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820 MARK KISIN

Introduction

In his paper [Lan76], which describes some of the ideas flowing from Kronecker’s
Jugendtraum, Langlands made a conjecture about the structure of the mod p points
on a Shimura variety. This conjecture, which followed work of Ihara [Iha68], [Iha69]
in the case of inner forms of GL2/Q, is an essential part of Langlands’ program
[Lan77], [Lan79a], [Lan79b] to express the zeta function of a Shimura variety as a
product of automorphic L-functions.

The conjecture was made more precise by Kottwitz [Kot90] and further refined
by Langlands-Rapoport [LR87]. To explain the statement, suppose that (G,X) is
a Shimura datum, p a prime, and Kp ⊂ G(Ap

f ) and Kp ⊂ G(Qp) compact open

subgroups. We will be concerned with the case when Kp is hyperspecial 1, which
means that G extends to a reductive group GZp

over Zp, and Kp = GZp
(Zp). In

this case the Shimura variety ShKp
(G,X) = lim←−KpShKpKp(G,X) is conjectured to

have a canonical, smooth integral model SKp
(G,X) over any prime λ|p of its reflex

field. Fix such a prime λ and an algebraic closure F̄p of its residue field κ(λ). The
conjecture asserts2 there is a bijection

(0.1) SKp
(G,X)(F̄p)

∼−→
∐
φ

S(φ)

where

(0.2) S(φ) = lim←−KpIφ(Q)\Xp(φ)×Xp(φ)/Kp.

This requires some explanation. Each of the sets S(φ) is intended to correspond to
the points in a fixed isogeny class in the left side of (0.1), with Xp(φ) and Xp(φ)
corresponding to the isogenies of prime to p-order, and p-power order respectively.
The set Xp(φ) is a G(Ap

f ) torsor, while Xp(φ) can be identified with a subset of

G(Qur
p )/GZp

(Zur
p ) which has an explicit group theoretic description (see Section 3.3

below). The term Iφ is a certain algebraic group over Q. When SKp
(G,X) is a

moduli space for abelian varieties, Iφ corresponds to the automorphism group (in
the isogeny category) of an abelian variety in the isogeny class corresponding to the
parameter φ. Each of the sets S(φ) is naturally equipped with an action of G(Ap

f )

and an action of the Frobenius in Gal(F̄p/κ(λ)), and (0.1) is required to respect
these actions.

In Kottwitz’s formulation3 the terms in the indexing set are (equivalence classes
of) triples (γ0, (γl)l �=p, δ) where γ0 ∈ G(Q), γl ∈ G(Ql) for l �= p, and δ ∈ G(Qur

p ).
These triples are required to satisfy certain compatibilities, and each triple appears
with a certain finite multiplicity in the indexing set. When SKp

(G,X) is a moduli
space for abelian varieties, the elements γl and δ correspond to the relative and
absolute Frobenius acting on the l-adic and crystalline cohomology of an abelian
variety.

The formulation of Langlands-Rapoport is more abstract and was inspired by
the formalism of motives. The indexing set consists of morphisms φ : Q → G,

1Langlands-Rapoport formulate their conjecture under more general conditions on Kp.
2Both Kottwitz and Langlands-Rapoport formulate the conjecture assuming that Gder is sim-

ply connected. However, it turns out that it is not difficult to remove this condition – see the
discussion at the end of this introduction and Section 3.3 below.

3Kottwitz’s formulation assumes that the maximal R-split torus of ZG is Q-split.
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satisfying certain conditions, where Q is an explicitly constructed groupoid4 which,
morally, ought to be the fundamental groupoid of the category of motives over
F̄p. When Kottwitz’s condition on ZG is satisfied, it was shown by Langlands-
Rapoport [LR87, Satz 5.25] that one can pass between the two points of view. The
two formulations of the conjecture are then almost equivalent, the only difference
being that Langlands-Rapoport give a precise description of the action of Iφ(Q) on
Xp(φ)×Xp(φ), whereas Kottwitz’s formulation allows one to describe this action
only up to conjugation by an element of Iadφ (Af ). Fortunately, this ambiguity should
be inessential for the application to the zeta function.

Following advances by a number of authors [Mor70], [Del69], [Mil79], [Zin83],
[RZ88], Kottwitz proved the conjecture (in his formulation) for PEL Shimura vari-
eties of types A and C [Kot92]. The main aim of this paper is to prove the conjec-
ture for Shimura varieties of abelian type. We use the formulation of Langlands-
Rapoport, but we prove a statement only up to conjugation by an element of
Iadφ (Af ) as in Kottwitz’s formulation. More precisely we show (see (4.6.7) below)
the following theorem.

Theorem (0.3). Suppose that p > 2 and that (G,X) is of abelian type. Then there
is a bijection

SKp
(G,X)(F̄p)

∼−→
∐
φ

lim←−KpIφ(Q)\Xp(φ)×Xp(φ)/Kp

respecting the action of Frobenius and G(Ap
f ), where the action of Iφ(Q) on Xp(φ)×

Xp(φ) is obtained from the natural action by conjugating by an element τ(φ) ∈
Iadφ (Af ).

Recall that the class of Shimura varieties of abelian type are exactly those con-
sidered by Deligne in [Del79], and include almost all Shimura varieties where G is
a classical group.

We now give some details about the techniques and organization of the paper.
The theorem is proved by first studying the case where (G,X) is of Hodge type, so
that ShKp

(G,X) is a moduli space for abelian varieties equipped with certain Hodge
cycles. Showing that an isogeny class on SKp

(G,X) has the form predicted by (0.2)
involves solving several problems which do not arise for PEL Shimura varieties.

To explain the first of these, recall [Kis10] that the integral model SKp
(G,X)

is obtained by taking an embedding ShKp
(G,X) ↪→ ShK′

p
(GSp, S±) into a Siegel

modular variety, and taking the normalization of the closure of ShKp
(G,X) in a

suitable model SK′
p
(GSp, S±) of ShK′

p
(GSp, S±). Given a point x ∈ SKp

(G,X)(F̄p)

one obtains a set Xp(x), as in (0.2). If Ax denotes the polarized abelian variety
corresponding to x, then by considering suitable p-power isogenies of Ax, one ob-
tains a map ιx : Xp(x) → SK′

p
(GSp, S±). However since these p-power isogenies do

not, in general, lift to characteristic 0, it is not clear that this map factors through
SKp

(G,X); unlike the PEL case one has no explicit moduli theoretic description
of SKp

(G,X).
We solve this problem in Section 1. It turns out that Xp(x) has a kind of

geometric structure. Using a deformation theoretic argument we show that if ιx
factors through SKp

(G,X) at some point y, then it factors through SKp
(G,X) in

4More precisely, Langlands-Rapoport use the language of Galois gerbs which will also be
convenient for us below.
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a formal neighborhood of y, and hence on the “connected component” of Xp(x)
containing y. We then show that one can move between connected components
of Xp(x) using isogenies which lift to characteristic 0. This uses in a crucial way
the main result of [CKV15] which gives an explicit description of these connected
components.

Attached to the abelian variety Ax are conjugacy classes γl ∈ G(Ql), l �= p,
and a Frobenius conjugacy class δ ∈ G(Qur

p ), corresponding to the action of the
pr-Frobenius and absolute Frobenius on l-adic and crystalline cohomology, respec-
tively. Here r is an integer such that x is defined over Fpr . The conjecture implies
that there ought to exist an element γ0 ∈ G(Q) such that γ0 is conjugate to γl in
G(Q̄l) and to γp := δσ(δ) · · ·σr−1(δ) in G(Q̄p). Here σ denotes the Frobenius on
Qur

p . In the PEL cases considered by Kottwitz this turns out to be a consequence of
the fact that the characteristic polynomials of γl and γp lie in Z[X] and are equal,
but this does not suffice in general.

We also have the group I of automorphisms of Ax in the isogeny category,
preserving the specializations of the Hodge cycles used to define ShKp

(G,X). This
is an algebraic group over Q, and the existence of an isomorphism as in (0.1)
implies that I should be an inner twisting of the centralizer of γ0 ∈ G(Q). When
these Hodge cycles are endomorphisms and polarizations, one can deduce this from
Tate’s theorem [Tat66] on endomorphisms of abelian varieties over finite fields, but
this does not seem to be possible with arbitrary Hodge cycles.

In Section 2 we give a different proof of Tate’s theorem which works for au-
tomorphisms preserving a collection of Hodge cycles. This allows us to show, in
particular, that I has the same rank as G. Using this we deduce the following result
of independent interest.

Theorem (0.4). If (G,X) is of Hodge type and x ∈ SKp
(G,X)(F̄p), then the

isogeny class of x contains a point which lifts to a special point on ShKp
(G,X).

Finally, it follows from the above theorem and the reciprocity law that the el-
ement γ0 ∈ G(Q) above exists and is stably conjugate to γl and γp. We remark
that for PEL Shimura varieties a weaker version of (0.4), where the isogeny is not
required to respect polarizations, was proven by Zink [Zin83]. The same weaker re-
sult is implicitly recovered in [Kot92]. Thus, (0.4) is new even for Shimura varieties
of PEL type.5

At this point it remains to match the isogeny classes on the left side of (0.1) with
the indexing set on the right side, and to deduce the case of abelian type Shimura
data from the case of Hodge type. These two steps are in fact carried out together.
To explain this, recall that (G,X) is of abelian type if there is a Shimura datum
of Hodge type (G′, X ′) equipped with a morphism G′der → Gder which induces

an isomorphism (G′ad, X ′ad)
∼−→ (Gad, Xad). The integral model SKp

(G,X) is
constructed in [Kis10] from the integral model SK′

p
(G′, X ′) (for a suitable choice

of hyperspecial K′
p), following Deligne’s formalism of connected Shimura varieties

[Del79]. This uses, in particular, the action of G′ad(Z(p))
+ = G′ad(Z(p)) ∩ G′(R)+

on SK′
p
(G′, X ′).

In Section 3 we show that the right side of (0.1) satisfies an analogous formalism:
it admits an action G′ad(Z(p))

+, and there is a subset (
∐

φ S(φ))
+, corresponding

to the connected Shimura variety, which can be used to reconstruct
∐

φ S(φ). We

5See Section 2.1 for further historical remarks.
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use this in Section 4 to show that for Shimura data (G′, X ′) of Hodge type, there
is a refined form of the bijection (0.1), which apart from respecting the action of
G′(Ap

f ), and Frobenius, also respects the action of G′(Z(p))
+ and is compatible with

the passage to connected components on both sides. The main theorem follows.
The idea of emulating Deligne’s formalism for

∐
φ S(φ) was introduced by Pfau

[Pfa96], who carried out the above constructions subject to a certain cohomological
condition on ZG′ . This was used by Milne [Mil92, 4.19] to reduce the Langlands-
Rapoport conjecture to the case of simply connected derived group. Unfortunately,
although Pfau’s condition greatly simplifies the cohomological calculations, it is
almost never satisfied for Shimura varieties of Hodge type; in particular the Shimura
varieties with simply connected Gder to which Milne reduces the conjecture are
almost never of Hodge type. Thus we cannot use the results of Milne and Pfau
directly.

As noted above, Kottwitz and Langlands-Rapoport formulate their conjectures
when Gder is simply connected. It turns out that this condition is easy to remove:
one of the conditions imposed in [LR87] on the morphism φ : Q → G is that
the induced morphism φ : Q → Gab is equal to a fixed morphism determined by
the conjugacy class of cocharacters μh attached to (G,X). We replace this with a

condition on the induced morphism φ : Q → G/G̃ to the stack G/G̃, where G̃ is
the simply connected cover of Gder. This is very natural since the conjugacy class
of [μh] determines not just an element of X∗(G

ab), but an element of π1(G), which

can be identified with X∗(G/G̃).
In [Mil92, 4.4] Milne formulated an extension of the conjecture to non-simply

connected derived groups, which requires that the morphism φ is special. This
means that φ factors through a suitable torus in G and is the analogue of the
statement that every isogeny class contains a point with a special lifting. Our
results show a posteriori that our formulation is equivalent to that of Milne, at least
when (G,X) is of Hodge type. However, Milne’s condition seems too inexplicit for
applications to computing the zeta function of the Shimura variety.

Our main results are in terms of the formulation of the conjecture by Langlands-
Rapoport; however, we also use the point of view of Kottwitz and its relation to
that of [LR87], in an essential way. To construct an analogue of Deligne’s formalism
for

∐
φ S(φ) it seems essential to use the point of view of [LR87] – this has been

emphasized by Milne [Mil92]. However, to relate these structures to SKp
(G,X)(F̄p)

we need to make use of the more concrete formulation of Kottwitz.

1. Isogenies and Shimura varieties mod p

(1.1) Classification of p-divisible groups. In this section we assume that
p > 2.6 The aim of this subsection is to recall various results about p-divisible
groups over perfect fields, and their deformations, especially when the Dieudonné
modules of these p-divisible groups are equipped with a collection of ϕ-invariant
tensors.

(1.1.1). Let k be a perfect field of characteristic p, W = W (k) its ring of Witt
vectors, and K0 = W (k)[1/p]. Let K be a finite totally ramified extension of K0 and
OK its ring of integers. Fix an algebraic closure K̄ of K, and set GK = Gal(K̄/K).

6Thanks to recent improvements to some of the arguments in [Kis10], by G. Pappas and
W. Kim, this is likely to soon be unnecessary.
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We denote by RepcrisGK
the category of crystalline GK-representations and by

Repcris◦GK
the category of GK-stable Zp-lattices spanning a representation in RepcrisGK

.
For V a crystalline representation, recall Fontaine’s functors

Dcris(V ) = (Bcris ⊗Qp
V )GK and DdR(V ) = (BdR ⊗Qp

V )GK .

Fix a uniformizer π ∈ K, and let E(u) ∈ W (k)[u] be the Eisenstein polynomial
for π. We set S = W [[u]] equipped with a Frobenius ϕ which acts as the usual
Frobenius σ on W and sends u to up.

Let Modϕ/S denote the category of finite free S-modules M equipped with a

Frobenius semilinear isomorphism

1⊗ ϕ : ϕ∗(M)[1/E(u)]
∼−→ M[1/E(u)].

We denote by BTϕ
/S the full sub-category of Modϕ/S consisting of those modules

such that 1⊗ ϕ maps ϕ∗(M) into M, and the image of this map contains E(u)M.
For i ∈ Z we set

Filiϕ∗(M) = (1⊗ ϕ)−1(E(u)iM) ∩ ϕ∗(M).

LetOE denote the p-adic completion ofS(p), and denote by Modϕ/OE
the category

of finite free OE -modules M equipped with an isomorphism ϕ∗(M)
∼−→ M. We have

a functor

Modϕ/S → Modϕ/OE
; M 	→ OE ⊗S M.

By [Kis10, 1.2.1], we have the following theorem.

Theorem (1.1.2). There exists a fully faithful tensor functor

M(·) : Repcris◦GK
→ Modϕ/S,

which is compatible with the formation of symmetric and exterior powers. If L is
in Repcris◦GK

, V = L⊗Zp
Qp, and M = M(L), then

(1) There are canonical isomorphisms

Dcris(V )
∼−→ M/uM[1/p] and DdR(V )

∼−→ ϕ∗(M)⊗S K,

where the map S → K is given by u 	→ π. The first isomorphism is compat-
ible with Frobenius and the second maps Filiϕ∗(M)⊗W K0 onto FiliDdR(V )
for i ∈ Z.

(2) There is a canonical isomorphism

O
̂Eur ⊗Zp

L
∼−→ O

̂Eur ⊗S M,

where O
̂Eur is a certain faithfully flat, and formally étale OE -algebra.

(1.1.3). For a ring R and a finite free R-module M, we denote by M⊗ the direct
sum of the R-modules obtained fromM by taking duals, tensor products, symmetric
and exterior powers.7 The stabilizer of a collection of tensors (sα) ⊂ M⊗ is then a
closed subgroup scheme of GL(M).

7When R is a mixed characteristic discrete valuation ring and G ⊂ GL(M) is a closed, R-flat
subgroup with reductive generic fiber, it is shown in [Kis10, 1.3.2] that G is the pointwise stabilizer
of a collection of elements of M⊗. The proof in loc. cit. uses symmetric and exterior powers, so
we include them in the definition here; however, Deligne has explained to us an argument using
only duals and tensor products
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Suppose L is in Repcris◦GK
and (sα) ⊂ L⊗ is a collection of GK-invariant tensors

defining a subgroup GZp
⊂ GL(L). We may view the sα as morphisms 1 → L⊗ and

apply the functor of (1.1.2) to obtain tensors s̃α ∈ M(L)⊗. By functoriality of the
isomorphisms in (1.1.2)(1),

sα,0 := s̃α|u=0 ∈ (M/uM)⊗ ⊂ Dcris(L⊗Zp
Qp)

⊗

is the image of sα under the p-adic comparison isomorphism.
We have the following theorem [Kis10, 1.3.4, 1.3.6].

Theorem (1.1.4). Suppose that GZp
is reductive. Then

(1) The tensors (s̃α) define a reductive subgroup in GL(M).
(2) If k is separably closed or G is connected and k is finite, then there exists

an isomorphism

L⊗Zp
S

∼−→ M

taking sα to s̃α.

(1.1.5). For any p-divisible group G over a scheme T on which p is locally nilpo-
tent, we denote by D(G ) the corresponding (contravariant) F -crystal and write ϕ
for the action of Frobenius on D(G ). We denote by G ∗ the Cartier dual of G and
by TpG the Tate module of G .

Let S be the p-adic completion of the divided power envelope of W (k)[u] with

respect to the kernel of W (k)[u]
u �→π−→ OK . We equip S with a Frobenius given by

the usual Frobenius on W (k) and sending u to up. We view S as a S-algebra by
sending u to u, and we view W as an S-algebra by sending u to 0.

If M is in BTϕ
/S, then we set M(M) = S ⊗S ϕ∗(M) and equip M(M) with the

induced Frobenius ϕ and with an S-submodule

Fil1M(M) = {x ∈ S ⊗ϕ,S M : 1⊗ ϕ(x) ∈ Fil1S ⊗S M ⊂ S ⊗S M}.
One checks easily that

Fil1M(M) = S · Fil1(ϕ∗(M)) + Fil1S · M.

We denote by (p-div/OK) the category of p-divisible groups over OK . Then by
[Kis10, 1.4.2] we have the following theorem.8

Theorem (1.1.6). The functor M(·) of (1.1.2) induces an exact equivalence

M(·) : (p-div/OK) → BTϕ
/S; G 	→ M(G ) := M(TpG

∗(−1)).

If G is a p-divisible group over OK , then there is a canonical isomorphism

D(G )(S)
∼−→ M(M(G ))

compatible with ϕ and filtrations. In particular, there is a canonical ϕ-compatible
isomorphism

D(G )(W )
∼−→ ϕ∗(M(G )/uM(G )).

Corollary (1.1.7). Let G be a p-divisible group over OK , and (sα) ⊂ TpG ⊗ a
collection of GK-invariant tensors defining a reductive subgroup G ⊂ GL(TpG ).
Suppose either that k is separably closed or that GZp

is connected and k is finite.

8In fact TpG ∗ should be replaced by TpG ∗(−1), the linear dual of TpG , in (1.4.2), (1.4.3) and

(1.5.11) of loc. cit. We have made this correction here.
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Let sα,0 ∈ D(G )(W )⊗ ⊗W K0 denote the image of sα under the p-adic comparison
isomorphism. Then

(1) (sα,0) ⊂ D(G )(W )⊗.

(2) There is an isomorphism TpG ∗(−1)⊗Zp
W

∼−→ D(G ) taking sα to sα,0.
(3) The filtration on D(G )(k) is induced by a GW -valued cocharacter.

Proof. This is [Kis10, 1.4.3], the first two parts following from (1.1.4) and (1.1.6).
�

(1.1.8). Suppose G is a p-divisible group over k, equipped with a collection of
ϕ-invariant tensors (sα,0) ⊂ D(G )(W )⊗ which defines a reductive subgroup GW =
G(sα,0) ⊂ GL(D(G )). We also assume that the filtration on D(G )(k) is induced by
a GW -valued cocharacter. We denote by μ0 the inverse of this cocharacter.

Let G̃ be a deformation of G to OK . We say that G̃ is GW -adapted if there
exist ϕ-invariant tensors s̃α ∈ D(G̃ )(S)⊗ lifting sα,0, such that (s̃α) defines a re-

ductive subgroup GS ⊂ GL(D(G̃ )(S)) and the image of s̃α in D(G̃ )(OK)⊗ is in

Fil0(D(G̃ )(OK)⊗).
We remark that there is a unique ϕ-invariant isomorphism [Kis06, 1.2.6]

D(G )(W )⊗W S[1/p]
∼−→ D(G̃ )(S)⊗S S[1/p]

lifting the identity on D(G )(W ) ⊗W K0, and this isomorphism must send sα,0 to

s̃α. In particular, the subgroup of GL(D(G̃ )(S) ⊗S S[1/p]) defined by the s̃α may
be identified with GW ⊗W S[1/p].

Lemma (1.1.9). Let G̃ be a GW -adapted deformation of G . Then the filtration

on D(G̃ )(OK)⊗OK
K is induced by a GW ⊗W K-valued cocharacter, and any such

cocharacter is conjugate to μ−1
0 .

Proof. Note that we are identifying the subgroup of GL(D(G̃ )(OK)⊗OK
K) defined

by the images of s̃α with GW ⊗W K.
By [Kis10, 1.4.5] the filtration of the lemma is defined by a GW ⊗W K-valued

cocharacter, whose inverse we denote by μ. If μ′ is another such cocharacter, then
μ−1 and μ′−1 define the same parabolic P in GW ⊗W K and induce the same P/U -
valued cocharacter, where U denotes the unipotent radical of P (see [Kis10, 1.1.5]
and its proof). Let L and L′, respectively, denote the centralizers of μ and μ′ in
GW ⊗W K. Then L,L′ are Levi subgroups of P, and hence are conjugate by an
element of U [DG70, XXVI 1.8]. Hence μ′ is conjugate to a cocharacter μ′′ : Gm →
L, which induces the same P/U -valued cocharacter as μ. As L

∼−→ P/U, μ′′ = μ.
This shows that all μ as above are conjugate. By [Kis10, 1.1.4] we may choose

μ to be a GW ⊗W OK-valued cocharacter such that μ−1 defines the filtration on
D(G̃ )(OK). Since the filtration on D(G̃ )(OK) reduces to that on D(G )(k), the same
argument as above shows that μ and μ0 induce conjugate GW ⊗W k-valued cochar-
acters. It follows from [DG70, IX 3.3] that μ and μ0 are conjugate. �

Proposition (1.1.10). Let SpfR be the versal deformation space of G . Then there
is a quotient RG of R, which is formally smooth over W, and such that for any K,
as above, a map of W -algebras � : R → OK factors through RG if and only if the
p-divisible group G� induced by � is GW -adapted.

Proof. This is [Kis10, Prop. 1.5.8]. �
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(1.1.11). Now suppose that G and (sα,0) ⊂ D(G )(W )⊗ is as above, but drop the
assumption that the filtration on D(G )(k) is given by a GW -valued cocharacter.

Suppose that we are given a finite free Zp-module U, together with an isomor-

phism U ⊗Zp
W

∼−→ D(G )(W ) such that under this isomorphism sα,0 ∈ U⊗. These
tensors then define a reductive Zp-subgroup G = GZp

⊂ GL(U) which is equipped

with an isomorphism GZp
⊗Zp

W
∼−→ GW .

If R → R′ is a map of commutative rings and X is an R-module, or a scheme over
R, we shall write XR = X ⊗RR′. In particular, for R a Zp-algebra, GR = G⊗Zp

R.
Since sα,0 ∈ U⊗ are ϕ-invariant, ϕ on D(G )(W )⊗W W [1/p] has the form bσ for

some b ∈ G(W [1/p]). If μ is a cocharacter, we will sometimes write pμ for μ(p).

Lemma (1.1.12). The filtration on D(G )(k) is given by a GW -valued cocharacter
μ−1
0 , and b ∈ GW (W )pυ0GW (W ) where υ0 = σ(μ−1

0 ).

Proof. By the Cartan decomposition there is a GW -valued cocharacter υ′
0, and

h1, h2 ∈ GW (W ) such that b = h1p
υ′
0h2 = h1h2p

h−1
2 υ′

0h2 . Hence the filtration on
D(G )(k) is given by σ−1(υ0), where υ0 = h−1

2 υ′
0h2. �

Proposition (1.1.13). With the above assumptions, a deformation G̃ of G to OK

is GW -adapted if and only if, via the p-adic comparison isomorphism

D(G̃ )(W )⊗W Bcris
∼−→ TpG̃

∗(−1)⊗Zp
Bcris,

the sα,0 correspond to tensors sα ∈ TpG̃ ⊗ which defined a reductive subgroup of

GL(TpG̃ ). If this condition holds, then there exists a W -linear isomorphism

(1.1.14) D(G )(W )
∼−→ TpG̃

∗(−1)⊗Zp
W

taking sα,0 to sα.

Proof. If sα ∈ TpG̃
⊗ and these tensors define a reductive subgroup, then G̃ is GW -

adapted by [Kis10, Prop. 1.5.11]. Moreover, in this case, there is an isomorphism
as in (1.1.14) by [Kis10, 1.4.3(3)]. Thus it remains to show the converse.

First note that if G̃ is a GW -adapted deformation of G , then the s̃α give rise to
ϕ-invariant tensors which lie in Fil0D(G )(OK)⊗. Hence, they correspond to GK-

invariant tensors sα ∈ TpG̃ ⊗Zp
Qp. Let G̃RG

denote the universal p-divisible group

on SpecRG. By (1.1.17) below, the p-adic étale local system TpG̃
⊗
RG

⊗Zp
Qp is

equipped with tensors sα,RG
which specialize to sα for every GW -adapted lifting

G̃ . Thus, it suffices to show that sα,RG
∈ TpG̃

⊗
RG

and that these tensors define a

reductive subgroup of GL(TpG̃RG
). Since TpG̃RG

is a local system (and SpecRG[1/p]

is connected), this holds if and only if sα ∈ TpG̃ ⊗ and these tensors define a

reductive subgroup for some GW -adapted lifting G̃ .
We now construct the required GW -adapted lifting. Let M = σ−1∗(D(G )(W )),

so that ϕ∗(M)
∼−→ D(G )(W ) ⊗W S. Since the sα,0 are in U⊗, we may think of

these tensors as in M⊗ and ϕ∗(M)⊗. Now lift the cocharacter μ0 to a cocharacter
μ, valued in GS ⊂ GL(ϕ∗(M)), and consider the map

ϕ∗(M)
c·μ−1(E(u))−→ ϕ∗(M)

∼−→ M,

where c = σ−1(b)μ0(E(0)) and the final map is induced by the identity on U ⊂
ϕ∗(M). By what we saw in (1.1.12),

σ(c) = bυ0(E(0))−1 = (bυ0(p)
−1)(υ0(p/E(0))) ∈ GL(D(G )(W )).
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Hence c ∈ GL(D(G )(W )), and the map above gives M the structure of an object

of BTϕ
/S, which corresponds to a deformation G̃ of G , by (1.1.6). The filtration on

M(M) = S ⊗S ϕ∗(M) is induced by the cocharacter μ−1. Hence thinking of the

sα,0 in M(M) = D(G̃ )(S) shows that G̃ is a GW -adapted lifting. Since sα,0 ∈ M⊗,

we have sα ∈ TpG̃ ⊗ by the full faithfulness in (1.1.2), and the sα define a reductive
subgroup by (1.1.2)(2). �

(1.1.15). Before proving the next lemma we recall some of the constructions of
[Fal10, §2]. Let R be a Noetherian, normal, integral, p-adically complete, p-torsion
free W -algebra. Fix an algebraic closure κ of FrR, and let R̄ be the union of the
finite, normal, R-subalgebras R′ ⊂ κ such that R′[1/p] is finite étale over R. We

write ̂̄R for the p-adic completion of R̄. Let R(R) = lim←−R̄/p where the transition

maps are given by Frobenius. Then there is a canonical surjection W (R(R)) → ̂̄R
and we denote by Acris(R) the p-adic completion of the divided power envelope of
W (R(R)) with respect to the kernel of this map.

If G is a p-divisible group over R, then an element of Tp(G ) := HomR̄(Qp/Zp,G )
gives rise to a map

D(G )(Acris(R)) → D(Qp/Zp)(Acris(R)) = Acris(R).

Hence we get a map

(1.1.16) Tp(G )⊗Zp
Acris(R) → HomAcris(R)(D(G )(Acris(R)), Acris(R)).

By considering the analogous map for the Cartier dual G ∗ one can show that this
map becomes an isomorphism after inverting the element t ∈ Acris = Acris(W )
[Fal10, p. 114].

Lemma (1.1.17). The local system TpG̃
⊗
RG

⊗Zp
Qp is equipped with sections s̃α,RG

which specialize to s̃α.

Proof. Let MRG
:= D(GRG

)(RG). By construction [Fal99, p. 136], [Kis10, 1.5.4],
Fil0M⊗

RG
is equipped with parallel, ϕ-invariant tensors sα,RG

such that for any
K as above, and � : RG → OK , each �(sα,RG

) is equal to the image of s̃α in
D(G�)(OK)⊗.

Now fix a lifting of RG → ̂̄RG to a map RG → Acris(RG). Since the sα are
parallel, they induce ϕ-invariant sections of

D(GRG
)(Acris(RG))

⊗ ∼−→ M⊗
RG

⊗RG
Acris(RG)

(see e.g. [Kis10, 1.5.4]).
Hence, using the isomorphism (1.1.16), we obtain sections

sα,RG
∈ Tp(G )⊗ ⊗Zp

Fil0Acris(RG)[1/t]
ϕ=1 = Tp(G )⊗ ⊗Zp

Qp,

where the final equality is proved in [Fal10, p. 119]. Since these tensors are neces-
sarily Gal(R̄G/RG)-invariant, the lemma follows. �

(1.1.18). For any Z-linear category C we denote by C ⊗Z Q the category obtained
from C by tensoring the Hom-groups by ⊗ZQ, and we call this the isogeny category
of C. An isomorphism in this category is called a quasi-isogeny. We will apply
this, in particular, to the category of p-divisible groups (over some base) and to
Dieudonné modules of p-divisible groups.

In order to simplify notation we will write D(G ) for D(G )(W ) below.



MOD p POINTS ON SHIMURA VARIETIES OF ABELIAN TYPE 829

Proposition (1.1.19). Let μ : Gm → G be a cocharacter, defined over K, and
conjugate to μ0. Suppose that μ−1 induces an admissible filtration on D(G )K :=
D(G )(W )⊗W K.

Then there exists a finite extension K ′/K with residue field k′, a p-divisible group

G̃ ′ over OK′ , and a quasi-isogeny θ : G → G ′ where G ′ = G̃ ′ ⊗OK′ k
′, such that

(1) θ identifies the filtration on D(G ′)K corresponding to G̃ ′ and the filtration
on D(G )K induced by μ−1.

(2) θ identifies D(G ′) with g · D(G ) for some g ∈ G(L) with

g−1bσ(g) ∈ G(OL)p
υ0G(OL).

(3) Viewing sα,0 ∈ D(G ′)⊗ via θ, the deformation G̃ ′ of G ′ is gGW (k′)g
−1-

adapted, where gGW (k′)g
−1 denotes the stabilizer of sα,0 ∈ D(G ′)⊗.

Proof. By [Kis06, 2.2.6] (cf. [Bre00, Thm. 1.4]) there exists a p-divisible group G̃ ′

over OK and an isomorphism of weakly admissible modules D(G ′)K0

∼−→ D(G )K0
,

where the filtration on the left (⊗K) corresponds to G̃ ′, and the filtration on the
right is induced by μ−1. This isomorphism induces a quasi-isogeny θ : G → G ′,
which satisfies (1) by construction.

Let G̃ be a GW -adapted lifting of G over OK , and let sα ∈ TpG̃ ⊗ and s′α ∈
(TpG̃ ′ ⊗Zp

Qp)
⊗ be the tensors corresponding to sα,0 via the p-adic comparison

isomorphism. The scheme of isomorphisms TpG̃ ′ ⊗Zp
Qp

∼−→ TpG̃ ⊗Zp
Qp taking

s′α to sα is a GQp
-torsor. By (1.1.9), the filtrations on D(G )K corresponding to G̃

and G̃ ′ are given by conjugate G-valued cocharacters, so this torsor is trivial by
[Win97, Cor. 4.5.3] (and the theorem of Colmez-Fontaine that weakly admissible
implies admissible), and there exists a Qp-linear isomorphism

(1.1.20) TpG̃ ⊗Zp
Qp

∼−→ TpG̃
′ ⊗Zp

Qp

taking s′α to sα.

After replacing K by a finite extension, we may assume that the image of TpG̃
under (1.1.20) is stable by GK . Then replacing G ′ by an isogenous p-divisible group,

we may assume that (1.1.20) induces an isomorphism TpG̃
∼−→ TpG̃

′. In particular,

s′α ∈ TpG̃ ′⊗, and these tensors define a connected reductive subgroup in GL(TpG̃ ′).
Hence by (1.1.7), there exist W -linear isomorphisms

(1.1.21) D(G )
∼−→ TpG̃

∗(−1)⊗Zp
W

∼−→
(1.1.20)

TpG̃
′∗(−1)⊗Zp

W
∼−→ D(G ′)

with the composite taking sα,0 to θ(sα,0). We use (1.1.21) to identify D(G ) and
D(G ′). Then D(θ) fixes sα,0 and hence is induced by an element g ∈ G(K0). In
particular,

D(G ′) = g · D(G ) ⊂ D(G )⊗Zp
Qp.

Write Gg
W = gGW g−1. By (1.1.13), G̃ ′ is a Gg

W -adapted deformation of G ′. Let

μ′
0 be a Gg

W -valued cocharacter such that μ′−1
0 induces the filtration on D(G ′)(k).

By (1.1.9), μ′
0 is conjugate to μ in Gg

W (K) and hence to gμ0g
−1. Since μ′

0 and
gμ0g

−1 are Gg
W -valued cocharacters, they are conjugate by an element of Gg

W (W ).
Now applying (1.1.12) to G ′ and the isomorphism

U ⊗W
∼−→ D(G )

∼−→
·g

D(G ′),
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we find

g−1bσ(g) ∈ GW (W )pσ(g
−1μ′

0g)GW (W ) = GW (W )pυ0GW (W ).

�
(1.2) Affine Deligne-Lusztig varieties.

(1.2.1). Now fix an algebraic closure F̄p of Fp. Let k ⊂ F̄p be a finite field, and set
L = W (F̄p)[1/p] and OL = W (F̄p). Denote by σ ∈ Γ := Gal(F̄p/Fp) the absolute
Frobenius.

Let G be a connected reductive group over Zp. Then G is quasi-split. We denote
by GQp

the generic fiber of G. Let T ⊂ G be the centralizer of a maximal split
torus, B ⊃ T a Borel subgroup of G, and Ω = ΩG the Weyl group of T in G. The
Cartan decomposition gives an isomorphism

(1.2.2) X∗(T )/Ω
∼−→ G(OL)\G(L)/G(OL) μ 	→ μ(p)

and each element of X∗(T )/Ω has a unique dominant representative. For b ∈
G(L) denote by μG,b ∈ X∗(T ) (or simply μb if the group G is clear) the dominant
cocharacter which maps to the image of b under (1.2.2).

Let μ, μ′ ∈ X∗(T ) and μ̃, μ̃′ ∈ X∗(T ) be the dominant cocharacters in the Ω-orbit
of μ and μ′ respectively. We will write μ′ � μ if μ̃ − μ̃′ is a non-negative integral
linear combination of positive coroots.

Let π1(G) denote the quotient of X∗(T ) by the space of coroots. The composite

κ̃G : G(L)
b�→μG,b→ X∗(T )/Ω → π1(G)

is a homomorphism. We denote by κG the composite of κ̃G and the projection
π1(G) → π1(G)Γ.

Lemma (1.2.3). Let T ⊂ GZp
be the centralizer of a maximal split torus. Then the

map X∗(T )
Γ → π1(G)Γ is surjective. In particular, the map κ̃G : G(Qp) → π1(G)Γ

is surjective.

Proof. The first claim is contained in [CKV15, Cor. 2.5.12]. Since T (Qp) surjects
onto X∗(T )

Γ (μ 	→ pμ is a section), the second claim follows. �
Lemma (1.2.4). If gad ∈ Gad(Qp) and κ̃Gad(gad) lifts to an element of π1(G)Γ,
then gad is in the image of

G(Qp)/G(Zp) → Gad(Qp)/G
ad(Zp).

Proof. By (1.2.3) there is a g′ ∈ G(Qp) which maps to κ̃Gad(gad). Let g′ad be
the image of g′ in Gad(Qp). We may replace gad by gadg′ad−1 and assume that
κ̃Gad(gad) = 0.

By the Cartan decomposition, gad = pεh with ε ∈ X∗(T ) for some maximal torus

T of Gad, and h ∈ Gad(Zp) (cf. the proof of (1.1.12) above). If T̃ is as in (1.2.3),

then ε ∈ X∗(T̃ ) as κ̃Gad(gad) = 0, so pε may be regarded as an element of G which
maps to gad in Gad(Qp)/G

ad(Zp). �

(1.2.5). Let R be a F̄p-algebra. A frame for R is a p-torsion free, p-adically

complete and separatedOL-algebra R equipped with an isomorphism R/pR
∼−→ R,

and a lift (again denoted σ) of the Frobenius σ to R.9 If θ : R → R′ is a map of

9This is a special case of Zink’s definition [Zin01, Defn. 1].
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F̄p-algebras, then a frame for θ is a morphism of OL-algebras θ̃ : R → R′ from a
frame of R to a frame of R′, which lifts θ, and is compatible with σ.

Note that there is a unique σ-equivariant map R → W (R) to the ring of Witt
vectors of R. Hence, for any morphism of k-algebras, s : R → R′, we obtain a map
R → W (R′), which we will often again denote by s.

We write RL = R ⊗OL
L. Fix a frame R for R, and let g ∈ G(RL). For a

dominant μ ∈ X∗(T ) let

Sμ(g) = {s ∈ SpecR : s(g) ∈ G(W (κ̄(s)))pμG(W (κ̄(s)))},

where κ̄(s) denotes an algebraic closure of κ(s). Set

S�μ(g) =
⋃

μ′�μ

Sμ(g),

where μ′ runs over dominant characters� μ. As above, if s ∈ Sμ(g) with μ dominant
we write μs(g) = μ. We have the following [CKV15, Lem. 2.1.6] lemma.

Lemma (1.2.6). Let R be a Noetherian, formally smooth F̄p-algebra, R a frame
for R, and g ∈ G(RL). Then

(1) The set S�μ(g) ⊂ S = SpecR is Zariski closed.
(2) The set Sμ(g) is locally closed and is closed if μ is minuscule.
(3) The function

SpecR → π1(G); s 	→ [μG,s(g)]

is locally constant.

(1.2.7). By an étale covering, we mean a faithfully flat, étale morphism R → R′.
Let R be a frame for R. Then any étale morphism R → R′ admits a canonical
frame R → R′ [CKV15, Lem. 2.1.4]. We have [CKV15, Prop. 2.1.14].

Lemma (1.2.8). Let R be a Noetherian, formally smooth F̄p-algebra, R a frame
for R, and g ∈ G(RL). Suppose that μ is minuscule and that Sμ(g) contains the
generic points of SpecR. Then there exists an étale covering R → R′ with canonical
frame R → R′ such that g ∈ G(R′)pμG(R′).

(1.2.9). Let b ∈ G(L). If R is a F̄p-algebra, S = SpecR, and R a frame for R,
then we set

X�μ(b)(R) = {g ∈ G(RL)/G(R) : S�μ(g
−1bσ(g)) = S},

and we define Xμ(b)(R) in an analogous way, replacing S�μ by Sμ. We will some-
times write simply X�μ(b) for X�μ(b)(W (F̄p)). When we want to make the group
G explicit we will write XG

�μ(b) for X�μ(b). Note that the sets Xμ(b) depend only
on the σ-conjugacy class of b.

Let g0, g1 ∈ X�μ(b)(W (F̄p)), and R a smooth F̄p-algebra with connected spec-
trum, equipped with a frame R. We say that g0 is connected to g1 via R, if there ex-
ists a g ∈ X�μ(b)(R) and s0, s1 ∈ (SpecR)(F̄p) such that s0(g) = g0 and s1(g) = g1.
We denote by ∼ the smallest equivalence relation on X�μ(W (F̄p)) such that g0 ∼ g1
if g0 is connected to g1, via some R as above, and we write π0(X�μ(b)) for the set
of equivalence classes under ∼ . We call the elements of π0(X�μ(b)) the connected
components of X�μ(b).
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(1.2.10). Let D denote the pro-torus with character group Q. Recall the Newton
map

νb : D → G

defined by Kottwitz [Kot85, 4.2]. If G = GL(V ) for a Qp-vector space V, then νb
is the cocharacter which induces the slope decomposition of bσ acting on V ⊗Qp

L.
In general νb is determined by requiring that it be functorial in the group G.

Let E ⊂ L be a finite Galois extension of Qp such that μ is defined over E, and
set

μ̄ = [E : Qp]
−1

∑
τ∈Gal(E/Qp)

τ (μ).

