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ON THE EXISTENCE, UNIQUENESS, AND FINITE ELEMENT
APPROXIMATION OF SOLUTIONS OF THE EQUATIONS OF
STATIONARY, INCOMPRESSIBLE MAGNETOHYDRODYNAMICS

MAX D. GUNZBURGER, AMNON J. MEIR, AND JANET S. PETERSON

ABSTRACT. We consider the equations of stationary, incompressible magneto-
hydrodynamics posed in a bounded domain in three dimensions and treat the
full, coupled system of equations with inhomogeneous boundary conditions.
Under certain conditions on the data, we show that the existence and unique-
ness of the solution of a weak formulation of the equations can be guaranteed.
We discuss a finite element discretization of the equations and prove an optimal
estimate for the error of the approximate solution.

1. INTRODUCTION

In this work we study the equations of stationary, incompressible magnetc-
hydrodynamics which describe the steady state flow of a viscous, incompress-
ible, electrically conducting fluid. There is interest in these equations since
they have applications in fusion technology and novel submarine propulsion
devices; they also model the flow of liquid metals in magnetic pumps that are
used to cool nuclear reactors (see [10, 15, 18-21]). The majority of the work
done on these equations has been for the time-dependent problem with homo-
geneous boundary conditions. Those studies done for the steady state problem
usually treat homogeneous boundary conditions, except in the few cases where
simplified and unrealistic nonhomogeneous boundary conditions are treated;
see [2]. In addition, many previous studies only consider one- or two-dimen-
sional domains, where many effects unique to physical, three-dimensional space
are lost; see [21]. Also, many studies assume other simplifications to the equa-
tions, such as vanishing magnetic Reynolds number, which allows the fluid and
magnetic equations to uncouple; see [14].

In this work we treat the full, coupled system of equations in a three-dimen-
sional domain. These equations are specified in §2 along with the definition of
various function spaces that will be needed. In §3 we give a weak formulation
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for these equations and in §4 we prove an existence and uniqueness result. An
alternate choice of boundary conditions is discussed in §5. Section 6 deals
with various aspects of discretizing the equations by finite element methods.
We prove an existence and uniqueness result for the solution of the discrete
equations and derive error estimates for the discrete solution. In §7 we describe
three possible iterative schemes for solving the nonlinear algebraic equations
which result from discretization. Our work is in the spirit of some of the well-
known analyses done for the Navier-Stokes equations; e.g., see [6, 7, 9, 17].

2. EQUATIONS AND FUNCTION SPACES

2.1. Equations and boundary conditions. = We consider the equations of sta-
tionary, incompressible magnetohydrodynamics in a bounded domain in three-
dimensional space. Let Q be a simply-connected, bounded domain in R®
which is either convex or hasa C'''! boundary 9Q; see [8]. We assume these
restrictions on the domain Q throughout this discussion. Consider the follow-
ing equations which hold in Q:

(2.1) ——A%Au+]lvu-Vu+Vp—ij=f,
(2.2) V.u=0,

(2.3) j=E+uxB,

(2.4) v.j=0,

(2.5) VxB=Rj,

(2.6) V-B=0,

(2.7) VxE=0.

Here M, N, and R, are the Hartman number, interaction parameter, and
magnetic Reynolds number, respectively, and are given by

1/2 +
M=§Z(E) / , N=a§2—L—_—, R, = uouL,
n pu

where %, B, and L are a characteristic velocity, magnetic field, and length,
respectively; see [18, 19]. The unknowns have been nondimensionalized as
follows: the velocity u by %, the pressure p by aﬁsz, the electric current
density j by ouB, the magnetic field B by B, the electric field E by %B,
and the body force f by aﬁ?z. The other parameters appearing above are
the density p, the electrical conductivity o, the viscosity 7, and the magnetic
permeability x. We assume that the scalars p, o, n, and u remain constant
in the fluid and that these, as well as the vector f, are given. The unknown
variables are the vectors u, j, B, E and the scalar p.

We require the solution of (2.1)-(2.7) to satisfy the following boundary con-
ditions. For the velocity we specify

(2.8) Uy =8,
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where g = 0 if there is no flow through the boundaries and a no-slip condition
is satisfied at the boundaries. For the magnetic field we specify

(2.9) (B-n)lyg =1,

where ¢ = 0 for a perfect conducting boundary and n is the outward-pointing
normal to Q. Lastly, we impose

(2.10) (E x n),q =k,

where k = —(u, x B) x n|,, for a perfectly conducting boundary, where u,
denotes the velocity of the boundary; if u, = 0, the boundary is fixed, and then
k = 0 for a perfectly conducting boundary.

Instead of the boundary conditions (2.9) and (2.10), we can also consider the
problem with the alternative boundary conditions

(2.11) Bxn),q=4q
and
(2.12) (E-n)|yq =k,

where we need impose condition (2.12) only when solving for E. A derivation
of these equations and boundary conditions can be found in [10, 11, 15].

2.2. Function spaces. In this subsection we introduce some function spaces
and their associated norms, along with some related notation; see [1, 4, 7, 8].
We define the Sobolev spaces H™(Q) for nonnegative integers m by

H™Q):={we L*(Q):D'we LXQ) ¥y: |y| < m},

where y = (7,, 7,, 7;) is a multi-index and |y| =y, +7,+7;. Clearly, HO(Q) =
L*(Q). The norm associated with H™(Q) that we will use is

. 1/2
2
lwll,, = (Z uD’wuo) :

[71=0
For vector-valued functions we define the Sobolev space H"(Q) by
H"(Q):={w:w,e H'(Q), i=1,2,3},

where w = (w,, w,, w,), and its associated norm | -||,, by

3 172
2
Iwll,, = (Z IIw,-II,,,> .
i=1

Three particular subspaces of H' (Q2) that satisfy specific boundary conditions
are needed; they are

H
H

(Q):= {we H'(Q): (wxn)|,o =0},

Q) == {we H'(Q) : w],q, = 0},
1
H)(Q):= {we H'(Q): (w-n)|,, = 0}.
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For we H(l)(Q), Hi(Q) , or H,II(Q) , we will use the norm
2 2,172
Wl = Iwllg + IVwg) .

We will also make use of the product spaces

7 Q) :=H Q) xH(Q),
Z,,(Q) = Hy(Q) x H, (Q),
7,.(Q) := Hy(Q) x H(Q),

all of which we will equip with the usual graph norm; i.e., if (w, ®) € Z'(Q),
Y,,(Q), or #,,(Q), then

W, @)l = (Iwll} + (@I
Next, we define
Z(Q) = {w e Hy(Q): V-w =0},

which is a subspace of (weakly) divergence-free functions, and the subspace of
L@,

LXQ) = {q c}Q): /qux - o} ,

which consists of LZ(Q) functions with zero mean over ; the subspaces have
norms inherited from their parent spaces. The only Sobolev space that we will
need with a negative integer is H' (Q), which is defined as the dual of H(l)(Q) .

The norm of a function in H™' (Q) is given by

(f, w)
Ifil_, := sup ”w”".
weH,(Q) 1
w#0

Here, (-, -)o denotes the duality pairing between the function space H(l)(Q) and
its dual. In general, (-, -),, denotes the duality pairing between a function space
V(Q) defined on the domain Q and its dual (V(Q))*, and (-, )sq denotes
the duality pairing between a function space W (9Q) defined on the boundary
dQ and its dual (W(8Q))". The spaces V' (Q) and W (0Q) will be different
function spaces depending on the specific situation.

Certain trace spaces will also be needed. In particular,

H'0Q) = {w|,q : w € H'(Q)},
H'/*(0Q) := {wl,, : w, € H'*(6Q)},
H '0Q) = ' (6Q))",
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which are equipped with the norms

lall = inf |w|
12,007 o) 1
wloq=4

gl = inf [w|
1/2,0Q WEHI(Q) 1
W|aQ=8

(k, g)
”k”_]/z,ag = sup =09 s
geH'2(6Q) Igll1/2,00
8#0

respectively. We refer the reader to [1] for further details on these spaces and
their norms.

We will make use of the well-known space L4(Q) , equipped with the norm
| -|l;« . We also make frequent use of the following formulas of vector analysis:

(axb)xc-d=(axb):-(cxd)=—(axb)-(dxc)

and
/(Vx(b).‘l’dx=—/ ((Dxn)-‘l’dx+/(l>-(Vx‘l‘)dx.
Q a0 Q

2.3. Elimination of the electric field and current density. For the present, we
consider the equations with the first set of boundary conditions, namely (2.8)-
(2.10). We require the data to have the following regularity and compatibility
properties:

(2.13) feH '(Q),

(2.14) gec H*0Q) with [ g-ndx=0,
a0

(2.15) ge H'*6Q) with [ gdx=0,
aQ

2.16) ke H *8Q) withk-n=0, (k, 1),,=0
' and (k, V), = 0 Vo € H:(Q).

In (2.14) and (2.15) the compatibility conditions on the data, i.e., [,og8-ndx =
0, [,o9dx =0, are a result of the fact that V-u=0 and V-B=0 in Q;
the compatibility conditions of (2.16), (k, 1), = 0, (k, V¢),, = 0 for all
peH 2(Q) , result from the equation V x E=0 in Q and the identities

/ V xEdx = —<(E X n)IaQ’ 1)69
Q

and

/QvxE-v¢dx=—<<Exn>|m,wm,g,

and k-n =0 from the fact that (E xn)-n=0.
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With the aid of (2.3) and (2.5) we may replace the boundary condition (2.10)
by
1
R—[(V x B) x n]|5 — [(u x B) x n]|,q = k.

m

This implies that Ohm’s law, (2.3), as well as (2.5), holds up to the boundary.
The substitution of (2.5) into (2.1) and (2.3) yields
1 1 1
_—MjAu-’- N“'V“'FV - R—m—(V X B) xB=f
and
VxB-R E-R, (uxB)=0.

Finally, E may be eliminated from this last equation through the use of (2.7).

In summary, the system of equations that we consider is given by the follow-
ing:

1 1 1
(2.17) ——WAu+Nu-Vu+Vp—E;(VxB)xB—f,
(2.18) V-u=0,
(2.19) %Vx(VxB)—Vx(uxB):O,
(2.20) V-B=0,
along with the boundary conditions
2.21 u,, = with/ -ndx =0,
(2.21) log =8 o8
(2.22) (B-n)l,q =4 with/ gdx=0,
oQ
1
ﬁ;[(V x B) x n]|,q — [(u x B) x n]|, = k
(2.23) withk-n=0, (k, 1),q =0

and (k, V), , = 0 V¢ € H(Q).

