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Maximum Norm Estimates

in the Finite Element Method

on Plane Polygonal Domains. Part 1

By A. H. Schatz and L. B. Wahlbin*

Abstract.   The finite element method is considered when applied to a model Dirichlet

problem on a plane polygonal domain.   Rate of convergence estimates in the maximum

norm, up to the boundary, are given locally.   The rate of convergence may vary from

point to point and is shown to depend on the local smoothness of the solution and on

a possible pollution effect.   In one of the applications given, a method is proposed for

calculating the first few coefficients (stress intensity factors) in an expansion of the solu-

tion in singular functions at a corner from the finite element solution.   In a second appli-

cation the location of the maximum error is determined.

A rather general class of non-quasi-uniform meshes is allowed in our present in-

vestigations. In a subsequent paper, Part 2 of this work, we shall consider meshes that

are refined in a systematic fashion near a corner and derive sharper results for that case.

0.  Introduction.   Let D be a bounded simply connected domain in the plane

with boundary dD consisting of a finite number of straight line segments meeting at

vertices v-, j = 1, . . . , M, of interior angles 0 < a1 < • • ■ < aM < 2n (in a suitable

ordering).  We shall consider the Dirichlet problem

!-Au = f   in Í2,
u = 0        on dD,

where / is a given function, which for simplicity we assume to be smooth.

To solve the problem (0.1) numerically, let Sh = Sh(D), 0 < h < 1, denote a
o. .

one-parameter family of finite dimensional subspaces of H (D) O Wl,(D).  We have in

mind piecewise polynomials of a fixed degree on a sequence of partitions of Í2.  In our

considerations the partitions do not have to be quasi-uniform, not even locally (cf.

examples in Section 9).

Let un E S   be the approximate solution of (0.1) defined by the relation

(0.2) A(un,x) = (f,X)    for all x Gi-

riere A(v, w) = fn Vu • Vw dx, and (v, w) = invw dx.

We wish to obtain local estimates up to the boundary in the maximum norm for

the error u - uh.  Although our present assumptions allow meshes that are refined near

a corner, in the subsequent paper, Part 2, we shall investigate the error in more detail

in that case, and obtain sharper results.  The general results derived in the present paper

will be essential in those investigations.
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74 A. H. SCHATZ AND L. B. WAHLBIN

Since the ability of a given subspace to approximate a given function depends in

part on the regularity of the function, let us first discuss the regularity of the solution

of (0.1).  It is well known that even if fis smooth, u may be "badly" behaved near the

corners.  In fact, if we introduce polar coordinates (p, 0) at the vertex v, so that the

interior of the wedge is given by 0 < 0 < ay and set ß}- = ir/üp then near v¡ the solution

u behaves like

(0.3) u(p, 0) = kjpßi(in-j   ' sin^.0) + smoother terms.

Here k, is a constant, and m- = 0 unless (3- = 2, 3, . . .  .  Globally one can then say

that for any e > 0, u E Hx +^"e(i2) or {fM~'iñ).  If we let D¡, j = 1, . . . , M,

denote the intersection of D with a disc centered at the ;'th vertex and such that Í2-

contains no other vertex, and set D0 = ÍA(U/=i^/) men we nave " EHx+ßi~e(Dj)

or (fl-'iñj), j = 1, . . . , M, and u E C°°(D0).

For many finite element spaces the following holds:   Let r > 2 be an integer

(one may, e.g. take piecewise polynomials of degree r - 1).  Then there exists a constant

C and a x G S" (D) such that

(0.4) ll"-xllLoo(a)<C7Imin(^^)-e,

and

(0.5) B»-xli„,(n)<ar'"<'-'^>-'.

In fact, x has the additional local properties that

min(r,(3;)-e

(0.6) li«-xllLoo(n/)<CÄ

(0.7) II« - XIL,,0 , < chmin(r-U&^e,      j = 1, 2, . . . , M,
M    (Ilj)

and since u E C°"(S20),

(0.8) H" -XIIL jfi0)< Chr.

Let us remark that if (3- < r - 1, as is always the case when Vi < /?• < 1, i.e., a,

is concave, then the estimates (0.6) and (0.7) essentially yield the same degree of

approximation in I«,(£2.-) and HX(D), respectively.

Before discussing our results, let us describe some other recent work on maximum

norm estimates which are relevant to our work here.   For other references concerning

the finite element method on domains with corners, we refer, e.g. to Babuska [1],

Babuska and Aziz [2], Babuska and Rheinboldt [4], BabuSka and Rosenzweig [5],

Eisenstat and Schultz [11], and Thatcher [36].

Maximum norm estimates for the finite element method on irregular but quasi-

uniform meshes have been discussed in Douglas, Dupont and Wheeler [10], Frehse and

Rannacher [12], Natterer [21], Nitsche [24], [25], Schatz and Wahlbin [31], and

Scott [32].  (In these papers, references to work concerning maximum norm estimates

on uniform meshes can be found.)  In particular the papers [21], [12] and [24] give

global estimates for the error on a convex polygonal domain (i.e., ßM > 1) where the
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subspaces S" are piecewise linear functions defined on a quasi-uniform triangulation of

D.  Improving the estimates in [21] and [12], Nitsche shows that for any x G Sh,

H"-"ftllL00(b)<^lnill"-xlllvL(n).

Since in this case D is convex, we may deduce from the counterpart of (0.4) in Wxx

the global estimate

(0.9) ll"-"ftllLoo(n)<«min(r'%)"e-

One of the shortcomings of a global analysis of problems where the regularity of

the solution may vary in the domain is that it will in general yield a rate of convergence

commensurate with the worst behavior of the solution.  Sharper results can often be

obtained by a local analysis.   For example, if D is a polygonal domain (not necessarily

convex) and Sh is taken to be any one of a rather general class of finite elements de-

fined on a quasi-uniform partition of D, then as a special case of the results of [31] we

have that for interior subdomains D0 CC D'Q CC D and any x e 'S*.

(0.10)     II" - "„"¿„(n,,) < C[(ln i)"»" - Xilino) + lllM ' "»i-P.tí¿]'

Here r = 1 if r = 2 and r = 0 if r > 3.  The number p is an arbitrary positive integer
O

and HI ■ HI ft' denotes the norm dual to HP(D0). The error is thus divided into two

parts. The first depends on the local smoothness properties of u and the ability of the

subspace to approximate locally.   From (0.8) we have

(o.ii) ll"-xll¿oo(ft-0)<^.

The second term in (0.10) is the error in an arbitrary negative norm Sobolev space.

This term measures the effect on the local error of such things as the smoothness of

the solution outside of D'0, the smoothness of the boundary, etc. and may be estimated

by using a duality argument.  In Lemma 4.2 we shall show that for p > ßM - 1,

(0-12) lll"-"JILp,ft<C7,mln(2(-1)'2^)-e.

Since 2(r - 1) > r we have from (0.10), (0.11) and (0.12) that

(0-13) ll"-"ftllLoo(,0)<^min(^^)"e-

We first notice that in many cases the estimate (0.13) is "better" than (0.9), even

in the convex case.  Next we see that in comparison to (0.8) the estimate (0.13) may

not be optimal. For example, if Vi < ßM < 1 (i.e., a concave maximal angle) then

2ßM < r and therefore \\u - "/^¿„(ft«) < Ch2ßM~e.  This is the well-known pollution

effect due to the corner of maximal angle—it has been observed in calculations.

As remarked before, the aim of this paper is to provide local estimates up to the

boundary for a polygonal domain (not necessarily convex) using a general class of sub-

spaces.  We wish to emphasize here that once having such estimates we will then be

able to consider other questions which are of interest, namely:   1. the calculation of

the coefficients (stress intensity factors) in the expansion (0.3), and 2. the location of

the maximum error in D.
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Let us now briefly describe our results.   We shall refer the reader to the appropri-

ate place in the text for more precise statements.

In Theorem 4.1 we shall show that with D-, f = I, . . . , M, and D0 as abo.ve,

(°-14) II" -"ftll,   ,„,><CÄmta(''l,/'2%>-e,      }=!,..., M.

and

lh »L „(n,-)

(0.15) H"-"ftll,oo(ft0)<^min(-2^)-£.

Except for the term 2ßM occurring in the exponent, which corresponds to a

possible pollution effect due to the corner of maximal interior angle, these estimates

are analogous to (0.6), (0.8).

The results (0.14) and (0.15), and others to be given below, are derived as con-

sequences of the following two basic estimates, (0.16) and (0.17) below.   Let £), C

D Ç D be such that roughly speaking the distance d from D, to the part of the bound-

ary of D which D does not have in common with D is greater or equal to C7i1-6 for

given 6 > 0.   If the mesh is quasi-uniform, 5 may be taken equal zero.  In Theorem 3.2

we show that if D does not contain any concave corners, then for any x E S",

< a-» - aLm(m + *llv(u - x»l.(d) + ¿-'-'to - ",111-p.o).

More generally if Dx CD CD are two domains with d > Chx~5 (and D may contain

a concave corner), then for any x e Sh we have, Theorem 3.1,

H" ""/A   (D1)<CÄ"e(H"-XllL   (D)+d-x\\u-xh2(D)

(0.17)
+ II V(u - x)h2iD) + d- « ""111« - «JILp.z,)-

Remark 0.1.  The results (0.16) and (0.17) are valid for u - un which satisfy (0.1)

and (0.2) locally on a domain D.  Thus these results may be used to obtain local esti-

mates for the error, when for example:   1. Neumann or mixed boundary conditions are

imposed on the part of the boundary outside of D.   2. the boundary outside of D is

not necessarily polygonal.