We denote by μ� = μ�,G the image of μ in π1(G)Γ.
Let ν̄b ∈ X∗(T ) be the dominant cocharacter conjugate to νb. If ν1, ν2 ∈ X∗(T ),

then we write ν1 ≤ ν2 if ν2 − ν1 is a non-negative Q-linear combination of positive
coroots. We denote by B(G,μ) the set of b ∈ G(L) such that

(1.2.11) κG(b) = μ� ∈ π1(G)Γ, and ν̄b ≤ μ̄.

By a result of Wintenberger [Win05], Xμ(b) is non-empty if and only if b ∈
B(G,μ).

(1.2.12). Let b ∈ G(L), and let Mb ⊂ G denote the centralizer of νb. For any
b̄ ∈ Gad(L), we define a Qp-group Jb̄ by setting

Jb̄(A) = JG
b̄ (A) := {g ∈ G(A⊗Qp

L) : σ(g) = b̄−1gb̄}
for A a Qp-algebra. There is an inclusion Jb̄ ⊂ G, defined over L, which is given on
A-points (A an L-algebra) by the natural map G(A⊗Qp

L) → G(A). If b ∈ G(L),

we write Jb = Jb̄ where b̄ denotes the image of b in Gad(L). Then the inclusion
Jb → G identifies Jb with Mb over L, and Jb is an inner form of Mb [Kot97, 3.3],
[RZ96, 1.12].

(1.2.13). By [CKV15, Lem. 2.5.2] there exists a b′ in the σ conjugacy class of b
such that νb′ ∈ X∗(T )⊗Z Q, νb′ is dominant and (hence) σ-invariant and b′ ∈ Mb′ .

If the set X�μ(b) is non-empty, then b ∈ B(G,μ), and in particular, κG(b) = μ�.
A standard Levi subgroup M ⊂ G is one defined by a dominant cocharacter in
X∗(T )

Γ. By [CKV15, Prop. 2.5.4] if M ⊃ Mb′ is a standard Levi subgroup and
κM (b′) = μ�,M , then the natural map XM

μ (b′) → XG
μ (b′) = Xμ(b) is a bijection,

inducing a bijection on connected components. The pair (μ, b) is called Hodge-
Newton indecomposable or HN-indecomposable if κM (b′) �= μ�,M for any standard
Levi M ⊃ Mb′ . We have the following theorem [CKV15, Thm. 1.1].

Theorem (1.2.14). Suppose that μ is minuscule, and that G is (adjoint and) Qp-
simple. Let b ∈ B(G,μ) with (μ, b) HN-indecomposable, and let cb,μ ∈ π1(G) satisfy
σ(cb,μ)− cb,μ = [μ]− κ̃G(b). Then either κ̃G induces a bijection

π0(X�μ(b))
∼−→ cb,μπ1(G)Γ

or μ is trivial, b is σ-conjugate to the identity, and

Xμ(b)
∼−→ X�μ(b)

∼−→ π0(Xμ(b))
∼−→ G(Qp)/G(Zp).

(1.2.15). Now let G be a p-divisible group over F̄p, and write D(G ) for D(G )(OL).
Let (sα,0) ⊂ D(G )⊗ be a collection of ϕ-invariant tensors, which define a reductive
subgroup GOL

⊂ D(G )⊗.



MOD p POINTS ON SHIMURA VARIETIES OF ABELIAN TYPE 833

Suppose there exists a finite free Zp-module U, equipped with an isomorphism

U ⊗Zp
OL

∼−→ D(G ) and such that sα,0 ∈ U⊗. Then the sα,0 define a reductive
subgroup G = GZp

⊂ GL(U). If U ′ is another such Zp-module, the scheme of
isomorphisms U → U ′ respecting the sα,0 is a GZp

-torsor, which is necessarily
trivial.

The action of ϕ on D(G ) is given by bσ, and the discussion above shows that
b ∈ G(L) is independent of the choice of U up to σ-conjugation by an element
of GOL

(OL). By (1.1.12) the filtration on D(G )(k) is induced by a GOL
-valued

cocharacter μ−1
0 and b ∈ G(OL)p

υ0G(OL) where υ0 = σ(μ−1
0 ). Note that with

these conventions we have 1 ∈ Xυ0
(b), so cb,μ = 1.

(1.2.16). Let K/L be a finite extension and fix a Galois closure K̄ of K, with

residue field F̄p. Let G̃ be a GOL
-adapted lifting of G to a p-divisible group over

OK . By (1.1.13), we may take U to be TpG̃
∗(−1) equipped with the tensors sα in

the construction and we fix an isomorphism

(1.2.17) TpG̃
∗(−1)⊗Zp

OL
∼−→ D(G̃ ).

Now let g ∈ G(Qp). There is a finite extension K ′/K in K̄ such that g−1 · TpG̃

is GK′-stable, and hence corresponds to a p-divisible group G̃ ′ over K ′. Let G ′ =
G̃ ′ ⊗ F̄p. The quasi-isogeny θ : G̃ → G̃ ′ identifies D(G ′) with g0 · D(G ) for some
g0 ∈ GL(D(G )⊗Zp

Qp).

Lemma (1.2.18). The association g 	→ g0 induces a well defined map

G(Qp)/G(Zp) → G(L)/G(OL).

For two choices of (1.2.17) the corresponding maps g 	→ g0 differ by an automor-
phism of G(L)/G(OL) given by left multiplication by an element of G(OL).

Moreover, for any g we have g0 ∈ Xυ0
(b) and κ̃G(g0) = κ̃G(g) ∈ π1(G)Γ.

Proof. Since g ∈ G(Qp), we have sα,et ∈ TpG̃ ′⊗, and the Zp-linear bijection TpG̃
∼−→

TpG̃ ′ induced by g−1 respects the sα. Hence (sα) defines a reductive subgroup of

GL(TpG̃
′) and, as in the proof of (1.1.19), there is an isomorphism D(G )

∼−→ D(G ′)
taking sα,0 to θ(sα,0). If we use this isomorphism to identify D(G ′) and D(G ), then
D(θ) fixes the sα,0 and is induced by g0 ∈ G(OL).

The construction depends only on g as an element of G(Qp)/G(Zp), and g0 is
well defined as an element of G(L)/G(OL). The claim regarding the dependence of
the map on the choice in (1.2.17) is easily checked. The proof that g0 ∈ Xυ0

(b) is
the same as the argument given at the end of (1.1.19).

To prove that κ̃G(g0) = κ̃G(g), we use (1.1.4) and the bijection TpG̃
∼−→ TpG̃ ′

to obtain a S-linear bijection M(G̃ )
∼−→ M(G̃ ′) which takes s̃α ∈ M(TpG̃

∗(−1))

to θ(s̃α). We use this isomorphism to identify M(G̃ ′) and M(G̃ ). Fix an isomor-

phism M(G̃ )
∼−→ TpG̃ ∗(−1) ⊗W S, which takes s̃α to s̃α, so that the subgroup of

GL(M(G̃ )) defined by (s̃α) is identified with GS. Then M(G̃ ′) = g̃ ·M(G̃ ) for some
g̃ ∈ G(S).

By (1.1.2)(2) g̃ = g in G(Êur)/G(O
̂Eur). Since g̃|u=0 = σ−1(g0) by (1.1.6), we see

that g and σ−1(g0) have the same image in π1(G) by (1.2.6)(3). Since the image of
g is Γ-invariant, this coincides with the image of g0. �
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Lemma (1.2.19). Let f : GZp
→ HZp

be a surjection of reductive groups over Zp,
and suppose that the map GK → HZp

(Zp) obtained by composing the action of GK

on TpG̃ with f factors through ZH(Qp).
Then (1.2.17) can be chosen so that f(g) = f(g0) ∈ H(L)/H(OL).

Proof. Let G′ ⊂ GZp
denote the connected component of the identity of f−1(ZH).

After increasing K, we may assume that GK → GZp
(Zp) factors through G′(Zp).

Extend (sα) to a collection of tensors (tβ) ⊂ (TpG̃ )⊗ whose stabilizer is G′. Then,
as above, tβ corresponds to a ϕ-invariant tβ,0 ∈ D(G )⊗, and we may choose (1.2.17)
so that tβ maps to tβ,0.

Now let T ⊂ GZp
be the centralizer of a maximal split torus. By the Cartan

decomposition we may write g = h1p
εh2 = ph1εh

−1
1 h1h2 with ε ∈ X∗(T ) a cochar-

acter defined over Qp, and h1, h2 ∈ GZp
(Zp). Hence we may assume g ∈ T ′(Qp)

with T ′ = h1Th
−1
1 ⊂ GZp

a maximal torus.

Let G′′ be the connected component of the identity in f−1f(T ′), so that g ∈
G′′(Qp). Note that if (tγ) ⊂ (TpG̃ )⊗ is a collection of tensors whose stabilizer is G′′,

then the stabilizer of (tβ, tγ)β,γ is G′, so (1.2.17) takes tγ to tγ,0 ∈ D(G̃ )⊗, because
the scheme of isomorphisms having this property is again a G′-torsor. Thus we
may apply (1.2.18) to G′′, and we find g = g0 in π1(G

′′) and hence that

f(g) = f(g0) ∈ π1(f(T
′)) = f(T ′)(L)/f(T ′)(OL) ⊂ H(L)/H(OL).

�

(1.2.20). Let μ ∈ X∗(T ) be the dominant cocharacter conjugate to μ0, and set
υ = σ(μ−1). Then υ and υ0 are conjugate over G(OL), and Xυ(b) = Xυ0

(b). Note
that we also have a natural bijection

Xυ(b)
∼−→ Xμ−1(b); g 	→ σ−1(b−1g).

We will denote by a superscript “ad” the image of an element (resp. a cocharac-
ter) of G in Gad (resp. the set of cocharacters of Gad). We remind the reader that
with our present conventions cb,μ = 1.

Proposition (1.2.21). Suppose that the pair (υ, b) is HN-indecomposable. Then
the map

G(Qp)/G(Zp) → Xυ(b) → π0(Xυ(b)); g 	→ g0

is surjective.

Proof. Let M ⊃ T be a standard Levi subgroup. Consider the maps

π1(M/ZG)
Γ → π1(G

ad)Γ
c�→σ(c̃)−c̃→ ker (X∗(ZG)Γ → π1(G)Γ),

where in the second map c̃ ∈ π1(G) is an element lifting c. The first map is a surjec-
tion by (1.2.3), and the second map is a surjection by the snake lemma. The kernel
of π1(M)Γ → π1(G)Γ ⊕ π1(M/ZG)Γ is contained in the image of ker (X∗(ZG)Γ →
π1(G)Γ), and hence in the image of π1(M/ZG)

Γ, which is trivial. Hence (υad, bad)
is HN-indecomposable.

Write Gad = G1 × G2, where υad induces the trivial cocharacter of Gad
1 and

induces a non-trivial cocharacter in every Qp-simple factor of Gad
2 . Since υ induces
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the trivial cocharacter in G1, the representation GK → G1(Qp) is unramified, and
hence trivial as K has algebraically closed residue field. We choose the isomorphism
(1.2.17) so that the conclusion of (1.2.19) holds with f the projection G → G1; of
course the truth of the statement of the lemma does not depend on this choice.

Let h ∈ Xυ(b). By (1.2.14) we have

(1.2.22) π0(Xυad(bad))
∼−→ G1(Qp)/G1(Zp)× π1(G2)

Γ

and by (1.2.3) there exists gad ∈ Gad(Qp)/G
ad(Zp) which maps to the image of

had in right side of (1.2.22). Since κ̃G(h) ∈ π1(G)Γ lifts κ̃Gad(gad), gad lifts to
g ∈ G(Qp)/G(Zp) by (1.2.4). It follows by (1.2.18) and (1.2.19) that g0 and had

have the same image in π0(Xυad(bad)).
The non-empty fibers of the map π0(Xυ(b)) → π0(Xυad(bad)) are X∗(ZG)

Γ-
torsors [CKV15, Cor. 2.4.3]. Hence, h = g0z for some z ∈ ZG(Qp). Using (1.2.18)
and the functoriality of the construction in (1.2.16), we find h = g0z = g0z0 =
(gz)0. �

Proposition (1.2.23). There exists a GOL
-adapted lifting G̃ of G such that the

map

G(Qp)/G(Zp) → π0(Xυ(b))

arising from G̃ is surjective.

Proof. Let b′ be as in (1.2.13) and M ⊃ Mb′ a standard Levi subgroup such that
κM (b′) = υ in π1(M), and (υ, b′) is HN-indecomposable in M. Since the map
XM

υ (b′) → XG
υ (b) is a bijection, there exists h ∈ G(OL) such that h−1bσ(h) ∈

M(OL)p
υM(OL). We may replace b by its σ conjugate by h, and assume that

b ∈ M(OL)p
υM(OL).

Now extend (sα,0) to a collection of tensors (tβ,0) ∈ U⊗ which define the sub-
group M ⊂ GL(U). Then the tβ,0 ∈ D(G )⊗ are Frobenius invariant. By (1.1.12),
the filtration on D(G )(k) is given by an MW -valued cocharacter, so by (1.1.10), G

admits an MOL
-adapted lifting G̃ . Note that any such lifting is GOL

-adapted.

By (1.1.13), the tβ,0 correspond to tβ ∈ TpG̃
⊗, and we may choose (1.2.17) to

take tβ to tβ,0. By (1.2.21), composite map

M(Qp)/M(Zp) → XM
υ (b) → π0(X

M
υ (b))

arising from G̃ is surjective. Since XM
υ (b) → XG

υ (b) is a bijection, the proposition
follows. �

(1.3) Shimura varieties. The aim of this subsection is to recall the construc-
tion of integral models of Shimura varieties of Hodge type, and to give a deformation
theoretic description of a formal neighborhood of a point on such a model.

For the rest of the paper it will be convenient to fix an algebraic closure Q̄ of Q,
an algebraic closure Q̄v of Qv for each place v of Q, and embeddings Q̄ ↪→ Q̄v. As
usual, we write Q̄∞ = C. For L ⊂ Q̄ a Galois extension of Q, and every place v, we
let Lv denote the closure of L in Q̄v.

We denote by F̄p the residue field of Q̄p.As in Section 1.2, we write L = FrW (F̄p),
and OL for the ring of integers of L. Let Qur

p ⊂ L be the subfield of elements which

are algebraic over Qp. We fix an algebraic closure L̄ of L, and an embedding of
Qur

p -algebras Q̄p ↪→ L̄.
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(1.3.1). Let G be a connected reductive group over Q and X a conjugacy class of
maps of algebraic groups over R,

h : S = ResC/RGm → GR,

such that (G,X) is a Shimura datum [Del79, §2.1].
For any C-algebra R, we have R ⊗R C = R × c∗(R) where c denotes complex

conjugation, and we denote by μh the cocharacter given on R-points by

R× → (R× c∗(R))× = (R⊗R C)× = S(R)
h→ GC(R).

We set wh = μ−1
h μc−1

h .
Let Af denote the finite adeles over Q, and Ap

f ⊂ Af the subgroup of adeles with

trivial component at a prime p. Let K = KpK
p ⊂ G(Af ) where Kp ⊂ G(Qp) and

Kp ⊂ G(Ap
f ) are compact open subgroups.

A theorem of Baily-Borel asserts that if Kp is sufficiently small, then

ShK(G,X)C = G(Q)\X ×G(Af )/K

has a natural structure of an algebraic variety over C. We will always assume in the
following that Kp is sufficiently small. Results of Shimura, Deligne, Milne and others
imply that ShK(G,X)C has a model ShK(G,X) over a number field E = E(G,X)
[Mil90, II §4,5], which is the minimal field of definition of the conjugacy class of μh.
We view E as a subfield of Q̄, via the chosen embedding Q̄ ↪→ C.

We will sometimes consider the pro-variety

ShKp
(G,X) = lim←−ShK(G,X),

where K runs through compact open subgroups as above with a fixed factor Kp at
p.

(1.3.2). Fix a Q-vector space V with a perfect alternating pairing ψ. For any
Q-algebra R, we write VR = V ⊗Q R. Let GSp = GSp(V, ψ) be the corresponding
group of symplectic similitudes, and let S± be the Siegel double space, defined as
the set of maps h : S → GSpR such that

(1) The C× action on VR gives rise to a Hodge structure of type (−1, 0), (0,−1) :

VC
∼−→ V −1,0 ⊕ V 0,−1.

(2) (x, y) 	→ ψ(x, h(i)y) is (positive or negative) definite on VR.

For the rest of this section we will assume that there is an embedding of Shimura
data ι : (G,X) ↪→ (GSp, S±).

(1.3.3). We assume from now on that Kp is hyperspecial, so that Kp = GZ(p)
(Zp)

for some reductive group GZ(p)
over Z(p) with generic fiber G. Then ι is induced

by an embedding GZ(p)
↪→ GL(VZ(p)

) for some Z(p)-lattice VZ(p)
⊂ V [Kis10, 2.3.1,

2.3.2].
By Zarhin’s trick, after replacing VZ(p)

by HomZ(p)
(VZ(p)

, VZ(p)
)4, we may assume

that ψ induces a perfect pairing on VZ(p)
, which will again be denoted by ψ. For R

a Z(p)-algebra, we write VR = VZ(p)
⊗Z(p)

R.
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We write K′
p = GSp(VZ(p)

)(Zp) ⊂ GSp(Qp). By [Kis10, 2.1.2], for each Kp, as

above, there exists K′p ⊂ GSp(Ap
f ) compact open containing Kp and such that ι

induces an embedding

ShK(G,X) ↪→ ShK′(GSp, S±)

of E-schemes, where K′ = K′
pK

′p.

(1.3.4). For a Z(p)-scheme T and an abelian scheme B over T we set

V̂ p(B) = lim←−p�nB[n],

viewed as an étale local system on T. Write V̂ p(B)Q = V̂ p(B)⊗Z Q.
Now consider the category obtained from the category of abelian schemes over

T, by tensoring the Hom groups by ⊗Z(p). An object in this category will be called
an abelian scheme up to prime to p-isogeny. An isomorphism in this category will

be called a p′-quasi-isogeny. Note that V̂ p(B)Q is functorial for p′-quasi-isogenies.
Let A be an abelian scheme up to prime to p-isogeny, and write A∗ for the dual

abelian scheme. By a weak polarization we mean an equivalence class of p′-quasi-
isogenies λ : A ∼−→ A∗ such that some multiple of λ is a polarization, and where
two such λ’s are equivalent if they differ by an element of Z×

(p).

For such a pair (A, λ), denote by Isom(VAp
f
, V̂ p(A)Q) the étale sheaf on T con-

sisting of isomorphisms VAp
f

∼−→ V̂ p(A)Q which are compatible with the pairings

induced by ψ and λ up to a Ap×
f -scalar.

A K′p-level structure on (A, λ) is a section

εpK′ ∈ Γ(T, Isom(VAp
f
, V̂ p(Ax)Q)/K

′p).

For K′p sufficiently small the functor which assigns to T the set of isomorphism
classes of triples (A, λ, εpK′), as above, is representable by a smooth Z(p)-scheme,

SK′(GSp, S±), whose fiber over Q is naturally identified with ShK′(GSp, S±) (cf.
[Kot92, §5]). As before, we will always assume that K′p is sufficiently small in what
follows.

Let O be the ring of integers of E, O(p) the localization of O at the prime

corresponding to the embeddings Q̄ ↪→ Q̄p, and Ep the completion of E at that
prime. We denote by SK(G,X)− the closure of ShK(G,X) in SK′(GSp, S±)⊗Z(p)

O(p). We write SK(G,X) for the normalization of SK(G,X)−.
Then we have the following theorem [Kis10, 2.3.5, 2.3.8].

Theorem (1.3.5). Let x ∈ SK(G,X)− be a closed point of characteristic p, and

let Ûx be the formal completion of SK(G,X)− at x. Then

(1) The irreducible components of Ûx are formally smooth.
(2) SK(G,X) is a smooth O(p)-scheme, and the G(Ap

f )-action on ShKp
(G,X)

extends to

SKp
(G,X) := lim←−KpSKpKp

(G,X).

(1.3.6). The subgroup GZ(p)
↪→ GL(VZ(p)

) is the scheme theoretic stabilizer of a

collection of tensors (sα) ⊂ V ⊗
Z(p)

[Kis10, 1.3.2].
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Let h : A → SK(G,X) denote the pullback of the universal polarized abelian
scheme. Let VB = R1han

∗ Z(p) where h
an
∗ denotes the map of complex analytic spaces

associated to h. Since the tensors sα are G-invariant, they correspond to sections
sα,B ∈ V ⊗

B .
Write V = R1h∗Ω

• for the first relative de Rham cohomology. Using the de Rham
isomorphism, we may view the sα as parallel sections of the complex analytic vector
bundle associated to V⊗, which lie in the Fil0 part of the Hodge filtration. The
sections in fact arise from sections sα,dR ∈ V⊗ defined over O(p) [Kis10, Prop. 2.2.2,
2.3.9].

Similarly, for a finite prime l, let Vl = R1hét∗Ql, if l �= p, and Vp = R1hηét∗Zp,
where hη denotes the generic fiber of h. Then sα may be viewed as a section
sα,l ∈ V⊗

l , a priori defined over C, but which descends to E by [Kis10, Lem. 2.2.1],
and to O(p) if l �= p.

If T is an O(p)-scheme (resp. an E-scheme, resp. a C-scheme), x ∈ S (G,X)(T ),
and ∗ = l or dR (resp. ∗ = p, resp. ∗ = B), we denote by sα,∗,x the pullback of
sα,∗ to T. Similarly, we denote by Ax the pullback of A to x.

As in [Kis10, 3.4.2], if x ∈ SK(G,X)(T ) corresponds to a triple (Ax, λ, ε
p
K′), then

εpK′ may be promoted to a section

εpK ∈ Γ(T, Isom(VAp
f
, V̂ p(Ax)Q)/K

p).

Moreover εpK takes sα to (sα,l)l �=p.
Now let k ⊂ F̄p be a subfield containing the residue field kE of Ep. Set W =

W (k), and let K ⊂ L̄ be a finite, totally ramified extension of W [1/p]. Let x ∈
SK(G,X)(k) and x̃ ∈ ShK(G,X)(K) a point specializing to x.

Let K̄ be the algebraic closure of K in L̄ and denote by Ax̃ (resp. Ax̃,K̄) the fiber

(resp. geometric fiber) over x̃. The tensors sα,p,x̃ ∈ H1
ét(Ax̃,K̄ ,Zp)

⊗ are Gal(K̄/K)-
invariant.

Let Gx denote the p-divisible group attached to Ax. The following result shows
that Gx satisfies the conditions imposed in (1.1.8) and (1.2.15), so that we may
apply the results of Sections 1.1 and 1.2 to this p-divisible group.

Proposition (1.3.7). (1) Under the p-adic comparison isomorphism

H1
ét(Ax̃,K̄ ,Zp)⊗Zp

Bcris
∼−→ H1

cris(Ax/W )⊗W Bcris

the sα,p,x̃ map to ϕ-invariant tensors sα,0,x̃ ∈ Fil0(H1
cris(Ax/W )⊗).

(2) There is a W -linear isomorphism

H1
ét(Ax̃,K̄ ,Zp)⊗Zp

W
∼−→ H1

cris(Ax/W )

taking sα,p,x̃ to sα,0,x̃. In particular, the sα,0,x̃ define a reductive group
scheme GW ⊂ GL(H1

cris(Ax/W )) which is isomorphic to GZ(p)
⊗Z(p)

W.

(3) The filtration on H1
cris(Ax/W ) ⊗W k is given by μ−1

0 where μ0 is a GW -
valued cocharacter conjugate to μh for h ∈ X.

Proof. Apart from the statement that μ0 is conjugate to μh, the proposition follows
from (1.1.7). To see this last statement, let Gx̃ be the p-divisible group over OK

attached to x̃. Then Gx̃ is a GW -adapted deformation of Gx by (1.1.13). By (1.1.9)
the filtration on

D(Gx̃)(OK)⊗OK
K

∼−→ H1
dR(Ax̃)
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is given by a G-valued cocharacter, which is conjugate to μ−1
0 . By definition of the

Hodge filtration on H1
dR(Ax̃) this cocharacter is conjugate to μ−1

h for h ∈ X. �

(1.3.8). Fix a uniformizer π ∈ K. We denote by E(u) ∈ W [u] the Eisenstein
polynomial of π and by S the ring introduced in (1.1.5), equipped with its Frobenius
ϕ.

Consider the p-divisible group Gx equipped with the tensors (sα,0,x̃). Recall that
by (1.1.10), there is a subspace SpfRG of the versal deformation space SpfR of Gx

corresponding to GW -adapted deformations of Gx.

Proposition (1.3.9). Suppose that the image of x has residue field k. Then, using
the notation of (1.3.5) we have the following:

(1) Ûx may be identified with a closed subspace of SpfR containing SpfRG.
(2) Let x̃′ ∈ SK(G,X)(K) be a point whose specialization x′ ∈ SK(G,X)(k)

maps to the image of x in SK(G,X)−(k). Then (the images of) x̃, x̃′ lie on

the same irreducible component of Ûx if and only if the tensors sα,0,x̃, sα,0,x̃′

constructed above are equal.

(3) A deformation G of Gx to OK corresponds to a point of Ûx on the same
irreducible component as x̃, if and only if G is GW -adapted.

Proof. The first two parts follow from [Kis10, Prop. 2.3.5] and its proof and the third
part from [Kis10, Prop. 1.5.8]. Since we will make essential use of this proposition,
we sketch the argument.

Let x̃ ∈ SK(G,X)(K) be a point specializing to x. The p-divisible group over Ûx

attached to the universal abelian variety is induced by a map Ûx ↪→ SpfR. Suppose
that sα,0,x̃ = sα,0,x̃′ in (2). Then (1.1.13) implies that x̃′ factors through SpfRG,
and hence Gx̃′ , the p-divisible group over OK corresponding to x̃′, is GW -adapted.

A result of Blasius and Wintenberger [Bla94] asserts that the p-adic comparison
isomorphism takes sα,p,x̃ to sα,dR,x̃. Hence under the isomorphism

H1
dR(Ax̃)

∼−→ H1
cris(Ax/W )⊗W K

sα,dR,x̃ is taken to sα,0,x̃.

Now let Z ⊂ Ûx be the irreducible component containing the image of x̃, and let
x̃′ ∈ Z(K). The sections sα,dR are parallel, and the isomorphism

H1
dR(Ax̃)

∼−→ H1
cris(Ax/W )⊗W K

∼−→ H1
dR(Ax̃′)

is given by parallel transport. As the generic fiber of Z is connected, we see that
sα,0,x̃ = sα,0,x̃′ .

This shows one implication in (2), and that x̃′ ∈ SpfRG by what we saw above.
Since this holds for any finite extension K/Ep in Q̄p, we see that Z ⊂ SpfRG and
this must be an isomorphism as both spaces have the same dimension. Hence (3)
follows, as does the other implication in (2). �

(1.3.10). The above proposition shows that sα,0,x̃ depends only on x, and not on
x̃. Hence, we will denote this tensor by sα,0,x below. From (1.3.9)(2) we then get
the following corollary.

Corollary (1.3.11). Let x, x′ ∈ SK(G,X)(k) be two points having the same image
in SK(G,X)−(k). Then x = x′ if and only if sα,0,x = sα,0,x′ .
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(1.4) Points in a mod p-isogeny class. The aim of this section is to show
that an isogeny class in a mod p Shimura variety of Hodge type admits maps from
sets of the form Xυ(b) where υ depends on the Shimura datum and b depends on
the isogeny class.

(1.4.1). We continue to use the notation of the previous section. Write r = rE =
[kE : Fp].

Let x ∈ SK(G,X)(k). As above, we write Ax for the fiber of A at x, and Gx for
the p-divisible group of Ax. We will write simply D(Gx) for D(Gx)(OL).

Let x̃ ∈ SK(G,X)(W ) be a lifting of x. Then there is an isomorphism TpGx̃
∼−→

VZp
which takes sα,p,x̃ to sα. Choosing such an isomorphism allows us to identify

GZp
= GZ(p)

⊗Z(p)
Zp with the subgroup of GL(TpGx̃) defined by (sα,p,x̃). This

identification is canonical up to inner conjugation. We often write G for GZp
when

this is unlikely to cause confusion.
Note that there is a canonical isomorphism H1

cris(Ax/W )
∼−→ D(Gx)(W ). By

(1.3.7)(2) and the remarks above, there is an isomorphism

V ∗
Zp

⊗Zp
W

∼−→ D(Gx)(W )

taking sα to the ϕ-invariant tensors sα,0,x, which define a subgroup

GW
∼−→ GZp

⊗Zp
W ⊂ GL(D(Gx)(W )).

Here V ∗
Zp

denotes the dual of VZp
. Fixing such an isomorphism, the action of ϕ has

the form bσ where b ∈ GW (K0), and σ denotes the absolute Frobenius on W (F̄p).
The element b is independent of choices up to Frobenius conjugation by elements
in GW (W ).

As in (1.2.1), fix a Borel B ⊂ GZp
and a maximal torus T ⊂ B. We denote by

μ ∈ X∗(T ) the dominant cocharacter conjugate to the cocharacters μh introduced
in (1.3.1). Since the conjugacy class of μh is defined over Ep and GZp

is quasi-split,
μ is defined over Ep. Hence μ is fixed by σr.

Note that, with the notation of (1.3.7), μ and μ0 are conjugate, and μ is the
dominant representative of the conjugacy class of μ0. In particular, since μ and
μ0 are GW -valued, they are conjugate by an element of G(W ). Hence, if we set
υ0 = σ(μ−1

0 ), and υ = σ(μ−1), then using (1.1.12), we find

b ∈ G(W )pυ0G(W ) = G(W )pυG(W ).

(1.4.2). Since υ is minuscule, we have

X�υ(b) = Xυ(b) = {g ∈ G(L)/G(OL) : g
−1bσ(g) ∈ G(OL)p

υG(OL)}.
If g ∈ Xυ(b), define Φ(g) = Φr(g) by

Φ(g) = (bσ)r(g) = bσ(b) · · ·σr−1(b)σr(g).

Then
Φ(g)−1bσ(Φ(g)) = σr(g−1bσ(g)) ∈ G(OL)p

υG(OL)

since υ is fixed by σr, and Φ defines a map

Φ : Xυ(b) → Xυ(b); g 	→ Φ(g).

Since D(Gx) is a Dieudonné module, υ acting on D(Gx) has non-negative weights
and induces a minuscule cocharacter of GL(D(Gx)). If g ∈ Xυ(b), then g · D(Gx) is
stable under Frobenius and satisfies the axioms of a Dieudonné module (cf. (1.1.9)).
Hence g ·D(Gx) corresponds to a p-divisible group Ggx which is naturally equipped
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with a quasi-isogeny Gx → Ggx, corresponding to the natural isomorphism g ·
D(Gx)⊗Zp

Qp
∼−→ D(Gx)⊗Zp

Qp. Note that

sα,0,x = g(sα,0,x) ∈ (gD(Gx))
⊗ = D(Ggx)

⊗.

We denote by Agx the corresponding abelian variety, which is isogenous to Ax,
and canonically equipped with a K′-level structure, induced by that on Ax.

Since G ⊂ GSp, the weak polarization on Ax induces a weak polarization λgx on
Agx. (The induced symplectic forms on D(Gx) and D(Ggx) differ by a scalar.) Thus
we obtain a map

(1.4.3) Xυ(b) → SK′(GSp, S±)(F̄p); g 	→ (Agx, λgx).

We again denote by Φ = Φr the geometric r-Frobenius on SK′(GSp, S±)(F̄p) and
SK(G,X)(F̄p).

Proposition (1.4.4). There is a unique lifting of (1.4.3) to a map

ιx : Xυ(b) → SK(G,X)(F̄p)

such that

sα,0,x = sα,0,ιx(g) ∈ D(Ggx)
⊗.

Moreover we have Φ ◦ ιx = ιx ◦ Φ.

Proof. The uniqueness follows from (1.3.11).
For g ∈ Xυ(b) we have

ϕr(D(Ggx)) = (bσ)r(gD(Gx)) = (bσ)r(g)σr(D(Gx))

= (bσ)r(g)D(Gx) = D(GΦ(x)),

so (1.4.3) commutes with Φ. Hence, if ιx exists, and we set ι′x = Φ ◦ ιx ◦Φ−1, then
for g ∈ Xυ(b) we have

sα,0,ι′x(g) = ϕr(sα,0,ιx(Φ−1(g))) = ϕr(sα,0,x) = sα,0,x.

Thus ι′x(g) = ιx(g) and ιx commutes with Φ.
It remains to prove the existence, which will occupy us for most of the rest of

this section. �

(1.4.5). Let R be a smooth, integral F̄p-algebra and R a frame for R. As in
Section 1.2, we will denote by σ the absolute Frobenius on R and its lift to R. For
n ≥ 1 we write Rn for the ring R considered as an R-algebra via σn : R → R.
Similarly, we write Rn for the R-algebra Rn/pRn.

Lemma (1.4.6). Let g ∈ G(RL) such that g−1bσ(g) ∈ G(R)pυG(R). Then there
exists n ≥ 1, a p-divisible group Ggx over Rn, and a quasi-isogeny τg : Ggx →
Gx ⊗OL

Rn over Rn, such that

(1) τg identifies D(Ggx)(Rn) with g · (D(Gx)⊗OL
Rn).

(2) There is a cocharacter μ′ of gGg−1, defined over Rn and conjugate to μ,
such that the filtration on D(Ggx)(Rn) is induced by μ′−1.

Proof. We remark that in (1) the element g is viewed in G(Rn,L) via the structure
of RL-algebra on Rn,L. Thus, if Rn is identified with R it coincides with σn(g).
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Write g−1bσ(g) = g1υ(p)g2 with g1, g2 ∈ G(R). Since υ is a minuscule cocharac-
ter of GL(D(Gx)) whose weights on D(Gx) are non-negative, we have

pgD(Gx) ⊂ bσ(gD(Gx)) = gg1p
υg2D(Gx) ⊂ gD(Gx).

Hence gD(Gx)(R) ⊂ D(Gx)⊗OL
RL is stable under the Frobenius and Verschiebung.

Note that the action of σ on Ω1
R/OL

is trivial mod p, and hence is topologically

nilpotent. In particular, σn(g−1dg) ∈ LieG⊗Zp
Ω1

R/OL
for n sufficiently large, so

g−1dg ∈ LieG⊗Zp
Ω1

Rn/OL
⊂ EndD(Gx)⊗OL

Ω1
Rn/OL

.

Consider the connection ∇ = 1⊗ d on D(Gx)⊗OL
Rn,L. Then

∇(g · D(Gx)) = dg · D(Gx) = g(g−1dg · D(Gx)) ⊂ g · D(Gx),

where we have written D(Gx) for D(Gx)⊗OL
Rn. Hence gD(Gx) is stable under ∇

and gives rise to a Dieudonné crystal on Rn [dJ95, 2.3.4], which corresponds to a
p-divisible group Ggx since the crystalline Dieudonné functor is an equivalence over
Rn [dJ95, 4.1.1]. The isogeny gD(Gx) → D(Gx) corresponds to an isogeny Ggx → Gx

over Rn. This proves (1).
To show (2) we may assume n ≥ 1, and we set μ′ = gσ−1(g2)

−1μσ−1(g2)g
−1

so that μ′ is a cocharacter of gGg−1. Note that this makes sense since g2 is in the
image of σ when considered as an element of Rn. Then

bσ(μ′(p)gD(Gx)) = bσ(gσ−1(g2)
−1μ(p)σ−1(g2)D(Gx))

= (gg1υ(p)g2)(g
−1
2 υ(p−1)g2)D(Gx) = gg1g2D(Gx) = gD(Gx).

Thus the filtration on D(Ggx)(Rn) = gD(Gx)⊗OL
F̄p is given by μ′−1. �

(1.4.7). Now suppose that g ∈ G(RL) with g−1bσ(g) ∈ G(R)pυG(R), and that
gD(Gx) corresponds to a p-divisible group Ggx equipped with a quasi-isogeny Ggx →
Gx ⊗OL

R. We also assume there is a cocharacter μ′ of gGg−1, defined over R and
conjugate to μ, such that the filtration on D(Ggx)(R) is induced by μ′−1.

Then we have ϕ-invariant tensors

sα,0,x = g(sα,0,x) ∈ D(Ggx)
⊗(R).

We may think of these as morphisms of crystals 1 → D(Ggx)
⊗, which are also

morphisms of ϕ-isocrystals.
As in (1.4.2), Ggx corresponds to an abelian scheme Agx over R, equipped with

a weak polarization λgx. Hence we obtain a map

(1.4.8) SpecR → SK′(GSp, S±)

such that Ggx is canonically identified with the p-divisible group of the pullback of
A to SpecR.

Proposition (1.4.9). Suppose that the image of x in SK(G,X)(F̄p) lifts to a point
xR ∈ (SpecR)(F̄p) with x∗

R(g) = 1. Then there is a unique lifting of (1.4.8) to a
map

ιR : SpecR → SK(G,X)

such that

ι∗R(sα,0) = sα,0,x ∈ D(Ggx)
⊗.
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Proof. As in (1.4.4), the uniqueness is a consequence of (1.3.11).
To show the existence, let

Fil1(D(Ggx)) ⊂ pμ′(p)gD(Gx) ⊂ D(Ggx)

denote the filtration induced by μ′−1. By Grothendieck-Messing theory, this filtra-
tion corresponds to a p-divisible group G̃gx over R, which lifts Ggx.

Since μ′ is a G-valued and hence GSp-valued cocharacter, the principle polar-
ization on Ggx lifts to a principle polarization of G̃gx. In particular, G̃gx corre-

sponds to an abelian scheme Ãgx over R, equipped with a weak polarization, lifting
(Agx, λgx), and (1.4.8) lifts to a map

ι−R : SpecR → SK′(GSp, S±).

We claim that ι−R factors through SK(G,X)− and that the mod p reduction, ιR,
of the unique lift

ιR : SpecR → SK(G,X)

of ι−R, satisfies the conditions of the proposition. Note that, assuming the existence

of ι−R, a lift ιR exists, as R is formally smooth, and hence normal.

Let R̂x denote the completion of R at the image of xR. Since R is integral,

SpecR is geometrically connected, so it suffices to prove the claim with R̂x in place
of R.

Now let x̃ ∈ SK(G,X)(OL) be a point lifting x. Let K ⊂ L̄ be a finite exten-
sion of L with uniformizer π. We use the notation of (1.1.5) and denote by S the

W (F̄p)-algebra introduced there. Let y : R̂x → OK be an OK -valued point. By

smoothness, y lifts to a map ỹ : R̂x → S. As sα,0,x induces a map of ϕ-isocrystals
1 → D(Ggx)

⊗, we see that s̃α := ỹ∗(sα,0,x) satisfy the conditions of (1.1.8). Hence
the composite

SpecOK
y→ Spec R̂x

ι−
̂Rx→ SK′(GSp, S±)

factors through the component of Ûx containing x̃ by (1.3.9)(3). Here ι−
̂Rx

denotes

the map induced by ι−R. Since this holds for any y, it follows that ι−
̂Rx

factors through

the same component of Ûx, and hence through SK(G,X).
This shows the existence of ι−R and ιR; the fact that ιR satisfies the condition of

the proposition now follows from (1.3.9)(2), and the fact that ι∗R(sα,0) and sα,0,x
are both morphisms of crystals, so they agree on SpecR if they agree at x. �

(1.4.10). End of proof of (1.4.4). As in the proof of the uniqueness, (1.3.11)
shows that there is maximal subset Xυ(b)

◦ ⊂ Xυ(b) such that (1.4.3) lifts to a map

ιx : Xυ(b)
◦ → SK(G,X)(F̄p)

with

sα,0,x = sα,0,ιx(g) ∈ D(Ggx)
⊗

for g ∈ Xυ(b)
◦.

We first show that Xυ(b)
◦ is a union of connected components of Xυ(b). Let

R be a smooth F̄p-algebra with connected spectrum and a given frame R, and
g ∈ Xυ(b)(R). We have to show that if Xυ(b)

◦ contains the image of some point
of (SpecR)(F̄p), then it contains the image of every such point. By (1.2.8), after
replacing R by an étale covering, we may assume that g−1bσ(g) ∈ G(R)pυG(R).
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After replacing R by Rn, we may assume that the conclusion of (1.4.6) holds with
R in place of Rn. The result now follows from (1.4.9).

