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NEUMANN PROBLEM IN ANGULAR REGIONS WITH PERIODIC
AND PARABOLIC PERTURBATIONS OF THE BOUNDARY

S. A. NAZAROV

Abstract. We construct and prove asymptotic expansions at infinity for solutions
of Neumann problems and matching problems for systems of second order differential
equations in regions with corner outlets to infinity. Outside some disc the regions
are either periodic or deformed by parabolic inclusions. In addition to logarithmic-
polynomial solutions, the asymptotic expansions contain components of the type

of boundary layer that either exponentially decay away from the boundary or are
localized inside the parabolic inclusions. Operators of the problems become Fred-
holm operators, and remainders in asymptotic expansions are estimated in scales
of function spaces with norms determined by double weight factors and their step
distribution. We consider also other types of problems which allow us to apply the
developed methods for reduction to a model problem in a sector and for recovery
of properties of remainders near perturbed boundary; in particular, we consider the
matching problem in regions with irregular points of peak-like inclusion type.

1. Statement of the problem and preliminary description of results

1.1. Regions. Let K = {x : r > 0, ϕ ∈ (−α, α)} be a sector in the plane R2 with
vertex at O, where x = (x1, x2) and (r, ϕ) are Cartesian and polar coordinates so that
x1 = r cos ϕ, x2 = r sin ϕ, and α ∈ (0, π] is the half-angle of the sector. We also
introduce Cartesian coordinates y± = (y±

1 , y±
2 ) with the axes y±

1 directed along the sides
(∂K)± = {x : r > 0, ϕ = ±α} of the sector, and the axes y±

2 perpendicular to y±
1 and

directed inside the sector. All coordinate systems have the origin O. Denote by H± the
space of smooth periodic1 functions on the half-line R+, and for R > 0 let

(1.1) GR =
{

x : r > R, |ϕ| ≤ 1
2
α

}
∩
⋃
±

{
x : r > R, ±ϕ >

1
2
α, y±

2 > H±(y±
1 )
}

.

Clearly, in the case of a crack, i.e., for α = π, we additionally assume that H+ +H− >
0; then the last two sets on the right-hand side of (1.1) are disjoint. If α < π then the
disjointness can be obtained by increasing the radius R. The boundary of the set (1.1)
consists of circular arcs S1

R and periodic curves Γ±
R extending to infinity. By G we

mean the region coinciding with (1.1) outside the disc BR of radius R centered at O (see
Figure 1). For simplicity, we assume that the boundary ∂G is smooth (for generalizations
see 3.6 below). The constructed region will be called an angular region with periodic
boundary.

Remark 1.1. If α < π then without loss of generality we can assume that H± ≥ 0 and
the region (1.1) contains the angular sector KR = {x ∈ K : r > R}. Indeed, if this is not
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Figure 1

Figure 2

Figure 3

true, then it suffices to shift the origin O along the bisector inside the sector K and to
make the corresponding changes in notation. This option will be used in the proofs since
it make computations much easier. A special case is that of a crack where α = π and the
shift of the origin is useless. However, the arguments remain true if we replace KR with
the “distorted” sector {x : r > R, |x2| > H0 as x1 < 0} with H0 > 0; for such a sector
reformulations of the results in Section 2 require nothing but obvious modifications.

Let s ∈ (0, 1) and a± ∈ R+. Formulas

(1.2) ω±
R =

{
x : r > R, 0 < y±

2 < a±(y±
1 )s
}
, ω0

R = KR \ (ω+
R ∪ ω−

R)

determine the angular region ω0
R with parabolic cuts. For α < π we set

(1.3) Ω±
R =

{
x : r > R, 0 > y±

2 > −a±(y±
1 )s
}
, Ω0

R = KR

and introduce two regions Ω1 and Ω0 separated by a smooth line Γ0 = ∂Ω1 ∩ ∂Ω0 and
coinciding with Ω+

R ∪ Ω−
R and Ω0

R, respectively, outside the disc BR (see Figure 2). The
set Ω0 ∪ Γ0 ∪ Ω1 is called a compound angular region with parabolic inclusion. When
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α = π, we talk about the plane with parabolic inclusion; in this case, K = R2 \ O is the
full angle,

(1.4) Ω1
R =

{
x : r > R, x1 < 0, −a−|x1|s < x2 < a+|x1|s

}
, Ω0

R = KR \ Ω
1

R,

and the restriction a± > 0 is replaced by the condition a−+a+ > 0. The terminology used
here reflects the structure of the region at infinity, whereas the geometry of boundaries
inside any particular disc is irrelevant. For s = 0, parabolic sets become half-strips (see
Figure 3).

1.2. Neumann boundary problem and matching conditions. Let D(ξ) be a com-
plex (m × k)-matrix linearly dependent on the variable ξ = (ξ1, ξ2), where m ≥ k and
D(0) = Om×k is the zero (m × k)-matrix. Furthermore, let A be a function with values
in the space of complex (m×m)-matrices, A ∈ C∞(Ḡ)m×m. We assume that the matrix
A(x) is Hermitian and positive definite for all x ∈ Ḡ and the matrix D(ξ) has full rank
for all ξ ∈ R2 \ {0}. According to [1], these properties ensure that the matrix D(ξ) is
algebraically complete and the matrix differential operator

(1.5) L(x,∇x) = D(∇x)∗A(x)D(∇x)

is formally positive and elliptic. Here D(∇x)∗ = D(−∇x)
�

is the differential operator
formally conjugate to D(∇x). Let us emphasize that the algebraic completeness of the
operator D(ξ) implies the polynomial property [2, 3] of the operator L: the corresponding
sesquilinear form

(1.6) a(u, v; Ξ) =
(
AD(∇x)u, D(∇x)v

)
Ξ

degenerates only on vector polynomials in a finite-dimensional algebraic subspace P of
dimension J . In (1.6), Ξ is an arbitrary subregion of the plane R2, ( , )Ξ is the inner
product in the Lebesgue space L2(Ξ) of scalar- or vector-valued functions, as well as its
extension by duality between appropriate weight spaces. Finally, the algebraic subspace
P consists of those vector-valued polynomials p = (p1, . . . , pk)� in variables x = (x1, x2)
for which D(∇x)p(x) = 0; it is known that this space is finite-dimensional (see [2, 3]).
Many facts about boundary value problems used in the sequel follow from this polynomial
property (see the survey [3]). Additional requirements on the form (1.6) agree with the
following examples.

Example 1.1. 1) Let k = 1, m = 2, let D(∇x) = ∇x be a column vector, and A a
(2 × 2)-matrix. Then (1.5) is a scalar elliptic operator of the second order and P = C,
J = 1.

2) Let k = 3, m = 6, and

(1.7) D(ξ)� =

⎛⎝ξ1 0 0 0 0 2−1/2ξ2

0 ξ2 0 0 0 2−1/2ξ1

0 0 0 2−1/2ξ2 2−1/2ξ1 0

⎞⎠ .

Then (1.5) is the operator of the system of elasticity theory that describes, in particular,
deformations of a two-dimensional compound anisotropic body Ω0 ∪Γ∪Ω1, and A0 and
A1 are the elasticity modulus matrices, which are, of course, real. For isotropic materials,

Ai =

⎛⎜⎜⎜⎜⎜⎜⎝
λi + 2µi λi λi 0 0 0

λi λi + 2µ λi 0 0 0
λi λi λi + 2µi 0 0 0
0 0 0 2µi 0 0
0 0 0 0 2µi 0
0 0 0 0 0 2µi

⎞⎟⎟⎟⎟⎟⎟⎠ ,
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where λi ≥ 0 and µi > 0 are the Lamé coefficients, and the boundary problems and the
matching problems that are considered later in the paper break into planar (for the two-
dimensional Lamé problem) and antiplanar (for the Laplace problem) systems. The role
of P is played by the algebraic subspace of rigid displacements (a1+a0x2, a2−a0x1, a3)�

of dimension J = 6.
3) Let k = 4, m = 9,

(1.8) D(ξ)� =

⎛⎜⎜⎝
ξ1 0 0 0 0 2−1/2ξ2 0 0 0
0 ξ2 0 0 0 2−1/2ξ1 0 0 0
0 0 0 2−1/2ξ2 2−1/2ξ1 0 0 0 0
0 0 0 0 0 0 ξ1 ξ2 0

⎞⎟⎟⎠ ,

let the matrix A be of the form

(1.9) A =
(

A11 A12

A21 −A22

)
,

where A11, A22 are positive definite matrices of size 6 × 6 and 3 × 3, respectively, and
let A12 = A�

21 be a (6 × 3)-matrix. The corresponding system with the operator (1.5)
describes piezoelectric materials. The matrix (1.9) does not satisfy the conditions for-
mulated earlier because of the “wrong” sign in the lower left block; in particular, the
operator (1.5) is not formally positive. In [3, Example 1.13] it is shown how a simple
change of notation allows one to transform the operator to the form that can be analyzed
by the methods used in the present paper.

