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CONTRACTION PROPERTY OF ADAPTIVE HYBRIDIZABLE

DISCONTINUOUS GALERKIN METHODS

BERNARDO COCKBURN, RICARDO H. NOCHETTO, AND WUJUN ZHANG

Abstract. We establish the contraction property between consecutive loops
of adaptive hybridizable discontinuous Galerkin methods for the Poisson prob-
lem with homogeneous Dirichlet condition. The contractive quantity is the sum
of the square of the L2-norm of the flux error, which is not even monotone,
and a two-parameter scaled error estimator, which quantifies both the lack
of H(div,Ω)-conformity and the deviation from a gradient of the approximate
flux. A distinctive and novel feature of this analysis, which enables comparison
between two nested meshes, is the lifting of trace residuals from inter-element
boundaries to element interiors.

1. Introduction

We establish the convergence of the so-called adaptive hybridizable discontinuous
Galerkin (AHDG) methods [17] for the following model elliptic problem:

q +∇u = 0 in Ω,(1.1a)

∇· q = f in Ω,(1.1b)

u = 0 on Γ,(1.1c)

where Ω ∈ R
d (d = 2, 3) is a polyhedral domain with boundary Γ and f is a

function in L2(Ω). Convergence results are available for adaptive finite element
methods (AFEM) but not for AHDG: we refer to [7,13,25,32–35,38] for continuous
Galerkin (CG) methods, to [8, 27, 29] for interior penalty discontinuous Galerkin
(IPDG) methods, whose stabilization parameters are of order 1/h, and to [4, 15]
for mixed methods. Since HDG methods lie in between IPDG methods and mixed
methods, it is reasonable to expect that their convergence properties would share
several features with both methods. On the other hand, because the stabilization
parameter we consider here is of order one, and not of order 1/h, HDG methods are
closer to mixed methods than to the IPDG methods. Therefore, to study AHDG,
our techniques remain closer to those employed for mixed methods than IPDG
methods.

Let us briefly discuss the development of the theory of convergence of AFEM for
second-order elliptic problems. Although AFEM are widely applied in scientific and
engineering computing, a complete theory ensuring the convergence and optimal
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convergence rate of the adaptive algorithm is still under development. Here, we are
concerned with adaptive algorithms which generate a sequence of meshes {Tk}k≥0

according to the following classic loop:

SOLVE → ESTIMATE → MARK → REFINE.

Thus, given a mesh Tk with skeleton ∂Tk, we proceed as follows. First, we SOLVE
and obtain an approximation to the exact solution defined on the mesh Tk. Then,
we ESTIMATE the corresponding error using suitable a posteriori error estimators.
We use this information to MARK the elements of the mesh Tk that need to be
altered, and finally REFINE it to obtain the next mesh Tk+1.

For AFEM based on CG methods, Dörfler introduced in [25] a key strategy to
module MARK, thanks to which he proved for the first time that, after each loop,
the energy error contracts provided the initial mesh is fine enough. Next, Morin,
Nochetto, and Siebert [33, 34] were able to remove the assumption on the initial
mesh by using the concept of data oscillation to ESTIMATE the error and the
so-called interior node property to REFINE the mesh. An additional improvement
was achieved later by Cascón, Kreuzer, Nochetto and Siebert [13] who showed that
the sum of the energy error and a scaled estimator is a contraction without using
the aforementioned interior node property. On the other hand, Binev, Dahmen and
DeVore [7] examined the complexity of the so-called newest vertex bisection algo-
rithm to REFINE the mesh, and derived quasi-optimal convergence rates of AFEM
upon coarsening the mesh after a fixed number of iterations. Later, Stevenson [38]
removed the coarsening step and introduced a more practical AFEM with optimal
convergence rates. The standard AFEM for elliptic PDE with variable coefficients
was finally analyzed by Cascón et al. [13], who derived quasi-optimal convergence
rates.

For mixed methods, convergence and quasi-optimal convergence rates were es-
tablished by Chen, Holst and Xu [15] by using a marking strategy similar to the one
used by Morin, Nochetto and Siebert [33]; the so-called Raviart-Thomas method
[37] was used. Later, and also for the Raviart-Thomas method, Becker and Mao
[4] proved a similar result for a different marking strategy which is based on a
comparison of the oscillation term with an error estimator.

For adaptive DG methods, Karakashian and Pascal [29] first established the
contraction property of an energy error for the so-called interior penalty (IPDG)
methods; they used a technique similar to that developed by Morin, Nochetto and
Siebert [33]. Later, Hoppe, Kanschat and Warburton [27] showed that the quasi-
error contracts without using the interior node property in [29]. Quasi-optimal
convergence rates were shown by Bonito and Nochetto [8] in any dimension, with
minimal regularity, and for non-conforming meshes. Concerning convergence of
non-conforming finite element methods, we mention Carstensen and Hoppe [11]
and related papers [6,31,36] for the Crouzeix-Raviart element and [5,12,28] for the
Stokes problem.

In this paper, we continue this effort and analyze AHDG methods. To simplify
the discussion, we focus on the contraction property for AHDG methods exclusively
and restrict ourselves to conforming meshes made of simplices; hanging nodes can
be accommodated within the HDG framework [17]. The analysis of quasi-optimality
and approximation class for AHDG methods is carried out separately [20].

Our AHDG method can be roughly described as follows. The module SOLVE
uses an HDG method with stabilization parameter of order one to ensure optimal
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convergence of the approximate flux and superconvergence of a projection of the
error in the scalar variable:

(qk, q̂k · n, uk, ûk) := SOLVE (fk,Tk).

The pair (qk, uk) is defined on elements whereas the pair (q̂k, ûk) is only defined on
inter-element boundaries. The module ESTIMATE employs a two-term a posteriori
error estimator equivalent to the one proposed by Cockburn and Zhang [23]:

ζdiv(f, qk,Tk), ζcurl(qk,Tk).

The module MARK uses the Dörfler rule [25], and REFINE uses the newest vertex
bisection algorithm [7, 38]; we refer to [35] for details on the last two procedures.

To derive a contraction property for AHDG, we combine the approaches for
the continuous Galerkin (CG) method [13] and the interior penalty discontinuous
Galerkin (IPDG) methods [8], with some of the techniques for mixed methods [15].
However, this cannot be achieved in a straightforward manner, as some peculiar
features of HDG methods distinguish them from the other methods. The first one
is the search for a contractive quantity since the L2-flux error ‖ q−qk ‖Ω is not even
monotone: we construct an example with ‖ q− qk ‖Ω = 0 but ‖ q− qk+1 ‖Ω �= 0. It
turns out that this lack of monotonicity is caused by the normal flux jump qk · n
across inter-element faces, which can be written as

‖ (q̂k − qk) · n ‖∂K ∀K ∈ Tk,

because the flux q̂k ·n is single-valued. Since the estimator ζdiv(f, qk,Tk) measures
the lack of H(div,Ω)-conformity and contains the above term, it makes sense to
scale it and add it to ‖ q − qk ‖Ω. On the other hand, ζcurl(qk,Tk) measures the
deviation of qk from being a gradient, and together with ζdiv(f, qk,Tk) dominate
‖ q − qk ‖Ω. Inspired by [8, 13], we consider the two-parameter quantity

Eβ,γ(qk, f,Tk)
2 = ‖ q − qk ‖2Ω + βη2div(f, qk,Tk) + γζ2curl(qk,Tk),

and called it the quasi-error. Our main result is that the quasi-error contracts
provided the parameters β, γ > 0 are suitably chosen. We point out though that
β �= γ due to the dual role played by ζdiv(f, qk,Tk), a new feature of AHDG.

A second feature worth emphasizing is that the HDG methods are closer to the
hybridized form of mixed methods than to standard DG methods. This is reflected,
in particular, in the fact that optimally-convergent HDG methods result when the
stabilization parameter τK is taken to be of order one independently of the mesh
size hK . This implies that although τK has a stabilization role, it does not have a
penalization role, as for the IPDG treated in [8, 27, 29]. Our contraction property
requires, however, that τKhK be sufficiently small, which is a mild condition on the
initial mesh because the values of τK are inherited by descendants of K.

Finally, we stress a third feature of our analysis which is not present elsewhere,
namely, the handling of the inter-element flux jump residuals, ‖ (q̂k − qk) · n ‖∂K .
The difficulty is to compare such residuals between two consecutive meshes because
the flux q̂k · n associated with the coarse mesh may not even be defined on the
new faces of its refinement. Thus, the error estimator proposed in [23] cannot be
directly applied in this work. To overcome this difficulty, and be able to carry
out the aforementioned comparison, a new, careful analysis of the jump residuals
needs to be carried out. Roughly speaking, we lift the jump residuals from element
boundaries to element interiors by using the special orthogonal decomposition in
[21] of the jump residuals in terms of traces of functions defined inside the elements.
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The rest of this paper is organized as follows. In Section 2, we describe the
AHDG methods and state and briefly discuss the contraction of the quasi-error
Eβ,γ(qk, f,Tk). In Section 3, we present the proof of the contraction property
assuming two key, auxiliary results in order to render clear its main steps. The
proof of these results, namely the estimator reduction property and quantifying the
lack of orthogonality, is deferred to Sections 4 and 5, respectively. The second
proof in turn relies on two novel structural estimates for HDG, stability of the non-
conforming flux with respect to the mesh and stability of the flux with respect to
f . They are fully discussed in Sections 6 and 7. Finally, in Section 8, we carry out
numerical tests to illustrate the convergence behavior of the AHDG methods.

