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A DOMAIN DECOMPOSITION METHOD USING EFFICIENT
INTERFACE-ACTING PRECONDITIONERS

SERGE KRAUTLE

ABSTRACT. The conjugate gradient boundary iteration (CGBI) is a domain
decomposition method for symmetric elliptic problems on domains with large
aspect ratio. High efficiency is reached by the construction of preconditioners
that are acting only on the subdomain interfaces. The theoretical derivation
of the method and some numerical results revealing a convergence rate of
0.04-0.1 per iteration step are given in this article. For the solution of the
local subdomain problems, both finite element (FE) and spectral Chebyshev
methods are considered.

1. INTRODUCTION

This article is concerned with a domain decomposition (DD) method for sym-
metric elliptic problems proposed by Borchers et al. [I] under the name conjugate
gradient boundary iteration (CGBI). CGBI is based on a decomposition of the
computational domain into nonoverlapping subdomains. In the present formula-
tion, CGBI requires a domain decomposition without interior cross-points of the
subdomain interfaces. Hence, it is best suited for domains with large aspect ra-
tio, as they occur, e.g., for the computation of flows in a channel [3] (see Figure
M. In the theory of CGBI, the global problem is reformulated in terms of finding
the correct natural boundary condition at the subdomain interfaces. The resulting
dual problem for the boundary conditions is formulated as a minimization principle
and is solved by preconditioned conjugate gradients (CG). Concerning the type of
boundary conditions, CGBI resembles the finite element tearing and interconnect-
ing (FETI) method by Farhat and Roux [8] [9), M0} T2} 17, [T8], with the Neumann
interface condition of CGBI corresponding to the Lagrangian multipliers of the
FETI setting. One main difference between FETI and CGBI is that the CGBI pre-
conditioner acts only on the subdomain interfaces instead of solving local problems
on the subdomains. This is an advantage in terms of the computational costs, as
the computational time for the CGBI interface preconditioner is negligible within
a CG step, while the solution of another local problem on each subdomain, which
is a widespread method of preconditioning for FETT [9} [12] [17], is almost as costly
as the unpreconditioned CG step itself. Nevertheless, high convergence rates are
achieved with the proposed boundary preconditioner. In fact, the convergence rate
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FIGURE 1. The decomposition of a computational domain as it
occurs for the computation of the flow past an obstacle in a channel.

does not depend on the number of subdomains and the discretization parameter
and is, at least for a model problem, smaller than for FETT.

DD methods like CGBI enable the coupling of different local solvers. The subdo-
main solvers considered in this article are finite element (FE) solvers and a Cheby-
shev spectral collocation solver. In [3], CGBI was used to couple an FE and the
Chebyshev solver to compute the flow past obstacles in a channel. This coupling
facilitates making use of the high efficiency of spectral methods on simple, rectan-
gular parts of the computational domain with the flexibility of the FE method on
more complicated parts.

The theory of CGBI is developed for the Poisson resolvent equation

(1.1) Lu:=cu—Au=f onQ, QCR" o¢2>0.

This equation is chosen for the following reason: ([L1I) is the prototype of the equa-
tion that arises from a parabolic problem after temporal discretization (o~ 1/At
with At = timestep size). Furthermore, equation (LI)) derives from the tempo-
ral discretization of the Navier—Stokes equations if a pressure correction method
(fractional step method) is used: After transformation to Lagrangian coordinates
(practically, the computation of the foot points of the characteristics), a symmetric
problem of type ([.I)) with o ~Re/At, Re = Reynolds number, has to be solved for
each velocity component. In the last step, a Poisson equation (1) with o = 0)
is solved for the pressure, and the velocity is projected [3]. Another method for
handling parabolic equations, also using Neumann interface conditions, is described
in [15].

This article is structured as follows: In Section [, the theoretical background
of CGBI is presented. While the theory of the FETI method is based on a saddle
point problem living on the union of all subdomain boundaries, in the center of
the CGBI method there is an unconstrained minimization problem acting on the
union of the subdomain interfaces. Another difference to the FETI approach is
that, since we want to derive an estimate of the condition number independen
of the discretization parameter h, we focus on the nondiscretized problem. These
estimates also hold (uniformly with respect to the discretization parameter) for
the discretized problem using conforming linear finite elements. A result of this
section is that the square root of a negative Laplace-Beltrami operator acting on
the interfaces is an efficient preconditioner for the Poisson equation, leading to a
condition number independent of the number of subdomains and the discretization
parameter.

ISince we restrict ourselves to domain decompositions without inner cross-points, the typical
polylogarithmic h-dependence of the condition number of Schur methods (cf. [6] and also [5] [12]
17, [18]) is suboptimal here.
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Section [3 deals with the question of how to discretize this interface precondi-
tioner. Methods based on the fast Fourier transform and on sparse band matrices
are proposed. Originally, these methods were developed for equidistant boundary
meshes. Generalizations to uniform meshes and to a Chebyshev—Gauss—Lobatto
boundary mesh are given.

In order to get an impression of the efficiency of CGBI, it is desirable to get
a comparison of the condition number (the ratio of the largest and the smallest
eigenvalue of the preconditioned operator) of CGBI to the preconditioned FETI
method. If we restrict ourselves to a very simple computational domain with a
simple domain decomposition, this computation of the condition number for the
nondiscretized preconditioned operator can be done explicitly. As a result of Sec-
tion ] the CGBI condition number is only the square root of the condition number
of FETI preconditioned with the well-known Dirichlet preconditioner [9].

In Section [H, numerical results for CGBI applied to the Poisson equation on 2—
128 subdomains are presented. The performance of the preconditioners, both for
linear finite element solvers and for Chebyshev spectral solvers, is demonstrated.

2. THEORY OoF CGBI

Let us consider a bounded domain 2 C R™ with Lipschitz continuous boundary
and the Poisson resolvent equation (ILI). For the sake of simplicity let us assume
Dirichlet boundary conditions

(2.1) u=g on JN

for the moment. For f given in H~1(Q) which is defined as the dual space of HJ (£2)
we search for a weak solution u € H'(2) of () (T).

2.1. The domain decomposition, definition of norms. For the solution of the
given problem in parallel, let the domain €2 be decomposed into p nonoverlapping
subdomains €Q;, ¢ =1,...,p, in such a way that 0Q; is Lipschitz continuous and
[;:=00N0Q 1 #0fori=1,...,p—1 and 9Q; N0Q; = 0 else (see Figure[d).