Let K ⊂ L̄ be a finite extension of L and G̃x a GW -adapted lifting of Gx to
OK . By (1.3.9), G̃x corresponds to a point x̃ ∈ SK(G,X)(K). Fix an isomorphism

TpG̃x
∼−→ VZp

taking sα,p,x̃ to sα. Since we have already identified D(Gx) with
V ∗
Zp

⊗Zp
OL in (1.4.1), we obtain an isomorphism

TpG̃
∗
x (−1)⊗Zp

OL
∼−→ D(Gx)

which takes sα,p,x̃ to sα,0,x. This allows us to apply the construction of (1.2.16).
Let g ∈ G(Qp)/G(Zp), and g0 ∈ Xυ(b) the element corresponding to g in (1.2.18).

After replacing K by a finite extension, we may assume that g−1 ·TpGx̃ corresponds

to a p-divisible group G̃ ′ over OK , equipped with a quasi-isogeny Gx̃ → G̃ ′, which
identifies D(G̃ ′⊗ F̄p) with g0D(Gx). This corresponds to a prime to p-isogeny Ax̃ →
A′, and A′ corresponds to a point gx̃ ∈ Sh(G,X)(K). Let gx denote the image of
gx̃ in Sh(G,X)(F̄p). Setting ιx(g0) = gx shows that g0 ∈ Xυ(b)

◦.

By (1.2.23) we may choose G̃x so that G(Qp)/G(Zp) → π0(Xυ(b)) is surjective.
Then Xυ(b)

◦ meets every component of Xυ(b), and hence Xυ(b)
◦ = Xυ(b) by what

we saw above. �
(1.4.11). Let (h, gp, g

p) ∈ X × G(Qp) × G(Ap
f ) and A the abelian variety up to

prime to p-isogeny attached to (h, gp, g
p). Then A is equipped with an isomorphism

H1(A(C),Z(p))
∼−→ gp · VZ(p)

⊂ VQ.

Fix an embedding of Q̄-algebras L̄ ↪→ C. Let x ∈ SKp
(G,X)(F̄p), and let x̃ ∈

SKp
(G,X)(OL̄) be a point lifting x. By [Kis10, 2.2.6] (cf. [San81, Cor. 3.5(b)]) there

is an element (h, 1, gpx̃) ∈ X × G(Qp) × G(Ap
f ) which maps to x̃ ∈ SKp

(G,X)(C).

Attached to (h, 1, gpx̃), we have an isomorphism H1(A(C),Z(p))
∼−→ VZ(p)

, and hence

an isomorphism VZp

∼−→ TpGx̃ which takes sα to sα,p,x̃. Then as in (1.4.10) above,
we can apply the construction of (1.2.16) and obtain a map

G(Qp)/G(Zp) → Xυ(b); gp 	→ gp,0.

Corollary (1.4.12). With the above notation we have a commutative, G(Ap
f )-

equivariant diagram

h×G(Qp)×G(Ap
f )

��

gp �→gp,0

��

SKp
(G,X)(OL̄)

��

Xυ(b)×G(Ap
f )

ιx �� SKp
(G,X)(F̄p)

where the map on the left is given by

(h, gp, g
p) 	→ (gp,0, (g

p
x̃)

−1gp).

Proof. By (1.3.5), the map ιx in (1.4.4) extends to a G(Ap
f )-equivariant map

ιx : Xυ(b)×G(Ap
f ) → SKp

(G,X)(F̄p).

The commutativity of the diagram follows from the definitions and (1.3.11). �
Corollary (1.4.13). The map

ιx : Xυ(b)×G(Ap
f ) → SKp

(G,X)(F̄p)

is 〈Φ〉×ZG(Qp)×G(Ap
f )-equivariant, where 〈Φ〉 denotes the group generated by Φ.
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Proof. The 〈Φ〉-equivariance is part of (1.4.4), and the map is G(Ap
f )-equivariant by

construction. The ZG(Qp)-equivariance follows (for example) from (1.4.12) together
with the observation that if z ∈ ZG(Qp) and g ∈ G(Qp), then (zg)0 = zg0 (cf. the
proof of (1.2.21)). �

(1.4.14). We call the image of ιx in (1.4.13) the isogeny class of x.
Recall that attached to x we have a triple (Ax, λx, ε

p
x) consisting of a weakly

polarized abelian variety (Ax, λx) over F̄p and an isomorphism

εpx : VAp
f

∼−→ V̂ p(Ax)Q

which takes sα to (sα,l,x)l �=p.
Here we have passed to the limit over Kp in the construction of (1.3.6), and we

are using the fact that F̄p is separably closed.

Proposition (1.4.15). Let x, x′ ∈ SKp
(G,X)(F̄p). Then x, x′ lie in the same

isogeny class if and only if there is a quasi-isogeny Ax → Ax′ respecting weak po-

larizations such that the induced maps D(Gx) → D(Gx′) and V̂ p(Ax)Q → V̂ p(Ax′)Q
take sα,0,x to sα,0,x′ , and (sα,l,x)l �=p to (sα,l,x′)l �=p, respectively.

Proof. First consider the composite

VAp
f

∼−→
εpx

V̂ p(Ax)Q
∼−→ V̂ p(Ax′)Q

∼−→
(εp

x′ )
−1

VAp
f
.

This fixes sα, and hence corresponds to an element of G(Ap
f ). Hence replacing x′

by another point in its isogeny class, we may assume that Ax → Ax′ is compatible
with εpx and εpx′ .

Next note that, by (1.3.7)(2), there are isomorphisms

D(Gx′)
∼−→ VZ(p)

⊗Z(p)
W

∼−→ D(Gx),

where the first map takes sα,0,x′ to sα and the second map takes sα to sα,0,x. As
in the proof of (1.1.19), this implies that D(Gx′) = g · D(Gx) for some g ∈ Xυ(b),
where b ∈ G(L) is associated to x as in (1.4.1).

Hence, after replacing x by an element in its isogeny class, we may assume that
Ax → Ax′ is a prime to p-isogeny compatible with εpx and εpx′ . It follows by (1.3.11),
and the moduli theoretic description of SK′

p
(GSp, S±), that x = x′. �

2. Construction of CM points

(2.1) Tate’s theorem with Hodge cycles. The aim of this section is to
prove that every isogeny class in SK(G,X)(F̄p) contains a point which lifts to a
special point on SK(G,X). For PEL type Shimura varieties a proof of this, based
on deformation theory, was sketched in a letter from Langlands to Rapoport. At
the time, it did not seem possible to complete Langlands’ sketch, and later authors
used Honda-Tate theory instead [Mil79], [Zin83], [Kot92], but at the cost of proving
a slightly weaker statement. Here we use an argument similar to that of Langlands.
This is now possible because of the theorem, which enters via the proof of (1.1.19),
that a crystalline representation with all Hodge-Tate weights 0 or 1 arises from a
p-divisible group.

We begin with an analogue of the main theorem of [Tat66] and show that if
x ∈ SK(G,X)(k), then Ax has sufficiently many automorphisms (in the isogeny
category) which respect the Hodge cycles sα.



846 MARK KISIN

We continue to use the notation introduced in Section 1, so that (G,X) is of
Hodge type and Kp is hyperspecial, but we now assume that k ⊂ F̄p is a finite
extension of kE ; we write r for the degree of k (rather than kE) over Fp, so that
q = pr = |k|. As before we set W = W (k), and K0 = W [1/p].

(2.1.1). Let l �= p be a prime. As in (1.3.6), R1hét∗Ql extends to an l-adic local
system on SK(G,X) (for example by (1.3.5)), and the Hodge cycles sα give rise to
sections sα,l of R

1hét∗Ql via the isomorphisms εK of (1.3.4).
For any x ∈ SK(G,X)(k), let x̄ denote the F̄p point induced by x. The ten-

sors sα,l,x ∈ H1
ét(Ax̄,Ql) are Frobenius invariant and define a subgroup Gl ⊂

GL(H1
ét(Ax̄,Ql)) which may be identified with GQl

. This identification is canonical
up to conjugation by elements in the image of Kp → G(Ql).

(2.1.2). Let γl ∈ G(Ql) be the geometric q-Frobenius in Gal(F̄p/k) acting on
H1

ét(Ax̄,Ql), and let Il/k = Il,x/k ⊂ GQl
denote the centralizer of γl. If the inte-

gers are ordered multiplicatively, then the Zariski closures in GQl
of the subgroups

generated by γn
l form a decreasing sequence of subgroups, which must stabilize as

G is Noetherian. Hence the centralizers of γn
l ⊂ GQl

form an increasing sequence
of subgroups Il,n, which stabilizes. We denote by Il = Il,x the subgroup Il,n for n
sufficiently large.

As in (1.3.6), there exists an isomorphism

D(Gx)
∼−→ V ∗

Z(p)
⊗Z(p)

W

which takes sα,0,x to sα. We fix such an isomorphism. In particular, we then have
identifications

GZ(p)
⊗Z(p)

K0 = GK0

∼−→ G(sα,0,x) ⊂ GL(D(Gx)K0
)

∼−→ GL(H1
cris(Ax/W )K0

),

where G(sα,0,x) ⊂ GL(D(Gx)K0
) denotes the subgroup defined by the sα,0,x.

Then the Frobenius on D(Gx) has the form δσ with δ ∈ G(K0). The element
δ is independent of the choice made in (1.4.1) up to σ-conjugacy by elements of
G(W ). We set γp = δσ(δ) · · ·σr−1(δ) ∈ G(K0). Then the conjugacy class of γp is
independent of choices.

We denote by Ip/k = Ip,x/k the algebraic group over Qp whose points in a Qp-
algebra R are given by

Ip/k(R) = {α ∈ G(W ⊗Zp
R) : δσ(α) = αδ}.

We obviously have Ip/k ⊂ Jδ where Jδ is the group defined in (1.2.12), and γp ∈
Ip/k(Qp). Moreover Ip/k ⊗Qp

K0 is canonically isomorphic to the centralizer of γp
in GK0

[Kot82, Lem. 5.4].
For n a positive integer, let kn ⊂ F̄p denote the extension of k of degree n. Define

Ip,n in the same way as Ip/k but with W (kn) in place of W. Then the Ip,n form
an increasing sequence of subgroups of Jδ, with Ip,n ⊗W (kn) L isomorphic to the
centralizer of γn

p in GL. In particular, Ip,n does not depend on n if n is sufficiently
large, and we denote this subgroup of Jδ by Ip = Ip,x.

Finally, let AutQ(Ax) denote the Q-group whose points in a Q-algebra R are
given by

AutQ(Ax)(R) = (EndQ(Ax)⊗Q R)×,

where EndQ(Ax) denote the endomorphisms of Ax viewed as an abelian variety up
to isogeny.
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We denote by I/k ⊂ AutQ(Ax) the closed subgroup, such that I/k(R) consists
of those points of AutQ(Ax)(R) which fix the tensors sα,l,x (or equivalently map to
an element of Gl(R)) for all primes l �= p, and the tensors sα,0,x. Let γ ∈ I/k be the
q-Frobenius. For each l, we have a natural map I/k → Il/k over Ql which takes γ
to γl.

Similarly, we write I ⊂ AutQ(Ax ⊗k F̄p) for the subgroup whose points consist
of the elements fixing the tensors sα,0,x and sα,l,x for all l �= p. For each l, we have
a natural map I → Il over Ql. We remark that for l = p this map sends i ∈ I to
the automorphism D(i−1) of D(Gx)K0

.

Proposition (2.1.3). The map ιx of (1.4.12) induces an injective map

(2.1.4) ιx : I(Q)\Xυ(δ)×G(Ap
f ) → SKp

(G,X)(F̄p).

Proof. Attached to any point x′ ∈ SKp
(G,X)(F̄p) we have the data of an abelian

variety Ax′ up to prime to p-isogeny, the tensors (sα,0,x′) ∈ D(Gx′)⊗, and the

isomorphism εpx′ : VAp
f

∼−→ V̂ p(Ax′)Q. If g
p ∈ G(Ap

f ), one sees from the definitions

that εpgx = εpx ◦ g is the isomorphism attached to Agp·x.

Now let g1 = (g1,0, g
p
1) and g2 = (g2,0, g

p
2) be in Xυ(δ)×G(Ap

f ), and write x1 =

ιx(g1) and x2 = ιx(g2). If x1 = x2, then there is a prime to p-isogeny θ : Ax1

∼−→ Ax2

compatible10 with εpx1
and εpx2

, and taking (sα,0,x1
) to (sα,0,x2

). Conversely, if a
prime to p-isogeny with these properties exists, then x1 and x2 have the same
image in SKp

(G,X)− by the moduli theoretic description of SK′
p
(GSp, S±), and

hence x1 = x2 by (1.3.11).
Such a prime to p-isogeny induces a quasi-isogeny j : Ax → Ax which identifies

D(Gx1
) with D(Gx2

). Since θ takes (sα,0,x1
) to (sα,0,x2

), j fixes the (sα,0,x) so that
j ∈ Ip(Qp). Since θ is compatible with εpx1

and εpx2
, j fixes sα,l,x for l �= p, and so

j ∈ Il(Ql). Hence j ∈ I(Q) and g2 = jg1.
Conversely, if g2 = jg1, with j ∈ I(Q), then one sees in the same way that the

isogeny j induces a prime to p-isogeny Ax1

∼−→ Ax2
, compatible with εpx1

and εpx2

and taking (sα,0,x1
) to (sα,0,x2

). Hence x1 = x2. �

Proposition (2.1.5). Let Hp =
∏

l �=p Il/k(Ql) ∩ Kp and Hp = Ip/k(Qp) ∩ G(W ).

Then the map (2.1.4) induces an injective map

(2.1.6) I/k(Q)\
∏
l

Il/k(Ql)/Hp ×Hp → SK(G,X)(k).

In particular, the left side of (2.1.6) is finite.

Proof. Since x ∈ SK(G,X)(k), the pair (Ax, ε
p
K,x) is invariant under pullback by

σ−r on F̄p. It follows that (γl)l �=p ∈ Hp ⊂ Kp.
Let g = (g0, g

p) ∈ Ip/k(Qp)×
∏

l �=p Il/k(Ql). Then

Φr(g) = (Φr(g0), g
p) = ((δσ)r(g0), g

p)) = (γpg0, g
p)

= γ(g0, (γ
−1
l )l �=pg

p)) = γ(g0, g
p(γ−1

l )l �=p) ∈ I/k(Q) · (g0, gp)Hp.

Hence Φr(ιx(g)) = ιx(g), and (2.1.4) induces a well defined map as in (2.1.6).

10More precisely, for each Kp there is a θKp which is compatible with εpx1 and εpx2 mod Kp. For

Kp sufficiently small θKp is unique, and hence independent of Kp.
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To see that this map is injective, suppose that g′ = (g′0, g
′p) in Ip/k(Qp) ×∏

l �=p Il/k(Ql) has the same image as g in SK(G,X)(k). By (2.1.6) we have g′ =

i0gh
p with hp ∈ Kp and i0 ∈ I(Q). Conjugating this equality by γ, we obtain

iγ0gh
pγ = g′ = i0gh

p.

Hence we have
[i−1
0 , γ] = gp[hp, γ]gp−1 ∈ gpKpgp−1.

Similarly, we have [i−1
0 , γ] ∈ gG(W )g−1. This implies that [i−1

0 , γ] is an automor-
phism of the pair (Agx, ε

p
K,gx), and hence trivial, by our assumptions on Kp (see

(1.3.4)). Hence i0 ∈ I/k(Q), and therefore hp ∈ Hp. This shows that (2.1.6) is
injective. �

Corollary (2.1.7). For some prime l �= p, IQl
= I ⊗Q Ql contains the connected

component of the identity in Il. In particular, the ranks of I and G are equal.

Proof. Let l �= p be a prime such that G is split at l and such that γl acting on
H1

ét(Ax̄,Ql) has all its eigenvalues in Ql. Then the connected component of the
Zariski closure of 〈γl〉 is a split torus in GQl

, with centralizer Il. In particular, the
Levi subgroup Il ⊂ GQl

is a connected, split group.
Now by (2.1.5), applied to a suitable extension of k, the quotient I(Ql)\Il(Ql)

is compact. Hence by [BT65, Prop. 9.3], IQl
= I ⊗Q Ql contains a Borel subgroup

of Il. It follows that Il/IQl
is proper over Ql.

Now I contains the subgroup of scalars Gm ⊂ AutQ(Ax), and (I/Gm)(R) is
compact by the positivity of the Rosati involution. Hence I is reductive, which
implies that Il/IQl

is affine. Since Il is geometrically connected, it follows that
Il/IQl

= SpecQl, and IQl
= Il. In particular,

rk I = rk IQl
= rk Il = rkG.

�

(2.2) Lifting to CM points. We continue to use the notation of the previous
subsection.

(2.2.1). If ε : Gm → G is a cocharacter, defined over some finite extension of
Qp, which commutes with all its Galois conjugates, then we denote by ε̄ = ε̄G

the fractional G-valued cocharacter (see [Del79, 1.3.4]) which is the average of the
Galois conjugates of ε. If ε factors through a torus T ⊂ G defined over Qp, then ε̄
may be viewed as a cocharacter ε̄T ∈ X∗(T )Q := X∗(T )⊗Z Q.

Recall that we have the cocharacter νδ : Gm → G which is central in Jδ and
hence in Ip ⊂ Jδ.

Lemma (2.2.2). Let T ⊂ Ip be a maximal torus (defined over Qp). Then there
exists a cocharacter μT ∈ X∗(T ) defined over Q̄p such that

(1) As a GK0
-valued cocharacter, μT is conjugate to μ.

(2) μ̄T
T = ν−1

δ .

Proof. This is proved in [LR87, Lem. 5.11]. We recall the argument for the conve-
nience of the reader.

First consider any cocharacter ε ∈ X∗(T ) defined over Qp. Then ε may be re-
garded as a cocharacter of G such that σ(ε) = δ−1εδ. Choose g ∈ G(K0) such that
ε′ = gεg−1 is dominant for some Borel subgroup of G defined over Qp. Since the
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conjugacy class of ε′ is σ-stable, ε′ is defined over Qp by [Kot84, 1.1.3(a)]. That
is, σ(g−1)ε′σ(g) = σ(g−1ε′g) = δ−1g−1ε′gδ, which implies that gδσ(g−1) commutes

with ε′. Modifying the isomorphism D(Gx) ⊗W K0
∼−→ VK0

by g, we may assume
that δ commutes with ε.

Now let T ′ ⊂ T be the maximal Qp-split sub-torus, and choose ε so that the
centralizer of ε, MK0

⊂ GK0
, is equal to that of T ′. Applying the argument above

for this ε shows that we may assume that T ′ commutes with δ ∈ MK0
(K0). The

condition δσ(α) = αδ for α ∈ T ′ implies σ(α) = α. Hence T ′ may also be viewed
as a subgroup of GQp

, and MK0
arises from the centralizer M ⊂ GQp

of T ′.
Now let T ′

2 ⊃ T ′ be a maximal split torus in GQp
, and T2 ⊂ GQp

its centralizer.
Then T2 ⊂ M. Let P ⊂ G be a parabolic subgroup with unipotent radical N, and
such that P = MN. Let B ⊂ GQp

be a Borel subgroup contained in P.
Let g ∈ Xυ(δ). By the Iwasawa decomposition, we may assume that g = nm

with n ∈ N(L) and m ∈ M(L). Then g−1δσ(g) = m−1δσ(m)n′ with n′ ∈ N(L).
Let υ2 ∈ X∗(T2) with

m−1δσ(m) ∈ (M(L) ∩G(OL))p
υ2(M(L) ∩G(OL)).

It follows by [RR96, Thm. 4.2(ii)] that νδ and ῡM
2 have the same image in π1(M)Q =

π1(M)⊗Z Q.
We claim that υ2 is conjugate to υ in G. This is proved in [LR87] using the

Satake transform [Kot84, 2.3.7]. One can also argue as follows: Let χ ∈ X∗(ZM )
be a cocharacter such that χ(α) > 0 for every root α ∈ LieN. Then n′(s) :=
χ(s)n′χ(s)−1 ∈ N(L〈s, s−1〉) is contained in N(L〈s〉), and n′(0) = 1. Here L〈s〉
denotes the Tate algebra. For s0 ∈ F̄×

p let [s0] ∈ L be the Teichmüller representative.
Then

m−1δσ(m)n′([s0]) = χ([s0])m
−1δσ(m)n′χ([s0])

−1 ∈ G(OL)p
υG(OL)

so that m−1δσ(m) = m−1δσ(m)n′(0) ∈ G(OL)p
υG(OL) by (1.2.6), which proves

the claim.
Now let μT ∈ X∗(T ) be a cocharacter which is conjugate to σ−1(υ−1

2 ) in M. By
what we just saw, μT is conjugate to σ−1(υ−1) = μ in G. Moreover, the image of

ν−1
δ in π1(M)Q is equal to that of ῡ−1M

2 , and hence to that of μ̄M
T .

Note that μ̄T
T is computed with respect to the Qp-structure on T, and μ̄M

T with
respect to that on M. The action of Gal(K0/Qp) on the source and target of TK0

→
MK0

differs by conjugation by δ. Since conjugate cocharacters have the same image
in π1(M), one sees that μ̄T

T and μ̄M
T have the same image in π1(M)Q.

Finally, ν−1
δ and μ̄T

T have the same image in π1(M)Q. Note that μ̄T
T ∈ X∗(T

′) as

T ′ ⊂ T is the maximal Qp-split torus, so ν−1
δ and μ̄T

T lie in X∗(T
′)Q. Since T ′ ⊂ M

is central, we have ν−1
δ = μ̄T

T in X∗(T
′)Q. �

Theorem (2.2.3). The isogeny class ιx(Xυ(δ)×G(Ap
f )) contains a point which is

the reduction of a special point on ShK(G,X).

Proof. Let K ⊂ Q̄p be the field of definition of the cocharacter μT constructed in

(2.2.2), thought of as a GK0
-valued cocharacter. By [RZ96, Prop. 1.21] μ−1

T induces
an admissible filtration on D(Gx)K . We apply (1.1.19) to μT . We may replace x by
ιx(g), for g ∈ Xυ(δ) the element constructed in (1.1.19), and assume that Gx has a
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GW -admissible deformation G̃x such that the filtration on D(G̃x)K is given by μ−1
T .

By (1.3.9)(3), we have G̃x = Gx̃ for some x̃ ∈ ShK(G,X)(K) lifting x.
Above T ⊂ Ip was any maximal torus defined over Qp. Since I and Ip have the

same rank by (2.1.7), we may assume that T is induced by a maximal torus in the
Q-group I, which we again denote by T. Now we have T ↪→ I ↪→ AutQAx, and the
induced action of T on D(Gx̃)K respects filtrations. Hence the action of T on Ax

(in the isogeny category) lifts to Ax̃.
Since T fixes the tensors sα,0,x, it fixes sα,p,x̃ and hence sα,B,x̃. Thus T is natu-

rally a subgroup of G, and hence a maximal torus in G. The Mumford-Tate group
of Ax̃ is a subgroup of G which commutes with T, and hence a subgroup of T.
Hence x̃ ∈ ShK(G,X) is a special point. �
(2.2.4). In fact we have proved the following more precise statement.

Corollary (2.2.5). For any maximal torus T ⊂ I, and any μT ∈ X∗(T ) which is
conjugate to μ in G and satisfies μ̄T

T = ν−1
δ , there exists a point x′ ∈ ιx(Xυ(δ) ×

G(Ap
f )) and a lifting of x′ to a special point x̃′ ∈ SK(G,X)(K ′), with K ′ ⊂ Q̄p

a finite extension of K0, such that the filtration on D(Gx′)K′
∼−→ D(Gx)K′ , corre-

sponding to x̃′, is given by μT .
In particular, the inclusion T ↪→ AutQAx′ lifts to T ↪→ AutQAx̃′ , and the

Mumford-Tate group of Ax̃′ is contained in T.

(2.3) Frobenii and centralizers. We will use (2.2.3) to deduce some conse-
quence about the conjugacy class of Frobenius and its centralizer in G. We continue
to use the notation introduced above.

Corollary (2.3.1). There exists an element γ0 ∈ G(Q) such that

(1) For l �= p, γ0 is conjugate to γl ∈ G(Ql).
(2) γ0 is stably conjugate to γp in G(Q̄p).
(3) The image of γ0 in G(R) is elliptic.

Proof. Let x′ ∈ ιx(Xυ(δ)×G(Ap
f)) and x̃′ be as in (2.2.5). Let k′ ⊃ k and K ′ ⊃ K0

be fields of definition for x′ and x̃′, respectively. Let Ax̄ → Ax′ be the canonical
quasi-isogeny, defined over k′. We may regard the q-Frobenius

γ ∈ T (Q) ⊂ I(Q) ⊂ AutQAx

as an element of AutQAx′ .
By (2.2.5) γ lifts to an element of γ̃ ∈ AutQAx̃′ . Fix an embedding K ′ ↪→ C. The

action of γ̃ on the Betti cohomologyH1
B(Ax̃′(C),Q) produces an element γ0 ∈ G(Q),

which is conjugate to γl by the isomorphism between Betti and l-adic cohomology.
Similarly, γ0 and γp are conjugate inG(C), by the isomorphisms between crystalline,
de Rham and Betti cohomology. Hence γ0 and γp are conjugate over K̄.

Finally, as in the proof of (2.1.7), T (R)/wh(R
×) is compact, so γ0 ∈ T (Q) is

elliptic. �
Corollary (2.3.2). For every finite prime (including l = p) the natural maps

(2.3.3) I/k,Ql
= I/k ⊗Q Ql → Il/k

and

(2.3.4) IQl
= I ⊗Q Ql → Il

are isomorphisms.
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Proof. We prove the second claim first. For l �= p, Il is a Levi subgroup of GQl
and

hence connected. Similarly Ip ⊗Qp
K0 is connected, and hence so is Ip. By (2.3.1),

the subgroups Il ⊂ GQl
and Ip all have dimensions equal to that of the centralizer

of γn
0 ∈ G(Q) for n sufficiently large. By (2.1.7), this dimension must be equal to

that of I.
Now (2.3.3) follows by taking the centralizer of γl on both sides of (2.3.4). This is

clear for l �= p, and for l = p, it follows from the remark in (2.1.2) that Ip/k ⊗Qp
K0

is the centralizer of γp in GK0
, and hence in Ip ⊗Qp

K0. �

Corollary (2.3.5). Let γ0 ∈ G(Q) be as in (2.3.1), and let I0 ⊂ G be the centralizer

of γ0. Then there exists an isomorphism I0 ⊗Q Q̄
∼−→ I ⊗Q Q̄ which makes I an

inner form of I0, and such that for any prime l the diagram

I0 ⊗Q Q̄l
∼ �� Il ⊗Ql

Q̄l

I0 ⊗Q Q̄l
∼ �� I ⊗Q Q̄l

∼

��

commutes up to inner automorphisms.

Proof. Choose T and x′ as in (2.3.1). It suffices to prove the corollary for γ0 ∈
T (Q) the q-Frobenius in AutAx′ . More precisely, we may assume that x̃′ is the
image of a point (hT , 1) ∈ X × G(Af ), where hT : S → T. This gives rise to an

identification of H1(Ax̃′(C),Q) with VQ and of VAp
f
with V̂ p(Ax̃′)Q, so that T acting

on H1(Ax̃′ ,Q) is naturally a subgroup of I0 ⊂ G. We also choose an isomorphism

D(Gx)⊗K0
Qur

p
∼−→ V ∗

Qur
p

which takes sα,0,x to sα and is compatible with the action

of T. This is possible, for example, by Steinberg’s theorem.
For each l (including l = p), the composite isomorphism

(2.3.6) I0 ⊗Q Q̄l
∼−→ Il ⊗Ql

Q̄l
∼−→ I ⊗Q Q̄l

maps T to T via the identity. Here the first isomorphism is induced by the identifica-

tion VAp
f
with V̂ p(Ax̃′)Q for l �= p and by our chosen isomorphism D(Gx)⊗K0

Qur
p

∼−→
V ∗
Qur

p
for l = p.

Now for two finite primes l, l′ choose an isomorphism Q̄l
∼−→ Q̄l′ . Composing

(2.3.6) for l with its inverse for l′ gives an automorphism of I0 ⊗Q Q̄l which fixes T.
Such an automorphism fixes the roots of T acting on Lie I0. Hence it acts trivially
on the Dynkin diagram of I0 and is inner. This shows that the isomorphisms (2.3.6)
for different l are in the same inner class.

We choose an isomorphism I0 ⊗Q Q̄
∼−→ I ⊗Q Q̄ in this inner class. The

argument above shows that this isomorphism may be chosen so that it is the
identity on T. Then the Galois action on I0(Q̄) and I(Q̄) differs by a cocycle
(cσ) ∈ Z1(Q,Aut(I)(Q̄)), with cσ acting trivially on T. As above, this implies
that cσ is inner, given by conjugation by an element of T (Q̄). �
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3. The Langlands-Rapoport conjecture

(3.1) The quasi-motivic Galois gerb. Our aim in this subsection is to recall
the definition and properties of the quasi-motivic Galois gerb introduced11 in [Rei97,
App. B] (following partly [Mil92]; cf. also [Rap05, §8]) generalizing Langlands-
Rapoport [LR87].

(3.1.1). Let k be a field of characteristic 0, k̄ an algebraic closure, and k ⊂ k′ ⊂ k̄
a Galois extension of k. A k′/k-Galois gerb is the data of a linear algebraic group
G over k′, together with an extension of topological groups

1 → G(k′) → G
q→ Gal(k′/k) → 1

where G(k′) has the discrete topology, such that

(1) For any τ ∈ Gal(k′/k) and gτ ∈ G a lift of τ, conjugation by gτ is induced
by an algebraic, τ -linear automorphism galgτ of G. (That is, an isomorphism
τ∗G → G over k′.)

(2) There is a finite extension K/k in k′, and a continuous group theoretic
section

Gal(k′/K) → G; τ 	→ gτ

such that conjugation by galgτ induces a K-structure on G, and the map

q−1(Gal(k′/K)) → G(k′)�Gal(k′/K); g 	→ (gg−1
q(g), q(g))

is a topological isomorphism.

If we pull back the product of the Zariski and profinite topologies on G(k′) �
Gal(k′/K) via the map in (2), we get a topology on the finite index subgroup
q−1(Gal(k′/K)) ⊂ G, and hence a topology on G. This topology does not depend
on the choice of section gτ . We refer to it as the Zariski topology on G.

We call G the kernel of G and write G = G�. A morphism of k′/k-Galois gerbs
is a continuous morphism f : G → G′ inducing the identity on Gal(k′/k), together
with a map of algebraic groups falg : G → G′ such that f and falg define the same
map G(k′) → G′(k′).

We say that two morphisms f1, f2 : G → G′ are conjugate12 if they differ by
conjugation by an element of G′(k′). The set of such elements is naturally the k-
points of a k-scheme Isom(f1, f2). If R is a k-algebra, and GR denotes the pushout
of G by G(k′) → G(k′ ⊗k R), then we may regard f1, f2 as maps GR → G′

R, and

Isom(f1, f2)(R) = {g ∈ G
′�(k′ ⊗k R); Int(g) ◦ f1 = f2}.

In particular, if f2 = f1, this scheme is a k-group which we denote If1 = Aut(f1).
We will often work with projective limits of k′/k-Galois gerbs. Two morphisms

f1, f2 between such projective limits are said to be conjugate if they are the pro-
jective limits of sequences of morphisms {f1,i}i≥1, {f2,i}i≥1 with f1,i conjugate to
f2,i.

We call a k̄/k-Galois gerb simply a Galois gerb over k. In this case we sometimes
abuse notation and write G� for G(k̄). A k′/k-Galois gerb gives rise to a Galois

11In fact Reimann and some other authors prefer to work with the more geometric notion of
a groupoid. This is partly a matter of taste. We prefer the original formulation of Langlands-
Rapoport in terms of Galois gerbs, since it is more transparently related to the calculations in
Galois cohomology which lie at the heart of the subject.

12This is what is usually called equivalent in the literature. We avoid this terminology since
we will have occasion to consider morphisms which are conjugate without identifying them.
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gerb by pulling back by Gal(k̄/k) → Gal(k′/k) and pushing out by G(k′) → G(k̄).
Conversely, any Galois gerb arises from a k′/k-Galois gerb for some finite Galois
extension k′/k contained in k.

If G is a linear algebraic group defined over k, then the semi-direct product
GG := G(k′)�Gal(k′/k) is called the neutral k′/k-gerb attached to G.

Lemma (3.1.2). Let G be a linear algebraic group over k and f : G′ → GG a map
of k′/k-Galois gerbs. Then

(1) If,k′ may be naturally identified with the centralizer of falg(G′�) in Gk′ .
For a k′-algebra R, the identification on R-points is given by

If,k′(R) ↪→ G(k′ ⊗k R) → G(R),

the final map being the natural one.
(2) The set of maps f ′ : G′ → GG with f ′alg = falg is in bijection with the set of

continuous cocycles Z1(Gal(k′/k), If (k
′)). Such a map f ′ is conjugate to f

if and only if the class of the corresponding cocycle in H1(Gal(k′/k), If (k
′))

is trivial.

Proof. This is standard (for example, cf. [Mil92, A.18]), but we give the construction
as we will make repeated use of it later.

Write G′ = G′�. Let I0 ⊂ Gk′ denote the centralized of falg(G′), and fix a
continuous section τ 	→ �τ of G′ → Gal(k′/k). For R a k-algebra and i ∈ G(k′⊗kR)
we have i ∈ If (R) if and only if i ∈ I0(k

′ ⊗k R) and f(�τ )if(�τ )
−1 = i for τ ∈

Gal(k′/k).
Now if i ∈ I0(k

′ ⊗k R) and g′ ∈ G′(k′ ⊗k R), we have

f(g′)f(�τ )if(�τ )
−1f(g′)−1

= f(�τ )f(�
−1
τ g′�τ )if(�

−1
τ g′�τ )

−1f(�τ )
−1 = f(�τ )if(�τ )

−1.

Hence conjugation by f(�τ ) induces an algebraic τ -semilinear (by (3.1.1)(1)) auto-
morphism of I0. For σ, τ ∈ Gal(k′/k), we have �στ�

−1
τ �−1

σ =: g′σ,τ ∈ G′(k′). Since
f(g′σ,τ ) commutes with I0, conjugation by f(�τ ) defines a k-structure on I0, and
one sees from the definition that If is the resulting k-group.

If we now identify If,k′ with I0 ⊂ Gk′ , then the map in (1) is the composite

If (R) → If (k
′ ⊗k R) → If (R),

which is obviously the identity.
To show (2), suppose that f ′alg = falg, and write f ′(�τ ) = gτf(�τ ) for τ ∈

Gal(k′/k) and gτ ∈ G(k′). We claim that gτ ∈ I0(k
′). To check this we may replace

G′ andG by the corresponding k̄/k-gerbs, and assume that k′ = k̄. Since f ′alg = falg

for g′ ∈ G′(k̄), we have

f(�τg
′�−1

τ ) = f ′(�τg
′�−1

τ ) = gτf(�τg
′�−1

τ )g−1
τ

so that gτ ∈ I0(k̄).
Now if hσ, hτ ∈ G′(k′), then

gσf(�σhσ)gτf(�τhτ ) = [gσf(�σhσ)gτf(�σhσ)
−1]f(�σhσ�τhτ ).

As any element of G′ can be uniquely written as �τhτ with hτ ∈ G′(k′), and some
τ, the map G′ → GG given by �τhτ 	→ gτf(�τhτ ) is a homomorphism if and only
if gτ is a If (k

′)-valued cocycle.
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If f ′ is conjugate to f, then since f ′alg = falg, it must be conjugate by an element
i ∈ I0(k

′) such that

f ′(�τ ) = if(�τ )i
−1 = [if(�τ )i

−1f(�τ )
−1]f(�τ ).

Hence gτ is a coboundary corresponding to i−1. Conversely, if the cohomology
class of gτ is trivial, then writing it as a coboundary one sees that f and f ′ are
conjugate. �

(3.1.3). Recall that we have fixed embeddings Q̄ ↪→ Q̄v in (1.3), and that for
L ⊂ Q̄ a finite extension of Q, we denote by Lv the closure of L in Q̄v. We set
L(v) = L ∩Qv.

For k′/k as above, and G a linear algebraic group over k′, we will write Rk′/kG
for the restriction of scalars Resk′/kG.

For L ⊂ Q̄ a finite Galois extension of Q set

QL = (RL(∞)/QGm ×RL(p)/QGm)/Gm

where the quotient is by the diagonal embedding of Gm. Let

ψL : QL → RL/QGm

be the map13 induced by the natural inclusion RL(p)/QGm → RL/QGm and the
inverse of the natural inclusion RL(∞)/QGm → RL/QGm.

For v = p,∞ we denote by ν(v)L the cocharacter ofQL, defined overQv, obtained
by composing the cocharacter of RL(v)/QGm corresponding to the inclusion L(v) ↪→
Qv, and the natural map RL(v)/QGm → QL.

We have the following lemma [Rei97, B2.2].

Lemma (3.1.4). The triple (QL, ν(∞)L, ν(p)L) is an initial object in the category
of triples (T, ν∞, νp) consisting of a Q-torus T which splits over L, and cocharacters
ν∞, νp defined over R and Qp, respectively, and satisfying∑

v∈{∞,p}
[Lv : Qv]

−1trL/Q(νv) = 0.

(3.1.5). If L′/Q is a Galois extension containing L, there is a map ω′
L′/L : QL′ →

QL induced by the maps

N
[L′

v :Lv]

L′(v)/L(v) : RL′(v)/QGm → RL(v)/QGm,

for v = p,∞ [Rei97, p. 117]. We denote by Q the pro-torus lim←−LQ
L where L runs

over Galois extensions L/Q contained in Q̄, and the transition maps are given by
ωL′/L. The maps ψL induce a map of pro-tori

ψ� : Q → RQ̄/QGm := lim←−LRL/QGm,

where the transition maps in the inverse limit on the right are given by the norm.
We have for v = ∞, p

(ωL′/L)∗(ν(v)
L′
) = [L′

v : Lv]ν(v)
L ∈ X∗(Q

L).

Hence we have a cocharacter ν(∞) : Gm,R → QR, induced by the cocharacters
ν(∞)L with L∞ = C.

13This agrees with Reimann’s convention and is the inverse of the one in [LR87].
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Let D be the pro-torus over Qp with cocharacter group Q. So D = lim←−Dn where

Dn = Gm,Qp
, the inverse limit runs over non-negative integers ordered multiplica-

tively, and the transition maps are given by x 	→ xn′/n for n|n′. If n = [Lp : Qp],
then the maps ν(p)L : Dn → QL induce a map of pro-tori ν(p) : D → QQp

.

(3.1.6). We now define a Galois gerb Gv over Qv for each place v of Q. For
v �= p,∞, we set Gv equal to the trivial Galois gerb Gal(Q̄v/Qv). We set G∞ equal
to the extension

1 → C× → G∞ → Gal(C/R) → 1

corresponding to the fundamental class in H2(Gal(C/R),C×).
Finally, for v = p, we have for each Galois extension Lp/Qp in Q̄p the Lp/Qp-

Galois gerb

1 → L×
p → GLp

p → Gal(Lp/Qp) → 1

corresponding to the fundamental class in H2(Gal(Lp/Qp), L
×
p ). Let G̃

Lp
p denote

the Galois gerb over Qp induced by G
Lp
p . The properties of the fundamental class

imply that for L′
p ⊂ Q̄p a Galois extension over Qp containing Lp, there is a map

of Galois gerbs G̃
L′

p
p → G̃

Lp
p with the induced map

Gm = G
L′

p,�
p → G

Lp,�
p = Gm

equal to [L′
p : Lp].

Passing to the limit over Lp, we obtain a pro-Galois gerb Gp over Qp with
G�

p = D.

Let Qur
p ⊂ Q̄p denote the maximal unramified extension of Qp. We could have

also made the above construction using only unramified extensions Lp/Qp. We

denote by Dn the Qur
p /Qp Galois gerb induced by G

Qpn

p . Passing to the limit, as
before, this yields a Qur

p /Qp pro-Galois gerb D, with D� = D, whose induced Galois
gerb over Qp is canonically isomorphic to Gp.

(3.1.7). For a Galois gerb G over Q, and v a place of Q, we denote by G(v) the
induced Galois gerb over Qv, obtained by pullback by Gal(Q̄v/Qv) → Gal(Q̄/Q)
and pushout by G�(Q̄) → G�(Q̄v). We use analogous notation for maps of Galois
gerbs.

