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ON COMPUTATIONS WITH DESSINS D’ENFANTS

ALI KAMALINEJAD AND MEHRDAD SHAHSHAHANI

Abstract. The geometric theory of dessins d’enfants is used to make explicit
calculations on curves. In particular, an algorithmic procedure for the con-
struction of ramified covering of curves over number fields with prescribed
ramifications and for the explicit construction of Jenkins-Strebel differentials
are developed.

1. Introduction

In his Stanford thesis [8] Simon Rubinstein-Salzedo uses the theory of dessins
d’enfants (henceforth dessins) and origamis to give explicit examples of ramified
coverings of elliptic curves by curves of higher genus [9, 10]. In his work, he makes
use of extensive numerical calculations of periods of integrals (and some guesswork)
to obtain the equations of the curves. In this note we describe a systematic and
simple geometric procedure for constructing many such examples without invoking
extensive numerical calculations of elliptic and similar integrals and guesswork.
The calculations in the proposed method are of a purely algebraic nature, and the
method is in principle applicable for the construction of a wide variety of ramified
coverings of curves. The actual algebraic calculations are generally quite extensive
and are best carried out with standard available software. The method also gives
preferred cell decompositions or coordinate systems on the curve and allows one to
express the ramified covering map algebraically and in particular is applicable to
the calculation of isogenies of elliptic curves defined over number fields.

As a simple byproduct of our method we construct quadratic differentials explic-
itly on curves defined by dessins on compact oriented topological surfaces. Jenkins-
Strebel differentials are a class of quadratic differentials that are of geometric inter-
est because they naturally endow a cell decomposition of the surface with foliations
by closed curves. That they exist in abundance is proven by variational meth-
ods but a generic quadratic differential is not Jenkins-Strebel. The method of the
computation described here enables one to exhibit Jenkins-Strebel differentials on
curves defined by dessins. Similar ideas have also appeared in [15].

Note that it is trivial to explicitly construct curves of arbitrary genus together
with ramified coverings of them. In fact, let Ψ(x, y) = 0 be a curve Na; then
the appropriate substitution x = g(ξ, η), y = h(ξ, η) gives a curve Ma defined as
Φ(ξ, η) = 0 as a ramified cover of Na. More interesting is to construct ramified
covers with prescribed ramification structures and remove the condition that the
curve is defined over a number field. In section 6 it is shown how the knowledge of
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dessins helps explicitly calculate many such families although the final result is not
limited to curves over number fields.

For general background on dessins d’enfants see [6, 7, 11] and the recent survey
[13].

2. Proper dessins

In this section we recall some general definitions and results from [3] and [4]
that are not readily available. By a dessin DM on a closed (compact and con-
nected without boundary) oriented topological surface M of genus g we mean a
finite embedded connected 2-colorable graph on M whose complement consists of
topological discs. The dessin DM defines a unique complex structure defined over
Q on M and every complex structure defined over a number field can be obtained
in this manner (see e.g. [5] and [12]). When M is endowed with a complex ana-
lytic structure we denote it by Ma and by Ma

D if it is obtained from a dessin DM .
Assume there is an involution ι on M with the following properties:

(1) The topological quotient of M under ι is S2.
(2) The restriction of ι to the graph DM is a graph isomorphism.
(3) It preserves the set of black (resp. white) vertices.

A dessin satisfying the above conditions is called a proper dessin. Clearly a proper
dessin induces a dessin on S2 = CP(1). A simple and basic observation is

Theorem 1. Let Ma be a complex analytic curve of genus g � 1 defined over Q.
M admits a proper dessin DM such that the induced complex structure is that of
Ma if and only if Ma is hyperelliptic.