In the region G we consider the Neumann problem

(1.10) L(x,∇x)u(x) = f(x), x ∈ G; N(x,∇x)u(x) = g(x), x ∈ ∂G,

where u = (u1, . . . , uk)�, f, g are height k columns of functions, and the operator of
boundary conditions

(1.11) N(x,∇x) = D(ν(x))
�

A(x)D(∇x)

is taken from the Green formula

(1.12) (Lu, v)G + (Nu, v)∂G = a(u, v; G) :=
(
AD(∇x)u,D(∇x)v

)
G

.

The vector ν on the right-hand side of (1.11) is the outward normal vector of the surface
∂G.

For the compound region Ω0 ∪ Γ0 ∪ Ω1, the matrix A has jumps on the curve Γ0; on
the other hand, the restriction Ai of A to the subregion Ωi is smooth up to the boundary
∂Ωi, i = 0, 1. Therefore, the Neumann problem corresponding to (1.10) includes the
matching conditions, namely

(1.13)
Li(x,∇x)ui(x) = f i(x), x ∈ Ωi, N1(x,∇x)u1(x) = g(x), x ∈ ∂Ω1 \ Γ0,

u0(x) = u1(x), N0(x,∇x)u0(x) = N1(x,∇x)u1(x), x ∈ Γ0.

The operators Li and N i are determined by formulas (1.5) and (1.11), respectively, with
the matrix A replaced by Ai, and ν always denotes the outward normal to the surface
∂Ω1. By ui and f i we denote the restrictions of the functions u and f to Ωi, i = 0, 1.

The stated problems turn out to be formally selfadjoint. For example, since the form
(1.6) is symmetric, (1.12) implies the “full” Green formula

(1.14) (Lu, v)G + (Nu, v)G = (u, Lv)G + (u, Nv)∂G,

which serves the boundary problem (1.10) and holds, e.g., for smooth compactly sup-
ported vector-valued functions u, v ∈ C∞

c (G)k. The Green formula for problem (1.13)
can be obtained from (1.14) by obvious changes of the sets G, ∂G, and the corresponding
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Figure 4

differential operators; the test functions ui, vi ∈ C∞
c (Ωi)k, i = 0, 1, should additionally

satisfy the matching conditions in the second line of (1.13).
Next we assume that in the problem (1.10) we have

(1.15) A(x) = A for x ∈ G, r > R,

and in the problem (1.13),

(1.16) A0(x) = A for x ∈ Ω0
R, A1(x) = A± for x ∈ Ω±

R,

where A and A± are constant matrices. Here one could only assume that our matrix-
valued functions stabilize at infinity with polynomial rate or to allow for the dependence
of A and A± on the variables ϕ and ζ± = |y±

1 |−γy±
2 , respectively. However, once the

main difficulties are resolved, such generalizations become clear (see 3.6 below) and we
skip them to simplify the exposition.

1.3. Motivations. In the process of averaging boundary problems in regions Ωε with
rapidly oscillating boundaries (see Figure 4) one should take into account the boundary
layer phenomenon, which is described using solutions of problems in a half-space or in a
half-cylinder with a skew base; this phenomenon allows one to formulate correct bound-
ary conditions on the limiting (“straightened”) boundary ∂Ω0. Although the asymptotic
analysis was performed only for some simplest boundary problems for the Poisson equa-
tion (see [4, 5, 6, 7]), generalizations of these procedures to general boundary problems
for elliptic systems with polynomial property (see [2, 3]) do not posepresent any serious
difficulties if the boundary ∂Ω0 is smooth. If the boundary is only piecewise smooth,
the known algorithms, which require additional smoothness to establish asymptotics,
fail even for the Poisson equation because the smoothness of the limiting problem in
Ω0 decreases at corner points, on edges, and in other irregular points of the boundary.
To improve the situation, one should include boundary layers of a different kind; such
boundary layers are formed from solutions of problems in regions with corners and with
periodic boundaries, and, contrary to boundary layers mentioned earlier, are character-
ized by power rather than exponential decrease at infinity. This last property makes the
construction of asymptotics much more difficult. However, the required mathematical
techniques, namely various methods of matching asymptotic expansions, which are es-
sentially equivalent (but complement each other in details), were developed already in
the 1970s and 1980s (see, e.g., books [8] and [9]), and the actual difficulty lies only in the
study of limit problems in regions with unusual reach to infinity.

Due to oscillations of the boundary near the point at infinity, classical results of the
theory of boundary problems in regions with conical or corner points (see, e.g., key papers
[10, 11, 12] and books [13, 14]) are not directly applicable to the boundary problem (1.10).
In [15] the author considered a similar Dirichlet problem

(1.17) L(x,∇x)u(x) = f(x), x ∈ G; u(x) = g(x), x ∈ ∂G,
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Figure 5

Figure 6

which, after being supplied with special weight spaces, was reduced to the model problem
in the sector K. This made it possible to give an asymptotic representation for the
solution “modified” near the periodic curves Γ±

R and then, by constructing boundary
layers near these curves, to extend the asymptotic formula to the entire region (1.1). The
reduction methods developed in [15] were tied with the Dirichlet boundary conditions
because they were using, in an essential way, the natural property of solutions to decrease
near the boundary. In general, the study of the Dirichlet problem is often easier than the
study of other boundary problems (on averaging in regions with corners see [16]–[20]; in
the last paper, due to the Dirichlet conditions at the boundary of a perforated region,
the corner boundary layer decreases even exponentially).

In the present paper we obtain asymptotic expansions at infinity for solutions of the
Neumann problem (1.10) and the matching problem (1.13). The origin of the second
problem is also connected with asymptotic analysis, namely, the study of so-called regions
with thin boundary layer. Let us discuss a couple of examples.

Example 1.2. 1) Let Qε be a rectangle
{
η = (η1, η2) : |ηi| < li + ε, i = 1, 2

}
, on which

the scalar differential equation

(1.18) ∇�
η A(ε, η)∇ηw(ε, η) = f(η), η ∈ Qε \ ∂Q0,

is given, with Dirichlet boundary conditions (for simplicity) and natural matching condi-
tions on the polygonal line ∂Q0 (see Figure 5 and Example 1.1, 1)). Here A is a piecewise
constant function, A = A0 > 0 inside and A = A1 > 0 outside the rectangle Q0, and ε > 0
is a small parameter. One can easily see that the coordinate change η �→ x = ε−1(η−P )
(where P is one of the vertices of the rectangle Q0, say P = (l1, l2)) and subsequent for-
mal passage to the limit ε = 0 transform equation (1.18) to the equation in (1.13) with
matching conditions (1.13)2, and transform Qε to the compound region with a half-strip
inclusion. In other words, in formula (1.3) we have a± = 1 and s = 0.

2) Now let the layer have variable cross-section which becomes thinner when approach-
ing to corners (it could have been originally designed this way or could have worn out in
the process of using the equipment; such a layer is called “imperfect”; see Figure 6). For
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Figure 7

example, suppose that, over the upper side of the rectangle, the strip Qε \ Q0 has the
form {

η : |η1| < l1, η2 ∈ ( l2, l2 + εH(η1))
}
,

where H is a smooth positive function on the interval (−l1, l1) that admits a representa-
tion

H(η1) = (b1 − η1)s(a+ + H+(η1)), H+ ∈ C∞[0, l1], H+(l1) = 0, s ∈ (0, 1).

