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L' ERROR ESTIMATES FOR DIFFERENCE APPROXIMATIONS
OF DEGENERATE CONVECTION-DIFFUSION EQUATIONS

K. H. KARLSEN, N. H. RISEBRO, AND E. B. STORROSTEN

ABSTRACT. We analyze monotone finite difference schemes for strongly de-
generate convection-diffusion equations in one spatial dimension. These non-
linear equations are well-posed within a class of (discontinuous) entropy so-
lutions. We prove that the L! error between the approximate and exact so-
lutions is O(Aazl/3), where Az is the spatial grid parameter. This result
should be compared with the classical O(Axz1/2) error estimate for conserva-
tion laws (Kuznecov, 1976), and a recent estimate of O(Az'/11) for degenerate
convection-diffusion equations (Karlsen, Koley, Risebro 2012).

1. INTRODUCTION

Nonlinear convection-dominated flow problems arise in a range of applications,
such as fluid dynamics, meteorology, transport of oil and gas in porous media,
electro-magnetism, as well as in many other applications. As a consequence it has
become a very important undertaking to construct robust, accurate, and efficient
methods for the numerical approximation of such problems. Over the years a large
number of stable (convergent) numerical methods have been developed for linear
and nonlinear convection-diffusion equations in which the “diffusion part” is small,
or even vanishing, relative to the “convection part” of the equation. There is a
large literature on this topic, and we will provide a few relevant references later.

One central but exceedingly difficult issue relating to numerical methods for
convection-diffusion equations, is the derivation of (a priori) error estimates that
are robust in the singular limit as the diffusion coefficient vanishes, avoiding the
exponential growth of error constants. This problem has been resolved only partly
in special situations, such as for linear equations or in the completely degenerate
case of no diffusion (scalar conservation laws). For general nonlinear equations
containing both convection and (degenerate) diffusion terms this is a long standing
open problem in numerical analysis.

This paper makes a small contribution to this general problem by deriving an
error estimate for a class of simple difference schemes for nonlinear and strongly
degenerate convection-diffusion problems of the form

Ou+ Opf(u) = 02A(v), (z,t) € lr,

(1.1) u(0,z) = u¥(z), z R,
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where II7 = R x (0,T") for some fixed final time T" > 0, and u(x,t) is the scalar
unknown function that is sought. The initial function vy : R — R is a given
integrable and bounded function, while the convection flux f : R — R and the
diffusion function A : R — R are given functions satisfying

f, Alocally C*; A(0) = 0; A nondecreasing.

The moniker strongly degenerate means that we allow A’(u) = 0 for all u in some
interval [, 8] C R. Thus, the class of equations becomes very general, including
purely hyperbolic equations (scalar conservation laws),

(1.2) Opu+ Oy f(u) =0,

as well as nondegenerate (uniformly parabolic) equations, such as the heat equation
Oyu = 0%u, and point-degenerate diffusion equations, such as the heat equation with
a power-law nonlinearity: dyu = 9, (u™0,u), which is degenerate at u = 0.

Whenever the problem (1) is uniformly parabolic (i.e., A’ > n for some 1 > 0),
it is well known that the problem admits a unique classical (smooth) solution.
On the other hand, in the strongly degenerate case, (ILI)) must be interpreted
in the weak sense to account for possibly discontinuous (shock wave) solutions.
Regarding weak solutions, it turns out that one needs an additional condition,
the so-called entropy condition, to ensure that (L)) is well-posed. More precisely,
the following is known: For uy € L'(R) N L°°(R), there exists a unique solution
u € C((0,7); LY(R?)), u € L*°(Il7) of (L)) such that 9, A(u) € L?(Ilz) and for all
convex functions S : R — R with ¢ = f'S” and ry = A’S’,

(1.3) 0:S(u) + 0,qs(u) — ?rs(u) <0 in the weak sense on [0,T) x R.

The satisfaction of these inequalities for all convex S is the entropy condition,
and a weak solution satisfying the entropy condition is called an entropy solution.
The well-posedness of entropy solutions is a famous result due to Kruzkov [21]
for conservation laws (L2)), and a more recent work by Carrillo [5] extends this
to degenerate parabolic equations ([LI]). These results are available in the multi-
dimensional context, and we refer to [I}[I0] for an overview of the relevant literature.
For uniqueness of entropy solutions in the BV class; see [2028].

One traditional way of constructing entropy solutions is by the vanishing viscosity
method, which starts off from classical solutions to the nondegenerate equation

atun + 8a:f(u17) = 85‘4(“17) + naium n >0,

and establishes the strong convergence of u, as 7 — 0 by deriving BV estimates
that are independent of n; see Vol'pert and Hudjaev [27].

Besides proving that u, converges in the L' norm to the unique entropy solution
u of (L)), it is possible to prove the error estimate

(1.4) lug (-, ) —u(-,t)| . < C/n, (whenever ug € BV);

see [14] (cf. also [15]). The error bound (L4 can also be obtained as a consequence
of the more general continuous dependence estimate derived in [9]; see also [6L[18].

Herein we are interested in the much more difficult problem of deriving error
estimates for numerical approximations of entropy solutions to convection-diffusion
equations. Convergence results (without error estimates) have been obtained for
finite difference schemes [12] (see also [I3l[19]); finite volume schemes [16] (see also
[2]); operator splitting methods [17]; and BGK approximations [3|[4], to mention
just a few references. For a posteriori estimates for finite volume schemes, see [24].
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To be concrete in what follows, let us for simplicity assume f’ > 0 and consider
the semi-discrete difference scheme
iu-(t) L F) = Flujn)  Alujn) = 2A0u;) + Aluj)
dt Az Az? ’
where u;(t) ~ u(t,jAz) and Az > 0 is the spatial mesh size. Convergence of
this scheme can be proved as in the works [I21[T3], where explicit and implicit time
discretizations are treated. Denote by ua,(x,t) the piecewise constant interpolation
of {u;(t)};. The basic question we address in this paper is the following one: Does
there exist a number r € (0,1) and a constant C, independent of Az, such that

(1.6) |luaz(-,t) —ul(-,t)|| . < CAx",

where u is the unique entropy solution of ([II)). We refer to the number r as the
rate of convergence.

In the purely hyperbolic case (IZ) (A’ = 0), the answer to this question is a
classical result due to Kuznetsov [22], who proved that the rate of convergence is
1/2 for viscous approximations as well as monotone difference schemes, and this
is optimal for discontinuous solutions. The work of Kuznetsov [22] turned out to
be extremely influential, and by now a large number of related works have been
devoted to error estimation theory for conservation laws. We refer to [7] for an
overview of the relevant results and literature.

Unfortunately, the situation is unclear in the degenerate parabolic case (I1]). Let
us expose some reasons why adding a nonlinear diffusion term to (I2]) can make the
error analysis significantly more difficult than in the streamlined Kuznetsov theory.
First of all, it is well known that the purely hyperbolic difference scheme
iuj(t) N flug) = fluj—1)
dt Ax
has as a model equation, the second order viscous equation

(1.5)

(1.7) =0

Az
Opu+ 0of (u) = =0 f(u),

an equation that is compatible with the notion of entropy solution for (I2). Indeed,
an error estimate for this viscous equation is highly suggestive for what to expect
for the upwind scheme (I7T) (this is of course what Kuznetsov proved). However,
for convection-diffusion equations such as (II]) the situation changes. The model
equation for (LI is no longer second order but rather fourth order:

2
Do+ 0, () = D2A(w) + 202 () — 229 A(w);

hence the error estimate (L4 appears no longer so relevant for numerical schemes.
Another added difficulty comes from the necessity to work with an explicit form
of the parabolic dissipation term associated with (II)). Indeed, in the analysis one
needs to replace (I3]) by the following more precise entropy equation [5],

O lu — | + 0, (sign(u — &) (F(u) — £(0) — 2 |A(u) — A(c)]

= —sign’(A(u) — A(0)) [, A(W)[*,  c€R,
which is formally obtained multiplying (1)) by sign (A(u) — A(c)), assuming for
the sake of this discussion that A’(-) > 0. The term on the right-hand side is

the parabolic dissipation term, which is a finite (signed) measure and thus very
singular. To illustrate why the parabolic dissipation term is needed, let u(y, s) and

(1.8)
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v(z,t) be two solutions satisfying (L8). In the entropy equation for wu(y,s) one
takes ¢ = v(x,t), while in the entropy equation for v(x,t) one takes ¢ = u(y, s).
Adding the two resulting equations yields

(0 + 0s) [u = v| + (0 + 9y) (sign(u — v)(f(u) = f(v)))
— (07 +9;) | A(w) — A(v)| = —sign'(A(u) = A(v)) (|0, A(w)* + |0, A(v)[*),
By adding —282, |A(u) — A(v)| to both sides of this equation, noting that
—207, | A(u) — A(v)| = 2sign’(A(u) — A(v)) 9y A(u)0; A(v),
we arrive at
(00 + 05) [ — o] + (B + By (sign(u — v) (F(w) — £(0)))
— (07 =203, + 05) | A(u) — A(v)|
= —sign’(A(u) ~ A(0)) (10,A()| 1, A(v)])’
S 07

(1.9)

from which the contraction property < [u(-,t) — v(-,t)]| .. < 0follows [5]. Similarly,
to obtain error estimates for numerical methods, it is necessary to derive a “discrete”
version of (LA) with v replaced by ua,. The main challenge is to suitably replicate
at the discrete level the delicate balance between the two terms in ([9) involving
A; the difficulty stems from the lack of a chain rule for finite differences.

Despite the mentioned difficulties, in this paper we will prove that there exists
a constant C, independent of Az, such that for any ¢ > 0,

[une(-t) = u(-, )| < C Azs.

The only other work we are aware of that provides L' error estimates for numerical
approximations of (L) is [20]; therein (LG) is established with r = -L; if A is
a linear function, then the convergence rate is the usual one, namely r = % In
addition to the semi-discrete scheme ([LT), we will prove similar results for fully
discrete (implicit and explicit) difference schemes.

Roughly speaking, the reason is two-fold for why we can significantly improve
the result in [20]. First, we are herein able to provide a more faithful analog of
(T3) at the discrete level. Second, since sign’(-) is singular, one has to work with
a Lipschitz continuous approximation sign, () of the sign function sign(-). The use
of this approximation breaks the symmetry of the corresponding entropy fluxes,
and introduces new error terms that depend on the parameter €; the process of
“balancing” terms involving Az and & lowers the convergence rate (to r = ) [20].
In the present paper we are able to dispense with this balancing act. Indeed, we
show that it is possible to send € — 0 independently of Azx.

