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It is possible to set the machine in such a way that it will produce

kl — C instead of C. This is useful in finding the inverse AT of a matrix A

by a process of successive approximations such as XB+1 = Xn(2I — AXn).

(See H. Hotelling, "Some new methods in matrix calculation," Annals
Math. Statistics, v. 14, 1943, p. If.)

The machine is not specifically designed for the purpose of multiplying
matrices. It is a general purpose computer, capable of handling such prob-

lems as projective transformations, third order interpolations and others.

Franz L. Alt
Ballistic Research Laboratory

Aberdeen Proving Ground, Md.
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233[A-E, G-I, K-N, U].—A. Fletcher, J. C. P. Miller, & L. Rosenhead,
An Index of Mathematical Tables, London, Scientific Computing Service,
23 Bedford Square, W.C. 1, 1946. viii, 450 p. 15.6 X 25.3 cm. 75 shillings.

Five years ago there were less than ten experts deeply versed in the international field

of mathematical tables and their reliability. Of these experts, often responding to requests

for information, one was L. J. Comrie, the publisher of the work under review. With

war's advent research workers on its problems were on every hand clamoring for enlighten-

ment as to the best tables, if any, of this or that function, of such and such a range of

argument. At least four countries soon felt that something ought to be done to assemble

and to disseminate tabular information.

The National Research Council of the United States was the first to effect some relief

in this regard, by the foundation three years ago of the quarterly publication, in which

this review appears, and which has recently completed its first volume of nearly 500 pages.

England came next, in 1943, with first printers' proofs of the Tndex now before us, a work

by three well-known members of the department of Applied Mathematics at the Uni-

versity of Liverpool. Assembly of material which later developed into the Index was

begun some years before, and the publisher expected that the volume would be ready

for distribution early in 1944, but insurmountable difficulties besetting English printers

delayed publication for two years. On account of this delay, proofs were revised so as to

take account of new material to the end of 1944. Thus we now have the first work of its

kind. During the past year and a half the reviewer has become thoroughly familiar with

this publication through checking of early proof and, practically the final proof, which is

now before him. In our limited space it will be quite impossible adequately to suggest the

extraordinary richness of this epochmaking work, filled with so many excellencies for guid-

ing to his goal the searcher for existing printed or ms. tabular aid.

The work contains the following two main divisions: Part I, p. 18-372, Index according

to Functions; and Part II, p. 373-444, Bibliography. We shall first consider the latter.

Here is a complete list of the published material referred to in Part I, arranged alpha-

betically according to authors. In the case of books or pamphlets brief titles are given, but

in the case of tables, or other articles, in serials, the titles of the articles are rarely given,

but only other bibliographical details. Under each name the entries are arranged chrono-

logically, so that the first entry is always the year of publication (a few exceptions which

we shall not explain), then the name of the serial, the series, the volume number, and

inclusive pages of the article containing the table or other material. When several entries

were published in the same year, they are differentiated by the different entries; for ex-

ample, under Airey we have five entries 1911a, 1911b, 1911c, 1911d, 1911e; and also 1918,
1918a showing that with more than one entry for a given year the first entry is not neces-

sarily associated with some letter.
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In the case of books or pamphlets the name of the publisher is given, in the case of

books published comparatively recently, and when there is more than one edition, the date

of the first edition is stated; but often a very different date, that of a later edition actually

consulted, may be the year in the reference.

For one work an exception is made to the general rule of referring to only a single

edition. The need for such an exception in the case of Jahnke & Emde's work (where all

material is indexed) is obvious; thus the dates of the first three editions are given, namely

1909, 1933, 1938.
The number of references (68) under "Glaisher, J. W. L." are more numerous than

those under any other name. Each entry does not necessarily refer to a table. For example,

1873 is Glaisher's famous report on tables for the BAASMTC; 1873a is an article "On the

progress of accuracy of logarithmic tables," 1873b is an article "On logarithmic tables,"

1882 and 1888 are the articles on "Logarithms," and "Tables, Mathematical," in the Enc.

Brit., ninth ed.; 1911a and 1911b are similar articles in the Enc. Brit., eleventh ed. And

so with many other entries throughout the Bibliography; the only reference under Hors-

burgh is 1914, the Napier Tercentenary Exhibition Handbook; under Mehmke, R.—d'Ocagne,

M. 1909, "Calculs Numériques" in Encycl. d. Sei. Math.; and under Henderson, J. 1926,

Bibliotheca Tabularum . . . and 1929, "Mathematical Tables" in Enc. Brit., fourteenth

ed. There are many references to tabular errata.

F. M. & R. are careful to make it perfectly clear, by means of a prefixed asterisk, when

any item has not been seen, so that any information given is indicated as second-hand.

There are only slightly over 300 asterisks in more than 2000 entries. Some reference entries

are to mss. only, for example, under Fischer, Köhler, Neville, Spenceley, Thomson, J., and

Tweritin; but the Bibliography indicates only a fraction of the mss. referred to in Part I.

For example, although dozens of ms. tables by J. C. P. Miller are there listed, all we find

under Miller's name in Part II is "Several unpublished tables have also been included."

And so also in the case of other authors.

Part II contains various special statistical tables not indexed in Part I. It also includes

a considerable number of books on probability and statistics in the wider sense, ranging

"from treatises on fundamentals down to elementary works concerned mainly with appli-

cations to education, psychology, medicine and other subjects; some of the latter owe their

inclusion to an accurate table of the error integral. Books on probability of an entirely

non-mathematical kind have normally been excluded." Books on nomography and graphi-

cal methods are not generally included in Part II, nor references to tables in the Theory of

Numbers, so completely dealt with by D. H. Lehmer, 1941.

In the Bibliography are some comprehensive headings. For example, under "British

Association Mathematical Tables," are listed the BAASMTC volumes indicated by B.A. 1,

1931, B.A. 2, 1932 . . . B.A. 9, 1940. Then there are the inclusive page numbers for the

BAASMTC reports in B.A.A.S. Reports 1873, 1-175; 1875, 305-336; . . . 1939, 327-329.
Under "New York W.P.A." are listed various volumes of the NYMTP, and under "Tracts

for Computers" references are given to the authors of the 24 Tracts from Pairman, 1919,

to Kendall & Smith, 1939.
The authors themselves confess that it is difficult to define the scope of their Bibliog-

raphy. Old tables are included only when they seemed to be still of interest, such as the

outstanding Briggs tables of trigonometric functions, 1633. Thus many of the tables de-

scribed in detail by Glaisher's 1873 report are not considered. Minor tables, published

during the last few decades, however, have not been "lightly rejected." The authors tell

us that altogether they intentionally rejected about 1000 tables; but the reviewer has

found little cause for criticism on the basis of such omissions.

In alphabetical arrangement, very frequently ä is not regarded as ae; or Ö and <fi [ö is

substituted for this in the Index] as oe; or ü as ue.

It is, of course, not surprizing that Tölke's Praktische Funktionenlehre, v. 1, 1941

(see RMT240), is not listed; nor J. Peters, Siebenstellige Werte der trigonom. Funktionen

in Tausendstel zu Tausendstel des Neugrades, Berlin, Landesaufnahme, 1941; nor I. M.
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Ryzhik, Tablitsy, see RMT 219. But one might have expected a record of the New York

edition, 1944, of Lindman's "Examen des Nouvelles Tables d'Intégrales définies de M.

Bierens de Haan," and certainly of F. W. Newman's Mathematical Tracts, 2 v. Cambridge,

England, 1888-1889; see MTAC, v. 1, p. 456 where several of its tables are listed. Further

comment on the Bibliography is reserved till later in the review.

Let us now consider Part I. This is divided into 24 Sections, with the following general

titles:

1 Primes, Factors, Products and Quotients

2 Powers, Positive, Negative and Fractional

3 Factorials, Binomial Coefficients, Partitions, etc.

4 Bernoulli and Euler Numbers and Polynomials. Sums of Powers and of Inverse

Powers. Differences and Derivatives of Zero, etc.

5 Mathematical Constants, x, e, M, y, etc.; Multiples and Powers. Roots of Alge-

braic and Transcendental Equations. Miscellaneous Constants. Conversion Tables

6 Common Logarithms, Antilogarithms, Addition and Subtraction Logarithms

7 Natural Trigonometrical Functions. Miscellaneous Functions connected with the

Circle and the Sphere    -
8 Logarithms of Trigonometrical Functions

9 Inverse Circular Functions. Trigonometrical Functions of Two or Three Arguments

(including Products, Solutions of Plane and Spherical Triangles, etc.). Sexagesimal

Interpolation Tables
10 Natural and Logarithmic Values of Exponential and Hyperbolic Functions

11 Natural Logarithms of Numbers and of Trigonometrical Functions. Inverse Hy-

perbolic Functions

12 The Gudermannian, Combinations of Circular and Hyperbolic Functions, Circular

and Hyperbolic Functions of a Complex Variable

13 Exponential and Logarithmic Integrals, Sine, and Cosine Integrals, etc.

14 Factorial or Gamma Function, Psi Function, Polygamma Functions, Beta Func-

tion, Incomplete Gamma and Beta Functions

15 The Error Integral, Higher Integrals, Derivatives, Hermite Polynomials and Func-

tions. Moments

16 Legendre Functions

17 Bessel Functions of Real Argument

18 Bessel Functions of Pure Imaginary Argument, or Modified Bessel Functions

19 Bessel Functions of Complex Argument. Kelvin Functions

20 Miscellaneous Bessel and Related Functions

21 Elliptic Integrals, Elliptic Functions, The ta Functions

22 Miscellaneous Higher Mathematical Functions

23 Interpolation, Numerical Differentiation and Integration, Curve-Fitting

24 Tables and Schedules for Harmonic Analysis, etc.

Part I is the paramount feature of the Index. What we now immediately set forth will

be largely extracted from part of the clearly articulated Introduction (p. 1-15). Each section

is made up of a number of articles, and each article deals with tables of one function or of

a strictly limited group of functions. The articles are numbered in a decimal notation, the

integral part being the number of the section. In any section the articles which have the

same digit in the first decimal place may be regarded as forming a subsection, and a list

of such subsections is usually given in the introduction to the section, as 10.0 and 23.0, of

Sections 10 and 23 respectively.
Most of the articles consist essentially of lists of tables which give the same function

(or sometimes very closely related functions). The order of the items is normally that of

the number of decimals or figures given. Each item generally occupies one line, and gives,

in order from left to right, information about (1) number of decimals or figures; (2) interval

and range of argument; (3) facilities for interpolation; (4) authorship and date in the form

used in Part II.
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When values such as 0°.01, 1«, 1', 0".l, O-.l, O-.Ol, etc. stand in the first column the

table in question gives values to hundredths of a degree, to grades, to minutes of arc, to

tenths of a second of arc, to tenths of a minute of time, to hundredths of a second of time,

etc.

The symbols in the column (usually immediately preceding the name of the author)

give information about means of interpolation. No less than 40 symbols employed in this

connection are listed (p. 16-17) and suggest the painstaking record prepared to inform

the computer in advance of procuring the table. A few of these symbols may be selected at

random by way of illustration, namely:

A* First, second and third differences. Similarly for higher indices.

A" Differences as far as needed; usually to different orders in different parts of the range.

4* Second differences only.

i* Second and fourth differences,

i* Even differences, as far as needed, etc.

PP Proportional parts giving every tenth of some differences, rounded to the nearest

integer.

fPP Full proportional parts, all tenths of all differences (except perhaps very small ones)

occurring in the table, rounded to nearest integer.

The whole of Section 23 is devoted to Tables and Notes on Interpolation, Numerical

Differentiation and Integration, Curve-Fitting.

The different sections naturally vary considerably in length. After 22 pages devoted

to Sections 1-3 we come to the excellent Section 4, the longest of all (41 p.), where a great

amount of material is assembled, with varying notations explained, and explanatory text

scattered throughout. The main subdivisions of the section are as follows:

4.0 Introduction, Definitions and Interconnections

4.1 Bernoulli Numbers and Rational Multiples

4.2 Euler Numbers and Rational Multiples
4.3 Glaisher's /, T, P and Q Numbers and Rational Multiples. Other Special Numbers

4.4 Bernoulli Polynomials; Sums of Integral Powers of Integers

4.5 Euler Polynomials
4.6 Sums of Inverse Powers of Integers, etc.

4.7 Sums of Products involving Primes only

4.8 Irrational Multiples of Bernoulli Numbers, etc., or of Sums of Inverse Powers of

Integers

4.9 Generalized Bernoulli and Euler Numbers and Polynomials. Differences and Deriva-

tives of Zero. Coefficients in Formulae involving Derivatives and Integrals in Terms of

Differences.

Subheadings under 4.02, p. 40-45, for example, are

4.021 Bernoulli, Euler and Other Numbers
4.022 Suras of Inverse Powers

4.023 Generalized Bernoulli and Euler Numbers. Differences of Zero, etc.

In 4.15 are tables of Tangent Numbers; and in 4.171, of Gennochi's Numbers — (— l)"<7t»

(Lehmer) = X* (Sheppard) = 2(2*" — 1)5», the simplest integer set of multiples of Ber-

noulli numbers.

This Section, as well as many another in the volume, may become a valuable refer-

ence source in the field under review. The care with which varying notations are set

forth in the Index may be further illustrated by the five symbols for ¿(In xl)/dx in Sec-

tion 14, and by turning to Section 16 on Legendre Functions. Thus in many tables

studied where notations are unfamiliar our friends F. M. & R. are likely to be able to

render much more than "first aid."

Next, let us consider the headings in Section 7 with its admirable 7.0 Introduction.

Then 7.1 Tables with Argument in Radians [7.11 Sin x and Cos x; 7.12 Tan x; 7.13 Cot x;
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7.14 Sec x; 7.15 Cosec x]. 7.2 Tables with Argument in Degrees and Decimals [7.21 Sin x;

7.22 Tan x; 7.23 Sec x]. 7.3 Tables with Centesimal Argument [7.31 Sin x; 7.32 Tan x;

7.33 Sec x]. 7.4 Tables with Argument in Degrees, Minutes, etc. [7.4! Sin x; 7.42 Tan x;

7.43 Sec x]. 7.5 Tables with Argument in Time. 7.6 Auxiliary Functions (mainly for Small

Angles), All Arguments [7.61 Functions a and t; 7.62 cosec x— 1/x and 1/x — cotx;

7.63 sin x/x, also cos x/x and sin' x/x'; 7.64 tan x/x; 7.66 x — sin x; 7.67 tan x — x; 7.68

Berry Functions]. 7.7 Versed sines, Haversines, etc. All Arguments [7.71 Versx; 7.715

2 Sin« ix Cosec 1"; 7.716 2 Sin* \x Cosec 1"; 7.718 Tan» \x Cosec 1"; 7.72 Hav x). 7.8 Miscel-
laneous Tables connected with the Circle and the Sphere (Areas, Volumes, Chords, Seg-

ments, Regular Polygons, etc.). [7.811-7.824 Quantities associated with the whole Circle

or Sphere; 7.83 Arcs, Chords, etc. of Circles; 7.84 Areas of Segments of a Circle; 7.85 Regu-

lar Polygons; 7.86 Surface of Zone of Sphere; 7.87 Volume of Segment of a Sphere]. 7.9

Miscellaneous Expressions involving Circular Functions.

