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FINITE ELEMENT APPROXIMATION
OF A PHASE FIELD MODEL FOR SURFACE DIFFUSION
OF VOIDS IN A STRESSED SOLID

JOHN W. BARRETT, HARALD GARCKE, AND ROBERT NURNBERG

ABSTRACT. We consider a fully practical finite element approximation of the
degenerate Cahn—Hilliard equation with elasticity: Find the conserved order
parameter, (x,t) € [—1,1], and the displacement field, u(x,t) € R2, such that
75 =V (0O V[-y A+ () + 5 () CE(w) : E()]),
V. (c(0)CE(w) =0,

subject to an initial condition 6°(-) € [~1,1] on @ and boundary conditions
on both equations. Here v € R is the interfacial parameter, ¥ is a non-
smooth double well potential, £ is the symmetric strain tensor, C is the possi-
bly anisotropic elasticity tensor, ¢(s) := cg +% (1—co) (1+s) with co(v) € R>o
and b(s) := 1 — s? is the degenerate diffusional mobility. In addition to show-
ing stability bounds for our approximation, we prove convergence, and hence
existence of a solution to this nonlinear degenerate parabolic system in two
space dimensions. Finally, some numerical experiments are presented.

1. INTRODUCTION

Integrated circuits contain thin metallic lines (interconnects) that make electrical
contact between different components of the device. These lines are passivated with
a layer of oxide at large temperatures, and during the cooling process large stresses
are induced. Also voids nucleate in the interconnect, and they migrate and change
their shape due to the diffusion of atoms. One of the major failure mechanisms
in modern micro-electronic circuits is that voids cut the whole interconnect and
cause an open circuit. The understanding of how voids migrate is therefore of great
practical interest.

In general, diffusion in the bulk of the interconnect is much slower than that on
the surface of the void. Therefore we will restrict ourselves to the case where diffu-
sion is restricted to the surface of the void or more precisely to a diffuse layer at the
void surface. In this case there are three main driving forces for diffusion: one results
from capillary effects and the other two are due to electromigration and stressmigra-
tion. To formulate the latter two we need to introduce the electric potential ¢, the
displacement field u, the symmetric strain tensor £(u) := 1 (Vu+ (Vu)”) and the

1

elastic energy density F(u) := 5C&(u) : £(u). Here C is the possibly anisotropic

Received by the editor April 21, 2004 and, in revised form, January 26, 2005.
2000 Mathematics Subject Classification. Primary 65M60, 656M12, 656M50, 35K55, 35K65,
35K35, 82C26, 74F15.

(©2005 American Mathematical Society
Reverts to public domain 28 years from publication



8 J. W. BARRETT, H. GARCKE, AND R. NURNBERG

elasticity tensor, which we assume to be symmetric and positive definite. The prod-
uct A : B of two matrices A, B € R4*? is defined as Z?,j:l A;; Bij. We denote by
V the normal velocity of the void surface, I'(t), with the normal pointing into the
void and by k its mean curvature with the sign convention that k is positive if the

interface is curved in the direction of the normal. Then mass conservation gives
(1.1) V=-V,.J, onI(t), where Jo=—Ds;Vs(—k+E(u)+ad)

is the mass flux, V. is the surface divergence, Vy is the surface gradient, D is
a constant related to the surface diffusivity and ¢ is the surface energy density.
Here the first term describes capillary forces, the second describes forces resulting
from changes in the elastic energy and the forcing term a V¢ is caused by an
electric current in the bulk of the material and this force is related to the “electron
wind” force. The above equations for the surface motion then have to be coupled
to the Laplace equation for the electric potential ¢, the quasi-static mechanical
equilibrium equations for u and appropriate boundary conditions. For more details
we refer to [46], [16] and [36].

Let us briefly discuss the influence of the three terms of the mass flux in (I1J).
The first term leads to diffusion of atoms from regions of small mean curvature to
regions of high mean curvature. If only capillary effects were present the length /area
of the void surface would decrease and the voids would become circular/spherical;
see [23] and [24]. The second term leads to diffusion from regions of high elastic
energy to regions of smaller elastic energy, and the third gives rise to diffusion
in the direction opposite to the electric field (this is true if @ < 0 and this is
the case for aluminum, which is mainly used for interconnects). The effect of all
three terms can be seen in numerical simulations; see, e.g., [14] and [12] §5]. From
these numerical simulations one notices that the topology of the voids can change.
Therefore numerical methods that depend on the direct parametrization of the void
surface will have difficulties. For an overview on numerical methods for interface
motion and their advantages and disadvantages we refer to [21].

In this paper we study a finite element approximation of a phase field model
for surface diffusion of voids due to capillary effects and stressmigration. We will
not include electromigration since a phase field method for surface diffusion in the
presence of electromigration (and in the absence of stressmigration) was already
analysed in [I2]. A phase field model for electromigration of intergranular voids,
i.e., of voids in solids with different grain orientations, will be discussed in [g].
Furthermore, we will present numerical simulations of the combined effect of surface
diffusion, electromigration and stressmigration in a forthcoming paper where we will
also discuss applications to epitaxial growth; see [9].

In a phase field model a diffuse layer is used to describe interfaces or free surfaces.
To model surface diffusion by a phase field model we introduce an order parameter
0 which (away from a small interfacial layer) attains the value —1 in the void and
the value 1 in regions occupied by the metal. In the diffuse interfacial layer 6 varies
continuously from —1 to 1. The free energy for the evolution law (1)) is given by

/ cds + / E(u)dx,
r () 2 (1)

where the first term is the integral of the surface energy density ¢ over the void
surface and €2, is the region occupied by the metal. In phase field models the
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surface energy density ¢ is now replaced by a Ginzburg-Landau free energy den-
sity ¢ 2 [ 7 |VO|?> +~71¥(6)], where v is a small positive parameter related to the
interfacial thickness and W is a free energy density with two global minima at +1.
In the above, and throughout, we will use for convenience an obstacle free energy
of the form

Ji(-s?) i se[-1,1],
(1.2) U(s) = {éo if s¢[-1,1],

which restricts the order parameter 6 to lie in the interval [—1, 1] and also guarantees
that outside a small interfacial layer, 6 attains the values +1; see, e.g., [15].

The elastic energy density also has to take the interfacial layer into account and
is hence given by

(1.3) B(O,w) = Le(6) CEW) : £(u),
where ¢ is an interpolation function given by
(1.4) o(s)i=co+ 351 —co)(1+s).

Here ¢y = ¢o(y) € (0,1) is small, and we will assume that ¢y(y) — 0 as v — 0.
Hence, c¢ is affine linear with ¢(—1) = ¢p < ¢(s) <1 =¢(1) for all s € [-1,1]. Now
the total free energy for the phase field model is given by

J(0,) = /Q[< 2 (3 1VO v W(0) } + B, )] de

with the possible addition of an integral over the boundary of €2, depending on the
imposed boundary conditions on wu.

Now we define the chemical potential, w, via the first variation of J with respect
to 6:

(1.5) w=3% =[c2(—y A0+ V() + 3 (0)CE(W) : Ew)],

which is the diffusion potential for §. The diffusion equation for 6 is then given by
(1.6) 72 =V . (2D, b(0) Vw),

where

(1.7) b(s):=1—s% Vse&[-1,1]

is a degenerate mobility that is zero outside of the interfacial layer. Hence diffusion
is restricted to the interfacial layer, which is conceptually close to the idea of surface
diffusion where diffusion only takes place on the surface. In fact it was shown
in [18], using formally matched asymptotic expansions, that (in the absence of
elastic effects) the phase field equations as stated above converge, as the interfacial
parameter v — 0, to motion by surface diffusion.

If we include elasticity and require quasi-static equilibrium, i.e.,

(18) V. (e(0)CEW) = 0,

we obtain in the limit v — 0 and ¢g(y) — 0 that the zero level sets of 6 converge
to a hypersurface I'(t) that evolves according to the law

V=DA[—ck+3CEwW): Ew)]  onT(t).

This can be shown using formally matched asymptotic expansions when one com-
bines the approaches of [I§], [39] and [25].
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The system (LCH)-(L8) is a degenerate Cahn-Hilliard equation coupled to an
elasticity system. If C = 0, then (LI)—(LS8) collapses to the degenerate Cahn—
Hilliard equation without elasticity. Existence of a solution to this fourth-order
degenerate parabolic equation for 8, as b(6) can take on zero values, can be found in
[22]. Degenerate parabolic equations of higher order exhibit some new characteristic
features which are fundamentally different to those for second-order degenerate
parabolic equations. The key point is that there is no maximum or comparison
principle for parabolic equations of higher order. This drastically complicates the
analysis since a lot of results which are known for second-order equations are proven
with the help of comparison techniques. Related to this is the fact that there is
no uniqueness result known for ([H)-(T1) with C = 0. Although there is no
comparison principle, one of the main features of this system is the fact that one
can show existence of a solution with |#| < 1 if given initial data |#°| < 1. This is
in contrast to linear parabolic equations of fourth order.

In the case of a constant mobility, i.e., b() = 1, the system (LH), (L) and (L)
was studied analytically in [26], [27] and [19]. For a finite element approximation
in this nondegenerate case; see, e.g., [29] and [30].

There is very little work on the numerical analysis of degenerate parabolic equa-
tions of fourth order: for work on the thin film equation, see [4], [47] and [35]; for
thin film flows in the presence of surfactants, see [7]; and for work on degenerate
Cahn—Hilliard systems, see [B], [6] and [3]. In all of these papers, although stability
bounds were proved in one and two space dimensions, the main convergence result
was restricted to one space dimension. However, convergence in two space dimen-
sions of a finite element approximation to the thin film equation has been recently
proved in [34]. This approach was extended in (i) [II] and (ii) [I2] to prove conver-
gence in two space dimensions of a finite element approximation to (i) the thin film
equation in the presence of surfactants and repulsive van der Waals forces, and (ii)
the phase field approximation of (II]) in the absence of stressmigration. It is the
aim of this paper to propose and prove convergence of a finite element approxima-
tion of the degenerate system ([B)—(L8) and hence prove existence of a solution
to (LH)—(C8). Since in the stressmigration case a term that is quadratic in the
gradient of u — as opposed to linear in ¢ in the electromigration case — appears
in the chemical potential w (see (L)), this makes the convergence analysis in the
presence of stressmigration far more complicated than that of electromigration.

