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On Stieltjes' Continued Fraction

for the Gamma Function

By Bruce W. Char*

Abstract.   The first forty-one coefficients of a continued fraction for In T(z) + z -

(z - Vi) In z - lnv^, are given.   The computation, based on Wall's algorithm for con-

verting a function's power series representation to a continued fraction representation,

was run on the algebraic manipulation system MACSYMA.**

1.  Introduction.   Recall Stirling's formula for the gamma function:

In T\z) = -z + (z - y¡) In z 4- lm/lrr + J(z)

where, for real(z) > 0,

1   r°°              1                z
J(z) = -       In-—du.

77 Jo 1_e-2™     z2  +u2

Furthermore, asymptotically

(D *)-¿(-V¿¡.
p=o z

where

^2p + 2 _ .   ,   „

cn =-,      p = 0,1,2,...,
p     (2p + l)(2p + 2)

and 52 = 1/6, B4 = 1/30, /?6 = 1/42, . . . , are the Bernoulli numbers.  Henrici [2]

refers to J(z) as the Binet function, and gives the details for the derivation of the

above formulae.

Wall [6, pp. 192—202] gives an algorithm for constructing a continued fraction

development of power series such as (1), which we summarize below:

Using the symbolic operation on polynomials of formal integration with respect

to a variable u, and an infinite sequence of numbers c0, cx, c2, . . . , in which the ith
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power of u is replaced by cy

j(k0 +*,« + ••• + knun)d<pc(u)

= k0c0 +kxcx + ■ ■ - + kncn,

one computes a¡, i = 0, 1, 2, . . . , of

~**'    2 +

z +
z +

by defining the auxiliary polynomials

(2) q_x(u) = 0,      í/0(u) = c0,

initializing

(3) «o = co

and using the recurrence for p = 1, 2, 3, ... :

(4) </„(") = «<?p_.(«) - ap_xqp_2(u),

(5)

where

j>qp(»)rf0»
'" = IK «I

if p is even    cp/2,
(6) ep=j p = l,2, ....

if p is odd     0,

Stieltjes [5, pp. 520—521] gives the first five a¡ for J(z), noting that "Le calcul

des [a{] est très pénible ... la loi de ces nombres parait etrêmement compliqué."

However, advances of the last decade in the power of algebraic manipulation languages

and systems have made it easy to use the recurrence (2)-(6) as the basis for a com-

puter program.   The MACSYMA system [3], [4] was used to compute the first forty-

one a¡ coefficients.

2.   The Coefficients.   The first seven coefficients computed via MACSYMA agree

with those given by Stieltjes, and by Wall [6, p. 365] :

__L _ J_ J>3_ 221 22999
a°      12'   °x      30'   a2"210'   a3 ~ 371'   a«~ 22737'

_ 29944523 _ 109535241009°5 ~ 19733142'   U(>      48264275462 "



stieltjes' continued fraction for the gamma function

Table 1

i a,

0
1
2

3
4

5

6
7
8
9
10
11
12

13
14

15

16
17
18
19
20
21

22
23
24

25
26
27
28
29
30
31

32
33
34
35
36
37
38

39
40

8.333333333333333333333333333333333333333E-2
3.333333333333333333333333333333333333333E-2
2.523809523809523809523809523809523809524E-1
5.256064690026954177897574123989218328841E-1
1.011523068126841711747372124730615296653E0
1.517473649153287398428491519495476189246E0
2.269488974204959960909150672209877584177E0
3.009917383259398170073140734207715727374E0
4.026887192343901226168875953181442836327E0
5.002768080754030051688502412276188574812E0
6.283911370815782180072663154951647264278E0
7.495919122384033929752354708267505465746E0
9.040660234367726699531139360260481749336E0
1.048930365450948227718837130459262952210E1
1.229719361038620586398943714009191765974E1
1.398287695399243018825976065127873008591E1
1.605355141670493546971561636500626017835E1
1.797660739987027759256947230767155439932E1
2.030976202744165374380541472049489689370E1
2.247047163993313249551794157150792210900E1
2.506584654894597202916340032250630536824E1
2.746445182502913360917555898264622267323E1
3.032182123167304712688259930640578699449E1
3.295853392997298721999406645141208820696E1
3.607769893129924264515332090085545233678E1
3.895270668231155573454439041048104629916E1
4.233349004357695721138185394885609733991E1
4.544696085006162101442417573754145108285E1
4.908920312901259770816488335027508729245E1
5.244128875141533731256985604699610842715E1
5.634484534534184353842036594747611354213E1
5.993568390716585820785258349275211211013E1
6.410042275592035452790661189223791775291E1
6.793014078801822118636770274519853581652E1
7.235594055521170196968005296323621791075E1
7.642465462682968975258509042228752640357E1
8.111140323724796548481423098568346097450E1
8.541922127641097261458563871734868272699E1
9.036681472386410859551357458168337778079E1
9.491383710000988795307623129198692745877E1
1.001221784639291974889907468344668349799E2
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The next few numbers in the sequence are:

fl? =
29404527905795295658

a« =

9769214287853155785

455377030420113432210116914702

010 :

113084128923675014537885725485

= 26370812569397719001931992945645578779849°9  5271244267917980801966553649147604697542

152537496709054809881638897472985990866753853122697839

an

24274291553105128438297398108902195365373879212227726

100043420063777451042472529806266909090824649341814868347109676190691
13346384670164266280033479022693768890138348905413621178450736182873

Table 1 is a list of the a¡, i = 0, . . . , 40, rounded to 40 significant digits, com-

puted from the exact rational coefficients using MACSYMA's "bigfloat" facilities (see

[1]).

Table 2

i~Ö~

1

2
3
4

5
6
7
8
9
10

11

12
13
14

15
16
17

18
19
20

400000000000000000000000000000EO

9.33584905660377358490566037736EO
3.03479606073615493221103637307E1
6.33528762895722975717874968770E1
1.08355863277175175334288540386E2

1.65357965918397793317900214359E2

2.34359566666526507720634127978E2

3.15360846772543632626990373496E2
4.08361905798902556747421064072E2
5.13362804008497434871880275504E2

6.30363580487701267660067511662E2
7.59364261939752412162519989094E2

9.00364867363329580556372535736E2
1.05336541072366293870967235624E3
1.21836590256513522024881687277E3

1.39536635103009242095527539328E3
1.58436676252726290857129177565E3
1.78536714218449670066718172063E3

1.99836749416390725719279843644E3
2.22336782188648795858307767048E3

21142857142857142857142857143E0

65594818140207958648684885780E1

95920119017593019801273183099E2
74536607753511775761905931674E3
.52692097686144751996772339816E3
75860034188745087706255173697E3

85744156943793944562540536135E4
.23243761153501397427202005054E4
25744890427041286529808557543E4

11067607372968993904611337066E4
19919196578877912952132621780E5

.71225801265330982701330154874E5
37456578952865418966694185138E5
21257533358153945331914883408E5
25490667834883334687916476037E5
53233985432494301885374260891E5

07781488942161182675330696783E5
.92643180933403561741384674544E5
.11154506378367412390306544496E6
36842913970258314749211269728E6

Table 2 above is a similar table of coefficients for an alternative representation

of/(z)

J(z)

\2z2 + bn -

\2z¿ + b
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where

bQ = .4,    b, = \2(a2i+ x + a2i),    c¡ = I44(a2¡a2i_x),      ¡ = 1, 2, 3, . . . .

3.  Details of the Computation.  The computation was carried out on the

MACSYMA Consortium Decsystem 10 (KL model) computer, located at the Massa-

chusetts Institute of Technology's Laboratory for Computer Science in Cambridge,

Massachusetts.  The programming was done in the MACSYMA language [4], whose

mathematical features allowed a few lines of code to completely specify the computa-

tion.  The computation of the coefficients aQ through a40, as well as their 40-digit ap-

proximations, took approximately twenty minutes of central processing unit time (in-

cluding the time spent on list "garbage collection").  The limiting constraint to continu-

ing the computation is that the space requirements of the simple data representations

used in the program exhaust available memory (approximately 1 million bytes) after

the computation of a4Q.

A listing of the MACSYMA program and output is available upon request from

the author.
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