It is not difficult to see that the change of coordinates leading to a region with parabolic
inclusion (1.3) is

η �→ x = ετ (η − P ), τ = (1 − s)−1.

Regarding Example 1.2, 1), we mention [21]. No strict asymptotic analysis of rounded
or worn-out coverings described in Example 1.2, 2) has been performed.

Another application of the results that will be obtained for the problem (1.13) is
related to the observation that will be discussed in details in 6.5. The point is that the
inversion x �→ η = |x|−2 x transforms the plane with a periodic inclusion (see definition
(1.4)) into a compound region ω with peak inclusion (see Figure 7) for which

(1.19) ω1
d =

{
η : |η| < d, η1 < 0, −b−(η1)|η1|z < η2 < b+(η1)|η1|z

}
, ω0

d = Bd \ ω1
d.

Here d = 1/R, z = 2 − s > 1, and b± are smooth functions such that b±(0) = a±.
The system of equations of elasticity theory (Example 1.1 (2)), the ideal mesh condi-

tions (1.13)2, and Neumann boundary conditions with exterior forces g on the right-hand
side form a known problem of failure theory. The book [22] mentions the construction
of asymptotic expansions of solutions near such geometric irregularities as an unsolved
problem. For a long time, in the literature on mechanics, it was claimed that elastic
fields are singular at the vertex O of the inclusion ω1

d, and moreover, “computations”
of the corresponding stress coefficients were given. In the papers [23, 24] it was shown
(on the physical level of rigor) that the stresses remain bounded at the point O and the
failure process may be related only to the concentration of stresses. Of course, formal
asymptotic Ansatzen require justification, and the corresponding explanations are given
in 5.6. Let us emphasize that similar Ansatzen [25] for three-dimensional peak inclusions
and holes were justified in [26]. Earlier studies were not suitable for this purpose because
some properties of model problems postulated in [27] (see also [14]) disappear in the case
of three-dimensional system of elasticity theory.

1.4. Difference between functional statements of the Dirichlet and the Neu-
mann problems. In [15] it was shown that the natural classes where the operator of the
Dirichlet problem (1.17) acquires the Fredholm property and the estimates for remain-
ders in asymptotic expansions of solutions become sharp are the spaces Vl

β,γ(G) obtained
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by completing the algebraic subspace C∞
c (Ḡ) (of infinitely differentiable functions with

compact support) with respect of the weight norm

(1.20)
∥∥z; V

l
β,γ(G)

∥∥ =
( l∑

p=0

∥∥(1 + r)β−γ ργ−l+p ∇p
x z; L2(G)

∥∥2
)1/2

.

Here l ∈ N0 := {0, 1, 2, . . . }, β, γ ∈ R, and the weight ρ is defined by the formula

(1.21) ρ(x) = 1 + (1 + r)
∣∣α − |ϕ|

∣∣.
Very important are the following properties of this weight: first, in each cut-off infinite

sector (later just a sector) KR(α1) := {x : r ≥ R, |ϕ| ≤ α1} with α1 ∈ (0, α), the weight
factor (1.21) is equivalent to 1 + r, i.e.,

0 < c(α1) ≤ (1 + r)−1ρ(x) ≤ C(α1), x ∈ KR(α1);

second, in any bounded subregion G ∩ Bd and in any boundary strip Vd = {x ∈ G :
dist(x, ∂G) ≤ d} we have 1 ≤ ρ(x) ≤ c(d), i.e., the weight is bounded and separated
from zero. The latter property determines the main difference of norms (1.20) from the
Kondrat’ev norms [10] defined by the formula

(1.22)
∥∥z; V l

β(K)
∥∥ =

( l∑
p=0

∥∥rβ−l+p ∇p
x z; L2(K)

∥∥2
)1/2

,

which are normally used in regions with conic and corner points and exits to infinity. In
particular, the properties of trace spaces change as well: the function Z and its derivatives
∂p

sZ, p = 1, . . . , l − 1, acquire a common weight factor (1 + r)β−γ in the trace norm

(1.23)
∥∥z; V

l−1/2
β,γ (∂G)

∥∥ = inf
{∥∥Z; V

l
β,γ(G)

∥∥ ∣∣Z = z on ∂G
}

,

whereas similar weight factors in the Kondrat’ev trace norms

(1.24)
∥∥z; V l−1/2

β (∂K)
∥∥ = inf

{∥∥Z; V l
β(K)

∥∥ ∣∣Z = z on ∂K

}
,

are rβ−l+1/2 and rβ−l+p+1/2, respectively.

Lemma 1.1. 1) For l ∈ N = {1, 2, 3, . . . } the norm (1.23) is equivalent to the norm∥∥(1 + r2)(β−γ)/2z; H l−1/2(∂G)
∥∥,

where H l−1/2(∂G) is the Sobolev–Slobodetskii space.
2) For each right-hand side g ∈ V

l−1/2
β,γ (∂G)k there exists a vector-valued function

v ∈ V
l+1
β,γ (G)k that is supported in the closure Vd of the boundary strip and satisfies the

boundary condition

(1.25) N(x,∇x)v(x) = g(x), x ∈ ∂G,

and the estimate

(1.26)
∥∥v ; V

l+1
β,γ (G)

∥∥ ≤ c
∥∥g ; V

l−1/2
β,γ (∂G)

∥∥.
Comments to the proof are given in Remark 4.1.
Let us note that the spaces Vl

β(G) and V l
β(K) consist of functions that belong to

the classes H l
loc(Ḡ) and H l

loc(K \ O), respectively, i.e., the weight factors determine the
behavior of elements of these spaces only at infinity (in the second case, at the vertex of
the corner as well).

In [15] it is established that under certain restrictions to weight indices β and γ, the
Dirichlet problem operator (1.17), viewed as a map

(1.27) V
l+1
β,γ (G)k → V

l−1
β,γ (G)k × V

l−1/2
β,γ (∂G)k,



NEUMANN PROBLEM IN ANGULAR REGIONS 161

turns out to be a Fredholm operator, and for small |β − l| it is an isomorphism. The
fact that the right-hand side g ∈ V

l−1/2
β,γ (∂G)k of the boundary condition (1.25) can be

compensated by a vector-valued function in the space V
l+1
β,γ (G)k (see Lemma 1.1 (2)) does

not necessarily mean that the Neumann problem (1.10) is normally solvable in this class.
Indeed, under the condition

(1.28) |γ − l| <
1
2
,

which is necessary for the operator (1.27) to be Fredholm, the function ϕ �→
∣∣α−|ϕ|

∣∣γ−l−1

extracted, according to definitions (1.21) and (1.20), from the weight factor u = ∇0
xu in

the norm
∥∥u; V

l+1
β,γ (G)

∥∥, is not square-integrable on the arc Υ = (−α, α). Therefore, a
solution u of the Dirichlet problem decreases (in some sense) when it approaches the sides
of an angle, whereas this behavior is not typical for the Neumann problem even if the
boundary conditions (1.25) are homogeneous. In other words, one should not expect that
the operator of the problem (1.10) viewed as a map similar to (1.27) has good properties.

As in [26, 28, 29], a proper domain for the operator of the Neumann problem is a
space with step weight norm. Namely, for l ∈ N0 and β, γ ∈ R the space V

l,0
β,γ(G)k is

defined as the completion of the algebraic subspace C∞
c (Ḡ)k with respect to the norm

(1.29)
∥∥z; V

l,0
β,γ(G)

∥∥ =
( l+1∑

p=0

∥∥∥(1 + r)β−γ−δp,0 ργ−l+p+δp,0 ∇p
x z ; b L2(G)

∥∥∥2
)1/2

.

