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A Necessary Condition for the Stability of a
Difference Approximation to a Hyperbolic System
of Partial Differential Equations

By Anne M. Burns

Abstract. We are interested in the boundary conditions for a difference approxima-
tion to a hyperbolic system of partial differential equations uy = Auy, u(x, 0) =
F(x), Ku(0, t) = 0 in the quarter plane x > 0, ¢t = 0.

We consider approximations of the type:

p
uit + A = Y Cpup®, j=1,2,...,
k=-r
s
“,~+kzl°t,-kuk(t+m)=o, j=-r+1,...,0.

If N is the null space of K and E is the “negative” eigenspace of 4, then the system of
partial differential equations is well-posed if and only if K NE = {0} and Rank K =
the number of negative eigenvalues of A4.

In direct analogy to this, we prove that for a difference scheme of the above
typewithr=p=1,K' =1+ }:‘;:l o and N' = null space of K', a necessary condi-
tion for stability is N' N E = {0}. If, in addition, a condition proven by S. J. Osher
to be sufficient for stability is not satisfied, then Rank K = the number of negative
eigenvalues of A4 is also necessary for stability. We then generalize this result to the
caser>1,p> 1.

Together these conditions imply that ‘‘extrapolation” on “negative” eigenvec-
tors leads to instability; ‘“‘extrapolation” on “positive” eigenvectors is ‘‘almost neces-
sary. ‘““Extrapolation’’ on “positive’’ eigenvectors and not on ‘“negative” eigenvectors
is sufficient for stability.

1. Introduction. Here we consider the problem of finding the correct boundary
conditions for a difference approximation to the hyperbolic system of partial differ-
ential equations:

(1.1) u, = Au,,
(1.2) u(x, 0) = F(x),
(1.3) Ku(0, 1) = G(1),

in the quarter plane x > 0, ¢ > 0, where A is a constant, symmetric n x n matrix
with eigenvalues ¢, < - - - <a,, <0<a,,,, <---<a, and K is a constant n x n
matrix.
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A necessary and sufficient condition for the problem to be well-posed is

(i) Rank K = m = the number of negative eigenvalues of 4, and

(ii)) NN E = {0} where N is the null space of K and E is the “negative”
eigenspace of A, that is, the m-dimensional subspace of C” spanned by the eigen-
vectors of A which correspond to the negative eigenvalues of A. (See Hersh [2].)

Introduce a mesh width Ax > 0 and a time step At > 0; divide the x-axis into
subintervals of length Ax, the z-axis into subintervals of length At, and assume the
ratio r = At/Ax remains constant.

Let u,-(t) = u(jAx, t) be an n x 1 vector function of x and ¢:

u(®) = @@, . .., ufE).

For simplicity, we begin by considering a particular class of difference approxi-
mations to (1.1):

1
(1.9 u(t + An = kz Ceujni(®),  j=1,2,...,
=1

(1) u(0) = f,,

where the C;’s are constant n x n matrices which depend on 4 and At. For example,
the Lax-Wendroff Scheme:

ut + Ar) = ur) + % %;A(uﬁ @) —u_ (1)

2
+3 <§> A% 1 () = 24(0) + 4, ().

Even in this case where there is only one backward step, we see that in con-
trast to the partial differential equation where m boundary conditions are required,
here to solve the difference scheme at each time step, we require n boundary condi-
tions. They will be given by:

§
(1.6) Y ot + A =0,
k=0

where the o, ’s are constant n x n matrices and oy = 1.

The problem, then, is what are the proper extra n — m boundary conditions.

The requirement of consistency suggests using extrapolation at the boundary:
using a Taylor series expansion in powers of Ax to determine the a;’s. (Shortly, we
shall be more precise.)

Let K' = T3 —o o and E be the “negative” eigenspace of 4.

Then in this paper we shall show that a necessary condition for stability is
K' N E ={0}. If, in addition, a certain algebraic condition shown by Osher in [6]
and Kreiss in [3] is not satisfied, then it is also necessary that Rank K’ = m = the
number of negative eigenvalues of 4. We shall show how this relates to extrapolating
at the boundary and how the result is extended to a more general class of difference
schemes.
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2. Some Preliminary Notions. Let H be the Hilbert space of sequences w =
{w;},w; = (w](l), R wg”))‘,j =0,1,2,...,such that =7 Iw,.l2 < oo where
Wity = i, w}i);,-(") Iw]-l2 = w; - w;, with scalar product (w, v) = (Z;Z, w; - v)Ax
and norm lwl? = w, w).

