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SOLVING NORM EQUATIONS
IN RELATIVE NUMBER FIELDS USING S-UNITS

DENIS SIMON

Abstract. In this paper, we are interested in solving the so-called norm equa-
tion NL/K(x) = a, where L/K is a given arbitrary extension of number fields
and a a given algebraic number of K. By considering S-units and relative
class groups, we show that if there exists at least one solution (in L, but not
necessarily in ZL), then there exists a solution for which we can describe pre-
cisely its prime ideal factorization. In fact, we prove that under some explicit
conditions, the S-units that are norms are norms of S-units. This allows us to
limit the search for rational solutions to a finite number of tests, and we give
the corresponding algorithm. When a is an algebraic integer, we also study
the existence of an integral solution, and we can adapt the algorithm to this
case.

1. Introduction

The aim of this paper is to solve explicitly an equation of the type NL/K(x) = a,
where L/K is an arbitrary given extension of number fields, and a a given nonzero
element of the number field K. We also want to be able to decide if this equation
is solvable or not.

By writing a in the form a = α/b with b ∈ Z and α integral in K, we see that
our equation is equivalent to NL/K(x) = bd−1α, where d = [L : K] is the degree of
the extension. Thus without loss of generality we can make the assumption that a
is an algebraic integer.

As a first idea we can look for integral solutions when a itself is integral, and this
can be done for example by bounding the absolute value of the solutions. This idea,
which we will not use, is developped by C. L. Siegel in [12] in the case of Galois
extensions, by U. Fincke and M. Pohst in [9] in the case of an absolute extension,
or by C. Fieker, A. Jurk and M. Pohst in [8] in the relative case. A more algebraic
solution of this problem is given by D. Garbanati in [10] in the case of Abelian
extensions, or by C. Fieker for Galois extensions in [7]. Our purpose here is to give
an algebraic description of the rational solutions in the general case, and to deduce
from this an algorithm. To our knowledge, an algorithm which solves this problem
by algebraic considerations in the general case was not known before.

We will first prove some theorems giving a precise description of the prime ideal
factorization of the solutions, which give bounds for the primes in the solutions.
Secondly, we deduce an algorithm from these theorems that constructs a solution,
or proves the nonsolvability of the equation. This algorithm assumes that we have
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a good knowledge of the field L. For example we have at our disposal a funda-
mental system of units of L, and we can solve the “principal ideal problem”. We
illustrate each proposition by an example. These examples were computed using
the algorithms described at the end of this paper, which were implemented on the
number theory package PARI/GP.

If we can prove that there is no integral solution, it definitely does not prove
that there is no rational solution at all. Let us consider the following example:
L/K = Q(

√
34)/Q, and a = −1. The fundamental unit u = 6

√
34 + 35 has

norm +1, hence a cannot be the norm of an integer (in L). However we have
NL/K((

√
34 + 5)/3) = −1.

The existence of rational solutions to the equation NL/K(x) = a could make
us think that there is no way to reduce this problem to a finite number of tests.
Our goal is to show that, on the contrary, this is possible by giving a bound on
the denominator or, more precisely, by giving a finite list of prime ideals that can
occur in the numerator or in the denominator. Our theorem makes it possible to
answer algorithmically the question of existence of a rational solution and at the
same time constructs such a solution.

Let S be a finite set of prime ideals of the base field K. We say that an element
a ∈ K∗ (resp. x ∈ L∗) is an S-unit if the only primes occuring in the prime ideal
decomposition of a (resp. x) are in the set S (resp. above a prime ideal in S). We
denote by UK,S the set of S-units of K and UL,S those of L. We are looking for
solutions x as S-units. It is clear that all primes dividing a may have a contribution
in the solutions x, and we will therefore assume that S contains all prime ideals
dividing a so that a is an S-unit.

It is clear that the norm of an S-unit of L is an S-unit of K; in other words that
NL/K(UL,S) ⊂ NL/K(L∗) ∩ UK,S . In view of the previous example, the reverse
inclusion is not true (in this case with S = ∅): an S-unit which is a norm is not
always the norm of an S-unit.

The theorem that we shall prove asserts that we have equality as soon as S is
large enough, that is as soon as S contains some subset S0 depending only on the
extension L/K. This is to say that in order to solve the equation NL/K(x) = a,
it is enough to consider all prime ideals dividing a, together with all exceptional
prime ideals of S0.

Theorem 1.1. Let L/K be an extension of number fields. There exists a finite set
S0 of prime ideals of K depending only on L/K such that

if S ⊃ S0, then NL/K(UL,S) = NL/K(L∗) ∩UK,S .
Such an S0 is given explicitly in terms of some class groups. When S does

not contain S0, it is still possible to give results about the quotient group
(NL/K(L∗) ∩ UK,S)/NL/K(UL,S), which are more precise when the extension is
Galois, and even more precise when it is cyclic.
General notation:

If a and b are two integers, (a, b) is the gcd of a and b.
If G is a finite group, |G| denotes its order. We say that a finite group G is an

n-group if each prime dividing |G| also divides n. If G is abelian, we say that G
has exponent d if gd = 1 for all g ∈ G, and d is minimal with this property. For a
prime p, Gp is the p-Sylow of G.

If G acts on a group A, AG is the subgroup of elements fixed by G. The notation
NA denotes the kernel of a map N : A→ B (typically a norm map).
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2. S-units and S-class groups

In this section we recall the fundamental notions about the S-units of a number
field K, without giving the proofs. For more details, see [13].

Let S be a finite set of prime ideals of K. We say that x ∈ K is an S-integer if
vp(x) > 0 for all p /∈ S. We say that x ∈ K∗ is an S-unit if vp(x) = 0 for all p /∈ S.
We write ZK,S for the ring of all S-integers of K, and UK,S for the multiplicative
group of all S-units of K∗. The invertible elements of ZK,S are exactly the S-
units. We denote by IS(K) the group of fractionnal ideals of ZK,S and PS(K) the
subgroup of principal ideals (we sometimes say S-principal). We call 〈S〉 the group
of ideals I such that vp(I) = 0 for all p /∈ S, and we say that an ideal I is S-integral
if vp(x) > 0 for all p /∈ S.

If L/K is an extension of K, and S is still a finite set of prime ideals of the
ground field K, we say that x ∈ L∗ is an S-unit if vP(x) = 0 for all primes P

except perhaps for those above S. Because there is no possible confusion, we allow
the notation P ∈ S instead of P above p ∈ S. The same kind of definition holds
for the S-integers in L. We denote by UL,S (resp. ZL,S) the set of S-units (resp. S-
integers) of L.

