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TWO-LEVEL ADDITIVE SCHWARZ PRECONDITIONERS
FOR NONCONFORMING FINITE ELEMENT METHODS

SUSANNE C. BRENNER

Abstract. Two-level additive Schwarz preconditioners are developed for the
nonconforming P1 finite element approximation of scalar second-order sym-
metric positive definite elliptic boundary value problems, the Morley finite
element approximation of the biharmonic equation, and the divergence-free
nonconforming P1 finite element approximation of the stationary Stokes equa-
tions. The condition numbers of the preconditioned systems are shown to be
bounded independent of mesh sizes and the number of subdomains in the case
of generous overlap.

1. Introduction

In this paper we develop two-level additive Schwarz preconditioners for the sys-
tems of linear equations resulting from nonconforming finite element approxima-
tions of elliptic boundary value problems. We obtain results with optimal conver-
gence rate (i.e., the condition numbers of the preconditioned systems are uniformly
bounded) when the overlap between subdomains is generous for the following three
cases: (I) the P1 nonconforming finite element for the Laplace equation, (II) the
Morley finite element for the biharmonic equation, and (III) the divergence-free P1
nonconforming finite element for the stationary Stokes equations. Our precondi-
tioner is a variant of Dryja and Widlund’s (cf. [10]) preconditioner for conforming
finite element methods (cf. also [14]).

There is some recent work in this area for scalar second-order equations. Sarkis
(cf. [15]) has developed a two-level additive Schwarz method using P1 nonconform-
ing finite elements on both grids, which is insensitive to the jumps in coefficients
but converges in a suboptimal rate. Cowsar (cf. [8]) has obtained the optimal
convergence rate for a two-level additive Schwarz method using P1 nonconforming
finite elements on the fine grid, but P1 conforming finite elements on the coarser
grid.

In our approach, both the fine-grid and the coarse-grid spaces are nonconform-
ing. The critical step is therefore the construction of intergrid transfer operators
with certain properties. Our construction is based on the connection between the
nonconforming finite element space and an appropriate conforming finite element
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space. For problems (I) and (II) we use the P2 conforming Lagrange finite element
and the P5 Argyris finite element, respectively. Problem (III) is treated through
the connection between the Morley finite element and the divergence-free P1 non-
conforming finite element. The results in this paper were first announced in [3].

The rest of this paper is organized as follows. The abstract theory for scalar
elliptic problems is developed in §2. We show in §§3 and 4 that the abstract
theory is applicable to problems (I) and (II) by constructing the intergrid transfer
operators and verifying the assumptions of the abstract theory. In §5 the theory for
scalar problems is modified and applied to the elliptic system of stationary Stokes
equations.

Throughout the paper we use the following conventions for Sobolev norms and
semi-norms of a function v defined on an open set G:

‖v‖Hm(G) :=

∫
G

∑
|α|≤m

|∂αv| dx

1/2

and

|v|Hm(G) :=

∫
G

∑
|α|=m

|∂αv| dx

1/2

.

We shall also denote the space of polynomials of degree less than or equal to ` on
G by P`(G).

2. Abstract theory

Here we will develop a theory for scalar elliptic equations which satisfy homo-
geneous Dirichlet boundary conditions. Let Ω be a bounded polygonal domain in

R2. We assume that Ω =
⋃J
j=1 Ωj , where Ωj are open subdomains of Ω. Let TH

be a quasi-uniform triangulation of Ω and Th be a subdivision of TH such that Th
is aligned with each ∂Ωj . The parameters H and h represent the mesh sizes. We
assume that there exist nonnegative C∞ functions θ1, θ2, · · · , θJ in R2 such that

θj = 0 on Ω\Ωj,(2.1)

J∑
j=1

θj = 1 on Ω,(2.2)

‖∇θj‖L∞ ≤
C

δ
, ‖∇2θj‖L∞ ≤

C

δ2
,(2.3)

where ∇2θ is the Hessian, C is a universal constant and δ is a parameter, 0 < h ≤
C1δ, 0 < δ ≤ C2H. The constructions of Ωj and θj are standard (cf. [10]). The
parameter δ measures the amount of overlap among the subdomains Ωj . From now
on, C (with or without subscripts) will denote a generic positive constant indepen-
dent of h, H, δ, and J . We assume that there exists an integer Nc independent of
h, H, δ, and J such that any point in Ω can belong to at most Nc subregions. We
shall also assign the value 1 to the parameter k for second-order problems, and the
value 2 for fourth-order problems.
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Let Vh be a finite element space associated with Th whose members vanish at the
boundary nodes, and Vj be the subspace of Vh whose members vanish at all nodes
that are not interior to Ωj . The existence of the partition of unity θ1, θ2, · · · , θJ
implies that

(2.4) Vh =
J∑
j=1

Vj .

Also let VH be a finite element space associated with the triangulation TH whose
members vanish at the boundary nodes of Ω. The members of Vh and VH are
piecewise polynomials of degree less than or equal to k.

The discretized problem is:

Find u ∈ Vh such that

(2.5) ah(u, v) = F (v) ∀ v ∈ Vh,

where ah(·, ·) is a positive definite symmetric bilinear form on Vh and F ∈ V ′h. We
assume that there is also a related positive definite bilinear form aH(·, ·) defined on
VH .

For the description of the preconditioner we adopt the notation in [18]. Let (·, ·)h
and (·, ·)H be two inner products on Vh and VH respectively.

We define Ah : Vh −→ Vh, Aj : Vj −→ Vj and AH : VH −→ VH by

(Ahv, w)h = ah(v, w) ∀ v, w ∈ Vh,(2.6)

(Ajv, w)h = ah(v, w) ∀ v, w ∈ Vj ,(2.7)

(AHv, w)H = aH(v, w) ∀ v, w ∈ VH .(2.8)

The operators Qj : Vh −→ Vj , 1 ≤ j ≤ J , are defined by

(2.9) (Qjv, w)h = (v, w)h ∀ v ∈ Vh, w ∈ Vj .

The operators Pj : Vh −→ Vj , 1 ≤ j ≤ J , are defined by

(2.10) ah(Pjv, w) = ah(v, w) ∀ v ∈ Vh, w ∈ Vj .

It can be easily proved that

(2.11) AjPj = QjAh, 1 ≤ j ≤ J.

We assume that there is an intergrid transfer operator IhH : VH −→ Vh such that

|IhHv|Hk(Th)≤C |v|Hk(TH) ∀ v ∈ VH ,(A.1a)

|IhHv−v|H`(Th)≤C Hk−` |v|Hk(TH) ∀ v∈VH , 0≤`≤k−1,(A.1b)
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where the (possibly) nonconforming norms | · |Hm(Th) and | · |Hm(TH) are defined by

|v|Hm(Th) :=

√∑
T∈Th

|v|2Hm(T ) ∀ v ∈ Vh,

|v|Hm(TH) :=

√ ∑
T∈TH

|v|2Hm(T ) ∀ v ∈ VH .

