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A Third-Order Boundary Condition for

the Exterior Stokes Problem

in Three Dimensions

By Georges H. Guirguis

Abstract. We approximate the Stokes operator on an exterior domain in three dimensions by a

truncated problem on a finite subdomain. A third-order artificial boundary condition is

introduced. We discuss the approximating behavior of the truncated problem and its discreti-

zation in a finite element space. Combined errors arising from truncation and discretization

are considered.

1. Introduction. We study the numerical approximation to incompressible viscous

flows in a domain exterior to a bounded star-shaped set in R3. In [10], [11] essential

and natural boundary operators have been considered on finite subdomains of the

exterior domain. It is our task in this paper to derive a higher-order, precisely a

third-order, boundary condition. We extend the methods in [3], [10], [11], [12] to deal

with the complexity of the governing vector equations in spherical polar coordinates.

Let â be a bounded star-shaped set in R3. Let ß be the complement of its closure in

R3. Let x = (xx,x2,x3) = (r,8,cp) denote a generic point in R3, and |jc| the

distance from the origin, given by

r=\x\={x2x+xj + x2)1/2.

Let X = (\x, X2, X3) denote a multi-index and let |X| = Xx + X2 + X3. Let

denote the distributional partial derivative with respect to the ; th coordinate and let

Dx = D^D^D^.

Definition 1.1. For m a nonnegative integer and a e R we define the weighted

Sobolev space [13]

Wm-a{Q) = (u e D'(0): / (1 + r2)a-m + lM\Dxu\2dx < oo, |X|< m\,

where D'(tl) denotes the space of distributions over ß.   D
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We refer the reader to [9], [10], [11], [13] for the properties of these spaces.

lVm'a(Q) is a Hilbert space equipped with the inner product

(u,v)„,a;a=   E   If (f + Sy-^D'uD'vdx)

and norm

HL,«;0=   [(">")m,«;fl]1/2-

We let Wm~j~l/'2(8Qi), j — 1,...,m — 1, denote the trace spaces on the boundary

5ß, and we use the notation Wm-a(Q) to denote the completion of Q°(ß) in the

Il ' IL o-«- We also use the notation of W~m~a(Sl) to denote the dual spaces of

Wm-a(ü) with duality pairing denoted by

(«.°).,..;0»

equipped with the norm

M     || \U'V/m,a;Û

ll«ll-m.-«;0= SUP M    „ ■
vewm"(Q)    \\v\\„,a,a

The Stokes problem will be denoted in the sequel by the continuous problem as

given by

(1.1) -Au + V/> = f   inß,

(1.2) divu = 0   inß,

(1.3) u|sa = 0,

(1.4) lim   u(x) = 0,
|x|-»oo

with the support of f compact in ß. In [9], [11], problem (1.1)—(1.4) has been posed

variationally on the weighted Sobolev spaces defined above. For the details of the

proof we refer the reader to these references. Thus, we state the existence theorem.

Theorem 1.2. The weak formulation of (1.1)-(1.4) is given by: Seek (u, p) e

[Wlß(Ü)]3 X L2(ß) such that

(1.5) a(u,v) + b(p,v)=f(v)   Vvg^»]3,

(1.6) b(q,u) = 0   VgeL2(Q),

where

a(u,v) = /  gradu: gradvúíx,

b(p,v) = - j pdiwdx,
Jo'0

has a unique solution pair (u, p) for i e [W/~10(ß)]3, and there exists a constant

C > 0 such that

Hll,0;í2 +IMIo,0;í2 < C\\t ||_lj0;a-

Furthermore, if ß is a Cm domain [1] and i e [Wm~1'm(Q)]\ then

(u,p) e [iym+lm(ß) n ^(ß)]3 X Wmm(ti)



THE EXTERIOR STOKES PROBLEM IN THREE DIMENSIONS 381

and

llUIL + l,m;0 + ll/MU,m;8 <  C|| f |L_i,m;a-      □

It is essential, for computational purposes, to approximate the continuous prob-

lem by another problem, to be known in the sequel as the truncated problem,

defined on a finite subdomain ßR of the original domain ß. Define the truncated

domain to be

ßR = ß ní(0;Jí),

where B(0; R) denotes the sphere of radius R centered at the origin. Let 8QR denote

the large artificial boundary introduced to construct the truncated domain. Then the

truncated problem is given by

(1.7) -AuR + V/>« = f*    inßR,

(1.8) divuR = 0   inß«,

(1.9) "r = 0   onSß,

(1.10) ß(uR,pR) = 0   on8tiR,

where ß(•, ■) denotes an artificial boundary operator needed at the large boundary

SßR. It is important to point out at this stage that the use of higher-order boundary

operators can only be associated to smoother solutions at the artificial boundary

5ßÄ, so that the artificial boundary condition at 8tiR could be interpreted in the

sense of trace spaces of Lions [15]. This is the case if f has a compact support in ßR

or f is smooth enough for R > R0. This is provided in Section 2.