Due to a lack of embedding properties, our convergence analysis is restricted
to two spatial dimensions (i.e., d = 2). For ease of exposition, we will restrict
our presentation throughout to this case. However, the phase field approach and
the corresponding finite element approximation with the basic energy bound (see
[267al) below) are easily extended to three spatial dimensions. We adopt the follow-
ing notation throughout. The trace of a tensor A is denoted by Tr(A) := A11 +.Ass,

and the divergence is defined as V. A = (65?6111 + 65?5122, a{ﬁil + 65?6222 )T see, e.g., [T,

Chapter 11]. We will assume throug_hout for all i, j, k, I € {1,2} that

(1.9) (i) Cijpr =Cjire = Ciju.  and (1) Cijr = Craij -

Here (i) follows, without loss of generality, from the fact that C maps symmetric
tensors to symmetric tensors; and (ii) follows from the symmetry assumption C A :
B=A:CB. We assume also throughout that C is positive definite; that is, there
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exist constants me, Me > 0 such that
(1.10) O<me(A:A)<CA:A<Me(A:A) VAR \{0}.

If one further assumes cubic symmetry, then it also follows that C1117 = Ca222 and
Ca212 = C1112 = 0; see, e.g., [37]. For an isotropic material we obtain that

(1.11) CE(w) = 2pE(u) + ATr(E(w)) Z,

where Z is the identity tensor, and pu € Ry and A € R>¢ are the Lamé moduli. In
what follows, to simplify the presentation, we will set, without loss of generality,
the surface diffusivity Ds = $ and the surface energy density ¢ = 5.

In the following we will analyse a finite element approximation of the nonlinear
degenerate parabolic system for a given v € R<:

(P) Find functions 6 : %[0, 7] — [-1,1], w: Ox[0,T] = Rand u: Qx[0,T] —
R? such that

(1.12a) v =V.(b(0) Vw) in Qp,
(1.12b) w=—yA)+~y V() + 1 (0)CEw) : E(u) on {]6] <1},
(1.12¢) VO.v=0b0)Vw.v=0 on 09 x (0,7T],
(1.12d) 0(x,0) = 0°(x) € [-1,1] Ve,
(1.12¢)

V.(c(0)CEw) =0 in Qp, ¢c(0)CE&(Wr=yg on 99 x (0,7],

where € is a Lipschitz domain in R? with v the outward unit normal to its bound-
ary 00, T > 0 is a fixed positive time, and Qr := Q x (0,7]. The function
g€ L?(99) is the given boundary force satisfying the necessary compatibility con-
ditions, [,,gds =0 and [, g. (22, —z1)" ds = 0, for the existence of a solution
u to (LI26). For simplicity, we will consider

(1.13) g=Sv=CS";

[t

where S € R2*2 is a symmetric tensor and S =t S. Alternatively, one could
prescribe displacement boundary conditions, u = f, on J€ or on parts thereof.

We should note that the solution u to ([ZI2€)) is not unique. This is simply
because

(1.14) E(w)=0 VweRM,

where RM is the space of rigid motions and characterized by RM := {v € H'(Q) :
v=p+q(zs, —x1)7, pE R?, ¢ € R}. Hence one can impose uniqueness for (L12€)

by seeking w such that ng.y dz = 0 for all v € RM; see our definition of Ep in

(TIR) below.

The basic ingredients of our approach are some key energy estimates. First, we
relate G to b by the identity b(s) G”(s) = 1. Knowing b, recall (7)), this identity
determines G up to a linear term. Furthermore we have that G is convex. One can
then derive formally the following energy estimates for (P). Testing (LI12al) with w
rEmd (])mﬂ) with 22, combining and noting (LI2de) and (L3) yields that

1.15

% {/ [29|VO]2 +~720(0) + E(0,u)] da —/ g.gds} —|—’y_1/ b(6) |Vw|? dz < 0.
Q a0 Q
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Testing ([12al) with G'(f) and ([I12D) with —A6, combining and noting (L2]),
(CI0) and (I4) yields that

(1.16) ~ dt/G Jdo+ 142 /|A9\2dx</\V6|2dx+32M6/|5 )[4 da.

In order to bound Af in L?(Qr), one needs to bound Vu in L*(Q7). This is
the key difficulty when including the elastic effects. This is achieved by using an
L0, T; WHP(Q)), p > 2, bound for u solving (LI2d) which does not depend on
the choice of 8 € L (Qr); see [26], [28] and Lemma [[T] together with Remark
below.

It is the goal of this paper to derive a finite element approximation of (P) that
is consistent with the energy estimates (LIZ) and (LIG). In order to derive a
discrete analogue of the energy estimate (I6]), we adapt a technique introduced
in [47] and [35] for deriving a discrete entropy bound for the thin film equation;
see also [12]. However, the key difficulty here in proving convergence of our finite
element approximation, and hence existence of a solution to (P), is the finite element
analogue of the crucial El’p(Q), p > 2, bound for u; see Lemma [2.3] below.

This paper is organised as follows. In §2] we formulate a fully practical finite
element approximation of the degenerate system (P) and derive discrete analogues
of the energy estimates (LI0) and (LIG). In §3] we prove convergence, and hence
existence of a solution to the system (P) in two space dimensions. Finally, in §4] we
present some numerical experiments.

Notation and auxiliary results. Throughout this paper we will make use of the
standard notation for Sobolev spaces, their norms and semi-norms; see, e.g., [12}
§1]. In addition (~, ) denotes the standard L? inner product over 2. Furthermore
we define {7 := (Q) (n,1) for all n € LY(Q).

For later purposes, we recall the following well-known Sobolev interpolation re-
sult, e.g., see [1]: Let ¢ € (1,00), 7 € [g,00) if ¢ > 2 and 7 € [g, 3 7] if g € (1,2);
2
T

and p = % — 2. Then the following inequality holds:

(1.17) < C’|z\0q” (B[l VzeWwhi(Q).

For p € [1, 00], we introduce also
(1.18) V,={neW"(@):(nu) =0 VueRM}
and define H' Q) := EQ. We recall the following version of Korn’s inequality:
(1.19) Inllip < ClEMIop YneV, pe(lo00);

see, e.g., [41l, p. 79] for the case p = 2, or [40] for general p € (1,00). Furthermore,
the following lemma holds.

Lemma 1.1. There exists a 6 € Rsg such that for all p € [%,2 + 0] there is a
B(p) > 1 satisfying

w <o) sp EEDLy, p

1.20 £(z 7
(1.20) £() wonet, €@l ’

where 2 + X = 1. Moreover 3 is continuous on the interval [?—ig, 2+44] and B(p) —
B(2)=1 asp— 2.
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Proof. Let [LP(Q)|252 = {E € [LP(Q

)
define S(F) := (£(2),.F) for all E = £(

functional on a closed subspace of [L? (Q)]252 with

(E(2).£n))
S|l = sup S
N Q;ﬂepgq 1€(M)]o,q

]2*2 : F is symmetric}. For z € Ep we

n) with n € Eq. S is a continuous linear

The Hahn-Banach theorem and the fact that ([L9()]2X2)" = [LP(Q2)]2%2 imply the

sym sym
existence of a G, € [LP(Q)]252 such that

(121) (£(2).B) = (G=. F) Y E€ LIy and |Gzlop = sup

. 0#neV, ‘é(ﬁ) l0,q

Let Q : [LP(Q)]252 — [LP(Q)]252 be the linear operator such that Q F = E(f ),
where f F€ Qp is such that

(1.22) E(f).E) = (EEm)  Vnel,

We need to show that Q is well-defined and compute the operator norm || Q||, of
Q. The well-posedness of Q for p = 2 follows from (I9) and the Lax—Milgram
theorem; and in addition, ||Q|l2 = 1. Moreover, regularity theory implies that there
exists a 0 > 0 such that for all p € [2,2 4 6] if F € [LP(Q)]2%3, then it follows that

sym)
1QZlop <C@)[IV/£loz+1ZElop] < Clp) [1£l02+|Zlop] < Cp) [Eloyp-

The first inequality in the above can be shown for example with the help of a method
introduced in [3I], which proved local LP-estimates for gradients of solutions to
elliptic systems. In [26] and [28] this method has been applied to obtain global
LP-estimates for gradients of solutions to elasticity systems on Lipschitz domains.
The above shows that Q is a bounded linear operator for p € [2,2 + 4] and that
121l < C(p)-

We now want to show that Q is also a linear continuous operator on [L%(Q)]2%2,
where ¢ is such that 1 —|— 2 =1forape |22+ 5]. Todo so, we approximate
F e [LYQ)2x2 by Fk [ 2(Q))252 such that |[F — Filog — 0 as k — oo. As

zp C 22 it then follows that
(QFwH) = (QFw QH) = (Fi, QH) YV He [0
Hence we obtain that

QI B < [ICllp |Hlop [Frlog = 1QFklo.q < [1Qllp I Zxllo

Taking the weak limit of f . in V , where £(f A) = Q Fi, we obtain that (Q.F, H)
= (E,QH) for all £ € [L‘I(Q)]2><2 and H € [LP(Q)]2%2. Hence Q defined on

sym sym
2x2 ; 22 _
|[|Ig|(|Q)]Sme is the dual operator to Q defined on [LP()]55 and therefore || Q||, =
q
The Riesz—Thorin theorem, see [13], then implies that ||Q]|, < [|Q[|1~|| Q|| for

all ﬁg §s§p§r§2+6suchthat%:(1—a)§+a%andae[0,l]. Tt follows

that log || Q||, is a convex function of 1—1) and therefore ||Q||, is a continuous function
of p with ||Q|]> = 1. Finally, it follows from (L2I) and (L22)) that £(2) = Q3.
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and hence |£(z)]o,p < [|Qllp |Gz]0,p- Therefore the desired result (L20) follows from
(C2I) with B(p) = (|2l U

We note also for future reference the generalised Young’s inequality
(1.23) rs < 1—1) (ow‘)p—l—% (a™1s)? VrseR, a€Rs, pe (1,00) with %—F% =1.