We also assume that

(A.2a)
√
ah(v, v) (resp.,

√
aH(v, v)) is equivalent to |v|Hk(Th) (resp.,|v|Hk(TH))

for v ∈ Vh (resp., v ∈ VH), and

(A.2b) ah(v, w) ≤ C |v|Hk(Th,j) |w|Hk(Th)

for all v ∈ Vh, w ∈ Vj , where

|v|Hk(Th,j) =

 ∑
T⊂Ωj
T∈Th

|v|2Hk(T )


1/2

.

The operators IHh , PHh : Vh −→ VH are defined by

(IHh v, w)H = (v, IhHw)h ∀ v ∈ Vh, w ∈ VH ,(2.12)

aH(PHh v, w) = ah(v, IhHw) ∀ v ∈ Vh, w ∈ VH .(2.13)

In terms of operators, we can also express (2.13) as

(2.14) AHP
H
h = IHh Ah.

Also, (A.1a), (A.2a) and (2.13) imply that

(2.15) |PHh v|Hk(TH) ≤ C|v|Hk(Th) ∀ v ∈ Vh.

The two-level additive Schwarz preconditioner B : Vh −→ Vh is defined by

(2.16) B := IhHRHI
H
h +

J∑
j=1

RjQj ,

where RH (resp., Rj) is an approximate solver of AH (resp., Aj) which is symmetric
positive definite with respect to (·, ·)H (resp., (·, ·)h).

The discretized problem (2.5) can be written as:

(2.17) Ahu = f,

where F (v) = (f, v)h ∀ v ∈ Vh.
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The preconditioned system is:

(2.18) BAhu = Bf.

The operator BAh is symmetric positive definite with respect to ah(·, ·) because of
the defining properties of the various operators and (2.4), and hence has positive
eigenvalues 0 < λmin(BAh) ≤ · · · ≤ λmax(BAh). Our goal is to show that

(2.19)
λmax(BAh)

λmin(BAh)
≤ C.

By (2.11) and (2.14) we have

BAh = IhHRHI
H
h Ah +

J∑
j=1

RjQjAh(2.20)

= IhHRHAHP
H
h +

J∑
j=1

RjAjPj .

Note that in the case where RH = A−1
H and Rj = A−1

j , (2.20) can be simplified
to

(2.21) BAh = IhHP
H
h +

J∑
j=1

Pj =
(
IhHA

−1
H IHh

)
Ah +

J∑
j=1

Pj .

Comparing (2.21) with equation (13) in [15], we see that the two preconditioners
are slightly different.

The techniques we use to bound the eigenvalues are based on the ideas of Dryja
and Widlund in [10] and [11] (see also [18]). Their theory has also been extended by
Zhang (cf. [19]) to fourth-order problems in the case of conforming finite elements.
We begin with the upper bound for the eigenvalues of BAh.

Lemma 2.1. The following inequality holds:

(2.22)
J∑
j=1

ah(Pjv, Pjv) ≤ C Nc ah(v, v) ∀ v ∈ Vh.

Proof. By (A.2) and (2.10) we have

ah(Pjv, Pjv) = ah(v, Pjv)

≤ C |v|Hk(Th,j) |Pjv|Hk(Th)

≤ C |v|Hk(Th,j)

√
ah(Pjv, Pjv).

Therefore,
ah(Pjv, Pjv) ≤ C |v|2Hk(Th,j).
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Summing over 1 ≤ j ≤ J , we find by (A.2a) and the definition of Nc that

J∑
j=1

ah(Pjv, Pjv) ≤ C Nc |v|2Hk(Th) ≤ C Nc ah(v, v). �

Lemma 2.2. The following upper bound for the eigenvalues of BAh holds:

λmax(BAh) ≤ C ω1Nc,

where ω1 := max(ρ(RHAH), ρ(R1A1), · · · , ρ(RJAJ)) and ρ(·) denotes the spectral
radius.

Proof. By (2.20), (2.13), (2.15), (2.22) and (A.2a) we have

ah(BAhv, v)=ah(IhHRHAHP
H
h v, v)+

J∑
j=1

ah(RjAjPjv, v)(2.23)

=aH(RHAHP
H
h v, P

H
h v)+

J∑
j=1

ah(RjAjPjv, Pjv)

≤ω1

aH(PHh v, P
H
h v) +

J∑
j=1

ah(Pjv, Pjv)


≤ω1[C ah(v, v) + C Nc ah(v, v)]

≤C ω1Nc ah(v, v).

In this derivation we have also used the fact that RHAH (resp., RjAj) is symmetric
positive definite with respect to aH(·, ·) (resp., ah(·, ·)|Vj ). The lemma follows
immediately from (2.23). �

We now turn our attention to the lower bound for the eigenvalues of BAh. We
assume that there exists an operator JHh : Vh −→ VH with the following properties:

|JHh v|Hk(TH)≤C |v|Hk(Th) ∀ v ∈ Vh,(A.3a)

|JHh v−v|H`(Th)≤C Hk−` |v|Hk(Th) ∀ v∈Vh, 0≤`≤k − 1.(A.3b)

Note that in our theory, the finite element spaces Vh and VH are connected by the
operators IhH , JHh , (A.1) and (A.3), but only IhH appears in the preconditioner.

Let Πh be the nodal interpolation operator associated with Th. We assume that

(A.4a) |Πh(λv)|Hk(T ) ≤ C |λv|Hk(T ) ∀T ∈ Th, v ∈ Pk(T ), λ ∈ Pk−1(T )

and

(A.4b) ‖Πh(gv)‖L2(T ) ≤ C
(
‖g‖L∞(T ) + (k − 1)h ‖∇g‖L∞(T )

)
‖v‖L2(T )

∀T ∈ Th, v ∈ Pk(T ), g ∈ C∞(T̄ ), where C only depends on the minimum angle in
Th.
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Lemma 2.3. Given any v ∈ Vh, there exists v0 ∈ VH , vj ∈ Vj (1 ≤ j ≤ J) such
that

(2.24) v = IhHv0 +
J∑
j=1

vj

and

(2.25) aH(v0, v0) +
J∑
j=1

ah(vj , vj) ≤ C Nc

(
1 +

(
H

δ

)2k
)
ah(v, v).