3. WEAK FORMULATION
In this section we present a new problem and show that its solutions are
weak solutions of the system of differential equations and boundary conditions
(2.17)-(2.23), i.e., it is a weak formulation of the original problem. Before in-
troducing the new problem, we define the following forms. For (u, B), (v, ¥),
(W, ®) € #'(Q) and x € LL(Q) let

ay((u, B), (v, ¥)) :=/ {#Vu:Vv+ R%[(V x B)-(V x¥)

Q
(3.1)

+(V-B)(V-‘I’)]}dx,
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a,((u, B), (v, ¥), (w, ®))
(3.2) /——u -Vv-wdx
/ (Vx¥)xB-w—(V x®) xB-v]dx,
(3.3) b(v, ¥), 1) :=—/QxV-vdx,
(34) F((, ) = (£, g + 2~ (K, Poalaa

where : denotes the scalar product from R¥3 xR - R, - denotes the scalar

product on R® , and x denotes the vector product on R’. Furthermore, let
(3 5) a((u9 B) ’ (V, T) ’ (wa (I))) = ao((va ‘P)a (wa (p))
' +a,((u, B), (v, ¥), (w, ®)).

Consider the following problem: find

s (WBEvE H'(Q): W, = g} < (@e H'(Q): (@ n)|yq = g}
and p € L (Q)

such that

(3.7) a((u, B), (u, B), (v, ¥))+b((v, ¥), p) = F((v, ¥)) V(v,¥)€ ¥, (Q)
and

(3.8) b((u,B), x)=0 VyeLi(Q).

We now proceed to show that a solution of the problem (3.6)-(3.8) also
satisfies (2.17)-(2.20) in a weak sense and the boundary conditions (2.21)-
(2.23).

Proposition 3.1. If there exists a ((u, B), p) satisfying the problem (3.6)-(3.8),
then it is also a weak solution of the original system given by (2.17)-(2.20) and
boundary conditions (2.21)-(2.23).

The proof of this proposition requires the following result.
Lemma 3.2. If B H' (Q), then there exists a scalar b € H* (Q) such that
(3.9) V.-Vb=V-B and (Vb-n)|,,=0.

Moreover, Vb € H;(Q) .

Proof. Since B € HI(Q) , we have that V-B € Lz(Q) . Then the result follows
easily, since it is known (see [7] or [8]) that the problem (3.9) has a solution
b € H Q) provided Q is bounded and of class C''!, or Q is a bounded
convex polyhedron, Q C R’. Clearly, Vb € H:,(Q). O
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Proof of Proposition 3.1. Taking ¥ =0 in (3.7), we have

1 1 1
/Q{'M”EV“'VH' ]—Vu-Vu-v—pV-v—R—(VxB)wa} dx

m
=(f,v), WveHyQ);
or, upon integrating by parts, we obtain
1 1 1
— —(Au, V) +/ {——-u«Vu-v— —(V x B) xB-v} dx
(3.10) M? 7 Jo N R,
+(VD, V=, V), WeHQ),

so that (2.17) is satisfied in a weak sense, i.e., in H_I(Q). Recall that (3.8)
states that

(3.11) /V-uxa’x=0 vy € LX),
Q

and since
/V'udx=/ (u-n)|39dx=/ g-ndx=0,
Q oQ oQ

(2.18) certainly holds in a weak sense. Setting v =0 in (3.7), we obtain

/ {Lz[(v xB):(Vx¥)+ (V-B)(V-¥)]+ RL(V x ¥) xB-u} dx
3.12) "\ Em | 1 m
= R—(k, ¥lo0)sqa V¥ EH, (Q).
m
Now, since there exists b € HZ(Q) with Vb € H:,(Q) and V-Vb =V B (see
(3.9)), we set ¥ = Vb in (3.12) and obtain

/Q(V-B)(V-Vb)dx=/Q(V'B)(V'B)dx=Rm(k, Vblya)sq -

By the compatibility condition on k given in (2.16), we then have
/Q(V-B)(V~B)dx= 0,

so that V-B = 0 almost everywhere in Q; hence,

(3.13) /Q(V-B)xdx=0 vk € L3(Q),

and (2.20) is satisfied in a weak sense. The incorporation of (3.13) into (3.12)
yields

/Q{RL(VXB)'(VX‘I’H(VX‘I’)xB-u} dx

m

(3.14)

= (k, ¥),q)p0 V¥ € HL(Q);
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or, upon integrating by parts and restricting ¥ to belong to H(l)(Q) , we obtain

(3.15) RL(VX(VxB),\P)n—/QvX(uxB).\rdx=o V¥ e H\(Q).

m

Thus,

(3.16) Rl—Vx(VxB)—Vx(uxB)=O inH '(Q),

m

1.e., (2.19) is satisfied in a weak sense. In fact, (3.16) also holds in LZ(Q), o)
that from (3.14) it also follows that

/Q{R_lm(VXB)'(VX‘P)+(V><‘P)XB.“} dx

_/Q{R-I—Vx(VxB)-‘I‘—Vx(uxB)-‘P} dx

m
= (k, ¥],0)pq Y¥€H.(Q)
and therefore

<é[(v x B) x n]|,q — [(u x B) x n]j,q, ‘I’|aQ>

= (k, ¥lyg)sq V¥ € H,(Q).

Thus, equation (2.23) holds in H™/?(9Q).

The boundary conditions (2.21) and (2.22) are obviously satisfied because
the solution satisfies (3.6). Also, we have shown that if ((u, B), p) satisfy
(3.7)-(3.8), then they satisfy the system of equations (3.10), (3.11), (3.13), and
(3.15). By definition, this means that they are weak solutions of (2.17)-(2.20).
The boundary condition (2.23) is satisfied in a weak sense because of equation
(3.17) and the compatibility conditions. Thus, Proposition 3.1 is verified. O

(3.17) 90

It can also be shown that weak solutions of (2.17)-(2.20) with boundary con-
ditions (2.21)-(2.23) are weak solutions of (2.1)-(2.7) with boundary conditions
(2.8)-(2.10).

4. EXISTENCE AND UNIQUENESS RESULTS

4.1. Reduction to homogeneous boundary conditions. We can split the velocity
into the sum of a function that satisfies the given inhomogeneous boundary
conditions and a function that satisfies homogeneous boundary conditions. Let
u=1a+uy, where a e H(')(Q) and

1
(4.1) “oeH(Q)a V'“():O’ “olag=ga ”“0”1571”3”1/2‘39

for some positive constant y, < oo. The existence of such a u, can be demon-

strated as follows. First, given g € HY 2((99), there exists u, € HI(Q) such
that

wlo=8 and [ul, < Cligll); -
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Let u, satisfy
V-u,=-V-u withuy,n=0.
Since V-u, € LS(Q), it is well known [7] that there exists such a u, € H(')(Q)
that also satisfies
lu,ll; < CIV -wylly < Cllwy |l -
Then, u, = u, +u, is easily seen to satisfy (4.1). Likewise, for the magnetic
field, let B=B+ B, where B € H,(Q) and

B,cH'(Q), V-B;=0, VxB;=0,

4.2)
(Bo‘n)|an=qa “BOHI S y2”q”l/2,39

for some positive constant y, < oo. If Q is bounded and of class C L1 , We
can find a B satisfying (4.2) by solving the problem

-Ab=0 onQ,
(Vb-m)|,q =g onoQ.

In this case, b € Hz(Q) and |||, < C“q”uz,an (see [7]). With B, = Vb,
(4.2) is clearly satisfied. If Q is a convex polyhedron, g will have to satisfy
an additional compatibility condition in order to ensure the existence of a B,

satisfying (4.2). One such condition is that gn € HY 2(¢9Q) ; this condition will
be satisfied if ¢ vanishes along edges and at the vertices of the polyhedron.
Assume this condition holds. Note that

/ gn-ndx = qdx=0,
Q aQ

where the first equality follows from the fact that n is a unit vector, and the sec-
ond equality holds because of the compatibility condition (2.15) on g. Hence,
there exists B, € HI(Q) with V.B, =0, B,|,, = ¢n, and

”B1"1 < C”q”l/Z,(')Q'

Note that
(Bl * n)laQ = (¢n- n)'aQ =4,

since n is a unit vector. Now since V- (V x B,) =0, it is also known (see [7])
that there exists a vector potential B, € HI(Q) such that

VxB,=VxB,, V:B,=0, (B, m)|yq=0,
”B2"1 < C||V x B]llo < C”B1”1 .

With B, = B, — B,, again (4.2) is clearly satisfied.
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We now rewrite (3.7) and (3.8) using the above splittings for u and B. We
obtain

a((i+u,, B+By), (i+uy, B+B,), (v, ¥) +b((v,¥), p)
=F(v,¥) Y(v,¥)e¥,(Q)
and

b((a+uy, B+By), x) =0 VyeLiQ);
or equivalently,

a((d, B), (8, B), (v, ¥)) +a,((d, B), (u,, By), (v, ¥))
(4.3) +a,((uy, By), (&, B), (v, ¥)) + b((v, ¥), p)
= F((v, V) — a((uy, By), (u,, By), (v, ¥)) V(v,¥) e ¥, (Q)

and

~

(4.4) b((@, B), x) = —b((uy, By), x) =0 Vx € Lo(Q),

where the last equality follows from the fact that V-u, =0.

4.2. Continuity and coercivity properties. We now proceed to verify certain prop-
erties of the forms which will be needed to prove the existence and uniqueness
results.

Lemma 4.1. The bilinear forms ay(-, -) and b(-, -), the trilinear form a (-, -, ),
and the linear functional F(-) are continuous on the indicated spaces.

