Gromov-Witten invariants are obtained after
proven mirror transformations from hypergeometric series. The Klemm-
Lerche-Mayr identity, proven in Section[3] shows that the invariants néf (s dTll,sz)
are themselves related to modular forms.

(iv) Theorem [I] then follows from the Harvey-Moore identity which simultane-
ously relates the modular structures of

STU STU
né{:(dlyd2)7 ro,mhy and NLE 5 g a,)
in the form specified by Theorem [21 D. Zagier’s proof of the Harvey-Moore
identity is presented in Section [l

The strategy of proof is special to genus 0. Much less is known in higher genus.
The Katz-Klemm-Vafa conjecture [21, B1] for the integrald

[,
[M4(8.B)]7e

is a particular generalization of the Yau-Zaslow formula to higher genera. The
KKV formula does not yet appear easily approachable in Gromov-Witten theoryE
However, a proof of the KKV formula for primitive K3 classes in the conjecturally
equivalent theory of stable pairs in the derived category is given in [22] [34].

"The result of [31] is stated in the rank r=1 case, but the argument is identical for arbitrary
r.

8The integrand A4 is the top Chern class of the Hodge bundle on My (X, 3).

9For g = 1, the KKV formula follows for all classes on K3 surfaces from the Yau-Zaslow
formula via the boundary relation for Ap.
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1. THE STU MODEL

1.1. Overview. The STU model is a particular nonsingular projective Calabi-
Yau 3-fold X equipped with a fibration

(9) m: X — P
Except for 528 points & € P!, the fibers
Xe=m1(¢)

are nonsingular elliptically fibered K3 surfaces. The 528 singular fibers X, have
exactly 1 ordinary double point singularity each.

The 3-fold X is constructed as an anticanonical section of a nonsingular projec-
tive toric 4-fold Y. The Picard rank of Y is 6. The fibration (@) is obtained from
a nonsingular toric fibration

™Y - P
The image of
Pic(Y) — Pic(X¢)

determines a rank 2 sublattice of each fiber Pic(X¢) with intersection form

(Vo)

The toric data describing the construction of X C Y and the fibration structure
are explained here.

1.2. Toric varieties. Let N be a lattice of rank d,
N Zz4

A fan ¥ in N is a collection of strongly convex rational polyhedral cones containing
all faces and intersections. A toric variety Vx is canonically associated to Y. The
variety Vs is complete of dimension d if the support of ¥ covers N ®z R. If all
cones are simplicial and if all maximal cones are generated by a lattice basis, then
Vs is nonsingular. See [8], 12 [32] for the basic properties of toric varieties.

Let ¥ be a fan corresponding to a nonsingular complete toric variety. A 1-
dimensional cone of ¥ is a ray with a unique primitive vector. Let ©(*) denote the
set of 1-dimensional cones of ¥ indexed by their primitive vectors

(10) {p1,- - o}

Let r%,...,r% be a basis over the integers of the module of relations among the
vectors ([0). We write the j'!' relation as

r{pl —|—...—|—7“fzpn =0.
Define a torus
‘
cy=1]c
j=1
with factors indexed by the relations.

10The model has been studied in physics since the 1980s. The letter S stands for the dilaton
and T and U label the torus moduli in the heterotic string. The STU model was an important
example for the duality between type IIA and heterotic strings formulated in [20]. The ideas
developed in [18] 19, 23] 24] [30] about the STU model play an important role in our paper.
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1022 A. KLEMM, D. MAULIK, R. PANDHARIPANDE, AND E. SCHEIDEGGER

A simple description of V is obtained via a quotient construction. Let {z; }1<i<n
be coordinates on C™ corresponding to the primitives p; of the rays in X(. An
action of C; on C" is defined by

(11) N (1) = (Wzn, 0002, A €T

In order to obtain a well-behaved quotient for the induced (C*)‘-action on C",
an exceptional set Z(3) C C" consisting of a finite union of linear subspaces is
excluded. The linear space defined by {z; = 0i € I} is contained in Z(X) if there
is no single cone in ¥ containing all of the primitives {p; };cs. After removing Z(X),
the quotient

(12) v = (e zm) /()

yields the toric variety associated to X.

Since ¢ = n — d, the complex dimension of the quotient Vs equals the rank d of
the lattice N. The variety Vx is equipped with the action of the quotient torus

T = (C")"/(C)".

The rank of Pic(Vy) is £. The primitives p; are in 1-to—1 correspondence with the
T-invariant divisors D; on Vy defined by
(13) D; = {Zi = 0} c Vs.
Conversely, the homogeneous coordinate z; is a section of the line bundle O(D;).

The anticanonical divisor class of Vs is determined by

n

(14) ~Ky, =Y _D;.

1.3. The toric 4-fold Y. The fan ¥ in Z* defining the toric 4-fold Y has 10 rays
with primitive elements:

p1=(1,0,2,3), p2 = (-1,0,2,3),
pP3 = (Oa 1, 273)’ P4 = (07 _1’2a3)7
pP5 = (ana 273)’ Pe = (0707 —1,0), p7 = (07070’ _1)7
ps = (0,0,1,2), po = (0,0,0,1), p10 = (0,0,1,1).

