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Global Approximations to Solutions

of Initial Value Problems*

By Luis Kramarz

Abstract.   A wide class of implicit one-step methods for the construction of global

approximations to solutions of initial value problems is studied.  Approximations

more general than piecewise polynomials can be constructed to exploit certain char-

acteristics of the differential equation.   Error bounds are given for the general class

of methods but emphasis is placed on methods based on Hermite interpolation, for

which higher rates of convergence are obtained for special choices of interpolation

points.  Computational examples are presented.

1.  Introduction.  In recent years there has been an interest in the construction

of piecewise polynomial approximations to the solutions of ordinary differential equa-

tions, with the benefit of derivative approximations.  We present here a wide class of

implicit one-step methods for the construction of more general global approximations

to the solution of a single initial value problem of order s.  The methods are based on

families of linear operators, not necessarily projections, which satisfy certain conditions;

they include as special cases the collocation schemes of Hulme [10], [11], Russell and

Shampine [19], de Boor and Swartz [7], and several of the more general projection

methods of Wittenbrink [28], as applied to initial value problems.  Several schemes

such as the Newton-Cotes block methods of Watts and Shampine [26], some of whose

global aspects were investigated by Williams and de Hoog [27], are equivalent to collo-

cation; we point out here that so are the methods of Callender [5] and of Micula

[17].  Other methods also included are the natural spline block methods of Andria,

Byrne and Hill [2].

Our main theory on existence, convergence and error bounds for the approxi-

mate solutions is based mostly on the collectively compact operator theory of Ansel-

one and Moore [3].  We present several families of operators which can be used to

produce specific methods, and emphasize the methods based on Hermite interpolation,

for which we obtain higher rates of convergence along the lines of de Boor and

Swartz [7].  Numerical examples are given.

Many of the main results we obtained will carry over to systems of initial value

problems and boundary value problems since they can be set up as integral equations

having essentially the same properties as the integral equations considered here.
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36 LUIS KRAMARZ

2.  The Problem and Its Approximation.   Consider the initial value problem

(2.1) y(s\x) = /(*, y(x), ... , y^m\x)),      0<x<b,m<s-l,

(2-2) yín«Ü = g„     0<i<s-l,

where /is a real-valued function continuous in D = [0, b] x Rm + 1, with R = (-<»,

°°). We will assume that (2.1), (2.2) has a unique solution y G C[0, ft], which is the

case if, for example,/satisfies a uniform Lipschitz condition in D.

Let ak, 0 < k < m, be arbitrary constants and define the operator L:   Cs[0, b]

— C[0,ft] by

171

(i«x*) = "(î)w - z fl*"(fc)(*)-
fe = 0

Equation (2.1) is equivalent to (Ly)(x) = w(x)H(x;y), where w and H are any two

functions satisfying

m

w(x)r7(x;v)=/(x;j)- X fljfcy<k)(x),
fc = 0

and we use the notation g(x;y) = g(x, y(x), . . . , y^m\x)).  Let G(x, t) = v(x - r),

0 < t < x < b, where u is the solution of Lv = 0, u(/)(0) = 0, 0 < i < s - 2, u(î_1 }(0)

= 1.  Then the solution y of (2.1), (2.2) satisfies

(23) y(x) = Fix) + /* G{x, t)w(tyH(t;y)dt,      0<x< b,

where F(x) = E^=1afcv?fc(x) is the solution of Lu = 0 subject to (2.2).  G and the

<pk can be easily constructed since L has constant coefficients.

Equation (2.3) is set in the Banach space Cs~x [0, b], where C[0, b] denotes

the space of all r-times continuously differentiable functions in [0, b], with norm

yi,=   sup  ¿>(I)(*)i.
0<x<ib  1=o

The approximate methods will consist of replacing (2.3) by a perturbed equa-

tion, also set in Ci_1 [0, b], which in turn is equivalent to an algebraic system of

equations.  Let {An} be a sequence of partitions of [0, b]

(2.4) VO=*„,o <*«..! <■    <Xn,n =b.

For convenience, we will write xn ¡ as x¡.

Let |An| = maxAxy —> 0 as n —► °°, where Ax; = x- - x,x.  We say that {A,,}

is quasi-uniform if max|An|/Ax- <,A for some constant A.

Define CA   [0, b] as the set of all real-valued functions g on [0, b] such that

g G C(Xf_v x¡), 1 </ < n, and such that g('\xt_x) and g(i)(xj) exist for 0 < i < r,

1 </'<«.   Also define for g&CrA  [0, fc]
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\\g\\rn=    max sup        Z\g(i\x)l
1 </<n  Xj_x<x<Xj   f— g

The approximate solution yn to the solution j> of (2.3) is defined by

(2.5)       yn(x) = Fn{x) + jX0G(x, t)w{t)Pn(H(-,yn))it)dt,      0<x<b,

where ^(x) = Hk=xc/k\<pk(x), and a£ is an approximation to ak.  The operators {Pn}

are a family of linear operators satisfying

(2.6a)   Pn : Cq [0, b] —* C¿   [0, Z>]    for some nonnegative integer <7 independent of n;
n

(2.6b) llf°nc?ll0,„ < C1WI,    for all g G C [0, i], where C is independent of »;

(2.6c) ||i>n£ - g||0 n -> 0    as h -* °° for each # G C [0, Ö].

Even though the analysis will be carried out for Eqs. (2.3) and (2.5), in practice

the solution yn of (2.5) can be found in a step-by-step process since for /' = 1,2,

. . . ,n,

(2.7) yn(x) = F„ .(*) + ÍI.GÍX, t)w(t)Pn(H(;yn))(t) dt,     *,_, < x < xf,

where Fn .(x) = S^jO^^x) is the solution of ¿« = 0, w(,)(x;_,) -i'Jf)(x*_1),

0<i<s'-l.

In operator notation we write (2.3) and (2.5) as

(2-8) (/ _ K)y = F¡

(2-9) (/ - AT )y   = F

where

(2.10) (*h)(x) = /*t7(x, t)w(t)(Tu)(.t)dt,

(2J *> (*„")(*) = /Ó G(*- tMt)(PnTu)(t)dt,

with (Tu)(x)=H(x;u).

We will assume that w G C[0, ft] and that # G C2(W), where

(2 12) M= {{x'z0'zi.zm)-0<x<b, \zk-y(k\x)\<6,

0 < k < m, S > 0}

is a neighborhood of the exact solution j>.

3.  Preliminaries.  In order to use a variation of a Kantorovich theorem which

appears in [3], we will need the following results.

Lemma 3.1.   Let K be the operator of (2.10) and suppose w G C[0, b] and

H G C2(N).   Then K: Cs~l [0, b] —* Cs_1 [0, b] has first and second Fréchet deriva-

tives at y given by
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(3.1) (tfWX*) - So G^ tMtXT'(y)u)(t)dt,

(3.2) (tf"(y>iuX*) = S¡G(x, tMt)(T"(y)uv)(t)dt,

where

(7"öO«XO = £ Ä^ «<%)   and
i=o     oz'

(r»»u)(0 = |; £ ^^'(^»(O.
1=0 fc=0    OZkozi

/Voo/   The expressions for T'(y) and T"(y) are well known for T:   C4-1 [0, Z>]

—► C[0, ft].  The expressions for K'(y) and ^"(y) follow from their definition.

