
mathematics of computation
volume 60, number 201
january 1993, pages 233-244

Lx-STABILITY OF STATIONARY DISCRETE SHOCKS

JIAN-GUO LIU AND ZHOUPING XIN

Abstract. The nonlinear stability in the //-norm, p > 1 , of stationary weak

discrete shocks for the Lax-Friedrichs scheme approximating general m x m

systems of nonlinear hyperbolic conservation laws is proved, provided that the

summations of the initial perturbations equal zero. The result is proved by

using both a weighted estimate and characteristic energy method based on the

internal structures of the discrete shocks and the essential monotonicity of the

Lax-Friedrichs scheme.

1. Introduction

In this paper, we study the asymptotic stability of the Lax-Friedrichs scheme,

(1.1) uf » - u"j + §(fiuj+l) - /(«?_,)) = $(uj+l - 2u" + Uj_x) ,

approximating general systems of nonlinear conservation laws,

(1.2) ut + fiu)x = P,

for a stationary shock solution,

[ U- ,       x < 0 ,
(1-3a) U(*'° = U,     *>0,

where u = u(x, i) 6 Rw , / is a smooth nonlinear mapping from Rm to Rm ,

m± are two constant vectors in Rm satisfying the Rankine-Hugoniot condition,

(1.3b) /(«_) = fiu+),

and the Lax entropy condition,

(1.3c) kk(u+) < 0 < h(u-) ,

for a genuinely nonlinear field k ; u" is an approximation of u(xj, i„), x}■ =

jAx and i„ = «Ai, with Ax and Ai being the spatial and temporal grid sizes;

u is a constant satisfying 0 < u < 1, and the temporal and spatial grid ratio

X = Ai/Ax satisfies a Courant-Friedrichs-Levy condition,

(1.4) /lsup|A^(«)| < u .
f
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We shall assume that the system in (1.2) is strictly hyperbolic in the sense

that at each state u £ Rm the Jacobian V/(w) has m real and distinct eigen-

values, Xx(u) < À2(u) < ■■■ < Xm(u), with corresponding left and right eigen-

vectors lfi(u) and rM(u), respectively, and that each characteristic field is ei-
ther genuinely nonlinear or linear degenerate in the sense of Lax [5], i.e., for

p = 1, ... , m , the eigenvector rß satisfies VXß • r^ = 1 or VX^ •rß = 0. In the

following, we normalize the eigenvectors so that lM(u)rk(u) = ô^k and define

the m-x. m matrices L(u), R(u) and A(w) by

L(u) = (/i(w)T, ... , lmiu)T)T ,        Riu) = (r.(w), ... , rmiu)) ,

A(w) = diag(A.(w), ... , Xmiu)).

The main goal of this paper is to show the following nonlinear stability result

on the stationary shock profile solution </>, of (1.1), i.e.,

(1.5a) Xifi4>j+X) - ficßj-x)) = vitj+x - 2cf>j + cpj-x) ,

(1.5b) <t>j -> u±     as j —> ±oc ,

which is called a stationary discrete shock. Its existence has been proved by

Majda and Ralston [8] and compressibility and asymptotic properties for it are

established in [7].

Theorem 1.1. Suppose that (1.2) is a strictly hyperbolic system and the k-

characteristic field is genuinely nonlinear. Let <j>¡ be the stationary discrete shock

profile (1.5) in k-field connecting u+ to U-. We assume
oo

(1.6a) X>?-^) = 0'
;=-oo

(1.6b) e = \u+- u-\ < ex ,

and
oo

(i.6c) y. (i+/)2K-<M2<c2,
;"=-oo

for some isuitably small) positive constants Cx and C2 ■ Then, there exists a

unique global solution, un , to the Lax-Friedrichs scheme, (1.1) with initial data

uQj , and it satisfies

oo

(1.7) lim   Y \unj-cpjf = 0
_/'=—oo

for all p > 1 and
oo

(1.8) sup    V K ~<t>i\ < °°-

Remark 1.1. One would expect that stability estimate (1.8) in Theorem 1.1
implies the following error estimate for the Lax-Friedrichs scheme (1.1) ap-
proximating systems of conservation laws (1.2) with stationary shock solution

w(x, t) of form (1.3):

(1.9) \\ui-,t)-Uni-,t)\\v<Ch,
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where un (x, i) is the approximate solution and C is a positive constant inde-

pendent of the grid size h . The error estimate in (1.9) shall be optimal. It has

been achieved by Jennings in the scalar case [3]. It remains to combine some

initial-layer estimates with (1.8) to obtain (1.9). This is left for the future. The

L'-norm is the natural norm in which to measure the stability of the shock

waves; it is of both mathematical and physical significance. So far as we know,

our Lx-stability result in Theorem 1.1 is the first one in Lx-stability of shock

waves for systems of conservation laws.