Let S be the operator on H defined by

1
(SW)iz z Ckwj+k’ j=1,2,...,
k=-1

Sw)y =— i o (SW)y -
k=1

Then we can write the difference approximation (1.4), (1.5), (1.6) in operator form:

u(t + Af) = (Su)®) = (S"u)(0).

Let v(x, t) be the genuine solution to the differential equation (1.1), (1.2),
(1.3) for some smooth initial function f, where f = {f(jAx)} € H. Let 5(¢) =
{30} = {W(jAx, N}. Then »(r) € H.

By convergence of the difference scheme to the solution of the partial differen-
tial equation we mean:

There exists a sequence A;t — 0 and a sequence of integers n; such that n;A;t
— tasj—> o and llS"i(A].t)V(O) =9Il — 0asj— oo.

(2.1) Definition. The difference scheme is a consistent approximation to the
differential equation if for any smooth solution v(x, ¢) of (1.1), (1.2), (1.3)

Wt + A1) — (SW(@)
At

‘——-)0 as At —0fort<T.

(2.2) Definition. The difference scheme (1.4), (1.5), (1.6) is stable if there
exists & > 0 and a constant k > 0 such that I§™ | <k when 0 < Ar <8 and 0 <
mlAt < T.

Then the well-known Lax-Richtmyer Theorem states that for a consistent dif-
ference approximation stability is equivalent to convergence.

Now we are in a position to see why consistency suggests extrapolating at the
boundary.

Consistency (2.1) implies that for all j and any genuine solution of the partial
differential equation:

Ut + A - (Su) (o)
At —0

In particular,

fj au, (2 + Af) = 0((AD?) = O((Ax)?).
k=0

For example, in the scalar case with s = 2:
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ug + oquy + ouy = uy + Uy + Axluy)g) + ay(uy t+ (2Ax)(u,)o)
= 0(&x)")
yields uy — 2u; +u, =0.

An important fact which will be used later is: if the boundary conditions
Zh=0 %4, = O((A&x)*), then u = 1 is a root of the polynomial Z3 _, o1 =0 of
multiplicity s.

Now consider the matrix case, n = 2. We shall say we are extrapolating on the
vector ¢ if the a, s satisfy =} _, apw(kAx)p = O((Ax)°) for a sufficiently differen-
tiable scalar function w(x). In the following example we extrapolate on the vector

1,0)"
[—2 o] [ 1 o]
ug + u; + u, =0.
ky Kk, ky kg

Extrapolating on a vector ¢ implies that K'¢ = =} _, oz ¢ = 0.

We now restate our main result: Under certain assumptions which are necessary
for the stability of the Cauchy problem, if ¢ € E, then a necessary condition for sta-
bility is (Z}— ¢ )¢ # 0 or equivalently N' N E = {0}, where N' is the null space of
K'=Z5_, a.

This gives us rank K = m. If, in addition, we assume that S has an eigenvalue
z = 1, then it is also necessary that rank K = m.

In other words we cannot extrapolate on the “negative’ eigenvectors of 4. In
fact, we shall show that the higher the order of extrapolation on negative eigenvectors
of A the more unstable the scheme. If S has an eigenvalue at z = 1, we obtain in-
stability unless we do extrapolate on the “positive” eigenvectors of 4.

3. The (Generalized) Eigenvalues of S. In the proof of the Main Theorem we
require some knowledge about the eigenvalues of S.

In addition to the consistency of the scheme we make the following assump-
tions:

(3.1) The Cauchy problem is stable. In particular, this implies the von Neu-
mann condition: for lul = 1 the eigenvalues z of Z}__, Cku" satisfy 1z| < 1.

(3.2) The C;’s are polynomials in A with coefficients which are functions of
At. (See again the Lax-Wendroff scheme.) This implies that the eigenvectors of
Zi__; C,u* are the eigenvectors of 4, for u € C.

