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COMPUTING THE �-POWER TORSION
OF AN ELLIPTIC CURVE OVER A FINITE FIELD

J. MIRET, R. MORENO, A. RIO, AND M. VALLS

Abstract. The algorithm we develop outputs the order and the structure,
including generators, of the �-Sylow subgroup of the group of rational points
of an elliptic curve defined over a finite field. To do this, we do not assume any
knowledge of the group order. We are able to choose points in such a way that
a linear number of successive �-divisions leads to generators of the subgroup
under consideration. After the computation of a couple of polynomials, each
division step relies on finding rational roots of polynomials of degree �. We
specify in complete detail the case � = 3, when the complexity of each trisection
is given by the computation of cubic roots in finite fields.

1. Introduction

Throughout this paper let p > 2 be a prime number, F a finite field of character-
istic p (we will write Fp for the prime field) and E/F an elliptic curve defined over
F. There exist positive integers m1, m2 such that the group of the F-rational points
is E(F) ∼= Z/m1Z × Z/m1m2Z with m1 dividing |F| − 1 (see [19]). The possible
pairs (m1, m2) that may occur are classified in [17] and [15] or [22]. But when |F| is
large, computing the group order |E(F)|, and the group structure, is a non-trivial
task. Our aim is to determine the Sylow subgroups of E(F) without assuming any
knowledge of the group order, so that the unique data is an equation for E.

Given a prime number �, we are interested in the computation of the �-Sylow
subgroup of E(F), namely the subgroup of rational points having �-power order.
We will denote this subgroup S�(E(F)). The case � = 2 was already developed in
[12].

The Sylow subgroup S�(E(F)) will be non-trivial if and only if there exists a
rational point of order �. If � �= p, to check this condition we can argue on rational
roots of the �-division polynomial. If � = p, we can use Gunji’s formulae (see [6]).

As for the structure, the p-Sylow subgroup of E(F) is cyclic and for any � �= p
the �-Sylow subgroup is a product of at most two cyclic groups. In any case, we
must determine integers n ≥ r ≥ 0 such that

S�(E(F)) = E[�n](F) ∼= Z/�n
Z × Z/�r

Z .
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After some consideration of the initial computation of the rational �-division
points, we begin the description of the inductive process which leads to the deter-
mination of S�(E(F)) showing how we can make an appropriate choice of points
to perform successive divisions. Once this is done, we devote to the existence and
computation of rational �-divisors of a given rational point, which are the preimages
under the multiplication-by-� isogeny.

After the general description, we provide full details of the case � = 3. We
develop a polynomial-time algorithm that for each elliptic curve E/F returns the
complete information about its 3-Sylow subgroup. Namely, it returns

• n3, the maximum value for which E has F-rational points of order 3n3 ;
• r3 such that S3(E(F)) ∼= Z/3n3Z × Z/3r3Z;
• two points in E(F), of orders 3n3 and 3r3 , generating S3(E(F)).

In the last section we provide some examples of the performance of the algorithm.
For general results or common terminology on elliptic curves used throughout

this paper, we refer to [19] or [7].

2. Basics on �-division

Let E/F be an elliptic curve and let � be a prime integer. Then, it is said that a
point Q ∈ E(F) �-divides if there exists another point P ∈ E(F) such that [�]P = Q,
where [�] denotes the multiplication-by-� isogeny . It can be said, as well, that P
is an �-divisor of Q or that the point Q is divisible by �.

The kernel of the multiplication-by-� isogeny, the set of �-divisors of OE , is
ker [�] = E[�], the �-torsion subgroup, which consists of OE and the points of E
having order �. The rational points of E[�] are denoted by E(F)[�]. They will
be initially computed by the algorithm for determining S�(E(F)). Therefore, our
first task is to determine when this is a non-trivial subgroup and then compute its
elements.

If p is the characteristic of the ground field and the curve E is given by an
equation y2 = f(x) with f(x) a cubic polynomial, then the Hasse invariant of E

is the coefficient of xp−1 in the polynomial f(x)
p−1
2 . If the Hasse invariant is zero,

then E[p] is trivial and so is the p-Sylow subgroup. Otherwise, E[p] is a cyclic group
of order p and the Sylow subgroup may be trivial or cyclic, according to whether
E(F)[p] is trivial or not.

In [6] we can find expressions for the x-coordinates of the p-torsion points. We
have that the p-th power of such a coordinate is given by a rational expression
in the coefficients of f and a p−1

2 -th root of the Hasse invariant. This expression
involves the computation of determinants of tridiagonal matrices of size p−1

2 . We
should compute one of these x-coordinates and then check if it actually corresponds
to a rational point of the curve, namely if x is rational and f(x) is a square in F.

For example, for p = 3 and E/F given by y2 = x3 + x2 + a the Hasse invariant
is 1 and the points of order 3 have x-coordinate 0, so that E(F)[3] = E[3] =
{OE , (0,

√
a ), (0,−

√
a )} if a is a square in F and E(F)[3] is trivial otherwise. For

p = 5 and E/F defined by y2 = x3 + a4x + a6, in order to have rational abscissas
of the 5-torsion points, the Hasse invariant 2a4 should be a square in F

∗. If so,
then such an abscissa is obtained from x5 = 14a6a4 − (9a2

4 + 2a2
6/a4)

√
2a4 and the

5-Sylow subgroup is non-trivial if, and only if, x3 + a4x + a6 is a square in F.
Now we assume � �= p. Hence, P ∈ E[�] if, and only if, x(P ) is a root of the

�-division polynomial Ψ�(x), which has degree (�2 −1)/2. We should then compute
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rational roots of this polynomial and check that the corresponding ordinates are
also rational.

If an elliptic curve has a point of order �, then it has either �− 1 points of order
� and E(F)[�] and S�(E(F)) are cyclic groups, or it has �2 − 1 points of order � and
E(F)[�] and S�(E(F)) are products of two cyclic groups. In the first case, E(F)[�]
is isomorphic to Z/�Z and S�(E(F)) ∼= Z/�n

Z, for a certain integer n ≥ 1. In
the second one, E(F)[�] ∼= Z/�Z × Z/�Z, namely the full �-torsion is rational, and
S�(E(F)) ∼= Z/�n

Z × Z/�r
Z with 1 ≤ r ≤ n.

