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CONVERGENCEOF THE
NONCONFORMING WILSON ELEMENT FOR A
CLASS OF NONLINEARPARABOLICPROBLEMS
S. H. CHOU AND Q. LI
Abstract.
This paper deals with the convergence properties of the nonconforming quadrilateral Wilson element for a class of nonlinear parabolic problems in two space dimensions. Optimal H and L2 error estimates for the
continuous time Galerkin approximations are derived. It is also shown for
rectangular meshes that the gradient of the Wilson element solution possesses
superconvergence, and that the Lx error on the gradient is of order h log( 1¡h).

1. Introduction
The need to reduce the computational work in the use of conforming elements for the solution of higher-order elliptic problems has led to the invention
of nonconforming elements. An issue in the study of nonconforming elements
is the creation of a proper test that guarantees convergence of the elements.
Recently, Shi [3] gave a certain condition on mesh subdivisions which ensures
convergence of the quadrilateral Wilson element applied to a class of elliptic
problems. The basic error analysis of Galerkin methods applied to parabolic
equations is studied in [1, 6], where conforming finite elements are considered.
In this paper we extend the techniques and results in [ 1, 6] to the nonconforming quadrilateral Wilson element under the aforementioned condition in [3]. It
is found that the convergence rates of approximate solutions for the problems
under consideration have the same order of accuracy as in the comparable elliptic problems. For the nonconforming rectangular Wilson element, the L^

error estimate and superconvergence for the gradient are shown as well. The
paper is organized as follows. Section 2 deals with a general description of
nonconforming methods for solving nonlinear parabolic problems. Section 3
contains some lemmas concerning error estimates for an auxiliary variational
problem. The main results of the paper are established in §4. Optimal L2
and Hl error estimates, as well as almost optimal maximum-norm error and
superconvergence order estimates for the gradient, are obtained.
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2. Nonconforming methods for solving
nonlinear parabolic problems
Let fi be a polygonal domain in R2 with boundary <9fi. Consider the
following nonlinear parabolic initial-boundary value problem:
2

ut - V • (a(x, u)Vu) = ^2b¡(x,

(2.1)

u)ux + f(x,

u)

infix/,

¿=i

u=0
onöfix/,
u(x, 0) = u0(x)
in fi,
where / denotes a finite interval [0, T].
We shall assume that a, b¡, and / are sufficiently smooth functions on
fi x R which, together with an appropriate number of derivatives, are bounded
there, and that the function a satisfies

(2.2)

0< ci <a(x,

u) < c2 for (x, u) £ fi x R,

for some constants c, and c2. The global nature of our assumptions with respect to u does not constitute any serious restriction. In fact, the approximate
solutions to be considered will be shown to be uniformly close to the exact solution u, and thus depend only on the nature of a, b¡■,and / in a neighborhood
of the range of u.
Lot WS'"(G), l<p<oo,
HS{G) = ^-2(C7),and
Hs(dG), se/?, be the
usual Sobolev spaces on G and d G. The associated norms and seminorms are
denoted as follows:

II' Ws.p.G
= II' llir5"(G)
'
' Ws,dG
= H' H//5(öG)
'

II' Hi,G= H' Whs(G)
>
' Ws.p= II' IIWs-P(12)
»

II' Us= II' H//S(íí)
'
II*II= II*IL2(£Î)
'
I'Is,G = I 'l//5(G)' I' Is= I ' I//S(Í2)
' II' IIl^ = II' 11/^(0.)
•
Let A' be a normed vector space with norm || • ||x . For tp: I -* X, define
-7"

2

\'P\\ljx)=
2V

fT
Jo

2

\míl\\\L
Ai
\\9(t)\\xdt,

\\m\\

\\<p\\L {X)—
= BiinlUfVM
sup\\(p(t)\\;
°°

tei

We now consider the numerical approximation of (2.1) by a nonconforming finite element method. Let fi = (JKeK K be a decomposition of fi into
elements K with diameters < h . With this subdivision we associate a nonconforming finite element space Sh consisting of certain functions v vanishing at
the nodes belonging to dfi. In general, the inclusion Sh c H0(Q) does not
hold. The norm associated with Sh is

