The Number of Prime Divisors
of Certain Mersenne Numbers*

By John R. Ehrman

It has been conjectured by Gillies [1] that if M, = 27 — 1 is the Mersenne
number for some prime p, and if A < B £ v M, as B/A and M, — «, then the
number of prime divisors of A, in the interval [4, B] is Poisson distributed, with
mean

m ~ log (log B/log A) if 4 = 2p,or
m ~ log (log B/log 2p) if A4 <2p.

(1)

It is the purpose of this paper to describe two tests of a modified form of this
conjecture.

It is known that all divisors of M, must be of the form 2kp + 1 and simul-
taneously of the form 8%’ + 1, where k and %’ are arbitrary integers. Also, the
prime divisors of M, may be of one of the forms 4n + 1 or 4n + 3. Thus if p =
4n + 1, the smallest possible divisor ¢ is 6p + 1, and if p = 4n + 3, the smallest
possible divisor is ¢ = 2p 4 1. Thus Eq. (1) is modified slightly: the expected
number of prime divisors of M, in the interval [Q, B], where Q is not less than the
smallest possible divisor of M,, Q < B < v M,, and as B/Q, M, — «, is Poisson
distributed with mean

() mq ~ log (log B/log Q) .

Since the observed results in a group are drawn from two populations corre-
sponding to the two forms of p, there is a question as to what value m should be
used for the estimated mean number of divisors. It would be possible, for example,
to separate the two populations and test the samples independently. It was felt,
however, that a fuller test of the applicability of the conjecture (2) could be made
by testing all primes with no distinction as to form.

In calculating an estimate of the mean m to be used in statistical tests, it was
noted that

(a) the sum of two independent random variables from Poisson distributions
with parameters m; and m, has a Poisson distribution with parameter (m; + m.);

(b) if w(x; k, ¢) is the number of primes p = ¢ (mod k) which do not exceed z,
and if (k, ) = 1, then [2]

T(@; k, 1) ~w(2)/o(k) .
This means that one may expect nearly equal numbers of primes of the forms
4n + 1 and 4n 4 3 in a large sample of primes; this is the justification for not dis-

tinguishing the primes as to form.
Thus an unbiased asymptotic estimate of the mean may be taken to be
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3) m = 3 (Mopp1 + Mepy1) «

Thus, for example, in the interval 100000 < p < 102500, it is found that map41 =
0.5645 and mep1 = 0.4784, so that the Mersenne number corresponding to a prime
drawn at random in the interval would be expected to have an average of 0.52
divisors less than 23,

The tests performed on the results given in [3] were a test of the mean number
of divisors, and a test of their Poisson distribution. Because the change in p over
each of the intervals tested is relatively small, the value of p used in computing m
from Eq. (3) was simply the midpoint of the interval in p from which the sample
was drawn.

A program was written for an IBM System/360 (Model 50) computer which
tested for divisors of M, using the congruence

2?=1 (modyg).

The test was coded [4] in the following manner:

1. In binary form, p = 3*_, 2%, and 2? = []"_, (22%)e.

2. Let R; = 2*" (mod ¢) = R%_, (mod ¢), and S; = []i_, (R (mod g).

Thus S; need be computed from S;_; only if a; = 1.

3. If S, = 1, ¢q|M,.

4. The first five steps of the calculation may be done in one step by taking the
five low-order bits of p to compute R, = 2»(mod 32),

Divisors ¢ < 2% were computed for 100000 < p < 300000. To compare the
observed distribution of primes with that predicted by Egs. (2) and (3), the values
of p were grouped so that p fell into one of the 80 groups defined by

100000 + 2500z < p < 102500 + 2500z ,

7 = 0(1)79. In each group, the total number of primes observed and the number of
primes with 7 divisors were counted. These results are tabulated in Table I. For
each p which has one or more divisors ¢ < 2%, the value of p and the associated
values of £ = (¢ — 1)/2p are tabulated in [3].

To test the estimate of m, N samples of p were observed between limits L and
U, where N = n(U) — =(L), and L < p < U. The total number of divisors 7
was counted, and the sample mean Z = T/N was computed. The sample variance
was found from

Mq‘

'K, — @),

e=Llypr_@er=L
Nj=1 ! Nn

where D; is the number of divisors observed for the jth prime in the sample, and
K, is the number of Mersenne numbers in the interval with n divisors. (Because
of the method used, no tests were made for multiple factors.) As the number of ob-
servations becomes large, it is expected that the variable

t= (N — DY@ — m)/s

should become normally distributed (0, 1). The observed values of N, D, and ¢ for
each group are given in Table I. The expected number of divisors E is simply the
product of m and N.

]
M

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EHRMAN

R.

J.