Proof. The results follow from the following inequalities:

|ay((u, B), (v, ‘I’)|<—/|Vu Vv|dx+—/|V><B) (V x¥P)|dx

/| B)(V - ¥)|dx

(4.5) 1 3
< FIIUIIIIIVHI + P—HBIIIH‘I’II, + EIIBIIIII‘I’II,

1 5
< max {M } l(w, B)llglI(v, ¥l

2
Rm




534 M. D. GUNZBURGER, A. ]J. MEIR, AND J. S. PETERSON

which holds for all (u, B), (v, ¥) e Z'(Q);
la;((u, B), (v, ¥), (w, ®))

< %/ﬂlrov-w}dx
L/{l(V><‘I’)-(B><w)|+|(V><(I>)-(B><v)|}a'x

\/_
[—IIUIIUIIVII Wl + = II‘I’II Bl elwlige + 1@ IIBllslIvile)

< 23 ull, vl i,

\/_ 2y
3[||‘1’|l B, [Iwll, + 1@, IBIl, [Ivll,]

%nnn,n(v, )y (W, @)1l

73
< ]—V-||“||1||V||1||W||1 +

m

< max { L V2 } 10, B) g LIV w5+ v, B 511 v, D)1 12

N’ R

m

< \/iygmaX{i ﬁ} ll(w, B)llg-I(v, B)lig- (W, @)l
which holds for all (u, B), (v, ¥), (w,®) e Z (Q);
(4.7)  |b((v, ), X)| < /QIxV-VI dx < V3||xllovll; < V3lIxllgI(v, ¥)llg»
which holds for all (v, ¥) € Z(Q) and yx € L*(Q); and
[F(v, ¥l <(f, Vgl + R Lk, Y5050l
(4.8) <11, VI, + énkn_m,mn‘lﬂagnm,ag
< {Iifll_. + R_lmnk“_]/z,ag} v, P)lly

which holds for all (v, ¥) € H(IJ(Q) X HI(Q). In the above formulas, y; = yf,

where 7, is the imbedding constant of HI(Q) — L4(Q) (here — denotes
continuous imbedding) and 7, is a positive number. We have also made use

of the following inequalities, which hold for u, v e R:

0 -v] < sVl
Ju x Vilgs < fullgs IVlgs
IV x ullgs < V2 Vullgos.

V- u < V3| Vullgoes
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and, for S € R**?,
[Sullgs < [ISllgsxsllullgs. O

In the following two lemmas, we will show that a(-,-) is coercive, that
b(-,-) satisfies an inf-sup condition, and that under certain restrictions a,(-,, )
is antisymmetric in its last two arguments. These conditions will eventually
enable us to show the existence and uniqueness of a solution to our problem
provided the data satisfies some additional constraints.

Lemma 4.2. The bilinear form ay(-, -) is coercive on #,,(Q), and the bilinear

form b(-, ) satisfies the inf-sup condition

(4.9) inf sup —(@.BL0
XELy®) @, Byew;, @ |1(@, B)llg-lxllo

Proof. Since (i1, B) € #;,(Q), we have that

a,((d, B), (a, B))

>B.

oo oo 1 B+ (v B)(v.B
_/Q{WV"'V" an[(VxB) (V x B) + (V- B)(V B)]} dx

4.10 1 ooar2 |1 2 B|2
@0 Lyvu e g« 19 B}

m

k 2 k. k a2
> —LJa; + 2 ||B|| > min ( L, =3 ) (@, B)|
patiy 2 1 l 2 b 2 b W’
M MR

m

where k, is the constant in the inequality
2 2 1
VWwllg > & llwll]  vw € Hy(Q),

which follows from Poincaré’s inequality; see [7] for details. Also, k, is the
constant in the inequality

2 2 2 1
IV > wllg + 11V -wllg 2 k|wll;  vweH,(Q).

This is a result of the imbedding H;(Q) — H'(Q) and of the following in-
equality, which holds for domains of the type being considered here (see [7]):

IWlly < CUIV x Wy + [V - wilg)  ¥w € H,(Q).

Thus, the coercivity of the form ay(-, -) on the indicated spaces is evident.
Next, there exists § > 0 such that
b((a, B
sup A®BLO 5 gy vy e LX),
@ Bew, 1@, B)lly

since, obviously,

b((a, B), x) b((a,B), x)

> Blixll, Vx € Lo(Q),

B B
sup 'ﬁ—— > sup — 2
@ Bew,, ll(0,B B

)”7/ (a, B)eH},(Q )x {0} (@, )”y/
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where the last inequality is a standard result from Navier-Stokes theory; see [7].
Dividing by ||x||, and taking the infimum over x € L(z)(Q) then yields (4.9). O

Lemma 4.3. Let (u,B), (v, ¥), (w,®) € Z(Q) with V-u= 0 and at least

oneof u,v,w € H(‘,(Q). Then the trilinear form a,(-, -, ) is antisymmetric
with respect to its last two arguments; i.e.,
(4.11) a,((u, B), (v, ¥), (w, ®)) = —a,((u, B), (w, @), (v, ¥)).

Proof. Recall that
a,((u, B), (v, ¥), (w, @))
=/Q{%u-Vv-w—é[(Vx‘I’) xB-w—(Vx(D)xB-v]} dx,
so it is obvious that

/Q{_RL[(VX‘P) XB'W—(VX(D)XB.V]} dx

m

=_/Q{—E1—[(Vx(l>)xB-v-—(Vx‘I‘)xB-w]} dx.

m

(4.12)

Using the divergence theorem, we conclude that

/(rov'w+u-Vw-v+(Vow)V-u)dx= (v-w)(u-n)dx,
Q oQ

so that
1 1
(4.13) /Qﬁu-Vv-wdx——/QNu-Vw«vdx,

whenever the hypotheses are satisfied. The combination of (4.12) and (4.13)
yields (4.11). Note that (4.11) implies that

(4.14) a,((u,B), (v,¥),(v,¥)=0. O
4.3. Existence and uniqueness results. Now let
a((u, B), (v, ¥), (v, @)
:=a((u, B), (v, ¥), (w, @) +a,((v,¥), (uy, By), (w, D))
(4.15) +a,((uy, By), (v, ¥), (w, @))
=ay((v,¥), (w, @) +a,((u, B), (v, ¥), (v, D))
+a,((v,¥), (uy, By), (W, ®)) +a,((uy, By), (v, ¥), (W, ®))

and

(4.16) F((v, )= F((v,¥)) - al(uy, By), (uy, By), (v, '¥)),

where u, and B, are as above, ie., as in (4.1) and (4.2). We restate the
reduced problem (4.3) and (4.4) in the following form: find (@, B) € 7%, (Q2)
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2
and p € Ly(2) such that

a((a, B), (@, B), (v, ¥)) + b((v, ¥), p)

(4.17) .

=F((v,'¥)) Y(v,¥) €%, (Q)
and
(4.18) b((@,B), x)=0 VyelLlQ).

For the existence of a solution to our problem given by (4.17) and (4.18), we
must show that the linear functional F(-) is continuous on #,,(Q), that the
form af(-, -, -) is continuous on %, (Q2) x %, (Q) x #,,(Q?) , and that the form
b(-, -) is continuous on %, (L) x LS(Q) and satisfies the inf-sup condition. In
addition, we also will have to show that the space Z(Q2) x H:,(Q) is separable
and that the form af(., -, -) satisfies certain coercivity and weak continuity re-
quirements that will be made precise. Continuity of a(-, -, -) follows trivially
from the continuity of the forms a(-, -) and q,(-, -, -); the continuity of F()
follows from the continuity of F(-), ay(-, ), and a,(-, -, ) (see (4.5), (4.6),
and (4.8)); the continuity of the form b(-, ) follows from (4.7); in addition,
we have shown in Lemma 4.2 that b(-, -) satisfies the necessary inf-sup condi-
tion. Clearly, the space Z(2) x H,I,(Q) is separable, since it is a subspace of
H(',(Q) x H'(Q) . We now must show that, under certain conditions on the data,

a(-, -, -) is coercive on (Z(Q) x H,(Q)) x (Z(Q) x H}(Q)) x (Z(Q) x H.(Q)).

Lemma 4.4. There exists a constant « > 0 such that whenever

1 Nk k
4.19 < —min{ —L, =2},
( ) “3”1/2,39 7175 {M2 \/iRm}

then

(4.20) a((a, B), (&, B), (&, B) > o|l(a, B)l3 V(a, B) € Z(Q) x H,(Q).
Proof. Through the use of (3.2), (4.14), and (4.15), one easily finds that

=
=)

b

) € Z(Q) x H, (Q) . From (4.2) we have that

which certainly holds for all (
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V x B, = 0. By substituting (4.10) into the above expression, we find that
a((a, B), (@, B), (8, B)
> Sl + - HIBI;

m
|8 bs| = | [ (7)< B
- =|[ @-Vu,-adx| - — V x B) x B-u,dx
N lJq 0 m n( ) 0
k. 2 k, V2 =2
> -Zu ) a7+ | == - =23||u B
> (3 - Rl ) i o~ R ol ) 1B
kl 717}3 A2 k2 \/iyl)’:z, =Y
> (10~ 2221l . ) N + R Bl a0 ) B

where we have used the bounds from (4.6) and the bound for |juy||, from (4.1).
Clearly, (4.19) then implies that (4.20) is valid with

[k oy k, 2y
4.21 o =min{ —L — L5331 , =2 — =143 . 0
( ) {M2 N ||g“1/2,ag an R, ”3”1/2,39}

It is interesting to note that the restriction (4.19) on the data g for the
velocity can be removed for two-dimensional problems. Indeed, the result of
Lemma 4.4 is valid in Rz, for any data g. Since here we are interested in
three-dimensional problems, we do not consider the two-dimensional case any
further.

The last ingredient needed to prove the existence of a solution to (4.17)-
(4.18) is the following lemma.

Lemma 4.5. The map
(@, B) € Z(Q) x H}(Q) — a((&, B), (, B), (v, ¥))

is weakly sequentially continuous on Z(Q) x H,',(Q); ie.,

w-lim(d, B), = (8, B) inZ(Q) x H,(Q)

m-—oo
implies
lim a((d, B),,, (a,B), ,(v,¥)

m—oo

=a((@,B), (@, B), (v,'¥)) V(v,¥) e Z(Q) x H,(Q).

(Here w-lim denotes the weak limit; see [7].)

Proof. If (i, B), — (i, B) in Z(Q) x H,(Q) (here — denotes weak con-
vergence), then it follows that @, — @ in Z({), that ﬁm — B in H:‘(Q),
and that {a,} and {ﬁm} are bounded in Z(Q2) and H:,(Q), respectively.
Since H'(Q) —— L4(Q) (here —<— denotes compact imbedding), we have
that @, — @ and ﬁm - B in L4(Q) (here — denotes strong convergence),
and also that D’a, — D’ and D'B,, — D'B in L*(Q) for all |y| < 1.
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Therefore,

m

~ ~ 1. . .
[ (7B, = VBT W) x|+l =l o

Vi oo o o
+ X201, 1,18, — Bl + 190, 1B,, - Bl [, I
m

1 . . . 1 = = =
+N /Qu~(Vum—Vu)-vdx +E /Q(Vme—VxB)-(va)dx
V2 S Lo o
+ 2= 11 Bl e l18,, — allps + 5718, —allplugll [1V]ls
m

V2 SN S
+ - [IBoll, By, = Bllpell¥llze + ¥l B, — Blly«[lugllye]
m

1 . .
+N /Quo—(Vum—Vu)wdx
1 ~ ~
+R—m/Q(V><Bm—VxB)~(BO><v)dx
V2 .
+ 2= I1¥1,[1Bo I« [18,, — 0]«
m

-0 asm-—ooc. O

Lemmas 4.1-4.4 lead to the following existence theorem.