Copying the definition of the class group Cl(K) as the quotient I(K)/P(K), we
define the S-class group ClS(K) as the quotient IS(K)/PS(K).

Proposition 2.1. The following diagram is exact.

1 1
↓ ↓

1→ UK → UK,S → < S > → Cl(< S >) → 1
↓ ↓

1→ UK → K∗ → I(K) → Cl(K) → 1
↓ ↓

1→ UK,S → K∗ → IS(K) → ClS(K) → 1
↓ ↓
1 1

This proposition shows in particular that UK,S/UK is a free Z-module of rank
equal to the cardinality of S, and that the group ClS(K) is the quotient of the
group Cl(K) by the subgroup generated by S. In particular this group is finite,
and its order divides the order of Cl(K).

3. Relative class groups

If L/K is a relative extension of number fields, there exists at least two canonical
morphisms between Cl(L) and Cl(K). Indeed, if IL is an ideal of L, we can take
its norm in K. This morphism allows us to define a morphism NL/K from Cl(L)
to Cl(K). If IK is an (integral) ideal of K, we can form the ideal IKZL of L. This
extends to a morphism on fractional ideals, and to a morphism i from Cl(K) to
Cl(L). These two different morphisms lead to two different definitions of relative
class groups for the extension L/K.

3.1. Definitions. The map IK 7→ IKZL induces a morphism i from Cl(K) to
Cl(L), and suggests the following definition.

Definition 3.1. An ideal IL of L is pseudo-principal if there exists α ∈ L and an
ideal IK of K such that IL = αIKZL. If I is the group of fractional ideals of L,
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we write PP for the subgroup of all pseudo-principal ideals. We define the relative
pseudo-class group by

Cli(L/K) = I/PP.

Remark. It is clear that PP is a subgroup of I containing the subgroup of principal
ideals of L, and hence that Cli(L/K) is a quotient of Cl(L). In particular its order
is finite. In fact we have Cli(L/K) = Cl(L)/i(Cl(K)) = Coker(i). For example,
if Cl(K) = 1, then Cli(L/K) = Cl(L). We also define the capitulation group as
Cli(K) = Ker(i).

The map IL 7→ NL/K(IL) on ideals induces a morphism NL/K from Cl(L) to
Cl(K) and suggests the following definition.

Definition 3.2. The relative norm class group ClN (L/K) is the subgroup of Cl(L)
defined by

ClN (L/K) = Ker(NL/K).

Remark. As a subgroup of Cl(L), ClN (L/K) is necessarily finite. If Cl(K) =
1, then ClN (L/K) = Cl(L) = Cli(L/K). We also define the group ClN (K) =
Coker(NL/K) = Cl(K)/NL/K(Cl(L)).

As we defined the S-class group in the previous section for an arbitrary set S
of prime ideals, we can define the S-relative-pseudo-class-group and the S-relative-
norm-class-group by

Cli,S(L/K) = ClS(L)/i(ClS(K)) = Cli(L/K)/〈S〉,

ClN ,S(L/K) = Ker
(

ClS(L)
NL/K→ ClS(K)

)
= ClN (L/K)/〈S〉.

3.2. Relations between class groups. We saw that when Cl(K) = 1, the two
relative class groups are equal and coincide with Cl(L). In the general case they
are not equal any more, but we can give some relations between them. We recall
here the exact sequences resulting from the definitions:

1 → Cli(K) → Cl(K) i→ Cl(L) → Cli(L/K) → 1,

1 → ClN (L/K) → Cl(L)
NL/K→ Cl(K) → ClN (K) → 1.

We denote by [m] the map on a group G consisting in taking the mth power. The
previous exact sequences remain exact if we take the p-Sylow of each group. If we
denote by d = [L : K] the degree of the extension, we have NL/K ◦ i = [d].

Proposition 3.3. If p - h(K), then Cl(K)p = Cli(K)p = ClN (K)p = 1 and
Cl(L)p ∼ Cli(L/K)p ∼ ClN (L/K)p. These three groups are generated by the classes
of the same ideals.

If p - d, then Cli(K)p = ClN (K)p = 1 and Cli(L/K)p ∼ ClN (L/K)p. These two
groups are generated by the classes of the same ideals.

For a proof of this see [13]. Thus the two notions of relative class groups only
differ for the primes dividing (d, h(K)). We now give an example that shows that
these two groups are not always equal.

Example. Let K = Q(y) with y2 +30 = 0. The class group of K is of type C2×C2

generated by the ramified primes p3 and p5.
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Let L = K(x) with x2 − y = 0. In this case, we have (d, h(K)) = 2. The class
group of L is of type C4 × C2 generated by the (totally ramified) primes P3 (of
order 4) and P5 (of order 2). The relations NL/K(P3) = p3 and NL/K(P5) = p5

show that ClN (L/K) ∼ C2 is generated by P2
3. Moreover, the relations p3ZL = P2

3

and p5ZL = P2
5 show that Cli(L/K) ∼ C2 × C2 is generated by P3 and P5.

4. Norm equations in Galois extensions

In the case where L/K is a Galois extension, the situation is quite simple and,
for this reason, we consider this case first. The results that we obtain are more
precise than in [7].

4.1. Proof of Theorem 1.1 for Galois extensions. Before proving Theorem
1.1, we study in detail the example of the introduction so that we can have an idea
of the general result.

Example. The extension L/K is the real quadratic extension Q(
√

34)/Q of dis-
criminant 136. The fundamental unit is 6

√
34 + 35 of norm +1. We have the

following relations:

NL/K((
√

34 + 5)/3) = −1,

NL/K((
√

34 + 3)/5) = −1,

NL/K((5
√

34 + 27)/11) = −1,

NL/K((5
√

34 + 3)/29) = −1,

NL/K((25
√

34 + 141)/37) = −1, . . . .

Thus we can find S-units of norm −1 as soon as S contains one of the primes 3,
5, 11, 29, 37, . . . . But it happens that the field L = Q(

√
34) has a nontrivial

class group of order 2, and can be generated by primes above 3, 5, 11, 29, 37, . . . .
The condition for −1 to be the norm of an S-unit seems in this case to be that S
generates the class group of L: this is exactly what we will prove.

We will always denote by S a finite set of prime ideals of the base field K, and
by abuse of notation (justified by the definition of S-units given in Section 2), by
the same letter S the set of all prime ideals above S for each finite extension of K.