The full fan ¥ is obtained from the convex hull of the 10 primitives. By explicitly
checking each of the 24 dimension-4 cones, Y is seen to be a complete nonsingular
toric 4-fold.
Generators r
be taken to be

L ..., 7% of the rank 6 module of relations among the primitives can

p1 tp2 +4ps  +6p7 =0,
p3  +pa +4ps  +6p7 =0,

ps  +2ps  +3p7 =0,

pe  +2p7  +ps =0,

+ pr +p9 =0,

pe + p7 +p10 =0.
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By the identification (I4)) of —Ky, the product H}il z; defines an anticanonical
section. Hence, every product

10

myg
Hzi ) m; 2 07
i=1

which is homogeneous of degree Zilil 7] with respect to the action (II]) of C; also
defines an anticanonical section. Hence,

12_ 126, 4,2 3 12_12_6_ 4,2 3
(15) 21 724 “25°28 297210, 21 “237 %25 28 297 210",
1212 6. 4.2 3 12_12_6._4_2_ 3
29 24 X5 28 29 210 , Z2 Z3 Z5 28 29 210 ,

3 2 2
26 Z8Z9 27 %10

are all sections of —Ky .
From the definitions, we find that Z(X) consists of the union of the following 11
linear spaces of dimension 2 in C*:

I1 = {1,2}, IQ == {3,4}, Ig == {5,6}, I4 = {5, 7},
(16) I5 = {579}7 IG = {678}7 17 = {67 10}7 18 = {778}7
Io ={7,9}, I,={8,10}, I;; ={9,10}.
Recall, I}, indexes the coordinates which vanish.
A simple verification shows that the 6 sections (&) of —Ky do not have a
common zero on the prequotient C™ \ Z(X). Hence, —Ky is generated by global

sections on Y. A hypersurface
XcCcyYy

defined by a generic section of —Ky is nonsingular by Bertini’s Theorem. By
adjunction, X is Calabi-Yau.

1.4. Fibrations. The toric variety Y admits two obvious fibrations
¥ Y Py Pl
given in homogeneous coordinates by
7Y (21,...,210) = [21,22], ¥ (21,...,210) = [23, 24).
Since Z(X) contains the linear spaces
L =A{12}, Ir={34},

both 7Y and pY are well-defined.
Consider first 7. The fibers of 7¥" are nonsingular complete toric 3-folds defined
by the fan in
Zg CZ47 (61,62,63) — (0,61,02,03)

determined by the primitives ps, ..., p1o-
Let X be obtained from a generic section of —Ky . Let
7: X > P!

be the restriction 7V |x.

Proposition 1. Except for 528 points £ € P!, the fibers
Xe=m"1()

are nonsingular elliptically fibered K3 surfaces. The 528 singular fibers X¢ each
have exactly 1 ordinary double point singularity.
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Proof. Let Py i (21, 22|%3,24) denote a bihomogeneous polynomial of degree k in
(21, 22) and degree k in (23, 24). Let

F = Pig12(21, 22|23, 24), G = Psgs(21,22|23,24), H = Pyu(21, 22|23, 24)
be bihomogeneous polynomials. Then
6,42 3 4. .3.2.2 2.2.2 2 3, .2 2
(17) Fzpzgz52y, Gzgzezg25210, Hz5252525210, 252824, 25210

all determine sections of —Ky .

Let X be defined by a generic linear combination of the sections (IT). Since
the base point free system (3] is contained in ([IT), X is nonsingular. We will
prove that all the fibers X, are nonsingular, except for finitely many with exactly
1 ordinary double point each, by an explicit study of the equations.

Since I7 = {6,10}, I = {8,10}, and I;; = {9,10} are in Z(X), we easily see
that X N Dyo = 0 if the coefficient of 232522 is nonzero. Similarly,

XNDg=0, XNDg=0.

Hence, using the last 3 factors of the torus (C*), the coordinates zg, z9, and 219
can all be set to 1. The equation for X simplifies to

Fzgj + ngzf; + Hzgzg + azg + Bz?

The coordinates z; and z3 do not simultaneously vanish on Y. There are two
charts to consider. By symmetry, the analysis on each is identical, so we assume
21 # 0. Using the first factor of (C*)’, we set z; = 1. By the same reasoning, we
set z3 = 1 using the second factor of (C*)’. Since I3 = {5,6} and I, = {5, 7} are in
Z(%), either z5 # 0 or both zg and z7 do not vanish.

Case z5 # 0. Using the third factor of (C*)? to set z5 = 1, we obtain the equation
(18) F(1, 2|1, 24) + H(1, 221, 24) 26 + G(1, 2|1, 24) 28 + a2 + B22

in C* with coordinates 22, 24, 25, z7. The map 7 is given by the z; coordinate. The
partial derivative of (I8]) with respect to z7 is 28z7. Hence, if 8 # 0, all singularities
of m occur when z7; = 0.