Theorem 4.6. Given f, q, and k satisfying (2.13), (2.15), and (2.16), respec-
tively, and g satisfying (2.14) and (4.19), there exists at least one ((u, B), p)
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satisfying (3.6)-(3.8). Moreover,

1 1 17V,7
[[(u, B)llg < o [Ilfll—l + ﬁ;"k”-l/z,an + \}—;{3 ||q||1/2 a0
(4.22) + 7,73 ( N \/-R ) Ilglll,;, ag]
5 1
1+aRm ”‘1”1/2 sat {1+ aM2 "3”1/2,39

and

1 1

Ipllg < 7 M 3 [|(u, B)ly
1 V2

(4.23) + V2, maX{N R }II( B)|5

+||f“_1 + R_m"k”_l/z,agl .

Proof. The existence of a (i, B), p) € Z(Q) xH. (Q) x L3(Q) satisfying (4.17)
and (4.18) follows easily from Lemmas 4.1-4.5; see [7]. Moreover, we also have
[7] )

F((v,¥))
(v,¥)e¥,,(Q) ”(V s ‘P)"W '

RPN 1
I@, Blly <~ [
Then, by (4.16), we have that

1 IF((v, ¥))|
(@, Blly < L wew@ 10, )l

+ sup la(( U, o)s (“oa Bo)a (v,¥))| .
(v, V)T, () (v, ¥)lly

Through the use of (3.5) to write a(-, -, -) interms of a(-, -) and q,(-, -, *),
(4.2) and the continuity conditions (4.5), (4.6), and (4.8), one easily finds from
(4.24) that

& 1 1 1 5
(@, B)lly < — {llﬂl_l + R—mllkll_.,z,ag + Flluolh + R—;HBOII,
y 2 V2
+ Rl + R—’uuoulunoul] :
m

But u=1i+u, and B= B+ B, so that the triangle inequality and (4.1), (4.2),
e, [lull, < 71||8”1/2,39 and |Byf, < yzllqlll/z,an,yields (4.22). Finally, from
(3.5) and (3.7) we have
b((v,¥), p) = —ay((u, B), {v, ¥)) —a,((u, B), (u, B), (v, ¥))
+F((v,¥) Y(v,¥)e,,(Q).

(4.24)
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Thus, given (u, B) € Z'(Q), it follows from (4.9) that there exists a unique
D E Lg(Q) satisfying (3.7). Moreover, using (4.5), (4.6), (4.8), and (4.9), we
easily arrive at (4.23). O

It should be noted that there is no restriction on the size of ¢ or k, the data
for (B-n)|,5 and (E x n)|,q5 on the boundary, respectively. Thus, if g =0,
i.e., the boundary 0Q is a solid wall and a no-slip condition is satisfied at the
wall, we have existence regardless of the size of ¢ or k.

For the uniqueness of the solution to the problem (3.6)-(3.8), we have the
following theorem.

Theorem 4.7. There exists at most one solution ((u, B), p) € 7' (Q) x Lg(Q) to
the problem (3.6)-(3.8) such that

. k. k

m
Moreover, if the data £, g, q, and k satisfy (4.19), the hypotheses of Theorem
4.6, and

7’172}'3
- + =k +
~[1m_, R Wli.00+ ol al} 2 sa

b4 2
+7173 (N \/—;{ ) |'g||1/z,agl

1 > 1 1
+— Rm ”‘1"1/2 st h\1+—73 Yz ”3”1/2 Q

<—1 min ﬁ—kz— maxiﬁ
ﬁy3 M2 ’ an N ’ Rm ’

then the problem (3.6)-(3.8) has exactly one solution ((u, B), p) € #(Q) x
LIQ).
Proof. Suppose ((u, B), p), (w, ®), s) € W(Q)XLS(Q) are two, nonidentical
solutions of (3.6)-(3.8). Then (u—w, B-®) € 7, (Q). In fact, from (3.8),

b((u-w,B-®), x) =b((u,B), x) - b((w, ®), ) =0 V¥x € Lo(Q),
so that (u—w, B—®) € Z(Q) x HL(Q) . Since both candidate solutions satisfy
(3.7), we have

a((u, B), (u, B), (v, ¥)) + b((v, ¥), p) = F((v, ¥)) V(v,¥) € %, (Q)
and

a((w, @), (W, ®), (v, ¥)+b((v,¥),s)=F((v,¥) V(v,¥) €, Q).

Upon taking the difference of the last two equations and then setting (v, ¥) =
(u—w, B—®), we have, using (3.5), (4.11), and the definition of Z(Q), that

(4.26)

a((u-w,B-®@), (u-w, B-®))
+a,((a-w,B-®), (u,B), (u—-w,B-®))=0.
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Then (4.6) and (4.10) yield

k, 2,k 2 7 2
m”“—“’”] + R—2||B—(I>||1 = 7 llull o = wiy

m
V2y
—R—3[||BII lu—w,|B—-®|, + |uf,|B- ‘1’||1]<0
m
or
k y 5
(Vlz - ﬁllulll \/—R IIBIII) [lu— wl|]
(4.27) .
+ | =2 3 B|, | [B-®|°<0
(an R, [lall, - \/—R Il II)II I} <

From (4.25) we have

? ? 1 V2 k,
(4.28) -Al,llll||1+\/—2—;zmllB||1 \/_V3maX{N R }II(ll B)IIW<E
and
\/_y3 1 V2 k,
(4.29) ——(v||, + \/_Rm IBJ|, < V27, max N'EK, l(u, B)|ly < E-

The combmatlon of (4.27)-(4.29) easily yields |[u—w||, =0 and |[B-®|, =0,
contradicting the assumptions that u # w and B # ®. Once (u, B) is uniquely
determined, the uniqueness of p € LS(Q) follows; see Theorem 4.6. Now, if
(4.19) is satisfied, o given by (4.21) is positive and by Theorem 4.6, there exists
a ((u, B), p) satisfying (4.22). Then the latter and (4.26) imply that (4.25) is
true so that this solution is unique. 0O

We remark that in order for condition (4.26) to hold, all the data f, g, g,
and k must be sufficiently small.

5. ALTERNATIVE BOUNDARY CONDITIONS

We now consider the boundary conditions (2.8), (2.11), and (2.12). The
governing system is now given by (2.17)-(2.21) and

(5.1 (Bxn)|,q=q withq-n=0,

where again we require the data to have the following regularity: f, g should
satisfy (2.13) and (2.14), respectively, and q should satisfy q € HY 2(6(2). The
compatibility condition in (5.1), i.e., q-n = 0, results from the fact that (ob-
viously) (B x n)|,q , and therefore g, lies in the tangent plane to the boundary
Q.

Let (u,B), (v,¥), (w,®) € 7, (Q) and x € Lg(Q) . Then we define the
forms ay((u, B), (v, ¥)), a,((u, B), (v, ¥), (w, ®)), and b((v, ¥), x) as be-
fore (see (3.1)-(3.3)), and we now define F(-) by

(5.2) F((v,¥)) := (f, v)g.
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Consider the following problem: find

(5.3) (u,B)e{we HI(Q) (W =8} x {®e€ Hl(Q) (@ xn|y, =q}
and p € LS(Q)

such that

(5.4) a((u, B), (u, B), (v, ¥)) +b((v, ¥), p) = F((v.¥)) V(v,¥) e, (Q)
and

(5.5) b((u,B), x) =0 VyeLXQ).

In order to show that solutions of (5.3)-(5.5) are weak solutions of (2.17)-(2.21)
and (5.1), i.e., that (5.3)-(5.5) is a weak formulation of (2.17)-(2.21) and (5.1),
we proceed as in Proposition 3.1, with the following lemma replacing Lemma
3.2.

Lemma 5.1. If B H'(Q), there exists a scalar b € H*(Q) such that
(5.6) V:-Vb=V-B and bl,q=0.
Moreover, Vb € H(Q).

Proof. Since B € H'(Q) , we have that V-B € L? (Q) . The result follows easily,
since it is known that (5.6) has a solution b € H 2(Q) provided Q is bounded
and of class C''', or Q is a bounded convex polyhedron, Q C R (see [7]
or [8]). Now since b|,, = 0, the tangential derivative of b on the boundary

vanishes, i.e., (Vbxn)|,, = 0 (see [7]), and thus we have that Vb € Hi(Q) . 0
In order to derive existence and uniqueness results, we again proceed as in §4,

beginning with the splitting u = @+u,, where u, satisfies (4.1) and @ € Hé(Q) .

We also let B, satisfy

B,cH'(Q), V:.B,=0, VxB,=0,

(5.7)
(Bo X n)|ag =q, ”Bo”1 < 72”(I”1/2,ag

for some positive constant y, < oo. We then set B = B+ B, so that Be

H:(Q) . Finding B, satisfying (5.7) is more problematical than the analogous
problem for the first set of boundary conditions; i.e., having B, satisfy (4.2).
In the general case, q must satisfy some additional compatibility conditions.
Assume that, in addition to (5.1), q satisfies n x q € HY 2(69); obviously
(nx q)-n=0, and thus

/ (nxq)-ndx=0.
oQ
Hence, there exists a function B, € HI(Q) with
V.B, =0, B1|aQ =nxgq, ”B]“] < Cln x ‘I“l/z‘ag'
Note that

(B, xn)jg=(mxq)xn=q—-(q-nn=gq,




544 M. D. GUNZBURGER, A.J. MEIR, AND J. S. PETERSON

because of the compatibility condition (5.1) on q, i.e.,, q-n = 0. If in addition,
(5.8) [ q-Vol,ndx=0 Ve H'(Q),
aQ

we get that [(V xB,)-n]|,q = 0, so there exists (see [7]) B, € Hi(Q) such that
V x B2 =V x B1 Y 'B2 =0, ”B2”1 < C"B1”1 .

Setting B, = B, — B,, (5.7) is clearly satisfied.

Now the rest of the analyses for the existence and uniqueness continues sim-
ilarly to the one for the other boundary conditions (see §4); the major differ-
ences are replacing the space H},(Q) by Hi(Q) and now defining F((v, ¥)) =
(f, v)q —a((uy, By), (uy, By), (v, ¥)). Of course, the exact form of the condi-
tion (4.26) for uniqueness and of the bounds (4.22) and (4.23) will change to
reflect the different nature of the data for the problem.