Lemma 3.2. Let Kn be defined by (2.11), where w G C[0, b], Pn satisfies

(2.6a)-(2.6c), and H eCq+2(N).  Then Kn: Cs~l [0, b] —» Ci_1 [0, b]has first and

second Fréchet derivatives at y given by

(3.3) (K'„(y)uXx) = JoG(x, t)w{tXPnT'{y)u\t)dt,

(3.4) (K»«0C*) = JoG(x, t)wit\PnT"(y)uv\t)dt,

with r'O), 7;"0) as in Lemma 3.1.

Proof.   One can show [15] that T'O') and T"(y) ate unchanged when T is con-

sidered as an operator from Ci_1 [0, b] into Cq [0, ft].  The results follow from (2.6b)

and the definition of the derivatives.

The following lemmas are required to show that \\(K'(y) - K'n(y))K'n(y)\\s_x —►

0 as « —► °°, which is a basic requirement in the next section.  To simplify the no-

tation, we let ck(x) = dH(x;y)/dzk, 0 < k < m, and we will use C as a generic con-

stant throughout.   The next result is found in [8, pp. 344—345].

Lemma 3.3.   A subset A of Cs~l [0, b] has compact closure if and only if A is

bounded and for every e > 0 there exists 5 > 0 such that for all u, v G [0, b] with

\u-v\<8 and all g G A, it is true that \g(s~l\u) - g(s-1)(i>)l < e.

Lemma 3.4.   // w, ck G C[0, b] then the operator K'(y) of (3.1) is a compact

linear operator from Cs~l [0, b] into Cs~l [0, b].

Proof.   Let B = {z G Cí_1 [0, b] : \\z\\s_x < 1}.  If g G K'(y)B then for some

zGB,

s-l       m

llgH,., = llff'ö*ll,-, <   «up   I   £jo
0<x<.b , = 0    k = 0

so K'(y)B is bounded.  Now let e > 0, u, v G [0, b].  Then with an application of

the Mean Value Theorem, there is some % between u and v such that

b"G(x, t)   ,.    ,.
-^ w(t)ck(t)
dx'

dt,
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]g(^\u)-g^l\v)\ = K*'0)*)<*-,)(«) - (K'(y)z)^-l\v)\

aí-i(

9xí
p »g<fc 0 („ - uM0(r'Cv)z)(0^ - i" ^'^HftXr'OfrXO*

< C|« - u|,

where C is independent of u, v and g.  The hypotheses of Lemma 3.3 are immediate;

and therefore, K'(y) is compact.

Lemma 3.5.   Let {Pn} be a sequence of linear operators satisfying (2.6a)-(2.6c),

and let w G C[0, b], H G Cq+l(N), with 0 < q < s - m - 1.  Then the sequence of

operators {K'n(y)} given in (3.3) satisfies

(i)   K'n(y): C*~x [0, b] — C""1 [0, ft] ;

(ii)  II*»*? - ^'(vkll,-! ^Oasn^°°foranyge C-1 [0, ft] ;

(iii) {£"),(»} is collectively compact, i.e., B* = \Jñ=xK'n(y)B, where B is the

unit ball in Cs~x [0, ft], has compact closure.

Proof.   Property (i) is clear.  Let g G B*.  Then g = K'n(y)z for some n and

some z G B.  Hence

i-i

IWU = ll*>R-i =0JUP<ft Z
J0x^%^wW(P„r'o)z)(i)di

<ii/>„ro)zii    sup
0<x<i ,= 0

s/;a'C-(x, r)

3x'
w{t) dt < ciir'OziL < c,

where C is independent of n and #.  The last two inequalities follow from (2.6b), 0 <

q < s - m - 1 and HzIL^, < 1. Now let e > 0, u, v G [0, ft]. Then, much as in the

proof of Lemma 3.4,

\g(s~l)(u) - /'-»Je»! < C\u - u\ llP„7"O)z||0i„ < C|« - v\ \\T'(y)z\\q < C|w - v\,

where C is independent of u, v and g.  By Lemma 3.3, B* has compact closure.  To

complete the proof, let h G C~l [0, ft].  Then

\\K'n(y)h - K'(y)h\\s_x < C\\PnT'(y)h - 7"O)/i|l0>„,

where C is independent of n.  Since T'OOri G C[0, ft], (ii) follows from (2.6c).

The next theorem is a collection of several results of Anselone [3, Theorem 1.6,

Corollary 1.9], on which we will base the main results of this section.

Theorem 3.1.  Let X be a Banach space and K: X —> X be a compact linear

operator such that (I - K)~l exists.  Let {Kn} be a sequence of linear operators satis-

fying

(i) K„: X-+X;

(ii)   \\Kng -Kg\\-+0asn^°° for each g e X;

(iii)  {Kn} is collectively compact.

Then

1)  \\(K„ - KyXJ -+ 0 and \\(Kn - K)K\\ -► 0 as n -+ °°;
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2)  there exists N > 0 such that for all n > N, the operators (I - A„)_1 exist

and are uniformly bounded.

Lemma 3.6.   Assume all the hypotheses of Lemma 3.4.  Then (I - K'(y))~l

exists and is a bounded operator from Cs~l [0; ft] onto C5-1 [0, ft].

Proof.   Since K'(y) is compact, by the Fredholm alternative (/ - K'(y))~x exists

if and only if (/ - K'(y))Cs~l [0, ft] = Ci_1 [0, ft], in which case (/ - Ä"(y))_1 is

bounded.  Let v G Cs~l [0, ft].  We will show (/ - K'(y))u = v has a solution.   Let z

be the solution of the initial value problem Lz = wT'(y)z + wT'(y)v, z^'\0) = 0, 0 <

i < s - 1.  Then z satisfies z = K'(y)z + K'(y)v and u = z + v satisfies (/ - K'(y))u

= v.

4.  Existence and Convergence of the Approximate Solutions.

Theorem 4.1   [3, Theorem 6.5]. Let S be an operator on a Banach space X,

z &X and Rx = (I - S)x - z, where I is the identity operator.  Let M and (I - M)~l

be bounded linear operators on X, and x0 G X.  Suppose S'(x0) is compact and

Hf/ -My11|< ß,    ||Äx0||<«i,    ||(M-S'(x0))/îx0||<<i0,

\\(M - S'(x0))5'(x0)|| < dx < ^,    ||S'(«) - S'(v)\\ < Til" - v\\

on B(x0, r) = {«: ||« - xn|| < r},

\\(M - S'(x0))(S'(«) - S'(v))\\ < d21|« - u||    on B(x0, r),

ß2(d + d0) (y + d2)      i ß(d + d0)w*(h)
n =-;-^ ñ '    ro= —;—m- ^ r<

(i-ßdx)2 2 l-Wi

where w*(h) = (1 - (1 - 2ft)1 /2)//i for 0 < h < 1 ¡2, and w*(0) = 1.

77ien there exists a unique x* G B(x0, r0) such that Rx* = 0.   The Newton

iterates xf are defined in B(xQ, r0) and converge to x*.

The hext theorem is the most important of this section and is a consequence of

Theorem 4.1.

Theorem 4.2.   Consider Eqs. (2.8) and (2.9) and let {Pn} satisfy (2.6a)-(2.6c).

Also let w G C[0, ft] and H G C? + 2(W), where q is an integer such that 0 < q < s

- m - I. Suppose (2.1), (2.2) has a unique solution y.  Finally, let

max   {¡a£ - ak\} —*■ 0   as n —> °°.
Kk<s

Then there is some TV > 0 such that for all n> N there exists rn such that Eq.