We set I' = Uf;ll T';. We denote by v; the outward unit normal on 0€2;. Obvi-
ously, v; = —v;41 on I';. For a function u = (u1, ..., u,) defined on Q, u; € H(Q;),
we define the jump [u] on T by [u] = u; — u;1q on T';. We denote by H/?(T;),
Hééz(Fi) the usual fractional Sobolev spaces (trace spaces) (see, e.g., [14]) and
by HY?(T), HégQ (T") the Cartesian products of the concerned spaces on T';. The
dual spaces of H&éQ(I‘i), H(%Q(F) are denoted by H~Y/2(T;), H-'/?*(T), and Ar,,
Ar, Apq, are the Laplace—Beltrami operators whose domains are contained in
Hg(Ty), HY(T), H*(9), respectively. It is well known that for u € @%_, H'(€2;),
[u] € H'/2(T) holds, and for u taken from the space

P
Hén = ®Hi1,8527
=1
where
H;po = {u € H' (%) | ulaansa, = 0},
[u] € H)/*(T) holds.
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Let o € [0,00). On H (), Hy*(Ty), HY/2(9;) we define the norms

22) ullog, = [(0T=2)"2ull 20, ~ (@ [ull 20, + [IVulF20)) ">
[, = NI=Ar) Pz,
(2.3) ~ (Vo l9lZz e, + ||(—AFi)1/4¢||2L2(r,;))1/2,
%] ol T ||(UI—A891:)1/4¢||L2(891-)
(2.4) ~ (Vo [0 22 00, + (=Ba0) 91 200,) ">,

respectively. The equivalences '~’ can be derived by the spectral decomposition

of the operators and are meant to hold uniformly with respect to o. Using these
norms, the well-known trace theorem can be generalized:

Lemma 2.1.
(a) The norm of the trace operator T; : H} 5o — H(%Q(I‘i), with respect to the
norms (Z2), @3) is bounded uniformly with respect to o € [0, 00).
(b) There is a family of extension operators Py ; : Héf (T;) — H() that are
continuous with respect to the norms (Z2), 23) and bounded uniformly
with respect to o € [0,00), such that (Pyiu)|so,\r, = 0.

Proof. See the Appendix. O

The definitions ([2.2), (23) lead in an obvious manner to the definition of the
norms || - |[6,1,0, || - [lo,1/2,0 on the product spaces HéQ,Héé2(F), resp., and their
dual norms || - [lo.~1.0: || - llo,~1/2,r-

2.2. The dual problem. For the statement of the CGBI algorithm we require a
right-hand side f = (fi,..., fp) with f; € H~1(Q;), which is only a slightly stronger
assumption than that made on f in the global problem (CII)—(ZT).

CGBI for the problem (LI)—(Z1l) consists of a prestep and a main step. In the
prestep, on each subdomain the boundary value problem

Lw; = f;inQ,
w; = g on d§; NI,
8wi
2. = I uly
(2.5) 0, OonTy_ U

is solved (I'o,T', := (), which can easily be done in parallel. If we decompose the
solution u of the global problem (1)) as

U; = Wi + v;

on each §2;, then the boundary value problem

,C’Ui = 0in Qi,
v; = 0on 0Q;NOQ,
ov;
81/: = —gi-1onl;q,
8vi
2. = @;only
(26) = pon

2For ¢ = 0, [Z2) and (Z4) are seminorms. On H} 50, Z3) is even for o = 0 a norm.
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(which will be denoted as the main step) follows for v; obviously. In (Z4l), the
boundary value function ¢ = (¢1,...,¢p—1) is a priori unknown. To make (2.6)
meaningful, ¢ has to be taken from the space H~Y/2(I'). Let us regard v =
(v1,...,vp) = v(p) in ([26) as a function of ¢. By construction, the normal de-
rivative of v(p) is continuous across the interfaces I'. So u(p) = w + v(p) is a
solution of (L)) if and only if the jump [u(p)] of u(y) at the interfaces is the zero
function on T' (in the sense of traces). Hence, u(y) is the solution of (I)—(2I)) if
¢ € H~/2(T") fulfils the equation

(2.7) [v(p)] = —[w]
on I', or, in the weak formulation
(2.8) W, o(@Nr =~ (@, wl)r ¥y e H V(D).

(-, )1 stands for the duality pairing between the spaces HégQ(F) and H-Y2(T).

Hence, we have reduced the problem ([[I])-(2)) to the dual problem (238) living
only on the subdomain interfaces.

2.3. The bilinear form. In order to solve problem (2-8)), we define the bilinear
form

(2.9) (¥, ) = (¥, [u(e)])r
on H=Y2(T') x H=Y%(T"), v(¢p) defined by (ZH). The corresponding operator is
(2.10) A [o(p)l, HVAT) — He(T).

The solubility of (28)) is guaranteed by the following theorem:
Theorem 2.2.

(i) The bilinear form b is symmetric:

b(¥, p) = blp, ¥);

(ii) b is continuous with respect to the o-weighted norm of H='/%(T'):

(2.11) b(h,0) <crllvlls 1 rllello, -1 s
(iii) b is coercive:
(2.12) b, ) = ealllly s p-
Hence,
(2.13) callpl2_y p <bene) < e llol2_y
holds for all ¢ € H'/2(I"). The constants c1,c > 0 depend on the norms of the
local trace and prolongation operators on Q;,i=1,...,p. They can be chosen such

that they are independent of the resolvent parameter o, of global properties of §)
and of the number of subdomains p.

Before we prove Theorem [2Z2], let us first state the consequences of the theorem:
Problem (Z3) has a unique solution, and due to the symmetry, there is a mini-
mization principle

(214) J(g) = 5blp.) + (o, [wlr — min in HY2(T),

and the classical CG algorithm can be used to compute the solution of (2.8)/(2.14).
Let us remark that there is another well-known domain decomposition method,
which was analysed by consideration of an underlying minimization principle, the
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Lions’ method [16] II]. It uses Robin-type interface conditions instead of our Neu-
mann conditions, and its minimization principle acts on both the interfaces and the
subdomains.

Furthermore, estimate (2.13) shows how to construct an efficient preconditioner
for the operator A:

Let C be the Riesz isometry from the Hilbert space Héf (T") with norm (Z3) to
its dual H—Y/2(T):

(2.15) C= (ol — Ap)'/2

Expressing the norm || - || T in terms of C, (ZI3) is equivalent to

ot
2 ||Cil/2¢||f2(r) <b(p,p) < ||Cil/2¢||f2(r) Ve HA(T).

Substituting 1 = C~1/2¢p, we arrive at

(216)  col[blZary < (0.CV2ACY20) ey < 1 0] 2y W0 € LA(D)

which is a main result of the CGBI theory. It reveals that C~' is an efficient
preconditioner for A: As the constants ¢q, co are independent of o, the size of Q and
the number p of subdomains, we can expect a condition number for the discretized
problem (28], preconditioned with a discretized C~!, which is independent of o,
2|, p and also of the discretization parameter, provided the discretization of C~*
is adequate. Therefore, the convergence rate of CGBI with respect to the norm
b(ip, go)l/Q will be independent of these parameters. Note that this norm can be
characterized by b(p, )'/? = ||v(¢)|s.1.0 (cf. ZIT)). By the Poincaré inequality
in Hil,aﬂ, lv(@)l1,1.0 < cllv(@)]le,1,0 with a ¢ > 0 independent of o € [0,00). So
the convergence result carries over to H'.

Since the preconditioned CG (PCG) algorithm requires the application of C
to a vector, we will focus on a discretization of C instead of C~!, and we will
frequently call C instead of C~! our preconditioner. For possible discretizations of
C see Section Bl

If rectangular subdomains are used, the dependence of ¢y, co on the local trace
and prolongation operators in Theorem carries over to a dependence of ¢y, co
on the aspect ratio of the subdomains. If a rather short channel is divided into
many subdomains leading to a poor subdomain aspect ratio, ¢1/co becomes large.
For quadratic subdomains or subdomains with length (in direction of the channel)
bigger than height, ¢1/co is close to 1 (cf. Section [£.7]).