In order to distinguish the two possibilities, one can compute the degree of the
polynomial δ(x) = gcd(Ψ�(x), x|F| − x). If it has degree zero, then both groups
E(F)[�] and S�(E(F)) are trivial. Otherwise, according to the factorization patterns
studied in [20], this degree can be (�− 1)/2, �− 1 or (�2 − 1)/2. The first two cases
correspond to the cyclic Sylow subgroup; in the first one any root of δ(x) is the
abscissa of a point of E(F)[�] and in the second case just half of the roots of δ(x) give
rise to points in this group. In the third case, E(F)[�] is isomorphic to Z/�Z×Z/�Z
and the roots of δ(x) = Ψ�(x) are the abscissas of those rational �-torsion points
different from OE .

In order to avoid factorization of a degree (�2−1)/2 polynomial and gain efficiency
one can use the modular polynomial Φ�(jE , X), which has degree �+1. If it has no
rational roots, then the group E(F)[�] is trivial. Otherwise, computing its rational
roots and then proceeding à la SEA (see [2] and [3]) to determine the kernel of the
corresponding degree �-isogeny one ends up with polynomials of degree (� − 1)/2.
Their rational roots provide the abscissas of the �-torsion points different from OE .

3. �-division trees

We give here some algebraic and combinatorial properties of the group S�(E(F)).
We will define some trees with roots which play a crucial role in the design of our
algorithm to compute the �-Sylow subgroup of E(F), since they show us how to
choose good �-division paths.

As we said, the group of rational points having �-power order is

S�(E(F)) ∼= Z/�n
Z × Z/�r

Z,

with 0 ≤ r ≤ n. The following lemmas, which are easy to prove, give the first
basic information on how these points are organized, according to their order and
behavior under �-division.

Lemma 3.1. Let Q ∈ E(F) be a point which �-divides and P an �-divisor of Q,
then the �-divisors of Q are exactly the points P + E(F)[�].

Lemma 3.2. Let n, r, k be integers such that 1 ≤ r ≤ n and 1 ≤ k < n.

(1) The group Z/�n
Z has (� − 1)�k−1 elements of order �k, all divisible by �.

(2) If G = Z/�n
Z × Z/�r

Z, then:
(a) if k < r, then G has (�2−1)�2k−2 elements of order �k, and all of them

are divisible by �;
(b) if k = r, there are also (�2 − 1)�2k−2 elements of order �k, but only

(� − 1)�2k−2 of them are divisible by �;
(c) if k > r, then there are (� − 1)�k+r−1 elements of order �k, and only

(� − 1)�k+r−2 of them are divisible by �.
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Now we define a combinational structure associated with the group S�(E(F)).
It is a tree with root which we denote T�. We put T� = (V, A), where the set of
vertices is V = S�(E(F)) and the set of edges is

A = {(Q, P ) ∈ V × V : [�]P = Q}.
So we deal with a digraph or oriented graph, which we call the �-division tree of the
S�(E(F)) group.

Let us assume that S�(E(F)) is non-trivial and use the terminology of trees to
give a first description of T�. If S�(E(F)) is cyclic, then T� has � − 1 children of
the root vertex, which is OE , and in the k ≥ 1 levels every internal vertex has �
children. If S�(E(F)) is not cyclic, then the root vertex has �2 − 1 children and the
rest of the vertices, either have �2 children or none. In Figure 1 we show the trees
T3 corresponding to these two cases.

(a)

OE

P0

T (10)

[2]P0

T (20)

(b)

OE

P0

T (10)

[2]P0

T (20)

P1

T (11)

[2]P1

T (21)

P2

T (12)

[2]P2

T (22)

P3

T (13)

[2]P3

T (23)

Figure 1. The trisection trees T3

Let P0 ∈ E(F) denote a point of order � and {P0, P1} a basis of E[�], considered
as a 2-dimensional vector space over the finite field of � elements F�. Then, in the
cyclic case E(F)[�] = 〈P0〉 = {OE , [±j]P0 : 1 ≤ j ≤ �−1

2 } ∼= Z/�Z and in the
non-cyclic case E(F)[�] = {[ε]P0 + [δ]P1 : − �−1

2 ≤ ε, δ ≤ �−1
2 } ∼= Z/�Z × Z/�Z.

Here, we have � + 1 cyclic subgroups of order �:

〈P0〉, 〈Pi = P1 + [i − 1]P0〉 i = 1 . . . �.

The sets
T (ji) = {P ∈ E(F) : ∃h ≥ 1 such that [�h]P = [j]Pi},

with − �−1
2 ≤ j ≤ �−1

2 , j �= 0, and i ∈ {0} or i ∈ {0, 1, . . . , �}, respectively, are the
subtrees rooted at the rational points of order �.

However, for our purposes it is enough to consider a simpler structure: instead
of the tree T� we will take a representative tree of the quotient tree F

∗
�\T� generated

by the natural action of the multiplicative group F
∗
� on the graph T�; see [18] for

more details. Since for any j the diagram

S�(E(F))
[j]−−−−→ S�(E(F))

[�]

�⏐⏐ �⏐⏐[�]

S�(E(F)) −−−−→
[j]

S�(E(F))
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is commutative, the scalar multiplication [j] is an automorphism of T�. It maps
the subtree T (i) into T (ji), and therefore these are isomorphic trees. We denote
T̃� a representative tree of F

∗
�\T�. All the information about �-divisibility will be

obtained from this representative tree, which we show in Figure 2 for � = 3.

(a)

OE

P0

T (0)

(b)

OE

P0

T (0)

P1

T (1)

P2

T (2)

P3

T (3)

Figure 2. The representative trees T̃3

Let us describe in further detail the structure of these representative trees. We
recall that a complete m-ary tree is a tree with root in which all internal vertices
have out-degree m and all the leaves are at the same height.

The simple structure of a cyclic group can be expressed in terms of the combi-
natorial structure of T̃�: if S�(E(F)) ∼= Z/�n

Z, then the subtree T (0) is a complete
�-ary tree of height n − 1.

In the non-cyclic case, namely when S�(E(F)) ∼= Z/�n
Z×Z/�r

Z, with 1 ≤ r ≤ n,
the structure of T̃� is the following:

• If r = n, then the subtrees T (i), where i ∈ {0, 1, . . . , �}, are all isomorphic.
They are complete �2-ary trees of height n − 1.

• If 1 ≤ r < n, then � of the subtrees T (i) are �2-ary complete trees of height
r−1. The remaining one, the subtree denoted as T (0) in Figure 2(b), is also
�2-ary and its height is n − 1. But it is complete only until level r. From
there on it has leaves, since, according to Lemma 3.2, in each level only one
�-th of the points are �-divisible.

