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1. Introduction. Numerical subroutines for machine computation of the com-

plete elliptic integrals are usually based upon the well-known Gauss arithmetic-

geometric mean process [1] or Hastings-type Chebyshev approximations [2], [3],

partially because the power-series expansions for these functions converge so slowly.

It is well known that the speed of convergence as well as the numerical stability of

a power-series expansion can frequently be improved -by converting it into a series

of Chebyshev polynomials [4]. In this paper we present a number of such converted

expansions for the complete elliptic integrals Kik) and Eik).

2. Power-Series Expansions for Kik) and Eik). The complete elliptic integral

of the first kind is defined by

where m = k2 and 2Fi(a, b; c; z) is Gauss' hypergeometric series [5]. Computa-

tionally this form is most useful for small m. For m ?a 1 there are two other useful

expansions: the Legendre form [6]

(2) Kik) = ln-l2F1Q,i;l;^- K2in),

and a modified Legendre form [3]

(3) Kik) =Ilni2FiQ,I;l;^+X2(I7),

where K2iv) and 3C2(r;) are infinite power series, and n = 1 — m.

The analogous equations for the complete elliptic integral of the second kind,

x/2

Eik) = VU - k2 sin2 ¿) dtp,       |fc| g 1,
,   s ■'o

(4)

= rFl(-2'2;1;m)'       |fc|<1'

are

(5) Eik) = \n~.-Eiiv) + E2in)

for the Legendre form, and

(6) Eik) = In-ßiin) +&2iv)
V
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for the modified Legendre form, where Ei, E2, Si, and 82 are all infinite power

series.

3. Chebyshev Series Expansions. A sufficiently rapidly converging power series

can be converted directly into a convergent expansion in shifted Chebyshev poly-

nomials [7]

where

/(*) = H'onT*ix),       Qúxúl,
n—0

Tn*ix) = cos [n arceos (2a; — \)],

and the prime on the summation indicates that only half of the first term is used. All

of the expansions of Section 2 are well behaved for values of the variable not greater

than $. Further, the restricted domains Oí mi J and 0 í i¡ á i cover the

full domain 0 ^ i! I 1, making it reasonable to convert the expansions into series

of shifted Chebyshev polynomials in the variables 2m and 2ri.

There are two useful expansions corresponding to ( 1 ) :

(7a, b)

E' anTn*i2m),

Kik) -
n-0

*t,'bnTn*i2m),

Oúmú^,

where (7b) results from conversion of 2Fi(£, J; 1; m) and the coefficients of (7a)

incorporate the multiplication by ir/2. The usefulness of (7b) is pointed up by the

expansions corresponding to (2) and (3), where the coefficients 6„ occur again:

\n™±' bnTn*i2n) -t' cnTn*i2n),

(7c, d)    Kik) =
V   n-0 n-0

In i ¿' bnT*i2n) + £' dnT*i2n),
1¡  n—0 n-0

Olla

The expansions corresponding to (4) and (6) are

¿'p«r„*(2m),       Qúmú\,
(8a, b)   2?(fc)=    n'° .

»hi i Z'qnT*i2v) + £' rnT*i2v),       0 ú V è I.
TI   n—0 n—0 ¿

The peculiar form of (8b) is necessary to insure proper evaluation of Eik) for

n = 0 ik2 = 1) through the relation

lim r¡ In - = 0.

For most floating-point computers, the evaluation of ln(l/»;) is accurate for all n

except 0. Then the expansion

(8c)        Eik) = V   n—0

11,      1 = o,

would be most useful.

In - £' sn T*i2n) + £' rn T„*(2„),       0 < r, á 5,
n-0 ¿
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Table la

Kik) =  E'aiT¿*(2m),0 ^mgj

a,

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

3.39777
.14003
.01333
.00157
.00020
.00002

24271
09050
84495
90046
66230
86422
41218
6089
917
140
21
3

35543
00041
86727
73690
76906
49149
59188
55680
32241
26862
70501
39121
53410
8469
1350
216
34
5

97735
35907
63989
96955
06232
18138

• 31631

48805
42273
71140
60569
66692
81137
01565
63745
47417
84651
63083
91297
14847
2421
395
64
10

1

7142
1349
7455
2093
3139
2405
7717
5348
3436
9898
0423
5655
5149
7412
3424
2743
1614
0298
2705
6531
2461
8102
8490
6464
7511
2885
476
79
13
2

£' a, = KÜ/V2) = 1.85407 46773 01371 91843 3850
!)'(-)'a.- = W2
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Table Ib

Kik) - vT,%T*i2m), Ogffl^

bi

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

1.08154
.04457
.00424
.00050
.00006

45545
32214
57603
26127
57701
91171
13120
1938
291
44

6
1

59937
32776
69819
97966
68092
11066
28529
36613
99279
64889
90892
07945
17001
2695
429
68
11
1

18609
36906
50477
24604
91332
72370
09857
34712
32665
07318
11906
77920
18928
77141
92125
90586
09198
79234
29060
4726
770
125
20
3

6290
7285
5625
6695
4847
1032
8893
5696
4288
4542
9053
1563
9808
0000
4075
9287
9146
8951
8238
1548
7066
9903
6421
3889
5574
918
152
25
4
1

Ti'bi = Kil/V2)/ir = (E'c- + EU)/ In 16

= 0.59017 02995 08048 11302 2669

E'(-D% = 1/2
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Table Ic

Kik)  = ln-T,%Ti*i2v) - Z'ciT*i2v),0< r, g I

c,

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

.17041

.09435

.01026

.00127

.00017

.00002

22621
20461
96473
33175
05201
39656
34804
5175
783
120
18
2

30315
78037
11552
37102
42845
59641
63592
36666
38322
23636
66072
92265
46124
7326
1170
187
30

