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has a close relation to the famous integral due to Lommel,

(5) f zC2 (z)dz = [ |2 {C2 (z) - CU (z) C+, (z)} ].

Introducing each of the three kinds of Bessel functions, J,(z), Y,(z), H,(1)(z)

and i7„(2) (z), into the equation (1) in place of C,(z), we obtain corresponding kinds

of modified quotients, $,(z), §L(z), §,(1)(z) and §/2)(z), respectively. In various

boundary value problems of mathematical physics, we encounter quite often the

Bessel functions in quotient forms [2]. It is obvious that the modified quotients

defined here give a convenient approach to mathematical analysis and numerical

estimates of these problems. Moreover there is a remarkable parallelism between

the modified quotients and the trigonometric cotangent and tangent, as there is

between the Bessel functions and the sine and cosine. Therefore the modified

quotients should have the same raison d'être in cylinder functions as the cotangent

and tangent in trigonometric functions.

From the above consideration it seems highly desirable to give permanent

symbols to these modified quotients, to collect their formulae and to construct

their tables. To this end an attempt was made [3], but further cooperation and

criticism of interested workers are necessary.
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Flip-flop as Generator of Random Binary Digits

The aim of the present note is to show that a well known electronic element

of digital computers, the flip-flop, may be used for generating a series of random

binary digits with equal probabilities.

Let us consider a flip-flop as shown on fig. 1 and let A and B denote two

possible stable states of the flip-flop. If we switch on the contact S, the flip-flop

will be randomly set in one of its states A or B. We may obtain by the aid of the

flip-flop a sequence of 2k random elements XUX2, • • •, X2k, (abbreviated {X2k}),

where

A, if j-th switching on the contact 5, set flip-flop in state A

1      \ B, if j-th switching on the contact S, set flip-flop in state B

and 1 < j < 2k.
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Fig. 1.

In this way we may obtain a finite random series of A and B which are sta-

tistically independent. One series produced by the aid of a flip-flop is given below :

AABAABBABBABBBABBAABABABBABAABABABBAA
BABABBBBBBBBBABBBABAABBB.

Let { Yk\ be the sequence of k pairs of elements of jX2k\ such that F¿ = X2¿_i, X2t,

where 1 < i < k. Omitting in { Yk} all elements of the form AA and BB we

obtain a third sequence whose elements are the pairs AB and BA only, denoted

in the following by 0 and 1 respectively.

Let pj(A) and pj(B) denote probabilities that j-th switching on of contact 5

set flip-flop in state A or B respectively and suppose that pi (A) and p,(B) are

asymmetric, say pj(A) > pj(B). Supposing that the flip-flop does not change its

properties during two successive switchings, we may write

(1) ¿>2,-i(A) = Pu(A)

(2) p2i-i(B) = p2i(B).

From 1 and 2 we have

(3) p2i-i(A)-p2i(B) = p2i-i(B)-p2i(A).

Because

(4) pu-i(A)-pn(B) = pi(0)
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and

(5) p2i-i(B)-p2i(A)=Pi(l),

therefore

(6) Pi(0) = Pi(i)

where pi(0) and pi(i) are probabilities of zeros and ones in the î-th place of the

sequence { Yk}.

The procedure above described may be used for production of binary random

numbers by automatic digital computers. In this case the manual switch S must

be replaced by an electronic switch, of course.
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Numerical Solution of the Schroedinger Equation for Central Fields

A fast program has been written for the ILLIAC to integrate the radial

Schroedinger equation

(1) u"(r) - \l(l + l)/r2 + 2V(r) - £> = 0

boundary conditions :    m(0) =0    u(r) bounded

for any well-behaved potential V(r). More generally the program can integrate

any linear second-order differential equation which can be put in the form

(2) u"(r) - g(r)u(r) = q(r)

with q(r) vanishing at zero and infinity, r2g(r) bounded at zero, and g(r) bounded

for large r [1].

A distinctive feature of the program is the use of the Noumerov [2], [3]

method for the integration. This is faster than techniques (such as the Runge-

Kutta) which depend on making an estimate of one or more forward points and

improving this by an iteration scheme. Here there is no iteration, but the error

in the "estimate" of each forward point is of eighth order in the step-size h, so

that the truncation error may still be kept small. The essence of the method is

the elimination of all odd powers of h from the Taylor expansion about any

point by working with three points instead of two, followed by a change of

dependent variable which removes the h4-term. The calculation of a forward point

to order h* thus requires the value of the dependent variable at the six pre-

ceding points.

For an equation in the form (2), the required new dependent variable is

(3) y = M- (h2/\2)(gu + q).

The prescription for calculating forward points is

rt\ r, 119   Snyn  T?» 1        ,

(4) yn+1 = 2yn - y„_i + A2 rr^Ä - — o'yn,