Proof of Theorem 2. (i) Symmetry. Tt holds

p—1 p—1
b, p) = D (Wi,vi(9) — viga(©))r, = D (Wi vi(@))rs + (—ti, viga (9))r,
i=1 i=1
_ /) vin(W)
_ g< s ,z<¢>>ri+< - ,z+1<sa>>m
K/ ouw) P/ 0ui()
_ Z< X ,vz<so>>n+i§;< e ,vz<so>>m_1
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Application of the divergence theorem on each subdomain €2; yields for b the rep-

resentation
boe) = Do [0) Auile) + Vulh) - Vuilp) do
i=1 o
(2.17) = z:/avz ©) + Vi (¢) - Vui(p)) d.

i=1

Q;
(i1) Continuity. From the representations (Z17) and [2.9) we get

p—1

(2.18) () [I2.1.0 = ble,p) = Z(S%Uz'(@) —vir1(p))r,

i=1
Z leillo,—1.r,

Using the generalized trace Lemma 2] the last line can be estimated by

([vi(@)lg,1,0; + lvi1 (D)l g,2,0,)-

(2.19) cr Z I@illo,—1r, ([vil@)llo1.00 + vit1(P)lo1,0000), e > 0.

(218) and the Cauchy—Schwarz inequality applied to (219) lead to

(2.20) [o(@)l3.1,0 = b(w,9) < 2¢r [9llo,— g 1 [0(O)llo1,0-

A division yields

(2.21) [v(@)llo,1.0 < 2¢r @lls—1 0

Following (2I8)—(220) with b(¢, ) replaced by b(v, ), we get similarly
b, ¢) < 2er [Yllo, -3 r lo(llore <4 Wl —yrlelo—yr

where we used (2.21]) in the last step.
(i1i) Coercivity. By definition,

p—1
(2.22) lellg—1r = sup Z@n%)m
weH”z(D i=1

e, 1
’2

holds. Due to Lemma B.1] every v; € Héf (T;) can be extended continuously to
a H'(Q;) function P, ;4; such that (Py1%;)|ag, \r, =0, and the continuity of P, ;
is uniform with respect to o. Hence, P,¢ = (Py191,..., Psp_19¥p—1,0) depends

continuously on :

(2.23) [Potllo0 < cpllllg1r
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¢p >0 independent of o. For the duality pairing in (2:22) we get

0
(i, Vi)r, = <ayivi(<?), (Pa,iwz‘)|an,;>

o9,

= /(U 0i(p) Po,ithi + Vui(p) - VPy 1) d

Q;

lvi(©)lo,1.0: |1 Po.itill 01,2 -

Summation over i, the Cauchy—Schwarz inequality, and (Z2Z3)) yield
(p:¥)r < cpllv(@)llor l[¥lls1 -

Hence, [2:22) evaluates to

IN

1ollo— 31 < cp 0(@)llonn = cpblp, ) '/2.

O

2.4. Generalization to the case of “floating subdomains”. Let us consider

(CI) with

c=0
in this section.
If Neumann boundary conditions
ou
2.24 — =
(2.24) 5 =9

are imposed on a part OQn, of 92 and Dirichlet conditions (ZI) on 0Qp; =
N\ 9N Nm,ﬁ the problem of the so-called floating subdomains may occur. These
are subdomains €; with pure Neumann boundary, i.e., 0Q; N 0Qp;. = 0. If we
would merely adapt the boundary conditions on 9; N QN in the prestep (2.3)
and in the main problem (2.6]), those problems would be ill posed on the floating
subdomains. Therefore modifications to these subproblems are necessary to ensure
the existence and uniqueness of the local solutions. To keep the notation simple,

let us assume that I'ps, C 0y, ie., all Qq,...,Q,_1 are floating.
In the prestep 1), the interface boundary condition is modified to
ow; ow; .
8; =¢; on Iy, 8—1/1 =—c_1only_1, i=1,...,p,
K3 K3

where the c1,...,c,—1 € R are constants chosen such that the compatibility condi-
tions
(225) <f7,51>Q1 +<g71>891ﬂ89+ci|ri|_C’L'—1|F’L'—1| :Oa 1= 17"'7p_1a
¢p := 0, are met. Equation (22H) serves as a recurrency equation for the ¢;. So
far, the local solutions w; are only defined up to a constant. The uniqueness of the
w; is guaranteed by imposing the constraint fF, [w] =0,i=1,...,p— 1, which is
reached by adding a suitable constant to each w;, i =p—1,...,1.

Concerning the main problem (28) and the corresponding bilinear form b, we
replace the function spaces of the Dirichlet case for the interface conditions ¢, for
the local solutions u(y) and for the jumps [u(y)].

3Such problems occur for the pressure in the computation of a Navier—Stokes flow by a pressure
correction scheme.
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The assumption ¢ € H&1/2(F), where Hg,in/z (T") is the dual space of

m
HY2(T) = HY2(T do=0,i=1 -1
Nm( ) {T/JG ( )| le o N yeees P }7

ensures the solubility of the Neumann problem corresponding to (2.6). As in the
prestep, the uniqueness of the solution v(y) is implied by imposing fr [v(p)] = 0,
i =1,...,p — 1. These constraints for v(p) and for w are chosen such that the
jumps [v(p)], [w] are in the space H}V/i(F)

The prestep and the main problem now read as follows:

Lw; = f;inQ,

w; = g ondQ; NINApir,
Ow:
Wi _ g on 0 N IQNm,
814
({;—QZ = —c¢_1onl;_4 (le > 1),
({;—QZ = ¢gonl; (ifi<p),
(2.26) /wz do = /U)iJrl do (ifi <p)
r; r;
fori=1,...,p, where cg =0, ¢; = \F_lll (ci—1|Ti—1] = (fi, Do, — (9, 1)aq,non) and
Lv; = 0in Q,
v, = 0 on 891 N 8QD1'7",
OV 0 on 9% N O,
8V,L'
8vi op -
D = —@i—10n Iy (lf 1> 1),
0v; o
5‘1/: = ¢;onl; (ifi<p),
(2.27) /vi do = /'Ui—i-l do (ifi<p)

for i = 1,...,p. Note that the computation and addition of constants in ([Z26)—
(2227) play the role of the coarse system (the projection) in the FETI theory [9].
So this step becomes rather trivial for the CGBI substructuring of a channel.

For the new definition of b : H&%Q(F)x : HX,%Q(F) — R including the new
definition of v(p) by @227), Theorem also holds in the presence of floating
subdomains.

In deviation from the proof of the coercivity in the Dirichlet case, one constructs
a continuous extension operator from H'/2(T;) to {u € H'(Q;)|u|r,_, = 0}. Note
that in the space {v € @j_; H' ()| Jp, vi = [i, vit1, vnloap,, = 0} (containing
the solutions v(p) of ([2.27)) a Poincaré inequality holds, as those integral mean
values of the traces depend continuously on v;, v;y1 (e.g., [L3 Sec. 2.4.3]). Hence,
the seminorm (3, [[Vv; /|32 (Qi))l/Q, for which we derive the convergence result, is

truly a norm on that space.
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The derivation of the preconditioner C for the Dirichlet case in Section carries
over to the preconditioner

(2.28) Cnm = (o] = Anp)'/?

or Cnm = (—ANm)l/2 (since 0 = 0) for the Neumann case, where —Ap,, is
the Laplace—Beltrami operator with homogeneous Neumann boundary conditions
whose domain is contained in H(T").

3. THE CONSTRUCTION OF PRECONDITIONERS

Let us restrict ourselves to the case 2 C R2. The interfaces are Lipschitz curves
which can be parametrized by their arc length. To keep the notation simple, let us
identify each interface with the interval [0, L].