In order to derive the approximating properties of the truncated problem, we will

need the following estimates.

Proposition 1.3. Let u e C°°(ß) n Wl'°(Q) besuch that u = 0(r~a) for a > 1/2

and r > R. Let ilx = ß \ ßR denote the open domain exterior to ßR. Then we have

the following:

(l.ii) HL-i;0oo = o(/ra+1/2),     s>o,

(1.12) \\u\\-s,-s+u^ = 0(R-a+1/2),       s>0,

(1.13) ll"L-i/2,s-1;*o„ - 0(Ä-«+1/2),       s>l/2,

(1.14) ll«IU+i/2,-s+i;Safi = 0(/ra + 1/2),       s>l/2.   D

Remark. As pointed out in [10], the result (1.11) can be shown for s integer, then

proceed by interpolation for any s > 0. Then, using a similar argument for the trace

spaces, (1.13) can be shown. Finally, (1.12) and (1.14) can be shown by duality

arguments. In the following sections we will derive the third-order boundary

operator in spherical coordinates, obtain the variational formulation of "the trun-

cated problem" and obtain error estimates relating the solutions of the truncated

problem and the solution of the continuous problem on the domain ßÄ. Finite

element approximations of the truncated problem are discussed in detail in [10] and

[11]; so we conclude the work with combined error estimates.
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2. The Truncated Problem.

2.1. Derivation of the Boundary Operator. Consider the Stokes operator in spheri-

cal coordinates in R3. Let

u = (ur,u„,uv).

The momentum equations are given by

2      d(uesin6) 2. 2ur
A«r- —

r r2 sinfl
(2.1)

(2.2)

(2 3)
K ' ' v     r2sinO 9<P   '  r2sir2

and the continuity equation is given by

30 r2sin

-^ + ^ = 0
0  3<p       dr

2  ou. ue      2cosö   3«     1 3p-1-— = 0
r2sin2d r2sin20 dtp      r 30

A«ç +
2      our      2cos0  ou$^ +

rr0 3<P
+

1     dp

r2sin26      ''sino dtp
= 0,

1  3(r2Ur) l     d(sin8ue) 1 3«„
+ + = 0.(2 4)

r2      dr rsinO        30 rsin0  3<p

Using (2.4) and (2.1), we eliminate the presence of ue and u^ to get

(2.5)
dp      . 2 du,      2

dr

At this stage, it is essential to point out that Eq. (2.5) uncouples the velocity in the

radial r direction from the velocities in the tangential 0 and <p directions. It will be

seen later that Eq. (2.5) will simplify the variational formulation of the problem.

Proposition 2.1. Let (u, p) denote the solution of the Stokes problem with support

of f compact in R3 and supp(f) c c B(0; R0). For R> R0 define

(2.6)

(2.7)

(2.8)

(2.9)

Then,

ß\(ur,p) =p~
9«r      r

or      2

3£

dr

3V
32r

-2 du 2

dr       r

&("«) = _37 + 7M«'
du

Tr

du
, 1H—u„

&(«,) =   dr       r

0l("r./>)

)8(u,p) = &(«»)

&(«„)

|ß(u,/7)|= 0(Ä"3).   D

Remark. The proof is a direct consequence of the asymptotic expansion of both

the velocity and pressure fields [14]. Since conditions (2.7) and (2.8) are similar to

the scalar case [12], we proceed also to give a brief explanation of the way the

boundary operator (2.6) is generated. It is known [14] that the solution pair of the

continuous Stokes problem in R3 satisfies

(u,p) = 0(R-\R-2),
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hence

3w,        /      -,,

p-jf = 0(R'2),

and therefore

Finally, the terms

du,     r

P-jf+2
dp      d2u,

or       d2r
= 0(R->).

du,     2 ,      ,,
2^ + -u, = 0(R3)

dr      r

have been added for the sole purpose of eliminating the normal derivative of the

radial velocity contribution at the large boundary 8QR in the variational formula-

tion.   D

We simplify (2.6), using (2.5), to obtain

P -
du,

dr

dp      d2u,

dr       or2

3"r     2
+ 2-z—h —u,

dr      r

2 du,      2
Aur+ --tt^ + —u.