Proof. Let v0 = JHh v and vj = Πh

(
θj(v − IhHv0)

)
, where Πh is the nodal variable

interpolation operator associated with Vh. Clearly, (2.24) holds.
We treat the cases k = 1 and k = 2 separately. For k = 1, let θ̄j,T = 1

|T |
∫
T θj dx

for all T ∈ Th. Then we have by a straightforward computation that

(2.26) ‖θj − θ̄j,T ‖L∞(T ) ≤ h ‖∇θj‖L∞(T ).

Let w = v − IhHv0. Then by the triangle inequality, a standard inverse estimate
(cf. [7, 6]), (A.4), (2.26), (2.2) and (2.3) we have

|vj |H1(T ) = |Πh(θjw)|H1(T )(2.27)

≤ |θ̄j,Tw|H1(T ) + |Πh[(θj − θ̄j,T )w]|H1(T )

≤ |w|H1(T ) + C h−1‖Πh[(θj − θ̄j,T )w]‖L2(T )

≤ |w|H1(T ) + C h−1 ‖θj − θ̄j,T ‖L∞(T ) ‖w‖L2(T )

≤ |w|H1(T ) +
C

δ
‖w‖L2(T ).

Summing the square of (2.27) over T in Ωj , we find by (A.2b) that

(2.28) ah(vj , vj) ≤ C
(
|w|2H1(Th,j) +

1

δ2
‖w‖2L2(Ωj)

)
.

Summing (2.28) for 1 ≤ j ≤ J , we obtain

(2.29)
J∑
j=1

ah(vj , vj) ≤ C Nc
(
ah(w,w) +

1

δ2
‖w‖2L2(Ω)

)
.

By (A.1a) and (A.3a) we have

|w|H1(Th) = |v − IhHv0|H1(Th)

≤ |v|H1(Th) + |IhHv0|H1(Th)

≤ |v|H1(Th) + C |v0|H1(TH)

= |v|H1(Th) + C |JHh v|H1(TH)

≤ C |v|H1(Th),
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which together with (A.2a) imply that

(2.30) ah(w,w) ≤ C ah(v, v).

On the other hand, by (A.3b), (A.1b), (A.3a) and (A.2a),

‖w‖L2(Ω) = ‖v − IhHJHh v‖L2(Ω)(2.31)

≤ ‖v − JHh v‖L2(Ω) + ‖JHh v − IhHJHh v‖L2(Ω)

≤ C H |v|H1(Th) + C H |JHh v|H1(TH)

≤ C H |v|H1(Th)

≤ C H
√
ah(v, v).

Similarly, by (A.2a) and (A.3a),

(2.32) aH(v0, v0) ≤ C ah(v, v).

Inequality (2.25) now follows from (2.29)–(2.32).

For k = 2, let θ̃j,T be the linear interpolant of θj on T , i.e., θ̃j,T ∈ P1(T ) and

θ̃j,T = θj at the vertices of T . It is clear that

(2.33) ‖θ̃j,T‖L∞(T ) ≤ ‖θj‖L∞(T ) and ‖∇θ̃j,T ‖L∞(T ) ≤ C‖∇θj‖L∞(T ),

where C depends only on the minimum angle of the triangulation Th.
By a simple homogeneity (scaling) argument we also have

‖θj − θ̃j,T ‖L∞(T ) + h ‖∇(θj − θ̃j,T )‖L∞(T )(2.34)

≤ C h2 ‖∇2θj‖L∞(T ),

where C again depends only on the minimum angle of the triangulation Th.
Let w = v− IhHv0. Then by the triangle inequality, a standard inverse estimate,

(A.4), (2.33), (2.34) and (2.3) we have

|vj |H2(T ) = |Πh(θjw)|H2(T )

(2.35)

≤ |Πh(θ̃j,Tw)|H2(T ) + |Πh[(θj − θ̃j,T )w]|H2(T )

≤ C |θ̃j,Tw|H2(T ) + C h−2 ‖Πh[(θj − θ̃j,T )w]‖L2(T )

≤ C
(
‖θ̃j,T ‖L∞(T ) |w|H2(T ) + ‖∇θ̃j,T ‖L∞(T ) |w|H1(T )

)
+ C h−2

(
‖θj − θ̃j,T ‖L∞(T ) + h ‖∇(θj − θ̃j,T )‖L∞(T )

)
‖w‖L2(T )

≤ C
(
|w|H2(T ) +

1

δ
|w|H1(T ) +

1

δ2
‖w‖L2(T )

)
.

Summing up the square of (2.35) over T in Ωj , we find by (A.2b) that

(2.36) ah(vj , vj) ≤ C
(
|w|2H2(Th,j) +

1

δ2
|w|2H1(Th,j) +

1

δ4
‖w‖2L2(Ωj)

)
.
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Summing up (2.36) for 1 ≤ j ≤ J , we obtain

(2.37)
J∑
j=1

ah(vj , vj) ≤ C Nc
(
ah(w,w) +

1

δ2
|w|2H1(Th) +

1

δ4
‖w‖2L2(Ω)

)
.

As in the previous case we deduce from (A.1a), (A.2), and (A.3a) that

(2.38) ah(w,w) ≤ C ah(v, v)

and

(2.39) aH(v0, v0) ≤ C ah(v, v).

Also, analogous to (2.31), we have by (A.1), (A.2) and (A.3) that

(2.40) ‖w‖L2(Ω) +H |w|H1(Th) ≤ C H2
√
ah(v, v).

Inequality (2.25) now follows by combining (2.37)–(2.40). �
Lemma 2.4. The following lower bound for the eigenvalues of BAh holds:

(2.41) λmin(BAh) ≥ C ω0

Nc(1 + (Hδ )2k)
,

where ω0 := min(λmin(RHAH), λmin(R1A1), · · · , λmin(RJAJ)).

Proof. Let β := Nc(1 + (Hδ )2k). Given any v ∈ Vh, by Lemma 2.3 there exists
v0 ∈ VH , vj ∈ Vj (1 ≤ j ≤ J) such that (2.24) and (2.25) hold. It follows from
(2.25) that

C β ah(v, v) ≥ aH(v0, v0) +
J∑
j=1

ah(vj , vj)(2.42)

= (R−1
H RHAHv0, v0)H +

J∑
j=1

(R−1
j RjAjvj , vj)h

≥ ω0

(R−1
H v0, v0)H +

J∑
j=1

(R−1
j vj , vj)h

 ,
where we have used the fact that RHAH : VH −→ VH (resp., RjAj : Vj −→ Vj) is

positive definite with respect to (R−1
H ·, ·)H (resp., (R−1

j ·, ·)h).

Let TH := IhHRHAHP
H
h and Tj := RjAjPj . In other words, we can rewrite

(2.20) as

(2.43) BAh = TH +
J∑
j=1

Tj .

