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SPECTRAL VISCOSITY APPROXIMATIONS TO

MULTIDIMENSIONAL SCALAR CONSERVATION LAWS

GUI-QIANG CHEN, QIANG DU, AND EITAN TADMOR

Abstract. We study the spectral viscosity (SV) method in the context of mul-

tidimensional scalar conservation laws with periodic boundary conditions. We

show that the spectral viscosity, which is sufficiently small to retain the formal

spectral accuracy of the underlying Fourier approximation, is large enough to

enforce the correct amount of entropy dissipation (which is otherwise missing

in the standard Fourier method). Moreover, we prove that because of the pres-

ence of the spectral viscosity, the truncation error in this case becomes spectrally

small, independent of whether the underlying solution is smooth or not. Conse-

quently, the SV approximation remains uniformly bounded and converges to a

measure-valued solution satisfying the entropy condition, that is, the unique en-

tropy solution. We also show that the SV solution has a bounded total variation,

provided that the total variation of the initial data is bounded, thus confirming

its strong convergence to the entropy solution. We obtain an L1 convergence

rate of the usual optimal order one-half.

1. THE SPECTRAL VISCOSITY APPROXIMATION

We consider scalar conservation laws in several space dimensions d, d > 1,

(1.1a) dtu(x,t) + dX'f(u(x,t)) = 0, f(u) = (fi(u),f2(u),... ,fd(u)),

subject to initial data

u(x, 0) = u0(x) G L^r^O, 2n]),

and augmented with the entropy condition (cf. [12, 17])

(1.1b)    dtU(u) + dx-F(u)<0,    Vt/ convex, F(u)= Í  U'(w)f'(w)dw.

The following abbreviations are used throughout the paper:

d- = ír a> = lkr a*'oïk- *-«'*••••■*>•

We want to solve the 2^-periodic initial value problem, ( 1.la)—(1.lb), by

a spectral method.  To this end, we approximate the spectral/pseudospectral
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projection of the exact entropy solution, Pmu(- , t), using an TY-trigonometric

polynomial, w/v(x, t) = J2\(\<n ^d^'^ > wmcn is governed by the semidis-

crete approximation

d

(1.2a)    d,uN(x,t) + dx-PNf(uN(x,t)) = eN ^ dfkQ¡¡k(x, t)*uN(x, t).
j,k=\

Together with one's favorite ODE solver, (1.2a) gives a fully discrete method

for the approximate solutions of ( 1.1 a). Discussion of the numerical advantages
and actual implementation of this method will be made elsewhere. Our focus

in this paper is on the convergence theory.

The left-hand side of (1.2a) is the standard Fourier approximation of (1.1a).
Although this part of the approximation is spectrally accurate for the conser-

vation law (1.1a), it lacks entropy dissipation, which is inconsistent with the

entropy condition (1.1b). Consequently, the standard Fourier approximation

of (1.1a) supports spurious Gibbs oscillations (once shock discontinuities are
formed), which prevent strong convergence to the entropy solution of (1.1) (cf.

[19, 20]). To suppress these oscillations, without sacrificing the overall spectral
accuracy, we augment the standard Fourier approximation on the right-hand

side of (1.2a) by spectral viscosity, which consists of the following three ingre-
dients:

• A vanishing viscosity amplitude, Em , of size

(1.2b) eN~N-e,        0<1.

• A viscosity-free spectrum of size m^ » 1,

AT?

(1.2C) m"~n       Li' d<L
(log TV) Î

• A family of viscosity kernels, QJ/(x, t) = E¡¡¡|=mjv fig'*(*)***, 1 <

j, k < d, activated only on high wave numbers |£| > w/v , which can

be conveniently implemented in the Fourier space as

d N

),k=\ \i\=mN

d

(Qct,t)= Y QÍ'kmZk.
j,k=\

The viscosity kernels we deal with, QJN'k(x, t), are assumed to be spherically

symmetric, that is, Qi'k — QJp'k ,V\Ç\ — p, with monotonically increasing

Fourier coefficients, QJp'k, that satisfy

2

(1.2d) \Q>p-k - Sjk\ < Const^f,    V/7 > mN.