Throughout C' denotes a generic constant independent of i, 7 and €, which denote
the mesh and temporal discretization parameters and the regularization parame-
ter, respectively. In addition C(ay,...,as) denotes a constant depending on the
arguments {a;}!_;. In the technical parts of this paper, we will frequently refer to
a number of previously established results and definitions in order to derive an in-
equality. In each case, the results referred to are quoted in the exact order in which
they need to be applied in the ensuing analysis. Finally, -*) denotes an expression
with or without the superscript *.

2. FINITE ELEMENT APPROXIMATION

We consider the finite element approximation of (P) under the following assump-
tions on the mesh:

(A) Let Q be a convex polygonal domain. Let {7"},,~¢ be a quasi-uniform fam-
ily of partitionings of 2 into disjoint open simplices o with h, := diam(o)
and h := max,c7n hy, so that Q = U,er» @ In addition, it is assumed
that all simplices o € 7" are right-angled.

Associated with 7" is the finite element space S" := {x € C(Q) : x |, is linear
Vo € T"} ¢ H'(Q). We introduce also S" := [§"]2, §" := " 1 HY(Q) and
Khi={xeSh: x| <1inQ}CcK:={ne H(Q) :|n <1ae in Q}. Let J be
the set of nodes of 7" and {p;},cs the coordinates of these nodes. Let {x;};cs be
the standard basis functions for S*; that is Xj € K" and X;j(pi) = 0;; forall ¢, j € J.
The right-angle constraint on the partitioning is required for our approximation of
b(+), (see [22)) below), but one consequence is that
(2.1) /in.VdexSO i#j, VoeTh
We introduce 7" : C(2) — S", the interpolation operator, such that (7"n)(p;) =
n(p;) for all j € J. A discrete semi-inner product on C(£2) is then defined by
(msm2)" == Jo 7" (i (@) ma(x)) dae = 35,y mymi(py) n2(p;), where my == (1, x;) >
0. The induced discrete semi-norm is then |n|, := [(n,1)" ]2, where n € C(€2). Both
(-,-)" and |- |}, are naturally extended to vector-valued and matrix-valued functions.
We introduce also the L? projection Q" : L2(Q) — S" defined by (Q"n, x)" = (1, x)
for all x € S".

We recall from [12, §2] the definition of the regularization G. € C*(R) of G.
Similarly to the approach in [47] and [35], we introduce Z. : Sh — [L>°(Q)]?*2
approximating b(-) Z, where T € R2?*?2 is the identity matrix, such that for all
2" e Sh and a.e. in Q,

(2.2)
Z.(2") is symmetric and positive semi-definite, Z.(z") Va[GL(z")] = V2",

The construction of Z. can be found in [12] §2]. We note that it is this construction
that requires the right-angle constraint on the partitioning 7".
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In addition to 7", let 0 =ty < t; < --- < ty_1 < txy = T be a partitioning
of [0,T] into possibly variable time steps 7, := ¢, — t,—1, n = 1 — N. We set
T := max,—1_nN T,. For any given € € (0, 1), we then consider the following fully
practical finite element approximation of (P):

(P™7) For n > 1 find {U",0", W} € 8" x K" x §" such that

>

(2.3a) (O 1) CEWU™),E() = / g.x ds vy e st
o - o0~ -
n n—1 h
(2.3b) ot (%x) +(E(OH) VW, VX) =0 V¥ xesh

7 (VL V[x—Or) = (W ++7'er ! x —er)"
(2.3¢) — 3 (O ) CEWD) : EWUY), x~Or)  VYxeK",

where @g € K" is an approximation of #° € K, e.g., 02 = Q"¢°, or 80 = 7"¢° if
0° € C(Q).

Remark 2.1. We note that in the case C = 0, ([2:3Blc) collapses to an approximation
of the degenerate Cahn-Hilliard equation, (I.12al-c) with ¢ = 0. This is the same
as the approximation in [I2] in the absence of an electric field. Note that as ¢’ is
constant, the dependence on ©7~1 in ([Z.3d) is superfluous.

Below we recall some well-known results concerning S* for any o € 7", x, 2" €
Sh m € {0,1}, p€[1,00], ¢ € [2,00) and 7 € (2,00] :

(2.4) Xt < Chs X0

(2.5) Momeo < Cho " \pe for any s € [p.oo]
(2.6) (=7 lmge < CRF T 2,0 Ve H(0);

(2.7) (I = 7)o < CH ™ )10 VneWh(o);
(2.8) /X2 dx < /wh[XQ] da < 4/ idz;

(2.9) 062" = 062" <1 =" (x2")op < CRY™ x| |21

It is convenient to introduce the “inverse Laplacian” operator G : Y — Z such
that

(2.10) (VIGz], V) = (z,n)  VneH(Q),

where Y := {z € (H'(Q))' : (2,1) =0} and Z := {z € H(Q) : (2,1) = 0}. Here
and throughout (-,-) denotes the duality pairing between (H!(Q2)) and H(Q),
and its extension to the corresponding spaces of vector-valued functions. The well-
posedness of G follows from the generalised Lax—Milgram theorem and a Poincaré
inequality. As §2 is convex polygonal, we recall the well-known regularity result

(2.11) IG=]l2 < Clzlo Vze L2(Q)nNY.

We define Z" .= {z" € Sh: (2" 1) =0} c Y= {2 €C(Q): (s, ) =0} C Y.
Then, similarly to ZI0), we introduce G" : Y* — Z" such that

(2.12) (VIG"2",Vx) = (=", )" vV xes".
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It is easily established from ZI0), @IZ), {7"}n>0 being a regular partitioning,
@I0I) and 29) that

(2.13) (G —GM" <Chlzty ¥V 2"esh.

We introduce the “discrete Laplacian” operator A" : S* — Z” such that

(2.14) (A2l )= —(V2", V) v x € Sh.

It follows from ([Z.8), [ZI4), ([ZF) and the quasi-uniformity assumption on 7" that

ARG < AT = (V2" V(AR")) < [t A"

(2.15) SCh M |A g <Ch 2122 <Ot E Ve st
Lemma 2.1. Let the assumptions (A) hold. Then for all 2" € S™ we have that
(2.16a) |21 < C A", for any s € (1,00),

(2.16D) |24 < CANZRIE 202

Furthermore

(2.17) A (xhp)o < C'lnla ¥V € HA(Q) with 3 =0 on 9.

Proof. The proof of ([2J6al) can be found in [10, Lemma 3.1], and the proof of
(2161 is very similar. It follows from (214) and ([ZI2) that

(2.18) (I— f)zh=-Gghatzt] v 2hesh.
We have from [2I8)), (LI7), .6), 25), (Z11) and @I3) that

12|14 <IGIA"2M |+ (T — 7")G[A 214 + ("G — GM) A" 4

< [GIA)F (G123 + C 1 (GIAM 2| + C B (26 — GM) A"y

(2.19) < [G]ARN]|7 |ARh|E £ CRE AR, Wk e Sh.
It follows from (ZI8), (ZI3) and IF) that for all 2" € S"

GIA" M) < |GMAM ) + (G = GM[A" M1 < |2+ Ch A g < C 2"y
Combining (2.19) and 21 yields that

Mg < O 277 | AR 4 ORb ARy < O 07 (a2 W2 e s*,

and hence the desired result (2.160).
Finally, it follows from ZX), @I4), @8), n € H?(Q2) with % =0 on 09, and
©4) that

A" (7 )3 < | A (") = — (V(x"n), V(A" (x"n)))
=— (Vn,V(Ah(ﬂhn))) + (VI - Wh)n,V(Ah(ﬂ'hn)))
< |Anlo |A (7)o + C B Inls [V (A" (7"n))|o < Cnl3 ,
and hence the desired result ([2.17]). O
Similarly to (ZI4), we introduce L : 8" — S" such that
(2.20) (L2 x) = —(CEE"),E(x) ¥V xeS™
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We introduce also Ne : X — H'(Q) and N% : X — S", where X := {5 € (H'(Q))":
(n,v) =0 Vue&RM}, such that

(2.21) (CENcE).Em) =(&m  YneH(D),

(2.22) (CENEO.£()) = (&x)  Vxes.

As C satisfies (L9) and (LI0), the well-posedness of these operators is easily demon-
strated. As Q is convex polygonal, we will assume the analogue of (Z.IT]),

(2.23) [Nl <Clelo VEESL*()NX.

If C is isotropic, (LI]), then the singularity exponents in N¢ & do not depend
on the Lamé moduli, and (Z23]) follows immediately, for examp_le7 on combining
[33, Theorem I] and [44] Lemma 3.2]. Unfortunately, if C is anisotropic, then the
singularity exponents depend on the specific form of C and there is no general result
of the type (Z23) in the literature. However, there is also no counterexample. For
any particular material law, C, and domain (2 the singularity exponents in N¢ £ can
be computed, see, e.g., [20], and hence the assumption (Z23) can be tested.

We now have the analogues of (2.15]), (2.16al) and (2.I7).

Lemma 2.2. Let the assumptions (A) hold and, if C is anisotropic, assume that
@23) holds. Then for all s € (1,00) and for all 2" € S™ we have that

(2.24) E(z")|o,s < CIL"2"o < CRTV 21
Furthermore

(2.25) IL"(7"n)]o < C'|nla Ve H Q) with CEMv =0 ondQ.

Proof. Tt follows from (LI9), (LI0), @21), 222), Z0) and (223) that

C|(Ne = NEYE|IF < CIE((Ne = N&) 95 < (CE((Ne = N&) €),£((Ne = NE)§E))
= (CE((Ne = N£&) €, E((I = 7") (N §))) < CIE((I = ") (Ne ©))s
SO =a")(Ne§)IF <R |Negll3 <CR? g, VEeL(Q)NX.