We have the following definition [Rei97, B2.2]: A quasi-motivic Galois gerb is
the data of a pro-Galois gerb Q over Q together with morphisms ζv : Gv → Q(v)
for every place v of Q such that

(1) (Q�, ζ�∞, ζ�p ) = (Q, ν(∞), ν(p)), the identification Q� = Q(Q̄) being com-

patible14 with the action of Gal(Q̄/Q).
(2) For every Galois extension L/Q in Q̄, let QL be the Galois gerb obtained

from Q via pushout by Q → QL. For some positive integer n, the torus
QL arises from a torus over OQ̄[1/n] which we denote by the same symbol.
After replacing n by a larger integer, we may assume that the continuous

14This compatibility seems to have been omitted in [Rei97] and elsewhere in the literature. It
is, however, clearly satisfied by Reimann’s construction, and it is used in the proof of uniqueness
(see (3.1.9)), which uses the fact that a quasi-motivic Galois gerb corresponds to an element of
H2(Gal(Q̄/Q), Q).
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2-cocycle of Gal(Q̄/Q) with values in QL(Q̄) which defines QL takes values
in OQ̄[1/n], and hence defines an extension

1 → QL(OQ̄[1/n]) → QL(OQ̄[1/n]) → Gal(Q̄/Q) → 1.

Hence for any prime l � n we obtain an extension

(3.1.8) 1 → QL(OQ̄l
) → QL(OQ̄l

) → Gal(Q̄l/Ql) → 1,

which induces QL(l) by pushout. We require that for almost all l, ζl induces
a section of (3.1.8).

We have the following [Rei97, B 2.8].

Theorem (3.1.9). A quasi-motivic Galois gerb (Q, ζv) exists. If (Q̃, ζ̃v) is another

quasi-motivic Galois gerb, then there is an isomorphism α : Q → Q̃ such that ζv is
conjugate to α ◦ ζv for all v. Such an isomorphism α is unique up to conjugacy.

Moreover, there is a morphism ψ : Q → GRQ̄/QGm
whose kernel is the map ψ�

defined in (3.1.5), and which is unique up to conjugacy.

(3.1.10). From now on we fix a choice of quasi-motivic Galois gerb Q.
Consider a torus T over Q equipped with a cocharacter μ defined over some

Galois extension L/Q contained in Q̄. The characters of RL/QGm may be identified
with functions Gal(L/Q) → Z, and X∗(RL/QGm) with the group ring Z[Gal(L/Q)].
We have a map RL/QGm → T corresponding to the map on cocharacters given by

X∗(RL/QGm) → X∗(T );
∑

aτ τ 	→
∑

aτ τ (μ).

This gives rise to a map of Galois gerbs

ψμ : Q
ψ→ GRQ̄/QGm

→ GRL/QGm
→ GT .

Write ν(p)n (resp. ν(p)Ln) for ν(p) (resp. ν(p)L) viewed as a cocharacter with
source Dn = Gm. If n = [Lp : Qp], then we have

ψ�
μ ◦ ν(p)n =

∑
τ∈Gal(Lp/Qp)

τ (μ).

Hence if we think of ν(p) as a fractional cocharacter with source D1 = Gm, then

(3.1.11) ψ�
μ ◦ ν(p) = [Lp : Qp]

−1
∑

τ∈Gal(Lp/Qp)

τ (μ).

Similarly, if L∞ = C,

(3.1.12) ψ�
μ ◦ ν(∞) = −

∑
τ∈Gal(L∞/R)

τ (μ).

(3.2) Strictly monoidal categories. We recall some constructions involv-
ing strictly monoidal categories which will be necessary in the formulation of the
Langlands-Rapoport conjecture and the proof of results about it.

(3.2.1). Recall that a crossed module [Mil92, App. B] is a homomorphism of groups

H̃ → H together with an action of H on H̃ which lifts the action of H on itself
by conjugation, and such that the induced action of H̃ on itself is by conjugation.
Given this, we can form a category H/H̃ whose objects are the same as those of

H, and for which the morphisms Hom(h1, h2) = {h̃ ∈ H̃ : h2 = h̃h1}.
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The category H/H̃ is strictly monoidal: The composition

H/H̃ ×H/H̃ → H/H̃

is given by composition in H on objects. If h̃ : h1 → h2 and h̃′ : h′
1 → h′

2 are

morphisms, then the composition sends (h̃, h̃′) to h̃h̃′h1 . If h ∈ H, then conjugation

by h induces an auto-equivalence of H/H̃. If h is the image of an element of H̃,
then this auto-equivalence is isomorphic to the identity.

If H is a group, we may think of H = H/{1} as a strictly monoidal category
with the only morphisms being the identities.

By a morphism of strictly monoidal categories we mean a functor which strictly
respects the monoidal structures. We say two such functors φ1, φ2 : C1 → C2 are
isomorphic if there is an isomorphism of functors φ1

∼−→ φ2 respecting monoidal
structures. If φ1, φ2 : C → H/H̃ are two such morphisms, we say that φ1, φ2 are

conjugate if φ2 is obtained from φ1 by composing with the auto-equivalence of H/H̃
obtained by conjugation by some h ∈ H. We say φ1, φ2 are conjugate-isomorphic if
φ1 is conjugate to a functor which is isomorphic to φ2.

(3.2.2). Let k be a field of characteristic 0 with algebraic closure k̄, and G a

connected, reductive algebraic group over k. Let G̃ denote the simply connected
cover of Gder. Then the commutator map G×G → G factors via Gad ×Gad → G.
Applying this with G̃, one obtains [Del79, 2.0.2] a mapG×G → G̃. In particular, the

action of G̃ on itself by conjugation extends to an action of G. Hence we may apply
the discussion above and consider the strictly monoidal categories G(k̄)/G̃(k̄) and

GG/G̃(k̄). We will write G/G̃(k̄) for the former category and GG/G̃ for the latter
one.

Let X∗(G/G̃) denote the set of isomorphism class of morphisms Gm(k̄) →
G/G̃(k̄), which are induced by an algebraic morphism Gm → G over k̄. The cate-

gory G/G̃(k̄) may also be thought of as the k̄-points of the Picard stack G/G̃. In

Lemma (3.2.4), we show that X∗(G/G̃), as defined above, is in bijection with the

set of morphisms of Picard stacks Gm → G/G̃. Although we make no further use
of this point of view, it may be helpful in motivating some of the arguments.

Lemma (3.2.3). Let φ1, φ2 : C → G/G̃(k̄) be morphisms from a strictly monoidal
category C. Then φ1, φ2 are conjugate-isomorphic if and only if they are isomorphic.

Proof. This may be seen either by using the fact that the commutator map factors
through G̃, as in (3.2.2), or by writing an element g ∈ G(k̄) as a product z · g̃ with

z ∈ ZG(k̄) and g̃ ∈ G̃(k̄). �
Lemma (3.2.4). The map which assigns to a G-valued cocharacter its class in
π1(G) induces an isomorphism

X∗(G/G̃)
∼−→ π1(G).

Moreover X∗(G/G̃) is in bijection with the set of (equivalence classes of) morphisms

of Picard stacks Gm → G/G̃ over k̄.

Proof. The map is clearly surjective. We have to show that two cocharacters μ1, μ2 :
Gm → G have the same image in π1(G) if and only if they induce isomorphic

functors Gm(k̄) → G/G̃(k̄).
Let T ⊂ G be a maximal torus. By (3.2.3), we may replace μ1, μ2 by conjugate

cocharacters and assume that μ1, μ2 ∈ X∗(T ). Let T̃ be the preimage of T in G̃.
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Then μ1 and μ2 are isomorphic if and only if μ1μ
−1
2 ∈ X∗(T̃ ), which is equivalent

to asking that the image of μ1μ
−1
2 in π1(G) is trivial.

To see the final claim, we have to show that any morphism φ : Gm → G/G̃ lifts

to G. Pulling back G → G/G̃ by φ gives rise to a group scheme G′ ⊂ G over k̄,

which is an extension of Gm by G̃. In particular, G′ is a connected, reductive group
over k̄. Now for any maximal torus T ⊂ G′, the map T → G′ → Gm admits a
splitting. In particular, φ lifts to G. �

(3.2.5). We recall the construction of the fiber product for categories.
If C1, C2, C are categories equipped with functors F1 : C1 → C and F2 : C2 → C,

then the 2-fiber product C1×CC2 is the category whose objects are triples (c1, c2, α)
where c1 and c2 are objects of C1 and C2, respectively, and α is an isomorphism
α : F1(c1)

∼−→ F2(c2). A morphism (c1, c2, α) → (c′1, c
′
2, α

′) consists of morphisms
δi : ci → c′i for i = 1, 2 such that α′ ◦ F1(δ1) = F2(δ2) ◦ α.

One checks immediately that for any categoryD to give a functorG : D → C1×C

C2 is equivalent to giving functors Gi : D → Ci for i = 1, 2 and an isomorphism
F1 ◦G1

∼−→ F2 ◦G2.
If C1, C2, C, and D are strictly monoidal, and F1, F2 are morphisms of strictly

monoidal categories, then G is strictly monoidal if and only if G1, G2 are strictly
monoidal, and F1 ◦G1

∼−→ F2 ◦G2 is an isomorphism of monoidal functors.

Lemma (3.2.6). The morphisms

G(Q̄) → Gad(Q̄)×Gad/G̃(Q̄) G/G̃(Q̄)

and

GG → GGad ×G
Gad/G̃

GG/G̃

are equivalences of strictly monoidal categories.

Proof. This follows easily from the definitions. �

(3.2.7). We end this subsection by recalling some facts about Galois cohomology
of crossed modules [Bor98, §3].

Let H̃ → H be a crossed module and Δ a profinite group. An action of Δ on
H̃ → H is the data of a compatible, continuous (for the discrete topology) action

of Δ on H̃,H such that for h̃ ∈ H̃, h ∈ H, and τ ∈ Δ, we have τ (h̃h) = τ (h̃)τ(h).

For i = −1, 0, 1 there exist pointed sets Hi(Δ, H̃ → H) having the following
properties:

(1) For i = 0, 1, Hi(Δ, 1 → H) = Hi(Δ, H), the usual Δ-cohomology of H.

(2) If (H̃ → H) → (H̃ ′ → H ′) is a morphism of crossed modules which is a
quasi-isomorphism (i.e. it induces isomorphisms on kernels and cokernels),
then there is an induced isomorphism

Hi(Δ, H̃ → H)
∼−→ Hi(Δ, H̃ ′ → H ′).

(3) There is a long exact sequence of pointed sets

1 → H−1(Δ, H̃ → H) → H0(Δ, H̃) → H0(Δ, H)

→ H0(Δ, H̃ → H) → H1(Δ, H̃) → H1(Δ, H) → H1(Δ, H̃ → H).

(4) If the cokernel of H̃ → H is abelian, then Hi(Δ, H̃ → H) has a canonical
structure of abelian group.
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It follows from (1) and (2) that if H̃ ⊂ H, then Hi(Δ, H̃ → H) = Hi(Δ, H/H̃)
for i = 0, 1.

Suppose k̄/k is as above and H̃ → H is a crossed module in algebraic groups over
k. That is, a morphism of algebraic groups over k, together with an action of H on
H̃ which lifts the action of H on itself by conjugation, and such that the induced
action of H̃ on itself is by conjugation. For i = 0, 1, we will write15 Hi(k, H̃ → H)

for Hi(Gal(k̄/k), H̃(k̄) → H(k̄)). When H̃ = 1, we use the analogous notation
Hi(k,H) (resp. Zi(k,H)) to denote the cohomology of (resp. cocycles valued in)
H(k̄).

(3.3) The Langlands-Rapoport conjecture. In this subsection we formu-
late the Langlands-Rapoport conjecture, including its extension to the case of non-
simply connected derived group.

(3.3.1). Let G be a reductive group over Q, and μ a cocharacter of G. The
construction of (3.1.10) produces a morphism ψμab

: Q → GGab . When Gder is not
simply connected, we will need a refinement of this, which we now explain.

The composite

μ
˜ab

: Gm(Q̄)
μ→ G(Q̄) → G/G̃(Q̄)

is a morphism of strictly monoidal categories. The remark regarding commutators
in (3.2.2) shows that conjugate cocharacters μ give rise to isomorphic morphisms.

We can now apply the construction of (3.1.10) to obtain a morphism
(3.3.2)

RL/QGm(Q̄) = X∗(RL/QGm)⊗Z Gm(Q̄) → G/G̃(Q̄);
∑

aτ τ ⊗ x 	→
∑

aτμ
τ
˜ab
(x).

Finally, taking the semi-direct product with Gal(Q̄/Q) on both sides of (3.3.2),
we obtain a morphism

ψμ
˜ab

: Q
ψ→ GRQ̄/QGm

(3.3.2)→ GG/G̃.

(3.3.3). Let (G,μ) be as above, and suppose that GQp
has a reductive model GZp

over Zp. We also suppose that μ is defined over a number field E in which p is
unramified and induces a cocharacter of GZp

. We now define the set responsible for
p-power isogenies in the Langlands-Rapoport conjecture.

Let Qpn ⊂ Q̄p be the unramified extension of Qp of degree n. If σ ∈ Gal(Qur
p /Qp)

denotes the Frobenius, then there is an element dσ ∈ D with image σ and such that

for every n ≥ 1, the image of dnσ in G
Qpn

p is p−1 ∈ G
Qpn�
p .

Consider a morphism θ : Gp → GG(p), and letGur
G (p) denote the neutralQur

p /Qp-

Galois gerb attached to G. Denote by Xp(θ) the set of g ∈ G(Q̄p)/GZp
(Zur

p ) such

that θg = Int(g−1) ◦ θ is induced by a morphism of Qur
p /Qp-gerbs θ

ur
g : D → Gur

G (p)

with θurg (dσ) = bg � σ and bg ∈ G(Zur
p )p−μG(Zur

p ). Here Zur
p denotes the ring of

integers of Qur
p . Since Gp is induced by the Gal(Qur

p /Qp)-gerb D, we may regard

Gal(Q̄p/Q
ur
p ) as a subgroup of Gp. The condition that Int(g−1) ◦ θg is induced

by a morphism of Qur
p /Qp-gerbs, is equivalent to Int(g−1) ◦ θ(τ ) = 1 � τ for τ ∈

Gal(Q̄p/Q
ur
p ). To see this note that the latter condition implies that Int(g−1) ◦

θ(G�
p (Q

ur
p )) ⊂ G(Qur

p ).

15Note that H0(k, H̃ → H) is denoted H1(k, H̃ → H) in [Del71, 2.4.3]. This pointed set is

isomorphic to the set of isomorphism classes of H̃-torsors equipped with a trivialization of the
induced H-torsor.
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If Ep = Qpr , we equip Xp(θ) with a pr-Frobenius Φ = Φr defined by the formula

θurΦ(g) = Int(1� σr) ◦ θurg .

Then bΦ(g) = σr(bg) ∈ G(Zur
p )p−μG(Zur

p ), and Φ(g) = gbgσ(bg) · · ·σr−1(bg).
It will be useful to compare Xp(θ) to a somewhat more explicit set used to

parametrize p-power isogenies in [LR87] and [Rei97]. By [LR87, §5, p. 56], there
exists g0 ∈ G(Q̄p) such that Int(g−1

0 ) ◦ θ is induced by a map of Qur
p /Qp-gerbs

θur : D → Gur
G (p). Let θur(dσ) = bg0 � σ.

Lemma (3.3.4). The map g 	→ g0g induces a bijection

X−μ(bg0)
∼−→ Xp(θ)

which is compatible with the action of Φ.

Proof. Let g ∈ G(Q̄p). If g ∈ X−μ(bg0), then g0g ∈ Xp(θ). Conversely, suppose that
g0g ∈ Xp(θ). Then for τ ∈ Gal(Q̄p/Q

ur
p ) we have

1� τ = Int((g0g)
−1) ◦ θ(τ ) = Int(g−1)(1� τ ) = g−1τ (g)� τ.

Hence g ∈ G(Qur
p ). As bg0g = g−1bg0σ(g), we see that g ∈ X−μ(bg0).

Finally computing the action of Φ on Xp(θ) we have

Φ(g0g) = g0gbg0gσ(bg0g) · · ·σr−1(bg0g) = g0bg0σ(bg0) · · ·σr−1(bg0)σ
r(g).

The final claim in the lemma follows. �

(3.3.5). Suppose that (G,X) is a Shimura datum and h ∈ X. Choose w ∈ G∞
whose image is complex conjugation c ∈ Gal(C/R) and such that w2 = −1 ∈
G�

∞(C) = C×. Then there is a map ξ∞ : G∞ → GG(∞) given by wh on G�
∞

and ξ∞(w) = μh(−1) � c (cf. [Rei97, §B3]). We remark that since conjugation by
μh(−1) is a Cartan involution of G, and wh is central, Iξ∞ = G∗

R, the (inner) form
of GR with compact adjoint group.

For v �= ∞, p we write ξv : Gv → GG(v) for the morphisms τ 	→ 1� τ.

(3.3.6). We now assume that (G,X) is a Shimura datum, with reflex field E ⊂
Q̄ ⊂ C and that GQp

has a reductive model GZp
over Zp. By [Kis10, 2.3.2] GZp

arises from a reductive model GZ(p)
of G over Z(p). The existence of GZp

implies
that p is unramified in E. In particular, Ep is an unramified extension Qpr of Qp.
Then μh is conjugate to a cocharacter μ which is defined over Ep, and induces a
cocharacter of GZp

.
For any morphism φ of Galois gerbs with target GG, we denote by φ

˜ab
, φab,

and φad the composite of φ with the projections GG → GG/G̃, GG → GGab , and

GG → GGad , respectively.
A morphism φ : Q → GG is called admissible if

(1) The composite

φ
˜ab

: Q
φ→ GG → GG/G̃

is conjugate-isomorphic to ψμ
˜ab
.

(2) For v �= p, the composite φ(v) ◦ ζv : Gv → GG(v) is conjugate to ξv. We set

Xp(φ) = {(gl)l �=∞,p ∈ G(Āp
f ) : Int(gl) ◦ ξl = φ(l) ◦ ζl}

where Āp
f denotes the restricted product

∏′
l �=p Q̄l. The condition (3.1.7)(2)

implies that Xp(φ) is non-empty [Rei97, B3.6], and hence a G(Ap
f )-torsor.
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(3) We require that Xp(φ) := Xp(φ(p) ◦ ζp) is non-empty. Let θur : D →
Gur

G (p) be a morphism such that the induced map of Q̄p/Qp-Galois gerbs is
conjugate to φ(p) ◦ ζp, and set θur(dσ) = b�σ. By (3.3.4), and the result of
Wintenberger [Win05] mentioned in (1.2.10), Xp(φ) is non-empty16 if and
only if b ∈ B(G,−μ).

Finally note that Iφ = Aut(φ) acts on X(φ) := Xp(φ)×Xp(φ) by left multipli-
cation, and write

S(φ) = lim←−KpIφ(Q)\Xp(φ)×Xp(φ)/Kp

where Kp runs over compact open subgroups of G(Ap
f ). Then S(φ) is equipped with

an action of ZG(Qp)×G(Ap
f ), and a commuting action of the Frobenius Φ.

We have the following conjecture, which is a slight extension of the Langlands-
Rapoport conjecture for hyperspecial level.

Conjecture (3.3.7). Let (G,X) be a Shimura datum and Kp ⊂ G(Qp) a hyper-
special subgroup. Then the Shimura variety ShKp

(G,X) admits a smooth canonical

model17 SKp
(G,X) over O(p). If F̄p denotes the residue field of Q̄p, then there is a

bijection

(3.3.8) SKp
(G,X)(F̄p)

∼−→
∐
[φ]

S(φ)

compatible with the action of ZG(Qp) ×G(Ap
f ), and the operator Φ, which acts on

SKp
(G,X) as the geometric r-Frobenius. Here φ runs over representatives for the

distinct conjugacy classes of admissible morphisms Q → GG.

(3.3.9). Although we have limited ourselves to the case of hyperspecial level struc-
ture, this is not essential. One can for example extend the case of the conjecture
formulated in [Rap05, §9] to the case of non-simply connected derived group by
imposing (3.3.6)(1) in place of the condition a) in Def. 9.1 of loc. cit. (The latter
is the analogue of (3.3.6)(1) but with GGab in place of GG/G̃.)

(3.4) Lifting admissible morphisms. In this subsection we give an alternate
expression for the part of the right side of (3.3.8) which corresponds to admissible
φ which induce a fixed admissible morphism Q → GGad . This will eventually allow
us to show in (3.8.12) below that the truth of (3.3.7) depends only on the adjoint
Shimura datum (Gad, Xad) and Gder.

The following lemma shows that the condition (2) in (3.3.6) is consistent with
the condition (1).

Lemma (3.4.1). Let φ : Q → GG be a morphism satisfying (3.3.6)(1). Then for
v �= p, the morphism (φ(v) ◦ ζv)˜ab = φ

˜ab
(v) ◦ ζv is conjugate-isomorphic to ξ

v,˜ab
.

Proof. Let L/Q be a finite Galois extension in Q̄, such that ψμ
˜ab

factors through
GRL/QGm

, and L∞ = C. Let

μ0 ∈ Z[Gal(L/Q)] = X∗(RL/QGm)

16As mentioned above, this definition of Xp(φ) differs slightly from those given in [LR87] and
[Rei97], which define this set as X−μ(b). More precisely, [LR87] defines it as Xμ(θur) due to the

change in the normalization of the map ψ mentioned above.
17That is a smooth G(Ap

f )-equivariant extension of ShKp (G,X) which satisfies Milne’s exten-

sion property [Mil92, §2].
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be the cocharacter corresponding to the identity, and w0 =
∑

τ∈Gal(L∞/R) τ (μ0)
−1.

Let ξ∞,0 : G∞ → GRL/QGm
be the morphism given by ξ�∞,0 = w0 and ξ∞,0(w) =

μ0(−1)� c. For v �= p,∞ we write ξv,0 for the morphism τ 	→ 1� τ.
We claim that for v �= p the morphisms ψ(v) ◦ ζv are conjugate to ξv,0. To see

this, note first that the two morphisms have the equal kernels. This is trivial for
v �= ∞, and it follows from (3.1.12) for v = ∞.

We now apply (3.1.2) with f = ξv,0. The action of τ ∈ Gal(k′/k) on the points of
the group If of (3.1.2) is given by conjugation by f(�τ ). Since RL/QGm is commu-
tative, this implies we have If = I0 = RL/QGm. Since an induced torus has trivial
cohomology, (3.1.2) implies that ψ(v) ◦ ζv is conjugate to ξv,0.

Pushing these two morphisms forward by the map GRL/QGm
→ GG/G̃ of (3.3.2),

we find that ψμ
˜ab
(v) ◦ ζv is conjugate to ξ

v,˜ab
, and the lemma follows since ψμ

˜ab
is

conjugate-isomorphic to φ
˜ab

by (3.3.6)(1). �

Lemma (3.4.2). Let φ : Q → GG be a morphism of Galois gerbs. If φ satisfies
(3.3.6)(1) and Xp(φ

ad) is non-empty, then Xp(φ) is non-empty.

Proof. As in (3.3.3), let θur : D → Gur
G (p) be a morphism of Qur

p /Qp-Galois gerbs

such that the induced morphism of Q̄p/Qp-Galois gerbs θ is conjugate to φ(p) ◦ ζp.
Let θur(dσ) = b� σ.

Fix a Borel B ⊂ GQp
and a maximal torus T ⊂ B. Let μ∗ ∈ X∗(T ) be conjugate

to μ, with −μ∗ dominant. As remarked in (1.2.10), Xp(φ) = X−μ(b) is non-empty
if and only if

(3.4.3) κG(b) = −μ� ∈ π1(G)Γ, and ν̄b ≤ −μ̄∗,

where Γ = Gal(Qur
p /Qp).

Since Xp(φ
ad) is non-empty, we must have ν̄b+α ≤ −μ̄∗ for some α ∈ X∗(ZG)Q.

The definition of the element dσ ∈ D implies that θur,� = −νb. Since θur,� is
conjugate to φ(p)� ◦ ν(p) and φab is conjugate to the map induced by ψμ, it follows
from (3.1.11) that νb and −μ̄∗ have the same image in X∗(G

ab). This implies that
α = 0 and establishes the second condition in (3.4.3).

For the first condition let L/Q be a finite Galois extension such that ψμ factors
through GRL/QGm

. Since G is unramified, μ is defined over an unramified extension

of Qp, and we may assume that L is unramified. Let d̃σ ∈ Gp be a lift of dσ, and

write the image of ψ(p) ◦ ζp(d̃σ) in GRL/QGm
(p) as b′ � σ. Using [RR96, 4.2(ii)] and

(3.1.11) we have

(3.4.4) κRL/QGm
(b′) = −ψL(p) ◦ ν(p) = −[Lp : Qp]

−1
∑

τ∈Gal(Lp/Qp)

τ (μ0)

as elements of X∗(RL/QGm)Γ (with the same notation as in (3.4.1)).
If T ⊂ G is a torus through which μ factors, then we have the composite

X∗(RL/QGm) −→
(3.1.10)

X∗(T ) −→ X∗(G/G̃)
∼−→

(3.2.4)
π1(G).

Applying this map to (3.4.4) shows that κG(b) = −μ� in π1(G)Γ. �

(3.4.5). For a connected reductive group H, we denote by H̃ the simply connected
cover of Hder. We will need the following result of Borovoi [Bor98, Thm. 5.12].
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Theorem (3.4.6). Let H be a connected reductive group over Q. The diagram

H1(Q, H) ��

��

H1(Q, H̃ → H)

��

H1(R, H) �� H1(R, H̃ → H)

is cartesian and all the maps are surjective.

(3.4.7). For any linear algebraic group H over Q we denote by H(R)+ the con-
nected component of the identity of H(R). For any subfield R ⊂ R, we write
H(R)+ = H(R) ∩H(R)+.

WriteG(Q̄)� (resp. G(Q̄)�+) for the preimage inG(Q̄) ofGad(Q) (resp. Gad(Q)+).

As in (3.2.2), the commutator map on G�(Q̄) × G�(Q̄) factors through Gad(Q) ×
Gad(Q) and takes values in G̃(Q). Hence G�(Q̄)/G(Q) is an abelian group. Similarly

G(Q̄)�+/G(Q)+ is an abelian group.

Lemma (3.4.8). The map

(3.4.9) G(Q̄) → Z1(Q, ZG); g 	→ (τ 	→ g−1τ (g))

identifies G(Q̄)�+/G(Q)+ with the set of cocycles in Z1(Q, ZG) such that

(3.4.10) [z] ∈ ker (H1(Q, ZG) → H1(R, ZG)) ∩ Im (H1(Q, ZG̃) → H1(Q, ZG)).

Proof. Let z be a cocycle in the image of G(Q̄)�+ under (3.4.9). Since the image of

G(R) → Gad(R) contains Gad(R)+, z has trivial image in H1(R, ZG). As the map

G̃(Q̄) → Gad(Q̄) is surjective, [z] is in the image of H1(Q, ZG̃). Hence [z] satisfies
(3.4.10).

Conversely, the expression in (3.4.10) is equal to

ker (H1(Q, ZG) → H1(R, ZG)⊕H1(Q, G̃ → G))

by (3.2.7)(2) and (3). In particular, if [z] satisfies (3.4.10), then its image in
H1(Q, G) is trivial, by (3.4.6), and there exists g ∈ G(Q̄) such that zτ = g−1τ (g).
Since the image of [z] in H1(R, ZG) is trivial, the image of g in Gad(Q) lifts to
an element of G(R). By the real approximation theory, we may modify g by an

element of G(Q), so the image of g in Gad(Q) lies in Gad(Q)+. Then g ∈ G(Q̄)�+,
which proves the lemma. �

Proposition (3.4.11). Let φ0 : Q → GGad be an admissible morphism (for the
Shimura datum (Gad, Xad)). The set of admissible morphisms φ : Q → GG lifting

φ0 is naturally a G(Q̄)�+/G(Q)+-torsor, and hence is non-empty.

If Iφ0
(Q̄)� denotes the preimage of Iφ0

(Q) ⊂ Gad(Q̄) in G(Q̄), and φ is an
admissible lifting of φ0, then the set of admissible liftings of φ0 conjugate to φ is a
Iφ0

(Q̄)�/Iφ(Q)-torsor.

Proof. As φ0 satisfies (3.3.6)(1) the monoidal functors

φad
0,˜ab

: Q
φ0−→ GGad → GGad/G̃

and

ψad
μ

˜ab
: Q

ψμ
˜ab−→ GG/G̃ → GGad/G̃
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are conjugate-isomorphic. Let ψ′
μ

˜ab
be a conjugate of ψμ

˜ab
such that ψ′ad

μ
˜ab

is iso-

morphic to φad
0,˜ab

. Each such isomorphism corresponds to a monoidal functor

φ : Q → GGad ×G
Gad/G̃

GG/G̃,

which specializes to φ0 and ψ′
μ

˜ab
, and hence, via (3.2.6), to a φ : Q → GG lifting φ0

and satisfying (3.3.6)(1). Note that, by (3.4.2), any such φ also satisfies (3.3.6)(3).
Now fix such a lifting φ and a continuous section �τ : Gal(Q̄/Q) → Q. Note that

φ� : Q → G is determined by its composite with the isogeny G → Gad ×Gab, and
hence is independent of the choice of φ satisfying (3.3.6)(1). Hence, as in the proof
of (3.1.2), any other such lift φ′ has the form φ′ = z · φ where z ∈ Z1(Q, ZG), and
z · φ is given by (z · φ)(�τh) = zτφ(�τh) for τ ∈ Gal(Q̄/Q) and h ∈ Q(Q̄).

Since φ′ satisfies (3.3.6)(1), the composite

φ′
˜ab

: Q
φ′

→ GG → GG/G̃

is isomorphic to the conjugate of φ
˜ab

by some g ∈ G(Q̄). Writing g = z′ · g̃ with

z′ ∈ ZG(Q̄) and g̃ ∈ G̃(Q̄), one sees that φ′
˜ab

is isomorphic to the conjugate of φ
˜ab

by z′. Using the description of the monoidal structure on GGad/G̃ given in (3.2.1),

this means that there is a cocycle z̃ ∈ Z1(Q, ZG̃(Q̄)) such that

zτ = z̃τ · (z′τ (z′)−1)

for τ ∈ Q. Here Q acts on ZG and ZG̃ via Gal(Q̄/Q), and we think of z ∈
Z1(Q, ZG(Q̄)). The restriction of z̃ to the torus Q� = Q(Q̄) is a homomorphism
Q(Q̄) → ZG̃(Q̄), and hence trivial, so that z̃ ∈ Z1(Q, ZG̃). It follows that φ

′ = z · φ
with

(3.4.12) [z] ∈ Im (H1(Q, ZG̃) → H1(Q, ZG)).

Conversely, for any z such that (3.4.12) holds, z · φ satisfies (3.3.6)(1). One checks
easily that this bijection makes the set of such liftings a torsor under the group of
cocycles satisfying (3.4.12).18

For v �= p, the same argument as above shows that φ(v) ◦ ζv differs from ξv
by an element of Z1(Qv, ZG) whose class in H1(Qv, ZG) is in Im (H1(Qv, ZG̃) →
H1(Qv, ZG)). These two morphisms are conjugate if and only if the image of this
cocycle is trivial in H1(Qv, G) if v �= ∞ and in H1(R, G∗

R), where G∗
R denotes the

inner form of GR with compact adjoint group, as in (3.3.5). Since H1(Qv, G̃) = 0
for v a finite prime, this condition is automatic if v �= ∞. Now the natural map
H1(Q, ZG̃) → H1(R, ZG̃) is surjective. To see this embed ZG̃ in an induced torus
T, and apply the real approximation theorem to T/ZG̃. Hence, after replacing φ
by z · φ for a suitable z in the image of Z1(Q, ZG̃), we may assume that φ satisfies
(3.3.6)(2).

The set of lifts satisfying (1)–(3) in (3.3.6) is thus a torsor under the group of
z ∈ Z1(Q, ZG) such that

(3.4.13) [z] ∈ ker (H1(Q, ZG) → H1(R, G∗
R)) ∩ Im (H1(Q, ZG̃) → H1(Q, ZG)).

18One can also obtain this description directly from (3.4.4) by showing that the set of liftings is
in bijection with Aut(φ

μãb,Gad/G̃
)/Aut(φ

μãb) and identifying each of these automorphism groups

with a space of cocycles.
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Since G∗ad(R) is connected, the map H1(R, ZG) → H1(R, G∗
R) is injective and

(3.4.13) is equivalent to

(3.4.14) [z] ∈ ker (H1(Q, ZG) → H1(R, ZG)) ∩ Im (H1(Q, ZG̃) → H1(Q, ZG)).

By (3.4.8) the map

G(Q̄)�+ → Z1(Q, ZG); g 	→ (τ 	→ g−1τ (g))

identifies G(Q̄)�+/G(Q)+ with the subgroup of cocycles in Z1(Q, ZG) satisfying
(3.4.14).

Finally, if φ and z · φ are two admissible liftings of φ0, which are conjugate by
some g ∈ G(Q̄), then gφ(�τh)g

−1 = zτφ(�τh) for τ ∈ Gal(Q̄/Q) and h ∈ Q(Q̄).
This implies g ∈ Iφ0

(Q̄)�. �

(3.4.15). Fix φ0 as in (3.4.11). Then Iφ0
(Q̄)� acts by left multiplication on the

disjoint union
∐

φad=φ0
X(φ), where φ : Q → GG runs over admissible morphisms

lifting φ0. If i ∈ Iφ0
(Q̄)�, then left multiplication by i maps X(φ) bijectively onto

X(Int(i) ◦ φ). We set

S(G,φ0) = lim←−KpIφ0
(Q̄)�\

∐
φad=φ0

X(φ)/Kp,

where Kp runs over compact open subgroups of G(Ap
f ).

We will need a variant of the above definitions. Let τ ∈ Iadφ (Af ) = Iadφ0
(Af ). Set

Sτ(φ) = lim←−KpIφ(Q)\X(φ)/Kp

and
Sτ(G,φ0) = lim←−KpIφ0

(Q̄)�\
∐

φad=φ0

X(φ)/Kp

where the quotient is taken with respect to the action of Iφ(Q) (resp. Iφ0
(Q̄)�) on

X(φ) (resp.
∐

φad=φ0
X(φ)) obtained by conjugating the natural action by τ.

Corollary (3.4.16). The natural map∐
[φ],φad=φ0

Sτ(φ) → Sτ(G,φ0)

is a bijection, where on the left side, [φ] runs over a set of representatives for the
distinct conjugacy classes of admissible morphisms φ : Q → GG lifting φ0.

Proof. Using (3.4.11) one finds that

Sτ(G,φ0) = Iφ0
(Q̄)�\

∐
φad=φ0

Sτ(φ) =
∐

[φ],φad=φ0

Sτ(φ).

�

(3.5) Special morphisms. In this subsection we show that every admissible
morphism is conjugate to a special morphism. We do this by reducing to the case
of simply connected derived group proved by Langlands-Rapoport [LR87, Satz 5.3].

(3.5.1). We begin by recalling the construction of the Weil torus [LR87, 3.1]
and its characterization as a quotient of the torus Q constructed in (3.1.3) [Rei97,
Lem. B.2.3]. Let L ⊂ Q̄ be a CM-field and L0 ⊂ L its maximal totally real subfield.
Let m ≥ 1 and q = pm. By a q-Weil number in L we mean an element π ∈ L
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such that, for some ι ∈ Z, we have |π|v = qι/2 for every place v|∞ of L, π is a
unit outside p, and logq |

∏
τ∈Gal(Lv/Qv)

τ (π)|v ∈ Z. We denote by PL(m) the torus

whose character group consists of q-Weil numbers modulo the subgroup of roots of
unity in L. For π ∈ L a q-Weil number, and m|m′, πm′/m is a qm

′/m-Weil number.
This induces a map PL(m′) → PL(m). We set PL = lim←−PL(m) where the limit is

over positive integers ordered by divisibility.
Let χπ ∈ X∗(PL) denote the character corresponding to a q-Weil number π.

Note that PL is equipped with cocharacters ν(∞)L and ν(p)L characterized by

(3.5.2) 〈ν(v)L, χπ〉 = logq |
∏

τ∈Gal(Lv/Qv)

τ (π)|v

for v = ∞, p. The map

X∗(PL) → ZGal(L/Q) : χ 	→ {〈τ (ν(p)L), χ〉}τ
is injective. In particular, X∗(PL) is finitely generated, and PL is a torus.

We have the following [Rei97, B.2.3] lemma.

Lemma (3.5.3). Let L be a CM-field, and L0 ⊂ L its maximal totally real
subfield. The triple (PL, ν(∞)L, ν(p)L) is the initial object in the category of
triples (T, ν∞, νp) consisting of a torus T which splits over L, and cocharacters
ν∞, νp ∈ X∗(T ), defined over Q and L(p), respectively, such that

[Lp : Qp]
−1trL/L0

νp + ν∞ = 0.

In particular, there is a surjection QL → PL taking the cocharacters ν(∞)L, ν(p)L

of QL to the corresponding cocharacters of PL.

Corollary (3.5.4). For n ∈ N+ sufficiently large (ordered by divisibility) there
exist elements δn ∈ PL(Q), which are unique modulo PL(Q)tors, such that

(1) If π ∈ L is a q = pm-Weil number with m|n, then χπ(δn) = πn/m.

(2) For n|n′, δn′ = δ
n′/n
n modulo PL(Q)tors.

(3) If L ⊂ L′ ⊂ Q̄ are CM-fields, then the natural map PL′ → PL preserves
the elements δn.

Proof. This is proved in [LR87, p. 31]. �

(3.5.5). We set P = lim←−LP
L, with the transition maps induced by sending a q-

Weil number π to itself. As in (3.1.5), if L ⊂ L′ is an inclusion of CM-fields, then for

v = ∞, p, ν(v)L
′
pushes forward to [L′

v : Lv]ν(v)
L. Hence we obtain a cocharacter

ν(∞) : Gm → P induced by νL with L �= L0, and ν(p) : D → P induced by ν(p)L.
These coincide with the cocharacters induced by the cocharacters ν(∞), ν(p) of Q.
We denote by P the Galois gerb obtained from Q by pushing out by Q → P.

(3.5.6). Let T be a torus over Q, and η ∈ X∗(T ). Recall that η is said to satisfy
the Serre condition if

(τ − 1)(ι+ 1)(η) = (ι+ 1)(τ − 1)(η) = 0,

for ι ∈ Gal(C/R) the complex conjugation and all τ ∈ Gal(Q̄/Q). We say T sat-
isfies the Serre condition if every η ∈ X∗(T ) satisfies the Serre condition. This
is equivalent to requiring that T is isogenous to a Q-torus T1 which has the form
T+
1 × T−

1 , where T+
1 is split over Q, and T−

1 (R) is compact. Any such torus splits
over a CM-field.
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Lemma (3.5.7). Suppose the connected component of the identity Z0
G ⊂ ZG splits

over a CM -field, and wh is rational. Then every admissible morphism φ : Q → GG

factors through P.
In particular, this holds if Z0

G satisfies the Serre condition.

Proof. The first statement follows from [Rei97, B.3.9]. If Z0
G satisfies the Serre

condition, then it splits over a CM-field, and wh = (ι+ 1)μ−1
h ∈ X∗(ZG) is defined

over Q. �

Lemma (3.5.8). Let T be a Q-torus, hT : S → T and i : T ↪→ G a map of
Q-groups such that i ◦ hT ∈ X. Then

i ◦ ψμhT
: Q

ψμhT→ GT → GG

is an admissible morphism.

Proof. This is proved in [LR87, Lem. 5.2]. Since our setting is more general than
that of loc. cit., we recall the argument.

Clearly i◦ψμhT
satisfies (3.3.6)(1). Now let L/Q be a Galois extension such that

T splits over L, and L∞ = C. Then ψμhT
is the composite

Q
ψ→ GRL/QGm

→ GT

constructed in (3.1.10). For any Galois gerb G, the conjugacy classes of maps f :
G → GRL/QGm

with f� equal to some fixed map are classified by H1(Q, RL/QGm) =

0 by (3.1.2)(2). Hence any two such maps are conjugate. The same remark applies
to GRL/QGm

(v) for any v.

Suppose that v �= p is a finite prime. Then the above remark shows that ψ(v)◦ζv
is conjugate to τ 	→ 1� τ. Hence i ◦ ψμhT

(v) ◦ ζv is conjugate to ξv.

