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Odd Integers N With Five Distinct Prime Factors
for Which 2 -10-" <g(N)/N< 2 +10°"

By Masao Kishore*

Abstract. We make a table of odd integers NV with five distinct prime factors for which

2-10"12 < o)/N < 2 + 10712, and show that for such N loV)/N — 21 > 1014,

Using this inequality, we prove that there are no odd perfect numbers, no quasiperfect
numbers and no odd almost perfect numbers with five distinct prime factors. We also
make a table of odd primitive abundant numbers N with five distinct prime factors for
which 2 < sV)/N < 2 + 2/101°,

1. A positive integer N is called perfect, quasiperfect (QP), or almost perfect
according as o(N) = 2N, 2N + 1, or 2N — 1, respectively, where o(N) is the sum of
the positive divisors of N. While twenty-four even perfect numbers are known, no odd
perfect (OP) numbers, no QP numbers, and no almost perfect numbers except a power
of 2 are known.

In this paper we make a table of odd integers NV with five distinct prime factors
for which

) 2-107"2 <o(N)/N <2+ 10712,
and we show that for such N
lo@V)/N = 21 > 10714,

Using this inequality, we prove that there are no OP, QP, or odd almost perfect (OAP)
numbers with five distinct prime factors.

N is called primitive abundant if ¥V is abundant (o(V) > 2N) and every proper
divisor M of N is deficient (a(M) < 2M). In 1913 Dickson [4] published a table of
odd primitive abundant numbers with less than five distinct prime factors. In this

paper we also make a table of odd primitive abundant numbers N with five distinct
prime factors for which

2 2 < a(N)IN< 2+ 2/10'°,

2. Throughout this paper we let N = IT}_, p}'" where 3 <p, <---<p, are
primes and a;’s are positive integers. p:.'i is called a component of N.
We define
a(p) = min{alp®*! > 10'2},
OJ(N) =7, r
SV = o)V = ] & - DIpfie; — 1),
i=1
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Aam=[ TI S(p?')] [ 9 S(p?“"")],

| ai<a(p)) i=a(p))
am=| TI scp:-"')][ I1 2/ - 1)],
La;<a(pj) a;>a(p;)

[10'2 log S(*)]/10'? if a < a(p),
L") =

[10'? log p/(p — D1/10'? if a > a(p),
where [ ] is the greatest integer function. We note that if p, q are primes with p >
q and g, b are positive integers then

Sp*) = @*"! - DI - 1) <p/p - 1) = lim SE°) < (¢ + Dig <",

a—>e

and so L(p®) < L(g®) and A(N) < S(V) < B(N). Hence, we have
LEMMA 1. () If AWN) > 2 — 10712 and B(N) < 2 + 10712 N satisfies (1).
(b) IfFAN) <2-10"12 <B(WN) < 2 + 10712, some N satisfies (1).
(©) If2-10"12 <AW) <2 + 10712 < B(N), some N satisfies (1).
@) IFAWN)<2-10"'2 gnd 2 + 1072 < B(N), some N may satisfy (1).
() If2 + 10712 < AW) or BN) < 2 — 10712, N does not satisfy (1).
In Lemmas 2 through 5 we assume that V satisfies (1) and w(NV) = 5.
LEMMA 2.

5
3) 0.6931471805544 < 3 L(pf."') < 0.6931471805655,

i=1

where b; = min{a;, a(p;)}.
Proof. Suppose p® is a component of V. If a < a(p), then

llog S(»*) — L(»*)! < 10712,
If a = a(p), then p®*! > 102 and
10712 > log p/(p — 1) - L(p*) > log S(p*) - L(p®) > log S() — log p/(p — 1)
=log (1 -1/p**")=- fj Vi®ty > - 1/@**t! - 1) > - 10712,

i=1
Hence

llog S@%) — L(p*)| < 10712,
Since (1) holds,
0.6931471805544 < log(2 — 107'2) - 5/10'2
< iil log S(pf#) — 5/10'% < “5:1 L(pb%)
= =
< i log S(pf¥) + 5/10'2 <log(2 + 107'%) + 5/10'2

i=1

< 0.6931471805655. Q.E.D.
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LeMMA 3. p, =3,p, <1l and py <4l.
Proof. Lemma 3 follows from the following inequalities:

STN1317 5 g-12
26101216 <2710
313171923 ., _ 512
2121618222710
35434753 5 _ (012
54224652 <2-107"°. Q.ED.

