Rational Chebyshev Approximations for the
Error Function*
By W. J. Cody
Abstract. This note presents nearly-best rational approximations for the functions
erf (z) and erfc (x), with maximal relative errors ranging down to between 6 X 107 and

3 X 107>,

In [1] Hart, et al., present rational approximations for the function

I

2 /co —¢2
erfe (@) =1 — erf (@) = vl ¢ dt
valid for 0 £ 2 £ «, where a = 4, 8, 10, or 20. They carefully point out [1, p. 138]
that these approximations are not useful for computing the error function

2 [T _p
erf () =1 — erfc (v) = W/ e ldt
0

for small x because of subtraction error, but they do not provide any alternative.
Hastings’ [2] approximations for erf () are no better, since they explicitly use the
constant 1 as an additive term and are chosen to nearly minimize the maximum
absolute error rather than the relative error. Clenshaw’s [3] Chebyshev series ex-
pansions for erf (r)/x come close to minimizing relative error, but his approximations
are somewhat inefficient because of his choice of interval and his restriction to
polyvnomials.

I'or a computer subroutine with entries for both erf (v) and erfe (), cancellation
error can be avoided by evaluating erf (v) directly and erfe () indirectly (as
1 — erf (2)) when erf (x) is smaller in magnitude than erfe (x), and erf () indirectly
and erfe (z) directly, otherwise. The changeover point occurs for |¢] >~ 47.

In this note we present nearly-best rational approximations for the functions
erf (r) and erfe (@) with maximal relative errors ranging down to between 6 X 10—
and 3 X 107, The approximation forms and intervals used are

erf (¢) >~ xR ("), le] £ .5,

erfe (1) >~ ¢ " Rim(x), 46875 <0 <40,

erfe () ~C {—1— + l R,m(l/ﬁ)}, =4,
£

r W
where the R ,,(2) are rational functions of degree { in the numerator and m in the
denominator. The relations erf (—x) = —erf (¢) and erfe (—r) = 2 — erfe (¢) can

be used to evaluate the functions for negative arguments.

Received January 24, 1969.
* Work performed under the auspices of the U. 8. Atomie Energy Commission.
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f(x) - f, (x)
g - &m
Table I. - =100 ]og]o max T
f(x) = erf(x), [x| < .5

R Ly R T YT R I Ty
L e 1 2 3 4 5 6 7 8
LR R Ty Y Yy Ty Y
139 313 496 683 887 1092
417 556% 753 9606 1172 139D
558 782 986% 1212 1438 1666
820 936 13027 1465% 1698 1935
962 1128 1466 1626 1950+
1158 1338 1751 1932

B 36 36 3 3 F6 3 4 9 3 3 3F 3 6 36 3 IF 36 38 3 56 3 I8 36 9 3F 36 36 3 36 3 3 36 36 3 48 36 3 98 3 3E W 56 I B3 3 4 4N H

f(x) = erfc(x)s 46875 < x < 4,0

AR Ry N Y 2 1 T T LT T T P T Ty i g

€1 1¢9 161 214 270

164 222% Z8) 340 451 462

376 441 506 572 638

44G  BSGT 666 136 806
502 666 B24 BT+

1056 1132+

1292 1371
1532 1613+
1775 1859

f(x) = erfc(x),

3 36 36 I 26 36 3 96 36 0 I K 36 36 36 I 36 36 3 3 36 36 6 36 3 I 3 3 I 36 I 2 I 3596 I 626 I I I I IE I 5 I R %

X > 4.0

Ry I Ty
628 756 876
688+ 828 958 10U81 1198
B55 958+ 1131 1256
992 1151 1287= 1415
1116 1283 1431 1561«
1232 1405 1558 1824%

W6 N3 I AE I I A NI I IE I NI I I I 6 M A RN

¥Coefficients for these approximations only are given in Tables II-IV.