3.1. Preconditioners on equidistant boundary mesh. In Sections[Z3 and 2.4
we motivated the use of the preconditioner (ZI5]) in the case of Dirichlet conditions
at 00 NT; and (2.28) in the case of =0 and Neumann conditions at 92 NT;. For
the discretization of the operators

C= (ol —Ap)Y?, Cnm = (0] — Anm)/?

on each I'; we propose the following two approaches:

3.1.1. The spectral preconditioner. Obviously, si(x) = sin k”Tx, k € N, is an orthog-

onal basis in H&éQ([O,L]) and cix(z) = cos 7L k € N, is an orthogonal basis in

H}V/,i([O, L]). A given boundary value 9 can be decomposed with respect to this
basis. In the Fourier space, the action of C (Cn,) is easily described:

2
(3.1) C:w:Zaksk — Zak a—|—<k%> Sk,

k>1 k>1

1o 2
(3.2) CNmITﬂ:ZOéka — Zam/a—l— (%) Cl.
E>1 k>1

As a discretization C" (C%,), we use the following algorithm:

(1) For 1 given on equidistantly spaced mesh points zg,...,zy on [0, L] =T,
compute the discrete sine or cosine coefficients «y, respectively, by the fast
Fourier transform (FFT).

(2) Perform oy — /o + (kn/L)? a.

(3) Get the discrete values of C"v (C%, 1) by application of FFT 1.

This preconditioner only takes O(N log N) operations. Assuming that there are
about N? mesh points within €; (which would be typical for a quadratic subdo-
main), the computational costs of the preconditioner are clearly negligible compared
to the costs of the local solver (which are at least O(N?) operations). This is the
main difference between CGBI and FETI: For the FETT preconditioning, another
local problem on each subdomain has to be solved [9] which approximately doubles
the computational costs per CG iteration step.



DOMAIN DECOMPOSITION METHOD 1241

3.1.2. Matriz preconditioners. Another approach is to approximate the above map-
ping by a (sparse) band matrix. Let us focus on the case o = 0; the generalization
to o > 0 is obvious.

Clearly, the discrete spectral preconditioner C* (C%,.) proposed in Section B.1.1]
has the eigenvalues A\, = kn/L, k =1,...,N—1 (k =1,...,N, resp.) and the
eigenvectors vy = (Vk,;)i=0,...Ns Vki = sin’“ﬁ (vg,; = cos k%, resp.). One can
prove [13] that the symmetric band matrix Cps with entries

w41 —27les NI 5 —q,

_Ev .7 = ]-7

(3.3) a; = g :
-4, j=2,4,8,16,...,
0, elsewhere

on the jth diagonal (after consideration of the boundary conditiorﬂ) is spectrally
equivalent in the sense that for the condition numbers

c1 K(C") < k(Crr) < ea w(CM)

holds with constants c¢1, co > 0 independent of N. As Cj contains only about logs N
nonzero bands, the application of Cp; as a preconditioner again takes O(N log N)
operations.

A discretization even simpler than ([B.3) is given by the symmetric tridiagonal
matrix Cy; with entries ag = 1/2+4 1/N, a1 = —1/4. However, this discretization
is not spectrally equivalent to C* with constants independent of N [13].

3.2. Preconditioners on uniform boundary meshes. Both the spectral and
the matrix preconditioner in the present form make use of the fact that the discrete
values of ¢, on I'; = [0, L] are equidistantly spaced. This section deals with the
case when the meshes on the subdomains €Q;, ;41 coincide on I'; but are not
equidistant.ﬁ It is not essential to consider the full o-dependent operator, since the
o-dependent part can be split off by the equivalence

(3.4) (oI —Ap)Y? ~ oI+ (=Ar,)Y2

For h > 0 let M}y be amesh 0 =29 < 1 < --- < xy = L on [0, L]. For each
My, we define hyqp = max{ziy1 — x;}, hmin = min{x; 11 — x;}, Amean = L/N.
We define a piecewise linear mesh distribution function wy, : [0, L] — [0, L] with
wp(iL/N) = z;. Hence, wy, maps an equidistant mesh onto the given mesh, and
the Lipschitz property

(35) hmin S wh(x) - wh(y) S hmam
hmean =Yy hmean

holds.

Lemma 3.1. (i) Let the mesh be uniform, i.e.,

hmin 2 dhmam

4@3) reflects the situation for periodic boundary conditions. For Dirichlet or Neumann con-
ditions, some matrix entries are modified in such a way that Cps still has the same eigenvectors
as CM (C,.).

5If the meshes of Q; and Q;41 do not coincide on I';, an interpolation of the discrete boundary
values onto a common boundary mesh is done.
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with d > 0 independent of h for all meshes under consideration. Then, for
any ¥, € H'Y2([0, L)), the function iy, : [0, L] — R defined by 1y, = 1y, owy,
is in H'/2([0, L]) and the equivalence
c1 1dnllgeony < 1nllaeony < c2 ldnll g,
holds with c¢1 = d, ca = d~' independent of h and 1y, .
(ii) The same is true if we replace H'/?(0, L) by Hééz(O,L) in (i).

Proof. We will make use of the following well-known norm equivalences (see [14]
Chap. 1, Theorem 11.7)):

(3.6) ff@%g%ﬂfmw+jwwm:~uwhm@7
0

L L ) L .
2 2
// ( ) dx dy + / mw(ﬂv) dr  ~ ||¢HH362(07L)-
00 0
(i) Transformation of the integrals in (B6) and application of (335) yield
L

Hw@www/wNWW%m

L L 2 2
+O/O/<wh () jh(wh(y))> (wh(;g:ih(y)> w,(z)wy, (y) dr dy

L L
hmaa: 2
/Whowh ) dx + m”/ < nown(@) - d)howh(y)> dx dy
hmin min r—=Yy

0 0
1

= 19320,y

IA

St~

<

Similarly, we get [|vn | g1/2(0,2) = 11 ¥l g1/2(0.1)-
(ii) We use representation ([B.7) of the norm in HégQ (0, L) and follow the proof
of (i). It remains to estimate the term

L

(3.8) / /L h © Wh (& - ;(L:x) 5 wh (@) da.
0

0

The fraction
(L — x) B x L-z
wp(@)(L —wn(z))  wp (@) — wn(0) wy(L) — wp(z)
in (33) can be estimated with help of the Lipschitz property (33) which leads to
the upper bound h2,_,,, /b2, and the lower bound h2, . /h? For the weight in

(B8) we get the estimate

min mazx*

h? (L —x) h?
2 min / < max < —
P S @ —w@) P S =4
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The lemma leads to an L2-symmetric preconditioner which evaluates v o wy,
instead of :

Corollary 3.2. On Héf(O,L), the operator Cy, ) = ——— (—A[()’L])l/Q(wowh)o

wy, 0wy,
w;l is spectrally equivalent to (—Ap, L])l/ 2 with equivalence constants uniform with
respect to h.

Proof. For 1) taken from the dense subspace H{ (0, L) of HééQ (0, L) we derive by
Lemma[3-1] and by an integral transformation

((=Ar,)" 2, V)2 0,) ~ ((=Ar,) 2 (@ owp), ¥ o Wh) 12(0,1)

~—

(—Ar)2 (W o wp) (@) ¥ o wp(x) dw

((=Ar,)Y2(p owp)) o wy * (y)

wy, 0wy, ()

Y(y) dy = (Cuwp V) 12(0,1)-

St —r T

Note that in the discrete version

1
Ch = — C"(4hy, o wp) 0wy !,

wy, o wy,
Cr(p owp) o w;l is simply the application of Cj, to the discrete mesh values of vy,
and that wj, o w;l(x) evaluates to the local mesh size hj,. divided by Aean.