The strategy followed by the algorithm to determine the �-Sylow subgroup
S�(E(F)) of E(F) will consist of descending through the subtrees of the represen-
tative tree until reaching its leaves. This way, the values n and r will be obtained,
as well as a couple of points {Q, R}, with respective orders �n and �r, which are
generators of S�(E(F)). In fact, due to this linear structure, the descending process
can be restricted to only two subtrees1. Moreover, since these subtrees are complete
until level r, each step will consist of finding just one �-divisor of the present point.
This way, from any pair of the root-points of the subtrees, for instance, P0 and P1,
two lists of successive �-divisors will be obtained:

{P0, P0,2, P0,3, . . . , P0,k} and {P1, P1,2, P1,3, . . . , P1,k} .

When either one or none of the points P0,k, P1,k do not �-divide, then r = k. The
point of order �r is one of the points that does not �-divide. In case that none of

1We acknowledge Enric Nart (UAB, Spain) for his comments suggesting this approach [14].
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them do, it should be checked whether some of the � − 1 points P0,r + [i]P1,r, for
i ∈ {1, . . . , � − 1}, would �-divide. If not, then n = r and {Q = P0,n, R = P1,n}
would be the generators of S�(E(F)). Otherwise, it holds that n > r, and we have
identified the subtree of maximum height n−1. To compute n and a point of order
�n, we should descend through this subtree, say T (0), until we reach its height. The
problem is that we may end up in an external node whose depth is not maximal,
namely a point of order �k, with r < k < n, which cannot be �-divided. To deal
with this situation we consider the sets

Qi,m = {Q ∈ T (i) : ord(Q) = �m},
with 1 ≤ m ≤ n when i = 0 and 1 ≤ m ≤ r when i ∈ {1, . . . , �}.

Proposition 3.3. Let us assume S�(E(F)) ∼= Z/�n
Z × Z/�r

Z with 1 ≤ r < n. Let
r < k < n, Q ∈ Q0,k and R ∈ Q1,r. Then, exactly one of the points in the set
{Q + [j]R : − �−1

2 ≤ j ≤ �−1
2 } can be �-divided.

Proof. First, let us observe that �-divisibility of two of the points in the set
{Q + [j]R : − �−1

2 ≤ j ≤ �−1
2 } would imply the �-divisibility of R, which con-

tradicts our assumption.
Let us assume that we cannot �-divide the point Q. Since k < n, we know that

there is some Q′ ∈ Q0,k which can be �-divided: Q′ = [�]P ′. We have

Q0,k = {[u]Q + [v]R : u ∈ Z/�k
Z, u ≡ 1 mod �, v ∈ Z/�r

Z}
and, hence, Q′ = [u]Q + [v]R with u = �u′ + 1, for some u′ ∈ {0, . . . , �k−1 − 1}, and
v = �v′ +v′′, where v′ ∈ {0, 1, . . . , �r−1} and − �−1

2 ≤ v′′ ≤ �−1
2 , v′′ �= 0. Then, from

Q′ = [�u′]Q + [�v′]R + Q + [v′′]R = �P ′

we get that P ′ − ([u′]Q + [v′]R) is an �-divisor of Q + [v′′]R. �

4. �-dividing

In the previous sections we have been sketching the main ideas involved in the
design of the algorithm presented in this paper. At this point, we face the problem
that arises at each step of the algorithm: finding a point P = (x, y) ∈ E(F) such
that

[�] P = Q

for a given point Q = (ξ, ζ) ∈ E(F). Therefore, such a point P belongs to the
preimage of Q by the multiplication-by-� isogeny, and we can consider the following
expression in terms of division polynomials:

x([�]P ) = x(P ) − Ψ�−1(x, y)Ψ�+1(x, y)
Ψ2

� (x, y)
,

(for instance, see [2]), to obtain that the point (x, y) must be a root of

(x − ξ)Ψ2
�(x, y) − Ψ�−1(x, y)Ψ�+1(x, y) = 0.

Now working modulo the equation of the elliptic curve, we are led to the one variable
polynomial

(4.1) fξ,[�](x) = (x − ξ)Ψ2
�(x) − Ψ̄�−1(x, y)Ψ̄�+1(x, y),

which is the polynomial associated to the �-division of a point having abscissa ξ.
Notice that its degree is �2, its trace is ξ�2 and it has distinct roots whenever Q is
taken not to be a 2-torsion point.
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With this approach, in order to compute the �-Sylow subgroup of E(F) we use
once the formula (4.1) to obtain the polynomial fξ,[�](x) ∈ F[x, ξ]. Then, starting
with suitable rational points of order � as explained in the previous section, at each
�-division step of the algorithm we have a given point Q = (ξ, ζ) and we should
find a root in F of a degree �2 polynomial in F[x].

However, this computational cost can be improved if we take advantage of an
isogeny decomposition

E E

E′

[�]

I Î

[�] = Î ◦ I

where I is an isogeny of degree � and Î denotes its dual. Then, to carry out the
�-division steps the above degree �2 polynomial can be replaced by a couple of
polynomials of degree �, associated to I and Î respectively: first we consider the
preimages of Q by Î, fix one of them Q′ = (X, Y ) and then consider its preimage
by I.

In what follows we show how to consider an appropriate isogeny I of degree �,
compute the polynomials attached to I and its dual Î, and finally use them to find
an �-divisor.

In the context of our problem, there is an obvious candidate for the isogeny I,
since we are assuming from the beginning that the elliptic curve E has a rational
point P0 of order �. Let I be the isogeny whose kernel is the cyclic group generated
by this point. Hence,

I : E −→ E′ = E/〈P0〉
is a separable isogeny of degree � defined over F. This situation corresponds also to
the existence of a rational root of the modular polynomial Φ�(x, jE), which is the
j-invariant of the curve E′. If we have followed the procedure explained at the end
of Section 2, we already have such an isogeny I explicitly computed.

The isogeny equations provide the identities

(4.2)
N(x)
D(x)

= X,
N̂(X)

D̂(X)
= ξ,

where N(x), D(x), N̂(X), D̂(X) are polynomials with coefficients in F. The SEA
algorithm (cf. [13, 3]) efficiently determines polynomials F�(x) and F̂�(X), both of
degree (� − 1)/2, such that its roots are the abscissas of the non-trivial points in
the kernel of the respective isogeny:

D(x) = F�(x)2, D̂(X) = F̂�(X)2.