The remaining part of this paper is organized as follows: In Section 2] we list
some relevant a priori estimates satisfied by viscous approximations and entropy
solutions, and provide a definition of entropy solutions. The semi-discrete difference
scheme is defined and proved to be well-posed in Section Bl We also list several
relevant a priori estimates. Section Ml is devoted to the proof of the error estimate.
In Section [§] we show that the proof in Section  can be adapted to a fully discrete
scheme that is implicit in the time variable. In fact, we go through all the steps of
the proof and provide the details where there are considerable differences between
the two cases. In Section [6] the explicit version of the scheme is treated. We end
the paper with a few concluding remarks in Section [7l
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2. PRELIMINARY MATERIAL

Set A"(u) := A(u)+nu for any fixed n > 0, and consider the uniformly parabolic
problem

uf + f(u), = A"u") e, (z,t) € U,
21) {u"(:z:,O) =u’(x), xR

It is well known that (2I)) admits a unique classical (smooth) solution.
We collect some relevant (standard) a priori estimates in the next three lemmas.

Lemma 2.1. Suppose u® € L>®(R) N L*(R) N BV (R), and let u" be the unique
classical solution of 2.1I). Then for anyt > 0,
(o t) | pr )y < HUOHLl(R)’
() ey < N 2w ),
(5 8) gy ) < |uO}BV(R)'
For a proof of the previous and next lemmas, see for example [27].

Lemma 2.2. Suppose u® € L>®(R) N LY(R) and f(u’) — A(u), € BV(R). Let u"
be the unique classical solution of 2.). Then for any t1,t2 > 0,

[u? (- t2) = u ()l oy < [F (1) = AWz gy g It2 =t
Regarding the following lemma, see [1225].

Lemma 2.3. Suppose u® € L>°(R)NLY(R) and f(u") — A(u®), € L=(R)NBV (R).
Let u be the unique classical solution of (21)). Then for any t >0,

1A, 8) = A0l iy < (17 0°) = A )al| o sy
@ (,0) = AW D)l gy < [F00) = AW gy

Note that [|A(u")s e 10y and [|A(u")eg || oo (11) are bounded independently of
n provided that A(u®), is in BV (R).
The results above imply that {u"}, _ is relatively compact in C([0,T; Li (R)).
If u = lim,) o u", then
lu” = ull 1 g1y < C0'2,
for some constant C' which does not depend on 7; see [14]. Moreover, u is an entropy
solution according to the following definition.

Definition 2.1. An entropy solution of the Cauchy problem (] is a measurable
function u = u(x, t) satisfying:
(D.1) uw € L>®(Ilr) N C((0,T); L*(R)).
(D.2) A(u) € L?((0,T); H'(R)).
(D.3) For all constants ¢ € R and test functions 0 < ¢ € C(R x [0,T)), the
following entropy inequality holds:

/ /H Ju — ¢l o1 + sign (1 — &) (F() — F(c))pn + |A(1) — A(c)| @ra derdt

—|—/ luo — | p(z,0)dx > 0.
R
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The uniqueness of entropy solutions follows from the work [5]. Actually, in view
of the above a priori estimates, the relevant functional class is BV (Ily), in which
case we can replace (D.2) by the condition A(u), € L°°(Ilr). For a uniqueness
result in the BV class, see [28].

3. DIFFERENCE SCHEME

We start by specifying the numerical flux to be used in the difference scheme.

Definition 3.1 (Numerical flux). We call a function F € C'(R?) a two-point
numerical flux for f if F(u,u) = f(u) for u € R. If

0 0
— > — <
auF(u, v) >0 and 6vF(u, v) <0

holds for all u,v € R, we call F monotone.

Let F,, and F, denote the partial derivatives of F' with respect to the first and
second variable, respectively. We will also assume that F' is Lipschitz continuous.
Let Az > 0 and set x; = jAx for j € Z, and define

Oj+1 — 0j

DiO'j == Az 5

for any sequence {o,}.
We may now define a semi-discrete approximation of the solution to (ILI)) as the
solution to the (infinite) system of ordinary differential equations

(3.1)

d _
{E“j(t) +D-Fjnjp =D-DyA(y), >0,

u;(0) = &= flj u®(x) du,

where Fji /0 = F(uj,u;41) is a numerical flux function and I; = (2;_1 /2, Tj41/2]-
The problem above can be viewed as an ordinary differential equation in the
Banach space (1(Z) (see, e.g., [23]). To get bounds independent of Az we define

loll, = Az) lojl  and olpy =Y lojr1— o5l = [Doll; -
J J

If these are bounded we say that ¢ = {o;} is in ¢! and of bounded variation.
Let u(t) = {u;(t)};cz0 u® = {1;(0)},.4. and define the operator A : £' — ¢! by
(A(u)); = D_(F(uj,uj+1) — Dy A(u;)). Then (BI) takes the following form:
d
d—zt‘ FAW) =0, t>0, u(0)="u’.

This problem has a unique continuously differentiable solution since A is Lipschitz
continuous for each fixed Az > 0. This solution defines a strongly continuous
semigroup S(t) on ¢!, If S also satisfies

IS — Sl < Ju—vll, for wuvedl,

we say that it is nonexpansive. The next lemma sums up some important properties
of the solutions to (B (for a proof see [11]).
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Lemma 3.1. Suppose that F is monotone. Then there exists a unique solution
u={u;} to BI) on [0,T] with the following properties:

(@) [lu(®)]l; < [Ju’]],-
(b) For every j € Z and t € [0,T],

i%f {u} <wy(t) < Sl;p {up}.

(c) |u(®)lpy < ’u0|BV'
(d) If v={v;} is a another solution with initial data v°, then

lu(t) = o®)ll, < fJu” =%,
Lemma 3.2. If F' is monotone, then

(32) [ (g, uj41) = Dy Alug) |l oo < || F(f,uf 1) — Dy Au
(3.3) |F(ujuj1) = Dy Aluy)| gy < |F(ufuf ) = Dy Au

e
Dpv -

Furthermore, ¢ — {u;(t)},cy s 0Y Lipschitz continuous.

Proof. The proof follows [12]. Let v; = Az}, dus Then v; satisfies

(34) vy =Az > D_(DiAw) — Flug,ursr)) = Dy A(u;) — F(uj, ujq1),

k=—o0

and we may define v; for all ¢t € [0,7]. Note that {v;(¢)} is in ¢! for all ¢ by
Lemma Bl Differentiating ([B4]) with respect to ¢ we obtain

de - 1 de+1 duj
g~ g )= —alw) e }
d dU'+1
pm L — Fy(uj,ujsn) ét ;

= Fu(uj,ujpr)—

where a(u) = A’(u). Note that D_v; = % and Dyv; = d"é“ Therefore

dv; 1
(3.5) d_t] = (Ea(“jﬂ) - Fv(“ja“jﬂ)) D yv;
1
= (@) + Fulus i) ) Doy

Avssume vj, (to) is a local maximum in j. Then Dyvj,(to) < 0and D_vj,(t9) > 0 so
Y ~&(to) < 0 since F' is monotone. Similarly, if v, (to) is a local minimum in j, then
%t(l( 0) > 0. Then inequality m follows by the fact that {v;(t)} € ¢*. Consider
([33). We want to show that £ (|v(¢)|pv) < 0. Now,

d . d
E(Z lvj+1 — vj|) = " sign (vj11 — v;) 7 (Wit =),
i i
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so we may use (3.0). Thus

% (D)l
- < aluj+2) F”(uj“’“j“)) (D+vj41) sign(vj41 — v5)
_ Z ( a(uj1) + Fy (uj+1,u]+2)> |D. v,
; Z <A1 a(uj1) - Fv(uj,uj+1)> |D vy
+ Z <A1x (u]) + Fu(uy, uj+1)> ((D,Uj)sign(ijrl — Uj))
N - (Ala: a(ujsr) = E’(uﬂ'vuﬂl)) [(D4v;)sign (v; —vj—1) — |Dyvjl]
+ Z (Alxa(w) + Fu(uj;uj+1)> [(D_v;)sign(vjy1 — v;) — | D_v;]]
< Oa

since a(u) > 0, F, <0, and F,, > 0. Given the preceding estimates, the ¢! Lipschitz
continuity is straightforward to prove. O

It turns out that we need more conditions on F' than mere monotonicity.

Definition 3.2. Given an entropy pair (1, q) and a numerical flux F', we define
Q € C'(R?) by

Q(u,u) = q(u),
B 9
D Qo) =/ 0) 2 F(w.w),
) 0
%Q(U,W) =9 (w)%F(’an)

We call @ a numerical entropy flux.

The next lemma gives a sufficient condition on the numerical flux to ensure that
there exists a numerical entropy flux.

Lemma 3.3. Given a two-point numerical flur F, assume that there exist C!
functions Fy, Fy such that

(3.6) F(u,v) = Fi(u) + Fa(v),  Fi(u) + Fy(u) = f'(u),

for all relevant w and v. Then there exists a numerical entropy flur Q for any
entropy fluz pair (¥, q).

Proof. Let (¢, q) be an entropy pair. Then ¢ has the form

/ W' (2)f'(2) dz + C,
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for some constant C'. Define @) by

(3.7) Q(u,v) = /u W (2)F](2)dz + /U W (2)Fy(2)dz + C.

It is easily verified that @ Es a numerical entro;y flux. |
Let us list a few numerical flux functions to which Lemma [3.3] applies.

Example 3.1 (Engquist-Osher flux). Let

fi(s) = max(f'(s),0)  and  f’(s)=min(f'(s),0).
Then, in the terminology of Lemma B3] let F'(u,v) = Fi(u) + F»(v) with

R@=f0+ [ feds wd Re= [ 7

It is easily seen that the criteria given in Lemma [B.3] are satisfied, and F is also
clearly monotone.

Example 3.2. Let a,b € R and define
Fi(u) =af(u) + bu and Fv)=01-a)f(v) —bv.
Note that F(u,v) = Fi(u) + Fz(v) is monotone if
ainf{f'(u)} > —b and (1 —a)sup{f'(u)} <b.
This example includes both the upwind scheme and the Lax-Friedrichs scheme.

From a more general point of view we may consider any flux splitting, that is,
fu) = fT(u)+ f~(u) with (f*) (u) > 0and (f~)'(u) <0 for all u € R. Then the
numerical flux

F(u,v) = f*(u) + f~(v)
satisfies the assumptions of Lemma Note also that any convex combination of
numerical flux functions which satisfy the hypothesis of Lemma [3.3] itself satisfies
the assumptions of the lemma.

If (B.6) holds, then we have a representation of @) given by [B.0). It follows that

(3.8) Q) = ) + [ "y ()2 de

Note that we may obtain another representation depending on Fj by splitting up
the first integral.

4. ERROR ESTIMATE

Let {u;},c, be the solution to B.1). We associate with it the piecewise constant
function
(4.1) Ung(z,t) = u;j(t) for z € Ij.

To derive the error estimate we need many of the uniform bounds from Sections
and [3l For these estimates to hold independently of Az, we make the following
assumptions on the initial data u0:

(i) u® € LY(R) N L>°(R) N BV (R).

(i) A(u), € BV(R).