Proof. Assume Ma is a hyperelliptic curve defined over a number field. Then it
admits of a representation by an equation of the form y2 = q(x). The projection
π : (x, y) −→ x is a quotient of Ma under the involution y → −y. The composition
β = f ◦ π, for an appropriate f : CP(1) −→ CP(1), is a Belyi function on Ma, and
β−1([0, 1]) is the desired proper dessin. Conversely, given a proper dessin DM on
M , the quotient of M by the involution ι induces a dessin on CP(1). Let π be the
quotient map; the requirement of complex analyticity of π induces the structure of
a hyperelliptic curve on M . �

Let Ma
D be a topological surface of genus g together with a dessin DM defining

the complex structure on it and a fixed embedding Ma
D ⊂ CP(n). Also, let ρ :

CP(n) −→ CP(1) be the projection onto one of the coordinates and π : Ma
D −→

CP(1) be the restriction of the projection ρ to theMa
D. A dessin DM is a generalized

proper dessin if there is a dessin DCP(1) on CP(1) such that DM = π−1(DCP(1)). A
straightforward generalization of Theorem 1 is

Theorem 2. Let Ma be a complex analytic surface of genus g � 1 defined over Q.
Then M admits of a generalized proper dessin DM such that the induced complex
structure is that of Ma.
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To clarify the usefulness of the notion of a proper dessin note that the construc-
tion in the proof of Theorem 1 gives a commutative diagram

Ma
D

π

��

β

����
���

���
���

�

C ′ = CP(1)
f

�� CP(1) = C

Since (in principle) one can explicitly exhibit the Belyi function f from the dessin
DC′ on C ′ = CP(1), the equation of the hyperelliptic curve Ma

D can be recovered
from a proper dessin. Note that Ma

D is obtained by making branch cuts via simple
non-intersecting curves and pasting the two copies of CP(1) accordingly. The choice
of branch cuts does not affect the complex structure of the hyperelliptic curve. A
similar comment is applicable to generalized proper dessins, but the process of
cutting and pasting can be complex. Here it is important to keep C and C ′ as
distinct entities, and generally the calculations are carried out on C ′.

Example 1. Consider the dessin of Figure 1 on CP(1).

+b-b

Figure 1

From the ramification data the Belyi function has the form f(x) = k (x2−1)3

x2−a2 . Using
the property that it is a Belyi function yields

a =
2√
3

, k =
4

3
.

The quantity b is calculated from b = f−1(1) which yields b =
√
6
2 by comparing

with Figure 1. Making cuts along [0, 1] and [b,∞] (or [−b,∞]) one obtains the

elliptic curve y2 = x(x− 1)(x−
√
6
2 ) (respectively y2 = x(x− 1)(x+

√
6
2 )), and the

corresponding dessins are shown in Figure 2. On the other hand, if one makes the
cuts along [0, 1] and [−1,∞], then the resulting curve is y2 = x3 − x but with a
different dessin than the one shown in Figure 7 below.
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Figure 2

3. First construction

The construction is in principle applicable to ramified covers of surfaces of arbi-
trary genus. Let p : M −→ N be a ramified covering of closed orientable topological
surfaces. Assume the complex structure on Na is defined over a number field k or
equivalently is given by a dessin DN with the corresponding Belyi function β. We
assume that p is unramified outside (p ◦ β)−1({0, 1,∞}). It is no loss of generality
to assume that DN is a generalized proper dessin. The map p induces a dessin
DM on M which endows it with the same complex structure as one obtained from
Na via p. Under the additional assumption that DM is also a generalized proper
dessin, the method of [4] is applicable to explicitly give equations describing the
curves Ma and Na. Example 2 below demonstrates the method.

Our method enables us to actually explicitly exhibit the maps of the (un)ramified
coverings p : Ma −→ Na. In fact, for simplicity assume that the dessins DM and
DN are proper. The mapping Ma −→ Na is of the form (x, y) → (G(x, y), h(x, y)).
The properness assumption, if the mapping respects the hyperelliptic involution,
implies that G is invariant under the involution y → −y. Therefore G(x,−y) =
G(x, y) and only even powers of y occur in G(x, y). Thus we can substitute y2 in
terms of x to obtain G(x, y) = g(x). Now make use of the properties:

(1) Ma −→ Na is an (un)ramified covering;
(2) both dessins DM and DN are invariant under the involution y → −y;
(3) the structure of the dessins is compatible with the covering map (i.e., they

give the same complex structures), and we can calculate the coordinates of
the vertices of the dessins on C ′ = CP(1) for both Ma and Na,

to calculate the coordinates of the ramification points on C ′ for both Ma and
Na. With the knowledge of the dessins and the coordinates of ramification points
one can now determine the exact form of the functions g(x) and h(x, y). This is
demonstrated by the example below, which is introduced for another reason that
will be explained in the last section.