Note that if the boundary is smooth, e.g., C 2 , then slightly stronger results
may be obtained by a vector potential formulation of B, .

If the additional condition (5.8) does not hold, in general there does not exist
a B, with V x B, = 0 which satisfies the boundary conditions. However, one
can still carry out the analyses if the data q is “sufficiently small”. Indeed, one
can always find a B € H'(Q) such that V.-B,=0in Q, (B,xn)|,, =q,and
IByll, < y2||q||1/2,89, where, of course, we require q-n =0 on Q. Then, if
q is small, so will V x B, be small, and again a lemma analogous to Lemma
4.4 can be proved. The subsequent analyses proceed as in §4.

6. APPROXIMATION

6.1. The approximate problem. We now want to consider approximating solu-
tions to our problem. In order to keep the exposition simple, we restrict our
attention to convex polyhedral domains. We start by choosing families of finite-
dimensional spaces X*(Q) c H'(Q), Y'(Q) c H'(Q), and S;(Q) ¢ LY(Q),
parametrized by a parameter /4 such that 0 < 4 < 1. We then define

XA(Q):=X"(Q)NH)(Q), YHQ) :=Y'Q)NHLQ),

Y/(Q) = Y'(Q) nH.(Q),

T

with corresponding norms induced by the norms on H' (Q) and Lé(Q) . Next,
we define the product spaces
7"Q) =x"Q) xY'(Q),

V;(Q) = X0(Q) x YA(Q),

Hor () = X)(Q) x Y1(Q),

with corresponding norms induced by the norm on % (Q2). We also define the
space

z'Q) = {w” eXh(Q): /Qx"v.w” dx=0vy" e s{,’(Q)} .
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Note that, in general, Zh(Q) ¢ Z(Q). A measure of the “angle” between the
spaces Z(Q) and Z"(Q) (see [9, 13]) is given by

©:= sup inf ||z—zh||1.
Fezh () €LY
ll2"]l,=1

Note that 0 < © < 1. A consequence of Zh(Q) ¢ Z(Q) is that the form
a,(-, -, ) defined by (3.2) does not satisfy the antisymmetry property (4.11)
whenever u € Zh(Q). In order to preserve this useful antisymmetry property
over the subspaces, we introduce the form (see [6] or [17])

a,((u, B), (v, ¥), (w, @))
:=/Q%[u-Vv'w—u-Vw-v]dx

_/ R__l__[(vx‘]’)xB-w—(de))xB-v]dx
Q By

= %[al((u, B), (v, ¥), (w, @)) —a,((u, B), (w, @), (v, ¥))].
Using the divergence theorem, it is easily verified that
(6.2) a,((u, B), (v, ¥), (w, @) = a,((u, B), (v, ¥), (w, @))
on (Z(Q) x H](Q)) x 7 (Q) x #°(Q) . In addition, we now have that
(6.3) a,((u, B), (v, ¥), (w, ®)) = -a,((u, B), (w, ®), (v, ¥))

onallof Z'(Q)xZ (Q)x# (), and in particular, this antisymmetry property
holds on the finite-dimensional subspaces, e.g., even when u € Xh(Q) .

We now modify the form a(-, -, ) defined in (3.5) into the form a(-, -, -)
defined by
a((u, B), (v, ¥), (w, @) := a,((v, ¥), (W, ®))

+a,((u, B), (v, ¥), (w, ®)).
Owing to (3.8) (respectively, (5.5)) and (6.2), it makes no difference whether
one uses a(-, -, -) or a(-, -, ) in (3.7) (respectively, (5.4)). In fact, all of the
results of §§3-5 remain valid if one uses, throughout those sections, a(-,-,")
and af(-, -, ) instead of a(-,-,-) and a(-, -, ).

Next, we approximate g and g or q by gh and qh or qh , which belong
to the restriction to the boundary of elements of Xh(Q), to the restriction to
the boundary of normal components of Yh(Q), and to the restriction to the
boundary of tangential components of Yh(Q), respectively. There are various
ways to choose these approximations to the boundary conditions. For exam-
ple, they may be chosen to be the interpolants in the boundary spaces of the
corresponding functions, or they may be chosen to be some projection of the
given data onto the boundary spaces. For now, we assume that we have avail-
able approximations gh € X"(Q)|aQ and qh € {(vh “n)|yq Ve Yh(Q)} or

(6.4)
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qh € {(n x v")|aQ Ve Yh(Q)} to g and g or q, respectively. Note that
for polyhedral domains, gh, qh, and qh are piecewise polynomials on the
boundary whenever the underlying finite element spaces X"(Q) and Yh(Q) are
themselves piecewise polynomial spaces. (This is due to the fact that for poly-
hedral domains the components of the normal to the boundary are piecewise
constant functions.)

The discrete problem we consider, for the boundary conditions (2.8)-(2.10),
is given as follows: find

W, B" e (" e X'(Q): V|, = 2"} x {@" € Y'(Q): (@" -m)|,, = 4"},

(6.5) A
and p~ € §,(Q)
such that
a(", B"), ", B"), (", ") + b((v", ¥), p")
(6'6) h h h h h
=F((v,¥)) V(v ,¥)e%,Q),
(6.7) b(",B"), x") =0 vi" espQ),

where F(-) and b(-, -) are defined by (3.4) and (3.3), respectively.
For the boundary conditions (2.8), (2.11), and (2.12), the approximate prob-
lem is given as follows: find

W, B" e (" e X'(Q) : V|, = 2"} x {@" € Y(Q): (@" xn)|, = ¢}
and p" € S)(Q),

(6.8)
such that (6.6) is satisfied for all (vh , ‘Ph) € Woi’(Q) and (6.7) is satisfied, where
F(.) is now defined by (5.2).

6.2. Existence and uniqueness results for the approximate problem. Let us con-
sider the discrete problem given by (6.5)-(6.7) corresponding to the boundary
conditions (2.8)-(2.10). The derivation of existence and uniqueness results for
this problem closely mimics that of §4 for the continuous problem (3.6)-(3.8).

We begin by restating, in the present context, Lemmas 4.1 and 4.3, and part
of Lemma 4.2.

Lemma 6.1. The bilinear forms a(-, -) and b(-, -), the trilinear form a,(-, -, -),
and the linear functional F(-) are continuous on " (Q) x W"(Q), v h(Q) X
SeQ), #HQ) x 7(Q) x #"(Q), and XA(Q) x Y'(Q), respectively. Fur-
thermore, the form a(-, -) is coercive on Woﬁ(Q) X Woﬁ(ﬂ) and, on ¥ "(Q) X
W"(Q) ¥ (Q), the form a,(-, -, -) is antisymmetric in its last two arguments,
i.e., (6.3) is satisfied.

Proof. The continuity properties are an obvious consequence of Lemma 4.1
and, for &,(-,-,-), of (6.1) and Lemma 4.1. Since 7/02(9) C %,,(Q), the
coercivity result for a,(-, -) is an obvious consequence of Lemma 4.2. The
antisymmetry property (6.3) is satisfied by construction. O
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The constants appearing in (4.5)-(4.8) and (4.10) carry over to the present
setting.

The inf-sup condition (4.9) for b(-, -) is not automatically satisfied over the
subspaces Woﬁ(Q) , Sg (Q) . This condition turns out, in fact, to be a constraint

on the finite-dimensional subspaces Xg(Q) and SS(Q) that can be used in
order to have stable and accurate approximations. Thus, we assume that Xg(Q)
and Sg(Q) have been chosen so that the inf-sup condition is satisfied on the
finite-dimensional spaces; i.e., that there exists a constant Bh > 0 such that

h

h nhy Lk

(6.9) inf LB 1) 5 g
1'€S@) w* Bhewg @ 1w, Byl Ml
This constraint is exactly the one necessary for the analogous discretization of
the Navier-Stokes equations to yield meaningful approximations. Thus, a va-
riety of pairs of finite element spaces that satisfy (6.9) have been devised and
analyzed; see the discussion and references in [7, 9, 16]. There is no constraint
on the spaces Yﬁ(Q) , 80 in order to approximate the velocity and pressure, we
can use the spaces that have been used traditionally for the Navier-Stokes equa-
tions; to approximate the magnetic field we can use any appropriate subspace of
H' (). When guided by the error estimates derived below, it is convenient and
efficient to choose Yh(Q) = Xh(Q) , 1.e., the underlying finite element spaces for
the magnetic and velocity fields are the same.

Next, we need to define extensions ug € Xh(Q) and Bg € Yh(Q) of the
discrete data gh and qh , respectively. We emphasize at the outset that these
extensions are used only to derive existence and uniqueness results, and are not
explicitly needed in order to compute the solution of the approximate problem
(6.5)-(6.7). We want these extensions to satisfy, on these subspaces, relations
analogous to (4.1) and (4.2).

Given gh , we seek ug € Xh(Q) such that ugl a0 = gh ,

(6.10) /Q(v.ug)x"dx=o vi' e ShQ)

and ||ug||l < yf’||g"||1 2,00 The existence of such a ug can be demonstrated
as follows. First, given gh € Xh(Q)| a0 C HY 2(6(2) , we can easily find a u'l' €
X*(Q) such that uf|,q = g" and [uj]l, < Clig"ll,), oo Then, we let u} €

Xg(Q) satisfy

/Q(v.u;’)xhdx=—/Q(V-u';)xhdx Vxh eS(',’(Q).

The existence of such a u'z' follows from (4.7) and (6.9); moreover, these also
imply that there exists a u'z' such that ||ug||1 < (l/ﬂh)llv'u'l'll0 < (\/§/,l:?h)||u'1'||l <
(V3C/ /3" )||gh||l 12,00 Then ug = u'l' +u§' has the desired properties, including
(6.10).
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To construct an extension Bg, we proceed as follows. Given qh, we find
Bg € Yh(Q) that satisfies (Bg ‘n)|yo = ¢" and

/[(V xBE) - (Vx ¥+ (V-BY(V-¥]dx =0 V¥ e Y'(Q).
Q

It is not difficult to show, using the methods of [5], that such a Bg exists and
h hy h
moreover, that ||Byl, < 7,llq ”1/2,39 and

h . h
(6.11) By —Boll, <C  inf B, - @7,
D EY(Q)
(@" )| pq=¢"

where By, is defined in (4.2). It can also be shown, again using the methods of
[5], that if qh is chosen as either the interpolant or the L2-projection of ¢ in
the restriction of the normal components of Yh(Q) to the boundary 9Q, then
the right-hand side of (6.11) can be made as small as one wishes by choosing 4
sufficiently small. Thus, (4.2) and (6.11) imply that |V x Bg||0 and ||V Bgll0
can be made arbitrarily small as well.