Here δp,q is the Kronecker symbol. In the norm (1.20) the graph of the exponent ρ as
a function of the differentiation order p is a tilted line, but for κ > 0 a similar graph in
the norm (1.29) has a typical horizontal piece (step) at the level p = 0. This is why the
latter weight norms are called step weight norms.

Weight factors in the norm (1.29) are equal to (1 + r)β−l+p inside the sector KR(α1)
with half-angle α1 < α and (1+r)β−γ−δp,0 in the strip Vd. However, later we will not need
the trace space for V

l,0
β,γ(G), since, by (1.11), the expression Nu is a linear combination

of the first derivatives of the vector-valued function u. The operator (1.5) does not have
a free term either. Therefore, the map

(1.30) {L, N} : V
l+1,0
β,γ (G)k → V

l−1
β,γ (G)k × V

l−1/2
β,γ (G)k

is continuous for all l ∈ N and β, γ ∈ R. In Section 4 we will show that the operator
(1.30) acquires good properties under the condition

(1.31) γ − l ∈ (−1/2, 0),

which is more restrictive than (1.28).

1.5. The structure of the paper. In Section 2 we study the Neumann problem for a
differential operator with constant coefficients in a sector. Complete information about
this problem, of course, is available in the scale of Kondrat’ev spaces. However, to study
boundary value problems in a region G with periodic boundary, we need a different scale
of function spaces such that the norms in these spaces have two types of weight factors, r
and α−|ϕ|, and the spaces contain functions with singularities on the sides of the sector.
Therefore, the study of this model problem must be performed completely: the spectral
pencil on an arc in special weight classes is analyzed, then the bounds and asymptotic
formulas for solutions are deduced, and the necessary and sufficient conditions for the
operator of the problem to be an isomorphism are obtained. In addition to asymptotic
expansions at infinity and near the vertex O we obtain asymptotic representations of
solutions near the sides (∂K)± of the sector K. These representations involve a certain
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extension operator C and play an important role in Section 4 when proving the main
theorem of this paper.

In Section 3 we describe a formal procedure for constructing asymptotic expansions. In
the case of a periodic boundary, these constructions are more difficult than in the case of
parabolic inclusions: in addition to polynomial-logarithmic solutions of a model problem
in a sector we also encounter boundary layers, i.e., functions that exponentially decrease
in directions perpendicular to the sides of the sector. In other words, the expansion
of a solution of the problem (1.10) becomes multiscale and contains asymptotic blocks
(3.17). Boundary layers are described using solutions of a problem in a half-infinite strip
with curved base, and the conditions of their decay at infinity provide boundary data on
(∂K)± in the model problem (see 2.5 and 3.1).

The matching problem (1.13) does not involve boundary layers, and, as shown in 3.3,
the boundary conditions on ∂K \ O in the model problem are obtained by analyzing a
system of ordinary differential equations on the segment that is a section of the parabolic
inclusion.

Section 4 contains the technically most difficult part of the paper. First, using appro-
priate cut-off functions and increasing the weight index γ (an important trick borrowed
from [15]), we reduce problem (1.10) in the region G with periodic boundary to the
model problem in a sector K. Then, using results of Section 2, we write an asymptotic
formula for the restriction of a solution to the region ω0

R with parabolic cuts; in doing so,
polynomial-logarithmic solutions are replaced with asymptotic blocks. Finally, the esti-
mate of the remainder in the asymptotic formula is extended from ω0

R to the entire region
G. In doing this, we use two tricks: we increase weight factors in the norm of a solution
of a mixed boundary value problem and smoothen the operator C in 2.4. Simultaneously,
we prove the Korn weight inequality (4.45).

In Subsection 5.1 we prove the existence of generalized and classical solutions of the
problem (1.10) provided the following orthogonality condition holds:

(1.32)
∫

G

f(x) dx +
∫

∂G

g(x) dsx = 0 ∈ C
k.

In the proof, we assume Korn inequality (5.3) with certain weight factors in a sector; this
assumption is justified, e.g., in the case of problems of mathematical physics mentioned
in Example 1.1 (see also Example 5.1 below). In the case where condition (1.32) is not
satisfied, the problem still has so-called “almost energy” solutions, which grow logarith-
mically at infinity (Proposition 5.2). Finally, in Subsection 5.3 we discuss “non-energy”
solutions of the homogeneous problem (1.10). They grow exponentially at infinity and
provide integral representations of coefficients in decompositions of decreasing solutions.

Procedures developed in Sections 2–4 can also be used, of course, for problems other
than those in sectors with periodic boundaries. In Section 6 we discuss already mentioned
problems of matching in regions described by formulas (1.3), (1.4), or (1.19), as well as
other possible generalizations.

1.6. Notation. If a group of formulas has a tag (m.n), then (m.n)q denotes the qth line
formula in this group; for example, (1.13)2 is the pair of matching conditions in problem
(1.13). If B is a function space, then Bk is the space of height k columns of elements of
B; however, the index k is omitted in the corresponding norm ‖·; B‖.

2. Model problems

2.1. Model problem in a sector. We consider the Neumann problem

(2.1) L(∇x)u(x) = f(x), x ∈ K; N±(∇x)u(x) = g(x), x ∈ (∂K)±,
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where the differential operators are of the form

(2.2) L(∇x) = D(∇x)∗AD(∇x), N±(∇x) = D(ν±)
�

AD(∇x)

(cf. (1.5) and (1.10)), the matrix A is taken from relations (1.15) or (1.16), and ν± are
outward unit normals to the sides (∂K)± of the sector K. In polar coordinates (r, ϕ) the
operators (2.2) take the form

(2.3)
L(∇x) = r−2

L(ϕ, ∂ϕ, r∂r) = r−2
D(ϕ, ∂ϕ r∂r − 1)∗AD(ϕ, ∂ϕ, r∂r),

N±(∇x) = r−1
N

±(∂ϕ, r∂r) = r−1D(ν±)
�
AD(ϕ, ∂ϕ, r∂r).

Here r−1D(ϕ, ∂ϕ, r∂r) is the matrix differential operator D(∇x) written in polar coordi-
nates.

According to the theory of elliptic boundary value problems in regions with conic
(corner) points (see the key papers [10, 11, 12], books [13, 14], and other publications)
the solvability of problem (2.1) and the properties of solutions are determined by the
spectrum of the problem on the arc

(2.4) L(ϕ, ∂ϕ, λ)U(ϕ) = 0, ϕ ∈ Υ = (−α, α); N
±(∂ϕ, λ)U(±α) = 0.

The operators in equations (2.4) are obtained from the operators (2.3) by replacing
the differential expression r∂r = r∂/∂r with the spectral parameter λ ∈ C. In what
follows, we call the problem (2.4) a (spectral) pencil; to shorten the notation we do not
indicate arguments ϕ and ∂ϕ of matrices L, D, and N±; in particular, L(λ) is a quadratic
polynomial in λ with coefficient at λq being a matrix of differential operators of order
2 − q.

Let us present general information (see [11, 30]) about the spectrum of the pencil
(2.4) and some particular consequences (see [3, 29]) of the polynomial property of the
operator L. All eigenvalues of the pencil are normal and lie in the closed double sector
{λ ∈ C : |Im λ| ≤ κ0|Re λ|} for κ0 ∈ R+. Each strip Pδ = {λ ∈ C : |Re λ| < δ} contains
only a finite number of points of the spectrum, and there exists δK > 0 such that the
strip PδK

contains a single eigenvalue λ0 = 0. The spectrum is symmetric with respect
to the imaginary axis, and in the case of real matrices D, A, it is also symmetric with
respect to the real axis. To each eigenvalue λq there corresponds a canonical sequence of
Jordan chains of the pencil (2.4), namely{

Φj,p
(q) : j = 1, . . . , Jq; p = 0, . . . , κqj − 1

}
;

here Jq and κqj are natural numbers, and κq1 ≥ · · · ≥ κqJq
. Since the vector-valued

functions Φj,p
(q) satisfy the equations

L(λ)Φj,p
(q) = −∂L

∂λ
(λ)Φj,p−1

(q) − 1
2

∂2L

∂λ2
(λ)Φj,p−2

(q) on Υ,

N
±(λ)Φj,p

(q) = −∂N
±

∂λ
(λ)Φj,p−1

(q) for ϕ = ±α,

the above system is used to construct polynomial-logarithmic solutions of the homoge-
neous problem (2.1), namely

(2.5) U j,p
(q) (x) = rλq

p∑
s=0

1
s!