Let 2z = (gh — gﬁM) + g'ﬁM such that g’ﬁM € RM and z" — gﬁM S Sh. Then it
follows from (222) and (LI9) that
(2.26) 2" = 2y = —NE (L")

Combining (226), (ILI7), 7), 23) and the above-established bound yields for
€ (2,00),

E(")lo,s = [ENE (L"2"))lo,s < |ENe (L"2"))lo.s + E((T = 7")Ne (L*2") o,
+|E(T" [Ne (L*2")] = N (L"2"))lo.s
"[Ne (L"2")] = NE (Lr2")l < O|L" 2"

< O ||Ne (L"2") |2 + C =08 |x

and hence the first inequality in (2:24).
It follows from ([Z20) and (24) that

|LP2"[§ = —(CE£("), E(L"2")) < ClE(") o [E(L"2")o
< ChTHEE" oL 2" < ChT? | < Ch7212"]
and hence the second inequality in ([2:24]).
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Finally, it follows from (Z8), 220), &8), n € H*(Q) with CE(n) v = 0 on 91,
and (Z4) that

L (7 )3 < [LM(="n)[}, = — (CE(n"n), E(L" (x"n)))
= (CE£m, EL" (")) + (CE((T = 7")n), E(L"(x"n)))
< Clnla | (7)o + C h|nl2 [V (L™ (x"n))]o < C'|nl3
Hence we have the desired result (2.25). O

We introduce the projection operator P" : W'(Q) — S such that
(2:27) (E(z—P'2).E(0)=0 Vxes"
It is crucial for our analysis to prove the following result.
Lemma 2.3. Let the assumptions (A) holdAand let § € Rsq be as defined in Lemma
[l Then there exists hg € Rsg and a f € C( [%g,oo)) such that for all p €
[%—ig,oo) and for all h € (0, ho),
(2.28) E(P"D)lop < B0 ER0y  VzET,
with B(p) >1 and B(p) — 3(2) =1asp— 2.

Proof. We adapt the proof for the Laplacian with homogeneous Dirichlet boundary
conditions given in [I7, Chapter 8], which is based on the approach in [42]. As the
proof is long, we break it up into three parts, similarly to [I7, Chapter 8].

1. Reduction of (2.28) to the weighted error estimate (2.37). Given 7"
and any y € Q, let 0, € 7" be such that y € ,. We then introduce 5;‘ € C5° ()
with supp(8}) C o, such that

(2.29) / hdr=1 and  [0"|meco, <Ch ™ ¥meN.

y

For i, j € {1,2}, let iy i € H'(9) be such that

(2.30) (E(f, ) €)= (6, [EM)]iy)  VneH(Q).

Y1)’ = =

It follows from (ILI4) and (I9) that (230) is well-posed. We have from (2:29),
[227) and (230) for all y € Q and for 7, j € {1,2} that

E(P"2)]i(0) = (61 [P D)) = (E(1, ). £(P"2) = (E(P'], ). £(2))

(2:31) = (0. [E@N) + EP" ~ 1, ). £(2) vzeH().
For any y € £ and any constant p > 1, we introduce the weight function

(2.32) wy (@) = (|z —y[> + p? h?)2 .

It is easily verified for any o € R that

(2:383) ma (supler ()] 0 oo (0)") < €. 5, loe < Camaxc{L, (p1)°}

and

(2.33b) | [wy ()] < C() [wy p(x)]*™™ VaeQ, YVmeN, ie{l1,2},



FINITE ELEMENT APPROXIMATION OF A PHASE FIELD MODEL 19

where the positive constant C'(«) depends continuously on « and is independent of
the choice of y €  and p > 1. It follows immediately from (2.6]) and (2.33a) that
forallo € 7", a € R, m € {0,1}, i € {1,2} and n € H?(0),

(2.34)

ey EA(ORC ORI

It follows from ([231]), a Holder inequality and ([233al) that for any p € (2, 00),
a>0andp>1,

E(P" D)oy < C[1+ (sup e dx> " JEE o
- yeEQ JQ
(2.35) <Cl1+a7%(ph)"% M, ]IE(2)lo,p VzeV,,
where
(2.36) M;ﬁa = max  sup {/ O‘+2 E([I — P"|f )de}
LI=L2 yeQ Q

The goal is to prove the analogue of [I7, Lemma 8.2.6]; that is, for appropriate
a > 0 and p sufficiently large that there exists an hg such that

(2.37) M}, <Ch? ¥ h € (0,hg).
It would then follow from (2Z33]) and (237 that (Z28]) holds with B(p) = ( for all

p € (2,00), for some constant Cy. In addition, it would follow from (L.20), [2.27)
and the above bound for p € (2, 00) that for p € [2£2,2) and for all z € V

1+9°
}LZ su w = su w
‘é(P _)|0,;D S ﬁ(p) Q;éﬂepzq |£(2)‘0,q - (p> Q;éﬁepgq |§(ﬂ)|
(2.38) < B(p) CrIE(2)op s

where 1—1) + % =1. As (Z28) triinHy holds with 3(2) = 1 from inspecting (Z27]),
it follows that (2.28)) holds with B(p) = C; for all p € ﬁ_ﬁ’ 00), for some constant

C3. Moreover, the desired result ([228]) holds for all p € [%g,oo) by applying

the Riesz—Thorin theorem as in Lemma [T to the P" induced mapping that takes
E(2) € [LP()]35a to £(P"z) € [LP(Q)]Z5-

2. Reduction of (Z.37) to the weighted regularity bound (2.50)). Let
Y= {{& ¢ € Q) x L*(09) : (£) + fpq ¢ vds =0 ¥u € RM}. Then

N :Y — H'(Q) is such that

(2.39) (E(N(E Q). Em) = (&m + dQC nds Ve H (Q).

Let 00 = Ujﬁl 0;Q and 9;QN 0N = () for j # k; with v\9) the outward unit normal

to 0;Q. In addition let the largest inner angle w of the convex polygonal domain 2

be such that w < 5" for some r > 1. Then, similarly to (2.23)), on combining [33}

Theorem 1], (2 ) = 81n2(w 2) — 22 sinw = (i 2) = P(z) 1= 22 sin® w — sinh?(w 2),

and the fact that @(z) has no roots such that |Im(z)| < =, apart from the double

U.)’
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root at z = 0 and the simple roots at z = +i (see [44] Lemma 3.2]) we have for
p € (1,2r] that for all {€, ¢} € (LP(Q) x [[/2, W' 52(8,Q)) N Y,

JB
(2.40) IN(E Oll2p < C Lo + > I€i-1 poyal,

j=1

provided that the compatibility condition, [33, (1.5)],

(2.41) Clo;a 29T = ¢ o0 -v9) at every vertex S; of
holds (in the integral sense if p = 2).

For fixed y € Q and 4,5 € {1,2}, let e := (I — Ph)iyij € H'(Q), ¢! =

(I - ﬂ—h)iy,ij € H'(Q) and e" := (7" — Ph)iy’ij € 8". We note that
(242) Ez)=n&(z)+5[2@(Vn) + (Vn) ®z],

where a @ b := ab’ for all a, b € R2. It then follows from 212, @27, [@23),
@33ab), (Z34) and Z4) for any y € 2, 4, j € {1,2}, a > 0 and p > 1 that

(wy? £(e),£e) = (E(e), E(wy s ™) + E(I — ") [wyih? "))

— 3 (E(e),[e® (Vwi?) + (Vwyt?) ®e])
<Co)] /Q w2 () 4w, [ da + / W 1P de

w (a+2 h wa+2 h 2 T
+/Q (1 — ") w2 )| der ]

(2.43) < C(a) [/Q[ W2 E(EM? 4w e |2]dx+/ﬂwg’p "2 da] .

Let ¢ = N((I — Pru)(w, €),0), where Pry : L?(€2) — RM is such that
(2.44) (I = Prm)z,m) =0  VneRM.
It follows from (LI9), (TI4) and (Z44) that

luli < (I = Prm) vl + [Pt < CIE( — Pru) v)|o + [ Prv )t
(2.45) < CIE@)|o + [Prmlo] < CIE(W)]o + |vlo] VoeH'(Q).

We have, on noting ([2.39) and ([227)), that for all ¢ > 0,
(wypee) = (E@),E(e) = (E((I —7")¥), E(e))
(2.46) < (WP Ele),Ele) + O /Q Wy P ET = 7)) da

It follows from (Z34) and (Z32) that

—(a+2 2 2 a2
/wa,;ﬂ\(( )2 de < Ch Z/ ~@tD) | PV g,

k=1

1
P

(241)  <OW ( / w;;a”)’"’dx) 1020 < C(@) p2 (ph)* = 4]0



FINITE ELEMENT APPROXIMATION OF A PHASE FIELD MODEL 21

where 7 is as defined in (Z40) and  + L = 1. Next we note that (ZZ0), (LI7),
(C19), 232), [242) and ([2.33h) yleld on assuming that a € (0, 2= 1)),
115.2r < C T = Pan) Wy, €)[6.2r < C (T = Praa) (@ 7 2,

< Clg, o 4 <0 ([ ol ao) / W EWS  ¢) P do

(2.48) <C(a)(p h)“*”? [(wy? E(e).£(0) + (wy ,e,0)] -

Therefore for any fixed o € (0, M) we have forally € Q, ¢, j € {1,2}, p > po()

and h > 0 on combining (Z43), (I?EI) with ¢ sufficiently small @47) and [243)
that

(249)  (W35?E(e).E(e) < Clasp) /Q (w2 (M) + W, [e2] da

Hence the desired result (237 follows from (2Z36]), (2:49) and [234) if we can show
forany y € Q, 14, j € {1,2}, « € (0,1), p > 1 and h > 0 that

+2 Ly
(2.50) (e /Q wy \axkémi

2dz < C(a, p) ho~2.