Lemma 4.1. Let L/K be a Galois extension, S a finite set of prime ideals of K.
Let A be an S-integral ideal of K, and X,Y two S-integral ideals of L. Assume that
they satisfy the relation NL/K(X) = A · NL/K(Y ) and that there exist prime ideals
p1, . . . , pk of L (not in S) such that their product divides Y . Then there exist some
conjugates σ1(p1), . . . , σk(pk) of p1, . . . , pk such that

∏
16i6k σi(pi) divides X.

Proof. This is easily proved by induction on k.

Theorem 4.2. (Galois case) If L/K is Galois and if S0 generates the relative class
group Cli(L/K), then for all S ⊃ S0

NL/K(UL,S) = NL/K(L∗) ∩ UK,S

and NL/K(ZL,S) = NL/K(L) ∩ ZK,S .
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Proof. Let S ⊃ S0. Both inclusions NL/K(UL,S) ⊂ NL/K(L∗) ∩ UK,S and
NL/K(ZL,S) ⊂ NL/K(L∗) ∩ ZK,S are obvious.

Conversely, let a ∈ NL/K(L∗)∩UK,S (resp. a ∈ NL/K(L∗)∩ZK,S) and x, y ∈ ZL,S
be such that NL/K(x/y) = a. We can write NL/K(x) = aNL/K(y). Let

∏
pi be

the prime ideal factorization of the principal ideal yZL,S. According to Lemma 4.1,
there exist some conjugates σi(pi) of the pi such that

∏
σi(pi) divides the principal

ideal xZL,S . Let X be the S-integral ideal of L such that

xZL,S =
∏

σi(pi) ·X.

We now use the fact that S0 generates the relative class group Cli(L/K). Each
ideal pi is S0-pseudo-principal and can be written in the form pi = πi · qiZL,S,
where πi is an element of L∗ and qi an ideal of K. This gives

yZL,S =
∏

πi
∏

qiZL,S ,

and since qiZL,S is fixed by σi, we also have

xZL,S =
∏

σi(πi)
∏

qiZL,S ·X.

Now if we set

u =
(
x/
∏

σi(πi)
)
/
(
y/
∏

πi

)
,

we have NL/K(u) = a. The previous relations show that

uZL,S =
X
∏

qiZL,S∏
qiZL,S

= X,

and hence that u is an S-integer. The second equality of the theorem is then proved.
To prove the first one, it remains only to remember that if an S-unit a is the norm
of an S-integer u, then u is necessarily an S-unit.

Corollary 4.3. Let L/K be a Galois extension such that the group Cli(L/K) is
trivial, and a an integer in K, then:

The equation NL/K(x) = a has a rational solution if and only if it has an integral
solution.

More generally, if S is an arbitrary set of prime ideals whose classes generate
Cli(L/K) and if a is an S-integer, then:

The equation NL/K(x) = a has a rational solution if and only if it has an S-
integral solution.

Example. We can illustrate this corollary by the following examples. All the
equations x2 + y2 = n, x2 + 2y2 = n, x2 + xy + y2 = n, x3 + y3 + 9z3 − 3xy2 −
9xz2 − 9yz2 + 9xyz = n, . . . have a rational solution if and only if they have an
integral solution (they correspond to norm equations for Galois extensions with
class number 1).

4.2. Structure in the Galois case. In this subsection, we will use Tate cohomol-
ogy for the finite group G = Gal(L/K). For a description of this theory we refer
to [11] or to [2]. If A is a G-module, we have for example Ĥ0(G,A) = AG/N (A),
where AG is the set of elements fixed by G and N (A) is the image of the norm
map. We also have Ĥ−1(G,A) = NA/IGA, where NA is the kernel of the norm
map and IG is the augmentation ideal of Z[G].
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Let S denote a set of primes of K with the only condition that it is finite. We
first recall a standard lemma of Noether, which says that any ideal of norm 1 is a
product of ideals of the form Iσ−1.

Lemma 4.4. (Noether) We have Ĥ−1(G, IS(L)) = 1.

Theorem 4.5. For all S there exists a surjective map

Ĥ−2(G,ClS(L))

Im(Ĥ−2(G, IS(L)))
→
NL/K(L∗) ∩UK,S
NL/K(UL,S)

.

If G is cyclic, this map defines an isomorphism

ClS(L)G

ClS(IS(L)G)
∼
NL/K(L∗) ∩ UK,S
NL/K(UL,S)

.

Proof. Let denote by Ker the quotient
(
NL/K(L∗) ∩ UK,S

)
/NL/K(UL,S). We first

notice that Ker is the kernel of the natural map

Ĥ0(G,UL,S) → Ĥ0(G,L∗).

The short exact sequences

1→ UL,S → L∗ → PS(L)→ 1,

1→ PS(L)→ IS(L)→ ClS(L)→ 1

lead to the long cohomology exact sequences

Ĥ−1(G,L∗)→ Ĥ−1(G,PS(L))→ Ĥ0(G,UL,S)→ Ĥ0(G,L∗),

Ĥ−2(G, IS(L))→ Ĥ−2(G,ClS(L))→ Ĥ−1(G,PS(L))→ Ĥ−1(G, IS(L)) = 1.

From the first sequence and if G is cyclic, Hilbert’s theorem 90 tells us that
Ĥ−1(G,L∗) = 1, so that Ĥ−1(G,PS(L)) = Ker. In the general case Ker is only a
quotient of Ĥ−1(G,PS(L)). From the second one, we can see that Ĥ−1(G,PS(L))
is always isomorphic to the quotient of Ĥ−2(G,ClS(L)) by Im

(
Ĥ−2(G, IS(L))

)
. If

G is cyclic, we have Ĥ−2(G, ∗) = Ĥ0(G, ∗) (see [11]) so the last quotient is exactly
ClS(L)G/ClS(IS(L)G).

The cyclic case of this theorem is a version of the “ambiguous classes formula”
given in [3].

If we denote by IG the augmentation ideal of the ring Z[G], we can interpret the
group Ĥ−2(G,ClS(L)) as

{
∑
σ∈G

(σ − 1)⊗ xσ ∈ IG ⊗Z ClS(L) :
∏
σ

xσ−1
σ = 1 in ClS(L)}.

This can be seen as a subgroup of ClS(L)|G|−1. From this we can consider the
quotient of Ĥ−2 groups in the theorem as a quotient of a subgroup of(

ClS(L)/ClS(IS(L)G
)|G|−1

,

which is itself a quotient of Cli,S(L/K)|G|−1. This is expressed in the following
corollary.
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Corollary 4.6. Let r = |G| − 1. For all S there exists a subgroup Cli,S(L/K)r,0

of Cli,S(L/K)r and a morphism

φ : Cli,S(L/K)r,0 → (NL/K(L∗) ∩ UK,S)/NL/K(UL,S)

which is onto.