(2.9) has a unique solution yn G B(y, rn) = {z e Cs~x [0, ft] : ||z ~y\\s_x < r„}.  The

Newton iterates yn . are defined in B(y, rn) for n> N and converge to y n.   In addi-

tion there is a constant C independent of n such that

\\y -yn\\s-x < Cllf -pn+Ky- Kny\\s_x

£ «-«>*
fc=i

+ VJ,HH(-;y)-Htiy)\\0„
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Proof.   By Lemma 3.6 (I- K'(y)) x exists and is a bounded linear operator on

C-'fl),*].  Ut\\(I-K'(y)Tl\\<ß. Also, by Lemmas 3.4 and 3.5, K'(y) and

{K'n(y) } satisfy the hypothesis of Theorem 3.1, hence \\(K'(y) - K'n(y))K'n(y)\\s_x —►

0 as n —► °°.  Let Rnu = (I - Kn)u<- Fn.  Then there is a constant C independent of

n such that

\\Rny\\s-i = \\F-Fn+Ky-Kny\\s-x

<c
k=l

+

s-l
\\PnH<;y)-H{;y)\\0n

and IKJC'C) ~ K'n^yyftnyWs-i ^ ^II^m^IIj-i • The last inequality is a consequence of

the pointwise convergence of K'n(y) to K'(y) and the Banach-Steinhaus theorem.  For

«, v G jB(y, 6) let vvf = v + r(« - u); 5 is as in (2.12).  Then by the Mean Value

Theorem we have

11*» - *»!!,-, < II« - "II,-, sup   \K(wt)\\s_x.
0<f<l

But if \\ux\\s_x < 1, \\vx\\s_x < 1, then \\Kl(wt)uxvx\\s_x < C\\P„T"(wt)uxvx\\0n <

C\\T"(wt)uxvx\\q < C, where C is independent of t, ux,vx, and n, since wf G5(y, 5)

and the partial derivatives of H are uniformly bounded in the region W.  Thus,

\\K'„(u) - K'n(v)\\s_x < CjH« - üH^, for all «, v G 5(y, S), with C, independent of n.

We also have that \\(K'(y) - K'n(y)){K'n(u) - *>))U*-i < ciWu ~ A-i for dl "> u e

2?(y, S), with C2 independent of «.  Now choose TV large enough that for n > TV

and

dn = \\(K'(y)-K'„(y))K'n(y)\\s_x<^,

_ß2[\\(K'(y)-K'n(y))Rny\\s_x + \\Rny\\s_x](Cx + C2)      1

/nu(Â"(y) - /:;cv)v?„7ii,-i +11^^11,-1 ] w*(hn)

(i - |M„)
<6.

By Theorem 4.1 we conclude that for n > N, the equation (/ - Kn)y   - F   =0

has a unique solution yn G Ä(y, r„) and the Newton iterates converge to yn.  The

error bounds are derived from \]y -y„\\s_x < rn < C\\R„y\\s_x, where C is indepen-

dent of n.

Corollary 4.1. Assume all the hypotheses of Theorem 4.2 and let 0% in (2.5)

fte chosen so that Fn is the solution of Lu = 0, w(,)(0) = ¿¡, 0 < i < s - 1, where

(4.1) e„ =    max {|y(/)(0) -£?|) -»• o      as n
0«Si<s-l

Then there is a constant C independent ofn such that

lly-jgUi <C(e„+WHH(;y)-H(;y%J.
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In particular, if w — 1, then

\\y-yJs-1<C(eH + \\pHLy-mQ*)-

Proof.   By construction, F - Fn is the solution of Lu = 0, u(,)(0) = y^'\0) -

g?, 0 < i < s - 1.  Hence maxfc{ \ak - a£ |} < Cen, where C is independent of «.  The

results now follow from the theorem and since Ly = H(;y) if w = 1.

Corollary 4.2.   Assume all the hypotheses of Corollary 4.1.    Then

\\yn -y\\s-i —»Oas« -+°°.

Proof.   The result is obvious from Corollary 4.1 and (2.6c).

If Eq. (2.1) is linear, we can simplify the theory and weaken some of the hypoth-

eses leading to Corollary 4.1 [15].

5.  Construction of Sequences of Operators Pn.  Before we can discuss the trans-

formation of Eq. (2.7) into an equivalent system of algebraic equations, we will intro-

duce families of operators Pn which will give rise to specific methods.   It is possible to

construct operators Pn satisfying (2.6a)—(2.6c) starting with an operator Q defined on

Cq[0, 1].  Define the norm ||-|| by

IIGII =   sup   |G(f)l
0<f<l

and let co(G, h) = sup{|G(«) - G(v)\: \u - v\ < h] be the modulus of continuity of a

function G defined on [0, 1].

Lemma 5.1. Suppose Q is an operator defined on Cq [0, 1] satisfying

(i) (QG)(t) = S^A^G)?,^), 0 < t < 1, s, a positive integer, where {p¡}01 is a

basis for a subspace Xx of C [0, 1 ], and {Xf}0x is a set of real bounded linear function-

als defined on Cq [0, 1 ], independent over Xx ;

(ii)  there are constants C, a such that for all G G C [0, 1 ],

HOG - G|| < Cco(G<*>, a).

IfgGCq[0,b],let

(5.1) (Png)(x) = (QGM—^— I ,      xM <x<X/,Kj< n,

with G ¡it) = g{Xj_x + tAXj), and let (Png)(Xj), 0 < /' < n, be the average of the left-

and right-hand limits.   Then {Pn} satisfies (2.6a)—(2.6c).

Proof.   The conclusion follows in a straightforward manner from the definition

of Pn.   For example,

sup       \{Png-g)(x)\=   sup   \{QGj - Gj)(t)\ < Cco(GJq\ á)
0<f<l

< C^yW^, «Ax,) < Cco(giq), a|A„|),

Xj_x<x<Xj 0<f<l

where Cis independent of«.   Hence (2.6c) is a result of the continuity of g^ and

since |A„ | —*■ 0 as n —>°°.
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Example 5.1. Hermite Interpolation.   Consider a partition D0 of [0, 1] given by

(5.2) Do:0<yx<y2<-<yp<l,      p>2.

Let r¡ be a nonnegative integer, 1 < i < p, and let q = max r¡.  For G G Cq [0, 1] de-

fine QXG to be the polynomial of degree <p - 1 such that

(Ö, G)(/)(7*) = C(0(7k),       1 < * < P. 0 < i < rk,

where p = p + Sf-.r,-.  We can write

(ß. CXi) = ¿   ¿ G«>(7,)/fc .(,),      o < f < 1,
k=l/=0

where ik ¡ is a polynomial of degree < p - 1 and 4")(7U) = S/u^fcu' 1 < « ^ P, 0 <

v < ru.  Here ôiw is the Kronecker delta.  An explicit expression for lk ¡ is found in

[22].  If we let

(5.3) If, = Xj_x + yfàx/t      1< / <p, 1</ <n,

then

(5-4)    (Png)(x) = £ ¿   {Pxjtt»tokpkj
k=\ (=0

We have been unable to find in the literature error bounds of the form (ii) of

Lemma 5.1 for general Hermite interpolation.  Most bounds given assume that G G

Cp [0, 1] ; Birkhoff, Schultz and Varga [4] give error bounds for the case p = 2, but

they require G^ to be absolutely continuous.  We will derive our error bounds based

on the following results of Jackson [14, pp. 15—17].

Theorem 5.1.  // G G C[0, 1 ], then for each TV = 1, 2, 3, . . . , there exists a

polynomial pN of degree < TV such that \\G - pN\\ < Cco(G, 1/TV), where C is inde-

pendent of N and G.  If G & Cu[0, 1 ] for some v > 1, then for each TV > v - 1 there

exists a polynomial pN of degree < TV such that \\G - pN\\ < C||G(u)||/TV, where C is

independent of N and G.