To summarize, we have constructed extensions ug and Bg of the data gh
and qh , respectively, which satisfy, for any ¢ > 0 and for sufficiently small £,
(6.10),

h h h h h h, h
(6.12) U, €X' (Q), uoIaQ =g, ”“0”1 <" e ”1/2’39,

and
h h h h h h, h
BOGY (Q), (Bo‘n)lan=q > “Bo”1 Syzuq ”1/2,39,

(6.13) . \
IVxByll,<e, and |V-Byl,<e.

It should be noted that the above construction processes also yield that y:’ and
y;' may be bounded from above uniformly in 4 whenever ,Bh can be bounded
from below uniformly in 2. Indeed, we may essentially take y:' = 7, and
h=7,.

Having constructed the extensions ug and Bg , we proceed as in §4. We let
u = ug +i" and B" = Bg +§h, so that & € X{;(Q) and B € YZ(Q). In
view of (6.12) and (6.13), this leads us to the following discrete problem with
homogeneous boundary conditions: find (ﬁh, ﬁ") € WO:(Q) and p" € Sg (Q)
such that
hy _h

)sD")

PPN
ah((u ’

BY), @, B"), ", ¥) + b, ¥
E", ¥ v, ¥ e7l @
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where
B0, ¥") = F(", ¥") - a((ug, By), (ug, By), (v, ¥*)
and
a,(*, B"), (", ¥, (W', @) :=a(", BY), o', ¥, o', @)

+a,(v", ¥"), (ug, By), (W', ®"))

+a,((uh, BY, (v, ¥, W', @").

We are now in a position to state results for the discrete problem analogous
to those found in Lemmas 4.4-4.5 for the continuous problem.

Lemma 6.2. For sufficiently small h, there exists a constant o" > 0 such that
whenever

(6.14) ||gh||l/2‘ag<ﬁmin{%, \/_2—"122’;}
then
a,(u", B"), ", B"), 0", B"))
> o, B"); v, B") e Z'Q) x Y, (Q).
Furthermore, the map

", B" e 2 Q) x Y'(Q) - a,(u*, B"), (", B"), (v"

h
)
is weakly sequentially continuous on Z"(Q) X Yﬁ(Q) .
Proof. The proof follows exactly the proofs of Lemmas 4.4 and 4.5, the only
exception being that since V x Bg # 0, we must choose # sufficiently small so
that we can appropriately hide any terms involving V x Bg . O

Again, for reasonable choices of finite element spaces and for sufficiently
small £, the constant o’ may be bounded independently of 4 and, in fact, we
may essentially choose o" = . Armed with Lemmas 6.1 and 6.2, we may now
state an existence and uniqueness result for the solution of the discrete problem
(6.5)-(6.7).

Theorem 6.3. Let gh € Xh(Q)L'm satisfy (6.14), f and k satisfy (2.13) and
(2.16), and ¢" € {(¥" -n)|,, : ¥" € Y'(Q)}, and assume (6.9) holds. Then
there exists a solution ((u*, B"), p") € #"(Q) x S}(Q) of (6.5)(6.7). More-
over, the estimates (4.22) and (4.23) hold with u,B,p,g,q9,7,,7,,a, and
B replaced by u s B’ s p", g", q" s y{' , y;’ , o, and ﬁ", respectively. Moreover,
there is at most one solution satisfying (4.25) (with the above mentioned replace-

ments). Finally, if (4.26) (again with the appropriate replacements) holds, then
the problem (6.5)-(6.7) has exactly one solution.

Proof. The proof proceeds exactly as those for Theorems 4.6 and 4.7. O
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A similar existence and uniqueness result may be derived for the solution
of (6.6)~(6.8), (Z,1(Q) replaced by % (Q) in (6.6)), corresponding to the
boundary conditions (2.8), (2.11), and (2.12).

6.3. Error estimates. We now turn to the derivation of an estimate for the
difference between the solution of the approximate problem (6.5)-(6.7) and of
the continuous problem (3.6)-(3.8). Again, we consider in detail the case of
the boundary conditions (2.8)-(2.10). We also only treat the case where both
the continuous and discrete problems have a unique solution. We define the set
#;1(Q) by

7(Q) :=WHQ) x YI(Q),

where

WHQ) = (W e X'(Q) W], =g}

h h_ h h h
Y, (Q):={® €Y (Q):(® -n)|,g=9q}.
Then the basic error estimate is given by the following theorem.

Theorem 6.4. Let ((u, B), p) and ((uh, Bh), ph) denote the solutions of the
problems (3.6)-(3.8) and (6.5)-(6.7), respectively. Let the hypotheses of Theo-
rems 4.6, 4.7, and 6.3 be valid. Then, there exist positive constants C, < oo,
i=1,...,4, such that

h o oh . hogh
6.15 u,B)—(u ,B <C inf u,B)-(v,¥
(615 1. B)- (W' By <C, | inf 0, B) - 0", ¥l

. h
+C,® inf [p-s|,
shestQ)

and

h . h gt . h
6.16) |p—-p |l < C inf (u, B)—(v , ¥ +C, inf |p-s|,-
(616) Ip=p"lp < C; , inf , I, B) i+, inf ="l

Proof. Let (wh, ®") be an arbitrary element of th(ﬂ) = WQ(Q) X Y'l'(Q),
where

WiQ) = (W' e WHQ): (W, @), x") =0 vx" € SL(Q)}.

Then clearly, (uh - wh, B - (Dh) € Woﬁ(Q) and, in fact, since

b -w", B" - @"), x") = b((a", B"), ") - b, @"), )

=0 vy'eSiQ),

we have that (uh —w , B —d)h) € Zh(Q) x Yﬁ(Q) . For the exact solution (u, B)
we also have, from (3.7), (6.2), and (6.4), that

a,((u, B), (", ¥")) + a,((u, B), (u, B), (v', ¥")) + b((v", ¥
Y e 7 (Q).

"), p)

(6.17) ]

=F((vV',¥") v
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For the approximate solution (uh , Bh) we have, from (6.4) and (6.6),

a0<<u",B”>,<vh '1'>>+a<( " BY, ", BY), (v, ¥))
(6.18) +b((v", ¥, p")
= F((v", '1"’)) (v, W) € 74,(9Q).

Subtraction of (6.18) from (6.17) yields

a,(u, B)— (", B, ¢, ¥") + 4,((u, B) - (0", B"), (u, B), (v, ¥’

+a, (", 8", u,B) - (", B"), (", ¥") + b((v", ¥’
=0 V', ¥) e 7, Q).

)

)ap_ph)

Then, with she Sg(Q) arbitrary, we have

a, (W', @") - ", B"), (v, ¥"))

W, ®" - ", B"), @, B), v, ¥")

a,(w", ®") - (u,B), (u, B), (v, ¥")
(

a,(w",B"), ', ®") —(u, B), (v, ¥"))
b, ¥, 5" —p) ', e 74,(Q),

W', " e 7 Q), " espQ).
Next, set (v, ¥") = (w", ®") — (", B") and let z € Z(Q) be arbitrary. Then,
using (6.3) and the definition of the subspaces Z(Q2) and Zh(Q) , we have from
(6.19)

a)(w", @) - ", B"), ", ®") - (", B))

+a, (', ®")-@",B"), u,B )(w o") - ", B")
(620) - ao((w ’(:) ) ( )a (W > @ ) (uh ’ Bh)) \ )

+a,((w", ®") - (u, B), (u, B), W', ®") - (u", B"))

+a,(w", B"), W, ") - (u,B), W, ®") - (", B")

+ (W', ®") - (", B") -z, 0), 5" - p).

The right-hand side of (6.20) may be estimated from above using the continuity
properties (4.5)-(4.7). The left-hand side may be estimated from below using
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(4.6) and (4.10). Thus, one easily finds that

[mi {% 1’;—} fy3max{]lv Rﬁ}nw B)nyl
, @) B")|l,,
1 V2
(6.21) < [max{ }+\/_y3ma {N,E}
(l(u, B)y + (", B")Mw]

h
w z
W, )~ (u, Bl + V3 (”—“‘) Is" = pll.
Iw* — |,
Now, using the definition of 6, we have, since w—u' e Zh(Q) ,

h
W —u —ZIII

(6.22)
2€Z(Q) ”w —u ”1

Furthermore, from (4.25) we have

(6.23) @, := min{ﬁl;z, ;2} \/_y3max{]i, }‘(}u(u B)|, > 0.

m

Then, taking the infimum of (6.21) over z € Z(Q), and using (6.22), (6.23),
and the triangle inequality, we obtain

lu, B) - (u*, B")|l,
V3 h — hoh
(6.24) < G Olp =5l + (1+T)lw, B) - (v, @)

vs' e Sy(Q), W', 0" e %' (@),
where

= 1 1 5 1 V2
Cl=a—[max{m,R—2}+\/-y3max{N R }
m

1

- (I(u, By + I (u*, Bh)uW)] :

Now, taking the infimum of (6.24) over s" € S{(Q) and (W', ®") € #"(Q),
we have

hooh V3. . h —
u,B)—(u ,B <—0 inf |p-s|,+(1+C
[|(u, B) - ( )1 P% o O sdsa) Il lly + ( N

(6.25)

. h h
ol 10 B) = 4 )
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But, if (6.9) is satisfied, we can show that

. h h
inf [(u=B)—(w ,®)|
W OMeF () | ¥

(6.26)
s(1+‘/—§) inf i, B) -~ (v", ¥")ly .

h
B" ) & ¥hewtQ)

To show that (6.26) holds, let Ve W';(Q) be arbitrary. It is well known, e.g.,

see [6] or [7], that (6.9) implies that there exists a unique i€ Zh(Q)J' such

that

b((@", 0), X =b(u-v",0), ") v eSiQ)

/3

h 3 h
127, < —llw=v7, .
B

and

Now, let w' = " +v" . We then have that w" € X"(Q) satisfies wh| 80 = vh| 00 =
gh and
b(w", ®", x") = bW, 0), x") = (@ +V", 0), 1)
=b((u,0), x") =0 v eshQ),

so that w" € WQ(Q). Moreover,
h h h V3 h
lo—wi, <flu—v, +2°]], < (1 +—,,> flw—v7, .
B
Since v is arbitrary, it follows that

. 3 .
inf ||u—wh||1 < 1+\/—; inf ||u—vh||1.
wewh(Q) B’ ] vewh@)

Then,

. b xhy 2
inf u,B)—(w ,®")
g . It %

= inf [u-w'|}+ inf [B-@"
wewh(Q) otey(Q)
2
<1+ ‘/—E inf Ju—-v|>+ inf |B-¥|
h h h
B vewh(Q) Yyl (Q)

2
- (1 + §> inf  [(u,B) - (", ¥)5,

B" | v ehewha)

so that (6.26) follows.
Substitution of (6.26) into (6.25) then yields (6.15) with

C,=(1+C)(1+V3/8") and C,=V3/a,.
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For an arbitrary s"e Sg(Q) , we have from (6.17) and (6.18),

b, "), s" - p") = (", ¥"), 5" —p) — ay((u, B) - (", B), (", ¥))

~4,((u, B)- (v", B"), (u, B), (v, ¥")
h h

-a,(", B"), (u,B)- (", B, (", ¥)
v W) e 75(Q).