We may now state the theorem.
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Theorem 4.1. Let u be the entropy solution to ((LI) and {u;(t)},, solve the

semi-discrete difference scheme B.0). If u® satisfies (i) and (ii) above, then for all
sufficiently small Ax,

1
”qu('at) - u('vt)HLl(R) < Hquac - UOHLl(R) + CTAIS? te [O,T],
where the constant Cr depends on A, f, u°, and T, but not on Ax.

Let us define some of the functions we are going to work with. First, we will use
the following approximation of the sign function:

sign, (o) = sin(3Z) for |o| <,
c sign (o) otherwise,

where ¢ > 0. Note that sign, is continuously differentiable and nondecreasing. We
define

u
\u|€=/ sign_(z) dz.
0

Furthermore, we introduce an entropy pair (¢, ¢.) defined by
Veluy ) = / sign.(A(z) — A(c)) d,
(u,c) / P(z,0)f(2)dz —/ sign_(A(z) — A(c)) f'(2) dz,

where 1)/ is the derivative with respect to the first variable.

Lemma 4.1. Suppose A’ > 0. Let u = u(y,s) be the classical solution of ([LI).
Then for any constant ¢ € R,

Oste (u, ) + Byqe (u, ¢) — D5 A(u) — A(c)|. = —dy vl (u, )9, A(u).

Proof. Multiply equation (1) by ¥.(u,c) to obtain

Oste (u, €) + Byqe (u, ) = YL(u, )05 A(u).
The term on the right may be rewritten according to

3y (VL (u, €)9yA(u)) = 0y (u, €) 0y A(u) + ¥L(u, )0y A(u).

By the chain rule,

0y (L (u, )0y A(u)) = Oy A(u) — A(c)]..
Combining these equalities proves the lemma. ([l

The next lemma is a simple identity taken from [§].

Lemma 4.2. For any differentiable function g and all real numbers a, b, c,

W(a, ) (g(b /w sz - [uiie
/w (z,¢)(g(z) — g(b)) dz.

a
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Proof. Integration by parts yields

B0 g /w 20 dz+/ W (2 0)(9(2) - 9b)) dz,

for any ¢ € R. Take the two equations obtained by taking ( = a and ¢ = b and
subtract one from the other. (Il

Lemma 4.3. Let u; be the solution to B1). Then for all c € R,
Ohe(uj, ¢) + D-Q(uj, uj1) = D-Dy|Aluz) = Ale)l,

<A1x>2 7 U (AG) - ) dz

Uj+1

g AR - Al) i

where Q°(u,v) := Qf(u) + Q5(v),

- [ weaned g = [ deore s

for all real numbers u and v.
Proof. From [B.1]) it follows that
W (ug, €)Opu; + L (uj, ) D F(uj, wjr) = L (uj, ) D_Dy Auy).
Note that
Ye(uj, ) D F(uj, uj41) = $o(uj, ¢) Do Fi(ug) + ¥l (u;, ) Dy Fa(uy),
and so we may apply Lemma 42l Let g = F;. Then we obtain

g, 0D Fi(0) = DGy~ [ W )~ Ry b

Similarily, let ¢ = F» to obtain
ULy D Falug) = D Qi) + 5 [ W OF(E) — Falusi) d
uj
Finally, apply Lemma twice with ¢ = A. Adding the equations we obtain
¥z (uj, ¢) (Auj—1) — 2A(u;) + A(ujt))
= /uj+1 Pz, 0)A'(2) dz + /ujil Pz, 0)A'(2) dz

* /I.Lj+1 !(z,0)(A(z) — A(ujqr)) dz

i /uLl U (2, ¢)(A(2) — A(u;-1)) dz.

)
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Note that

l/uwﬁ Pl(z,¢)A(2) dz + /uk1 PL(z,c)A'(2) dz]

J Uj

__[Zﬁﬁlgzpﬂz)—/ﬂ@kdz+liwllgzpﬂz)—fﬂdkd{

= [lA(wj—1) = A(0)|. — 2|A(w;) — A(c)l, + |A(uj41) — Ale)] -
Combining the above computations we obtain

Ot (uy, c) + D_Q°(uj, ujp1) — D-Dy|A(uj) — Au)|, = —E(uj—1,uj, ujq1),

€

where

1 [
Ef(uj1,uj,u41) = E/ ¥l (2, ¢)(F1(2) — Fi(uj-1)) dz

]‘ i "
- — F: — Fy(uy d
A ) VL (2, 0)(Fa(2) — Fa(ujy1)) dz
1 i
+ (A{E)Q wg(Z,C)(A(Z) —A(’U,j+1))d2:
Uj+1
1 i
+ (Ar)? Ul (2, 0)(A(2) — A(uj-1)) de.
The result follows from the monotonicity of F'. |

We shall need the next lemma, which deals with a mixed term, in order to carry
out the “second order” doubling-of-the-variables argument.

Lemma 4.4. Let {u;} be some sequence and u some differentiable function of y.
Then

LI I

(Aaz /uj1 P (z,u) dz + s /uj Y (z,u)dz | OyA(u)
= —0y(D— + Dy)[A(u;) — A(u)|

Proof. Let a,b be fixed real numbers. Then

.

/ " 42 (eu) dzA(w),

b
:/ sign. (A(z) — A(u))A(u),A'(2) dz

b
= _gy (/ sign_(A(z) — A(u))A'(z2) dz)

d
=5 (JA(b) — A(u)|. — |A(a) — A(u)],) -

Let a = uj_1, b = u; and a = uj, b = u;j41. Then add up the resulting equations
and divide by Az. O

We are now in a position to carry out the doubling-of-the-variables argument.
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Lemma 4.5. Suppose A’ > 0. Let u = u(y, s) be the classical solution to (L)) and
let {u;} = {u;(t)} be the solution to BI). Then

615’(/}5(“]'7 u) + 551/}5(% uj) + ayQE (ua uj) + D*Qu(ujﬁ ujJrl)
(0% +0,(D_ + D)+ D_D.)|A(u) — A(u)],) < —F,
where ES = E°[u](uj—1,uj, uj1) with
1 i

Ef[u)(uj-1,u5,uj41) = Bz ) P (2,u) (A(2) — A(ujy1)) dz

a0 - Ay ) ds
1

u

_ L VY (z,u) dz 0y A(u)

Ax wj
1 Ujt1
| e de,Aw

+ Oytc (u, 1) Oy A(u).

Proof. Let ¢ = u; in Lemma A1l and ¢ = u in Lemma A3l Then add up the
equations together with Lemma [£.4] O

Remark 4.1. Note that EY is a function of y, s, t.

In what follows it will be necessary to work with the piecewice constant approx-
imation defined in ([@I]). To do this we introduce some new notation. Let the shift
operator S, be defined for any ¢ : Il — R by

Sop(x,t) = p(x + 0,t),
and let the difference quotient be defined by
SiAm‘P — ¥
Az '

Note that for any two functions u, v of  we have D (uv) = SazuDyv + (Dyu)v.
If uv has compact support it follows that

/(D+u)vd:1c = —/uD,de.
R R

We will refer to these identities as the Leibniz rule for difference quotients and
integration by parts for difference quotients. We will frequently integrate over the
domain II2.. To avoid writing four integral signs we will in general write one for
each domain Il and let dX = dxdtdyds.

Dip==+

Lemma 4.6. Suppose A’ > 0. Let ua, = uaz(z,t) be defined by [@I), and let
u=u(y,s) be the classical solution of [[I). Let p € C§°(R) satisfy

supp(p) C [-1,1],  p(=0) = p(o), plo) >0, / plo)do =1,

and set
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for positive (small) r, & and ro. Let v and T be such that 0 < v < 7 < T and define

t

U0 = Halt =) = Halt =7, Hat)= [ pal©) e

Let
p(x,t,y,8) = P (t)wr(x — y)pr, (t — 5).

To ensure p—g = 0, |s—o = 0, we choose v and T such that 0 < ro < min(v,T—71)
and 0 < a < min(v —rg, T — 7 —rg). Then

//H2 |UA30 - u| pa(t - V)prTo dX
. / /H sign (uas — u) (f(uar) — F(u) (Dip + @) dX

2
T
SAzUAz
(4.2) + // / sign (z —u) F3(2)dz | DypdX
H% UAL

" / /H A1) = A@I DDy + (Dy +D)gy + o) A

> // luag — u| pa(t — T)wrpry dX + lim inf // Ei,pdX,
17, =40 17,

where E3,(v,t,y,s) = E5(t,y,s) forx € 1.
Remark 4.2. Note that both
Yz +py =0 and  Qge + 202y + @yy = 0.

In equation ([£2)) these expressions appear with difference quotients instead of -
derivatives. We expect that these equalities turn into good approximations as long
as Az tends relatively fast to zero compared to r. We will show that this is the
case in what follows.

Proof. By Lemma it follows that

O (Uag, w) + Oste (U, uag) + Oyge (U, uag) + D_Q(uaz, Saztaz)
— (024 0y(D- + Dy) + D_D.)|A(uaz) — A(u)|, < —E3,,

for all (z,t,y,s) € II%. Let us multiply with ¢ and integrate over I11%. Using both
ordinary integration by parts and integration by parts for difference quotients, we
obtain

//2 1/)5(UAm,U)SDt +¢E(U7UAI)SO3 dX
RS
+ //2 QS(U>UA1:)90y +Qu(uAmusAzqu)D+(PdX
07

<[ VA1) = AWy + (D + D)y + D) dX

> [[| Eaueax.
H2

T
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We want to take the limit as € | 0. Consider the first term on the left. By the
dominated convergence theorem, for any a,b € R,

lim ¢ (a, b) = lim/ sign,_(A(z) — A(b))dz = |a — b],
el0 el0 Jp
since A’ > 0. It follows that
lsiﬁ)ldje(quvu) = lslfoﬂ/)e(% uAac) = |uA9c - U|

Furthermore,

((Pt + @S)(x’taya S) = (pa(t - V) - pa(t - T))wT(x - y)pro(t - S)a

so by the dominated convergence theorem

lim e (uAgca U)@t + e (u7 uAac)‘Ps dX
el0 H%

= // luas — u| po(t — V)wrpr, dX — // luazs — u| pa(t — T)wrpr, dX.
2 2
T T

Consider the second term on the left. By (8.8)) we obtain

SAzUAz
Q" (uaz, Saztaz) = qe(Uag, u) + / sign, (A(z) — A(u))Fy(2) dz.

UAzx

Since A’ > 0,
lima.(usrv) = lim [ signa(A(2) = Awan)f (2) dz
= sign (uae, — u) (f(uae) — f(u)).
It follows that
lim Q" (uaz, Saztaz) = sign (ua, — u) (f(uas) — f(u))

Sazune
+ / sign (z — u) F3(z) dz.
u

Ax

As above
1;&1 e (u, upy) = sign (u — uaz) (f(u) — f(uaz))
= sign (uaz — w) (f(uaz) — f(u)).