3. Proof of (Z.50). First, we have from (2.33D) that
a+2 Lyij

k?jifQA |6xka$4

(250) <0 |l 1, B+ 15,1V 8,2+ w521, Plas

Second, it follows from (2.44)), (LI4), ([2.42), the symmetry of £(-) and (2.30) that
(I — Prm) (wyp I,) € H'(Q) solves for all neH (Q),
(0 = Proa) (£, ) E) = (€1, @)
= (E(f, ) Ewin M) +3(1f, ;@ Viwis )+ Viwis )& f b E@)

Y,iJ =Y,1]

2dx

=Ll ®e +e; @] Vil wi )

$+1 $+1 g
- (é(iy”> V(wge )+ § V. [iy” ®@V(wgpe )+ Viwg, )®f .1n)
1 241
(2.52) + %/ [[fy 4 ® Viwis )+ Vg ®f, ij]z] .nds.
o0 :
Noting ([Z39) and (Z41]), and applying the bounds ([240), (233h) and the trace
inequality || - |1 9.0 < C| - [l1,o to @.52) yields that

+ Q+1 h o a_q
03 8o < € 1 Voblo 4 oo V1, o+ s £,

: g +1 §+1
+ DI, 8 Vi) + V@I 0 1, V] s |
=1

aq a
(2.53) <O [lwis " Voklo + o, VS, o+ lwis " £, o] -
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It follows from (233H)), (Z45), (Z33a) and ([Z.42) that
lwits vzy,ijm <Cllwiof, I+ V@i £, ]

[Ié(wypfw)\wrlwf;lf ]
(2:54) < Cllwin€lf, o+ lwis £, o] -
We have from ([2.42]) that
(Wi, £, WEW, ) = (L, )EWS, iw»
(25) - %( Vwg,)+ VW) @ f, LEF, )
Similarly to [252), testing [230)) with wy, f f ylelds that
Combining (2.51]), 2353)), (IEZI), 2353) and (250) yields that

Oé+2 Ly,ij |2 -1 5 +1 h

@), [ gt gt < G0 [y 1, 8 + e 8R].
For p € (1, %), let X = N((I — Prm)§,0), where [£], = sign([iw_j]g) | [iy,ij]£|2p_1’

¢=1,2. It follows from 244)), 239), (2Z.30), (LI7), (240) and 232)) that
)= (I~ P £, ) = (ED).£(f, ) = (@ (D))

|fy ,Lj|0 2p — ( y”
h h

< Cloylo, 2z, Xy, 22 < Cloylo, 2o XMl 20

<C |5h|0 2o (I — PRM)f‘o 522 < CMHO,% |§|0,2j31

<C|5 |0 21’ ‘5|02pfc|5h|0 21’ ‘f

=y,1j

2p—1 h|2p
|02p Sc‘éy‘ovp?%

— (o — (o 5+l
(2.58) <C (/wa,g +2)p dx> wi st 2 < C(a) (ph)? (P | gh 2

Next we have from ([232) and ([2358)) that for p € (1, %),
(2.59)

N
a—2)p’ v a—2 2
it < ([ el an) 1t Ry < Clr o IE, R
where %—l— z% = 1. Finally, combining (2357), (Z59), 25]), 229) and (232)) yields

that

oz+2 Lylij
max
k,Z:l,Z/ﬂ |dack6:cz

2da < Cla, p) b2 wip 612 < Cla,p) B0 win

5.0,
< C(a, p) h*2
and hence the desired result (Z50). O
We now have a discrete analogue of a result similar to (L20]).

Lemma 2.4. Let the assumptions of Lemma [2Z3] hold. Then there exists §1 € (0,0)
and C(co, me, Mc) € Rsg such that for all p € [2,2 + 61] and for all h € (0, ho),

o L () CEE, E)
(260) £y <€ sup e

Ve St vehe KM,
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1,1
where;—l—a—l.

Proof. The proof is an extension of the approach in [I7, §8.6] for a scalar second-
order linear elliptic equation. Similarly to (238), it follows from (L20), (227) and
(Z28) that for all p € [2,2 + 6], for all h € (0, hg) and for all 2" € S",

(2.61)

E(z")op < Bp) Bla)  sup

= oo JEP Do

ECEP) @(%gqn

Q#xegh

where 0 € C([2,2446]), o(p) >0 and o(p) — 0 as p — 2. On recalling (L.4) and
(CI0) we define B(z,1n) := ((Z— 5= c(0")C) £(2),E(n)) for all z € V RS K and
0" € K". Tt follows from (10 and (T4 that

(2.62) 1Bz, )| < (1= “7¢) 1€(2)|op IEM)]o,

Combining (61 and 63 yields for all 2" € S" and 6" € K" that

. (c(8™) CE(Z"), E(x))
)} E(Z")op < WQ;;)@ 20000,

(2.63) [1+c1r( ) —(

Since o(p) — 0 as p — 2 and o is continuous, one can choose d; € (0,9) such that
o(p) <3 e for all p € [2,2+ 6,]. Hence (2.G3) yields the result (2.60). O

Remark 2.2. Tt is now straightforward to establish a global L>(0,T;W"?(Q)),

p > 2, bound for u solving (LI12€). Let € L°°(Qr). Then, similarly to the

proof of Lemma [24] it follows from (I9), (T20), (TI0), (T4), (I12€) and a trace

inequality that for a.a. t € (0,T),

(2.64)

[ty — (1= =579 1Eu(-. 1))

I1]0,1,60

nd
|f892ﬂ s < C su

< L gup o=
0,p > p =
L 105 | P i 1 P

<C.

We introduce for all € € (0,1), b. : [-1,1] — [¢(2 — €), 1] defined by

Then the following lemma follows immediately from the construction of Z.; see [12]
Lemmas 2.2 and 2.3] for details.

Lemma 2.5. Let the assumptions (A) hold and let || - || denote the spectral norm
on R2*2. Then for any given € € (0,1) the function Z. : S* — [L°°(2)]2*? satisfies
for all 2" € K", (S R? and for all o € T",
(2.66a)

e(2—¢) §T§ < min b, (2" (z )§T§ < §T Eg(zh) lo £ < max bg(zh(x)) Te<ele,

)
(2.66b)  max || [E(2") = b:(z") T](@)|| < ho [V[be(z")] 0,00,0 < 2ho V2" |5 ]
In the remainder of this section, we establish stability bounds for the solution of

[23al-c) that are needed for our convergence analysis in §8

Lemma 2.6. Let the assumptions (A) hold and O~ € K. Then for alle € (0,1)
and for all h, 7, > 0 there exists a solution {U”,O" W} to the n-th step of (P"7)
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with O = O 1. {UZ,0"} is unique. In addition, W is unique if there exists
j € J such that ©7(p;) € (—1,1). Moreover, it follows that

J(Or,U) + 5 [v]er —erf +q7t|er —er ;]

(2.67a) +Iy7 n, (B(O2H VW, VW) < J(er U,

where
(2.67b)

geeru) =i ylexft - texl+ | [ Benum ar- [ g as] >
Q 20
with Jy € R. Furthermore it follows that
7 (G(OF) — (@”_1) D"+ Aoz |y
<etPler —erli Hym (VWL V[er —erl)

(2.68) + 7, [(VOL, VOI ™) + CIEWUD) 4] -

Proof. As (234 is a linear finite-dimensional system, existence of U7 follows from
uniqueness. Given O7~! € K" it follows from (L4), (LI0) and (LI9) that

(O Y CEW),EU)) > o (CEW),EU)) > come |EW) > CIUIF YU e 5™

Hence we have existence and uniqueness of UL € S" solving [23a)). The existence
and uniqueness results on {©7, W} € K x S can be shown with the techniques
in [I2] Lemma 2.4]. The details are omitted here for the sake of brevity.

It follows from (L3), (LI0), (TI3), a trace inequality and (LI9) that

G [/E or.umar [ g ds]
0N~

—297 ' m(Q) + L come |E(UL)
—377'm(Q) + 5 come |E(UL)

5 — llgllo,oe.00 1UL [l0,1,00
0 — CIEWUD)o > To

(A\VALYS

(2.69)

Furthermore, choosing x = W in (23h), x = 7! in [3d) and noting the
fact that ¢/(O7~1)[O2 — O771] = ¢(O7) — ¢(O7 1), as c is affine linear, and the
elementary identity 27 (r —s) = (r? — s%) + (r — s)?, it follows from (I.3) and ([Z.69)
that the desired results (2.67alb) hold.

Choosing x = 7"[GL(07~1)] in ([23h), and noting [2.2) yields that

(2.70) y(OF —er L GLOr ) + m (VW verTh) = 0.

en—
£
—S

We now apply an argument similar to that in [6, Theorem 2.3]. From ([2.3d) we have
for all j € J on choosing x = O +¢x;, OF £¢x;, OF —¢x; € K", respectively
for ¢ > 0 sufficiently small, that

Y (VOL, Vx;) = (W + 77100 )" + 5 ( (027 CEUL) : £UT), x5)

> 0 = _]-7
(2.71) —0 el { e (-11),
<0 —1.

From ([2.I4) and ([2I)) it follows for all j € J that
(2.72) OZ(pj) =+1 = £OL(p;) 2 £OL(p;) YieJ = A0 (p;) <0.
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Combining (27T)) and ([Z72), and noting ZI4]), (LI0) and ([Z.8)), yields that
Platerf = -2 (ver,v(aer))
—(yWr+er e + (d(er ) ceUr) : E(UL), AMer)
(2.73) < (VyW? + 6171, Ver) + & [A'Orf} + C U3 4
It follows from (Z70), [12] (2.8a)] and 2273) that
P2 (Ge(OF) = Ge(O871), )" + L 7y | NP2
< (O =0 L, GLOMN)" + 7 (V[yWI + 0271, VOL) + C 1, [E(UL)[5.4
YO —er T GL(Or) — GL(Or )"+ y (YW, V[er —er ')
+ 7, (VOL,VOL ™) + C1y [E(U) 5.4
<e ' ?er —OrTh 4 [y (VWL V[er —er)
+(VOr,ver ) + CIEWU?)|o4]
and hence the desired result (2.68]). (]

Remark 2.3. We note that (2.G7alb) and (2Z.6])) are the discrete analogues of the
energy estimates (LI5) and (TG, respectively.