Now let μ0 ∈ X∗(RL/QGm) = Z[Gal(L/Q)] correspond to the identity. If w ∈
G∞ is as in (3.3.5), then (3.1.12) (applied with T = RL/QGm) shows that there

is a well defined map ξL∞ : G∞ → GRL/QGm
(∞) given by ψ� ◦ ν(∞) on G�

∞ and

sending w to μ0(−1)� c. This map is conjugate to ψ(∞) ◦ ζ∞. It follows that ξ∞
is conjugate to i ◦ ψμhT

(∞) ◦ ζ∞. Thus i ◦ ψμhT
satisfies (3.3.6)(2).

To check (3.3.6)(3), note that the map ψ(p)◦ ζp : Gp → GRQ̄/QGm
(p) is conjugate

to a map of Qur
p /Qp-gerbs D → Gur

RQ̄/QGm
. Then ψμhT

(p) ◦ ζp is conjugate to a

morphism induced by a map of Qur
p /Qp-gerbs, θ

ur : D → Gur
T (p). As in (3.3.6), we

write θur(dσ) = b� σ, with b ∈ T (Qur
p ).

We have νb = −θur ◦ ν(p) as in the proof of (3.4.2). Let T ′ ⊂ GQp
be the

centralizer of a maximal split torus containing the image of i◦νb. After conjugating
i, we may assume that T ′ arises from a torus in GZp

. Fix a Borel B ⊃ T ′ of GZp
, and

let μ∗ ∈ X∗(T
′) be conjugate to μ, with −μ∗ dominant. Let M be the centralizer

of i ◦ νb. It suffices to show that XM
−μ(i(b)) is non-empty. To do this we check the

two conditions in (3.4.3) (applied to M). The condition νb ≤ −μ̄∗ holds as −μ̄∗ is
dominant, and νb is central in M. An argument, as in the proof of (3.4.2), shows
that κM (i(b)) = [i ◦ −μhT

] = [−μ] ∈ π1(M)Γ. �

(3.5.9). Let φ : Q → GG be an admissible morphism. We say that φ is special if
there exists a Q-torus T, an hT : S → T, and an inclusion i : T ↪→ G over Q such
that i ◦ hT ∈ X, and φ is conjugate to i ◦ ψμhT

.
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Lemma (3.5.10). Let φ : Q → GG be an admissible morphism, and φ0 : Q →
GGad the morphism induced by φ. Then φ is special if and only if φ0 is special.

Proof. If φ is special, then clearly φ0 is special.
Now suppose that φ0 is special. After conjugating φ0 by an element of Gad(Q̄)

we may assume that φ0 = i ◦ ψμhT
for some torus i : T ↪→ Gad, and hT : S → T,

with i ◦ hT ∈ Xad. By the real approximation theorem, we may conjugate i and φ0

by an element of Gad(Q) and assume that hT lifts to an element h ∈ X.

Let T̃ be the preimage of T in G, so that h : S → T̃ lifts hT . Let ĩ : T̃ → G denote

the inclusion. By (3.5.8) ĩ ◦ ψμh
is an admissible morphism. Now let g ∈ G(Q̄)�+,

and set zτ = g−1τ (g) for τ ∈ Gal(Q̄/Q). Then for t ∈ T (Q̄) and τ ∈ Gal(Q̄/Q), we
have

g(zτ ĩ(t), τ )g
−1 = (gĩ(t)g−1, τ ) = (gĩg−1(t), τ )

in GG. Thus z · (̃i ◦ ψμh
) is conjugate to the morphism (gĩg−1) ◦ ψμh

, and hence is
special. It follows from (3.4.11) that every admissible lifting φ : Q → GG of φ0 is
special. �

Theorem (3.5.11). Every admissible morphism φ : Q → GG is special.

Proof. Consider a Shimura datum (H,Y ) with H an adjoint group. We first show
that there is a Shimura datum (G,X) with (H,Y ) = (Gad, Xad), Gder simply
connected, and such that ZG,R is a compact torus, so in particular ZG satisfies the
Serre condition.

By [Del79, 2.3.4(b)] the action of Gal(Q̄/Q) on the Dynkin diagram of H factors
through Gal(L/Q) with L a CM-field. In particular, ZH̃ can be embedded in a sum
of copies of RL/QGm, and hence in a sum of copies of

SL = ker (RL/QGm

NL/L0→ RL0/QGm),

where L0 denotes the totally real subfield of L. Fix such an embedding ZH̃ ↪→ Sn
L,

and let G = (H̃ × Sn
L)/ZH̃ . Then ZG,R = Sn

L,R is compact.

Now any h ∈ Y factors as h : S/S0 → H = Gad. Since ZG is a compact torus, h

lifts to a map h̃ : S/S0 → G, and we may take X to be the G(R)-conjugacy class of

h̃.
The theorem for (G,X) follows from [LR87, Satz 5.3] and (3.5.7). Hence the

lemma holds for any Shimura datum (H,Y ) with H adjoint (3.4.11). Finally, the
theorem holds in general by (3.5.10). �

(3.6) Connected components. In this subsection, we develop a theory of
connected components for the sets Sτ(G,φ0). We will use special morphisms to
show that the set parametrizing these components is in canonical bijection with
the set of (geometric) connected components of ShKp

(G,X).

(3.6.1). Let φ : Q → GG/G̃ be a morphism. We define sets Xp(φ) and Xp(φ)

analogously to (3.3.6). First let X̃p(φ) denote the set of pairs (gl, εl)l �=∞,p where

(gl)l �=∞,p ∈ G(Āp
f ) and εl is an isomorphism Int(gl) ◦ ξl ∼−→ φ(l) ◦ ζl. Here we again

denote by ξl the morphism Gl
ξl→ GG(l) → GG/G̃(l). More explicitly, εl is given by

a cocycle εl ∈ Z1(Ql, G̃(Q̄l)), such that

εl(τ )Int(gl) ◦ ξl(τ ) = φ(l) ◦ ζl(τ )
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in G(Q̄l). Here, we think of Gal(Q̄l/Ql) as acting on G̃(Q̄l) via Int(gl) ◦ ξl and
conjugation. Explicitly, this action is given by τ (h) = glτ (gl)

−1τ (h)τ (gl)g
−1
l for

τ ∈ Gal(Q̄l/Ql) and h ∈ G̃(Q̄l). We require that (εl(τl))l �=p,∞ ∈ G̃(Āp
f ) for any

(τl)l �=p ∈
∏

Gal(Q̄l/Ql).

The group G̃(Āp
f ) acts on X̃p(φ) by

h · (gl, εl)l �=∞,p = (hgl, τ 	→ εl · τ (hl)h
−1
l )l �=∞,p,

where τ (hl) refers to the twisted Galois action just mentioned. We set

Xp(φ) = G̃(Āp
f )\X̃p(φ).

We define Xp(φ) as the set of g ∈ G(Q̄p)/(G̃(Qur
p ) · GZp

(Zur
p )) such that θg =

Int(g−1) ◦ φ(p) ◦ ζp is induced by a morphism19

θurg : D → G
ur
G/G̃

(p) := G
ur
G /G̃(Qur

p )

with θurg (dσ) = bg � σ and κ̃G(bg) = [−μ] ∈ π1(G). As above, we set X(φ) =
Xp(φ)×Xp(φ).

We remark that Xp(φ) and Xp(φ) depend on φ and not just on its isomorphism
class. More precisely, if φ, φ′ : Q → GG/G̃ are isomorphic, then X(φ) and X(φ′)

can be identified, if one chooses an isomorphism of functors φ
∼−→ φ′. This choice

is canonical up to the group Aut(φ), which in general acts non-trivially on X(φ).
We will apply this definition when φ is induced by a morphism Q → GG, in which
case X(φ) should be viewed as depending on the latter morphism (cf. also (3.6.5)
below).

When Gder = G̃, the set Xp(φ) has a simpler description: Let Xp′(φ) denote the
set of g ∈ Gab(Āp

f ) such that Int(gl) ◦ ξl = φ(l) ◦ ζl for all l. Then one checks easily

that the map Xp(φ) → Xp′(φ) which sends (gl, εl)l �=∞,p to the image of (gl)l �=∞,p

is a bijection.
Fix an admissible φ0 : Q → GGad as before and let

π̃(G,φ0) =
∐

φad=φ0

X(φ
˜ab
),

where the disjoint union runs over admissible morphisms φ : Q → GG lifting φ0.
If H ⊂ G(Af ) is a subgroup, we denote by H− its closure in G(Af ).

Lemma (3.6.2). For any admissible φ0 : Q → GGad we have

(1) Right multiplication induces a well defined action of G(Q̄)�+ on π̃(G,φ0).
(2) For any admissible φ : Q → GG lifting φ0, right multiplication induces an

action of G(Af )/G̃(Af ) on X(φ
˜ab
). If g0 ∈ X(φ

˜ab
), then the natural map

G(Af )/G̃(Af )GZp
(Zp)

g �→g0g−→ X(φ
˜ab
)

is a bijection.
(3) If g0 ∈ π̃(G,φ0), then the natural map

π(G) := G(Q)−+\G(Af )/GZp
(Zp)

g �→g0·g−→ lim←−Kp π̃(G,φ0)/G(Q̄)�+ · Kp =: π(G,φ0)

is a bijection. Here Kp runs over compact open subgroups of G(Ap
f ). Thus

π(G,φ0) is a π(G)-torsor.

19Note that this condition on a morphism Gp → GG/G̃ is not stable under isomorphism of

monoidal functors.
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Proof. Let g ∈ G(Q̄)�+, φ : Q → GG an admissible morphism lifting φ0, and write

zτ = g−1τ (g) for τ ∈ Gal(Q̄/Q), so that (zτ )τ ∈ Z1(Q, ZG).

Let (gl, εl)l �=p ∈ X̃p(φ
˜ab
). By right multiplication in (1) we mean the map induced

by right multiplication on elements of Xp(φ) and sending (gl, εl)l �=p in X̃p(φ
˜ab
) to

(glg, εl)l �=p. For τ ∈ Gal(Q̄l/Ql) we have

Int(glg) ◦ ξl(τ ) = Int(gl)(z
−1
τ · ξl(τ )) = z−1

τ Int(gl) ◦ ξl(τ ) ∼−→
εl

(z−1 · φ
˜ab
)(l) ◦ ζl(τ ).

So (glg, εl)l �=p ∈ X̃p(z−1 ·φ
˜ab
). Thus g maps X̃p(φ

˜ab
) bijectively onto X̃p(z−1 ·φ

˜ab
),

and this bijection commutes with the action of G̃(Āp
f ), inducing a bijection of

Xp(φ
˜ab
) onto Xp(z−1 · φ

˜ab
).

Now let g0 ∈ Xp(φ˜ab
). The image of G̃(Qur

p ) ·GZp
(Zur

p ) in G(Q̄p) is stable under

conjugation by g. Hence if h ∈ G̃(Qur
p ) ·GZp

(Zur
p ), then g0hg = g0g(g

−1hg), so g0g

is a well defined element of G(Q̄p)/G̃(Qur
p ) ·GZp

(Zur
p ). We have

θg0g := Int(g−1g−1
0 )(z−1 · φ)(p) ◦ ζp = z−1 · (Int(g−1) ◦ θg0).

As in (3.3.3), to show that θg0g is induced by an unramified morphism θurg0g : D →
GGur/G̃(p), we have to check that θg0g(1� τ ) = 1� τ for τ ∈ Gal(Q̄p/Q

ur
p ). To see

this, note that

Int(g−1) ◦ θg0(1� τ ) = g−1(1� τ )g = g−1τ (g)� τ = zτ · 1� τ.

Since κ̃G(g
−1bg0g) = κ̃G(bg0) = [−μ], it follows that g0g ∈ Xp(z

−1 · φ
˜ab
). This

shows that right multiplication by G(Q̄)�+ gives a well defined action on π̃(G,φ0),
and proves (1).

To see (2), note that if g0 ∈ Xp(φ˜ab
), and g ∈ G(Qp), then Int(g−1) ◦ θurg0(dσ) =

g−1bg0g � σ, and so g0g ∈ Xp(φ˜ab
). Since G(Ap

f )/G̃(Ap
f ) clearly acts on Xp(φ

˜ab
),

one sees that right multiplication induces an action of G(Af )/G̃(Af ) on X(φ
˜ab
).

We have to show this action is simple and transitive.
Let g0 = (g0,l, εl)l �=p ∈ Xp(φ). Since the class of εl ∈ H1(Ql, G̃) is trivial, we

have εl = hlτ (hl)
−1 for some hl ∈ G̃(Q̄l), again using the twisted Galois action

on G̃, for which εl is a cocycle. For some integer N, G admits a reductive model
GZ[1/N ] over Z[1/N ]. Then for almost all l, εl takes values in GZl

(Z̄l). In this case

we can take hl ∈ GZl
(Z̄l).

20 Thus h = (hl)l �=p ∈ G(Āp
f ). As g0 = h · g0 ∈ Xp(φ), we

may assume that (εl)l �=p = 1, the trivial cocycle.

The set G(Ap
f )/G̃(Ap

f ) clearly acts on the set of such g0. Suppose that g =

(gl)l �=p ∈ G(Āp
f ) with (g0,lg,1)l �=p ∈ Xp(φ). Then Int(g0,lgl) ◦ ξl = φ(l) ◦ ζl for each

l, and Int(gl) ◦ ξl = ξl. For τ ∈ Gal(Q̄l/Ql), Int(gl) ◦ ξl(τ ) = glτ (gl)
−1 � τ, so we

find that gl ∈ G(Ql), and g ∈ G(Ap
f ), which shows the action of G(Ap

f )/G̃(Ap
f ) is

transitive.
Suppose that g ∈ G(Ap

f ), with g0g = g0 in Xp(φ), so that (g0,1) = ((g0gg
−1
0 ) ·

g0,1) ∈ Xp(φ). Then there exists a hl ∈ G̃(Q̄l) such that hlτ (hl)
−1 = 1 for τ ∈

Gal(Q̄l/Ql), with the twisted action, and hl = g0,lglg
−1
0,l in G(Q̄l). This implies that

g−1
0,l hlg0,l ∈ G̃(Ql) is a lift of gl. Thus G(Ap

f )/G̃(Ap
f ) acts simply.

20Indeed, in this case triviality of the class of εl is less deep, being a consequence of Lang’s
lemma.
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Next suppose g0 ∈ Xp(φ˜ab
), and g ∈ G(Q̄p) with g0g ∈ Xp(φ˜ab

). Then a simple

computation shows that g−1τ (g) = 1 for all τ ∈ Gal(Q̄p/Q
ur
p ), so g ∈ G(Qur

p ).

Likewise if τ ∈ Gal(Q̄p/Qp) is a lift of Frobenius, then the image of g−1bg0τ (g) in
π1(G) is equal to [−μ], and hence coincides with the image of bg0 . Hence the image

of g lies in π1(G)Gal(Qur
p /Qp), and the class of g in G(Qur

p )/G̃(Qur
p )GZp

(Zur
p ) contains

an element in G(Qp) by (1.2.3).

This shows thatG(Qp)/G̃(Qp)·GZp
(Zp) acts transitively onXp(φ˜ab

). The Cartan
decomposition implies that

Im(G̃(Qur
p ) → G(Qur

p )) ·GZp
(Zur

p ) ∩G(Qp)

= Im(G̃(Qp) → G(Qp)) ·GZp
(Zp) = ker κ̃G|G(Qp),

which shows that the action is simple. This completes the proof of (2).
Now, using (2) and (3.4.11), one sees that π(G,φ0) is in bijection with

(3.6.3) lim←−KpG(Q)+\G(Af )/G̃(Af )G(Zp)K
p ∼−→ π(G,φ0).

Since G(Q)−+ contains G̃(Af ), by the strong approximation theorem, and the

closure of G(Q)+ in G(Af )/GZp
(Zp) coincides with the image of G(Q)−+, as GZp

(Zp)

is compact, the left side of (3.6.3) is equal to G(Q)−+\G(Af )/GZp
(Zp). �

Corollary (3.6.4). For any admissible morphism φ : Q → GG,

π(G,φ) := lim←−X(φ
˜ab
)/G(Q)+ · Kp

is a π(G)-torsor. Here Kp runs over compact open subgroups of G(Ap
f ).

If φ, φ′ : Q → G are admissible morphisms such that φad and φ′ad are conjugate,
then the π(G)-torsors π(G,φ) and π(G,φ′) are canonically isomorphic.

Proof. The first claim follows from (3.6.2)(2). For the second claim, suppose φad

and φ′ad are conjugate by an element gad ∈ Gad(Q̄). Lift gad to g̃ ∈ G̃(Q̄). Left
multiplication by g̃ induces a bijection between X(φ

˜ab
) and X(g̃φ

˜ab
g̃−1), and a

bijection between π(G,φ) and π(G, g̃φg̃−1) as π(G)-torsors. Here on Xp(φ
˜ab
),

left multiplication means the map sending (gl, εl)l �=p,∞ to (g̃gl, g̃εlg̃
−1)l �=p,∞. Since

g̃φadg̃−1 = φ′ad, we can then identify π(G, g̃φg̃−1) and π(G,φ′) using (3.6.2)(3).
The second claim now follows once we check that the bijection between π(G,φ)
and π(G,φ′) just constructed does not depend on the choice of g̃.

To see this, let Iφ̃0
(Q̄)� and G̃(Q̄)�+ denote the preimages of Iφ0

(Q̄)� and G(Q̄)�+
in G̃(Q̄). Two choices of g̃ differ by an element i ∈ Iφ̃0

(Q̄)�. It suffices to show

that there exists g ∈ G̃(Q̄)�+ such that ihg−1 = h for all h ∈ X(φ
˜ab
). (Here right

multiplication has the same meaning as in (3.6.2).)
Let zτ = i−1τ (i). Then the class of zτ in H1(R, ZG̃) is trivial, as (Iφ̃0

/ZG̃)(R)

is compact, and hence connected. In particular, the image of zτ in H1(R, G̃) is

trivial, and hence the image of zτ in H1(Q, G̃) is trivial by the Hasse principle.

Hence there exists g ∈ G̃(Q̄)�+ such that g−1τ (g) = zτ .
Right multiplication by g induces a bijection between X(φ

˜ab
) and X(z−1 · φ

˜ab
),

as does left multiplication by i (via the natural action of Iφ̃0
(Q̄)�). If h ∈ X(φ

˜ab
),

then ihg−1 = h[h−1ihg−1] ∈ X(φ
˜ab
). Since h−1ihg−1 ∈ G̃(Āf ), it follows from

(3.6.2)(2) that ihg−1 = h in X(φ
˜ab
). �
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(3.6.5). We use (3.6.4) to identify the sets π(G,φ) with φad conjugate to a given
morphism φ0 : Q → GGad , and denote the resulting set simply by π(G,φ0), as in
(3.6.2).

The reader should note the following subtlety: Suppose that Gder = G̃ and
φ, φ′ : Q → GG are two admissible morphisms with φ

˜ab
= φ′

˜ab
. Then, by definition,

the underlying sets of π(G,φ) and π(G,φ′) coincide. However, the map identifying
these two sets in (3.6.4) is in general not the identity.

If we no longer assume that Gder = G̃, and assume that φ
˜ab

and φ′
˜ab

are equiv-

alent, there is an analogous canonical, “tautological” identification of π(G,φ) and

π(G,φ′) (corresponding to the identity map when Gder = G̃), but its definition is
somewhat less obvious, and we will not need it.

(3.6.6). Let T be a Q-torus, and μT ∈ X∗(T ). We now make the analogues of the
definitions in (3.6.1) in this setting. Recall that we have the map ψμT

: Q → GT .
We define

Xp(ψμT
) = {(gl)l �=∞,p ∈ T (Āp

f ) : Int(gl) ◦ ξl = ψμT
(l) ◦ ζl}.

To define Xp(ψμT
), recall that for any connected reductive group H over Qp,

Kottwitz [Kot97, §7] has defined a surjective map κ̃H : H(Qur
p ) → π1(H)I , gen-

eralizing the map κ̃G introduced in (1.2.1) above. Here I ⊂ Gal(Q̄p/Qp) denotes
the inertia subgroup. In particular, we may apply this to the torus T and obtain
a map κ̃T : T (Qur

p ) → X∗(T )I . If T denotes the Néron model of T over Zp, and
T ◦ ⊂ T denotes the connected component of the identity, then ker κ̃T = T ◦(Zur

p )
[Rap05, Rem. 2.2].

We define Xp(ψμT
) as the set of t ∈ T (Q̄p)/T ◦(Zur

p ) such that θt = Int(t−1) ◦
ψμT

(p) ◦ ζp is induced by a morphism

θurt : D → Gur
T

with θurt (dσ) = bt � σ and κ̃T (bt) = [−μT ] ∈ X∗(T )I .
Finally, we set X(ψμT

) = Xp(ψμT
)×Xp(ψμT

), and

S(ψμT
) = T (Q)−\X(ψμT

).

It will be convenient to extend these definitions to the case when T is a pro-torus.
If T = lim←−Ti where each Ti is a torus, and μT ∈ X∗(T ), we denote by μTi

∈ X∗(Ti)

the image of μT , and we define

X(ψμT
) = lim←−X(ψμTi

)

and similarly for S(ψμT
).

Proposition (3.6.7). The set X(ψμT
) is a T (Af )/T ◦(Zp)-torsor. Moreover, there

is a canonical isomorphism

S(ψμT
)

∼−→ T (Q)−\T (Af )/T ◦(Zp).

In particular, this isomorphism is functorial in the pair (T, μT ).

Proof. We begin by checking that Xp(ψμT
) is non-empty, and that ψμT

(p) ◦ ζp
is conjugate to a morphism D → Gur

T . It suffices to do this in the universal case
where (T, μT ) = (RQ̄/QGm, μ0), where μ0 ∈ X∗(RQ̄/QGm) corresponds to 1 ∈
Z[[Gal(Q̄/Q)]]. Then ψμ0

= ψ.
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Note that, by construction, ψ� is defined over Q. Since H1(Ql, RQ̄/QGm) = {1},
for l �= p, (3.1.2)(2) implies that ψ(l) is conjugate to the morphism of neutral Galois
gerbs Q(l) → GT (l) given by ψ�(l)�1. This implies Xp(ψ) is non-empty. Similarly,
since H1(Gal(Q̄p/Q

ur
p ), RQ̄/QGm) = {1}, we have

H2(Gal(Qur
p /Qp), RQ̄/QGm) ⊂ H2(Gal(Q̄p/Qp), RQ̄/QGm).

As the pushout of Gp by (ψ(p) ◦ ζp)� is a split extension, this implies the pushout
of D by the Qur

p -points of the same map is also split. It follows that (ψ(p) ◦ ζp)� is

induced by a map of Qur
p /Qp-gerbs D → Gur

T . Since H1(Gal(Q̄p/Qp), RQ̄/QGm) =

{1}, the induced map of Galois gerbs must be conjugate to ψ(p) ◦ ζp.
The argument thatXp(ψμT

) is non-empty is analogous to (and in fact technically
simpler than) the proof of (3.4.2). It suffices to consider T of the form RL/QGm

for some Galois extension L/Q. Let θur : D → Gur
T be a map such that the induced

map of Galois gerbs is conjugate to ψμT
(p) ◦ ζp. Write θur(dσ) = b � σ. Then

νb = −ψ�
μT

◦ ν(p) = −μ̄T , where μ̄T ∈ X∗(T )
Γ ⊗ Q denotes the average of the

Galois orbit of μT . Hence by [RR96, Thm. 4.2(ii)], b and −μT have the same
image in X∗(T )Γ ⊗Q and hence in X∗(T )Γ, which is torsion free. In particular, if
b′ ∈ T (Qur

p ) satisfies κ̃T (b
′) = −μT , then b and b′ have the same image in X∗(T )Γ,

and hence b is σ-conjugate to b′, as b and b′ are basic.
This shows that X(ψμT

) is non-empty. One checks immediately that Xp(ψμT
)

is a T (Ap
f )-torsor. If t1, t2 ∈ Xp(ψμT

), then t = t1t
−1
2 ∈ T (Qur

p ) and satisfies

κ̃T (σ(t)t
−1) = 1, and hence σ(t)t−1 ∈ T ◦(Zur

p ). Hence by Lang’s lemma, there

exists t′ ∈ T ◦(Zur
p ) with tt′−1 ∈ T (Qp). This shows that t1, t2 ∈ T (Q̄p)/T ◦(Zur

p )
differ by an element of T (Qp). It follows that X(ψμT

) is a T (Af )/T ◦(Zp)-torsor,
and hence that S(ψμT

) is a T (Q)−\T (Af )/T ◦(Zp)-torsor.
To show that S(ψμT

) has a canonical trivialization, it suffices to show that S(ψ)
consists of a single element. For this consider the maps of inverse limits

lim←−L(L
×)−\(L⊗Q A)×/(L⊗Q R)×,+

= lim←−L(L
×,+)−\(L⊗Q Af )

× → lim←−(L×)−\(L⊗Q Af )
×/(OL ⊗Z Zp)

× := C,

where L ⊂ Q̄ runs over all finite extensions of Q, and as usual, a superscript “+”
means that we take the intersection of the subgroup with the connected component
of the identity in (L ⊗Q R)×, and “−” means that we take the closure of L× or
L×,+ in the indicated topological group. The inverse limit on the left is trivial,
by class field theory. The map of inverse limits is surjective, because L×,+ has
finite index in L× and (OL ⊗Z Zp)

× is compact. Hence C is trivial. Let μ0,L ∈
X∗(RL/QGm) denote the image of μ0. As C is an inverse limit of profinite groups,
S(ψ) = lim←−LS(ψμ0,L

) is a torsor under C, and we have S(ψ) = {1}. �

(3.6.8). We now consider the category SH p whose objects consist of a reduc-
tive group GZ(p)

over Z(p), and a Shimura datum (G,X), where G = GZ(p)
⊗Z(p)

Q.

Morphisms consist of morphisms of reductive groups GZ(p)
→ G′

Z(p)
inducing a mor-

phism of Shimura data. For any (GZ(p)
, X) in SH p, we have the associated adjoint

object (Gad
Z(p)

, Xad), and we denote by SH p(G
ad, Xad) ⊂ SH p the subcategory

consisting of objects whose adjoint object is (Gad
Z(p)

, Xad). We will usually write

(G,X) for an object in SH p, so that the reductive group GZ(p)
is understood.
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As above, we set Kp = GZ(p)
(Zp), and we write

π(G,X) = π0(SKp
(G,X)(C))

for the set of connected components of SKp
(G,X)(C) so that π(G,X) is a torsor

under π(G) [Del79, 2.1.3].
Let T be a torus over Q, equipped with a cocharacter hT : S → TR, and let

μT = μhT
∈ X∗(T ) be defined as in (1.3.1). Suppose i : T → G is a morphism such

that i ◦ hT ∈ X. We obtain a morphism

T (Q)−\T (Af )
t�→h×t−→ SKp

(G,X)(C) → π(G,X)

which induces a map

(3.6.9) T (Q)−\T (Af )/T ◦(Zp) → π(G,X).

Indeed, i sends T ◦(Zp) to the kernel of κ̃G|G(Qp), which is equal to G̃(Qp)G(Zp).
Similarly, from the definitions, we have a map

S(ψμT
) → π(G, i ◦ ψμT

) = π(G, (i ◦ ψμT
)0).

Again, this uses that i maps T ◦(Zur
p ) to the kernel of κ̃G, which is equal to

G̃(Qur
p )G(Zur

p ).

Proposition (3.6.10). Let (G,X) be in SH p and φ0 : Q → GGad an admissible
morphism. There exists a unique system of isomorphisms of π(G) torsors

ϑG : π(G,φ0)
∼−→ π(G,X)

with the following properties:

(1) ϑ is functorial for morphisms in SH p(G
ad, Xad).

(2) For any triple (T, h, i) as above such that hT ∈ X, and (i◦ψμT
)0 is conjugate

to φ0, the diagram

(3.6.11) S(ψμT
)

(3.6.7)
��

��

T (Q)−\T (Af )/T ◦(Zp)

(3.6.9)
��

π(G,φ0)
ϑG �� π(G,X)

commutes.

Proof. By (3.5.11), for any admissible morphism φ : Q → GG lifting φ0, there exists
a (T, h, i) as above, such that i ◦ ψμT

is conjugate to φ. There exists a unique map
of π(G)-torsors, ϑG, so that (3.6.11) commutes for the chosen triples (T, h, i). We
will show that (3.6.11) also commutes for any other triple (T ′, h′, i′) such that ψμT ′

is conjugate to an admissible lift of φ0. Assuming this, it follows that ϑG satisfies
(1), because the other three maps in (3.6.11) are functorial with respect to maps
in SH p(G

ad, Xad).
Let G1 → G be a z-extension, induced by a map of reductive groups G1,Z(p)

→
GZ(p)

[Kot82, §1]. Lift X to a G′(R)-conjugacy class X1. Then there is a map of
Q-tori T1 → T, an h1 : S → T1,R lifting h, and an i1 : T1 → G1 over Q lifting i.
Similarly, any (T ′, h′, i′) as above lifts to a triple (T ′

1, h
′
1, i

′
1). As above, we define

a map ϑG1
using (T1, h1, i1). Then ϑG1

induces ϑG via G1 → G. Thus, if (3.6.11)
commutes for (T ′

1, h
′
1, i

′
1) (with ϑG1

as the map on the bottom), then it commutes
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for (T ′, h′, i′). It follows that it suffices to prove that ϑG satisfies (2) when Gder = G̃,
and we assume this from now on.

As remarked in (3.6.1), when Gder = G̃, the set X(φ
˜ab
) has a more concrete

description, which we will make use of here. Let eT ∈ π(G,ψμT
) denote the image

of the composite

S(ψ) → S(ψμT
) → π(G,ψμT

),

and similarly for eT ′ ∈ π(G,ψμT ′ ). We also denote by eT , eT ′ the images of these

elements in π(G,φ0). Note that the morphisms ψab
μT

, ψab
μT ′ : Q → Gab

G are equal,

since they are both equal to the composite of ψ and map GRQ̄/Q
Gm → Gab induced

by μh for any h ∈ X. In particular, this means the underlying sets π(G,ψμT
) and

π(G,ψμT ′ ) coincide. This is the “tautological” identification of these sets men-
tioned in (3.6.5). From the constructions, one sees that under this identification,
the elements eT and eT ′ coincide. We now compare this with how these sets are
identified by (3.6.4).

By (3.4.11), there exists g ∈ G(Q̄) such that gψμT
g−1 = z · ψμT ′ where z ∈

Z1(Q, ZG̃) is a cocycle of the form g+τ (g+)
−1 for some g+ ∈ G̃(Q̄)�+ = G(Q̄)�+ ∩

G̃(Q̄). Since ψab
μT

= ψab
μT ′ , we find τ (g)g−1 ∈ G̃(Q) for all τ ∈ Gal(Q̄/Q), so the

image of g, gab, lies in Gab(Q). By the constructions in (3.6.2) and (3.6.4), the
isomorphism from π(G,ψμT

) and π(G,ψμT ′ ) in (3.6.4) is given by the tautological

identification followed by left multiplication by g. Thus we have eT ′ = (gab)−1eT
in π(G,φ0).

Now let fT denote the image of 1 under (3.6.9) and similarly for fT ′ . Let g1 ∈
G(R) be such that g1hg

−1
1 = h′. Under the isomorphism

G(Q)−\π0(X)×G(Af )
∼−→ G(Q)−+\G(Af )

the image of g1 × 1 is equal to g−1
2 , where g2 ∈ G(Q) is any element which maps

to the image of g1 under G(Q) → G(R)/G(R)+. We have fT ′ = g−1
2 fT . We claim

that g and g1 have the same image in Gab(R)/ZG(R). Assume this for a moment.
Then gab lifts to an element of G(R), and hence by the Hasse principle to an

element g′ ∈ G(Q), as Gder = G̃ is simply connected. As G(R)+ ⊃ ZG(R)G̃(R),
our assumption implies that g′ and g1 have the same image in G(R)/G(R)+. Thus
we can take g2 = g′ above, and we see that

fT ′ = g′−1fT = (gab)−1fT .

As ϑG takes eT to fT , by construction, it takes eT ′ to fT ′ for any (T ′, h′, i′), and it
follows that (3.6.11) commutes for any (T ′, h′, i′).

It remains to show the claim. Let L ⊂ Q̄ be a number field, such that T and T ′

split over L. Let μ0 and ξ∞,0 : G∞ → GRL/QGm
be as in (3.4.1), and write ψL for the

composite of ψ and the projection GRQ̄/Q
Gm → GRL/Q

Gm. Then ξ∞,0 = tψL◦ζ∞t−1

for some t ∈ GRL/Q
Gm(Q̄) by (3.1.2)(2). Let ξ∞,T : G∞ → GT → GG be the

composite map induced by ξ∞,0, and similarly for ξ∞,T ′ . The map πT : RL/QGm →
T takes μ0 to μT by definition. Hence g1ξ∞,T g

−1
1 = ξ∞,T ′ . Thus we have

ψμT ′ ◦ ζ∞ = πT ′(t)−1ξ∞,T ′πT ′(t) = πT ′(t)−1g1ξ∞,T g
−1
1 πT ′(t)

= πT ′(t)−1g1πT (t)ψμT
◦ ζ∞πT (t)

−1g−1
1 πT ′(t).
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Let g′1 = πT ′(t)−1g1πT (t). As the image of (ψμT
◦ ζ∞)� lies in ZG(R),

g′1ψμT
◦ ζ∞g′−1

1 = ψμT ′ ◦ ζ∞ = (gg+)ψμT
◦ ζ∞(gg+)

−1.

Hence g′1(gg+)
−1 ∈ IψμT

◦ζ∞
∼−→ G∗

R. In particular, the images of g′1 and gg+ are

in the same connected component in Gab(R), and hence have the same image in
Gab(R)/ZG(R). Since πT (t) and πT ′(t) have the same image in Gab(Q̄), g1 and g′1
have the same image in Gab(R)/ZG(R). As the image of g+ in Gab(Q̄) is trivial,
this proves the claim. �

(3.7) The refined conjecture. In this subsection we formulate a refinement of
the Langlands-Rapoport conjecture in the style of Pfau [Pfa96, §3]. This refinement
implies (3.3.7) but is better suited to passing between different Shimura data with
the same adjoint datum. In particular, it will allow us to reduce the case of abelian
type Shimura data to the case of Hodge type.

(3.7.1). Let Z̄p denote the ring of integers of Q̄p. We slightly abuse notation and

denote by G(Z̄(p))
�
+ the preimage of Gad(Z(p))

+ = Gad
Zp
(Z(p)) ∩ Gad(Q)+ in G(Q̄).

We keep the notation of (3.4), and in particular we fix an admissible morphism
φ0 : Q → GGad .

Lemma (3.7.2). There is an action of G(Z̄(p))
�
+ on

∐
φad=φ0

X(φ) given by mul-
tiplication on the right, where the disjoint union is over admissible morphisms
φ : Q → GG lifting φ0. This action induces a right action of Gad(Z(p))

+ on
Sτ(G,φ0).

Proof. Let g ∈ G(Z̄(p))
�
+ and φ : Q → GG be an admissible morphism lifting φ0. For

τ ∈ Gal(Q̄/Q) write zτ = g−1τ (g), so that (zτ )τ ∈ Z1(Q, ZG). The same argument
as in the proof of (3.6.2) shows that right multiplication by g induces a bijection of
X(φ) onto X(z−1 · φ).

Now let g0 ∈ Xp(φ). As in the proof of (3.6.2) one sees that g0g is a well defined
element of G(Q̄p)/G(Zur

p ), and that

θg0g := Int(g−1g−1
0 )(z−1 · φ)(p) ◦ ζp = z−1 · (Int(g−1) ◦ θg0)

is induced by an unramified morphism θurg0g : D → Gur
G (p).

Finally, note that for τ ∈ Gal(Q̄p/Qp) a lift of σ,

bg0g = z−1
τ g−1bg0τ (g) = z−1

τ g−1bg0gzτ = g−1bg0g = g′−1bg0g
′,

where g′ ∈ G(Z̄p) has the same image as g in Gad(Zp). Hence

bg0g ∈ G(Z̄p)p
−μG(Z̄p) ∩G(Qur

p ) = G(Zur
p )p−μG(Zur

p ).

This proves the first claim of the lemma. The second claim follows, as ZG(Q̄) ⊂
Iφ0

(Q̄)�. �
(3.7.3). We recall the notation of [Del79, 2.0]. Let H be a group equipped with
an action of a group Δ, and Γ ⊂ H a Δ-stable subgroup. Suppose given a Δ-
equivariant map ϕ : Γ → Δ where Δ acts on itself by conjugation, and suppose
that for γ ∈ Γ, ϕ(γ) acts on H as conjugation by γ. Then the elements of the form
(γ, ϕ(γ)−1) form a normal subgroup of the semi-direct product H �Δ. We denote
by H ∗Γ Δ the quotient of H �Δ by this subgroup.

Combining the action of Gad(Z(p))
+ given by (3.7.2) and the natural action of

G(Ap
f ) on Sτ(G,φ0), we obtain an action of A (GZ(p)

) = G(Ap
f )∗G(Z(p))+ Gad(Z(p))

+
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on Sτ(G,φ0), where G(Z(p))+ = GZp
(Zp) ∩G(Q)+. Write G(Z(p))

−
+ for the closure

of G(Z(p))+ in G(Ap
f ), and set A (GZ(p)

)◦ = G(Z(p))
−
+ ∗G(Z(p))+ Gad(Z(p))

+.

Note that there is natural projection A (GZ(p)
) → π(G) sending (h, g) to the

class of h. In particular, there is a natural action of A (GZ(p)
) on π(G,φ0) via the

π(G)-torsor structure on π(G,φ0) given by (3.6.2)(3).

Lemma (3.7.4). The natural projections X(φ) → X(φ
˜ab
) induce a A (GZ(p)

)-
equivariant, surjective map

cG : Sτ(G,φ0) → π(G,φ0).

Proof. We use the notation of (3.6.4). We saw in that lemma that for i ∈ Iφ̃0
(Q̄)�,

there exists g ∈ G̃(Q̄)�+ such that g−1τ (g) = zτ := i−1τ (i), and that right multipli-
cation by g and left multiplication by i induce the same bijection between X(φ

˜ab
)

and X(z−1 · φ
˜ab
). Similarly, if h ∈ X(φ

˜ab
), then τiτ−1hg−1 = h in X(φ

˜ab
). Thus

τiτ−1 and g induce the same bijection, and there is a natural map

Iφ̃0
(Q̄)�\

∐
φad=φ0

X(φ) →
∐

φad=φ0

X(φ
˜ab
)/G̃(Q̄)�+

(Iφ̃0
(Q̄)� acting via the conjugate of the natural action by τ).

Since Iφ0
(Q̄)� = Iφ̃0

(Q̄)� · ZG(Q̄), the map in the lemma is well defined. By

[Kis10, 3.3.3] the natural map

(3.7.5) G(Z(p))
−
+\G(Ap

f ) → G(Q)−+\G(Af )/GZp
(Zp)

is a bijection. Hence the surjectivity follows from the A (GZ(p)
)-equivariance. �

(3.7.6). By [Del79, §2.7], ShKp
(G,X) is equipped with an action of A (GZ(p)

)

extending the natural action of G(Ap
f ), and the map

ShKp
(G,X)(C) → π(G,X),

taking a point to its connected component is A (GZ(p)
)-equivariant, with A (GZ(p)

)

acting on π(G,X) via the projection A (GZ(p)
) → π(G).

If ShKp
(G,X) admits an integral canonical model SKp

(G,X) in the sense of
[Mil92], then we obtain an induced A (GZ(p)

)-equivariant map

(3.7.7) SKp
(G,X)(F̄p) → π(G,X)

identifying the geometrically connected components of SKp
(G,X) with π(G,X).

The results of [Kis10] imply that SKp
(G,X) exists if (G,X) is of abelian type and

p > 2.
As in (1.4.2) we denote by Φ the geometric r-Frobenius on SKp

(G,X)(F̄p). Recall

the isomorphism ϑG : π(G,φ0)
∼−→ π(G,X) constructed in (3.6.10).

Conjecture (3.7.8). Let (G,X) be a Shimura datum, and Kp = GZ(p)
(Zp) a hyper-

special subgroup. Then there exists a ZG(Qp)×A (GZ(p)
)-equivariant commutative

diagram

(3.7.9) SKp
(G,X)(F̄p)

∼ ��

��

∐
[φ0]

S(G,φ0)

��

π(G,X)
ϑG

��
∐

[φ0]
π(G,φ0)
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compatible with the action of the operator Φ. Here φ0 runs over representatives for
the distinct conjugacy classes of admissible morphisms Q → GGad .

Remarks (3.7.10).
(1) That (3.7.8) implies (3.3.7) follows immediately from (3.4.16).
(2) To prove the conjecture, it suffices to construct a diagram which is A (GZ(p)

)-

equivariant and compatible with Φ. To see this note that ZG(Q) (embedded diag-
onally in ZG(Qp) × G(Ap

f )) and ZG(Zp) = ZGZ(p)
(Zp) act trivially on both sides

of the conjectured isomorphism. Thus the ZG(Qp)-equivariance follows from the
G(Ap

f )-equivariance once we check that ZG(Zp) · ZG(Q) = ZG(Qp).