The main purpose of the spectral viscosity is to achieve a compromise be-
tween two conflicting requirements.   We recall (cf.   [7]) that the use of the
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spectral/pseudo-spectral projections yields a spectrally small error in the sense

that

(1.3) ||(/ - PN)f(uN)\\ < ConstJV-'Hö'Mjvll,    Vs > 0.

The additional spectral viscosity is also spectrally small, since

(1.4)       EN Y d2kQj/*uN(-,t)
j,k=\

.si
< Const ArT||d^(.,i)||,    Vj>2.

Thus, on the one hand the spectral viscosity is small enough to retain the formal

spectral accuracy of the overall approximation, while on the other hand the

spectral viscosity is sufficiently large to enforce the correct amount of entropy

dissipation that is missing in the standard Fourier method, that is, &n = 0 (see

§2). In fact, the smallest scale of the SV approximation (1.2a) is order e^ . It

follows that, because of the presence of the SV in (1.2a), the spectral decay of

the truncation error on the left of (1.3) is independent of the smoothness of

the underlying solution. In §3 we show that the SV, although spectrally small,
is only an U -bounded perturbation of the standard vanishing viscosity. This

fact enables us to show in §4 that the SV solution remains uniformly bounded

and that its weak limit is a measure-valued solution consistent with the entropy

condition corresponding to (1.1b). Hence, DiPerna's uniqueness theorem [5]

combined with the finiteness of propagation speed implies that un converges
to the unique entropy solution of ( 1.1 a)-( 1.1b). For the reduction theorems for

the measure-valued solutions to hyperbolic systems of conservation laws, we

also refer the reader to [2, 3, 6, 16]. An alternative, independent convergence

proof of the SV method is derived in §5 from its total-variation boundedness,
provided the total variation of the initial data is bounded. We conclude in §6
with an Ll-convergence rate estimate of the usual optimal order one-half.

2. Spectrally small truncation error

The SV method ( 1.2a) approximates the exact spatial fluxes in ( 1. la) by their

(pseudo)spectral projections. This approach leads to the truncation error

dx • (I - PN)f(uN) ■ In this section we show that, because of the presence of the

spectral viscosity, the truncation error is spectrally small independent of whether

the underlying solution is smooth or not.

Our discussion proceeds in three steps; detailed proofs are left to §7.

Step 1. We begin with the following two facts.

• A straightforward a priori bound states that for all s > r > 0 there

holds:

(2.1)   \\d^.(i-pN)f(uN)\\= l £ \Z\2r\fW)A  <^||aj•/(«*)!!.
\K\>N J

• Consider the right-hand side of (2.1). Here we claim (and prove in §7)

that the derivatives of a sufficiently smooth flux, f(u), are bounded above by

the derivatives of u. That is, there exist constants 3¡fs (depending on \un\l°° —
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ll"jv||i£(jf ,0 and |/|c* = \\dkf(u)\\Loo{aN), where QN = {u: \u\ < \uN\oo}), such

that the following estimate holds:

|^/(M*)ll<^||0>Ar||,

(2,2) ^"¿l/lcHM*-1.      5 = 1,2,....
k=\

Using (2.1) followed by (2.2), we conclude the first step with the estimate

\d'x.(I-PN)f(uN)\\<j^rr\\dxuN\\,

^~£l/]cH"vl£~,        s>r>0.
k=\

Step 2. The inequality (2.3) is the usual spectral accuracy estimate associated

with the (pseudo)spectral projections (see (1.3)). The inequality states that the
truncation error (and its derivatives) decays as rapidly as the smoothness of un

permits. Of course, the derivatives of an arbitrary TV-trigonometric polynomial,
8sxUn , may grow as fast as Ns, in which case nothing is gained from (2.3). In

the present context, however, the spatial derivatives of the SV approximation

ôxun grow at the slower rate of e^s. This is the content of the main a priori

estimate of this section, whose proof is left for §7. We summarize the estimate
in the following theorem.

Theorem 2.1. Consider the SV approximation (1.2a) and (1.2d) with SV param-

eters (en, mif), which satisfy, in agreement with (1.2b)-(1.2c),

(2.4). en > =5p!,    and   en ■ m2N(\ogN)d < Const.