If z is an eigenvalue of S, then there exists ¥ € H such that

1
(3’3) Z Ckui+k—zui=0, j=1’2a--',
k=-1

S

(34) zug == Y. oy (Su)y.
k=1

It is well known that the general solution in H to (3.3) for lzI > 1is
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y; = “j(z) = Z 0,'#.1(2)‘13,-,

lu;1<1

where p,(z) are the solutions to

(3.5) Det( }5 Cel¥ - zI> =0,

k=-1

which lie inside the unit circle and the ¢; satisfy

1
(3.6) 3 Cufe = z¢;.
k=-1
By (3.2) the ¢; must be eigenvectors of A. For convenience we make the following
assumption

(3.7 C, and C_, are nonsingular (see Lax-Wendroff).

LEMMA 1. Under assumptions (3.1), (3.2), (3.7) and consistency:

(a) For |zl > 1 there are 2n solutions u(z) to (3.5); n of them satisfy |u(z)!
< 1 and n of them satisfy |u(z)! > 1. They are analytic functions of z except pos-
sibly at branch points.

(b) Corresponding to each eigenvalue of A, a;, two of these solutions satisfy
(3.5): wy,(2) which satisfies |y;y (z)| <1 for 1z| > 1 and p;,(z) which satisfies
|l (2)! > 1 for 1zI > 1. As z — 1 precisely one of these approaches 1;ifi =1,

ompp@ —lasz— Lifi=m+1,...,n,u,E)—lasz— 1

Proof of (a). Let

f, 2) = Det( Zl; Cott* - ZI)
k=1

(3.8)
= (Det C_, )™ + - - - + (Det C; "

=" [(Det C_,) + - - - + (Det C)u*"].
Fix Izy| > 1. Then by (3.7) f(u, z,) has 2n zeros u(z,) # 0. Each u(z) is analytic

in z except perhaps at branch points.
We may also write

f 2 =TT G- 2)
i=1

where the z(u) are the eigenvalues of E,lcz_l Ckuk (which is diagonalizable since it
has a spanning set of eigenvectors by (3.2)).

Since |z ()l <1 for lul = 1 by (3.1), we may take Iz, | sufficiently large so
that

1
Ind Det< 3 Gkl - z01> =0.

o<é<2m k=-1

Therefore, the number of zeros u(z,) of f(, z,) inside the unit circle equals the num-
ber of poles of f(u, zy) at 0 which is n (from representation (3.8) of f(u, z,) and
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assumption (3.7)). Similarly, the number of zeros of f{y, z,) outside the unit circle
equals the number of poles at o; this number is also #n by (3.8) and (3.7).

Now, if we let z vary outside the unit circle, the functions u(z) cannot cross over
the unit circle since by (3.1) if lul =1, then IzI< 1.

Proof of (b). Suppose Det(Z4__, C,u* —2zI) = 0. Then there exists ¢ such that
2,1‘=_l Cku"q) = z¢ and ¢ = ¢;, one of the eigenvectors of 4.

Then

1
z¢; = z Ckﬂk‘i’i = gi(ll)¢i or z= 81'(.“),
k=-1
g;(n) must be of the form a(_"{u" + ag) + a(li)u; and thus, there can be no more than
two roots u(z) of g{u) —z = 0. Since (3.5) has 2n roots, it follows that for each i there
are two roots u(z) satisfying (3.6).
By consistency we can write

A
(z— D¢, = Z:A(u— D+ @-1)*PE-1ie, i=1,...,n

or
1——A—t 1)+ @-DPpu-1
z=1=—aqu- 1)+ @-1)"pu-1),

where p is an infinite series in powers of u — 1 convergent near u = 1. Thus, for each i
exactly one of the two roots u,(z) approaches 1 asz — 1.

Also, this implies that we can choose z real and close to 1 so that I(u— 1)2p(u — 1)!
< |z = 11 for this value of u.

Then if we rewrite the above as

PR i B 1)p(u - b
Ata;[Ax Ata;/ Ax

we seeforz>1andg; >0, lul>1, forz > 1and ¢; <0, lul <1.

