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THE MODIFIED LEVENBERG-MARQUARDT METHOD FOR
NONLINEAR EQUATIONS WITH CUBIC CONVERGENCE

JINYAN FAN

ABSTRACT. We propose a modified Levenberg-Marquardt method for nonlin-
ear equations, in which not only a LM step but also an approximate LM step
are computed at every iteration. To ensure the global convergence of the new
method, a new kind of predicted reduction is introduced for the merit function
when using the trust region technique. The cubic convergence of the modified
LM method is proved under the local error bound condition which is weaker
than nonsingularity. Numerical results show that the new method is very
efficient and could save many calculations of the Jacobian.

1. INTRODUCTION

We consider the system of nonlinear equations
(1.1) F(z) =0,

where F(z) : R® — R"™ is continuously differentiable. Due to the nonlinearity of
F(z), (TJ) may have no solutions. Throughout the paper, we assume that the
solution set of (II)) denoted by X* is nonempty, and in all cases || - || refers to the
2-norm.

The Newton method is one of the best known methods for nonlinear equations.
At every iteration, it computes the trial step

(1.2) dy = —J; ' Fy,

where Fj, = F(xy) and Jy, = F'(zy) is the Jacobian. If J(x) is Lipschitz continuous
and nonsingular at the solution, then the convergence of the Newton method is
quadratic [4]. However, when F(x) is complicated or when n is very large, the
computation of the Jacobian may be expensive. There are mainly two ways to
save the Jacobian calculations. One is to use an approximation of the Jacobian
which needs less computation. For example, Quasi-Newton methods are popular
methods for nonlinear equations and usually have superlinear convergence under
some suitable conditions. The other way is to make more use of the available
Jacobian Ji. For example, the following well-known modified Newton method
computes not only the Newton step

(1.3) dy = —J; ' Fy,
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but also the approximate Newton step
(1.4) N = —J F(yr)  with yp = 2 + df

at every iteration. The available Ji is used in () rather than J(yx), in other
words, which saves the Jacobian calculation. The convergence of the modified New-
ton method described above is cubic if J(x) is Lipschitz continuous and nonsingular
at the solution.

Though the Newton method and the modified Newton method enjoy the favor-
able property of fast convergence, dY and dM~ may be very large and not stable
when Jj, is near singular. Moreover, when Jj is singular, dY and dM¥ are not
defined. To overcome the difficulties caused by the possible singularity of Jj, the
Levenberg-Marquardt method [B [6] computes the trial step by

(1.5) dEM = — (T T + \eI) LT Fy,

where the LM parameter \; > 0 is updated from iteration to iteration. Obviously,
when Ji is nonsingular and Ay = 0, then the LM step dﬁM is reduced to the
Newton step dfcv . The LM method has the same quadratic convergence as the
Newton method if the Jacobian is Lipschitz continuous and nonsingular at the
solution.

However, the condition on the nonsingularity of the Jacobian is too strong. Re-
cently, under the local error bound condition which is weaker than nonsingular-
ity, Yamashita and Fukushima [I4] showed that if the LM parameter is chosen as
Ar = || F||?, then the LM method preserves the quadratic convergence under the
local error bound condition. Fan and Yuan [3] chose Ay = || Fx||® with § € [1,2]
and proved that the LM method still achieves the quadratic convergence under the
same conditions. More general choices of the LM parameter have been given in [2].

Inspired by the modified Newton method, we present the modified Levenberg-
Marquardt method in this paper. At every iteration, the modified LM method first
solves the linear equations

(1.6) (JETe + MeD)d = —JEFy with Ay = || Frl®, 0 € [1,2]
k k

to obtain the LM step dy, where uj > 0 is updated from iteration to iteration, then
solves the linear equations

(1.7) (JE T + M\ D)d = —JEF(y)  with g = oy + dy

to obtain the approximate LM step d. We use (JT Tk + pel|Fe|°1) instead of
(J ()T I (yr) + presr | F (y)||°T) in (L), which does not involve the calculation of
J(yx). Since the decomposition of Ji' Ji, + A1 is available after solving (L6]), only
the function value F(y;) is needed to solve (7). So the cost of obtaining dj, will
be inexpensive.

We could use line search or the trust region technique to obtain the global
convergence of the modified LM method. Since dj is a decent direction of the
merit function ||F(z)||2 at @ but dy + dj, may not be, we prefer to use the trust
region technique. It is worth pointing out that the usual predicted reduction
| Fl|2 = | i+ Jidy |2 is always nonnegative [1], however, || Fi || — || Fi+Ji (di +dy) |2
may not have such a desirable property. To overcome this difficulty, we introduce
a new kind of predicted reduction, which is proven to be always nonnegative and
of crucial importance for the global convergence of the modified LM method.
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As the modified Newton method has cubic convergence, it is interesting to inves-
tigate whether the modified LM method could also achieve the cubic convergence
under the local error bound condition which is weaker than nonsingularity. Thus,
we need to explore not only the LM step dj but also the approximate LM step cfk.
While dj, preserves the attractive properties as presented in [3], dr, depends on the
properties of JI F(yy) which contribute to the cubic convergence of the modified
LM method.