Using the continuity of a(-, -) and (-, -, -) and the inf-sup condition (6.9)
then yields

h h 1 h 1 5 1 V2
”S —-D ”0S?[\/§”S —P“0+(max{—AP,R—z}-F\/E}BmaX{N,E}

- [(u, B)|ly + ", B")IIW]> Iu—B) - ", B”)lwl :

Then, using the triangle inequality, (6.15), and by taking appropriate infima, we
are easily led to (6.16) with C, = C,C,/B" and C, = 1+(C,C,08/8"+v3/8",
where

T,- max{;ll—r Riz} V2, max{ﬁ R—“f} (0, Bl + ", Bl ).

m
One may obtain an upper bound for C, and C, through the use of (4.22) and
the corresponding bound for (u", B") . O

We remark that the error estimates (6.15) and (6.16) are optimal with respect
to the graph norms employed. The right-hand side of these estimates involve
approximation-theoretic terms using spaces constrained to satisfy boundary con-
ditions. For a discussion of the approximation theory in such spaces, see [5].
Of course, similar estimates can be derived in the context of the alternative
boundary conditions (2.8), (2.11), and (2.12).

Theorem 6.4 provides an estimate for the velocity and magnetic field error
measured in the H‘(Q)-norm. We now turn to obtaining estimates for these
errors in the LZ(Q)-norm. Such estimates are obtained using standard “duality
arguments” with substantial modifications to account for the inhomogeneous
essential boundary conditions. For the use of such procedures for the Navier-
Stokes equations with homogeneous boundary conditions, one may consult [6]
or [7]; for the inhomogeneous case, see [5].

The key ingredient in obtaining LZ(Q)-norm error estimates is to introduce
the following dual problem. We seek (w, ®) € 7, (Q) and s € Lg(Q) such
that

ag((v, ¥), (w, ®)) +a,((u, B), (v, ¥), (w, ®))

(6.27) +a,((v, ¥), (u, B), (W, ®)) + b((v, ¥), 5)

=((w,B) - (", B"), (v,¥)) V(v,¥) e, (Q)
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and
(6.28) b((w, ®), ¥) =0 vy e L}(Q),

where (-, ) denotes the inner product in L’ (Q) . The left-hand side of (6.27)-
(6.28) is merely the adjoint of the operator on the left-hand side of (3.7)-(3.8)
with a,(-, -, -) replaced by &(-, -, -), linearized about (u, B). If we assume
the hypotheses of Theorem 4.7, then one may easily deduce that (6.27)-(6.28)
has a unique solution.

We assume that the solution of (6.27)-(6.28) satisfies w € HZ(Q), LS
HZ(Q) ,and s € H'(Q), and moreover, that there exists a constant C > 0 such
that

(629) (W, @)l e + 5l 1 < Cli(w, B) = (", B[l 2,2

This additional regularity and a priori estimate require smoothness assump-
tions about (u, B) and the domain Q. On convex polyhedral domains, this
additional regularity for (u, B) has not been shown; indeed, even for the un-
coupled Navier-Stokes equations with inhomogeneous velocity boundary con-
ditions, it is not known, under general conditions, that velocity solutions on
convex polyhedral domains belong to H’ (Q2). Furthermore, even if this ad-
ditional regularity of (u, B) were known, we would still be faced, on convex
polyhedral domains, with the unsolved problem of the regularity of solutions
of the linear systems such as (6.27)-(6.28) with corresponding nonstandard
boundary conditions such as homogeneous versions of (2.21)-(2.23). However,
it seems reasonable to assume, under certain conditions, that (6.29) is valid,
even for convex polyhedral domains.

We can now derive our LZ(Q)-norm estimates.

Theorem 6.5. Let the hypothesis of Theorem 6.4 hold. Let ((w, ®), s) denote
the solution of (6.27)-(6.28), and assume that (6.29) holds. Then there exists a
constant C > 0, independent of h, such that

I(w, B) = (u", B")p2 2
h h h hy 2 h
(6.30) < Clh(li(w, B) - (u", B")[l,, + [|(u, B) — (u*, B")[15, + [Ip — p"ll,)
+li(w, B) = (u", B")I5 + g~ 8"1_1 5. 00 + 14— 4", 2 50

h
+ ”g ‘n—g - nll-]/gﬁg] .
Proof. Subtraction of (6.18) from (6.17) yields

a,((u, B) - (u", B"), (v, ¥"))
+a,((u, B)- (u", B"), (u, B), (v, ¥"))
(6.31) +2,((u, B), (u, B) - (u", BY), (v, ¥))
( ")
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Subtraction of (6.7) from (3.8) yields
(6.32) b((u, B) - (u", B"), ¢") =0 v¢" € S5(Q).

Recall the splitting u=@+u,, B=B+B,, u" =d" +u}, and B" =B" + B,
Now in (6.27), set

(v,¥) = (u,B)— (u", B") - (u,, B,) + (ul, B}) € 7, ,
and in (6.28) set
w=p-p"€ LS(Q)-
Combining the result with (6.31) and (6.32) yields

B2
ll(u, B) = (u, B[l 2,y
h

=a,((u, B)- (", B"), (w, ®) - (v", ¥"))

+,((u, B) - (u", B"), (u, B), (w, ®) — (v", ¥"))
+a,((u, B), (u, B) - (", B"), (w, ®) - (v', ¥"))
+a,((u, B) - (u", B"), (u, B) - (", B"), (v", ¥"))

h h

(6.33) +b((u,B)—(u, ), s ¢;),

+b((w, ®) - (v", ¥"), p - p")

+((uy, By) — (us, BY), (u, B) — (u", B))
— ay((uy, By) — (ug, BY), (W, ®))

— &,((uy, By) — (vg, By), (u, B), (W, ®))
—a,((u, B), (uy, By) — (uf, BY), (w, ®))
— b((uy, By) — (uh, B), s) VO, ¥ e #(Q), 4" eSIQ).

One easily sees, by integrating by parts, that (6.27)-(6.28) imply that

1

—FAW+—It—,[w-(Vu)T—u-Vw]+—-l—(Vx(D)xB+Vs=u—uh

R in Q,

m

RLZ[VX(VX(D)—V(V-(D)]
+RL[(VXB)XW—(VXQ’)XII—VX(BXW)]=B—Bh in Q,

m

V-w=0 inQ,
=0 ondQ,

Wyo=0, (B-n)yq=0, (RL(Vx(D)xn+waxn)

m

aQ
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where these equations hold in H™'(Q), H™'(Q), L*(Q), H'?(6Q), H'*(9Q),
and H™Y 2(89), respectively. On the other hand, since (w, ®) € Hz(Q) X
H*(Q) and s € H'(Q), all the terms in the first two equations are in L*(Q),
so0 that these equations hold in Lz(Q) as well. Likewise, the last four equations
hold in H'(Q), H/*9Q), H*(8Q), and H/*(9Q). Then, multiplying the
first equation by (u, — ug) and the second by (B, — Bg), adding the resuits,
integrating by parts, and using the boundary conditions on w and ®, we obtain

((uy, By) - (up, B}), (u, B) — (", B"))
(g, By) — (ug, BY), (w, ®))
(uy, By) — (uh, B}), (u, B), (w, ®))

[((u, B), (uy, By) — (uf, BY), (w, ®))

((uy, By) — (us, By, 5)
=/Q —X;—zn-Vw‘(uo—ug)+s(u0—ug)-n
7]

a
(6.34) b

—Elz-v-o(no—ng)-n} dx.

m

h
Recall that wy|,q = g, (By-n)|;q = ¢, Wlyq = gh, and (Bg ‘Mg = qh.
Substituting these into (6.34) and then the latter into (6.33), we obtain

h h
I(u, B) = (", B")|132, ;2

+a,((u, B)— (", B"), (u, B), (w, ®) - (v", ¥"))
+a,((u, B), (u, B)— (u", B"), (w, ®) - (v, ¥"))
+b((u, B)— (u", B"), s — ¢") + b((w, ®) - (v", ¥"), p - p")
~a,((u, B)-(u",B"), (u, B) - (u", B"), (w, ®) - (v, ¥"))
+2,((u, B)- (u", B"), (u, B) - (", B"), (w, ®))

Using the various continuity properties of the forms (see §4.2), we then have
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that

ll(u, B) — (", B")[[f2 2
max{#, Riz} I(w, B) - (u*, B,

2
- fzmax{%, %} 2w, B)lly + lI(w, B) - (", B")[)

<

- l(u, B) = (u*, B")|5, + V3|l —p"no} (w, ®) — (v, ¥)]l,,

(635)  +V2 max{jg, ‘g“}n B) - (", B3 l[(w, @)l

h
+ V3| (u, B)*(“ , B’ Mg lls =71l
1 h
+ —|IVw-n| le—gll_
Y I 1/2,0Q 1/2,0Q
A
+||S||1/2,agllg°n—g 'n”_l/z’ag
1 h
+ E’:”V'(D”l/Z,aQ“q =4 lZ1)2 90

V', ¥ e 7,(Q), ¢" € SHQ).

Now, from approximation theory and (6.29), we have that
. hoogh
inf w,®) - (v ,¥ < Ch|(w, ® N
g2 g 107 @)= 07 ¥y < CHIW, @)l
h o oh
< Ch||(u, B) —( s B)Ip2eq2 s

inf s = 8"l < Chlsl, < Chllw, B) - (", Bl
0

h h
”(W, 0)”‘7/ < “(w, Q)”]-[ZX]-{2 < C”(u9 B) - (u ’ B )”LZXLZ )
h h
VW nll, , 50 < Clwll, < Cli(w, B) = (u", B')l;2,42,
h
sl /2,00 < Clisll; < Cll(u, B) - (0", B") 22

h
IV -Wli/2,00 < ClIWl, < Cli(u, B) - (0", B2z

Combining these inequalities with (6.35) then yields (6.30). O

Whether or not the estimate (6.30) provides an improvement over the esti-
mate (6.15) depends on the last three terms on the right-hand side of (6.30).