Lemma 2.7. Let the assumptions of Lemmas 24 and hold. Then for all
D € [2,24 61] and for all h € (0, hy),

(2.74) EUDNo, < C.
Proof. Similarly to (Z64), it follows from (260), (23a), (II3), (LI9) and a trace

inequality that

EWU)op < C sup |faQQ'Xd5| <C sw Ixlo,1,00 <C swp Ixl0,1,00 <c
- 0#xe8h 1€ 0.q 0#£xeSh ‘5( X)lo,q 0#£xeSh lxll1.q
and hence the desired result ([2.74). (]
On recalling ([LI3]), we set
(2.75) Ur:=Ur-5z

as it is easier, by exploiting Z23), to bound |L"U™|, than to bound |L"U"|y; see
the lemma below.

Lemma 2.8. Let the assumptions of Lemmas and 270 hold. Assuming that
Or~ 1 =1 on 09, it follows that

(2.76) MU < C1OTR .
Moreover, for all h € (0, hg),
(2.77) EUN) .4 < 0(51) (|71 +1].

Proof. For ease of notation, let ¢"~1 := ¢(O~1). Assuming that ©7~! =1 on 99,
it follows from (LI3) and £(S*x ) *&(xz) = 8" that

/ g.nds:/ "1 (€ S* ) .nds = (V.(c""1CS*n),1)
o9 a0 - -

(2.78) = ("1 CE(S ), Em) + (V.(c"ICS)m) Ve H(Q).



26 J. W. BARRETT, H. GARCKE, AND R. NURNBERG

Combining (23al), (Z70), and ([Z78) yields that

(2.79) ("' CEWUD),EN)) = (V. (' 8),x)  Vxes

For the ensuing analysis it is convenient to introduce a. € H! (Q) such that

(2.80) (c"reE(@n).£m) = (V. ("' S)m)  VYneH(Q).

Existence and uniqueness of 4., and the bound

(2.81) lazl <C

are easily established on noting [278), (LI3), (T4), (CI0), (TI9) and a trace
inequality.

We now address the H%(Q) regularity of @”. If € H'(Q), then n := [c""1]71 7
satisfies, on noting (L4) and (LI7),
Il < C LAk + 102 1244 [l 2249 [ <CR+102 o Il >0,

and hence 1) € Hl( ). Choosing 1 = [¢"~']7! 7] in ([2.80) yields, on noting (242),
that for all € HY(Q),

(282)  (C&@),£@) = ("7 V. ("1 S — " CE@) Ve D)
It follows from (Z82), 223), (LT10), 281) and ([T4) that
@]z < C[I1E®@Z)]o, ) < CLaRF a3+ 1] fe
(2.83) < Cl" i <ClOI i,
From ([I0), (I4), (L19), @]0), @79), (LI), 206) and [Z83]) we have that
C a2 — U2} < ("' egar - U, £(ar —U))
< (e"TPeE(( - aMal), E(T —m")al))

(2.84) < Co|(I = 7Mal[i < Cs h* [all3.
It follows from (Z24) and (Z84) that
LTl o < |LMUL = 7"al)o + L (x"al)lo < Ch7H T2 — 7@l |y + LM (w"al) o
(2.85)

< CORMIUE = @y + (1= 7" @l h ] + L")l < Clalle + |2 (") o-
It follows from (2.80) and (4] that
(2.86) TCE@@)y =0 on 09 — CE@)r=0 on oN.

The desired result (2270 then follows from (Z85]), [216), (Z25) and 2353).
It follows from (Z770) that

&(

(2.87) EUDI4 < CUETD54+1]-
On noting [224)), we have for any « € (0, 1) that
(2.88) ETD)54 < Cla) [ETD)[5 5320 IL" TG

Combining (2.87), (288), (270), (Z74) and 270) yields the result (Z77). O
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Lemma 2.9. Let 0° € K N H?(Q) with %—9: =0 on 99, and the assumptions (A)
hold. On choosing ©° = 7"° it follows that ©2 € K" is such that for all h > 0,

(2.89) 102117 + [Aa"e2]; + (G=(87),1)" < C.

Proof. The desired result (2.89) follows from (2.6]), (ZI7) and (2.8). O

Theorem 2.1. Let the assumptions of Lemma 23] hold. Then for all € € (0,1),
h € (0,ho) and for all time partitions {r,})_,, the solution {UZ,0" WIIN | to
(PR is such that O = f©2, n=1— N, and

N
7 max (O] + Y [y107 - 011} 447" 7 (E(017) VIV, VIVD)]
= |— n 1
N
(2.90) Z @rhegur —-urt),Eur-urh) <o+ el < ¢
In addition,
n n—1 N
(2.91) ’yzm g[8 +w‘fZl@?—@?‘1%§0[1+ll@2||ﬂSC
n=1

Moreover, on assuming (2.23]) holds, if C is anisotropic, 7, < C1p_1, n =2 — N,
and O 1 =1 0n0Q, n=1— N, then

(292) 77 o (Gu(O2), 1)+ m [ IO LI ) < COr) o174 .

n=1—
n=1

Proof. First, it follows from 2.670), (I3) and ([23a) that for n =2 — N,
(2.93)
JOr U =J(Or Ul — g (c(0r ) CEWUL ~ UL ™), E(UL ~ULT)).

Summing ([Z67a)) from n = 1 — k and noting [2.93), .670), (L3), (LI0), (T4

and a trace inequality, yields for k = 2 — N that

M=

JOLUN+5 Y [v10F =0+ 97 m (Ec(OL ) VW, VL))

n=1

+ ( (erheegw: ~ur) Uz - ur)

N[
u M»

(2.94) SJ(@ U ) ClL+]©2): + U]

The desired result (2290) then follows from [267al) for n = 1, 294 for k =2 — N,

[2.67h), ([28) and the fact that ©" € K", n =0 — N, [74), (L19) and 2Z39).
The proof of (Z91]) is the same as the proof of [12] (2.43)] and is hence omitted

here. Finally, summing (Z68) from n = 1 — k and noting (Z8)), (Z:66al), (290),

@91, 2389), 2.717), (2.1I6h), our assumption on 7, and ([L23)) yields for any k¥ < N



28 J. W. BARRETT, H. GARCKE, AND R. NURNBERG
that

k
2
V(G(0F), 1) + %5 > 7 |AOL] <47 (G(82),1)"
n=1
k k
+dety? Y108 — O 4ty max O +C Y 7 IEUN)54
n=1 n=1

2 k 2
[va oz —er'ji

n=1

k
+ e mlE (e v
n=1

k
<CM)[1+e' 73]+ C Y mlOr 1"

n=1

(M

k 5
(205) <O [1+e 78] 40 moy |AOT2 <OM)[1+e7 k],
n=2

Hence the desired result (2:92) follows immediately from (295 and (LI9). O

3. CONVERGENCE

In this section we will show convergence of the discrete solutions obtained in
Section 2lto a weak solution of problem (P). We will use methods developed in [4],
[34] and [I2] to deal with the degeneracy of b. Furthermore, it will be crucial to
show strong convergence of £(UL) in order to pass to the limit in the nonlinearity
CE(UY) : E(UY). Let

(3.1a)  O(-t) = === Or() + =t or(,, t€ [tno1,tn], n>1,

(3.1b)  ©F(-,t) := 0" (-), o7 (- t) :==0"1(), t€ (ta1,tn), n>1
We note for future reference that
(3.2) O:(,t) — OF (1) = (t — ) 2= (-, 1), t€ (tho1,tn), n>1,

where ¢ :=t, and t, :=t,_1. We introduce also 7(t) := 7, for t € (t,,_1,t,] and
n>1.

Using the above notation, and introducing analogous notation for W, and U,,
(Ph7) can be restated as: Find {U}, 0., W} € L=(0,T;5") x C([0,T); K") x
L>(0,T;S™) such that

T T
(3.32) /O(c(@;)cggj),g@»dt:/o /[mg.

xdsdt ¥V yeL>(0,T;5"),

T
(3.3b) / 7 (50" + (E(02) YWE, V)| =0 ¥ e L0, T3 8",
0
T T
v [ (Voo z [ Wiy ter - el e
0 0
T
B3 -} [ e ceUn sEW) - 0)dt ¥ xe IR0,
0

Lemma 3.1. Let 0° € K N H?(Q) with %—9; =0 on 0Q and §6° € (-1,1). Let
{Th e, {1, }N_,, Yr>0 be such that Q and {T"}n~0 fulfill assumptions (A), e € (0,1)
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withe =0 ash—0and 1, <CTp1 <Ce%, n=2— N. Let @2 = 7"0°. Then
there erists a subsequence of {UY,0., W}y, where {UL, 0., WX} solve (P17,
and functions

(3.4) € L=0,T; K)NH'(0,T; (H'(Q))) and we L=(0,T;V,,4,), 61 >0,

with 6(-,0) = 6°(-) in L*(Y) and fO(-,t) = £6° for a.a. t € (0,T), such that as
h—0,

(3.5a) 0., 6 -0 weak-+ in L>(0,T; H'()),
(3.5b) G- - g% weakly in L*(0,T; H'(Q)),
(3.5¢) Ul —u weak-x in L™= (0, T; W2T01(Q)),
(3.6a) 0., 6F -0 strongly in L*(0,T; L*(12)),
(3.6b) Z.(07) =0T strongly in L*(0,T; L*(2)),
(3.6¢) c(07) — c(0) strongly in L*(0,T; L*(9)),
(3.6d) Ul —u strongly in L*(0,T; H'(Q)),

for all s € [2,00). Moreover, {u,0} satisfy

T
: zdt = .nds 2 H! .
(3.7) /QTC(G)CQ(Q).Q(Q)d dt /0 /BQQ ndsdt Ve L (0,T; H ()

Furthermore, on assuming [223]) holds, if C is anisotropic, and if

(3.8) O, =1 on 09,
then {0,u}, in addition to B4), satisfy
(3.9) 0 e L*0,T; H*(Q))  and  we L0,T;W"*(Q));

and there exists a subsequence of {UL, 0., WX}y, satisfying B.5al-c), B.6a-d) and
as h — 0,

(3.10a) A"O., A"OF — A0 weakly in L*(Qr),

(3.10b) 0., ©F =0  weakly in L*(0,T; W"*(Q)), for any s € [2,00),
(3.10¢) 0., ©F =0  strongly in L*(0,T;C%?(Q)), for any B € (0,1),
(3.10d) UF —u  weakly in L*(0, T; WH*(Q)).

