Elliptic Spline Functions and the
Rayleigh-Ritz-Galerkin Method*

By Martin H. Schultz

Abstract. Error estimates for the Rayleigh-Ritz-Galerkin method, using finite-dimensional
spline type spaces, for a class of nonlinear two-point boundary value problems are dis-
cussed. The results of this paper extend and improve recent corresponding results of
B. L. Hulme, F. M. Perrin, H. S. Price, and R. S. Varga.

1. Introduction. The purpose of this paper is to discuss error bounds for the
Rayleigh-Ritz-Galerkin method, using finite-dimensional ‘‘spline-type’ spaces, for
a class of nonlinear two-point boundary value problems, cf. [2], [3], [4], [5], [7], and
[9]. In particular, we generalize, extend, and simplify the very important techniques
and results of [7], [9], and [10].

In Section 2, we generalize the interpolation theory results of [11] and [12] to
spline spaces defined by an arbitrary selfadjoint, elliptic, ordinary differential
operator and in Section 3 we analyze and apply these results to the class of non-
linear two-point boundary value problems previously studied extensively in [3]
and [4]. Now we introduce some notations, which will be used throughout this paper.

Let a and b be two fixed real numbers such that — % < a <b < . Ifu E
C=(a, b) and is real-valued, for each nonnegative integer m and 1 < p £ o, let

b m . 1/p d
lwllm» = (/ > |Du(@)’dx) , whereD = o
a j=0 Xz

Wm» denote the closure of the set {u € C*(a, b), u real-valued | ||uljn, < «} with
respect to || - |lm, and We™? denote the closure of the real-valued functions in
Co(a, b), i.e., the real-valued C*(a, b)-functions with compact support contained in
the interior of (a, b), with respect to || - ||lm . We remark that « &€ W™ if and only
if u & C™a, b], D™ is absolutely continuous, and D™y & L?[a, b]. Moreover,
u & Wemr if and only if w € W™? and D*u(a) = D*u(d) = 0,0 =k =m — 1.
Finally, the symbol K will be used repeatedly to denote a positive constant, not
necessarily the same at each occurrence.

2. y-Elliptic Spline Functions. In this section, we define the concept of a “‘y-
elliptic spline space’”’ and we define and analyze a particular interpolation mapping
into such a space. In particular, we derive computable lower and upper bounds for
the interpolation error. These results generalize those of [11] and [12].

For each nonnegative integer, M, let @, denote the set of all partitions, A, of
the interval [a, b] of the form
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(21) A=z <2 < -+~ <"EM<IEM+1=b.
Moreover, let ® = U= ®x.
Let

E@w) = 2 (=1)’D?(p;(x)D'u(x)), z € (a,b), wherepn(x) = a > 0

for all z € (a, b), p,(x) € Wiz N\ Wo* 0 < j = m, and E is y-elliptic, i.e., there
exists a positive constant, v, such that

b m
ID™ul)5,2 < 'yz/a ;)pj(x) (Du(@))dz = v’e(u, w), forallu & W%,

If A € @ and 2 is an integer such that m — 1 < 2z < 2m — 2, we define the -
elliptic spline space, S(E, A, z), to be the set of all real-valued functions s(z) &
C[a, b] such that on each subinterval (z;, x:1), 0 < ¢ = M, E(s(x)) = 0, for
almost all x € (x4, 441).

We remark that in the special case of p,.(x) = 1, for all z € [a, b], and p;(x) = 0,
forallz € [a, b],0 < j £ m — 1, our definition is identical with the definition of
the deficient splines of degree 2m — 1 of Ahlberg and Nilson, cf. [1]. It is easy to
verify that all the results of this paper remain essentially unchanged if one allows
the number z to depend on the partition points, x;, 1 < ¢ £ M, in such a way that
m— 1= z(x;) £2m — 2forall 1 £ 7 = M. The details are left to the reader.

TFollowing [12] we define the interpolation mapping 9: C™'[a, b] — S(E, A, z)
by 9(f) = s, where

©3) D's) = D*f(e) 0<k=2m—2-2, 1SisM,
l 0<k=m-—1, 2=0andM + 1.

We remark that the preceding interpolation mapping corresponds to the Type I
interpolation of [12]. It is easy to modify the results of this paper for the cases in
which the interpolation mapping corresponds to Types II, ITI, and IV interpolation
of [12]. The details are left to the reader.