LemMmaA 4. p, < 5000.
Proof. Suppose N satisfies (1) and p, = 5003. Then

0 < L(p35) < L(ph*) < log S(p2%) + 10712
<log pa/(ps — 1) + 10712 < 1/(py — 1) + 10712

< 0.0002.
Hence by (3)

@ 069274 < 3" L(p;?) < 0.69315.
i=1

A computer (PDP11 at the University of Toledo) was used to find l'[,.s= 1 pf i satisfying
(4), but there were none. Q.E.D.

Similarly, we can prove

LEMMA 5. pg < 3000000, 0r T, pYi = 3756172233 and 36549767 < pg <
36551083.

The computer was used to find N = Ilf= , i satisfying a; < a(p;), Lemmas 3, 4,
5, and Lemma 2 or Lemma 1(b), (c), (d), with the result given in Table 1.

LEMMA 6. Suppose N =II5_, piland M =TI;_, pf" where b; = min{a,, a(p;)}.

If M = 323512176257465521, | S(V) — 21 > 5/10'3;

if M = 38514173251-1884529, IS(V) — 21 > 2/10'4;

if M = 385°173251-1579769, IS(V) — 21 > 3/10!3,;

if M = 385817°269%41533, IS(V) — 21 > 4/10'4;

if M, pPi = 3756172233, IS(V) - 21 > 1074,
In all other cases |IS(V) — 21 > 10713,

Proof. The first part of Lemma 6 follows from the following inequalities:

5(323512176257%65521) < 2 — 5/10'3,
S(3235'217%257%65521) > 2 + 1/10'2,
S(385'4173251) 1884529/1884528 < 2 — 2/10'4,
5(385°173251-1579769) < 2 — 4/10'3,
5(3859173251-1579769%) > 2 + 3/10'3,
S(3858269%) 17/16:4153/4152 < 2 — 4/10'4,
5(3%5817°269%4153%) > 2 + 3/10'3,
S(375917%233:36550379) > 2 + 5/104,
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and

S(375%172233) 36550429/36550428 < 2 — 10714,
Suppose |S(V) — 21 < 107'3. Then (1) holds, and so N is given in Table 1; however,
for every N in Table 1 except for those given above S(N) < B(NV) <2 - 10713, or
S(N) = AN)>2+ 10713, QED.
We have proved
THEOREM. If N is an odd integer with w(N) = 5, lo(N)/N — 21 > 10714,

3. We used a similar method to find odd primitive abundant numbers N =
ﬂf=l p}’" for which (2) holds, with the result given in Table 2 in the microfiche.
Table 2 includes odd primitive abundant numbers N with w(V) = 5 one of whose
component p° is greater than 10'°; for, letting M = N/p®, we have

2 < (V)N = o(M)o(p*)/Mp® = o(M)po(@®~") + 1)/Mp°
= o(Mp"~')/Mp*~! + o(M)/Mp® < 2 + 2/10'°,

showing that (2) holds.

4. Suppose N is an odd integer such that (V) = 2N + A. If l4/N1 < 10714,
then by our Theorem w(NV) = 6. We give three examples of such V.

Suppose N is OP. Sylvester (1888), Dickson (1913), and Kanold (1949) proved
that w(@V) = 5. From our Theorem we have

ProPosITION 1. If N is OP, u(N) = 6.

This fact was also proved by Gradstein (1925), Kiihnel (1949) and Webber
(1951). Pomerance [1] (1972) and Robbins (1972) proved that w(N) = 7, and
Hagis [2] proved that w(N) = 8.

ProrosITION 2. If N is QP, w(N) = 6.

Proof. By [3] if Nis QP, then NV is an odd perfect square, w(V) = 5 and N >
102°. Hence 2 <S(V) =2 + 1/N <2 + 1072° and so by Theorem w(N) = 6.
Q.ED.

LEMMA 7. If N is OAP, pN is primitive abundant for some p|N.

Proof. Suppose N = II;_, p;* is OAP, and choose j so that o(p’) > o(p{?)
for every i. Lettingp =p;, a =a;and L = N/p?, we have

2p°L — 1 = o(N) = o(p*)a(L)
= (1 + po(@*~")oL) = o(L) + po(@*~")o(L).