The final computation of the abscissa can be done following Kohel [8, p. 14] or
Dewaghe [4]:

(4.3) N(x) = (4x3 + b2x
2 + 2b4x + b6)

(
F ′

�(x)2 − F ′′
� (x)F�(x)

)
− (6x2 + b2x + b4)F ′

�(x)F�(x) + (�x − 2S1)F�(x)2,

where S1 is the trace coefficient of F�, namely the first elementary symmetric poly-
nomial in the distinct abscissas of the points in the kernel of the isogeny. The
formula for N̂(X) is analogous. As we said before, an �-division step now involves
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first finding a root X0 ∈ F of the degree � polynomial N̂(X) − ξ D̂(X) ∈ F[X] and
then a root of the degree � polynomial N(x) − X0 D(x) ∈ F[x].

For the sake of completeness, we would like to mention a third way to perform
an �-division step in the context of a small prime � and a rational order � point
P0 explicitly known, so that the set of abscissas {x(P0), x(2P0), . . . , x((� − 1)P0)}
is easy to obtain. In this case we are able to provide a purely algebraic description
of the procedure.

In order to fix notation, for E, E′/F elliptic curves, I : E → E′ a non-constant
isogeny and Q �= OE′ a point on E′, we call the associated polynomial for the
isogeny I and the point Q the polynomial

(4.4) fx(Q),I(x) =
∏

I(P )=Q

(x − x(P )) ∈ F[x].

It is monic of degree |G|, where G is the kernel of I. If Q is a rational point and G is
Gal(F/F)-invariant, namely if the isogeny is defined over F, then fx(Q),I(x) ∈ F[x].

We fix the isogeny I0 : E −→ E′ = E/〈P0〉, which is defined over F. As shown
in [11], a generalization of Vélu’s formulae [21] allows us to obtain the coefficients
of the polynomial

fX,I0(x) =
∏

0≤λ≤�−1

(x − x(P + λP0)),

for X = x(I0(P )) and P a point on E,

(4.5) fX,I0(x) =
�∑

r=0

(−1)r
(
Sr−1X + Sr +

r−2∑
i=0

(−1)iwiSr−i−2

)
x|G|−r,

where Sj is the j-th elementary symmetric polynomial in the abscissas of the points
P0, 2P0, . . . (� − 1)P0 and the wi, the generalized Vélu parameters, are given by

(4.6) wi = (2i + 3)S(i+2) +
(i + 1)b2

2
S(i+1) +

(2i + 1)b4

2
S(i) +

ib6

2
S(i−1),

where S(j) indicates the j-th power sum of the abscissas of the same set of points
as before, with the bi being the usual quantities defined in terms of the Weierstraß
coefficients of E ([19]). Under our current hypothesis, using these formulas we
are able to efficiently determine the polynomial fX,I0(x) in terms of X = x(I0(P )),
which is still unknown. This is another way to obtain the polynomial N(x)−X D(x)
of the previous setting.

As for the polynomial attached to the dual isogeny, taking into account that
x(Î0(I0(P ))) = ξ, this polynomial is

(4.7) fξ,Î0
(x) =

∏
T∈ker Î0

(x − x(I0(P ) + T )).

The following lemma determines the kernel of the dual isogeny.

Lemma 4.1. Let E be an elliptic curve, G a non-trivial subgroup of E, n = |G|
and IG : E → E/G the isogeny with kernel G. Then,

ker ÎG = IG(E[n]) ∼= E[n]/G.

Proof. The claim follows from the exhaustivity of IG and the fact that ÎG◦IG = [n].

On the other hand, {OE} −→ G ↪→ E[n] IG−→ IG(E[n]) ÎG−→ {OE} is an exact
sequence. �
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Going back to our particular case, we let {P0, P1} be a basis of E[�] as an F�-
vector space. Then, we have

ker Î0 = 〈I0(P1)〉

and the points in the kernel of the dual isogeny Î0 are not always rational.
The polynomial associated to the dual isogeny can be written as

(4.8) fξ,Î0
(x) =

�−1∏
k=0

(x − x(I0(P ) + [k]I0(P1))) =
�−1∏
k=0

(x − x(I0(P + [k]P1))) .

Notice that X = x(I0(P )) is one of the � roots of this polynomial, which are

Xk = x(I0(P + [k]P1)), k = 0, 1, . . . , � − 1.

Over F(X0, . . . , X�−1), the splitting field of fξ,Î0
(x), we have the factorization

(4.9) fξ,[�](x) =
�−1∏
k=0

fXk,I0(x).

Therefore, the rational values of the unknown X that we are looking for give rise
to polynomials fX,I0(x) dividing fξ,[�](x). Let us show now that the resultant of
fξ,[�](x) and fX,I0(x), both considered as polynomials over F(X)[x], is a power of
the polynomial fξ,Î0

(X) ∈ F[X].

Proposition 4.2. Let E/F be an elliptic curve, {P0, P1} a basis of E[�] as an
F�-vector space with P0 ∈ E(F)[�], and fξ,[�](x), fX,I0(x) ∈ F[x] the polynomials
associated to the isogenies [�] and I0 = I〈P0〉, respectively. Then

(4.10) Resx(fξ,[�](x), fX,I0(x)) = c
(
fξ,Î0

(X)
)�

,

where c ∈ F
∗ and fξ,Î0

(x) is the polynomial associated to the dual isogeny.

Proof. Consider the polynomial fξ,[�](x) mod fX,I0(x) in F(X)[x]. As a polynomial
in X, it vanishes for the values Xk, k ∈ {0, 1, . . . , �−1}, and it is therefore divisible
by fξ,Î0

(X) =
∏�−1

k=0 (X − Xk). We denote r(X, x) as the quotient. Thus, from the
properties of the resultant, it follows that

Resx(fξ,[�](x), fX,I0(x)) = −Resx(fX,I0(x), fξ,[�](x) mod fX,I0(x))
= −Resx(fX,I0(x), r(X, x)fξ,Î0

(X))

= −
(
fξ,Î0

(X)
)�

Resx(fX,I0(x), r(X, x)) .

The resultant can be written as

Resx(fξ,[�](x), fX,I0(x)) =
�2∏

j=1

fX,I0(αj),

where αj ∈ F, j ∈ {1, 2, . . . , �2} are the roots of fξ,[�](x). Since fX,I0 is linear in
X, the resultant is a non-zero polynomial in F[X] of degree �2. Consequently, the
factor Resx(fX,I0(x), r(X, x)) belongs to F

∗. �

Putting this all together, this method consists of determining the degree �2 poly-
nomial fξ,[�](x), depending on ξ, using (4.1); determining fX,I0(x), depending on



1776 J. MIRET, R. MORENO, A. RIO, AND M. VALLS

X, using (4.5) and, finally, we compute fξ,Î0
(X), depending on ξ, using the resul-

tant as in (4.10). Once this is done, in each �-dividing step an abscissa ξ is fixed and
we are faced as before with the computation of roots of two degree � polynomials.