Fori=1,...,nand |zl > 1 we shall denote by g, (z) the solution to (3.5),
which is inside the circle and by u;,(z) the solution to (3.5) which is outside the unit
circle. Then, fori=1,...,m, u;;(1)=1and (1) # l and fori=m+1, ...,
n, up(1)=1and w,(H)#1. O

It follows from the proof of part (b) that fori =1, ..., n, we can write

(1)
z-1=4d; <1 - %‘) = (1)), d; constant;

and therefore, we have

COROLLARY. Forv =1, 2, y;(z) — 1;,(1) = (z = 1)f;(2), where 0 <k, <
If;y@) < k, for |z| > 1 and z sufficiently near 1.

We shall also require

LEMMA 2. The zeros uy,(z) of (3.5) are real if z is real and z > 1.

Proof. If z and u satisfy (3.5), then whenever u is real, z is real by (3.2).

Let u be a zero of (3.5) which is outside the unit circle for |zl > 1. Then u




STABILITY OF A DIFFERENCE APPROXIMATION 713

satisfies

i1(1)
z—1=d,-<1—‘u'l m-1), wherei=m+1,...,n;
u

and hence y;; (1) = 1. Since z is real whenever u is real, d; and u/1) are real.

Now assume z is real and z > 1; then u — (u;; (1) + 1) + p;, (1)/ut is real; and
thus, Im u = —p;; (1)Im w1, where -1 < ;;(1) <1, which is impossible unless
Impu=Imu~! =0.

The case lul < 1 now follows easily from this. O

Now we have: the general solution in H to the eigenvector problem (3.3) is
u(z), where

n

(39) = ufz) = Y oy (2.

i=1

Putting this into the boundary condition (3.4), we obtain

k=0

(3.10) i o,~<i aku"> ¢ = 0.
i=1

Then, (3.9) will be an eigenvector of S with corresponding eigenvalue z, Iz > 1,
if and only if there exist o, . . ., g,, not all zero such that (3.10) holds.

Now from Lemma 1,as z — 1, u;;(z) — 1 fori =1, ..., m, so that
n .
(3.11) w(1) = X oy (4

will not in general belong to H.

Definition. z = 1 is a generalized eigenvalue of S if (3.10) has a nontrivial
solution o, . . ., 0, for z = 1. The corresponding solution (3.11) is called a general-
ized eigenfunction.

In [6] Osher proves that for diagonal 4, S has no generalized eigenvalue z with
Izl = 1 is sufficient for stability. Kreiss in [3] under the additional assumption of
dissipativity shows that S has no generalized eigenvalue z with z = 1 implies stability.

4. A Necessary Condition for Stability —Main Theorem. Recall that E is the
subspace of C” spanned by the “negative” eigenvectors of 4,

s
K'=3Y a and N'=nullspace of K'.
k=0
MAIN THEOREM. A necessary condition for the stability of the difference
scheme (1.4), (1.5), (1.6) is

N NnE={0}.

If, in addition, 1 is a generalized eigenvalue of S, then Rank K' = m is also
necessary for stability.
Notice that if we extrapolate on a “negative” eigenvector ¢; of 4, then
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s

s
0=3 o= 3 sy (14

k=0 k=0
Thus, the theorem implies that we cannot extrapolate on ‘“‘negative’ eigenvectors of
A. If we extrapolate only on “positive” eigenvectors of 4, then since u;,(1) # 1 for
i=m+1,...,n S will have no generalized eigenvalue z = 1. Also, Rank X' = m
implies extrapolation on “positive’ eigenvalues.

Proof of Theorem (1st assertion). Assume that N' N E # {0}. Then there exist
Gy, - - -, 0, such that

ZS: “k(i oiull‘l(l)(pi) =0
k=0  \i=1

and g;, # O for some iy, 1 <iy <m. Let u(z) € H be defined by

n .
uz) = 3 o (2)¢; forz>1

i=1

(in all that follows it suffices to consider real z).
Since A is symmetric, we may choose {¢,} to be orthonormal. Then

- 2 Y12
luz)l = [Z Ax]

j=0
- N BV
> X loj, 2 l/.t,-ol(z)|2’Ax

Y o (@)

i=1

j=0
~ log, |(Ax)'/?
(= @D+ gy D2

=g(z)z— 1)"1/2, where lg(z)| >k, >0

for z sufficiently near 1 by Lemma 2. Then forz>1,j=1,2,..., [(S - 2)u(z)];
=0 and

]

(S -2ulo=-z 3 ak<

n
k=0 =

ofl ( )¢i>

1

x

=0 i=1

> ak<z a,.mf,a)—u;a(z»«»,-)

M-

=z ak< Z 0,-(2 - l)f;'k(z)¢i> >

k i=1

0

where |f;, (z)| <k, for z > 1, by the Corollary to Lemma 1. Hence, IS — z)u(z)|l
= (z — 1)f(2), where f(z) < k5 for z > 1 and z near 1.