We need only analyze the reduced dimension case

(19) F(1, 29)1, z4) + H(L, 22|1, z4) 26 + G(1, 22|1, z4)z§ + zg’

with coordinates zs, 24, 26. Here, a has been set to 1 by scaling the equation. We
must show that all the fibers of 7 are nonsingular curves except for finitely many
with simple nodes. We view equation (I9]) as defining a 1-parameter family of paths
Y2, (24) in the space

C={v +m2 + 7225 + 2 | Y0,71,72 € C}

of cubic polynomials in the variable zg. The coordinate of the path is z4. The
variable zo indexes the family of paths.

Let A C C be the codimension 1 discriminant locus of cubics with double roots.
The discriminant is irreducible with cuspidal singularities in codimension 2 in C.
The possible singularities of the fiber 77(\) occur only when the path vy(z4)
intersects A. The fiber 7=1()\) is nonsingular over such an intersection point if
either

(i) 7 is transverse to A at a nonsingular point of A,
(ii) ~y, is transverse to the codimension 1 tangent cone of a singular point of A.
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The fiber 77!(\) has a simple node over an intersection point of the path vy(z4)
with A if
(iii) 7, is tangent to A at a nonsingular point of A.

The above are all the possibilities which can occur in a generic 1-parameter family
of paths in the space of cubic equations Possibility (iii) can happen only for
finitely many A and just once for each such .

Case zg # 0 and z; # 0. Using the third factor of (C*) to set 2z = 1, we obtain
the equation

(20) F(1,22[1, 24) + H(1, 2|1, 24) + G(1, 22[1, 24) + @ + 27
in C* with coordinates 22, 24, 25, 27. The partial derivative of @0) with respect to

z7 is not 0 for z; # 0. Hence, there are no singular fibers of 7 on the chart.

We have proven that all the fibers X¢ of 7 are nonsingular except for finitely
many with exactly 1 ordinary double point each. Let X¢ be a nonsingular fiber.
Let

p:X — Pt
be the restriction pY |x. The fibers of the product
(m, ) : X — P! x P!
are easily seen to be anticanonical sections of the nonsingular toric surfacdd W with

fan in Z? determined by the primitives ps, ..., p1o. These anticanonical sections are
elliptic curves. Since X¢ has trivial canonical bundle by adjunction and the map

M:X5—>[P’1

is dominant with elliptic fibers, we conclude that X, is an elliptically fibered K3
surface.
The Euler characteristic of X can be calculated by toric intersection in Y,

Xtop(X) = —480.

The Euler characteristic of a nonsingular K3 fibration over P! is 48. Since each fiber
singularity reduces the Euler characteristic by 1, we conclude that m has exactly
528 singular fibers. O

For emphasis, we will sometimes denote the STU model by
,/TSTU : XSTU N ]Pl.
1.5. Divisor restrictions. The divisors Dy, Ds, Dg, Dg, and Dig have already

been shown to restrict to the trivial class in Pic(X¢). The divisors D3 and Dy
restrict to the fiber class F' € Pic(X¢) of the elliptic fibration

(21) p:Xe — PL

Certainly F> = 0. Let S € Pic(X¢) denote the restriction of Ds. Toric calculations
yield the products
F.-5=1 §-5=-2.

1A cusp of Trfl()\) occurs, for example, when the path has contact order 3 at a nonsingular
point of the discriminant.

12Since the product (7Y, uY) : Y — P! x P! has fibers isomorphic to the nonsingular complete
(hence projective) toric surface W, the 4-fold Y is projective.
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Hence, S may be viewed as the section class of the elliptic fibration (2I)). The
divisors Dg and Dy restrict to classes in the rank 2 lattice generated by F' and S.
The restriction of Pic(Y’) to each fiber X¢ is a rank 2 lattice generated by F' and
S with intersection form
0 1
(1)

We may also choose generators Ly = F' and Ly = F + S with intersection form

0 1
A= ( o1 ) |
1.6. 1-parameter families. Let X be a compact 3-dimensional complex manifold
equipped with two holomorphic line bundles

Ll, Ly — X
and a holomorphic map
. X —>C

to a nonsingular complete curve.
The data (X, Ly, Lo, w) determine a family of A-polarized K3 surfaces if the
fibers (X¢, L1 ¢, Lo ¢) are K3 surfaces with intersection form

Lyg-Lig Log-Lng \ _ (0 1

Lig-Log Log-Log 1 0
and there exists a simultaneous quasi-polarization. The 1-parameter family (X, Ly,
Lo, 7) yields a morphism,

Ly s C'— My,

to the moduli space of A-polarized K3 surfaces.