702

LLE0— 950 96 €6 0 0 14 ¢l €9 8¢1 001 €02 00961000561
el 0— €8¥°¢€ 96 68 0 0 € 91 87 LET 86 ¥02 000S61-005261
c61°0 661°T 76 96 0 I 0 61 144 154! 66 661 006261-000061
298°0 ¢cl0°¢ L6 901 0 0 4 61 0L 61T 66 902 00006 1-005.81T
ecl 0— Geo'1 €01 L6 0 I 0 €l L9 SE1 801 61¢ 009.81-00058T
¢0C ¢ g4L°¢ 86 €21 0 1 g 61 cL €11 $01 80¢ 000¢81-005¢8T
96L°0— L8L'T ¢6 G8 0 ! € 11 0¢ 0et 76 @61 005281-00008T
L6€°0 9.0°¢ $01 80T 0 0 (4 €1 9. L2t o1 81¢ 00008T-00GLLT
Sy 1— 8LE°€ 66 98 0 0 4 ¢1 0¢ 8§21 L0t 80% 00GLL1-000GLT
€91°0 LS0°0 66 101 0 0 4 €1 €9 L3l 601 L0g 000GL1-0092LT
€€6°0 9€8°C 10T 111 0 0 ! L1 YL 0cl 901 ¢le 0092100001
€L’ 0 6¢0° 1 76 101 0 0 ! 61 09 ¢TIt G6 961 0000L1-006291
YLL O G¢99°1 10T 601 0 0 (4 12 19 4! 901 60¢ 005291000991
g96°0— 81L°0 001 ¢6 0 I (4 71 Ay ¥el 901 802 000991005291
g16°0— 1€¢°0 86 96 0 0 4 L1 9¢ g} 86 ¢0¢ 006291-000091
¥61°0— 6¥0°0 L6 96 0 0 1 L1 69 14! 86 102 000091-006LST
¥S1°0 16°0 a01 $01 0 0 € €1 69 ¢cl ¥01 01¢ 006LST-0005ST
¥ee 11— €%0°¢ 101 88 0 0 0 11 99 0€1 601 L0g 000991006251
0.%°0 661°¢ 901 111 0 0 (4 i4! LL ¥cl 801 L1% 0062ST1-0000ST
291°0 919°1 G601 L01 0 0 € 0% 8¢ €61 901 1414 0000ST-006.L¥T
968 1— V.9'¥ 01 4§ 0 0 4 8 0L ¢l 111 ¢le 00SL¥1-0005%1
1871 61L°¥ 86 141! 0 1 14 ¢l i 801 101 002 000S%1-00G2V1
Lye'1 9%6°¢ S01 611 0 0 € 81 YL L1T 011 ¢lc 00$2¥1-0000%1
19¢°0— 86€° 1 €01 86 0 0 € 11 L9 Let ¢01 800 0000%1-00SLET
01 61¢°1 (41! 4! 0 1 4 0¢ YL 6¢c1 L1 9¢¢ 00¢LE1-0009¢€T
PLE°T 929°¢ $01 611 0 ! T 12 0L 911 80T 602 0005€1-00¢2ET
188" 0— Gov° 1 $01 96 0 0 4 ¢l 99 8¢l 96 802 00¢2€T1-0000€T
e8¢0 €620 011 1341 0 0 14 61 69 601 121 612 0000€1-006L21
0100 €02°0 €01 $01 1 1 4 €l €9 9¢1 96 90% 006221000921
690°0 66¢°0 L01 801 0 0 L €1 19 1€1 601 444 0009¢1-00¢22T
011°0— 102°0 41! 111 0 1 ! L1 0L (43 ¥01 122 006231000021
960 1— 0060 60T 66 0 0 [4 91 19 961 G01 §1e 000021006211
GL0°0— ¢19°0 601 601 0 0 ¥ ST 19 cel €01 ¢Ie 00GLTT-000STT
681°0 $€€°0 101 601 0 0 € 91 89 44! 901 603 000$T1-006GTT
CeY 0— ¥1¥°0 L01 €01 0 0 3 L1 09 6G1 901 602 004211-00001T
¥8%°0 ¢01°0 cll 611 0 14 ¢ 11 99 eel 901 61¢ 0000TT-005201
¥y I— 166" % 801 76 0 0 ¢ 61 0¢ 661 901 01¢ 00¢201-000¢0T
9%8°1 9LL°€ 601 061 0 1 i 1c cL ¢l €6 0Tc 000¢01-00620T
80— 0cL°0 ¢t 101 0 0 € L1 ¥9 SE1 L1T GGG 00<c01-00000T
7 X q A ' N D'} >’} 0 'N N d Ut poadpuy

I a1avy,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



703

PRIME DIVISORS OF MERSENNE NUMBERS

199°0
€eC'1
Y10
099°1
166" 1—
10€°0—
8911
1¥6°0
6€€°1
901 °0—
6¥8°¢C
616°0
018°0
09¢°0
86¢°0
L0 T
10L°0
666" 1
799°1
0v¢ 0—
9%¢°¢
010°0
6v1°1
6200
112 0—
169°0—
0S2°0
890°¢
€26°0—
g1v'0
6L9°0—
68€°0—
SIT°0—
$%9°0—
8€6°0—
G8%°0
cl6°0—
801°0—
€96 0—
c6€°0
000°T

@820
GEE'C
991°0
¥9¢ "€
L00°¢
19€°0
800°€
€20°¢
0vL'¢
86¢°0
[SHANN
6LL°0
1¥9°€
0180
GEG”
66G
12¢°
geL
649
660
LLO°
170
9¥e”
148
9¥¢"
69¢"
06¢”
12e”
88L
G¥e’
7€
9€8”
0%9°
086"
101"
1€
369’
116
1L0°
c19’
126