If u is an S-unit of K, then we have the trivial relation NL/K(u) = u[L:K], which
shows that the group (NL/K(L∗) ∩ UK,S)/NL/K(UL,S) has an exponent dividing
[L : K]. This simple remark shows that in Theorem 4.5 (or in Corollary 4.6) it is
enough to consider the [L : K]-parts of the class groups. For example we have the
following corollary.

Corollary 4.7. Let L/K be a Galois extension and S0 a finite set of prime ideals
of K such that the cardinality of Cli,S0(L/K) is coprime to the degree [L : K] of
the extension. Then for all S ⊃ S0

NL/K(UL,S) = NL/K(L∗) ∩ UK,S ,
so that Theorem 1.1 is true with this S0.

Remark. The assumption that [L : K] is coprime to |Cli,S0(L)| is not enough to
prove, as in Theorem 4.2, that all integers that are norms are norms of integers.
We illustrate this by an example.

Example. Let L/K = Q(
√

229)/Q. The group Cl(L) has order 3 (coprime to 2),
and is generated by an ideal p above 3. The integer 3 is a norm since

NL/K((16−
√

229)/3) = 3.

But it cannot be the norm of an integer x, otherwise this x would generate one of
the two ideals above 3, which are not principal.

We saw in subsection 3.1 that there exist at least two different definitions for the
relative class group. The following example shows that Corollary 4.7 is false if we
replace Cli(L/K) by ClN (L/K).

Example. Let K = Q(y) with y2 − y − 26 = 0. The discriminant of K is 105 and
its class group has order 2 generated by the prime ideal p2 = 2ZK + (y + 1)ZK
above 2. We consider L = K(x) with x2 + (−2y + 1)x− 158 = 0, so we have x4 −
421x2 + 24964 = 0. This field L is nothing but Q(

√
105,
√

737), with discriminant
10527372. In the relative extension L/K, −1 is a norm since

NL/K
(

(18808y + 87240)x+ (−352680y− 1625419)
((44y − 330)x+ (1124y − 4777))3

)
= −1.

The class group Cl(L) is of type C6 × C2, generated by a prime ideal P2 above p2

(above 2) of order 6, and a prime ideal P59 above 59 of order 2. We have

NL/K(P2) = p2 and NL/K(P59) = (4y − 21)ZK .
Hence, the group ClN (L/K) = Ker(NL/K) has order 6, and its 2-Sylow is generated
by P59. If Corollary 4.7 was true with ClN (L/K) instead of Cli(L/K), then −1
should be the norm of a 59-unit. We now prove that it is not the case.

The fundamental units of L are
u1 = 8y + 37,
u2 = (17952y− 8976)x+ 777239,
u3 = −18636936x+ (18636936y+ 243656915),
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whose norms are (8y + 37)2, 1 and 1, where 8y + 37 is the fundamental unit of K.
Therefore, the units cannot have any contribution to the norms. The supplementary
fundamental 59-units are given by

s1 = 4x+ (26y − 221),
s2 = 230x+ (−230y + 3237),
s3 = 4y − 21,
s4 = 59.

We remark that s3 and s4 (together with 8y + 37) form a system of fundamental
59-units of K, and for this reason they cannot contribute to the norms. The norms
of s1 and s2 are (8y+ 37)−1(4y− 21)2 and −59(4y− 21). This proves that the only
unit which is the norm of a nontrivial 59-unit is (8y + 37), but not −1.

5. Norm equations in non-Galois extensions

In this section we consider an extension L/K which is not necessarily Galois.
We call L/K its Galois closure. We denote by G the Galois group of L/K, and
by H the subgroup of G corresponding to the Galois extension L/L. We write
d = [L : K] and |H | = [L : L].

5.1. Preliminaries. Before proving Theorem 1.1 in the general case, we prove a
proposition relative to this case. With the previous notation, we have

Proposition 5.1. If S is a finite set of primes in K, then the group

(NL/K(L∗) ∩ UK,S)/NL/K(UL,S)

has an exponent dividing both d and |H | · |Cli,S(L/K)|.

Proof. Because of the trivial relation ad = NL/K(a), the first claim is obvious. For
the second one we apply Corollary 4.6 to the Galois extension L/K.

Corollary 5.2. Let L/K be an extension such that d is coprime to |H | and S0 be
a finite set of prime ideals of K. If S0 is such that h = |Cli,S0(L/K)| is coprime
to d, then for all S ⊃ S0

NL/K(UL,S) = NL/K(L∗) ∩ UK,S ,
so that Theorem 1.1 is true with this S0.

This corollary applies for example to Galois extensions (|H | = 1, this is exactly
Corollary 4.7). In the special case where d is prime, the degree |H | = [L : L] must
divide (d− 1)!, so d and |H | are always coprime, and this corollary also applies to
this case. For small degrees (d 6 5), the only extensions that are not dealt with by
this proposition are those with Galois group D4 (dihedral group of order 8) or S4

(symmetric group on 4 letters).
We shall now give an example where the group Cl(L) (and not only Cl(L)) must

be used.

Example. Let L/K = Q(x)/Q with x4−x3− 27x2 + 3x+ 149 = 0. This field is of
type D4, and has discriminant 62525 = 52 ·41 ·61. Its class group is trivial, whereas
the class group of its Galois closure L is of type C4 × C2 generated by two prime
ideals above 11 (or equivalently 79,151,181,191 . . . ). All units of L have norm +1,
and therefore −1 cannot be the norm of a unit. However, we have the relation

NL/K((x3 − 2x2 − 14x+ 6)/11) = −1,
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which proves that −1 is the norm of an 11-unit. We have the further relations:

NL/K((28x3 + 5x2 − 341x+ 63)/395) = −1,

NL/K((29x3 − 102x2 − 244x+ 1156)/151) = −1,

NL/K((68x3 − 135x2 − 971x− 77)/905) = −1,

NL/K((20x3 − 32x2 − 177x+ 510)/191) = −1,

which prove that −1 is the norm of a 79-unit, a 151-unit, a 181-unit, a
191-unit . . . .

5.2. Proof of Theorem 1.1 for non-Galois extensions. In the case where the
extension is not Galois any more, the conditions on S0 are more restrictive and the
proof is more technical. It uses some ideas found in [1].

We introduce some additional notation.
If C is a subgroup of the Galois group G, LC denotes the subfield of L of those

elements fixed by the action of C (for example LH = L). The group Z[G/C] is
the free abelian group generated by the elements of the quotient G/C, Z[G/C]H

is the subgroup of Z[G/C] of the elements fixed by H (for left multiplication), and
Z[G/C]0,H is the subgroup of Z[G/C] of all elements

∑
aiσiC fixed by H , and such

that
∑
ai = 0.