633

RATIONAL CHEBYSHEV APPROXIMATIONS

(0 } G 00000 20000 €COCGOC 0OCOO°T (1G=-) O €L92S 1e€09% 8T9QL LLLGB*T k4
(10 ) 6 6%€60 214bE 25606 2109¢€°2 (CO ) L %6969 S9S80L 8evle 21I91°'¢ g
(20 ) 9 S0eEl TvHyy €6L€9 $20%4°2 (20 ) 6 6%95a TOGTT GI%ST H98€Tl°T Z
(€0 ) & %96LZ 2LELL 09269 19282°T (2G ) L €T802 Q20€G 89L€Z GB/ylL*E T
(€Q ) € 12229 0L16E #E€€89 €2ZHvH8°2 (€0 ) 2 962LYy 53%8€ 168GL Lle€60Z°¢ J|%
(0 ) 0 000G0 00000 00000°T (20-) G BESTI8 TOoLEY 8609G°¢E-| €
(10 ) L 8LLOY ne9le L2816°1 (60 ) G Ge161 988BHE B8E966°9 r4
(10 ) T 06%18 $O#SC 6%911°6 (12 ) g G1%62 81919 26L61°C T
(¢0 ) 0 21986 9859l8 850sT°*2 (22 ) S L1es(C €¢5s6 1992v*2 )€
(00 ) 0 0000C 0000G°T (10~} 8 69068 29991°¢ Z
(00 ) 0 €80LG vlevB°L (03 ) 6 €0LLg L22zZL*1 1
(10 ) G THdLg 22968°1 (10 ) B Ledce €58¢e1°¢ 0| e
(00 ) 00 002001 (20-) S9 HOGLel*6-| T
(00 ) €6 gH8sl°e (6o ) LL 8L9L9°E ol T
******************W***********#****#t ***************mﬂ#**#********#*##*****.:In.* - 3%
._u .Q .n, u
(2222222 ZITZZTES ISR LIR RN R F LR RF R FPRE L2222 222X TZLTLEETREE TR R R TR PR PR R R E R TS

- N = C E
g > |x] ,nmx.c M hmx.a X = ﬁxv:cm = (X)343  °II 9Lqe]



J. CODY

W.

34

6

(00
(00
(190
(10
(10
(10

(00
(co
(10
(10
(00

(00

e et Nt Nt P

- Nt St et W

(10-)

‘*****‘t**t#****t*****“

*‘#i**#***#*t***************************#**********************#*********L

0000
819
19¢L
€08
2sS
168

0% > X > 6/89%°

0QQ0T
€628
8G6LS6
€£9820
L890L
6%158

02000
6%6L9
60962
06180
80680

b

0QOGG*T
%889¢c°L
18829°2
2el20°s
GEE6T*S
68682°¢

090000°1
12%g¢e°s
gg6Li°1
6%81s°1
goele’L

0000°1
1129°9

(30-)
(1G=)
(G )
(19 )
(10 )
(10 )

(g0~}
(10-)
(03 )
(60 )
(Q0 )

(¢a-)
(10-)

9

889
18¢
868
926
GlLC
699

d

65614§
989C?9
JLCTD
96685
9563%
15825

g3vL3
16819
29¢ceb
698%8
911c3

18¢980°9-
TLeEYI°*S
<LLGZ Y
8TLa%°1
Lh6(9°¢
6868¢°2

L18IE*Y
691€9°¢9
6LT€0°E
10698°9
geeLe°L

Li8e* 2~
geoe’l

***‘*“**‘ﬁt*#t*#***********ﬁ*******t*********t***t*

()4 = (x)ope 11T BLqel

QO =~ N N

L) ed NN N T

w0 et
-

t *

£ lu

* 3 3 %



35

«
<

6

RATIONAL CHEBYSHEV APPROXIMATIONS

(00
(10
(co
(¢o

(e

(e0
(€0
(€0
(€0

(co
(10
(10
(20
(¢o
(¢0
(20
(¢o

Wt S N Al St St —r -

Y Wt N Nt P WS ekt

00000
€Gily
G0€66
60sLs
Y1881
8L9¢9
028s1
969¢9
€%02%

000
1413
s6¢
ey
G99
112
aLe
£E6

20000
€860L
#21e1
8600¢
06999
65%ee
Ly2ch
1cLeYy
6%L€Q

00000
2h6¢29
Ly622
9L86¢
11€e9s
926090
0868L
2e869

cocoQ
01192
68766
981¢T
GH1S6
Lgeie
1¢606
i%Ll9L
BHSE6

0C000
61eLe
ge6ds
YilvyYy
9%499¢
58%60
2es26
5609¢

00000°1
6¥%Ls°1
€E69LT1°T
181L€°S
BETZ9°T
6L06C°¢
1929¢°*%
CAA-1 % Al
gedee°t

00000°1
LeeLec1
1000L°L
s8sLl*2
0868¢€°9
#SETE6
0s606°L
69%C0°e

(80-)
(10-)
(6G )
(10 )
(20 )
(ze )
(€0 )
(eQ )
(€0 )