The paper is organized as follows: In Section 2, we first introduce the new def-
inition of the predicted reduction for the merit function, then propose a modified
LM algorithm for (II]) by using the trust region technique. We show that the new
algorithm preserves the same global convergence as the existing LM algorithms
under some suitable conditions. In Section 3, both dj and dy, are deeply investi-
gated. We prove that the modified LM algorithm has the same cubic convergence
as the modified Newton method under the local error bound condition, which is
weaker than nonsingularity. Finally, some numerical results of the new algorithm
are reported in Section 4.

2. THE MODIFIED LM ALGORITHM AND ITS GLOBAL CONVERGENCE
2.1. New definition of the predicted reduction and the algorithm. We take
(2.1) O(z) = [|F(2)]?
as the merit function for (IT). As described in Section 1, the modified LM method
not only computes the LM step dj by (L6l but also computes the approximate LM

step dj, by (7) at every iteration.
Define the actual reduction of ®(z) at the k-th iteration as

Aredy = || Fe|)* = ||F (2 + dy, + di) >

We cannot define || Fy||2 — || Fx + Ji (di 4 di)||? as the predicted reduction as usual,
because it cannot be proven to be nonnegative, which is required for the global
convergence in the trust region method. We need to develop a new kind of predicted
reduction.

Note that the LM step dj is the minimizer of the convex minimization problem:

(2.2) Inin 1Fe + Jed|” + Aklldl® £ op,1(d).
If we let
(2.3) Ay = ldill = 1l = (I Je + AeD) THI Fil
then it can be verified that dj, is also a solution of the following trust region problem:
(2.4) min || Fy, + Jid||* st. [|d]] < Apa.
deRn
By the famous result given by Powell in [10], we know that
. JIF
(2.5) 1F5l? = 1B + Jdil* > (175 F mm{HdkH’ HkTiku} :
1T Jl

Similarly to dy, dk is not only the minimizer of the problem

(2.6) min || F(ye) + Jid|” + Aelldl* = ¢,2(d),



450 JINYAN FAN

but also the solution of the trust region problem

(2.7) min || F(yx) + Jid||* st ||d]| < Aga,
deR"™
where
(2.8) Apo = |ldill = || = (JETe + M) T TEF (yi) |-
So we also have
. . - JIUF(y
@9 IFEI = 1) + e ]? = 17 P min { 4], 0
k

Now based on the inequalities (28] and ([2.9), it is reasonable for us to define
the new predicted reduction as

(2.10) Predi = || Fi|* = || Fx + Jrdil|* + | F(y) I = 1F (yr) + Judi]|?,

which satisfies

: 175 Frll
Predy, > ||JF Fy|| mln{||dk;||7
* 17 T

IJkTF(yk)II}
e el S

(2.11)
IEE@) min{mkn,

and it is always nonnegative. The ratio of the actual reduction to the predicted
reduction

_ Ared,

" Predy

will be used in deciding whether to accept the trial step and how to adjust the LM
parameter.
We present the modified LM algorithm as follows.

Tk

Algorithm 2.1 (Modified LM algorithm for nonlinear equations).

Stepl. Givenz1 € R™, 1 >m >0,0<pg<p1 <p2<1,1<6<2, k:=1.
Step 2. If || JI Fx|| = 0, then stop. Solve

(2.12) (JE T+ M D)d = —JFF,  with A\, = || Fel®

to obtain dj and set

Yk = T + di.
Solve
(2.13) (JETe + M D)d = =T F(y)
to obtain cfk and set
s =di + cik

Step 3. Compute 7y, = Aredy,/Predy. Set

 xk+ sk, if r; > po,
(2.14) Th+1 = { T, otherwise.
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Step 4. Choose pi+1 as

4y, if ri < p1,
(215) Hg+1 = M, if Tk € Lp17p2]>
M .
max{z,m}, if 7, > pa.

Set k =k + 1 and go to Step 2.

In fact, our modified LM algorithm can be regarded as a trust region algorithm
in some sense. As we know, the trust region algorithm updates the trust region
directly at every iteration, while our modified LM algorithm updates the parameter
pi, which in turn updates the values Ay ; and Ay o by 23) and [28) implicitly.
Many other papers also discuss the Levenberg-Marquardt method and the trust
region method; please see [7), [8, [13] [15 [16] and the references therein for more
details.

The main difference of Algorithm 2] from the general LM algorithm [I] is that
an approximate LM step di, is computed at every iteration. dr may not be as
good as —(J(yx) T J (yr) + s || F(y) I° 1)~ T (y)T F(yx.), but it does not need to
calculate J(yg). Another difference is that a new kind of predicted reduction is
used to guarantee the actual reduction to be always nonnegative.

We require px to be no less than a positive constant m to prevent the steps from
being too large when the sequence is near the solution.

2.2. Global convergence of Algorithm [2.11 To study the global convergence
of Algorithm 1] we make the following assumptions.