(log r)s Φj,p−s
(q) (ϕ), j = 1, . . . , Jq, p = 0, . . . , κqj − 1.

For λ0 = 0 the list (2.5) looks as follows:

(2.6) U j,0
(0) (x) = ej , U j,1

(0) (x) = ej log r + Φj,1
(0) (ϕ), j = 1, . . . , k.
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In other words, J0 = k, κ0j = 2. In formulas (2.6) and in later formulas, ej =
(δj,1, . . . , δj,k)� and δj,k is the Kronecker symbol.

We now introduce the space V l
β(K) as the completion of the algebraic subspace

C∞
c (K \ O) with respect to the norm (1.22). For l ∈ N we define the trace space

V
l−1/2
β (K) using the natural rule (1.24). The following results on solvability of the prob-

lem (2.1) and the asymptotic formulas for the solutions of this problem are established
in [10] (see also [13, Theorems 3.5.1, 3.5.6]).

Proposition 2.1. 1) Let l ∈ N. The operator of the problem (2.1)

(2.7) {L,N±} : V l+1
β (K)k → V l−1

β (K)k × V
l−1/2
β (∂K)k

is an isomorphism if and only if the pencil (2.4) has no eigenvalues on the line Λl−β =
{λ ∈ C : Reλ = l− β}. If such eigenvalues exist, then the image of the operator (2.7) is
not closed.

2) Let l ∈ N and β1, β2 ∈ R with β1 < β2. We assume that the pencil (2.4) has no
eigenvalues on the lines Λl−β1 , Λl−β2 . Then solutions ui ∈ V l+1

βi (K)k, i = 1, 2, of the
problem (2.1) with the right-hand side

{f, g} ∈
⋂

i=1,2

(
V l−1

βi (K)k × V
l−1/2
βi (∂K)k

)
are related by the formula

(2.8) u1(x) = u2(x) +
∑

cj,p
(q) U j,p

(q) (x),

where the summation is over all eigenvalues of the pencil (2.4) between the lines Λl−β2

and Λl−β1 , and the U j,p
(q) are the corresponding polynomial-logarithmic solutions of (2.5).

For the coefficients in formula (2.8) the following estimates hold:

(2.9)
∣∣cj,p

(q)

∣∣ ≤ c

2∑
i=1

(∥∥f ; V l−1
βi (K)

∥∥+
∥∥g; V l−1/2

βi (∂K)
∥∥).

2.2. Spectral problem on an arc in weight classes. For l = 0, 1, . . . and β ∈ R we
introduce the spaces V l

γ(Υ) and V l+1,1
γ (Υ) of functions on the arc Υ = (−α, α) with the

following norms:

(2.10)

∥∥F ; V l
γ(Υ)

∥∥ =
( l∑

p=0

∥∥θγ−l+p ∂p
ϕF ; L2(Υ)

∥∥2
)1/2

,

∥∥U ; V l+1,0
γ (Υ)

∥∥ =
( l+1∑

p=0

∥∥θγ−l−1+p+δp,0∂p
ϕU ; L2(Υ)

∥∥2
)1/2

,

where θ(ϕ) = (2α)−1(ϕ2 − α2) is a weight function equivalent to the distance to the
endpoints of the arc. More explicitly, the above spaces contain just those functions
F ∈ H l

loc(Υ) and U ∈ H l+1
loc (Υ) for which the corresponding norm (2.10) is finite. Using

a version of the one-dimensional Hardy inequality (see, e.g., [31]) we conclude that under
the condition (1.28) for the vector-valued function U ∈ V l+1,0

γ (Υ)k the following formulas
hold:

(2.11)
U(ϕ) =

∑
±

χ±(ϕ)U(±α) + Ũ(ϕ), Ũ ∈ V l+1
γ (Υ)k,

|U(+α)| + |U(−α)| +
∥∥Ũ ; V l+1

γ (Υ)
∥∥ ≤ c

∥∥U ; V l+1,0
γ (Υ)

∥∥,
where χ±(ϕ) = χ(ϕ ∓ α) are cut-off functions, χ ∈ C∞

c (−α/2, α/2), and χ(t) = 1 for
|t| < α/4. Let us emphasize that the space V l

γ(Υ) can be obtained as the closure of
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the algebraic subspace C∞
c (Υ) in the norm (2.10)1 for each weight index γ; however,

according to formulas (2.11), in the case (1.28) the closure of the algebraic subspace
C∞

c (Υ) with respect to the norm
∥∥·; V l+1,0

γ (Υ)
∥∥ is not the entire space V l+1,0

γ (Υ) but the
subspace V l+1

γ (Υ).
By definition (2.10), for U ∈ V l+1,0

γ (Υ)k we have ∂ϕU ∈ V l
γ(Υ)k. Therefore, the vector-

valued functions N±(λ)U do not have traces at points ϕ = ±α provided the condition
(1.28) is satisfied. (Indeed, if ε ∈ (0, γ − l + 1/2), the function θ−ε belongs to the space
V l

γ(Υ).) At the same time, under the condition (1.31) we have V l+1,0
γ (Υ) ⊂ H1(Υ). Also,

using the one-dimensional Hardy inequality “with the logarithm”

(2.12)
∫ 1

0

t−1|log t|−2|z(t)|2 dt ≤ 4
∫ 1

0

t

∣∣∣∣dz

dt
(t)
∣∣∣∣2 dt, z ∈ C1

c [0, 1),

we have the estimates∥∥Θ−1 V ; L2(Υ)
∥∥ ≤ c

∥∥V ; H1(Υ)
∥∥,∥∥ΘF ; L2(Υ)

∥∥ ≤ c
∥∥F ; V 0

γ−l+1(Υ)
∥∥ ≤ c

∥∥F ; V l−1
γ (Υ)

∥∥,
and

(2.13) |(F, V )Υ| ≤
∥∥ΘF ; L2(Υ)

∥∥∥∥Θ−1 V ; L2(Υ)
∥∥ ≤ c

∥∥F ; V l−1
γ (Υ)

∥∥∥∥V ; H1(Υ)
∥∥,

where Θ(ϕ) = θ(ϕ)(1 + | log θ(ϕ)|). In other words, the Neumann problem

(2.14) L(ϕ, ∂ϕ, λ)U(ϕ) = F (ϕ), ϕ ∈ Υ, N
±(∂ϕ, λ)U(±α) = 0

with the right-hand side

(2.15) F ∈ V l−1
γ (Υ)k

admits a generalized formulation. Namely, its solution U ∈ V l+1,0
γ (Υ)k satisfies a system

of ordinary differential equations (2.14)1 and the integral identity

(2.16)
(
AD(λ)U, D(λ − 1)V

)
Υ

= (F, V )Υ, V ∈ H1(Υ)k.

It is known that in the case l ≥ 2 and F ∈ H l−1(Υ)k ⊂ V l−1
γ (Υ)k the generalized

solution becomes classical and lies in the space H l+1(Υ)k ⊂ V l+1,0
γ (Υ)k (Sobolev spaces

belong to weight spaces due to condition (1.31), the Hardy inequality, and the inclusion
H3(Υ) ⊂ C2(Υ)). For such a solution the boundary conditions (2.14)2 are deduced from
identity (2.16). So, the spectra of the problem (2.4) in Sobolev spaces and in weight
spaces coincide. Furthermore, we have the following result.

Lemma 2.1. Let a point λ ∈ C does not belong to the spectrum of the pencil (2.4)
and the condition (1.31) is satisfied. Then for each right-hand side (2.15) the problem
(2.14)1, (2.16) has a unique solution U ∈ V l+1,0

γ (Υ)k and

(2.17)
∥∥U ; V l+1,0

γ (Υ)
∥∥ ≤ c

∥∥F ; V l−1
γ (Υ)

∥∥.
Since later we will prove a more general statement, the proof of Lemma 2.1 is omitted.