1

2rsm6 30

r  dr

sin0

32h

du,

~dë

2  3r2

1

,   03«r   ,   2
f  2-r-1-U,

dr      r

3V 1
2/3    a„2 ,-     r2r sin 0 3<j>

Hence, the final form of the boundary operator in the radial direction is given by

ßi(u„ p) = p - -g-/

+
1

2rsin0 30
.1   0Ur

sin0|^- +
1 d2ur 1

2rsin20 dtp2      r   r

2.2. Variational Formulation of the Problem. Let (uR, pR) denote, respectively, the

velocity and pressure solutions of the truncated problem. The velocity in spherical

coordinates is given by

uÄ=  (llf.Ilí.II*).

Let [WR(QR)]3 denote the subspace of [Wl-°(Q,R)]3 given by

[wR(ü)RY-{(u„u9,uv)e [H^°(ßÄ)]\u = 0onoß, u,e Wl-°(8SlR)},

equipped with the inner product

1

'a„ jQk (1 + r2)
u • vdx(u,v) = /    gradu: gradváx + /

+ f     Z-^7^71" * vdS + I     í1 + r2)1/2ff&d,urffad,vrdS
JwK (l + r2y/2 JsaR

=  (u,v)l.0:°.„ +(«í.»í)o,-l/2;«ni, +(«9.«9)o,-l/2;iOÄ + ("" Vr)l,l/2;SQK,
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with grad, denoting a tangential derivative along the surface 80,R. The norm

generated by this inner product is given by

l|u|Us=[(u,u)]1/2,

i.e.,

il   u2      —il   il2 il     il2 u     il2 il    il2
IIuIIr;8ä - llulll.0;S2R + II «9 llo;- 1/2;S«„ + II "<p llo;-1/2;«8R + II "r lll,l/2;S8Ä-

Remark. Note that [WR(ÜR)]3 is not smooth enough to build [W3/2-l/2(üR)]3. In

fact, we observe that

[w^^(QR)]3c[wR(ÇlR)Yc[w^(QR)]3.

We only require the smoothness of u, on the boundary 5ßR in the sense of

Wu/2(5ßÄ). Some of the properties of [WR(ilR)]3 are listed in the following

lemmas.

Lemma 2.2. [ WR(QR)]3 is a Hilbert space.   D

Let xr denote the characteristic function of the domain $lR. Define the set K to

be

K= {u\u = x*»,»eC?{Q)}.

Lemma 2.3. K is dense in [WR(ÜR)\3.   D

The variational form of the momentum equation (1.7) can be obtained in the usual

manner by multiplying by a smooth vector test function v and then integrating by

parts to produce a form which, through continuity arguments, can be extended to

build the weak formulation. This yields

/    gradual gradvi£c + J   pRdivvdx
SlR QR

+ I     (PrR - n • gradua • \ds = /    f • \dx.
JsnR Jq.r

For 8&R the surface of a sphere, we have n = er. By using the expression for

n • gradu in spherical coordinates we can further simplify the integration on the

boundary 8tiR to

LR {pRn-n'gradu*} 'vds = LR \PrV'~ v-~oT- V9^r~- ^"arjds-

Now, using the artificial boundary operator ß(uR, pR), we get

/     (pRn - n • gradu«) • \dS
Jsv.R

vr      d2uR= { °'       d

JSÜR     2r sin0 30

■   J<
sin0-7T7r

2rsin20   3qp2

uRv, + u$ve + uRv
+-^-^-^smOdßdtp.
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Integrating by parts in the 0 and the m variables over the surface of the sphere 8tiR,

we obtain

f     (pRn- n- graduR)-\dS= f     y
duR dv,        1     duR dv,

30   30      sin20  0(P  0(P

+
uRv, + u$ve + uRvv

r2 sind d6d<p.

Remark. Any distance r on the boundary 8QR in the last expression can be

replaced by R, since we are dealing with a sphere of radius R.