2. Main results

2.1. Notation. Let Tk = {K} be a conforming triangulation of the domain Ω

made of simplices K. For each element K ∈ Tk, we set hK := |K| 1d and for each

of its faces e, he := |e| 1
d−1 , where | · | denotes the Lebesgue measure in d or d − 1

dimensions. We associate to Tk the set of faces Ek as well as those of interior faces
Ei
k and boundary faces E∂

k . We say that e ∈ Ei
k if there are two elements K+ and

K− in Tk such that e = ∂K+ ∩ ∂K−, and we say that e ∈ E∂
k if there is an element

K in Tk such that e = ∂K ∩Γ; obviously Ek = Ei
k ∪E∂

k . It is convenient to think of
each interior face e as consisting of two copies e− ⊂ K− and e+ ⊂ K+, and denote
by ∂Tk the collection of these copies and the boundary faces (mesh skeleton).

The notation ∂Tk avoids dealing with the jump operator [[ϕ]] = ϕ− ·n−+ϕ+ ·n+

for e ∈ Ei
k and [[ϕ]] = ϕ · n for e ∈ E∂

k because of the relation

(2.1) 〈ϕ · n , μ 〉∂Tk
= 〈 [[ϕ]] , μ 〉Ek

for all single-valued functions μ that are integrable on Ek; (2.1) will be used exten-
sively below. Hereafter, n denotes the outward unit normal to K ∈ Tk, and (· , ·)E ,
〈· , · 〉F the L2 inner product over a set of elements E and faces F , respectively.

In addition, the notation ′a  b′ means a ≤ Cb for some generic constant C
independent of mesh size, and ′a � b′ indicates a  b  a.

2.2. The HDG method. Given a mesh Tk, the HDG methods are finite element
methods which seek an approximation (qk, q̂k · n, uk, ûk), to the exact solution
(q|Ω, q · n|Eh

, u|Ω, u|Eh
), in the set V k × Sk ×Wk ×Mk where

V k : = {v ∈ L2(Ω) : v|K ∈ Pn(K), ∀K ∈ Tk},(2.2a)

Wk : = {w ∈ L2(Ω) : w|K ∈ Pn(K), ∀K ∈ Tk},(2.2b)

Mk : = {m ∈ L2(Ek) : m|e ∈ Pn(e), ∀e ∈ Ek},(2.2c)

Sk : = {m ∈ L2(∂Tk) : m|e ∈ Pn(e), ∀e face of K ∈ Tk}.(2.2d)

Here Pn(K) and Pn(e) denote the space of polynomials of degree less than or equal
to n on a simplex K or a face e, respectively, and Pn(K) the space of vector-valued
functions with each of its components in Pn(K), and n ≥ 0. The approximate
solution (qk, q̂k ·n, uk, ûk) ∈ V k × Sk ×Wk ×Mk is determined as the solution of

(qk,v)Tk
− (uk,∇·v)Tk

= −〈ûk,v · n〉∂Tk
,(2.3a)

−(qk,∇w)Tk
+ 〈q̂k · n, w〉∂Tk

= (f, w)Tk
,(2.3b)

q̂k = qk + τ (uk − ûk)n on ∂Tk,(2.3c)
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for all (v, w) ∈ V k ×Wk, which satisfies the transmission and boundary conditions

〈q̂k · n, μ〉∂Tk\Γ = 0,(2.3d)

〈ûk, μ〉Γ = 0,(2.3e)

for all μ ∈ Mk. Note that the functions lying in Sk are not single valued on the
interior faces Ei

h. However, in view of (2.1), the condition (2.3d) implies that q̂k ·n ∈
Sk is actually a single-valued polynomial defined on ∂Tk, whence q̂k · n ∈ Mk; the
resulting method is thus conservative. Note also that, for HDG to be well defined,
it is enough to have the stabilization function τ to be strictly positive; thus τ does
not have the role of a penalty parameter. The precise hypotheses on τ are given in
the Assumptions A described next.

2.3. Adaptive Procedure. We consider the usual adaptive loop:

SOLVE → ESTIMATE → MARK → REFINE.

Let {Tk}k≥0 and {qk}k≥0 be the meshes and corresponding flux approximations
obtained from the iteration above, respectively. Set fk = PWk

f , where PWk
is the

L2 projection into the space Wk. We discuss next each of these four modules.

2.3.1. The Module SOLVE. Given a mesh Tk, the module SOLVE seeks an approx-
imation (qk, q̂k · n, uk, ûk) satisfying the discrete HDG formulation (2.3):

(qk, q̂k · n, uk, ûk) := SOLVE (fk,Tk).

A key advantage of HDG with respect to IPDG is the fact that (2.3d) and (2.3e)
are the only global equations to solve for, because the variables qk, uk are local
and can be eliminated by static condensation, a feature common to hybrid mixed
methods but foreign to DG. Once ûk is known, a local solver gives qk, uk:

(qk, uk)|K := LOCAL SOLVER (fk, ûk, τK ,K) ∀ K ∈ Tk.

Let us briefly compare the efficiency of HDG methods with respect to DG methods.
LetNk be the cardinality of mesh Tk and n be the polynomial degree. Then the total
number of globally-coupled degrees of freedom for a DG method is

(
n+d
n

)
Nk, where

d denotes the dimension of Ω. For HDGmethods, since there are approximately (d+
1)Nk/2 faces, the number of globally-coupled degrees of freedom is approximately(
n+d−1

n

)
(d+ 1)Nk/2. It is easy to see that, when n ≥ (d−1)d

2 , HDG methods have
fewer degrees of freedom than DG methods. Moreover, the number of non-zero
entries of the global matrix is much bigger for the DG methods than for the HDG
method, even for n = 1. See the discussion in [17].

We make the following assumptions on the stabilization function τK for K ∈ Tk:

A1. The parameter τK is a positive constant on ∂K.
A2. If K ⊃ T ∈ Tk+1, then τT = τK .
A3. τKhK ≤ Cτ for some constant Cτ .

Let us point out that the first assumption is not absolutely necessary, but allows
us to simplify the proofs by easily lifting boundary residuals to interior residuals.
Indeed, thanks to A1, we can show the equivalence

hK‖ (q̂k − qk) · n ‖2∂K � h2
K‖P⊥

Wk
(fk −∇· qk) ‖2K + τ2Kh2

K‖P⊥
Vk

(qk +∇uk) ‖2K ;

see Lemma 6.1. Here, we denote

P⊥
Vk

:= (Id− P
˜Vk

), P⊥
Wk

:= (Id− P
˜Wk

),
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where P
˜Vk

and P
˜Wk

are the L2 orthogonal projection onto the spaces

Ṽ k := {v ∈ Pn−1(K) for all K ∈ Tk},(2.4a)

W̃k := {w ∈ Pn−1(K) for all K ∈ Tk},(2.4b)

respectively. Note that since ∇· qk ∈ W̃k and ∇uk ∈ Ṽ k, we have

hK‖ (q̂k − qk) · n ‖2∂K � h2
K‖P⊥

Wk
fk ‖2K + τ2Kh2

K‖P⊥
Vk

qk ‖2K .(2.5)

Thanks to this equivalence, the residual on the faces can still be evaluated on a
refinement of Tk even though q̂k may not be defined on the new faces.

The second assumption A2 states, roughly speaking, that the elements inherit
the value of τ from its “parent”. This assumption is consistent with the a priori
bounds obtained in [18, 22] which state that optimal convergence for the energy
norm is achieved whenever the functions τ and τ−1 are positive and uniformly
bounded. Note also that if the third assumption A3 is satisfied for the initial mesh
T0, it is automatically satisfied by all the meshes thanks to A2.

2.3.2. The Module ESTIMATE. Given the data f , a mesh Tk and the approximate
solution (qk, q̂k ·n, uk, ûk) = SOLVE (fk,Tk), the module ESTIMATE outputs the
error estimator

{ζ2(f, qk,K)}K∈Tk
:= ESTIMATE (f, qk,Tk),

defined by (see [23, Corollary 3.4])

ζ2(f, qk,K) := ζ2curl(qk,K) + ζ2div(f, qk,K),(2.6a)

where

ζ2curl(qk,K) := h2
K‖ ∇× qk ‖2K + hK‖ [[qk]]t ‖2∂K ,(2.6b)

ζ2div(f, qk,K) := τ2Kh2
K‖P⊥

Vk
qk ‖2K + h2

K‖P⊥
Wk

f ‖2K ,(2.6c)

and [[qk]]t = q−
k × n− + q+

k × n+ for e ∈ Ei
k and [[qk]]t = qk × n for e ∈ E∂

k is the
jump in the tangential direction. It is easy to see that the estimator ζcurl gives a
measure of how close qk is to being a gradient. It is less obvious to realize what
ζdiv means, and we thus argue about it now. By the orthogonality property of the
L2-projection P⊥

Wk
, we have that

h2
K‖P⊥

Wk
f ‖2K = h2

K‖P⊥
Wk

fk ‖2K + h2
K‖ f − fk ‖2K ,

where fk := PWk
f . Thanks to the equivalence (2.5), we realize that

ζ2div(f, qk,K) � hK‖ (q̂k − qk) · n ‖2∂K + h2
K‖ f − fk ‖2K .