Our immediate goal is to obtain weight estimates for the solutions of problem (2.14)
taking into account the dependence of these estimates on the parameter λ.
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Following [32] and [28, 29] we endow the spaces V l−1
γ (Υ)k and V l+1,0

γ (Υ)k with the
norms depending on a parameter µ ≥ 0,

(2.18)

∥∥F ; V l−1
γ (Υ; µ)

∥∥ =
( l−1∑

p=0

∥∥∥θγ−l+1+p(1 + θµ)l−1−p∂p
ϕF ; L2(Υ)

∥∥∥2
)1/2

,

∥∥U ; V l+1,0
γ (Υ; µ)

∥∥ =
( l+1∑

p=1

∥∥∥θγ−l−1+p(1 + θµ)l+1−p∂p
ϕ U ; L2(Υ)

∥∥∥2

+
∥∥∥θγ−l[1 + µ(1 + θµ)l]U ; L2(Υ)

∥∥∥2
)1/2

.

Denote the above spaces with the new norm by V l−1
γ (Υ; µ)k and V l+1,0

γ (Υ; µ)k respec-
tively; for µ = 0 the difference between norms disappears. If the supports of functions F
and U are inside the arc Υ, then the norms (2.18) are equivalent, uniformly with respect
to µ ∈ [1, +∞), to the norms

∥∥F ; H l−1(Υ; µ)
∥∥ and

∥∥U ; H l+1(Υ; µ)
∥∥; these are Sobolev

norms, but they depend on the above parameter:

(2.19)
∥∥z; H l(Υ; µ)

∥∥ =
( l∑

p=0

µ2(l−p)
∥∥∂p

ϕ z; L2(Υ)
∥∥2
)1/2

.

Local estimates of solutions of elliptic boundary value problems with parameter in these
norms are established in [30]; these estimates are used, in particular, in the proof of the
following result:

Lemma 2.2. Let (1.31) hold and let the number λ ∈ C satisfy the inequality

(2.20) |Im λ| > 1 + κ1|Re λ|.

Then there exists κ1 > 0 such that the problem (2.16) with the right-hand side (2.9) has
a unique solution U ∈ V l+1,0

γ (Υ)k, for which the following estimate holds:

(2.21)
∥∥U ; V l+1,0

γ (Υ; |λ|)
∥∥ ≤ c

∥∥F ; V l−1
γ (Υ; |λ|)

∥∥,
where the constant depends on neither the solution U nor the parameter λ satisfying
(2.20).

Proof. According to formula (2.13) the right-hand side of (2.16) is a continuous functional
on the space H1(Υ)k  V. Taking into account what was said in 2.1 about the location
of eigenvalues of the pencil (2.4), we conclude that there exists κ1 such that the point λ
satisfying (2.20) is not contained in the spectrum of the operator of the problem (2.4),
i.e., there exists a unique generalized solution U ∈ H1(Υ)k of the problem (2.16). Thus, it
remains to prove that U ∈ V l+1,0

γ (Υ)k and to establish the estimate (2.21). We emphasize
that the solution U of an elliptic system with the right-hand side F ∈ H l−1

loc (Υ)k belongs
to the space H l+1

loc (Υ)k.
Interpreting the endpoints of the arc Υ as vertices of the one-dimensional cone R+,

we verify the necessary facts using the general scheme of [32] (see also [29] regarding the
use of the step weight norm (2.18)2). To realize this scheme, one has to study model
problems of two types: on the line R and on the half-line R+. Writing the operator L in
(2.3)1 in the form

(2.22) L
0(ϕ, ∂ϕ, λ) = a

20(ϕ)∂2
ϕ +

(
λa

11(ϕ) + a
10(ϕ)

)
∂ϕ + λ2

a
00(ϕ),
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where the matrix-valued functions apq are smooth on Υ, we freeze the coefficients at the
point ϕ0 ∈ Υ and obtain the first model problem

L
0(∂ψ, λ)U(ψ) := a

20(ϕ0)∂2
ψ U(ψ) + λa

11(ϕ0)∂ψU(ψ) + λ2
a
00(ϕ0) U(ψ) = F (ψ),

ψ ∈ R.

Using a result of [30], we see that under condition (2.20) this system of differential
equations is uniquely solvable for any right-hand side F ∈ H l−1(R)k. In addition, we
have the estimate ∥∥U ; H l+1(R; |λ|)

∥∥ ≤ c
∥∥F ; H l−1(R; |λ|)

∥∥.
We recall the equivalence of norms (2.18) and (2.19) discussed before the formulation of
the lemma.

Now we freeze the coefficients of the operator (2.22) at the points ϕ = ±α and make
the change of variables ϕ �→ ψ± = |λ|(α ∓ ϕ) and transform the system of equations
(2.14)1 into the system with parameter � = |λ|−1λ lying on the unit circle

(2.23)

L
±(ψ±, �)U(ψ±)

:= a
20(±α) ∂2

ψ±U(ψ±) ∓ � a
11(ψ±)∂ψ±U(ψ±) + �2a00(ψ±)U(ψ±)

= F(ψ±), ψ± ∈ R+.

Accordingly, the integral identity (2.16) is transformed into the identity

(2.24)
q
(
U,V; �

)
:=
(
AD±(�,∓∂ψ±)U, D±(�,∓∂ψ±)V

)
R+

= (F,V)R+ ,

V ∈ C∞
c [0, +∞)k.

We emphasize that D±(�,∓∂ψ±) and D±(�,∓∂ψ±) are principal terms at the points
ϕ = ±α of the operators |λ|−1D(ϕ, ∂ϕ, λ) and |λ|−1D(ϕ, ∂ϕ, λ−1), and the vector-valued
function F includes the additional factor |λ|2 that appeared at the change of variables.

As in [29, 32], instead of the spaces V l−1
γ (Υ; |λ|) and V l+1,0

γ (Υ; |λ|) the problem (2.23)
is endowed with the spaces El−1

γ (R+) and El+1,0
γ (R+) with the norms

(2.25)

∥∥F; El−1
γ (R+)

∥∥ =
( l−1∑

p=0

∥∥∥ψγ−l+1+p(1 + ψ)l−1−p∂p
ψF; L2(R+)

∥∥∥2
)1/2

,

∥∥U; El+1,0
γ (R+)

∥∥ =
( l+1∑

p=1

∥∥∥ψγ−l−1+p(1 + ψ)l+1−p∂p
ψU; L2(R+)

∥∥∥2

+
∥∥∥ψγ−l(1 + ψ)lU; L2(R+)

∥∥∥2
)1/2

.

In norms (2.25) for ψ > 1, the weight factors do not depend on the order of the
derivative p and are equal to O

(
|ψ|γ

)
. If |λ| ≥ 1 and the functions F ∈ El−1

γ (R+),
U ∈ El+1,1

γ (R+) vanish for ψ > α, we have

(2.26)

c
∥∥F; El−1

γ (R+)
∥∥ ≤ |λ|γ−l+3/2

∥∥∥ϕ �→ F(|λ|(∓ϕ + α)); V l−1
γ (Υ)

∥∥∥
≤ C

∥∥F; El−1
γ (R+)

∥∥,
c
∥∥U; El+1,0

γ (R+)
∥∥ ≤ |λ|γ−l−1/2

∥∥∥ϕ �→ U(|λ|(∓ϕ + α)); V l+1,0
γ (Υ)

∥∥∥
≤ C

∥∥U; El+1,0
γ (R+)

∥∥
with positive constants c and C.