Notes may here be made concerning several things of this Section which are charac-

teristic of most others. Names of authors and dates printed in bold type in various articles,

indicate that the corresponding tables are outstanding of their kind. This emphasis has

been used particularly in respect to tables of elementary functions such as logarithms and

trigonometric functions. Again, there are many places where a number follows the year of

publication, such as, p. 129, Norie 1938 (369); this refers to p. 369 of Norie's book of 1938.

Another important element of the volume, illustrated in this Section, consists in the notes

with regard to errors of tables listed; e.g. in 7.21 and 7.22 after tables of Briggs 1633, ex-

plicit errors are noted, and in 7.41 after Hudson & Mills 1941, is "On errors see M.T.A.C.,

1, 86-87, 1943." Not infrequently in the Index the range recorded is smaller than that of

the original table. This indicates that the editors know that other decimal-places, or for

other parameters, values are incorrect.

Now, turning to other sections, again and again the reviewer has been exasperated by

the practical impossibility of finding out what has been tabulated in tables edited by Karl

Pearson. Now he may, with a sigh of relief, turn to the Index, and find outl

Not a few users of the Index are likely to take it up to discover the definitions of terms,

such as, for example: DuBois-Reymond constants (p. 89), Lambertian (p. 183), Ser's

Integral (p. 196), Havelock's Integral (p. 302), Hogner's Integral (p. 307), White-Dwarf

Functions (p. 333), Fermi-Dirac Functions (p. 340), Clausen's Integral (p. 344). An ex-

cellent Index to Part I (p. 445-450) gives one an immediate reference to the article for

any particular topic.

Perhaps it is worth while to jot down a few miscellaneous comments.

P. 25, 99-100. To tables for solving cubic equations those by F. Kerz, 1864, A. Ham-

ilton, 1899, and H. A. Nogrady, 1936, might well have been added; see RMT 249, and 218.
P. 33. The attribution of tables of nlrt and n»" to Ives, Mathematical Tables, 1934, is

misleading, since the tables were by M. Merriman; see RMT 235.

P. 65. Under £» = 1/2" + 1/3" + 1/5" + 1/7" + • • -, the first two tables listed are
Euler 1748 (237), n = [2(2)36; 15D], and Glaisher 18771 (175) n = [2(2)36; 15DJ. Glaisher
reprints Euler's table with 14 corrections; hence F. M. & R. reasoned that a recomputation

should be under Glaisher's name only. There are similar cases of this kind scattered through-

out the volume.
P. 104. Zeros of sin s ± z by J. Fädle, Ingenieur-Archiv, v. 11, 1940, p. 129 (see N 50)

have been overlooked.

P. 105. The heading of article 5.745 is 10" log«, x = x or 10»" = x10!.

P. 173-174. One wonders why the headings of paragraphs 10.51, 10.52, 10.54, 10.55
are not, as everywhere else (seemingly), more specific in indicating that the logarithi is

are to the base 10.
P. 308. While Mailer's tables of y - J«r{/o(x) - Lo(x)] and / are listed, those of

ZurmUhl (see N 48) are not.
P. 380. Surely the entry under Briggs & Gellibrand 1633 should have been more prop-

erly under Briggs, with a statement that G. contributed part 2 of the text. Several mis-

leading references to tables by Briggs & Gellibrand would then have been avoided.
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P. 392. Under Euler 1748 why not add Opera Omnia, (1), 8, 1922, Leipzig, Teubner
as is done similarly under 1755? Moreover, exactly this reference is given on p. 65.

P. 401, 409, 412. If under Lommel there is a reference to Munich Abhandlungen, why

under Kulik 1866 is it not Vienna Sitzungsber. instead of Wiener [not Wien] Sitzungsber.,

as under Herrmann?

P. 404. Under "Hutton, C" is the entry "1775 Table of reciprocals and square roots

in Hutton's Miscellanea Mathematica, 4"; "4" has no meaning in this connection. M.M.

was a periodical issued, 1771-1775, in 13 numbers, containing 55 "articles." Since "A table

of square roots and reciprocals of all numbers from 1 to 1000" is in article 55, p. 329-342,

it was printed in no. 13, 1775. For fuller details regarding Miscellanea Mathematica see

our notes in Math. Gazette, Apr. 1929, p. 388.

P. 409. Kulik's table in the Prague Abhandlungen occupies p. 21-123 (not 1-123); see

RMT 249.

P. 443. The entry under Wronski, H. should be transferred to p. 402 under Hoëne-

Wronski, J. M., since Hoene was the family name, later expanded by the author in question.

Further, in referring to S. Dickstein's Polish edition of Hoene-Wronski's table of log-

arithms, it would be better to add "abridged," since iv + 64 p. + tables on 6 plates, are

abridged to xv p. + 1 plate.

P. 443. Under "Yano, T., Calculating Tables," the text is misleading in more than one

respect. First of all, the translation of the title is "Multiplication, Division and other Tables,

with an Appendix of logarithmic tables, conversion tables of measures, conversion tables

of monetary units," "compiled" by Tsuneta Yano, Tokyo, Hakubunken & Co., 1913. ii,

1817 p. On the back binding of the book is the following: Tables de Calcul. Rechentafeln.

[And in Japanese, the title-page title]. Pages 2-1799 are identical, in display and otherwise,

with the tabular pages of the two volumes of the original 1820 edition of A. L. Crelle's

Rechentafeln, except that the printer's errors which Crelle listed have been corrected, and

the Japanese edition had (in Japanese) "end figures" printed (where Crelle had a blank

space) at the head of the two-figure column on the right-hand side of each page. Hence,

since all but the Appendix, p. 1806-1815, was by Crelle, and taken over by Yano in his

compilation, there should certainly be an indication of this fact and a reference to the work

under Crelle's name.

Most of these comments on lacunae and minor matters are with reference to publica-

tions which the authors had not seen, and naturally do not in any way detract from the

real value of this truly remarkable work. Although we have checked hundreds of the refer-

ences in Part I, we do not now find any errors worth noting. The extraordinary accuracy

and comprehensiveness of the work, compiled during five or six years, when the authors

were also making their contributions to the war effort, must excite profound amazement

on the part of anyone who has attempted something of a similar nature. Everyone must

also be deeply impressed by the notable typographical displays, greatly facilitating ready

use, and tending to a marked degree to clarity of presentation of material often complicated.

Since practically every table listed in the Index is in the Brown University Library,

and since microfilms or photoprints of any table (not copyrighted) may be purchased by

anyone from the Photographic Laboratory, Brown University, Providence, R. I., one having

access to a copy of the Index may readily find what table he needs, and procure a copy of

practically anything listed. Thus the Index is an indispensable tool for every university

library, and for every research center where computing is carried on extensively. Many

an individual will probably feel that he also must have the volume constantly on his desk,

even though the initial outlay be considerable; instruction received from the volume, and

time saved by its use would soon yield large dividends on the investment. [See also p. 64.)

R. C. A.
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234[A, D].—M. E. Long, Tables of the Gamma Function for Complex Argu-
ment. Offset print of typescript on one side of each of the 10 sheets +
Amendment no. 1 (errata). Radar Research Development Establish-

ment, Memorandum no. 96, The Malvern, Worcestershire, England,

May, 1945. 21.5 X 34.3 cm. These tables are available only to certain
Government agencies and activities.

There are tables, to 4D or 5D, of In | T(z) | and — arg T(z), z =■ x + iy, against

x — — 5(.l) + 5, y — 0(.1)1; additional entries ha^e been made for x — .25 and .75.
The entries have been checked by differencing, and further checks were made for special

values of the argument by use of the following relations:

|T(1 + iy)\ - y|r(«y)|, arg r(l + iy) - Jt + arg r(*y),
|r(l + iy)\ - [iry/sinh ry]», |r(J + *»| = (ir/cosh ry)*,

|r(è + \iy)\ |r(l + iiy)\ - ,»|r(l + »y)|.

The value of T(— x) was obtained from H. T. Davis, Tables of the Higher Mathematical

Functions, v. 1, 1933, also the values for r(»y) were checked against those given in that

book. Compare RMT 195.
It is believed that the Tables are subject to errors of not more than half a unit in the

fourth decimal place and of not more than two units in the fifth where this has been quoted.

Extracts from introductory text.

235[B].—Great Britain, Farnborough, Royal Aircraft Establishment,

Table of Two-Fifths Powers, for Use in Compressibility Calculations.
Offset print of typescript on one side of each of 7 sheets. Report no.
S.M.E. 3329, May, 1945. 21.5 X 34.3 cm. These tables are available
only to certain Government agencies and activities.

The table covers the range normally needed in compressibility work, x"* for

x ■■ [.5(.005)1(.01)2; 7D], A. The error is everywhere less than one unit in the seventh

decimal place and, in general, is less than one half a unit. The table was prepared from

key values computed to ten significant figures. These were then subtabulated to tenths,

from fourth differences, on a National Accounting Machine.

Notes on the table
1. The following multipliers may be used to extend the range:

.1 .398 107 1705 10       2.511 886 432

.25 .574 349 1774 25       3.623 898 318
2.5 1.442 699 9056 100       6.309 573 446

2. Single values can be found to any needed accuracy by repeating the correction formula

u ■» .4[x/y*" — y], where y is the estimate to x1", and u is the required correction. If y is

correct to n digits, y + u will be correct to 2n — 2 digits at least.
Extracts from introductory text.

Editorial Note: A table of x*l% by M. Merriman was published on p. 26 in the first and
later editions of his American Civil Engineers' Pocket Book, New York, 1911, 1912, 1916,
1920, 1930. This table, computed specially for the Pocket Book, called Handbook, in its
latest edition, was for x = f.l(.l)8(.2)10; 4D]. Merriman remarked that to find (10»)"»
multiply the tabular number by 2.5119; to find (O.ln)"» multiply by .39811. This table
was copied (with permission) by H. C. Ives in his Mathematical Tables reprinted from
Searles and Ives' Field Engineering with Additions, New York, 1924, p. 113; and second ed.,
1934. The table was not in the work of Searles & Ives.

There is also a table of x* by F. Emde in E. Jahnke & F. Emde, Tables of Functions,
1933, 1943, 1945 (Addenda, p. 8), for x - [.1, .5(.1)1(.2)3(.5)5, 10; 4D).



20 RECENT  MATHEMATICAL  TABLES

236[B, P].—Joseph H. Keenan & Joseph Kaye, Thermodynamic Properties
of Air including Poly tropic Functions, New York, Wiley, and London,

Chapman & Hall, 1945. iv, 73 p. 19 X 25.4 cm. $2.25.

This volume, for the mechanical engineer specialist, is by professors at the Massa-

chusetts Institute of Technology. Extracts from the Preface: "The need for a working

table of the thermodynamic properties of air has been emphasized recently by the rapidly

growing interest in the gas turbine. The compression of atmospheric air which occurs in

a gas turbine can be computed with reasonable convenience without the aid of a table.

Computations of certain other processes, however—such as the heating of air in a regen-

erator or the expansion of air and similar gases from states of high temperature—involve

laborious integrations if tabulated properties are not available.

"For such computations air may be considered to be a relatively simple substance

because the expression pv = RT is an adequate equation of state. By virtue of this fact the

table of properties for air is simpler than the corresponding tables for vapors in that a

single independent argument serves in place of two. Within the same space, therefore, a far

more detailed table is possible for air than for steam. In the present table, as contrasted

with existing tables for vapors, interpolation can often be dispensed with, and where it

must be used it is a single interpolation which may be done by inspection."

Table I, "Air at Low Pressures," p. 3-33, was previously published in much abbrevi-

ated form in J. Appl. Mech., v. 10, 1943, p. A123-A130. The present form involved revi-

sions, entire recomputation, interpolation to smaller intervals, and extension to higher

temperatures. In the Table, for T (temperature, deg. F abs) = 300(1)3000(10)6500, values

are given for / (temperature, deg. F), ID; h (enthalpy per unit mass, Btu/lb), 2D;

pr (relative pressure, 4-5S); u (internal energy per unit mass, Btu/lb), 4-6S; v, (relative

volume) 4-5S; <j> = J"ftCpdT/T, Btu/lb F abs (c, = specific heat at constant pressure),

5D.
Table 2, "J?ln JV/778," JV = [1(.001)1.2(.01)10; 5D], where R (gas constant for air)

~ 53.3.

Table 3, Miscellany.
Table 4, For n = [1.05(.05)1.8; 4-5S], n~\ (n - l)~l, \/p, [2/(n + 1)]», R/(n - 1),

R/P, [2gR/p]*, I2g/(PR)]*, g = 32.2, p = (n - 1)/».
Table 5, For r = [0(.O001).004(.O002).01(.0O05).04(.001).07(.002).2(.OO5).9(.002).96-

(.001)1; 3-5S] are given the values of r'\ r5", rJ", (1 - r«1)», r5"(l - r«")».

Tables 6-9 (p. 42-45). Values of r1'", r", (1 - r»)», r"»(l - r»)*, p w (n - l)/n, for

r = [0(.02)1; 4D], n = 1.05(.05)1.8; also r~l to 35.

Table 10 (p. 46^9). "Log N," for N = [1(.001)2; 4D] and N = [1(.01)9.99; 4D] from
E. V. Huntington, Four Place Tables of Logarithms and Trigonometric Functions, Boston,

1910.
Table 11 (p. 50-51). "LnN," N = [1(.01)10; 4D], from L. S. Marks & H. N. Davis,

Tables and Diagrams of the Thermal Properties of Saturated and Superheated Steam, London,

1909.
Table 12, "Conversion Factors," and Table 13, "Temperature Conversion." "Sources

and Methods" and "Examples," p. 56-71. "Acknowledgments" and "Bibliography," p.

72-73.
The authors of this volume call the functions of r in Table 5, "polytropic functions";

they are based upon the equation pti" = const.

R. C. A.

237[D].—Carl R. Englund, "Dielectric constants and power factors at
centimeter wave-lengths," Bell System Technical J., v. 23, 1944, table

on a plate 28 X 22 cm. bet. p. 118 and 119.

This table is of x tan x, x =. [0(.O01).519; 8D].
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238[D].—NYMTP. Table of Arc Sin x, New York, Columbia University
Press, 1945, xix + 121 p., 17.8 X 26.2 cm. $3.50.

The main table of this volume gives to 12D the principal (radian measure) values of

the function

sin-1 x = yV(l — P)-*dt •= fir — cos-1 x,

together with values of its second central difference P. The argument interval is .0001

except near x = 1 where interpolation becomes difficult and the interval is made ten times

finer. More precisely, the table is for

x - [0(.0001).9890(.00001)1].

Auxiliary tables are given as follows:

(1) The function/(») - 1 + e/12 + 3»»/160 + 5i>'/896 + • • • for t> - [0(.00001).0005]
to 13D. This is intended for use when x is extremely close to 1 by means of the formula

sin"1 (1 - ») - §r - (2v)*f(v).

(2) Tables of interpolation coefficients for use in Everett's formulae involving second

and fourth order differences (actually 50 values of 41 appear on the last page of the main

table).
(3) Conversion tables: degrees, minutes, and seconds into radians and vice versa,

together with the first 100 multiples of Jx, for use in pencil and paper work.

Many future users of the main table will not require the full 12D accuracy offered.

Simple linear interpolation is good to 8D, or more, for 0 < x < .81 and (on account of the

finer argument interval beyond .989) also for .989 < x < .991. Seven decimals are assured

for 0 < x < .958 and for .989 < x < .998. Values obtained by linear interpolation always

err in excess.

This table is a companion volume to the recent NYMTP table1 of tan-1 x.