Hence, again by the dominated convergence theorem,

lim // qe(’U:, UAx)‘Py + Qu(uAaca SAxUAw)D+§0 dX
el0 Hg]_

-/ / sign (uae — u) (f(uaz) — F(1) (g + D) dX

Sazuax
// / sign (z — u) F3(2)dz | DypdX. O
12z, UA
Lemma 4.7. Let ES and @ be deﬁned in Lemma [L6. Then

Ax

liminf// EXpdX 2/ lim inf </ szgodyds> dxdt.
E.LO H% HT S\LO HT
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Proof. Let
felz, t) == / EX o dyds
IIr
and
he(w,t)i= [ 9,(D_ + Dy)[A(uas) — A(w)], o dyds.
IIr
Recall that ER ,(z,t,y,s) = E5(t,y, s) for z € I;, where EY is defined in Lemma[4.5]
Note that
1 i
E5 > — Az P! (z,u) dz 0y A(u)

uj—l
[ v wdza,a0)
- — Y (z,u) dz u),
Az w; Y
so by Lemma [£.4]it follows that f. > h.. Using integration by parts and the triangle
inequality we obtain the bound

he] < (ID—A(uas)| + Dy Afuas)]) ( /

[0y dyds> =: h.
IIr
It follows by Lemma [B.I] that h is an integrable nonnegative function such that

—h < f.. By Fatou’s lemma we obtain

lim inf fedxdt > / lirni %nf fe dadt. |
13

E.LO HT HT

Note that as € | 0 the terms in E7 concentrate on the domains specified by

u € int(uj,ujt1), uw € int(u;—1,u;), or w = u;. In order to analyze this limit we
will need the following elementary lemma:

Lemma 4.8. Let {u;},,
increasing continuously differentiable function. For any u € R there exist sequences
{7'ji }jeZ ; {H;t}jez such that for each j € Z both 7']»i and Gj[ are in int(w;, w;+1)
and

be some sequence in R and let A: R — R be a strictly

Dysign, (A(u,) — A(u)) = sign’s(A(Tji) — A(u))D1 A(uy),
Da|A(uz) = A(u)|, = sign.(A(6]") — A(u)) D A(uy).
If u is a differentiable function of y, then for each j € Z,

(4.3) signz (A(7;") — A(u)) A(w)y = —(sign (A(6]) — A(w)))y.

Both {Tji}jez and {Hjt}jez depend on u and €.

Proof. The first statement is a direct consequence of the mean value theorem.
Consider ([3)). First note that 7,7 = Tjtl and ¢, = 9;’71, so it suffices to consider

7';_ and 9;‘. If u; = u;41, then 6; = 7; is independent of u and hence of y, so ([@3)
follows by the chain rule. In general,

sign’ (A(7;) — A(u))A(u)y Dy A(u;) = Dysign, (A(u;) — A(u)) A(u),
= =D (|A(uy) = A(u)l,)y
= —sign. (A(0;) — A(u))y Dy A(uy).
In the case u; # uj;1 we have Dy A(u;) # 0 and ([Z3)) follows. O
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The following result is concerned with the pointwise limit of signE(A(Gji) —A(u))
as € | 0. The explicit formula for this limit, which will be used later, shows that the
limit is in fact a Lipschitz continuous function in the case that A(u;) # A(u;+1).

Lemma 4.9. Let

|a—o’b|—|b—(f\ zfa ;é b,

Sg(ap) (0) = {sign(a —o) ifa=0b,a#b,
0 ifa=b=o,
for any real numbers a and b. Under the same assumptions as in Lemma L8,

18%1 sign. (A(07) = A(u)) = =S8 (a(uy) A(uyer)) (A1)

Furthermore, if a # b, then

-1 if o < min {a, b},
S8(a) (7) = § gy (0 — 3(b+a)) if o € int(a,b),
1 if o > max {a,b}.

Proof. To prove the first statement we consider the case of 9;-? The same argument
applies to 6. Recall the definition of 9;:

sign, (A(0]) — A(w)) (A1) — Aluy)) = [Auj41) — A(u)], — [Au;) — A(u)]..

J

If uj+1 = uj, then 9;-' = u,; for all v and e, since 9;‘ € int(u;,u;j4+1). Thus in this
case

0 if u=1u;
limsign_ (A(6)) — A(u)) = ”
210 8l (407) () {sign (A(u;) — A(u)) otherwise.

Assume that Dy A(u;) # 0. Then

[A(uj1) — Au)|, — [A(uy) — Au)],
Alujv1) — Aluy) ’

sign, (A(67) — A(w) =

and the result follows by letting € | 0. Let us prove the second statement. First
observe that all expressions are symmetric in a and b, so we may assume that a < b.
Under this assumption we have

(b= a)sg (o) (0) = la — o] =[b -0
=sign(a—o)(a—0o)—sign(b—o)(b—o0)
_ sign (b—o0) (a—0) if o & (a,b),
20 — (b+a) if o € (a,b).

Dividing by (b — a) concludes the proof. O
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Lemma 4.10. Let ES, and ¢ be defined as in Lemma L6l For each (z,t) € Ilp,

lim inf EX e dyds

el0 Or
> /HT D_ <D+Sign(A(UAx) — A(u))
1

1
+1iml})nf§/ (¢ (uaw, Tag: u) + ¢ (uar, T4, u)) (A(u)y) @ dyds,
£ HT

where
¢*(a, b, c) :=sign.(A(a) — A(c)) — sign.(A(b) — A(c)), Va,b,c € R.

Proof. We split the proof into two claims.

Claim 1.
o ——— /uj (2,7}, )0 (A(2) — A(ujp1))? dz
i = 2(A$)2 . s 15 z J+1
1 i
Fomap ) T W AG) — Al s

45 (€ gy ) + g, 7 w) (Afw), )

Proof of Claim 1. Let
T 1 /“j ,(/)//( )(A( ) A( ))d
= TANZ Z,U z)— A(ui_q 2
(Ax)? w1 € j
1 (% 1
T Az /uj1 U (z,u) dzA(u), + anw;(u,uj)A(u)y,
We start by rewriting the first term as follows:

w00 - Al ds
1

" 2(Ax)? /u sign’ (A(2) — A(u))0:(A(2) — A(u;-1))* dz

j—1

- Q(Alx)z /uj sign_ (A(7;") — A(u))9.(A(z) — Auj_1))*dz
* 2(Alx)2 /"J (2,75, w)0:(A(2) — A(uj1))* d2

=SSl (A(r}) — A))(D- A(uy))?

# Uy Sy 77 u 2) — Alus 24,
" 3(Axy /C (2,757, )0 (A(2) = A(uj1))" d.



ERROR ESTIMATES FOR CONVECTION-DIFFUSION EQUATIONS

Concerning the second term in the definition of T, Lemma 4.8 gives

_é uj Y (z,u) dzA(u), = —D_sign_(A(u;) — A(u))A(u),

Uj—1

= —signl(A(r;) — A(u)) D A(u;) A(u),.

J

For the last term we simply add and subtract to obtain
1 1. -

5Oyl ) Au)y = Ssigni (A(r7) — A(u))(A(u),)*

2
+ %Cg(uj’ 7 u)(Au)y)?.

Hence,
T = Sgnl(A(r}) = AW)(D-Alwy) — A(w),)?
1 uoo_ )
*omap T waAG) — Al ) i
+ 5 gy ) (AGw))*
Define
1 i "
T NS - VI (2,u)(A(z) — Aujy1)) dz
1 u

(e deA(w)y + 50, 07 AL,

Uj+1

Az

Using the same strategy as above we arrive at

T+ = Lsignl(A(r) = A(w) (D4 Alu)) = A(w),)?

+ m /“J‘ Cs(z,rf’u)az(A(z) — A(ujs1))2dz

Uj+1

+ 56 g ) (Au)y

2735

Note that Ef =T + T, so Claim 1 follows by removing the nonnegative terms

on the righthand side.

Claim 2. Suppose that x € I;. Then
(4.4)

. 1 Y 2
mahnfm/m Vu (e u) - (A(Z) = Alug 1)) d

j—1

O

U4 d
+ /u ¢z u) 7 (A(z) — A(ujy1))? dz] ¢ dyds

j+1

[ o <D+sign<A<uj> — )| 5(ACw) + Alu52) —A(u)Dsodyds.
Il
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Proof of Claim 2. Let

T = g | SELAG) A LAE) - A )i
Ki = 5a7 || st (A(7}") — Alw) 1= (A(2) — Ay 1)) d,
TS = 2(T1:c)2 / u+ sign’ (A(z) — A(u))%(A(Z) — A(uj41))* dz,
Ki = 5ame || sign (A(7}") — A(w) - (A(2) — Alug1)) d,

and note that the left-hand side of ([@4]) may be written as

liminf/ (15 — K§) + (75— K3)) pdyds.
Ir

el0

Let us rewrite T as follows:

T = (Alx)2 /u] Sign;(A(z) - A(u))A/(Z)(A(Z) — A(u;j—1)) dz
= (A;)Q /uj sign’ (A(z) — A(u))A'(2)(A(u) — A(uj—1)) dz

+ ﬁ / sign’ (A(z) — A(u)A'(2)(A(z) — A(u)) dz

(A(u) — Au;—1))

= D-sign (A(u) = Afu) I
where
RS =y [signe<A<z> ~ A@)(AE) - Aw)|

- /u 1AG) — Aw) d=|.
j—1
Concerning K¢, we apply Lemma [L8 to obtain

A T L PP
Ki = g | Sent(A() = AW)DL(A() = Alus0))*d:

Uj—1

_ %sign’a(A(Tj_) — A(w))(D_A(uy))? dz

B %D—Sigﬂe(x‘l(ug’) — A(w)) D A(uy).

It now follows that

1 1
T - K = - g D-sign.(Auy) ~ () |3 (Alw) + Alus-0) = Aw)| + B,
Performing the same type of computations as above yields

1 1

T5 - K5 =

2

A D (A(u) = A(w) | (Alug) + Alws) - AGw)] + 75
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where

1
RS = —
27 Ax?

YA -
[ e - At

— sign. (A(z) — A(u))(A(2) — A(w))

Z’“’j+l‘|
Z=Uy

sign, (A(z) — A(u))(A(2) — A(u)) — [A(z) — A(u)]

Z=Ug—1

Next, observe that

Z=Uj

RS —1

1= )
Al’Q €

so limgjo R = 0. The same considerations apply to R5 so lim.jo R5 = 0 also.
Claim 2 follows from an application of the dominated convergence theorem. Finally,
combining Claim 1 and Claim 2 finishes the proof. ]

4.1. Estimates. The purpose of this section is to find bounds on the “unwanted”
terms in inequality ({2]) and Lemma [LI0l Throughout this section the notation is
the one given in Lemma We let C denote a generic constant. By constant it is
meant that it does not depend on the “small” variables but it might depend on T'
and the initial data. For any set A, let 1 4 denote its characteristic function.