Define the bilinear form

A(uR,\) = /    graduR: gradv¿x
JQR

An. 2i

duR dv, 1     duR dv, ufv, + u$ve + uRvv
-\-dS

30   30      sm20  dtp   dtp

= /    gradual gradváx + — /     grad,uf grad,vdS + -¡r /     uR-\dS.
Jo_ 2- Jxo- R Jro-■'sq.. J8Q.R

Also define the bilinear form

b(q,\) = - I    qdivvdx.
Jo.

Note that the forms A(-, •) and b(-, ■) are continuous bilinear forms on [W^ß^)]3

X [WR(QR)]3 and L2(QR) X [WR(SlR)]3, respectively. We are now ready to state the

weak formulation of the problem (1.7)—(1.10):

Seek (uR, pR) e [WR(iïR)]3 x L2(QR) such that

13

(2.10)

(2.11)

A(uR,v) + b(pR,y) = (f,v)   Vv e [wR(QR)]\

b(q,uR) = 0 VqeL2(SiR).

The variational formulation is of the Brezzi type [3]. We need to verify the

conditions for which a solution exists, namely the coercivity condition on A(-, ■)

and the stability condition on b(-, ■). The coercivity of A(-, ■) is considered in the

following lemma.

Lemma 2.4. For u e [Wl-°(Q,R)]3 we have

Iqr (1 + r2)
dx < C I»a* (1 + r2)1/2

-1* du
dx

Proof. See [10].   D

Corollary 2.5. The symmetric bilinear form A(-, ■) defined on [WR(ÜR)\3 X

\WR(QR)]3 is strongly coercive, i.e., there exists a constant C independent of R such

that

A(uR,nR)^C\\nRfR,ÜR   Vu« e [wR(tiR)]\   D
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Lemma 2.6. We have

b{p,v)

sup        u„ii        >       sup        ii,,ii '      >c\\p\\0S).a    V/>eL2(ßK).   D
\V\\  D.O_ _,.i,l n.r,     ,,1      \\V\\  -

sup       -AI±-L>c\\p\\»a,aH   \/peL2(ÜR).
v<e[Wr(Qr)]j   M   llÄ:ß«

Proof. We use the stability condition for the truncated problem with zero velocity

boundary condition at the artificial interface ßR [10]:

HP,») >       __        °(p,v)
Il   II ^ »up ..   ..

We are now ready to state the following existence theorem concerning the varia-

tional formulation of the truncated problem.

Theorem 2.7. Given fR e \W ~1,0( £)]3, with Jccß, there exists a unique solu-

tion of problem (2.10)—(2.11). Furthermore, there exists a constant C independent of R

such that

(2.12) l|u«||«;ñR +11^110,0;^ <C||f|Li,o:ÍV   D

Now we are ready to consider the approximating behavior of the truncated

problem.

2.3. Approximation Results. As mentioned earlier, an approximation that makes

use of a higher-order artificial boundary operator will need a smoother solution of

the continuous problem at the artificial boundary 8ÜR. For the third-order boundary

operator, we need the solution of the continuous problem to have the property

u,e Wll/2(80R).

Let eR = u - uR and p.R= p - pR denote the error in the velocity and the pressure,

respectively. Then the pair (eR,p.R) satisfies

(2.13) - AeR + VjUr = 0   in ßÄ,

(2.14) diveR = 0   in QR,

(2.15) eR = 0   onöß,

(2.16) ß(eR,pR) = ß2(u,p)   onaßÄ.

The problem of estimating the pair (eR,¡iR) can be formulated variationally as

follows:

Seek (c, ¡iR) e [WR(QR)]3 x L2(QR) such that

(2.17) A(eR,y) + b(ixR,y) = (ß(u,p)-y)x/2Müii   Vv e [^«(ß*)]3,

(2.18) b(q,eR) = 0   VqeL2(ÜR),

where the expression in the right-hand side can be written as

(ß(u,p) ■v)1/2,o;saR= ~{P- n-gradu,v>1/2i0;4Bil + 2(ur.«v)u/2;Mi,

+ 2^Ur'ür)ui/2;SaR + («9. üi)o,±l/2;8öÄ("<p, V<p)o,-l/2;8iï.R-

Thus we see that the quantity ß(u, p) is in [Wl/2'°(8QR)]3 in the sense of Lions
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[15]. Now, similar to Theorem 2.7, we have

Theorem 2.8. (i) The variational form (2.17)-(2.18) has a unique solution pair

(eR,pR), and there exists a constant C independent of R such that

(2.19) IMk^+IKIUo^ C||j8(u,/>)||-1/2,o;40i,.