The consequence of Corollary is that for uniform boundary meshes we can
use the preconditioners developed in Section [B.1] without loss of the independence
of the condition number on the discretization parameter if we weight the result by
1/hioe. The generalization of the corollary to the Neumann case is obvious. For
o > 0, the norm equivalence ([B:4) leads directly to the preconditioner

Vol +Cp,.

3.3. Preconditioners on Gauss—Lobatto (GL) boundary meshes. If spec-
tral Chebyshev solvers [2], [3] are used on some of the subdomains, they require
a Chebyshev—Gauss—Lobatto mesh. Its restriction to an interface I'; is a one-
dimensional Chebyshev—Gauss—Lobatto mesh. If we identify I'; with the interval
[—1, 1], the Gauss—Lobatto mesh points are given by

k
xk:(:os%, k=0,...,N.

Clearly, this mesh is not uniform, as hyni, = rn_1—2n = O(h2,,.), i-€., hmaz/Pmin
— oo for N — 0o. So Lemma [3.1] is useless for this kind of mesh. Numerical tests
using interpolation of the discrete values given on the GL mesh to an equidistant
mesh gave unsatisfactory results[ Instead of this, an approach similar to Section
is investigated.

Observing that the Gauss—Lobatto grid values of 1 on [—1, 1] are identical with
the equidistant grid values of ¥ o cos on [0, 7], it is obvious that the numerical
evaluation of (—Ar,)/2 (1 o cos) can be done following Section Bl So we have to

61t is well known that local interpolation of data can strongly perturbate Fourier analysis.
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express || (—Ar,)Y?¢| 12 in terms of ||(=Ar, )!/?(¢ocos)|| 2. To get this connection,

we make use of the interpolation theory of weighted Sobolev—Slobodeckij spaces.
Let us consider the case of Dirichlet boundary conditions at y = £1, i.e., ¥ €
1/2

HOO (_17 1)

Lemma 3.3. For iy € Héf(—l, 1), Yocos € Hé({2(0,7r) and the equivalence of the

norms
(3.9) ||wHHég2(71,1) ~ HwOCOSHHéf(OJT)

holds.

Proof. Tt is sufficient to show the equivalence (B.J) on a dense subspace of
H(%Q(—l, 1). So let ¥ be taken from H}(—1,1). Let us define the weighted norms
b b b

||w||igu(a,b>:/w|w|2dy, 141172 (a,b):/w1|w|2dy+/wz|w|2dy
a

w1, wy

a a

and let L2 (a,b) and Hj . ., (a,b) be the closures of C§°(a, b) with respect to these

norms. By integral transformation it is easy to see that for w(y) := (siny)~!

19 2(=1,1) = l|¥ o cos ||L?wfl(o,w), 1%/ g (~1,1) = Il 0 cos ||Hjﬂ,w,1(o,w)-
Therefore, the equivalence
(3.10) 1ol e2 (), B -1,00,, ~ 1Yo cosllize . m a1, 0me

holds. By well-known interpolation results ([19, p. 277]), the weight functions w
and w~! on the right-hand side extinguish each other:

(3.11) |4 o cos ”[qu_l(O,w),Hlluyw_l(O,ﬂ')]l/Q ~ ||4h o cos ||Héé2(077,)~

Corollary 3.4. On H(%Q(—l, 1), the operator Cqy,

(312)  Cart(s) = —

m ((_Al“i)l/2 (1 o cos) o arccos)(s),

is spectrally equivalent to (—Arp,)/?.

Proof. Analogous to the proof of Corollary [3:2] we get

(=Ar)Y2¢, ) p2—11) ~ ((=Ar,)Y?(1 0 cos), v 0 cos)r2(0.m)
= (Cor¥,¥)r2(~1,1)-

As a discretization, we consequently use

1
h _ h
(3.13) Cepp(s) = A=z (C"™ (2 o cos) o arccos)(s)
1/2 in accordance with Section Bl So up
to a weight function, we can use the equidistant mesh preconditioner C" also on
the Gauss-Lobatto mesh, at least for Dirichlet conditions on 02 NT;. A similar
proof for the case of Neumann conditions at 2NT'; seems difficult due to the lack of

where C" is a discretization of (=AZ1))
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interpolation results for H'/? comparable to ([B.11) for Hééz. However, numerical
results using

Cliy (5 1= (1=5%) 7 (Cly (4 0 co8) o arccos) (s)

show that this technique is also efficient in the Neumann case.

An application of this method to other (nonuniform boundary meshes) is possible
for Dirichlet conditions. For the generalization to the case o > 0, see the remark
at the end of Section

3.4. Possible generalizations to 3-dimensional problems. If ) C R? and if
the interfaces I'; are squares (as is usually the case when spectral methods are used;
the Q; are cuboids), the application of the ideas of the previous sections for the dis-
cretization of the preconditioner is straightforward. Even if the geometry is deviant
and spectral methods are used in combination with mappings onto squares/cubes,
the methods can be applied. The same is true for finite difference solvers if the
boundary data are given or can be mapped on a Cartesian mesh.

If the boundary values are given on an unstructured FE boundary mesh, it should
be possible to generalize the results of Section B:1.2 by hierarchical bases/multigrid
methods [4].

4. A COMPARISON OF THE CONDITION NUMBER OF CGBI aND FETI
FOR A MODEL PROBLEM

In Section it was proven that the condition number s of the operator C.A
(and consequently, the convergence rate of CGBI) is only dependent on the norm
of the local trace and prolongation operators but is independent of the number of
subdomains and the size of the global domain. However, it seems worthwhile to
retrieve more explicit expressions for x. These can be found if we restrict ourselves
to a simplified geometry. The same investigation can be done for FETI with the
so-called FETT Dirichlet preconditioner proposed in [9] [10]. Note that other pre-
conditioners, e.g., the one proposed by Klawonn and Widlund [12] coincide with
the classical Dirichlet preconditioner for the problems considered in this paper. We
should mention that a “cheap” interface-based preconditioner called the “lumped
preconditioner” was already proposed for FETI, but its performance was rather
unsatisfactory ([8l Tab. 1] and [I0 p. 1967]).

As in Section[2], we use the setting of functional spaces. Note that the possibility
of using the nondiscretized operators also for the analysis of FETT is a consequence
of our restriction to domain decompositions without interior cross-points. In a more
general setting, the FETI condition number depends slightly on the discretization
parameter [17, [18].

4.1. Condition number for CGBI on a simply-shaped domain.

Theorem 4.1. Let Q = (0,5) x (0, L), be a rectangle, let p be an even number and
let each subdomain ;, i = 1,...,p, be a rectangle of size S/px L (cf. Figure[,
top). Let us assume (i) Dirichlet or (ii) Neumann conditions on y =0 and y = L
and periodic boundary conditions at xt =0 and x = S. Let us denote the subdomain
aspect ratio r = S/(pL). Then,
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FIGURE 2. Top: Definition of the subdomain aspect ratio r =
(S/p)/L. Bottom: Comparison of the convergence rate ¢ (error
reduction per iteration step) for CGBI and FETI and the quotient
of both rates as a function of the subdomain aspect ratio 7.