The construction (XTY, Ly, Lo, 75TV of the STU model in Sections is
almost a 1-parameter family of A-polarized K3 surfaces. The only failing is the 528
singular fibers of 757V, Let

6102—_1>]P1

be a hyperelliptic curve branched over the 528 points of P! corresponding to the
singular fibers of w. The family

(X5 5 C

has 3-fold double point singularities over the 528 nodes of the fibers of the original
family. Let

#STU . ¥STU _,
be obtained from a small resolution
)?STU - 6*(XSTU).
Let L; — X5TU be the pull-back of L; by e. The data
(‘)’ESTU’ Ela E27 7A.l:STU)

determine a 1-parameter family of A-polarized K3 surfaces; see Section 5.3 of [31].
The simultaneous quasi-polarization is obtained from the projectivity of X7V,
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1.7. Gromov-Witten invariants. Since X°7V is defined by an anticanonical sec-
tion in a semi-positive nonsingular toric variety Y, the genus 0 Gromov-Witten
invariants have been proven by Givental [14, [15] 29| [33] to be related by mirror
transformation to hypergeometric solutions of the Picard-Fuchs equations of the
Batyrev-Borisov mirror. By Section 5.3 of [31], the Gromov-Witten invariants of
XSTU are exactly twice the Gromov-Witten invariants of X7V for curve classes
in the fibers.

2. NOETHER-LEFSCHETZ NUMBERS AND REDUCED K3 INVARIANTS

2.1. Refined Noether-Lefschetz numbers. Following the notation of Section

02 let

ACUU®U® Eg(—1) @ Es(—1)
be primitively embedded with signature (1,7 — 1) and integral basis vi,...,v,.
Let (X,Lq,...,L,,m) be a l-parameter family of A-polarized K3 surfaces. Let
di,...,d, be integers which do not all vanish.

Lemma 1. The Noether-Lefschetz numbers NLF (d1rendr) completely determine the
refinements NL;.,h,(dl,...,dr)'

Proof. By definition, the refined Noether-Lefschetz numbers satisfy two elementary
identities. The first is

NLZ,(dl,...,dr) = Z NLfn,h,(dl,.A.,dT)'

m=1
If m does not divide all d;, then NL;Tn,h,(dl,..‘,dT) vanishes. If m divides all d;, then
a second identity holds:

NLG ey = NI (dy fme.dy

where 2h — 2 = m?(2h’ — 2).
If A(h,dy,...,d.) =0, the refined number NLTrm,h,(dl,.‘.,dr) vanishes by definition

unless m is the GCD of (dy,...,d,). In the latter case,

Hence the lemma is trivial in the A(h,dy,...,d,) = 0 case.

If A(h,dy,...,d,) > 0, we prove the lemma by induction on A. The second
identity reduces us to the case where m = 1. The first identity determines the
m = 1 case in terms of the Noether-Lefschetz number NLj (4, .. 4.) and refined
numbers with

AR, dy, .. d) < A(hydy, ..., dy).

2.2. STU model. The resolved version of the STU model
#STU . ¥ STU _, ¢
is lattice polarized with respect to
0 1
A ( 0! ) |

The application of the results of [ 25] to the STU model is extremely simple. Since
the lattice A is unimodular, the corresponding representation p} is 1-dimensional
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and, in fact, is the trivial representation of Mp,(Z). The Noether-Lefschetz degrees
are thus encoded by a scalar modular form of weight 222;T = 10. The space of
such forms is well known to be of dimension 1 and spanned by the product of the
Eisenstein seriedd

Ei0(q) = Ea(q)Eo(q) =1 — 264 o9(n)q".

n>1
Hence, a single Noether-Lefschetz calculation determines the full series.
Lemma 2. NLj  , = 1056.
Proof. By Proposition [I] the STU model
7STU . xSTU _, pl

has 528 nodal fibers. Let S be a fiber of the resolved family 77V lying over a
singular fiber of 7. The Picard lattice of S certainly contains

01 0
(22) 10 0
00 —2

spanned by L, Lo, and the (—2)-curve E of the small resolution. Let
T:C — My
be the map to moduli. Since a class [ satisfying

on a K3 surface is either effective or anti-effective, the set-theoretic intersections
of 7 with Dy (0,0) correspond to fibers of 7, where L; and Lo do not generate an
ample class, precisely, the 528 fibers of 7 lying over the singular fibers of 7.

The divisor Dy (g,0) has multiplicity exactly 2 at the 528 intersections with 7"since
FE and —F are the only —2 classes orthogonal to L; and Ls. Finally, since E has
normal bundle (—1,—1) in X7V the curve 7 is transverse to the reduced divisor
%D07(070) at the 528 intersections. We conclude that NLg,(o,o) =528-2=1056. O

Proposition 2. The Noether-Lefschetz degrees of the resolved STU model are given
by the equation

2

- A(h,dy,d
NL} (4y,45) = —4E4(q) E6(q) {M] .

13 The Eisenstein series Egj, is the modular form defined by the equation

kth

where Ba, is the 2nt® Bernoulli number and on(k) is the sum of the powers of the divisors

of n,
or(n) = sz
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2.3. BPS states. Let ()?STU,El,Ez,%STU) be the A-polarized STU model. The
vertical classes are the kernel of the push-forward map by 7,

0 — Hy(X,Z)™ — Hy(X,Z) — Hy(C,Z) — 0.

While X need not be a projective variety, X carries a (1,1)-form wg which is
Kéhler on the K3 fibers of m. The existence of a fiberwise K&hler form is sufficient
to define the Gromov-Witten theory for vertical classes,

04~ e Hy(X,Z).