Lemma 5.2. // G G Cq [0, 1 ], then

||(ß,G - G)(,)|| < CcoiG^, \/{p -q-\)),      0 < i < q,

where C is independent of G.  IfGGC(q+u) [0, 1 ] for some u such that 1 < « < p

- q - 1, then

H(Ô,G - G)<')|| < q|G<« + ">||,      0 < i < q,

where C is independent of G.

Proof.  Suppose q > 1 and that rk = q.  Define an operator Q0 on C[0, 1] as

follows:   if z G C[0, 1], let (Q0z)(t) = (QxS(z; f))(<?)(i), where

5(Z; ° = ̂ k V-0!" Z(U)dU'      0<t<X-

x - xj-i

Ax,. Xj_x  <X <Xj.
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One verifies from this definition that for any CeC[0, 1],

(5.5) ö0(G(<7)) = (ß,G)(<»,

and also that Q0v = v for any polynomial v of degree < p - q - 1.   Hence,

(Ö.G - G)(q\t) = v(t) - Giq\t) - (QxS(v - G(£?); t))(q\  However, there is a con-

stant C independent of G and v such that \\(QxS(v - G(<?); -))(£/)ll < C||u - G(<?)||.

Therefore, ||(Ô,G - G)(q)\\ < C||(J - G(q)\\ for any polynomial u of degree <p -q-

1.  This inequality and Theorem 5.1 imply the conclusion of the lemma for i = q.

For 0 < i < q - 1, the conclusions follow from

(ß.G - G)«-'-1^) = /^(Öi G - &)«-'•)(«)<*«.

Finally, if q = 0, we have ||ß,G - G|| - ||t> - G + ß,(w - G)\\ < C||u - C|| for any

polynomial of degree < p - 1, where C is independent of G and u. The rest of the

proof is again an application of Theorem 5.1.

It will be useful to have error bounds as in Lemma 5.2 but for derivatives high-

er than q.

Lemma 5.3. 7/ G G C^ [0, 1 ], then

\\(QXG - G)(')|| < Q&*\      0 </ <p - 1,

where C is independent of G.

Proof.   By Rolle's theorem, (ÔiG)(!^ is a Hermite interpolant of degree p - i -

1 of G(/) in [0,1], 0 </ <p - 1.  Since G(,) G C? "'[0, 1], then by the standard

error bound for Hermite interpolation [12, p. 256] we have the result of the lemma.

Lemma 5.4. Let {Pn} be the sequence of operators obtained from Qx.   Then

there is a constant C independent of n such that

(i) forallgGCq[0, ft],

sup       \(Png - g)(x)\ < <X.*x¡fu*¿*\ AXj/fp -q-l));

(ii) for all geCq+u [0, ft], where Ku<p-q-l,

sup       \(Png-g)^i\x)\<C(AXj)q + u-i       sup      |g(*+u>(x)|,      0<i<,7;

Xj_x<X<Xj X j_x<X<X-

(iii) forallgeCP[0,b],

sup      \{Png - gf\x)\ < CfAx/-''       sup     \g(ï>(x)\,      0 < / < p - 1.

/Voo/   The proof follows from definition (5.1) and Lemmas 5.2 and 5.3.  The

above error bounds will be combined with Corollary 4.1 to obtain bounds for.y ~yn-

Example 5.2. Natural Spline Interpolation.   Let {7,. Y0 be a uniform partition of

[0, 1 ], where y¡ = i/p, 0 < i < p, p > 1.   If / is an integer such that 1 < / < p + 1,

let S2l_x be the set of natural splines of degree 2/ - 1 having the knots yt, i.e., v G

S2l_x if u G C2 ~2 [0, 1], if v is a polynomial of degree < 2/ - 1 in each subinterval
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(7,., 7,.+, ), and for / > 1, if vw(yt) = 0, / < k < 21 - 2, i = 0, p.   Define Q2 :

C[0,1] ->S2J_, by

(Q2G)(t) = £G(yi)Ti(t),      0<Í<1,
1 = 0

where T,. G S2I_X and r/ty) = Siy.  As described in [20], Q2G is well defined; it is

also a ^-spline type II interpolate of G studied in [21], but the error bounds given

there are not in the form we require.

Lemma 5.5.   Suppose 1 < / <p + 1.  Then if G G C[0, 1],

\\Q2G - G\\< Cco(G, 1/0-1)),

wftere C is independent of G.  If also G G C" [0, 1 ] /or some « s«cft that 1 < « < /

- 1, then \\Q2G - G\\ < C||G(u)||, where C is independent of G.  Moreover, if G G

C'[0, I], then

||(ß2G-G)<''>||<||G<'>||,      0</</-l.

Proof.   It is clear that Q2v - v for every polynomial v of degree </- 1. Hence,

||ß2G - GH = ||ß2(G - v) - (G - u)|| < qiG - u||, for some C independent of G.  The

first two inequalities of the lemma follow from Theorem 5.1. We obtain the final

inequality adapting some ideas of [1].   Let x G [0, 1] ; then in / - 1 consecutive sub-

intervals containing x there is some %'x such that (ß2G - G)^(gx) = 0, 0 < i < / - 1,

by Rolle 's theorem.  Hence,

\{Q2G-Gf~x\x)\ = FgtiQzG ~ GPiÙdt I < [/0![(Ö2C - G)«\t)]2 dt] *;

and in general,

r- -i

H(ß2C - G)(')|| < [/0![(ß2C - G)(')W] 2 ÄJH-       o < i < / - 1.

But by the first integral relation for g-splines (see for example [21, Theorem 16]),

H(ß2vjG - G)(')|| < [/„V'ty)]2 *] Vl < WG°\      0 < i < / - 1.

It is straightforward to construct error bounds such as those of Lemma 5.4 for

the operators Pn derived from ß2.

Example 5.3. Local Spline Approximating Operators. As an example where

the operator ß is not necessarily a projection, we will use a subclass of the explicit

spline operators of Lyche and Schumaker [16, Example 3.4].  Let D3: 0 = 70 < 7j

< • • • < <y   = 1 be a partition of [0, 1 ], and k be an integer, k > 1.   Let Sk be the

set of smooth polynomial splines of degree k - 1 with simple knots at y¡.  Extend

D3 to a nondecreasing sequence {y¡^lk -1, with y¡ < yi+k.  Fix an integer /, 1 < /

< k, and for each i = I - k.p - 1, let {t¡u%-. be distinct numbers in [0, 1]
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n Í7/) 7i+Jfc] •  The operator ß3: C[0, 1] —»• 5k is defined by

(ß3G)(0=    Z    l.oiuG[tix,...,tlu)Niik{t),      0</<l,
i=l-fc u=\

where G[a0, ax, . . . , ar] denotes the rth order divided difference of G.  Here N¡ k(x)

= (Tí+fc - y¡)Gk(- ; x)[y,, . . . , yi+k], 1 - k < i < p - 1, with Gfc(f ; x) = (t - x)*"1,

fln = 1 and

u-l   /

aiu = Z    (-ifsym^r,.,,.... iIU-i)symu_1_u(7i+1, . . . , 7,+fc-,
v=0 \

2 < u < /,

where sym^x,, . . . , xr) is defined implicitly by

r r+1

Il (* + *«) = Z sym.-u+1(^1. • • •. ^>u_1 •
1=1 u=l

The error bounds that we need are readily obtained from [16, Theorem 5.3].