Using (2.24), (2.13), (2.10), the Cauchy-Schwarz inequality, (2.42) and (2.43), we
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have

ah(v, v) = ah(IhHv0, v) +
J∑
j=1

ah(vj , v)

= aH(v0, P
H
h v) +

J∑
j=1

ah(vj , Pjv)

= (R
−1/2
H v0, R

1/2
H AHP

H
h v)H +

J∑
j=1

(R
−1/2
j vj , R

1/2
j AjPjv)h

≤ (R−1
H v0, v0)

1/2
H (AHP

H
h v,RHAHP

H
h v)

1/2
H

+
J∑
j=1

(R−1
j vj , vj)

1/2
h (AjPjv,RjAjPjv)

1/2
h

= (R−1
H v0, v0)

1/2
H aH(PHh v,RHAHP

H
h v)1/2

+
J∑
j=1

(R−1
j vj , vj)

1/2
h ah(Pjv,RjAjPjv)1/2

= (R−1
H v0, v0)

1/2
H ah(v, THv)1/2 +

J∑
j=1

(R−1
j vj , vj)

1/2
h ah(v, Tjv)1/2

≤

(R−1
H v0, v0)H +

J∑
j=1

(R−1
j vj , vj)h

1/2

ah(v, THv) +
J∑
j=1

ah(v, Tjv)

1/2

≤ Cβ1/2

ω
1/2
0

ah(v, v)1/2 ah(v,BAhv)1/2,

which implies that

(2.44) ah(v, v) ≤ Cβ

ω0
ah(v,BAhv).

Inequality (2.41) now follows immediately from (2.44). �
In summary, we have the following theorem.

Theorem 2.1. Under the geometric assumptions (2.1)–(2.3) and the assumptions
(A.1)–(A.4) on the finite element spaces we have

λmax(BAh)

λmin(BAh)
≤ C ω1

ω0
N2
c

(
1 +

(
H

δ

)2k
)
.

Therefore, if the approximate solvers RH and Rj are accurate enough so that
ω1 is bounded and ω0 is bounded away from zero, and if the overlap between
subregions is generous enough so that H

δ is bounded, then the condition number of
the preconditioned system is bounded independent of h, δ, H and J .

Remark. If we are more careful about the definition of Ωj and θj , then the factor

1 +
(
H
δ

)2k
of Theorem 2.1 can be reduced to 1 +

(
H
δ

)2k−1
. This is done by using a

trace theorem type argument in [17], which can be applied to nonconforming finite
elements after a slight modification (cf. [4]).
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3. Scalar P1 nonconforming finite element

In this section we apply the abstract theory to the P1 nonconforming finite
element (cf. [9]) approximation of the Laplace equation. The finite element space
Vh is defined by

Vh := {v ∈ L2(Ω) : v ∈ P1(T ) ∀T ∈ Th, v is continuous at the

midpoints of interelement boundaries, and v vanishes

at the midpoints along ∂Ω}.

VH is defined the same way with respect to TH . Members of Vh (resp., VH) are
completely determined by their values at the midpoints of Th (resp., TH).

The symmetric positive definite bilinear forms ah(·, ·) and aH(·, ·) are given by

(3.1) ah(v1, v2) :=
∑
T∈Th

∫
T

∇v1 · ∇v2 dx ∀ v1, v2 ∈ Vh,

and

(3.2) aH(v1, v2) :=
∑
T∈TH

∫
T

∇v1 · ∇v2 dx ∀ v1, v2 ∈ VH .

The inner products (·, ·)h and (·, ·)H are just the L2-inner products restricted to
Vh and VH , respectively. Note that the natural nodal basis functions in Vh are
L2-orthogonal, so that the constructions of the Qj are trivial.

Assumptions (A.2) and (A.4a) are trivially satisfied, while (A.4b) follows from
the following quadrature formula:∫

T

v2dx =
|T |
3

[
(v(m1))2 + (v(m2))2 + (v(m3))2

]
∀ v ∈ P1(T ),

where m1, m2, and m3 are the midpoints of the three sides of the triangle T .
It only remains to define the operators IhH and JHh , and to verify assumptions

(A.1a), (A.1b), (A.3a), and (A.3b). We introduce two other finite element spaces
Wh and WH , where

Wh := {w ∈ C(Ω̄) : w|T ∈ P2(T ) ∀T ∈ Th and w = 0 on ∂Ω},

and WH is defined similarly with respect to TH . The members of Wh (resp., WH)
are completely determined by their values at the vertices and midpoints of Th (resp.,
TH). Note that WH ⊂Wh since Th is a subdivision of TH .

We define Eh : Vh −→Wh and Fh : Wh −→ Vh by

(3.3)

{
(Ehv)(m) = v(m) for all internal midpoints m ∈ Th,
(Ehv)(p) = average of vi(p) for all internal vertices p ∈ Th,

where vi = v|Ti and Ti ∈ Th contains p as a vertex, and

(3.4) (Fhw)(m) = w(m) for all midpoints m ∈ Th.
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The operators EH : VH −→ WH and FH : WH −→ VH are defined similarly with
respect to TH .

The intergrid transfer operator IhH : VH −→ Vh is given by

(3.5) IhH := Fh ◦EH .

The operator JHh : Vh −→ VH is given by

(3.6) JHh := FH ◦QHh ◦Eh,

where QHh : Wh −→ WH is the L2-orthogonal projection operator. The relations
of these operators are illustrated by the commutative diagrams in Fig. 1 (where i
stands for natural injection).

Vh
Fh←−−−− Wh Vh

Eh−−−−→ Wh

IhH

x xi JHh

y yQHh
VH −−−−→

EH
WH VH ←−−−−

FH
WH

Figure 1

Note that IhH is represented by a sparse, banded matrix with respect to the
natural nodal bases of Vh and VH .

The estimates (A.1) and (A.3) are established through a sequence of lemmas.
The next lemma follows from the result of Bramble and Xu in [2].