We now state and prove analogues of some of the basic results of [12].

TurorEM 2.1. The interpolation mapping given by (2.2) is well defined for all
A & P, y-elliptic operators E, andm — 1 £ 2z < 2m — 2.

Proof. By [6, p. 43], there exist 2m linearly independent functions v.(x) & W?m2,
1 < k = 2m, such that E(vx(x)) = 0 almost everywherein [a, b], 1 £ I £ 2m, and
if s(z) isa S(E, A, 2)-spline function, then on each subinterval (z;, v:41),0 = ¢ = M,
s(z) can be expressed as s(z) = »_: a; wi(x). Thus, the total number of coefficients
determining s(x) in [a, b] is 2m(M + 1).

We now calculate the number of linear equations which constrain these co-
efficients. The regularity conditions, at the interior partition points, yield (z + 1)M
linear constraints and the interpolation conditions yield 2m — 1 — 2) + 2m
linear constraints. Hence, the total number of linear constraints is 2m(l 4+ 1). In
other words, if s(z) exists, it is obtained from a solution of 2m(M + 1) linear equa-
tions in 2m(M + 1) unknowns. To establish both the existence and uniqueness of
s(x), it suffices to show that if D¥f(z,) = 0,0 =k <2m — 2 — 2,1 =7 = M, and
D¥*f(a) = D¥(b) = 0,0 <k = m — 1, then s(z) = 0.

Consider
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b m M Zi41 .
o9 = [ Ep@ws@rie =3 [ p@wiers.

Integrating by parts, we have

INRCLED> [ s & -opin@nistas
2.3 = =0

=241

=+ Z i E::( 1)™*D"*[p,(x)D’s(z)|D* s (z)

=0 J=0 T=Zq

The first sum in (2.3) is zero since s(x) is a spline function and, using the regularity
and interpolation properties of s(x), it may be shown that the second sum is also
zero. Hence, 0 = e(s, s) = v||D™s||§,2 and s(z) = 0. Q.E.D.

COROLLARY.

(24) e(f—9f5) =0,

forallf € Wm2 s(z) € S(E, A, z), E y-elliptic, AE ®,andm — 1 =2z < 2m — 2.
Proof. As in (2.3), we have

M fzip m o )
ci-sr=2 [ " U= 90 E CODB@D@E

T=Z i+1

+ 33 3 (DD, @Ds@IDt (f—ap)| | =0.

=0 Jj=0 k=0 =3

QED.

The following result is a generalization of the first integral relation of [12].
THEOREM 2.2. Let f &€ W™?, K be a y-elliptic operator, A & ®, and m — 1 =
2 £ 2m — 2. If 9f denotes the S(E, A, z)-interpolate of f, then

(2.5) e(f: b)) =€(f—9f,f—gf)—|-€(9f, 9f) .

Proof.Sincee( -, -) isabilinear functional, e(f, f) = e((f — 9f) + 9f, (f — 9f) + 9f)
= e(f — 9f,f — 9f) + 2e(f — 9f, 9f) + e(df, 9f). The result now follows directly from
the above corollary. Q.E.D.

The following result is a generalization of the second integral relation of [12].

THEOREM 2.3. Let f &€ W?*m2 E be a y-elliptic operator, A € @, and m — 1 =
z £ 2m — 2. If d9f denotes the S(E, A, z)-interpolate of f, then

b
@6) o= s57=sn =] &= spp(as.
Proof. As before,

m

M Zit1 o " .
;/,. (f — 9H)E(f — 9f)dx+ 2 Z E(_1)1+k

=0 j=0 k=0

e(f—=9f,f—9f)

z=Z {41

- D" Mp;(@)D’(f(2) — 9f@)ID* (f() — $f@))|

=T

b b
fa (f = 9NE(f — 9f)dz = /a (f — 9NE(fdz ,
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since Jf is a spline function. Q.E.D.
Finally, following Kolmogorov, cf. [8, p. 146], if ¢ and d are positive integers,
let As(t) denote the dth eigenvalue of the boundary value problem,

2.7 (=1)'D*%y@) =n@E), a<z2<b,

(2.8) D'%(a) =D'y(b) =0, t=<k=<2—1,

where the A\, are arranged in order of increasing magnitude and repeated according
to their multiplicity. We remark that the problem (2.7) — (2.8) has a countably

infinite number of eigenvalues, all of which are nonnegative, and it may be shown
that

™

2¢
N = <B—_‘_—a> d“[l-{-O(d—l)], ast<d— o .