Lemma 5.6. Suppose I <# < k. If G G C[0, 1 ], then there are constants C, a

independent of G such that ||ß3G - G|| < Cco(G, a).  // G G C" [0, 1 ] for some u

such that 1 < « < /, then ||(ß3G - G)(í)|| < q|G(u)||, 0 </ <* - 1.

Bounds such as those of Lemma 5.4 can be easily obtained for the operators Pn

derived from ß3.

Example 5.4. Moments.   Let ß4 be an operator defined on C[0, 1] given by

(Q4G)(t) = 2^0A,.(G)p,.(0, 0 < t < 1, where

A,(G) = /„' ¿G{f)dt,      0 < i < s,,

and p¡ is a polynomial of degree < s, with X¡(pk) = 8(k. Since ß4u = u for all poly-

nomials v of degree < s,, we can use Theorem 5.1 as before to obtain results such as

those of Lemmas 5.2, 5.3 and 5.4.

6.  Numerical Solution of the Approximate Problem.  The Newton iterates for

the solution of Eq. (2.9) are of the form

(61)    ̂ ,r+lW =í,nW +io*> 'M^^^iS^^^XO*, 0<X<ft,

where HnA[x\ynr+x) = (Tynr - T'(ynr)(ynr -ynr+x))(x), r = 0, 1, 2, . . .   .   For

each fixed r, the solution of (6.1) can be found step-by-step, solving at each step

yn.r+Áx) = Kp) + SI; ,G(*> *>WnOinA">yn.*iWi*.
(6.2)

X;_!   <X <Xj,

where Frnj is the solution of Lu = 0, KW(X/-i) = y£r+ ,(*,_,), 0 < 1 < s - 1.

In practice, however, we iterate with Eq. (6.2) until we obtain yn to a desired

k-\
- 1 -
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accuracy in each subinterval before proceeding to the next.  An extrapolation of yn

to the next subinterval can be taken as initial estimate yn 0.

If Pn is defined by (5.1), then Eq. (6.2) implies that yn r+x has the form

(63) JVr+iM = Kp) + Z Kjd^x),      Xj_x <x <Xj,
1=0

where

(6-4)     di]{x) = fXx.    G(x, t)wit)Pi{^-^-j dt, 0<i <Sj, 1 </<«.

Notice that Frn ■ is known explicitly in [x-_x, x] and that dJx) can also be found

explicitly if w = 1 and p¡ is a piecewise polynomial, which is usually the case.  Operat-

ing with L on both sides of (6.2) and (6.3), subtracting the resulting equations and

assuming that w has at most a countable number of zeros in [0, ft] we find that the

b\j satisfy the linear system

(6.5) b\j = Xx\Hnr{Xj_x + OAxy;y„ r+,)),      0 < i < s,.

Conversely, each solution of (6.5) determines a solution of (6.2) through (6.3).

One can write (6.5) in the form

*l

(6.6) b\j-   Zb'uiziu=wiy      0<i<sl,
K = 0

where z/u = 0(\Anf~m), since dkG(x, t)/bxk has a zero of multiplicity s - 1 - k at

x = t; hence (6.6) has a unique solution for n sufficiently large which could be ob-

tained by iteration.

If the functionals X¡ are derivative evaluations at points in [0, 1] (up to the s -

m - 1th derivative),there is an alternate approach to the solution of (6.3).  From

(6.3) and (6.5) we have

yn r+,W = Kp) + Z W,A-i + OAx/;;vr+i)#„•(*),
1=0

(6.7)
0<i<s,.

If the value ynv\+ ,(7t.-) appears on the right-hand side of (6.7), one differentiates

both sides of (6.7) v times and evaluates at 7k-, obtaining a system of linear equations

for these values; the size of this system is no bigger than that of (6.5) if Pn is as in

Example 5.1 and m = 0.

Without referring to Newton's method we see from (2.7) that yn is of the form

(6.8) yn<x) = Fn/x) + Z V./*)>      XM <x<*/•
1 = 0
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Then an argument like that leading to (6.5) gives the nonlinear system

btf = X,{H(Xj_x + ()AXj; y„)),      0 < i < s,.

If w= 1 and Pn is obtained from a projection ß, then (2.7) and (5.1) imply

(Lyn\Xj_x + tAXj) = Q{H(Xj_x + OAx^JXO, 0 < í < 1.  Operating with ß on

both sides of this equation (interpreting the left-hand side as defined in all of [0, 1]

by its limiting values) we obtain after some simplification

(6.9) XiO^i*/-, + (OAx,.)) = \ifiXj_, + QAx,.; v„)),      0 < i < Sj.

Equation (6.9) refers directly to the original differential equation.  If Pn is as in

Example 5.1, then (6.9) becomes

(6.10) yns+v\ykj) = (/(•;yn))(v\ik¡),     1< * <p, 0 '< v <rk, Kf <n.

If in addition each ak - 0, then yn G C*-1 [0, ft] is a polynomial of degree <p + s

- 1 in [x_,, Xj] whose coefficients can be found from (6.10) and the continuity re-

quirements.

7. An Application of the Theory. The next theorem illustrates how one can

combine Corollary 4.1 and bounds such as those of Lemma 5.4 to obtain useful re-

sults about specific methods.

Theorem 7.1.   Consider the initial value problem (2.1), (2.2) and suppose it has

a solution y.  Let q be an integer satisfying 0<q<s~m-l, and {An} a sequence

of partitions of [0, ft] given by (2.4) with |A„| —► 0. Also, let {Pn} be the sequence

of linear operators of Example 5.1. Suppose w G C[0, ft] and H G Cq + 2(N), with W

as in (2.12). In addition, let en < C\An |m ', where en is defined in (4.1) and C and

mx are independent of n, and let oQ in (2.5) be chosen as in Corollary 4.1.   Then

there is some TV > 0 such that for all n > TV there exists rn<b such that Eq. (2.9)

has a unique solution yn G B(y, rn) = {z G Cs~x [0, ft] : ||z - y\\s_x < rn}; the Newton

iterates yni are defined in B(y,rn) for n> TV and converge to yn ; there is a constant

C independent of n such that for « > TV,

(7.1) sup   ICv-/„)(')(x)|<C|A„|min(mi'<? + 2),      0<i<s-l.
0<x<b

If in addition //"(•; y) G Cq+u [0, ft] for some « satisfying 3 < « < p - q, then

(7.2) sup \(y-ynfXx)\<c\Anrn{mx>q+u\     0<i<s-l.

In particular, ifu=p-q,wG C~x [0, 1] and {An} is quasi-uniform, then

(     ,      max sup       ICv-7„)(í+í>(x)l<C|A„|min(m"?)"'',      0<i<p-l.
^'■^J     Kj<n   Xj_x<x<Xj

Proof. All results except (7.3) are a consequence of Corollary 4.1 and Lemma

5.4. To obtain (7.3), apply L to both sides of (2.3) and (2.5), subtract the resulting

equations and differentiate i times.  Write the equation as
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(y -yn)(s+i\x) = [w(H(-,y) -PnHi-,yW>{x) + [wPn(H(- ; y) - H(- ; yn))] <f>(x)

(7.4)
m

+ Z"k(y- yn)(k+i)(x)>   Xj_x<x<Xj,o<i<p-i.
fc=0

We have that

f7 5^ sup      !(//"(■ ;yB) - #(• ;y))íu\x)\ = G(|A„

K        ' Xj_x<X<Xj

min(p,mx)
),      0 < u < q.