We see that the first term on the right-hand side measures how close qk is to
belonging to H(div,Ω) and that the second term measures how well fk captures
the source function f . Note that the term h2

K‖ f−fk ‖2K is usually called oscillation
of f in the element K [33–35]. Often this term has been treated separately from
the error estimator whereas here we completely incorporate it into it, as in [14].
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2.3.3. The Module MARK. This module selects a subset Mk from the mesh Tk

according to the error indicators {ζ2(f, qk,K)}K∈Tk
and a suitably defined marking

strategy. Our marking strategy is based on the so-called Dörfler marking [25].
Given the mesh Tk, the indicators {ζ2(f, qk,K)}K∈Tk

, and the parameter θ ∈
(0, 1), the module MARK selects a minimal subset

Mk := MARK (θ,Tk, {ζ2(f, qk,K)}K∈Tk
),

satisfying

θ ζ2(f, qk,Tk) ≤ ζ2(f, qk,Mk).(2.7)

2.3.4. The Module REFINE. Given a conforming mesh Tk and a marked subset
Mk ⊂ Tk, this module generates a conforming refinement Tk+1 of Tk,

Tk+1 := REFINE (Tk,Mk),

where each element in Mk is refined at least once. We often write Tk+1 ≥ Tk.
In this paper, the module REFINE is based on the newest vertex bisection

algorithm and its multidimensional extension [7, 35, 38]. Given a conforming mesh
Tk, the algorithm divides a given element K ∈ Tk into two children upon joining the
midpoint of an edge with the nodes off such an edge. The choice of the refinement
edges depends on a labelling associated with the initial mesh T0 only; see [7] for

d = 2 and [30,35,39] for d > 2. Since the element diameter is hK = |K| 1d , a simple
but crucial observation is that each of the children T± of K always satisfies

hT± = rhK ,(2.8)

where r = 2−1/d is the so-called diameter reduction factor. We mention next an
important property of the newest vertex bisection algorithm:

(2.9)

The infinite forest T of all conforming refinements originating from T0 via
newest vertex bisection has the shape regularity property hK/ρK ≤ Δ, for
any element K ∈ T, where Δ denotes the shape regularity constant and ρK
the diameter of the largest ball inside K.

Finally, we define the refined set Rk = RTk→Tk+1
:= Tk \ Tk+1 in Tk and the

set of new elements Nk+1 = NTk→Tk+1
:= Tk+1 \ Tk in Tk+1. Note that since each

marked element is refined at least once, we have Mk ⊂ Rk and note also that each
element T ∈ Nk+1 has a corresponding ancestor K ∈ Rk such that T ⊂ K.

2.4. Contraction property. We first document an inherent difficulty of HDG
methods, namely the lack of monotonicity of the flux error, and then state the
main result of this paper.

2.4.1. Example (‖q− qk ‖Ω is not monotone). Let the domain Ω be a single equi-
lateral triangle in two space dimensions and let the exact solution u be the lin-
ear function equal to 1 on two nodes and to −1 on the remaining node, whence
f = 0; see Figure 2.1. If the polynomial degree is n = 0 and the stabilization
parameter is τK = 1 on all three edges, then a simple calculation shows that
(q0, q̂0 · n, u0, û0) := SOLVE (f,T0) satisfies

q0 = q, (q̂0 − q0) · n = u0 − û0 �= 0.

However, if T1 is a refinement of T0 obtained by bisecting the edge on which u = 1,
it can be easily checked that q1 �= q.
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Figure 2.1. This example shows that the flux error q0 − q = 0
may vanish, but the flux jump (q̂0 − q0) ·n �= 0 may not for HDG
methods.

This example reveals an unusual phenomenon of HDG methods: ‖ q−qk ‖Ω = 0
does not imply ‖ q−qk+1 ‖Ω = 0. This lack of monotonicity suggests the inclusion of
the term ‖ (q̂k−qk) ·n ‖∂Tk

as part of the flux error. Here, we would like to present
a heuristic argument to justify it. A simple calculation leads to an orthogonality
property of HDG methods, which mimics the behavior of mixed methods, namely,

(q − qk+1,v
∗)Ω = 0, ∀v∗ ∈ V k ∩ {v ∈ H(div,Ω) and ∇·v = 0};

see (3.2). While flux monotonicity of mixed methods holds automatically (when
fk+1 = fk) because fluxes are H(div,Ω)-conforming, the flux qk+1 − qk is not
H(div,Ω)-conforming for HDG methods and thus prevents flux monotonicity from
taking place; see the short proof of Lemma 3.1. This is why we need to also count
the jumps in the flux as part of the flux error. On the other hand, it is reasonable
to expect that the flux error would be almost monotone if its non-conforming part
were small. Since the flux jump,

(q̂k − qk) · n = τK(ûk − uk) ∀K ∈ Tk,

can be formally controlled by taking τK small, we expect the sum of ‖ q − qk ‖2Ω
and suitably scaled ‖ (q̂k − qk) · n ‖2∂Tk

would be almost monotone, provided that
the constant Cτ in assumption A3 is sufficiently small.

The second ensuing difficulty is to compare these jumps between two consecutive
meshes because the numerical flux q̂k ·n associated with the coarse mesh may not
even be defined on the new faces of its refinement. To overcome this difficulty,
we carry out a novel analysis of the structure of HDG methods. By using the
special orthogonal decomposition of traces, we lift the jump residuals from element
boundaries to element interiors; see Lemma 5.1.

Finally, we would like to point out that ζdiv(f, qk,Tk) plays a dual role: besides
containing ‖ q̂k − qk) · n ‖∂Tk

it is part of the error estimator (2.6a). In fact,
according to (3.5), the sum of ζdiv(f, qk,Tk) and ζcurl(qk,Tk) dominate the error
‖ q − qk ‖Ω. This dual role of ζdiv(f, qk,Tk) is a novel feature of AHDG methods.

2.4.2. Contraction property. Let the quasi-error be the two-parameter quantity

(2.10) Eβ,γ(qk, f,Tk)
2 := ‖ q − qk ‖2Ω + βζ2curl(qk,Tk) + γζ2div(f, qk,Tk)
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for suitable β, γ > 0 to be determined later. We stress that the two estimators are
scaled separately to account for the dual role played by ζdiv(f, qk,Tk).

Theorem 2.1 (contraction of the quasi-error). Assume that the Assumptions A1
and A2 are satisfied and that A3 holds for some Cτ ∈ (0, C∗

τ ), where C∗
τ depends

only on the shape regularity constant Δ, the polynomial degree n, the diameter
reduction r and the marking parameter θ. Then there exist positive constants β, γ,
and α < 1 depending on Δ, n, r, θ such that

Eβ,γ(qk+1, f,Tk+1) ≤ αEβ,γ(qk, f,Tk).

Let us briefly discuss the condition A3 on the stabilization function τ , namely,
maxK∈Th

τ2Kh2
K ≤ Cτ and the smallness condition Cτ ≤ C∗

τ . First, note that the
actual constant C∗

τ can be easily determined in the proof of Theorem 2.1 provided in
the next section. The only restrictions are given by the inequalities (3.3) and (3.4)
appearing in Lemma 3.2, about the quasi-orthogonality property, and in Lemma
3.3, about the estimator reduction, respectively.

Next, note that if Assumption A3 is satisfied for a given mesh Tk, it is also
satisfied for the refined mesh Tk+1 since, by Assumption A2, we take τT = τK for
any T ∈ Tk+1 such that T ⊂ Tk. This means that condition A3 has to hold for
Cτ ≤ C∗

τ only for the very first mesh T0. As a consequence, τ can be taken to
be of order one. This is a restriction on τK of a completely different nature than
the condition of the penalty parameter in [8, 27, 29]. In fact, the choice of very
small τ does not significantly affect the behavior of the error ‖ q − qh ‖Ω and error
estimators ζcurl(qk,Tk) and ζdiv(f, qk,Tk), an important property of HDG that we
further discussed in Section 8 both computationally and theoretically.

Finally, let us emphasize that the above smallness condition on the stabilization
parameter τK does not deteriorate the condition number of the global matrix since
it was proven to be proportional to maxK∈T(1+τ2Kh2

K)h−2 for quasi-uniform meshes
of size h in [16]; it is then bounded by a quantity proportional to (1 + C∗

τ )h
−2.

3. Sketch of the proof of the contraction property

The proof of the contraction property in Theorem 2.1 is rather long and quite
technical. To make it more accessible, we present here its main steps and defer the
detailed proofs of two key lemmas to the remaining sections of this paper. We hope
this gives a clear and transparent road-map of the arguments involved, especially
the new ones.

Hereafter, to simplify the notation, we use

ζdiv,k(S) := ζdiv(f, qk, S), ζcurl,k(S) := ζcurl(qk, S), ζk(S) := ζ(f, qk, S),

for any subset S of Tk; when S = Tk, we omit the argument S. We also set

(3.1) λ := 1− r, Λ := 1− r2,

where r is the diameter reduction factor; see (2.8).
We are now ready to start the proof, which we split into six steps.

Step 1: The quasi-orthogonality property. Note that for the CG method, we
proceed as follows. First, we obtain the so-called orthogonality identity

‖ q − qk+1 ‖2Ω + ‖ qk+1 − qk ‖2Ω = ‖ q − qk ‖2Ω,
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from which, we easily realize that we need a lower bound for ‖ qk+1 − qk ‖2Ω in
terms of ‖ q−qk ‖2Ω to obtain a contraction. For HDG we have the following simple
variant.

Lemma 3.1 (quasi-orthogonality). Let Tk+1 and Tk be any two nested meshes with
Tk ≤ Tk+1. For any ε ∈ (0, 1/2), we have

‖ q − qk+1 ‖2Ω +
1

1− ε
Θk ≤ ‖ q − qk ‖2Ω,

where

Θk := ‖ qk+1 − qk ‖2Ω − 1

ε
Qk − ε‖ q − qk ‖2Ω.

Here Qk := infv∗∈V ∗
k,0

‖ qk+1−qk −v∗ ‖2Ω and V ∗
k,0 is the space of divergence-free

functions lying in V k.

Proof. By simply expanding ‖ (q − qk+1) + (qk+1 − qk) ‖2Ω, we have that

‖ q − qk+1 ‖2Ω + ‖ qk+1 − qk ‖2Ω = ‖ q − qk ‖2Ω − 2 (q − qk+1, qk+1 − qk)Ω.