The occurrence of the function sin_1x is, of course, wide-spread especially among

problems dealing with portions of circles (e.g. area of a segment of a circle, moment of

inertia of an ogive). It also occurs in the evaluation of a large class of common indefinite

integrals. Hence this table, which gives directly this important function, should be of con-

siderable use to the practical computer.

There is a bibliography of 11 tables, and charts having to do with sin-1 x. The most

extensive of this is due to Hayashi' and is a 7D table with interval .001 (except near x = 0).

There is also the recent table of R. A. Davis* with the same interval but only to 6D. Hence

the present table supersedes all previous ones by a wide margin. There is also every reason

to believe, in view of the method of computation, that the table is accurate to within .51

units in the last decimal place. We have come to expect both these features, accuracy and

extensiveness, from the 17 major volumes already put out by NYMTP. The unexpected

feature of this volume is in the color of its binding: instead of the traditional buff buckram,

so familiar by now, it is bound in a not unattractive shade of red. DHL

1 New York, 1942; see MTAC, v. 1, p. 47-48.
"K. Hayashi, Sieben- und mehrstellige Tafeln der Kreis- und Hyperbelfunktionen und

deren Produkte sowie der Gammafunktion, Berlin, Springer, 1926, p. 5-7, 12-50, 52-86.
' R. A. Davis, Table of Natural Sines and Radians, Oakland, Cal., Marchant Calcu-

lating Machine Co., 1941, 8 p., no. MM193; see MTAC, v. 1, p. 94f, 124.

Editorial Note: The following tables of sin-1 x with radian argument are not mentioned
in the NYMTP Bibliography: (a) H. B. Dwight, Mathematical Tables, New York and
London, 1941, p. 114, x - [0(.001)1; 4D]; (b) F. Emde, Tables of Elementary Functions,
Leipzig and Berlin, 1940; Amer, ed., 1945, p. 98-99 (see MTAC, v. 1, p. 384-385),
x — [0(.01).8; 4-5D], also graph ; (c) G. Prévost, Tables de Fonctions Sphériques, Bordeaux
and Paris, 1933, p. 134*. x =» [0(.01)1; 5D].

The earliest table of sin-1 x, with radian argument, appears to have been that of K.
Hayashi, in his Sieben- und mehrstellige Tafeln der Kreis- und Hyperbelfunktionen . . . ,
Berlin, 1926. The first table of sin-1 x seems to have been that of Abu'l Hasan of Morocco,
in the 13th century, with argument 0(15')59» 15'; see A. v. Braunmühl, Vorlesungen ü.
Geschichte d. Trigonometrie, Berlin, v. 1, 1900, p. 84. This table occupies v. 1, p. 121-124 of
J. J. Sédillot's French translation from the Arabic of Hasan's Traité des Instruments
Astronomiques, Paris, 1834.
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239[D].—(1) Walter James Seeley (1894- ), Impedance Computing
Tables, Engineers' Publishing Co., 401 North Broad St., Philadelphia,
Pa., 1936, 24 p., 14.1 X 21.6 cm. 25 cents. (2) J. C. P. Miller, Tables
for Converting Rectangular to Polar Coordinates, Scientific Computing

Service, 23 Bedford Square, London, W.C. 1, 1939, 15.3 X 25 cm. Now
2 shillings and 6 pence. Authorized American Reprint, Dover Publica-

tions, 1780 Broadway, New York 19, [1943]. (See also RMT 141, MTAC,
v. 1, p. 177-178.)

The object of each of these tables is to facilitate the conversion of pairs of quantities

(a, b) to the polar form (z, 8) where

z - Va« + V,    8 - tan"» (b/a).

Tabulation of the angle 8 presents no difficulty, but the modulus z needs a table of double

entry for full, direct tabulation, and this requires a prohibitive amount of space. In a letter

to Electrical Engineering for August, 1933, v. 52, p. 583-584, W. J. Seeley gives a summary

of methods whereby the use of a double-entry table may be avoided; subsequent issues

(v. 52, p. 724, 799-800, 936; v. 53, p. 228) contain contributions by others interested in the

topic. Seeley's preference is given to the following method:

Write / for the larger and s for the smaller of | a | and | b | (Seeley considers, in fact,

only the case o ^ b ~Z 0). Then

(I) z - V^T^ = Vî'+ /• = Wl + (l/s)>/(l/s) - lf(l/s) - IK, say.
The writer prefers to use k = s/l and to write

(ID z = Va' + b* - Vp + í1 = Wi + (s/iy = WiTF.
In (1) the function K is tabulated to 4D, and the functions tan-1 (l/s) and cot-1 (l/s)

to0°.001 lor l/s = 1(.001)3(.01)10(.5)30(10)50.

In (2) the functions \1 + k* and tan-1 (s/l) =» tan-1 k (in radians) are tabulated to

4D, and the functions tan-1 k and cot-1 k to 0°.001 for k = 0(.001)1. There is also an

'octant' scheme, with the signs and relative size of a and b as arguments, whereby the phase

6 may be readily determined, in conjunction with the table of tan-1 k or cot-1 k, wherever

it may be in the range 0 to 360°.
The two tables are thus to some extent complementary, in that their arguments cover

non-overlapping ranges. Although in most cases there is little to choose between them in

practice, it seems to the writer that the tables based on (II) are rather more convenient.

(This method is essentially equivalent to the fifth method described in Seeley's letter to

Electrical Engineering, with a reference to Hudson's The Engineers' Manual, p. 257a, b,

and to the one described by F. V. Andreae in Electrical Engineering, v. 52, p. 724.) This

is because, in (II), both s and z are considered as multiples of /, being Ik and Wl + ¿'

respectively. Thus an ordinary slide rule (or calculating machine) need be set once only,

to give multiples of /, and all required values may be read from table and slide-rule with

no further resetting. In the tables (1), using (I), however, I is considered as a multiple

(the tabular argument) of s, while z is considered as a multiple of /. This means that a

slide-rule (or calculating machine) must be set twice instead of once—unless the rule has a

scale of reciprocals or something equivalent. The double setting might have been avoided—

still with argument l/s—by tabulation of Vl + (l/s)1 = Kl/s, so that z = Wl + (//*)*.

It seems to the writer, however, that in any case s/l = k is a more convenient argument

than l/s, because the range is limited to the interval (0, 1). Another advantage of the

tables (2) is that z and 9 are given on the same page, rather than in separate tables, as in (1).

Besides the two main tables, (1) gives a two-page conversion table (exact) to minutes

and seconds of arc for 0(0°.001)r.

An additional feature of (2) is that it gives a one-page "Table for Reducing Angles to

the First Quadrant" for finding the tabular argument in the first quadrant to be used when
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evaluating trigonometric functions of angles up to 9630° or to 224.6239 radians, with a

method for extending the latter limit almost to 6400 radians.

J. C. P. Miller.

Editorial Note: W. J. Seeley, chairman of the department of electrical engineering at
Duke University, Durham, N. C, since 1935, is also the author of the following out-of-
print item: Table for the rapid Evaluation of the Square-Root-of-the Sum-of-the-Squares of two
Numbers, Philadelphia, Engineers' Pub!. Co., 1933. 8 p. As in (I) (a* + b') = a-K,a> b.
The table gives the values of K, for a/b = [1(.001)3(.01)10(.5)30(10)50; 4D], rounded off
from 5-place calculations. Mr. Seeley makes the following comments on the above review:

In using the impedance tables with a slide-rule, the rule is first set to divide I by s.
In doing this the hair-line is over /. The value of K obtained from the table for this ratio
is then placed under the hair-line using the CI, or reciprocal, scale, thus requiring only one
setting. Anyone using the table soon learns this procedure. All engineers use slide-rules
having the CI, or reciprocal, scale. The original Square-Root table pointed out this pro-
cedure in the directions, but it seemed so obvious that it was not deemed necessary when
the impedance table was made up.

The chief reason for l/s instead of s/l (which the reviewer prefers) was the greater ease
with which the. ratios may be read at the bottom of the scale of a slide-rule. Take, for
example, I = 4.5 and j = 4.15. On the rule s/l = 0.92 + a guess; l/s = 1.08 + a guess.
The second guess can be made a little more accurately than the first as this rule is a little
easier to read at that end. For psychological reasons people seem to prefer to use the lower
end of the scales.

240[D, E, M].—Friedrich Tölke, Praktische Funktionenlehre. Erster Band.
Elementare und elementare transzendente Funktionen (Unterstufe). Berlin,

Springer, 1943. Lithoprinted by Edwards Bros., Ann Arbor, Michigan,
1945, vu, 261 p. 19 X 27 cm. $6.50. Published and distributed in the
public interest by authority of the Alien Property Custodian under

license no. A-657.

Impressed by the growing needs of technical engineering and physics for a more exten-

sive tabulation and description of mathematical functions than that provided by the well-

known Tables of Functions of E. Jahnke & F. Emde, the author undertook the production

of a six-volume work to meet the new requirements of science. The volume under review

was the first of the set. As stated in the preface the second volume was to continue with the

elementary functions (higher grade); the third was to contain theta functions; the fourth,

elliptic functions; the fifth, hypergeometric and spherical functions; and the sixth, cylin-

drical functions.
The present volume consists of three parts as follows: I. Definitive differential and

integral equations; fundamental properties and corresponding relationships of the elemen-

tary and elementary transcendental functions. II. A table of integrals which may be rep-

resented by elementary and elementary transcendental functions. III. Tables of the

elementary transcendental functions.

The first part (68 pages) begins with a discussion of Gauss's hypergeometric series and

its differential equation. Properties are then developed for the exponential function, the

logarithmic function, the power function, circular functions and circular functions with the

argument x — }*-, hyperbolic functions, arc and area functions, the hyperbolic amplitude

function and its inverse, trigonometric-exponential and hyperbolic-exponential product

functions, and trigonometric-hyperbolic product functions. Properties of the solutions of

the following differential system : u" ± au ± bv = 0, v" ± av ± bu =- 0, are then devel-

oped. Another section discusses the development of the trigonometric-exponential functions

by means of the power function, and the part concludes with a discussion of trigonometric-

hyperbolic algebra.
The second part (88 pages) gives an unusually complete set of integrals which may be

represented by the elementary and elementary transcendental functions. Some 2040 inte-

grals are included in the list, a number of them being more complicated than those found in

standard tables.
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The third part (105 pages) of the work is devoted to tables together with an eleven-page

description of the functions tabulated and examples illustrating their application. Table 1

gives 5D values, together with differences, over the range x «= 0(.001)1 of the following

functions:

2xx, In 2xx, es", e~irz, sinh 2xx, cosh 2irx, tanh 2xx, coth 2xx, amp 2xx, sin 2xx,

cos 2xx, tan 2xx, cot 2xx, sin (2xx - Jx), cos (2xx - ix), tan (2xx - Jx), and cot (2xx — Jx).

Table 2 provides 4-6S, mostly 5S, over the range x — 0(.01)40of the following func-

tions:

Jxx, e*rI, e-*", sin Jxx, and cos }xx.

Table 3 gives 3-4S values, together with differences, over the range x — 0(.01)5 for

the following functions:

Ei(x), Ei(- x), Shi(x), Chi(x), Si(x), and Ci(x),

where we use the abbreviations:

Shi(x) -   f*Ä£ _ }[Ei(x) - Ei(- x)]. and
Ja

Chi(x) =   Ç' (C°sh l~ l)dt + ln x = Shi(x) + Ei(- x) = J[Ei(x) + Ei(- x)],

according to Tölke's series, p. 145, 159; see Jahnke & Emde, Tables of Functions, p. 2.

This table of Tölke appears to provide the first set of values ever computed1 for Shi(x)and

Chi(x).
Short auxiliary tables are also given as follows:

For Jxx, eJ", e~,TX, sin Jxx, and cos Jxx, over the range x = [.001(.001).01; 3 - 5S].

For 2xx, «*»*, and <r2" over the range x • [0(1)10; 5-13S].

For e* and e~z from 1 to 27S over the range x = 1(1)50.

For prx, p - J, J, }, Î, }, 1, f, i, i, i, 2, over the range x - [1(1)20; 5D], and for

px/ir over the range x = [1(1)10; 5D].
Values of m! and 1/m! for m = 2(1)10, values of m\/(m — n)\ for m, n =» 1(1)10, the

binomial coefficients, „Cr to n = 15, and a number of standard mathematical constants;

10D.
It will thus be seen from what has been said above that the present work is a distinct

addition to the literature of mathematical tables. The printing is clear and the descriptive

portions contain a wealth of charts which add much to the usefulness of the work.

H. T. D.

»Editorial Note: Tables of Shi(x) were given by C. A. Bretschneider, (a) Archiv
d. Math., v. 3, 1843, p. 34, x = [1(1)10; 20D]; also p. 31, Shi(l) and Chi(l), each to 35D;
(b) Z. Math. Phys., v. 6, 1861, p. 132-139, x = [1(1)10; 20D], [1(.01)1(.1)7.5; 10D]. In
the same places he gives similar tables of Chi(x) = Jl' (cosh / — 1 )dt/t + lnx -f- y — J[Ei(x)
+ Ei(— x)], where 7 is Euler's constant. In R. So. London, Trans., v. 160, 1870, p. 388,
L W. L. Glaisher has noted an error in (b), Shi(4.9)/or 18.66679 10435, read 18.66687 10435.
The notation Shi(x) and Chi(x) seems to have been first adopted by Fletcher, Miller,
& Rosenhead, in their Index to Mathematical Tables, London, 1946. It should be noted
that the definitions by Tölke of four functions are not in agreement with those so named by
any other author. Tölke's values for his Ei(x), Ei(— x), Ci(x), Chi(x), defined by series,
and not by integrals, must each be increased by Euler's constant to get the values used by
all other authors of tables for functions so named.

We have reason to believe that the tables listed under (b) above were published by
Bretschneider earlier (Easter, 1859) in a Program at the Realgymnasium in Gotha, where
he taught; but we have not yet seen a copy.

241[D, U].—W. M. Jones, "Table of direction-cosines to four figures at

intervals of one degree in latitude and longitude over a zone of 60° of
longitude and latitude from 0° to 40°," New Zealand J. Sei. and Tech.,

v. 26, section B, 1944, p. 156-159.
"The method of calculating distances between two points on the earth's surface from

the direction-cosines of the normals to the surface at these points is well known. It was
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introduced into seismology by H. H. Turner,1 and has been further developed by Bullen,

Comrie, and Jeffreys,' and tables of geographical and geocentric direction-cosines are

available for seismological observatories, so that for a given epicentre the distances to any

observatory can be quickly calculated. The tables below are intended for use in seismo-

logical (also perhaps navigational and radio-transmission) problems where the distance

from a given point to any point inside a certain region may be required. . . . The direction-

cosines a, b, c, are given by

a = sin 0 cos <t>,    b = sin 8 sin <t>,    c «= cos 8

where 8 is the co-latitude and <t> the longitude."

In the tables, p. 156-158, are given, to 4D, the values of a, b, c, for north lat., 0(l°)40o;

east long. 150°(1°)180°. Appropriate changes of sign give results for south latitudes and

west longitudes.

If another point has direction-cosines a', b', c', the angle A between the two normals,

which in the case of a spherical earth represents the arcual distance along the great circle

joining the two points, is given by

cos A = aa' + ftft' + cc\

or
4 haversine A = 2 vers A =» (a - a')» + (ft - b'Y + (c - c')*-

With the aid of a table of complete squares, 1000 to 9999 (such as Barlow-Comrie's), and

Turner's table (or a table of haversines, see RMT 197), A is readily found.