To establish unique solvability of the problem (2.24), we use the trick suggested in
[33]. Namely, for the test function in the integral identity (2.24) we take the product
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V = Rv, where, as before, v ∈ C∞
c [0, +∞)k, but R(ψ±) = (1 + ε|ψ±|2)γ/2 and ε is a

positive parameter that will be chosen later. Taking u = R−1U we transform (2.24) to
the form

(2.27)

(
AD±(�,∓∂ψ±)u,D±(�,∓∂ψ±)v

)
R+

+
(
AD±(�,∓∂ψ±)u,R−1

[
D±(0,∓∂ψ±),R

]
v
)

R+

−
(
AR−1

[
D±(0,∓∂ψ±),R

]
u,D(�,∓∂ψ±)v

)
R+

−
(
AR−1

[
D±(0,∓∂ψ±),R

]
u,R−1

[
D±(0,∓∂ψ±),R

]
v
)

R+
=
(
RF,v

)
R+

,

v ∈ H1(R+)k,

where
[
A,B

]
= AB − BA is the commutator of the operators A and B, and[

D±(�,∓∂ψ±),R
]

= D±(0,∓∂ψ±)R

is the operator of multiplication by the matrix-valued function. Note that

(2.28)
∣∣R(ψ±)−1

[
D±(0,∓∂ψ±),R(ψ±)

]∣∣ ≤ cε1/2(1 + ε|ψ±|2)−1/2.

The operator L± inherits ellipticity with parameter from the operator L. Therefore,
for a purely imaginary � = ±i, the form q satisfies the conditions of the Lax–Milgram
lemma, i.e., in particular,

(2.29) Re q(u,u; �) ≥ c
∥∥u; H1(R+)

∥∥2
, c > 0.

If � is a generic complex number, then under condition (2.20) inequality (2.29) remains
true for large κ1. According to (2.28), the sum s(u,v; �) of the last three terms on the
left-hand side of (2.27) satisfies the following estimate:

Re s(u,v; �) ≤ c ε
∥∥u; H1(R+)

∥∥∥∥v; H1(R+)
∥∥.

Moreover, the right-hand side of (2.27) is a continuous functional on the Hilbert space
H1(R+)  v, first due to the inclusion RF ∈ L2(1, +∞)k and second, due to an estimate
on the interval (0, 1) similar to (2.13) that is guaranteed by the Hardy inequality with
“logarithm” (2.12). Therefore, under the above-mentioned restrictions the Lax–Milgram
lemma yields numbers ε > 0 and κ1 such that for each right-hand side F ∈ El−1

γ (R+)k

the problem (2.27) has a unique solution u ∈ H1(R+)k and

(2.30)
∥∥(1 + ε|ψ±|2)γ/2U; H1(R+)

∥∥ =
∥∥u; H1(R+)

∥∥ ≤ c
∥∥F; El−1

γ (Υ)
∥∥.

Now we study the behavior of vector-valued functions U = R−1u near the point
ψ± = 0 and at infinity. By the integral identity (2.27) equivalent to the identity (2.24),
this function lies in the space H l+1

loc (R+)k and satisfies equations (2.23). Local estimate
of a solution of the elliptic system yields

(2.31)

∥∥U; H l+1(N, N + 1)
∥∥2

≤ c
(∥∥F; H l−1(N − 1/2, N + 3/2)

∥∥2 +
∥∥U; L2(N − 1/2, N + 3/2)

∥∥2
)
,

where N ∈ N. Multiplying inequalities (2.31) by N2γ , we can move the expression
(1+ψ±)γ inside the norm signs; this is possible due to the relations 1/2 ≤ N−1ψ± ≤ 7/2
on the intervals under consideration. Adding together inequalities (2.31) for all N ∈ N,
we see that the left-hand side becomes finite, due, in particular, to (2.30). Therefore,
U ∈ El+1,0

γ (1,∞)k and the corresponding norm does not exceed c
∥∥F; El−1

γ (R+)
∥∥.
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The product χ1U, where χ1 is the cut-off function equal to 1 for ψ± < 1 and 0 for
ψ± > 3/2, satisfies the system

(2.32)

a
20(±α) ∂2

ψ±(χ1U)

= F1 := F ± � a
11(ϕ0)∂ψ±(χ1U) − �2a00(ϕ0) χ1U +

[
L
±, χ1

]
U

for ψ± ∈ (0, 3/2],

Therefore,

(2.33) χ1(ψ±)U(ψ±) =
∫ 3/2

ψ±
(τ − ψ±)a20(±α)−1F1(τ ) dτ.

The right-hand side of (2.32) contains just the function U and its first derivative, for
which χ1U, ∂ψ±(χ1U) ∈ L2(0, 3/2)k ⊂ E0

γ−l+1(0, 3/2)k according to (1.31). Using a
version of the Hardy inequality∫ 3/2

0

ψ2(γ−l)|Z(ψ)|2 dψ ≤ (2γ−2l+1)−2

∫ 3/2

0

ψ2(γ−l+1)

∣∣∣∣∂Z
∂ψ

(ψ)
∣∣∣∣2 dψ, Z ∈ C1

c

[
0,

3
2

)
,

applied to the function (2.33) and its derivative, we see that∫ 3/2

0

|ψ±|2(γ−l)
(
|χ1U|2 + |∂ψ±χ1U|2

)
dψ±

≤ c

∫ 3/2

0

|ψ±|2(γ−l)

{(∫ 3/2

ψ±
(τ − ψ±)a20(±α)−1F1(τ ) dτ

)2

+

(∫ 3/2

ψ±
a
20(±α)−1F1(τ ) dτ

)2}
dψ±

≤ c

∫ 3/2

0

|ψ±|2(γ−l+1)

{(∫ 3/2

ψ±
a
20(±α)−1F1(τ ) dτ

)2

+
∣∣a20(±α)−1F1(ψ±)

∣∣2}dψ±

≤ c

∫ 3/2

0

|ψ±|2(γ−l+1)
∣∣F1(ψ±)

∣∣2 dψ± ≤ c
∥∥F1; E0

γ−l+1(0, 3/2)
∥∥2

≤ c
(∥∥F; El−1

γ (R+)
∥∥2 +

∥∥U; H1(R+)
∥∥2
)
.

Moreover, the left-hand side majorizes
∥∥∂ψ±U; E0

γ−l+1(0, 1)
∥∥2. Together with (2.32) and

the obtained estimate for
∥∥U; El+1

γ (1, +∞)
∥∥ this means that U ∈ E2,0

γ−l+1(R+)k. If
l > 1, we note that F1 ∈ E1

γ−l+2(0, 3/2)k and, by (2.32), U ∈ E3,0
γ−l+2(R+)k. After

several iterations we get the required estimate
∥∥U; El+1,0

γ (R+)
∥∥ ≤ c

∥∥F; El−1
γ (R+)

∥∥ for
the solution of the model problem (2.27).

Therefore, the general scheme of [29, 32] yields inequality (2.21) for the solution
U ∈ V l+1,0

γ (Υ)k. Finally, in the last part of the proof it was verified that the gener-
alized solution of the problem (2.16) with the right-hand side (2.15) belongs to the space
V l+1,0

γ (Υ)k. The lemma is proved. �

2.3. Solvability of the model in a sector. After passing to polar coordinates and
making the Euler change of variables r �→ t = log r, the problem (2.1) with homogeneous
boundary conditions takes the form

(2.34)
L(ϕ, ∂ϕ, ∂t)u(ϕ, t) = exp{2t}f(ϕ, t), ϕ ∈ Υ, t ∈ R;

N
±(∂ϕ, ∂t)u(ϕ, t) = 0, t ∈ R.
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We will keep the original notation for vector-valued functions written in coordinates
(ϕ, t). Applying the Fourier–Laplace transform

(2.35) û(ϕ, λ) = Ft�→λu(ϕ, t) =
1√
2π

∫
R

exp{−tλ}u(ϕ, t) dt

to the problem (2.34) in the strip Υ × R, we obtain (so far, formally) the following
inhomogeneous Neumann problem (2.4) with parameter λ on the arc Υ:

(2.36)
L(ϕ, ∂ϕ, λ)û(ϕ, λ) = f̂(ϕ, λ − 2), ϕ ∈ Υ,

N
±(∂ϕ, λ)û(ϕ, λ) = 0, t ∈ R.