Easy computations in the ring Z[G/C] lead to the following lemma giving a
generalization of Noether’s Lemma 4.4 (also true for S-ideals).

Lemma 5.3. If τ ∈ Z[G/C]0,H , then the map x 7→ xτ maps LC into the kernel of
the norm NL/K , denoted by NL∗. This also hold for ideals. Conversely, any ideal
of L of norm 1 over K is a product (over C and τ) of such ideals.

Proof. Only the second assertion needs some detail. Let I be an ideal of L whose
norm is 1 (or ZK,S if we are dealing with S-ideals). For each ideal p of K, we
choose one ideal P of L above p. Now if we factor I in L, this must be of the form∏

Pτ , with τ ∈ Z[G]. Since P is fixed by its decomposition group CP, τ is in fact
in Z[G/CP]. Since I is an ideal of L, it is fixed by H , and τ ∈ Z[G/CP]H . Now
the triviality of the norm of I forces τ to be in Z[G/CP]0,H .

In the following, C runs over all cyclic subgroups of G. Consider now the group∏
C =

∏
C Cli,S(LC/K)⊗Z[G/C]0,H , and note that if τ ∈ Z[G/C]0,H , then Iτ = 1

for any ideal I of LC fixed by G. This observation allows the construction of a map
from

∏
C to ClS(L), defined by the formula

∑
xτ ⊗ τ 7→

∏
τ(xτ ). By analogy with

Theorem 4.5, we write Ĥ−2
C for the kernel of this map. The next proposition is a

generalization of Theorem 4.5.

Proposition 5.4. (Non-Galois case) For all finite sets S containing the primes of
K ramified in L, there exists a surjective map

φC : Ĥ−2
C → (NL/K(L∗) ∩ UK,S)/NL/K(UL,S).

Proof. Let
∑
IC,i ⊗ τC,i be in Ĥ−2. We define φC as the composite of the maps∑
IC,i ⊗ τC,i 7→

∏
(IC,i)τC,i = xZL,S 7→ NL/K(x).

Using Lemma 5.3, we verify that this is a well-defined map. We have to prove its
surjectivity.
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Let a ∈ NL/K(L∗) ∩ UK,S , and x ∈ L∗ such that a = NL/K(x). According to
Lemma 5.3, the principal ideal xZL,S has the form

∏
I
τC,i
C,i . Since we are looking

only at S-ideals, and S contains the ramified primes of L/K, the decomposition
groups C are all cyclic. Since the ideals IC,i are fixed by C and are unramified,
they can be considered either as ideals of L or as ideals of LC . Taking the classes
of IC,i in Cli,S(LC/K), we build the element

∑
ĪC,i ⊗ τC,i ∈ Ĥ−2

C .
It is now an easy calculation to verify that the image of this element is exactly

a.

The notation is the same as before, except that D only runs over the cyclic
subgroups of G of prime power order. The group Ĥ−2

D is defined similarly to Ĥ−2
C .

Theorem 5.5. (Non-Galois case) For all finite sets S containing the primes of K
ramified in L, there exists a surjective map

φD : Ĥ−2
D → (NL/K(L∗) ∩UK,S)/NL/K(UL,S).

Proof. The definition of φD is exactly analogous to the definition of φC in Propo-
sition 5.4. We prove that ImφD ⊃ ImφC and use the surjectivity of φC .

Let a = φC(
∑
ĪC,τ⊗τ). Consider a cyclic subgroup C of G, of order |C| =

∏
paii .

Consider also Di its pi-Sylow. We have a factorization C =
∏
Di. We build the

groups D̂i =
∏
j 6=iDj . Since the pi are disctinct primes, we can find a relation∑

di|D̂i| = 1. Let now τ be an element of Z[G/C]0,H . We have

τ =
∑

di|D̂i|τ =
∑

diτD̂i,

where τi = τD̂i can be seen as an element of Z[G/Di]0,H . Since φC(
∑
ĪC,τ ⊗ τ) =

φD(
∑
ĪC,τ ⊗ diτi), our claim is proved.

From this theorem, it is immediate to derive an explicit version of Theorem 1.1.
We now make the assumption that Cli(L/K) has order h coprime to the degree
d = [L : K]. Using successively information about Z[G/D]0,H and Cli(LD/K), we
can reduce the assumptions for Theorem 1.1.

Proposition 5.6. Let S be a finite set of prime ideals of K containing all ramified
primes of L/K, and such that Cli,S(L/K) has order h coprime to d = [L : K]. If
D is a cyclic subgroup of G of prime power order such that H ∩ σDσ−1 = 1 for all
σ ∈ G, then Cli,S(LD/K)⊗ Z[G/D]0,H ⊂ Ĥ−2

D and φD is trivial on this subgroup.

Proof. In the above statement we make a little abuse of notation. Indeed, we
will not prove this for the map φD, but for its composite with the map x 7→ xh.
Since h is coprime to d, the map x 7→ xh defines an automorphism of the group
(NL/K(L∗) ∩ UK,S)/NL/K(UL,S), so the result remains.

Let {γi} be a system of representatives of G/D. If two elements η ∈ H and
δ ∈ D are such that ηγi = γiδ for some γi, then η = γiδγ

−1
i , but the assumption

implies that η = δ = 1. This means that we can choose {γi} and F = {φj} ⊂ G
such that {γi} is equal to H · F .

Let τ ∈ Z[G/D]0,H =
∑
aiγi =

∑
ai,jηiφj . Since τ is fixed by multiplication on

the left by H , ai,j only depends on j, and we have τ = (
∑

H η) (
∑
ajφj). Moreover

we have
∑
ai,j = 0 = |H |

∑
aj , hence τ = (

∑
H η) (

∑
aj(φj − 1)).
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Now let I be an ideal of LD. The ideal Ih is S-pseudo-principal in L, hence we
can find x ∈ L such that

Ihτ = NL/L((xZL,S)
∑
aj(φj−1)) = NL/L(x

∑
aj(φj−1))ZL,S ,

and φD(Ih ⊗ τ) = NL/K(NL/L(x
∑
aj(φj−1))) = 1.

Corollary 5.7. Let S0 be a finite set of prime ideals of K containing all ramified
primes of L/K, and such that Cli,S0(L/K) has order h coprime to d = [L : K].
Assume moreover that for all cyclic subgroups D of G of order pa with p | (d, |H |)
such that D ∩H 6= {1}, we have Cli,S0(LD/K)p = 1.