To see this, define Rx(g)(x) = g{x\yn) - g{x;y) for any function g G Cq+X(M).  By

the Mean Value Theorem and (7.2) it follows that for i = 0,

(7-6) sup     KRl(g))íí)(x)\ = 0(|AJmin(ír'mi)).
■*/_! <x<x •

Now

(RtWyw = *,(|)W + £ *(!*)Mv('+1)M + £ jfcr.yjfim ->)(I+1)M-

Hence again by the Mean Value Theorem, (7.2) and by (7.6) with i = 0, we obtain

(7.6) for i = 1. In general, differentiating Rx(g) up to q times and using a uniform

bound on all the partial derivatives up to order q + 1 of g in W we obtain (7.6) for

0 < i < q, since m + q < s - 1.  Hence (7.5) is satisfied.

By Lemma 5.4 the first term in the right-hand side of (7.4) is 0(|AJp-/).  By

(7.5) and (5.4), the second term is 0(|An |mintí>'m iJ   )   Combining these results with

(7.2), we obtain (7.3).

If Eq. (2.1) is linear, a theorem such as Theorem 7.1 can be obtained [15] if

H{x\y) G Cq[0, ft] only. If f(x;y) = r(x) + l^=0bk(x)y{k\x), then we write in-

stead of (2.3),

y(x) = X «***(*) + Jo G(x> OKO*
(7.7) k=x

+ jXQG(x, t)wx(x)Hx(t;y)dt,      0 <x < ft.

where //,(x;>0 = 2^=0cfc(jr>(k)(x) and Wj(x)cfc(x) = ftfc(x) - ak, 0 < * < m.   The

approximate equation is now

yÁx) = Z <**(*) +/Ó <**. typnryf)dt
k=i

+ J0 G(x, t)wx(t)Pn(Hx(;ynm)dt,      0 <x < ft.
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If n is sufficiently large, we find that (7.8) has a unique solution; and that if w G

C[0, ft] and r, ck G Cq[0, ft], then

sup \(y-yn)(i)(x)\
0<x<b

(7.9) < C(e„ + |A„ \q(co(r(q\ A„/(p - q - 1)) + u>(H\q\ A„/(p - q - 1)))),

0 < / < s - 1.

If in addition r, Hx(;y) G Cq+U [0, ft] for some u such that 1 < « < p - q, then

(7.2) is satisfied, and so is (7.3) if u = p - q, wx G Cp-1 [0, ft] and {A„} is quasi-

uniform.

8. Higher Rates. When the operators of Example 5.1 are used as in the preced-

ing section, it is possible to improve the rates of convergence for the lower derivatives,

especially at the partition points, if we can choose the points yk G [0, 1] so that

(8.1) £ Yl(t-yk)1+rkv(t)dt = 0

for every polynomial of degree < r, where r is some integer satisfying r < p - 1.  To

obtain the higher rates we rely on a basic idea of de Boor and Swartz [7], modified

to account for w and the fact that yn is not necessarily a piecewise polynomial.

Lemma 8.1. Assume all the hypotheses of Theorem 7.1, ft«r let ¿¡ = y^'\0),

0 < i < s - 1. In addition, suppose H G C™ 2(W) and w G Cm 3 [0, ft], where m2 =

max {p, p + r + I + m - s}, m3 - max {0, p + r + 1 + m - s} and r is some non-

negative integer.   Then for all n sufficiently large, the equation (I - K'n(y))Rny = Fn +

K„y - K'n(y)y has a unique solution Rny, where Kn, Fn are as in the proof of Theo-

rem 7.1.  Also,

(8.2) sup      10 - Rny){,\x)\ < C It- )   ,      0 < i < p + r + 1 + m,
Xj_x<X<Xj \^*//

where C is independent of n and

(8.3) (y„ - y)u\x) = (R„y - y)«\x) + G(|A„ |2p ),      0<x<ft, 0<i<s-l.

Proof. By Lemmas 3.4, 3.5, 3.6 and Theorem 3.1, (/ -K'n(y))~x exists and is

uniformly bounded for n sufficiently large. By Theorem 7.1, Eq. (2.9) has a unique

solution yn G B(y, rn) for n sufficiently large. We can write yn = Fn + Knyn = Fn

+ K^ + K'n(y)(yn - y) + E(yn), where by a form of the second Mean Value Theo-

rem there is a constant C independent of n such that

(8-4) \\E{yn)\\s_x<Q\yn-y\\2s_x.

Hence, y„ = (/ - tf»)"1^ + Kny - K'n(y)y + E(y„)) and so

(8.5) yn - y = Rny - y + (/ - K'n(y)rxE(yn).



INITIAL VALUE PROBLEMS 51

By (7.2) and (8.4), Eq. (8.5) implies

(8.6) H0„ -y)~ (R„y -y)\\s_x < Q\y -yj2_x < C|A„|2p .

Rewriting (8.5) and taking the ith derivative, we have by (2.6b) and (8.6) that

(yn -y)U\x) - (Rny -y)(i\x) < C\\T,(y\(yn -y) - (Rny -y))\\q + \\E(yn)\\^x

<C|A„|2p>      0<x<b,0<i<s-l.

Therefore, (8.3) is satisfied.  Now by (7.2) and (8.3),

(8-7) sup      \(R„y - yf\x)\ = d\A„ñ,     0<i<s-l.
xj-\ <x<x •

lfp+r+ 1 + m - s < 0, then (8.7) implies (8.2).  So suppose p+r+l+m-s

> 0. R^ satisfies

(8.8)     L(Rny)(x) = Mx)PH[Ty - T'(y)(y -R„y)](x),      Xj_x <x<x,.

Subtracting Ly = wTy from (8.8), we obtain

(y - Rny)(s+i\x) = [w{Ty -PnTy)]^(x) + [w/>„(7"(y)(y - R„y))]^(x)

(8 9) + Z"k(y-Rny)(k+i)(x),

Xj_x < x < xj, 0 < i < p + r + 1 +m-s.

If 0 < i < p - 1, then by Lemma 5.4 and (8.7), the first term in the right-hand side

of (8.9) is 0(|A„ f-'\ and the second term is 0(\Anf/(AXj)').  Therefore,

sup      \{Rny - y){s+i\x)\ - 0(\An f /(Ax,.)')
(8.10)   xJ-i<x<xJ

= C<|Anf/(Ax/"1),      0<i<£

If p < i <p + r + 1 + m - s, then by (8.7), (8.10) and since (P„g)(i) = 0

for any g G Cq [0, ft], Eq. (8.9) implies

X:    ,<X<X;(8.11)        '~x '
sup      \(y - Äfly)<*+')(*)| = Oi\An f /(Ax/),

p<i<p+r + l+m-s.

The result (8.2) is a consequence of (8.7), (8.10) and (8.11).

The next theorem, with ak = 0 and w = 1, contains the results, specialized to

(2.1), (2.2), of [7, Theorem 4.1], and also those of [28, Theorem 5] whenever 0 <

q <s — m — 1.
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Theorem 8.1. Assume all the hypotheses of Theorem 7.1 and suppose the yk

satisfy Eq. (8.1) for some r < p - 1.  Suppose in addition that ¿¡ = y^'\0), 0 < i <

s - 1, and that H G C/"4(W), w G <f s [0, ft], where m4 = p + r + 2 and m5 =

max{p + r + 1 + m - s, r + 1}.   77ie« rfte approximations yn of Theorem 7.1 a/so

saris/y /or n > N,

max 10 - yjFHpcdl <QAnf+r+x,      0 < I < s - 1,
0</<n

and

max 10 - J^O)! < C|A„ f +min(r+ ' -*-0       0 < i < s - 1,
O^x ^b

where C is independent of n.