Remark 1.2. We also study the nonlinear stability of nonstationary discrete

shocks for the Lax-Friedrichs scheme approximating general my. m systems of
nonlinear hyperbolic conservation laws. Both single discrete shock and multiple

discrete shock are proved nonlinearly stable. This will appear in a forthcoming

paper [7]. Because of the complicated structure of nonstationary discrete shocks,

the analysis in [7] is technically much more involved. The main contribution of

this article is to present a different (and simpler) method in the case of stationary

discrete shock.

Remark 1.3. In the original Lax-Friedrichs scheme [5], u = I. However, we do
not expect asymptotic stability of the discrete shock profiles in this case. In fact,

we can easily verify that stationary discrete shock profiles of the Lax-Friedrichs
scheme for the scalar equations are not asymptotically stable. We note that the

theorem of Jennings for the scalar equation also excludes the case v = 1 [3].

Our stability analysis is strongly motivated by the nonlinear stability of vis-

cous shock waves for systems of viscous hyperbolic conservation laws of the

form

(1.10) u, + fiu)x = v uxx,        u>0.

They have been extensively studied in the last three decades. Recently, impor-

tant progress has been made by Goodman [1], Kawashima and Matsumura [4],

Liu [6], and Szepessy and Xin [13] in the study of asymptotic stability of viscous

shock profiles for a large class of viscous hyperbolic conservation laws. They

showed that a weak viscous shock profile is nonlinearly stable in the L2-norm
in the sense that a small initial disturbance, under suitable restriction, will die

out as time tends to infinity. In the scalar case, Osher and Ralston [10] proved
Lx-stability for viscous shocks.

The study of existence and stability of discrete shocks is important in un-

derstanding the convergence behavior of numerical shock computations. Jen-

nings [3] proved the stability of discrete shock profiles for the general first-order

monotone schemes for the scalar conservation laws, see also [2]. The existence

of discrete shock profiles of first-order accurate finite difference methods for sys-

tems of conservation laws was established by Majda and Ralston [8] by means

of the center manifold theorem, see also [9]. Smyrlis [11] proved stability of

a scalar stationary discrete shock wave for the Lax-Wendroff scheme. Szepessy

[12] studied the existence and L2-stability of stationary discrete shocks for a

first-order implicit streamline diffusion finite element method for systems of

conservation laws.

2. Stability analysis

In this section we proceed to prove Theorem 1.1—the nonlinear stability

of stationary discrete shocks.   We first use a weighted energy method to get
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an a priori estimate in the L2-norm. In contrast with the scalar case, owing

to the coupling of waves from different characteristic families, even the linear

stability analysis in the L'-norm is very difficult. We overcome this difficulty

by carefully choosing weights so that propagation of waves in the principal

direction dominates waves in transversal wave directions. The former can be

estimated in the L'-norm by using the essential monotonicity of the scheme in

the principal direction. This, together with the L2-nonlinear stability analysis,

yields the desired result.
We first reformulate the problem as follows. Let u" be a solution of the Lax-

Friedrichs scheme (1.1) with initial data «° satisfying (1.6a), which is assumed

to exist up to n <nx < +oo . Denote by 4>¡ the stationary discrete shock profile

in the k-neld whose existence has been proved in [8]. Setting

(2.1) vj=  ¿ («?-&),
i= — oo

we obtain after subtracting (1.5a) from (1.1), summing up the resulting expres-

sion from -oo to j, and using some manipulations that

vn+i _ vn + jv/(^+,)(o;+1 - vj) + |v/(^)(f>; -«;_,)

(2.2) + ÍQi4>j+l, »;+1 - vj) + \Q(cpj, v] - ©;_,)

