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operation E may be required twice for a singly degenerate matrix:
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A Remark on a Paper of Bateman and Horn

By A. Schinzel

Let fi,f2, ■ ■ ■ , fk be distinct irreducible polynomials with integral coefficients

and the highest coefficient positive, such that f{x) = fi(x)fi(x) ■ ■ ■ fk(x) has

no fixed divisor >1. Denote by P(N) the number of positive integers x ^ N such

that all numbers/i(x),/2(x), • ■ • ,fk(x) are primes.

P. T. Bateman and R. A. Horn [1] recently gave the heuristic asymptotic

formula for P(N) :

where h, is the degree of/,- and œ(p) is the number of solutions of the congruence

f(x) = 0 (mod p).
Formula (1) contains as particular cases six conjectures from a well-known

paper of Hardy and Littlewood [3] called by the latter Conjectures B, D, E, F,

K, P, as well as their conditional theorem X 1. This is evident except for Conjecture

D which concerns the number of solutions of the equation

(2) ap - bp  = k (a> 0, b > 0, (a, b) = 1)

in primes p, p  with p ^ n. In order to apply formula (1) here one should put

fi(x) = ua + bx, f2(x) = Vo + ax, N = —=-— , where u0, v0 are fixed integers

such that auo — bv0 = k.

Conjectures denoted by Hardy and Littlewood by J, M, N are of distinctly

different character; besides the first has been proved by S. Chowla [2] and Ju. V.

Linnik [4]. Conjecture A, (a strong form of Goldbach's Conjecture), is a particular

case of C, Conjectures H and I are particular cases of G. It remains therefore to

consider Conjectures C, G, L, which are, according to Hardy and Littlewood,

conjugate to Conjectures D, F, K respectively. We quote them below for the con-

venience of a reader, with slight changes in the notation (e.g. p, p denote primes).
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Conjecture C. If a, b are fixed positive integers and (a, b) = 1 and P(k) is the

number of representations of k in the form

k = ap 4- bp

then

P(k)   =  O (ñ-^r!)
\(log fc)2/

unless (k, a) = 1, (k, b) = 1, and one and only one of k, a, b is even. But if these

conditions are satisfied then

where

and the first product extends over all odd primes p which divide k, a or b.

Conjecture G. Suppose that a and b are integers, and a > 0, and let P(n) be

the number of representations of n in the form am + bm + p. Then if n, a, b have a

common factor, or if n and a + 6 are both even, or if b  + 4an is a square then

Pin) = o (f¿*S .
Vog n)

In all other cases

P(n)~^i^n(-^T)n(i--^T(6-^^)),
Vä log n -LX \p - 1/ P¿s V        p - 1 \      p      ))

where p is a common odd prime divisor of a and b, and e is 1 if a + b is odd and 2

if a + b is even.

Conjecture L. Every large number n is either a cube or the sum of a prime and a

(positive) cube. The number P(n) of representations is given asymptotically by

Pin) -.—nil- —?— in)p) ,
log nP\        p - 1       7

where p = 1 imod 3), p \ n, and (n)p is equal to 1 or to —\ according as n is or

is not a cubic residue of p.

A comparison of formula (1) with the above formulas of paper [3] suggests

forcibly the following conjecture.

Let polynomials /i, /2, • • • , /*(& ^ 0), / = /i/2 • • ■ fk satisfy the same condi-

tions as above. Let g be a polynomial with integral coefficients and the highest

coefficient positive. Let n be a positive integer such that n — g(x) is irreducible

and f(x)(n — g(x)) has no fixed divisor > 1. Denote by N(n) = N the number of
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positive integers x such that n — gix) > 0 and by P(n) the number of x's such

that all numbers/i(x),/2(a;), • • • , fk(x) and n — g(x) are primes. Then for large

n we have

<»     «•> ~ ¡^v » *■ ■ • ■ «" n (i - ^) (i - i)""
where A0 is the degree of g and u(p) is the number of solutions of the congruence

fix)in - gix)) = O(modp).
Conjectures C, G, L and therefore also A, H, I are particular cases of formula

(3). To see this, as far as C is concerned, one should put

fi(x) = bx + I,       gix) = ax,       n = —¡-— ,
o

where I is an integer such that at = fc(mod b), — b < I ^ 0. Conjecture A has

been extensively verified [3, p. 37]. I have had no possibility to verify by computa-

tion the agreement of formula (3) with reality in other cases. For such comparisons

one should replace JV(log N) k _1 by /    (log u) k 1 du, as is pointed out in [31.
J2

I conclude with expressing my thanks to the referee for his valuable suggestions.
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Some Miscellaneous Factorizations

By John Brillhart

1. Introduction. The factorizations presented here have accumulated in the

author's files for several years and have not heretofore appeared in print. Twenty-

five contain new prime factors (designated by an asterisk), while twenty-one,

listed as complete, possess a cofactor that is prime. Included are the complete

factorizations of four Mersenne numbers and twelve Fibonacci numbers. Further

results include a second factor of the Mersenne number Mm and of the Fermât

number Fw , as well as the least prime factor of M27i. These new results relating

to Mersenne numbers supplement an earlier tabulation by G. D. Johnson and the

author [1].

The factorizations, with the exception of those numbered (6)-(9), inclusive,

were obtained by the author on various IBM computers at the University of Cali-

fornia at Berkeley and at Los Angeles. The factorizations (6)-(9) of certain alge-
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