To avoid the computation of the resultant we can also use a hybrid method,
determining the polynomial fX,I0(x) using the algebraic formulas in the abscissas
of the multiples of the point P0 and using the analytic formulas of the SEA algorithm
to compute fξ,Î0

(X) = N̂0(X) − ξ D̂0(X).
To finish this section, we provide an easy example for a 5-division procedure,

by fixing a small field of definition: F = Fp with p = 1021. From the family
y2 + (t + 1)xy + ty = x3 + tx2 of elliptic curves having (0, 0) as a point of order 5
([19, Exercise 8.13]), we take the elliptic curve corresponding to the value t = 81,
namely

E/F1021 : y2 + 82xy + 81y = x3 + 81x2.

Its 5-division polynomial is

Ψ5(x) = x(5 x11 + 526 x10 + 272 x9 + 145 x8 + 525 x7 + 682 x6 + 698 x5

+ 493 x4 + 950 x3 + 394 x2 + 888 x + 45).

Since gcd(Ψ5(x), x1021 − x) = Ψ5(x), we know that it splits completely over F and
that E(F)[5] ∼= Z/5Z × Z/5Z. From expression (4.1) we obtain the polynomial
fξ,[5](x) in terms of the abscissa ξ:

fξ,[5](x) = x25 + 996 ξ x24 + (746 + 866 ξ) x23 + (631 + 358 ξ) x22 + (137 + 328 ξ) x21

+ (50 + 1014 ξ) x20 + (373 + 125 ξ) x19 + (689 + 141 ξ) x18 + (389 + 493 ξ) x17

+ (280 + 160 ξ) x16 + (643 + 1014 ξ) x15 + (337 + 773 ξ) x14 + (380 + 351 ξ) x13

+ (912 + 817 ξ) x12 + (399 + 397 ξ) x11 + (621 + 675 ξ) x10 + (320 + 263 ξ) x9

+ (394 + 307 ξ) x8 + (986 + 725 ξ) x7 + (141 + 2 ξ) x6 + (136 + 926 ξ) x5

+ (916 + 964 ξ) x4 + (845 + 739 ξ) x3 + (129 + 17 ξ) x2 + 962x + 521.

The cyclic subgroup of E(F)[5] generated by the point P0 = (0, 0), which is

〈P0〉 = {P0 = (0, 0), [2]P0 = (940, 435), [3]P0 = (940, 0), [4]P0 = (0, 940),OE} ,

is the kernel of the isogeny I0. The elementary symmetric polynomials on the
abscissas of the points in 〈P0〉 and the generalized Vélu parameters are

S1 = 859, S2 = 435, S3 = 0, w0 = 430, w1 = 594,

so that

fX,I0(x) = x5 +(1020 X +162)x4 +(859 X +865)x3 +(586 X +826)x2+882 x+340.

Finally, computing the resultant, we determine the polynomial

fξ,Î0
(X) = X5 + (996ξ + 211)X4 + (696ξ + 59)X3 + (624ξ + 163)X2

+ (584ξ + 281)X + 369ξ + 1008.

The two polynomials of degree 5 we have computed are what we need to perform
the 5-division of points. As an example, we show descent from P0 = (0, 0) in the
5-division tree. Taking ξ = 0 in the second polynomial we obtain

f0,Î0
(X) = X5 + 211X4 + 59X3 + 163X2 + 1007X + 1008,
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which has rational roots 48, 491, 560, 871, 882. Each one of them determines a poly-
nomial fXk,I0(x). Let us look for a rational root of the first one, which is

f48,I0(x) = x5 + 114x4 + 236x3 + 366x2 + 882x + 340.

We obtain the root x1 = 201 which is the abscissa of the points P0,2 = (201, 261)
and −P0,2 = (201, 533). One of these points is a 5-divisor of P0 and the other one
a 5-divisor of −P0. Let us continue with the 5-division of P0,2 = (201, 261). Now
we take ξ = 201 and we get

f201,Î0
(X) = X5 + 291X4 + 78X3 + 4X2 + 976X + 644.

This polynomial has no rational roots and consequently the point P0,2 is not divis-
ible by 5.

Table 1 shows the average time in seconds to perform the �-division of a point
using this method. We have considered primes p between 90 and 190 bits and one
hundred elliptic curves E/Fp to carry out �-division for primes 3 ≤ � ≤ 19. The
calculations are due to J. Molgó, who executed a LiDIA [9] program over a Pentium
IV 1.7 GHz.

Table 1. Average time of the �-division

Bit length �
of prime p 3 5 7 11 13 17 19

90 0.0032 0.0058 0.0076 0.0169 0.0289 0.2066 0.8254
110 0.0035 0.0075 0.0097 0.0218 0.0378 0.2539 1.0745
130 0.0048 0.0092 0.0135 0.0322 0.0444 0.3026 1.2118
150 0.0051 0.0082 0.0144 0.0328 0.0524 0.3459 1.4035
170 0.0070 0.0125 0.0186 0.0397 0.0664 0.4310 1.6776
190 0.0082 0.0134 0.0198 0.0438 0.0702 0.4543 1.7607

Now we work out the same example but proceeding as in the SEA algorithm
to determine isogenies, so that computation of the degree �2 polynomial and the
resultant are avoided. We consider the short Weierstraß equation

E/F : y2 = x3 + 313x + 775.

The isomorphism between the two models is (x, y)
ϕ−→ (36x+724, 216y+688x+580)

and ϕ(0, 0) = (724, 580) is a point of order 5 in this second model.
The j-invariant is 953 and the modular polynomial Φ5(x, 953) mod 1021 has

root j = 105. The isogenous curve is

E′/ F : y2 = x3 + 222x + 497

and the equations of the isogeny E
I−→ E′, (x, y) → (X, Y ) are

X =
x5 + 894x4 + 801x3 + 419x2 + 858x + 15

F5(x)2
,

Y =
(x6 + 320x5 + 185x4 + 966x3 + 247x2 + 345x + 586)y

F5(x)3
.
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where F5(x) = x2+447x+647 = (x−724)(x−871) is the polynomial corresponding
to the kernel. Therefore the polynomial N(x) − X D(x) involved in the 5-division
procedure is

x5+(894+1020X)x4+(801+127X)x3+(419+34X)x2+(858+489X)x+(15+X).