Now we obtain explicit upper and lower bounds for the quantities A(E, p, 2, 7),
l1=mp=mor2mym — 1 =2 =<2m — 2,and 0 = j < m, defined by

(29) A(-E) m, z)]) = sup {”D](f - gf)”(’.?/[e(f) f)]1/2|f€ Wm'gy C(f, f) = 0}
and

(2.10) A(E, 2m, 2,5) = sup {||ID’(f — 9 N)llo.o/IE()llc.ol f € W™, |E(f)o,2 5= O} .
Letting
A= max @y1—z:)and A = min (2 — 1)
0<i=M 0=i=M

for all A & ®a, we have the following generalization of Theorem 3.4 of [11] and
Theorem 7 of [12].
THEOREM 2.4.

(2.11) Ml (m = §) £ AEB, m, 2,5) £ YKmmei(B)",
where

(2.12) d = dim {D’[S(E, A, 2)]}

and

Kum.i=1, tfm—1=z=2m—2,7=m,

m—j
=<i>, fm—1=20<j<m—1,

™

213) _ +2-m)!

= , fm—1=22z=2m—-2,05j=2m—2— 2z,

_(z+2—m)!

- Flam?
for all ~-elliptic operators E, 0 = M, A € Py, m — 1 = 2z £ 2m — 2,
and 0 = 7 = m.

, ifm—1

1A

2=2m—-2,2m—2—2z2=j=<m-—-1,
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Proof. First, we prove the right-hand inequality of (2.11). If m — 1 £ 2z £ 2m —
2 and 7 = m, the result follows directly from Theorem 2.2.

Otherwise, D/(f — df)(xs) = 0,1 £ ¢ = M,0 <j < 2m — 2 — 2, and by the
Rayleigh-Ritz inequality, cf. [5, p. 184],

/a:.1+1 (Dj(f @) ds < (—i—) ./'z.z+l (D”l(f — 9f)(z))dz,
(2.14) ™ N
0=j=2m—-2—z.

Summing both sides of (2.14) with respect to 7 from 0 to M, we obtain

215) 1D'(f = 9Dlos S 2D (f — aPlos, 0SjS2m—2—2.

Using (2.15) repeatedly, we obtain

@16) 10 =90l = (2)T 0 = apls.

Hence, if 2m — 1 — z = m, i.e., 2 = m — 1, then

(217) D77 = s = (L) @D,

and the required result follows from the y-ellipticity of E.

Otherwise, since m = ¢, applying Rolle’s Theorem to Dm*:(f — gf) &
C+=mHlq, b], we have that foreach 0 < j <z — m + 1, there exist points {£,(? jmil=7in
[a, b] such that

D"~ N (@) =0,
(2.18) 0sj=sm—-1—-QCCn—-2—-2)=2—-m+1,
0<I<M+1-7,
219) a=£Y <8V < <Eay=b, 0=j<z—-m+1,
(2.20) £ < &9 < g, forall0SISM+1—j, 0Sj<e—m4+1,
and
221) [ —6Pls(G+1DE, O0=SI<M-j, 0sj<z—m+1,

ie., choose £, =2, 0 =<1 =M + 1.
Thus, applying the Rayleigh-Ritz inequality, we have

/ £
4P (DT — 9f) @))da

(2.22) . - ;
< [Gx0a] [i @ (g~ g )yas

™

foral0 =1 =M —5,0=;<2z— m+ 1. Summing (2.22) with respect to
from 0 to M — j, we have
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”DZm—Z—z-i-j(f . gf)”(]’2 é gj_'l;r—l.)A ”D2m—2—z+(f+l)(f _ 9f)||o.2 ,
(2.23)
0sj=z—m+1.
Using (2.23) repeatedly, we have
m—1—z 2_ ! ~\m—(2m—1—z m
1071721 = s 5 S @ -pn(s — 9 )]s
(2.24)
2 z—m-
s EE2om @D s

Combining (2.16) with (2.24), we have that

@:25) [D'( = f)lor s EFESE @07 us, HOSjS2m—2 2.
Otherwise, it follows from (2.23) that
(226) ID(7 = 8)loa s LI 10"l

The required result now follows from (2.25), (2.26), and the y-ellipticity of E.
Finally, we remark that the left-hand inequality of (2.11) follows directly from
a fundamental result of Kolmogorov, cf. [8, p. 146]. Q.E.D.
The next result generalizes Theorem 3.5 of [11] and Theorem 9 of [12].
THEOREM 2.5.