= s(«;+i-2«7+c;-,),
where

(2.3a) Q(<p,u-cp) = f(u) - /(</») - Vf(cp)(u - <f>)

satisfies the estimate

(2.3b) \Q(4>,u-<p)\<0(l)\u-4>\2

for u on any bounded set. Using the notations

Lj = L(cf>j),    Aj = Ai<pj),    Rj = R(4>j),    0} = Qi4>j, v) - vj_x) ,

we may rewrite system (2.2) in terms of characteristic variables

v] = LjVn}

as

(2 4)   W> + 1 " ^ + $A'+,(w"+i - Vi] + 2A^'(^ " V"-x) - 5K+« - 2v" + V"->">

= ^Aj(LJ+x-Lj.x)RjV]+e],

where

e] = \ iAj+x - Aj) (Lj+X - Lj) RjVj - f Lj (Rj+X - Rj) Aj+X (v]+x - Vj)

+ \ Lj (Rj+x - Rj) AJ+X (LJ+X - Lj)RjvJ

(25) -{AjiLj-Lj^Rj-iiVJ-vU)

- \ Aj (Lj - Lj-x) (Rj - Rj-i) v] + \ Lj (Rj+x - Rj) (v]+] - Vj)

+ \ Lj iRj - Rj-x)iVj - »;_,) + \ Lj (Rj+x - 2Rj + Rj-x)V}

-\Ljiej+x + e«j).
Before we derive our energy estimate, we first state the following theorem on

compressibility and asymptotic behavior of stationary discrete shocks.
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Theorem 2.1 [7]. Suppose that «_ and u+ satisfy (1.3b-c) and \u-U+\ = e is

small. Then there is a stationary discrete shock profile to (1.5) which satisfies,

forall j = 0,±l,...,

(2.6a) Xk((j>j)>Xk(<t>j+x),

(2.6b) c. \<f>j - 4>j+x | < Xk(cf)j) - Xk((f>j+x) < c2\4>j - (/>j+x | ,

(2.6c) \</)j+x - 2<j)j + 0;_i| < c3 e \q)j+l - <f>j\ ,

where Cx, C2, and c^ are positive constants independent of e and j.

We choose weights

(2.7a) Wj = diag{wXj, w2J, ... , wmJ} ,

as

(2.7b)        wßJ = rr^T n Í1 -ci.ßXk''7i*'M),    ßtk

and

(2.7c) wkJ = l,

where Cx, ß and C2, ̂ are suitable positive constants to be chosen. We denote

\vJ\w = (vJ-WjVj-)l/2.

The specific choice of weights in (2.7) is made to insure that waves propagating

in the transversal directions can be dominated by waves propagating in the

principal direction, which is controllable owing to the compressibility of the
discrete shock profiles (2.6a). More precisely, we have the following lemma.

Lemma 2.1. Let Wj be the weights defined by (2.7). Then we can choose cXt/1

and C2,n appropriately so that

X(Wj+xAJ+x - WjAj) - XWjAj(L]+x - Lj_x)Rj

+ vî(Wj+x-2Wj + Wj_x)<-\(XkJ-XkJ+x)Wj,

provided that e is suitably small.

We delay the proof of Lemma 2.1 until the end of this section. Assuming

Lemma 2.1, we can estimate the solution to (2.4) as follows. Taking the scalar

product of system (2.4) with 2v"Wj, and using summation by parts, we obtain

E Kx\l - E \v"\l + ! S>"+i - vj)<wj + ̂ '+>)K+i -v")
j j j

= YdVj'(kiWj+xAj+x - WjAj) + \(Wj+x - 2Wj + «/_,)
j

(2.9) +XWjA,iLj+x-Lj_x)Rj)vni

+ Yl\vJ+i-vJ\2w-Xy£vJ>iWj-Wj+x)AJ+1ivJ+x-vJ)
j j

+ 2YJVnj-W]enj ,

j
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where we have used the identities

2E^-*W+i - 2v« + v]) = - EK+i - vJ)-(Wj + Wj+x)(vJ+l - vf)
j j

+ YlVj-iWj+x-2Wj + Wj_x)vJ
j

and
Kl\i - WH = 2vJ.WjivJ+x - vj) + \v]+x - vj\2w .