Now Z0
G(Zp) · Z0

G(Q) = Z0
G(Qp) by [CTS07, Prop. 2.1, 2.2]. On the other hand,

the maps

ZG(Zp) → (ZG/Z
0
G)(Zp) → (ZG/Z

0
G)(Qp)

are surjective, the first since H1(Zp, Z
0
G) = 0 by Lang’s lemma, and the second

because Z/Z0 is a finite flat group scheme over Zp. The equality ZG(Zp) ·ZG(Q) =
ZG(Qp) follows.
(3) We will prove some cases of the conjecture with Sτ(G,φ0) in place of S(G,φ0),

in Section 4.

(3.8) Connected components again. Let φ0 : Q → GGad be an admissible
morphism. In this subsection we study the fibers of the map Sτ(G,φ0) → π(G,φ0).
These correspond via (3.7.8) to connected components of Shimura varieties. In
analogy with the theory of Shimura varieties, we show that these subsets depend
only on the adjoint Shimura datum (Gad, Xad) and the derived group Gder, and
that they can be used to reconstruct Sτ(G,φ0).

(3.8.1). For the remainder of the paper, we fix a connected component X+ ⊂ Xad.
We denote by SH p(G

ad, X+) the full subcategory of SH p(G
ad, Xad) consisting

of objects (H,Y ) such that X+ ⊂ Y. Suppose (G,X) is in SH p(G
ad, X+). Then

under the composite map

π0(X) → π(G,X)
∼−→

ϑ−1
G

π(G,φ0)

X+ maps to a point y ∈ π(G,φ0). We set Sτ(G,φ0)
+ = c−1

G (y).
Suppose that h : GZ(p)

→ G2,Z(p)
is a surjective map of reductive groups over

Z(p), which induces an isomorphism on derived groups. Write G2 = G2,Z(p)
⊗Z(p)

Q.

We denote by μ2 the image of μ in X∗(G2), and y2 = h(y) ∈ π(G2, φ0). More
generally, we denote by a subscript “2” the analogue for G2 of a construction for
G – e.g. I2,φ0

(Q̄)�.

Lemma (3.8.2). The natural map Sτ(G,φ0)
+ → Sτ(G2, φ0)

+ is a bijection.

Proof. Let A (G,G2) = ker (A (GZ(p)
) → A (G2,Z(p)

)). We have a commutative
diagram with exact rows

0 �� A (GZ(p)
)◦ ��

��

A (GZ(p)
) ��

��

G(Ap
f )/G(Z(p))

−
+

��

��

0

0 �� A (G2,Z(p)
)◦ �� A (G2,Z(p)

) �� G2(A
p
f )/G2(Z(p))

−
+

�� 0
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Since Gder = Gder
2 , the map on the left is a bijection [Kis10, 3.3.2], [Del79, 2.0.12].

Hence, the natural map

A (G,G2) → ker (G(Ap
f )/G(Z(p))

−
+ → G2(A

p
f )/G2(Z(p))

−
+)

is a bijection, and A (G,G2) acts simply transitively on ker (π(G,φ0) → π(G2, φ0))
by (3.6.2)(3) and (3.7.5).

We now check that the map

(3.8.3) h−1(Sτ(G2, φ0)
+) → Sτ(G2, φ0)

+

is surjective and that A (G,G2) acts transitively on its fibers. Assuming this, the
lemma follows easily.

We begin by checking the statement regarding transitivity. For i = 1, 2 let
φi : Q → GG be an admissible morphism lifting φ0, and let xi ∈ X(φi). Let
h∗(φi) : Q → GG2

denote the morphism induced by φi. Suppose that x1 and x2

map to the same element of Sτ(G2, φ0)
+.We want to show their images in Sτ(G,φ0)

differ by an element of A (G,G2). Since the map Iφ0
(Q̄)� → I2,φ0

(Q̄)� is surjective,
we may assume that h∗(φ1) = h∗(φ2), and that x1 and x2 have the same image in
X(h∗(φ1)).

Let Z = ker (GZ(p)
→ G2,Z(p)

). By (3.4.11), we have φ2 = z · φ1, where z =

(zτ ) ∈ Z1(Q, Z) and zτ = g−1τ (g) for some g ∈ G(Q̄)�+ with h(g) ∈ G2(Q)+.

Write x1 = g0 × (gl)l �=p ∈ G(Āf ) and x2 = g0z0 × (glzl)l �=p, where (zl)l �=p ∈ Z(Āf )
and z0 ∈ G(Q̄p) is in the preimage of G2(Z

ur
p ). Then, as in (3.3.3), the condition

(3.3.6)(3), applied to φ1, φ2, implies that for τ ∈ Gal(Q̄p/Q
ur
p ), we have

g−1
0 φ1 ◦ ζp(1� τ )τ (g0) = z−1

0 g−1
0 zτφ1 ◦ ζp(1� τ )τ (g0z0) = 1,

and hence that z−1
0 zτ τ (z0) = 1.

Similarly, applying (3.3.6)(3) again, for any τ ∈ Gal(Q̄p/Qp), the image of

z−1
0 zτ τ (z0) in Gab(Q̄p) lies in Gab(Zur

p ). Since z−1
0 zτ τ (z0) also maps into G2(Z

ur
p ),

we have z−1
0 zτ τ (z0) ∈ G(Zur

p ). Hence z′τ = z−1
0 zτ τ (z0) ∈ Z1(Gal(Qur

p /Qp), Z(Zur
p )).

By étale descent, the cocycle z′τ corresponds to an étale Z-torsor. As the induced
GZp

-torsor is necessarily trivial, there exists z1 ∈ G(Zur
p ) such that z−1

1 τ (z1) = z′τ .

Replacing z0 by z0z
−1
1 (which does not change the class of g0z0 in Xp(φ2)), we may

assume that zτ = z−1
0 τ (z0).

It follows that z−1
0 g ∈ G(Qp). Since G(Zp) · G(Q)+ = G(Qp) [Kis10, 2.2.6]

(cf. [San81, Cor. 3.5]), after multiplying g on the right by an element of G(Q)+, we
may assume that z−1

0 g ∈ G(Zp).
Write gad ∈ Gad(Z(p))

+ for the image of g. For l �= p, (3.3.6)(2) implies that

zlτ (zl)
−1 = zτ = τ (zl)

−1zl for τ ∈ Gal(Q̄l/Ql). Hence zlg
−1 ∈ G(Ql). It follows

that η = (zlg
−1)l �=p � gad ∈ A (GZ(p)

) lies in A (G,G2), and under the action of

A (GZ(p)
) on Sτ(G,φ0) defined in (3.7.3), η sends x1 to x2. This proves the claim

regarding transitivity.
Finally we check that (3.8.3) is surjective. By (3.4.11), any admissible morphism

Q → GG2
lifting φ0 has the form h∗(φ) for some admissible φ : Q → GG lifting φ0.

Suppose x2 ∈ X(h∗(φ)) satisfies cG2
(x2) = y2, and let x̄2 denote the image of x2 in

X(h∗(φ)˜ab).
Let x̄ ∈ X(φ

˜ab
) be an element which maps to y. By (3.6.2), there is a g2 ∈

G2(Q)−+ such that h(x̄) · g2 = x̄2. By [Del79, 2.0.13] we may write g2 = j2g
′
2z2

where g′2 ∈ G2(Q)+, j2 ∈ Gder
2 (Q)−+ = Gder(Q)−+, and z2 ∈ ZG2

(Q)−. We may
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replace x̄ by x̄j2, and assume that j2 = 1. Then h(x̄) · g′2 = z−1
2 x̄2 in X(φ

˜ab
). Since

x2 = z−1
2 x2 as elements of Sτ(h∗(φ)), we may assume that g2 = g′2 ∈ G2(Q)+.

Let g ∈ G(Q̄)�+ be a lift of g2, and z = (g−1τ (g)) ∈ Z1(Q, Z) the cocycle
associated with g. Then multiplication by g induces a bijection between X(φ

˜ab
)

and X(z−1 · φ
˜ab
). Hence, if we replace φ by z−1φ, which does not change h∗(φ),

then we may assume that h(x̄) = x̄2.
Now since Gder = Gder

2 we have G = G2 ×Gab
2

Gab. Note that any Gder
2,Zp

-torsor

over Zur
p is trivial, so the map G2(Z

ur
p ) → Gab

2 (Zur
p ) is surjective. Using this one

checks easily that the map

Xp(φ) → Xp(h∗(φ))×Xp(h∗(φ)ab) Xp(φab)

is a bijection. Similarly

Xp(φ) → Xp(h∗(φ))×Xp(h∗(φ)ab) X
p(φab)

is a bijection. Thus the pair (x2, x̄) ∈ X(h∗(φ))×X(h∗(φ)ab) X(φab) corresponds to
an element x ∈ X(φ) which maps to x2. This proves the surjectivity. �

(3.8.4). Recall that E is the reflex field of (G,X), and μ is defined over Ep = Qpr ⊂
Qur

p . Let 〈Φ〉 ⊂ Gal(Qur
p /Qpr ) denote the subgroup generated by the geometric

Frobenius Φ = Φr. Using the action of the r-Frobenius on Sτ(φ), defined as in
(3.3.6), we obtain an action of 〈Φ〉 on Sτ(φ) for any admissible φ : Q → GG.

Let φ0 : Q → GGad be an admissible morphism, and y ∈ π(G,φ0). Let

Ep(GZ(p)
, φ0) ⊂ A (GZ(p)

)× 〈Φ〉
denote the stabilizer of Sτ(G,φ0)

+ ⊂ Sτ(G,φ0).

Lemma (3.8.5). E r
p (G

der
Z(p)

) = Ep(GZ(p)
, φ0) is an extension of 〈Φ〉 by A (GZ(p)

)◦

and depends only on Gder
Z(p)

, X+, and the integer r. In particular, this extension does

not depend on τ or φ0.

Proof. We begin by checking that Ep(GZ(p)
, φ0) does not depend on τ or φ0. Let

φ : Q → GG be an admissible morphism lifting φ0 and x = (xp, x
p) ∈ X(φ).

Suppose that cG(x) = y. Then using the notation of (3.3.6), the image of bxp
in

G̃(Qur
p )\G(Qur

p )/GZur
p
(Zp) = π1(G) is [−μ]. Hence for n ∈ Z,

cG(Φ
n(x)) = cG(x)NQpr/Qp

([−μ])n ∈ π(G,φ0),

where we regard NQpr/Qp
([−μ]) as an element of

G̃(Qp)\G(Qp)/GZp
(Zp) ⊂ G(Q)−+\G(Af )/GZp

(Zp) = π(G).

Thus (h,Φn) ∈ A (GZ(p)
) × 〈Φ〉 is in Ep(GZ(p)

, φ0) if and only if the image of h in

π(G) is NQpr /Qp
([−μ])−n. This condition does not depend on τ or φ0. Moreover,

the isomorphism (3.7.5) shows that E r
p (GZ(p)

) = Ep(GZ(p)
, φ0) is an extension of

〈Φ〉 by A (GZ(p)
)◦.

Now suppose that G2,Z(p)
→ Gad

Z(p)
is a morphism which induces an isomorphism

on adjoint groups and an identification Gder
2,Z(p)

= Gder
Z(p)

, and μ2 a cocharacter of G2

which is defined over Qpr , and such that the cocharacters of Gad induced by μ2 and
μ are conjugate.

To show that E r
p (GZ(p)

) = E r
p (G2,Z(p)

) suppose first that there is a surjection

GZ(p)
→ G2,Z(p)

inducing G2,Z(p)
→ Gad

Z(p)
. Then the bijection of (3.8.2) implies that
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there is a natural map E r
p (GZ(p)

) → E r
p (G2,Z(p)

), and since A (GZ(p)
)◦ depends only

on Gder
Z(p)

[Kis10, 3.3.7], this map is an isomorphism.

In general let G3,Z(p)
= GZ(p)

×Gad
Z(p)

G2,Z(p)
. Applying the observation of the

previous paragraph shows that

E r
p (GZ(p)

) = E r
p (G3,Z(p)

) = E r
p (G2,Z(p)

).

�

Corollary (3.8.6). The pair (Sτ(G,φ0)
+, Ep(G,φ0)) considered as a set equipped

with an action of a group depends only on τ, φ0, G
der
Z(p)

, and X+. More precisely, any

morphism in SH p(G
ad, X+), which induces an isomorphism on derived groups,

induces a functorial isomorphism between the corresponding pairs.

Proof. This can be seen as in the proof of (3.8.5), using (3.8.2). �

(3.8.7). Write Sτ(G
der, φ0)

+ = Sτ(G,φ0)
+ equipped with its action of E r

p (G
der
Z(p)

).

Lemma (3.8.8). (1) There is a natural isomorphism

A (GZ(p)
) ∗A (GZ(p)

)◦ E r
p (G

der
Z(p)

)
∼−→ A (GZ(p)

)× 〈Φ〉.

(2) The actions of A (GZ(p)
) and E r

p (G
der
Z(p)

) on A (GZ(p)
)×Sτ(G

der, φ0)
+ given

by (a, s)a′ = (aa′, s) and (a, s)e = (ē−1aē, se), respectively (here ē de-
notes the image of e in A (GZ(p)

)), induce an action of A (GZ(p)
) × 〈Φ〉

on [A (GZ(p)
)× Sτ(G

der, φ0)
+]/A (GZ(p)

)◦.
(3) There is a natural isomorphism of sets with A (GZ(p)

)× 〈Φ〉-action

(3.8.9) Sτ(G,φ0)
∼−→ [A (GZ(p)

)× Sτ(G
der, φ0)

+]/A (GZ(p)
)◦.

Proof. (1) is a formal consequence of (3.8.5). The actions of A (GZ(p)
) and E r

p (G
der
Z(p)

)

defined in (2) induce an action of A (GZ(p)
) ∗A (GZ(p)

)◦ E r
p (G

der
Z(p)

) on [A (GZ(p)
) ×

Sτ(G
der, φ0)

+]/A (GZ(p)
)◦ and hence an action of 〈Φ〉 × A (GZ(p)

) via the isomor-

phism in (1).
The natural inclusion Sτ(G

der, φ0)
+ ⊂ Sτ(G,φ0) is E r

p (G
der
Z(p)

)-equivariant by

definition, and has a unique extension to a A (GZ(p)
)∗A (GZ(p)

)◦E
r
p (G

der
Z(p)

)-equivariant
map

[A (GZ(p)
)× Sτ(G

der, φ0)
+]/A (GZ(p)

)◦ → Sτ(G,φ0).

Since A (GZ(p)
)/A (GZ(p)

)◦
∼−→ π(G), this map is a bijection. One checks easily

that it is compatible with the action of 〈Φ〉. �

Lemma (3.8.10). Let GZ(p)
→ G2,Z(p)

be a surjective map of reductive groups over
Z(p) with kernel Z ⊂ ZG. We regard G2 as being equipped with the cocharacter μ2,
induced by μ. Suppose that Z is an induced torus. Then

(1) There is natural isomorphism

Sτ(G2, φ0)
∼−→ Sτ(G,φ0)/Z(Ap

f ) = [A (G2,Z(p)
)× Sτ(G,φ0)]/A (GZ(p)

).
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(2) There is a natural isomorphism

E r
p (G

der
2,Z(p)

)
∼−→ A (G2,Z(p)

)◦ ∗A (GZ(p)
)◦ E r

p (G
der
Z(p)

)

and a natural isomorphism of sets with E r
p (G2,Z(p)

)-action

Sτ(G
der
2 , φ0)

+ = [A (G2,Z(p)
)◦ × Sτ(G

der, φ0)
+]/A (GZ(p)

)◦.

Proof. Let φ : Q → GG be an admissible morphism lifting φ0, and φ2 : Q → GG2

the morphism induced by φ. We begin by showing that Xp(φ2)
∼−→ Xp(φ)/Z(Qp).

Let g0 ∈ Xp(φ), and g0,2 its image in Xp(φ2). By (3.3.4), any element of

Xp(φ2) has the form g0,2h2 for some h2 in G2(Q
ur
p ) which satisfies h−1

2 bg0,2σ(h2) ∈
G2(Z

ur
p )p−μ2G2(Z

ur
p ). Let η2 be a cocharacter of G2, defined over Qur

p , such that h2

is in the η2 part of the Cartan decomposition. Let η be a cocharacter of G, defined
over Qur

p and lifting η2. Note that by modifying η by an element of X∗(Z) we may
choose η so that its image in π1(G) is any given element which maps to the image
of η2 in π1(G2).

Since Z is an induced torus, the Gal(Qur
p /Qp)-module X∗(Z) has trivial coho-

mology. Hence, the map

π1(G)Gal(Qur
p /Qp) → π1(G2)

Gal(Qur
p /Qp)

is surjective, so we may assume that the image of η lies in π1(G)Gal(Qur
p /Qp). Since

any element of G2(Z
ur
p ) lifts to G(Zur

p ), this shows that there exists h ∈ G(Qur
p )

lifting h2 and such that κ̃G(h) ∈ π1(G)Gal(Qur
p /Qp). Since bg0 ∈ G(Zur

p )p−μG(Zur
p ),

this implies κ̃G(h
−1bg0σ(h)) = [−μ], and hence h−1bg0σ(h) ∈ G(Zur

p )p−μG(Zur
p ) as

h lifts h2.
This shows that Xp(φ) → Xp(φ2) is surjective. Two elements of Xp(φ) lie in the

same fiber of this map if and only if they differ by an element of

(Z(Qur
p )/Z(Zur

p ))Gal(Qur
p /Qp) = Z(Qp)/Z(Zp).

This shows that Xp(φ2)
∼−→ Xp(φ)/Z(Qp).

Since Z is an induced torus, we obviously haveXp(φ2) = Xp(φ)/Z(Ap
f). It follows

that the map Iφ(Q)\X(φ)/Z(Ap
f) → Iφ2

(Q)\X(φ2) is surjective, and it is injective

since Z(Q) ⊂ Iφ(Q) is dense in Z(Qp) and the map Iφ(Q) → Iφ2
(Q) surjective.

This implies that Sτ(φ)/Z(Ap
f)

∼−→ Sτ(φ2).

Again using the fact that Z is an induced torus, and (3.4.11), one sees easily
that the map φ 	→ φ2 induces a bijection between conjugacy classes of admissible
φ : Q → GG lifting φ0 and conjugacy classes of admissible φ : Q → GG2

lifting

φ0. Hence, by (3.4.16), we have a bijection Sτ(G2, φ0)
∼−→ Sτ(G,φ0)/Z(Ap

f ). This

proves (1).
Now let y ∈ π(G,φ0) and y2 ∈ π(G2, φ0) the image of y. There is a natural map

Ep(GZ(p)
, φ0) → Ep(G2,Z(p)

, φ0), which induces a map

A (G2,Z(p)
)◦ ∗A (GZ(p)

)◦ Ep(GZ(p)
, φ0) → Ep(G2,Z(p)

, φ0),

for example using the description of Ep(GZ(p)
, φ0) in the proof of (3.8.5). This map

is an isomorphism since both sides are extensions of 〈Φ〉 by A (G2,Z(p)
)◦. This proves

(2).
Similarly, we obtain a Ep(G2,Z(p)

, φ0)-equivariant map

(3.8.11) [A (G2,Z(p)
)◦ × Sτ(G,φ0)

+]/A (GZ(p)
)◦ → Sτ(G2, φ0)

+.
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Since A (GZ(p)
)◦ ⊂ A (GZ(p)

) is the stabilizer of Sτ(G,φ0)
+ ⊂ Sτ(G,φ0), (1) implies

that (3.8.11) is injective. To see that it is surjective, let g2 ∈ c−1
G2

(y2). By what we

saw above, there exists g ∈ Sτ(G,φ0) mapping to g2, and h ∈ G(Ap
f ) such that

cG(g ·h) = y. If h2 is the image of h in G2(A
p
f ), then h2 ∈ G2(Z(p))

−
+ by (3.6.2) and

(3.7.5), and (h−1
2 , gh) maps to g2 under (3.8.11). �

Corollary (3.8.12). Let G2,Z(p)
be a reductive group over Z(p) with generic fiber

G2, and (G2, X2) a Shimura datum. Set r2 = [E(G2, X2)p : Qp].
Suppose that Gder

Z(p)
→ Gder

2,Z(p)
is a central isogeny which induces an isomorphism

of adjoint Shimura data (Gad
2 , Xad

2 )
∼−→ (Gad, Xad), and let r′ be an integer divisible

by r, r2. Then there is an isomorphism

E r′

p (Gder
2,Z(p)

)
∼−→ A (G2,Z(p)

)◦ ∗A (GZ(p)
)◦ E r′

p (Gder
Z(p)

),

an isomorphism of sets with E r′

p (Gder
2,Z(p)

)-action

Sτ(G
der
2 , φ0)

+ = [A (G2,Z(p)
)◦ × Sτ(G

der, φ0)
+]/A (GZ(p)

)◦,

and an isomorphism of sets with A (G2,Z(p)
)× 〈Φr′〉-action

(3.8.13) Sτ(G2, φ0) = [A (G2,Z(p)
)× Sτ(G

der, φ0)
+]/A (GZ(p)

)◦.

Proof. We begin by proving the first two statements. Let G3,Z(p)
= GZ(p)

×Gad
Z(p)

G2,Z(p)
. Then Gder

3,Z(p)
= Gder

Z(p)
. By (3.8.5) and (3.8.6) we may replace G by G3, and

assume that the isomorphism Gad
2

∼−→ Gad is induced by a map of reductive groups
GZ(p)

→ G2,Z(p)
.

Let Z = ker (GZ(p)
→ G2,Z(p)

), and embed Z in an induced torus Z ′. Using

(3.8.5) and (3.8.6) again, we may replace GZ(p)
by (GZ(p)

×Z ′)/Z, and assume that

Z is an induced torus. In this case the first two statements follow from (3.8.10).
The final statement now follows from (3.8.8). �

4. Counting points mod p

(4.1) Twisting abelian varieties. We recall and slightly extend some of the
constructions of [Kis10, §3.1].

(4.1.1). Let Z be any affine Q-group, and P a right Z-torsor. Let OP be the
affine ring of P. We give OP a left action of Z via (zf)(x) = f(xz), for z a point of
Z, and f ∈ OP . For any Q-vector space W equipped with an action of Z, we will
write WP = (W ⊗Q OP)

Z . We have the following lemma.

Lemma (4.1.2). (1) The functor W 	→ WP is exact and compatible with ten-
sor products and duals. The natural map

(4.1.3) WP ⊗Q OP → W ⊗Q OP

is an isomorphism.
(2) Let F/Q be a finite Galois extension and ω̃ ∈ P(F ). Specializing (4.1.3) by

ω̃ gives rise to an isomorphism

ϑω̃ : WP ⊗Q F
∼−→ W ⊗Q F.
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For τ ∈ Gal(F/Q) we have

τ ◦ ϑω̃ ◦ τ−1 = cω̃(τ )
−1ϑω̃,

where cω̃(τ ) = ω̃−1τ (ω̃) ∈ Z(F ).

Proof. The first claim follows from [Kis10, 3.1.1]. To see the claim in (2) let∑
wi ⊗ fi ∈ WP ⊂ W ⊗Q OP .

Then for z a section of Z and x a section of P, we have
∑

i wi ⊗ fi(x) =
∑

i zwi ⊗
fi(xz) so that

(4.1.4)
∑
i

wi ⊗ fi(xz) =
∑
i

z−1wi ⊗ fi(x).

In particular,

τ ◦ ϑω̃ ◦ τ−1(
∑

wi ⊗ fi(ω̃)) =
∑
i

wi ⊗ fi(τ (ω̃))

=
∑
i

wi ⊗ fi(ω̃cω̃(τ )) =
∑
i

cω̃(τ )
−1wi ⊗ fi(ω̃)

(cf. [Kis10, 3.2.5]21). The compatibility with duals and tensor products follows
easily from (2). �
Lemma (4.1.5). Let R be a Q-algebra, and W a finite free R-module equipped
with an action of Z. Let (sα) ⊂ W⊗ be a collection of Z-invariant tensors defining
an R-subgroup GR ⊂ GL(W ).

Then the sα are naturally elements of WP⊗, and the R-scheme of isomorphisms
WP ∼−→ W respecting the sα is isomorphic to the GR-torsor (P ×GR)/Z where Z
acts on GR by (z, g) 	→ z−1g.

Proof. The compatibility with tensor products and duals in (4.1.2) implies that we

have WP⊗ ∼−→ W⊗P . (The tensor product over R is a suitable quotient of the
tensor product over Q.) Since the sα are Z-invariant, the first claim follows.

Let PGR
denote the R-scheme of isomorphisms WP ∼−→ W respecting the sα.

By (4.1.2)(1) PGR
is a right GR-torsor, with GR acting via g(h) = g−1 ◦ h, and

(4.1.3) induces a map η : PR → PGR
, where η is Z-equivariant by (4.1.4).

We extend η to a map PR×GR → PGR
byGR-equivariance. This last map clearly

factors through (PR×GR)/Z, and the resulting map is necessarily an isomorphism.
�

(4.1.6). Let S be a scheme, and A/S an abelian S-scheme. We consider A as an
abelian scheme up to isogeny, and for T an S-scheme we set A(T ) = MorS(T,A)⊗Z

Q. Suppose that A is equipped with an action of Z. The functor on S-schemes given
by

T 	→ (A(T )⊗Q OP)
Z

is isomorphic to AP , for an abelian S-scheme AP (well defined up to isogeny). The
natural map

AP ⊗Q OP → A⊗Q OP

is an isomorphism [Kis10, 3.1.3].

21Note that in [Kis10], cω̃(τ) is defined to be τ(ω̃)ω̃−1. However, in the situation of that paper
ω̃ ∈ G(F ) with G a Q-group with center Z, so that we have τ(ω̃)ω̃−1 = ω̃−1τ(ω̃).
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If A∗ denotes the dual of A, there is a natural isomorphism AP∗ ∼−→ A∗P . If
A is equipped with a weak polarization λ : A → A∗, then there is a unique weak
polarization λP : AP → AP∗ such that the diagram

AP ⊗Q OP
λP⊗1

��

∼
��

AP∗ ⊗Q OP

∼
��

A⊗Q OP
λ⊗1

�� A∗ ⊗Q OP

commutes up to an element of O×
P [Kis10, 3.1.5].

Lemma (4.1.7). Let A 	→ H(A) be an exact, additive functor from the category
of abelian S-schemes up to isogeny to the category of Q-vector spaces. If A is an
abelian S-scheme equipped with an action of Z, we have a canonical isomorphism
H(AP)

∼−→ H(A)P .

Proof. Let W, F, and ω̃ be as in (4.1.2). Then by (4.1.2)(2) we have

WP = {w ∈ W ⊗Q F : cω̃(τ )τ (w) = w, τ ∈ Gal(F/Q)}.
Hence WP is the mutual kernel of cω̃(τ )τ − 1 acting on W ⊗Q F.

The lemma follows by applying this description with W = A(T ) for an S-scheme
T, and H(A), and using the exactness of H(A). �

(4.1.8). We explain how to twist level structures (cf. [Kis10, 3.2.5, 3.4.3]). Let
A/S be an abelian scheme equipped with an action of Z, as above, and V a Q-
vector space of dimension 2dimSA. We also assume that V is equipped with a
faithful action of Z, so that Z ⊂ GL(V ).

Suppose first that S is a Q-scheme, and set

V̂ (A) = lim←−nA[n],

where the inverse limit runs over positive integers n ordered multiplicatively. This

is an étale local system on S, and we set V̂ (A)Q = V̂ (A)⊗Z Q.
Let CZ ⊂ GL(V ) be the commutant of Z, K ⊂ CZ(Af ) a compact (but not

necessarily open) subgroup, and

εK ∈ Γ(S, IsomZ(VAf
, V̂ (A)Q)/K).

Here IsomZ(VAf
, V̂ (A)Q) denotes the (pro-)étale sheaf of isomorphisms respecting

the action of Z.
Let P be a Z-torsor. Since the GL(V )-torsor induced by P is necessarily

trivial, we may identify P with the fiber of GL(V ) → GL(V )/Z for some ω ∈
(GL(V )/Z)(Q). Let ω̃ ∈ GL(V )(F ) be a lift of ω with F/Q a finite Galois exten-
sion.

Using (4.1.2), one sees that the isomorphism (4.1.3) identifies V P with ω̃−1V ⊂
V ⊗QF, and (4.1.4) implies that the induced isomorphism ω̃−1 : V

∼−→ V P depends
only on ω and not on ω̃. We set Kω = ωKω−1 and define

εωKω ∈ Γ(S, IsomZ(VAf
, V̂ (AP)Q)/K

ω)

as the section given étale locally by

VAf

ω̃−1·→ V P
Af

εK→ V̂ (A)PQ
∼−→ V̂ (AP)Q.
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Similarly, if S is a Z(p)-scheme, Kp ⊂ CZ(A
p
f ) is a compact subgroup, and

εKp ∈ Γ(S, IsomZ(VAp
f
, V̂ p(A)Q)/K

p),

then choosing ω̃ as above we obtain a section

εωKpω ∈ Γ(S, IsomZ(VAp
f
, V̂ p(AP)Q)/K

pω).

(4.2) Twisting and Shimura varieties. The aim of this subsection is to
generalize the construction of [Kis10, §3], which gives a moduli theoretic description
of the action of a subgroup of Gad(Q) in Sh(G,X).

(4.2.1). Suppose that G is an algebraic group over Q, and G′ ⊂ G a closed
subgroup. Let ω ∈ (G/ZG′)(Q). Then we have the “conjugate of G′ by ω”, G′ω ⊂ G:
By descent, it suffices to define this subgroup étale locally, when we can lift ω to a
section ω̃ of G, and we set G′ω = ω̃G′ω̃−1. Note that we have an isomorphism of
algebraic groups over Q

G′ ∼−→ G′ω; g 	→ ω̃gω̃−1.

Concretely, choose ω̃ ∈ G(F ) lifting ω, where F is a finite Galois extension of Q.
Then cω̃(τ ) = ω̃−1τ (ω̃) ∈ ZG′(F ) for τ ∈ Gal(F/Q), and cω̃ is a cocycle with values
in ZG′(F ). The subgroup ω̃G′ω̃−1, defined over F, is stable under Gal(F/Q) and
hence descends to a subgroup G′ω ⊂ G over Q, which depends only on ω and not
on ω̃. The fiber of G → G/ZG′ over ω is a ZG′ -torsor, whose class in H1(Q, ZG′) is
equal to that of cω̃.

(4.2.2). Now suppose that (G′, X ′) ↪→ (G,X) is an embedding of Shimura data.
Let K∞ ⊂ GR be the centralizer of some h′

0 ∈ X ′, viewed as an algebraic group
over R. Let (G/ZG′)(Q)1 ⊂ (G/ZG′)(Q) be the kernel of the composite

(G/ZG′)(Q) → H1(Q, ZG′) → H1(R, ZG′) → H1(R,K∞).

Let ω ∈ (G/ZG′)(Q)1 and ω̃ ∈ G(F ), as above. If h′ ∈ X ′, then ω̃h′ω̃−1 ∈ X: By
assumption there exists g∞ ∈ K∞(C) with g−1

∞ τ (g∞) = ω̃−1τ (ω̃) for τ ∈ Gal(C/R).
Hence α = ω̃g−1

∞ ∈ G(R), and

ω̃h′ω̃−1 = αh′α−1 ∈ X.

Since h′ ∈ X ′, h′ω := ω̃h′ω̃−1 depends only on ω and not on ω̃. Set X ′ω =
{h′ω, h′ ∈ X ′}. There are maps of Shimura data

(G′, X ′)
∼−→ (G′ω, X ′ω) ↪→ (G,X),

the first map being given by conjugation by ω̃, and hence maps of Shimura varieties

Sh(G′, X ′)
∼−→ Sh(G′ω, X ′ω) ↪→ Sh(G,X).

If K′ ⊂ G′(Af ) is a compact open subgroup with K′ ⊂ K, then K′ω = ω̃K′ω̃−1

is a compact open subgroup of G′ω(Af ), and there is an induced map on complex
points of Shimura varieties

ianω : ShK′(G′, X ′)(C)
∼−→ ShK′ω (G′ω, X ′ω)(C) ↪→ ShKω

(G,X)(C),

where Kω ⊂ G(Af ) is a compact open subgroup such that the final map is defined
and a closed embedding.

If G′ = G, then the above construction describes the action of Gad(Q)1 on
Sh(G,X) defined in [Del79]. We will apply this construction when G′ = ZG′ is a
torus in G.
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(4.2.3). Now let V be as in (1.3.2), and let

(G′, X ′) ↪→ (G,X) ↪→ (GSp, S±)

be embeddings of Shimura data. As above, we have a collection of tensors (sα) ∈ V ⊗

defining G ⊂ GL(V ). Fix compact open subgroups K′ ⊂ G′(Af ) and K ⊂ G(Af )
such that there is an embedding

ShK′(G′, X ′) ↪→ ShK(G,X).

Let E′ be the reflex field of (G′, X ′), T an E′-scheme, and x ∈ ShK′(G′, X ′)(T ).
Attached to x we have a tuple (A, λ, εK′) consisting of an abelian scheme up to
isogeny A over T, equipped with a weak polarization λ and a level structure [Kis10,
3.2.4]

εK′ ∈ Γ(T, Isom(VAf
, V̂ (A)Q)/K

′),

which respects polarizations up to a scalar and takes sα to the section (sα,l,x)l ∈
V̂ (A)⊗Q defined in (1.3.6).

By [Kis10, 3.2.2] A is equipped with an action of ZG′ .

Lemma (4.2.4). The isomorphism εK′ is compatible with the action of ZG′ on V
and A.

Proof. It suffices to check this on complex points, so we may assume T = SpecC.
Then there is an isomorphism H1(A(C),Q)

∼−→ V, which is canonical up to mul-
tiplication by elements of G′(Q). By definition of the action of ZG′ on A, this
isomorphism commutes with the action of ZG′ . If x = (h′, g′) with h′ ∈ X ′ and
g′ ∈ G′(Af ), then εK′ is induced by the composite

VAf

g′·→ VAf

∼−→ H1(A(C),Af)
∼−→ V̂ (A)Q.

Since g′ commutes with ZG′ , this composite is compatible with the action of ZG′

on the two sides. �

(4.2.5). Now let ω and ω̃ be as in (4.2.2), and let P be the fiber of G → G/ZG′

over ω. Applying the construction of Section 4.1, we obtain a triple (AP , λP , εωK′ω),
and hence a morphism

iω : ShK′(G′, X ′) → Sh
K

ψ
ω
(GSp, S±)

for some compact open subgroup Kψ
ω ⊂ GSp(Af ).

Proposition (4.2.6). The map iω factors through ShKω
(G,X) and induces ianω on

complex points.
Moreover, the tensor i∗ω(sα,B) coincides at each x ∈ ShK′(G′, X ′)(C), with the

tensors sα,B,x viewed in H1
B(Ax(C),Q)⊗ via (4.1.5) and the isomorphism of (4.1.7).

Proof. It suffices to check the proposition on complex points.
Choose Kψ ⊂ GSp(Af ) compact open so that we have an embedding

ShK(G,X) ↪→ ShKψ (GSp, S±).

Let x ∈ ShK(G
′, X ′)(C) and (A, λ, εK′) the tuple attached to x. To compute the

image of x in ShKψ (GSp, S±), choose an isomorphism

τ : H1(A(C),Q)
∼−→ VQ
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compatible with polarizations up to a scalar. The Hodge structure on H1(A(C),C)
is given by a GSp(R)-valued cocharacter h, and we have an element g ∈ GSp(Af )
given by the composite

VAf

εK′−→ V̂ (A)Q
∼−→

τ−1
VAf

.

The pair (h, g) ∈ S± × GSp(Af )/K
ψ is independent of τ up to multiplication by

GSp(Q) on the left. Since x ∈ ShK(G,X)(C), we may choose τ : H1(A(C),Q)
∼−→

VQ taking sα,B,x to sα. Then (h, g) ∈ X ×G(Af ).
As in (4.1.8), multiplication by ω̃ identifies V P

Q ⊂ VQ⊗QF with VQ. We compute

the image of iω(x) in ShKψ (GSp, S±) using the isomorphism

(4.2.7) H1(AP(C),Q)
∼−→ H1(A(C),Q)P

∼−→
τ

V P
Q

∼−→̃
ω

VQ.

Then the Hodge structure on H1(AP(C),Q) is given by the cocharacter hω, and
εωKω corresponds to ω̃gω̃−1.

Since (4.2.7) takes sα,B,x to sα, the final claim of the proposition also follows. �

(4.2.8). Suppose we are in the situation of (1.3.3), so that K = KpK
p with

Kp = GZ(p)
(Zp) hyperspecial, and G ↪→ GSp is induced by an embedding GZ(p)

↪→
GL(VZ(p)

). Applying the construction above with (G′, X ′) = (G,X) and ω ∈
Gad(Z(p))

+ (the notation being as in (3.7.1)), we obtain a map

iω : ShK(G,X) → ShKω (G,X),

and hence, by the extension property, a map of O(p)-schemes

iω : SK(G,X) → SKω (G,X),

where Kω = KpK
pω. If we convert this left action of Gad(Z(p))

+ into a right action
(by letting ω act via iω−1), this equips the scheme SKp

(G,X) with an action of

A (GZ(p)
) = G(Ap

f ) ∗G(Z(p))+ Gad(Z(p))
+ (cf. [Kis10, §3.3]).

Now let T be an O(p)-scheme, and x ∈ SK(G,X)(T ). Let PZ(p)
be the fiber of

GZ(p)
→ Gad

Z(p)
over ω, so that PZ(p)

is a ZGZ(p)
-torsor. Then Aiω(x) is an abelian

scheme up to prime to p-isogeny. When viewed as an abelian scheme up to isogeny
it is canonically identified with AP

x , where P = PZ(p)
⊗Z(p)

Q. To see this, it suffices

to check with T = SK(G,X) and x the tautological point. Over T ⊗ Q such
an identification exists by the definition of iω, and it extends over all of T by
[FC90, 2.7].

Lemma (4.2.9). Let F/Q be a finite Galois extension, and OF,(p) = OF ⊗Z Z(p).
Let ω̃ ∈ G(OF,(p)) be a point lifting ω. Then the composite

Aiω(x) ⊗Q F
∼−→ AP

x ⊗Q F →
ϑω̃

Ax ⊗Q F

induces an isomorphism of abelian schemes up to prime to p-isogeny

Aiω(x) ⊗Z(p)
OF,(p)

∼−→ Ax ⊗Z(p)
OF,(p).

Proof. By the Néron mapping property it suffices to prove this for the universal
abelian scheme over ShK(G,X), which follows from the case T = SpecC.
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By construction we have a commutative diagram

VAf
⊗ F

ω̃−1· ��

εωKω

��

VAf
⊗ F

εK
��

V̂ (AP)Q ⊗ F
ϑω̃ �� V̂ (A)Q ⊗ F.

By the definition of the abelian schemes up to prime to p-isogeny associated to
(A, εK) and (AP , εωKω ), the vertical maps in the above diagram induce isomorphisms

VZp

∼−→ Tp(AP) and VZp

∼−→ Tp(A). Hence it suffices to show that multiplication by

ω̃−1 induces an automorphism of VZp
⊗Z(p)

OF,(p), which follows from ω̃ ∈ G(OF,(p)).
�

(4.3) Kottwitz triples. We now return to the assumptions in force in Section
3, so that (G,X) is a Shimura datum, and the group G is equipped with a reductive
model GZp

over Zp, which is sometimes again denoted by G. We also assume in this

section that Z0
G satisfies the Serre condition. We continue to use the embeddings

Q̄ ↪→ Q̄v fixed in (1.3).

(4.3.1). Let r ≥ 1 be a non-negative integer, and set K0 = Fr (W (k)) where
k = Fpr . A Kottwitz triple k = (γ0, (γl)l �=p, δ) of level r consists of

(1) An element γ0 ∈ G(Q) defined up to conjugacy in G(Q̄).
(2) An element (γl)l �=p ∈ G(Ap

f ).

(3) An element δ ∈ G(K0) defined up to Frobenius conjugacy by elements of
G(W (k)).

These data are required to satisfy the following conditions:

(i) γ0 is conjugate to (γl)l �=p in G(Āp
f ), where Āp

f is as in (3.3.6).

(ii) γ0 is conjugate to γp = δσ(δ) · · ·σr−1(δ) in G(Q̄p).
(iii) The image of γ0 in G(R) is elliptic.