LEMMA 3. If IS™ I <k for all 0 < At <8, 0 < mAt < T, then for all z with
Izl > 1, IS - 2" <k/(Izl - 1).

Proof. 1t is obvious that IS™ Il < k implies that the spectrum of S is contained
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in the unit disc. Then for Izl > 1,

S-2yt=- Y z7mlgm,
m=0
Therefore,
had k
IS-27< X Izmlism) <
m=0 IZI - l

. O

Now from above we have for z > 1 and z near 1:

lhu(z)l - 1)"12¢(z)
1S = 2)u)l z—- Dfz)
g(z) >k, > 0 and f(z) <k,. Thus, I(S - 2)7' Il > (z - 1)73/%k,, where k, > 0 for
z > 1 and z near 1, violating Lemma 3 and implying the instability of the scheme.

We have now shown that £ N N' = {0} is necessary, and thus rank X' > m is
also necessary.

I -zt =

To prove the second assertion in the theorem, we assume S has a generalized
eigenvalue z = 1. Then there exist o,, . . ., g, not all zero such that

s n
> “k(Z oiﬂs"cl(l)‘f’x) =0.

k=0 i=1

We have just shown that if the scheme is stable, then o; =0 fori=1,...,
m. Suppose now that o; =0 fori =1, ..., m but g; # 0 for at least one i =m +
1,...,n

Two cases can occur.

First: N' = E* and rank K’ = m, which proves the second assertion in the theo-

rem.
Thus, we shall assume the second case: there exist ¢, i=m + 1, ..., n,such
that
s
> o #0.
k=0

To show instability in this case we explicitly compute the resolvent (S — z)~ L.
Again, we shall show that under this assumption the resolvent grows too rapidly as
z— 1.

To simplify the calculations we make use of the following

LeEMMA 4. Let H' be the subspace of H of sequences satisfying the boundary
conditions. That is:

s
H=|u€H|Y ou =0
k=0

If lzl > 1, then (S —2)H' = H'.
Proof. The inclusion (S — z)H' C H' is obvious.
Let fEH'. Then f= (S —z)u, u € H, so that
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1
f}=kzl Ckui+k_zu]', ]> 1,

and
s

fo=@u)y —zug =— Y ofy +2u,) — zu,.
k=1

Therefore,

S

s
2 Y wue=—2 of,=0 0
k=0 k=0

Thus, in computing f = (S — z)~!v for z > 1, if we agree to take v € H', we may
assume fE€ H'. f= (S —z)"!v is equivalent to (S — z)f = v. First, we look for the
general solution to

1
k_zlckf}',’_k—zf}':vi, j=l,2,....

This becomes
fig1 =—CTNCoyfimy + (Co =2 —v), =1
Let
Viv1 = f}—l);nXl’ ¥1 =00:02nx15

then y;, , = My; + g;, where

-cfi(C,-2) -Cc7'c, l—lvi—l
M= , &= .
I 0 2n X2n 0 2n X1

The eigenvalues of M are the solutions u;,, i =1, ...,n, v =1, 2, to (3.5) with
corresponding eigenvectors
&
where Z4__, Coub (2)9; = z¢;.
LEMMA 5. There exist n x n matrices M,(z) and M,(z), analytic for 1z| > 1
such that M, = M (z) has eigenvalues p;,(z) and eigenvectors ¢; and M, = M,(z) has

eigenvalues j;,(z) and eigenvectors ¢;.
To see this let Q be the n x n matrix whose columns are ¢,, ..., ¢,. Then

“l p(z) 0 1
M,=M,()=0 g forv=1,2
0 H(2)

have the desired properties.
Also, notice that M, — M, is invertible for Izl > 1. Let
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M, -M)t MM, - M,)!