The corresponding equations for the dual isogeny, (X, Y ) Î−→ (ξ, ζ), are

ξ =
776X5 + 638X4 + 914X3 + 61X2 + 271X + 250

F̂5(X)2
,

ζ =
(972X6 + 804X5 + 686X4 + 503X3 + 630X2 + 257X + 875)Y

F̂5(X)3
,

where F̂5(X) = X2 +828X +293. Therefore, N̂(x)−ξ D̂(x), the second polynomial
involved in the 5-division procedure, is

776X5 + (1020ξ + 638)X4 + (386ξ + 914)X3 + (963ξ + 61)X2

+(788ξ + 271)X + (936ξ + 250).

Putting ξ = 724, we obtain a rational root X = 22. Substituting in the first
polynomial we get a polynomial in F[x] having rational roots 146, 303, 326, 593 and
823. If we go on with the 5-division procedure using the first one, namely ξ = 146,
then we deal with the polynomial

776X5 + 492X4 + 94X3 + 782X2 + 967X + 92.

Its rational roots X give rise to polynomials N(x)−X D(x) without rational roots,
which means that at the point (146, 410) the 5-division descent stops.

5. Trisection

This section is devoted to develop the algorithm in full detail for � = 3. The
main purpose is to show that we can reduce the trisection of points to computation
of cubic roots in finite fields. We use this fact for the complexity analysis of the
algorithm.

If E is an elliptic curve over a finite field F of characteristic p > 3, the abscissas
of the points of order 3 are given by the roots of the 3-division polynomial, which
is a quartic polynomial with coefficients in F, explicitly computable in terms of the
equation of E/F. Therefore, to decide whether or not a rational point of order 3
exists, we compute the gcd of this polynomial and x|F|−x. In case of existence, the
explicit determination of such a point may also require the computation of a root
of the quartic polynomial in the finite field F. Once we have done this, we can take
the point of order 3 to the origin and work with a model

E/F : y2 + 3axy + by = x3.

Its discriminant is ∆ = 27(a3−b)b3 and the discriminant of the equation, considered
as a quadratic equation in y, is d(x) = 4x3 + (3ax + b)2 = 4x3 + 9a2x2 + 6abx + b2.
An element x ∈ F is the abscissa of a point in E(F) if, and only if, d(x) ∈ F

2.
Using this model, the 3-division polynomial of E/F is

Ψ3(x) = 3x(x3 + 3a2x2 + 3abx + b2).

Proposition 5.1. The polynomial ψ3(x) = x3 + 3a2x2 + 3abx + b2:
(1) is irreducible in F[x] if, and only if, ∆ �∈ F

∗ 3,
(2) splits completely in F[x] if, and only if, ∆ ∈ F

∗ 3 and −3 ∈ F
∗ 2.
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Proof. The roots of ψ3 in F are xj = −(∆2
j + a∆j + a2), where {∆j , j = 1, 2, 3}

are the cubic roots of ∆/27b3 in F. If ω ∈ F is a primitive cubic root of unity, we
have xj = −(a − ω∆j)(a − ω2∆j). �

If |F| ≡ −1 mod 3, then −3 �∈ F
∗ 2 and ω �∈ F. Every element of F

∗ is a cube and
has a unique cubic root in F

∗. In this case, ψ3 has a unique root in F. But it is not
the abscissa of a rational point, since d(x) = 4ψ3(x) − 3(b + ax)2.

If |F| ≡ 1 mod 3, then ω ∈ F. Only one third of the elements in F
∗ are cubes

and each one of them has three cubic roots in F
∗.

Corollary 5.2. If |F| ≡ −1 mod 3, then Ψ3(x) = x(x − x1)ψ̃3(x) and

E(F)[3] = {OE , (0, 0), (0,−b)} ∼= Z/3Z.

If |F| ≡ 1 mod 3, then we have two possibilities for the factorization over F of
the 3-division polynomial:

(1) if ∆ is not a cube, then Ψ3(x) = xψ3(x);
(2) if ∆ is a cube, then Ψ3(x) = x(x − x1)(x − x2)(x − x3).

In the first case E(F)[3] = {OE , (0, 0), (0,−b)} ∼= Z/3Z and in the second case

E(F)[3] = {OE , (0, 0), (0,−b), (xi, bω + axi(ω − 1) ), (xj, bω
2 + axj(ω2 − 1))}

= {OE , (0, 0), (0,−b), (xj,−x2
jxk/b) with j, k = 1, 2, 3 and j �= k}

∼= Z/3Z × Z/3Z.

From now on, let us denote P0 = (0, 0) (rational 3-torsion point) and P1 =
(x1,−x2

1x2/b). Then, {P0, P1} is an F3-basis of E[3].
Once we have determined the 3-torsion structure, we perform successive trisec-

tion steps until we reach the maximal 3-power torsion. Let us deal now with one
of these trisection steps. That is, we assume that Q = (ξ, η) is a point in E(F) and
we want to know if there exists P = (xP , yP ) ∈ E(F) such that [3]P = Q. This
condition shows that xP must be a root of the polynomial

fξ,[3](x) = x9 − 9ξx8 − 18a(b + 3aξ)x7 − 3(9a3b + 8b2 + 27a4ξ + 18abξ)x6

−18b(3a2b + 9a3ξ + bξ)x5 − 9ab2(b + 15aξ)x4 + 3b3(9a3 + b − 18aξ)x3

+9b4(3a2 − ξ)x2 + 9ab5x + b6.

The roots of fξ,[3](x) are the x-coordinates of the points in the set P + E[3] =
{P + εP0 + δP1 : −1 ≤ ε, δ ≤ 1}. Since P0 is rational, the abscissas of the points
P, P + P0 and P − P0 are defined over the same field extension of F and therefore
the polynomial

(x − xP )(x − xP+P0)(x − xP−P0) = x3 +
(
− b2

x2
P

− 3a b

xP
− xP

)
x2 + 3abx + b2

divides fξ,[3](x) in F(xP ). Let us consider the polynomial

x3 + Xx2 + 3abx + b2 ∈ F(X)[x].

According to the values S0 = 1, Si = 0, i ≥ 1, w0 = 3ab, w1 = b2, corre-
sponding to the isogeny I0, with kernel 〈P0〉, this polynomial is f−X,I0(x). Never-
theless, for the sake of notational simplicity, we change X by −X.
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The trace value X has to be a rational root of the polynomial

fξ,Î0
(X) = X3 + 9ξX2 − 27a(2aξ + b)X + 81a4ξ + 27b(a3 + b).