Let us further point out that the proof of (0.16) essentially consists of extending

the techniques of [31].  The proof of (0.17) follows by converting a local Hx estimate,

cf. [27], to an L„ estimate by means of an inverse relation of weak type (for unit size

domains) Hxll^ < C^_6llxlLi for x ES", see Sections 7 and 8 for the technical de-

tails.  We note that close to a concave corner the Lx estimate derived via an Hx esti-

mate will be sharp.

In certain situations one can say more about the rate of convergence than what

is given in (0.14) and (0.15).   For example if 0. < mini/, 2ßM), then (0.15) predicts a

higher rate of convergence in the interior than close to the /th corner.   In Theorem 5.1

we estimate precisely the rate of convergence at a point x in terms of its distance d to

the vertex.   For instance, if the maximal interior angle is concave (ßM < 1) then for x

close to vM we show, using (0.16) and (0.17), that with 5 > 0 arbitrarily small,
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[Ch2ßM~£d~ßM    for hx~s <d< d0,

(0.18) |(U-H„X*)I<  \      B       e ,    *
(ChßM~ for d<hx-6.

Let us consider two consequences of (0.18).  In Section 5 we show that if ßM <

1 and the mesh is quasi-uniform of size h near the vertex vM, then for any 5 > 0, the

maximum error in \u - un | over the domain D occurs at a point which is at most a

distance hx~s away from the vertex vM (provided kM in (0.3) is not zero).

Our second application of (0.18) concerns the problem of calculating what is

sometimes called the stress intensity factor, i.e., the coefficient kM in the expansion

(for ßM < 1)

(0.19) u(p, 0) = kMpß™ siníJV?) + O(p20M)

at the Mth vertex, see (6.1).  In order to approximate kM we consider

kM(d, h) = un(d, 0o)/<fM sin(pV0)

where 0 < 0O < aM is fixed.

The question then arises as to how d should be chosen so that kM(d, h) is the

best possible approximation to kM.  Now,

Hd, 0O) - uJd, 0O)| ß
\kM - kMid, h)\ <        a*'    * \°    + Cdß".

\d"Msin(ßM60)\

Using (0.18), we make a choice that equalizes the error in the two terms above, namely

d = dh= ft2'3.  We prove in Theorem 6.1 that

\kM-kMidn,h)\<Ch2ß^-\     ßM<l.

We also show, in Theorem 6.2, that the quantity kMidh, h)p^M sin(ßM0) gives a

potentially better approximation to u than uh does, for p < ft2'3.

In Theorem 6.3 we use similar reasoning to exhibit how the next term in the ex-
1 ft

pansion (0.19) (which is equal to lMp    M sin(2ßM6) if 37r/2 < aM < 2n) can be found

approximately.

To conclude this introduction we give an outline of the rest of the paper.  In

Section 1 we collect notation and regularity results concerning the problem (0.1) that

will be needed.  Section 2 lists assumptions on the finite element spaces.   In Section 3

we state precisely the two basic results (0.16) and (0.17).  The proofs of these are

given in Sections 7 and 8.   Section 4 is concerned with proving (0.14) and (0.15).  In

Section 5 we give the proof of (0.18) and calculate the location of the maximal error.

In Section 6 the estimate (0.18) is applied in connection with the question of approxi-

mate calculation of stress intensity factors.   Finally, in Section 9 we give examples of

finite element spaces.

1.   Preliminaries.   In this section we shall introduce notation and collect certain

regularity results for the problem (0.1).

In this paper C, e and e' will denote positive constants, not necessarily the same

at each occurrence, but independent of A.   For simplicity in writing, we make the con-

vention that C may depend on e and e'.
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Throughout, D will be the fixed polygonal domain occurring in (0.1), cf. Remark

0.1 in the Introduction.  We first set some terminology relating to subsets of D.

For Dt ÇDÇD, define

disido., D) = inf dist(jc, dD\(bD n W))
* x£oD1\(dDlndn)

For / a nonnegative integer and 1 < q < <*>, W (D) will be the usual Sobolev

and let Dx $ D signify that Dx CD with dist^Dj, D) > 0

For/a nonn

spaces with norms

1 < <j < ~,

where

M<(0)

f  Z    IH^IÎ AD))1'"' 1<<7<~.
yal = k 9      /

max llalli ^(o), q = °°-
Ial = *

In particular, for <7 = 2 we shall write H'(D) for 1V£(D) and use the notation ||u||. D =

MW>2(D)> Mi,D = Mwi2,Dy

We shall need to extend the definition of the spaces H'(D) to nonintegral and

negative values of/.

For / positive and nonintegral, let / = J + o, where / is integral and 0 < a < 1.

The norm in //'(£>) is given by

H,z> = Mh'(d) = (llull/.D + Mj.d)
where

14* - ( X io"<i,Y
\|a|=/ /

with

(c   r  \ujx) - viy)\2 \
:0 = [ÍdÍd   \x-y\2° + 2dxdy)

For properties of these spaces on Lipschitz domains, cf., e.g. Grisvard [14], and

Necas [22, Chapter 2], [23] where further references may be found.  As general refer-

ences we also note Lions and Magenes [20] and Slobodeckii [33].

We notice that for £>1 CD2,

(11) NI/,0i<H,d2.     />o,

and for D¡ and D2 disjoint sets,
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(1.2) ll<Dl+ll<D2<IN2Dluzv     />0-

For / > Vi and D Ç D we define

H'iD) = {vE H'iD): v = 0 on bD n dD}.

In particular then,

< I H'iD), closure of Co (ft)    for *i < / < 1,
H'iD) - J

(H'iD)r\HxiD)    fer/>l.

We shall also use the notation

//■'(£>) ={ue #'(£): u = 0 in a neighborhood of bD\ibD n 3ÍI)}.

Similarly, C°iD) and C°°iD) designate the subspaces of C°°(ö) of functions that vanish

on dD n 9Í2, respectively in a neighborhood of dD\(dD D 9Í2).

For / a negative number, we set

Mj,D = sup jgUJL

<peC°°(D)nC°°(D)

where (u, (¿) = fDv<p dx.  Similarly,

^ec-(D)

We have clearly

(1.3) IMI/.o^WU.      /<0.

For / E Z~, the negative integers, the following two properties hold:

IfZJj CD2, then

(1.4) M,,Di < M,,d2,     WI/(Dl < \MhD2,     JGZ-.

For Dj and D2 disjoint sets,

(1.5)

H-O,   +\Wj,D2<Mj,DlUD2>

j,d1+\M\Id2<UMHj,d1ud2>     'ez~-

For a proof of the last property, see [31, Lemma 1.1].

Let us also recall Sobolev's inequality, which we shall use in the following form.

For D a Lipschitz domain,

(1.6)    uw¡p(D)<mP,i,ci,mv\\wk(D),   «>Tï$jri)> *><•

In case p (or q) is equal to 2, then / (or k) may assume nonintegral values.  This result

can be made to follow from Uspenskii [37] by use of a suitable extension operator,

Stein [34].  See also Necas [22].

Finally, we shall collect a few results concerning the problem (0.1),
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!-Au = f    in D,

u = 0        on 9Í2.

Following Kellogg [17], [18] and other references given there we have:

Let -1 < s < ßM - 1, ßM > Vi.  For any e > 0 there exists a constant C =

(\e, s) independent of / such that

(1-7) K+a-..n «V*vn-

In fact, except when certain exceptional angles are present, the result holds with e = 0.

If the right-hand side in (0.1) is sufficiently smooth we have the following results,

Kellogg [17].

Let s > 0 be a number which does not belong to a certain set of exceptional

values, i.e. the set

{nßrl,n= 1,2,... ;j=l,...,M).

Then for fEH\D) we have

(I-8) u = YJciSi + w
i=i

where:

(i)  w EHs+2iD) n HxiD) and with C independent off,

(1-9) IMIi+2,ft<a/IUft,

(ii) the functions S -, the singular functions, are independent of / and each S¡

may be taken to vanish outside of a neighborhood of one of the vertices.  In a neigh-

borhood of the /th vertex one has upon introducing polar coordinates (p, 0), with

0 < 0 < a- lying in the interior of the wedge,

(110) u(p,0)=        Z        cjmif)S,,miP> 0) + w
0<m/3<i-rl

where for any e > 0,

(in) ia£yS¿mXP. ö)i < cPmßrM-\

In fact, unless mß- is an integer,

(1.12) S/>mO,0) = pm^sin(m^),

near the /th vertex.  In the case that mß, is integral, logarithmic terms may enter,

(hi) the coefficients c¡ = c¡if) satisfy

2.  The Finite Element Spaces.   In this section we collect the assumptions on the

finite element spaces that will be used.  Since we are concerned with the local behavior

of the finite element solution, our hypotheses will be local in nature.  Along with local-

ly quasi-uniform meshes, certain non-quasi-uniform partitions will be allowed, cf. the

examples given in Section 9.
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Let S"iD), 0 < ft < 1, denote a one-parameter family of finite dimensional sub-

spaces of HxiD) D IVi,(i2). In particular, the functions in S"iD) vanish on dD. For

D CD we define S"iD) by restriction, and also set

$*(£)) ={X6 ShiD): x vanishes in a neighborhood of bD\ibD n dD)}.

We assume that there exists a constant k0 such that the assumptions A.l—A.4

below are satisfied.

A.l.  There exists an integer r > 2 and a constant Cx such that the following

holds:

Let Dl $ D with dist^(£>1( D) > k0h.   Then for each v E HxiD) n WHO) there

exists a x e SHiD) such that

(2.1) ►■-^.(D1)+*-Xliri.(Dl)<C.*rWw5i(D).

Furthermore, if u G HxiDx), then x 6 $"(£)).

Our next assumption was introduced in [28] and is sometimes referred to as a

"superapproximation" condition.