Proof.   Let TV in Theorem 7.1 be sufficiently large so that the conclusions of

Lemma 8.1 are valid for n > TV.  Also let E(x, t) = ut(x), 0 < t < x, where wf(x) is

the solution of (L - wT'iyyp = 0, u(/)(r) = 0, 0 < i < s - 2, v(s~x\t) = 1.  Then

since O - Ä„^)0)(0) = 0, 0 < i < s - 1, we have

O -Rny)(x) = fX0E(x, tXL - wT'(y))(y - Rny)(t)dt

= \X0E(x, t)w(t)un(t)dt,      0 <x < ft,

with

(8.12)

= [Ty-PnTy- T'(y)(y - Rny) + P„(T'(y)(y - Rny))] (x),

xy_j <x <x;-.  The last equality follows from (8.8) and Ly = wTy.   Hence if E¡(x, t)

= d'E(x, t)/bx',

(8.13) 0 -R„y){i\x) = J¿£,.(x, íMi>„W*,      0 <x < ft, 0 < i < s - 1.

Let x be arbitrary in [0, ft] and suppose x G [xv_x, xv) for some v, and define

(8.14) F, =fx '_ Et(x, t)w(t)un(t)dt,       1< / < v.

For each / = 1, 2, . . . , v, we can assume that un G Cp +r+ ' [x;_,, x¡] using the

limiting values of vn in (8.12).  Hence, from (8.12) and the definition of Pn we see

that

»«%*,) - 0.     1 <*<P, 0<fi<rk, 1 </<u.

Therefore, we can write
x P

F,={ '    hx{t) Il (f - 7*,)1 +'k A,       1 < i < ü,
*f-l fc=1
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where

hx(t) = E¡(x, t)w(t)un [yxl,. ..,yllß, ■■-, jp„ ... ■ ,ypl, t\.

L     » + ri x + rp        J

The last expression involving vn is the p th divided difference of u„ on r and on the

points ykl with multiplicities 1 + rk.  If we write for t G [x¡_x, x¡],

('-*«_ ,)"

u = 0

(f - * _  y+ 1

then

<815> *•.=]?_, ûy^J+rk{t^l;Ç hx^x\Qdt,  i</<,.

But

*sr+1)<o = zo(r l l)m. ^)(r+i-uW+u)Kt) ¡p^f-jj.

*/-i <'• zu,f <*/•

Hence, for some C independent of x and n,

r+\     ~

sup      ^+1»(i)KC      sup       Z |u«P+u)(i)l.

Now from (8.12) it follows by (8.2), (8.7) and Lemma 5.4 that for some C inde-

pendent of /,

(\\\\p
(8.16) sup     |uW(i)l<C   —— 1   ,      0</<p +r+l,0</<u.

x,_x<t<xl \Ax,J

This bound and (8.15) imply that for some C independent of n and x,

(8.17) |F;|<C|A„|P(Ax;)r+2,      0<l<v.

Write (8.13) as

(8.18)      o -Rny)(i)(x) - Z pi +Sx _Mf) U({ - y*v>1+rk*.
;=i v x        k=\

If x = x„_,, then (8.17) and (8.18) imply
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(8.19) (y-Rnyf\xv_x) = d\An\P+r+x),      0<i<s-l.

If xv_x <x <xv, then since E¡(x, t) has an (s - 1 - i)th-fold zero at x = t, (8.16),

(8.18) and the definition of hx(t) imply

(y - R„yf\x) = 0([An\P+r+x) + Oi\Anf+s-')

(8.20)
= 0(|A„lp+min(r+1'i-/))>      0<i<s-l.

The conclusions of the theorem are now obtained from (8.3), (8.19) and (8.20), since

r+Kp.

Suppose rk = 0, 1 < k <p.   Then (8.1) is satisfied by the Gaussian points if

r = p - 1, by the Radau points if r = p - 2, and by the Lobatto points if r = p - 3.

Turan [25] showed that if all rk are equal to some fixed even positive integer, then

(8.1) is satisfied for r = p - 1 by the zeros of a certain polynomial; Stroud and Stan-

cu [24] tabulated some of these "multiple Gaussian points."  Stancu and Stroud

[23] showed that one can fix nx of the p points yk, assign them arbitrary multipli-

cities, and find the remaining p - nx points of multiplicity one to satisfy (8.1) for

r = p - nx - \; they also tabulated some such points for several choices of the fixed

points.  Wittenbrink [28] has investigated methods which use these points, with the

restriction that only the endpoints can have multiplicities larger than one.  Our theory

allows a more general choice of points and multiplicities, but the highest chosen mul-

tiplicity must not exceed s - \ - m.

9.  Extensions of Methods Considered in the Literature.  The idea of construct-

ing global approximations more general than piecewise polynomials can be useful if

the differential equation exhibits characteristics which can be exploited.   For example,

we could let

«* = r^(°.:K0).--^(m)<o)),
dy(K>

for those k for which df/dy^ does not vary much in [0, ft].  Our theory assumes

that w and the ak are constant throughout the numerical process.  However, we can

change them after yn has been found in an interval [0, a] and consider a new problem

in [a, ft] with the initial values given by yn.  The asymptotic error rate is the same

throughout [0, ft], as can be seen in Corollary 4.1.

Ixaru [13] approximates the coefficients and inhomogeneous term of second

order linear differential equations by step functions, then solves the resulting equation

exactly; the method is of low order but it is explicit.  Pruess [18] obtained methods

of arbitrarily high order by replacing the coefficients and inhomogeneous term of an

nth order equation by piecewise polynomials, then using Taylor series techniques to

solve the resulting problem.  Cooper [6] used a weight function but did not consider

the global approximations.

For the remainder of this section we will assume that ak = 0,0 < k < m, w =

1 and ¿I = y^'\0), 0 < i < s - 1, and discuss how particular choices of Pn reduce
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our methods to methods already considered by several authors to deal with (2.1),

(2.2).
If Pn is the operator of Example 5.1 and rk = 0, 1 < k <p, then we obtain

the method of collocation with piecewise polynomials [7], [10], [11], [19], [28].

If in addition yk = (k - l)/(p - 1), 1 < k < p, then we obtain for s = 1 the Newton-

Cotes block implicit discrete methods of Watts and Shampine [26], some of whose

global aspects were investigated by Callender [5] and Williams and de Hoog [27] ; for

s = 2, we have the spline methods of Micula [17].  All of these methods are equiva-

lent to collocation with piecewise polynomials; notice that if p is odd, Eq. (8.1) holds

for r = 0 so that higher rates are obtained.

Wittenbrink [28] has considered yx = 0, y   = 1, rx = r , r   arbitrary, but r{

= 0 for 2 < i < p - 1.  We have considered arbitrary choices of yk and rk as long as

max rk < s - m - 1, and have obtained higher rates along the lines of [7], even if

some ak ¥= 0 or w ^ 1.   Moreover, the theory presented here can also be applied if

7, = 0, yp = 1, 0 < rp - rx < 1, rp arbitrary, and 0 < r¡ < r   for 2 < i < p - 1 ;

these conditions give rise to some A -stable methods for the numerical solution of

first order problems.  Details appear in [15] and will be presented elsewhere.

If Pn is derived from the operators ß2 of Example 5.2 with / = p, one has the

natural spline block implicit methods of Andria, Byrne and Hill [2] for first order

problems; global approximations were not considered in [2].