Assumption 2.2. F(z) is continuously differentiable, and both F(x) and its Ja-
cobian J(z) are Lipschitz continuous, i.e., there exist positive constants L and Lo
such that

(2.16) [J(y) — J(@)[| < Lally — =],  Vz,yeR"
and
(2.17) [F(y) — F(2)|| < Laolly —zl|,  Vx,y € R".

By the Lipschitzness of the Jacobian, we have
(2.18) IF(y) = F(z) = J(x)(y = 2)|| < Lilly — 2, Va,y € R".

Next we show that the sequence generated by Algorithm [Z1] converges to the
stationary point of the merit function.

Theorem 2.3. Under the conditions of Assumption 2.2, Algorithm 21l terminates
in finite iterations or satisfies

(2.19) lim ||J] Fyl| = 0.
k—o0
Proof. We prove by contradiction. Suppose the theorem is not true, then there
exist a positive 7 and infinitely many & such that
(2.20) 1 T¢ Fyll > .
Let T3, Ty be the sets of the indices as follows:
T = {k | |75 Eell = 7},
T
Ty = {k | |JF Fy|| > B and Tpt1 # Tk}
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Then 77 is an infinite set. In the following, we will derive the contradictions whether
T5 is finite or infinite.

Case (I). T3 is finite.
It follows from the definition of T5 that the set
Ty = {k | |Ji Fill > 7 and @p41 # xx}

is also finite. Letf: be the largest index of T5. Then we know that 11 = x) holds
for all k € {k > k | k € T1 }. Define the indices set

Ty={k>k||[JFF|| > and 21 = a1}

Suppose k € Ty. It is easy to see that ||J], Fri1] > 7. Moreover, we have
ZTkto = Xgy1. Otherwise, if xp o # Ty, then k£ + 1 € T3, which contradicts the
fact that k is the largest index of T3. Hence, we have k 4+ 1 € T. By induction, we
know that || JL Fy|| > 7 and @441 = 3, hold for all k > k.

It now follows from Step 3 of Algorithm 1] that 7, < po for all k > k, which
implies

(2.21) pur — +oo  and A — 400
due to (ZI2), @I8) and zp41 = x for all k > k. Hence we have
(2.22) dj, — 0.
Moreover, it follows from (7)), (ZI8), (Z21) and the definition of dj, that
ldill = | = (T Te + M D)~ TEF () |
<N Tk + M) Tl + (T T 4+ D)™ T Trde|
(2.23) + Ll die |21 (T T + M D)™l
< ]+ el + 2222

Ak
< ef|dgl

holds for all sufficiently large k, where ¢ is a positive constant. Therefore, we have
(2.24) Iskll = lldx + dll < (1+ )| dill.

Furthermore, it follows from 2I1), (ZI7), (220) and (Z24)) that
(2.25)
Aredy, — Predy,

1l =
Irie =11 ‘ Predy,

| F (g +di+di) 1> = | Fi+ Jedi |2+ F (ye) |2 = | F (i) + Jedi ||

- . Ji F) : 5 JLF
I7E Fillmin { el 35+ 1T F )| mim (i, Lt

[ Fr+Jese|OUlskl >+ lldi 12)+ O sil* + | di I*) + || Fr+ Jrdr||O(]|di||*)
T
77 Bl min { i, 55524
< IFNOUIdel?) + | Tkdi Ol di]|)

- [l I
— 0,

<
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which implies that ry, — 1. In view of the updating rule of u, we know that there
exists a positive constant m > m such that pp < m holds for all sufficiently large
k, which is a contradiction to (Z22I)). Hence the supposition ([Z:20) cannot be true
while Ty is finite.

Case (II). Ty is infinite.
It follows from (2.I1)) and ([2.I7) that

IEL > D (N Fll? = I Fera]1?)

keTs
> Z poPredy
keTs
JTF|
(2.26) > Y o {1 Bl min e 552
keTs

s R
+|JTF<yk>||mm{||dk|= T Tl
{ A

PoT . T
2 Tmln{”dﬂLE},
k€T,
which implies

(2.27) lim  dy =0.

k—o0,keTs

Then the definition of dj gives

(2.28) Ao — +00, k € Ty,

Similar to [2:23), there exists a positive ¢ such that

(2.29) ldi ]| < &l

holds for all sufficiently large k € T5. Thus we have

(2.30) skl = lldi + dill < (1 + &) di]l-

Hence, we obtain from ([2.26]) that

(2.31) S skl = > lld + di]l < +o0.
keTs keTs

Furthermore, it follows from (2.I6) and ([2.I7) that

D

keTs

15 Frll = 1T Frea || < oo

Since (2:20) holds for infinitely many k, there exists a large k such that HJkTF Wl >

and
>

kETy k>k

By induction, we see that ||JL Fy|| > 7/2 holds for all k > k. Then we deduce from

E20)-229) that limg_,c zx exists and
(2.32) di =0, dj — 0.

T
< =.

15 Eiell = 141 Faa | 5
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It follows from the definition of dj, that
(2.33) i — +00.
Next, by the same analysis as (Z225]) we know that
re — 1.

Thus, there exists a positive constant m > m such that ur < m holds for all
sufficiently large k, which is a contradiction to (233]). Therefore, the supposition
@20) cannot be true when 75 is infinite.