The fiberwise Kéahler form wg is obtained by a small perturbation of the quasi-
Kéhler form obtained from the quasi-polarization. The associated Gromov-Witten
theory is independent of the perturbation used.

Let Mo()? ,7) be the moduli space of stable maps from connected genus 0 curves
to X. Gromov-Witten theory is defined by integration against the virtual class,

(23) N = / L
(Mo (X p)]ir

The expected dimension of the moduli space is 0.
The genus 0 Gromov-Witten potential F'X (v) for nonzero vertical classes is the

series
X _ X 5
e = E Ny, v,
0AYEH (X, 2)7

where v is the curve class variable. The BPS counts ngiy of Gopakumar and Vafa
are uniquely defined by the following equation:

X PO il
e = Z N Z?

0#~vEH2 (X Z)7 >0

Conjecturally, the invariants ngi/ are integral and obtained from the cohomology

of an as yet unspecified moduli space of sheaves on X. We do not assume that the
conjectural properties hold.
Using the A-polarization, we define the BPS counts

X X
(24) n0,(dyda) = > "0,y
yEH (X, Z)7, I, L;=d;

when d; and ds are not both 0.
The original STU model,

7_‘_STU . XSTU N ]P)l,

with 528 singular fibers is a nonsingular, projective, Calabi-Yau 3-fold. Hence
the Gromov-Witten invariants are well-defined. Let né(( did) denote the fiberwise
Gopakumar-Vafa invariant with degrees d; measured by L;. By the argument of

Section [I.7]

n())(:(dlxd2) = 2”())(,(d1,d2)
when d; and dy are not both 0.
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2.4. Invertibility of constraints. Let P C Z? be the set of pairs
P ={ (d1,d2) #(0,0) | dy >0, dy > —dy } .

Pairs (dg,ds) € P are certainly positive with respect to any quasi-polarization for
75TV since such (dy,ds) can be realized by linear combinations of the effective
classes F' and S.

Theorem [2] applied to the resolved STU model yields the equation

N{ oo 00
(25) né{:(dhdZ) = Z Z T0,m,h - NL;%h,(dlydﬁ
h=0m=1

for (d1,d2) € P. The BPS states on the left side will be computed by mirror
symmetry in Section Bl The refined Noether-Lefschetz degrees are determined by
Lemma [T and Proposition 2l Consequently, equation (28) provides constraints on
the reduced K3 invariants 7o p.

The integrals 7 ,, , are very simple in case h < 0. By Lemma 2 of [31], ro ., =0
for h <0,

ro,1,0 = 1,

and 7,0 = 0 otherwise.

Proposition 3. The set of integrals {0 m.htm>1,n>0 s uniquely determined by the
set of constraints 28) for (d1 >0, da > 0) and the integrals 1o m, h<o-

Proof. A certain subset of the linear equations with do > 0 will be shown to be
upper triangular in the variables g, p. Picard rank 2 is crucial for the argument.

Let us fix in advance the values of m > 1 and h > 0. We proceed by induction
on m assuming the reduced invariants rg ,,/ » have already been determined for all
m’ < m. The assumption is vacuous when m = 1. We can also assume that g, s/
has been determined inductively for A’ < h. If 2h — 2 is not divisible by 2m?2, then
we have g, 1 = 0, so we can further assume that

2h — 2 = m?(2s — 2)

for an integer s > 0.

Consider equation (20) for (dy,dz) = (m(s — 1), m). Certainly

N Lo e (m(s—1).m) = 0

unless m’ divides m. By the Hodge index theorem, we must have
(26) A(R';m(s —1),m) =2 -2 + m?*(2s —2) >0

if NLT. 1 (m(s—1).m) 7 0- Inequality (26) implies that b’ < h.
Therefore, the constraint (25]) takes the form

™

1y (m(s—1),m) = T0mh N L (s 1)m) + -+
where the dots represent terms involving g, p with either
m'<m or m =m, K <h.
The leading coefficient is given by

NLWm,h,(m(sq),m) = NLZ,( )y — —4.

m(s—1),m

As the system is upper-triangular, we can invert to solve for ro m p- ([
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2.5. Proof of the Yau-Zaslow conjecture. By Proposition Bl we need only
show that the answer for rg ., » predicted by the Yau-Zaslow conjecture satisfies
the constraints (28] for all pairs (d; > 0, dz > 0).

Let X5TU be the original Calabi-Yau 3-fold of the STU model. Let

: dy d
(27) DIFY = > 3 Ny an) 01 08°
(dl,dz)eP
be the third derivativd of the genus 0 Gromov-Witten series for m-vertical classes
in P.
We can calculate D3 FX by the constraint (Z5]) assuming the validity of the Yau-
Zaslow conjecture,

d1 d2
q q
(28) DiF¥ = > dj c(dy,dy) e _1 EEn
(d1,d2)€EP N 92

where c(k, 1) is the coefficient of ¢! in

o Ea@)Es(q)
n?4aq)

Proposition 4. The Yau-Zaslow conjecture is implied by the identity

X dy d q1 9
Y BNGaaaitast = Y d3 c(diids) 11%
(dy,d2)€EP (d1,d2)EP )

Proof. The qflqg"’ coefficient of the above identity is simply d3 times the constraint
[@5). Since we only require the constraints in case

(dlzo, d2>0)€P,
the identity implies all the constraints we need. O

The remainder of the paper is devoted to the proof of Proposition[d The genus 0
Gromov-Witten invariants of X are related, after a mirror transformation, to hyper-
geometric solutions of the associated Picard-Fuchs system of differential equations.
Hence, Proposition d] amounts to a subtle identity among special functions.