Example 2. Consider the elliptic curve defined by the dessin of Figure 3, whose
equation, following our standard methods described in section 2 (see also Appendix
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B), is given by

Na : y2 = x3 +
(
4 + 4

√
2
)
x2 +

(
9 + 6

√
2
)
x− 14− 10

√
2.

Figure 3

This dessin is lifted to the hyperelliptic curve shown in Figure 4 with a Z/(2) action
where the quotient is the above elliptic curve (Figure 3).

Figure 4

The method of section 2 is applicable to yield the equation (see also Appendix B)

Ma : y2 = x6 +
2− 9

√
2

4
x4 +

11
√
2− 6

4
x2 −

√
2

2
.

The covering map p : Ma −→ Na can be computed in (x, y) coordinates. To do so
we look at the corresponding dessins on C ′ = CP(1), which in this case are shown
in Figure 5. We look for a 2-fold ramified cover g : CP(1) → CP(1) compatible with
Figure 5 in the sense that g maps the dessin in the domain onto the dessin in the
image. This imposes the restriction that the critical values are {0, 1} and ±1 are

mapped to ∞. It is now easy to see that the x-coordinate is given by x → x2

x2−1 ,
and from the equations of the curves one then obtains the expression

p (x, y) =

⎛
⎝ x2

x2 − 1
,

√
2
(
10 + 7

√
2
)

(x2 − 1)2
y

⎞
⎠

for the covering.
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Figure 5. Dessins are shown in RED

It should be noted that this example can equally easily be derived by looking at
it as an inverse problem; namely, we start with a surface of genus 2 together with
a Z/(2) action such that the quotient is a surface of genus 1 (see Figure 6). Then
one constructs a dessin on the surface of genus 2 which is both proper and invariant
under the given Z/(2) symmetry. Then the dessins exhibited above trivially satisfy
these requirements, and the computations are easily carried out according to the
method of Section 2.

Figure 6
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4. Second construction

In general terms this construction is by attaching fundamental domains for sur-
faces together with the corresponding dessins and making the required identifica-
tions. The principle is best described by an example for the simplest case of a
ramified covering of a curve of genus one.

Example 3. Consider the elliptic Na : y2 = x3 − x, which is described by the
dessin in Figure 7, where opposite sides are identified.

Figure 7

Join five copies of the elliptic curve with the dessin as shown in Figure 8, where
opposite sides are identified.

Figure 8

The resulting curve Ma has genus 2 and is a ramified 5-fold cover of the elliptic
curve y2 = x3 − x with a single ramification point of order 3. Figure 9 shows the
the induced dessin on Ma, which in fact is a proper dessin in a less obvious way.
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Figure 9

The properness of the dessin is illustrated in Figure 10. The hyperelliptic involution
on Ma induces a map Ma −→ CP(1) that takes the dessin on Ma to dessin DCP(1)

on CP(1). By now standard arguments, a Belyi function for DCP(1) is of the form

f (x) = k
x2

(
x2 − a2

)4
(x2 − b2)

2 .

Figure 10

To calculate the coefficients we look at the quotient mapMa −→ CP(1) and proceed
according to the method of section 2 (further elaborated on in the Appendices).
The points a, b, c, d in Figure 11 of dessin DCP(1) are

a =

√
55
27 + 10

√
10

27 , b =

√
11
5 + 2

√
2
5 ,

c = 4
9

√
11 + 2

√
10, d = 1

9

√
161 + 44

√
10.

Making cuts from ±b to ±c and from 0 to ∞ and pasting two copies of CP(1) along
the cuts we obtain the hyperelliptic Ma, and its equation is given as

y2 = x5 − 161

405

(
11 + 2

√
10
)
x3 +

16

405

(
161 + 44

√
10
)
x.
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Figure 11. Dessin is shown in RED

For the calculation of the map p : Ma −→ Na consider the projection (x, y) → x
of Na −→ CP(1) that maps the dessin of Na to a dessin on CP(1) with the Belyi
function x → x2 mapping CP(1) to itself. The projection p : Ma → Na is of the
form (x, y) → (g (x) , h (x, y)) with g (x) given by

5x
(
27x2 − 55− 10

√
10
) (

Ax2 +B
)

27
(
5x2 − 11− 2

√
10
)

where

A = −
729

(
48− 6

√
10− 8

√
10

11+2
√
10

+ 37√
11+2

√
10

)
20

(
955 + 424

√
10
) ,

B =

27

(
−27

√
10

11+2
√
10

+ 8

(
88 + 16

√
10 + 27√

11+2
√
10

))
8800 + 3220

√
10

.