Summarizing the analyses above, we know that (ZI9]) holds true. O

Actually, if we let
(2.34) Predy, = ||Fi||? = || Fi + Ji(dp + dk)H2
as usual, we have
Predy, — Predy, = || Fe+Jidi||> = | F (yi) |2+ | F (yi) + Jrdie | = | Fre+ Ji (di+di) |2
= 2di J{(F(yx) — Fx — Judy),
which means
(2.35) Predy, = Predy, + ||di|O(||di||?) = O(Predy,).

So Predy, can be used instead of Pred, while computing.

3. CUBIC CONVERGENCE OF THE MODIFIED LM ALGORITHM

We assume that the sequence {zj} generated by Algorithm [ZT] converges to the
solution set X* of (II)) and lies in some neighbourhood of z* € X*. We first give
the relations among the LM step dy, the approximate step di, and the distance from
the current iterate zj to the solution set. Then we show that the LM parameter is
bounded above which is very important to the derivation of the cubic convergence
of the algorithm.

The local convergence theory requires the following assumptions.

Assumption 3.1. (a) F(x) is continuously differentiable, and ||F(x)|| provides a
local error bound on some neighbourhood of z* € X*, i.e., there exist positive
constants ¢; > 0 and b; < 1 such that

(3.1) |F(z)|| > erdist(x, X™), Vo e N(z*,b) ={z | [Jx —z"| < b1}

(b) The Jacobian J(z) is Lipschitz continuous on N(x*,b;), i.e., there exists a
positive constant Lq such that

(3.2) 17(y) = J(@)I| < Lally — zll,  Vo,y € N(z",b1).

Note that, if J(z) is nonsingular at a solution of (III), then the solution is an
isolated one, so ||F(z)|| provides a local error bound on its neighborhood. However,
the converse is not necessarily true, for examples please see [14]. Hence, the local
error bound condition is weaker than nonsingularity.

Due to the Lipschitzness of the Jacobian, we have

(3.3) 1F(y) = F(z) = J(z)(y — )| < Lilly — 2|, Va,y € N(z",by);
moreover, there exists a constant Lo > 0 such that

(3.4) 1F(y) = F(2)[| < Lo|ly — zll, Vx,y € N(z",b1).
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In the following, we denote Zj the vector in X* that satisfies

|z — zx|| = dist(zg, X ).

3.1. Properties of the trial step s;. In this subsection, we use the singular value
decomposition technique to investigate the properties of dy, di, and hence sy.

Suppose the SVD of J(zy) is
Ji = RS
() ()
= (Ug,1,U ’ =%
( k,1 k,2) < 0 ijj2
= Up 1S Vi,

where 1 = diag(Gx,1, ,0k,) With Gx1 > G2 > -++ > G5, > 0, and corre-
spondingly the SVD of Jy, is

Jp = Up S ViF
Yk Vk;l
= (Uk1,Uk2,Ux 3) Yk,2 Vi

= Uk,12k,1Vk:’:1 + Uk,zEk,QVEQ,
where Xy 1 = diag(og 1, ,0k%,,) With o1 > o2 > -+ > 0, > 0, and Xy o =
diag(ak,r+la"' 7O-k,7"+q) with Okyr 2 Okpril = Ogpy2 = 00 2 Ogriq > 0. In
the following, if the context is clear, we neglect the subscription k in ¥j; and
Uk,i, V(i = 1,2,3), and write Jj, as
T = U ViE + U BV

The following lemma gives the relationship between the trial step s and the
distance from zj, to the solution set.

Lemma 3.2. Under the conditions of Assumption BIl, if xg,yx € N(x*,b1/2),
then there exists a constant co > 0 such that

(3.5) Isk]l < o dist(zg, X™)
holds for all sufficiently large k.
Proof. Since x, € N(z*,b1/2), we have
35 — 71| < 13k — il + s — 27| < 2z — 27| < b,

which implies that Z;, € N(z*,b1). It follows from (ZI0) and @BI)) that the LM
parameter \j satisfies

(3.6) Ae = el Fell® > me} ||z — ]|
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As dj, is a minimizer of ¢y, 1(d), we have from (33)) that

Ja? < Petlde)

<
< Pra(@r =~ z1)

< "

N Fe A+ k(@ — )|

" + e — il
< Liey"m 2 — k| * 0 + |2 — a1,
which together with 1 < § < 2 gives

(3.7) k|l < CollZr — will,

where é; = \/Lfcl_‘;m—l + 1 is a positive constant.