(a) the operator A 2I0) has the eigenvalues

2L, coshrvoL? + n2k2 — cos 2mm
[hom = , P om=0,.. 2 ken;
VoL? + m2k? sinhrv/oL? + 2m2k2 2
(b) the preconditioned operator C*/2ACY/? with C = (oI — Ar)'/2 in case (i)
and C = (oI — Ary,,)Y? in case (ii) has the eigenvalues

2 252 _ 2mm
coshrvol? + w2k cos 7;)'” P
2

4.1 Ao = 2 . m=0,..., 2 keN;
(“.1) o sinhrvo L2 + m2k2
(¢c) for the condition number the equality
h(rvolL? 2 1 2
(12)  wc/2ach/?) = VOl A T) H 1 +1

cosh(ryoL? +72) —1  cosh(ryoL? +n2) — 1
holds which can be estimated by

2

(43) = cosh(rm) — 1

+1;

d) the condition number has the following asymptotic behavior:
For fized 0 €[0,00), lim k=1, and for r — 0, kK = O(r~2);

for fized r € (0, 00), k is decaying monotonically for o — oo, and lim k= 1.

g—00
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Proof. We consider the boundary at x = 5, = 0 as an interface I', between €2,
and ;. For short let us set

K =rvoL? + n2k2,

. 2mim sin wfsin 2"'}’;"” cosh K
d; = sin ) Si = Sinh K )
= 2mim _ 2r(Am _cos 2mim cosh K .
(4.4) d; = cos P [ — Sin(:; p SO i=1,...,p.
(a) Let us define vi m, Pre,m : I — R by
k - k
(pkmrq.Zdi sinM, @kml“,':di sinM,
il 3 L il 3 L
y € (0, L), for boundary condition (i) and
k - k
Cr.m|T, = d; cosLy, Pk.m|p;, = d; CosLy
9 k2 L bl 7 L
for boundary condition (ii). We will prove that ¢y, for m = 1,...,p/2 — 1 and
@k,m for m =0,...,p/2 are eigenfunctions of A, i.e.,
(4.5) [W(km)] = tkmPhms  [0(Pr,m)] = bie,mPre,m-
Let us focus on case (i).
Obviously, the functions vk, = (v,;m, s V) ANd Vg = (O s Ok
where
, K\ K K k
Vo (T,Yy) = (E) (d;—1 sinh % + s;—1 cosh J;—L) sin %,
‘ K\ ' - K K k
Upom (T,y) = (E) (d;—1 sinh % + 3;—1 cosh J;—L) sin %,

are solutions of (oI — A)v® = 0 on Q; for arbitrary d;_1,s;_1 € R. Let us identify
Q; = (0,7L) x (0,L). Tt is easy to check that for d;, s;, d;, 5; from ([@3), each v};’m,
17}%7,” also meets the boundary conditions of problem (2.6) with interface boundary
condition ¢ = Yk m, ¢ = Pk.m, respectively. A computation of the jumps [v(¢k,m)],
[v(@k,m)] shows that ([@H]) holds.

(b) The functions ¢k m, Py, ., defined in the proof of (a) are obviously also eigen-

. . . ~ 22
functions of C, and the corresponding eigenvalues are fig,m, = /0 + T k2 Hence,

Iz -

the o, are also eigenfunctions of C*/2AC'/? and (@&I]) follows.

(c) (@IJ) takes its maximum (minimum) value for m = p/2,k =1 (m =0,k = 1).
K(CY2ACY2) = Ny 2/ A10 vields (@D).

(@3) follows from the monotonicity of the right-hand side of ([@2) considered as
a function of o.

(d) A series expansion of the cosh in the right-hand side of (£2]) shows x =
O(r=2) for r — 0. The behavior for r — oo and for ¢ — oo is obvious. O

4.2. Condition number for FETI on a simply-shaped domain. Let us con-
sider now the condition number of FETI for the same simply-shaped domain with
the same substructuring as in Theorem FT] with boundary conditions (i). As there
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are no interior cross-points, FETI simplifies to solve the same problem [v(p)] =
—[w]ﬂ i.e., in the setting of functional spaces, the operator of FETI coincides with
the CGBI operator A. The difference lies in the preconditioning. The most usual
FETI preconditioner for our problem is based on the solution of the Dirichlet prob-
lem

Ly; = 0in Q,,
v = i1 onlq,
v; = v only,
(4.6) v; = 0 on 99Q; NOQN.

The preconditioner (which is called the Dirichlet preconditioner [J]) is the map-
ping of a ¢ € Hééz(f‘) to the jump of the Neumann trace [0(1)]V™ defined by
D)™ |r, = 00;(v)/Ov; — OUi+1(v)/Ov;. Let us denote this preconditioner by
CreTI-

Theorem 4.2. Under the assumptions of Theorem L1l the condition number
H(C}:'/EQT[ACFETI) of the nondiscretized FETI method with the Dirichlet precon-
ditioner is equal to the square of the CGBI condition number k(C'/2ACY/?).

Proof. Let d;, s;, d;, 5; be defined as in the proof of Theorem Il Similar to the
proof of Theoremlﬂka) one sees that wk mform=1,...,p/2—1and @k,m for m =

0,...,p r, = d; sin fy are eigenfunctions of the
operator Crpry for case ( ) To check thls one uses the fact that the corresponding

solutions #(¢x m ), ¥(1km) of problem (]m) are

- K K. . kmy
0i(Yem) = (si—1sinh — "3 + d;_1 cosh E) sin =
- K K. . kmy
0i(Yem) = (S;—1sinh — "3 +d;_1 cosh E) sin A

on €, €; identified with (0,7L) x (0,L). The corresponding Neumann jumps
[0(Wr,m)IN™, [0(30g,m)IN™ are equal to p BTy m, ph 57"k, m, respectively. So
the eigenvalues of Crgry are
FETI _ 9o L2 + n2k2 coshrvoL? + n2k? — cos 2”7’”
He,m L sinh rvo B2 4 m2k2 ’
Since the eigenspaces of A and Cppp; coincide, the eigenvalues of the operator

cl2 1/2
CrerrACppr; are

p
=0,...,7, ke N
? 72) E

FETI __ FETI
Ak,m = Hk,m :u‘k m

. coshrvoL? + m2k2 — cos o 2
< sinhrvoB? + 2n2k2 > ’

and the condition number is

K(C cl2 acl? ) = (coshr\/oL2+7r2+1>2
FETIFETI coshrvol? + 72 —1

(4.7) = K(CY2ACH?)2. O

"In the FETI community, the Neumann interface condition ¢ is usually considered as a La-
grangian multiplier for a constrained minimization problem [§].
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Let us consider the CGBI condition number « in (£2) and the FETI condition
number () as a function of r (¢ =0). If we assume the asymptotic CG error
reduction rate g to be ¢ = (v/k — 1)/(v/k + 1), Figure 2 shows the resulting error
reduction rate ¢ as a function of r. So the CGBI error reduction rate for the model
problem appears to be significantly smaller than that of the preconditioned FETI
method. More precisely, the quotient of the convergence rate is about 1/2 for r not

too small. The deterioration of the convergence rates for r — 0 is worse for FETI
than for CGBI.

Remark 4.3 (The choice of boundary conditions). In Theorem B.1], similar results
for Neumann and for Dirichlet instead of periodic conditions at z = 0, x = S and
arbitrary p > 2 can be proved ([13] p. 74 ff.]). In Theorem [£2] the eigenspaces of
A and of Cpgp; differ under those boundary conditions, making an analysis more
difficult.

5. NUMERICAL RESULTS

In the following we will verify the theoretical results of the previous chapters by
numerical results. We will use the simple geometry of Theorem [£.1] with quadratic
subdomains (r = 1), Dirichlet conditions on 9 and o = 0. Some numerical results
for different o, r and Neumann conditions can be found in [13].