Lemma 3.1. The following estimates on QHh hold:

|QHh w|H1(Ω) ≤ C |w|H1(Ω) ∀w ∈Wh,(3.7)

‖w −QHh w‖L2(Ω) ≤ C H |w|H1(Ω) ∀w ∈Wh.(3.8)

Lemma 3.2. The following estimates on Fh and FH hold:

|Fhw|H1(Th) ≤ C |w|H1(Ω) ∀w ∈Wh,(3.9a)

|FHw|H1(TH) ≤ C |w|H1(Ω) ∀w ∈WH ,(3.9b)

‖w − Fhw‖L2(Ω) ≤ C h |w|H1(Ω) ∀w ∈Wh,(3.10a)

‖w − FHw‖L2(Ω) ≤ C H |w|H1(Ω) ∀w ∈WH .(3.10b)

Proof. It suffices to establish (3.9a) and (3.10a). On a reference triangle T̂ , | · |H1(T̂ )

defines a norm on the quotient space P2(T̂ )/P0(T̂ ). Given any w ∈ P2(T̂ ), let

w′ ∈ P1(T̂ ) be defined by w′(mi) = w(mi) at the midpoints mi (i = 1, 2, 3) of

T̂ . Since w′ = w if w ∈ P0(T̂ ), w −→ w − w′ is a well-defined linear map from

P2(T̂ )/P0(T̂ ) into P2(T̂ ). Therefore we have

(3.11) ‖w− w′‖L2(T̂ ) ≤ C |w|H1(T̂ ) ∀w ∈ P2(T̂ ).
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m3

p2
T

m1

m2

p1

p3

Figure 2

The estimate (3.11) together with a homogeneity argument yields

(3.12) ‖w − Fhw‖L2(Ω) ≤ C h |w|H1(Ω) ∀w ∈Wh,

where C depends only on the minimum angle of Th.
By a standard inverse estimate and (3.12), we obtain

|Fhw|H1(Th) ≤ |w − Fhw|H1(Th) + |w|H1(Th)

≤ C h−1 ‖w − Fhw‖L2(Th) + |w|H1(Th)

≤ C |w|H1(Ω). �

Lemma 3.3. The following estimates on Eh and EH hold:

|Ehv|H1(Ω) ≤ C |v|H1(Th) ∀ v ∈ Vh,(3.13a)

|EHv|H1(Ω) ≤ C |v|H1(TH) ∀ v ∈ VH ,(3.13b)

‖v −Ehv‖L2(Ω) ≤ C h |v|H1(Th) ∀ v ∈ Vh,(3.14a)

‖v −EHv‖L2(Ω) ≤ C H |v|H1(TH) ∀ v ∈ VH .(3.14b)

Proof. It suffices to establish (3.13a) and (3.14a). Observe that Fh◦Eh = Id. Hence
by (3.9a) we have

‖v −Ehv‖L2(Ω) = ‖Fh(Ehv)−Ehv‖L2(Ω)(3.15)

≤ C h |Ehv|H1(Ω).

In view of (3.15), the whole problem is reduced to proving (3.13a).
Let T ∈ Th be a triangle away from ∂Ω, and G be the union of all triangles

in Th sharing a vertex with T (cf. Fig. 2). (The triangle T is itself in G.) Let
VG = {v ∈ L2(G) : v|T ∈ P1(T ) ∀T ⊂ G, v is continuous at the midpoints of the
interelement boundaries}.

Given v ∈ VG, let v′ ∈ P2(T ) be defined by{
v′(mi) = v(mi) for i = 1, 2, 3,

v′(pi) = average of vij at pi for i = 1, 2, 3,

where vij = v|Tj and Tj ⊂ G contains pi as a vertex.
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T

T

Figure 3

Let | · |H1
∗(G) be defined by

|v|H1
∗(G) =

(∑
T⊂G
|v|2H1(T )

)1/2

∀ v ∈ VG.

Observe that

|v|H1
∗(G) = 0 =⇒ v ∈ P0(G)(3.16)

=⇒ v′ = v on T

=⇒ |v′|H1(T ) = 0.

It follows from (3.16) and a homogeneity argument using reference triangles that

(3.17) |v′|H1(T ) ≤ C1|v|H1
∗(G) ∀ v ∈ VG,

where C depends on the number of triangles in G and the shape of the triangles in
G. Since Th is quasi-uniform, C1 ultimately depends on the minimum angle in Th.

The same estimate holds if the triangle T is close to ∂Ω, in which case the
members of VG will vanish at certain midpoints (cf. Fig. 3).

Summing up the square of (3.17) over all triangles T ∈ Th, we obtain
(3.13a). �

Proposition 3.1. Assumptions (A.1) and (A.3) hold for IhH and JHh defined by
(3.5) and (3.6), respectively.

Proof. The estimates (A.1a) and (A.3a) follow immediately from the estimates
(3.7), (3.9) and (3.13).

Using (3.10a), (3.14a), and (3.13b), we have

‖IhHv − v‖L2(Ω) = ‖Fh(EHv)− v‖L2(Ω)

≤ ‖Fh(EHv)−EHv‖L2(Ω) + ‖EHv − v‖L2(Ω)

≤ C h |EHv|H1(Ω) + C H |v|H1(TH)

≤ C H |v|H1(TH).
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Similarly, using (3.10b), (3.8), (3.14a), (3.7), and (3.13a), we obtain

‖JHh v − v‖L2(Ω) = ‖FH(QHh (Ehv)) − v‖L2(Ω)

≤ ‖FH(QHh (Ehv)) −QHh (Ehv)‖L2(Ω)

+ ‖QHh (Ehv)−Ehv‖L2(Ω) + ‖Ehv − v‖L2(Ω)

≤ C H |QHh (Ehv)|H1(Ω) + C H |Ehv|H1(Ω) + C h |v|H1(TH)

≤ C H |v|H1(TH). �

Therefore, the abstract theory in §2 is applicable to the case of the scalar P1
nonconforming finite element approximation of the Laplace equation. The gener-
alization to more general symmetric positive definite second-order scalar elliptic
problems is straightforward.

Remark. We can also use the P1 conforming finite element space on the coarser
grid. Let

ṼH := {v ∈ C(Ω̄) : v|T ∈ P1(T ) ∀T ∈ TH and v|∂Ω = 0}.

Since ṼH ⊂ VH we can define ĨhH : ṼH −→ Vh to be the natural injection. Assump-

tions (A.1a) and (A.1b) then become trivial for ĨhH .

Let the operator F̃H : WH −→ ṼH be defined by

(F̃Hw)(p) = w(p) for all vertices p ∈ TH .

The estimates (3.9b) and (3.10b) with FH replaced by F̃H can be established by
arguments analogous to those in the proof of Lemma 3.2. Hence, if we define
J̃Hh : Vh −→ ṼH by

J̃Hh := F̃H ◦QHh ◦Eh,

then assumptions (A.3a) and (A.3b) hold for J̃Hh . Therefore, our theory is also
applicable for these choices and we recover the results in [8].

4. The Morley finite element

In this section we apply the abstract theory to the Morley finite element ap-
proximation of the biharmonic equation. Let Vh be the Morley finite element space
associated with Th. Then v ∈ Vh if and only if it has the following three properties:

(i) v|T is quadratic for all T ∈ Th
(ii) v is continuous at the vertices and vanishes at the vertices along ∂Ω

(iii) ∂v
∂n is continuous at the midpoints of interelement boundaries and vanishes at
the midpoints along ∂Ω.