It follows from (3:3) and the definition of dj, that
ldkll = | = (J& i + M) T F ()|
<N Tk + MD) TN+ 1 T+ AD) ™I el
+ Lol | P [T T + M D) I
< 2fldill + Lalldil*[1( T T + M) T -
Using the SVD of Ji, we have
I T+ D) I

(3.8)

(3 + M) 715 Ut
= (V15V27‘/3) (E%+>\k1)_122 U;
0 UL
(3.9) (52 4 N D) 13y

IN

(Z% + )\k,[)_lzg
0

< (= .
- /\,;122

By the theory of matrix perturbation [I2] and the Lipschitzness of Ji, we have
[ diag(S1 — B, B2, 0)|| < [Tk = Jill < Laf|Zn — ],

which yields

(3.10) IS0 - Sl < Lillg — 2l and (S5l < L@ — wl

Since {x}} converges to the solution set X*, we assume that L;||Z —zk|| < 7,/2
holds for all sufficiently large k. Then it follows from (BI0) that

- 2
(3.11) 1= <

— — )

Op — L1||:Ek _xk” o 67"

moreover, we have from that
)

DA

3.12 A= =2
1) Il = TR = e

|25 — @' °.
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The above inequalities together with B8] and (3] imply that there exists a pos-
itive ¢y such that

(3.13) Idi ]| < 2lldi ]| + Ealldi|® | — zxl|'~°
holds for all sufficiently large k. Hence we obtain from ([B.7)) that

(3.14) lsill = lldi +dell < lldill + il < eallzi — ]

for some ¢y > 0. The proof is completed. ([

3.2. Boundedness of the LM parameter. The updating rule of {y;} indicates
that {ux} is bounded below. Next we show that uy is also bounded above.

Lemma 3.3. Under the conditions of Assumption B, if xg,yr € N(x*,b1/2),
then there exists a positive constant M > m such that

(3.15) e < M

holds for all sufficiently large k.

Proof. First we prove that for all sufficiently large k,

(3.16) [F5l1? = [1F% + Jrdl|® > el Fil| min{||dl|, |2 — x|},
(3.17) IE i) 1? = 11 (yr) + Judi|? > ésl|F (ye) || min{[|dy |, |7x — ell},
where ¢3, ¢3 are some positive constants.
To prove [B16), we consider two cases. If ||z — zi|| < ||dk, by B, B3) and
the fact that dy, is the solution of (Z4]), we have
[Ekll = 1 F% + Jedill = |1 Fell = |Fr + Je(Zr — z) |
(3.18) > 1|z — @il + O(|l 2k — =)

> G3||Tg — x|

for some ¢3 > 0. In the other case that ||z — zi|| > ||dk||, we have

[[d|| _
HFk” - ”Fk + JkdkH > “Fk” - ”Fk + mjk(l'k — {Ek)H
[kl _
> ——— —(|Fell = |Fx + Ji (T — x
(3.19) Ika—ka(” kll = [[F% + Je(@r — ze)])
> Oy —
||fEk: —3?k||

> C3l|di-
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Both (BI8)) and (3I9) indicate that

IFell” = 1 Fr + Jedell® = (1F%ll + I1F% + Jedi ) (|1 Frll = | F% + Jrdl])
> &3|| F || min{||d[, |75 — @&}

Similarly, if ||k — yxll < ||ldx|l, then by @I)-B3) and the fact that dj is the
solution of (27)), we have

I (i)l = 1F (ye) + i
> F ()| = 1F'(yw) + Jr (e — ye) |l

(3.20) > 1F ) = 1F (e )+ (yre) @k =y ) | = 11 (T = T (&) (G — 9 |
> 1|5k — yill + Ok — yel®) + Ol dilll| gk — yil)
> ¢3l|uk — yrll

for some é5 > 0. In the other case where ||x — yx|| > ||dx]|, we have
1F (i) | = 1F (ye) + Tudi|

d )
> 1l = 1Fwe) + — @ =l
TG = url

i )
(3.21) > %l p ) = 1) + ke — )
||yk —yk:||
bl
T T 'C3Hyk ka
”yk _yk”
> ésl|di|-

Combining (320) and B21]), we obtain

IE i) 1> = 1 F (yk) + Jedil|?
= (IF () | + I1F (yw) + Judi ) (IF i) | = 1 F (y) + Jrdal)
> &3\ F (ye) || min{ || g — yill, lldell}-

Hence it follows from [B3)), (1), (BI6) and BI1) that

(3.22)
1] = Aredy, — Predy,
k N Predj,
| F (g Adp+di) |1 = | F (ys) +Tudp ||* + 11 F (i) || = || e+ Trdi ||

Predy,

< IFk+ skl Okl + 1) + Ol swll* + I 1) + 1| P+ T |O (1 [1*)
&3 || e || mind{|d ], [|2x — 2kl } +Es]| F (yr) || min{ ||k —yi |l e}

< IFe+ skl O(Ulskl® + 1 l|*) + Ol swll* + I 1) + [P+ T |O (i [1*)

- Ze — @l dl
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In view of (B4), 1) and BI3), we see that

(3.23) | Fx + Jrdi|| < || Fill < O(||Zx — zxl]),
| Fy + Jisell < |Fx + Jrde|| + || Tedy]|
(3.24) <N\ Fell + Lal|di || + El|di |l ?|Ze — x]*%)

< O([|lz — =xll)
and
sk ll* = Nl + dell* < lldx ]l + 2l|di|lldkll + 1 d ]
< il + 20| l| 2lldi || + 2| del|? (|5 — 2] ')
(3.25) + (2lldi || + e2lldi|* |2k — 2] 0)?
<9|di|* + Ol |2 — xxll*=°) + Ol || * |25 — i |>~27).
It then follows from ([B.7)) that

O(lldull?)
T2 — zellae] = OV
and
o) _ o

121 — wlllldell
The two inequalities above together with ([322)-(@3.24) imply that
r — 1.