In view of the first equation (2.3a) defining the HDG method, and by the boundary
conditions (1.1c) and (2.3e), we get

(3.2) (q − qk+1,v
∗)Ω = (u− uk+1,∇ · v∗)Tk

− 〈u− ûk+1,v
∗ · n〉∂Tk

= 0,

for any v∗ ∈ V ∗
k,0. Applying the Cauchy and Young inequalities gives

(1− ε)‖ q−qk+1 ‖2Ω+ ‖ qk+1−qk ‖2Ω ≤ ‖ q−qk ‖2Ω+
1

ε
inf

v∗∈V ∗
k,0

‖ qk+1−qk −v∗ ‖2Ω,

because v∗ ∈ V ∗
k,0 is arbitrary. This is the desired result in disguise. �

We can now see that the contraction property of Theorem 2.1 will follow from a
lower bound for the term Θk. Ideally, we would find some small ε for which Θk ≥ 0.
This would immediately imply the monotonicity property

‖ q − qk+1 ‖Ω ≤ ‖ q − qk ‖Ω,
which happens to be false for HDG according to Example 2.4.1. On the basis of
what is known for CG and mixed methods, we could expect a lower bound

Θk ≥
(
γζ2div,k+1 + βζ2curl,k+1

)
− α

(
γζ2div,k + βζ2curl,k

)
,

for some γ, β > 0 and α, ε ∈ (0, 1). We show below that this is indeed the case,
upon giving estimates for each of the three terms defining Θk, and then put them
together in the final step of the proof.

Step 2: Quantifying the lack of orthogonality. We begin by deriving an
estimate for the term Qk, which measures the lack of orthogonality of the HDG
method.

Lemma 3.2 (lack of orthogonality). Let Tk+1 and Tk be any two nested meshes
with Tk ≤ Tk+1. Let A1, A2 and A3 be valid and Λ be given by (3.1). Then,
there exists a constant C1 > 0 such that for any positive parameter δ1 and for any
ε ∈ (0, 1/2], we have

Qk ≤ ε

2
‖ qk+1 − qk ‖2Ω − β1 η2div,k+1(Tk+1) + (1 + δ1) β1 η2div,k(Tk),
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where β1 := C1Λ
−1(1 + δ1)

−1, provided that the constant Cτ in A3 satisfies

(3.3) Cτ ≤ min
{
1,

ε δ1 Λ

2C1(1 + δ1 Λ)

} 1
2

.

The proof of this result, given in Section 5, is the main novelty of this paper
and contains the main difficulties of the convergence analysis. Here, we would like
to briefly comment on what it entails. For mixed methods, the estimate of Qk is
essentially a continuous dependence result of the approximations with respect to
the right-hand side f . For HDG methods, the lack of H(div,Ω)-conformity of the
approximate fluxes qk introduces an additional component in the estimate of this
term, namely the jump of the normal traces (q̂k − qk) ·n. Roughly speaking, since
such inter-element jumps vanish whenever the parameter τ is zero, according to
(2.3c), it is reasonable to expect that this additional component can be controlled
by a term proportional to τ . This is what actually happens since formally setting
ε to zero leads to Cτ , and so τ , equal to zero.

Step 3: The estimator reduction property. We next state the relation be-
tween consecutive estimators ζk+1(Tk+1) and ζk(Tk) and the so-called estimator
reduction term ζk(Rk).

Lemma 3.3 (estimator reduction). Let A2 and A3 be valid. There exists a con-
stant C2 > 0 such that, for any δ2 > 0, we have

ζ2k+1(Tk+1) ≤ (1 + δ2)
{
ζ2k(Tk)− λζ2k(Rk)

}
+ C2(1 + δ−1

2 )‖ qk+1 − qk ‖2Ω,

provided that the constant Cτ in A3, satisfies

Cτ ≤ C
1/2
2 .(3.4)

A detailed proof of this result can be found in Section 4. It uses simple continuous
dependence results of the estimators. However, in spite of its simplicity, this is the
estimate that renders the contraction property possible thanks to the presence of
ζk(Rk), whose central role will be made clear in Step 4.

We write the above estimate as a lower bound for ‖ qk+1−qk ‖Ω because it turns
out to be more convenient for the subsequent analysis: if β2 := δ2/(C2(1 + δ2)),
then

‖ qk+1 − qk ‖2Ω ≥ β2ζ
2
k+1(Tk+1)− β2(1 + δ2)

{
ζ2k(Tk)− λζ2k(Rk)

}
.

Step 4: Lower bound of Θk. We now gather the results of the last two steps: if
β′
1 = β1/(ε(1− ε)), β′

2 = β2/(2(1− ε)) and ε′ = ε/(1− ε), then we obtain

1

1− ε
Θk ≥ (β′

1 + β′
2)ζ

2
div,k+1(Tk+1) + β′

2ζ
2
curl,k+1(Tk+1)

+ Ek − ε′‖ q − qk ‖2Ω
−
(
β′
1(1 + δ1) + β′

2(1 + δ2)
)
η2div,k(Tk)− β′

2(1 + δ2)ζ
2
curl,k(Tk),

where Ek is the scaled error reduction term

Ek := β′
2(1 + δ2) λ η2k(Rk),
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We now realize that we need to show that Ek contains a fixed amount of each of
the last three terms on the right-hand side. In fact, we show in Step 6 that

Tk := Ek −
{
2ε′‖ q − qk ‖2Ω

+
(
2β′

1δ1 + β′
2δ2(1 + δ2)

)
η2div,k(Tk) + β′

2δ2(1 + δ2)ζ
2
curl,k(Tk)

}
≥ 0

with the parameters ε, δ1, and δ2 properly chosen. This implies

1

1− ε
Θk ≥ ε′‖ q − qk ‖2Ω + (β′

1 + β′
2)ζ

2
div,k+1(Tk+1) + β′

2ζ
2
curl,k+1(Tk+1)

− {β′
1(1− δ1) + β′

2(1− δ22)}η2div,k(Tk)− β′
2(1− δ22)ζ

2
curl,k(Tk),

and the contraction property of Theorem 2.1 follows upon setting

α := max
{
1− δ1, 1− δ22 ,

1− 2 ε

1− ε

}
< 1, γ = β′

1 + β′
2, β = β′

2.

Step 5: Reliability of the error estimator. We state without proof the fol-
lowing upper bound of ‖ q − qk ‖2Ω in terms of the a posteriori error estimator; see
[23] for details.

Lemma 3.4 (reliability of the error estimator [23]). There exists a constant C > 0
depending on the shape regularity constant Δ of (2.9) and the polynomial degree
n ≥ 0 such that

‖ q − qk ‖2Ω ≤ C
∑

K∈Tk

(
ζ2curl(qk,K) + hK‖ (q̂k − qk) · n ‖2∂K

)
.

Since, according to Remark 6.1, the flux jump residual is controlled by the esti-
mator ζdiv,k(f, qk,Tk), we deduce the a posteriori upper bound

‖ q − qk ‖2Ω ≤ C3ζ
2
k(Tk),(3.5)

for some constant C3 depending on Δ and n.

Step 6: Lower bound for Tk. It only remains to prove that Tk ≥ 0 for 2ε, δ1, δ2 ∈
(0, 1). To do that, we first relate Ek with ζ2k(Tk) by using the Dörfler marking
strategy (2.7), and the fact that Mk ⊂ Rk,

θ ζ2k(Tk) ≤ ζ2k(Mk) ≤ ζ2k(Rk).(3.6)

This results in

Ek ≥ λ θ β′
2(1 + δ2) η

2
k(Tk).

Inserting this into the expression for Tk, we can split Tk as

Tk ≥ Tk,1 + Tk,2 + Tk,3,

where

Tk,1 :=
λθ

4
β′
2(1 + δ2)η

2
k(Tk)− δ2β

′
2(1 + δ2)ζ

2
curl,k(Tk),

Tk,2 :=
λθ

4
β′
2(1 + δ2)ζ

2
k(Tk)− 2ε′‖ q − qk ‖2Ω,

Tk,3 :=
λθ

2
β′
2(1 + δ2)η

2
k(Tk)−

{
2β′

1δ1 + β′
2δ2(1 + δ2)

}
η2div,k(Tk).
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Our final goal is to show that each of terms Tk,i is non-negative. Let us first
show that Tk,1 ≥ 0 upon suitably choosing the parameter δ2. By definition (2.6a)
of ζk(Tk), we have that ζk(Tk) ≥ ζcurl,k(Tk) whence

Tk,1 ≥
(λθ

4
− δ2

)
β′
2(1 + δ2) ζ

2
curl,k(Tk) = 0,

provided

δ2 :=
λ θ

4
∈
(
0,

1

4

)
.

Thanks to (3.5), we can now write that

Tk,2 ≥
(
λ θ

4
β′
2(1 + δ2)− 2ε′ C3

)
η2k(Tk),

whence Tk,2 ≥ 0 if

λ θ β′
2(1 + δ2)

4C3
≥ 2ε

1− ε
.

Using the definition of β′
2, we realize, after some simple algebraic manipulations,

that the above inequality holds if we take

ε = min

{
λ2θ2

64C2C3
,
1

2

}
∈
(
0,

1

2

]
.

We finally show that Tk,3 ≥ 0 upon choosing, suitably, the parameter δ1. Again
by definition (2.6a) of ζk(Tk), we have

Tk,3 ≥
{
λ θ

2
β′
2(1 + δ2)− 2β′

1δ1 − β′
2δ2(1 + δ2)

}
ζ2div,k(Tk)

=

{(λ θ

2
− δ2

)
β′
2(1 + δ2)− 2β′

1δ1

}
ζ2div,k(Tk)

= 2β′
1

{
λ θ β′

2

8β′
1

(1 + δ2)− δ1

}
ζ2div,k(Tk).

In light of the definitions of β′
1, β

′
2 and δ2, we deduce

λ θ β′
2

8β′
1

(1 + δ2) =
εθ2λ2Λ

64C1C2
(1 + δ1) >

εθ2λ2Λ

64C1C2
,

whence Tk,3 ≥ 0 provided

δ1 := min
{
1,

εθ2λ2Λ

64C1C2

}
∈ (0, 1].