For future reference we collect some standard estimates in a lemma.

Lemma 4.11. Let ¢ be defined in Lemma G, Then

I
p oo
] O ot ty )| < v V= 1 @) 5).
Recall that S,o(z,t,y,s) = p(z+ 0,t,y,s). If |o| < Az, then
_ks (z,t,y,5)| < U(t) %ﬂ (,9) pro (t — 5)
Ok P\, 1, Y, N {lz—y|<r+Az}\ L5, Y)Prg .

Considering the difference quotient applied to w, we have

1o’ || o
|Diwr(z = y)l < =5 L{jo—y|<rtan (@, 9)-

Proof. Note that

Since supp(p) C [—1, 1] we have

8k oo
%wr(r)‘ < o Hlelzry (@),

which proves the first statement.
Consider the second statement. If |z — y| > r + Az, then

lzto—ylzlz—yl—lo|=r+ Az —Ax=r,

so it follows that 1|,y o_yj<r1(7,y) < L{jz—y|<r+a2}(7,y); this proves the second
statement.
To prove the last statement, recall that
wr(z+ Az) — wy(x)
Az '

Diw,(x) =
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If |z| > r+ Az, then w, (x+Ax) = w,(z) = 0, so supp(D4 (w,)) C [-r—Az,r+Axz].
By the mean value theorem and the fact that ||w.||; . = [|p/]| 772 we get

Pl oo
lwr(x + Az) — we(z)] < %Az.
The last statement follows from this. O

Estimate 4.1.

/ /H sign (uas — ) (f(uas) = f(w) (Do + ) dX

<Az (1 n ﬁ) .
r r
Proof. Let
8= / /H sign (use — 0) (f(use) = F(0) (Do + 3, dX.

First note that
Dio+oy=Dip— .
We claim that

1 Ax
(45) (D.HO—QOI) (l‘,t,y,S) = E/ (Ax—U)gom(x—l-o,t,y,s) do.
0

Hence
1 Az )
8= s //H% /0 sign_ (A(uaz) — A(w)) (f(uaz) — f(w) (Az — 0)So@ur do dX.

We can write
sign (UAgg - u) (f(uAa:) - f(u)) (l‘, Ly, 3)
= 3 sien (uy — ) () — @) (1,9) 1, ()

9,

Using summation by parts we get

Ax
A7 [ e e =) (Funs) = F(0) (A0 = )5, dod
1 Az
= — @ 1¢;. A _JSU zmd do
Aac/o EJ: J/R 115} (@) (AT = 0)So i du

1 Az
- Al’/ 26]/ @xm(x+07t,y7s)dx(Ax_o-)do.
0 - )
J

J

Az
= / E @J (D,Sg@x7j+1/2) (A.’[ — 0') dO'
0 -
J

Az
= _ZD+®j SoPu,j+1/2(Ax — o) do,
- 0
j

where S, 0, 1172 = @2(Tj41/2 +0,t,y,5). By Lemma ETT] we have

1
|90m(x +o,t,y, s)| < CT_2 ﬂ{\x—y|§r+Ax}(xa y)pro (t - 3)'
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Hence,
Az AJ)Q
’/0 Sopuj+172(Az — o) do| < CT—Q ﬂ{|mj+1/ry|§r+Ax}(y)Pro (t—s).
Now
1D, 6, < ||fHLip | Dyl
Therefore,

’ﬁ /R /0 Az sign (uae — u) (f(uaz) — f(u) (Ax — 0)p2, doda

Az
L
J

Ax?
<C ||fHLip Z |D+uj‘ oz ﬂ{‘mj+1/2,y|§r+m}(y)pm (t - 5)
J
It follows by the above and Lemma [B.1] that

A T
5l < a3 37 Dy de
0 -
J

r2

r+ Az
r2

=C / luaz(x + Az, t) — uaq(x,t)| dedt
IIr

1 Az 0
This concludes the proof. (Il
Estimate 4.2.

[ 140usn) ~ AQID-Dup+ (D + D) + ) dX
2
< AT (1 + ﬁ) .
T T
Proof. Since Yo + 202y + pyy = 0 it follows that

D_Dip+ (Dy+D-)py + ¢y = (D-Dyp = 0uz) + (D + D_)p — 202),, -
Thus

[, 1Aua0) = A (D-Dyg+ (D1 + D)o, + 44) dX
= [, 1Atwsn) = A1 (D-Dp = 1) aX

+//1‘12T |A(uaz) — A(u)| (D + D_)p — Q@x)y dX

= <1 + <2.
Consider the term ¢;. We use the same strategy as in Estimate EIl Writing
w(o) = p(z+0,t,y,s), a Taylor expansion gives

1

() = (0) = 2 (0) + 32 0) + 2 90) — § [0 = Do) o
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Using this, we get

w(Az) — 2u(0) + p(—Az) — Az’ (0)

)
/OAz

0

1
(0 — Az)3 D (o) do + 6 / R (o4 Az)* P () do.

=N

It follows that

Ax 84
D.D_¢—@p.=— A7 / (0 — Ax)? B ¢ +otys)do

10 o
b [ oA et oty o

Splitting ¢; according to this equality we get
6= [ 1Awan) = AWI(D-Dip - ) ax
HT

1 Ax 84
:‘W//n%/o [Aluas) = AW (0 = A2)* ol + 0,1y, 5) do dX
+L// /O Afuse) — AW (0 + A Lol +0,t,1,5) do dX
6A1’2 H% Aw x 6$4 y Uy I
=: (i1 + (i

We also have that

|A(U‘A9L’) - A( ,T 3 yY, S Z |A u] | (t Y,s ) H{[7}(l’)

o,

Consider (; 1,

Az 3 84
—/0 /R |A(uaz) — A(u)| (0 — Ax) pe s drdo
4

Az
0
:—Z\A uj) w)| (t,y, s )/ (U—Ax)3/ H{Ij}(ac)WSogodach
0 R z

Ax
= —Ax/ (0 — Az)? E ‘PijSOgm,jH/z do
0 ,
J

Ax
= Ax Z D+(I)j/ (0’ — Al‘)gsa@xxz,jJrl/Q dUa
. 0
where

83
SoPraa,j+1/2(t,Y,5) = %‘P(l'j+l/2 +0,t,9,5).
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Now we use Lemma [ .1]] to estimate this term as follows:

1 Az 84
il = |z /H/ [A(use) = Aw)| (0 = Aa)' S (@ + 0,y s) do dX|
1
- ‘6A$/ / ZD+ / o — A.’E) Sa@xwx,j-i—l/Q do dtdyds‘

r+ Ax Az .
< (C———— _
<C A2 /HT D A(unz)| (/0 (0 — Azx) da) dzdt

2
< opg2ltAT :cfg <1+§>,

rd r

where we have used that [A(uaz(",t))|py ) is bounded independently of Az, t,n
by Lemma Bl The term (; o is estimated in a similar way.
Consider (3. Again, let p(o) = ¢(x + 0,t,y,s). Then

(Ds + D )p — 2, = 1 [1(A) — p(~Az) — 2820 (0)].

By a Taylor expansion

() = ) = 24 O) + 52 0) 4 [ (0 - 24 (o) do.

Writing z = £ Az and subtracting the corresponding equations we obtain

1 [A o3
(Dy + D)o~ 20, = 51 / (0 = AP pla +0,t,y, ) do

83
T /Mamx) S et oty s)do

We may split (, into the two terms

—i// [ 10 - 210 - 802 T D e k0,000 ix
<2_2Ax e UAg (W) (o ) 5.3 By x+o,ty,s)do
3

0° 0
2AI //1‘[2 /Aw ’LLA:E _A(u)|(U+A.’II) a—a— (.’L’+U7t7y,3)do—dX

=: (2,1 + (2,2
Performing integration by parts, (2, becomes

Az 3
QAJ)//Hz/ sign (A(uaz) — A(u)) A(u)y (o — Az)? 6‘1 o(z+0,t,y,s)dodX.

Thus, by Lemma 1T}

Goal < gz [, 1A

r+ Az Az 9
< —
<TC IAL </0 (0 — Azx) dO’) /HT |A(u)y| dyds
< CA_»”C ( + &) 7
r

as [A(u( 8)) gy r) < |A(u® (-))‘BV(R) for all s. The same estimate holds for (5 5. 0O

Az o3
/ (U—Ax)Qﬁw(x—l—a,t,y,s) do| dX
0
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Estimate 4.3.

Sazuax
// / sign (z —u) F5(2)dz | DypdX
H% UAL

Proof. By definition F is bounded. Hence,

<ch® (1+g).
T T

Uj+1
[ sien e~ ) @) d2| < |l A | D).

J

Note that \qu(~,t)|BV(R) is bounded independently of Az, t,n by Lemma Bl so
we may apply Lemma [£.17] to obtain the result. O

Next, we consider the terms from Lemma [4.10

Estimate 4.4.
//H% D_ (D+Sign(A(Uj) — A(uw)) B(A(uj) + A(uji1)) — A(u)]) 0dX

A Az’
> —C(L+r+Aa) = <1+Tx) .

Proof. Let us first show that

(46) [Dysign(auy) - Aw) [5(40) + Atus) - A
< ArD. sign(A(w;) ~ A(u) D (A(u,).
First note that
D, sign(A(w,) — Aw)
= o sign(A() — A1) L {aGucin (At At 1))

so the left-hand side of (0] is zero whenever A(u) ¢ int(A(u;), A(uj+1)). Second,
if ¢ € int(a,b), then it follows that

1 1
Slat b= = 3= +la-c) < p-al.

Since z — sign (A(z) — A(u)) is increasing, the right-hand side is positive. This

proves (E.6]).

Performing integration by parts we obtain

‘//H?T D_ <D+SigH(A(uj) — A(u)) B(A(uj) + A(uj1)) — A(U)D de‘

<k

<A [[ | Disien(A(w) = @)D, (Alw;) Do dX.