Then there exists a constant 3\ (~ rKLi^fc f°r s ^ *) sucn mat the following
estimate holds:

/25) ^N\\dxuN(->t)\\LHx)+eN\\dx+lUN\\v(x,lO,t])

<^s + Const esN\\d^uN(-,0)\\L2{x).

Remark. Theorem 2.1 with s = 0 is the usual a priori estimate on the entropy
production rate

(2.6) \\uN(-, t)\\LHx) + V^Ñ\\dxuN\\mx,[o,t)) <Const||Mjv(-,0)||L2W.

Step 3. Assume that our data (the flux, f(u), and the initial conditions,
Ufi(', 0)) satisfy the following conditions:

• The flux f(u) is sufficiently smooth; that is, \f\& < oo for sufficiently
large s:

• The smallest scale of the initial condition is of order e^ ; that is,

(2.7) esN\WuN(>,0)\\LHx)< Const.

Then, Theorem 2.1 shows that the smallest scale of the SV approximation

H/v(', f) remains of order e^ . Together with (2.3), this implies that for ^- ~

jy-(i-0) _ o(l), the truncation error of the SV approximation is spectrally
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small, independent of whether the underlying solution is smooth or not. This

extends a similar one-dimensional result of [15, 13]. For later reference, we

state our final corollary.

Corollary 2.2. Let uN denote the SV solution of (1.2a)-(l.2d), with initial
conditions satisfying (2.7). Then the following spectral decay estimates of the
truncation error hold:

(2.8a)   ||ô; • (/ - PN)f(uN(-, t))\\LHx) < Consta/Y"* ,        sr = (1 - d)s -r;

(2.8b) ||a; • (/ - PN)f(uN)\\L2{xÁ0>l]) < Const^/V-(*+£>,    Vs > 1.

Remarks. 1. Using the Sobolev inequality, one can convert this L2-type esti-

mate (2.8) into a spectral decay estimate in the uniform norm, for example,

(2.9) \\dx ■ (I - ¿W(«Jv)IU~(*,[<U]) < ConstaV-^.

2. Observe that the polynomial decay rate in (2.9), sr = (1 - d)s - r, can be

made as large as the Cs-smoothness of f(u) permits. For example, we have

\\dx • (/ - iV)/(Mjv)IU-(x,[o,i]) < Const^,

(2.10) *
V/eCJ,    s >

2(1-0)"

The smoothness requirement on the right of (2.10) will be sufficient for the

estimates derived throughout the rest of the paper.

3. The critical Sobolev exponents sr in (2.9) are not optimal; careful Lp-

iterations enable one to obtain (2.9) with 50 = (1 - 0)s + 1 - 0 - f > 0.
Thus, for example, in the one-dimensional case, one may use the basic entropy

production bound (2.6) (corresponding to i = 0), in order to conclude that

the truncation error tends uniformly to zero with viscosity amplitude en ~
N~e,  6<\ (cf. [13,21]).

3. Spectral viscosity versus vanishing viscosity

In this section we show that the spectral viscosity en Yfj k=\ ̂ jkQJNk * "^—

though spectrally small according to ( 1.4)—is only an Lp-bounded perturbation

of the standard vanishing viscosity, e^Aun .

We begin by taking a closer look at the SV operator on the right of (1.2a).
We set

(3.1) RJ'k = M'k(t) =
|£| <mN,

■Qi'k(t),        \t\>mN,

and note that the corresponding smoothing kernel, Rj^k = Eií^/v-^'^"*'* >

complements the SV kernel, QJNk = Y,\t\=m„ QJs'ke'i'x, to the full Laplacian,
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that is,

(3.2)
j,k=\ j,k=\

The following lemma provides us with an upper bound on the L'-size of the

smoothing kernel, tfj.kmi djdk~rRNk(- >0 ■

Lemma 3.1. Consider the real, spherically symmetric SV kernels,

QÍ¡k(x,t)= ¿ Qp'kYeii'X
¡>>mN |£|=p

with monotonically increasing Fourier coefficients, QJP'  , satisfying (1.2d). Then

the following estimate holds:

d

(3.3) Y.wrx'A-.t)
j,k=\

< ComtmsN(\o%N)d,        0 < r < s < 2.