(2-27) ;-:1/2(2"1 - .7) A(E; 2m’ 2, .7) é 72Km.2m.2.j(5)2m_j )

where

(2.28) d = dim {D’[S(E, A, 2)]}

and

(229) Km.2m'2,j = (Km.m,z,j) (Km.m,z,0> ’

Sor all y-elliptic operators E,0 = M, A& ®Py,m — 1 =2 = 2m — 2, and0 =

j=m.

Proof. Applying the Cauchy-Schwarz inequality to the second integral relation
and using the y-ellipticity of E, we have
(2.30) [D™(f — 9N)te S ¥'e(f — 95, f — 9F) = VIEDllonllf — 970 .
Applying the proof of Theorem 2.4, we have

(2.31) ID’(f = 8 )lloe S Kmm,e s D™(f = 9]0, (B)" .
Using (2.31) for the special case of j = 0 in (2.30) yields (2.32)
(2.32) ID™(f = 9NMlo2 = VIE(Nlo.sKmm,z.0(B)"

Using (2.32) to bound the right-hand side of (2.31) gives us the right-hand in-
equality of (2.27). The left-hand inequality of (2.27) follows as in Theorem 2.4.
Q.E.D.
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Now we obtain explicit upper bounds for the quantities A.(E, p, 2, j), 1 < m,
p=mor2mm —1=<2z=2m — 2,and 0 < 7 = m, defined by

(233) Aeo(E7 m, z, .7) = sup {”Dj(f - gf)”o,w/[e(f, f)]”zlf & Wm'z’ e(f, f) P 0}
and
(2.34) Ao (B, 2m, 2,5) = sup {|D’(f = 9N/ IEf)llosl f € W™,

1E (o2 = 0} .

As a generalization of Theorem 5.1 of [11] and Theorem 6 of [12], we have
TaeEorEM 2.6.

(235) AW(E’ m, z, .7) = 'YI{:.m,z,j(z)m—j—l/2 3
where
K;ol,m,z,;» = Km,m,z,j+1 5 ’Lfm —1= 2, 0 éj é m — 1,
Km,m,z'j+1 5 'Lfm —1<z § 2m — 2 ,
230 =\ N L

i

\(j—2m+3+z)”2Km,m,z,,-+1, ifm—1<z<2m—2,
2m — 2 —2z2<j=m—1,

for all y-elliptic operators E, 0 = M, A &E Py, m — 1 =2 =2m — 2, and 0 <
J=m— 1

Proof. We give the proof in the special caseof m — 1 = 2,0 < j = m — 1, as
the proof in the other cases is analogous. Given any & & [a, b], there exists a point
y € [a, b] such that D/(f — 9f)(y) = 0 and |z — y] <A . Hence,

D= sn@ = [ D70 - spwa
and

ID'(f = 8 Nllow = B)'[D™(F = 9D]ose -

The result now follows from applying Theorem 2.4 to the right-hand side of the
preceding inequality. Q.E.D.

As in Theorem 2.6, we have the following result, as a generalization of Theorem
5.2 of [11] and Theorem 8 of [12].

THEOREM 2.7.

(2.37) Au(E, 2m, 2,5) S 'K om 2, 5(B)" 72
where
K:,Zm,z,.‘i+1 = Km,2m,z,j+l , 'Lfm — 1=z s 0< ] _S_ m— 1 ,

Km,?m,z,j+l, lfm— 1 <z§2m_2,
0sj=2m—2—2z2,

G—2m+342) " Knomzejs, ifm—1<z2=2m—2,
2m — 2 — 2z < 7,

(2.38)
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for all y-elliptic operators E,0 = M, A E Py, m — 1 £ 2= 2m — 2,and 0 <
J=m—1.
In some special cases the preceding results may be strengthened. Let

AD*™ p,2,7), 1=mm=p=2mm—1=<2z2=2m—2
be defined by

(2.39) A(D™, p,2,5) = sup {|D’(f — 9£)]lo.o/ID*fllo.2l f € W**, | D?fllo,2 % O} .
THEOREM 2.8.

