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The ¿»-Zeros of J _v{x)

By S. Conde and S. L. Kalla

Abstract.   We compute the positive y-zeros of J_vix), regarded as a function of v.

Jv(x) stands for the Bessel function of first kind of order v.   Some related inequalities

are verified and algorithms the computer uses are described briefly.

1. Introduction.   In a recent paper D. Naylor [5] has considered an integral

transform adapted to the solution of certain boundary value problems connected with

the Helmholtz equation in cylindrical or spherical polar coordinates, where the radial

variable r varies over some infinite interval 0 < a < r < °°.  At infinity a radiation type

boundary condition is imposed.

Precisely, suppose that f(r) is twice continuously differentiable for r > a,

r-*irf„ +fr + k2rf) G L(a, -),      lim ihf(r)e~ikr

exists and limr_^eorVl(fr - ikf) = 0, where k is real and positive.  Let

(1.1) G(u) = C[Ju{kr)tf¿ \ka) - Ju(ka)Hux\kr)] f(r) %-,
J a •

where a > 0, k > 0; then

1   r uJ_ (kr)G(u)du _   uJ_u{kr)G(u)

(1.2)       /to=4J—r-777,—+i« £ 7TT-.
2Jl  J-»(ka)        «-i (h)'-u<v>

where L denotes the imaginary axis of the complex w-plane and the summation is ex-

tended over all the positive zeros u'n of the function J_u(ka), regarded as a function

of«.

Thus, to apply this interesting transform we need the positive zeros un of the

function J_u(ka) [3], [5] and [6] regarded as a function of u.   As such zeros are not

easily available, in this paper we give ten f-zeros (for a particular value of the argument)

to eight decimal places.

2. Tables.  Tables of numerical values of the y-zeros of J_V(A) are to be

found in the microfiche supplement of this issue.  The ranges for the parameter A are
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A = 0.001,    0.002,    0.005     (0.005) 0.020,

0.030   (0.010)   0.100,    0.120, 0.150

0.200   (0.050)    1.000,    1.100 (0.100) 4.900,

5.000   (0.250)   9.750     10.00 (0.50) 29.50

30.00   (1.00)     99.00,    100.0 (5.0) 495.0,

500.0   (10.0)     990.0,    1000 (100) 1900,

2000    (200)      4800,     5000 (500) 9500,

104    (103)9 x 104,    105 (2 x 104)2.8 x 105,

3 x 10s    (25 x 103) 106.

We consider the applicability of formulas on p. 506 of [6] or see [2], when x is

large x > |i>|.  Thus, large zeros of J_v(x) are

4j,2 _ i     (4„2 - 1)(28^2 -31)

w *-*--*-¡¡47-■
where ip = (n - (2i> + l)/4)7r and n is any integer.

Taking some values of v from our tables, we calculate approximate x using this

formula.

For example:

(i) (A = 10) n = 4, v= 1.10315023,

¥>= 10.04814812, x = 10.04814812-0.04811536

- 0.00003052, x = 10.00000224 =£ 10.0000.

(ii) (A = 11) n = 4, v = 0.49726122, <p = 10.99987635

x = 10.99987635 - 0.00012415 - 0.00000051

x = 10.99999999 - 11.0000.

(hi) (A = 80) n = 26, v = 0.57011967, <p = 80.00046897,

x = 80.00046897 - 0.00046897 - (- 0.00000003),

x = 80.00000003 a 80.0000.

(iv) (A = 1000) n = 321, v = 4.87274935,

ip= 1000.011747, x= 1000.011747 - 0.01174671

- 0.00000016, x = 999.9999998 Ä 1000.0000.

These results reflect a complete agreement with the numerical values of our tables.

Now,

(2.2) J-V(x) = ^„QOcos vn - yj,(x)sin vn.

Hence, zeros of J_v(x) are given by the above formula.  This formula is interesting in
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that the zeros of J_v(x) are those of Jv(x), when v is a positive integer and the zeros

of J_v(x) are those of Yv(x) when v is half an odd integer.