Therefore, in order to determine rational roots of the degree 9 polynomial fξ,[3](x),
we can proceed in two cubic steps: compute rational roots of fξ,Î0

(X) and for each
one of them compute rational roots of the corresponding fX,I0(x).

Since trisecting the point P0 = (0, 0) is equivalent to trisecting the opposite
point −P0 = (0,−b), without loss of generality, we can assume that we start with
Q = (ξ, η) having η �= 0. Then the roots of fξ,Î0

(X) in F are

Xi = −3
(

η2
i − aηi + ξ +

aξ

ηi
+

ξ2

η2
i

)
,

where η1, η2, η3 denote the three cubic roots of η in F.

Proposition 5.3. If |F| ≡ −1 mod 3, the polynomial fξ,Î0
(X) has a unique ratio-

nal root, say X1, and fξ,[3](x) = fX1,I0(x)(fX2,I0(x)fX3,I0(x)) is a decomposition
over F of type (deg 3)(deg 6).

If |F| ≡ 1 mod 3, either the polynomial fξ,Î0
(X) is irreducible (when η is not a

cube) or splits completely. In the last case, fξ,[3](x) = fX1,I0(x)fX2,I0(x)fX3,I0(x)
is a decomposition over F of type (deg 3)(deg 3)(deg 3).

Now we are left with the factorization of polynomials fX,I0(x). We remark here
that if fX,I0(x) splits completely and ξ′1, ξ

′
2, ξ

′
3 denote its roots, then

(ξ′j ,−ξ′j
2
ξ′k/b) ∈ E(F)

for j �= k. Therefore, the roots of fX,I0(x) provide both coordinates of new rational
points, which are necessary to keep descending in the trisection tree.

Let us see how to compute these roots ξ′j . A necessary condition for the trisection
of Q = (ξ, η), with η �= 0, is η ∈ F

∗ 3. Let η1 ∈ F be a cubic root of η. Then fξ,Î0
(X)

has a rational root X1. The polynomial fX1,I0(x) has a root in F if, and only if,

µ =
η1a − ωξ + ω2η2

1

η1a − ω2ξ + ωη2
1

is a cube. This element has to be considered in F(ω), which is either F or its
quadratic extension. When this condition holds, if µ1, µ2, µ3 are the cubic roots of
µ in F(ω), then the roots of fX1,I0(x) are

ξ′j =
νν

η2
1

+ λj + λj − a2 j ∈ {1, 2, 3},

where

ν = η1a − ωξ + ω2η2
1 , λj =

(
ξ

η2
1

− ω

)
µjν

and ¯ denotes conjugation in F(ω) (namely, replacement of ω by ω2). We see that,
if fX1,I0(x) has a rational root, then it splits completely over F.

When fξ,Î0
(X) splits completely, the corresponding formulae for X2 and X3 are

obtained via the substitutions η1 → ωη1 and η1 → ω2η1.
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Algorithm: Trisection of points of the elliptic curve E/F : y2 + 3axy + by = x3

Input: Point Q = (ξ, η) ∈ E(F) with η �= 0.
Output: Points P ∈ E(F) such that 3P = ±Q.

(1) If η �∈ F
∗ 3, then return “Q cannot be trisected”; else, compute cubic roots

ηi of η in F
∗ (we can have i ∈ {1} or i ∈ {1, 2, 3}).

(2) Compute νi = ηia − ωξ + ω2η2
i and compute νi.

(3) Compute µi = νi/νi. If µi �∈ F(ω)∗ 3 for all i, then return “Q cannot be
trisected”; else, compute three cubic roots µij of µi in F(ω)∗.

(4) Compute λij = (ξη−2
i − ω)µijνi and compute λij .

(5) Compute ξ′ij = (νiνi)η−2
i + (λij + λij) − a2.

(6) Compute η′
ijk = −ξ′ij

2ξ′ik/b for k �= j.
(7) Return the points (ξ′ij , η

′
ijk) (either 6 or 18 points).

At this point we have shown that trisection of points in E/F reduces to com-
putation of cubic roots in F

∗ and F(ω)∗. In a finite field with q elements, this
computation can be done in O(log4 q) bit operations using a randomized algorithm
(see [1, Theorem 7.3.2]). Assuming the Extended Riemann Hypothesis, a determin-
istic algorithm can be considered instead. In that case, the cost would be O(log5 q)
(see [1, Theorem 7.8.2]).

Now, putting this all together it is easy to obtain a concrete statement of the
procedure of successive trisection that we have described previously and that ends
up describing completely the 3-Sylow subgroup of E(F) . Let us just remark that the
above trisection algorithm has to be adapted to compute only one trisection point
and not all of them. The cost of the whole algorithm is dominated by the repeated
call (each time four calls at most) to this trisection algorithm, as many times as
the height of the tree T̃3, namely O(log |F|) times. Then, we finally get that with
this algorithm the cost of computing group order and generators for the 3-Sylow
subgroup of E(F) is O((log |F|)5). Again, assuming the ERH for the computation
of cubic roots, the algorithm would be deterministic with cost O((log |F|)6) bit
operations.

6. Examples

The algorithm to compute the 3-Sylow subgroup of E(F) presented in the above
section has been implemented by J. Valera in MAGMA, [10], running over a Pentium
IV 1.7 GHz. It has been used to test one million random elliptic curves

E/Fp : y2 + 3axy + by = x3,

for a couple of 60-digit primes p. The average time of execution for a curve was
0.035 seconds when p ≡ 1 mod 3 and 0.049 seconds when p ≡ −1 mod 3. Some
examples are shown in Table 2. They have been taken over a prime field Fp as
well as over some of those extensions Fpk where the size of the 3-Sylow subgroup
increases. In the case p ≡ 1 mod 3, the 3-Sylow subgroup grows only for extensions
of degree divisible by 3 while for p ≡ −1 mod 3 the 3-Sylow subgroup changes when
considering extensions of degree divisible by 2 or 3. We provide also two examples
of big 3-Sylow subgroups corresponding to a 100-digit prime p in Table 3.
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Table 2. Structure of the 3-Sylow subgroup of curves over Fpk

p = 1060 + 13797 p = 1060 + 13813

a 1 2
b 114 4
k 1 3 9 1 2 3
(n3, r3) (2,0) (3,1) (4,2) (2,0) (2,2) (3,0)
time 0.02 sec 0.51 sec 1.66 sec 0.19 sec 0.90 sec 4.52 sec

a 53351884 2
b 5838033 3
k 1 3 9 1 2 3
(n3, r3) (6,3) (7,4) (8,5) (4,0) (4,2) (5,0)
time 0.21 sec 7.73 sec 167.48 sec 0.24 sec 1.23 sec 5.14 sec

a 82712312 99316564
b 45000893 36282433
k 1 3 9 1 2 3
(n3, r3) (10,0) (11,1) (12,2) (8,0) (8,2) (9,0)
time 0.14 sec 4.68 sec 162.60 sec 0.53 sec 2.23 sec 8.79 sec

