
MATHEMATICS OF COMPUTATION, VOLUME 32, NUMBER 144

OCTOBER 1978, PAGES 1303-1305

A Further Correspondence Property of M Fractions

By J. H. McCabe

Abstract. It is shown that when all the coefficients, after the first, of one of the two

corresponding series of an M fraction are zero then the M fraction has a symmetrical

form.

Given a power series expansion of the form

(1) c0+cxz +c2z2 +---+C/ + --- ,     c0*0,

and another of the form

/-.\ b,     b0     b3 b
(2) -1 + -2- + — + •••+ — + •••,      bx*0,

z      z2      z3 /

we can formally construct, by a variety of methods, the continued fraction

c0 n2z n3z n,z

(3)
1 + dxz + 1 + d2z + 1 + d3z  + • • • + 1 + d,z +

whose convergents will 'fit' n terms of each series when expanded accordingly. That is,

denoting the nth convergent by An(z)/Bn(z) where clearly An(z) and Bn(z) are polyno-

mials of degree (n - 1) and n, respectively, then

An(z)
-= cn + c.z + • • • + c„  ,z"     + higher order terms

(4) *»(Z)
bx      b2                 bn

=-1-1- • • • H-h higher order terms.
z      z2 z"

One of the methods for obtaining the coefficients of the continued fraction from those

of the two series is the q.d algorithm. Specifically, we use the recurrence relations

n\%\ + d\k' = n\k+x> + d\k+ x),   n\%\ * djk+x '> = «#+ >> * af^

for k = 0, ± 1, ±2,... and /' = 0,1, 2,..., with the starting values given by

<*i*) = -c*/c*-i.     *>°>

= cjbx, k = 0,

= -b_k/bx_k,    k<0,

and
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n[k^ = 0    for all values of k.

The coefficients of the continued fraction (3) are then those with k = 0. The remaining

coefficients generated are also those of continued fractions which correspond to the two

series, but not equally to each series as (3) does. The continued fraction (3) is an M

fraction for the series (1) and (2). For full details of M fractions, their correspondence

properties and their relationship with Padé approximations see McCabe [2] and

McCabe and Murphy [3].

When the two series represent some function in some region of the complex

plane (one of the series may be asymptotic), the continued fraction has in many

known cases shown fast convergence for both small and large values of z in this region.

See McCabe and Murphy [3] for some examples and also for some remarks concerning

truncation errors.  Sometimes only one or two terms of one series, usually that of the

form (2), are available and these cases can also be dealt with.  See McCabe [2].  In

[5] Jones considers continued fractions of the form of M fractions, referring to them

as general T fractions because of their similarity with the T fractions of W. J. Thron,

and also relates them to two-point Padé approximants.

In this paper we show that in the special case when b, = 0 for / > 1 then the M

fraction (3) has the symmetrical form

(5) co n2z n3z nrz

1 + dxz + 1 - n2z + 1 - n3z + ■ ■ ■ + 1 - n,z + • • • + ■ ■ ■

Thus, whatever method is used to generate the nk so that the fraction corresponds to

the series (1), the denominator coefficients are simultaneously determined. As in the

general case, dx = c0/bx.

The result is established by making use of the following three properties of the

convergents of (5), each of which is easily proved by induction:

1. An(z) = An_x(z) + (-f-xn2n3 ■ ■ ■ nnzn~x,

2. Bn(z) = Bn_x(z) + (-f-xdxn2 ■ ■ ■ n„z",

3. dxzAn-Bn(z) = -l.

We can, without loss of generality, assume c0 = 1, and it then follows that

Aj^__bj__       -1

Bn(z)      z      dxzB„(z)

This commences with a term in l/zn + x when expanded in powers of 1 ¡z.

For the case where b¡ = 0 for / > N > 1 and ¿> • ¥= 0 for / < N then the M frac-

tion can be obtained from the algorithm by setting djN~x) = -n)N~1', i = 2,3, . . . .

Example.   The function

(6) f(z) = (1 - e~z)/z

has the series expansion

z      z2     z3 (-Yzr

(1) 1- — +-+ ... .+-U-.+ ••-,
2!     3!     4! (r+1)!

which is valid for all finite values of z.
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For \z I large and z in the right-hand half plane we see that f(z) behaves like

l/z.

The continued fraction

1 z/2 z/3 z/r
(8)

1 + z - 1 + z/2 - 1 + z/3-1 + z/r +

corresponds to (7) and to the single term l/z.

When z is real the above example is a special case of the function

(9) F(p, x) = e~xP J* etP dt,      x > 0, p > 0,

and we see F(l, x) = xflx).  Dijkstra [4] considered this function and gave the con-

tinued fraction expansion

/,ft\ ax t 2t rt
(10) F(p, x) =

a + t -a + 1 +t-a + 2 + t-----a + r + t----

where t = xp and a = 1/p, and this corresponds to the series expansions, in powers

and inverse powers of r, of (9).  The function (9) and the continued fraction (10) are

generalizations of the special case p = 2, namely Dawson's integral, considered by

McCabe [1].

Dijkstra [4] provides a truncation error estimate for (10) and hence for (8), and

also gives the number of terms of (8) that are required to estimate f(x) to within ten

significant figures for various values of x.

Finally, it is interesting to note that the denominators of the convergents of (8)

are the partial sums of the exponential series while the numerators are the partial

sums of the series expansion of (ez - l)/z.   That is, if we write f(z) in the form

((e2 - 1 )/z)/ez, then the successive numerator and denominator polynomials are the

partial sums of the series expansions of the numerator and denominator, respectively.
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