3. MIRROR TRANSFORM

3.1. Picard-Fuchs. Let 7 : X — P! be the STU model. Let
0o € H*(X,C)

denote the identity class. A basis of H?(X,C) is obtained from the restriction of
the toric divisors of Y discussed in Section [[.5]

01 =2D1 +2D3 + D5, 62 = D3, 63 = Ds.
Recall, 03 vanishes on the fibers of w. Let {d,} be a full basis of H*(X, C) extending
the above selections.

Let w1, u9, ug be the canonical coordinates for the mirror family with respect to

the divisor basis d1, d2, d3. Let
0

8ui

14 — d
Do = (IQE-
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The Picard-Fuchs system associated to the mirror of X57V is:
L1 =010, —2605—203)—12 (60, —5) (60, — 1) uq,
(29) Lo=0:"— (200 +205— 0, —2) (26054263 — 0 — 1) u,
L3=03>— (20042605 — 60, —2) (2602 +265 — 6, — 1) us.

The system is obtained canonically from the Batyrev-Borisov construction; see [9]
for the formalism.

3.2. Solutions. A fundamental solution to the Picard-Fuchs system can be written
in terms of GKZ hypergeometric series,

(30) w € H*(X,C) ®c Cllog(u1), log(ug), log(us)][[u1, uz, us]].
Let w(u, d;) be the corresponding coefficient of ([B0). Then
,Ci w(u, 5J) =0

The standard normalization of w satisfies two important properties:

(i) The g coefficient is the unique solution
w(u,dp) =1+ O(u)

holomorphic at u = 0.
(ii) For 1 <4 <3,
o w(u, 60)
w(u,d;) = 57 log(u;) + O(u)
are the logarithmic solutions.

Let Ty, Ty, T3 be coordinates on H?(X, C) with respect to the basis 6. The mirror
transformation is defined by

; 1
T, = 200 _ 2 og(y
" ow(u, b)) 2mi og(u:) + O(u)

for1 <i<3.

The mirror transformation relates the genus 0 Gromov-Witten theory of X to
the Picard-Fuchs system for the mirror family. For anticanonical hypersurfaces in
toric varieties, a proof is given in [15].

3.3. Mirror transform for g3 = 0. We introduce two modular parameters
(31) =T, nn=T+1T5.
For i =1 and 2, let
q; = exp(2mit;),
and let g3 = exp(27miT5).
Our first step is to find a modular expression for the mirror map and the period

w(u,dp) to leading order in g3. We prove two formulas discovered by Klemm,
Lerche, and Mayr in [24].

Lemma 3. We have

Uy =

2(j(@) + ( 2) = 1) o
i(@)i@) + Vi@ @) — mVi@) 6@ u)+ (¢3),

)

j

_ U@)3(@) + Vi(@)6(@) — WVi(@)(6(@) — 1)
45(q1)5(@2)(j (q1)+J(Q2) 1)?

+ O(g3),
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where = 1728 and

E} 1
(32) j(q) = n_;‘ =, 744 + 196884¢ 4+ O(¢?)

is the normalized j function.
Lemma 4. Limg, o w(u,dy) = E4(q1)% SACHER

Proof. We prove Lemmas[Bland[d together. The first step is to perform the following
change of variables:

U = 21, UQ:%(1—|—\/1—4Z3), ’113:%(1—\/1—42:3)7

with the inverse change

U2U3

21 =u1, 22 = Uz + us, Z3zm'

In the new variables, the limit us — 0 becomes the limit z3 — 0.
The statement of Lemma [3] in the variables z; remains unchanged to first order
in q3. We will prove

3(@1)i(q2) + \/j (@) (j(q \/] @)( M) + O(g3),
2y = U@)1@) + Vil@) (@) = i @)6@) = 1) o

47(q1)7(q2) (4 (CI1)+J(‘J2) u)2

The Picard-Fuchs differential operators (29) can be rewritten as
L(2) = La(u),

290V 1 —dzg L5(2) = Lo(u) — L3(u),
20V/1 — 423 L45(2) = uzLo(u) — uaLs(u),

with
L) =010, —26y) —12 (66, —5) (66, — 1) 21,
Lh =050 —2603) — (200 — 0, —2) (202 — ) — 1) 2o,
Lh =052 — (205 — 0y —2) (203 — 0y — 1) z3,

where now 6; = z; -+ dz . Since £4(z) — 0 in the limit z5 — 0, we need only focus on

L(z) and L£4(2).