Table 3. Structure of the 3-Sylow subgroup of curves over F10100+267

p = 10100 + 267

a 764212675198723124974852771568671837860322848094399347\
607911744801781306509342979423298588450051366

b 660416786189080116622324878974107952236262704784216134\
0873502899177640441499162105770715371937804614

(n3, r3) (11,0)
time 0.48 sec

a 228879820630704101131598151097823035031023338508679556\
4924834825515038986687054951561796434116805078

b 273068793377644516058823504781373887841950528388367247\
6670197145331196467208312959214257828924799253

(n3, r3) (10,1)
time 0.85 sec
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Table 4. Distribution of the curves over F4483 according to their
3-Sylow subgroup

n3 + r3 (n3, r3) Elliptic Curves Isomorphism classes

1 (1,0) 8998362 2009

2 (2,0) 2985012 666
(1,1) 4517856 252

3 (3,0) 887436 198
(2,1) 1183248 66

4 (4,0) 430272 96
(3,1) 573696 32
(2,2) 233064 13

5 (5,0) 13446 3
(4,1) 17928 1
(3,2) 5976 1

7 (7,0) 80676 18
(6,1) 107568 6
(5,2) 35856 2
(4,3) 17928 1

In order to compare performances, the group order of the first of the curves in
Table 3 has been computed using MAGMA, which implements the SEA algorithm.
The time to obtain

|E(Fp)| = 311 · 5 · 19 · 5413097 · q
where q is the prime 109773315961887140276574601976831947116686249194668952
068232967554646936221117475309929, was 205.83 seconds. Taking p = 10180 +711
and coefficients a = 10100 + 2 and b = 10100 + 4 for E/Fp, the 3-Sylow subgroup
Z/35

Z was computed in 0.51 seconds with our algorithm, while the computation of
the group order, without factoring, took 5346.86 seconds in a first execution and
5244.24 seconds in another one.

Our algorithm has also been used to study the distribution of the curves y2 +
3axy + by = x3 over a prime field Fp . In particular, the results obtained for the
prime p = 4483 are summarized in Table 4. They are classified according to their 3-
Sylow subgroup Z/3n3Z×Z/3r3Z. Notice that, since there is no integer in Hasse’s
interval divisible by 36, the value n3 + r3 = 6 is not possible. The amount of
curves for each pair (n3, r3) is given in the third column, while the corresponding
isomorphism classes are counted in the last one.

The amount of isomorphism classes has been computed taking into account that
elliptic curve isomorphisms {

x = u2x′ + v,
y = u3y′ + su2x′ + t

preserve the form y2+3axy+by = x3 of the equation when (v, t) are the coordinates
of a rational 3-torsion point and s is the slope of the tangent line to the curve at
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Table 5. Distribution of the curves over F4483 for some structures
of the 2-Sylow and 3-Sylow subgroups

n3 + r3 (n3, r3) (n2, r2) Elliptic Curves Isom. classes

2 (2,0) (0,0) 1048788 234
(1,0) 717120 160
(2,0) 457164 102
(1,1) 215136 48
(3,0) 116532 26
(2,1) 116532 26
(4,0) 125496 28
(3,1) 125496 28
(9,0) 62748 14
(8,1) 62748 14

(1,1) (0,0) 1505952 84
(1,0) 1111536 62
(2,0) 699192 39
(1,1) 233064 13
(3,0) 233064 13
(2,1) 233064 13
(4,0) 125496 7
(3,1) 125496 7
(9,0) 125496 7
(8,1) 125496 7

7 (7,0) (1,0) 80676 18
(6,1) (1,0) 107568 6
(5,2) (1,0) 35856 2
(4,3) (1,0) 17928 1

this point. In particular, the curve obtained while translating the origin to the
3-torsion point (0,−b) is y2 − 3axy − by = x3.

If the curve y2 + 3axy + by = x3 has a cyclic 3-Sylow subgroup, its isomorphic
curves have equation y2 + 3γaxy + γ3by = x3, with γ ∈ F

∗
p. Therefore, there are

p − 1 curves in each isomorphism class, except when a = 0 and p ≡ 1 (mod 3), in
which case we have only (p − 1)/3 curves.

If the curve y2 + 3axy + by = x3 has a non-cyclic 3-Sylow subgroup, we have to
add to its isomorphism class those curves obtained by translation of the origin to
one of the other points of order 3. It turns out that an isomorphism class contains
4(p−1) curves, except when a = 0 or b = 9a3/8, in which case it contains 4(p−1)/3
curves. Notice that, since the elliptic curve E : y2 + 3axy + by = x3 has j-invariant

jE =
27 a3

(
9 a3 − 8 b

)3

(a3 − b) b3
,

the special cases correspond to jE = 0.
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It should also be noted that there are relations between the amounts listed in
the last column, since they can be read in the context of the volcano structure of
the 3-isogenies [5]. When n3 > 2, the number of isomorphism classes having (n3, 0)
is three times the number of isomorphism classes corresponding to (n3−1, 1). This
responds to the fact that the curves with cyclic 3-Sylow subgroup are placed at the
base of the volcano, whereas the ones with (n3 − 1, 1) are at the first level.

To finish with the examples, we combine the algorithm described here with
the algorithm to compute the 2-Sylow subgroup given in [12]. We take the cases
n3 + r3 = 2 and n3 + r3 = 7 of Table 4 and detail in Table 5 the distribution
according to their 2-power torsion subgroup Z/2n2Z × Z/2r2Z.

Looking at Hasse’s interval [4351, 4617] one realizes that all the curves having
n3 + r3 = 7 and (n2, r2) = (1, 0) have |E(Fp)| are not only divisible but equal to
2 · 37; and the same occurs when n3 + r3 = 2 and n2 + r2 = 9: all the curves in
these cases have group order exactly 29 · 32.
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