Hence there exists a positive constant M > m such that pux < M holds for all
sufficiently large k. The proof is completed. O

Lemma B3] together with ([B4) indicates that the LM parameter satisfies
(3.26) Mo = pkl|Fell® < LyM||zy, — |,

which means the LM parameter is bounded.
In the remainder of this section, we will show that {zj} converges to some
solution of the nonlinear equations (1)) cubically.

3.3. Cubic convergence of Algorithm 2.7l By the SVD of Ji, we compute
(3.27) dr, = —Vi(23 + M) IS UL By — Va(33 + M) ™1 8.U7 Fy,
(3.28) dy, = =VA(53 + M) T S UL Fye) — Va(33 + M) ™' S2U3 F (),
and
(3.29) Fy + Jrdy,
= F— U1 S (34 M) T 5 UL By = Us X0 (B340 1) "1 50U Fy,
= MU (S5 4+ M) UL Fro+- MU (8340 1) U7 Fi+UsUS F,
(3.30) F(yk) + Jrdy
= F(yr) Ui X1 (Z3 40 7 S UL Fyn) = UsXo (B3 + M) " 50US Fyy)
= MeUr (33 + M) T U Fyi) + MUz (S5 + Mk d) ™ U3 F(yr) +UsUg F(yy).

In order to obtain the cubic convergence rate of the algorithm, not only a better
estimation of dj than ([BI3) is required but also the estimations of ||Fj + Jrdk||
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and ||F(y) + Jrdg| are required. The following two lemmas give the estimations
of [UT Fell, [UF Byl [UF Byl as well as [UT F(y)ll, [UF F(go)ll, [UF F(yy)ll, which
are involved in (329) and B30).

Lemma 3.4. Under the conditions of Assumption B, if xp, € N(x*,b1/2), then
we have

(a) [|U1U] Fil| < Lollzk — x5

(b) [U2U3 Fi|| < 2L |2k — ]|

(c) UsUs Fll < Lallze — i,
where Ly, Ly are given in B2) and B.4), respectively.
Proof. Result (a) follows immediately from (34]).

Let 55, = —J;Fk, where J,j is the pseudo-inverse of Ji. It is easy to see that 5
is the least squares solution of min ||F, + Jys||, so we have from (B.3) that

1UsUs Fill = |1 + Jusull < 1+ (@ — 2u)ll < Lall 2 — el

Let J, = U1V and &, = —j,ij. Since §j is the least squares solution of
min || Fy, + Jgs|, it follows from B3] and @I0) that

(U205 + UsUS ) Fiel| = || Fic + Ji 3|
< ||Fr + Ji(@r — )|
< |NFy + Je (& — zi) || + ||(jk — Je) (@ — xp)||
< Lul|zy — axl® + U222 Vs (@5 — ) |
< Lillzg — akl® + Lallzr — e[|z — 2l
< 2L |zn — a])*.
Due to the orthogonality of Us and Us, we get result (b). O

Lemma 3.5. Under the conditions of Assumption B, if xp,yr € N(x*,b1/2),
then we have

() |:UT Fy)|l < callZp — i s

(b) (U203 F(yw)|| < csllan — Zx[|*;

(c) 1UsUS Fyw)ll < collzn — xx|?,
where cy4,c5,Cg are positive constants.

Proof. Tt follows from BI1)), (3:28), (8:29) and Lemma [B4] that

ALIOM
|1 E + Jrdi|| < 2572”50;~C — xk||1+5 + (201 + Ly)||Zx — xk”z
4L1+5M -
< (25— + 3Ly |1z — z?,

Oy

which together with (B3] and (3.7) imply that
1E (el = 1F (zx + di)|
< 1Pk + Judi || + Lal|d|?
4L1+5M R
< (25—2 + 3Ly 4 L1&3)||Z — a1

r

= callzi — 2,
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where ¢4 = 4L M52 + 3L, + L1&. So we have
(3.31) 10U F(yi)ll < I1F (o)l < eallze — 2.
Thus the local error bound condition yields

(3.32) 156 = yell < e IE ol < erllze —

where ¢; = ¢ ey,
Let py = —J;" F(yx), then py, is the least squares solution of min || F(yx) + Jip|.
By simple calculations, we deduce from [32), (33), B1) and 332) that
1UsU3 F(ye) | = |1F(yx) + Jup|
< |1F(yx) + Ji(Gr — yx)||
< 1F (k) + J W) G = ye) | + 1Tk = (i) G = yi) |
< Lllgr — well® + Lalldi | |55 — il

< Lic3||zg — ac;C||4 + Liéser|| T — xp|]?