Figure [3] shows the convergence of CGBI for the Poisson equation on a domain
2 = (0,8) x (0,1) divided into 8 quadratic subdomains. An FE solver (linear el-
ements) on a regular mesh with 512 x 512 nodes per subdomain was used. The
right-hand side of the problem was chosen such that the solution is in C°°(2). In
order to reveal the worst-case behavior of CGBI, the CG iteration was started with
a (piecewise linear) ¢ with nodal values which were chosen at random between +1.
The diagrams show the H'-error (with respect to each subdomain), the L?(Q)-,
L>®(Q)-error for v(y), and the H~/2(T')-error for ¢. As the theory of CG pre-
dicts, we see a monotonous decay for the H'-norm. Furthermore, we observe that
the H—1/2 (I)-error for ¢ is very close, which indicates that the constants cq,cs in
[213)-(ZI6) are not far from 1, a fact that was already predicted by Theorem E.1]
The bottom part of Figure Bl demonstrates the efficiency of the spectral precondi-
tioner proposed in Section [B.1.1: The preconditioned CGBI only needs 3 iteration
steps to reduce the error by 10~%, and 4 iteration steps instead of about 60 for
the unpreconditioned to reach the finite element accuracy of a sequential solver.
In order to make a comparison to earlier computational results for FETI, we also
compute the residual: CGBI requires only 5 iteration steps to reduce the L2(£2)-
residual by at least 10~ (see Table[ll). Note the close coincidence of the mean error
reduction rate of Table[Ml with the theoretical result of FigureRlat r=1. FETI with
the Dirichlet preconditioner on the same geometry requires 9—11 iteration steps for
the same reduction of the residual ([0 Chapter 4.2]). The fact that CGBI needs
fewer iteration steps for this problem was also predicted in Section (Figure 2
bottom). The cpu time for the CGBI preconditioning covers about 1% of the com-
putational time of the unpreconditioned CGBI, while the Dirichlet preconditioner
should require (for large N) almost 100% (about 80% for an example given in [I0}
p. 1967] of the computational time of the unpreconditioned FETT).

In Figure Blthe same problem with the same domain decomposition is computed
for different values for the discretization parameter N (N x N being the degrees of
freedom on each subdomain). For unpreconditioned CGBI, the number of iteration
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Ficurge 3. Convergence of CGBI in different norms. Horizontal
axis: Number of iteration step. Domain = (0,8) x (0,1) divided
into 8 quadratic subdomains. FE solver on subdomains, regular
mesh with 512 x 512 nodes per subdomain. Top: Without precon-
ditioning. Bottom: With spectral preconditioner (Section BI.1)

steps depends strongly on V. For the spectral preconditioner, three iteration steps
are sufficient.

TABLE 1. Relative residual of equation (I.I]) with respect to the
L?(Q)-norm after 5 CGBI steps (preconditioned) and mean reduc-
tion of the residual per CGBI step. After 5 steps, the residual is
reduced by more than 1075, Quadratic subdomains (r=1).

p | N | rel. residual | mean red.
after 5 steps | per step

p| N | rel. residual | mean red.
2| 64 | 8.33E-12 0.006 after 5 steps | per step
4|64 | 7.68E-11 0.009 3 16 | L7957 0.042
6|64 | 3.11E-9 0.020
8 64 | 1.70E-7 0.044
8 | 64| 1.70E-7 0.044 8 | 256 | 1.69E-7 0.044
32| 64 | 1.53E-7 0.043 : :

128 | 64 | 1.52E-7 0.043
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FI1GURE 4. Convergence of CGBI with respect to H!()-norm for
different discretization parameters N. All data as in Figure Bl

T T
spectral prec., N= 16; —+—
spectral prec., N= 64: —>—
spectral prec., N=256; —*— -
noprecond. ,N= 16; ---+-- _|
no precond. , N= 64; ---x---
no precond. , N=256: ---%-- 7

FiGURE 5. The spectral preconditioner on Chebyshev-Gauss—
Lobatto boundary mesh. Poisson equation on six spectral sub-
domains. L*>(Q)-error in dependence of the CGBI step. Different
discretization parameters V.

Figure [5] shows the convergence of CGBI for 4 subdomains with the spectral
collocation Chebyshev solver on each subdomain. Since the boundary mesh on
the interfaces is a Chebyshev-Gauss-Lobatto mesh, we use the preconditioner C2
(BI3). Since the derivation of this preconditioner requires the use of the equivalence
(BId)), the condition number increases by the ratio of the equivalence constants in
(BI). Therefore we can observe that the convergence speed for C%; is slightly
lower than that of C* on an equidistant boundary mesh (Figure d). However, it is
still about one power of 10 per CG step, and it is still independent of V.

Figure [6] shows a comparison of different discretizations of the preconditioner
Cgp for a Chebyshev—Gauss—Lobatto mesh. The figure shows the performance
of the transformation (BI3) together with the discretization C* (spectral), Cps
(multidiagonal), Cy; (tridiagonal), respectively (Section BI). Among these, the
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FIGURE 6. L%(Q)-CGBI convergence rate for different precondi-
tioners on Chebyshev—Gauss—Lobatto boundary mesh. Six spec-
tral subdomains, N = 64.

spectral version performs best with an error reduction of one power of 10 per CG
step. Another preconditioner especially optimized for Gauss—Lobatto boundary
meshes will be proposed in a forthcoming paper.

6. CONCLUSION AND OUTLOOK

CGBI turned out to be an efficient algorithm for domain decomposition without
interior cross-points. The CGBI interface preconditioners cause negligible compu-
tational costs. Nevertheless, even smaller condition numbers than for the Dirichlet-
preconditioned FETT method could be observed, making CGBI an efficient tool for
computations on domains with large aspect ratio.

The efficient application of interface preconditioners for the more general case
of domain decomposition with interior cross-points is presently an open question.
However, first computational results for this situation are promising: For CGBI
on domain decompositions with interior cross-points we found a reduction of the
residual of about 1075 within 18 iteration stepsﬁ Hence, the convergence rate is
at least not worse than that of the FETI method in [9, Chapter 4.2], while the
computational costs of the boundary preconditioner are much lower than that of a
Dirichlet preconditioner.

Other possible extensions of the applicability of CGBI (even without inner cross-
points) could be the construction of discretizations of the interface preconditioners
for complex 3-dimensional problems, like channel systems with bifurcations, where
the domains and the interfaces are discretized by unstructured finite element meshes

(Section [3.4]).

8A checkerboard domain decomposition into p X p subdomains, p = 4,8,16,32, and 16 x 16
nodes per subdomain were used.
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APPENDIX

Since the author could not find a proof of Lemma [Z1] (which is a slight general-
ization of the well-known trace theorem) in the literature, a proof is given here:

Proof. For 0 =0, T; and P, ; are continuous operators, which is a consequence of the
well-known trace theorem and the Poincaré inequalities in {u€ H*(€) | u|po,\r, =

0}, HégQ (T';). Therefore it is sufficient to prove the statement of Lemma 2.1 for
o€(0,00).

In Part 1 of the following proof we consider the situation of a half space. In
Part 2 we generalize the results to €2; being a cuboid. A further generalization
to bounded domains with Lipschitz boundary can be obtained by the technique of
local maps.