H. Hs,,
il2 = i.
II
I i2
li,A =Vl-l2
_ Z^ I li,*: •
K

In this paper we shall confine ourselves to the nonconforming spaces Sh of
the Wilson element, i.e., the finite element spaces of all functions whose restrictions to each quadrilateral element K e Kh are the shape functions defined by
equations (3.1)—(3.3)of [3]. We also assume the subdivisions Kh to satisfy the
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regularity conditions in [3]. Let hK denote the diameter of the element K and
h = maxÂ:eÂ:hK. We introduce a further assumption on mesh subdivisions.
The distance dK between the midpoints of the diagonals of K £ Kh is of the
order 0(hK), uniformly for all elements K as h —►
0.
The nonconforming approximation of the solution of (2.1) is the following.
Find a differentiable map £/:/—►Sh such that
2

(2.3)

(Ut, V) + Ah(U; U, V) = '£(bi(U)UXi,V)h + (f(U), V),
i=i
(U(0),V) = (u0,V) WeSh,

where

(q>,y/)= / <py/dx,

(tp, y/)n= V / <py/dx,

Ja

% Jk

An(p\<P,yt) = (a(p)V<p,Vy/)h= ^2(a(p)V<p, Vy/)K,
K

a(p) = a(x,p),

f(U) = f(x,U),

U(0) = U(x,0).

Here, (•, -)K denotes the inner product in L2(K) . Without loss of generality
we shall assume the initial condition in (2.1) to be u0(x) = 0 throughout this
paper.

3. Lemmas
Let u and U be the solutions of problems (2.1) and (2.3), respectively. In
order to estimate the error U-u, we introduce an auxiliary variational problem:
Find a map « : / —►
Sh such that

(3.1)

Ah(u;ü,V)

= A(u;u,V)

WeSh,

where

A(w, u,V) = - f V • (a(w)Vu)Vdx.
Ja

Note that the initial condition ù(0) = 0 holds, since u0(x) = 0. In the
sequel, c will be used as a generic constant. It may have different values at

different places.
Lemma 3.1. Assume y/ e H (fi) and vh e Sh ; then
(3.2)

\T(hr)(W,vh)\:=

ds <ch2\\y/\\.\v¡
\\uh\2,h
J2
[ VVhNr
r JdK

'

where n = (N{, N2) is the unit exterior normal vector along the boundary dK

of K, and the seminorm \ • \2 h is defined by | • |2 h = J2K\ • \2 K ■
Proof. The proof uses ideas contained in [3, Theorem 1]. We decompose the
trial function vh into the conforming and nonconforming parts, vh = yh + zh.
Since yheH0\n),
(3.3)

T{nr)(y,,yh) = 0,

1%\¥,

vh) = T¡r)(w, zh).
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Let us decompose T^\\i/, zh) in the form
K JdK

(3.4)

= E JdKR0VR0ZhNrds
+ Y. J
K

RoYP0ZhNrds

K

+EÍ po^h^ds=Í2Tj'
K J0K

j=\

where PQv is the piecewise constant approximation of v defined in [3, equation
(2.6)] and R0v = v - P0v is the associated remainder term. We estimate each
of the terms T¡, i = 1, 2, 3, on the right-hand side of (3.4).
(i) By virtue of interpolation theory we have

I^iI<E|/
K

\JdK

RoVRoHKàs
1/2

1/2

(JjR0zh)2ds
<ch\v\x\zh\x,h-

Combining [3, (3.11)-(3.12); 2, (2.11); and 3, (2.3)] yields
\Zh\\,K

- CnK\Vh\2,K-

Consequently,

(3.6)

l^il<^Vl,KI2,A-

(ii) Similarly, we have
(3-7)

\P0Zh\^chK\Vh\2,K-

Thus,

1^1 <£

(3.8)

/

„

JdK

*0VP0ZhNrds

^e(/^(W^)'

(SdK{p°Zh)2ds)

^ch \v\\\"h\i,h(iii) For the term T3, we use the inequalities [3, (3.17)—(3.20)and (3.5)] and
note that dK = 0(hK) to get
(3-9)

/

JdK

zhNr ds\ <cdKhK\vh\2^K<ch

\vh\2 K.