(3.33)

< col|zr — i,
where ¢g = L1c3 4 Liéacr. i
Let J, = U1~21V1T and p, = —J,jF(yk). Since py, is the least squares solution of
min || F(yg) + Jipl|, we deduce from B2), B3), B1) BI0) and B32) that
(U203 + UsU3 ) F ()|
= 1F(yx) + Jiprell < 1F (yr) + T (Gr — ye)l
< NF(yw) + J (wr) @ = v |+ 1 (Ts = T () (G5 — w1
(3:34) < Lallgk — wll® + 1k — T () = UsZaVa ) (@ — )
< Lillge — yll® + (e = T (yw)) @ — yi) || + 10222 V5" (5 — i)
< Lullge — yill? + Lalldillllg — yill + LallZe — 2]l 5x — vl
< Lic3||zp — zp||* + Liéacr||Zr — x4)|® + Licr|| @ — ox ||
Combining (B33) and [B34]), we know there exists a positive ¢5 > 0 such that
1U2U3 F(yu)ll < esllzy — zi])?
due to the orthogonality of Us to Us. The proof is completed. O

Based on the results obtained above, we can show that {x} converges to some
solution of (I cubically.

It follows from B.6), BI0), BII), B27), B.30) and Lemma BH] that

ldill = | = Vi(SF + M D) SaUL Fyi) = Va5 + M)~ SoUy F(yi) |
< ISTHINIUT Fye) || + 1A S2l1US F (i) |
(3.35) 2cq4 Lics

IN

El
S
|
&
>

— ||z 1>+ =&k — =) *°
oy mcy

< |z — 56k||27
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where cg = 2¢451 + Licy® -1 d
s = 2¢40, =+ Licy "csm™ -, an

(3.36)
I1F (yi) + Trdys |
= MU (Z2 4N D) UL F () + MU (240 D) UL F(yn ) +UsUL F () ||
< MIET2IIOT F i) |+11U5 F () [+ 105 F (ye) |
- ALY Mey

=7 52
O-T'

< coll @ — i|?,

1Z1 — @kl >0 + (c5 + o) |Ze — x|

where cg = 4L Mc457% + c5+ cg. Thus, we have from B1)-B3), B7), B35) and
(336) that

crl|Zrir — wrpall < |F @il = I (uk + di)l
< | F(yx) + J(yr)dill + L ||dg||?
< IF(ye) + Jidill + 1(J (yx) — Ji)dicl| + Ll >
< coll@k — kl|* + Lalldelldi || + L1l di])?

< col|Zp — xh||® + Liéocs|| T — xx||® + Lick||ze — 2z,

which gives
(3.37) |Zrt1 — Thra || < crol|@r — ok,
where cjg = CIl(Cg + LiGacg + Lic3). [B37) implies that {3} converges to the
solution set cubically.

Note that
(3.38) 2k = zill < |1Zes1 =zl + llskll-
It follows from B31) that
(3.39) 2k — il < 2]|skll
holds for all sufficiently large k. Hence we deduce from [B31) and Lemma [B2] that
(3.40) Iser1ll < OCllsll®).-
The above inequality indicates that {xx} converges to some solution of (II]) cubi-

cally, which is stronger than the convergence to the solution set.
We summarize our results in this section as follows:

Theorem 3.6. Under the conditions of Assumption [3.1], the sequence generated by
Algorithm 21 converges to some solution of (L) cubically.
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From the analyses above, we can see that under the local error bound condition
which is weaker than nonsingularity, we have

Mottt || Frall? <|xk+1 —fk+1||5) <|5k+1||5)
= <O|——————)=0—=%) =0(),
S PR oA T Rl P £ T ) = O

which implies that not only the LM parameter {A;} converges but also {F} con-
verges cubically to zero as {z}} converges cubically to the solution of ([ITI).

4. NUMERICAL RESULTS

We tested Algorithm BTl on some singular problems, and compared it with the
general LM algorithm which does not solve the linear equations (2.I3) and only
computes the LM step dj.

The test problems were created by modifying the nonsingular problems given by
Moré, Garbow and Hillstrom in [9], and have the same form as in [I1],

F(z) = F(z) — J(@*)A(ATA) AT (& — 2%),

where F(z) is the standard nonsingular test function, z* is its root, and A € R"**

has full column rank with 1 < k < n. Obviously, F(z*) =0 and
J(a*) = J(z*)(I — A(ATA)~TAT)
has rank n — k. A disadvantage of these problems is that F (z) may have roots that

are not roots of F(z). We created two sets of singular problems, with J(z*) having
rank n — 1 and n — 2, by using

Ae R, AT =(1,1,---,1)

Ac R, AT—<1 11 1 - 1>,

and

1 -1 1 -1 --- =1
respectively. Meanwhile, we made a slight alteration on the variable dimension
problem, which has n+ 2 equations in n unknowns; we eliminate the (n —1)-th and
n-th equations. (The first n equations in the standard problem are linear.)