A.2.  There exist constants C2 and l0, l0 integer, such that the following holds:

Let Dx $ D2 <f D with dist^D,, D2) > k0h, and let cj € hiD^.  Then for

X GShiD) there exists an n ES"(D) such that

(2.2) ||cüX-T7||1)D<C2ft|MI   .        Hxll liD.
fid?!)        2

We shall need a weak form of inverse properties.

A.3.  There exists a number 7 > 1 such that the following holds:

(i)  There exists a constant C3 such that if Ö, •$ D with dist^fZ),, D) > k0h,

then for x E -S*(£>),

(2.3) \\x\\Laa(Dl)<C3h-y2l"\\x\\Lq(D)    for 2 <<?<<».

(ii)  Let p be a nonnegative integer.  There exists a constant C4 = C4(p) such

that if D^D with dist^(Z>1( Ö) > k0h, then for x G S"(D),

(2.4) Hxll1;Dl<C4ft-T("+1)|||xllLP;D.

Lastly, we shall make the assumption that if the intersection of a disc of radius

d with D is transformed via a similarity transformation to a domain of unit size, then

the transformed finite element space satisfies A.l, A.2 and a slightly modified form of

A.3 with ft replaced by h/d.

Let Dd be the intersection with D of a disc of radius d centered at x0 G D.  The

linear transformation y — ix - x0)/d takes Dd into D and ShiDd) into a new function

space S(D).

A.4.  Given any 5 > 0, if 1 > d > ft1 _6, then 5(5) satisfies A.1 and A.2 with ft

replaced by h/d, and satisfies A.3 with ft replaced by h/d and 7 replaced by 76 =

1 + (7 - 1)/S.  The rest of the constants remain the same.

We remark that in our examples, A.l and A.2 will be satisfied if d> k0h, and
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if furthermore the mesh is quasi-uniform, then A.3 will be true with 7 = 1 for d >

k0h.

In our subsequent work we shall frequently need certain consequences of the

approximation hypothesis A.l.  The first result, Lemma 2.1 below, concerns approxi-

mation in L2 based norms, and approximation of functions with low regularity.  In

many examples, a natural interpolant could be utilized to show these results directly,

but in general one has to smooth the function before applying the interpolant, cf.

Hubert [15] and also Clement [9], Strang [35].  In our case we also want to smooth

so as to preserve the vanishing of the functions on dD.  A suitable smoothing operator

was given in Nitsche [26].   For completeness we shall exhibit its form near a corner.

Here the corner is normalized so that the sides are along the negative x and y axes for

the concave case, or positive x and y axes for the convex case.   By use of a linear trans-

formation, it suffices to treat these two cases.  With k( • ) and r¡( ■ ) having suitable

properties, see [26], we set

Svix, y) = J  K-ir)\j k(s)v(x + rh, y + sh) ds - t?( -jj k(s)v(x + rh, sh) ds \dr

- n(^\(r)]^\(s)v(rh, y + sh)ds - V(fyf\(s)u(rh, sh)ds^dr.

Using this smoothing operator and A.l one may prove the following result.

Lemma 2.1.    There exists a constant C such that the following holds:

Let D^D with dist^(Dp D) > (k0 + l)ft.   Then for each v G HX(D) n Wl(D)

there exists a function x e S"(D) such that

(2.5) II« - Xll0,Dl + All» - Xll1>Dl < Chr\\v\\rD

and

(2.6) II» - *Lm<Pl) + MW - x\\wl(Di) < flW^y

Furthermore, for each v G HX(D) n H2(D) there exists a function x G Sh(D)

such that

(2.7) II» - Xllo.Dj + ¿II» - xllljDl < Cl22IM|2iD.

The corresponding results hold after a homothety by 1/d, cf. A.4, with ft replaced by

h/d for d> ft1 ~6 ; the constants occurring remain the same.

Finally, we shall need a global approximation result in Sobolev spaces with non-

integral smoothness parameters.   The proof will be given in Appendix 2.

Lemma 2.2.   Assume that A. 1 holds, and let s be a real number, 1 < s < r.

There exists a constant C such that the following holds.

For any v G fí1(D) n HS(D) there exists a function x G S (D) such that

<2-8) Il»-Xll, ft <CV-1II»I s,n-
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3. Two Basic Results. In this section we state our two main theorems. The

investigations in Sections 4—6 will be based on those theorems, the proofs of which

will be given later in Sections 7 and 8, respectively.

In our first result we extend, under our present more general hypotheses, the

interior Hx estimates of [27], and give estimates up to the boundary.   The resulting

bound includes the case when the domains are small.   On unit size domains, the Hx

estimate is converted into an estimate in the maximum norm using the following simple

device:  Given e > 0, let q be such that e = 2^/q.  Then by A.3 and Sobolev's inequal-

ity with Dx <% D,

llxllLoö(D.) < ^Hxll^íD) < Ch-e\\x\\UD    for XZS".

This result will be particularly useful later on in discussing the error in the neigh-

borhood of a concave corner. Let us remark that if the mesh is quasi-uniform then the

factor h~e may be replaced by ln/ft.

Theorem 3.1.  Assume that A.l, A.2, A.3 and A.4 hold.  Let p be a nonnegative

integer, and 0<5<l,0<e<l.   There exist constants C = Op, 5, e) and hx =

h^ip, S) > 0 such that the following holds:

Let Dj $ D with dist^(£)j, D) = d> hx~6, and let u G HxiD) and uh G ShiD)

be such that

(3.1) Aiu-uh,<p) = 0   for all tp E*SniD).

Then for ft < hx we have for any x e ShiD),

II" - uhh„(Dl) < C7reijl" - x\\Loo(D) + d-x\\u - xllo,D

(3'2) + I" - XI1;D + d-x~»\\\u - m„IILp,d}.

We remark that in the proof of this result we do not use the hypothesis A.l in

itself; only the consequence (2.7) of Lemma 2.1 is employed.

Our second result is a generalization of the interior maximum norm estimates of

[31], given there for quasi-uniform meshes.

Theorem 3.2.   Assume that A.l, A.2, A.3 and A.4 hold.   Let p be a nonnegative

integer, and 0<5<l,0<e<l.   There exist constants C = Op, 5, e) and ft2 =

h2(p, S, e) > 0 such that the following holds.

Let DxtyD with dist»(£>j, D) = d> ft1-6, and assume that D contains no con-

cave vertex ofD.  Let u G HX(D) n Wl(D) and uh E Sh(D) satisfy

(3-3) Aiu-uh,<p) = 0   forall*EShiD).

Then for ft < ft2 we have for any x ^ S"iD),

^-"hh^D,)

< Ch-\h\u - x\wl(D) + \\u - x\\La>(D) + d-x-p\\\u - un\\\_pD).

Let us again remark that in the proof of this theorem, A.l is used only via its

consequence (2.7) of Lemma 2.1.
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4. The Dirichlet Problem on a Polygonal Domain.  Let D be the polygonal do-

main in (0.1) with interior angles 0 < al < • • • < aM < 2it, and set ß- = n/ou.  Let

íí-^l Í2, / = 1, . . . , M, be fixed domains which contain only the /th corner, and set

D0 = D\(\Jf=lDj).
o,

Let u G H (D) be the solution of (0.1) where for simplicity we assume that /G

(T(D), and let un G Sh(D) be the finite element solution given by (0.2).  In the above

notation we have the following result concerning local rate of convergence in the maxi-

mum norm.

Theorem 4.1.  Assume that A.l, A.2, A.3 and A.4 hold.  Let e > 0 be given.

There exists a constant C = C(f, e) such that for ft sufficiently small,

(4.1) \\»-»hh„(n0)<Chmi^'2ß^,

and
n ii ^ /^,min(r,0.,20M)-e      .     .       ,

(4.2) ll"-"j,llLQ0(n.)<CÄ forj=l,...,M.

Proof.   Let D• •$ D'- with D'0 containing no corner, and Í2'-, / = 1, . . . , M, con-

taining only the /th vertex.  We shall use the following two lemmas.  The first concerns

local approximation of solutions of (0.1).

Lemma 4.1.   Assume that A.l holds.

(i)  There exists a function x G S"(D'0) such that

(4.3) "u-xh„(n'0) + «\«-x\wl,n.o)<«W-

(ii) Let i > 1 be such that 0- > 1 (convex corner).  Given e' > 0 there exists a

function x G SA(fi'-) such that

(4.4) II" - Xll^ft') + h\u - xl^ < OJ, e')h"

(iii) Let j > 1 be such that ß- < 1 (concave corner).  Given e' > 0 there exists a

function x G Sh(D'j) such that

(4.5) II" - xllLoo(n;.) + II" - xll,,«;. < Gtf e')hßre'.

Our next lemma may be of some independent interest.

Lemma 4.2.   Assume that A.l holds.   (Only (2.8) of Lemma 2.2 will be used in

the proof.)  Given e' > 0 we have

(4.6) ■*-«»l1_fjr_...o-«<M ey"^2*'-1).2^-2^,      0M> i,

(4.7) ll"-"Jli-%_e',ft<CT(/;e')ft2^-26',      ^</3M<l-e'.

Assuming for the moment that Lemmas 4.1 and 4.2 hold, we shall complete the

proof of Theorem 4.1.   Let us first treat the case of a concave angle a-, i.e., Vi < 0- < 1.

By Theorem 3.1, with d = 1, we have

II" - uhh„iSlf) < Ch-e'i\\u - xllLoo(n;.) + II« - xll,,«;. + II" " Mo.n)-

The desired result follows from (4.5) and (4.7).

min(r,ßj)-e'
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For the case of a- convex, i.e., 0. > 1, we use Theorem 3.2 to obtain for any

integer p,

""-"ftllL^fi,-)

< Ch-\h\u - tiwl       + ||« - xl1-(OJ) + III" - "JILp.ft-).