R. C. A.

1 H. H. Turner, "On a method of solving spherical triangles, and performing other
astronomical computations, by use of a simple table of squares," R.A.S., Mo. Notices,
v. 75, 1915, p. 530-541. On p. 538-541 is a table of 2 vers A, A = [0(6')4°.9; 6D],
[5°(6')59°.9; 4D], [60o(6')119°.9; 3D].

' L. J. Comrie, The Geocentric Direction Cosines of Seismological Observatories, with
Introduction by Harold Jeffreys, London, B.A.A.S., 1938. viii, 14 p. H. Jeffreys and
K. E. Bullen, Seismological Tables, London, B.A.A.S., 1940, 48 p. + 1 plate.

242[E, L].—C. L. Pekeris & W. T. White, "Differentiation with the
cinema integraph," Franklin Inst., /., v. 234, 1942, p. 21. 15.7 X 23.7
cm.

Table I gives Fa(x), G.(x), n = 1(1)3, x = [0(.05).l, .2(.2)6(.5)7.5; 4D], where, if
E(x) - x->«-*,   F,(x) = 2xE(x),   Ft(x) = E(x)\Hl(x) - \H,(x)],   F,(x) - £(x)[ff,(x)

- \H,(x) + (l/32)Ht(x)],  H„(x) = (- l)«e*'d"(e-^')/dx''  (Hermite  polynomials),  d(x)
- - r-L,(x), G,(x) = - «-[¿i(x) + Li(x)], G,(x) = - «-*[L,(x) + L,(x) + i£,(x)J,
Ln(x) = ecd"(x»e~M)/dxn (Laguerre polynomials).

H. B.

243[E, L, M].—Carl E. Smith, Applied Mathematics for Radio and Com-
munication Engineers. New York and London, McGraw-Hill, 1945.

viii, 336 p. 13.2 X 24 cm. $3.50.

According to the title-page the author is "assistant director, Operational Research

Staff, Office of the Chief Signal Offices, War Department; director of engineering (on leave),

United Broadcasting Company, Cleveland; president (on leave), Smith Practical Radio

Institute, Cleveland."
On p. 249-316 are the following tables and graphs:
8. Tables of exponential and hyperbolic functions in terms of nepers, Tables of «*,

«-», sinhx, coshx, tanh x, for x = 0(.01)1(.05)2.4(. 1)5(1)10, mostly 4 or 5D or S. The

tables are taken from E. S. Allen, Six-Place Tables, see MTAC, v. 1, p. 384.
9. Table of exponential and hyperbolic functions in terms of decibels: If N decibels

- x nepers. N/x ~ 10 log (P,/P,)/.5 In (Pi/Pt) - 20/ln 10 = 8.68588964; or x/N -
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.11512925. For N = .05,.1(.1)2(.2)4(.5)20(1)50(5)100, 2.5,3.5, are given values of x, e* - k,
e-*, e*, sinh x - i(*' - D/*. cosh x = J(*' + 1)/*, tanh x, tanh (Jx) = (* - l)/(i -4- 1),
to 5 or 6S. This appears to be the first published mathematical table in terms of decibels.1

10. Curves and tables of Bessel Functions (p. 255-293), Graphs of /„(x), n - 0(1)20,

0 < » < 20; maxima and minima, to 4D, are marked. Tables of /o(x), — J\(x), for

x = [0(.01)15.5; 6D], are adapted from Meissel's table in Gray, Mathews & MacRobert,

Bessel Functions, London, 1931, and hence have the same errors in /0(.62), /i(7.87); see

MTAC, v. 1, p. 290 and 298. Tables of J„(x), x = 1(1)29, mostly 4S; for x - 1(1)5,
n - 0(.5)7(l)27;x = 6(1)10,n = 0(.5)14(l)37;x = 11(1)15,« - 0(.5)19(l)46;x - 16(1)20,
n = 0(.5)19(1)54; x = 21(1)24, n = 0(.5)7(1)60; x - 25(1)29, n - 0(1)44. These tables
and those of paragraph 11 are copied (with permission of the Alien Property Custodian)

from Jahnke & Emde, Tables of Functions, 1943, with the error in /»(21), which is corrected

in the 1945 edition; see MTAC, v. 1, p. 109.
11. Curves and tables of sine and cosine integrals (p. 294-298), Graphs of Si(x) and

Ci(x), 0 < x < 15. Tables, from Jahnke & Emde of Si(x), Ci(x), x - [0(.01)1(.1)5(1)15-
(5)100(10)200(100)10»; mostly 4D], 10«»' 4D for Si(x) and 1-3S for Ci(x). The error
in Si(65) has been preserved; see MTAC, v. 1, p. 395.

12. Factorials of numbers from 1 to 20 and their reciprocals.

22. Wave forms (p. 311-316), Various Graphs: (a) Square sine wave, (b) Square

cosine wave, (c) Sawtooth sine wave, (d) Sawtooth cosine wave, (e) Positive scanning

wave, (f) Negative scanning wave, (g) Half-wave rectifier pulse wave, (h) Full-wave recti-

fier pulse wave, (i) Unsymmetrical sawtooth wave, (j) Scanning wave with ß flyback

time, (k) Rectangular pulse wave, (1) Symmetrical trapezoidal wave, (m) Symmetrical

triangular pulse wave, (n) Fractional cosine pulse wave.

R. C. A.

lThe terms "decibel" and "neper" were adopted about 1929; see W. H. Martin,
"Decibel—the name for the transmission unit," Bell System Technical J., v. 8, 1929, p.
1-2. A decibel, one tenth of a bel, is a unit in communication engineering, acoustics, and
allied fields. This unit is defined by the statement that two amounts of power, Pi, P%,
differ by one transmission unit when they are in the ratio of 101, and any two amounts of
power differ by TV transmission units when they are in the ratio 10:y(1> or N = 101og(Pi/Pj).
The unit bei was derived from the name of Alexander Graham Bell (1847-1922). The
neper, derived from the name of John Napier or Neper (1550-1617), is also a transmission
unit with basic power ratio e», so that here eu = Pi/Pi or x =• .5 In (Pi/Pt).

244[E, M].—A. I. Nekrasov, "O dvizhenii tiâzhelykh tel pri kvadratichnom
zakone soprotivleniiâ" [Motion of heavy bodies in a medium in accord-

ance with the quadratic law of resistance], Prikladnaià Matematika i

Mekhanika (Applied Mathematics and Mechanics), v. 9, May, 1945, p.
197-206, table p. 204-205. 17 X 25.8 cm.

The main section of this paper "treats of the motion of heavy bodies vertically, from

great heights. If the usual law of the distribution of density in accordance with the height

of the atmosphere is accepted, the problem will be reduced to quadratures, which can be

calculated only approximately." By introducing a new transcendental function and the

following tables, more exact results may be obtained :

fi(z) = pz-'e-p-fo-Wdx,
ft(z) = l-e-",

where p~l/n + i,n = 4.256, x = [0(.01)1.5(.1)5(.2)10(.5)20(1)38(2)50; 5DJ.

245[F].—Hansraj Gupta, "Congruence properties of r(n)." Benares Math.

So., Proc, s. 2, v. 5, 1943, p. 17-22. 18.4 X 25.3 cm.

This article contains (p. 22) a one-page table of Ramanujan's t(») for n — 1(1)130.

This function, which is important in the theory of elliptic modular functions and their
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Fourier coefficients, is defined and discussed in MTAC, v. 1, p. 183-4, where a review is

given of a previous table for n = 1(1)300. A comparison of the two tables has been made.

They are in complete agreement. The author gives no indication of his method of calcula-

tion. Ramanujan's original table1 was for n = 1(1)30.

l), M. L.

1 S. Ramanujan, "On certain arithmetical functions," Cambridge Phil. So. Trans.,
v. 22, no. 9, 1916, p. 174; Collected papers of Srinivasa Ramanujan, Cambridge, 1927, p. 153.
In copying r(17) Gupta omitted the "—" sign.

246[F].—Ernst S. Selmer & Gunnar Nesheim, "Eine neue hypothetische
Formel für die Anzahl der Goldbachschen Spaltungen einer geraden

Zahl, und eine numerische Kontrolle," Archiv for Math, og Naturvid.,

v. 46, 1943, p. 1-18. 15.7 X 23.6 cm.

This note, concerning the famous unsolved Goldbach problem, gives numerical evi-

dence as to the comparative accuracy of three similar formulas for the number G(2n) of

ways that the number 2n is the sum of two primes. These formulas are all somewhat con-

jectural and are due to Stäckel,1 Shah & Wilson*, and the authors. The authors calculate

not the function G(2n) but its sum, "2~^G(2n), taken over all even numbers from 10* to

10* + 100, and obtain 312778 as the total number of ways that the 51 even numbers in this

range are the sums of two primes. This is compared with 51 -6(10* + 50) as given approxi-

mately by the formulas referred to above. The results are respectively 314275, 312442 and

313918. In the opinion of the reviewer these results are not very conclusive, since this

indicates in a rough way the behavior of G(2n) only very near to 2» =■= 10'. Near 2-10* or

10' quite different results of comparison might be expected. Page 11 contains a table giving

for each of the 51 even numbers 2» referred to above, the value of the product

n i(p - d/(p - 2)], p>2.
P\ln

This is used to show that for this range of 2n a certain "correction factor" suggested by

Brun* is, on the average, very close to unity and so can be neglected.

D. H. L.

1 P. Stäckel, "Die Lückenzahlen r-ter Stufe und. die Darstellung der geraden Zahlen
als Summen und Differenzen ungerader Primzahlen," Heidelberger Akad. d. Wissen.,
Sitzungsb., math.-natw. Kl., 1917, no. 15, 52 p.

1 N. M. Shah & B. M. Wilson, "On an empirical formula connected with Goldbach's
theorem," Cambridge Phil. So., Proc, v. 19, 1919, p. 238-244.

* V. Brun, "Über das Goldbachsche Gesetz und die Anzahl der Primzahlpaare,"
Archiv for Math, og Naturvid., v. 34, no. 8, 1916, 19 p.

247[F].—Ernst S. Selmer & Gunnar Nesheim, "Eine numerische Unter-
suchung über die Darstellung der natürlichen Zahlen als Summe einer
Primzahl und einer Quadratzahl," Archiv for Math, og Naturvid., v. 47,
1943, p. 21-39. 15.7 X 23.6 cm.

This paper contains tables of the function R(n), the number of ways that n is the sum

of a square and a prime. Table I (p. 30-31) gives R(n) for n ^2000, while Table II [p. 36-
37] gives R(n) for 1010000 S¡ n S 1010100. These latter values are compared with the

approximation

R(n) ~ VS/ln (4»/««)-     H     [1 - (n/p)/(p - 1)]
2<#<V»

where (n/p) is the Legendre symbol.1
D. H. L.

1 On p. 35 the authors refer to an error in D. N. Lehmer, List of Prime Numbers,
Washington, 1914; p. 11, col. 13, for 8151, read 8051. This error was already noted in my
Guide to Tables in the Theory of Numbers, Washington, 1941, p. 161, and in Scripta Mathe-
matica, v. 4, 1936, p. 198.
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248[F].—Carl St0rmer, "Sur un problème curieux de la théorie des
nombres concernant les fonctions elliptiques," Archiv for Math, og

Naturvid., v. 47, 1943, p. 83-85. 15.7 X 23.6 cm.

In studying the solutions of the equation

(1) m tan"1 (1/x) + n tan"1 (í/y) - *x/4,

where x, y, m, n, k are to be integers, Stürmer found1 in 1895, four sets of solutions,' other

than the trivial solutions x = y = 0 or 1. More recently Ljunggren gave similar solu-

tions' for the equation

(2) m tan"1 (V^/x) + n tan"1 (\Z>/y) . i»/6,

and found 14 solutions when D = 3, and 10 when D = 2. Writing (1 ) in the form

m ('di/a +t*) + n f°dt/(l + <») - *(x/4),
J* J»

Stürmer generalized it to the case of elliptic integrals

(3) m I       . == + » I       , = - k«>,
J,   \4<« - gd - g,        J,   V4<« - fti - ft

where ft and ft are integers, and u is the real semi-period of the corresponding Weierstrass

function, (?(«). Considering the case ft = 252, ft = — 648, 4f — ft< — ft = 4(< — 6)(t — 3)

J*"_dt_
i    \4i> - ft

(1 + 9) and u «=   |       , - =■ .582808... ; 9 sets of integral values of x, y, m,
gtt - ft

n, k are given in a little table of 9 solutions of (3), of which the author notes the last one

as the most interesting, namely:

J""_dt_r-_A_
u   V4<« - 252< + 648       Jlu \4<« - 252/ + 648

R. C. A.

1 C. Stffrmer, "Solution complète en nombres entiers m, n, x, y, k de l'équation
marctg (1/x) + n arctg (1/y) = ¿(x/4)," Norsk Videnskabs Akademie, Christiania, Skrif-
ter, math.-naturw. KL, 1895, no. 11; see also his "Sur l'application de la théorie des
nombres entiers complexes à la solution en nombres rationnels XiXj • • • x», C\C\ • •• e», k
de l'équation: ci arctg xi + et arctg x« + • • • + c» arctg x» = ¿x/4," Archiv for Math, og
Naturvid., v. 19, no. 3, 1896, 96 p. A reference may be given to a third paper by this author,
"Solution complète en nombres entiers de l'équation marctang (1/x) +»arctang (1/y)
m jfex/4," So. Math. d. France, Bull., v. 27, 1899, p. 160-170.

» All four of the solutions found by Stürmer (k = 1 in each case) were known in the
eighteenth century, namely: m — 2, n = — 1, x >= 2, y = 7, given by J. Hermann in a
letter of 1706 to Leibniz; m = 2, n = 1, x = 3, y = 7, by Vega in 1794; m =» n = 1,
x = 2, y = 3 by Euler in 1738; m = 4, n = - 1, x = 5, y - 239 by Machin in 1706.

' W. Ljunggren, "Über einige Arcustangensgleichungen die auf interessante unbe-
stimmte Gleichungen führen," Arkiv f. Mat., Astron. o. Fysik, v. 29A, no. 13, 1942, 11 p.

249[H].—Andres Zavrotsky (1904-       ), Tablas para la Resolución de las
Ecuaciones Cúbicas, Caracas, Venezuela, Editorial Standard, 1945. vi,

163 p. 16 X 23.5 cm. 5 bolívares. American agent: G. E. Stechert & Co.,

New York. $2.00.
In MTAC, v. 1, p. 441f, we referred to tables for solving cubic equations by Nogrady,

Katz, Jahnke & Emde, and Gundelfinger. Six other references to tables may be given

as follows:
In J. H. Lambert, (a) Zusätze zu den logarithmischen und trigonometrischen Tabellen

. . . , Berlin, 1770, p. 163-173; (b) Supplementa Tabularum Logarithmicarum ... ed. by

A. Felkel, Lisbon, 1798, p. 151-161; is Table XXIX, "Equationes cubicae radicum



RECENT MATHEMATICAL TABLES 29

realium," for solving equations |x* — x| = a. For x = 0(.001)1.155, the values of a (vary-

ing from 0 to .3857989) are given to 7D. There are illustrative examples.

In P. Barlow, New Mathematical Tables, London, 1814, p. 186-191, there is Table IV

("for the solution of the irreducible case in cubic equations") of x* — x — a, for

x = 1(.0001)1.1549, giving values of a to 8D. Explanatory text and illustrations are added.