T=T@ = —1 ~1
-M, - M,) MM, -M,) 2nx2n
Then
M, M, M, 0
loqeyt=| ' P and TMT'=| '
I 1 2nX2n 0 M2 2nX2n

(for proof see Appendix 1). Let w; = Ty;. Then w; is a solution of Wipy =
TMT'w; + Tg; or

@1) M, 0

4.1 Wiy = w; + Tg..
it 0 M2 ] J

Let

w,! = (w,(l), .. ,w,("))', w = (w("“) cey w}z"))'.
Then the general solution to (4.1) is
) .
42) wj, = VZI MV(Tg,) + Miw}, ,I-In =- Z’H My(Tg )

To solve for wll we use the boundary conditions. We are solving f = (S — z)™!v,
where both f and v are in H'. Then Z}_, o, f, = 0 becomes

i % 0 Y1 =g
k=00 0 ’
which becomes

k=0] 0 O kel ’ k=0 0 0 w}‘l+l

Putting the general solution (4.2) into this, we obtain:

s k ‘
3 o, < 2, M)+ M)

v=1

s o
+3 o, ( £ ) -
k=0 v=k+1
which becomes

s s k
> ooMitiwi=- 3 akM1<Z ‘”(Tg,)‘>

k=0 k=0

(4.3)

> ak< ) M';*“"(Tgv)“).
k=0 v

=k+1
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Let C(z) = Z5_o o, MX* 1. We shall need

LEMMA 6. Det Qz) = (z — 1)f(z), where If(z)| < ks for z > 1 and z near 1;
and hence, ((z)™! = R(z2)/(z — 1), where

0<kg <IFz)l= sup IF(zpl.
lvli=1

To see this: S has a generalized eigenvalue at z = 1 implies that Det ((1) = 0.
But Det ((z) is a sum of products of polynomials in u;,(z),i =1, ...,n,all of
degree = 1, and for each i we may write u;,(z) = y;; (1) + (z — 1)fi(2), where fi(1)
# 0 from Corollary to Lemma 1. (For more detailed proof see Appendix 2.)

Now for z real, z > 1 we choose x(z) € H' so that

xi(z)=0 forj=0,...,s,
x{(z) = - C,(M, -M)EF ey, j=s+1, ..,

where T o, ¢; # 0. By Lemma 2, u;,(2) is real and u;,(z) > 1. This gives

Ixll = lx(z)! ——-ﬁﬂ where h,(z2) =k, >0
- D' R
Now let v(z) = x/(z)/ Ixl. Then Tgfz) =0forj=1,...,s+1and forj=s+
2,...,
—I-';?;i+2(z)¢i
[(Tg,-)‘] [(Tg,-(z»'] B [(M1 - M;)“q‘vf_,(z)] Y
m| 1 O B PN Dose T - .
(ng) (Tg,‘(z)) M, -M,)"Cy V,-l(z) ”;?2-1+2(z)¢i
flx
Since Tgi =0forj=1,...,s + 1, the first sum on the right-hand side of (4.3) is

zero; and (4.3) becomes

Coml = 3 ak( > M';*“’<T&>">

k=0 j=s+2

1l « aif< S
" xl 'Zo “122’<Z oy l(z)¢i>
’=

k=0

h,(z) [/ s

=@-"P == el @),
h(z) \k=o

where for z > 1 and sufficiently near 1

hy(z) >k >0 and 0<h(z) <ki.

We chose ¢; so that =} _ o, ¢; # 0 and since ;,(z) — lasz — 1

L

) o @)

k=0

=k, >0 forznear 1.
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Then

h,( s
wl(z) = @ - 1)73/?F(z) h'(zz)) <kz_:0 a,,p,l‘{"l(z)¢i>,

and hence

Iw)l = IW'2)! =z - )3/%kg, kg >0,

for z > 1 and z near 1, so that, as T~! is bounded below for all z > 1,
IS = 2y Wl = Il = %lyl = BIT 'wll >k, o lwl,
again violating the necessary condition for stability in Lemma 3. O

5. Some Remarks and Examples. In the scalar case u, = au, the general solu-
tion to the eigenvalue problem for Izl > 1 is uj = @, where

1
(5.1 Y o=z lul<L
k=—1

Putting this into the boundary conditions, we obtain

s
(52) Y oquf =0, o €Co =1
k=0

If the boundary conditions are O((Ax)*), then we may write (5.2) as
s
> =@ 1y
k=0

If ¢ <0, then u — 1; and as in the proof of the first assertion in the Main Theorem,
let u(z) = w(),j=0,1,2,...,where (z) satisfies (5.1) and lu(z)| < 1.