Thus,

(3.10)

I^3I<E|/

v \JdK

nuAi2,A
P0VZnNrdS< ch \\y/\\Av
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Combining relations (3.3), (3.4), (3.6), (3.8), and (3.10), we see that (3.2) follows. D

Corollary 3.1. For \¡i£ H (fi) and vheSh,

(3.11)

|7¡rV,«A)l<cA|kll,|fAl,,A.

r=l,2.

The following three lemmas are contained in [3, 4, and 5], respectively.

îmma 3.2. Let u £ H2(£l)
H2(Çi) for all
c t e I and ü be the solutions of (2.1) and
Lemma
(3.1), respectively. Then for t£l
2

(3.12)

||m- u\\ + h\u - m|, n < ch \\u\\2.

Lemma 3.3. Under the hypotheses of Lemma 3.2 and the additional assumption
that fi is decomposed into rectangular elements, we have that

u£W2'°°(Çl)

Vre/

implies
(3.13)

||û-w||,

2

oo

1

< ch logr|MI2
oon
'

Lemma 3.4. If in addition to the hypotheses of Lemma 3.3, u £ H (fi) for

tel,

thenfor tel

(3-14)

j^Eiv("-")(xo)i2

<^2NI3,

where G denotes the set of nice stress points and N = 0(h~ ) is the cardinal

number of G.
(The nice stress points relative to the given subdivision are the centers of the
rectangular elements of that subdivision.)
We now give the following estimates for the error ü - u between solutions

of (3.1) and (2.1).
Lemma 3.5. Under the hypotheses of Lemma 3.2, we have for t e I

(3.15)

[Ell0 ""11-1/2,ax) <^2||w||2,
1/2

(3.16)

(E II«/""/I-1/2,0*

<CA2(|M|2 + ||K,||2)

VK
Proof, (i) Let <pK£ Hl(K) be the solution of the elliptic problem
(3.17)

[ a(u)V<pK-Vvdx=

[

Jk

JdK

yKvds Vv e H[(K), t e I.
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Then yK e H ' (dK) may be chosen so that
/

yKids = \\i\\2-i/2,dK

JOK

'

and
11^1'1/2,9* = II^H-1/2,dK'
where n = ü - u. The existence of yK is guaranteed by the Hahn-Banach
theorem, since Hl/2(dK) is the dual of H~l,2(dK).
It is well known that if K is convex, then <pKe H (K) and

(3-18)

IIM2,* ^ c\\yJi/2,öK ^ 4n\\-i/2,BK■

Setting v = n in (3.17) and summing over K € Kh , we find

(3.19) EIM¿i/2.wr = MU' 1> <P)= Ah(u>q, 9-719)+ Ah{u;n, n<p),
K

where the function <p is defined by <p\K = <pKand nip e Sh denotes the Shinterpolant of tp . By the continuity of Ah(u; -, •), the interpolation property,

Lemma 3.2, and (3.18), we get
\Ah(u; n, (p-ii(p)\

< c\n\y h\tp - ttç»|, h < ch2\\u\\2\(p\2h
1/2

(3.20)

^ cn \\u\\2I 7 Jr

\ a:
/
For the second term on the right-hand side of (3.19), we have, by (3.1),

Ah(u; n, ntp) = Ah(u; Ü, ntp) - Ah(u; u, ntp)
= A(u; u, ntp) - Ah(u; u,n(p)

= -Dh(u;

u,ntp),

where
Dh(w; u, vh) = Ah{w; u, vh)-A(w;

= E
(3.22)

u, vh)

/ [fl(™)VM• VvA+ V • (a(w)Vu)vh] dx

k}k

= ])2DK{w;u,vh).
K

Using Green's formula, we obtain

(3.23)

DK(w;u,v)=

JôK

a(w)-^¡-vhds.
an

It follows from Lemma 3.1 and (3.18) that
\Ah(u; n, n<p)\ < ch2\\u\\2\n<p\2
\2\n<P\2 h < cA2||m||2|í»|2

<ch2\\u\\2[Ell'íl
VK

2

Y'2

■1/2,öK )

Inequality (3.15) now follows from (3.19) and inequalities (3.20) and (3.24).
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(ii) The second assertion of the lemma can be proven using the same technique as the one leading to (3.15).
Similarly as (3.19) was derived, one can easily obtain

(3.25)

Yj HH-i/2,OK= Ah(u>nt><P-n<p)+ Ah(u; nt, ntp),
K

where

(3-26)

IHI2,K<CKILl/2,9*-

Obviously,

(3.27)

\Ah(u;t]t, <p- ntp)\<ch2\\u\\2(E IM-i/2,ö* )

■

To estimate the second term on the right-hand side of (3.25), we rewrite the
representation (3.1) as

(3.28)

An(u;n,V)

+ Dn(u;u,V)

= 0 WeSh.