(2.40) Nt (@ —7) £ AD™, p,2,5) S Kmip.oi(B)7.
where
(2.41) d = dim {D’[S(D™, A, 2)]}
and
1/2)(2m—p) p! (A"
(2~42) Km,p.zvj = {KP'P,zm—l-z + Km,2m,z,j'2( i [m] <Z> }

foralll =m0=M, A€ Py,m<p<2mdm —2p—1=2 =< 2m — 2, and
0=j=m.

Proof. See Theorem 3.6 of [11]. Q.E.D.

Let Ao(D*™ p,2,7),1 Em,m <p =2m,m — 1 £z £ 2m — 2 be defined by

(2.43) Ao(D™, D, 2,5) = sup {ID’(f — 9N)lo.w/IID*fllo2l f € W D?fl[o,2 5= O} .
THEOREM 2.9.

(2.44) Ae(D™, p,2,7) < K pe iR,
where
- ~— ' 2 5 2m—p

foralll =m,0 = M, AE(PM,m<p<2m,4m—2p— 1=22=2m— 2, and
0<j<m-—1.
Proof. See Theorem 5.3 of [11]. Q.E.D.
Let A o(D?*™ p,2,7), 1 Em,m = p <2m,m — 1 £z £ 2m — 2 be defined by
2m .
(2.46) Aw,o(D™, D, 2,7)

= sup {|D’(f = 9Nllo./ID*fllowl f € W™, [ID*fllo # O} .
TrEOREM 2.10. There exists a posttive constant, K, such that
(2.47) Ao D™, p,m — 1) < K(B)"7,

foralll =m 0=M,AECY,mM=p=2mand0 =j <m — 1.
Using a result of M. E. Rose, we can prove an analogue of Theorem 2.10 for
second-order y-elliptic operators. If E is a second-order vy-elliptic operator, let

(248) Auo.eo(E> 2; 0’ 0) = sup {”f - gf”("w/”sz”omlf S WZM’ ”D2f”0,°o = O} .
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TureorEM 2.11. If E is a second-order y-elliptic operator, there exists a positive
constant, K, such that

(2.49) Av(E,2,0,0) < K(A),

forall0 = M and A € ®uy.
Proof. By a theorem of M. E. Rose, cf. {10, p. 183],

b
(- $n@ = [ Hae, pEGD @)y, forall A € Gula, b), 1 € K**la,b],
where Ha(z, y) = 2. Lo Kz, y) and K(z, y) equals the Green’s function for

E[u](x) on [x4, z.41] subject to the boundary conditions u(z;) = u(zit1) = 0 if z,
y € [x4, xi1) and K (z, y) = 0 if either or both z, y & [z, z:41]. Thus, if

x € (24, Tipa], |(f_ gf)(.’l?)‘ =

[ K pED 01y

= ”Kz(x, y)” L°°[¢i7$i+1]”E(f)”(’.oo(z) .
Hence, it suffices to find a bound for K;(z, ), 0 = ¢ < M, given that z and y &
(24, 2ipa].
Following [6], we have that
Kz, y) = —ni(@):(y)/C forz =y,
where E[vi](z) = E[vs](x) = 0, for all 2 € [z, 441], v1(z:) = 0, Dui(z,) = 1, vs(2y) =
1, UQ(IH.]) = O, and_
nE)  vea)
Dvi(z) Dve(x)
is a constant, and K.(z, y) = Ki(y, z) for all 2 = y. If ws = p(2)Dvi(z), then

C =

vy 0o - ——(1—5 l_ U1 0 v (z4) 0
D + plx L = and =
W q(x) 0 We 0. we () p(xs)

and if us(z) = wa(z) — p(y),

V1 0 - —— V1 p(x)/p(x) 0
D + p() + =

Uy qx) 0 Uy B 0 0

and

It is easy to verify that

{ ") ] = /: exp(—/: A(t)dt)l:_p(xi)/p(x)]ds N

U2 (iE) 0
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where
1
0 ——
At) = { p() ’
q(®) 0
and hence
1@)| < @) + u 3 @)
IR o, S

where || - || denotes the Euclidean norm. Thus, we have shown that there exists a
positive constant, K, such that |v1(x)] < K(A) Similarly, we may show that there
exists a positive constant, K, such that |vs(y)] £ K and hence |Ki(z, y)| =
(K?/c) (). QE.D.