Furthermore, is the extensive monograph of J. P. Kulik, "Beiträge zur Auflösung

höherer Gleichungen überhaupt und der kubischen Gleichungen insbesondere," Prague,

1860, p. 21-123, 23 X 29 cm.; in Ceská Spoleènost Náuk, Prague, Abhandlungen, s. 5,
v. 11. On p. 58-123 is a table of |x» ± x| = a, 6-8D, with A, for x = 0(.0O01)3.28. The
equation has three real roots and (i) the smallest is given, x - 0(.0001).5999, the 8-place

part of the table, occurring here for x = .55+, fills p. 69; (ii) the middle root is given

x - .6(.0001).9999; (iii) the largest root is given x = 1 (.0001)1.1547. When the equation

has only one real root, it is given, x = 1.1547(.0OOl)3.28, and a varies from .384899 to

32.007552 ; various four-term cubic equations are solved by this table.

In an elaborate discussion by Ferdinand Kerz, "Ueber die Beurtheilung der Wurzeln

einer vorgelegten cubischen Gleichung," Archiv Math. Phys., v. 41, 1864, p. 68-102; v. 42,
1864, p. 121-179, 240, 482f ; v. 44, 1865, p. 1-19, 129-183, 379^40; are several tables. T.
Ill, v. 44, p. 5-38, gives the values of x + x» = a, for x = [0(.001)1(.01)10(.1)24; 7-10S],
A, o varying from 0 to 13848 ; and T. IV, p. 133-174, the values of |x - x»|, x = [0(.001 )1.2-

(.01)10(.1)24;7-9S], A.
In Alston Hamilton, "The irreducible case of the cubic equation," Annals Math.,

s. 2, v. 1, Oct. 1899, p. 45, there is a table of x» - x, x = [1(.001)1.16; 6D].
And finally, there are tables of x ± x», x = [0(.01)1(.05)2(.1)7; 7D] in R. Heger,

Fünfstellige logarithmische und goniometrische Tafeln, sowie Hülfs tafeln zur Auflösung höherer

numerischer Gleichungen, second improved ed., Leipzig, 1913, p. 76f.

Thus, to aid in their solutions of a cubic equation Lambert, Barlow, Kulik, Katz,

Kerz, Hamilton and Heger tabulate functions of the form x* ± x. Kulik does not refer to

either Lambert or Barlow.1 Kerz, Hamilton, and Heger make no reference to any other

table.
The work under review, published in January, 1945, is in some respects the most

detailed set of tables for the solution of cubic equations yet published. It is the first to

give complex roots. If accurate, these tables ought to be, generally, also the most useful.

They give, to 5D, roots of all equations

(1) x« + px + q = 0,

for which p = - 100(1) + 100, q = 0(1)100.
For applying the table directly, it is supposed that q is always a positive integer. If it

happens that a negative sign precedes q, a new equation is formed whose roots are the

negative of those in the original equation ; the sign before q is then positive and the sign

before p is unchanged.

Since the discriminant of (1) is

(2) - 4/>» - 27s«

it is obvious that when p and q are both positive, two of the roots of equation (1) are imagi-

nary. Thus on pages 2-81 are given the real and imaginary parts of these roots, on opposite

pages, p = 0(1)100, q = 0(1)100, four pages being required for each of the groups of values

of p, 0(1)5, 6(1)10, .. .95(1)100. Each real root of an equation in this case is clearly the

negative of twice the real part of a complex root.

Again, if p is negative, or zero, the discriminant indicates that there may still be two

imaginary roots only if - p ^ 3{(q/2f]' or q £ 2[(- p/3f]*. On p. 162 is a five-place

"table of critical values," giving 2[(n/3)«]», n - 0(1)40, and 3[(n/2)«]», n - 0(1)100, by
means of which it may be at once determined, for a given pair of values of p and q, whether

there are complex roots or not. From this table it is obvious that all imaginary roots are
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found when - p < 4L Thus, for each pair of values (p, q), p = - 100(1) — 41, g - 0(1)100,

the roots of (1) are real; the two positive roots are given, p. 117-161. For other values

of — p there are certain values of q for which the roots are complex; for example, — p — 40,

3 = 98(1)100, or - p = 2, q = 2(1)100. For - p = - 40(1)0, 2 - 0(1)100, the two com-
plex roots, or the two positive roots, as the case may be, are clearly set forth, p. 82-117.

The author gives no indication as to how he calculated his table. He does add, how-

ever, "If p (or) q are fractional, use interpolation by differences. If the numerical value of

p and (or) q slightly exceeds 100 extrapolation by differences is still admissible; but for

still greater values of the coefficients, perform the substitution x «= lOy, or x =» lOOy or

generally x = ny, where n may be any power of 10, or any other number."

If we consider the general form of the cubic equation, a& + bs* ■+- cz + d m 0,

and substitute z = x — b/(3a), we are led to equation (1), if p = (3oc — b')/3ax,

q - (2Wd - 9abc + 2M)/27o«.
We are told that the present work is the first of a series forming a Thesaurus Aequa-

lionum, by analogy with the Thesaurus Logarithmorum of Vega; that the second, third

and fourth parts "Logaritmos de las rafees de las ecuaciones cúbicas," "Rafees de las

ecuaciones cuadráticas," "Tablas para la formación de las ecuaciones cúbicas," are ready

for publication, and that the fifth, "Raíces de las ecuaciones quinticas," is in the course of

preparation. One of those to whom the author expresses indebtedness for revision of his

manuscript is F. J. Duarte, the well-known table-maker (1925-1933), and president of the

Venezuelan Academy of Physical, Mathematical, and Natural Sciences.

R. C. A.

1 It may be mentioned that on p. 25 of the Kulik's monograph is the following footnote
(freely translated): "I possess a manuscript, which is a continuation of the Burckhardt
table, from 3 million to 100 million, on 4212 closely written folio pages. To friends of sci-
ence this manuscript is available both for inspection, and also for copying any part of the
same. One million fills only 44 pages." [The reason why 43 Vá would be more accurate than
44 may be shown later.] Kulik died in 1863, three years after writing this. In 1867 the great
table, in 8 manuscript volumes, was deposited in the Vienna Academy of Sciences ; in 1911
the second of these volumes was missing. D. H. L. has a photostat copy of the table ex-
tending from 9 000 000 to 12 642 600, that is, somewhat more than the last third of v. 1.
For further information about this ms. see D. N. Lehmer, Factor Table for the First Ten
Millions, Washington, 1909, cols. IX, X, XII-XIV; also D. N. Lehmer, List of Prime
Numbers from 1 to 10 006 721. Washington, 1914, cols. XI, XII.

250[H, L].—Manuel Sandoval Vallarta, "Nota sobre las raíces de algu-

nas ecuaciones trascendentes," Sociedad Matem. Mexicana, Bel., v. 2,

Jan.-Apr., 1945, p. 13-14. 16.5 X 23 cm.

The author states that in certain problems of physics he was obliged to calculate the

zeros of certain transcendental functions, and that these values are now made available to

other investigators. Four types of functions are considered.

I. Hermite polynomials, H„. Hi(x) = x' — 1, H%(x) » x1 — 3x, Ht(x) = x* — 6x* + 3,

Ht(x) = x» - 10x» + 15x, H,(x) = x« - 15x< + 45x» - 15, H,(x) = x7 - 21x» + 105x« - 105x.
The zeros are given to 5D. These are only a small part of those given to 6D by E. R. Smith in

1936; see MTAC, v. 1, p. 152 f. There are three slight Vallarta errors to be noted when com-

pared with the correct results of Smith: (a) Ht, S 2.334414, V 2.33442; (b) Ht, S 2.856970,
V 2.85696; (c) H-,, SJ..154405, V 1.15440.

II. [«-1*7(4!v2x)*]#4(x) - Jt(x). The first zero is given as .7410.

III. Ci(x) — Jt(x). The first two zeros are given as 1.572 and 4.955.

IV. /.(x) - xM(l, i, x), where M(l, J, x) - 1 + 2x + (4/3)x» + (4/3)(2/5)x»
+ (4/3)(2/5)(2/7)x* + • ••. The zero is given as .43712.

Only results are stated ; there is no suggestion as to the methods of their derivation.

R. C. A.
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2S1[I],—A. N. Lowan & H. E. Salzer, "Table of coefficients for numerical
integration without differences," J. Math. Phys., v. 24, Feb., 1945, p.
1-21.

This set of tables furnishes coefficients B¡,<n>(p) for use in the formula

(D f" +*f(x)dx - h    ¿    {A<-»(í)-A»(0|/(ft + *) +A
Jx.+rA i-ii-n+l

if)

where u — [n/2]. The polynomials B,M(p) are, of course, not defined by this relation.

An explicit definition may be given by

(2) B„M(p) - (- 1)*+" f    Ä'    (i-X)<Ö/{(* + »-M- 1)I(m - *>lj
*»0   X-v—n+1

where the prime on the product sign indicates that the factor / — k is to be omitted. The

relation (1) is the result of term by term integration of the Lagrange interpolation formula

for equal intervals h. The tables of BtM(p) are for n =» 3(1)7. The variable p ranges in

each case from u — n + 1 to u at intervals of .01 for n = 3, 4, 5, and at intervals of .1 for

n «■ 6, 7. All values are given to 10D. It is easily verified from (2) that if n is odd,

£_*<">(- p) - - BtM(P)-

This symmetry has permitted a compact arrangement of the tables for n = 3, 5, 7.

The table is not illustrated nor is there any discussion of the remainder term R,(f).

To check that he has entered the table correctly and has correctly formed the appropriate

differences 2k(">(î) — J3¿("'C) which appear in (1), the computer should first form their

sum before proceeding to use them as coefficients of the n values of /. This sum should be

s — r, as may be seen at once by taking f(x) m 1 in (1). This procedure is especially impor-

tant when the values of the B's have been obtained by interpolation. These tables should

prove useful in those cases where the intervals .01 and .1 are not too large.

D. H. L.

2S2[I, L],—Great Britain, H.M. Nautical Almanac Office, Zeros of
Laguerre Polynomials and the corresponding Christoffel Numbers, Depart-

ment of Scientific Research and Experiment, Admiralty Computing

Service, June, 1945. No. SRE/ACS 82 (w). 7 p. 20 X 33 cm. This pub-
lication is available only to certain Government agencies and activities.

The Christoffel numbers X¿<") are the coefficients in the formula of approximate

quadrature

I f(x)w(x)dx - ¿X/»>/(x«>)

in which the numbers x are the n roots of a polynomial W(x) which satisfies an orthogonal

relation of type

Í x^(x)W,(x)dx - 0    (m - 0, 1, • • -, n - 1).

When w(x) ■• e~* the polynomial Wn(x) is the polynomial of Laguerre Ln(x) defined by the

equation
Ln(x) - e*(d»/dx*)(x»e-*).

The roots Xj("> are given to 8D for n «■ 1(1)10, the tabular values being thought to be

correct to the last figure given. The Christoffel numbers are given to 8S and it is believed

that the last figure is generally correct, the error never being more than one unit.
H. B.
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253[K].—Karl Stumpff, Tafeln und Aufgaben zur harmonischen Analyse
und Periodogrammrechnung. Berlin, Springer, 1939. Lithoprinted by Ed-
wards Bros., Ann Arbor, Michigan, 1944, vii, 174 p. 20 X 27 cm. $5.25.
Published and distributed in the public interest by authority of the

Alien Property Custodian under license no. A-212.

This work was prepared by the author to provide tabular assistance in applying the

methods of harmonic analysis developed in his treatise, Grundlagen und Methoden der

Periodenforschung, Berlin, Springer, 1937. Although the volume is devoted principally to

tables, the second part (p. 133-172) contains a number of numerical examples illustrating

the application of the tables.

Since the problems with which harmonic analysis deals are concerned entirely with

sine and cosine series of the form

y = On + at cos ra + 0* cos Iva + ■ • • -fa« cos nra

+ &i sin ra + bt sin 2va + • • • -f- b» sin nva,

where a = 2x/(2n + 1), it is clear that the principal need is for tables which give multiples

of the sine and cosine functions for various arguments. It s to provide for this need that

the present work has been prepared.

On the assumption that most data subject to harmonic analysis do not require unusual

exactness, the tables are computed for the most part to three or four significant figures.

They include the following:
Tables la, lb, and lc give the values of »a (in hundredths of a degree), |cos ra\, and

sin ra, where a =■ 360°/p, r = 0(l)J(/> — 1), and p is over the ranges: p — 2» — 1,

n - 2(1)20; p - in - 2, » = 1(1)10; p - in, n = 1(1)10.
Table 2a gives the product lOxcosfl over the range x = 0(1)1009 and 8 - 15°, 22J°,

30°, 45°, 671°, 75°.
Table 2b provides values of the product x sin 8 (or x cos 8) for x = 1(1)100 and

B - lo(l°)90°.

Table 3a gives the product x sin ra and x cos ra, x — 2(2)100, p = 21 to 39 inclusive,

excepting integers divisible by 4, and r = 1,2, etc. for all values such that ret 2¡ 90° if p

is even and ra ^ 180° if p is odd.

Table 3b provides the values of the products x sin ra and x cos va, x = 1(1)100,

p - 20(4)40, r = 1,2, etc., such that va ^ 90°.

Table 4a gives the values of h = (o' + b*)* and 4>' = arc tan (a/b), expressed in grades

(g), for a, b = 1(1)50, where 100» = 90°.
Table 4b is similar to the preceding except that the values of a ^ ß and h — (a* + 0*)'

are given in terms of <¡>' m 1»(1»)50» and ß ■ 51(1)100.

Tables 6a and 6b contain values respectively of a' for a = .1(.1)100.9 and, to 4S, of

Va for a = 1(1)1009 and .1(.1)100.9.
Table 6c evaluates, from 3 to 5D, the functions

a, sin a, (l/a)sina, a/sin a, (a/sin a)*, 1/a,

where a = xx/200, as follows:

The first five functions over the range x = 1(1)100, the first, third, and fourth for

x = 10(1)200, the first and third for x =■ 202(2)2 000; the third for x = 2 000(10)8 000,
and the last for x = 8100(100)12 000.

Table 6d gives the values of k sin x and k cos x to ID, for k » 1(1)30, x = 2»(2«)100«,

where 100» = 90°.
Table 6e provides 4D values of the following functions:

a", sin a, tana, sin'a, sin 2a, cos 2a, 1/(2 sin a), 1/(4 sin'a),

over the following ranges:

All the functions for a - 1»(1»)50»; tan a for 2a = - 1»(2»)199»; and all the functions

except sin 2a and cos 2a for a - 51»(1»)100».
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Table 6f gives 4D values of the functions

1/Vrt, 1/VlO», (x/n)», [x/(10n)]»,

for n m 1(1)100; it also includes 5D values of e~* for x = .1(.1)10, and 4 or 5D or S values

of «-*', e*\ t~\"\ ¿"' for x - .1(.1)5.
Tables Id and 5, which we have omitted above, give special schemes pertaining to

harmonic analysis. Table Id also provides numerical values for 360°/n, n = 1(1)180.

The work concludes with a bibliography on harmonic analysis, as in the original edition,

and on the tables previously available for an application of the various methods. The

reviewer, in a previous article, MTAC, v. 1, p. 193, has listed the tables especially adapted

for statistical work in this field. The lithoprint copy is clearly printed and strongly bound.