Taking into account Lemma 2.1, we obtain from (2.9) that

Y\vn+X\2 -Y\vn\2

j j

+ iZ^^kJ - h,j+l) \vj\w + f E K"+l ~Vj\w
j j

< EK+1 -vj\™ -*Y,vj<WJ - Wj+x)Aj+x(vj+x-v'j)
7 j

+ 2^vnj'Wjenj.

j

1/2

(2.10)

Set

(2.11) M(K,)=sup(EKI2)
n<n\ \ j /

and assume that M(nx) is small. Clearly, we have

(2.12) sup 1^1 < M(nx).
n,j

It follows from equation (2.4) that

\vj+x - vj\w < \(X\A\Loo +u + Oie) + Minx))i\vj+l - vj\w + \vj - vj_x\w)

+ 0(l)\iXkJ-XkJ+x)v]\w,

where we have used the bound (see (2.3))

(2.13) \dj\ < 0(l)i\vj - vj+x\2 + (Xk,j - XkJ+x)2\vj\2).

Consequently, we have

EK+1 -v"\l < sE^-> -^,}+ù\v]\i
j j

(2.14) + ((A|A|L=. + v)2 + 0(e) + 0(l)M(nx))

xEk+1-^i-

where we have used Theorem 2.1.

Next, using (2.5), (2.13), and Theorem 2.1, one can get after some careful

manipulations that

^Ivj-Wj-ejl < ¡Y,(hj - h,j+i)\vj\l

(2.15) J ' „
+ (0(e) + 0(l)M(nx))Y,\Vj+i-vj\l.
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In fact, two typical terms involved in establishing (2.15) can be estimated as

follows:

\vj-WjLjiRj+x-Rj)Aj+xivj+x-vj)\

<Oil)iXk)J-Xk,j+x)\v».Wjiv]+l-v»)\

< -hihj - h,J+i)\vj\l + Oie)\vj+x - vj\2w ,

and

\vj.WjLjd"j\ < Oi\)\WjVJ\ \vj - vj+l\2 + 0(e)iXkJ -XkJ+l)\vJ\i

< 0(l)M(nx)\v] - v]+l\l + 0(e)iXkJ - XkJ+i)\vj\2w .

Finally, we collect the estimates (2.10), (2.14), and (2.15) to obtain

EK+1I"-EKI» + ?E(^j-^j+i)KI»

(2.16) + (" - WAI¿~ + ")' - °(£) - 0(1) M(n)) E K+i - vj
j

<Oil)Minx)^k,j-h,j+i)\vj |2

Since u < 1 and our weights are bounded both above and below by some

positive constants, and by taking e and X suitably small, we have proved the

following basic a priori estimate.

Proposition 2.1 (A priori estimate). Let vj be a solution of (2.4) for n < nx.

Then there exists a positive constant C independent of nx and e such that for

all n <nx

EKf+EEK2-^»!2
(2 17) j "2-n j

+ EEi^2,;-^+,iK2i2<cEK!2'
«2<«  ; j

provided that e, X, and M(nx) are suitably small.

Since (2.4) is a uniform discrete parabolic system, it follows from Propo-

sition 2.1 and a standard continuity argument that the following proposition

holds.

Proposition 2.2. Assume that e and M(0) are suitably small. Then the problem

(2.4) has a unique global solution vj satisfying, for any n>0,

(2.18)    supEKI' + EK-^+iI' + E^^-^.^iIK^C^W'
ñ

J J,n ¡,n

where C is a positive constant independent of n and j.

We now turn our attention to the Lx-stability analysis. We first rewrite (2.4)
as

vn+l _ vn + lAj + l{vj+i _ „«) + L2Aj{vn _ yn_{) _ ^ _ Jyj + VJ_X)

= k1Aj(Lj+x - Lj„x)RjVj + Bj(vj+X - vj) + Cj(vj -vj_x) + èj ,



240 JIAN-GUO LIU AND ZHOUPING XIN

where Bj and Cj are matrices given by

(2.20a) Bj = {LjiRj+x -Rj)(u -XAj+l) ,        Cj = fr+XAj)Lj(Rj-Rj-i) ,

and ëj is a vector given by

ëj = \iAj+x-Aj)iLj+x-Lj)RjVJ

(2 2Qb) + ÏLjiRj+x - Rj)Aj+xiLj+x - Lj)RjVJ

- àAjiLj - Lj_x)iRj - Rj_x)vj

+ \LjiRj+x - 2Rj + Rj_x)vj - \Lji9j+x + dj).

In the rest of this section, abusing notations a little bit, we will denote by \A\

the matrix (vector) whose components are the absolute values of the correspond-

ing components of a given matrix (vector) A, and by diag(^i) the diagonal

matrix consisting of the diagonal elements of a given matrix A , i.e.,

\A\ = i\a¡j\) ,    and    diag(^) = diag(a,. , ... , amm)   for A = (a¡j).