The first two terms on the right are now taken care of by (4.4). For the last term, we

may replace it by |||w - un\\\_ n (see (1.4)), and if p > ßM - 1 we can utilize Lemma

5.2 to conclude the proof.

The proof for the case of DQ is similar and follows using Theorem 3.2, (4.3) and

Lemma 4.2.

This proves Theorem 4.1.

It remains to prove the two lemmas above.

Proof of Lemma 4.1.  We shall give the details for (4.5); the other cases are simi-

lar.  Note that (4.5) demands simultaneous approximation in H   and L„.  The proof

is based on using the approximation results (2.5), (2.6) of Lemma 2.1, and the detailed

information concerning the behavior of u that is contained in (1.8)—(1.13).  First, by

(1.8) we may write u = s + w near the corner, where w G HxiD) n W^(D).  By Lem-

ma 2.1, w can be approximated in the desired way.

For the singular part s, we proceed as follows.  Let w G C°°(D') be such that

co(x) = 0 if dist(uy, x) < (k0 + l)h, co = 1 if distfy, x) > 2ik0 + l)ft.   Furthermore

assume that

We now approximate aw as in (2.5), (2.6), and using (1.11) and (1.13) we easily deduce

the estimates sought. The proof is completed by noting (again using (1.11) and (1.13))

that

H"s - shm(a'.) + IM - slli,n; < Œ<3re ■

This proves Lemma 4.1.

We remark that it suffices to have / in Hr~x +e(D) for the above argument.

Proof of Lemma 4.2.   Let us first treat the case ßM > 1.  We have

iu-uH,<p)

HI"-"ftHll-0w-e',í2 =      SUP      ïyi-T~-

For fixed $, let i// be the solution of - A\p = <p in D, \p = 0 on 9Í2.  Then

(" - "„, V) = A(u - un, i/0 = Aiu - un, 4> - x)

for any x G Sh(D).  Thus,

(u - un, <p) < \\u - un\\t nW "Xlli.ft,

and using Lemma 2.2 we may choose x such that

||^-X||1,n<C7Imin^1^-e')|W1+/3A/_e'jn.

From the a priori estimate (1.7) we have



86 A. H. SCHATZ AND L. B. WAHLBIN

Wl+ßM-e',«<ClMI^_1+e'>ft,

and hence

lll«-"ftllll-%-e',íí<^mÍn(r-1'^-e')||M-^||l!n.

Similarly

ll"-"ft»i,n <C     inf     ||«-xll1>0<Ctf €')hminir-l'ßM-£'\
xBSh(n)

and we obtain the desired result in the case of ßM > 1.

In order to treat the case Vi < ßM < 1 we shall need the following lemma:

Lemma 4.3.   Let 0 </ < Vi.   There exists a constant C such that

(«) M,,n<C   sup      %tL
*<=c°°(nym-i>n

From this we have that

(u ~uh,ip)
U"-Uhh-ßM-e',n<C    sup      —-—

M #€c"(n) mhM-i + e',a

and the proof of Lemma 4.2 then proceeds word for word as in the previous case.

It remains to prove Lemma 4.3.

Proof.   We first note that after extension of v by zero,

(4.9) NI,,n<IMI/Ä2.

Using the equivalent norm Nfo) = (J(l + l£l2)'ï»(£)l2 d%f2 on H'(R2) in terms of the

Fourier transform (cf. Slobodeckii [33], NeCas [22]) we find that

(4.10) II»II.d2<c    sup        fr'1^

We shall next establish that for \p G Cq(R2),

(4.11) m-f,a<cm_fRi-

Combining this with (4.10) and (4.9) gives the result that

iiuii. n < c   sup

♦ecy«*)"*"-*0

which clearly implies the desired estimate (4.8).

It remains to verify (4.11).  By definition we have

wee   (n);w = 0on 3ÎÎ '•"

From Necas [23] we know that extending w by zero from the Lipschitz domain D to

R2 is a continuous operation from H'(D) to H'(R2) for 0 </ < Vi, i.e.,

IMIl/iÄ2 <«/.„■
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Thus,

WI-*0 <C SUP ||S|^<W   /R2-

This proves (4.11) and completes the proof of the lemma.

5.   Location of the Maximal Error in the Dirichlet Problem.  In this section we

shall consider meshes that have an element of "size ft" near the vertex of a concave

maximal angle.  We prove then that the maximal error in u - uh occurs within an

0(ft1_e) distance from that vertex.

If for some /, 0. < min(/, 20M) then Theorem 4.1 predicts a higher rate of con-

vergence in D0 than in D-.  This suggests that in this instance the rate of convergence

is an increasing function of the distance to the vertex.  We shall prove that such is the

case in a special but important situation.  Other examples can be treated similarly.

Let

Df = {x: d/2 <\x- Vj\ <d} CiD

where d <^d0 and Í2.   ° contains no other vertex of D.

Theorem 5.1.  Assume that A.l, A.2, A.3 and A.4 hold.   Furthermore, let

(5.1) ßf<2ßM<r.

Given 0 < e < 1 and 0 < S < 1 there exists a constant C such that for h sufficiently

small,

\Ch"M-'d-S1   for hW»-fi>"l-i Kdid,.

Note that the hypotheses in (5.1) are always fulfilled if/ = M and ßM < 1.   In

this case we have

\Ch2ßM'ed~ßM    forft1-6 <d<d0,

i«)    »»-«<.»L.(<) <;„,„„-« foi<j<s,.a

Proof   Let Df = Df12 U Df U D2d.  From Theorem 3.2 we have that for
d>hx~s,

"" - "»'Leaf, « or"2('* - *'r,i<a?,+ »" - A.czf,

♦'"-,w»«-M_IWlBf*

where [ßM] designates the integer part of ßM.  By Lemma 2.1 and (1.8)—(1.13) we

may assume that

A|« — xl   i ~d +ll"-xll     ~d <chrd8rr-e'2.
wl(nf) ML„(nf)

To complete the proof we use the following lemma.
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Lemma 5.1.    Under the above hypotheses, we have for any e > 0,

(5.4) d-l-[ßMi\\\u-uh\\\   ¡a   i?.d<Cd-ßMh2ßM-e>2.
-ÍPMl'aj

Assuming Lemma 5.1, we have from the above

II" -«„IL
Loo

Hence using (5.1),

u - uh\\        d  < Chr<?rr-e + Cd~ßMh2ßM~e    for hx~s<d< d0.
Looi^lj )

II" ""A   ,o^<CJ  0M"2ßM  '    forh1-*<d<d0.
¿e»("/ )

From Theorem 4.1, ||« - uh\\ d  < Chßi~e and we obtain the desired estimate

(5.2). '

It remains to prove Lemma 5.1.

Proof of Lemma 5.1.  We have

For fixed <p, let - A* = <p in D, \¡/ = 0 on 9S2.  Then for any x G SH(D),

(u - uh, ip) = A(u - uh, i//-x).

Thus, by use of Lemma 2.2 (cf. the proof of Lemma 4.2),

\(u - uh, v>)|< C\\u - ii,, II, >n II* - xlli,n

< C7j2i3^2e'||*||1+%_e'>n    for any e' > 0.

From (1.7) we also have

(5.7) Ml+ij.j-e'.n <CIMIiJf_i-e'/2,n-

We now separate the cases ßM > 1 and ßM < 1.  When ßM > 1 we have by

Sobolev's inequality (1.6), with e' small,

<5-8) ]WßM-i-e'i2,n<C\M\wlßM]{n)

where q = 2/(2 + [ßM] - ßM).  Note now that the support properties of <p give

(5.9) IMI  [-   ,      <cí1+i^,-^imi d.
wqPM'(n) t"Ail.«/

Thus, by (5.5)-(5.9) we obtain for ßM > 1,

lll"-"ftlll  rfl   tiia<Ch2ß*-2e'd1+l'"]-ß»

and the desired estimate (5.4) follows in this case if e' is taken small enough.

For the situation when ßM < 1, i.e. [ßM] = 0, proceed as above up to the point

(5.7).  Write then

MßM-i-e-f2,n<     sup fr »)        .
wee  (ft) l|VV|li-pM+e72,n
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Here,

to, w) < IMI   ~dHw||   ~d
o.iiy      o,nj

and by use of Sobolev's inequality (1.6),

INI     a<Cdl-ß"M\ 2/%     <C(i1-^IH|1_,M+e'/2)n.

The desired result follows in this case too.

This completes the proof of Lemma 5.1.

We shall now discuss the location of the maximal error.  For simplicity, we shall

restrict ourselves to the case of a concave maximal angle which is strictly larger than

the other angles.

In a neighborhood of the vertex vM let

with kM i= 0.  We assume that there exists a constant C> 0 such that for ft sufficient-

u(p, 0) = kMpßM sin(0M0) +

^ 0.  We assume

ly small,

(5.10) ChßM<     üif      ll"-xllLeo(ft).
xes"(n)

This would, e.g. be the case in our examples of Section 9 if elements of size ft occurred

at the vertex vM.  For, the problem of then showing (5.10) is easily reduced to the

one dimensional problem of approximating kx^M, k > 0, on (0, ft), by polynomials it

of a certain degree r > 1.  We have

ll^M - «hooio,h) = khß"\\yß" - %y)\\Lmí0tly

where y = x/h, itiy) = k~xh~l¡MiTÍhy).  Since with Pt the polynomials on (0, 1) of

degree t,

S*
ir&Pr

we obtain

Jg^ \\yPM - *OOIILoo(0>I) > o o    (ßM<i),

inf \\kxßM - ir\\L^0th)> ckhßM.

This proves (5.10).

Theorem 5.2.  Let A.l, A.2, A.3, A.4 and (5.10) hold  Assume that ßM < 1

and ßM < ßM_,.  Letx be such that \\u - uh\\L   (n) = |(« - «,,X*)I and let0<d<

ißM_ i - ßM) be given.   Then for ft sufficiently small,

(5.11) \x-vM\<hx-&.