3. Nonlinear Two-Point Boundary Value Problems. We consider the differential
equation

B.1) Elu@@)] = f@x,u@), a=sz=b,
subject to the boundary conditions

(3.2) D*u(a) = D'u(®) =0, 0<k=<=m-—1,
where

Elu(r)] = ,:Z;' (=1)’D’[p;,@)D'u()], pi@) EWNW"™, 05j=<m,

Pn(x) Z w > 0 forall 2 € [a, b], and there exists a positive constant, v, such that

b m
®3) ID"ulsen <47 [ 3 i@ D@
a Jj=
for allw & Wym2.
Let
(3.4) A= inf JeZmp@Dw@ldr
: WEW ™20 #0 2 [w () dx

-and f(x, u) be a real-valued function defined on [a, b] X R, measurable in z for every
u in R and such that

(3‘5) f(x! u) - f(-’l:, Z}) Su<A

u—v
for almost all z € [a, b] and all u, » & R with u v and for each ¢ > 0 there exists
.a finite constant M (c) such that

~(36) f(x, u) _ f(xa l)) < M(C)

u—v
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for almost all « & [a, b] and all w, v € R with |u| < ¢, |v]| £ ¢, and u = v.

As in [3], [4], [7], and [9], we consider the Rayleigh-Ritz-Galerkin procedure for
approximating the solution to (3.1)—(3.2), i.e., if S is an N-dimensional subspace of
Wom™? with linearly independent basis functions {B.(zx)}%;, we seek an approxi-
mation of the form us = Y_Y_; 8.B.(x), where the coefficients {8:}%_; are determined
by the nonlinear, algebraic system

67 A5 =F@),
where
4= ( / b ém(x)D"Bi(x)D"Bj(x)dx)

and

r@) = [ e £ 8.8 )Bitora |

I'rom [3] and [4], we have the following fundamental result.
THEOREM 3.1. With the preceding hypotheses, there exists a unique generalized.
solution, u, to (3.1)—(3.2) over Wo™?2,

1/2

(38) GI/Z(U’ u) =y A—p ”f(‘% 0)“0.2:

the Rayleigh-Ritz-Galerkin procedure gives a unique approximation, us, and
1/2

(3.9) e'*(us, us) S v 57— 7@ 0oz

The purpose of this section is to discuss the size of the error for the special cases:
of elliptic spline subspaces which are somehow related to the differential operator E.
We begin with the linear case, i.e., f(z, ») is independent of u, and subspaces of
E-splines. Generalizing [7], [9], and [10], we have

TrreorEM 3.2. If f(x, u) ¥s independent of u, A E ®,m — 1 < 2z £ 2m — 2,
and S = S(E, A, z) N\ W2, then us = du, where d is the interpolation mapping
of C™Ya, b] into S(E, A, 2).

Proof. Using the notation of Section 1, it is easy to verify that e(us, B;) =
(f, Bi) L*w@.py and e(u, B;) = (f, By) t2@.p» for all 1 < 7 < N. Hence,

(3.10) e(us —u,B;) =0 foralll <j=<N.
Moreover, from the Corollary to Theorem 2.1,

(3.11) e(u—9du,B;) =0 foralll =j <N

and hence

e(us — Ju, B;) =0 foralll <j <N
and
: 0 =e(us — Su, us — 9) = vllus — Suln.. Q.ED.
Combining Theorem 3.2 with the results of Section 2 and Theorem 2 of [2], we:
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obtain the following
CoRoLLARY. Let f(x, u) be independent of u.
1) If u € W22 and S = S(E, A, z) N We™?, then

luw — uslliz £ ¥’ Kmome il @02 B, 0=y

IIA
3

and

lu = usllio £ V'Eitmesll /@02 @), 0=
foral A€ ®andm — 1 £ 2 £ 2m — 2.
(i) If u € We2, E = D*™, and S = S(D*™, A, z) N Wo™? then