(ii) For supp(f) compact in ß we have

II    II        .ii     u c
lle«llR;aR + IIMäIIo,0;8ä <      25'

K

where again the constant is independent of R.

Proof. To prove (i), we use Theorem 2.7 with right-hand side given by

(ß(u>P)>v)l/2,0;6QK-

As for (ii), this follows from (i) and Proposition 1.3.   D

3. Discretization of the Truncated Problem.

3.1. The Discrete Problem. We use notation similar to [7]. Let

ß* =   U K,

where K denotes a simplex in R3. Let h(K) be defined to be the maximum length of

an edge belonging to the simplex Â^ and let h be defined to be

h = max h(K).
Kerh

In [10], [11] it has been shown that the finite element approximation in the weighted

spaces has qualitative properties similar to the results obtained for the Stokes

problem in bounded domains. We refer the reader to the references [2], [5], [6], [7]

for proper choices of stable pairs of finite element spaces for the velocity and

pressure, respectively. Let Vh and Sh denote finite-dimensional subspaces [W^ß«)]3

and L2(ßÄ), respectively. Let Th denote the trace space of Vh on 5ßR. Define Z„ to

be the null space associated with the form b(■, ■), given by

Z„ = K„ e Vh\b(q,h,y,h) = 0Vq,h e S„}.

The variational form of the discrete problem is now given by:

Seek (u,h, p,h) e Vhx Sh such that

(3-1) A»rh^rh) + b(p,h,v,h) = f,h(v,h)    Vv,heVh,

(3.2) b(q,h,u,h) = 0   \fq,heSh.

The following assumptions can be verified for a variety of finite element spaces for

the pressure and velocity:

(Al) There exists a map, denoted by

rhe£C([w2^R)YnV;Zh),

and a positive integer v such that

b{qRh, divrh\ - v) = 0   VqRh e Sh

with

II V - r-„v||l,o:S2R < C/îm||t;||n! + l,m;i2R

and 1 < m ^ v.
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(A2) There exists an orthogonal projection operator

shB^([w2^(SQR)];Tk)

and a positive integer v such that

Ik - i*o|lw/2;«o. < Chm\\v\\m+Um+x/2,SÜ/i   Vi; e Wm+l>m^2(8ûR),

With 1  < 772 < V.

(A3) The orthogonal projection denoted by

Phe^(W'"''"(0R)nS;Sh)

satisfies

Ik - ÍV7llo,o:aA < Chm\\v\\m,m,ÜR   Vq e Wm'm(üR) n 5.

(A4) For every gÄn e 5„ there exists a v/Rh e Vh such that

(aRh~ ài\wRh,sh) = 0   Vîj e S4

with

llW/ínlll.O;^ < C|l9/tA llo.O;íí„-

Remark. The assumptions (Al, A3, A4) were needed for lower-order artificial

boundary operators and have been discussed in [10], [11]. Also, Assumption (A2)

can be easily verified using the methods in [10], [11] and then the isomorphism

between Wm+1-a(8tiR) and Wm+1-ß(8QR) [13]. We can now state the following

theorem.

Theorem 3.1. Under the hypotheses (Al), (A2), (A3) and (A4), problem (3.1)-(3.2)

has exactly one solution pair (uRh, pRh) e Vh X Sh, and

l™Q{\\»Rh - »r\\i,0:Ur +\\ PRh - Pr\\o,0:ur} =0.

Moreover, if the pair

(uR,pR)e {w°^(QR)n[wR(SlR)Y} x{W*-(aR)},

we have the usual bound

\\\uRh ~ u/Ji.o;aR + WPri, ~ Pr\\o.o-,sïr j < Chm[||uR\\m + x m.aR + \\pR\\m,m;QR\

for 1 < m < s and C independent of h and R.    D

3.2. Combined Error Estimates. As in [10], [11], we now combine the error

estimates due to truncation and discretization.

Theorem 3.2. There exists a constant C independent of h and R such that

(3.3) {l|uÄ„-u||1,0;aÄ+||Jp«„-/'||o,o;aR)<C{/2'" + /?-2-5},

with m depending on the choice of the finite element spaces used in the discretization of

the truncated problem.   D

Finally, it is essential to point out for two-parameter approximations that the

balance between the truncation error and the discretization error should be main-

tained for the optimality of the approximation [8]. As a consequence, larger

simplices can be used in the far field, instead of using a quasiuniform mesh, and thus

achieving the same accuracy with a lower number of degrees of freedom.
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