We also require a further condition described in (iv) below.
For the triples which are important in applications, one can choose a represen-

tative of γ0 in its G(Q̄)-conjugacy class so that γ0 is conjugate to (γl)l �=p in G(Ap
f ).

However, it will be convenient not to assume this immediately.
For any such k and l a finite prime we define groups Il/k as in (2.1.1): If l �= p,

then Il/k is the centralizer of γl in GQl
, while for a Qp-algebra R we set

Ip/k(R) = {α ∈ G(W (k)⊗Zp
R) : δσ(α) = αδ}.

Let I0/k denote the centralizer of γ0 in G. Then Il/k is an inner form of I0/k ⊗Q Ql

for l �= p, and, as in (2.1), Ip/k is an inner form of I0/k ⊗Q Qp.
Similarly we obtain groups I0, Il, and Ip, by replacing γ0, γl and W (k) by γn

0 ,
γn
l , and W (kn) for n sufficiently large.
If (γ0, (γl)l �=p, δ) is a Kottwitz triple of level r, then for any positive integer m

(γm
0 , (γm

l )l �=p, δ) is a Kottwitz triple of level rm. We consider the smallest equiv-
alence relation on the set of all Kottwitz triples of some level r ≥ 1 under which
(γ0, (γl)l �=p, δ) is equivalent to (γm

0 , (γm
l )l �=p, δ) for all m ≥ 1, where the latter is

a Kottwitz triple of level rm. It is clear that I0, Il, and Ip depend only on the
equivalence class of k. An equivalence of Kottwitz triples of some level r ≥ 1 will be
called a Kottwitz triple. This is not to be confused with the equivalence relation
on the collection of Kottwitz triples defined in (4.3.2) below.
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Recall that an inner twisting of I0 is a group I over Q together with an isomor-
phism I0 ⊗ Q̄

∼−→ I ⊗ Q̄, given up to inner automorphisms of I ⊗ Q̄, which realizes
I as an inner form of I0. We assume that k also satisfies the following condition:

(iv) There exists an inner twisting I of I0, such that I ⊗Q R is anisotropic mod
center, and I ⊗Q Ql is isomorphic to Il, an inner twist of I0 ⊗ Ql, for all

finite primes l. That is, there exists an isomorphism I ⊗Q Ql
∼−→ Il such

that the diagram

I0 ⊗Q Q̄l
∼ �� Il ⊗Ql

Q̄l

I0 ⊗Q Q̄l
∼ �� I ⊗Q Q̄l

∼

��

commutes up to conjugation by an element of I0(Q̄l).

We remark that by the Hasse principle for adjoint groups, I is uniquely deter-
mined as an inner twisting of I0 by these conditions. More precisely, if I and I ′

are two such groups, then there is an isomorphism I
∼→ I ′ which is canonical up to

conjugation by elements of Iad(Q) and intertwines the isomorphisms with I0.
Let IAp

f
= IAp

f
(k) denote the centralizer of (γn

l )l �=p in GAp
f
for n sufficiently large,

and set IAf
= Ip × IAp

f
. Since Il is unramified for l sufficiently large, condition (iv)

above implies that there exists an isomorphism ι : I ⊗Q Af
∼−→ IAf

as inner forms

of I0. We call the tuple k̃ = (γ0, (γl)l �=p, δ, ι) a refined Kottwitz triple, and we say

that k̃ is a refinement of k.
We set

S(k̃) = I(Q)\Xυ(δ)×G(Ap
f )

which is a set equipped with an action of 〈Φ〉 × ZG(Qp)×G(Ap
f ).

(4.3.2). Let k, k′ be Kottwitz triples. We say that k and k′ are equivalent and write
k ∼ k′ if there exist representatives k = (γ0, (γl)l �=p, δ) and k′ = (γ′

0, (γ
′
l)l �=p, δ

′) of
the same level r such that

(1) (γl)l �=p and (γ′
l)l �=p are conjugate in G(Ap

f ).

(2) δ and δ′ are σ-conjugate in G(K0), where K0 = FrW (Fpr ), as before.

Suppose that k and k′ are equivalent Kottwitz triples, with δ′ = g0δσ(g0)
−1 and

(γ′
l)l �=p = gpγlg

p−1 with gp ∈ G(Ap
f ) and g0 ∈ G(K0). If k̃ is a refinement of k, we

can define a refinement k̃′ of k′ as follows: Recall the group IAf
defined above. If I ′Af

denotes the corresponding group attached to k′, then as subgroups of G(L)×G(Ap
f),

I ′Af
= (g0, g

p)IAf
(g0, g

p)−1. We take ι′ to be the map ι composed with conjugation

by (g0, g
p) and we set k̃′ = (γ′

0, (γ
′
l)l �=p, δ

′, ι′). Note that this depends on the choice
of (g0, g

p).
Left multiplication by (g0, g

p) induces a bijection

(4.3.3) Xυ(δ)×G(Ap
f ) → Xυ(δ

′)×G(Ap
f )

which is I-equivariant when I acts via ι and ι′ on the left and right sides of (4.3.3),
respectively. This induces an isomorphism

S(k̃)
∼−→ S(k̃′).
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(4.3.4). Denote by Gad(Z(p))
I the kernel of

Gad(Z(p)) → H1(Q, ZG) → H1(Q, I),

and let Gad(Z(p))
+,I be the intersection of Gad(Z(p))

I and Gad(Z(p))
+.

We will show that the action of G(Ap
f ) on S(k̃) extends to an action of

A (GZ(p)
)I = G(Ap

f ) ∗G(Z(p))+ Gad(Z(p))
+,I ,

which commutes with the action of 〈Φ〉 × ZG(Qp).

Let G(Z̄(p))
�,I
+ denote the preimage of Gad(Z(p))

+,I in G(Q̄). For h ∈ G(Z̄(p))
�,I
+ ,

the class of the cocycle (τ 	→ zτ = τ (h)h−1) ∈ Z1(Q, ZG) becomes trivial in
H1(Q, I). Hence there exists ih ∈ I(Q̄) such that h−1τ (h) = i−1

h τ (ih) for τ ∈
Gal(Q̄/Q). Here τ (ih) is computed using the structure of Q-group on I.

The isomorphisms I ⊗QAf
∼−→ IAf

allow us to regard I as a subgroup of G over

Ap
f and over Qur

p . In particular, we may regard ih as an element of G(Āp
f ).

Lemma (4.3.5). Let g = (g0, g
p) ∈ Xυ(δ)×G(Ap

f ) and h ∈ G(Z̄(p))
�,I
+ . Then

(1) The element

i−1
h gh ∈ G(Q̄p)/GZp

(Zur
p )×G(Āp

f )

lies in Xυ(δ)×G(Ap
f ).

(2) The image of i−1
h gh in S(k̃) does not depend on the choice of ih, and g 	→

h(g) := i−1
h gh induces an action of A (GZ(p)

)I on S(k̃) which commutes

with 〈Φ〉 × ZG(Qp).

Proof. If τ ∈ Gal(Q̄l/Ql) with l �= p, then

τ (i−1
h glh) = z−1

τ i−1
h glhzτ = i−1

h glh

so i−1
h gph ∈ G(Ap

f ). A similar calculation shows that i−1
h g0h ∈ G(Qur

p ), where we

again denote by g0 a representative of g0 in G(Qur
p ).

To check that i−1
h g0h ∈ Xυ(δ), we may modify h and ih by an element of ZG(Q̄)

and assume that h ∈ G(Z̄p). Let σ̃ ∈ Gal(Q̄p/Qp) be a lift of σ, which we think of
as acting diagonally on Qur

p ⊗Qp
Q̄p. We have

h−1g−1
0 ihδσ̃(ih)

−1σ(g0)σ̃(h) = h−1g−1
0 ihσ̃I(i

−1
h )δσ(g0)σ̃(h)

= z−1
σ̃ h−1g−1

0 δσ(g0)σ̃(h) ∈ G(Z̄p)p
υG(Z̄p).

Here we write σ̃I(·) for the action of σ̃ computed with respect to the structure of
Q-group on I. This proves (1).

Replacing g by ig for i ∈ I(Q) does not change ih, and we have i−1
h igh =

[i−1
h iih]i

−1
h gh. Since i−1

h iih ∈ I(Q), g 	→ i−1
h gh induces a well defined map S(k̃) →

S(k̃).
The choice of ih is unique up to left multiplication by elements of I(Q). If z ∈

ZG(Q̄), then we have izh = zih modulo I(Q). Hence the image of i−1
h gh in S(k̃)

depends only on the image of h in Gad(Z(p))
+,I and not on the choice of h or ih.

If h, h′ ∈ G(Z̄(p))
�,I
+ , then

(hh′)−1τ (hh′) = h′−1h−1τ (h)h′h′−1τ (h′) = h−1τ (h)h′−1τ (h′).
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A similar calculation with ih, ih′ shows that ihh′ = ihih′ mod I(Q), so that the

above induces a well defined action of Gad(Z(p))
+,I on S(k̃).

If h ∈ G(Q)+, then we may take ih = 1, and the action of h on S(k̃) is via right

multiplication. Hence, combining the action of Gad(Z(p))
+,I on S(k̃) with that of

G(Ap
f ) we obtain an action of A (GZ(p)

)I on S(k̃). This action clearly commutes

with ZG(Qp). To see that it commutes with Φ we compute, as above,

(δσ)r(i−1
h gh) = (δσ̃)r(i−1

h gh) = σ̃r
I (ih)

−1(δσ̃)r(g)σ̃r(h)

= z−1
σ̃r i

−1
h Φ(g)hzσ̃r = i−1

h Φ(g)h.

�

(4.3.6). We now define the twist of an equivalence class of Kottwitz triples by
certain elements of H1(Q, I). Let k = (γ0, (γl)l �=p, δ) be a Kottwitz triple (up to
equivalence). Suppose β ∈ H1(Q, I) is an element whose image in H1(R, I) is
trivial, and such that for every prime l �= p, the image of β under the composite

H1(Q, I) → H1(Ql, I)
∼−→ H1(Ql, Il) → H1(Ql, G)

is trivial.
Fix a cocycle in Z1(Q, I) representing β, which we again denote by β, and an

isomorphism i : I ⊗Q Af
∼−→ IAf

as in (4.3.1). For any prime l, we regard β as

taking values in Il(Q̄l) via i. For l �= p there exists gl ∈ G(Q̄l) with g−1
l τ (gl) = β(τ )

for τ ∈ Gal(Q̄l/Ql). We set γβ
l = glγlg

−1
l . Then

τ (γβ
l ) = τ (gl)γlτ (gl)

−1 = glβ(τ )γlβ(τ )
−1g−1

l = γβ
l

since β(τ ) ∈ Il(Q̄l) commutes with γl. Hence γβ
l ∈ G(Ql). The element gl is inde-

pendent of the choice of cocycle representing β modulo multiplication by elements

in G(Ql) and I(Q̄l). Hence γβ
l is well determined up to conjugacy in G(Ql). In

particular, since Iad(Ql) acts trivially on H1(Ql, I), the G(Ql)-conjugacy class of

γβ
l does not depend on the choice of i. For some integer N, G admits a reductive

model GZ[1/N ] over Z[1/N ]. For almost all l the image of (the chosen representative

of) β in Z1(Ql, G) takes values in GZl
(Z̄l), and we may take gl ∈ GZl

(Z̄l) by Lang’s

lemma. Thus (γβ
l )l �=p is conjugate to γ0 in G(Āp

f ).
After increasing the finite field k, we may view Ip as a subgroup of RK0/Qp

G.
By Steinberg’s theorem, after increasing k further, we may assume that the image
of β under the composite

H1(Q, I) → H1(Qp, I)
∼−→ H1(Qp, Ip) → H1(Qp, RK0/Qp

G)

is trivial. Thus, there exists g0 ∈ G(K0 ⊗Qp
Q̄p) such that g−1

0 τ (g0) = β(τ ) for

τ ∈ Gal(Q̄p/Qp).We set δβ = g0δσ(g0)
−1, where, of course, σ denotes the Frobenius

on K0. Then for τ ∈ Gal(Q̄p/Qp)

τ (δβ) = τ (g0)δ(σ ⊗ τ )(g0)
−1 = g0β(τ )δσ(β(τ ))

−1σ(g0)
−1 = δβ.

Hence δβ ∈ G(K0).
The element g0 is independent of the choice of cocycle representing β modulo

multiplication by elements in G(K0) and I(Q̄p). Hence δβ is well determined up to

σ-conjugacy in G(K0). Note that δβσ(δβ) · · ·σr−1(δβ) = g0γpg
−1
0 .
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We set kβ = (γ0, (γ
β
l )l �=p, δ

β). Then kβ satisfies conditions (i)–(iii) by what we

saw above. By construction, for any finite prime l the group Iβl attached to kβ is

the inner form of Il attached to β. Hence kβ satisfies (iv) with the inner form of I
corresponding to β.

From the definitions one easily obtains

Lemma (4.3.7). kβ ∼ k if and only if

β ∈ ker (H1(Q, I) →
∏
l

H1(Ql, I))

where the product runs over all finite primes.

(4.3.8). Suppose that k̃ = (γ0, (γl)l �=p, δ, ι) is a refinement of k. If β is the image
of an element h ∈ Gad(Q)+, we can lift the above construction and define a refined

triple k̃β giving rise to kβ.
If β = [h], then the image of β in H1(Q, Iad) is trivial, so I is also the inner

twisting of I0 attached to kβ. Let h̃ be any lifting of h to G(Q̄). The calculations

above show that kβ = (γ0, h̃γlh̃
−1, h̃δh̃−1). Note that kβ is independent of the choice

of h̃ as a Kottwitz triple, not just up to equivalence.
We have IAf

(kβ) = h̃IAf
h̃−1 ⊂ G(L) × G(Ap

f ), and we take the isomorphism

I ⊗Q Af
∼−→ IAf

(kβ) to be ι composed with conjugation by h̃.

(4.3.9). Let T be a Q-torus, hT : S → TR and i : T ↪→ G a map of Q-groups
such that i ◦ hT ∈ X. Then T/(ZG ∩ T ) satisfies the Serre condition, and our
assumption on ZG implies that T satisfies the Serre condition. By (3.5.7), any
admissible morphism φ : Q → GG factors through P. In particular, ψμhT

factors
through P, and we again denote by ψμhT

: P → GG the induced morphism. We
give two constructions which associate an equivalence class of Kottwitz triples to
(T, hT , i).

Let L/Q be a finite, CM Galois extension contained in Q̄ such that μhT
∈ X∗(T )

is defined over L. Recall the elements δn ∈ PL(Q) constructed in (3.5.4). By (3.5.4)
and the definition of ν(p), we have for any q = pm Weil number π ∈ L, and any
integer n with [Lp : Qp]|n,

− 1

n
〈ν(p)Ln , χπ〉 = −〈ν(p), χπ〉 =

1

m
vp(π) =

1

n
〈νδn , χπ〉,

and so ν(p)Ln = −νδn . Thus δn and ν(p)Ln(p
−1) have the same Newton cocharacter,

and after increasing n, we may assume that they are σn-conjugate in PL(Q̂ur
p ).

Let c ∈ PL(Q̂ur
p ) be such that cν(p)Ln(p

−1)σn(c)−1 = δn. Since σn(c)c−1 =

δ−1
n ν(p)Ln(p

−1) ∈ PL(Qp), one sees that σ(c)c
−1 is invariant under σn, so σ(c)c−1 ∈

PL(Qpn). In particular, this implies that σn′
(c)c−1 = (σ(c)nc−1)n

′/n for n|n′, so
the element c can be chosen independently of n.

Let PL(p)ur denote the pushout of Dn by ν(p)Ln : Dn(Q
ur
p ) → PL(p)(Qur

p ). Then

ζp induces a morphism D → PL(p)ur, and we again write dσ ∈ PL(p)ur for the
image of dσ under this map. Since σ(c)c−1 is invariant under σn, cdσc

−1, which

is a priori contained in the pushout of Dn by Dn(Q
ur
p ) → PL(Q̂ur

p ), is in fact an

element of PL(p)ur. Choose t ∈ T (Q̄p) as in (3.6.6) (such a t exists by (3.6.7)).
Then, in particular, θt is induced by a morphism θurt : D → Gur

T , which then
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induces a morphism θurt : PL(p)ur → Gur
T . After increasing n, we may assume that

θurt is induced by morphisms of Qpn/Qp-gerbs.
Set γ0 = ψ�

μhT
(δn), and write

θurt (cdσc
−1) = δ � σ ∈ T (Qur

p )� σ.

Since

cdnσc
−1 = cν(p)Ln(p

−1)� σnc−1 = cν(p)Ln(p
−1)σn(c)−1 � σn,

we have

δσ(δ) · · ·σn−1(δ) = tγ0t
−1 = γ0.

Since c and t are unique up to multiplication by elements of PL(Qur
p ) and T (Qur

p ),
respectively, δ is well defined up to σ-conjugacy in T (Qur

p ).
Let k(T, hT ) = (γ0, (γl)l �=p, δ), where γl = γ0 for l �= p. Then i∗(k(T, hT )) is a

Kottwitz triple. Indeed this triple satisfies (i) and (ii) of (4.3.1). It satisfies (iii)
because i(γ0) ∈ i(T ) and i ◦ hT ∈ X, so (i(T )/ZG)(R) is compact. It satisfies (iv)
because φ = i ◦ ψμhT

is admissible by (3.5.8), so we may take I = Iφ.

We call a Kottwitz triple k special if there exists (T, hT , i) as above such that
i∗(k(T, hT )) ∼ k.

We now give a second construction of a Kottwitz triple. Consider the composite
(cf. [Del79, 2.2])

(4.3.10) N(μhT
) : RL/Q(Gm)

RL/Q(μhT
)

→ RL/Q(T )
NL/Q→ T,

which is the map considered in (3.1.10).
Let π ∈ Lp be a uniformizer. Since T satisfies the Serre condition, it is isogenous

to a product T+
1 × T−

1 , where T+
1 (R) is compact and T−

1 splits over Q. Hence
there exists a compact open subgroup H ⊂ T (Af ) such that T (Q) ∩ H = {1}.
Moreover, T (Q)\T (Af )/H is finite, so there exists a positive integer s such that
N(μhT

)(π−1)s = γ′
0 mod H, for some uniquely determined γ′

0 ∈ T (Q).
We may assume that H is small enough that N(μhT

)(π−1)sγ′−1
0 is contained in

T ◦(Zp)T (A
p
f ), where T ◦ denotes the connected component of the Néron model of

T over Zp. Then by Lang’s lemma, there exists c′ ∈ T (Q̂ur
p ) such that

c′NLp/Qp
(μhT

(π−1))sσn(c′)−1 = γ′
0,

where n = s[Lp,0 : Qp], with Lp,0 the maximal unramified subfield of Lp. Let
δ′ = c′NLp/Lp,0

(μhT
(π−1))σ(c′)−1. Then

δ′σ(δ′) · · ·σn−1(δ′) = c′NLp/Qp
(μhT

(π−1))sσn(c′)−1 = γ′
0.

Since σ(γ′
0) = γ′

0, σ
n(δ′) = δ′ so that δ′ ∈ T (Qpn). Set k′(T, hT ) = (γ′

0, (γ
′
l)l �=p, δ

′)
γ′
l = γ′

0 for l �= p.

Lemma (4.3.11). If T satisfies the Serre condition, then for n sufficiently large
(with the same choice of n in each construction) we have γ0 = γ′

0, and δ and δ′

are σ-conjugate in T (Qpn). In particular, i∗(k
′(T, hT )) is a Kottwitz triple and is

equivalent to i∗(k(T, hT )).

Proof. Using the functoriality of the assignment b 	→ νb, and (3.1.11), we have

νγ′
0
= sνNLp/Qp (μhT

(π−1)) = − s

[Lp : Lp,0]

∑
τ∈Gal(Lp/Qp)

τ (μhT
) = −ψ�

μhT
◦ν(p)n = νγ0

.
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Since γ0, γ
′
0 ∈ T (Q) are units outside p, and T satisfies the Serre condition, this

implies that γ′
0γ

−1
0 ∈ T (Q)tors. Hence after increasing n we have γ0 = γ′

0.
By the definition of t, the image of δ in X∗(T )Gal(Q̄p/Qp) is equal to the image of

−μ. It follows by [Kot85, 2.5] that δ and δ′ have the same image in X∗(T )Gal(Q̄p/Qp).

Hence, by loc. cit. they are σ conjugate by an element a ∈ T (Q̂ur
p ). Since

δσ(δ) · · ·σn−1(δ) = δ′σ(δ′) · · ·σn−1(δ′),

we find a = σn(a), so a ∈ T (Qpn). �
(4.4) Isogeny classes and triples. In this subsection we compare the isogeny

classes studied in Sections 1 and 2 with the set S(k̃) associated to a refined triple
in Section 4.3.

(4.4.1). For H ′ → H a crossed module in algebraic groups over Q (cf. (3.2.7)) we
write

X∞(Q, H ′ → H) = ker (H1(Q, H ′ → H) → H1(R, H ′ → H))

and we use the analogous notation for an algebraic group over Q.

Lemma (4.4.2). Let H be a connected reductive group over Q. Then the natural
map

X∞(Q, H) → X∞(Q, H̃ → H)

is a bijection. In particular, X∞(Q, H) is naturally an abelian group.

Proof. The first claim follows from the cartesian diagram in (3.4.6), and the second
claim then follows from (3.2.7)(4). �

Lemma (4.4.3). Let H,Q,Q′ be connected reductive groups over Q and Q⊗QQ̄
∼−→

Q′ ⊗Q Q̄ an inner twisting. Let i : Q → Hand i′ : Q′ → H be embeddings of Q-
groups, which are conjugate over Q̄, when we identify Q and Q′ via the given inner
twisting.

(1) There is a canonical isomorphism X∞(Q, Q)
∼−→ X∞(Q, Q′).

(2) The maps

(4.4.4) i, i′ : X∞(Q, Q)
(1)
= X∞(Q, Q′) → X∞(Q, H)

induced by i and i′ are equal.

Proof. For (1) note that by (4.4.2) and (3.2.7)(2)

X∞(Q, Q)
∼−→ X∞(Q, Q̃ → Q)

∼−→ X∞(Q, ZQ̃ → ZQ)
∼−→ X∞(Q, Q̃′ → Q′)

∼−→ X∞(Q, Q′).

In view of the above, to prove (2) it suffices to show that the natural maps

H1(Q, ZQ̃ → ZQ) → H1(Q, H̃ → H)

induced by i and i′ are equal. This follows easily from the isomorphism

H1(Q, ZH̃ → ZH)
∼−→ H1(Q, H̃ → H).

�
Lemma (4.4.5). Let H ′ ⊂ H be connected reductive groups over R, such that
Had(R) is compact and H ′ contains the maximal R-split torus Z ⊂ ZH . If c ∈
H1(R, H ′) has trivial image in H1(R, H), then c = 0.
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Proof. By Hilbert’s theorem 90 it suffices to show that a class in H1(R, H ′/Z)
which has trivial image in H1(R, H/Z) is trivial. Hence, we may replace H and H ′

by H/Z and H ′/Z, respectively, and assume that H(R) is compact.
By [Ser94, III Thm. 6] the map of pointed sets

H1(R, H ′) → H1(R, H)

may be identified with

H ′[2]/H ′ → H[2]/H

where H ′ and H act by conjugation on the subsets of 2-torsion elements H ′[2] and
H[2] respectively. Under the latter map the preimage of the identity in H[2]/H is
clearly the identity. �

(4.4.6). We now return to the notation of Section 2.1. In particular, (G,X) is
of Hodge type, equipped with an embedding (G,X) ↪→ (GSp, S±), the group G is
equipped with a reductive model GZp

over Zp, Kp = GZp
(Zp), and k ⊂ F̄p is a finite

extension of kE with |k| = pr.
Let x ∈ SKp

(G,X)(k). By (2.1.2) and (2.3.1) attached to x we have a Kottwitz
triple k(x) = (γ0, (γl)l �=p, δ). That this triple satisfies condition (iv) of (4.3.1) follows
from (2.3.5), which shows that we may take I to be the subgroup of AutQ(Ax) which
fixes sα,0,x and sα,l,x for all l �= p. Indeed, (2.3.5) shows that (for this choice of I)

k(x) has a natural refinement k̃(x).
Write Ix = Im(ιx) ⊂ SKp

(G,X)(F̄p) where ιx is the map of (2.1.3). The
equivalence class of k(x) depends only on Ix and not on x, and we will denote it
by k(Ix).

(4.4.7). Let X∞
G (Q, I) denote the kernel of the composite

X∞(Q, I)
∼−→

(4.4.3)
X∞(Q, I0) → X∞(Q, G).

Then X∞
G (Q, I) is independent of the choice of γ0 by (4.4.3)(2). Given β ∈

X∞
G (Q, I) we will construct an isogeny class I β

x ⊂ SKp
(G,X)(F̄p).

Fix a maximal torus T ⊂ I. By (2.2.5), there exists an x′ ∈ Ix and a lifting
x̃′ ∈ SKp

(G,X)(Q̄p) such that T ↪→ AutQAx′ lifts to T ↪→ AutQAx̃′ . Then x̃′ is

necessarily defined over Q̄, and the Mumford-Tate group of Ax̃′ is contained in T.
In particular, we have a natural embedding T ↪→ G of algebraic groups over Q, and
x̃′ is in the image of

T (Q)\T (R)×G(Af ) → SKp
(G,X)(C).

Hence, by (1.4.12), x′ and x̃′ may be chosen so that x̃′ is in the image of

Sh(T, hT ) → ShKp
(G,X).

Here hT : S → T denotes the cocharacter giving the Hodge structure on Ax̃′ . We
may assume that γ0 ∈ T (Q), when the map T ↪→ I0

∼−→ I over Q̄ is conjugate to
the inclusion T ⊂ I.

By [Bor98, Thm. 5.11] T may be chosen so that β is the image of an element

β̃ ∈ H1(Q, T ), and β̃ ∈ X∞(Q, T ) by (4.4.5). Since the image of β̃ in H1(R, G)

and H1(Q, G̃ → G) is trivial, its image in H1(Q, G) is trivial by (4.4.2), and β̃ is
the image of an element ω ∈ (G/T )(Q)1.

Finally we apply the construction of Section 4.2, with (G′, X ′) = (T, hT ). Using
the notation of that section, we obtain a point iω(x̃

′) ∈ ShKω
p
(G,X)(Q̄p). Choose
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a lift of iω(x̃
′) in ShKω

p∩Kp
(G,X)(Q̄p) and again denote by iω(x̃

′) the image of this

lift in ShKp
(G,X)(Q̄p). Note that the isogeny class of this image is independent of

the choice of lift.
If Pω is the fiber of G → G/T over ω, then

APω

x̃′ ⊗Q F
∼−→ Ax̃′ ⊗Q F

for some finite extension F/Q, so APω

x̃′ has good reduction, as Ax̃′ does. Hence
iω(x̃

′) admits a reduction iω(x
′) ∈ SKp

(G,X)(F̄p). We set I β
x = Iiω(x′).

Proposition (4.4.8). The isogeny class I β
x depends only on β, and not on T

or ω. The assignment β 	→ I β
x defines an inclusion of X∞

G (Q, I) into the set of
isogeny classes in SKp

(G,X)(F̄p).

Proof. Recall that by (4.1.7) and (4.1.5), the tensors sα,0,x′ (resp. sα,l,x for l �= p)

may be viewed in H1
cris(APω

x′ /OL)
⊗
L (resp. H1

ét(A
Pω

x′ ,Ql)
⊗). Let y = iω(x

′). By
(4.2.6), the weakly polarized, abelian variety up to isogeny attached to y is naturally

identified with (APω

x′ , λ
Pω

x′ ), and under this identification the tensors sα,0,x′ (resp.
sα,l,x′ for l �= p) are identified with sα,0,y (resp. sα,l,y).

Now let Q be the Q-scheme of isomorphisms APω

x′ = Ay → Ax′ which are
compatible with weak polarizations and fix sα,0,x′ and sα,l,x′ for l �= p. As in the
proof of (4.1.5), using the canonical isomorphism

APω

x′ ⊗Q OPω

∼−→ Ax′ ⊗Q OPω

one sees that Q is an I-torsor, which admits a T -equivariant map Pω → Q. Hence
Q is isomorphic to the I-torsor Pβ induced by Pω, and associated to the class
β ∈ H1(Q, I).

It follows from (1.4.15) that the isogeny class of y depends only on β, and that

for β, β′ ∈ X∞
G (Q, I), I β

x = I β′

x if and only if β = β′. �

(4.4.9). If β ∈ X∞
G (Q, I), then for l �= p the image of β in H1(Ql, G) is trivial, as

H1(Ql, G̃) = 0. So β satisfies the conditions imposed in (4.3.6) on an element used
to define the twist kβ of a Kottwitz triple k. We will show that the fiber over k(Ix)
of the map

(4.4.10) k : {Iy : y ∈ SKp
(G,X)(F̄p)} → {triples k}/ ∼ ; Iy 	→ k(Iy)

is naturally a torsor under the abelian group

XG(Q, I) = ker (X∞
G (Q, I) →

∏
v

H1(Qv, I))

where v runs over finite places of Q.
Write k(Ix) = (γ0(Ix), (γl(Ix))l �=p, δ(Ix)).

Lemma (4.4.11). For β ∈ X∞
G (Q, I) we have k(I β

x ) ∼ k(Ix)
β .

Proof. For l �= p, fix isomorphisms V ∗
Ql

∼−→ H1(Ax,Ql) and V ∗
Ql

∼−→ H1(APβ
x ,Ql)

taking sα to sα,l,x, where Pβ is an I-torsor with class β. By (4.1.7), the isomorphism
(4.1.3) gives rise to an isomorphism

(4.4.12) V ∗
Ql

⊗Q F
∼−→ V ∗

Ql
⊗Q F



898 MARK KISIN

which intertwines the G(Ql)-conjugacy classes of γl(I β
x ) and γl(Ix). By (4.1.2)(2),

(4.4.12) is given by an element g−1
l ∈ G(Ql ⊗F ), such that (g−1

l τ (gl))τ is an I(F )-

valued cocycle whose class is equal to β by (4.1.2). Hence γl(I β
x ) = glγl(Ix)g

−1
l ,

where we again write gl for the image of gl in G(Q̄l).

Similarly, choosing isomorphisms V ∗
K0

∼−→ H1
cris(Ax/W (k))K0

and V ∗
K0

∼−→
H1

cris(Aβ
x/W (k))K0

taking sα to sα,0,x, and using (4.1.2), we find an isomorphism

V ∗
K0

⊗Q F
∼−→ V ∗

K0
⊗Q F,

which intertwines the σ-conjugacy classes of δ(I β
x ) and δ(Ix), and is given by an

element g−1
0 ∈ G(K0 ⊗Q F ), such that g−1

0 τ (g0)τ is an I(F )-valued cocycle whose
class is equal to β. Hence δ(I β

x ) = g0δ(Ix)σ(g0)
−1, where we again write g0 for

the image of g0 in G(K0 ⊗Qp
Q̄p).

Comparing with the definition of k(Ix)
β in (4.3.6) proves the lemma. �

Proposition (4.4.13). If β ∈ XG(Q, I), we have k(Ix) ∼ k(I β
x ), and the assign-

ment Iy 	→ I β
y makes the fiber of k over k(Ix) into a XG(Q, I)-torsor.

Proof. Since the image of β is trivial at all finite places, we have k(Ix) ∼ k(Ix)
β ∼

k(I β
x ) by (4.3.7) and (4.4.11), so that XG(Q, I) acts on the fiber of k over k(Ix).
In view of (4.4.8), it remains to show that XG(Q, I) acts transitively on the

fiber of k over k(Ix). Let x′ ∈ S (G,X)(F̄p) be such that k(Ix) ∼ k(Ix′). Write
I ′ ⊂ AutQAx′ for the subgroup fixing sα,0,x and sα,l,x for l �= p. By (2.3.5), I and
I ′ may both be regarded as inner twistings of Iγ0

. Since k(Ix) ∼ k(Ix′), we saw in

(4.3.1) that there is an isomorphism I
∼−→ I ′ as inner twists of Iγ0

.

Fix a maximal torus T ⊂ I
∼−→ I ′. As in (4.4.7), using (2.2.5) we may replace

x, x′ by other points in their respective isogeny classes, and assume that x, x′ admit
liftings x̃, x̃′ ∈ SKp

(G,X)(Q̄) such that

(1) The maps T ↪→ AutQAx and T ↪→ AutQAx′ lift to T ↪→ AutQAx̃ and
T ↪→ AutQAx̃′ .

(2) The Hodge filtrations on H1
dR(Ax̃) and H1

dR(Ax̃′) are given by the same
T -valued cocharacter μT .

(3) If i, i′ : T ↪→ G are the embeddings obtained by regarding T as a subgroup
of the Mumford-Tate groups of Ax̃ and Ax̃′ , then x̃, x̃′ are in the images of

i, i′ : Sh(T, hT ) → Sh(G,X),

respectively.

By the reciprocity law, for r sufficiently large, the geometric q = pr-Frobenius
on l-adic or crystalline cohomology of Ax and Ax′ is given by an element γ ∈ T (Q).
Our assumptions imply that γ0 := i(γ) and γ′

0 := i′(γ) are conjugate in G(Q̄). Let
I0, I

′
0 ⊂ G denote the centralizers of γ0 and γ′

0, respectively, and let g ∈ G(Q̄) be
such that gγ0g

−1 = γ′
0. We assume that r is large enough that I0, I

′
0 have the same

dimension as I.
Fix inner twistings I0 ⊗Q Q̄

∼−→ I ⊗Q Q̄ and I ′0 ⊗Q Q̄
∼−→ I ′ ⊗Q Q̄ as in (2.3.5).

By definition, the diagram

I0 ⊗Q Q̄
∼ ��

Int(g)

��

I ⊗Q Q̄

∼
��

I ′0 ⊗Q Q̄
∼ �� I ′ ⊗Q Q̄
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commutes up to conjugation. The commutativity of the diagram in (4.3.1)(iv)
implies that the composite

T ⊗Q Q̄
i
↪→ I0 ⊗Q Q̄

∼−→ I ⊗Q Q̄

is conjugate to the natural inclusion T ⊂ I by an element of I(Q̄). Since an anal-

ogous statement holds with i′ and the inner twisting I ′0 ⊗Q Q̄
∼−→ I ′ ⊗Q Q̄, the

composite

T ⊗Q Q̄
g−1i′g
↪→ I0 ⊗Q Q̄

∼−→ I ⊗Q Q̄

is also conjugate to the natural inclusion. Hence i and g−1i′g are conjugate under
I0(Q̄), which implies that we may assume that g has been chosen so that i′ = gig−1.
Since i(T ) ⊂ G is its own commutator, g is unique up to right multiplication by
elements of i(T )(Q̄). In particular, for τ ∈ Gal(Q̄/Q), cτ = g−1τ (g) ∈ i(T )(Q̄).

Now let K∞ ⊂ GR be the centralizer of i ◦ hT . Since i ◦ hT , i
′ ◦ hT ∈ X, there is

a g∞ ∈ G(R) such that

g∞(i ◦ hT )g
−1
∞ = i′ ◦ hT = g(i ◦ hT )g

−1.

So g−1
∞ g ∈ K∞(C), and (g−1

∞ g)−1s(g−1
∞ g) = g−1s(g) for s ∈ Gal(C/R). Hence the

image of c in H1(R,K∞) is trivial.
It follows that c arises from a point ω ∈ (G/T )(Q)1. If Pω denotes the corre-

sponding T -torsor, then by (4.2.6), there is an isomorphism Ax̃′
∼−→ APω

x̃ which
respects the Hodge tensors sα. It follows that Ix′ = I β

x , where β ∈ H1(Q, I)
denotes the image of c.

By (4.4.5) the image of c in H1(R, T ) is trivial, and hence so is its image in
H1(R, I). Since k(Ix) ∼ k(Ix′) ∼ k(Ix)

β, the image of β in H1(Ql, I) is trivial for
every finite prime l by (4.3.7), so β ∈ XG(Q, I). �

Proposition (4.4.14). The subgroup A (GZ(p)
)I ⊂ A (GZ(p)

) is the stabilizer of

Ix ⊂ SKp
(G,X)(F̄p), and there is a 〈Φ〉×ZG(Qp)×A (GZ(p)

)I-equivariant bijection

ι−1
x : Ix

∼−→ S(k̃(x))

taking x to 1.

Proof. The first claim follows from (4.4.8). By (1.4.13) and (2.1.3), there is 〈Φ〉 ×
ZG(Qp)×G(Ap

f )-equivariant bijection ι−1
x : Ix

∼−→ S(k̃(x)), which takes x to 1 by

definition. We shall check that this bijection is Gad(Z(p))
+,I -equivariant.

Let x′ ∈ Ix, so that (Ax′ , εpx′) = (Ag0x, ε
p
x◦gp) with g0 ∈ Xυ(δ) and gp ∈ G(Ap

f ).

Let h ∈ G(Z̄(p))
�,I
+ , and had the image of h in Gad(Z(p))

+,I . We let P denote the

ZG-torsor associated to had−1, so h−1 ∈ P(F ) for some Galois extension F/Q.

Then22 (Ax′ , εpx′) · had = (AP
x′ , ε

p,h−1

x′ ). Finally, as in (4.3.4) we choose ih ∈ I(Q̄)

such that i−1
h τ (ih) = h−1τ (h) for τ ∈ Gal(Q̄/Q). By (4.3.5), we have to check that

ι−1
x (x′ · h) = i−1

h gh, where g = (g0, g
p).

The composite

(4.4.15) AP
g0x ⊗Q F

ϑh−1→ Ag0x ⊗Q F → Ax ⊗Q F
i−1
h→ Ax ⊗Q F

22Note that we are using the right action of Gad(Z(p))
I,+ on SKp (G,X), so h acts via ih−1 .
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induces the bottom row of the commutative diagram

VAp
f
⊗Q F

h ��

εp,h
−1

x′
��

VAp
f
⊗Q F

gp

��

εpx◦g
p

��

VAp
f
⊗Q F

i−1
h ��

εpx
��

VAp
f
⊗Q F

εpx
��

V̂ p(AP
g0x)⊗Q F

ϑh−1
�� V̂ p(Ag0x)⊗Q F

∼ �� V̂ p(Ax)⊗Q F
i−1
h �� V̂ p(Ax)⊗Q F

By (4.1.2)

τ (ϑh−1)ϑ−1
h−1 = τ (h)h−1 = τ (ih)i

−1
h ∈ ZG(Q̄),

which implies that (4.4.15) is Gal(F/Q)-equivariant, and hence is induced by a
quasi-isogeny AP

g0x → Ax. Thus, the commutative diagram above induces a com-
mutative diagram

VAp
f

i−1
h gph

��

εp,h
−1

x′
��

VAp
f

εpx
��

V̂ p(AP
x′) �� V̂ p(Ax)

It remains to show that (4.4.15) identifies D(GP
g0x) with (i−1

h gh)D(Gx), where

G P
g0x is the p-divisible group of AP

g0x. It suffices to check the analogous statements

for D(GP
g0x) ⊗Z(p)

OF,(p) and (i−1
h gh)D(Gx) ⊗Z(p)

OF,(p). But (4.2.9) implies23 that

(4.4.15) identifies D(GP
g0x)⊗Z(p)

OF,(p) with

(i−1
h g)(D(Gx)⊗Z(p)

OF,(p)) = (i−1
h gh)D(Gx)⊗Z(p)

OF,(p).

�

(4.4.16). Before stating the final result of this subsection, we need some no-
tation. Suppose h ∈ Gad(Q)+, let P be the corresponding ZG-torsor, and let

β ∈ H1(Q, ZG) be the class of P. Let h̃ ∈ Gad(Q̄) be a lift of h, so that h̃ ∈ P(F )

for some finite extension F/Q. The cocycle τ 	→ h̃−1τ (h̃) represents β.
As in (2.1.2) fix an isomorphism

D(Gx)
∼−→ V ∗

Z(p)
⊗Z(p)

W

which takes sα,0,x to sα. If x
′ ∈ I β

x , then the natural isomorphism induced by the

choice of h̃

Ax′ ⊗Q F
∼−→ Ax ⊗Q F

identifies D(Ax′) with g−1
0 D(Ax) for some g0 ∈ G(L⊗Q F ) such that zτ = g−1

0 τ (g).
Similarly the isomorphism

VAf
⊗Q F

∼−→ VAf
⊗Q F

induced by εx′ and εx is given by multiplication by (gp)−1 on VAp
f
, where gp ∈

G(Ap
f ⊗Q F ) again gives rise to the cocycle zτ . Set gx′ = (g0, g

p).