VH is defined the same way with respect to TH . Members of Vh (resp., VH) are
completely determined by their values at vertices of Th (resp., TH) and the values of
their normal derivatives at the midpoints of Th (resp., TH). The symmetric positive
definite bilinear forms ah(·, ·) and aH(·, ·) are defined by

(4.1) ah(v1, v2) :=
∑
T∈Th

∫
T

2∑
i,j=1

∂2v1

∂xi∂xj

∂2v2

∂xi∂xj
dx ∀ v1, v2 ∈ Vh
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and

(4.2) aH(v1, v2) :=
∑
T∈TH

∫
T

2∑
i,j=1

∂2v1

∂xi∂xj

∂2v2

∂xi∂xj
dx ∀ v1, v2 ∈ VH .

The inner product (·, ·)h is defined by

(4.3) (v1, v2)h := h2
∑
p

v1(p)v2(p) + h4
∑
m

∂v1

∂n
(m)

∂v2

∂n
(m) ∀ v1, v2 ∈ Vh,

where the summation is over all vertices p and midpoints m of the triangulation
Th. The inner product (·, ·)H is defined analogously with respect to TH . It follows
from a standard calculation using reference elements and a homogeneity argument
for almost affine elements (cf. [7]) that

(4.4) C1 ‖v‖2L2(T ) ≤ |T |
3∑
i=1

(v(pi))
2 + |T |2

3∑
i=1

(
∂v

∂n
(mi)

)2

≤ C2 ‖v‖2L2(T )

for all v ∈ P2(T ), where C1, C2 depend on the shape of T . Hence we have

(4.5a) C ‖v‖2L2(Ω) ≤ (v, v)h ≤ C ‖v‖2L2(Ω) ∀ v ∈ Vh

and

(4.5b) C ‖v‖2L2(Ω) ≤ (v, v)H ≤ C ‖v‖2L2(Ω) ∀ v ∈ VH .

Assumption (A.2) is trivially satisfied. Let T ∈ Th and Π be the Morley nodal
variable interpolation operator from C1(T̄ ) into P2(T ). For g ∈ C1(T̄ ) and v ∈
P2(T ) we have by (4.4)

‖Π(gv)‖2L2(T ) ≤ C
(
|T |

3∑
i=1

[g(pi)v(pi)]
2 + |T |2

3∑
i=1

(
∂(gv)

∂n
(mi)

)2
)(4.6)

≤ C
(
‖g‖2L∞(T )‖v‖2L2(T ) + |T |2‖∇g‖2L∞(T )

3∑
i=1

v(mi)
2

)
.

A homogeneity argument shows that

(4.7) |T |
3∑
i=1

v(mi)
2 ≤ C3 ‖v‖2L2(T ) ∀ v ∈ P2(T ),

where C3 depends only on the shape of T . Assumption (A.4b) now follows from
(4.6) and (4.7).

Next, we verify assumption (A.4a). Let T̂ be a reference triangle. Since | · |H2(T̂ )

is a norm on the space P3(T̂ )/P1(T̂ ), and ζ −→ Πζ − ζ is a well-defined linear map

from P3(T̂ )/P1(T̂ ) into P3(T̂ ), we have

|Πζ − ζ|H2(T̂ ) ≤ C4 |ζ|H2(T̂ ) ∀ ζ ∈ P3(T̂ ),
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where C4 depends only on the shape of the triangle T̂ . Therefore,

(4.8) |Πζ|H2(T̂ ) ≤ (1 + C4) |ζ|H2(T̂ ) ∀ ζ ∈ P3(T̂ ).

Assumption (A.4a) now follows from (4.8) and a homogeneity argument for almost
affine elements.

It remains to define the operators IhH and JHh , and to verify assumptions (A.1)
and (A.3). As in the case of P1 nonconforming finite elements, we introduce two
spaces Wh and WH , where

Wh :=

{
w ∈ C1(Ω̄) : w|T ∈ P5(T ) ∀T ∈ Th and w =

∂w

∂n
= 0 on ∂Ω

}
and WH is defined similarly with respect to TH . Note that Wh (resp., WH) contains

the Argyris finite element space W̃h (resp., W̃H) whose members are completely
determined by the values of their derivatives up to second order at the vertices of
Th (resp., TH) and their normal derivatives at the midpoints of Th (resp., TH) (cf.

[1]). Note also that WH ⊂Wh since Th is a subdivision of Th, but W̃H 6⊂ W̃h.
As in the case of P1 nonconforming finite elements, the operators IhH and JHh are

defined through the commutative diagrams in Fig. 1, where Eh : Vh −→ W̃h ⊆Wh

(resp., EH : VH −→ W̃H ⊆WH) and Fh : Wh −→ Vh (resp., FH : WH −→ VH) are
defined as follows:
(4.9)

(Ehv)(p) = v(p) for all internal vertices p ∈ Th,

(∂αEhv)(p) = average of (∂αvi)(p), |α| = 1 for all internal vertices p ∈ Th,

(∂αEhv)(p) = 0, |α| = 2 for all internal vertices p ∈ Th,(
∂
∂nEhv

)
(m) = ∂v

∂n (m) for all internal midpoints m ∈ Th,

where vi = v|Ti and Ti contains p as a vertex, and

(4.10)

{
(Fhw)(p) = w(p) for all internal vertices p ∈ Th,(
∂
∂n (Fhw)

)
(m) = ∂w

∂n (m) for all internal midpoints m ∈ Th.

The nodal values of Ehv are zero along ∂Ω. The definitions of EH and Fh are the
same with respect to TH .

The operators IhH : VH −→ Vh and JHh : Vh −→ VH are then defined by

(4.11) IhH := Fh ◦EH

and

(4.12) JHh := FH ◦QHh ◦Eh,

where QHh : Wh −→WH is the L2-orthogonal projection operator.

Again, note that IhH is represented by a sparse, banded matrix with respect to
the natural nodal bases of Vh and VH .
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Lemma 4.1. The following estimates on QHh hold:

|QHh w|H2(Ω) ≤ C |w|H2(Ω),(4.13)

‖w −QHh w‖L2(Ω) +H |w −QHh w|H1(Ω) ≤ C H2 |w|H2(Ω),(4.14)

for all w ∈Wh.

Proof. Let w ∈Wh. By Theorem 4.1.2 in [19], there exits w′ ∈WH such that

(4.15) |w − w′|Hs(Ω) ≤ C H2−s |w|H2(Ω), s = 0, 1, 2.

Let QH : L2(Ω) −→ WH be the L2-orthogonal projection operator (hence QHh =
QH
∣∣
Wh

). By (4.15) and standard inverse estimates, we have for s = 0, 1, 2,

|w −QHh |Hs(Ω)≤|w − w′|+ |QH(w′ − w)|Hs(Ω)(4.16)

≤CH2−s|w|H2(Ω)+CH−s‖QH(w′−w)‖L2(Ω)

≤CH2−s|w|H2(Ω)+CH−s‖(w′ − w)‖L2(Ω)

≤CH2−s|w|H2(Ω) .