Disign(Auy) ~ Aw) | 5(A0) + Aluen) - A | Dol ax
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Using integration by parts for difference quotients and the Leibniz rule for difference

quotients, we obtain
[, Desien.(Atus) = Aw)Ds Aluss) Dol dX
1_IT

=— //112 sign_(A(uaz) — A(u)) Dy A(upaz)D— |Dyg| dX
- //H sign (A(uas) — A(w)D-Ds A(uns) [D-p| dX

=: (1 + (o

To estimate (7 we first observe that D_ |D; | < |D4D_¢p|. Furthermore, when
proving Estimate [L.2] we established that

D D_yp(x,t,y,s)
1 Ax 3 84
=¢zx($7t,y,8)—m/o (0 — Ax) @@(13—1—0%%8)6&7
42 /0 0+ ALt oty ) d
g - g ag.
6A$2 CAw 6$4§0 RZE'P

By Lemma [4.17],

+Az 84
[ T s elat ot do
0

S O Ljayi<r+ac (@,9)pro (t = 5)-

Using Lemma [£.IT] once more, the above implies that

Az? A
| 1DD-gldyis < [ ol dyas + 055 (1457
Ir It T T

1 Ag? A
gc(_2+_j> <1+£).
T T T
Therefore,
Gl =[] sien.(Alua) - A@)Ds Afusn) D D] x|
7

< [ 1DeA@ad ([ |DD-g] dyds) dadt
IIp Iir

1 Azx? A
<c (- ; —j) (1 ; 79”) [ 1D-Afuss) do.
IIr

r2

Recall that [A(uaz (1)) gy (r) is bounded independently of Az,t,7n by Lemma Bl
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Concerning (o we have

Gl = | [ stene(A(uas) = Aw) (D-Di Aluae)) ID- ¢l dX

</ / D_Dy A(une)| D dX
r—l—A:E

r2

Note that it follows from (BI) and Lemma that [[D_DyA(uaz (1))l p1 gy is
bounded independently of Ax,t,7n. Hence,

Bo [ Disign.(Aus) = A@)D1Aluss) Dyl dX
jags

< Az ([G] +1¢20)

Az AP A
< C(1+7+ Ax) (r—f+r—f) <1+—I>

3
§C(1+r+m)%<1+%> . O

r

<C

/ DDy Alun,)| dedt.
Iir

Estimate 4.5.
1
/ (liminf 5 (¢ (uans Tag w) + ¢ (uas, TA,, w)) (A(u)y)*p dyds) dxdt
Iir

el0 Ty
o3 8 0n)
ro T T
Proof. Set
RS = (¢ (uy, 5, u) + C (g, 75, 1) (Au)y)?
= (sign’(A(uy) — A(u)) — signl(A(7;") — A()))(A(u),)?
+ (signl (A(uy) — A(u)) — signZ(A(r}") — A(u)))(A(u),)?,

and Ry, (7,t,y,s) = R5(y,t,s) for z € I;. Note that the term we want to estimate

may be written as

lim inf R (x,t,y, s)p(x, t,y, s) dyds

E\LO HT

= lim inf (/H R5(t,y, s)e(x,t,y,5) dyds) Liry ().
j T

el0

Let us define an entropy function by
OuWe(u, uj—1,uj,ujy1)
= sign, (A(6; ) — A(u) — 2 sign, (A(u) — A(w)) + sign_(A(6)) — A(u)).
Recall that Hji = Q;F (u), so the above function is not as explicit as it appears.
However, by Lemma 4.9 we are able to obtain an explicit expression for the limit as

e — 0. To simplify the notation we write W_ ;(u) for 0, We(u,u; 1, uj,uj11). Let
us also define the entropy flux functions

EL,(w) =9 (W) f (u), DL ;(u) = VL ;(u)A(u).
That is, (V. ;,Z. ;, P. ;) is an entropy-entropy flux triple.
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Multliplying equation (ILI]) by W ;(u) yields
Ve (u)s + Ee,j(u)y =0, ; (u)yy - ayq//e,j (U)A(U)y
By Lemma [£.§ we see that
OyW. (W) A(u)y = [sign.(A(6]) — A(u)), — 2sign. (A(u;) — A(u)),

+sign. (A(6) = A(u)), | A(w),

J

) = A(u)) — 2sign’ (A(u;) — A(u))

= _ {sign’s(A(T;
+ sign's(A(TjJr) - A(U))} (A(u)y)
(4.7) =R;.

It follows that we can write

Rédyds = / . (u)gs + Eey(u)py + Be s (w)ipyy dyds
Il

=17 +T5 +1T5.

(4.8) iy

Let us consider the three terms separately.
By Lemma [£9

u

Eﬁ)l U, i(u) = lalfol 5 U, ;(2)dz = /uj 151{51 UL i(2)dz

— [ siEn(A() - Alw)) - s, (A() ds
+ [ sign(A() - Afuy) - sg; (A() da
where sg; (07) 1= S(A(u,),A(u,,1)) (0)- Again by Lemma €9} the mapping
z > sign(A(z) — A(u;)) —sg;—1 (A(2))

has support in int(u;,u;—1). Similar considerations apply to the second term.
Hence,

<

/url sign(A(2) — A(uy)) —sg;_q (A(2)) dz

J

lim e (1)

+

/ " sign(A(z) — A(wy) — sg; (A(2)) da

J

< 2y —ujoa| + 2 ujen -yl

By the same type of reasoning we obtain the bound

<

lim =5
lim =5 (u)

/ujil [sign(A(z) — A(uy)) —sg;_, (A(2))] f'(2)dz

J

_|._

/uj+1 [sign(A(z) — A(uy)) — sg; (A(2))] f'(2) dz

3J

<2 f Ml oo (Jug — wjma| + [ujer — ugl) -
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Concerning @5 we use substitution and the explicit expression given in Lemma [£.9
This leads to

lim @5 (u)

i 5 (u)| = /uu(—sgj_1<A<z>>+2sign<A<z>—A(um—sgﬂA(z)))A’(z)dz

J

A(u)
= /A( : —sg;_1 (o) + 2sign(o — A(uy)) —sg; (o) do

IN

Auj—1)
/ sign(o — A(uy)) —sg;_1 (o) do
A(uy)

A(ujt1)
+ / sign(o — A(uy)) —sg; (o) do
Aluy)

< JA(ug) — A(uj—1)| + [Aujt1) — A(uy)] -

Let us return to equation (f8). By the dominated convergence theorem and the
above computations we have

lim 77| < ||lim W5
el0 el0

/ ol dyds < C (|D_u;| + |Dyuy)).
Lo JIIr

lim 75| < ||lim =8
0 el0

Az
/ oyl dyds < C2F (ID_uy| + D)
Lo JIIr r

lim 75| < ||lim <I>§
el0 el0

Az
[ lewlduds < 075 (1D-A(w)| + 1D+ Alw).

LOO
Hence,
/ lim inf (/ R5(t,y, s)p(z,t,y,5) dyds> L,y (z) dzdt
HT ] E.LO HT

A A

> _C (—x + —x) / ID_ung| + |Dyung| dodt
To r Iy
Az

- Cr_2 - |D_A(ung)| + | D+ A(uag)| dxdt.
The desired estimate now follows from the uniform bounds in Lemma [B.11 O

4.2. Proof of Theorem[4.1l Let us now combine the previous results to conclude
the proof of Theorem LIl We begin by stating a rather standard lemma.

Lemma 4.12. Set
(0)i= [ [ lusn(e0) = u, )] 0o~ g)pr(t - ) dydsd.
R J1ip
Let t > 1o, and denote by L. the Lipschitz constant of t = [lu(-,1)[| 11 (gy- Then

‘K(t) - HUA:I?('vt) - u('7t)||L1(R) < |u('7t)|BV(R) 7+ Lero.
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Proof. By the reverse triangle inequality,
18) = e (1) = 1) o e |

< [ [ tutos) ~ uta Dl nle = 9o, (¢~ 5) dydsds
R JIIp

<[ ' (/) tutos) = wttcl ) = )
+ [ [ lutton) = utast)on (@ = )y

< Lero + [u(, )|BV(R) : ]

Proof of Theorem 41l Our starting point is Lemma Let A(o) = A(a) + no,
where A is the original degenerate diffusion function. Let

== / /H sign (uas — ) (f(uas) = f(w) (Drp + ) dX

SAzUAz
+ // / sign (z — u) F3(2)dz | DypdX
H% UA

# [ 140a2) = A D-Di + (D1 + D)y + ) 0

By Estimate 1] Estimate 4.2, and Estimate [43] it follows that
A A A
(4.9) 5 <=L (1 + —f) (1 + —x) = By
T T r

Furthermore, by Lemma A7 Lemma [0, Estimate 4] and Estimate 5] it
follows that
Az A A
(4.10) hmlnf/ Ef,pdX > C(l—i—r-i—A:v) (1+—$> —o=t —FEs.
H2

To

Applying the estimates (£9) and {I0), the inequality (£2) becomes
[ lue = ul patt = ) = (¢~ 5) dx
17,
< // luaz — u| pa(t — V)wr (& — y)pre (t — 8) dX + E1 + Es.
17

Note that both F; and Fs are independent of . Thus, we can send « to zero,
arriving at

k(1) < k(V) + E1 + Eo,

where x is defined as in Lemma [4.12]
By Lemma [4.12] it follows that

HUAOE(W T) - u('vT)HLl R)

< Juaa(v) = w0l s ey +2 (Lero + 6]y gy 7) + Br + Ba.
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Recall that we had to pick ¥ > ry. Denote by Ly the L' Lipschitz constant of
t — uaz (-, t). By the triangle inequality
luae(-v) —ul, V)l L1
< fluaeCv) = woll gy + 1vae = w0l gy + 16” = w )| g

< Lgv +

‘uOAw - uOHLl(R) + L.v.
This means that
HUAOC(WT) - u("T)”Ll(]R) < Hqum - UOHLl(R) + (LC + Ld) v

+ 2 (LCTO —|— |UO|BV(R) 7‘) —|— E1 —|— EQ.

3

Choose 13 = r2 = Az and v = 2rg. Then there exists a constant C' such that

lune () = w7l gy < [Judy — | + CAS.

Now recall that A(c) = A(o) + no and so we need to send 7 to zero to finish
the proof. If u, is the classical solution of the regularized equation and u is the
entropy solution of the nonregularized equation, then it is well known that u,(-,t) —
u(-,t) in L'(R) as n — 0 (see Section B). Concerning the scheme, one may prove
continuous dependence in ¢* on 7 using Gronwall’s inequality. Hence, we can also
send 7 to zero in the scheme. This finishes the proof of Theorem 1] |

5. IMPLICIT DIFFERENCE SCHEMES

In this section we show that the arguments presented in the previous sections
carry through for implicit schemes. Fix a time step At > 0. We consider implicit
difference schemes of the form

(5.1) D' uf + D_F(u},u},,) = D_DyA(u}) n>1, jez,
where .
t,n __ u.;l - u;'li
D_Uj = T

Let t, = nAt and z; = jAz. We define the grid cells

I =[x _1/2,%j41/2) X (tn—1,t,] forn>0and j € Z.

The piecewise constant approximation is defined for all (z,t) € R x (—At,T] by
(5.2) ua(z,t) = uj for (x,t) € I}

The domain is chosen so that D' ua is defined for all (z,t) € R x (0,7). For the
existence of a unique solution uj to the nonlinear equation () and the convergence
of ua to an entropy solution; see [11].

We now state the main theorem.

Theorem 5.1. Let u be the entropy solution to (L)), and let ua be defined via
uf by [B2), where u} solves BI). If u® satisfies the same assumptions as in
Theorem [A1], then for all sufficiently small Ax and At, and for alln € N such that
tn € (0,77,

HU’A(7tn) - u('atn)HLl(R) < ||UOA - U'OHLI(]R) +C (Axl/g + At1/2> ’

where the constant Cp depends on ug, A, f,T, but not on Ax, At.
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To prove this theorem we will follow step-by-step the proof of Theorem 1] and
present the details whenever there is a significant difference between the two cases.