H. T. D.

254[L].—W. G. Bickley, "Notes on the evaluation of zeros and turning

values of Bessel functions.—III. Interpolation by Taylor series," Phil.

Mag., s. 7, v. 36, Feb., 1945, p. 131-133. 17 X 25.4 cm.

The remark that the derivatives of Jn(x) can be expressed in terms of differences of

functions JH+P(x) can be used in combination with a table of Bessel functions A(x) with

intervals of 0.1 to compute zeros of /„(x). This is illustrated by a numerical example with

n = 20 and a zero close to 30. In the short table the values of -7«(30) are given first for

n = [16(2)24; 13D] with 3 values of Í' and one of 8* centered around n = 20. They are

given next for n = [15(2)25 ; 13D] with the 5 values of 6, 3 of 5' and one value of 6' needed

for the formation of the Taylor series of /«>(30 — h). The first approximation /»(30) <■ 0

is corrected by including terms up to A* in the equation Jm(30 — h) = 0, the method being

essentially that of Edmond Halley.1 In the next approximation linear interpolation is

used and so the root of the preceding equation is calculated to 5D. A typical computation

is given and 13 decimals are kept but it is thought that they are not all reliable.
H. B.

'H. Bateman, "Halley's methods for solving equations," Amer. Math. Mo., v. 45,
1938, p. 11-17.
Editorial Note: The values of /„(30), n = 15(1)25 are in agreement, so far as they
go, with those given to 35D, by K. Hayashi, Tafeln der Besselschen, Theta-, Kugel- und
anderer Funktionen, Berlin, 1930, p. 56.

2SS[L].—W. G. Bickley & J. C. P. Miller, "Notes on the evaluation of
zeros and turning values of Bessel functions.—II. The McMahon series,"

Phil. Mag., s. 7, v. 36, Feb., 1945, p. 124-131. 17 X 25.4 cm.

The coefficients from Ai up to An are given in the asymptotic expansion of the Mc-

Mahon type

CO

c».. ~/3 - £ AtK+lß-»»+»2-'»-'/(2n + 1)1
n-0

for the zero c«,, of Jn(x) cos a — K„(x) sin a, where ß = (s + Jn — l)x — a, a is a real

angle in circular measure and s is a fairly large positive integer. A notable simplification

in the numerical coefficients is obtained by expressing them in terms of a new parameter

X •= (m — l)/24 which is particularly useful when n is half an odd integer. The series in

descending powers of ß are given with the exact numerical coefficients in the cases » = 2,

m = 20, n = 1$, n = 2}. In the last two cases the expansion is carried as far as the term

in ß~a, the transcendental equations being respectively tan (x + a) = x and tan (x + a)

«■ 3x/(3 — x*). In the latter case the series checks with the general series for roots of

tan x •» x/(a — ex'), given MTAC, v. 1, p. 273, but in the last term of the general series

the coefficient of s7 seems to be too large. The explanation is that the term 23c, in line 13,

should be 23c/15. The details of the application of the McMahon series to the numerical
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application of zeros are given, the quantity ß being replaced by a second quantity a — iß/r

and the series written in the form

B\     B\ Bi     B\ Bi Bt
C. ~ Jxa-;--•— - ••••

a       a   a1      a   a' or

Numerical values of the coefficients B„ r — [1(2)13; 12D to 4D], are given in Tables I and

II, for n - 1(1)20 and 2» = 1(2)21, 3» - 1, 2, 4, 5; in - 1(2)7. Details of the calcula-
tion are given for » = 2.

H. B.

256[Lj.—W. G. Bickley & J. C. P. Miller, "Notes on the evaluation of
zeros and turning values of Bessel functions. V. Checks," Phil. Mag.,

s. 7, v. 36, Mar. 1945, p. 206-216. 17 X 25.4 cm.

Since the McMahon expansions have the same coefficients for /„(x) and for Y„(x),

but with different arguments, it is possible to arrange the zeros j»,«. y»,, of Jn and F« in a

single sequence for each value of ft. This is exemplified by a table on p. 207 in which

n — 0(1)3 and from 5 to 7 early zeros of each function are given to 5D. A method of check-

ing by means of differences is explained.

H. B.

257[L].—G. P. Dube, "Electrical energy of two cylindrical charged par-
ticles," Indian J. Physics, v. 17, 1943, p. 192. 17.5 X 25.5 cm.
The equation

2fi[Io(t)Kt(t) + Ii(t)Ki(t)] - xtK^xtVK^xt)

is solved numerically, and the root x is given to 2D, for t >» .1, ,5(.5)3.

H. B.

2S8[L].—G. P. Dube & S. N. Jha, "On the theory of emission of alpha-
particles from radioactive nuclei," Indian J. Physics, v. 17, 1943, p. 354,

17.5 X 25.5 cm.
Bessel functions of imaginary index and real argument are used, and to facilitate some

computations, a table is given of the function

g(x) = cos"1 (x») - x»(l - *)•■ lor x - [.12(.01).3; 4D].
H. B.

259[L].—Erwin Fehlberg, "Eine Bemerkung zur numerischen Differen-
tiation durch Approximation, ausgeführt am Beispiel der Kugelfunk-
tionen als Approximationsfunktionen," Z. angew. Math. Mech., v. 24,

1944, p. 73. 21.5 X 27.8 cm.

Tables with generally 9D are given for n «■ 0(1)12 of the quantities

(2» + l)/„(r», rt+1) = P.+,(rt+,) - P»+i(r») - P.-iir*.*) + P»_i(t*)

(2» +  i)Kk.n(Tk, T*+l)  -  2AT[P.+l(rt+l) - Pn-lWk^)] - J.+l(rk, Tt+1) + J.-i(t,, T»+j)

(2» + l)Lkk+t.m(rt, !•»+,) = 2(At)»[P.+,(t4+,) - P.-i(n+,)]

- 4(Ar)[(2n + iHMntd - -P.^»*«)} - (2» - lH-*V*H«) - P.-ifr»-*)}
+   (At)[/,+i(t», Tt+j)   —   A-l(Ti, Tt+l)]

+ 2(2n + 3)-1[/n+1(rt, rt+1) - /.(t», Tt+J)] - 2(2n - iri[Mrk, rk+1) - /,_,(r», »**)]

which arise from the integration of P.(t) multiplied by the first three terms in the Taylor

series for /(r). The intervals (n, r4+«) are all of length 0.2, the range - 1, 1 being divided

at the points t» into equal parts of length 0.1. In the tables r* has the values 0(.2).8. The

coefficients /, K, L for negative values of t» are derived from those for positive values of r»

by means of simple relations. With the aid of the tables the coefficients in the approxi-
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mating Legendre series can be computed with the aid of a calculating machine. When the

derivative of the function / is to be derived from the approximating series the value found

by the author's method is generally satisfactory while that found by using Simpson's rule

in the usual way, without any integration of Legendre functions in calculating the coeffi-

cients, is often incorrect.

H. B.

260[L],—Great Britain, Admiralty Computing Service, Department of
Scientific Research and Experiment, Calculations involving Airy Integral
for Complex Arguments—First [Second-Fifth] Zero. 5 Offset prints of
handwriting on one side of each of

(i) 8 sheets (3 large folding, 39 X 32 cm.) dated Feb. 1944 ;
(ii) 5 sheets (2 large folding) dated 21 Feb. 1944;
(iii) 5 sheets (2 large folding) dated 21 Apr. 1944;
(iv) 5 sheets (2 large folding) dated 21 July 1944;
(v) 5 sheets (2 large folding) dated 28 Feb. 1945. These are respectively

numbered SRE/ACS 21 [= NAO 6], 31, 39, 46, 55. 21.5 X 34.3 cm.
These publications are available only to certain Government agencies

and activities.

The functions tabulated are connected with the Airy Integral Ai(z) which is defined by

1  C "
Ai(z) - - I    cos (it* + zt)dt

and which satisfies the differential equation

d'AUz)
—~ m z Ai(z), with Ai z = 3-W/(- 1)!, and Ai'(z) = - 3-«»/(- W at z - 0.

dz'

Tabulations are associated with each of the first five zeros of Ai(z). For each zero Table I

gives the values to 3D of o, ß; £, v; - A, B, for t = 0(.1)1, and 10/*, k - 0(1)9, where

«(<) - a + iß - (£ + i,)«""1 - -A+ Be"'*,

is that root of Ai(z)/Ai'(z) =■ te6"'1*, which is equal to' the specified zero of Ai(z) at t ■» 0.

Table III gives, to 2D, the values of P and Q or X and u, where P + iQ - «x+<^

- F(t,x) = Ai(« + xiTi/8)/[«'i/3Ai'(o>)(l - /W-6'"6)*], t = 0(.1)1, x = 0(.1).5 for P and

Q, x m 0(.1)1(.2)3 for X and u. For x greater than 3, u + îx3'* is tabulated instead of u;

an auxiliary table of lxm being given for x » 3(.2)50(.5)100, 3-6, 3S; 6.2-28.2, 4S;
28.4-100, 5S. x = 3(1)10(10)100 for X and u + fx3".

In order that values of F(t, x) can be calculated for x greater than 100, Table II gives

the values of y and i, t and l/< » [0(.1)1 ; 3D], where

«>+« . Jx-ty[<SSr</12Ai'(ù,){l - í'a.í-5"/»}*]

so that
e*+* =. F(t, x) - eT+aAi(M + xe^^x1*"'1*.

Extracts from introductory text.

261[L].—Great Britain, Post Office Research Station, Central Radio
Bureau, Tables of the Jn(x) Bessel Functions for Electrical Problems.

Investigation carried out by H. J. Josephs, Miss M. Slack, Miss S. M.
Gumbrel, January, 1944. Research Report no. 12176, C.R.B. 44-986,
OSRD Liaison Office no. W.A. 1720-7. 13 p. Offprint of typescript.
22 X 28 cm. Available only to certain Government agencies and ac-

tivities.
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Tables of Jn(x), for n = 0(1)10, x = [0(.1)25(.5)50; 4D], have been assembled in this

Report from various sources. They are required in the calculation of modulation products

and certain transient oscillations. Parts of the J¡>(x) and J\(x) tables have already been

published in the BAASMTC, Bessel Functions, Part I, 1937, but the remainder of the tables,

although included in the BAASMTC program, is unlikely to be published for some years.

Extracts from the introductory text.

Editorial Note: Much of these tables must have been "assembled" from manuscript
sources, or computed, since tables for the range of values indicated have not been pre-
viously published. The BAASMTC volume noted contains values of J*(x), n = 0, 1, for
x = [0(.001)16(.01)25; 10D]; G. N. Watson, Theory of Bessel Functions, 1922 and 1944,
p. 730, has a table of Jn(x), n - 2(1)5, x = .1(.1)5; 7D], n = 0(1)10, x = [1(1)12; 6D];
Jahnke & Emde, Tables of Functions, 1938, 1940, 1943, 1945, has JK(x), n = 0(1)10,
x = [0(1)29; 4D], most of it abridged from a table by Meissel (MTAC, v. 1, p. 216, 298) ;
K. Hayashi, Tafeln d. Besselschen . . . und anderer Funktionen, 1930, has n — 0(1)10,
x = [.1(.1).5, 1, 2, 10(10)50, 100; at least 10D] (MTAC, v. 1, p. 216, 291). But even these
far from suffice to give directly all the values of the table under review. The manuscripts
BAASMTC 2 and 6 (MTAC, v. 1, p. 283) would render all values through x = 25.5, but
we know of no printed or manuscript table before 1944, giving Jn(x), n «■ 0(1)10,
x = [26.5(.5)50; 4D], except the few items (x = 27, 28, 29, 30, 40, 50) indicated above.

262[L].—Great Britain, H.M. Nautical Almanac Office, Department of
Scientific Research and Development, Tables of Incomplete Hankel Func-

tions. Photoprint on one side of each of 7 leaves ; Offprint reproduction
of handwriting and typescript tables. No. NAO 12, Nov., 1943. 32.2 X
20.5 cm. These tables are available only to certain Government agencies

and activities.

The functions tabulated are functions of the two variables a and x, and are defined as

follows :

(1) A(a,x) - iB(a,x) -   fV**W,
Jo

(2) C(a, x) - iD(a, x) -   C'^'dt/r,

where r* = a' -pi".
The name Incomplete Hankel Functions is derived from the relation

(3) H0v(2*a) = (2i/x) {C(a, » ) - iD(a, « ) ).

The functions A, B, C, D have also been called Generalized Exponential Integrals, and are

tabulated for the range x = [0(.05)1.5; 4D], a = 0(.1).5. Although the last figure cannot

be guaranteed it is unlikely to be in error by more than .7.

No attempt has been made to provide means for interpolation ; if interpolation must

be used, second differences will not suffice to yield four-decimal accuracy. Generally (i.e.

except for C for a = .1 and small x) third and higher differences can be ignored, in inter-

polating in the x-direction, but must be included when interpolating in the a-direction.

Using (3)

C = - JxFo(2xa) + P(a, x) sin 2xr + (r/x)Q(a, x) cos (2xr),

D = + iwJe(2ica) - P(a, x) cos 2xr + (r/x)Q(a, x) sin (2xr),

where

*~¿-(¿X-f)+(¿)'("+<+^)--
tH¿W¿)'(«*S)-(¿K-+-Sr"i9+"-

2tQ = dP/dx. The check values at x = 1.5 for A and B are given by integrating the
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equations

dA/da = - 2xaK,   dB /da = 2xaC.

The values tabulated have been produced for a specific purpose; the notation used

and the intervals and usages adopted would not necessarily have been adopted in other

circumstances. The calculations are available to 6D for subsequent extension and inter-

polation, if required.

Extracts from introductory text.

263[L].—A.,N. Lowan and A. Hillman, "A short table of the first five
zeros of the transcendental equation Jo(x)Y0(kx) — J0(kx)Yo(x) = 0,"

/. Math. Phys., v. 22, 1943, p. 208-209. 17.4 X 25.5 cm.

Table I of this paper gives values of the first 5 roots (not zeros!) x„ s = 1(1)5, of the

equation

(1) J,(x)Y,(kx) - Jt(kx)Yt(x) = 0

for k - [1J(J)4; 6D]. If we substitute kx = X, l/k = K, the equation becomes

(2) MKX)Yt(X) - Jo(X)Y0(KX) = 0

which is of the same form. Thus Table I gives also the solutions to (1) when l/k =» 1J(J)4,

although kx, is tabulated in this case.

Table II gives values of (k - \)x„ s = 1(1)5, for * « [1(1)4; 6D]. This table is more

convenient for interpolation, but still does not suffice to give more than about 5S for inter-

mediate values. The table could be extended backwards (i.e. for k < 1) by noting that

(k - l)x. = - (1/* - l)*x. = - (K - i)X.,

and that — X, is also a root of (2). Interpolation by Newton's formula or Lagrange's

formula might then be used, but turns out to give negligible gain in accuracy, owing to the

singularity in the value of x, for k = 0.

In order to produce a satisfactory table for interpolation it is clearly necessary to have

a closer interval when k is near unity. It might also be worth while to explore the possi-

bility of putting k* = e"*, as is done by Dinnik (see Dinnik 10 and 12, MTAC, v. 1, p. 222,

287) when giving solutions of

Jn(x)Y1(xe^) - Yn(x)A(xe*») = 0,    n = 0, 1.

Each zero is then an even function of m and advantage may be taken of symmetry prop-

erties.