¿'W

Remarks. 1. Lemma 3.1, which is the multidimensional generalization of

Lemma A.l in [13], shows that derivatives of the smoothing kernel,

Y,dj k=iRjffk(-, t), grow like those of a trigonometric polynomial of degree m^ .

2. The extra logarithmic factor on the right of (3.3) can be avoided if the

SV Fourier coefficients, Qp'k, satisfy the concavity condition, QJp'+\ -2QJP'   +

Proof of Lemma 3.1. Let Dp(x¡) = sinJ^)X| . Then we have

^ei'^ = Dp(x)-Dp_1(x),

\t\=P

where Dp(x) = Eii|<pe""'x is the multidimensional Dirichlet kernel, Dp(x) =

Uli DP(Xj). This fact enables us to write (with D_i(x) = 0)

pj/(x, t) = Y,fyk(t) E eii'x = Ety'wPM*) -Dp-iWi.
p=0 \i\=p p=0

Setting R^+i = 0, we use summation by parts of the right-hand side (recall

that Rp'k = Sjk, p < mN) to obtain

N

(3.4)

d^dsk-rR^k(x,t) = Y/RJp-kdjdSk~r^p(x)-%-dx)]

P=o

= Y(H'k-fy>jdr%(x)-
p=mN
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Next, since

d°_

dx*-sDp(Xi)

(cf(\ogp),       s = 0,

cf(p5), 5=1,2,

we have ||o/o¿_,'Dp(x)||jL> < Const/^log/?)^ ,    ds = d - 1 + (1 - s)+ . Using

[the fact th;

\\djdsk-rR^k(-,t)\\v

this and thefact thatRp'kare monotonically decreasing,we conclude from (3.4)

< Const

JV-l

£ (%'k - Rï+ki)PsQogp)d* + \RJ/\ ■ N*(\ogNY

U>=mN

One more summation by parts on the right of the last inequality yields

||o/fl£-'/ifc*(.,OII¿.

< Const Y RJPk [ps(\ogp)d* -(p- l)s(log(p - 1))*] + <(log/V)*

U>=mN

Finally, since by (1.2d), RJp'k = ôjk - Qp'k < m2N/p2 , we conclude

\\djdsk~rRj/(-, OIIli <Const/n^(log/Y)* • £
,3-í

P=mN

< Const msN(log N)d,    Vs < 2.   d

Young's inequality followed by Lemma 3.1 with (r, s) = (1, 2) implies our

final corollary, which confirms the statement at the beginning of this section.

Corollary 3.2. Consider the real, spherically symmetric SV kernels,

Q'Ax>t)= E Qi'kEe*'x
P>mN |f|=p

with monotonically increasing Fourier coefficients, Qp'  , satisfying (1.2d). De-
note

(3.5) cN ~ ENm2N(\og N)d < Const.

Then the following estimate holds:

(3.6)        en Y d2kRük*uN(.,t)

j,k=\

< cn\\un(-, t)\\is ,    V/?>1.

D>

4. Convergence of the SV method

In the first part of this section we prove that the SV approximation, (1.2a)-

(1.2d), is uniformly bounded.
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Lemma 4.1 ( L°°-stability). There exists a constant such that

(4.1) ||M-.0IU-w< Const||M-»0)||i~(jO,    Vi < T.

In the second part of this section we show that the SV solution is consistent with

the entropy condition ( 1.lb) for all convex entropy pairs (U, F).

Lemma 4.2 (Entropy consistency). There exists a vanishing sequence, e^, such

that

(4.2) dtU(uN) + dx • F(uN) <eN^0   in 2!'.

The detailed proof of Lemmas 4.1 and 4.2 is postponed to the end of this
section. Granted the L°° -stability and the entropy consistency, we can combine

DiPerna's uniqueness result for measure-valued solutions [5] with the finiteness

of propagation speed (see also [ 18] for the case of bounded domains) to conclude

the following theorem.

Theorem 4.3. Let u^ be the solution of the SV approximation (1.2a)-(1.2d),

subject to bounded initial conditions satisfying

IIM-. Q)\\L~(X) + eN\\dïuN(-, 0)\\LHx) < Const.

Then u^ converges strongly to the unique entropy solution of (1.1a)—(1.1b).

We now turn to the promised proofs of the L°° -stability and the entropy

consistency.