Finally, on extracting a further subsequence, it follows for a.a. t € (0,T) that
(3.11) O.( 1), OF(-,t) — 6(-,1) strongly in C*P(Q) as h — 0.

Proof. On noting BIalb) and (LI9), the bounds Z74), 290) and (Z91) imply

that

— _\11
WU 0w sn 1O 0 sty + 1B (ODNF VIV 202000

1 121
(312) 172 G132 0 ey T NG5 10,71y + 772 172 G122 ) < C-
Furthermore, we deduce from ([B.2) and ([B.12) that

(3.13) 18 = OZ 120,750 00) < 1T % 720 () S O 7

Hence on noting (312), BI3), ©.(-,t) € K", Ut (-,t) € 8", and the compactness

result [I2, (1.12a)] we can choose a subsequence {UT,©O., W}, such that the
convergence results ([3.4), B5alc) and (3.6a) hold. Then (34) and Theorem 2]
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yield, on noting [12, (1.12b)], our assumption on ©Y and (2.7)) that the subsequence
satisfies the additional initial and integral conditions.

The desired results ([B.6Bc) follow from (2.660), [2.5), B.12), 265), (L1) and
(T3); see [12], Lemma 3.1] for details.

For any n € L*(0,T; H?(Q)), we choose X = " in @23a). The desired result

BT then follows from (Z)), a trace inequality, (3.12), (L4), (3:6d), B5d) and a
density result. We have from (3:3a)) and (37 that

/C(Q)CQ(Q*Q:):Q(nyj)dxdt

Qr

(3.14) = / [c(0)CE(u—UT) : E(u) + [e(f) — c(O2)] CEUT) : EWUT)] dwdt .
Qr

The desired result ([3.6d) then follows from (3.14)), on noting (L4), (L19), (3.5d)
and (B.6d).

It follows from (Z02)), [Z]Y), [ZJ), BIalb) and our assumptions on {7, })_;
and ¢ that
(3.15) I8RO 4 g0y + U W0z sy < CCT)

The desired results 3) and BI0ald) then follow from BI3), @I4), ), 9),
B12), B5a), elliptic regularity as € is convex polygonal, and [84); see [12, Lemma
3.1] for details. Furthermore, it follows from (B10al) and (2I6al) that (3.10b) holds
on extracting a further subsequence.

Finally, (8.10d) for O, follows from (3.10b]), (Imb [12] (1.12a)] and the compact

embedding W*() < C%#(Q), where 3 < 1 — 2. To prove the result on ©F in
(310d), we note the following. For any 8 € (0,1) and any § € (17ﬁ7 s) it follows on
noting the above compact embedding, (3.I13) and (3.10D) that

10 — eg:HLQ(O,T;COﬁ(ﬁ)) <162 = O |l 20 mwrs ()
(3‘16) < ”@E - @si”%Z(O,T;Hl(Q)) ”@ Gj[HL2(0 T;Wts(Q)) < CT% )

where o = ?S(s 2)82 € (0,1). Combining (3I6), 7 — 0 and the established result on

0. in (3I0d) yields the desired result (3I0d) for ©F. The final result (B11)) follows
immediately from (3.10d). O

Remark 3.1. The condition ° € H?(Q) with %—f = 0 can be relaxed, but it is not
particularly restrictive; see, e.g., [11].

From 312), (Z66a), 269), (I7) and BII) we see that we can only control

VW on the set where =.(0_) is bounded below independently of €, and hence h,
as ¢ — 0 and h — 0, i.e., on the set where |f| < 1. Therefore in order to construct
the appropriate limits as h — 0, we introduce the following open subsets of 2. For
any p € (0,1), we define for a.a. t € (0,T),

(3.17) B,(t):={xeQ:|0(zx,t)|<1—p}.
We have from [B11)) (see [12] for details) that for a.a. t € (0,T) and any p € (0, po),
there exists an ho(p,t) such that for all h < hg(p,t) there exist collections of
simplices T} ,(t) C T" such that
(3.18) B,(t)c By(t):= |J @cBe(t).

aETé‘,p(t)
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In addition for a.a. t € (0,T) and any fixed p € (0, py), where py := min{po, 3}, it
follows from [BI7), (B1I) and our assumption on ¢ in Lemma [3.1] that there exists
an ho(p,t) < ho(p,t) such that for h < ho(p,t),

(3.19)

1-2p<[0F(2,t)] VagBy(t), |0F(x,t)]<1-2 VaeDB,(t) and e<p.

Lemma 3.2. Let all the assumptions of Lemma Bl hold. Then for a.a. t € (0,T)
there exists a function

(3.20)
w(et) = =y AG(- 1) =y 10(,t) + 5 [ (0) CE(w) : EW)](- 1) € Hp, ({|0(-1)] < 1}),

where {|0(-,t)] < 1} := {x € Q : |0(x,t)| < 1}. Moreover, on extracting a further
subsequence from the subsequence {UT, 0., W}, in Lemma Bl it follows as h —
0 that

(3.21) E.(07) VWS — Hyjgj<1y b(0) Vw  weakly in L*(0, T; L*(Q)),

where Hyjg <1} is the characteristic function of the set {|0] < 1} := {(=,t) € Qr :
|6(z,t)| < 1}.

Proof. Tt follows from ([B12]) and (2:66al) that
(3.22) 12(02) VW 1220 712 (0y) < C-

Hence ([322) implies that there exists a function z € L?(0,T; L*(2)), and on ex-
tracting a further subsequence from the subsequence {UX, ©., W}, in Lemma[B1]
it follows as h — 0 that

(3.23) E.(O7) VW — 2z weakly in L2(0,T;L*(Q)).
We now identify z.

First, we consider a fixed p € (0, po). It follows from (7)), (265, (2:66al), (B19)
and (B12) that for a.a. t € (0,T) and for all h < ho(p, 1),

p(L=5) IVWEC O 5,0 = 1= 5) VWO 5,0
(3.24) < be(1=§) VWO 5 ) < [([E<(02)]2 VW) (L 1)F < C().

From @B24), BI8), (Z66a) and (3I9) we have for a.a. t € (0,7) and for all
h S hO(P, t)a

[(Ec(02) VW) ()5 av, () < max b (O (2))|([E<(07 )2 VW )G 015 o8, )

2€Q\ Bz, (1)
(3.25) <O be(1—4p) <C(t)p
On noting (BI5) we have for a.a. t € (0,T) that
(3.26) [AOL (L )5+ IUZ (1)l < C2).

It follows from (B.26) and (B.6d), on extracting a further subsequence, that for
a.a.t € (0,T) and as h — 0,

(3.27a)  A'OF(-,t) — AO(-,1) weakly in L?(9),
(3.27b) Ur(-t) — u(-,t) weakly in W4 (Q) and strongly in H'(Q);
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see [12], as for (B1Tal), for details of the former. Combining ZT71)), Z14), (31D,
BI9) and (BI8) yields for a.a. t € (0,T) and for all h < ho(4,t) that on B,(t),
3.28
( WJ)('J) =y AT (1) =y 07 (1) + 5 (Q"['(67) CEWUL) : U ).
If v(h) € L*(Q), i = 1,2, then for any n € H?(Q) we have that

(Q" [V} v3] —vrva,m) = (V) vy —vrv2,m) + ((Q" — )[Uf vyl (I —=")n)
(3.29) [(Qh[vl ”2] ) (Qh[vl Uz] Whn)h] :
It then follows from ([B3.29), ([2.0), (Z9) and a density argument that for i = 1, 2,

ol — v, strongly in L?(Q) and weakly in L*(Q),

(3.30) —  Q"vhvl] = vivy weakly in L?(9).

We then have from B2]), (327alb), BII), (L) and F30) for a.a. t € (0,T) that

as h — 0,
W t) = =y AO(, )=y 1 0(, ) +2 [ () CE(u) :
This together with ([B.24) yields

|t

(u)](-,t) weakly in L*(B,(t)).

(3.31) WX(t) = w(,t) weakly in H'(B,(t)).
Combining (3:23), B31) and (B.6D) yields for a.a. t € (0,7 that as h — 0,
(3.32) [Z(07)VWI)(-,t) — b(O(-, 1)) Vw(-,t)  weakly in L*(B,(t)).

Repeating (3:24]) — (332)) for all p € (0, pg) yields (3:20) and, on noting (3.25)) and
([B3:23)), the desired result (F.21)).

Theorem 3.1. Let the assumptions of Lemma hold. Then there exists a
subsequence of {UT,0., W1ty where {UF,0., W} solve (PP7), and functions
{u,0,w} satisfying BA), B9), and B20). In addition, as h — 0 the following
hold: [Bhal-c), B6a-d), BI0a-d), BII) for a.a. t € (0,T), and B2I). Further-
more, we have that {u, 0, w} fulfill 6(-,0) = 0°(-) in L*(Q) and satisfy B1), B:20)

and
T

(3.33) 7/ <%,n>dt+/ b(0) Vw.Vndedt =0 Ve L?0,T;H(Q)).
0 {16]<1}

Proof. We need to prove only ([3.33). For any n € H(0,T; H*(Q)) we choose
x = 7" in [B3H). The desired result [3.33)) then follows from (23)), the embedding
HY(0,T; X) = C(0,T); X), @I, €5, €10, @35, @56, B2D) and the
denseness of H'(0,T; H(2)) in L?(0,T; H'(2)); see [12, Theorem 3.6] for details.