Next, we transform £} (z) and £,(z) to new variables yi, yo, y3 via the change

= 2(y1 +y2 — p)
Y1y2 + \/y1(y1 - M)\/y2(y2 — i)
_ (Y192 + \/yl(yl - M)\/y2(y2 - M))z
dy1y2 (1 +y2 — p)? ’
23 = Y3-
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‘We obtain
T =viv2(yr — )03, + v1ya(yr — %)% — 195 (y2 — )0,
~ ywa(y2 = )0, + 6051 — v2).
b=yt — ) 0y + yl(% —y1)0y, + Y3 (Y2 — 1) Oy, + 12 (y2 — %)%

— 2y1y3(y1 — )0y, Oyy + 2y2y3(y2 — 11)0y, Oy

In the limit y3 — 0, the second line on the right for £ vanishes. We can combine
LY and L4 to obtain the following simple forms:

. H
R )

2
: 0
£ty lim £F = (=) (60— (2= 5) w200 — (02— 1) 393,).
The solution @ (y, do)y,=0 therefore satisfies the differential equation
1
(33) £=(y—u)y28§+(y—§)y3y—60

in both y; and ys.
Changing (B3] to the variable ¢t = % yields
L=t1-t)0f +(1-320)9, — 35 ,
which by comparing with the general hypergeometric differential operator
L=1t(1-1)0}+ (c— (1+a+b)t)d; — ab
is identified with the system

1 5

—, —; 1;t(7)).

()

According to the results of Klein and Fricke as reviewed in [37], we have a unique

(up to scaling) solution go to ([B3) locally analytic at y = co. The solution can be
written as

2F1(a,b;c;t) = oy (

90(i(7) = (Ea)* (7). y(r) = J(r) -
Moreover, the inverse is
r(y) = 520
27igo (y)
where ¢; is a logarithmic solution at y = co of £, unique up to normalization and
addition of go.

Transformation of the solution w(u, dy) is seen to be analytic in a neighborhood
of t1 =t = 0. We conclude that

@ (U, 80)us=0 = Ef (11)Ef (12).

By comparing the first few coefficients of the actual solutions w(u, d;) in the uz — 0
limit, we can uniquely identify

71 (u) = T1(u), To(u) = Ti(u) + Ta(u) .

Hence, Lemma ] is established. Lemma [3lis proven by transforming back to the uy
and uy variables. [l
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Restricted to a K3 fiber of 7 : X — P!, we have
01 =2F+S5, 02=F
The coordinates 2miT; and 27miTy correspond to the divisor basis
Lo=F+S, L1=F
of the K3 fiber. Since the variables ¢; and gs of Section 2] measure degrees against
L1 and Lo, we see that
G1=q and @2=q
for the fiber geometry.
3.4. B-model. The mirror transformation results of Section 3.3 together with a B-

model calculation of the periods will be used to prove the following result discovered
by Klemm, Mayr, and Lerche [24].

Proposition 5. We have

Ey(q1)Ee(q1)  FEa(ge)
24+ Y dBNi,.a0i s =275 ‘ A
(dysda)EP ?q1)  Jlq) — jlge)

The left side of Proposition [l is the left side of Proposition @l with an added
degree 0 constant 2.

Proof. We will use following universal expression for the Gromov-Witten invariants
of X in terms of the periods of the mirror:

2+ Z d3N; d1d2q1 a3

(d1,d2)€P
3
Ou; Qu; Ouy
=1 ’_J_Yi, 7)),
311—130 w( jzk; or, Or, O gk (u(T))

where the Y; ;1 are the Yukawa couplings of the mirror family; see [9} [24].
The periods Y; ;  can be explicitly computed via Griffith transversality [24] and
greatly simplify in the g3 — 0 limit. We tabulate the results below:

8(1— i) 2t (1 — @)
Y = — Y = =
111 BA;, 133 sl
Vi — 2(1—@1)2—1-12%(’&2 —’0,3) Voo — (1 —2@1)142
112 — ﬂ%ﬂgAl ) 222 — 2~%A1A2 )
v, . 2(1—@1)24-11%(’&3—@2) v . (1—2@1)143
13 = EN, ’ 2 DUiga A1 Ay
201 (1 — @iy) (1— 2di1) Ay
Yigg = ————~, Yo33 = ——— =
122 ﬂgAl 233 = QU3’U,2A AQ
(1 =) (1 —a1)? — (G2 + Gg)af) (1 —2i;) Az
Yios = — y Yaz3 = g
IR YA PIEVANPAY

Here, we have introduced the variables

ﬂl = 432U17 112 = 4U27 113 = 4U3
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and the discriminant loci
” Ay = (1 — @) = 2(fg + a3) a3 (1 — 1)? + (g — u3)*a],
Ay = (1 — iy — 1i3)* — 4iois.

The quantities As and A3 are defined by
Ay = (1+ g —tig) (1 — @1)” + @3 (1 — g — 3g) (dig — s) ,

35
(35) Ag = (1+ 13 — tig) (1 — @1)° + @3 (1 — Gig — 3i3) (dig — Ga) -

The normalizations of the Yukawa couplings Y; ; are fixed by the classical inter-
sections.