It has been verified that there can be at most one i^-zero between two consecu-

tive natural numbers. We observe that for large x, two consecutive y-zeros differ by

two, and the large i>-zeros are asymptotic to the positive integers [5].

Also, if v is a zero of J_v(x), then from (2.2) it follows that

(2.3) Jv(x) = Yv(x)tan vit.

3.  Naylor's Inequalities.  Naylor [5] has proved the following inequalities, when

v is a zero of /_ „(faz),

(3.1)

and

(3.2)

\Jv(ko)J_v(kr)\ <
sm vit

vit vr-r> a,

Jv(ka)f^J_v(ka)
sin vn\

>-!--f)lT,„\ivi

2it
(2/fa7)2"[ro,)]

Using the !>-zeros from our tables, we present here some numerical values for the

results, (2.3), (3.1) and (3.2).   In the following table the left-hand sides of these re-

sults are denoted by FX,GX, and Hx, where as the right-hand sides are denoted by

F2, G2 and H2, respectively.   Further, ka = A and kr = R.

» NU

0.030 0.99977503

0.130 0,99610615

1.500 0.53778118

1.800 1,99991110

5.000 2,06369321

7,000 10,9991|o28

r\ f?. 51 G2 Ml M2

0.015CI C.01501

0.06059 0.06059

O.61890 0.61690

C.0C129 0.00129

0.07387 0.07387

0.0083« Ü.C0631

20.000 2.65903622 -C,15728 -0.15728

23,000 15.12911512 -0,18808 -0.18806

30,000  1,21532712   -0,09165 -0.09165

0.010 0.00013 0.00030

0.180 0,00299 0.00510

2.100 0.26138 0.75675

2.800 0,00013 fl.00016

10.000 0,01875 0,12817

20,000 0.00051 5,19313

30.000 0.01137 0,30881

15.000 0,00969 632.1381?

32.000 0.01t90 0,06205

1.00011 0.19912

1,00177 0.19115

0.79931 0,58720

0.21536 0.07068

0.05118 0.00076

0.11902 0.00112

0.01799 0.00000

0.08316 0.00000

0.02207 0.00000

As one would expect, F, = F2, C7, < G2 (R > A) and Hx > H2.

4. Algorithms the Computer Uses.  We have used our own routine to calculate

Jv(x), and then the false position method (Regula falsi or secant method) is used to de-

termine the y-zeros. The function Jv(x) is calculated by two different methods, accord-

ing to its argument.

For x < 10, the basic series representation

(-l)r(x/2)v + 2r

(4.1) Jvix) = Z
,= i J\r + 1)1X1» + r + 1)

is used, and the value of m is chosen in such a way that the truncation error comes out

to be of order 0.5 x 10~12.  When v is a negative integer, the relation J_„(x) =
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(—l)nJn(x) is used to avoid the poles of T(v + r + 1).

For x > 10, we use the following asymptotic formula

W - V-   [-S ^ - ~- -)   Y (2x)2r

UJL_E\   -   (-l)r(v, 2r + 1)1

Ve 2 4;¿0   (2x)2,+i   j

(4.2)

- s

where

(4„2 _ i)(4„2 - 32) . . . (4„2 _ (2k - l)2)
(4.3) (*, k) = i-^-^-i-±-';

and m is determined by the relation m = 35/ln|x|, which leads to a truncation error of

order 10-30 in both series.

In the calculations v is considered to be a rational number of the form u = N/ND.

For this particular case, we set ND = 108, and determine N with a precision of one

unit, which guarantees us at precision of 10" 8 in the tabulation of v in the whole in-

terval 0 < v < 25 (that is, up to the first ten positive zeros).

Suppose A is given.    Then by the method of false position J_V(A) is calculated

to determine v such that J_V(A) = 0.  For the given value of A, J_V(A) is evaluated

for v + 0.1 • 10~8 and ^ — 0.1 • 10-8 and a change in sign for J_V(A) is noted and

by linear interpolation the value of v is confirmed.

Uniform asymptotic expansions are useful, if both v and x are large [4].
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