Part 1: First let us consider the situation of a half space Q = {z1 >0} x R "1,
['=00={x;=0}xR"L

(a) For o € (0,00) and both for functions u € H'(Q) and u € HY/?(T') we define
@(z) = u(c~"/?z). The (semi-)norms of u scale as follows:

~ n ~ n—2
||u||%2(9) =02 u||2L2(Q)v ||Vu||%2(9) =0 2 ||Vu||2L2(Q)v

n—1 n—2

||7~LH%2(1“) =0 : ||U||%2(r)v ||(_AF)1/47~‘||2L2(F) =02 ||(_AF)1/4U||%2(F)'

Let T : H'(Q2) — H'Y?(T') be the well-known trace operator. Obviously (Tu) = T4
holds. Using the representation (Z3) of the norm || - ||, 1 p and the scaling of the

(semi-)norms of Tu, we obtain
1
ITulsr ~ o I TulZawy + [(=Ar) Tulfor

= o' F ([(Tu 2oy + I(=A0) Y (Tu) | 72(r))
= o' E (|Tallfe(r) + 1 (=Ar) 4Tl ).

We proceed by using the well-known Trace Theorem (0 =1) and by using the norm
scaling again:

ITull2yp < co' ™% (fal 7z + IVElZa0) = (@ [ulfzq) + IVulZa)

where ¢, being the operator norm of T with respect to H*(Q), H'/2(T), is indepen-
dent of o.

(b) Let us define the extension operator P, : H/?(I') — H'(Q) by P,u(x) =
(Pa)(c/?x), where P is a continuous extension operator in the case o =1. The
estimate of the operator norm of P, with respect to the norms || - [|o,1,0, || - [l+,1/2,r
is analogous to the estimate of T

IPrullz1.0 ~ o lPouliz ) + IV Pouliz g

2—n

o2 (||Pﬂ||%2(9) + ||Vpﬁ||2L2(Q))

IN

2-n . ~

co = ([allZa) + I(=Ar) ] Fary)
1

¢ (0% |ullZary + I1(=Ar) " *ul Z2(r))

where ¢, the norm of P, is independent of o.

Part 2: Generalization to the case where Q; = (0,a1) x -+ x (0,a,) C R"
is a cuboid and T'; = {0} x (0,az2) X -+ x (0,a,) is one face of §; and T';_; =
{a1}x(0,a2)x --- x (0, ay) is another face:
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(a) The continuity of the trace operator T : H} 5o — Héf (T';) with respect to
the norms || - [|5,1,0;, || - [|o,1/2,r,, uniform with respect to o, is obtained as follows:

Let us assume o >1 at first. It is sufficient to consider T restricted to the space
{ue H' (%) [ulsgnr, = 0} C H} yo: fu€ H} g restricted to Ty is different from
zero, we can define u*(z1,...,2,) = (1—21/a1) u(z1, ..., z,) having the same trace
onI'; as u. Since 0 >1, one can easily estimate ||u*||, 1,0, < ¢||u]ls,1,0, With a ¢>0
independent of ¢. It remains to estimate Tu = T'u* by u*.

Hence, let u € H'(Q;) be given with ulpo,\r, = 0. We can extend u by zero to
a function defined on the half space {z; >0} x R"~1. Let us denote this extension
again by u. We apply the trace operator T' from Part 1 of the proof to the extended
u; Tu € Hl/Q(R”*I) has compact support in I';, then. For the estimation of the
restriction RTue HY?(T;) of Tu, we use the norm equivalence

”v”Hééz(D) ~ HU||H1/2(RH71) VUGHI/Q(Rnil), U|Rn—1\1"i =0,

which can be deduced from the norm representation
2 2 |v()[?
1l oy ~ W02 ey +/m

i

dx

(4, Chap. 1 (11.53)]). From the norm equivalence we obtain

IBT Ul 0oy < IT 20y

(T')
Together with the trivial equality

1 1
oA IRTulary) = o I Tul oo,
the estimate
1
IIRTUH?,,%,F,L, <c|Tullf/z@n—ry + 02 [TullF2gn-1y
1
= cll(=Apn-)*Tullfagn1y + (¢ + 02| T2 ggn-1y
< maX{C, CO'_1/2+1} ||TU’||0',%,]R”_1 <c ||TU’||0',%,]R”_1

follows with ¢ independent of o, where the last step is valid for ¢ > 1 and c is
generic. [[Tul, 1 gn—1 < ¢|luf|e,1,0,, ¢ independent of o, follows from Part 1 of the
proof. Altogether, [|RTu|, 1 r, < cllullo,1,0, follows.

The case o<1 is handled as follows: For uGHi{SQ,

1Tullg,1,r, < I Tull e,y < cllullmqy < ellVullez@) < cllulloi,o,,
2 00 ( 1)

where the ordinary trace theorem (o =1) was used in the second step and a Poincaré
inequality was used in the third step.

The generalization of part (b) of the lemma from the half-space situation to the
cuboid geometry is obtained as follows:

Let O be an open neighborhood of T'; and let ® € W>°(0O) be a Lipschitz-
continuous bijective mapping of O to a bounded subset M CR™ such that O N 9,
is mapped to M N {z1 =0} x R*"™1 O N €Q; is mapped to M N {z1 >0} x R" 1
and such that this mapping, restricted to I';, is the identity. Let ¢ be a smooth
function with compact support in O and 0<% <1 on O and ¥»=1 on I';. We will
construct an extension operator Py ; Héf (Ty) — HY(Q), (Pyu)|por, = 0, with
norm bounded uniform with respect to o:
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A given function u € H, é({ 2 (T';) can be continuously extended by zero to a function

in {1 = 0} x R""! (see norm equivalences in part (a). The extension is again

denoted by u. Then, the extension operator P, from Part 1 of the proof can be

applied. We define the extension operator P,; by (Pyu)(x) = ¥ (z) Pru(®(x)),

re0ONQ,, for all ¢ > 09 = max,co |Ve)|?, P, from Part 1. Obviously, the support

of P, ;u is contained in O N Q. (Pyiu)lr, = v and (Pyu)|sn,\r, = 0. We have to
check the continuity of P, ;, uniform with respect to o:

1Poiullz 1.0, = o 1 (Pru)o @||720na,) + IV (Peu)o @)[720na,)
< o ||(Pau)oq’||%2(om,-) + 2[|(Pru)o® VQ/’”%z(omi) +2[[v V(Pouo (I))”%?(Oﬂﬂi)'
Since [¢| <1, V| < \/og < /o on O, we obtain

1Priull2 0, < 30l1(Pou)o®@|Tai0ng, + 2 VI(Pru)o®) | 20na,)
< alo ||Pau||%2(MmQ) + ||V(Pau)||2L2(MnQ))
< a (0 ||Prulleqo) + IV (Pow)llfzq)
< e (Vo l[ulfae, + I1(=Ar) *ulFar,)

where ¢; depends on ® and ¢y is the bound for P, from Part 1.

It remains to handle the case o0 < gg. For all ¢ < oy we define P, ;u for u €
Hé({Q(I‘i) to be the ordinary extension operator P : H&gQ(aﬂi) — H'(Q), applied
to u after extension by zero to 9Q;\T';. Using the continuity of P and a Poincaré
. _— 1/2
inequality in Hy)“(T';), we get

1Priulsa, = 1Pl 0, < max{o, 1} Pullin,
< e max{on, 1} [ul]2y/z . < ¢ max{oo, 1} (- Ar) Y ul3r,
i (L) ’
< ¢ max{oo, 1} [[ull} 1 ja r,

where ¢ is generic and independend of o.
Part 3: The generalization to domains of more general shape works like the usual
generalization of the well-known trace theorem by application of local maps. O
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