Differentiating (3.28) with respect to t, we see that

(3.29)
Ah(u;nt, V) + A¡(u;n,

V) + Dh(u; u,, V) + D¡(u; u, V) = 0 VF e Sh,

where

(3.30)

A¡(w;v,V)

= Y [ (a(w)),Vv -Wdx,
kJk

(3.31)

Dl(w;v,V) = Y,l

k JdK

(a(w))t^-Vds.
on

Hence,
(3.32)

Ah(u; nt, ntp) = -Dh(u;

ut, ntp) - D*h(u; u, ntp) - A\(u; n, ntp).

Applying Lemma 3.1 to the first two terms on the right-hand side of (3.32), we
conclude that
(3.33)

\Dn(u; ut, ntp)\ < ch2\\ut\\2\\tp\\2h ,

(3.34)

\Dn(u;u,ntp)\<ch2\\u\\2\\<p\\2h.

For the last term of (3.32), we have by Green's formula,

-A*h(u;n,n(p)=J2lv-(a(u)tVn(P)ndx-J2

(3.35)

kJk

k JdK

(a{u))tn-^-dx

= G{+G2,
and consequently, writing || • ||2 h = \\ • \\2+ | • \\ h + \ ■|2 h ,

(3.36)

1(7,1< c\\n\\\\n<p\\2h< ch2\\u\\2\\tp\\2n,
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\ 1/2

(3.37) |G2|<c2>||_1/2i«

^

K

ön

1/2, dK

<c(j>

1-1/2,dK )

\K

W\\2,h

where we have used the trace inequality. Combining the inequalities (3.26),

(3.33)-(3.37), and (3.15), we see from (3.32) that
\ '/2

(3.38)

\An(u; nt,n<p)\< ch2\\u\\2( E W
VK

-1/2,dK

Finally, substituting (3.27) and (3.38) into (3.25), we arrive at (3.16). D
Lemma 3.6. Assume that the hypotheses of Lemma 3.2 are satisfied. Moreover,
assume that ut, utt £ H2(Q) for tel; then, for tel,

(3.39)
(3.40)

\\üt - ut\\ + h\üt - ut\{h < ch\\\u\\2 + \\ut\\2],
\\ün - uj

+ h\ült - utt\x h < ch\\\u\\2 + \\ut\\2 + \\uj2].

Proof, (i) Let u e Sh be such that for tel
(3.41)

Ah(u;u-ut,V)

+ Dn(u;ut,V)

= 0 WeSh.

Then by Lemma 3.2,
(3.42)

|M*-M,|1)A<cA||M(||2.

Using inequality (2.2) and Corollary 3.1, we deduce from (3.29) and (3.41) with
V = ü, - u that
cx\ut -u\]h

< Ah(u; ü,-u

, ut-u)

= - D*(u; u, ut - u) - A*h(u;ü - u, ut - u)

< c[h\\u\\2 + \ü- u\x n]\üt -u\lh<

cAIIm^Im,- u\lh

Combining this inequality with the triangular inequality
\ût-ut\i,kZ\ù,-u\lth

+ \u-ut\lth

and using (3.42) yield

(3.43)

|fit-«(l,,*<cAI||«||2 + ||«J2].

For the L2-norm we proceed by duality. Note that

(3.44)

||y = supJ^^J
geL2

\\g\

Let g be an arbitrary function in L2(fi).
Let <pe H2{Q) n //0'(fi) be the
2(
solution of
nAr,
^■HD)

-V-(a(u)Vtp)=g
tp=0

infi,
onöfi.

Recall that

(3.46)

IHI2<c||s||.
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From (3.29) we have
(g,nt)

= An(u;nt,(p-

ntp) - A*h(u; n, ntp) - Dh(u; ut, ntp)

-D*h(u; u, ntp)-[Ah(u;

(3.47)

nt, q>)- (g, n,)]

5

;=i
Using arguments similar to those used to derive inequalities (3.27) and (3.38),
one has
(3.48)

/1+/2

+ /3 + /4<cA2||M||2||ç»||2.