Proof of Lemma 4.1. Using (3.2), we can rewrite the SV approximation (1.2a)

in the form

d

(4.3a) d,uN + dx • PNf(uN) - enAun = en "£, djkRNk * un

j,k=\

or, equivalently,

d

(4.3b) d,uN + dx-f(uN)-ENAuN = EN Y, d2kRj/*uN + dx-(I-PN)f(uN).
j,k=\

Integrating against pup1^x  and letting p Î co, we are led to the maximum

principle associated with the parabolic left-hand side of (4.3b), which reads

^HM-, OIU-M < \\dx-(I-PN)f(uN(-, 0)IU~(x)

(4.4)
+ £n Y d2kR]/ * M-, t)

j,k=i \L°°(x)

It remains to bound from above the two expressions on the right of (4.4).
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We now fix s = wy=m • Corollary 2.2 implies, consult (2.9), that the first

term on the right of (4.4) does not exceed

\\dx • (I - PN)f(uN(-, t))\\Loo{x) < -¿,    &s ~ f[jfk < Const ||mjv||J»(x>Io,i])-
/t=i

By equation (3.6) with p = oo, the second term on the right of (4.4) does not
exceed

en

d

Y d2kRJ/*uN(.,t)
j,k=l

< CAf||Mjv||z.~(jc,[0,/]) >

L°°{x)

cN ~ ENm2N(logN)d < Const.

Equipped with the last two upper bounds, we return to the inequality (4.4),

which tells us that the growth of \un(î)\oo = II wjv||i.°° (*,[(),«]) is governed by

d ,     , ,, , ,,       Const.     . ..¿
¿¿IMOloo < CN\uN(t)\oo + —fi—\UN(t)\¿, ,

which in turn implies that

|UA,0U<^IM0)U.(.-<f«^i)"*.

We conclude that for  t < cf (In N), the SV solution remains bounded by

Conste^'lMjviO)!«,.    □

We close this section with the following proof.

Proof of Lemma 4.2. Multiplying (4.3b) by U'(uN), we obtain

d,U(uN) + dx • F(uN) - enAU(un)

d

<enU'(un) Y d2kR^k*uN + U'(uN)dx-(I-PN)f(uN)
7,*-l

d d

(4.5)        =  Y dj(ENU'(uN)R^k * dkuN) - enU"(un) Y djUNRJ/ * dkuN
j,k=\ j,k=\

+ dx • (U'(uN)(I - PN)f(uN)) - U"(uN)dxuN ■ (I - PN)f(uN)

d

= £ dj(ijk(uN))-n(uN) + dx-m(uN)-iv(uN).

j,k=\

We claim that the four terms on the right of (4.5) tend to zero.   Below, we

abbreviate \\U'\\l°° = \\U'(u)\\Loo{çin) , etc.

First, from (2.6) we have

IMMIIz^x,/) < eN\\U'\\L~max\RJ('k\ • Rw/vllL.y*,,)

< eN\\U'\\LX\\dxuN\\L2 {XJ)< Constv/i^-* 0.
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Next, since \(R^, ¿)| < Const |£|2, we find

n(«v)iiL2{x,t) <eN\\u"u~ I f E wm>t)\-\m\2dt
\ Jt=o ~N

< Const£/v||{/"||¿cx)||3!xMtf||i2 ix t) < Consty/e~Ñ -> 0.

The inequality (2.8b) with (r, s) = (0, 1) implies

11111(^)11^,, < \\U'\\L~ • ||(7 - PN)f(uN)\\LL{xJ)

< HC/'lUoo . jf-WdxUM^,*, $ ConstV-C-f) - 0.

Repeating the previous arguments, we conclude the proof of (4.2) with

IIIV^ILi^,,) < ||C/"||L== • \\dxuN\\L2{xd0,t]). \\(I-PN)f(uN)\\L2{x>l0>t])

< ^HöxMjvll^,,) < Const AT*1"*) - 0.   D

5. Total-variation boundedness

Consider the SV approximation (4.3b)

d

(5.1) dtuN + dx • f(uN) - £NAuN = dx-(I- PN)f(uN) + £/v E RNk * dfkuN-
j,k=\

On the left we have the usual L1-stable viscosity approximation of (1.1a)-

(1.1b). The first and second terms on the right represent, respectively, the

spectrally small truncation error and, by Corollary 3.2, the //-bounded per-

turbation of the SV operator. It follows that the SV approximation shares the

Lx -stability and, consequently, the total-variation boundedness of the usual vis-

cosity approximation. Details of the one-dimensional case can be found in [22].