With these assumptions, Theorem 1.1 holds.

Proof. Using Proposition 5.1, Theorem 5.5 and Proposition 5.6, we see that it is
enough to prove that Cli,S0(LD/K)l = 1 for each prime l dividing (d, |H |) and each
cyclic subgroup D of order pa, with D ∩H 6= {1}.

Let D and l be such that p 6= l. By Proposition 3.3 we know that Cli,S0(LD/K)l⊂
Cli,S0(L/K)l = 1. If p = l, then by assumption Cli,S0(LD/K)l = 1.

By a careful examination of the subgroups of G, we can deduce two corollaries
of this proposition.

Corollary 5.8. (D4-extensions) Let L/K be an extension of degree 4 of type D4.
If S0 contains all ramified primes of L/K and if S0 is such that Cli,S0(L/K) and
Cli,S0(L/K) have odd order, then for all S ⊃ S0

NL/K(UL,S) = NL/K(L∗) ∩ UK,S
so that Theorem 1.1 is true with S0.

Corollary 5.9. (S4-extensions) Let L/K be an extension of degree 4 of type S4.
Let LC2 be one of the three conjugate cyclic subfields of L of index 2 and containing
L. If S0 contains all ramified primes of L/K and if S0 is such that Cli,S0(L/K)
and Cli,S0(LC2/K) have odd order, then for all S ⊃ S0

NL/K(UL,S) = NL/K(L∗) ∩ UK,S
so that Theorem 1.1 is true with this S0.

We shall give here an example which shows the necessity of the condition on the
ramified primes.

Example. Let L/K = Q(x)/Q with x4 − x3 − 8x2 + 9x + 3 = 0. This field of
discriminant 25857 = 32 · 132 · 17 is of type D4, and its class group is trivial. Its
Galois closure L has also a trivial class group. The fundamental units have norm
+1. If we forget the condition on ramified primes in Corollary 5.8, it should imply
that the equation NL/K(x) = −1 has no solution. However, we find

NL/K((x3 + 2x2 − 8x+ 3)/6) = −1.

This number factors in the form p1p
−1
2 with p2

1p
2
2 = 3, so it is a 3-unit, and 3 is

ramified because 3 divides the discriminant of the field L.

We remark that in this example, it is not enough to consider the discriminant of
L/L but really the discriminant of L/K (or equivalently the discriminant of L/K).
Indeed only primes above 17 ramify in the extension L/L, whereas 3,13 and 17
ramify in L/K.
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We can prove that this solution is unique up to the multiplication by an element
of norm 1. This example is therefore of a completely different nature than the other
ones where the solutions (up to elements of norm 1) were usually in infinite number,
parametrized by all ideals with given class in some class group.

5.3. The special case of extensions of Q. In Theorem 1.1 and in most of the
other results we claim the existence of a set S0 such that the groups NL/K(UL,S0)
and NL/K(L∗) ∩ UK,S0 are equal, and such that equality also holds for all larger
S. There exists some cases, where equality holds for some S0 but not for all S
containing this S0. We give here a criterion for this to be true, and an example
where it is false.

Proposition 5.10. If NL/K(UL,S0) = NL/K(L∗) ∩ UK,S0 and if ClN ,S0(L) has
order h coprime to d = [L : K], then for all S ⊃ S0

NL/K(UL,S) = NL/K(L∗) ∩ UK,S .

Proof. Let S ⊃ S0 satisfy the conditions and a = NL/K(x) ∈ UK,S . We can factor
the principal ideal xZL,S0 in L:

xZL,S0 =
∏

pi∈S
p
ai
i ·

∏
p′i /∈S

p′i
a′i = I · I ′.

Since NL/K(I ′) = 1, the definition of h makes the ideal I ′ h S0-principal. We then
have I ′ h = z′ZL,S0 . But NL/K(z′) is an S0-unit, hence there exists y ∈ UL,S0 with
NL/K(z′) = NL/K(y). Now let z = xh/z′: this is an S-unit. The relations

ah = NL/K(xh) = NL/K(zz′) = NL/K(zy)

hold, and this proves that ah is the norm of an S-unit.

This allows us to consider the special case of extensions of Q with odd degree,
or the totally complex ones, because in these two cases the units that are norms
are well known.

Corollary 5.11. Let L/Q be an extension of degree d. Assume either that d is odd
or L/Q is totally complex. If the order h of Cl(L) is coprime to d, then for all S

NL/K(UL,S) = NL/K(L∗) ∩ UK,S .

We now give an example in which the equality holds for S0 = ∅ but does not
hold for some larger S.

Example. Let L/K = Q(x)/Q, with x3 − x2 − 41x + 93 = 0. This totally real
extension of degree 3 has discriminant 28212 = 22 · 3 · 2351 and has Galois group
S3 (so it is a non-Galois extension). It is clear that NL/Q(UL) = UQ. Consider now
S = {3}. We have

NL/Q((−3x2 + 7x+ 31)/31) = 3.

This proves that 3 is a norm, but the solution has 31 in the denominator. We shall
prove that there is no 3-unit of norm 3. Suppose on the contrary that 3 is the norm
of a 3-unit s. We have 3ZL = p2

1p2 with NL/Q(p1) = 3 and NL/Q(p2) = 3, so we
can write

sZL = p
v1
1 p

v2
2
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with v1 + v2 = 1. But the class group of L is cyclic of order 3, generated by p1, and
the principality of the ideal sZL forces the relation v1 + v2 ≡ 0 mod 3. These two
relations cannot hold together, which proves that 3 cannot be the norm of a 3-unit.

5.4. Existence of integral solutions. In this subsection, we are interested in
finding integral solutions x when the parameter a is an algebraic integer. We will
look for a generalization of Theorem 4.2 on the integers and the S-integers.

Remark. If we want the integers that are norms to be norms of integers, this should
first be true for units; such results are given by Corollary 5.2 or 5.7. It is also
necessary that all integral ideals that are norms be norms of integral ideals. The
condition for this is weaker than the one for integers and is the object of the following
lemma.

Lemma 5.12. Let L/K be an extension (not necessarily Galois) of degree 3, 4 or
6, IK an ideal of K, and IK =

∏
pvp its prime ideal factorization in K. Suppose

that IK is the norm of an ideal IL of L, then for all prime ideals p of K there exists
a prime ideal P of L above p whose residual index fP/p divides vp. In other terms,
any integral ideal which is a norm is the norm of an integral ideal.