Noting that ut e //0'(fi), we have from (3.45) and (3.22) that
I5 = -Dh(u; (p, n) = -Dn(u; <p,üt),

and
(3-49)

\Is\<ch2M2\üt\2ih.

The inverse inequality implies
\Üt\2,h^\Ut-Uut\2,h

+ \nUt\2,h

< ch~\\üt - w,|M + \u, - nw,|M] + in«, - ut\2h + \ut\2
<c||w;||2.

Together with (3.44) and (3.46)-(3.49), this proves the first estimate of the
lemma.
(ii) We now prove (3.40). Differentiating (3.29) with respect to t, we get

Ah(u; %, V) + 2A\(u ; r¡t, V) + A"(u; rj, V) + Dh(u; un, V)

+ 2D¡(u;ut,

V) + D"(u;u,V)

= 0 WeSh,

where
An'(u; n,V)

= £

/ (a(u))ltVn ■VVdx,

K Jk

Dt;(u;u,V) = y£Jja(u))lt^;Vds.
A

Define u* eSh by
Ah(u;u**-ull,V)

+ Dn(u;utl,V)

= 0 WeSh,

tel.

Observing

(3.51)

\u* -u(t\{h<ch\\utt\\2,

and setting V = utt - u** in (3.50), we find

ciK - m**IÎ,a
^ Ah(u>uu - u**' K - "**)
(3.52)

< -2Dl(u;uí,üll-u**)-D*h*(u;u,ütt-u**)
- 2A*h(u; n,, ült -u*)-

A**(u ;n,ütl-u*).
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On the other hand, again by (3.45), it follows from (3.50) that
(g, nn) = Ah(u; ntt, tp - ntp) - 2A*h(u; r¡t, ntp) - A**(u; n, ntp)

(3.53)

-Dh(u;
-D**(u;

un, n<p)-2D*h(u;ut,
u, nq>)-Dn{u;

ntp)

tp, ntt).

Applying the technique used to estimate (3.43), (3.47)-(3.52), and (3.53), inequality (3.40) follows. D
Corollary 3.2. Assume that u,ute

H2(il) n WX'°°(Q.)for tel.

Then V«,

ut, and Vu, are uniformly bounded, i.e., there exists a constant c independent

of A and t such that

(3.54)

||Vw||£ (L j + HftJk {L , + HVß,^ (L }<c,

where \\Vtp\\LOO {L
. = supi€/max^
'
OO '

\\Vtp\\LOO (K).
*
'

Proof. Using the triangle inequality and the inverse inequality, we have

HVñ||L <||v(ñ-n«)||L
OO

(3.55)

+||V(nM-M)||L
OO

< cA-1[|fi -u\lh

+||vM||¿

^OO

+ \u-nu\lh\

OO

+ \\V(nu - u)\\LOO + \\Vu\\LOO

<c[||w||2 + ||Vw||LOO ] + \\V(u-nu)\\L

OO

.

We now estimate the last term of (3.55). Since nu £ Sh, we can write nu as
the sum of the conforming part yh and the nonconforming part zh ,
(3.56)

nu = yh + zn.

Hence,
||V(M-n«)||£

<\\Vu-yh\\L

+\\Vzh\\L

<\Mu-yn)\\

(3.57)

+ch-

°°
<\\V(u-yh)\\L

OO

\zh\uh

_j
+ch

[\tcu-u\1

h + \u-yh\l]

<c[|IVmIIl +I|w||2]Together with (3.55), these bounds show our assertions on V«. In the same
way, the uniform boundedness of üt and Vù( can be proved. We omit the

details, a
4. Error

estimates

The main objective of this section is to derive error estimates for U - u.
With ü defined by (3.1), we write the error

U-u

= {U-ü) + (ü-u)

= C+ n.