The leading behavior of the mirror map for uy, us is obtained by rewriting Lemma
Blin terms of Ey(7;) and Eg(7;) as

o o(r1) Eo(r)
ul_@<l E4<71>%Ei< ) >+O(q3>,

(E4(T1) — E¢(my 2) (E4 ) —E6(T2)2)
Uz = 3 3 2 +O(QS)'
4 (E4(7'1)§ E4(T2)§ — EG(TI) EG(TQ))

MY

Denote the leading behavior of the last mirror map by

(37) uz = q3f3(q1, G2) + O(q3) -

The derivatives of the mirror maps with respect to T are easily evaluated using
the standard identities

d
qd_qE2 = %(E; - E4)a
d 1
qd_qE4 = g(E2E4 — Eg),
d 1 2
qd_qEG = 5(E2Es — EY),
4. _Es
qdqj jE4'

We find, to leading order in ¢s,

du; _ Bo(r2) (Ba(m1)’~Es(11)?)

on 1728 Eq(72)3 Ea(r1)
duy _ V Eq(11) (E4(7'2)3_E6(T2)2) (— (E4(T1)% E5(72))+E4(72)% Eg(n)) (E4(7—1)3—E5(7—1)2)
om 4(Ba(r2)3 Eu(r)E —Eo(ra) Bo(rv)) '

5
2

The derivative g—if can be written to this order as

a’U,g us 0
Qus _ __ s __ 3) +0(ud) .
om  f3(q1,¢2) 37’1f 3(01, %) (u5)

There are many simplifications in the limit uz — 0. First the triple couplings

(38)

Y133, Yasz3, Yass
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do not have enough inverse powers of us and therefore do not contribute by the
vanishing (38]). Second, the surviving Y; ; 5 simplify in the limit. We evaluate

3

(39) qslr—>n0 w(u ) Zk: ) or, Or, 07, ak(w(T))

Ey(2) E4(1) Eg(72) (E4(7'1)3 - E6(7'1)2)

Eu(12)° Bo(11)? — Ea(11)’ Es(12)”

The possible linear dependence on f3(q1,G2) drops out as claimed in [24]! Using
the standard identities

. E}
]:n—;ia 24:E2_E§a
we obtain the right side of Proposition [l (I

4. THE HARVEY-MOORE IDENTITY

4.1. Proof of Proposition[dl After evaluating the left side via Proposition bl and
dividing by 2, Proposition f] amounts to a modular form identity. Let

7y = OB ™ yn,

n(r)** =
where ¢ = exp(27i7). Then, we must prove
E
(40) f(Tl) 4(7-2) _ q1 —|—E4 7_2 Z 63 kjf kd Kd.

i(m) —j(r) @ —g¢ P

Equation ([0Q) is the Harvey-Moore identity conjectured in [I§].

4.2. Zagier’s proof of the Harvey-Moore identity. The Harvey-Moore iden-
tity implies Proposition [l and concludes the proof of the Yau-Zaslow conjecture.
We present here Zagier s argument from [38].

Let S, C My, C M denote the spaces of cusp forms, modular forms, and weakly
holomorphid™ modular forms for I' = SL(2,Z). Certainly

f(r) e ML,
For each n > 0, there is a unique function F,, € M} satisfying
Fo(r) =q "+ 0(q)

as J(7) — oo. Uniqueness follows from the vanishing of S;. Existence follows by
writing F,,(7) as E4(7) times a polynomial in j(7),

Fy=E;, Fy=Ej—984), F,=E4(j>— 1728/ +393768) ... .

We draw several consequences:

(i) F1|T,, = n3F, for all n > 1, where T, is the n*® Hecke operator in weight
4. Indeed, T, sends M} to itself and, by standard formulas for the action
of T,, on Fourier expansions, T}, sends ¢! + O(q) to n3¢~" + O(q).

I5Holomorphic except for a possible pole at infinity.
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(ii) Fy = —f", where the prime denotes differentiation by
1 d d

omidr  ldg
We see that f”” lies in M} by the k = 4 case of Bol’s identity,

dkfl dkflf
W(ﬂz—w) = (W) vy Vyel.

Since the Fourier expansion of f”’ begins as —¢~! + O(q), the claim is
proven.
(iii) For J(my) > max,er J(y72),

f(n) 1 )E4(72) Z Fo(m)g
j(m) = j(72)
Let L(7y,72) denote the left side of (IEI) We see that L(71,72) is a mero-
morphic modular form in 75 with a simple pole of residue —ﬁ at o, =7
(since j' = —E2Es/n**) and no poles outside I'ry. Moreover, L(71,72)
tends to 0 as J(72) — co. These properties characterize L(71,72) uniquely
and show that the n'" Fourier coefficient with respect to 7 for J(71) — 0o
has the properties characterizing F,, (72).
Combining (i) and (ii) with the formula for the action of T,, on Fourier expan-
sions, we obtain

(41) Fo(r) = (—n_3f”/)\Tn =n"? (q_l - Z mgc(m) qm> Tn
— q—n_ Z EBC(]CE) qﬁd

k,£,d>0
kd=n
for n > 0. The Harvey-Moore identity follows from (4I) and (iii) together with the
equality Fy = Fjy. (|
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