This completes the roadmap to the contraction property of Theorem 2.1. Let us
end this section by pointing out that, to complete this proof, it remains to present
detailed proofs of the estimator reduction property of Lemma 3.3 (see Section 4),
and of the quantification of lack of orthogonality of Lemma 3.2 (see Section 5).

4. Estimator reduction property: Proof of Lemma 3.3

The estimator reduction property of Lemma 3.3 follows immediately from the
next, stronger, result after applying condition (3.4) on Cτ and setting δ := δ2.
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Lemma 4.1 (estimator reduction). Let λ,Λ be given by (3.1). There exists a
constant C2 > 0, depending on Δ and n, such that for any δ > 0, we have

η2div,k+1(Tk+1) ≤ (1 + δ){η2div,k(Tk)− Λη2div,k(Rk)}+ (1+δ−1)C2
τ ‖ qk − qk+1 ‖2Ω,

η2curl,k+1(Tk+1) ≤ (1 + δ){η2curl,k(Tk)− λη2curl,k(Rk)}+ (1+δ−1)C2 ‖ qk − qk+1 ‖2Ω.

Proof. Let us prove the first inequality. Let T ∈ Tk+1 be an arbitrary element and
let K ∈ Tk be its ancestor. Since P⊥

Wk
and P⊥

Vk
are L2-orthogonal projections, we

get

‖P⊥
Wk+1

f ‖T ≤ ‖P⊥
Wk

f ‖T
and

‖P⊥
Vk+1

qk+1 ‖T ≤ ‖P⊥
Vk

qk+1 ‖T ≤ ‖P⊥
Vk

(qk − qk+1) ‖T + ‖P⊥
Vk

qk ‖T .
The latter induces a Lipschitz property of ζdiv,k+1(T ) = ζdiv,k+1(f, qk+1, T ) with
respect to the argument qk+1 (see definition (2.6c)), with constant Cτ because of
Assumption A3. Therefore,

ζdiv,k+1(T ) ≤ ζdiv,k(T ) + Cτ‖ qk − qk+1 ‖T ,
where ζdiv,k(T ) still contains the weight h2

T and hT ≤ rhK , r being the diameter
reduction factor of (2.8). Using the simple property

(a+ b)2 ≤ (1 + δ)a2 + (1 + δ−1)b2 ∀ δ > 0,

we obtain

(4.1) η2div,k+1(T ) ≤ (1 + δ)η2div,k(T ) + (1 + δ−1)C2
τ ‖ qk − qk+1 ‖2T ,

whence, summing over all the elements T ∈ Tk+1, we get

η2div,k+1(Tk+1) ≤ (1 + δ)η2div,k(Tk+1) + (1 + δ−1)C2
τ ‖ qk − qk+1 ‖2Ω.

Since the weight in ζdiv,k(Tk+1) is the mesh size of Tk+1 square, (2.8) yields

η2div,k(Tk+1) = η2div,k(Tk+1 ∩ Tk) + η2div,k(Nk+1)

≤ η2div,k(Tk+1 ∩ Tk) + r2η2div,k(Rk)

or, equivalently,

η2div,k(Tk+1) ≤ η2div,k(Tk)− (1− r2)ζ2div,k(Rk).

This proves the first asserted inequality with Λ = 1− r2.
Let us now prove the second inequality. For any T ∈ Tk+1, we apply the definition

(2.6c) of ζcurl, and the triangle inequality to obtain the Lipschitz property

|ζcurl,k+1(T )− ζcurl,k(T )| ≤ C ‖ qk − qk+1 ‖T .
This entails using standard inverse inequalities and implies that C > 0 is a geometric
constant solely depending on Δ and n. We can now proceed as before to derive the
desired inequality with C2 = C2. �

5. Quantifying the lack of orthogonality: Proof of Lemma 3.2

The proof of Lemma 3.2 proceeds in several steps and compares qk+1 − qk with
a suitable H(div,Ω)-conforming approximation. It assumes two key and novel
structural results for HDG methods: Lemmas 5.1 and 5.2. We prove them later in
Sections 6 and 7.
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Step 1: The post-processing. We define a post-processed flux q∗
k by using a

slight modification of the Raviart-Thomas projection [37]. We take q∗
k ∈ RTn(K)

satisfying

(q∗
k,v)K = (qk,v)K ∀v ∈ Pn−1(K),(5.1a)

〈q∗
k · n, μ〉e = 〈q̂k · n, μ〉e ∀μ ∈ Pn(e) for all faces e of K.(5.1b)

We write this linear process succinctly as

q∗
k|K = POST PROCESS (qk, q̂k,K) ∀ K ∈ T.

Note that q∗
k belongs to H(div,Ω) because the transmission condition (2.3d)

forces the normal component of q̂k to be single-valued across the faces. Note also
that we have ∇· q∗

k = fk. This follows immediately from the second equation (2.3b)
defining the HDG method together with (5.1b),

−(q∗
k,∇w)Tk

+ 〈q∗
k · n, w〉∂Tk

= (f, w)Tk
= (fk, w)Tk

∀w ∈ Wk,

after integration by parts. The quantity ‖ q∗
k − qk ‖2Ω measures the non-conforming

part of qk. We now enunciate a novel estimate for ‖ q∗
k − qk ‖2Ω.

Lemma 5.1 (lack of H(div,Ω)-conformity). Let Assumption A1 be valid and set

(qk, uk)|K := LOCAL SOLVER (fk, ûk, τK ,K) ∀ K ∈ Tk.

Then there exists a constant C4 > 0 depending on Δ and n such that

‖ qk − q∗
k ‖2K ≤ C4 η

2
div(fk, qk,K) ∀ K ∈ Tk.

We will prove this new structural result for HDG methods in Section 6. Its proof
follows from a careful study of the trace residuals on each element. We use a local
orthogonal decomposition result from [21] of the spaces on which the trace residuals
lie in terms of traces of the local spaces in the element interiors. This allows us to
“lift” traces into element interiors and compare them with element residuals.

Step 2: H(div,Ω)-conforming approximation of qk+1 − qk. Since

Qk := inf
v∗∈V ∗

k,0

‖ qk+1 − qk − v∗ ‖2Ω ≤ ‖ qk+1 − qk − v∗ ‖2Ω

for any v∗ ∈ V ∗
k,0, we construct an approximation v∗ ∈ H(div,Ω) to qk+1 − qk in

terms of the local post-processing.

The inter-mesh solution. Note that q∗
k+1 − q∗

k lies in V k+1 ∩ H(div,Ω) but
its divergence is not zero since ∇ · (q∗

k+1 − q∗
k) = fk+1 − fk. This means that we

cannot take v∗ as q∗
k+1 − q∗

k. Instead, we let v∗ := q̃∗
k+1 − q∗

k, where (q̃k+1,
̂̃qk+1 ·

n, ũk+1, ̂̃uk+1) denotes the inter-mesh solution

(q̃k+1,
̂̃qk+1 · n, ũk+1, ̂̃uk+1) := SOLVE (fk,Tk+1);

note that we use fk over the finer mesh Tk+1. The post-processed inter-mesh flux
q̃∗
k+1 relates the approximate fluxes q∗

k on the coarse mesh Tk and q∗
k+1 on the fine

mesh Tk+1, and leads to the following crucial properties:

∇· v∗ = ∇·(q̃∗
k+1 − q∗

k) = fk − fk = 0,(5.2a)

v∗ = q̃∗
k+1 − q∗

k ∈ V k+1 ∩H(div,Ω).(5.2b)
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The error q̃k+1−qk+1 obviously depends on fk+1−fk. To make this precise, let

(5.3) osc2(fk+1, S) :=
∑
K∈S

h2
K‖ fk+1 − fk ‖2K

be the data oscillation between meshes Tk+1 ≥ Tk on a set of elements S ⊂ Tk.
The following estimate is new for HDG methods.

Lemma 5.2 (flux stability with respect to f). There exists a constant C5 > 0
depending on Δ and n such that

‖ q̃k+1 − qk+1 ‖Ω ≤ C5 osc(fk+1,Tk).

We present a complete proof in Section 7. We just point out here that a new
duality estimate is to be combined with the understanding of the trace residuals
gained in deriving Lemma 5.1. We will see that this is not a simple undertaking,
but seems to be a new and distinctive feature of our analysis.

Preliminary estimate of Qk. Using v∗ = q̃∗
k+1 − q∗

k, we thus have

Qk ≤‖ qk+1 − qk − q̃∗
k+1 + q∗

k ‖2Ω
≤ 2 ‖ (qk+1 − q∗

k+1)− (qk − q∗
k) ‖2Ω + 2 ‖ q∗

k+1 − q̃∗
k+1 ‖2Ω.

In the next two steps, we gather estimates for the two terms on the right-hand side.

Step 3: Stability of the non-conforming flux with respect to the mesh.
We recall that qk−q∗

k accounts for the lack of H(div,Ω)-conformity; we say qk−q∗
k

is the non-conforming component of the flux. We examine the variation of qk − q∗
k

with respect to two nested meshes Tk+1 ≥ Tk.

Lemma 5.3 (stability of the post-processing error with respect to the mesh). If the
Assumptions A1 and A2 are valid, then there exists a constant C6 > 0 depending
on Δ and n such that

‖ (q∗
k+1 − q∗

k)− (qk+1 − qk) ‖2Ω ≤ C6

(
η2div,k(Rk) + C2

τ‖ qk+1 − qk ‖2Ω
)
.

Proof. We divide the set Tk into the disjoint sets of refined elements Rk and unre-
fined elements Tk+1 ∩ Tk, and study them separately.

1. The set Tk+1∩Tk: Thanks to Assumption A2, we have for any T ∈ Tk+1∩Tk

(qk+1 − qk, uk+1 − uk)|T = LOCAL SOLVER (0, ûk+1 − ûk, τT , T ).