Proof.   Let e > 0 be sufficiently small.  Then from Theorem 4.1 we have that

11,/ - u II > < r72mi"('-^Af-i'2%)-e < ChßM+S'2
II"    uhhoo(n\nM) ^c" ^C/I

outside of DM,
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From (5.3) of Theorem 5.1 we see that for d > ft1   s

II«-«ft II

Thus for Ix-i^l^ft1-5,

d   <Ch2ß"-€d-ßM<Chß"+6l\

|(M-Mft)(x)|<C7z^+6/4

and since by assumption

\iu - uh)(x)\ > ChßM,

we obtain the estimate (5.11).  This proves the theorem.

6.   Calculation of Coefficients in Singular Expansions (Stress Intensity Factors).

Let us consider the case when the maximal angle aM is concave.   Letting p = \x - vM\

and 0 denote the angular variable, we have from (1.10)—(1.12) that

u(p, 6) = kMpßM sin(0M0) + S(x) + w(x)

in a neighborhood of vM.  Here \S(x)\ < Cp2ßM and if/is smooth enough, w(x) is a

twice continuously differentiable function that vanishes on 9Í2.  Since, therefore, its

directional derivative at the corner vanishes in two linearly independent directions, we

see that |w(x)| < Cp2.  Hence,

(61) u(p, 0) = kMpßM sin(ßM9) + 0(p2ßM)   as p -+ 0, for Vi < ßM < 1.

The quantity kM is sometimes called a stress intensity factor, and its calculation

is of interest.  Several ways for approximating kM using the information obtained in a

finite element solution have been suggested, cf. the surveys by Gallagher [13] and

Pian [30].   One simple method starts with the observation that with 0 < 0O < aM

fixed,

"(P, <?n) n
*M=   „ +0(pß")    asp—0.

p^sin(0M0o)

Thus,

uhid, 0O)
(6.2) kM(d, ft) =

/"sin(0M0o)

appears as a natural candidate for an approximate stress intensity factor.

The problem then presents itself as to how d should be chosen.   Motivated by

our local analysis we offer one possibility below and give an asymptotic error estimate

for this choice.

Theorem 6.1.   Assume that A.l, A.2, A.3 and A.4 hold, and that Vz<ßM< 1.

Let ktf be given by (6.2) with

(6.3) d m h2/3_
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Then, given e > 0 there exists a constant C such that for ft sufficiently small,

(6.4) \kM-thM\<Chn^'.

Proof.   By (5.3) of Theorem 5.1 and by (6.1),

, ... Ju(d,90)-uh(d,60)\      QfßM
\kM - Wi h)\ <-:-+ —:—

<a^2%"V2^ + /^).

This immediately gives the desired result.

A similar analysis is easily carried out for aM convex, 7r/2 < aM < it. In this case

the term of 0(p2@M) in (6.1) is replaced by 0(p2), and one applies a slightly varied

form of Theorem 5.1.  The details are left to the reader.

The information contained in the quantity k^ can be used to improve (as far as

error estimates are concerned) the approximation to u near the maximal corner.

Theorem 6.2.  Assume that A.l, A.2, A.3 and A.4 hold, and that Vi<ßM<l.

Then with k^ given by (6.2), (6.3), given e > 0 there exists a constant C such that

(6.5) \u(p, 0) - kfyfM sin(0M0)| < Ch2ßMl3-epßM   for p < ft2/3.

Note that the rate of convergence in (6.5) is higher, for p < ft2'3, than that

predicted by Theorem 5.1, viz. Ch2ßM~ep-ßM, p>hx~6.

Proof.   From (6.1) and (6.4) we obtain

\u(p, 0) - k\pßM sin(0M0)| < \(kM - ^M sin(0M0)| + Cp2ßM

<C(h2ß^-€pßM + p2ßM)

which immediately implies the estimate (6.5).

Let us finally consider the approximation of higher order terms in the asymptotic

expansion for u around the maximal corner.   For simplicity, we consider the case

3ît/2 < aM < 2ir.  We have then, cf. (6.1)

(6.6) u(p, 0) = kMpßM sin(0M0) + lMp2ßM sin(20M0) + 0(pßM).

For 0O fixed such that sin(20M0o) =É 0 and k*^ given by (6.2), (6.3), we set

(6.7) lM(d, ft)

d2^sin(20M0o)

as a candidate for an approximation of lM.

Theorem 6.3.  Assume that A.l, A.2, A.3 and A.4 hold, and that Vi < ßM < 2/3.

Let lM be given by (6.7) with

(6-8) d = hx'3.

Then, given e > 0 there exists a constant C such that
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(6-9) \lM - lhM\ < Chß"l3-€.

Proof   By (6.6), (6.7) we obtain

I'm-WOK
ujd, 0O) - uhjd, 0O)

d2ßMsini2ßM60)

ikM-k*MyfMúvttMeQ)

diPMsin(2ßMd0)
+ Cd

'M

and thus from (5.3) of Theorem 5.1 and from (6.4),

I'm - 'mO*. «01 < Cih2ßM~ed-3ßM + h2ßMl3~ed'ßM + «A).

The theorem obtains.

A similar analysis can be carried through for 3it/2 > aM > n; the order term in

(6.6) is replaced by 0(p2).  Again we leave the details to the reader.

In a manner similar to that of Theorem 6.2, the first two terms in (6.6), with

kM, lM replaced by their approximations, can be used as an approximation for u which

is potentially better than uh is for p < ft1'3.  The details are once again left to the

reader.

7.   Proof of Theorem 3.1.   Local Hx estimates for interior domains were proven

in Nitsche and Schatz [27, Lemma 5.1] for quasi-uniform meshes.  The proof of our

present generalization of that result will follow closely the presentation in [27], but

for completeness we shall give some of the details in the case of domains abutting on

the boundary.

Lemma 7.1.   Assume that A.l, A.2 and A.3 hold.   Let p be a nonnegative integer

and £>, $ Dty D.   There exist constants C and ft, > 0, depending on p and dist»(/),, D)

such that for 0 < ft < ft, the following holds:

Let u G HX(D) and un E S"(D) satisfy

(7.1) A(u-un,¡P) = 0   forall<pES"(D).

Then for any x G S"(D),

(7-2) """"/."..D, <aii"-xii1,D + ni"-"jiLp.D).

In order to prove our local results here and in Section 8 we shall make use of the

following auxiliary mixed boundary value problem.   Let D be D intersected with a disc,

and assume that either the disc is centered at a vertex and no other vertex is contained

in D, or that the disc is centered on 9Í2 with no vertex meeting D.

Let Ty = 9£> O 9Í2 and VN = bD\VD.  The problem is then to find v such that

with g given,

(7.3)

-Av=g   in D,

v = 0 on rD,

bv/dn = 0 on rN.

In a weak formulation we seek v E II (D) such that
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A(v, w) = ig, w)    for all w G HX(D).

Using the results of Oganesyan and Rukhovets [29] we have the following a priori

estimates.

Let £>j •$ D and supp g Ç Dl, and let £>' Ç D.

If D' does not contain the corner or part of rN, then for any nonnegative integer

k there exists a constant C = C(D', k) such that

(7.4) ll»llfe + 2,D'<Cll^llfc,0l-

If D' contains no part of TN and if the interior angle at the corner is less than it,

then there exists a constant C = C(D') such that

(7.5) NI2,0'<^IIl2(0i)-

Proof of Lemma 7.1.  By (1.5) it is enough to show the result for Dt and D the

intersections with D of two concentric discs of radius R and 2R, respectively, with

center in D and such that either

(i) the center is on bD, or

(ii) the whole disc of radius 2R is contained in D.

We shall give the details in case (i) only.

We first prove that for vh G S"iD) such that

(7.6) A(vh,ip) = 0    for all <p G%h(D),

we have

(7-7) ll»ftlli,0l<C1KIH-P,z>-

Let <jj G C°°(D) be such that cj = 1 on D,, and co = 0 in a neighborhood of TN.  Then

since D intersects bD where the functions in Sh(D) vanish,

IK 111,0, < llw»ftHi,D < CA(cjv„, iov„)

= CA(vh, u2vh) + CJ vh{iAoi)uvh + 2Va> ■ V(wuft)} dx.

By (7.6) and A.2 we have for a suitable 77 G S"iD),

Aivh, œ2v„) m A(vh, oj2vh -f¡)< Ch\\vh\\2D

and thus,

ll^ftH2,D <Ch\\vJ2tD + Q\vh\\0iD\Dl\\<Mh\\ltD.

Hence it follows that

(7.8) KWId, < Ch\\vh\\\,D + CIKIIo*\*,-

Next let D2 and D3, D2<$D3, be the intersection of D with concentric discs

such that either

(i)' the center of the discs is on bD, and D3 does not contain any corner of D, or
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(ii)' D3 is a whole disc interior to D.

We shall only consider the case (i)' and show that for k a nonnegative integer,

(7.9) lll»ftllU,z>2 <CfclKlli,o3 +CHKHU-i,d3-

For this, let co G C°°(ö3) with w = 1 on D2, and co = 0 near 9£>3\(9D3 n 9Í2).  We

have

(cou,,, <p)

IKIILk'fl2= r: i^w
*>eC   (D2)

For fixed </>, let \p solve the auxiliary mixed problem (7.3) over D, assuming after a

change of D if necessary that D3 -f D.   Note that by (7.4),

(7-10> UMk+2,D3<C\M\k,D2.

We have now

icjvh, if) = A(cjvh, i/0 = A(vh, coi/>) + }vn((Aoj)\p + 2Vw ■ Vi//) dx.