Thanks to [TT, Lemma 2.4], we have the following L' Lipschitz continuity result:

Lemma 5.1. Let m and n be two nonnegative integers. Then
lua(tn) — UA('vtm)”Ll(]R) < Lgltn = tml,
where Lqg = ’F(u?,ugﬂ) - D+A(u]Q)|BV.

Next, let us prove an implicit version of Lemma [£3]

Lemma 5.2. Let u} be the solution to ([BI). Then for all c € R,
Dt_wa(u;’, c) +D_Q(uj,ujiq) — D_D+}A(u;l) - A(c)}

< _@/u j P (2,¢)(A(2) — Aufy,)) dz

n

341

€

- o [ W OMAR) - A ) d

where Q°(u,v) is defined in Lemma [E3]
Proof. From (BI)) it follows that

YL(uf, c) Dt 4 L (u”, c)D_F(uj,uf, ) = YL(u},c)D_Dy A(u}).

e J
Apply Lemma with g(o) =0, a =uf, and b= u;“l to obtain

n—1

1 (% B
U{;(U?,C)Dt_uy = Dt_djg(u?,c) — E/ W (z,0)(z — u! Yz

J

> Dt_djg(u?,c).

The remaining part of the proof follows exactly as in the proof of Lemma 43 O

Let us define the time shift operator
Sh,ot) = ot + At),
for any function o = o(t).

Lemma 5.3. Suppose A’ > 0. Let uan = ua(z,t) be defined by ([B2), and let
u = u(y,s) be the classical solution of (LI). Let 1(t) := 1{j,r3(t) and define

QD(LL', tv Y, S) = w(t)w'r(l‘ - y)pro (t - S),
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where wy, pry, v, T are chosen as in Lemma 6. Then

//2 lua — u| 65, (t — V)wypr, dX
HT

+ //H? lua — ul StAtwwr(DipTo — Otpry) dX
T
+ At // lua — ul Dﬂ_d)wrﬁspm dX
S

. / /H sign (ua — u) (f(ua) — f(w) (Dyp +¢,) dX

2
SAazua
+// / sign (z — u) F3(2)dz | DypdX
H% UAg

+ / /H 1A(u3) = A (D-Dg + (D + D)y + o) 4

> // lua — u| S8, (t — T)wrpr, dX + liminf/ EfpdX,
a7 =40 a7

where
530) = 35 Li-acon (),
and B (z,t,y,s) = E°[ul(u}_q,u},u}, 1) (y,s) for (x,t) € I7.
Proof. As in Lemma L5 we obtain by Lemma the inequality
D pe (uff ,u) + Ope (u, uf ) + Oyqe (u, uf) + D_Q" (uf, uf, )
— (95 +9y(D- + Dy) + D_D4)[A(uf) — Au)|) < —E5,.,

where Ef, = Ef[u](uj_q,u},u}, ) is defined in Lemmal[43l Let us multiply by ¢
and integrate over II%. Integration by parts for difference quotients and ordinary
integration by parts gives

[ vetun Do+ veuus)pnax
n7
[ gt us)o, + Q' (us, Sasua)Dep X
jaes
+ [ 14ua) = AL, + (D + Di)p, + D-Dig) dX
T

> / EipdX.
113,
Consider the first term on the left. Let e tend to zero as in the proof of Lemma [£.6l
Using the Leibniz rule for difference quotients and adding and subtracting we obtain
Di‘%’ = StAti/)w,«Dj_p,«o + Dﬂ_@/}wrpm.

Furthermore,
Ps = _StAtwwratpro + AtDi'@[Jwraspm'
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Hence,

// lua —u| (DY ¢ + @) dX
163

— [ lua —ul S (DL, = 011, X
1EY
+ At // lua — ul Diwwraspro dX + // |lua — ul Diwwrpm dX.
jags 7

Finally, we use that
(5.3) Di¢=5£t(t—V)—5£t(t—T)-

The lemma now follows, as in the proof of Lemmal4.6] by letting ¢ tend to zero. [

Comparing the terms in Lemma with the terms in Lemma [5.3] we recognize
all but two terms.

Estimate 5.1.

<o (1+5).

To To

‘ / /H = wal Sk, (Dl pry — Drpy,) dX
T

Proof. To show this we use a Taylor expansion:
pTo(t—’_ At — S) _pro(t - 3)

t+At o
G P

0

t+At 82
52| prol= =51t - | gmree= s+ A0

It follows that

. 1 t+At 82
54 Do = [ gl - (1 B0) i

Integration by parts yields
t+AL
/ / 56 2pm( —8)(z— (t+ At))dsdz

t+At
At/ / sa % pro( s)(z — (t + At)) dsdz

t+At o
_E/t /0 51gng(u—uA)us&pm(z—s)(z— (t + At)) dsdz.

9 (_)_lﬁ zos\_ 1, (z=s
gz F T ¢ _roazp To _rgp o

Since
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and pr, has support in [—7g, o], it follows that

t+AL 5
G 09 - a0l gt ) ~ (A

At
C t+At
< r%At/O |us(y, s |/ Liz—s|<roy |z — (t + At)| dzds

At
< 0—2/ ‘us‘ﬂ{|t75|§ro+At} ds.
o Jo

Multiply the above inequality by ¢ (t)w,(z — y) and integrate in z,y,t. From the
resulting inequality and (B4]), we arrive at the estimate:

J[ = ual.Shusan (DL e, = 0101, ax
T

At At At
< C'_2 // |uS|StAtwaH{\t s|<ro+At} dX < C_ (1 + —) HUSHLl(HT)-
o JJmz ro

Since [lus (-, s)|z1(r) is uniformly bounded on [0, 77, the estimate follows from the
dominated convergence theorem. O

Estimate 5.2.

<2l
To

< // lus| | DY 1] wrpry dX.
7

loro e < 1l

At // |t —ual Diwwraspro dX
1ES

Proof. Integration by parts yields

//H2 lu — ua| Diwwrﬁspro dX
T

Because of (5.3) and since

it follows that

ol
S, o 1P, < 220 s - =

Proof of Theorem 5.1l We start out from Lemma[5.3lwith A(c) = A(0)+no, where
A is the original degenerate diffusion function. By Estimate 5] and Estimate (5.2]

6:5) [ 1= ual St (DL, = 0upry) ax

At At
+ At // |u - uA| DiT/Jwrast dX <C— ( —> =: Fjs.
17,

To To

Since all the estimates from Section 1] apply, we obtain

//H2 lua — ul 62t — T)wp(z — y)pry (t — 5) dX

< // luaz — ul 5At(t —V)wp(T — y)pr,(t — $)dX + Ey + Ey + Es,
7
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where FEq and Es are defined respectively in (€3] and ([@.I0).
Let us make the simplifying assumption that v = t,, and 7 = t, for some
m,n € N. Then the above inequality is rewritten as

k(tn) < K(tm) + E1 + B2 + Es,

where
6(0)= [ [ fus(et) = uly.5) | (o = ppry (¢ = ) dydsd

Applying Lemmas .12l and B.J] and following the reasoning given in the semi-
discrete case, we arrive at

‘luﬁ('atn) - u("tn)”Ll(]R)
< ||“OA - uOHLl(R)

4 (Lot Loty +2 (Lcro + 1]y ) r)

Az\® A A A A
+C(1+7+ Az)? <1+—m) S o2 ot <1+—t)
T T To To To

Ax Az + At

< Hug_uoHLl(R)w(r_ﬁ +r+ro),

To

where L, is the constant in Lemma [5.1] and L, is the constant from Lemma [£.12]
Minimizing over r and rg, it is straightforward to see that for sufficiently small At,
the minimum of the last term is dominated by

C (Aa'? 4 Ar2).

This proves the theorem. ([l

6. EXPLICIT DIFFERENCE SCHEMES

In this section we use the techniques developed in the previous section to provide
a similar result concerning the explicit scheme. Fix a time step At > 0. We consider
explicit schemes of the form

(6.1) Dﬁruy + D_F(u}l,ugﬂrl) = D_D+A(u§‘) n>1, jezZ,
where
n+1 n
. — "
t . on _ g j
Dyuj = =—xy

The relevant a priori estimates and convergence to an entropy solution is proved in
[12] under the hypothesis
At

(6.2) 1- E(Fl’(z) — Fy(2)) — Q%A’(w) >0, Y(z,w)eR2

Let ¢, = nAt and z; = jAz. We define the grid cells
I‘;"’ = [xj—1/25xj+1/2) X [tn7tn+1), for n Z 0 and j € 7.
The piecewise constant approximation is defined for all (z,t) € It by

(6.3) ua(z,t) = uj for (z,t) € I}
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Theorem 6.1. Let u be the entropy solution to (I1l), and let ua be defined by ([G.3)

via uf, where u? solves [6.). Suppose At and Ax are chosen such that [6.2) and

the strengthened condition At < CAz® hold. If u satisfies the same assumptions
as in Theorem 1], then for all sufficiently small Ax, and for all n € N such that
tn € (0,77,
1/3
||UA(7tn) - u('atn)HLl(R) S ||UOA — uOHLl(]R) + CAI / y
where the constant Cp depends on A, f,u®, T, but not on Ax.

We begin by proving the following lemma.

Lemma 6.1. Let {u}} be the solution to 1)). Suppose that

(6.4) 1 SLF(G) - B 2 0,

for all z € R. Then for all j € Z and n € N,
DLy (ut, ) + D_Q°(u utyy) — DDy | A(u) — A(c)|

1 uj " n
<~ [ O )

€

1 uj
-~ B /n P! (z,0)(A(z) — A(uly,)) dz

+ (/ Loyl e) dz) D_DyA(u),
u?
where Q°(u,v) is defined by
Q°(u,v) = /u Pz, c)F|(2)dz + /U P(z,c)F5(2)dz, u,v € R.
Proof. We divide the proof into two steps.
Claim 1. Let {ugl} be a solution to (6.I). Then
Diwe(ugﬁc) +D_Q(u},ufq) — D,D+|A(u}l) — A(c)|

_ c/,n n+1 n
= —E(u},ul" " uly g, uly),

€

where
B (g ui gy ujy)
untt
= Ait P! (z,0)(z —u)t ) dz
1oy, . 1 )
+ Az » Ve (2, 0) [(Fi(z) — Fi(uj_q)) + E(A(Z) — A(ul_y))| d=

1 ujy 1

+ Az e P (z,¢) {(Fz(z) — Ia(ufyq)) — E(A(Z) — A(u?_i_l))] dz.