The principle of the computation of g is not difficult to describe. First note that
g is the quotient of a quintic in x by a quadratic in x. Furthermore it has the
properties

g (0) = 0, g (±a) = 0, g (±b) = ∞, g (±1) = ±1, g (±c) = ±1.

The validity of the calculations is checked by evaluating g(±d) which should be ∓1,
which in fact is correct. This expression for g can be simplified to yield

g (x) = −
√
2651− 806

√
10x

(
27x2 − 55− 10

√
10
)2

2916
(
5x2 − 11− 2

√
10
) .

Furthermore,

h (x)=κ
2187x6−999

(
11+2

√
10
)
x4+137

(
161+44

√
10
)
x2−5

(
2651+806

√
10
)

25x4 − 10
(
11 + 2

√
10
)
x2 + 161 + 44

√
10

y

where

κ =
i
√
5
(
2651− 806

√
10
)3/4

17496
.

In principle one can verify the validity of h by using the equation y2 = x3 − x.



428 ALI KAMALINEJAD AND MEHRDAD SHAHSHAHANI

Remark 1. In [10] the equation given for the curve Sa of genus 2 covering the
elliptic y2 = x3 − x with a single ramification point of index 3 is

−
√
5y2 = x5 − 45

(
9 + 4

√
5
)
x4 + 649

(
161 + 72

√
5
)
x3

− 2943
(
2889 + 1292

√
5
)
x2 + 162

(
51841 + 23184

√
5
)
x.

This equation is different from the one given in Example 3; however the two curves
are isomorphic. The isomorphism φ : Sa −→ Ma is given by the equation φ (x, y) =
(α (x) , β (y)) where

α (x) =
1

9

(
−4 +

9√
5

)√
11 + 2

√
10

(
x− 81− 36

√
5
)

and

β (y) =

√√
5
(
−a+ b

√
2 + c

√
5− d

√
10

)√
11 + 2

√
10

7381125
(iy)

where

a = 334896100, b = 204654780,

c = 149770089, d = 91524400.

While it is possible to verify the validity of the isomorphism through a laborious
computation, the method for obtaining the map merits clarification. In view of
the fact that the (topological) ramification structures of Sa → Na and Ma → Na

are identical, one expects that both curves can be realized from proper dessins
and the same DC′ on C ′. In other words, we assume that the dessins specifying
Sa and Ma have the same underlying DC′ up to action of SL(2,C). This was
a fortuitous assumption that made the calculation of the required isomorphism
tractable. Fixing a pair of triples of vertices for a dessin gives a unique element of
SL(2,C) mapping one triple to the other. With this observation one can enumerate
all the possibilities for Belyi functions related to the given dessin. If the assumption
is valid in the current case, then the proposed element of SL(2,C) should map the
dessin isomorphically onto the other. To be more precise, the right hand side of
the above equation for Sa can be written as

x(x− 1)(x− μ)(x− μ)(x− 2μ+ 1)(x− 2μ), where μ = 81 + 36
√
5.

By an element of SL(2,C) we map 0, 1, μ to −b,−c, 0 respectively. Then 2μ−1 and
2μ are mapped to c and b respectively, and thus we obtain the desired isomorphism.

Remark 2. In the preceding remark, it was shown that the curves Ma and Sa are
isomorphic while they are given as defined over different number fields, namely
Q(

√
5) and Q(

√
10). The question is whether there is a representation of the same

curve over Q. The key idea for the solution of this problem is to look at the
1-parameter family of curves

y2 = x5 − 161

405

(
11 + 2

√
10
)
t2x3 +

16

405

(
161 + 44

√
10
)
t4x.

For t ∈ R \ {0}, the resulting curves are isomorphic and the question reduces to
finding a t such that all the coefficients become rational numbers. Notice that for

t =
√

405
11+2

√
10

we obtain the equation

y2 = x5 − 161x3 + 6480x.
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Therefore the curve Ma (or Sa) can be defined over Q. This idea has wider ap-
plicability to the problem of the field of definition and will be developed more
systematically in another publication.