Writing A(vn, coi//) = A(vh, toi// - x) for a suitable x we get upon using (2.7) of Lem-

ma 2.1 and (7.10),

(cou„, *>) < C1Kll1,z>3Ä||^||2>jD3 + IIKIILfc_1,D3ll^llk+2,o3

<ah\\vn\\iiD3 + \\\vh\w_k_ltD3)\M\kiD2.

Thus (7.9) obtains.

Iterating (7.8) and (7.9) over suitable domains inserted between the original Dl

and D, we obtain with D, -J D' «$ D,

IKIIld, <^7(p+1)lKiii,D'+C1IKIII-P.Ö-

In view of A.3, the result (7.7) follows.

We can now show (7.2).  Let Dl and D be as in case (i) and £>, -$ D' •$ D.   Let

co G C°°(D) be such that co = 1 on Z)', to = 0 in a neighborhood of 9D\(9D n 9Í2).

Let u = cou and let Pw G 5^(0) be the solution of

AiPu- u,<p) = 0    for all <fi G S*(£>).

Clearly then,

ll"-^li,D<C1l"Hi,D-

Next note that AiPu - un, <p) = 0 for ^ G y"(£)') so that by (7.7),

11^- "ftHl.D,  < dllftT- KftlH-p.D' < Cl|« - AHl,Z> + OS- "ftllLp.D'

<q|U||1D+qi|w-^IILp>D.

Thus,

II" -Mi*i < di"Hi,D + cm« -"/.lli-p.D
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and (7.2) follows upon writing u - uh = (u - x) + (x ~ "/,)•

This completes the proof of the lemma.

As in [31, Lemma 3.2] we have the following result in the case when the domains

Z), and D are allowed to vary and become small with ft.

Lemma 7.2.   Assume that A.l, A.2, A.3 and A.4 hold.  Let p be a nonnegative

integer and 0 < 6 < 1.  There exist constants C = Cip, 6) and ft2 = h2(p, S) > 0 such

that the following holds.

Let £>,$£> with dist^(D,, D) = d > hx~8, and let u G HX(D) and uh G Sh(D)

be such that

(7.11) A(u-un,<p) = 0   for all <p ESh(£>).

Then for ft < ft2 we have for any x e Sh(D),

d'l\\u-uh\\0D   +\u-uh\1D

(7.12)

< Cid-l\\u - x\\0,d + I" - xli>D + d" 1-plll« - «ftlll.p.fl).

Since h/d < ft5 < ft, for ft sufficiently small the lemma follows from Lemma 7.1

by a scaling argument using the hypothesis A.4; see [31, Lemma 3.2] for details.

We can now prove Theorem 3.1.

Proof of Theorem 3.1.  Let \\u - uh\\L   ,D ^ = \(u - uh)(x0)\ for x0 ED1.  Let

D2 and D3 be the intersections of D with discs of radius d/A and d/2 centered at x0.

Then for any x G S"(D),

|(u - un)(x0)\ < II" " xhoo(D2) + Hx - »hh„iD2y

Using A.3 we have for q such that y2/q = e,

HX - "aIIl.cdj) < Ch-e\\x - »hhq(D3y

Applying Sobolev's inequality to D3 we obtain

"X - »hhq(D3) < Cd2lq(\x - "ftl1(D3 + d-x\\x - "„llo,D3)

<C(|M-xl1,03+^-1ll«-xllo,D3 + l"-"ftli,ü3

+ d-x\\u-un\\0<Dj.

An application of Lemma 7.2 completes the proof.

8.   Proof of Theorem 3.2.  We shall prove the following generalization of the

estimates of [31].

Lemma 8.1.   Assume that A.l, A.2, A.3 and A.4 hold.   Let p be a nonnegative

integer, and e > 0.  Furthermore let D^D where D does not contain any concave

corner of D.   There exist constants C and h3 > 0 depending on p, e, and dist^fö,, D)

such that for ft < ft3 rfte following holds.

Let u G HxiD) C\ WÜD) and uh G S"iD) satisfy
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(8.1) A(u-uh,<p) = 0   for all y e"sh(D).

Then for any x € Sh(D),

(8.2) H" - "ftllL„(Dl) < Ch-*(h\u - x\wl(D) + \\u - xllLoo(0) + III" - "ftIILp,D).

Theorem 3.2 follows from Lemma 8.1 by use of a scaling argument, cf. [31] for

details.

In the proof of Lemma 8.1 we shall need two simple auxiliary results.  The first

concerns the mixed problem (7.3) when the right-hand side has small support.

Lemma 8.2.   For any e > 0 there exists a constant C = C(D, e) such that the

following holds.   Let g be supported in a domain Z), Ç D, with diam Z), = d.   Then

(8.3) Mi,D<Cdx-'\\g\\L2,Di).

Proof.   We have

\\v\\2UD<CAiv,v) = Cijg, v),

and using Holder's inequality with 1/q + 1/q' = 1 and q large,

\(g,v)\<C\\g\\Lq,iDi)\\v\\Lq,D)

<g¿2-*wmL2ÍDi)ml¿d).

By Sobolev's inequality, for q < °°,

MLq(D)<C(q,D)\\v\\UD

and the result follows since q can be taken arbitrarily close to 1.

We shall also require the following result concerning harmonic functions.

Lemma 8.3.   Let Dx $ D2 with dist^fZ),, D2) = d, diam Z?, < d, diam D2 <

3c?, and such that D2 contains no concave comer of D.   There exists a constant C such

that the following holds:

For v harmonic on D2 and vanishing on bD2 n 9Í2,

(8.4) ll»n2i0i < or Ml»ll,,D2.

Proof.   By a covering argument it suffices to prove (8.4) in two cases.

(i) Z>2 and Z), are concentric discs of radius 2cf and d, respectively with D2

interior to D.

(ii) D2 and Dx are the intersections with D of two concentric discs of radius

2d and d, respectively, and with center on bD such that either (a) D2 contains no

vertex of D, or (b) the center is at a vertex of convex interior angle.

In case (i) we note that w = bv/bx¡ is also harmonic.  Thus let us show that for

a harmonic function w,

(8.5) \\vrt\0Mi<QrlM0j,2.

Let co be a C°° cut-off function such that co = 1 on Z),, supp co CC £>2, and
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(8.6) llöaco||Loo< orlal.

We have l|Vw||0Di < HcoVwIlJ, and

IIcoVwIIq = f(coVw) • (coVw) = Jvw ■ (V(co2w)) - 2fcoVw ■ (Vco)w.

The first term on the right is zero, so that

llcovwll2 < 2||coVw||0CcT1M0>zv

Thus,

||cjVw||0<Cc?-1IH|0iD2

and (8.5) follows.

For case (ii), let us treat the situation when the discs are centered at a convex

angle.   Letting co be a C°° cut-off function which is = 1 on Z),, vanishes in a neighbor-

hood of bD2\ibD2 n 9Í2), and satisfies (8.6), we have upon using the a priori estimate

(7.5),

IMI2Di<q|A(cou)||0i02

<Cid-i\\v\\liD2\Di + d-2\\v\\Q,D2\Di).

Since diamiD2\Di) < d and i> vanishes on 9(D2\Dj) fï 9Í2, we have by Poincare's

inequality that

M0,D2\Dl< ^^0,0^0^

The desired inequality (8.4) obtains.

This completes the proof of Lemma 8.3.

We can now prove Lemma 8.1.

Proof.   We shall assume that Z), and D are the intersections of D with concentric

discs such that either

(i) (a) the discs are centered at a convex corner of D and contain no other corner,

or

(i) (b) the discs are centered on a straight line segment of 9Í2 and contain no

corner, or

(ii) the discs are interior to D.

We shall give the details of the proof in the case (i) (a).  This reasoning immediately

carries over to the case (i) (b).  In the situation of (ii), one first perturbs the bilinear

form A into A(v, w) = A(v, w) + (v, w) which is then coercive over H .  The pro-

cedure in (i) applies if ^4 is replaced by A in (8.1).  To conclude the argument one

then proceeds as in [31, Appendix 1 ].

We shall first reduce the proof to finding estimates for a locally defined problem.

Let Z), •$ D2 •$ D3 •$ D be intersections of D with discs centered at the convex corner.

Let co G C°°(D) with co = 1 on Z>2, co = 0 outside £>3.  Set u = co« and let uh G S"(D)

be the solution of
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(8.7) A(u- uh,^) = 0    for all y G Sh(D).

Note that since D intersects dD, there is a unique uh satisfying (8.7).
/>rf r**s

We shall derive the following estimate for u - uh.

Lemma 8.4.    Under the conditions of Lemma 8.1,

(8.8) \\u-uhWl^d2) < Ch~eW»Kl(D) + """¿«O))-

Assuming the validity of Lemma 8.4 for the moment, let us complete the proof

of Lemma 8.1.  We have

(8.9) II" - "ftHioo(Oi) < I'" " "*"¿.(fli) + """ ~ uhh„(Dxy

Note now that A(uh - un, <p) = 0 for v in S"(D2). Let Dx $ D\ $ D2. Using A.3,

Sobolev's inequality (1.6), (7.2) with u = 0, and Lemma 8.4 with e replaced by e/2,

we obtain for q = 47/e,

K - "hhooiD^ < ^"e/2H"ft - Uhhq(D\)

<Ch-"2Wu„-uh\\iíD.í <Ch-*l2\\\un -uh\\LPtD2

<Ch-<l2(\\u-uh\\Lx(D2) + \\\u-uh\\\_PiD)

< Ch~€W\l(D) + ^hoo(D)) + ^-e/2lll» - uh\\\_pD.

Using this and Lemma 8.4 again in (8.9), we arrive at

II" - "*hm(f>0 < a~e<-hMwUD) + M^> + Hl" - "ftl"-P>

The inequality (8.2) follows upon writing u - un = (u - x) + (X ~ ";,) f°r any x G

S"(D).