lu — usllje < Kmpoes| D?ullo2 (B, 0=j=m,

IIA

m—1,

and
e = wsllio < Kiposl DPullo 2R, 02j<m—1,

forall AE ®,m <p<2m,and4m —2p — 1 =z = 2m — 2.
(iii) Let ® = D*™and S = S(D**, A,m — 1) N\ W™ If u € W??,

e — us||j,2 < Cimp.|DPulf0,2(B), 0<j=m,

forall A€ ®and m < p £ 2m, where ¢jmp2,2 18 the constant defined in Eq. (2.10)
of 2. If w € W™=,

e = uslie = CimpeolDullom(@)  0=j<m,

forall AE ®andm = p < 2m.

(V) If m = 1, u € W2=, and S = S(E, A, 0) N W'? there exisls a posilive
constant, K, such that [[u — usllo,. = K(A)? for all A € @.

Now we consider the nonlinear case of Eq. (3.1). The following theorem is a
generalization of analogous results of [7] and [9]. We remark that its proof is con-
siderably simpler than the proofs of the referenced results.

TueorEM 3.3. If (3.1)—(3.7) hold and S = S(E, A, z) N Wo™?, then

1/2
A—p

forall AE ®andm — 1 =2z = 2m — 2.
Proof. Using the above hypotheses and the Corollary to Theorem 2.1, we have

”f(x, u) - f(x) gu)“f',2 )

(3.12) e’ (du — us, Su — ug) <

b
(1 — -%—)e(gu — ug, Ju — us) = e(du — us, Ju — us) — p,/ (Ju — us)’dr

< e(du — us, Ju — Us)

~ /b [f(x, Ju) — f(x, uS)](gu — us)dx

a Ju — us

I

e(du, Ju — us) — /b flz, gu) (Su — us)dx

b
e(u, Ju — ug) — / flx, gu) (Ju — us)dx

— [ 10 = 5@ 90l 0n = us)iz
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The result follows by applying the Cauchy-Schwarz inequality and definition (3.4).
Q.E.D.
CoroLLARY. If (3.1)—(3.7) hold and S = S(E, A, 2) N Wo™2, then

’YA1/2
¥ — 2 < -
B2) D" = us)Pam = "
andm — 1 =z < 2m — 2, where,

B i (b _ a)m—l/2 A1/2
(3.13) =5 YR, | £, 0)]]o.2

M@)|lu — guljo,e forall A E @

and M (c) vs given by (3.6).
Proof. By (2.5), e(du, Ju) = e(u, u). Hence, using (3.8), we have

A1/2
3 196 O

and thus by the Rayleigh-Ritz inequality, cf. [5, p. 184], and the inequality
[wllo.o = 3 — a)'#|Dwllo, for all w € Wom? [[gulloe < ¢ and [fuflo.. = ¢
where ¢ is given in (3.13). The result now follows by combining these a priori bounds
with (3.3), (3.6), and (3.12). Q.E.D.

From the Rayleigh-Ritz and triangle inequalities and the preceding result, we
have

TrEOREM 3.4. If (3.1)—(3.7) hold and S = S(E, A, 2) N We™2 then

e(Ju, Ju) = e(u,w) =

. . _ m—j 1/2
D' (w — us)|lo = [|D’(w — gu)lfo,2 + (b - a> ’YA_ . M(c)

(3.14) A
flu = gullop, O0=j=m,
and
) ) _\m—i—1/2 1/2
107 = w9l < D7 = g10)]oe + 5 S XAy
(3.15) T
'“u_gullo.w) Oé]ém_l}

Jorall A€ ®andm — 1 £ z £ 2m — 2, where the constant ¢ is given by (3.13) and
M(c) by (3.6).

We remark that as was done in the Corollary to Theorem 3.2, we can now com-
bine the results of Theorem 3.3 with those of Section 1 to obtain specific error
bounds. We leave the details to the reader.

Asin (3], [4], [7], and [9], one expects that more accurate Rayleigh-Ritz-Galerkin
approximations are possible if the solution u is particularly smooth, i.e., Du exists
for some j > 2m and if we use a ‘“‘spline-type”’ space of ‘“higher degree” than
S(F, A, z). We now generalize and simplify the construction and proofs of [7] and
[9].