We now rewrite (2.19) as

vn+\ _ \iv+XAj -2diagCj)vj_x - \{v - XAj+x +2diagBj)vj+x

(2 21) -(l-u + ¿(A,+1 - A,-) - diagiBj - Cj)) vj

= \AjiLj+x - Lj^x)RjVJ + iBj - diagBj) ivj+x - vj)

+ (Cj-diagCj)(vj-vj_x) + ëj.

By the definition of the matrices Bj and Cj , each component in these matri-

ces has a bound of order 0(e), by virtue of Theorem 2.1. Consequently, the

matrices on the left-hand side of (2.21) are all diagonal and positive for small
e and X. This implies immediately that

\vj+x\-x1iu+XAj-2diagCj)\vj_x\- \{v - XAJ+l + 2diag£;)K+il

(2 22) -(l-u + §(A,+1 - A;) - diag(57 - Cj))\vJ\

< \\AjiLj+x - Lj^x)Rj\ \vj\ + \Bj - diagBj \vj+x - vj\

+ \Cj-diagCj\\vj-vj_x\ + \ëj\,

which can be rewritten as

\vj+x\ - \vj\ + $Aj+xi\vj+l\ - \vj\) + àAji\vj\ - \vj_x\)

-i(K+il-2|^l + K_,l)
(2.23) -diagß7(|^+1| - |«;|) +diagC,(|t;;| - |»;_,|)

< \\AjiLj+x - Lj_x)Rj\ \vj\ + \Bj - diagBj\ {\v]+x\ + \vj\)

+ |C,-diagC/|(|t;;| + |v;.1|) + |^|,

where the vector inequality is understood componentwise. Multiplying both

sides of (2.23) by  W}  defined in (2.7), summing up with respect to j, and
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using summation by parts, we obtain

EEk>;j|-^>;j)
j f

<^2^2wwßj+iAßj+i -wpjXpj)

(2.24)
j    ß

+ {(u-XXnj)iwßJ+x -2wfiJ + wflJ^x)

-^iw/1j+l-wfij)iXllj+x-Xlij))\v^j\

+ 11^11^11 + 1^1^11,
where

Dj = \Wj\AjiLj+x - Lj_x)Rj\ + Wj_x diag(5;_, - Bj)

(2.25) + Wj+X diagiCj+x - Cj) + Wj.x\Bj-x - diag57_, |

+ Wj\Bj - diagBj\ + Wj\Cj - diagQ| + Wj+x\Cj+i - diagC;+1|.

Now our main task is to bound the terms on the right-hand side of (2.24).

This is achieved by choosing appropriate weights Wj ; more precisely, we have

the following lemma.

Lemma 2.2. Let Wj be the weights defined by (2.7). Then we can choose Cxtß

and C2,ß appropriately so that

EW^Ci+lVl+l -WltJ*ß,j)
ß

+\iv-XXflj)iwtlJ+x -2wfij + wflj^.i)
(2.26)

-j(wflJ+i-wliJ)(Xllj+i-Xttj))\v^j\ + \\Dj\\vj\\

ß

provided that e is suitably small.

Assuming the lemma for a moment, we have from (2.24) and (2.26) that

(2.27) S    " _ _

j v- i

Direct computation using Theorem 2.1 shows that

\ëj\ < 0(e) (XkJ - XkJ+l) \vj\ + 0(1) \vj - vj+x\2,

which, together with (2.27), implies that

supEE^>^;I + E(A^-A^+i)E^.>I<J

(2.28) j" '•■       ,    ß
<EKl + ö(i)EK-w"+il •

j j,"
But Proposition 2.2 shows that the last term on the right-hand side of (2.28) is

bounded above by 0(1) Af(0)2. Thus, we have shown
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Proposition 2.3. Assume that e and M(0) are suitably small. Then the problem

(2.4) has a unique global solution vj satisfying, for any n > 0,

(2.29) supEKI + E^^-^w+iIKI<0(1)E(KI + K|2)-
n

J J,n j

With Propositions 2.2 and 2.3 at hand, we can obtain the nonlinear stability

result quite easily.