In view of Lemma 5.1, we get

‖ (q∗
k+1 − q∗

k)− (qk+1 − qk) ‖2T ≤ C4 ζ
2
div(0, qk+1 − qk, T )

= C4 τ
2
Th

2
T ‖P⊥

Vk+1
(qk+1 − qk) ‖2T ,

by definition (2.6c) of ζ2div. Summing over T ∈ Tk+1 ∩Tk, and using A3, we obtain

‖ (q∗
k+1 − q∗

k)− (qk+1 − qk) ‖2Tk+1∩Tk
≤ C4 C

2
τ

∑
T∈Tk+1∩Tk

‖P⊥
Vk+1

(qk − qk+1) ‖2T

≤ C4 C
2
τ‖ qk − qk+1 ‖2Ω.

2. The set Rk: It remains to show that

‖ (q∗
k+1 − q∗

k)− (qk+1 − qk) ‖2Rk
 η2div,k(Rk) + C2

τ‖ qk+1 − qk ‖2Ω.
Since

‖ (qk+1 − q∗
k+1)− (qk − q∗

k) ‖2Rk
≤ 2‖ qk+1 − q∗

k+1 ‖2Nk+1
+ 2‖ qk − q∗

k ‖2Rk
,
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with Nk+1 = Tk+1\Tk being the set of new elements, we obtain

‖ (qk+1 − q∗
k+1)− (qk − q∗

k) ‖2Rk
≤ 2C4

(
η2div,k(Rk) + η2div,k+1(Nk+1)

)
,

again by Lemma 5.1. To complete the proof it suffices to show

η2div,k+1(Nk+1) ≤ 2η2div,k(Rk) + 2C2
τ‖ qk+1 − qk ‖2Rk

.

This is a consequence of a local estimate (4.1) with δ = 1. �

Step 4: Stability of the post-processed flux with respect to f . We now
give an estimate to the second term ‖ q∗

k+1 − q̃∗
k+1 ‖Ω of Qk.

Lemma 5.4 (stability of the post-processed flux with respect to f). Let A1, A2,
A3 be valid and the constant Cτ satisfy (3.3). Then there exists a constant C7 > 0
depending on Δ and n such that

‖ q∗
k+1 − q̃∗

k+1 ‖Ω ≤ C7 osc(fk+1,Rk).

Proof. Let us introduce some convenient notation: let δfk+1 := fk+1 − fk,

(δqk+1, δ̂qk+1 · n, δuk+1, δ̂uk+1) := SOLVE (δfk,Tk+1),

and δq∗
k+1 = POST PROCESS (δqk+1, δ̂qk+1 ·n,Tk+1) be the post-processed flux.

Thanks to the linearity property of the equations (2.3) defining the HDG methods
and that of the equations (5.1) defining the post-processed flux, we have

δqk+1 = q̃k+1 − qk+1, δq∗
k+1 = q̃∗

k+1 − q∗
k+1.

The triangle inequality yields

‖ δq∗
k+1 ‖2Ω ≤ 2‖ δqk+1 ‖2Ω + 2‖ δq∗

k+1 − δqk+1 ‖2Ω,

whence, in view of Lemma 5.2, it only remains to estimate the second term of the
right-hand side. Lemma 5.1 implies

‖ δq∗
k+1 − δqk+1 ‖2Ω ≤ C4

∑
T∈Tk+1

ζ2div(δfk+1, δqk+1, T )

= C4

∑
T∈Tk+1

h2
T τ

2
T ‖P⊥

Vk+1
δqk+1 ‖2T + ‖P⊥

Wk+1
δfk+1 ‖2T ,

by definition (2.6c). This implies

‖ δq∗
k+1 ‖2Ω ≤ 2(C4C

2
τ + 1)‖ δqk+1 ‖2Ω + 2C4 osc2(fk+1,Rk).

Since Cτ ≤ 1, by condition (3.3), Lemma 5.2 finally yields

‖ δq∗
k+1 ‖2Ω ≤

(
2(C4 + 1)C2

5 + 2C4

)
osc2(fk+1,Rk).

This is the asserted estimate with C2
7 = 2(C4 + 1)C2

5 + 2C4. �

Step 5: Final estimate of Qk. Inserting the estimates of Steps 3 and 4 into the
preliminary estimate of Qk results in

Qk ≤ 2C6

{
η2div,k(Rk) + C2

τ ‖ qk+1 − qk ‖2Ω
}
+ 2C2

7 osc2(fk+1,Rk)

≤ C1

{
η2div,k(Rk) + C2

τ ‖ qk+1 − qk ‖2Ω
}
,
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with C1 := 2C6 + 2C2
7 , because osc2(fk+1,Rk) ≤ η2div,k(Rk). Adding Qk with

ζ2div,k+1(Tk+1) multiplied by the unknown factor β1, we end up with

Qk + β1ζ
2
div,k+1(Tk+1) ≤

(
C1 − β1Λ(1 + δ1)

)
ζdiv,k(Rk)

+
(
1 + β1(1 + δ−1

1 )C−1
1

)
C1C

2
τ ‖ qk − qk+1 ‖2Ω

+ β1(1 + δ1)ζ
2
div,k(Tk),

where we have used Lemma 4.1 with δ = δ1. The asserted estimate in Lemma
3.2 follows upon choosing β1 = C1Λ

−1(1 + δ1)
−1 and Cτ satisfying (3.3). This

completes the proof.

6. Lack of H(div,Ω)-conformity: Proof of Lemma 5.1

We split the proof of Lemma 5.1 into three steps. The proof follows from an
orthogonal decomposition of the trace residuals based on [21]. This allows for traces
to be lifted into element interiors.

Step 1: The approach. We begin by noting that, by the definition (5.1) of the
post-processed flux q∗

k, and by a standard scaling argument, we have

‖ qk − q∗
k ‖2T � hT ‖ (qk − q∗

k) · n ‖2∂T = hT ‖ (qk − q̂k) · n ‖2∂T ,
whence, by the definition (2.3c) of the numerical trace q̂k,

‖ qk − q∗
k ‖2T � hT τ

2
T ‖uk − ûk ‖2∂T .

This means that we need to understand the structure of the trace residual uk − ûk.

Step 2: Orthogonal decomposition of the trace residual. We start with the
following orthogonal trace decomposition [21], which is of intrinsic interest.

Lemma 6.1 (orthogonal trace decomposition [21]). For any K ∈ Tk, the space

Pn(∂K) := {μ ∈ L2(∂K) : μ|e ∈ Pn(e) for each face e ⊂ ∂K}
has a unique decomposition

Pn(∂K) = W⊥
n (∂K)⊕ V ⊥

n (∂K),

where

W⊥
n (∂K) := {w|∂K : w ∈ Pn(K) : (w, w̃)K = 0 ∀w̃ ∈ Pn−1(K)},(6.1a)

V ⊥
n (∂K) := {v · n|∂K : v ∈ Pn(K) : (v, ṽ)K = 0 ∀ṽ ∈ Pn−1(K)}.(6.1b)

In addition, the following orthogonality relation holds

〈w,v · n〉∂K = 0, ∀w ∈ W⊥
n (∂K),v · n ∈ V ⊥

n (∂K).(6.1c)

We now exploit Lemma 6.1 to decompose the trace residual uk − ûk.

Lemma 6.2 (orthogonal decomposition of the trace residual). Let Assumption A1
hold and set (qk, uk)|K = LOCAL SOLVER (fk, ûk, τK ,K) for any K ∈ Tk. Then,
the trace residual admits a unique L2-orthogonal decomposition

ûk − uk = wk + vk · n on ∂K,

where wk ∈ W⊥
n (∂K) and vk · n ∈ V ⊥

n (∂K). Moreover,

‖wk ‖2∂K � hKτ−2
K ‖P⊥

Wk
fk ‖2K , ‖vk · n ‖2∂K � hK‖P⊥

Vk
qk ‖2K ,(6.2)
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where the hidden constants depend only on the shape regularity constant Δ and the
polynomial degree n.

Proof. The orthogonal decomposition

ûk − uk = wk + vk · n on ∂K,

with wk ∈ W⊥
n (∂K) and vk ·n ∈ V ⊥

n (∂T ), follows directly from Lemma 6.1. Here,
we only need to prove (6.2). After a simple integration by parts in the first two
equations defining the HDG method, (2.3a) and (2.3b), we arrive at

〈uk − ûk,v · n〉∂K = (qk +∇uk,v)K ,

〈(q̂k − qk) · n, w〉∂K = (fk −∇· qk, w)K ,

for all v ∈ Pn(K) and w ∈ Pn(K). By the definition (2.3c) of the numerical flux,
the Assumption A1 on τK , and the orthogonal decomposition of the trace residual,
we get

〈vk · n,v · n〉∂K = (qk +∇uk,v)K = (P⊥
Vk

qk,v)K ∀v ∈ V ⊥
n (∂K),

τT 〈wk, w〉∂K = (fk −∇· qk+1, w)K = (P⊥
Wk

fk, w)K ∀w ∈ W⊥
n (∂K).

To show the upper bounds (6.2), we take v = vk and w = wk, to get

‖vk · n ‖2∂K = (qk,vk)K , τK‖wk ‖2∂K = (fk, wk)K ,

and next use the following standard relations in W⊥
n (∂T ) and V ⊥

n (∂T ):

‖vk ‖K � h
1/2
K ‖vk · n ‖∂K , ‖wk ‖K � h

1/2
K ‖wk ‖∂K .