Remark 3. The method of the computation of the isomorphism between Sa and Ma

as explained in Remark 1 can be used to obtain the j-function for elliptic curves in
their Legendre representation. The automorphisms of the Legendre representation
is the symmetric group on three letters S3 permuting {0, 1, λ}. Therefore one seeks
a rational function in λ which is invariant under the action of S3 given by fractional
linear transformations, namely,

λ −→ λ, 1− λ,
λ

λ− 1
,

1

1− λ
,
λ− 1

λ
,
1

λ
.

These transformations form a group isomorphic to S3. The rational function

j(λ) = (1728)
(λ2 − λ+ 1)3

λ2(1− λ)2

is invariant only under the action of S3 (by fractional linear transformations), and
therefore the equality j(λ) = j(μ) is a necessary and sufficient condition for the
isomorphism of the corresponding elliptic curves.

Example 4. In this example we explicitly exhibit an isogeny by putting together
two squares as shown in Figure 12 and denote the corresponding elliptic curve by
Ea

2 .

Figure 12

The Belyi function f : C ′ −→ C for π(Ea
2 ) = C ′ is f(x) = x4

(x2−2)2 , and the

elliptic curve Ea
2 is given by the equation y2 = x4 − 3x2 + 2. The covering map

p : Ea
2 −→ Ea

1 (Ea
1 is the curve given by the equation y2 = x3 − x as before) is

given by

p (x, y) =

(
− x2

x2 − 2
,

2ixy

(x2 − 2)2

)
.

The method of computation is the same as before. Moving one of the ramification
points to infinity we transform the quartic representation of the elliptic curve to a
cubic one to obtain

y2 = x3 +
9
√
2

4
x2 + 2x+

√
2

4
for the equation of Ea

2 . In the Legendre representation y2 = x(x−1)(x−λ) of Ea
2 we

have λ = 1
8 (4− 3

√
2), j(E2) = 287496 and the standard Weierstrass representation

is
y2 = x3 − 65219x+ 6391462.
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The curve Ea
1 has periods {1, i} and has complex multiplication. The j value for

the curve with periods {1, 2i} is an integer and can be computed by truncating
the q-expansion of j(2i) to obtain j(2i) = 287496, which agrees with the above
calculation using dessins.1

5. Jenkins-Strebel differentials

Let ω with local expressions ω = ϕ (z) dz2 be a meromorphic quadratic dif-
ferential on a Riemann surface Ma. A horizontal curve for ω is a smooth curve
α : R −→ Ma such that ϕ (α (t)) (α′ (t))2 > 0 . A critical curve α is a horizontal
curve joining two zeros of ω or a zero and a simple pole in the sense that

lim
t→±∞

α (t) = z±,

where z± are zeros or simple poles of ω. A Jenkins-Strebel differential is a meromor-
phic quadratic differential such that except for a finite number of non-intersecting
critical curves, the horizontal trajectories are periodic and give a foliation of the
surface M minus the critical curves. Given a Jenkins-Strebel differential ω let γi,
i = 1, . . . , n, be the critical curves and Zω = {zj} be the set of zeros and poles of
ω. Let

Γ = γ1 ∪ · · · ∪ γn ∪ Zω.

Then Γ is a closed subset of M and

M \ Γ =

m⊔
k=1

Uk (disjoint union),

where Uk is a disc foliated by simple closed horizontal curves. A quadratic dif-
ferential ω represented locally as ϕdz2 defines a Riemannian metric structure on
M \ Zω via ds2 = |ϕ(z)|dzdz̄. This metric gives a flat structure on each Uk, and
the horizontal curves are geodesics. The existence and properties of Jenkins-Strebel
differentials can be found in classical references [2], [14] or [1], where there are minor
differences in exposition.