It remains to prove Lemma 8.4.

Clearly, it suffices to show that

<8-10) U»hhoo(D2) < €k-'ih\u\wUD) + \\u\\Lm(D)).

Let \\uh\\L (D \ = \uhix0)\ forx0 ED2, and let A, and A2 be the intersections with

D of discs of radius p = ft and 2p, respectively, centered atx0. Here 5 = e/3. By

A.3 and Sobolev's inequality we obtain for q = 2y/8,

K(x0)l<cft-6iKiiz,£?(Aj)<cft-6(iKii1>Ai+I||~||oAJ.

Thus,

(8.11) \uh(x0)\ < Cft-6||U||liAi + Ch-b\\u - W,||1>Ai + ^-\\uh\\0tAi.

Now,

(8.12) ll"»I.Ai<^l"ll^(D)=C,ll"S'l"ll,L(D)-
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From Lemma 7.2 with p = 0 and x = 0 we have

II"- "ftHl.A, <C(|«I1>A2  +¿ll"Ho,A2 +¿ll"ftll0,A2).

and using this and (8.12) in (8.11),

~ ~ Ch~s   ~ Ch~8 ~

|«ft(x0)| < Chx-2&\\u\\wlm + Cft-6M1)A2 + ^II"Ho,a2 + ^««i.IIo.a,

< Chx-2&\\u\\   ,       + Ch-s\\u\\L^A) + Ch-X\\uh\\0..

The problem of showing (8.10), and hence Lemma 8.4, is now reduced to verify-

ing that

(8.13) h-x\\uh\\0,A2 <CÄ_eWl"V(D) + ll"ll^(z»)-

We have

&h>*)

Vo,a, =      SUP(8-14) ""h"°'A2       ,.C~(A2)M0.A2   •

<
For each fixed tp, let v G H (Z)) solve the problem

(8.15) AW, v) = (i//, <p)    for all ̂  G HxiD).

Letting vh G S"iD) be such that Aix, » - vn) = 0 for all x £ Sft(Z>) we obtain then

(8.16) fuh, <p) = ¿(^ V) = A(un, vh) = A(u, vh) = A(u, vh - v) + (u, <p).

Note next that

(8.17) k£ *)l < CplNlLoo(D)lMl0>A2 = Chx-8\\u\\Loa(D)MQ<A2.

Also,

(8.18) \A(u, v - vh)\ < QM\wl(DJW - vn\\w>2).

Using (8.14) through (8.18) we see that (8.13) would follow if

(8.19) Hu-^|lH,}(D2)<a,2_e'Mlo,A2-

For simplicity in notation, let the radii of the discs whose intersection with D

form D2 and D be 1/8 and 1, respectively, and set

af = {x: 2-'~x <\x-x0\< 2~'} no,      / = -1, ...,/+ 2,

Dl; - iüf_t u ñ^_/+, u • • • u n/+l),     / = 1, 2, 3,

where

/ =    ln2        ,_g    +1    ([a] denotes the integral part of a).
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Let also

D¡= {x: bc-x0|<2-/} OD.

Then

(8'2°) , / v

<cífti-6ii»-»ji,,ft/ + x;2-'iii)-u,liilift.j.

We first consider the domain D¡.  Here we use (8.3) of Lemma 8.2 which says that

IMI1;D < Cp1-6IMI0,A2 < ^1_2SIMIo,a2-

Thus,

(8.21) \\v - vh\\lD < 0\v\\ltD < C?i1-26IMI0)A2.

Next apply (7.12) of Lemma 7.2 to the domains fi.<$ Dx.  It follows that

/■ ¿2-1. - üÄ||1>n. < f (2-'|l» - xll^i + II» - Xlloni + II» - »„ll0„i).

Using the approximation result (2.7) of Lemma 2.1, we obtain

(8.22) /<C£2-'«ML 02 +Clni||u-Uft||0iD.
/=3 2'"/ "

where D' is the intersection with D of a disc of radius 1 /4.  Since u is harmonic outside

of Aj, we have from (8.4), as D contains no concave corner, that

(8.23) NI      2 < C2''||u||      3.

A simple duality argument employing the a priori estimate (7.5), and (2.7) of Lemma

2.1 establishes that

to-vh\\OJ}><ai\\o\\ltD.

Using this and (8.23) in (8.22), we find

Z<a.lni||i>||1>D.

By another application of (8.3) we obtain that for ln(l/ft) < h~5,

z<Cfc2-26lMl0iA2.

Inserting this and (8.21) into (8.20), we have proven that

"" " V"K\(D2) < C/î2"36|I^O,A2 < «'"''MICA,-

This is the desired estimate (8.19), which completes the proof of Lemma 8.4.

The verification of Lemma 8.1 is now complete.
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9.   Examples of Finite Element Spaces.  We shall give examples of finite element

spaces that satisfy our assumptions A.l—A.4.

The spaces described in our first example are well known and we shall be brief.

Example 1.   Quasi-Uniform Meshes.   Consider a triangular or quadrilateral quasi-

uniform partition of D.  As function spaces Sh(D) we may use the Lagrange or Hermite

elements, see Ciarlet and Raviart [8], the elements of Bramble and Zlámal [6], the

tensor products of one dimensional piecewise polynomials, and others.

For the well-known techniques involved in verifying our assumptions, cf. [8] or

Ciarlet [7]. In connection with A.2 (where now y = 1), see also Nitsche and Schatz

[27].

Our next example is a simple one on a non-quasi-uniform mesh.

Example 2.  ñecewise Bilinear Functions on a Non-Quasi-Uniform Mesh.   Let

9Í2 consist of axis parallel line segments, and consider a sequence of partitions of D

into axis parallel rectangles Th ¡,i = 1, . . . , 1(h).  Let /, ,, ¡ and l2 h ¡ denote the

lengths of the sides of rn ¡, and assume that with Kv K2 > 0 and 7, > 1 constants,

[maxf max(/.A|.)) <Klh,

(9.1) J   '  V'=1'2      ' 7
unf min (/.„,.)) >K2h1x.
i   \j=\,2 /

Let S"(D) consist of the continuous functions on D which vanish on 9Í2, and which

on each rectangle rn ¡ reduce to a bilinear function a0 + axx + a2y + a3xy.

If T denotes any rectangle of sidelengths /,, l2 with L = max(/j, l2) bounded,

< 1 say, then Jamet [16] has shown that with x equal to the interpolant of v at the

corners,

2|
\\v-X\\Lo.(T)+L\\u-X\\wr       <CL2\v\w2

(T) Wto(T)

where C is independent of/, or l2.  From this we obtain A.l with r = 2 and the part

of A.4 that pertains to A.l.

In Appendix 1 we shall show that for x a bilinear function on T, co in C3(7)

and with tj denoting the interpolant of cox,

(9-2) Hcox - !*!,, < CLIMI^s (r)llxll1)r-

From this we deduce that A.2 and the corresponding part of A.4 are true, with /0 = 3.

To verify A.3 (we consider here only the second part) we show in Appendix 1

that with / = min(/x, l2),

(9-3) llxll1>r<a-(p + 1)lllxllLp,r

where again C is independent of /, and /2.  Using (9.1) and (1.5), the inequality (2.4)

of A.3 follows with 7 = 7,.   For the corresponding part of A.4, note that it follows

from (9.1) that on a rectangle that is transformed via a stretching by a factor 1/d,

1>K   h—
l^K2    d  .
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Since for£r>ft1_6,

/A_Y+(7i-i)ft71       /ft\l+(7,-l)/6

d

we see that A.4 holds.

Example 3. Piecewise Linear Functions on a Non-Quasi-Uniform Triangulation.

Assume that D is partitioned into triangles Tn ¡,i = 1, . . . , Z(ft).  Let 6h ¡ be the

maximum interior angle of rn ¡, and assume that with 0O < n independent of ft,

max 6hi < 0O.
i

Furthermore, let ph ¡ = diam Th ¡, and let ahi = max {diameter of discs inscribed in

rh ¡}.  Assume that with Kv K2 > 0 and yx> 1 constants,

(9.4)

max ph ¡ < ATjft,

minat, ,• > K2h7x.

Let Sh(D) consist of the continuous functions on D which vanish on 9Í2, and on each

triangle rn ¡ reduce to a linear function a0 + axx + a2y.

To verify our assumptions in this case, let T be an arbitrary triangle, and let

0 < 0O, p, o < 1 have the obvious meanings. For x the interpolant of v we have,

lamet [16],

II" - Jtkmm + ^ - *Kl(T) < ^oV»2!»!^(r).

Thus A.l with r = 2 and the corresponding part of A.4 follow.

To verify A.2 we quote the following result from BabuSka-Aziz [3]. For v G

H2(T) and tj the interpolant,

(9.5) ll»-î?ll,,r<C(0o)pN|2;7,.

Letting x be a linear function and 17 the interpolant of cox where co G C2(T), we obtain

from (9.5) since second derivatives of a linear function vanish,

\\^X-V\\l,T<C(d0)p\\oj\\w2^T)\\x\\UT.

This proves A.2 and the corresponding part of A.4.

The inverse assumption A.3 is taken care of in a manner similar to that of Exam-

ple 2, using (9.4).

In Part 2 of this series we shall give a more detailed analysis of the finite element

method when the mesh is refined near a vertex.  The results obtained in Theorems 3.1

and 3.2 are valid for a large class of meshes which are associated with refinements, and

will be of importance in the derivation of results in Part 2.  As our last example we

shall describe certain mesh refinements which satisfy our hypotheses A.l—A.4.