We set pg = 0.0001,p; = 0.25,po = 0.75, 47 = 107> and § = 1 for all the tests.
The algorithm is terminated when the norm of JI F, e.g., the derivative of ® at
T}, is less than 107, or when the number of the iterations exceeds 100(n +1). The
results for the first set of problems of rank n—1 are listed in Table 1, and the second
set of rank n—2 in Table 2. The third column of the table indicates that the starting
point is g, 10xg, and 100xq, where xg is suggested by Moré, Garbow and Hillstrom
in [9]; “NF” and “NJ” represent the numbers of function calculations, and Jacobian
calculations, respectively; and “n.s.z*?” gives a Y(yes) if the method converges to
the same solution as the corresponding nonsingular problem, an N(no) otherwise.
If the method failed to find the solution in 100(n 4 1) iterations, we denoted it by
the sign “~”, and if the iterations had underflows or overflows, we denoted it by
OF. Note that, for general nonlinear equations, the calculations of the Jacobian
are usually n times of the function calculations. So we also presented the values
“NF+NJ*n” for comparisions of the total calculations. However, if the Jacobian is
sparse, this kind of value does not mean much.
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TABLE 1. Results on the first singular test set with rank(F”(z*))

n—1
(sk = dy) (sk = dr + di)
Problem n zo | NF/NJ/NF+NJ*n  n.s.z™? | NEF/NJ/NF+NJ*n  ns.z™?
1 2 1 15/15/45 Y 21/11/43 Y
10 17/17/51 % 25/13/51 %
100 21/21/63 Y 29/15/59 Y
3 2 1 - OF
10 35/18/71 Y -
4 4 1 16/16/80 Y 23/12/71 Y
10 19/19/95 Y 27/14/83 Y
100 22/22/110 % 31/16/95 %
) 3 1 8/8/32 N 11/6/29 N
10 8/8/32 N 9/5/24 N
100 8/8/32 N 11/6/29 N
6 31 1 44/25/819 N 75/15/540 N
8 10 1 8/8/88 Y 11/6/71 Y
10 23/23/253 Y 33/17/203 Y
9 10 1 4/4/44 N 5/3/35 N
10 7/7/77 N 11/6/71 N
100 9/9/99 N 13/7/83 N
10 30 1 6/6/186 Y 7747127 Y
10 7/7/217 Y 11/6/191 Y
100 10/10/310 N 13/7/223 N
11 30 1 35/19/605 N 45/9/315 N
10 60/46/1440 N 85/23/775 N
100 45/35/1095 N 99/24/819 N
12 10 1 14/14/154 Y 19/10/119 Y
10 16/16/176 Y 21/11/131 Y
100 19/19,/209 Y 27/14/167 Y
13 30 1 9/9/279 Y 13/7/223 Y
10 14/14/434 % 19/10/319 %
100 17/17/527 Y 25/13/415 Y
14 30 1 12/12/372 Y 17/9/ 287 Y
10 18/18/558 Y 97/14/447 Y
100 24/24/744 Y 35/18/575 Y
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TABLE 2. Results on the second
rank(F'(z*)) =n — 2

singular test set with

(s = d) (s = di +dy)
Problem n  zo | NF/NJ/NF+NJ*n ns.z*? | NF/NJ/NF+NJ*n  ns.z™?
1 2 1 11/11/33 N 15/8/31 N
10 13/13/39 N 19/10/39 N
100 17/17/51 N 23/12/47 N
3 2 1 35/25/85 N 57/17/91 N
10 59/54/167 N 91/34/159 N
100 25/18/61 N 51/15/81 N
4 4 1 14/14/70 N 19/10/59 N
10 17/17/85 N 23/12/71 N
100 20/20/100 N 29/15/89 N
5 3 1 13/13/52 Y 19/10/49 Y
10 14/14/56 Y 19/10/49 Y
100 24/18/78 Y 21/11/54 Y
6 31 1| 3200/1793/58783 N 3201/801/28032 N
8 10 1 8/8/88 Y 11/6/71 Y
10 23/23/253 Y 33/17/203 Y
9 0 1 1/444 N 5/3/35 N
10 7/7/77 N 11/6/71 N
100 10/10/110 N 13/7/83 N
10 30 1 6/6/186 Y 7/A/127 Y
10 7/7/217 Y 11/6/191 %
100 10/10/310 N 15/8/255 N
11 30 1 19/9/289 N 41/9/311 N
10 62/41/1292 N 65/17/575 N
100 43/35/1093 N 87/23/777 N
12 10 1 14/14/154 Y 10/10/119 Y
10 16/16/176 Y 21/11/131 N
100 19/19/209 Y 27/14/167 N
13 30 1 9/9/279 Y 13/7/223 Y
10 14/14/434 % 19/10/319 %
100 17/17/527 Y 25/13/415 Y
14 30 1 12/12/372 Y 17/9/ 287 Y
10 18/18/558 Y 97/14/447 Y
100 24/24/744 Y 35/18/575 Y

465
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From the tables, we can see that Algorithm 2] almost always outperforms the
general LM algorithm, whether on the first singular test set or on the second test
set. Though the function calculations of Algorithm 2] are more than those of the
general LM algorithm, their Jacobian calculations are much less, which contributes
to fewer calculations of Algorithm -Tlthan the general LM algorithm. The numeri-
cal results also support the faster local convergence result of Algorithm 2Tl obtained
in Section 3 in some sense.
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