Proof of Theorem 1.1. First, it is not difficult to verify that condition (1.6)

implies M(0) being small. Thus, the hypotheses in Propositions 2.2 and 2.3

are fulfilled under the conditions (1.6). It follows from Proposition 2.2 that

there exists a unique global solution, u" , to the Lax-Friedrichs scheme (1.1),

owing to the relation

Unj=<j>j+Vj-Vj_{,

which follows from (2.1), and

n=l

which implies

e(ek-c;+iI2)<+°°>' j

limEl^-^+1|2 = 0.
n—»oo

j

Using (2.1) again, we have

(2.30) lim Y \un:-<t>j\2= lim Y \v" - v"\2 = 0.
j j

From Proposition 2.3 and (2.1), we have

Ek-0,i<2Eki<^,
;' j

which, together with (2.30), yields the desired estimates (1.7) and (1.8). This
completes the proof of Theorem 1.1.   D

Finally, we turn to the proofs of Lemma 2.1 and Lemma 2.2.

Proof of Lemma 2.1. It can be easily verified, by using (2.7), that

f23n Wj+x-Wj = 0(l)iXkj-XkJ+x)Wj,

WJ+X - 2Wj + Wj_x = 0(e) (4,; - h,HiWj.

Let ci, k = 1 and C2 denote the diagonal matrix

C2 = diag{c2,i, c2,2, ■■■ , C2,m}-

Then our weights in (2.7) are a solution to the following difference equation:

(2.32) WjiAj -s)- Wj+x(Aj+x -s) = (XkJ - XkJ+x) C2Wj.

As a consequence of (2.31) and (2.32), the left-hand side of (2.8) becomes

(2.33) -XiXkj-Xkj+x)C2Wj-§WjAjiLj+x-Lj-x)Rj+Oie)iXkj-Xkj+x)Wj.
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We now choose c2, ¡i suitably large so that the matrix inequality

(2 34) "X{XkJ ~ XkJ+l) Cl Wj ~ 2¡VJAJ{LJ+X - LJ~x)RJ

+ Oie)iXkj-Xkj+x)Wj<-%iXkj-XkJ+xWj

holds for suitably small e, where we have used Theorem 2.1 and the fact that

^k,j = 0(l)e. Combining (2.33) and (2.34) proves Lemma 2.1.   D

Proof of Lemma 2.2. The definition of our weight, (2.7), implies that

52{Wß.J*ßJ-Wt.]+l*-M.J+l)KJ
ß

= (h,j-h,j+i)[Kj\ + Yic2,ßwßjK,j\)-

Thus, the right-hand side of (2.26) becomes

-XiXkj-XkJ+x)(\vZJ\ + Y,C2,ßWttj\V^j\)

(2.35) "»*
+ Oie)iXkj-Xk<j+x)Y^Kj\ + \\Dj\\vj\\.

ß

Now, we estimate D¡ of (2.25). Since the (fc, fc)-element of the matrix

AjiLj+x - Lj-x)Rj

is of order  0(e)(4,; - Xkj+X)   and the remaining elements are of order

Oil)iXkJ- XkJ+x), we have

Wj\Aj(Lj+x-Lj_x)Rj\\vj\

V        p*k ' ß

where we have used

supu^,,- = 0(1) c,^.
),n

In view of (2.20a), we obtain

(2.37) diag(£,-_, - Bj) + diag(Cj+x - Cj) = 0(e) (XkJ - XkJ+x).

As a consequence of (2.20a) and the fact that the diagonal elements of the

matrices

Wj | Bj - diag Bj |   and   W¡ \ Cj - diag C¡ \

are   zero   and   the   remaining   elements   of   the   matrices   are   of   order

0(l)(4j~ hj+i), we have

(2.38) ||Z)JIKI|<0(l)(4,,-4,,+.)((e + Eci^)K,;l + El<,7l)-
VV        ß*k / n¿k '
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Collecting all the estimates (2.35) and (2.38), we may conclude that the left-

hand side of (2.26) is bounded by

-liXkj-Xkj+x)(\v£j\ + Y,C2,ßWß,j\v"ßj\)
V ß+k '

+ 0(l)(4,y-4,;+i)((e + Ec'^)K,;l + EK,;l)
VV       ß*k        ' ßik '

< -jttkj -hj+\)Y,wn.jK,j\
ß

for suitably large c2)/i, p ^ k , and suitably small Cx,ß, p / k . The proof of

Lemma 2.2 is complete.   D
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