To demonstrate the above claims in the multidimensional case, we now turn to

a direct proof of the latter total-variation bound.

Spatial differentiation of (5.1) yields

dtdiUN + dx • (f'(uN)diUN) - ENAd(UN

d

= didx ■ (I - PN)f(uN) + e/v E djkRNk * d'u»-
j,k=l

Integrating this against signdjUpf and using (3.6) with p — 1, we obtain

¿¡\\àiUN{-, OIIl'w ^ Const Ha2 • (/ - PN)f(uN)\\V{x) + cN\\diUN{', t)\\V{x).

Integration of the last inequality implies that the total variation of the SV solu-
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tion, ||haK-, t)hv(x) = Eti \\9íUn\\o(x) » does not exceed

||M->OIUKW<^'[llMsO)|UKW + ||ai-(/-PAr)/(«Ar)||i.(x)[o(t])]-

By taking into account the spectral decay of the truncation error (2.8a), we

conclude the following theorem.

Theorem 5.1. Let uN be the solution of the SV approximation (1.2a)-(1.2d),

subject to initial conditions (2.7). Then u^ has a bounded variation, and the

following estimate holds:

(5.2)
IM-, OIUkw <eCNt [||M-, 0)\\Bv{x) + ̂ (VtN-^)\ ,

s2 = (\ -6)s-2>0.

6. Convergence revisited with error estimate

In this section we revisit the question of convergence of the SV approximation

to the unique entropy solution of (1.1a)—(1.1b). An affirmative answer to this

question was already given in §4, where we used the L°° -bound together with

the entropy consistency of the SV approximation. Alternatively, one may use

the L°° -bound together with the total-variation boundedness to conclude the

convergence of the SV approximation. Moreover, in this section we show how

one can use the total-variation boundedness to obtain an L1-convergence rate
estimate of the usual optimal order one-half. We proceed along the lines of the

one-dimensional argument in [15].
It is well known that the solution of the usual viscosity approximation

(6.1) dtv"» + dx • f(vtN ) = sNAve» ,

satisfies an L1-convergence rate estimate of order one-half (cf. [11, 4, 14]):

(6.2) ve»(-, t)-u(-, t)\\V{x) < Const ï/ë/7,        0<t<T.

We claim that the L1-error between the SV approximation, uu, and the vis-

cosity approximation, ve* , is of the same order cf(y/£Ñ). Indeed, subtracting

(6.1) from the SV approximation (4.3b), we find

(6.3)

dt(uN - Ve") + dx ■ (f(uN) - f(ve»)) - enA(un - Ve»)

d

= ENY djRj/ * dkuN + dx-(i- PN)f(UN).
j,k=l

Integrated against sign(w^ -Ve"), the last equality gives us

(6.4)

j-t\\uN(-,t)-ve»(.,t)\\V{x)<£N Y djRj/(-,t)*dkuN(-,t)
j,k=\

■\\dx-(I-PN)f(uN(.,t))\\V{x).

£'(*)
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Using (3.3) with r — s = 1, we have that the first term on the right does not

exceed

en Y djRi/(-,t)*dkuN(-,t)
j,k=\

(6.5)
<e/v

L'(x)

■ \\dkuN(-, t)\\LHx)

V(x)

EdJRN *(•>')
j,k=\

< ConstENmN(logN)d • \\uN(-, í)\\bv(x) < Const v^v-

With this in mind, we can integrate (6.4) to obtain

\\uN(',t)-ve»(.,t)\\LHx)

<Consty/J^+y/2ñi\\dX'(I-PN)f(uN)\\L2{x¡l0>t]).
(6.6)

According to (2.8b), the second term on the right is the spectrally small trunca-

tion error

(6.7)
lia* • (/ - PN)f(uN)\\L2{x,l0,t]) < Const^V-^'+f»,

S,= (1-0)5-1,

which does not exceed c9(^/e~n) for 5 large enough (5 > 7=3)-

We summarize what we have shown in (6.2), (6.6), and (6.7), by stating the

following theorem.