HOHE A ONO N ANOOOINONAONVOMKEr——O

g1l

L8
68
96
g8
4

a6
L6
€8
86
L01

COOOCCOOCOO0OOOO OO0 OOOOOOOOOOOOODOOOOOoOOCOCOO

CONOOOOOOCOOOCOOCOHOOHOOO - mrmrOOO O~ ~OO~OOO~O

AANONANNNONMNMOANNFHONMHIHNAAMANMN——OON ™A HCIOI N 0D i — <H

611
€11
121
L1
9€1
¥l
44!
¥cl
eIl
081
001
121
0ct
9¢1
8¢1
41!
9¢1
€11
41!
121
4}
€31
121
(441
%4}
611
0c1
111
44}
4!
1€1
€e1
9€1
121
6¢1
0cT
Ji4!
1€1
L2l
121
gcl

L¥2°0 = 7 93BISAY

€6
g6
66
00T
201
66
€01
a0T1
06
¥6
96
€01
601
901
86
76
€6
G0t
66
66
601
00T
701
€01
96
4
@6
G6
S1t
00T
66
G01
€01
86
96
L6
¢l
001
101
a01
48!

06T
161
G61
002
761
L81
661
¢le
c61
414
681
202
G602
202
€02
061
661
002
G61
661
€1¢
861
€02
602
60¢
981
961
002
G1g
¢0g
¢0g

012
G61
€02
€02
91¢
012
961
102
902

1F6°T = X a8eI0AY

00000£-006 .65
00¢L62-000562
000$62-00526¢
005262000062
00006200582
005282-000¢8¢
000$82-00528¢
005282-000082
00008200522
006LL2-0005L38
00052200932
00¢2.2-0000L3
0000L2-006L92
005292-000592
000992-00529¢
006292-000092
00009200553
005262-00056¢
000952009252
00¢252—00005¢
000062-006.LY¢
0062¥¢-0005%¢
0005%2-0092¥¢C
00$¢¥¢-0000%¢
0000%2-005€3
005L82-0009€3
0005€2-0052€3
0052€2-0000€2
0000£2-005L23
00¢L22-000525
000522009223
00222000023
00005200512
00¢.12-000512
000S12-00¢C18
00¢¢12-000012
000012005202
00$L02-00050%
000902005203
00$¢02-00000%
00000200561

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



704 J. R. EHRMAN

To test the hypothesis of Poisson distribution, a chi-squared test was performed
on the observed distribution of divisors. The counts were put in three classes: no
divisors, one divisor, and two or more divisors; the numbers of primes with ¢
divisors are listed in the columns K; for ¢ = 0(1)5. (See also reference [5].) The
computed values of chi-squared for each of the eighty groups are given in Table I.
The values of chi-squared were computed from the formula

x'= (Ne™ — Ko)? + (Nme™ — K;,)*
+ N —e™ —me™) — K, — K;s — Ky — Ks)?,
and are given in Table I in the column headed x2.

To test for the possibility that distinguishing between primes of the form
4n + 1 and 4n + 3 might lead to significantly different results, ¢t and x® were also
computed for m = (1/N)[Nymepr1 + (N — N1)mapi1], where N is the number of
primes p = 1 (mod 4) observed in the interval. The average values of ¢ and x?
obtained were slightly larger than those given at the end of Table I.

A comparison of the expected and observed distributions of ¢ and x? is given in
Table II. The agreement is seen to be satisfactory.

TaABLE II

Observed distribution of t and chi-squared.
In both cases, the expected number of values in the ranges indicated s 10.

Upper Limit Number | Upper Limit on | Number
on t of Values | Chi-Squared | of Values
—1.15 5 0.266 10
— .674 11 0.576 12
— .319 7 0.940 9
0.0 10 1.386 10
+ .319 13 1.962 8
+ .674 8 2.772 8
+1.15 12 4.158 14
S 14 e 9

I wish to thank J. C. Butcher for several stimulating and helpful discussions,
and the referee for several suggestions.

Stanford Linear Accelerator Center
Stanford University
Stanford, California

1. D. B. GiLLies, ‘“Three new Mersenne primes and a statistical theory,” Math. Comp., v.
18, 1964, p. 94; Also, Digital Computer Laboratory Report No. 138, Univ. of Illinois, Urbana,
I1l. MR 28 #2990.

2. W. J. LEVEQUE, Topics in Number Theory, Vol. 2, Addison-Wesley, Reading, Mass., 1956,
p. 252. MR 18, 283.

3. J. R. EarMaN, “Prime divisors of Mersenne numbers,”” TN—66—-40, Stanford Linear Ac-
celerator Center, Stanford, Calif.

4. SioNEY KrAvIiTZ, “Divisors of Mersenne numbers 10,000 < p < 15,000,” Math. Comp.,
v. 15, 1961, p. 292. MR 23 #£A833.

5. Review No. 113, Math. Comp., v. 19, 1965, p. 686.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