(I

4. NUMERICAL RESULTS

Before presenting some numerical results, we briefly state algorithms for solving
the resulting system of algebraic equations for {UZ,02, W} arising at each time
level from the approximation (P7). As ([23a) is 1ndependent of {©r, W}, we
first solve the resulting linear equation to obtain U”. To this end we employ a
preconditioned conjugate gradient solver. Then the nonlinear equations (2.3Dlc)
are solved, using the same “Gauss—Seidel type” iteration as in [12] §4].
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In order to define the initial shape of the void we introduce the following function.
Given z € R? and R € R we define

-1 r(r) <R -7
(4.1)  wv(z,R; x) = sin(r(mzy_R) Ir(z) — R| < &,  where r(z) := [z — z|.
1 r(z) > R+ 4

([@T) represents a circular void with radius R. In line with the asymptotics of the
phase field approach (see {II), the interfacial thickness of v is equal to v 7. For the
initial data to (P) we chose 8° to be either (i) one circle or (ii) two circles; that is,
(4.2)

(i) 6°(x)=v(z,R;z) or (ii) 6°x)=max{v(z,R;z)+v(Z R z)—1,—1}.

We note that in the absence of elastic stresses both these choices of #° are close to
being steady states of (P), provided that in (i¢) the two circular voids are sufficiently
far apart, e.g., |z — 2| > R+ R + 2vr.

Throughout the given domain, Q = (=L, L) x(—L, L) is partitioned into right-
angled isosceles triangles such that there are approximately 8 mesh points across
the interface. On using the adaptive finite element code ALBERT 1.0 (see [43]),
we implemented the same mesh refinement strategy as in [12]. In particular, to
improve efficiency we use a modified approximation (15’5”), see [12] Remark 2.10],
and set ©0 = 7"¢°. Now we have to solve for {©", W} only in the interfacial

3
25 L

region, |©77!| < 1. Hence we use a refined mesh with mesh size hy = N in
3

this interfacial region, and a coarser mesh of mesh size h, = 2 K,L away from the
c

interface. Here Ny and N, are parameters; see [12, §5]. Furthermore, we choose Ny
such that there are always at least approximately 8 mesh points across the interface
in each direction, i.e., hy < 3?:2_ vy

Throughout this section, we restrict ourselves to isotropic elasticity. Hence the
assumption (Z23)) is satisﬁed and all our theoretical results in this paper apply. If

C is isotropic, (ILITl), then it can be described by its nonzero elements
(4.3) Ciinn = Ca222 = 2p+ A, Crizz = A, Cr212 =

where ;1 € Ry and A € R>( are the Lamé moduli.
The following computations are inspired by the results in [14, Figures 9 and
10]. It was noticed there that the void evolution depends strongly on the dimen-

2
sionless parameter A = SE;;CR, where S, is the maximal stress applied externally,

= BB R is the initial radius of the void, as in , and ¢ is surface energy
LGt R s the initial radius of the void, as i d ¢ is surf
ensity, which without loss of generality is taken as Z throughout this paper. Un-
density, which without 1 f lity is tak 5 th hout thi U
fortunately, the authors did not provide their exact dimensions, but it seems that

there L ~ 4 R and R ~ 7~. Throughout our experiments we set {2 to be the unit

square, L = 0.5; hence these values correspond to R~ § and v ~ & ~ 4. In
what follows we set R = § = ( ) for the pure traction boundary condition

CI3) = Se = 1 and choose v e {1%, 71=> 72= }- Finally, let C be defined by ([@.3)
with A = p = 10A7r7 where A € {8, ) 2}.

First, we conducted the following convergence experiments. Setting co(7y) = >
in (T4, we repeated the same experlment Wlth decreasing values of v, i.e., v =

2 In particular, we set A = =0.02, 7, =7 = (y24m)? x 1079,

1270 24w 487'r 8 )
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o1

0.3k

0.4F

FIGURE 1. (S = (g (1))7 = %) Comparison of zero level sets for
O.(z,t) at time 7' = 0.02 for v = 51— and v = 7.
_ -5 : _ 32 1
€ = 7247 x 107° and used the appropriate refinement parameters Ny = = P
N, = %. The steady state solutions for this setup agreed very well for the different

values of 7. Hence we are satisfied that the converged solution is very close to the

sharp interface limit. See Figure [[ where we superimpose the steady states for

_ 1 _ _1
Y= gz and v = o

For the remaining experiments, we fix ¢ = 107° and set c¢g = 1072 in (L4).
In our first run, we chose A = # as in [14] Fig. 9]. This yields A = p = 3.
The other parameters were chosen as follows: v = ﬁ, T =002 7, =717 =
1.5x 107", As initial data we chose [@2)(i) with z = (0,0), R = §. The refinement
parameters were Ny = 128 and N, = 16. In Figure 2l we plot the zero level sets
for ©.(z,t) at different times. Note that the last plot is a numerical steady state.
Furthermore, the figure contains plots of the principal elastic stress field and the
elastic energy density at time ¢t = T. Here the former is defined as max{|a| :
«a is an eigenvalue of ¢(07) CE(UT)}, whereas the elastic energy density is defined

as c(O7)CEWUT) : EWUT). To simplify matters, both functions were evaluated
at the vertices of the triangulation, where we used an arithmetic average of the
functions’ value on all adjacent triangles. One clearly notices that material is
transported away from regions with high elastic energy density.

To check convergence, we repeated the same experiment with finer discretization
parameters 7, =7 = 5 x 1076, Ny = 256, N, = 32 and the results were graphically
indistinguishable from those in Figure 2l

For a smaller interfacial parameter v = ﬁ we observe a strikingly different
behaviour; see Figures Bla) and Bfb). The elliptic shape is no longer stable, and
this leads to the development of a long slit. Here we see that the condition (3.8]) need
not always be satisfied in practice. Hence our convergence results for (P*7) and a
fixed v would only hold true until the void reaches the boundary of the domain and
the material is separated into two parts. The evolution in this example indicates
that the elastic stresses and the curvature would become singular in the sharp
interface limit. Hence the sharp interface asymptotics, which assumes a bounded



FINITE ELEMENT APPROXIMATION OF A PHASE FIELD MODEL 35

o 0.1 14
o O 0 o

10
o -0.1

o -0.5
Ve 04 es 0z et 0ol e20s 00 -05 04 03 -02-01 0 01 02 03 04 05

= 127
0, 0.02 and elastic stress field and elastic energy density at time

t = 0.02.

FIGURE 2. (S = (8 ?),A =1, v = 12) O.(x,t) at times t =

curvature, breaks down. These singularities are related to the Asaro—Tiller—Grinfeld
instability; see, e.g., [2], [32] and also [45]. Moreover, it is argued in [38] that a phase
field model can be interpreted as a regularization of the singularities resulting from
these instabilities. In fact there it is claimed that a phase field model might even be
more realistic, since it is not clear that the sharp interface model is still plausible
in situations where it leads to finite time singularities. We note that our results are
in contrast to [14] Fig. 9], where the authors used a larger interfacial parameter ~.
The discretization parameters used for our computation are 7, = 7 = 2.5 x 107°
and Ny = 256, N, = 32.

The next run is for A = £ as in [14, Fig.10], i.e., A = p = 5% A computation for
Y=g, T=4x107% 7, =7 =5 x 107" and refinement parameters Ny = 128,
N, = 16 can be seen in Figure [

Again we can observe a slightly different evolution for a smaller value of v; see
Figure Bl In particular, the developing cusps appear sharper and less smoothed
out. One can again clearly see that material is transported away from regions with
high elastic energy density. The parameters for this computation were v = ﬁ,
T=1057,=7=10"7, Ny = 256 and N, = 32.

A run with parameters as in Figure @l but S = ((1) é) can be seen in Figure [G]
where the last plot is a numerical steady state.

If we choose a smaller interfacial parameter v = ﬁ, the elastic effect
tends to be more pronounced and the steady state shape is slightly different (see
Figure [7), where we used the same discretization parameters as in Figure



36

J. W. BARRETT, H. GARCKE, AND R. NURNBERG

a | = —

0475 0.4 0.3 0.2 0.1 o [X] 02 03 04 05 4)nﬁ 0.4 0.3 0.2 0.1 0 0.1 02 03 0.4 05
—/-’_;

| |
-

n-ns 0.4 0.3 0.2 0.1 o 0.1 02 03 04 05 G—DE 0.4 0.3 0.2 0.1 o 0.1 02 03 04 05

04 04|

P OO °

Uhs 0.4 0.3 0.2 0.1 o 0.1 02 03 04 05 Annﬁ 0.4 0.3 0.2 0.1 o 01 02 03 0.4 05

R | =

005 0.4 0.3 0.2 0.1 o 0.1 02 03 04 05 'nas 0.4 0.3 0.2 0.1 0 01 02 03 04 05

FIGURE 3. (S=(J)),A =1, v=31) O.(z,t)att =0, 1.5x
1074, 1.5 x 1073, 3 x 1073, 3.75 x 1073, 5.25 x 1073 and elastic
stress field and elastic energy density at time ¢t = 3.75 x 1073.
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FIGUure 4. (S=(0Y),A=1, v=11) O.(z,t) at t=10"°, 4x107°
and elastic stress field and elastic energy density at time ¢t =4x107°.
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FIGURE 6. (é— (1 0),A— 5 7= m) @g(l',t) att—O, 0.02 and
elastic stress field and elastic energy density at time ¢ = 0.02.
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FIGURE 7. (S= (J0).A =1 v =5

1

) ©.(z,t) at t = 0,

0.02

and elastic stress field and elastic energy density at time ¢ = 0.02.
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FIGURE 8. (S=({0), n=12, A=0)O.(z,t)att =107 5x
1075 and elastic stress field and elastic energy density at time
t=105.

The last plot is a numerical steady state, and it is noteworthy that the steady state
is nonconvex in contrast to Wulff shapes, which are minimizers of an anisotropic
surface energy under a volume constraint.

For our last example, we chose C such that C £(u) = £(u), i.e., p = 3 and A = 0,
and set S = ((1J 8). Starting with two initially circular voids, the presence of elastic
stresses leads to a vertical split in the material; see Figure[8l We used the following
parameters for (P*7): v = -1, T =5x107° and 7, = 7 = 1077. As initial
data we chose ([£2)(i7) with z = —2 = (0,0.23), R = R = 0.18. The refinement
parameters were Ny = 256 and N, = 32.

Further results, including simulations modelling the (combined) effect of sur-
face diffusion, an electric field, grain boundaries and anisotropic elasticity will be
reported on elsewhere (see [9]), where we also discuss applications to epitaxial
growth.
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