Hence plo(L) + 1. If p = o(L) + 1, then
a+1

> P = o(@)p = o(p*Yo(L) + o(p*)

i=1
a .
=oV) + o(p®) = 2p°L - 1 + o(p*) = 20°L + }_ D',
i=1
or p?t1 = 2p°L, showing that N = 2°. Since N is OAP, p # o(L) + 1, and so p <
o(L) because plo(L) + 1. Then
o(pN) = o@** o) = (1 + po(p*))o(L)
= o(L) + po(V) = o(L) + 2pN —p > 2pN,

showing that pN is abundant.
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Suppose M is a proper divisor of pN. If p®*! 1 M, then M is a divisor of N,
and M is deficient because

S(M) <S(N)=2-1/N<2.

Suppose p®*!I1M. Then for some k, pg¥ + M. Letting g = p, and b = a,, we have
o(p*) = o(g"), or

b
Y <y <) o

..
[}
-
"~
1l
—
-
1
-

Hence

1/p°th }: g7 <(1/q%) Z p,

i=0

and by adding Z¢_, p~ Eb o q"" to both sides we obtain

at+1

Z Zq”<Zp Zq,

i=0 i=0

or SE°*1)8(¢°™") < S(p*)S(g®). Then

Sy < SE* @) 1 8@

i#j,k

<5es@) [1 S = sy <2,
i#],k
showing that M is deficient. Q.E.D.

Lemma 8. If N = I, p{! is OAP, a; is even. If p; = 3,a, > 12.

Proof. Suppose N is OAP, p® is a component of N, q is a prime and qlo(p?).
Since o(V) = 2N — 1 is odd and o(p?)lo(V), o(p?) = Zj_, P’ is odd. Hence a is even.
Since q120(V) = 4N — 2 and 4N is a perfect square, (21q) = 1, where (21q) is the
Legendre symbol, and so ¢ = 1 or 7 (mod 8) because (2lq) = (- 1)("2")/ 8 Also
o(@®) = 1 or 7 (mod 8), for, otherwise, o(p®) would have a prime factor =3 or §

(mod 8).
Suppose p = 3 and @ = 2e. Then 0(3%°)=1+4e=1o0r7(mod 8),0re=
0 (mod 2). Hencea =4,8,12,...;however,a # 4 or 8 because 1116(3%), 11 =

3 (mod 8), 1310(3%) and 13 = 5 (mod 8). Q.E.D.

PRrRoOPOSITION 4. If N is OAP, w(N) =

Proof. Suppose N = II}_, is OAP. Then by Lemma 7 pN is primitive abundant
for some pIN. If 3 A w(N) 7, for, otherwise,

2 < S(pN) < ___'_ S7T11131719
™ ,[Ilp, <4610121618 <%

Suppose 3|N. Then 3!2IpN by Lemma 8. According to the table of odd primitive
abundant numbers M with fewer than five distinct prime factors in [4] 312 4 Mm
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Hence w(N) =5, and N > 3'25272112132 > 10'3. Then 2> SWV)=2-1/N>
2-10713, and by Lemma 6 w(V) >6. QED.

For other results on QP and OAP see [3], [5], [6], [7] and [8].

Computer time for Tables 1 and 2 was over four hours.

TABLE 1

N =15, p{i for which 2 - 107'? < o(N)/IN < 2 + 10-12@)

pit p3? p33 p34 p2s
325 55 177 251 570407®)

- 323 512 176 2574 65521(9)
322 55 17¢ 251 5696592
321 5° 17° 2574 65099%(®)

55 175 251 557273
320 514 17° 2574 65357®)
319 53 173 181 571492
318 55 175 251 5570172
174 251 4068112
316 55 178 251 5679432
312 55 175 251 4129432
3! 512 17° 2573 58337(¢)
310 510 17° 2573 477912
3? 73 135 192 1009643(®)
38 516 178 2574 151372(®
514 173 251 1884527(%)
1884529
513 173 251 1884061(¢)
511 173 251 1870207
59 173 251 1579769
58 17° 2694 41533
53 19° 836 493277
198 833 4882032
197 834 493201
37 56 172 233 (e)

Note: (a) If b; = a(p;) and ¢ > 0, Npj also satisfies (1). See Lemma 1(a).
(b) See Lemma 1(b). (c) See Lemma 1(c). (d) See Lemma 1(d).
(e) 36549767 < pg < 36551083.
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