(L0=)
(10-)
(00 )
(10 )
(20 )
(20 )
(20 )
(20 )

EYe9y
08168
BITY6
GLLY%6
celie
11%06
y1e8s
CES9Y
clese

L90
112
659
oes
6eC
0L®
XA 4
SC0

BeOHH
20198
SLe88
¢91H1
10GHL
069LT
Qlehe
12092
L66Ll6

L9112
6€L68
E60ES
€L950
%3469
IEHEY
62181
91910

LyGES
8696
EV6L5
Le906
618¢l
¥Ztee
9219L
BLLEB

L%5¢e6

8els8
Lyl1s
B2G¢B
aaeele
Y0682
€L9T8
TLESS
¢0192

11es1°2
881%9°¢
Y1eg8°*8
161199
se986°2
2s618°8
ATV
L01¢)2
geCeZ 1

¥989¢° 1~
S61%9°S
sL11Z*L
2cotey
686¢5°1
0lee6EE
81615y
6s%(0°¢€

RN TN O O

CGet OO TN O™




J. CODY

W

636

(00 )
(00 )
(00 )
(10-)
(¢0-)
(€0-)

(G0 )
(00 )
(00 )
(10-)
(¢0-)

(00 )
(00 )
(10-)
(¢0-)

(00 )
(10~}
(10-)

(00 )
(10~}

(X222 2222222222222 22 X222 XX X222 XX 2228

(22222222222 222222228222 2R Rt RS g

00000
cLocY
602LY
84221
8L116
13 A2

o0
9s
L0
184
81

't <X

00000
22868
09%c¢
482%1
1etyy
16989

00000
2aetll
ZE6LS
86¢28L
6L9%8

0000
8ITL

Lerl
oLLe

%

.ﬁ' =
p7X b m

00000
22610
66982
56201
21ely
29L6Yy

00000
1810¢
0L01¢
01926
2s0¢ed

00000
g6led
9614%
sheh9

00000
6911Y
%60LC

000
190

00000°1
2689¢9°¢
G62L8°1
s06le°®s
€8150°9
02see*e

00000°1
€elg6*l
L91s6°1
g8octI6°T
60290°1

00000°Y
TiLenr*1
2GS68°%
9c0QCe*y

000001
Zav1ce
ZH606°1

00000C*1
LI60% %

Ly
P

= Axvccm = (X)oj4d Al 9lqel

(20-) BeHB8L 6020€ LETLB €61€9°1-| &
(10-) GEQHY €2€21 96%E7 92ecl'e- | ¥
(10-) 62%6€ H9086 ¥6668 HHe(9°E~ | €
(10-) ¥0Z9Yy 26221 1192L 18LSZ°1- |2
(20-} 8L299 LZ2vl 8%1S8 Leg09°1- | 1
($0-) LGTE0 B8LERBG 29191 6%18G°9- | 0|6
(20-) 98 9%81Hy €l6GH 261€l°2~ | ¥
(10-) 88 LL¥96 (0980E 1998L°C- | €
(10-) 0E 69896 €5€65 99692°C2~ | ¢
(20-) %€ L0G2¢€ 29016 Qel¥%6°H- | 1
(€0-) %L TZvee OLLGL 01966°C-| D|¥%
(20-) 9%LL L2615 61eH2°e~| €
(10-) 9298 84620 116€%°2- | 2
(10~} 9418 92666 €0661°1-| 1
(20-) BL66 B8E9LZ 8UETIZ°1I-| O €
(20-) G 81292 28891°6-| 2
(10-) 9 ZLelS 89096°1~| 1
(20-) € SSEY9 66LG2°H-| C| C
(20-) %9t 01¢289°6-| 1
(10-) %93 89€H2°1-| Q| 1
b4t 36 3t 36 3 3 % 3t 3 4 3t I 3 3 3 3E M 3t 3 W I I W W I3 36 I I NN RHRF R
fq C
Liu
I Z 222 EX RS XXX RS SRR RS SRR R ER K 4




RATIONAL CHEBYSHEV APPROXIMATIONS 637

Table I presents the initial segments of the L, Walsh arrays while Tables II, III,
and IV present selected approximations. All approximations were generated using a
standard version of the Remes algorithm [4] on a CDC 3600. The master function
routines used continued-fraction expansions described in [1] and were verified to be
accurate to at least 228. Finally, the accuracy of the approximations as presented
here was verified by comparison against the master routines using 5000 pseudo-
random arguments.

Argonne National Laboratory
Argonne, Illinois 60439
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