The lemmas in §3 give estimates on n . It remains to estimate £. To do this,
we need an additional assumption on U. Assume that there exists a positive
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constant c* such that
(4.1)

\\Ut\\L
(L ,<c\
•"oo v OO ;

Without loss of generality, assume c* > 2c (see (3.54)).
The following theorem gives the fundamental result on £.
Theorem 4.1. Let u, U, and ü be the solutions of problems (2.1), (2.3), and
(3.1), respectively. Assume that u, ut £ L2(ff2(íí))nL0C(W/l,0O(fi)) and that

utt e L2(H2(Q)). Then

(4.2)

IICII^, + |K||^W + K,||HSh)<ch2.

Proof. Using (2.1), (2.3), and (3.1), we observe that

ßt,V) + Ak{U;i,V)=

(4.3)

-(nt,V)

+ ((a(u)-a(U))Vü,VV)h

+ÍlWU)Vx-b¡{u)ux¡,V)h
i=i
+ (f(U)-f(u),V)

WeS„.

Differentiating (4.3) with respect to / yields

iZtt,V) + Ah{U;titV)
= -(f|„ , V) - ((a(U)),VZ, VV)h + ((a(u) - a(U))VÜ,, VV)h
(4.4)

+ ((a(u)-a(U))lVÜ,VV)h
2

+ Í2(WU)Ux¡-bi(u)ux¡)t,V)h
1=1

+ ((f(U)-f(u)),,V)

WeSh.

We first discuss estimates of (4.3). Setting V = t¡t and using (4.1), we see that

the left-hand side of (4.3) is

(£,, Q + ~Ak(U;i,t)

- (ap(U)UtVi, Vç)A

(4.5)

>\\Q2 + tttMU;i,t)-cc*\t\2uh.
Also,

(4.6)

-(i,,,it)<\\tlf + Kf

and

(4.7)

(/(£/) - f(u), {,) < cm\2 + \\n\\2+ \m2].
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Applying Corollary 3.2 and the inequality ab < a /4e + sb , we get

(4.8)

((a(u)- a(U))VÜ,VQh< c(Uf + Wit)+ j£lítl?.*•

Rewrite the third term on the right-hand side of (4.3) as

(4.9)BW)**,>
Q»+E«w
*,)
i=i
i=i - W)*x(.«,)*+I>,("K.
i=i
The first two terms of (4.9) are bounded above by

clWrif
+ Kf + Utf + W2,,].

(4.10)

For the last term of (4.9), we get by Green's formula,
2

2

£(*,(")**,.
«,)*
= - E«*/W)*,.
*)*
(=1

i=i
2

(4.11)

+EEÍ */(")*W'
1=1

K

= Qx+Q2Obviously,
2 . Cx IK ,;
Ö,^cNI+TÍlí«!!.*

(4.12)

Applying the duality of H[/2{dK) and if 1/2(dA:) and the trace inequality,
we conclude that

Q-2- C2-~illfll-l/2,ötfllMl/2,aK

(4.13)

a:

<^Ell'/ll-./2,a^ + ^(^l|2 + l^l1,/,)

Combining (4.5)—(4.13)with (4.3), we obtain

,2 1 d
IIÍJI
+2^*(t/:i'{)
(4.14)

<c(c~ + 1)

ll€H2
+ IÍIÍ,A+ llí,l|2+ ll»/l|2
+ ll'ífl|2

+En*ni +ÏG
4 l*»rli,A
1/2,OK
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Now we estimate (4.4). Replacing V by £,t in (4.4), the coerciveness of the
bilinear form Ah(U ; •, •) implies that the left-hand side of (4.4) is

^^IKZ +^iIm'

(4.15)

As for the fifth term on the right-hand side of (4.4), we write it in the form

Yßf>ßJ)\Jxrb.x\u)ux)tAt)h
í=i

=ÊWV «,)*+£«W- W>V «i>*
(4.16)

(=1

1=1

+ Ë(bA»)nXlnQH
+ Ëmu))tiXi,it)h
1=1

1=1

+ £((A;(t/) - A,(u))(ùX(,
Í,)A+ E((^(»))i^, - «,)*
i=i
i=i
Using an argument similar to one given in (4.3), we can estimate each term
of (4.16). The remaining terms in (4.4) are bounded as before. Following the
same analysis that led to (4.14), we obtain
1 d NK II2 ,

l£ |2

2^IKfll +cllí/ll,A
<c(c +1)

ll^l|2
+ l^í,, + ll^l|2+ ll'/l|2

(4.17)