4

43155
74863
68891
88162
66669
07412
88262
20927
70517
50853
26752
83806
04947
05495
05939
76803
25882
89424
79422
12926
2109
345
56
9
1

1028
9851
5886
3592
0372
6634
8676
5519
9371
8075
2056
8435
6578
2348
6522
7005
9099
3915
5883
3938
3960
0459
5639
2910
5289
2520
416
69
11
2

E' Ci = 0.19129 97184 69738 22063 0544
E'(-)'* = o
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Table Id

Kik) = In- Yi'biT*i2v) + EUr<*(2„), 0<,ai

dt

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

2.82826
.02923
.00150
.00012
.00001

59724
11648
21000
02210
18334
13123
1572
198
26
3

42414
80374
07141
38191
83468
39681
51910
92541
19269
55664
49487
7023
1013
148
21
3

17553
51558
47287
71382
55949
93150
15293
91411
85343
58182
43009
41195
25621
21045
93542
27959
49469
7520
1151
177
27
4

4433
6255
6959
0917
4530
8514
9813
8240
1502
5016
3146
9203
3007
6753
3977
9077
4914
2573
1240
2896
4564
2733
6681
1049
165
26
4
1

E' di - 1.44499 97981 47149 89062 0972
£'(-)U- = In 4.
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Table Ha

Eik)  = E'p,Ti*(2m), 0 m  5=

P.

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

2.92822
- .10983
■ .00337
- .00023
- .00002

58504
85572
07796
53008
17641
23301

2729
339
44

5

05146
43451
33972
58731
44792
64928
92738
98892
25755
95739
82323
11618
1668
243
35
5

88299
91176
36148
36941
00668
43946
83921
03979
44400
31848
46149
87697
57756
13006
86643
34740
80463
12205
1864
286
44

9545
2083
2362
4039
4306
8235
9275
0023
3036
8316
6100
1255
6166
2812
5645
3815
4863
7159
7874
7194
3363
8912
0761
1687
266

42
7
1

£' pe = EÍ1/V2) = 1.35064 38810 47675 50252 0175

£'<-)V<-*/2
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Table lib

Eik)  = »In- Z'qiT*i2v)  + E'r.T,*^), 0 £ * ¡S ¿

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

.56305

.03478

.00365

.00045

.00006

88879
63815
57095
19021
05772
85266
12400
1846
279
42
6
1

96356
91808
20277
79315
21314
62411
58661
18799
74114
97300
67435
04600
16516
2624
419
67
10
1

77758
15239
50596
92957
44649
53353
56426
15787
54148
06565
62997
60020
63047
65105
36432
32345
85276
75591
28502
4639
757
123
20
3

1788
9162
6041
8839
5014
5347
5501
0220
4018
9237
9643
6540
0207
2908
4946
8184
4985
0866
0895
9668
3400
9073
3160
3376
5493
906
150
25
4
1

£'?< - 2£'s, = 0.32049 39989 13858 43468 8701

£'(-)</. = 1/4
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Table lib iCont'd.)

r,

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

2.23448
.11961
.00252
.00016
.00001

68607
91062
62231
38806
47258
15529
1802
223
28
3

29039
84828
70143
47349
39374
49525
70038
13086
91801
87974
53475
7531
1079
157
23
3

00443
73981
06557
18297
78249
56853
62290
14184
65272
70162
80157
97267
85373
12789
15222
44834
51842
7858
1199
184
28

4

7906
8781
7453
3709
4237
6576
4853
5666
7708
2529
8024
3412
6609
2994
5698
7385
8847
2084
7722
3607
4931
4265
6909
1083
170
27
4
1

£' r, = 1.23956 91251 80913 92836 4238

£'(-)V, = i
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Table Ile

Eik)  = In- H'siT*i2v)  + Z'nTi*i2r,),0 < n £ \

0
1
2
3
4
5
6
7
8
g

10
n
12
18
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

.14946

.07953

.00531

.00057

.00007

13173
59200
87128
75113
26979
98588
13989
2046
306
46
7
1

97041
87531
51459
87527
10544
25599
24816
58796
08041
54518
17096
11644
17532
2773
441
70
11
1

23249
32354
88673
97645
54451
88472
72749
80268
03831
78784
49072
18260
31402
16211
33789
60800
34811
83120
29654
4817
784
128
20
3

5238
3269
8760
2342
3027
8901
2071
6245
2187
7767
8133
7866
4983
2621
5123
0787
2377
0952
4041
4204
8193
1838
9846
4426
5658
932
154
25
4
1

E' Si = 0.16024 69994 56929 21734 4351
£'(-)'•< -o
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4. Results. The coefficients for the series (7) and (8) were computed on a cdc

3600 in 25-decimal arithmetic. The program for the conversion of the power series

to a series of Chebyshev polynomials was a revision of a program originally written

by Dr. H. C. Thacher of Argonne National Laboratory. The coefficients, together

with theoretical sums, are given in Tables I and II.

All expansions were checked by using the tabulated coefficients to compute com-

plete elliptic integrals for 2000 random arguments in 25-decimal arithmetic. Results

were compared against a 25-decimal routine based on the Gauss arithmetic-geo-

metric mean process [1]. In all cases, the maximal errors encountered were within

limits imposed by round-off.

Argonne National Laboratory

Argonne, Illinois
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