Several of the projections of [28] satisfy Lemma 5.1, but we emphasize the

fact that the operators ß of Section 5 are not necessarily projections.

Finally, we point out that some of the techniques presented here can be used to

obtain error estimates for derivatives higher than s - 1.  Some such results are pre-

sented in Theorem 7.1.

10.   Sample Calculations.   In the following tables we present results which

illustrate the rates of convergence and the improvement caused by choosing some ak

#0orw^ 1.  All calculations were carried out on a CDC 6400 in single precision

(which is approximately fourteen decimal digits).  The column next to each column

of errors represents the computed orders of convergence

\og(.En(hx)/En(:h2))

lOgifti//!,)

based on successive mesh sizes hx and h2.  En is a discrete or continuous error norm,

as defined in each example.  All the methods are based on the operators of Example

5.1, and we used the alternate approach described in Section 6.  The functions Frn ■

and dg- in (6.7) and their derivatives were found explicitly in terms of the ak and

evaluated at the 7fc/- in advance (as required) to produce the linear system for the un-

knowns yn"l+1(7fc;).   If Ax- is constant, the matrix of the system is the same from

step to step.

Example 10.1.  To illustrate the use of a weight function consider

y'(x) = y/xy(x),     o < x < l, y(0) = l.
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The approximations yn are obtained using Pn with p = 2, yx = 0, 72 = 1,

rx = 0, r2 = 0. If iv = 1, this amounts to collocation with piecewise quadratics.

If w(x) -\/x, we obtain a new method.  The results are shown in Table 1, where

E™ =    sup   10 -y„)(i)(x)\,      i = 0, 1, and 5.22 (-2) stands for 5.22 x 10"2.
" 0<x<l

Not only is E$ smaller for the new method, but also the new method converges fast-

er.

Table 1
Use of a weight function

Collocation New Method

Ax. ,(D E ,(D

1/2

i/4

1/8

1/16

1/32

5.22(-2)

2.59(-2) 1.01

l.l8(-2) 1.13

4.8o(-3) 1.30

1.86(-3) 1.37

1.5K-D

1.19(-l) 0.34

8.62(-2) 0.47

6.l6(-2) 0.48

4.37(-2) 0.50

3.79(-2)

9.26(-3) 2.03

2.30(-3) 2.01

5.72(-4) 2.01

1.43(-4) 2.00

8.04(-2)

2.46(-2) 1.71

6.95(-3) 1.82

1.86(-3) 1.90

4.82(-4) 1.95

Example 10.2.  Consider

y\x) = (- 5 + x)y(x),      0 < x < 4, y(0) = 1.

l,r, = r2 r3=0.   Ift70=0We have used Pn with p = 3, yx = 0, y2 = 0.5, y3

and w = 1, the method is collocation with piecewise cubics.  We have also taken w =

1 and a0 = -4 for the interval [0, 2], and w = 1 and a0 = -2 for the interval [2, 4].

Tables 2 and 3 show the results obtained.  Notice that the rates of convergence are

about the same.  The errors here are defined by

4'"> =   max 10 - yn)(i\xj)\,      i = 0,1,2, 3.
1 </<n

Table 2

Collocation with piecewise cubics

bx-4 ,(D ,(2) ,(3)

1/4

1/8

1/16

1/32

l.46(-3)

8.56(-5) 4.09

5-47(-6) 3-97

3.4l(-7) 4.00

6.96Í-3)

4.07(-4) 4.10

2.63Í-5) 3-95

1.64(-6) 4.00

2.06(0)

7.13(-1) 1.53

2.12(-1) 1.75

5.78(-2) 1.87

3-97(1)

3.06(1) 0.38

1.92(1) O.67

1.08(1) 0.83
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Table 3

Collocation with modified Junctions

1/4

1/8

1/16

1/32

2.86(-4)

1.72(-5) 4.06

l.l2(-6) 3.94

7.01(-8) 4.00

■(«

1.36(-3)

8.37(-5) 4.02

5.4l(-6) 3.95

3-38(-7) 4.00

,(2)

4.66(-l)

1.8o(-l) 1.37

5.64(-2) 1.67

1.58(-2) 1.84

E(3)

7.98(0)

7.35(0) 0.12

5.00(0) O.56

2.92(0) O.78

For this choice of yk and rk, Eq. (8.1) is satisfied for r = 0, hence the higher

rates for En.  The higher rates for E^1^ are, for example, because of

0„ -y)'(Xj) = P„((-5 + (-))y„)(Xj) - (-5 + Xj)y(Xj) = (-5 + Xj)(y„ -yXXj).

Example 10.3.  It is known [9] that a differential equation of the form

y"(x) = -k\\ +p(x)M*),      a<x,

where k is a positive constant and f£p(x) dx < °° has solutions of the form

y(x) = cxcos(kx) + c2sin(fcx) + o(l)

for large x.  Hence we expect particularly favorable results if we choose w = 1, a0 =

-k2, a1 = 0.  As an illustration, we approximated the solution of Bessel's equation

y"(x) = (-100 - 1 /4x2Mx),      1< x < 6,

with initial values chosen so that the solution is y(x) = y/xJQ(10x).  Table 4 shows

errors at several values of x for Ax¡ = 0.02.  Here E*p = 10 _7„)(,)(OI» i = 0, 1, 2.

Table 4

Comparison of collocation methods

Piecewise Cubics

3.8(-7)

2.9(-6)

2.2(-6)

,(D

i.K-5)

6.2(-6)

4.0(-5)

,(2)

8.K-2)

i.9(-2)

7.2(-2)

Modified Functions

E

4.7(-lo)

2.6(-9)

1.5(-9)

,(D

i.9(-8)

4.K-9)

2.5(-8)

?(2)

4.7(-5)

6.K-7)

5.K-6)

We have taken p = 2, yx = (1 - {\/3)xi2)/2, y2 = 1 - 7, (Gaussian points), rx = r2

= 0, and k = 10.  Also shown are the results for k = 0 (collocation with piecewise

cubics).

Example 10.4.  Our last example is the nonlinear problem

y"(x) = 20(x))2(4x2^(x) - 1),      0 < x < 1, y(0) = 1, /(0) = 0.
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We have taken a0 = ax = 0, w = 1, and the operators Pn of Example 5.1 with p = 2,

Ti = 0, 72 = 1. ri = °. ri = 1-  The results are shown in Table 5, where

c<0
cn max  IO„-7)(0(x)|,       i = 0,1,2,

Ef=   max sup       \(yn -y)^\x)\,      i = 3, 4.
K/«;« Xj_x<x<Xj

Table 5

A piecewise polynomial approximation

àx.
J

,(1) ,(2) ,<3) ,(*)

1/4

1/8

1/16

1/32

1/64

1/128

7.o8(-3)

8.o8(-4) 3.13

9-7i(-5) 3.06

i.l9(-5) 3.01

1.48(-6) 3.01

l.84(-7) 3.01

1.17Í-2)

l.44(-3) 3-02

1.78(-4) 3.02

2.22(-5) 3-00

2.77(-6) 3.00

3.46(-7) 3.00

3.03(-2)

4.57(-3) 2.73

5.88(-4) 2.96

7.34(-5) 3-00

9.2i(-6) 2.99

1.15(-6) 3.00

7.39(-D

2.47(-l) 1.58

6.49(-2) 1.93

1.63(-2) 1.99

4.o8(-3) 2.00

1.02(-3) 2.00

1.25(1)

7.64(0) 0.71

4.14(0) 0.88

2.09(0) 0.99

1.04(0) 1.01

5.23(-l) 0.99
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