Example 4. A Special Class of Locally Quasi-Uniform Meshes. Let Í2-, / = 1,

. . . , M, be the intersection of D with a disc of radius R • centered at the /th corner

vertex u-, and such that D- contains no other corner.  Set £20 = D\(\JJL,DX
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Assume that the partition is quasi-uniform over D0 with the diameter of any

element being equivalent to ft.  Let

Djk = {x: 2~*Rf <\x- vj\ < 2-k+xRj] n D,

/= 1, . . . ,M, k= 1, . . . , kjt

and

-*.-,
n/,fc-n = &'■ \x-Vj\<2    iR.} n D.

On each Í2- k let the partition involved be quasi-uniform with the diameter of the

elements involved being comparable to ft- fc, where with 7,^1 constant,

ft71 < h.k < ft,      i=l,... ,M,k=l,. .. , kf + 1.

Consider on these kinds of meshes, e.g. the finite element spaces listed in Example

1.  One may verify the assumptions A.l-A.4 essentially as in the quasi-uniform case.

In A.3, 7 may be taken as yx.

Appendix 1.  Verification of Assumptions A.2 and A.3 in Example 2 of Section

9.   Let T be a rectangle with corners PQ = (0, 0), Px = (/,, 0), P2 = (/,, l2) and

P3 = (0, l2).  Here it is only assumed that /, and l2 are bounded, say by unity.  Put

L = max(/,, l2) and / = min(/,, l2).

We shall first verify the assumption A.2 and its counterpart in A.4. To accom-

plish this, we need to investigate in some detail the interpolant into S" of a function

v.  Given v, let v¡ = »(ZJI), i = 0, 1,2,3.  Define t¡ on T by

,x y       (x    \y

+ V2T1r2-^{rl-1)r2-

It is well known, see, e.g. Ciarlet and Raviart [8] (or by the considerations given

below) that with C a universal constant,

||u-T?||or<CZ,2|i;|2)r.

Taking v to be of the special form cox with x a bilinear function we obtain

llcox - V\\0,T < CZ^IMI^      Hxlli.r + CL2IMILoo(r)
Jx_
dxdy 0,T

Since

(A.l.l)

we have

(A. 1.2)

dxdy 0,T
<CZ,-1jlxll1,r

llcox-T?||or<CL|Mlw/2||xlll!r
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Consider next 9(u - r))/bx.  We find that

bvbv
bx ¡ÄiC6*«*)-^->X^5fc'»*

Thus, brj/bx is constant in x and given as 1//, times the one dimensional linear inter-

polant in y of the function

We write

W=5*T7is>y)ds.
o bx

(A. 1.3)

9i?,      .     bv ,      .

¡#
ax' bx'

= Ixix, y) + I2ix, y).

For /,, fix x, square and integrate with respect to y.  From well-known properties

of linear interpolation we obtain

/^^♦■^«CW'6****>.      7=1,2.

Integrating then with respect to x we arrive at

(A. 1.4) \\I1\\0T<Cl'2
9 / 9 V

o,r
7=1,2.

Consider next Z2(x, .y)-   For .y fixed, 72( • , y) is the error in a mean value

approximation for 9u( • , y)/dx.  Thus,

J\fcjtf*<cif'!&(*,)
o    dx

dx

so that

(A.1.5) ll/2ll0>r<a1
92u

dx2 0,T

From (A. 1.3), (A. 1.4) and (A.1.5) we conclude that

(A. 1.6) VxiV-v) 0,T^~     \ 2   to W/ O.T
+ 'l

92u

9x' o.r/
7=1,2.

Again taking v to be cox with x bilinear we have, with / = 2, that

^(cox-rj)
0,T

< CIMI
w¿(r) dxdy ' 0,T

+ ¿llxlli,r)

By use of (A. 1.1) we deduce that

^(cox-r?) <CL\\u\\   a      llxll, T-
0,T "wl(T)"™X>T
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Combining this with its counterpart for 9(cox ~ v)ldy and with (A. 1.2), we have

HcoX-T?|l1,r<CI|MIH/3,(7,)llxll1>7..

Thus, we have verified A.2 and its counterpart in A.4.

Let us remark that by taking/ = 1 in (A. 1.6) we see that the interpolant would

work in Lemma 2.1.

We now consider the inverse assumption A.3(ii); the proof of A.3(i) involves simi-

lar ideas and is simpler.  Let T be a general rectangle as before.  The map

h
~     1

x,    y = ry

maps T to the unit square T.   Letting x be the transformed function we have

(A.1.7) Hxlli,r = 'i'2Mlxllg>r + /||

To be specific, we shall treat the term

/(x) = jr

9 H
9*

~xbx

2     +  X

0,T

2

0,T

9^

2

0,7"

By the equivalence of norms on finite dimensional spaces,

(A. 1.8) Z(x)<

Now,

^Hlxlll2_p?-
'l

|||XIII2_P,- =    sup    -6LJà2

sup

mt(zn^ii^)
/=0\|al=; /

nxi2r2ix, v?

Jc~(T) (w'fzf z it%2n^\\2o,T))
\j=0\\u\=j ))

ix,*)2
Ci'2) sup

^c-(T) t '2'M2r
/=o

Ci'2)"1

—/îp—   SUP
(X, *)2 C2'i)

-1

Jc~(T) Z '2°'-p)M2,
/=o

-Jp
SUD    (X. *)2SUP     11.112

¥>GC    (7-)

IMI
P,T

Cl'2)-1-—¡IP—

By (A. 1.8) it follows that

-p,t-

«<a-^+1)||ixin2. p,t>
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and combining this with similar estimates for the other terms in (A. 1.7),

llxll1)r <cr (*+1>nixiiLp>7,.

Thus we have derived the estimate (9.3).  The conclusion of the argument is

given at the end of Example 2.

o ,

Appendix 2.  Proof of Lemma 2.2.  Assume that for any v E H (Í2) Cl HriD),

there exists a function x e iS*(i2) such that

(A.2.1) ||U-xll1;ft<C7I'-1||»llr>ft.

By Lemma 2.1 (and a simple density argument) this is a consequence of A.l.
_   o,

To prove Lemma 2.2, we need to construct, for any v G H (Í2) Pi H\D), 1 <

s < r, a function x G S"iD) such that

(A.2.2) H»-xll1;ft<C7¡i-1|l»llí,ft.

Here the constant C should depend only on s.

We shall prove the following:   There exists a constant C such that given v E

HxiD) PI HsiD) and 0 < ft < 1, there exists vx EHxiD)D HriD) satisfying

(A.2.3) ll»-»1ll1,ft<C71s-1|l»llî,ft

and

(A.2.4) ll»illr,ft<C7'i"rll»llî,n.

Then (A.2.2) would follow upon writing

u-X = (»-»i) + (»i -X)

with Huj - xll, ft < Chr~x ||üj ||r n, cf. (A.2.1).  We shall now give the construction of

the function vx.

First let v be extended to a function v on R2, where the extension is done con-

tinuously in Hs norms, see Stein [34].   By use of a suitable smoothing operator 5 =

5(ft) we have

(A.2.5) IIäT-iTiI   „2<C7¡í-1|l»1l     2,      1 < s < r,
v ' l,R¿ s,R¿

and

(A.2.6) \\Sv\\rR2<œ-rM\sR2,      Ks<r.

In terms of the Fourier transform F one may take

\F(uX0,     ISKl/ft,
HSv\%)= \

(0, l|l>l/ft.

Since ||ulls   2 = (/(l + \%\2y\Vvi%)\2 d£)h one easÜy obtains (A.2.5) and (A.2.6).

Let now

(A.2.7) w = Sv\dn.
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Introduce the following norm for functions defined on 9Í2, k > Vi,

(A.2.8) Mfc-*,3ft =       k/    inf ||/||fc „.
fiEHk(n)J=w on SSI

Assume for the moment that for any w as in (A.2.7) we can find an /0 G ///(Í2) with

f0 = w on 9Í2 such that with C a constant independent of w,

(A.2.9) ll/"rA,n < Clwljk-îi.an    for k = 1 and r.

We now put vx = Sv -/„.  Note that then u, vanishes on dD.  Let us show how

(A.2.3) and (A.2.4) obtain.  We have

(A.2.10) I»-Ml* < II»-5011,^ +ll/aHi,n-

Now by (A.2.9), (A.2.8) and since v = 0 on 9S2,

H/olli ,n < Clwlvi.an = ^~ "kan < ^l5» " 3li.O-

From this and (A.2.10), using (A.2.5),

Hw-^iHi.n <C||Sw- v\\Xta <<*,~lf«fc    a <Ch?-l\\v\\t,a.

This proves (A.2.3).

Next, to prove (A.2.4),

(A.2.11) H»A,ft<IIS»llr,ft +H/rA,i2-

Now by (A.2.9) and (A.2.8),

ll/0llr,ft <Clw|r_V4>3n =C|5»1r_v,;9ft <q|5ü||r>í2.

Hence, by (A.2.6) and (A.2.11),

lluJL.n <ClSu1lr>n <C7ii-rH»1ljjÄ2 < CSfe*"rIMI,.„-

Thus (A.2.4) obtains.

It remains to show that the extension of functions defined on 9Í2 can be done

so as to satisfy (A.2.9).  The extension can be done locally, and we shall consider a

neighborhood of a corner.  Assume first that the corner is convex.   By use of an affine

mapping we may assume that the interior angle is less than ir/ir - 1).  A suitably local-

ized harmonic function f0 with boundary values equal to w will then satisfy (A.2.9),

see Kondrat'ev [19, Theorem 5.1].  (The result is written down in [19] for k > 2,

but is very simple to deduce also for k = 1.)  The affine mapping does not disturb the

relation (A.2.9)

For a concave angle, we consider first the exterior wedge, which is then convex,

and extend w as above.  Thereafter extend the function so obtained to R2 to complete

the proof.
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