For a discussion of estimates for ||g — gh||l/2,(.,Q and |q — qh”—l/z,an , see [5];
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for the last term, one also has to consider the smoothness of n. In any case,
the last three terms in (6.30) are at least O(hl/ 2) and in many situations are
O(h) . Thus, estimate (6.30) provides at least an O(h'/?), and perhaps an O(h)
improvement over the estimate (6.15).

7. SOLUTION METHODS

We describe three possible iterative schemes for solving the nonlinear alge-
braic equations which result from discretization. We describe the methods in
the context of the continuous problem; the results hold as well for the discrete
problems.

In the first scheme we find, at each iteration,

(u,B),,,, € {(WeH (Q):w|,, =g} x {®cH(Q): (®-n)|,, = g}

(7.1) 5
and p, ., € Ly(Q)

such that

(72) a((u, B),,, (u,B), .\, (v, ¥)+b((v,¥), D,
' =F((v,¥) Y(v,¥) e, (Q)

and

(1.3) b((u,B),,,, 1) =0 VxeLl(Q).

This iteration scheme has the advantage that it converges for any initial guess
whenever one can guarantee the uniqueness of the solutions; its disadvantage is
that it results in a large coupled system of linear equations.

In the second iteration scheme we find, at each iteration,

(8, B),,,, € {weH (Q):wl,q =8} x {® € H'(Q): (@ )|y = g}

(7.4) )
andp,, ., € Ly(Q)
such that
(1.5) ay((u, B),, .1, (v, ¥)) +b((v, ¥), D, 1)
=F((v,¥))-a/((u,B),, (u,B),,(v,¥) V(,¥) e, (Q
and
(1.6) b((u,B),,,,, x)=0 VxeLiQ).

This iteration scheme has the advantage that the resulting linear equations for
the velocity field and the magnetic field decouple. Moreover, for the magnetic
field the equations for the components of this field also uncouple. In this case,
the computation reduces to solving several much smaller systems of linear equa-
tions. The disadvantage of this iterative scheme is that it converges only for
initial guesses that are sufficiently close to the solution and that it requires some
additional constraints on the data. In addition, convergence is slower, in gen-
eral, than that of the first scheme.
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A third iterative scheme is Newton’s method, i.e., we find

(u, B),,,, € {WeH (Q): wyq =g} x {®  H'(Q): (®n)|y =g}

(1.7)
andp, , € LO(Q)
such that
ay((u, B),, ., (v, ¥))+4a,((u,B),,, (u,B), ., (v,¥)
(7.8) +b((v,¥),p m+1) +a,((u, B)m+1 , (u,B),,(v,¥))
=F((v,¥)) +a,((w,B),, (u,B),,(v,¥) V(v,¥) e, Q)
and
(7.9) b((u,B),,,,x)=0 VyeLi(Q).

The advantage of Newton’s method is its guaranteed local and quadratic con-
vergence, at least when uniqueness can be guaranteed. On the other hand, it
converges only for sufficiently accurate initial guesses.

With regard to the three proposed schemes, we have the following results.
The first and third of these follow by what are now standard arguments; see,
e.g., [6, 7], or [12]. Note that the assumption (7.10) is more restrictive than is
the condition (4.26).

Proposition 7.1. If the assumptions of Theorem 4.6 and condition (4.26) hold,
then the iteration scheme (7.1)-(7.3) is well defined and converges for any initial
iterate (u, B), € 7°(Q).

Proposition 7.2. The iteration scheme (7.4)-(7.6) is well defined and converges
provided the assumptions of Theorem 4.6 hold and the initial iterate (u, B), €
¥ (Q) satisfies

1
> [“f”_l ”k“—1/2 QT 773 (Alr \/_R ) ||g”1/2 0Q
17273 2
+ \/ERm ”4”1/2,an
(7.10) , <1+_1_2) I8l 2 00+ 7 1+ —2 | lally 2 50
aM ' aR,, ’

1
+5li(w, B) — (u, B)olly-

<;m1n{ }/\/_))3max{]—V

”I&

)
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Proof. One easily finds that

ao((u B)-(u,B),,,, (u,B)-(u,B), )
a,((u, B) - (u, B),,, (u, B) - (u, B),,, (u, B) - (u, B)
—a,((u, B), (u, B) - (u, B),,, (u, B) - (u, B)
—a,((u, B) - (u, B),,, (u, B), (u, B) - (u, B)

m+1)
m+1)

m+1)'

Using (4.6) and (4.10), we get

(w, B) - (u, B),,,ll3

1 V2 | kK
<\/_y3max{N R }/mm{v,g}

[2l|(u, B) - (u, B), [l l|(u, B)llz +[|(u, B) - (u, B),, 3],

and using the a priori estimate (4.22), we obtain

lI(w, B) = (u, B),,,ll3

1 V2 kK
<\/_y3max{N e }/mm{v,?}

1 4\ ) 2
l2 [a <||f||_1 = IKl_12,00 + 7173 (N + \/sz) 181112, 00
+y1y273

2
llall 2 3Q)
V2R,

+7; (1 + _1_5) ||8||1/2 s T 7 (1 + i2) lIq||1/2 09]
aM ’ aR, ’

+[|(u, B) - (u, B)mllwl ll(w, B) — (u, B),,[l5

Finally, using condition (7.10), we have that

[l(w, B) - (u, B),,,ll3 < cll(u, B) - (u, B),,lly,

for some constant ¢ < 1, which gives the required result. O

Proposition 7.3. If the assumptions of Theorem 4.6 and condition (4.26) hold,
then equations (7.7)-(7.9) have a solution and the iterative scheme defined
by them converges quadratically, provided the initial iterate (u, B), € #'(Q)
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satisfies
”(u’ B) - (u’ B)o”W

| kK 1 V2
<ol ) o 2]

m
1 f 1 k Y1 Y2 2
- a ” ”_1'*'7{;“ ”_1/2,394‘71}'3 N+\/2-_R ”3”1/2,39

m
71)’2)’3 ” |I2
\/iRm ql1/2,00

o (1 = Vgl aa + 75 1+ — ) llal
1 M2 12,00 T 72 R 1/2,0Q

m

+

for some constant ¢ < 1/2.
BIBLIOGRAPHY

1. R. A. Adams, Sobolev spaces, Academic Press, New York, 1975.

2. E. V. Chizhonkov, On a system of equations of magnetohydrodynamic type, Soviet Math.
Dokl. 30 (1984), 542-545.

3. P. Ciarlet, The finite element method for elliptic problems, North-Holland, 1977.

4. G. Duvaut and J. L. Lions, Inequalities in mechanics and physics, Springer-Verlag, New
York, 1976.

5. G. Fix, M. D. Gunzburger, and J. S. Peterson, On finite element approximations of problems
having inhomogeneous essential boundary conditions, Comput. Math. Appl. 9 (1983), 687-
700.

6. V. Girault and P.-A. Raviart, Finite element approximation of the Navier-Stokes equations,
Lecture Notes in Math., vol. 749, Springer-Verlag, New York, 1981.

7. —, Finite element methods for Navier-Stokes equations. Theory and algorithms, Springer-
Verlag, New York, 1986.

8. P. Grisvard, Elliptic problems in nonsmooth domains, Pitman, Boston, 1985.

9. M. D. Gunzburger and J. S. Peterson, On conforming finite element methods for the inho-
mogeneous stationary Navier-Stokes equations, Numer. Math. 42 (1983), 173-194.

10. W. F. Hughes and F. J. Young, The electromagnetodynamics of fluids, Wiley, New York,
1966.

11. J. D. Jackson, Classical electrodynamics, Wiley, New York, 1975.

12. O. A. Karakashian, On a Galerkin-Lagrange multiplier method for the stationary Navier-
Stokes equations, SIAM J. Numer. Anal. 19 (1982), 909-923.

13. R. A. Nicolaides, Existence, uniqueness and approximation for generalized saddle point
problems, SIAM J. Numer. Anal. 19 (1982), 349-357.

14. J. S. Peterson, On the finite element approximation of incompressible flows of an electrically
conducting fluid, Numer. Methods Partial Differential Equations 4 (1988), 57-68.

15. J. A. Shercliff, 4 textbook of magnetohydrodynamics, Pergamon Press, Oxford, 1965.

16. R. Stenberg, On some three-dimensional finite elements for incompressible media, Comput.
Methods Appl. Mech. Engrg. 63 (1987), 261-269.

17. R. Temam, Navier Stokes equations. Theory and numerical analysis, North-Holland, Ams-
terdam, 1984.

18. J. S. Walker, Large interaction parameter magnetohydrodynamics and applications in fusion
reactor technology, Fluid Mechanics in Energy Conversion (J. Buckmaster, ed.), SIAM,
Philadelphia, 1980.




EQUATIONS OF STATIONARY, INCOMPRESSIBLE MAGNETOHYDRODYNAMICS 563

19. J. S. Walker, Three dimensional MHD flows in rectangular ducts with thin conducting walls
and strong transverse nonuniform magnetic fields, Liquid-Metal Flows and Magnetohydro-
dynamics (H. Branover, P. S. Lykoudis, and A. Yakhot, eds.), AIAA, New York, 1983.

20. N. S. Winowich, Magnetofluidynamic channel flow with a nonuniform magnetic field and
conductive walls, Ph. D. thesis, Carnegie Mellon University, Pittsburgh, 1986.

21. N. S. Winowich and W. Hughes, A4 finite element analysis of two dimensional mhd flow,
Liquid-Metal Flows and Magnetohydrodynamics (H. Branover, P. S. Lykoudis, and A.
Yakhot, eds.), AIAA, New York, 1983.

DEPARTMENT OF MATHEMATICS, CARNEGIE MELLON UNIVERSITY, PITTSBURGH, PENNSYLVANIA
15213

COMPUTING AND COMMUNICATIONS DIVISION, Los ALAMOS NATIONAL LABORATORY, Los ALA-
mos, NEw MEXIco 87545

Current address, M. D. Gunzburger and J. S. Peterson: Department of Mathematics, Virginia
Polytechnic Institute & State University, Blacksburg, Virginia 24061

E-mail address: gunzburger@vtccl.bitnet

E-mail adress, peterson@vtccl.bitnet

Current address, A. J. Meir: Department of Foundations, Analysis, and Topology, Auburn Uni-
versity, Auburn, Alabama 36849
E-mail address: ameir@auducvax.bitnet