For each positive integer, ¢, we consider the differential operator

(3.16) Bl = 3 D, )D )]

From inequality (3.3), we have that
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b m
“Dm+2tw”0’2 < 72[ Z()pj(x)[D]+2tw(x)]2dx = 726t(w, w) ,
a j=

for all w & Wym+24:2, Thus, following Section 1, we may define the space S(£?, A, 2)
C Wmtt2 forall AE ®andm + 2t — 1 =2 = 2m + 2t — 2.

TureoreMm 3.5. If (3.1)—(3.7) hold and S = D?*S(E!, A, 2) N We™? then there
exists a positive constant, K, such that

(3.17) D’ (w — us)llo2 £ KD (9y — Y)llon, O0=Lj=m,
and
(3.18)  |ID'(w — us)ow < KD 9y — Yllow, O0=js=m-—1,

where

y) = f: /:ﬂ /:2 u(@1)dridzs - - - dre, = M (u)

and 9 is the interpolation mapping into S(Et, A, 2), forall AE ®,m + 2t — 1 =<
2 =<2m+ 2t — 2.
Proof. We prove only (3.17) as the proof of (3.18) is essentially identical. As in
Theorem 3.4, it suffices to show that there exists a positive constant, K, such that
ID™ (us — D**sy)llo2 < K[D**(y — 99)lo.2 -

As in the proof of Theorem 3.3,

(1 — -%)e(D“sly — us, D*'9y — us)

IIA

b
e(D*9y — us, D*'9y — us) — u/ (D*9y — us)’dx

IIA

b
e(D*'9y, D*'sy — us) — / f(z, D*'ay) (D*'9y — us)da

b

e(9y, 9y — M(us)) — / f(x, D*'9y) (D*'9y — us)dzx
b

= ey, 9y — M(us)) — / f(z, D*'9y) (D*'9y — us)dz

b
= [ 15, 0" ~ 5o, D531 0’5y — ws)ia

Applying the triangle inequality and (3.4), we have

1/2

A—wpu

e *(D*'9y — us, D*'9y — us) < | f@, D*) — f(x, D*3y)l|o.2 -

The required result follows in the same way as the Corollary to Theorem 3.3, since
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IA

ID*syllo < ID*y = D*'syllo.e + D* Y0
i (b _ a)m—1/2

<5 i ID" G = y)as + D e
b _ m—1/2

< Q_%L’)n_l_'y etlﬂ(y — 9y, y — 9y) + ”thy”‘)-°°
b _ m—1/2

= %e»‘“(y, ) + 1D*Ylo

by Theorem 2.2. Q.IE.D.

We now state an analogue of part (i) of the Corollary of Theorem 3.2 to illustrate
the power of the result of Theorem 3.5. The details of the analogues of the other
parts of the Corollary of Theorem 3.2 are similar and are left to the reader.

COROLLARY. Let (3.1)—(3.7) hold and S = D*S(Et, A, z) N W2 If u €
W2m+2t.2 then there exists a positive constant, K, such that

lw — usllje £ K@) |ullansere, O0=j=m,

and

lu = usllie < K@) ullamrare, 0=j<m.

Proof. Since y = M(u) & W2m+it.2 the results follow from Theorems 2.5, 2.7,
and 3.5. Q.E.D.

Finally, we make some remarks about the use of subspaces formed from low-
order perturbations of the differential operator E. If we wish to solve (3.1)—(3.2)
and E[u] = Y. ™o Dig;(x)D] is such that ¢;(z) = p;(x), 1 £j < m, and go(x)
is such that there exists a 5 > 0 such that

b m
[D™wllo,2 < n2/ 2 ¢i@)[D'w@))’de  forallw € Wo™*,
a j=0
then we rewrite (3.1) as

(3.19) Elu] = f(x,w) + Elu] — Eu] = g(z, u) .

It is easy to verify that if S is a finite-dimensional subspace of Wy™2, then the
Rayleigh-Ritz-Galerkin equations for S for the problem (3.19)—(3.2) are identical
to those for the problem (3.1)—(3.2). Hence, if we use a subspace of the form S =
DxS(Et, A, 2) N Wem? forsomet =0, AE @ andm — 1 £z £ 2m — 2, the
preceding analysis applies. The details are left to the reader.
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