Then repeating that argument, (S — z)ull = (z — 1)°g(z) where g(z) < k and so
IS -2y =k, (z - 1)~/

Thus, the higher the order of extrapolation on a negative eigenvector, the worse
the behavior of I(S—z)"'ll asz — 1.

Example. Consider the Lax-Wendroff approximation to

a O
ut=[ ]ux, a; <0,a, >0,
0 g

1 -8
[ ]u(o,r)=0, 0<Ipl<1.

(5.3)

0 0
The proper boundary conditions for the difference scheme are

(5.4) uy +oyuy +oyu, =0,

where
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0 -28 (V]
®Q, = s = .
lo -2 A P

This scheme has no generalized eigenvalue at z = 1 and is stable. If on the other
hand, we use the boundary conditions (5.4) with

al = ) a2 = 5
0o -2 0 1

then the scheme is unstable since a “negative” eigenvector of 4, (1, 0)’ is in N'.

If z = 1 is a generalized eigenvalue of S, a necessary condition for stability is
K '¢,- = 0 for all ¢; which are “positive” eigenvectors of 4. Unfortunately, this is not
sufficient, for consider again the scalar case u, = au,, @ > 0, with boundary condi-
tions:

s
2 qut+Aan)=0, a=1,
k=0

which satisfy

s

>, o = (u—= D(u-u1)y"!, wheres > 3.
k=0

This is seen to be unstable by letting ui(z) = w/(z) where y is the zero of (5.1) which
is inside the unit circle for |zI > 1. In this case lu(z)ll may remain bounded as z —
1 (as in the Lax-Wendroff scheme) but for real z, z > 1,

IS — 2)u)l = k(z)(z — 1)?, where k(z) < k.
Again this leads to
IS =2yt > k(z— 1)72.

So far we have examined the behavior of the resolvent (S — z)™! only when S
has a generalized eigenvalue at z = 1. For a dissipative scheme the only possible
generalized eigenvalue z with |zI = 1 for S under our assumptions is z = 1. However,
in a nondissipative scheme it is possible for S to have a generalized eigenvalue z # 1
but IzI = 1.

For example, consider the leap-frog approximation to the scalar partial differen-
tial equation u, = au,:

At
uj(t + A = ul-(t - At + ar(uj_,_ ®O-u_, ), r= Zx’

s

s
2 qu+Aan=0, 3 auf=01-u
k=0 k=0

While this is not of the form (1.4) and u]-(At) must be specified as well as uj(O), our
methods still apply.

The operator § which corresponds to this scheme has a generalized eigenvalue
at z = —1. To see this we look at the roots u of z — z~! = ar(u — u~!). The root
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@ which is inside the unit circle for |zl > 1 is given by

22 - 1-(z" - 1)* +a*r2*
= arz '

Now for positive a, we see that as z — —1 we have u; — 1; and therefore,
z = —1 is a generalized eigenvalue of S.

If we let ui(z) = u’l'(z), then proceeding as before, we see that as z — — 1,
IS — z)~ Il grows too rapidly for stability.

Thus, for this nondissipative scheme approximating u, = au,, extrapolating at
the boundary even with a > 0 gives an unstable scheme.

6. The General Case. Let us now consider the general explicit difference ap-
proximation to (1.1), (1.2), (1.3):

p
(6.1) ut + Ar) = > Gty i(0),
k=-r
62) 4(0) =
(6.3) uj(t+At)+ i apu(t + A1) =0, j=-r+1,...,0.
k=1

The scalar product in H now becomes

(w, v)=< i w,'v,->Ax

j=-r+1

and the operator S is now defined by

p
(6.4) (Su); = kz Chtj x> i=1,2,...,
=-—r
s
(6.5) Bu);=— 3 ay(Su), Jj=-r+1,...,0
k=1