+H>/,l|2
+ ll>/ííl|2
+ £lM|2-i/2,ax
ÍL|£|2
4 l*»/ll,A'
Adding this inequality to (4.14), we see that

(4.18)

<c(c* + 1)

ll^l|2+ l^í,/!+ llí,l|2+ ll'/l|2+ ll'/íl|2
+iM2+£i

Integrating (4.18) with respect to t and noticing that
2

m2 = fa{Io'^dS) dx^Tj^ßfds>
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we have by the initial conditions,
Jo

<c(l+c

)

iiOTf+jf'iirf+ii^f+ii^ii2

(4.19)

+ EH^H-l/2,dK} ds
K

I

+ Jo
/"(lli<l|2
+ |ilî*)*
which, upon using Gronwall's lemma, gives

IKlll+ KI.,A+ ll^llz.2(0,l;SJ
<c(l+c

)exp(c(l+c

)T)

(4.20)

11^(0)11
+ Iklli,^,
+ \\rlt\\L2(L2) + \\rltt\\L2(L1)

2

+jf (E.NI-'"^ dt
'0

1/2, K

Setting t = 0 in (4.3), we obtain

(U,(0) - u,(0), V) = 0 WeSh
Hence,

||ç,(0)||2 = ({,(0), {,(0)) = -(nt(0), {,(0)) < \\nt(0)\\||£,(0)||
An application of Lemma 3.2 then yields

||í,(0)|| <||/7r(0)||<cA2.

Now Lemmas 3.2-3.6 imply

(4.21)

Kt\\Lgo(Li)
+ Ilí||¿oo(5,)
+ W^K(sh)< c(l+c')exp(c(l+c*)T)h2.

To complete our argument, we must show that for A sufficiently small,
\\U,\\r ,, , < 2c < c*. We use the inverse inequality, (3.54), and (4.21) to
see that

\\Uth<L„) ^ Kt\\L(L„) + \\*,\\LŒ) <¿ + ch-lKth

,r

< c + c( 1 + c*) exp(c(l + c*)T)h .
Then clearly, if A is taken sufficiently small,

\Ut\\LM<2c<c
Hence the constant in (4.21) can be chosen independent of c".
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We are now in a position to prove the main results of this paper. First,
by using Lemmas 3.2 and 3.6 and Theorem 4.1, we obtain immediately the
following

Theorem 4.2. Let u and U be the solutions of (2A) and (2.3), respectively.
Assume that u, ult e L^//2^))
nL^^1'00^))
and that ult e L2(H2(Çï)).

Then
(4.22) ||l/-W||^(¿2)

+ ||l//-WJ|^(L2)+A[||L/-W||Lto(S/i)

+ ||l/í-uí||Loo(S/j)]<cA2.

We now turn to the maximum-norm estimate for the error in the gradient.
Theorem 4.3. In addition to the hypotheses of Theorem 4.1, assume that the
domain fi is decomposed into rectangular elements. If u e L^W '°°(fi)),
then

(4.23)

\\V(U-u)\\L

OO v

OO I

<cAlog(l/A).

Proof. Applying Theorem 4.1 and the inverse inequality, we deduce that

(4-24)

||Vi||L (L }<ch-lm\L
oo^

<ch.

oo'

oo^

A'

On the other hand, using Lemma 3.3 and the inverse inequality, we have

livvll^,

(4.25)

< ||v(fi - nM)||£oo(Loo)
+ nv(n« - u)\\LM

^ch~l^K^

+ ^-UuK^J

+ I|v(n«-«)||L „
00v

OO'

<cAlog(l/A).
Inequality (4.23) is now a direct consequence of (4.24)-(4.25).

D

Finally, we derive a superconvergence order estimate for the gradient.

Theorem 4.4. Under the hypotheses of Theorem 4.1 and Lemma 3.4,

(4-26)

I^ElV^-")^)!2!

<ch' ^tel.

Proof. In view of Lemma 3.4, we only need to estimate £ = U-it.
4.1 and the inverse inequality,

1 1/2

^Ejv^o)i2|

Í

By Theorem

1 1/2

<^EiivíiiL«x,)
^{^EÄ_2nv<w}

<mx,h<ch2

D
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