Proof. It is enough to observe that in any partition d =
∑
eifi the gcd of all the fi

is always one of the fi.

Theorem 5.13. Let L/K be an extension (not necessarily Galois) of degree 3, 4
or 6 and S0 satisfying NL/K(UL,S0) = NL/K(L∗) ∩UK,S0 . If S0 also generates the
group ClN (L/K), then for all S ⊃ S0

NL/K(ZL,S) = NL/K(L) ∩ ZK,S .

Proof. The inclusion NL/K(ZL,S) ⊂ NL/K(L∗) ∩ ZK,S is trivial. For the reverse
inclusion, let a = NL/K(x) ∈ ZK,S . Lemma 5.12 asserts the existence of an S-
integral ideal I with norm aZK,S0 . Since the group ClN ,S0(L) is trivial, we have
x−1I = x0ZL,S0 . But the norm of x0 is an S0-unit, hence is also the norm of an
S0-unit y. We have the relations

a = NL/K(x) = NL/K(xx0y
−1).

Since xx0 is an S-integer and y is an S0-unit, the result is proved.

Remarks. 1. Note that the condition of this theorem is really on the group
ClN (L/K) and not on Cli(L/K) as for the other results.

2. When the degree is different from 3, 4 or 6, then Lemma 5.12 is not always true
and neither is Theorem 5.13. In degree 5 we can consider the following example.

Example. L/K = Q(x)/Q with x5 + 3x− 2 = 0. The number 7 is a norm because

NL/K((90x4 + 8x3 + 34x2 + 24x+ 281)/7) = 7.

The prime 7 splits into two prime ideals P1 and P2 with residual index 3 and 2. If
7 is the norm of an integer z, then z has valuation v1 and v2 at P1 and P2, with
the relation 3v1 + 2v2 = 1, which implies that v1 or v2 is negative, and hence that
z cannot be an integer. We can also remark that there are infinitely many primes
with this property, and this shows that there is no finite set S satisfying Theorem
5.13.
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There exist a great deal of extensions of degree different from 3, 4 or 6, which
satisfy Lemma 5.12. This is certainly the case for all Galois extensions, but also
for all extensions of type Dp (dihedral group of order 2p with p an odd prime). It
would be interesting to give a characterization of such extensions in terms of the
groups G = Gal(L/K) and H = Gal(L/L).

6. Norm equations: The algorithm

The algorithms we now describe were implemented in the PARI package for num-
ber theory, which already contains a large quantity of algorithms that we can use.
For example we assume that the fields K and L are completely known, in the sense
that we know their discriminants, integral basis, class groups, fundamental units,
and the corresponding discrete logarithms (for a description of these algorithms see
[4]).

For a proof of the algorithms of this section, see [13].

6.1. Algorithms for S-units. We give here the algorithm that computes a system
of fundamental S-units (modulo the units of K) together with the group ClS(K).

Let S = {p1, . . . , ps}, d1, . . . , dr be the elementary divisors of the group Cl(K),
and g1, . . . , gr the corresponding generators. We use the notation (A|B) for the
concatenation of the two matrices A and B. If V is a vector with k entries and U a
k × l matrix, W = V U is the vector with l entries defined by Wj =

∏
i V

Ui,j
i . Note

that (V A)B = V AB.

Algorithm 6.1. (Computation of ClS(K) and of a fundamental system of gener-
ators for UK,S/UK)

1. Let

M =

d1 0
. . .

0 dr


and V = (β1, . . . , βr) such that g

di
i = βiZK , with βi ∈ K∗.

2. Let M ′ = −(ei,j) and V ′ = (α1, . . . αs) such that ei,j ∈ Z, αj ∈ K∗ and

pj =

(∏
i

g
ei,j
i

)
αj .

3. Compute a unimodular matrix U = (A B
C D ) such that (M |M ′)U = (0|H) is in

HNF (Hermite Normal Form).
4. Compute (W |W ′) = (V |V ′)U .
Results.

ClS(K) =
∏
i

(Z/Hi,iZ)gi,

and W is a fundamental system of generators for UK,S/UK.

Remarks. 1. If we really want the elementary divisors of ClS(K), we have to take
the SNF (Smith Normal Form) of H , and not only its HNF. This amounts to left
multiplication by an invertible matrix, which corresponds to a change of basis on
the gi.

2. The matrix C of step 3 contains the valuations of the fundamental S-units
at the pi of S. Its determinant is not zero. This matrix is only defined up to
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the multiplication on the right by some unimodular matrix. Hence, we can choose
the system of fundamental units with additional properties. For example, we can
obtain integral S-units if we take the HNF of C. We can obtain “small” S-units
if we LLL-reduce C. In this case, small means with small valuations on the prime
ideals. Note that the multiplication on the left of C by a permutation matrix is
equivalent to a change of order of the pi in S.

Corollary 6.2. There exists a system of fundamental S-units which is formed by
integral elements of K.

If we keep the matrix C of Algorithm 6.1, it is easy to express any S-unit as a
product of the fundamental S-units. It is also simple to solve the “principal ideal
problem” in ClS(K) if we keep the matrices H and D, and the vectors W and W ′.

We have the two following algorithms.

Algorithm 6.3. (Discrete logarithm in UK,S/UK)
Input: u ∈ UK,S.
1. Compute F = (Fi) such that uZK =

∏
p
Fi
i .

2. Z = C−1F has integral coefficients.
Result: We have u =

∏
WZi
i · u′ where u′ ∈ UK .

Algorithm 6.4. (Principal ideal algorithm in ClS(K))
Input: I ideal of K.

1. Compute F = (Fi) and α such that I =
∏

g
Fi
i · α (this is the principal ideal

algorithm in Cl(K)).
2. Reduce F modulo H: F ′ = F −HZ.
Result: We have

I =
(∏

g
F ′i
i

)(∏
p

(−DZ)i
i

)(∏
WZi
i · α

)
.

6.2. How to compute relative class groups. We will not give a direct method
to compute these two relative class groups, because it is far beyond our task. For
the relative quadratic case, H. Cohen, F. Diaz y Diaz and M. Olivier in [5] give an
explicit algorithm for this, which can be extended to the general relative case. It is
preferable to use this relative algorithm when possible.

What we indicate here is the use of the definitions. Indeed Cli(L/K) is a quotient
of Cl(L), and [6] explains how to compute it from the knowledge of Cl(L), Cl(K),
and the map i. The same paper explains how to compute ClN (L/K) as the kernel
of the norm map from Cl(L) to Cl(K).