Now we explain how to give expressions for Jenkins-Strebel differentials using
the machinery described above. We consider the map f : C ′ −→ C (as in section

2) and consider the quadratic differential ω =
(
df
f

)2
. Let Γ = f−1(S1) (S1 is the

unit circle in C ⊂ C). C ′ \ Γ is a disjoint union of open discs since f is a Belyi
function. Inside each disc there is exactly one zero or one pole of f and so each disc
contains exactly one simple pole of the differential df

f . Therefore in the appropriate

coordinate system for each disc the differential is of the form dz
z . From this it

follows that Γ contains the singular graph and ω is a Jenkins-Strebel differential on
C ′. Note that in this construction critical curves join zeros of ω corresponding to
f−1 (1). Now π�(ω) gives a quadratic differential on Ma

D. The ramification points

of π are either on Γ or on the poles of df
f . Around the poles it is given by z → zl in

the appropriate coordinate system. It now follows easily that π�(ω) is a Jenkins-
Strebel differential on Ma

D. This observation enables one to give global expressions
for a Jenkins-Strebel differential on Ma

D.

1This remark is due to A. Rajaei.
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Example 5. Applying the above procedure to Example 2 we obtain the (global)
expression (

8
((
−2 +

√
2
)
x2 − 1 +

√
2
)

x (x2 − 1)
(
x2 + 2− 2

√
2
)
)2

dx2

for a Jenkins-Strebel on the curve Ma
D.

Figure 13. Dessin is shown in RED, singular graph in GREEN.

Similarly we obtain the Jenkins-Strebel differential(
10

(
x2 − 1

) (
81x2 − 161− 44

√
10
)

x
(
27x2 − 55− 10

√
10
) (

5x2 − 11− 2
√
10
)
)2

dx2

for the curve of genus 2 of Example 3. These expressions are valid on C ′ and can
be pulled back to Ma

D by the projection π. The decomposition of the surface by
β−1(S1)(=drawn in green) into discs that are foliated by a horizontal closed curve
is given in Figure 13.

6. Families of ramified coverings

The construction above also yields families of ramified coverings of curves with
given ramification structure but not necessarily defined over a number field. To
demonstrate this principle consider, for example, the family of elliptic curves Ea

t :
y2 =

(
x2 − 1

)
(x+ t). For t = 0 this is the curve discussed in detail above. In our

construction of a ramified cover of Ea
0 with two ramification points of index 2 over

the points corresponding to x = 0,∞ we obtained the projection map p : Ma −→
Ea

0 with p = (g (x) , h (x, y)) and g (x) = x2

x2−1 . Now using the map g we easily

extend p as a map of Ma
t : y2 = (2t+ 2) x6 − (5t+ 3)x4 + (4t+ 1)x2 − t to Ea

t

for t 
= 0,±1. (For t = 0, 1 the curve Ma
t is singular.) The component h is then

calculated easily from the data and is given by h (x, y) = y
(x2−1)2 .

One actually obtains more general ramified coverings in the form pn : Ma
t,n −→

Ea
t for t 
= 0,±1 where Ma

t,n : y2 = (2t+ 2) x3n − (5t+ 3)x2n + (4t+ 1)xn − t

with gn (x) = xn

xn−1 and hn (x, y) = y
(xn−1)2

. Notice that the key point in this

construction is the knowledge of the component g of the projection that we obtained
from the analysis of dessins, but the final result is independent of the existence of
the dessin. It is clear that this procedure is applicable to the construction of many
families of ramified coverings with specified ramification structures.
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The above method can be modified slightly for greater flexibility for the con-
struction of families of ramified coverings. Consider the 5-fold ramified covering
of elliptic curves Ea

λ : y2 = x(x − 1)(x − λ), λ 
= 0,±1 with a single ramification
point of index 3. Using the general form of the function g constructed in section 4

but not the specific coefficients we take g (x) =
x3(x2−1)
x2−λ2 . With this choice of g we

obtain two representations of curves of genus 2:

(I) Ma
λ : y2 = x5 − x3 − x2 + λ2,

(II) Ma
λ : y2 = x5 − x3 − λx2 + λ3,

which cover Ea
λ with the given ramification structure. The component h (x, y) is

easily computed and is given by

(I) h (x, y) =

√
x10 − 2x8 − λx7 + x6 + λ (λ2 + 1) x5 − λ3x3

x2 − λ2
y,

(II) h (x, y) =

√
x10 − 2x8 − x7 + x6 + (λ2 + 1)x5 − λ2x3

x2 − λ2
y.

Note that Ma
λ is constructed by cutting and pasting ten copies of CP(1). The sign

of the square root is determined by the copy of CP(1) which is the domain of x.