The remaining lower bounds can be proved in a similar fashion. We take v :=
P⊥
Vk

qk and w := P⊥
Wk

fk to obtain

‖P⊥
Vk

qk ‖2T = 〈vk · n,P⊥
Vk

qk · n〉∂K ,

‖P⊥
Wk

fk ‖2T = 〈τKwk,P
⊥
Wk

fk〉∂K ,

and next employ the above relations. This completes the proof of Lemma 6.2. �

Step 3: Conclusion. We can now easily complete the proof of Lemma 5.1. Ap-
plying Lemma 6.2 to the last equivalence relation of Step 1, we get

‖ qk − q∗
k ‖2K � τ2KhK(‖wk ‖2∂K + ‖vk · n ‖2∂K),

whence the estimates of ‖wk ‖2∂K and ‖vk · n ‖2∂K in Lemma 6.2 yield

‖ qk − q∗
k ‖2K � h2

T ‖P⊥
Wk

fk ‖2K + h2
Kτ2K‖P⊥

Vk
qk+1 ‖2K = η2div(fk, qk,K),

by the definition (2.6c) of η2div(fk, qk,K). This ends the proof of Lemma 5.1.

Remark 6.1 (relation (2.5)). We observe that the proof of Lemma 5.1 in fact gives
the equivalence

h
1/2
K ‖ (qk − q̂k) · n ‖∂K ≈ ζdiv(fk, qk,K),

already alluded to in (2.5).
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7. Stability of the flux with respect to f : Proof of Lemma 5.2

We split the proof of Lemma 5.2 into six steps. We combine a new duality
argument with the residual trace decomposition already discussed in Section 6.
This derivation is rather technical. Let us first recall the notation δfk+1 = fk+1−fk
and

(δqk+1, δ̂qk+1 · n, δuk+1, δ̂uk+1) = SOLVE(δfk+1,Tk+1).

Step 1: HDG energy identity. We begin by establishing the following simple
energy identity typical of HDG methods.

Lemma 7.1 (HDG energy identity). We have

‖ δqk+1 ‖2Tk+1
+ ‖ τ1/2T (δ̂uk+1 − δuk+1) ‖2∂Tk+1

= (δfk+1, δuk+1)Tk+1
.

Proof. Take v = δqk+1 and w = δuk+1 in the equations defining the HDG method,

(δqk+1,v)Tk+1
− (δuk+1,∇·v)Tk+1

= −〈δ̂uk+1,v · n〉∂Tk+1

−(δqk+1,∇w)Tk+1
+ 〈δ̂qk+1 · n, w〉∂Tk+1

= (δfk+1, w)Tk+1
,

add up the two equations to obtain, after some algebraic manipulations,

‖ δqk+1 ‖2Tk+1
+ 〈(δ̂qk+1 − δqk+1) · n, δuk+1 − δ̂uk+1〉∂Tk+1

= (δfk+1, δuk+1)Tk+1
− 〈δ̂qk+1 · n, δ̂uk+1〉∂Tk+1

.

Thanks to the transmission condition (2.3d) and the homogeneous boundary
condition (2.3e), we have

〈δ̂qk+1 · n, δ̂uk+1〉∂Tk+1
= 0.

This, combined with the definition (2.3c) of δ̂qk+1, implies the assertion. �

We now readily see that we need to deal with the right-hand side of the above
energy identity. We do this by means of a classic duality argument which, however,
requires a special vector field Φ and a projection operator ΠV k+1

onto the space
V k+1. We introduce both Φ and ΠV k+1

in the next two steps.

Step 2: The auxiliary vector field Φ. Since
∫
K
δfk+1 = 0 for each K ∈ Tk,

there exists a vector field ΦK ∈ H1(Ω) with compact support in K such that

∇·ΦK = δfk+1 in K,

and satisfying

‖ΦK ‖H1(Ω) ≤ Creg‖ δfk+1 ‖L2(K),

where the constant Creg depends only on the shape regularity of K; see [3, 9, 26].
We construct the vector field Φ as follows:

Φ =
∑

K∈Rk

ΦK .

Since ΦK vanishes outside the element K, Φ inherits the elliptic regularity

‖ ∇Φ ‖K = ‖ ∇ΦK ‖K ≤ Creg‖ δfk+1 ‖L2(K) ∀K ∈ Rk.(7.1)
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Step 3: The auxiliary projection ΠV k+1
. We recall that, for all T ∈ Tk+1,

there exists a well-defined projection ΠV k+1
: H(div, T ) → Pn(T ) such that

(Φ−ΠV k+1
Φ,v)T = 0 ∀v ∈ Pn−1(T ),(7.2)

〈(Φ−ΠV k+1
Φ) · n,v · n〉∂T = 0 ∀v ∈ P⊥

n−1(T );(7.3)

see [21, Section 6]. Moreover, this projection has the approximation property

‖Φ−ΠV k+1
Φ ‖T  hT ‖Φ ‖H1(T ).(7.4)

Step 4: The duality identity. We now obtain the desired expression for the
right-hand side of the energy identity.

Lemma 7.2 (duality identity). We have

(δfk+1, δuk+1) = (δqk+1, (ΠV k+1
−ΠRT

k )Φ)Tk+1

+ 〈δuk+1 − δ̂uk+1, (Φ−ΠV k+1
Φ) · n〉∂Tk+1

,

where ΠRT

k denotes the Raviart-Thomas projection into the space RTn(Tk).

Proof. We start with the equation

(δfk+1, δuk+1) = (δuk+1,∇·Φ)Tk+1

= 〈δuk+1,Φ · n〉∂Tk+1
− (∇ δuk+1,Φ)

= 〈δuk+1,Φ · n〉∂Tk+1
− (∇ δuk+1,ΠV k+1

Φ)

= (δuk+1,∇·ΠV k+1
Φ)Tk+1

+ 〈δuk+1, (Φ−ΠV k+1
Φ) · n〉∂Tk+1

,

where we have used (7.2) in the third line. Therefore, by (2.3a), we arrive at

(δfk+1, δuk+1) = (δqk+1,ΠV k+1
Φ)Tk+1

+ 〈δ̂uk+1,Φ · n〉∂Tk+1

+ 〈δuk+1 − δ̂uk+1, (Φ−ΠV k+1
Φ) · n〉∂Tk+1

.

In view of the homogeneous boundary condition (2.3e), we have δ̂uk+1 = 0 on Γ.

Since δ̂uk+1 and Φ · n are single valued on ∂Tk+1, we obtain

〈δ̂uk+1,Φ · n〉∂Tk+1
= 0.

To prove the desired duality identity, it remains to show that

(δqk+1,Π
RT

k Φ)Tk+1
= 0.

We note that

∇·ΠRT

k Φ = PWk
∇·Φ = PWk

δfk+1 = 0,

which implies that ΠRT

k Φ belongs to V k; see [10]. We also note that ΠRT

k Φ belongs
to H(div,Ω). By the first equation (2.3a) defining the HDG method, we obtain

(δqk+1,Π
RT

k Φ)Tk+1
= (δuk+1,∇·ΠRT

V k
Φ)Tk+1

− 〈δ̂uk+1,Π
RT

k Φ · n〉∂Tk+1
= 0,

where the last term vanishes because neither δ̂uk+1 nor ΠRT

k Φ ·n jumps on ∂Tk+1.
This proves the asserted identity. �
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Step 5: Refining the duality identity. We next obtain an expression for the
normal trace of the auxiliary vector field Φ. Before stating it, we recall that by the
orthogonal decomposition of the trace residual of Lemma 6.2, we have

(7.5) δ̂uk+1 − δuk+1 = δwk+1 + δvk+1 · n.

Lemma 7.3 (normal trace of Φ). We have that

(P∂T −ΠV k+1
)Φ · n = τT δwk+1 on ∂T ,

where P∂T is the L2 orthogonal projection onto the space Pn(∂T ).

Proof. We begin by noting that, since the function (P∂T −ΠV k+1
)Φ ·n belongs to

Pn(∂T ), the orthogonal decomposition of Lemma 6.1 yields

(P∂T −ΠV k+1
)Φ · n = wΦ + vΦ · n,

where wΦ ∈ W⊥
n (∂T ) and vΦ · n ∈ V ⊥

n (∂T ). By the definition (7.3) of the
projection ΠVk+1

, we immediately deduce that vΦ = 0. Since, by Assumption A1,

τT δwk+1 ∈ W⊥
n (∂T ), this implies that we only need to show that

〈(P∂T −ΠV k+1
)Φ · n, w〉∂T = 〈τT δwk+1, w〉∂T ∀w ∈ W⊥

n (∂T ).

To do that, we proceed as follows. For any w ∈ W⊥
n (∂T ), we infer that

〈(P∂T −ΠV k+1
)Φ · n, w〉∂T = (Φ−ΠV k+1

Φ,∇w)T

+ (∇·(Φ−ΠV k+1
Φ), w)T = (∇·Φ, w)T

by the orthogonality property (6.1a) of the space W⊥
n (∂T ) and the orthogonality

properties (7.2) of the projection ΠV k+1
.

Next, we use the definition of the auxiliary field Φ to get

〈(P∂T −ΠV k+1
)Φ · n, w〉∂T = (δfk+1, w)T .

We now use the second equation (2.3b) defining the HDG methods, in conjunction
with the definition of δqk+1, to get

〈(P∂T −ΠV k+1
)Φ · n, w〉∂T = − (δqk+1,∇w)T + 〈δ̂qk+1 · n, w〉∂T

= 〈(δ̂qk+1 − δqk+1) · n, w〉∂T + (∇· qk+1, w)T .