6.3. General norms. The previous sections gave conditions on S which ensure
that all S-units that are norms are norms of S-units. The general strategy of the
algorithm that finds a solution of our equation NL/K(x) = a is to say that a is
an S-unit for a suitable set S. The remaining part of the algorithm consists of
“discrete logarithms” in the S-unit group, and linear algebra over Z.

The algorithm can be briefly described as follows.

Algorithm 6.5. (Find a solution to the equation NL/K(x) = a in L)
Input: K,L and a ∈ K∗.
1. Determine the set S using Algorithm 6.8.
2. Find an S-unit x such that NL/K(x) = a using Algorithm 6.9.
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Result: If step 2 gives some x, then it is a solution; otherwise the equation has
no solution in L.

In the following subsections we decribe this in more detail. Note that if we want
integral solutions (or S-integral solutions), then we can use Algorithm 6.10 directly.

6.4. Determine the sets S0 and S. If we want to find an integral solution to
the equation NL/K(x) = a where a is an integer of K, then any prime ideal that
divides a solution x also divides a, and hence for the set S it is enough to consider
all primes dividing a; that is, we can take S0 = ∅. If we want a rational solution, we
have to add to the set of primes above a, a set S0 of exceptional primes satisfying
Theorem 1.1, that is S = S0 ∪ {p | a}. Such an S0 is described in the previous
subsections.

We note that this set S0 only depends on the relative extension L/K and not at
all on the value of a in the equation NL/K(x) = a. It can be computed only once
if we need to solve several norm equations in the same extension. For this reason
it is preferable to write separate algorithms.

Algorithm 6.6. (Compute the set S0 for Galois extensions L/K)
1. Compute the relative class group Cli(L/K), and let gi be generators of the

[L : K]-part of this group.
2. Compute all prime factors of the ideals NL/K(gi).

Algorithm 6.7. (Compute the set S0 for non-Galois extensions L/K)
1. Determine the field L and let hi be generators of the [L : K]-part of Cli(L/K).
2. Determine G = Gal(L/K), H = Gal(L/L) and all cyclic subgroups D of G

of order pa with p | ([L : K], [L : L]) and D ∩H 6= {1}.
3. Compute the relative class groups Cli(LD/K), and let gi be generators of the
p-part of these groups.

4. Compute all prime factors pj of the ideals in K under hi or gi.

Algorithm 6.8. (Compute the set S for the equation NL/K(x) = a)
1. Determine the set S0 using Algorithm 6.6 or 6.7.
2. Factor a into prime ideals pi of K, and set S = S0 ∪ {pi | a}.

Remark. Both Algorithms 6.6 and 6.7 can be simplified if we are able to find gen-
erators gi and hi, which are prime ideals, and this is in theory always possible.

6.5. Looking for solutions as S-units. In this paragraph, we give an algorithm
which solves the norm equation NL/K(x) = a when a is an S-unit, and when we
require the solution x to be also an S-unit for a given S. As soon as we have
written x and a as a product of S-units, the problem reduces to a linear system.
The algorithm is as follows.

Algorithm 6.9. (Find a solution to NL/K(x) = a in UL,S)
1. Using Algorithm 6.1 compute a fundamental system {s0, . . . , sn} of S-units

of K, and {σ0, . . . , σm} of L, where s0 and σ0 are the torsion units of order
wK and wL, with wK | wL.

2. Using Algorithm 6.3, compute ai and bi,j such that

a =
∏

saii and NL/K(σj) =
∏

s
bi,j
i .
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3. Solve the linear system

for all i > 0,
∑
j>0

bi,jxj = ai,

∑
j>0

b0,jxj ≡ a0 mod wK .

Result: The equation NL/K(x) = a has a solution with x an S-unit if and only
if the linear system above has a solution in Z. A solution is given by

NL/K(
∏

σ
xj
j ) = a.

Remark. In step 2, a0 is only defined mod wK . Since the norm of a torsion unit is
again a torsion unit, we have bi,0 = 0 for all i > 0. In step 3 the linear congruence
b1x1 +· · ·+bnxn ≡ a0 mod wK with n variables is equivalent to the linear equation
over Z with n+ 1 variables b1x1 + · · ·+ bnxn + wKx0 = 0.

6.6. Looking for S-integral solutions. Suppose now that we want to solve
NL/K(x) = a where a is an S-integer, and that we also want x to be S-integral for
a given S. The algorithm uses the fact that the prime factors of x are above the
prime factors of a, except perhaps some prime ideals in S.

If we write x and a as products of prime ideals, the equation NL/K(xZL,S) =
aZK,S reduces to a linear system (step 2 of Algorithm 6.10). The fact that xZL,S
is a principal ideal gives a new linear system which must be solved simultaneously
with the first one (step 2 of Algorithm 6.10). The integrality of the desired solution
x implies that all the solutions of the system must be nonnegative. The number of
such solutions is finite (step 3 of Algorithm 6.10). For each solution of this system
we deduce an equality of the form NL/K(b) = a · u, where u is an S-unit, and b an
S-integer. It remains only to write the S-unit u as the norm of an S-unit to obtain
a solution of our problem (step 4 of Algorithm 6.10).

The algorithm is the following.

Algorithm 6.10. (Find a solution to NL/K(x) = a in ZL,S)
1. Factorization: Compute the prime ideals pi (not in S) and the integers ai

such that aZK,S =
∏

p
ai
i . Compute also the prime ideals Pi,j of L and the

integers ei,j and fi,j such that

pi =
∏

P
ei,j
i,j and NL/K(Pi,j) = p

fi,j
i .

2. Compute mi,j,k: Using Algorithm 6.1, compute a system of generators {gk}
of the class group ClS(L), and dk the corresponding orders. Using Algorithm
6.4, compute the components mi,j,k of the ideals Pi,j on the generators gk.

3. Solve a linear system: Find all the tuples of integers (bi,j) satisfying the con-
ditions

for all i,
∑
j

fi,jbi,j = ai,

for all k,
∑
i,j

mi,j,kbi,j ≡ 0 mod dk,

0 6 bi,j 6 ai.
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4. Kill the spurious S-units: For each tuple (bi,j) find an algebraic S-integer b of
L such that bZL,S =

∏
P
bi,j
i,j , and let u be the S-unit such that NL/K(b) = a·u.

Using Algorithm 6.9, try to find an S-unit v such that u = NL/K(v).
Result: If step 3 or step 4 has no solution, then the equation has no solution in

S-integers. Otherwise the S-integer bv−1 is a solution.

Remark. It is easy to adapt this algorithm to obtain all the solutions up to S-units.
If we are only interested in the equation NL/K(x) = a · u, then it is also possible
to adapt the algorithm.
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