The estimates (4.13) and (4.14) follow immediately from (4.16). �
The proof of the following lemma is similar to the proof of Lemma 3.2 and is

therefore omitted.

Lemma 4.2. The following estimates on Fh and FH hold:

|Fhw|H2(Th) ≤ C |w|H2(Ω),(4.17a)

|FHw̃|H2(TH) ≤ C |w̃|H2(Ω),(4.17b)

‖w− Fhw‖L2(Ω) + h |w − Fhw|H1(Th) ≤ C h2 |w|H2(Ω),(4.18a)

‖w̃−FHw̃‖L2(Ω)+H |w̃−FHw̃|H1(TH)≤C H2 |w̃|H2(Ω),(4.18b)

for all w ∈Wh and w̃ ∈WH .

Lemma 4.3. The following estimates on Eh and EH hold:

|Ehv|H2(Ω) ≤ C |v|H2(Th),(4.19a)

|EH ṽ|H2(Ω) ≤ C |ṽ|H2(TH),(4.19b)

‖v −Ehv‖L2(Ω) + h |v −Ehv|H1(Th) ≤ C h2 |v|H2(Th),(4.20a)

‖ṽ−EH ṽ‖L2(Ω)+H |ṽ−EH ṽ|H1(TH)≤C H2 |ṽ|H2(TH),(4.20b)

for all v ∈ Vh and ṽ ∈ VH .

Proof. It suffices to establish (4.19a) and (4.20a). Let v ∈ Vh, T ∈ Th, w = v|T and
w̃ = (Ehv)|T . The two functions w, w̃ ∈ P5(T ) are related by

(4.21) w − w̃ =
3∑
i=1

∑
|α|=1,2

∂α(w − w̃)(pi)rα,i,
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Figure 4

where the points pi are the vertices of T , and the functions rα,i are the nodal
basis functions corresponding to the nodal variables (∂αv)(pi) of the Argyris finite
element. The following estimates are obtained by the standard techniques of almost
affine family of finite elements (cf. [7]):

‖rα,i‖L2(T ) ≤ C(T )h2
T for |α| = 1,(4.22)

‖rα,i‖L2(T ) ≤ C(T )h3
T for |α| = 2,(4.23)

where hT = diamT , and C(T ) represents a generic positive constant which de-
pends continuously on the minimum angle of the triangle T . By a standard inverse
estimate and (4.9) we have

|∂α(w − w̃)(pi)| = |∂αw(pi)|(4.24)

≤ |v|W2
∞(T )

≤C(T )h−1
T |v|H2(T ),

for |α| = 2.
Recall from (4.9) that for |α| = 1, [∂α(Ehv)](p) = average of ∂αvj(p), where

vj = v|Tj and Tj contains p as a vertex. Suppose T1 and T2 are two triangles in Th
sharing the common edge e which contains p as an endpoint. Since v|T1 and v|T2

agree at the two endpoints of e, the difference of ∂s(v|T1) and ∂s(v|T2) (s is the arc
length along e) at p is bounded by (|e|/2)[|v|W2

∞(T1) + |v|W2
∞(T2)].

Similarly, since the normal derivatives of v|T1 and v|T2 at the midpoint m of e
agree, the difference of ∂n(v|T1) and ∂n(v|T2) (n is a normal of e) at p is bounded
by (|e|/2)[|v|W2

∞(T1) + |v|W2
∞(T2)].

Therefore, we have the following estimate:

3∑
i=1

∑
|α|=1

|∂α(w − w̃)(pi)| ≤ kT
∑
T ′

hT ′ |(v|T ′)|W2
∞(T ′)(4.25)

≤ kT
∑
T ′

C(T ′)|(v|T ′)|H2(T ′),

where the summation is over all the triangles T ′ which share at least one vertex
with T (cf. Fig. 4), and kT is a constant which depends only on the total number
of such T ′.
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Combining (4.21)–(4.25) and using the quasi-uniformity of Th, we have

(4.26) ‖v −Ehv‖L2(T ) ≤ Ch2
∑
T ′

|v|H2(T ′).

Note that estimate (4.26) also holds if some of the vertices of T belong to ∂Ω.
Summing up the square of (4.26) over all the triangles T in Th, we obtain

(4.27) ‖v −Ehv‖L2(Ω) ≤ Ch2|v|H2(Th).

The rest of the estimates in (4.19a) and (4.20a) now follow from standard inverse
estimates and the triangle inequality. �

The following proposition follows from Lemmas 4.1–4.3, just as Proposition 3.1
followed from Lemmas 3.1–3.3.

Proposition 4.1. Assumptions (A.1) and (A.3) hold for IhH and JHh defined by
(4.11) and (4.12), respectively.

5. Divergence-free P1 nonconforming finite element

In this section we adapt the abstract theory to the divergence-free P1 noncon-
forming finite element approximation of the stationary Stokes equations. We as-
sume that Ω is simply connected (i.e., flow without obstacle). The case where there
are obstacles is more complicated and is discussed elsewhere (cf. [5]). Throughout
this section we use undertildes to denote vector-valued functions and operators.
The operators c∼url and div are given by

c∼url p =

(
∂p/∂x2

−∂p/∂x1

)
,

div
∼
v =

∂v1

∂x1
+
∂v2

∂x2
.

The finite element space Vh is defined by

Vh := {
∼
v ∈

∼
L2(Ω) :

∼
v ∈

∼
P1(T ) ∀T ∈ Th, ∼v is continuous

at the midpoints of interelement boundaries,
∼
v vanishes at the

midpoints along ∂Ω, and div(
∼
v|T ) = 0 ∀T ∈ Th}.

VH is defined the same way with respect to TH .
The symmetric positive definite bilinear forms ah(·, ·) and aH(·, ·) are given by

(5.1) ah(
∼
v,
∼
w) :=

∑
T∈Th

∫
T

2∑
i,j=1

∂vi
∂xj

∂wi
∂xj

dx ∀
∼
v,
∼
w ∈ Vh

and

(5.2) aH(
∼
v,
∼
w) :=

∑
T∈TH

∫
T

2∑
i,j=1

∂vi
∂xj

∂wi
∂xj

dx ∀
∼
v,
∼
w ∈ VH .
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Figure 5

In order to define the inner products (·, ·)h and (·, ·)H , we must first describe the
bases of Vh and VH .

Let e be an edge in Th. Denote by φe the piecewise linear function on Ω (with
respect to Th) that takes the value 1 at the midpoint of the edge e and 0 at all
other midpoints.