Equation (1) is a particular case of the equation

Jn(x)Yn(kx) - Yn(x)Jn(kx) = 0

which arises when a cylinder function a/„(x) + bYn(x) is required, which shall vanish at

two values of x that are in a given ratio 1 : k. The first published table giving roots of such

equations seems to have been that of A. Kalahne, Annalen d. Physik, s. 4, v. 19, 1906,

p. 88 (see MTAC, v. 1, p. 222, 294) and repeated, with additions, by him in Z. Math. Phys.,

v. 54, 1906, p. 68, 81. These tables have been reproduced in the various editions of Tables

of Functions, by Jahnke & Emde (p. 204-206 in the 1938 and subsequent editions). The

values given in the latter are x. and (* - l)x„ í = 1(1)6, for n = 0(J)2J, k - [1.2, 1.5,
2; 4D] in each case, but with some uncertainty (indicated in the tables) in the last

figure or two when s m 1, 2 or 3 for k — 1.5 or 2. There is also a table giving the first root

(* - 1) for n = 0(J)2J, * = [1, 1.2, 1.5, 2(1)11, 19, 39, » ; 2-4D], and a table of (* - l)x„
i «■ 1(1)4 for n ■ 0, 1, with 4 to 8 miscellaneous values of k to 3 or 4D.

Kalahne's table has never been completely superseded although the table under review

is a considerable extension when n = 0. We may note that Kalähne's values of (k — l)x,

for n ■» 0 are all correct to 4D, except that for s = 1, k = 2 the value can be improved to
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read 3.1230. This item has not been altered on p. 206 of the 1945 edition of Jahnke & Emde's

tables, although the value of x, on p. 204 has been corrected.

A manuscript table by H. R. F. Carsten & Miss N. W. McKerrow of British Insu-

lated Cables, Ltd., Prescot, Lanes., England, gives x„s = 1 (1 )6 for n = 0 when k = [2 (1)6 ;

4D].
These tables have been compared with one another and have revealed only slight

discrepancies which are evidently due to uncertainties of a unit or so in the final figure of

the table by Carsten and McKerrow. No fuller investigation of accuracy has been made

as it is evidently extremely improbable that any error remains to be found.

J. C. P. Miller

264[L],—J. C. P. Miller & C. W. Jones, "Notes on the evaluation of
zeros and turning values of Bessel functions.—IV. A new expansion."

Phil. Mag., s. 7, v. 36, 1945, p. 200-206 + folding plate. 17 X 25.4 cm.

With the notation xp = /«(x)//n-i(*), xq = 7„(x)//»+i(x), 1 + r m xo/x where x0 is a

zero of Jn(x), the aim is to expand r in series of powers of either p or q with coefficients which

are functions of x. A partial differential equation for r as a function of p and x gives a recur-

rence relation for the coefficients a„ in the series

r = — aip — atp* — atp* — ■■■.

On p. 201 explicit expressions are given for the polynomials a« for n •* 1(1)6 and on a sheet

facing p. 203 the polynomials with numerical coefficients are given for the ranges

n = - 10(1) + 10, 2n = - 5(2) + 5, 3n = - 2(1) + 2, in - - 3(2) + 3. The relation
to the McMahon series is discussed and the initial approach to a zero is exemplified by the

calculation of certain functions Bm(x) defined by the Bessel-Lommel expansions. The zero

of Yt(x), thus calculated, agrees with the accurate value to 11 significant figures, the error

in the twelfth digit being less than one.
H. B.

265[L].—V. V. Tarassov, "On a theory of low-temperature heat capacity
of linear macromolecules," Akademiia Nauk, Moscow, Comptes Rendus

(Doklady), v. 46, 1945, p. 22. 17.1 X 26.1 cm.

Two particular cases of a general formula are derived; the first leads to "the usual

Debye equation for heat capacity"

c, = 36Ry~* rx>dx/(e* - 1) - 9Ry/(e* - 1);

and the second is given by the formula

d = 6Ry j   xdx/(e* - 1) - 3y/(«" - 1), y - 8/T, R = gas constant.

The values of c¡ were computed "with the aid of a very simple auxiliary method based on

employing the table of Einstein functions for the heat capacity." There are tables of ci and

c,, y - [0(.2)2(.5)3(1)10(2)16, 20; 3D(9, 2D)]. Compare MTAC, v. 1, p. 119, 189, 422.

266[L, M].—Great Britain, H.M. Nautical Almanac Office, for the Ad-
miralty Computing Service, Department of Scientific Research and
Experiment, Tables of the Function f(x) = er*for'*e*co" • sin2 Bdd. Offset

print on one side of each of the 6 sheets + "explanatory note," No.
SRE/ACS 62, Nov., 1944. 21.5 X 34.3 cm. These tables are available
only to certain Government agencies and activities.

The function f(x) is tabulated for x » [0(.01)5(.1)20; 5D], A. An auxiliary function,
x"»/(x), is also tabulated for 1/x - [0(.01).2; 4D], A. Values of /(x) are available to 7D
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with an error not exceeding 2 units ; the rounded-off values in the table have therefore a

maximum error of .52. For interpolation second differences need not be used except between

5 and 7. The function was calculated from the formulae:

(a) f(x) m x*-*/(2x)[/i(x) + £-i(*) - 2/x] for x = [0(.1)10; 7D], where the Bessel func-

tion /i(x) is given in B.A.A.S., Mathematical Tables, v. 6, and the Struve function L-i(x)

in Applied Mathematics Panel, Report 59.1 (see SRE/ACS 38, item (g));

(b) /(x) ~ (x/x)e-/i(x) - e-*(l/x - 1/x' - 3-l'/x» - 5-3'/x' - •••) for the values

x «* [10(.1)20; 7D]. Values for x = 0(.1)5 were then interpolated to tenths on the National

Machine, and the complete table made by rounding off to 5D.

The auxiliary function, x"'/(x), was calculated to 7D from the formula:

x"»/(x) ~x««{(x/x)«-*Ji(x) - e-*[l/x - 1/x» - 3-l»/x» - 5-3'/x7 -•■•]}

where e^I^x) was taken from the B.A. Tables for 1/x ^ .05 and calculated from its

asymptotic expansion for 1/x < .05.

Extracts from introductory text.

267[L, M].—Great Britain, H.M. Nautical Almanac Office, for the Ad-
miralty Computing Service, Department of Scientific Research and

Experiment, Tables of the Integrals

and

m   [* cosh (zt/x)dt

Jo       l+fi

Offset print on one side of each of the 6 sheets. No. SRE/ACS 22 =
NAO 9, Dec., 1943. 21.5 X 34.3 cm. These tables are available only to
certain Government agencies and activities.

In the expressions for B(x) and C(x), z is the smallest positive root of the equation

tan z + tanh z = 0; to 8D, z = 2.36502 037. The three functions A(x), B(x), C(x) are
tabulated for x = [0(.01)1; 4D], 1/x = [0(.01)1; 4D] each with A. The error in the last
figure cannot exceed .53, with the exception of the following 37 values, in which the round-

ing-off adopted may be in error, the values given are correct.

A(x): x =• .52, .55; 1/x = .10, .16, .17, .45, .52, .57, .58, .71, .74, .76, .91,
B(x): x = .33; 1/x = .09, .35, .41, .44, .46, .55, .64, .72, .77, .83, .89, .94,
C(x): x = .04, .10, .42, .44, .47, .52, .74, .87, .93; 1/x = .32, .96.

The integrals were calculated to 6D from the series expansions in terms of x and 1/x

for the pivotal values, x = — .2(.l) + 1.2, 1/x = — .2(.l) + 1.2. These values were then in-

terpolated to tenths on the National Machine and rounded off to 4D. First differences are

given. It will be seen that second differences rarely need to be used in interpolation, and

can be ignored throughout, provided a maximum error of 1 unit in the fourth decimal can

be tolerated.
The method of calculation, together with the differences of the pivotal values, suggests

that the sixth decimal place of the pivotal values is correct to within 2 units; the method

of interpolation used thus limits the accuracy of the interpolates to 3 in the sixth decimal.

These values are available if required.

The series for B(x) in ascending powers of x is

B(x) = B&- B,x>+ ■■• + (- l)"Sa»+ix'»+1 + • • -,

where

£i»+i =» (l/z)*»+1 |  P» cos tdt,J>
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and is calculated by means of a two-term recurrence relation. Similar series for A (x) and

C(x) are obtained by the substitution of x/2 for z in the case of A, and of iz for z in the

case of C.
The expansion in ascending powers of 1/x is B(x) = tan_1x cosh (z/x) — bi(i/x)

- 6i(l/x)* - • • • - ém-iíl/x)"*-1 - • • -, where

6, - (z»/2l) - (z«/3-4!) + (zV5-6!)-

fc-(«V4!)-Gf/3.6!)+(*/5-8l)-
6, - (z«/6l) - (z»/3-8!) + (z»/5-10l)-, etc.

Similar series for A(x) and C(x) are obtainable by the substitutions given above.

Extracts from introductory text.

268[L, M].—Great Britain, H.M. Nautical Almanac Office, for the Ad-
miralty Computing Service, Department of Scientific Research and

Experiment, Tables of Certain Integrals. Offset print of handwriting, and
typescript tables, on one side of each of the 13 leaves. No. SRE/ACS 52,
Sept., 1944. 21.5 X 34.3 cm. These tables are available only to certain
Government agencies and activities.

The tabulated functions are

a t •>       f-cos(2n- l)(x</2x) C'cos(zJ/x) „

AÁX) = J, —r+f—*• BÁX) ' i "T+7-*

where z» is the nth positive root of the equation tanz + tanhz = 0, n = 2, 3 (the case

n = 1 has already been tabulated in SRE/ACS 22). z, - 5.49780 392, z, = 8.63937 983.
The six functions are tabulated for x = [0(.01)1; 4D], 1/x = [0(.01)1; 4D], with A.

The error in the last figure is never greater than .54 and seldom exceeds .53. To preserve

4D accuracy in interpolation third differences can be ignored throughout, second differ-

ences must be'taken into account for the functions Ct(x), C,(x) for the whole range of x

and 1/x, but only in the range 0 ^ 1/x ^ .5 for the remaining functions; elsewhere linear

interpolation will suffice.

The integrals were calculated to 6D from the series expansions in terms of x and 1/x

for the pivotal values

x = - .1(.05) + LI,    1/* =■ - -1(.05) + 1.1,

except in the case of the functions At, Bi, At, jBi for which the chosen pivotal values were

x - - .2(.l) + 1.2, 1/x = - .1(.05) + 1.1. These values were then interpolated to fifths

or tenths as necessary, and rounded off to 4D. The method of calculation and the differ-

ences of the pivotal values suggest that the error in the sixth decimal is less than 2 units,

and the method of interpolation increases this error to something less than 4 units. These

6D values are available if required.

The series for Bn(x) in ascending powers of x is very similar to the one already given

for B(x). For small x few terms are needed, but for x approaching unity the series converges

very slowly, and direct summation becomes impracticable. Since the series Bn(x) alternates

in sign, after the first few terms, it can be transformed into a rapidly converging series by

means of Euler's transformation. This states that if

23 (- l)*a» = oo - ai + a» - • • •



RECENT MATHEMATICAL TABLES 41

is a converging series, then

¿(- 0*»* = L(- D*a*+ Ê (l/2-+')A-ar,
*-0 k-t «-O

where A"ar is the nth ascending difference of a,.

Extracts from introductory text.

269[M].—Great Britain, Mathematical Group, The Malvern, Worcester-

shire, Tables of the Incomplete Gamma Functions, no. 1615/PMW, OSRD,
Liaison reference no. WA 1464-8. August, 1945, 4 leaves, offprint type-
script. 21.2 X 33.8 cm. Available only to certain Government agencies

and activities.

r(P) = Xa°°e~'xr~ldx.  The incomplete  T-function  is defined  to  be J"#e~*xr~ldx.

The accompanying tables provide 4D values of the function

(D J - T(py, p)/T(p) m U/r(p)] I    e-^xir-Hx,r
where p = m/(l + 2m). Each value was originally computed to five figures from the series

obtained by expanding the exponential and integrating. Being designed for a particular

application, the tables are not otherwise comprehensive. The main tables are of / and

log/, for logy m [- 5(.5) - 2(.l) + 1.5; 4D], m = .1(.1)1, «'.
Interpolation with respect to log y should be performed in log /, and for this purpose

central differences are provided, where necessary, for use with Bessellian coefficients. Since

the second differences, however, never exceed .003, linear interpolation will introduce an

error of only .0004 in the worst case. Interpolation with respect to m is not intended.

For values of log y less than — 5, the formula

(3) I ~ (py)>/T(p + t)

suffices to give five-figure accuracy. For the use of (3) together with the function

JV- mp>e-*/T(p+ 1) a table is given of p, log [£*/r(£ + 1 )], and N, for m = [.1(.1)1 ; 5D].
Extracts from introductory text.

Editorial Note: The most elaborate Tables of the Incomplete r-Function edited by Karl
Pearson, were published at London in 1922. The greater part of the volume is taken up
with the tabulation of I(u, p) = f¿"e-*x*dx/r(p +1), where s = (1 + />)».

270[M].—Peter L. Tea, "A graphical method for the numerical solution

of Fredholm's integral equation of the second kind," J. Math. Phys.,

v. 24, 1945, p. 114-120. 17.5 X 25.5 cm.

For the graphical conversion of a definite integral into a Stieltjes integral, when the

integral is of trigonometrical type, graphs are given for the functions

J"v
(1 + sin qt)dt « y + (l/q)(l - cos qy)

(1 + coù qt)dt = y + (I/?) sin qy

for q — 1, 2 and the range y = 0 to 2x. A chart of ordinate lines is given for St(y) at inter-

vals of 30°. The integral equation

F(x)~ 1 + J r«-l»-lF(y)dy

is solved graphically and compared with values obtained by Buckley1 and Hedeman.'

A table with x » [0(.25)1 ; 3D] is given for the functions Fi(x), Ft(x), ■■■, F,(x), obtained
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by the method of successive substitutions. The kernel of the integral equation is an approxi-

mation to the actual kernel

k(v   *    » F i    ly-*l{(y-*)' + 6a'll ,     n
k{y-x) = -yx-    {(y_xyt + 4a,]tn   J <«-n

used by Hedeman* in his work with the cinema integraph. This kernel is quoted incorrectly

in Tea's paper, the index 3/2 being omitted.

H.B.

1 H. Buckley, "Some problems of interreflection," Intern. Congress on Illumination,
Proc., 1928, p. 888.

* W. R. Hedeman, Jr., "The cinema integraph in interreflection problems," J. Math.
Phys., v. 20, 1941, p. 415-416.

271[N, O].—J. F. Steffensen, "A table of the function G(x) = x/(l - er')
and its applications to problems in compound interest," Skandinavisk

Aktuarietidskrift, v. 21, 1938, p. 60-71. 15 X 23 cm.

There is a table of G(x), with A, for x = [0(.01)10; 5D], and an auxiliary table of

100«, with A, for 200» = [0(.1)20; 5D]. e4 = 1 + *, and, e.g., a» = nS/[iG(nS)]. Since G(x)
requires frequent conversions of » to Í, and vice versa, the auxiliary table is useful, and its

particular choice of interval planned so that linear interpolation should suffice in all cases.

Much earlier, in Aktuaren, Nordisk Aktuartidsskrift, Copenhagen, 1904, p. 50, N. P.