23Keeping in mind that i−1
h acts as D(ih) on D(Gx)⊗Zp Qp, as in (2.1.2).
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Proposition (4.4.17). With the notation above, there exists a 〈Φ〉 × ZG(Qp) ×
A (GZ(p)

)I-equivariant bijection

ι−1β
x : I β

x
∼−→ S(k̃(x)β); x′ 	→ h̃g−1

x′ ,

which depends only on h and not on h̃.
Moreover, if ZG is a torus, then under the projection

cG : SKp
(G,X)(F̄p) → π(G,X)

we have cG(x
′) = (h̃g−1

x′ )cG(x).

Proof. Write k(x) = (γ0, (γl)l �=p, δ). Then

k̃(x′) = (hγ0h
−1, gp(γl)l �=pg

p−1, g0δσ(g0)
−1, ι′),

with the action of ι′ given by ι and conjugation by (g0, g
p). Applying (4.4.14) to

x′ we obtain a 〈Φ〉 × ZG(Qp) × A (GZ(p)
)I -equivariant bijection I β

x
∼−→ S(k̃(x′)).

Composing with multiplication on the left by h̃g−1
x′ , as in (4.3.2), yields an the iso-

morphism I β
x

∼−→ S(k̃(x)β).One checks easily that this isomorphism is independent

of the choice of x′ ∈ I β
x , and it sends x′ to h̃g−1

x′ by construction. Modifying h̃ by
an element of ZG(Q̄) changes gx′ by the same element, so the isomorphism depends
only on h.

We now show the second claim. Since ZG is a torus, and G is unramified, P splits
over an unramified extension of Qp. Hence by [MB89, Thm. 1.3], we may assume
that F has been chosen so that p is unramified in F. Suppose x̃ ∈ ShKp

(G,X)(Q̄p)

is a lift of x, and fix an isomorphism H1
ét(Ax̃,Zp)

∼−→ V ∗
Zp

sending sα,p,x̃ to sα. This

allows us to promote x̃ to a point ỹ ∈ Sh(G,X)(Q̄p). Let hx̃ denote the image of
ιh(ỹ) in ShKp

(G,X)(Q̄p). Then there is a natural isomorphism

Ahx̃ ⊗Q F
∼−→ Aβ

x̃ ⊗Q F
∼−→ Ax̃ ⊗Q F

which identifies H1
ét(Ahx̃,Zp) with h̃−1H1

ét(Ax̃,Zp).

Now let I β
x̃ ⊂ ShKp

(G,X)(Q̄p) be the isogeny class of hx̃. If x̃′ ∈ I β
x̃ , then, as

above, we have a natural isomorphism

Ax̃′ ⊗Q F
∼−→ Ax̃ ⊗Q F,

which identifies H1
ét(Ahx̃,Zp) with g−1

p H1
ét(Ax̃,Zp) and sends VAp

f
to (gp)−1VAp

f
,

where g = (gp, g
p) ∈ G(Āf ⊗Q F ) gives rise to the cocycle zτ . In particular, h̃g−1 ∈

G(Af ). Let x′ ∈ I β
x denote the reduction of x̃′. Since the action of G(Q)+ on

Sh(G,X)(Q̄p) does not change the image of a point in π(G,X), we have

cG(x
′) = cG(x̃

′) = h̃g−1cG(hx̃) = h̃g−1cG(x̃) = h̃g−1cG(x).

Write gx′ = (g0, g
p), as above. By (1.2.18), applied to the group24 RF/QG, gp

and g0 have the same image in π1(RF/QG)Γ. Hence h̃g−1 and h̃g−1
0 have the same

image in

G(Qp)/G̃(Qp)GZp
(Zp) = π1(G)Γ ⊂ π1(RF/QG)Γ.

24Here we use that p is unramified in F, so that RF/QG is unramified at p, and (1.2.18) applies.

This is why we had to assume ZG was connected. However, (1.2.18) should be true without this
assumption.
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This proves the second claim of the lemma when x′ is the reduction of a point

x̃′ ∈ I β
x̃ . By (1.2.23) and (1.3.9), we may choose x̃ such that the image of I β

x̃ → I β
x

meets every connected component of I β
x . Hence the second claim follows from

(1.2.6). �

(4.5) Admissible morphisms and triples. We now return to the assump-
tions of (4.3). In particular, we assume that Z0

G satisfies the Serre condition.
We recall how to attach Kottwitz triples to admissible morphisms φ : Q → GG

(cf. [LR87, 5.25]). By (3.5.7), any such morphism factors through P, and we will
again denote by φ : P → GG the induced morphism.

(4.5.1). Suppose φ : Q → GG is admissible, and let g = (g0, g
p) ∈ Xp(φ)×Xp(φ).

We attach a Kottwitz triple k(g) to g as follows. Choose a CM number field L such
that φ factors through PL, and let n be a positive integer divisible by [Lp : Qp]. We
set (γl)l �=p = gp−1φ�(δn)gp. Since gp−1φ(l)gp(1 � τ ) = 1 � τ for τ ∈ Gal(Q̄l/Ql),
(γl)l �=p ∈ G(Ap

f ).

To lighten notation write φ(p)g0 = g−1
0 φ(p)g0, and similarly for φ�(p)g0 . Since

g0 ∈ Xp(φ), we have φ�(p)g0(1 � τ ) = 1 � τ for τ ∈ Gal(Q̄p/Q
ur
p ), which implies

φ�(p)g0(P
L(Qur

p )) ⊂ G(Qur
p ). Thus, with the notation of (4.3.9), φ(p)g0 is induced

by a morphism θurg0 : PL(p)ur → Gur
G . After increasing n we may assume that θurg0 is

induced by a map of Qpn/Qp-gerbs.

Let c ∈ PL(Q̂ur
p ) be as in (4.3.9). Choose c′ ∈ PL(Qur

p ) sufficiently close to c such

that θurg0(c
′c−1) ⊂ G(Ẑur

p ). After increasing n we may assume that c′ ∈ PL(Qpn).
Write

θurg0(c
′−1cdσc

−1c′) = δ � σ.

Using that σ(c)c−1 is fixed by σn, we see as in (4.3.9) that δ ∈ G(Qpn), and δ is

well defined up to σ-conjugacy by elements of G(Zpn). As an element of G(Q̂ur
p )

modulo σ-conjugacy by elements of G(Ẑur
p ), δ = δ′, where δ′ � σ = θurg0(dσ).

By [LR87, Lem. 5.4] for n divisible by m, and sufficiently large, φ(δn) ∈ G(Q̄)
is conjugate to an element γ0 ∈ G(Q).25 Thus γ0 = φ′(δn) for some morphism φ′,

which is conjugate to φ. Hence γ0 ∈ Iφ′(∞)◦ζ∞
∼−→ G∗

R, so γ0 is elliptic in G(R).

One sees immediately that (γl)l �=p is conjugate to γ0 in G(Āf ). Since

(c′−1cdσc
−1c′)n = c′−1(cν(p)Ln(p

−1)σn(c)−1 � σn)c′ = c′−1δnc
′ � σn,

we have

δσ(δ) · · ·σn−1(δ)� σn = θurg0(c
′−1cdnσc

−1c′) = θurg0(c
′)θurg0(δn)θ

ur
g0(c

′)−1 � σn.

Thus δσ(δ) · · ·σn−1(δ) is conjugate to γ0 in G(Q̄p).
We set k(g) = (γ0, (γl)l �=p, δ). This is well defined as a Kottwitz triple, as the

elements δn are well defined modulo PL(Q)tors. The triple k(g) satisfies the condition
(iv) of (4.4.1) with I = Iφ, and the natural isomorphism

Iγ0
⊗Q Q̄

∼−→ Iφ′ ⊗Q Q̄
∼−→ Iφ ⊗Q Q̄,

where the second isomorphism depends on a choice of element in G(Q̄) conjugating
φ′ into φ.

25Of course, we have already seen in Section 3.5 the stronger statement that φ is conjugate to
a special morphism.
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One checks immediately that k(g) depends on g only as an element of S(φ) =
Iφ(Q)\X(φ). The equivalence class of k(g) depends only on φ, and we will denote
it by k(φ).

Below we denote by yφ the element φ�(p)(c−1c′)× 1 ∈ G(Ẑur
p )×G(Ap

f ).

Lemma (4.5.2). For φ : Q → GG an admissible morphism, and g = (g0, g
p) ∈

X(φ), k(g) satisfies the condition (iv) of (4.4.1) with I = Iφ, and there exists a
(I(Af ), 〈Φ〉 ×G(Ap

f ))-bivariant bijection

X(φ)
∼−→ Xυ(δ)×G(Ap

f ); g′ 	→ g−1yφg
′.

Proof. This follows from the definitions, keeping in mind (3.3.4). The factor yφ
arises because we are using Xυ(δ) on the right side of the isomorphism. It disap-
pears, if we identify the right side with Xυ(δ

′)×G(Ap
f ), via the natural isomorphism

Xυ(δ
′)

∼−→ Xυ(δ). �

(4.5.3). Suppose φ and g are as above. Since Iφ acts naturally on X(φ), there

is a canonical refinement k̃(g) of k(g). Let τ ∈ Iadφ (Af ). We denote by k̃(g, τ) the

refinement of k(g) obtained by composing the natural isomorphism Iφ ⊗Q Af
∼−→

IAf
(k(φ)) with conjugation by τ.

Corollary (4.5.4). There exists a 〈Φ〉 ×G(Ap
f )-equivariant bijection

Sτ(φ)
∼−→ S(k̃(g, τ)) g′ 	→ g−1yφg

′.

Proof. We have produced an isomorphism Iφ,Ql

∼−→ Il for each prime l and an

I(Af )-equivariant isomorphismX(φ)
∼−→ Xυ(δ)×G(Ap

f ) compatible with the action

of 〈Φ〉 × G(Ap
f ). This induces an isomorphism S(k̃(g, τ))

∼−→ Iφ(Q)\X(φ), where

the action of Iφ(Q) on X(φ) is via the conjugate of the natural action by τ. �

(4.5.5). By (3.1.2) the set of conjugacy classes of morphisms φ′ : Q → GG with
φ� = φ′� is in bijection with H1(Q, I), where I = Iφ. For β ∈ H1(Q, I) we denote
by φβ a representative of the corresponding conjugacy class of morphisms.

Lemma (4.5.6). If β ∈ X∞
G (Q, I) and φ : Q → GG is admissible, then φβ is

admissible, and the map β 	→ φβ defines an inclusion of X∞
G (Q, I) into the set of

conjugacy classes of admissible morphism Q → GG.
Moreover, we have k(φβ) ∼ k(φ)β.

Proof. We begin by checking that φβ is admissible. Let IG̃ be as in (4.3.6). The
image of β in

H1(Q, G̃ → G)
∼−→ H1(Q, ZG̃ → ZG)

∼−→ H1(Q, IG̃ → I)

is trivial, and so the class of β is represented by the image of a cocycle (zτ ) ∈
Z1(Q, IG̃). Thus, we may assume that φβ = z · φ. Using the definition of the

monoidal structure on GG/G̃, and the inclusion Ĩ(Q̄) ⊂ G̃(Q̄), as in (3.1.2), one

finds that (z · φ)
˜ab

is isomorphic to φ
˜ab
. Thus φβ satisfies (3.3.6)(1).

Now let (gl)l �=p ∈ Xp(φ). Then under the composite

H1(Q, Iφ)
Int(g−1

l )→ H1(Ql, IInt(g−1
l )◦φ(l)) → H1(Ql, G) → H1(Ql, G̃ → G),
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the image of β is trivial, and hence its image in H1(Ql, G) is trivial. Choose
hl ∈ G(Q̄l) such that g−1

l zτgl = h−1
l τ (hl) for τ ∈ Gal(Q̄l/Ql). Then

Int(hlg
−1
l )◦(z ·φ(l)◦ζl)(τ ) = Int(hl)(g

−1
l zτgl1�τ ) = hlg

−1
l zτglτ (hl)

−1�τ = 1�τ.

Hence glh
−1
l ∈ Xp(z · φ). In particular, φβ satisfies (3.3.6)(2) for v = l, and it

satisfies (3.3.6)(2) for v = ∞, since β is trivial at ∞.
Let g0 ∈ Xp(φ). Then Iφ(p)g0 (Q̄p) ⊂ G(Qur

p ⊗Qp
Q̄p) with Gal(Q̄p/Qp) acting on

Qur
p ⊗Qp

Q̄p via the second factor. By Steinberg’s theorem the image of β under
the composite

H1(Q, Iφ)
Int(g−1

0 )→ H1(Qp, Iφ(p)g0 ) → H1(Qp, G(Qur
p ⊗Qp

Q̄p))

is trivial. Set z′τ = g−1
0 zτg0, and choose h0 ∈ G(Qur

p ⊗Qp
Q̄p) such that z′τ =

h−1
0 (1⊗ τ )(h0) for τ ∈ Gal(Q̄p/Qp).
Denote by h̄0 the image of h0 in G(Q̄p) under the map G(Qur

p ⊗Qp
Q̄p) → G(Q̄p).

To show that φβ satisfies (3.3.6)(3), we first show that

(z · φ)(p)g0h̄−1
0

= Int(h̄0g
−1
0 ) ◦ z · φ(p) = h̄0z

′ · φ(p)g0 h̄−1
0

is unramified. To do this we have to show that this morphism sends 1�τ to 1�τ for
τ ∈ Gal(Q̄p/Q

ur
p ). For such a τ we have τ (h) = τ (h̄). This implies z′τ = h̄−1

0 τ (h̄0).
So the above morphism sends 1� τ to

h̄0z
′
τ � τ h̄−1

0 = h̄0zτ τ (h̄0)
−1 � τ = 1� τ.

If φ(p)g0(cdσc
−1) = δ � σ, as in (4.5.1), then one computes that

(z · φ(p))g0h̄−1
0
(cdσc

−1) = h0δ(σ ⊗ 1)(h0)
−1 � σ.

Note that

(1⊗ τ )(h0δ(σ ⊗ 1)(h0)
−1) = h0z

′
τδ(σ ⊗ 1)(z′−1

τ )(σ ⊗ 1)(h0)
−1 = h0δ(σ ⊗ 1)(h0)

−1

since z′τ ∈ Iφ(p)(g0)(Q̄), so h0δ(σ⊗ 1)(h0)
−1 ∈ G(Qur

p ). Since X−μ(δ) �= 0, δ satisfies

the conditions (3.4.3), which implies that h0δ(σ ⊗ 1)(h0)
−1 does also. To see this

we regard h0 as an element of RF/Qp
G(Qur

p ) for some finite Galois extension F/Qp

in Q̄p. Then π1(RF/Qp
G) = π1(G)⊗Z Z[Gal(F/Qp)], and we consider the inclusion

π1(G)Gal(Qur
p /Qp) ↪→ π1(RF/Qp

G)Gal(Qur
p /Qp) = π1(G)Gal(Qur

p /Qp) ⊗Z Z[Gal(F/Qp)].

The image of h0δ(σ ⊗ 1)(h0)
−1 in π1(RF/Qp

G)Gal(Qur
p /Qp) is equal to that of δ, and

hence κG(h0δ(σ ⊗ 1)(h0)
−1) = κG(δ). Likewise, we have ν̄δ = ν̄h0δ(σ⊗1)(h0)−1 . It

follows that X−μ(h0δ(σ ⊗ 1)(h0)
−1) is non-empty. Hence φβ satisfies (3.3.6)(3).

We have shown that φβ is admissible. That β 	→ φβ is an inclusion follows from
(3.1.2).

To check the last two statements write k(φ) = (γ0, (γl)l �=p, δ). Then the above

calculations show that k(φβ) ∼ (γ0, (hlγlh
−1
l )l �=p, h0δ(σ ⊗ 1)(h0)

−1). Comparing

with the definition in (4.3.6), one sees that this is equal to k(φ)β . �

Proposition (4.5.7). Let k0 be Kottwitz triple, and I the inner form of Iγ0
asso-

ciated to k0. If the fiber of

(4.5.8) {Admissible φ : Q → GG}/conjugacy → {triples}/ ∼; φ 	→ k(φ)

over k0 is non-empty, then it is naturally a XG(Q, I)-torsor.
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Proof. Suppose that φ : Q → GG is an admissible morphism with k(φ) ∼ k0. For
any β ∈ XG(Q, I) we have k(φβ) ∼ k(φ)β ∼ k0 by (4.5.6) and (4.3.7). We have to
show that any admissible morphism φ′ with k(φ′) ∼ k0 is conjugate to φβ for some
β ∈ XG(Q, I).

Since the subgroup generated by δn is dense in PL for any CM-field L, any ad-
missible morphism φ′ with k(φ′) ∼ k0 is conjugate to a morphism whose restriction
to PL(Q̄) is equal to φ�. Thus, it suffices to consider φ′ with φ′� = φ�. By (3.1.2),
any such φ′ has the form φ′ = z · φ, where z ∈ Z1(Q, I), and two such φ′ are
conjugate, if and only if the corresponding cocycles are equal in H1(Q, I).

Since φ′ satisfies (3.3.6)(2) for v = ∞, the image of z in H1(R, G∗
R) (which is well

defined as I/ZG is compact at ∞) is trivial. By (4.4.5) this implies that the image
of z in H1(R, I) is trivial. Since φ′ satisfies (3.3.6)(1), the image of z in H1(Q, G)

lies in the image of H1(Q, G̃) (cf. the proof of (3.4.11)). Hence the image of z in

H1(Q, G̃ → G) is trivial, and [z] ∈ X∞
G (Q, I) by (4.4.2).

Since k0 ∼ k(z · φ) ∼ k
[z]
0 , we have [z] ∈ XG(Q, I) by (4.3.7). �

Lemma (4.5.9). Let φ : Q → GG be an admissible morphism, I = Iφ, and
φ0 : Q → GGad the morphism induced by φ.

For τ ∈ Iad(Af ), the subgroup A (GZ(p)
)I ⊂ A (GZ(p)

) is the stabilizer of Sτ(φ) ⊂
Sτ(G,φ0). If g ∈ X(φ), there exists a 〈Φ〉 ×ZG(Qp)×A (GZ(p)

)I-equivariant bijec-
tion

Sτ(φ)
∼−→ S(k̃(g, τ)) g′ 	→ g−1yφg

′.

Proof. That A (GZ(p)
)I is the stabilizer of Sτ(φ) ⊂ Sτ(G,φ0) follows from the

injectivity of β 	→ φβ in (4.5.6). The (I(Af ), 〈Φ〉 ×G(Ap
f ))-bivariant bijection

X(φ)
∼−→ Xυ(δ)×G(Af )

induces a 〈Φ〉 × ZG(Qp) × G(Ap
f )-equivariant bijection Sτ(φ)

∼−→ S(k̃(φ, τ)). We

have to check that this bijection is Gad(Z(p))
+,I -equivariant.

Let h ∈ G(Z̄(p))
�,I
+ and ih ∈ Iφ(Q̄) as in (4.3.4). For τ ∈ Gal(Q̄/Q), write zτ =

h−1τ (h). By definition the action of h on Sτ(G,φ0) is given by right multiplication
and sends X(φ) into X(z ·φ). On the other hand, left multiplication by i−1

h (acting

via the canonical action of I) sends X(z ·φ) isomorphically into X(Int(i−1
h )◦z ·φ) =

X(φ). Thus, if g = (g0, g
p) ∈ X(φ), then i−1

h gh ∈ X(φ). One checks immediately

that τi−1
h τ−1ih ∈ I(Af ). Hence

τi−1
h τ−1gh = (τi−1

h τ−1ih)(i
−1
h gh) ∈ X(φ),

and τi−1
h τ−1gh = gh as elements of Sτ(G,φ0).

Comparing this with the definition of the action of Gad(Z(p))
+,I on S(k̃(g, τ))

proves the lemma. �

(4.5.10). Let h ∈ Gad(Q)+, and β ∈ H1(Q, ZG) the corresponding cocycle. Let

h̃ ∈ G(Q̄) be a lift of h, and take φβ = z · φ where zτ = h̃−1τ (h̃).

Proposition (4.5.11). Let g ∈ X(φ), and τ ∈ Iadφ (Af ); there exists a 〈Φ〉 ×
ZG(Qp)× A (GZ(p)

)I-equivariant bijection

Sτ(φ
β)

∼−→ S(k̃(g, τ)β) g′ 	→ h̃g−1yφg
′.
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Moreover, under the projection

cG : Sτ(φ
β) → π(G,φ0)

we have cG(g
′) = h̃g−1g′cG(g).

Proof. Note that I = Iφ = Iφβ . If g′ ∈ X(φβ), then by (4.5.9), we have 〈Φ〉 ×
ZG(Qp)× A (GZ(p)

)I -equivariant bijection

Sτ(φ
β)

∼−→ S(k̃(g′, τ)).

Keeping in mind the definition of a triple attached to an element of X(φβ), in

(4.5.1), one sees as in (4.3.2) that multiplication by h̃g−1g′ induces an isomorphism

S(k̃(g′, τ))
∼−→ S(k̃(g, τ)β).

We take the map in the proposition to be the composite of these two maps. From
the definitions, one checks that this map is independent of the choice of g′ and
sends g′ to h̃g−1yφg

′.

To check the final claim note that in (3.6.2) the identification of X(φ
˜ab
)

∼−→
X(φβ

˜ab
) is given by multiplication by h̃−1. Hence the image of g under

X(φ) → X(φ
˜ab
)

∼−→ X(φβ
˜ab
)

is [h̃−1g]. The final claim follows. �

(4.6) Proof of the main theorem. In this subsection we finish the proof of
the main theorem. We continue to use the notation and assumptions introduced
above, but we now assume that (G,X) is of Hodge type as in Sections 1 and 2. We
also assume that ZG is a torus.

(4.6.1). Let (T, hT , i) be as in (3.5.8). We say that an isogeny class I ⊂
SKp

(G,X)(F̄p) is attached to (T, hT , i) if the reduction mod p of the points in
the image of i : Sh(T, hT ) → ShKp

(G,X) lie in I . By (2.2.3) any I is attached to
some (T, hT , i). The second description of k(T, hT ) given in (4.3.9), together with the
Shimura-Taniyama reciprocity law and [Kot92, Lem. 12.1] (cf. also [Win91, 4.2.5]),
implies that k(I ) ∼ i∗(k(T, hT )).

Similarly, we say that an admissible morphism φ : Q → G is attached to (T, hT , i)
if φ is conjugate to i ◦ ψμhT

. By (3.5.11) any φ is attached to some (T, hT , i). An

exercise using the definitions shows that k(φ) ∼ i∗(k(T, hT )).
Now fix I and let

I0 =
⋃

h∈Gad(Q)+

I [h] ⊂ SKp
(G,X)(F̄p)

where [h] denotes the image of h in X∞
G (Q, I), and we use the notation introduced

in Section 4.4.
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Proposition (4.6.2). Suppose that I is attached to (T, hT , i), and let φ : Q → G
be conjugate to i◦ψμhT

. There exists a τ ∈ Iadφ0
(Af ) and a 〈Φ〉×Z(Qp)×A (GZ(p)

)-

equivariant bijection ξ : I0
∼−→ Sτ(G,φ0) such that the diagram

(4.6.3) I0
∼
ξ

��

cG

��

Sτ(G,φ0)

cG

��

π(G,X)
∼
ϑG

�� π(G,φ0)

commutes. Moreover, for each h ∈ Gad(Q)+, ξ takes I [h] isomorphically onto
Sτ(φ

[h]).

Proof. We may assume that φ = i◦ψμhT
. We use the notation introduced in (3.6.6).

Let t = (tp, t
p) ∈ Xp(ψμhT

) × Xp(ψμhT
). We again denote by (tp, t

p) ∈ T (Af ) a

point lifting the image of t under the map of (3.6.7). Let x ∈ I be the reduction
of the image of t under

T (Af ) → Sh(T, hT )
i→ ShKp

(G,X).

By construction the image of t in π(G,φ0) maps to cG(x) under ϑG. By the reci-
procity law we have k(x) = (γ0, (γl)l �=p, δ) with γl = γ0 ∈ G(Q̄) for all l �= p, and
k(x) ∼ i∗(k(T, hT )).

Now let gp ∈ Xp(φ), and set gp = i(tp) ∈ Xp(φ) and g = (gp, g
p). An exercise

using the definitions shows that k(g) = (γ0, (γl)l �=p, δ
′), for some δ′ ∈ G(Q̂ur

p ). Since
k(φ) ∼ i∗(k(T, hT )), we may choose gp so that k(g) = k(x). We claim that we can
choose gp so that we also have ϑG ◦ cG(g) = cG(x). To do this it suffices to arrange
that gp and tp have the same image in Xp(φ˜ab

). By (3.6.2)(2), these two images

differ by an element of G(Qp)/G̃(Qp)G(Zp) = π1(G)Γ (cf. (1.2.3)). Hence the claim
follows from (4.6.4) below which shows that the map Jδ(Qp) → π1(G)Γ is surjective.

Choose τ ∈ Iadφ0
(Af ) such that k̃(x) = k̃(g, τ), and write I = Iφ0

. By (4.5.9) and

(4.4.14) there is a commutative diagram

I
∼ ��

��

S(k̃(g, τ))
∼ �� Sτ(φ)

��

π(G,X)
∼

ϑ−1
G

�� π(G,φ0)

where the maps in the top line are 〈Φ〉 × Z(Qp)× A (GZ(p)
)I -equivariant, and the

diagram commutes because the top line sends x to g. We take ξI : I
∼−→ Sτ(φ)

to be the composite of the maps in the top line.
By (4.4.14) and (4.5.9) A (GZ(p)

)I ⊂ A (GZ(p)
) is the stabilizer of both I ⊂ I0

and Sτ(φ) ⊂ Sτ(G,φ0). Hence ξI extends uniquely to a 〈Φ〉 × Z(Qp)× A (GZ(p)
)-

equivariant bijection ⋃
h∈Gad(Z(p))+

I [h] ∼−→
⋃

h∈Gad(Z(p))+

Sτ(φ
[h]),

which commutes with the projections to π(G,X) and π(G,φ0) as both of these are
A (GZ(p)

)-equivariant.
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If h ∈ Gad(Q)+, then by (4.4.17) and (4.5.11) we have 〈Φ〉×Z(Qp)×A (GZ(p)
)I -

equivariant isomorphisms

I β ∼−→ S(k̃(x)β)
∼−→ S(k̃(g, τ)β)

∼−→ Sτ(φ
β).

Moreover if x′ ∈ I β maps to g′ under the composite of these maps, then using the
notation of (4.4.17), h̃g−1

x′ = h̃g−1yφg
′. Hence, using (4.4.17) and (4.5.11), we have

cG(x
′) = h̃g−1

x′ cG(x) = h̃g−1yφg
′cG(x) = ϑG(h̃g

−1yφg
′cG(g)) = ϑG(cG(g

′)).

Here we have used that yφ acts trivially on π(G,φ0), since g
−1
0 yφg0 ∈ G(Ẑur

p ). Hence

I β ∼−→ Sτ(φ
β) is compatible with the maps cG.

Applying this for a set of representatives of the orbits of Gad(Z(p))
+ on the image

of Gad(Q)+ in X∞
G (Q, I), and keeping in mind (4.4.8) and (4.5.6), gives a diagram

as in (4.6.3). The final claim in the proposition follows from the construction. �

Lemma (4.6.4). Let b ∈ G(L). Then the map Jb(Qp) → π1(G)Γ is surjective.

Proof. As usual, let M = Mb be the centralizer of νb, so that Jb is an inner form
of M. We consider the maps

Jb(Qp) → H0(Qp, J̃b → Jb) → π1(M)Γ → π1(G)Γ.

The first map is surjective as H1(Qp, J̃b(Qp)) is trivial. The second term can be

identified with H0(Qp, M̃b → Mb). As Mb(Qp) surjects onto π1(M)Γ by (1.2.3),
the second map is surjective. Finally, again applying (1.2.3), the third map is
surjective. �

Corollary (4.6.5). Suppose that (G,X) is of Hodge type, and let Kp = GZ(p)
(Zp)

be a hyperspecial subgroup. Then there is a 〈Φ〉 × Z(Qp) × A (GZ(p)
)-equivariant

bijection SKp
(G,X)(F̄p)

∼−→
∐

[φ0]
Sτ(φ0)(G,φ0) such that the diagram

SKp
(G,X)(F̄p)

∼ ��

��

∐
[φ0]

Sτ(φ0)(G,φ0)

��

π(G,X)
ϑG

��
∐

[φ0]
π(G,φ0)

commutes. Here [φ0] runs over conjugacy classes of admissible morphisms φ0 :
Q → GGad , and τ(φ0) is some element of Iadφ0

(Af ).

Proof. Let I and φ each be attached to (T, hT , i) as in (4.6.2), and let β ∈
X∞

G (Q, I) be a class arising from a cocycle z ∈ Z1(Q, ZI). We claim that there is a
triple (T, hT , i

β) such that I β and φβ are each attached to (T, hT , i
β). In particular,

this applies to β arising from an element of Gad(Q)+, as well as to β ∈ XG(Q, I),
by the Hasse principle for Iad. Assuming this, the corollary follows from (4.6.2),
together with (4.4.13) and (4.5.7).

To see the claim, let g ∈ G(Q̄) be such that g−1τ (g) = zτ for τ ∈ Gal(Q̄/Q).
We take iβ = gig−1 : T → G, which is defined over Q as zτ ∈ T (Q̄). As in (4.4.7),
iβ ◦ hT ∈ X. By (4.2.6), I β is attached to (T, hT , i

β).
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We have to show that φβ is attached to (T, hT , i
β). Now φβ is conjugate to

g(z · i ◦ ψμhT
)g−1. Let q ∈ Q, and write ψμhT

(q) = t� τ. Then

g(z · i ◦ ψμhT
)g−1(q) = gzτ i(t)� τg−1 = gi(t)g−1 � τ = iβ ◦ ψμhT

(q).

So φβ is attached to (T, hT , i
β). �

Lemma (4.6.6). Let (H,Y ) be a Shimura datum of abelian type with H an adjoint
group. Then there exists a central isogeny H� → H such that

(1) If (G,X) is a Shimura datum of Hodge type such that (Gad, Xad) is iso-
morphic to (H,Y ), then Gder is a quotient of H�.

(2) There exists a Shimura datum of Hodge type (G,X) such that (Gad, Xad)
is isomorphic to (H,Y ) and Gder = H�, with ZG a torus.

(3) Suppose that H is quasi-split and unramified at a prime p. Then (G,X) in
(2) can be chosen so that G is quasi-split and unramified at p, and such
that E(G,X)p = E(Gad, Xad)p. (The notation is as in (3.8.12).)

Proof. This is deduced in [Kis10, 3.4.13] from Deligne’s results [Del79], except for
the claim in (2) that (G,X) can be chosen so that ZG is a torus, and the final
claim in (3) that (G,X) may be chosen so that E(G,X)p = E(Gad, Xad)p. That
(G,X) may be chosen to satisfy the former condition is shown in [KP15, 4.6.22].
The construction of (G,X) in (2) uses [Del79, 2.3.10]. We briefly explain how to
make the choices in loc. cit. so that the conditions of (3) hold.

Let (H,Y ) = (H1, Y1) × · · · × (Hr, Yr) with Hi adjoint and Q-simple. We have

H� = H�
1 × · · · ×H�

r, and it suffices to construct (G,X) when H is Q-simple. Then
H has the form RF/QH

s with F a totally real field, and Hs absolutely simple
[Del79, 2.3.4]. If H is quasi-split and unramified at p, then p is unramified in F.
Let Ic and Inc, respectively, denote the set of embeddings F ↪→ R for which Hs is
compact (resp. non-compact).

Let K/F be a quadratic, totally imaginary extension, such that every prime of
F over p splits completely in K. Let J denote the set of embeddings K ↪→ C. Then,
keeping in mind the field embeddings fixed in Section 1.3, J may be identified with
the set of embeddings K ↪→ Q̄p, and Gal(Q̄/Q) acts on J.

Since E(Gad, Xad) is the reflex field of (G,X), the action of Gal(Q̄/E(Gad, Xad))
on J preserves the set of elements which map to Ic. If w ∈ J, and w̄ is the conju-
gate of w, then the orbits of w and w̄ under the action of Gal(Q̄p/E(Gad, Xad)p)
are disjoint, since the primes of F over p split completely in K. Thus, there
exists a subset T ⊂ J which maps bijectively onto Ic, and which is stable by
Gal(Q̄p/E(Gad, Xad)p).

Now let hT : S → (K ⊗Q R)× be the cocharacter which induces the identity on
C× when composed with w ∈ T, and is trivial when composed with w ∈ J such
that w, w̄ /∈ T. Then E(RK/QGm, hT )p is contained in E(Gad, Xad)p by what we
saw above, and [Del79, 2.3.10] implies that (G,X) can be chosen to satisfy (3). �

Theorem (4.6.7). Let (G2, X2) be a Shimura datum of abelian type, and K2,p ⊂
G2(Qp) a hyperspecial subgroup. Let r2 = [E(G2, X2)p : Qp].

Then ShK2,p
(G2, X2) admits an integral canonical model SK2,p

(G2, X2) over
OE(G2,X2)p , and there is a 〈Φr2〉 × ZG2

(Qp)×A (G2,Z(p)
)-equivariant isomorphism

(4.6.8) SK2,p
(G2, X2)(F̄p)

∼ ��
∐

[φ] Sτ(φ0)(φ)
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where φ runs over conjugacy classes of admissible morphisms φ : Q → GG2
, and

τ(φ0) ∈ Iadφ (Af ) depends only on φ0. Here G2,Z(p)
is a reductive model of G2 over

Z(p), with K2,p = G2,Z(p)
(Zp).

Proof. Let (G,X) be a Shimura datum of Hodge type which satisfies the conclu-
sion of (4.6.6) applied to (Gad

2 , Xad
2 ). In particular, we have that G is quasi-split

and unramified, there is a central isogeny Gder → Gder
2 , inducing an isomorphism

(Gad, Xad)
∼−→ (Gad

2 , Xad
2 ), and r2 is divisible by

rE = [E(G,X)p : Qp] = [E(Gad, Xad)p : Qp].

An argument as in [Kis10, 3.4.14] shows that there exists a reductive model
GZ(p)

of G over Z(p), and a central isogeny Gder
Z(p)

→ Gder
2,Z(p)

, extending the isogeny

Gder → Gder
2 .

Fix a connected component X+ ⊂ X2. After replacing X by a Gad(R) conjugate,
we may assume X+ ⊂ X. Taking the fiber over X+ ∈ π(G,X) in the commutative
diagram in (4.6.5), we obtain an E r2

p (Gder
Z(p)

)-equivariant isomorphism

(4.6.9) SKp
(G,X)(F̄p)

+ ∼−→
∐

[φ0]
Sτ(φ0)(G

der, φ0)
+ .

Now apply [A (G2,Z(p)
)× ]/A (GZ(p)

)◦ to both sides of (4.6.9). Using [Kis10, 3.4.11]

and (3.8.13) we obtain an integral canonical model SK2,p
(G2, X2) of ShKp

(G2, X2)
and a 〈Φr2〉 × A (G2,Z(p)

)-equivariant isomorphism

(4.6.10) SK2,p
(G2, X2)(F̄p)

∼−→
∐

[φ0]
Sτ(φ0)(G2, φ0).

The right sides of (4.6.10) and (4.6.8) are canonically isomorphic by (3.4.16). We
have constructed a 〈Φr2〉×A (G2,Z(p)

)-equivariant isomorphism as in (4.6.8), and the

same remark as in (3.7.10) shows that this isomorphism is also ZG2
(Qp)-equivariant.

�

Errata for [Kis10]

We are grateful to Yihang Zhu and Tom Lovering for bringing the following to
our attention. All references are to [Kis10].

(E.1). The statement of (1.5.2) is missing the condition that LieH is stable under
the action of Frobenius h 	→ ϕ ◦ h ◦ϕ−1 on End(M0). This is needed to insure that
the series, obtained by substituting the formula for β into itself, has coefficients in
LieH, as claimed, because the formula for ϕ(β) involves conjugation by ϕ.

As a result, (1.5.3) is incorrect and should be deleted. The construction in (1.5.4)
is correct, but the connection ∇RG

has coefficients in LieG, not LieU◦
G as claimed.

The only result from Section 1.5 which is used in the rest of the paper is (1.5.8)
and its Corollary (1.5.11). The statement of (1.5.8) is fortunately still correct, and
we now explain how to modify its proof taking into account the corrected version
of (1.5.2).

(E.2). Using the notation of Section 1.5, let A (resp. AG) be the completion of
R[1/p] (resp. RG[1/p]) at (t1, . . . , tn). We write MA = M ⊗R A, and similarly for
MAG

. Let σα ∈ M⊗
A denote the parallel transport of sα. That is, σα is the unique

section such that ∇(σα) = 0, and σα modulo (t1, . . . , tn) is sα.
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Lemma (E.3). Let SpfA′
G ⊂ SpfA denote the largest closed subspace such that

σα ∈ Fil0M⊗
A′

G
. Then A′

G = AG.

Proof. Since ∇RG
has coefficients in LieG, σα|AG

= sα ⊗ 1, so SpfAG ⊂ SpfA′
G.

Since AG is a regular ring, it suffices to show that AG and A′
G have the same

tangent space or that any map of K0-algebras A
′
G → K0[u]/u

2 factors through AG.
This can be proved by exactly the same argument as in (1.5.6), keeping in mind
that the induced map A → K0[u]/u

2 is compatible with the Frobenii ti 	→ tpi on A
and u 	→ up = 0 on K0[u]/u

2. �

(E.4). In the proof of (1.5.8), replace the fourth and fifth paragraphs by the
following:

To show that �̃ factors through RG it suffices to show that the induced map
�̃ : A → K0[[u]] factors through AG. Since the s̃α ∈ M⊗

̂S
⊂ M⊗

K0[[u]]
are Frobenius

invariant, they are parallel for the connection on M⊗
K0[[u]]

. Hence �̃∗(σα) = s̃α. By

the construction of G�̃, s̃α ∈ Fil0M⊗
K0[[u]]

. Hence �̃ factors through AG by (E.3).

(E.5). The assertion that ker (A (GZ(p)
)◦ → A (G2,Z(p)

)) is finite in (3.3.9) is

not correct. (This assertion also appears in [Moo98, 3.21.1].) This is used in the
argument that the quotient

(E.5.1) SK2,p
(G2, X2) = [A (G2,Z(p)

)× SKp
(G,X)+]/A (GZ(p)

)◦

in (3.4.11) is well defined and satisfies the extension property. To see that this is
the case without using the finiteness, denote the kernel above by Δ(G,G2)

◦ and
write

Δ(G,G2) = ker (A (GZ(p)
) → A (G2,Z(p)

)).

We have the following lemma.

Lemma (E.6). The subgroup ZG(A
p
f )/ZGZ(p)

(Z(p))
− ∩ Δ(G,G2) has finite index

in Δ(G,G2). In particular, ZGder(Ap
f )/ZGder

Z(p)

(Z(p))
− ∩ Δ(G,G2)

◦ has finite index

in Δ(G,G2)
◦.

Proof. It suffices to prove the lemma when G2 = Gad, which we now assume. If
(h, g) ∈ Δ(G,Gad), then g ∈ Gad(Q) lifts to G(Ql) for l �= p. Since the group

ker (H1(Z(p), ZG) →
∏
l �=p

H1(Ql, ZG))

is finite (cf. [Del79, 2.0.4]), after passing to a finite subgroup of Δ(G,Gad), we may
assume that g lifts to a point in G(Z(p))+, so (h, g) ∼ (hg−1, 1). Since hg−1 maps

to 1 in Gad(Ap
f ), hg

−1 ∈ ZG(A
p
f )/ZGZ(p)

(Z(p))
−.

The second claim follows since Δ(G,G2)
◦ ⊂ Δ(Gder, G2). �

(E.7). Now for any closed subgroup Kp ⊂ G(Ap
f ), write K = KpK

p, and

SKp
(G,X) = lim←−SKpKp′(G,X),

where Kp′ ⊂ G(Ap
f ) runs over compact open subgroups containing Kp. We define

(over Op
(p)) SKp

(G,X)+ analogously.

By (E.6), if Kp is compact open and sufficiently small, then Δ(G,G2)
◦ acts on

SK(G,X)+ through a finite quotient, and we may construct the scheme in (E.5.1)
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as a union of copies of lim←−SK(G,X)+/Δ(G,G2)
◦ where Kp runs through compact

open subgroups of G(Ap
f ).

To check the extension property, let l �= p be a prime, and let Kp ⊂ G(Ap.l
f )

be compact open, where Ap,l
f denotes the adeles with trivial components at p

and l. Then SK(G,X)+ satisfies the extension property, and the second claim
of (E.6) implies that Δ(G,G2)

◦ acts on SK(G,X)+ through a finite quotient.
Hence SK(G,X)+/Δ(G,G2)

◦ satisfies the extension property, which implies that
SKp

(G,X)+/Δ(G,G2)
◦ does also.
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