The first kind of basis function is associated with internal edges. Let

(5.3)
∼
µe := φe∼te,

where e is an internal edge and
∼
te is a unit vector tangential to e (cf. Fig. 5).

The second kind of basis function is associated with internal vertices. Let p be an
internal vertex and let e1, e2, · · · , e` be the edges in Th that have p as an endpoint.
Let

(5.4)
∼
νp :=

∑̀
i=1

|ei|−1 φei ∼nei ,

where
∼
nei is a unit vector normal to ei pointing in the clockwise direction (cf. Fig.

5). Then Bh :={
∼
µe: e is an internal edge of Th}∪{∼νp: p is an internal vertex of Th}

is a basis of Vh (cf. [16]). The basis BH (resp., Bj) of VH (resp., Vj) is defined
similarly.

Let
∼
v =

∑
ai∼µei +

∑
bj∼νpj and

∼
w =

∑
αi∼µei +

∑
βj∼νpj be two members of Vh,

where the summations are taken over all internal edges and all internal vertices.
Then (

∼
v,
∼
w)h is defined by

(5.5) (
∼
v,
∼
w)h := h2

∑
aiαi + h4

∑
bjβj .

The inner product (·, ·)H is defined similarly.
The theory developed in §2 cannot be directly applied to the problem here be-

cause of the divergence-free constraint. To be more specific, the vj ’s defined in the
proof of Lemma 2.3 do not satisfy the divergence-free constraint.

We will modify the theory in the following manner. We establish assumptions
(A.1a) and (A.2), and then Lemmas 2.1 and 2.2 remain valid. We will then prove
Lemma 2.3 directly by exploiting the connection between the divergence-free P1
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nonconforming finite element and the Morley finite element. Since Lemma 2.4
remains unchanged, Theorem 2.1 then holds.

Assumption (A.2) is trivially true. In order to define IhH and verify assumptions
(A.1a) and (A.1b), we need to consider the connection between Vh (resp., Vj , VH)
and the Morley finite element spaces defined in §4, which we denote by Mh (resp.,
Mj , MH) here.

There is an isomorphism between Mh and Vh (cf. [12]) given by the operator
c∼urlh, where

(5.6) (c∼urlhψ)|T = c∼url (ψ|T ) ∀T ∈ Th.

The isomorphism c∼urlH : MH −→ VH is defined similarly. Note that c∼urlh|Mj is an

isomorphism from Mj onto Vj . The inverse of c∼urlh (resp., c∼urlH) will be denoted

by c∼url−1
h (resp., c∼url−1

H ).

In terms of the basis Bh of Vh, we have a simple description of c∼urlh. Let ψ ∈Mh.

Then we have

(5.7) c∼urlhψ =
∑

ai∼µei +
∑

bj∼νpj ,

where ai = ∂ψ
∂nei

(mi), mi is the midpoint of edge ei, ∼tei is obtained by rotating
∼
nei

clockwise through a right angle, and bj = ψ(pj).

We are now ready to define the operator IhH . Let ĨhH be the intergrid transfer
operator between the Morley spaces MH and Mh defined in §4. The operator
IhH : VH −→ Vh is defined by

(5.8) IhH := c∼urlh ◦ ĨhH ◦ c∼url−1
H .

The relations between these operators are illustrated by the commutative diagram
in Fig. 6.

Vh
c∼urlh

←−−−− Mh

IhH

x xĨhH
VH −−−−→

c∼url−1
H

MH

Figure 6

In view of (5.7), IhH is represented by a sparse banded matrix with respect to the
bases Bh and BH .

Note that we have the trivial identities

(5.9a) |c∼urlhψ|H1(Th) = |ψ|H2(Th), ‖c∼urlhψ‖L2(Ω) = |ψ|H1(Th)

and

(5.9b) |c∼urlHφ|H1(TH) = |φ|H2(TH), ‖c∼urlHφ‖L2(Ω) = |φ|H1(TH),
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where ψ (resp., φ) is piecewise C1 with respect to Th (resp., TH).

Lemma 5.1. Assumption (A.1a) (for k = 1) holds for IhH defined by (5.8).

Proof. It was established in Proposition 4.1 that ĨhH has the following property

(5.10) |ĨhHψ|H2(Th) ≤ C |ψ|H2(TH) ∀ψ ∈MH .

Assumption (A.1a) follows immediately from (5.8), (5.9) and (5.10). �
Finally, we establish Lemma 2.3 in the present context.

Lemma 5.2. Given any
∼
v ∈ Vh, there exists

∼
v0 ∈ VH ,

∼
vj ∈ Vj (1 ≤ j ≤ J) such

that

(5.11)
∼
v = IhH∼v0 +

J∑
j=1

∼
vj

and

(5.12) aH(
∼
v0, ∼v0) +

J∑
j=1

ah(
∼
vj , ∼vj) ≤ C Nc

(
1 +

(
H

δ

)4
)
ah(

∼
v,
∼
v).

Proof. Let ψ = c∼url−1
h ∼
v ∈Mh. It follows from Proposition 4.1 that Lemma 2.3 holds

for the Morley finite element spaces. Therefore, there exists ψ0 ∈ MH , ψj ∈ Mj

(1 ≤ j ≤ J) such that

(5.13) ψ = ĨhHψ0 +
J∑
j=1

ψj

and

(5.14) |ψ0|2H2(TH) +
J∑
j=1

|ψj |2H2(Th) ≤ C Nc

(
1 +

(
H

δ

)4
)
|ψ|2H2(Th).

Let
∼
v0 = c∼urlHψ0 and

∼
vj = c∼urlhψj for 1 ≤ j ≤ J . Then, using (5.8) and (5.13),

we obtain

∼
v = c∼urlhψ

= c∼urlh

ĨhHψ0 +
J∑
j=1

ψj


= c∼urlh

ĨhHc∼url−1
H ∼
v0 +

J∑
j=1

c∼url−1
h ∼
vj


= IhH∼v0 +

J∑
j=1

∼
vj .

The estimate (5.14) can be rewritten, using (5.9), as

|
∼
v0|2H1(TH) +

J∑
j=1

|
∼
vj |2H1(Th) ≤ C Nc

(
1 +

(
H

δ

)4
)
|
∼
v|2H1(Th),

which is equivalent to (5.14) by (A.2). �
As was pointed out earlier, Lemmas 5.1 and 5.2 yield the following theorem.
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Theorem 5.1. The two-level additive Schwarz preconditioner B for the divergence-
free P1 nonconforming finite element method defined by (2.16) satisfies

λmax(BAh)

λmin(BAh)
≤ C ω1

ω0
N2
c

(
1 +

(
H

δ

)4
)
,

where Ah is the operator respresenting the discretized stationary Stokes equations.
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