Bertelsen & J. F. Steffensen gave a table of 100 (e* — 1), with A, for lOOx ■ [0(.1)10;

5D]. In Institute of Actuaries, /., v. 15, part 6, 1870, p. 437-446, is "A table for deter-
mining the amounts, etc., of continuous annuities certain," by W. M. Makeham, giving

log [(«* - l)/x], with A and A' = A'/4, x m [0(.01)10.4; 7D].
In quite a different field we have already noted MTAC, v. 1, p. 119, "A six-place table

of the Einstein functions," by J. Sherman & R. B. Ewell, E = x/(e* — 1 ), — In (1 — «"■),

«■£», x = [0(.005)3(.01)8(.05)15; 6D]. See also RMT 198, v. 1, p. 422.
R. C. A.

272[U].—Juan García, [English t. p. :] Astronomical Position Lines Tables.
New and original tables, unique in saving of space and time, computed for
the use with a new and original method of finding the observed position at

sea and air. With titles and explanations both in English and Spanish . . .

Volume II, Declination 25°N. to 25°S. Latitude 30° to 60°, N. and S.
[Spanish t. p. :] Tablas de Líneas de Posición de Altura, etc., Madrid,
Editorial Naval, Montalbau 2, 1944. xviii, 127 p. 17 X 25.5 cm. 50
pesetas.

The tables in this volume were prepared for use with a new method, the involutes

method, devised by the author, a lieutenant commander of the Spanish Navy, and ex-

plained in detail in his "Sobre el método de las curvas de altura envolventes," Revista

General de Marina, 1943. The author tells us that this volume is the first of three to be

issued ; that v. I will cover declinations from 25°N to 25°S and latitudes from 30°N to

30°S; and that v. Ill is to cover the exact declinations of the navigational stars and

latitudes from 60°N to 60°S.
The chief advantages claimed for the method are that the tables are compact and easy

to use; a position line can be drawn rapidly enough for aerial navigation and with sufficient

accuracy for surface navigation ; altitudes near 90" can be used without hesitation ; only

one interpolation (for declination) is necessary and a convenient multiplication table, dupli-

cated on a single loose sheet, is provided for that. Another great advantage not mentioned

by the author is that the method is direct; one enters the table with the approximate

observed altitude as one of three arguments and obtains an LHA or latitude. This is in
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contrast to most navigation methods, where one enters with an estimated LHA and obtains

a computed altitude for comparison with the observed altitude.

The tables are divided into two parts; the first 72 pages cover the cases where the

latitude and declination are of the same name and 53 pages take care of "opposite name."

One or more double-entry tables are given for each integral value (in degrees) of altitude,

5° to 83° for "same name," 5° to 59° for "opposite name." The horizontal argument in

each table is declination, in integral degrees 0° to 25°. For altitudes of bodies near the

prime vertical, the vertical argument is latitude, 30° to 60°, with interval of argument

varying from 1° to 3°, and the tabulated quantities are meridian angle to the nearest minute

(printed without the usual symbols for degrees and minutes and without a space between

the numbers of degrees and minutes) and the change in meridian angle to the nearest

minute corresponding to 10' change in declination, printed in red. For altitudes of bodies

near the meridian, the vertical argument is local hour angle, always an integral number of

degrees but with varying interval of the argument, and the tabulated quantities are latitude

to the nearest minute (printed as indicated above for local hour angle) and the change in

latitude corresponding to a change of 10' in declination, printed in red.

Although nominally the tabulated values are given to the nearest minute, the use of a

simple device allows one to determine values to the nearest half-minute. Values in the

table with the terminal digit underlined are to be put down as 0!3 less; those without a line

under the terminal digit are to be set down as 0Í2 greater. Thus 1624 means 16° 237;

1426 means 14° 26'2.
Only a single example is worked out, one that has been used in Admiralty Navigation

Manual, v. 2, 1938, (a), p. 136f, by the haversine method; (b), p. 157f, by Hughes* Tables for

Sea and Air Navigation; and (c), p. 163, by Tables of Computed Altitude-Azimuth (H.O.
214). This lone example shows how a table with vertical argument latitude is used; prob-

ably many users would have appreciated a second example showing the use of a table with

vertical argument local hour angle.

Throughout the table are columns of red figures giving the change in tabulated values

due to a change of 10' in declination. Underlined end-figures are also here in evidence.

The involutes method requires the user to enter the table with the corrected altitude

and the declination, each rounded off to the nearest degree, and two adjacent latitudes

(or local hour angles), and to take out the corresponding local hour angles (or latitudes).

These will give two points which will serve as centers of circles, the radii of which are taken

as the difference between the corrected altitude and the integral value used as an argument

in entering the tables. The line of position is taken as one of the external tangents to the

two circles thus obtained, the choice being made by the same rules that enable one to decide

in the usual methods whether to move toward or away from the observed celestial body.

The method does not provide a computed azimuth of the celestial body directly, but

one can read that from the chart on which the line of position is plotted. The method re-

quires a chart covering several degrees in both latitude and longitude.

A comparison of a hundred values from the table, fifty in the "same name" portion,

fifty in the "opposite name," with corresponding values determined from HO 214, v. 4,

showed eight values in a hundred in error by more than 0'3, six of 0'4 and two of 0Í5.

At the end of the preface appears the following paragraph: "It is the author's belief

that no other book in the world brings to the problem the simplicity and accuracy in com-

pact tables that this one does, it being therefore unique in the saving of space and time.

Hence the author hopes that these tables will be useful to navigators all the world over."

At first reading, the user will suspect that the author may have exaggerated somewhat the

value of his tables ; after using them, he will be less inclined to feel that the author has over-

rated them. Garcia deserves high praise for his valuable contribution to the science of

celestial navigation; his method and his tables will undoubtedly be widely used in the

years to come.

Charles H. Smiley

Brown University
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273[U].—Hydrographic Office, Publication no. 351, v. 4, Secret, Celestial
Air Navigation Table. Volume 4, Latitudes 30°-40°, Tokyo, May, 1941.
iii, 340 p. 18 X 25 cm. While this publication is in Japanese' the star
names are in English, although there is a sort of equivalent auxiliary

Japanese interpretive system. Arabic numerals and the ordinary signs

for degrees and minutes are also used, and Japanese equivalents are
indicated in a list of English terms used in celestial navigation. Koike

Shiro signs the preface as director of the Hydrographic Office.

This is volume four and the first to be issued of a planned series of six volumes of air

navigation tables published by the Japanese Government. Each volume is to cover eleven

degrees of latitude, with a degree of overlap between consecutive volumes. A copy of this

volume was sent to the Library of the U. S. Hydrographic Office before Pearl Harbor, in

the normal exchange of such material ; it was very courteously made available to the re-

viewer, by G. A. Patterson, commander in the U. S. Navy.

For each integral degree of latitude, 30°-40° inclusive, each integral degree of local

hour angle, and each degree of declination, — 29°, + 29° inclusive, there are tabulated the

altitude to the nearest minute (and down to 2°), the azimuth angle to the nearest degree

and a correction factor to be used in allowing for minutes of declination. For a selected

list of 28 bright navigation stars with declinations lying outside the range, — 29°, + 29°,

there are tabulated for each integral degree of latitude, 30°-40° inclusive, and for each

integral degree of local hour angle, the altitude to the nearest minute (and down to 4°)

and the azimuth angle to the nearest degree. All altitudes are corrected for refraction

at an elevation of 4000 meters. A table is provided for correcting for refraction at other

altitudes.

All of the data corresponding to a single latitude are gathered together in a single

division with the declination section preceding the star section. This is convenient for use,

though occidental readers may have some difficulty with the arrangement which finds data

for both North and South latitudes on the same page, with the North material reading

down and the South material reading up.

From the declinations of stars tabulated in the front, and from the computed altitudes

for stars of high declination, it is found that the epoch of the star positions used is 1945,

several years after the date of issue. This represents good practice since it allows a table to

be used longer before it becomes obsolete.

From internal evidence, one can judge that refraction to the nearest tenth of a minute

was added to an altitude computed to the nearest tenth of a minute, and the result rounded

off to the nearest minute to provide a tabulated altitude. One might suspect at first sight

that the tables were copied from the British Astronomical Navigation Tables, but the

Japanese tables give altitudes for Sun, Moon and Planets down to 2s, and for stars down to

4°, while the ANT omit all altitudes greater than 80°, or less than 10°. Also, after allowing

for differences in refraction due to the differencVtH elevations for which the two sets of

tables were computed, the tabular values do not agree. There is some evidence that the

Japanese used H.O. 214 in preparing part of their tables, but the small number of errata

in the American tables makes it difficult to prove.

Auxiliary tables included in the volume are one for changing hours, minutes and seconds

into degrees, minutes and seconds ; one for parallax of the moon ; and one for dip of the

horizon.

Charles H. Smiley

Editorial Note: In Log of Navigation, v. 3, March, 1945, p. 12-14, is an article entitled,
"A mystery and a clue," by E. A. Snyder and B. H. Bogdikian. On 1 Feb., 1945, 18 charred
page-fragments of an air navigation table had been found in a plane destroyed on Saipan ;
portions of four of the pages were reproduced in the article. Their "mystery" was cleared
up when it was shown (idem, July, 1945, p. 28) that the pages were part of the volume
reviewed above.
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274[U].—Joost H. Kiewiet de Jonge, Three-Star Position Tables for Aerial
Navigation. Latitudes 20° to 30° North. New York, Hydrographic Office,
U. S. Navy, New York Project, 1945 [94 p.], 24 X 33 cm. Not available
for public distribution. Printed throughout by the offset process.

This single volume of aerial navigation tables, by a lieutenant of the air force in the

Netherlands East Indies Army, was issued by the Hydrographic Office of the U. S. Navy

to determine by actual use the practical value of this particular type of table. It allows

the determination of an observer's longitude and latitude directly from the altitudes of

three selected stars, measured in a particular order at three-minute intervals. Refraction,

presumably corresponding to an elevation of 8,000 feet above sea level (though not so

specifically stated), is included in the altitudes, hi, hi, A3 (each to the nearest minute) which

are used as entering arguments in Table I. This table gives Hi = log sin h[, Hi = log sin hi,

Hi m log csc «1 where hi, ht, As are the altitudes corrected for refraction. The sums,

Ha = Hi + Ht, Ha = Ht + Ht, are used as arguments in entering the main tables which

are double-entry tables, one for each set of three stars. Tabular differences are given and

one obtains directly latitude and equinoctial longitude, and then the terrestrial longitude

by adding the Greenwich hour angle of the vernal equinox, interpolated from the Air

Almanac for the time of the second observation, to the equinoctial longitude. Table II

allows one to take into account the observer's displacement in flight, and Table III permits

one to correct for intervals between successive observations of more than three minutes.

Only twenty stars appear in the tables, in fourteen combinations of three each ; it is

pointed out in the introduction that this is considered a minimum set. The altitude of each

star of a group of three must lie between 20° and 75°, and the difference in azimuth between

successive stars must not be greater than 165°. Also, as mentioned above, their altitudes

must be measured at three-minute intervals in a particular order. The limitations on the

altitudes just mentioned mean that only 62% of the visible celestial hemisphere can be used

at any time with these tables, as against 81% with HO 218, or 91% with HO 214.

Refraction has been allowed according to the critical table:

h 20° 25° 60° 75°
R - 2' - 1' 0'

For an elevation of 8000 feet above sea level, it would have been better if the 25° and 60°

had been replaced by 27° and 55° respectively.

The theory of the tables is not given in the volume, but it is easily reconstructed.

If we note that

Hu = log (sin «i/sin ht) = log Ci

H» — log (sin As/sin At) = log Ci

where Ci and C3 may be considered as known from observation, one sees that the local

hour angle of the second star, (2. at the time of its observation, may be found from the

equation:

(C» sin dt — sin <¿3)[cos di cos (/j + ci) — Ci cos dt cos <j]

«■ (Ci sin dt — sin ¿i)[cos dt cos (ij + es) — Cj cos dt cos t¿.

And the latitude, L, corresponding to the time of observation of the second star, may be

found from the equation:

tan L = [cos di cos (/j + ii) — Ci cos áj cos tt]/[Ci sin a* — sin di].

In these equations, di, dt, d3 are the declinations of the three stars and (<j + ci) and

(h + Ci) are the local hour angles of the first and third stars at the times of their observa-

tion. Thus c\ and a are known.

It is suggested that the time required for the reduction of three-star observations is

reduced by a factor of four; to the reviewer, this factor seems high. Also it is to be noted

that the Jonge solution gives no hint as to the azimuths of the three stars used, and hence
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no approximate check on the course of the plane or the compass used. Nor is any clue given

as to which observation may be in error in case of a discrepancy. The method provides no

alternate procedure in the event only two of the three stars are observed. The old-fashioned

method of plotting lines of positions may be slow and somewhat tedious, but in time, most

navigators learn to interpret the lines to good advantage. The lack of similarity to earlier

methods of celestial navigation is a definite disadvantage; the navigator examining Jonge's

method for the first time will probably feel that he must learn an entirely new technique.
Charles H. Smiley

MATHEMATICAL TABLES—ERRATA

References have been made to Errata in RMT 233 (Fletcher, Miller &
Rosenhead), 240 (Bretschneider), 243 (Jahnke & Emde, Meissel, Smith),
245 (Gupta), 247 (D. N. Lehmer), 250 (Vallarta), 255 (H.B. & R.C.A.),
263 (Kalahne), 270 (Tea), 274 (Jonge) ; N 50 (Fadle).

70. Edwin P. Adams, Smithsonian Mathematical Formulae and Tables of
Elliptic Functions, first reprint, Washington, 1939. Compare MTAC,

v. 1, p. 191, 325.

A. P. 127, formula 6.475, no. 2, for (2»/2!)** - (2«/6I)x« + (p/\0ï)x",
read (2/2!)*« - (2'/6\)x* + (2»/10l)*10.

P. 136, line 2, the lower limit of the integral is 0.
P. 197, formula 9.110, no. 2, for C-i(x), read C,-i(x); no. 4, for dC(x)/dx, read

dC,(x)/dx.
P. 199, formula 9.151, for 2(i«), read 2(\x)', and in the integral, for the upper limit ■■,

read Jx.
P. 203, formula 9.202, line 3, for J (x), read Jt/t(x).

M. S. Corrington

Radio Corp. of America

Camden, New Jersey

B. P. 189, formula 8.708, no. 1, for ax, read cixx; formula 8.709, for (a + Vx*y, read

(a + i'x»)y
Walter D. Lambert

U. S. Coast and Geodetic Survey

Editorial Note : The error noted on p. 127 of A was copied by L. B. W. Jolley, in formula
(508) of his Summation of Series, London, 1925.

71. H. Brandenburg: 1. Siebenstellige trigonometrische Tafel . . . , sec-

ond ed., Leipzig, 1931, p. 336.
2. Sechsstellige trigonometrische Tafel . . . , Ann Arbor, Mich., 1944,

p. 300; compare MTAC, v. 1, p. 387 f.

The 30-place tables in question are those of (a) (r/2)"; and (b) (r/2)*/n\

(t/2)"
n

7
8
9

10
11
12
13

For

..27019

..62080

..64804

..58511

..98520

..62827

..07103

Read

.27125

.62136

.64921

.58710

.98821

.63300
..07788

14
15
16
17
18
19
20

Por

.15909
.37037
.39780
.12705
.18723
.43830
.367066

Read

..19020

..40617

..43355

..23698

..31773

..72517

..400842