Proof of Claim 1. By definition (6.1]) of {u;’} it follows that
YL(uf, ) [Dhuf + D_F(u},u},,) — D_DyA(u})] = 0.
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Let g(z) = z in Lemma 4.2l Tt follows that

n41
1 (%

wg(u;ﬂc)Dﬁru? = Di@/JE( ,¢) + AL / P! (z,¢)(z — u?“) dz.
The remaining terms can be treated as in Lemma ([l

Claim 2. Suppose (6.4) holds. Then

unt!

1 J
el AT RS

+ 5z | EOE(R) - Fi(uf))dz
(6.5) . o
+m/m W (2, 0) (Fal2) — Fo(uy ) dz

2—/ ’ YU (z,¢)D_Dy A(uf) dz

Proof of Claim 2. Consider the first term on the left-hand side of (6.1]). By defini-

tion, u}”l — AtD_F(u},u} ) + AtD_D; A(u}), and so
I
J
~ V(2,0 (2 =) dz
1 /u/"r.L+1 7L+1
— —/ wg(z,c)(z—u )dz—i—/ ! (z,¢)D_ F(uf,ufyy)dz
nt1

- / ’ V! (z,¢)D_DyA(u})dz =: Ty + Tp + Ts.

n

Note that T3 is positive.
Let us split T according to

DR uln) = 1 (Fi() = Bl0) + 5 (Faufi) = Fa(s))

and thus
u
Ty = Aix unj P! (z,¢) (Fl(u;?) — F1(u?,1)) dz
e

a0 B - R) &
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Now, let us split the two other terms appearing in equation (6.5]):

1
S1= Az /u“l ¥l (2, ¢)(F1(2) — Fi(uf_y)) dz

1
unt

1 J

A/ Y (z,¢)(Fi(z) — Fi(uj_,)) dz

u?”rl

1 3
Az /uﬂ Ve (z,0)(Fi(2) — Fi(uf_y))dz
and

1 Uit n
%= Ay /un UL (20 0)(Fa(2) = Fo(ufyy)) dz
ntl

1 wj n
- _A—x/ Ul (2, ¢)(Fa(2) — Fa(ufyy)) dz
Uit
u’,!'L+1

1 j
+ Ar /u’? ’(/J;/(z7 c)(Fg(Z) — FQ(U?Jrl)) dz.

Combining the above expressions we obtain

n+1
L[
Tt Sit =g [ A - Fi) ds

wntt
+ ﬁ u V! (2,0)(Fa(z) — Fa(ul)) dz
e
van [ e - A d:
.
-5 | EOER) - Bu),)
“i+1

The two last terms on the right-hand side are positive as F' is monotone. Let

At
HE) =2~ LR E) - B(2).
Then, by assumption (6.4)),
I
T1+T2+51+522Kt/ V! (z,¢) [H(z) — H(u})] dz > 0.

Adding T3 to both sides proves Claim 2.
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By Claim 2,
Ee(uf ufth ufy ug )
> o [ e 9AE) - A ) d:
+ ﬁ (2, 0)(A(2) = A(ujyy)) dz

Combining this with Claim 1 proves the lemma.
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O

Lemma 6.2. Suppose A’ > 0, and ([G.4]) applies. Let upn = una(z,t) be defined by
@.3), and let u = u(y, s) be the classical solution of ([LI). Set (t) := L. )3 (t)

and define
p(x,t,y,s) = b(t)wr(x = y)pr (t — ),

where Wy, pry, V, T are chosen as in Lemma 0. Then
// lua — u| 8L, (t — V)wypr, dX
1
[ s =l SE oD iy~ Oup) dX
HT
+ At // lua — ul Dﬂwwraspro dX
LIEY

. / /H sign (ua — u) (f(ua) — f(w) (Dyp + ¢,) dX

Sazua
+ // / sign (z —u) F3(2)dz | DypdX
H% UAg
+ [ 1Ata) = A@I(D-Dio+ (Dy + Do), + o) dX
> // lua —u| 65, (t — T)wypry dX
7
+ lim inf/ EipdX
eJ0 1—[%
- At/ D' sign_(A(ua) — A(uw))D_D4 A(ua)p dX,
17

where
1
5L, (1) = AL L{0,a0)3 (),

and B (z,t,y,s) = E°[ul(u]_q,u},u}, 1)(y,s) for (x,t) € I.
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Proof. By Lemma [6.1] we obtain as in Lemma the following inequality:

DY e (1) + 0soe (u, ult) + yqe (u, ult) + D_Q(uf, )
— (024 0y(D— + D) + D_D)|A(u}}) — A(u)| )

e

where ES = Ef[u](u}_;,u},u} ) is defined in Lemma[L5l Note that

nt1
U
J

i ! (2, u) dz) D_Dy A(u}),

n+1

. V! (z,u) dz = At DY sign_(A(u}) — A(u)).

Integration by parts for difference quotients and ordinary integration by parts gives

/ QZ}E(UA7U)Dt—<P+¢E(uauA)wS dX
ISE
+ / / 0o (1, un) oy + Q"(us, Sasun) Dy dX
I3,
+ [ 1Aua) = ALy, + (D-+ Di)p, + D-Di) dX

> / EipdX — At/ DY sign_(A(uat) — A(u))D_Dy A(un)p dX.
17 7

Consider the first term on the left-hand side. Let € tend to zero as in the proof of
Lemma Using the Leibniz rule for difference quotients we obtain

D' ¢ = S A pw,. D" ppy + D tpw,pry -
Recall that dsp,, = —0;pr,, so adding and subtracting gives
Ps ::-—Sf_Atdmuratpro—%zﬁtl)iy%uraspro

Hence,

//2 lua —u| (D ¢ + ¢,) dX
HT

= [ 1us = ul St s (D g = i) ax
T

+ At // lua — u| D' 4pw,0spr, dX + // lua — u| D' Yw,pr, dX.
17 12
Finally, we use that
(6.6) Dty =68, (t —v)— 6L, (t—7).

Concerning the second term on the left-hand side, we apply ([B.8]). The lemma now
follows by sending e to zero, as in the proof of Lemma O

As seen by comparing Lemmas and [0.3] there is one new term. To estimate
this term we will use a result from [12] p. 1853].
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Lemma 6.3. Let u} be the solution to ([6.1)). Suppose the CFL condition ([6.2)) is
satisfied. Then there exists a constant L such that

sz | DL A( — Dy A(u})| < Ly/(m — n)At, for all m > n.
Estimate 6.1. Suppose (6.2) is satisfied. Then

|At/H2 D' sign_(A(ua) —A(u))D_D+A(uA)<de|
T

SC\/At O§< At
Az To

> + CAt.
To
Proof. Integration by parts for difference quotients gives

At/ D' sign_(A(ua) — A(u))D_D4 A(ua)p dX
= —At // sign, (A(ua) — A(u))SL A, DDy A(ua)D-pdX
H2
— At // sign_(A(ua) — A(u))D-D_Dy A(up)pdX =:T) + T,
7

where we have used that
D' (D_DyA(up)p) = S  A\;D_D; A(up)D" o + D' D_D, A(ua)ep.

Let us consider 7} first. By the Leibniz rule for difference quotients,
T = At //r12 sign_(A(ua) — A(u))S" A, D_Dy A(up)S" ;0w DY pr, dX
T

+ At //H2 sign_(A(ua) — A(u))S" o, D_Dy A(up) D" Yw,p,, dX

=:T11+ T1,2~T

Using equation (6.6),

Ty < At/n 15 aeD_ Dy Alun)| (|85, (t — )| + |65, (6 — 7)) dadt < CA,
T

as ||D-Dy A(ua(+, )|l 11 (r) is bounded independent of A and ¢ ({13} Lemma 3.4]).
Now, as in Lemma TT]

1A'l e
’DZPT0| < T—QLH{\t—s\Sm+At}(ta S)
0

and, therefore,

’I”O—FAt

At At
Ty 1| < CAt / |5t Ay D_Dy A(up)| dadt < C— <1 + —>
It

To To
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Next, we consider T5. By Lemma [6.3],

T2 SAt/ /|Dt_D_D+A(uA)} dadt

<2_/ |DE Dy Alua () 1 g
§2TL\/A—A_t. O

x .
Proof of Theorem [6.1l We start out from Lemma[62with A(c) = A(0)+no, where
A is the original degenerate diffusion function. By Estimate [6.1]

At/Hz DY sign_(A(ua) — A(u))D_Di A(un)p dX

<C—°At+c§ (1+§> +CAt =
Ax To To

Since all the estimates from Section 1] apply, we obtain

//1‘[2 lua —U‘(;At(t—T)wr(x—y)pro(t_s) dx
< //H2 lung — u| 82 (t — v)w,(x — y)pry (t — 5) dX

+ E1+ Ey+ Es + By,

where E1, Es, E3 are defined respectively in (£9]), (£10), and (55). Let us make
the assumption that v = t,, and 7 = t, for some m,n € N. Then the above
inequality takes the form

K(tn) < K(tm) + E1 4+ E2 + E5 + Ey,
where

= / / lua(z,t) — u(y, s)|wr(x — y)pr, (t — s) dydsdz.
R JIIp

Applying Lemmas 12 and Bl and following the reasoning given in the semi-
discrete case, we deduce

lua(stn) = ulstn)ll Ly g
S ||u0A - UOHLl(R) + (LC + Ld) tm

r2

0 9 Az\? Az
—|—2(Lcro+|u \BV(R)r)+C(1+r+Ax) 1+T

+C%+C$ <1+r0+$> L oVAL
0 0

70 Az
Ae  Avt At VAT
< JJud = [l e +C< = x;: +g+7‘+ro>,

where L, is the constant in Lemma [5.1] and L. is the constant from Lemma [4.12
Let r = rg, Az = 3 and At = 8. Tt follows that

||UA('7tn)_U('ytn)HLl(R) < HUOA OHD —i—CAa?l/B

Finally, we send 17 — 0 to conclude the proof of the theorem. ([l
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7. CONCLUDING REMARKS

The added complexity of convection-diffusion equations versus conservation laws
[22] arises as a result of the need to work with an explicit form of the parabolic
dissipation term. This is reflected in the fact that the rate of convergence is lowered
to 1/3 (from 1/2 for conservation laws) due to Estimate 4] and Estimate
The optimality of the % rate is an open problem. Concerning Section [6] (explicit
schemes), one may wonder if it is possible to remove the strengthened CFL condition
At ~ Az®? (the usual one demands At ~ Az?). The difficulty is that the parabolic
dissipation term is needed to balance the temporal error contribution as well as to
carry out the doubling-of-the-variables argument, and this forces us to impose a
stronger relation between At and Az in order to appropriately control the temporal
error contribution. We do not know if the condition At ~ Az®/? is genuinely
needed or is simply an artifact of our method of proof. Finally, we are currently
investigating the multidimensional case. For the semi-discrete scheme the main
challenge seems to be the adaptation of Estimate 5], or more precisely to produce
a multidimensional analogue of (7). As an additional difficulty, Lemma [6.3]is not
available in several space dimensions; see [12]. At the moment our multidimensional
convergence rates are lower than in the one-dimensional case.
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