The general solution to the eigenvalue problem for |z| > 1 is u; = u(z) =
Z1; <10,-u’,:P,~(j), where y; are the roots of

(6.6) Det( ij Cetk ~ zI) =0

k=-r

and Py(j) are polynomials in j with vector coefficients; the order of P(;) is one less
than the multiplicity of the corresponding y; (see Kreiss [3]).
If the y; are distinct, this becomes

6.7) u; = Z 0,'/-44’,'»

Iui|<l
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where

p
(6.8) > Gt = z9;.
k=-r

In this case for |z| > 1 there are rn values of u with lul <1 and pn values of
w with lul > 1. The proof is the same as that of Lemma 1(a). As in (b) of Lemma
1, for each eigenvector ¢, in (6.6), there is exactly one value of u which approaches
lasz— 1l;fori=1,...,m that value of u approaches 1 from inside the unit
circle;if i =m + 1, . . . , n, that value of u approaches 1 from outside the unit circle.

Therefore, in the case where Izl > 1 the roots are distinct ang we can write the
general solution to the eigenvalue problem

rn X
i=1
In order for S to have a generalized eigenvalue at z = 1 there must exist o,,
, 0,, not all zero such that

n

. s
Zoil}‘;(l)'*'z aiku:‘(l)]qyl=0, j=-r+1,...,0.
i=1 k=1

In general we know very little about the roots of (6.6) except what we have
stated above. We can prove a necessary condition for stability:

For all w € FE (the negative eigenspace of 4) we must have:

s
<I+Z a,.k)w#o forsomej=r+1,...,0.
k=1

If for some w € E, (I + Zj_, aik)w=0for allj=r+1,...,0, then we
can show that the scheme is unstable exactly as we did in the case r = p = 1.

If we solve explicitly for the resolvent (S —z)~! for |zl > 1 in an attempt to
prove instability when z = 1 is an eigenvalue of S but we have eliminated from the
boundary space the negative eigenvectors of 4, we run into problems.

Because of the fact that it is now possible for some of the roots u,(z) of (6.6)
which lie inside the unit circle to coalesce at z = 1, the boundary matrix (a general-
ization of (4.3)) may no longer have a factor of z — 1, but only of (z — 1)'/9 where
q is the multiplicity of some root u,(1) of (6.6) (see Kreiss [3]).

Appendix 1. Proof That T(2)MT~'(z) = [*(1 ,.]. We shall prove that

MT"—T"[M’ o] [M M) [M, O =|:M3 M3
0 M, 1 I1||lo M M, M,

Recall Q is the matrix whose columns are the eigenvectors of A. Then
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Jy—— -l e —2) —cile_ | (M, M,
|7 o JlI 1

- ~1 -1
_ —cy(co—2My —ci ey —cf ("o_z)Mz 1 ()
M, M,

We need only show -cfl(co -ZM, - cIlc_1 = Mf and —cf‘(co - M, - cflc_l
= M22. Since {¢;li = 1 ., n}is a basis for C", it is sufficient to show that the
two matrices operating on any basis vector give the same vector.
Then fori=1,...,n,
— -1
"Cll(co — M ¢;— ¢y %
- ~1
=—ci(co ~ DM %~ €1 19
_ ~1
=T M6y l((co —z) te_1M )
_ 24 _ 2
= Wi ¢; = Mi¢;
The same argument works for M.

Appendix 2. Proof of Lemma 6.

s My
=3 Mt =3 40 0!
k=0 k=0 0 u,'f;fl
$
Z uﬁl k+l¢n]Q-l
P11(y1) " Pin(Wyy)
det C(z) = Det| - - |peto,
pnl(”'ll) Tt pnn(“nl)

where p, (14;;) are polynomials of degree > 1 in y;,(z) and Det g '+o0.
Now S has a generalized eigenvalue at z = 1 implies that det ((1) = 0, which
implies that the determinant of the first matrix above is zero at z = 1.

If we write
#1(2) = (D) + @~ DA, (D) #0,
by the Corollary to Lemma 1, then
P11(yy) " PinlHny) Py1(y1(1) " ity (1))
Det : : = Det . ' +(z - DA2),
Pni(y1) * Pun(Ha1) |Pr1 (D) * Pun(tan(1))

where |f(1)I <k
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