7. Concluding remarks

It is clear that in principle any ramified covering of an elliptic curve defined
over a number field can be described by the “First Construction”. However, in
practice the “Second Construction”, which is not as general, may lend itself better
to explicit calculations. Note that Example 2 cannot be obtained from the “Second
Construction”.

The computation of the projection map (x, y) −→ p (x, y) can be simplified by
noting the following: Consider the commutative diagram

Ma
D

p

��

β′

���
��

��
��

�

Na
D

β
�� CP(1)

Then β′ = β◦p where p (x, y) = (g (x, y) , h (x, y)). The commutativity is sometimes
helpful in the calculations.

The process described here is not limited to ramified coverings of elliptic curves,
and the base curve can be a curve of arbitrary genus g defined over a number
field. Both constructions are in principle generalizable to curves of higher genus,
but calculations are clearly more demanding and can become quite formidable.
We have demonstrated the ideas through examples, but one can make propositions
confirming that many calculations can be carried out in principle explicitly by using
dessins.

In the examples and calculations of this paper we made no use of generalized
proper dessins that were defined in section 2. They are relevant to a classical
construction of Hurwitz for the realization of Riemann surfaces as ramified covers
of CP(1). This more elaborate issue will be discussed in another paper.
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Appendix A. Details of Example 1

Following the notation of Example 1, we have

f(x) = k
(x2 − 1)3

x2 − a2
, f(x)− 1 = k

x2(x2 − b2)2

x2 − a2
, 0 < 1 < a < b.

b-b a-a 1-1
0

Figure 14

We obtain the system of equations⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

k

a2
= 1,

0 =

(
1− b2

)2
k

1− a2
+ 1,

27k

4− a2
=

4
(
4− b2

)2
k

4− a2
+ 1.

The required solution is

a =
2√
3
, b =

√
6

2
, k =

4

3
.

Appendix B. Details of Example 2

From Figure 3 the Z/(2) of Na endowed with the structure of a proper dessin is
clear. The corresponding dessin DC′ on C ′ = CP(1) is given by Figure 15.

Figure 15. Dessin is shown in RED
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The general form of the Belyi function on C ′ is

f(x) = kx2(x− a)2, f(x)− 1 = k(x− 1)(x− b)2(x− c).

To uniquely determine k and a we require 0 and ∞ to be critical points mapped to
0 and ∞ and 1 be mapped to 1. Substituting x = 0, 1, 2, 3 in the above equations
we obtain the system ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0 = b2ck + 1,

(1− a)2k = 1,

4(2− a)2k = (2− b)2(2− c)k + 1,

9(3− a)2k = 2(3− b)2(3− c)k + 1.

With the requirements c < a < b < 0 < 1 and k > 0 we obtain the unique solution

a = −2(1 +
√
2), b = −1−

√
2, c = −3− 2

√
2, k = 17− 12

√
2.

Cutting two copies of CP(1) along curves from c to ∞ and a to 1 and pasting them
together we obtain the equation of the curve Na.

The curve Ma is determined by the dessin in Figure 4, and the corresponding
dessin on CP(1) is given by Figure 16.

Figure 16. Dessin is shown in RED

The general form of the Belyi function for Ma is

f(x) =
x4(x2 − a2)2

(x2 − 1)4
, f(x)− 1 = k

(x2 − b2)2(x2 − c2)

(x2 − 1)4
.

Substituting x = 2, 3, 4, 5 gives us the system of equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

16

81
(4− a2)2 =

1

81
(4− b2)2(4− c2)k + 1,

81(9− a2)2

4096
=

(9− b2)2(9− c2)k

4096
+ 1,

256(16− a2)2

50625
=

(16− b2)2(16− c2)k

50625
+ 1,

625(25− a2)2

331776
=

(25− b2)2(25− c2)k

331776
+ 1.
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The requirements 0 < b < a < c < 1 and k > 0 give the unique solution

a =

√
2(
√
2− 1), b =

1
4
√
2
, c =

√
2 +

√
2

2
, k = 8− 4

√
2.

Cutting two copies of CP(1) along curves from −a to a, −1 to −c and c to 1 and
pasting them together we obtain the equation of the curve Ma.
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