Since w ∈ W⊥
n (∂T ), the last term vanishes. Finally, invoking the definition (2.3c)

of the numerical flux, we end up with

〈(P∂T −ΠV k+1
)Φ · n, w〉∂T = 〈τT (δuk+1 − δ̂uk+1), w〉∂T

= 〈τT δwk+1, w〉∂T + 〈τT δvk+1 · n, w〉∂T .
By Assumption A1 and the orthogonality property (6.1c), we have

〈τT δvk+1 · n, w〉∂T = τT 〈δvk+1 · n, w〉∂T = 0,

for all w ∈ W⊥
n (∂T ). This completes the proof of Lemma 7.3. �

We are now able to refine the duality identity by deriving a precise expression
for the last term. In fact, combining (7.5) with Lemma 7.3, we readily see that

(7.6)
〈δuk+1 − δ̂uk+1, (Φ−ΠV k+1

Φ) · n〉∂T
= 〈δuk+1 − δ̂uk+1, τT δwk+1〉∂T = ‖ τ1/2T δwk+1 ‖2∂T ∀T ∈ Tk+1.
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Step 6: Final Estimate. Invoking the energy identity of Lemma 7.1, the duality
identity of Lemma 7.2, and (7.6) we obtain

‖ δqk+1 ‖2Ω = (δqk+1, (ΠV k+1
−ΠRT

k )Φ)Tk+1
−

∑
T∈Tk+1

(
AT −BT

)
,

where

AT := ‖ τ1/2T (δ̂uk+1 − δuk+1) ‖2∂T , BT := ‖ τ1/2T δwk+1 ‖2∂T .
Since AT ≥ BT according to the orthogonal decomposition (7.5), we deduce

‖ δqk+1 ‖2Ω ≤ (δqk+1, (ΠV k+1
−ΠRT

k )Φ)Tk+1
,

whence, by the approximation properties of ΠV k+1
and ΠRT

k , we infer that

‖ δqk+1 ‖2Tk+1
≤ ‖ (ΠV k+1

−ΠRT

k )Φ ‖2Ω 
∑

K∈Tk

h2
K‖ ∇Φ ‖2K .

Finally, the asserted estimate of Lemma 5.2. follows upon using the elliptic regu-
larity (7.1) of the vector field Φ. This completes the proof.

8. Numerical experiments

In this section, we present numerical experiments devised to verify the conver-
gence and quasi-optimality properties of the AHDG method in two dimensions.
Moreover, we explore the sensitivity of the AHDG method to the polynomial de-
gree n and stabilization function τ .

8.1. Setting. In subsection 8.2, we carry out the first set of experiments on the
classical L-shaped domain Ω with exact solution u given by

u(r, θ) = r2/3 sin(2θ/3), Ω := (−1, 1)2 \ {(0, 1)× (−1, 0)}(8.1)

in polar coordinates (r, θ); note that f = 0. To study the effect of n and τ , we take

n = 1, 2, τ = 10−6, 10−2, 1, 102

in modules SOLVE and ESTIMATE. In Figure 8.1 we display several graded meshes
for n = 1, 2, obtained using the AHDG method with τ = 1. We see that, as
expected, the method automatically locates the singularity of the exact solution
and displays a faster rate of convergence for n = 2 than for n = 1. We make this
statement quantitative in subsection 8.2.

In contrast to (8.1), in subsection 8.3 we also examine the robustness of HDG
method for small τ and f �= 0 via the exact solution on the L-shape domain

u(x, y) = sin πx sinπy.(8.2)

We choose the marking parameter θ = 0.25 in module MARK for both examples.

8.2. Asymptotic behavior of the quasi error Eβ,γ(qk, f,Tk). In Figure 8.2,
we display the convergence behavior of both components of the error estimator,
ζcurl,k and ζdiv,k, and the flux L2-error. We compare them with the optimal decay

rate for ‖ q − qk ‖Ω, namely, (#Tk)
−(n+1)/2.

We observe that, for τ = 10−6, 10−2, 1, the error ‖ q − qk ‖Ω and the estima-
tor ζcurl,k contract and converge with the optimal rate while the estimator ζdiv,k
monotonically decreases but may not contract significantly. Since ζdiv,k is rela-
tively small for small τ , compared to ‖ q − qk ‖Ω and ζcurl,k, we deduce that the
quasi-error should contract with the parameters β and γ in Theorem 2.1 of order
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n = 1,#T3 = 74 elements, error= 0.052 n = 2,#T1 = 28 elements, error= 0.047

n = 1,#T5 = 146 elements, error= 0.033 n = 2,#T2 = 48 elements, error= 0.030

Figure 8.1. Adaptive meshes for piecewise-linear elements n = 1
(left) and for piecewise-quadratic elements n = 2 (right) with τ =
1. Here the error denotes ‖ q − qk ‖L2(Ω). Note that the AHDG
method is able to properly locate the singularity at the origin and
construct much coarser meshes for n = 2 than for n = 1.

one. Since ζdiv,k is of order 10−10 for τ = 10−6 and thus does not significantly
affect the contraction property of the quasi-error, we do not plot it in Figure 8.2
(row 1). For τ = 102, instead, we note that while the error ‖ q − qk ‖Ω and the
estimator ζdiv,k contract, for n = 1, both terms fail to converge with optimal order,
while the estimator ζcurl,k increases occasionally. For n = 2, however, both terms
seem to converge with optimal order. This computational result suggests that the
performance of AHDG methods with small stabilization function τ is more robust
than with large τ ; this is consistent with the condition (A3) that maxT∈Tk

τT hT

has to be small for Theorem 2.1 to hold.
The a priori error analysis shows that the order of convergence of the flux error

becomes suboptimal by one power for τ = O(h−1), whereas the flux error is optimal
for τ = O(1) [18]. An instance of the first case is seen for n = 1 and τ = 100; of
course, we expect that the order of convergence becomes optimal as we refine the
meshes. For n = 2 and τ = 100 instead, we see that the impact of having a
relatively large τ is not as severe as for n = 1.

8.3. Robustness of HDG methods with respect to small τ . Since the con-
traction property of AHDG method, Theorem (2.1), hinges on the smallness con-
dition (A3),

h2
Kτ2K ≤ C∗

τ for all K ∈ Tk,

a legitimate question to ask is about the asymptotic behavior of the AHDG method
as τ → 0. Our computational study of such behavior for (8.2) is displayed in Figure
8.3. We observe that, compared to τ = 1, the convergence pattern of the three
quasi-error components do not exhibit noticeable difference for the extreme choice
τ = 10−6. We explain below this insensitivity to small τ .

Integrating (2.3b) by parts and using (2.3c), we easily arrive at

(∇· qk, w)K + 〈τK(uk − ûk), w〉∂K = (f, w)K ∀w ∈ Pn(K).

Since ∇· qk ∈ Pn−1(K), the orthogonal projection P⊥
Wk

f of f onto the orthogonal
complement of Pn−1(K) within Pn(K) must be reflected in the term

Sk = τK(uk − ûk) ∈ Pn(∂K).
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Figure 8.2. Convergence rate of the three components ‖ q−qk ‖Ω,
ζdiv,k, and ζcurl,k of the quasi-error Eβ,γ(qk, f,Tk) for polynomial
degree n = 1, 2 and stabilization function τ = 10−6, 10−2, 1, 102.
In the first row, we do not plot ζdiv,k because it is insignificant.
Both ‖ q − qk ‖Ω and ζcurl,k contract and decay with optimal rate

(#Tk)
(n+1)/2 for τ = 10−6, 10−2, 1. For τ = 102 and n = 1, the

flux error ‖ q− qk ‖Ω is suboptimal, which is consistent with the a
priori error analysis of [18].
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Figure 8.3. Effect of small τ on the performance of the AHDG
method for (8.2). We plot the three components of the quasi-error,
ζcurl,k, ζdiv,k ‖ q−qk ‖, and compare them with the optimal decay
rate.

Therefore, if P⊥
Wk

f �= 0, then uk − ûk must blow up as τK → 0. Moreover, the
limiting flux qk is not H(div)-conforming because

qk · n = q̂k · n− Sk on ∂Tk.

is not single-valued on ∂Tk. A remaining critical question is the sensitivity of qk

with respect to τ → 0.
To address this question, we invoke the a priori error analysis of [18]. We start

with the projection pair (ΠVk
,ΠWk

) which, for every K ∈ Tk, is defined as follows
[18, (2.1)]: ΠVk

q ∈ Pn(K), ΠWk
u ∈ Pn(K) satisfy

(ΠVk
q,v) =(q,v) ∀v ∈ Pn−1(K),(8.3a)

(ΠWk
u,w) =(u,w) ∀w ∈ Pn−1(K),(8.3b)

〈ΠVk
q · n+ τΠWk

u, μ〉e =〈q · n+ τu, μ〉e ∀μ ∈ Pn(e), e ∈ ∂K.(8.3c)

The following optimal approximation properties are valid for 0 ≤ lq, lu ≤ n [18,
Theorem 2.1]:

‖ q −ΠVk
q ‖K  h

lq+1
K |q|Hlq+1(K) + hlu+1

K τK |u|Hlu+1(K),

‖u−ΠWk
u ‖K  hlu+1

K |u|Hlu+1(K) +
h
lq+1
K

τK
| ∇· q|Hlq (K).

This shows that ‖ q−ΠVk
q ‖Ω is insensitive to τ when τ → 0, but that ‖u−ΠWk

u ‖Ω
is not when the H lq (K)-seminorm of f = ∇· q is not zero for 0 ≤ lq ≤ n; this
explains our choice (8.2) with f �= 0. Moreover, the HDG flux error satisfies
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([18, Theorem 3.1])

‖ q − qk ‖Ω  ‖ q −ΠVk
q ‖Ω,

whereas the scalar variable error satisfies the crude bound [18, Lemma 4.1]

‖ΠWk
u− uk ‖Ω  ‖ q −ΠVk

q ‖Ω
without a convexity assumption on Ω. Since the projection P

˜Wk
(ΠWk

) onto Pn−1(K)

is well behaved, according to (8.3b), we deduce that only the Pn-component of uk

entering in the definition of Sk blows up as τ → 0. We thus conclude that both qk

and the Pn−1-part of uk are insensitive to τ → 0.
Finally, we stress that our a posteriori error estimators ζcurl,k and ζdiv,k, defined

in (2.6b)–(2.6c), depend only on qk and f , thereby being insensitive to τ → 0 as
well. All of this is consistent with the computational results of Figures 8.2 and 8.3.
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