Theorem 6.1. Let u^ be the SV solution of (1.2a)-(1.2d), subject to the initial
conditions (2.1). Then un converges to the unique entropy solution of (1.1a)-
(1.1b), and the following error estimate holds:

(6.8) ||«jv(-, t)-u(-, t)\\LHx) < Const yë/v",        0 < t < T.

7. Proof of the main a priori estimates

In this section we collect the promised proofs for the main a priori estimates

associated with the SV approximation (1.2a), which we rewrite as

d

(7.1) d,uN + dx • f(uN) - enAun = En E äat * * dfkuN + dx-(I- PN)f(uN).
j,k=\

An upper bound on the first term on the right was provided in §3. We now turn

to estimate the second term on the right of (7.1). Here, we first prepare the
proof of (2.2), which we state as follows.

Theorem 7.1. The following estimate holds:

s

(1.2)\\dx-f(uN)\\<^s\\dsxuN\\,    3?s ~ Y |/lc* • I"aHÍ- .        5=1,2,....
k=\
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Proof By the chain rule we have

d]f(u) = £ cß(d?u)*(d?u)*...(d?u)lt<,
{a,ß>0 I a-ß=s}

cß~d'J(u), r = Yßk
d—-»

k=\

The Holder inequality followed by the Gagliardo-Nirenberg inequality implies
that a typical term on the right does not exceed

\\(d^u)ßi(d^u)h ...(djdu)^\\

d

Const Yl ||u|Ë»**)A • ||a/«||^A        (with Xk = 2*)

< Const \u\L-J • ||ô/«||,    r = ¿ ßk < s,
k=\

and hence (7.2) follows with 3£s ~ Y?k=i |/|c* • \u\L~J.    D

Equipped with Lemma 7.1, we are now ready for the proof of the main result

of §2, claiming that the smallest scale of the SV approximation is of order En ,

(7.3) E%\\di:uN(-, t)\\mx)+&\W+iuN\\L2(x>l()tt])<4,+ä},io'uK{;0)|bw.

Proof of Theorem 2.1. Spatial integration of (7.1) against Un(x , t) yields

d\_d_

2dt \uN\\  +eN\\dxuN\\2 < \\un\\-en E d2kRj/*uN
j,k=\

+ Y,\\diM\-W-PN)fi(uN)\\.

Using (3.6) with p = 2 for the first term on the right, and (2.3) with (r, s) =

(0, 1) for the second term, we find

2^HM2 + (eN - -j^- ) \\dxUN\\2 < cn\\un\\2,

cN ~ en • m2N(\ogN)d < Const.

Hence, (7.3) follows for 5 = 0 (with Jf0 = 0).
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The general case follows by induction on 5.  Spatial integration of (4.3a)

against d2suN(x, t) yields

1 d „
(7 4)   2TtWxUñ  +e*   M"H   <\\dxuN\\'EN

d
,j,k

E d2kRj/*dxuN
j,k=\

+ \\dx+'uN\\-\\dsx-Xdx-PNf(UN)\\.

Using (3.6) again and the Cauchy-Schwarz inequality to bound from above,

respectively, the first and second term on the right of (7.4), we end up with

(7.5)     ¿llc^H2 + "f m+luN\\2 < Const ||^^||2 + ±-\\dx • PNf(uN)\\2.

It remains to estimate the spatial derivatives of Pn^un) ■ To this end, we use

(2.2) and (2.3) to obtain

\\dx • PnAun)\\ < \m • f(uN)\\ + \\dx ■ (I - PN)f(uN)\\

<^s\\d^UN\\ + ^\\d^lUN\\.

Together with (7.5), we find

^uN\\2 + (f - |jM W^unW2 < (Const+^) llö^^ll2.

In view of the SV parametrization in (2.4), temporal integration of the last

inequality yields

\\dxuN(., t)\\2 + ±eN\\dx+luN\\lHXtl0tt]) < -£\\dxuN\\l{XÁ0>t]) + \\dxuN(-, 0)||2,

and the result (7.3) follows by induction on s.    n
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