The integral identity

(2.37) (AD(∇x)u,D(∇x)v)K = (f, v)K,

which holds for an arbitrary test function v ∈ C∞
c (K)k, becomes the integral identity

(2.16), where we made the changes U(ϕ) �→ û(ϕ, λ) and F (ϕ) �→ f̂(ϕ, λ − 2).
We assume that for any point λ of the line Λl−β containing no eigenvalues of the pencil

(2.4), the right-hand side f̂(·, λ− 2) belongs to the space V l−1
γ (Υ)k. Due to Lemma 2.2,

the solution of the problem (2.36) takes the form û(·, λ) = R(λ)f̂(·, λ − 2), where R(λ)
is the resolvent of the operator of the problem. Moreover, the inverse Fourier–Laplace
transform

(2.38) u(ϕ, t) = F−1
λ �→tû(ϕ, λ) = − i√

2π

∫
Λl−β

exp{tλ}û(ϕ, λ) dλ

yields (as before, just formally) a solution of the problem (2.1) with the right-hand
sides f and g = 0. Let us note that for λ ∈ Λl−β, the real part Re λ is constant and
dλ = i d(Im λ).

The next theorem shows that under certain conditions, the outlined procedure, which
is commonly used in the theory of elliptic boundary value problems in regions with
nonsmooth boundaries, yields an isomorphism

(2.39) L :
o

V
l+1,0
β,γ (K)k

N →
o

V
l−1
β,γ (K)k,

corresponding to the problem (2.1) with homogeneous Neumann boundary conditions.
The spaces

o

V
l+1,0
β,γ (K) and

o

V
l−1
β,γ (K) that are involved in formula (2.38) consist of the

functions u ∈ H l+1
loc (K) and f ∈ H l−1

loc (K) for which the following weight norms (cf.
definitions (1.29), (1.20), and (1.22)) are finite:

(2.40)

∥∥u;
o

V
l+1,0
β,γ (K)

∥∥ =
( l+1∑

p=0

∥∥∥rβ−l−1+p θγ−l−1+p+δ0,p ∇p
xu; L2(K)

∥∥∥2)1/2

,

∥∥f ;
o

V
l−1
β,γ (K)

∥∥ =
( l−1∑

p=0

∥∥∥rβ−l+1+p θγ−l+1+p ∇p
xf ; L2(K)

∥∥∥2)1/2

.

The subspace
o

V
l+1,0
β,γ (K)k

N contains all vector-valued functions u ∈
o

V
l+1,0
β,γ (K)k satisfying

the integral identity (2.37) for f = L(∇x)u ∈
o

V
l−1
β,γ (K)k.

Because of the factor θ = (2α)−1(ϕ2 − α2), which vanishes on the sides of the sector
K, the spaces

o

V
l+1,0
β,γ (K) and

o

V
l−1
β,γ (K) contain (as opposed to the classes Vl

β,γ and V l
β

introduced in 1.4) elements that do not belong to the algebraic subspaces H l+1
loc (K \ O)

and H l−1
loc (K \ O).
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The verification of the following facts is rather easy. The Euler change of variables
r �→ t = log r transforms the spaces

o

V
l+1,0
β,γ (K) and

o

V
l−1
β,γ (K) into the spaces

o

W
l+1,0
β−l,γ(K)

and
o

W
l−1
β−l,γ(K) with the norms

(2.41)∥∥∥u;
o

W
l+1,0
β−l,γ(Υ × R)

∥∥∥ =
( l+1∑

p=0

∥∥∥ exp{(β − l)t} θγ−l−1+p+δ0,p ∇p
(ϕ,t)u; L2(Υ × R)

∥∥∥2)1/2

,

∥∥∥f ;
o

W
l−1
β−l,γ(Υ × R)

∥∥∥ =
( l−1∑

p=0

∥∥∥ exp{(β − l + 2)t} θγ−l+1+p ∇p
(ϕ,t)f ; L2(Υ × R)

∥∥∥2)1/2

.

The image of the subspace
o

V
l+1,0
β,γ (K)k

N is denoted by
o

W
l+1,0
β,γ (K)k

N. By the Parceval
identity, the Fourier–Laplace transform (2.35) establishes isomorphisms

(2.42)

o

W
l+1,0
β−l,γ(Υ × R) ≈ L2

(
Λl−β  λ �→ V l+1,0

γ (Υ; |λ|)
)
,

o

W
l−1
β−l,γ(Υ × R) ≈ L2

(
Λl−β  λ �→ V l−1

γ (Υ; |λ|)
)
,

where L2

(
Λl−β  λ �→ B(|λ|)

)
is the space of functions with values in the Banach

space B(|λ|) = B, the latter space is endowed with the norm ‖·; B(|λ|)‖ depending on
parameter λ, and

(2.43)
∥∥z; L2

(
Λl−β  λ �→ B(|λ|)

)∥∥ =
(∫

R

∥∥z(·, l − β + iη); B(1 + |η|)
∥∥2

dη
)1/2

.

Theorem 2.1. Let f ∈
o

V
l−1
β,γ (K)k with γ satisfying the condition (1.31). Let us assume

that the line Λl−β does not contain eigenvalues of the spectral pencil (2.4). Then the map
(2.38) is an isomorphism, i.e., the problem (2.1) with right-hand sides f and g = 0 has
a unique solution u ∈

o

V
l+1,0
β,γ (K)k

N given by the formula

(2.44) u(ϕ, t) = F−1
λ �→tR(λ)f̂(·, λ − 2)

and satisfying the estimate

(2.45)
∥∥u;

o

V
l+1,0
β,γ (K)

∥∥ ≤ cl,β

∥∥f ;
o

V
l−1
β,γ (K)

∥∥,
where the constant cl,β depends on the choice of the line Λl−β but not on the functions
f and u.

Proof. Passing to variables (ϕ, t) in formula (2.40)1, using the Parceval identity, and
recalling definition (2.18)1 we obtain

(2.46)

∥∥f ;
o

V
l−1
β,γ (K)

∥∥2

∼
l−1∑
p=0

p∑
q=0

∫
R

∫
Υ

exp{t(β − l + 1)} θγ−l+1+p |∂q
ϕ∂p−q

t f(ϕ, t)|2 exp{2t} dϕ dt

∼
l−1∑
q=0

∫
Λl−β−2

∫
Υ

θγ−l+1+q
l−1∑
p=q

(θ|λ|)2(p−q)
∣∣∂q

ϕf̂(ϕ, λ)
∣∣2 dϕ dλ

∼
∫

Λl−β−2

∥∥f̂(·, λ); V l−1
γ (Υ; |λ|)

∥∥2
dϕ.

Here and later, a ∼ b means that there are positive constants c and C such that ca ≤
b ≤ Ca. Note that |λ| �= 0 for λ ∈ Λl−β since for β = l the line Λ0 contains the
eigenvalue λ = 0 of the pencil (2.4) (see clarifications in 2.1). According to (2.21), the
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solution û(·, λ) ∈ V l+1,0
γ (Υ; |λ|) of the problem (2.36) with the right-hand side f̂(·, λ−2) ∈

V l−1
γ (Υ; |λ|), the last integral in (2.46) gives an upper bound for the following expressions

(multiplied by some positive constants):∫
Λl−β

∥∥û(·, λ); V l+1,0
γ (Υ; |λ|)

∥∥2
dϕ

∼
∫

Λl−β

∫
Υ

( l+1∑
p=1

l+1−p∑
q=p

θ2(γ−l+1+p)(θ|λ|)2(q−p)
∣∣∂p

ϕû(ϕ, λ)
∣∣2

+
l∑

q=0

θ2(γ−l)(θ|λ|)2q
∣∣λ|2|∂p

ϕû(ϕ, λ)
∣∣2 + θ2(γ−l)

∣∣û(ϕ, λ)
∣∣2) dϕ dλ

∼
∫

R

∫
Υ

exp{t(β − l)}
( l+1∑

p=1

l+1−p∑
q=p

θ2(γ−l−1+q)
∣∣∂q−p

t ∂p
ϕu(ϕ, t)

∣∣2
+

l∑
q=0

θ2(γ−l+q)
∣∣∂q+1

t u(ϕ, t)
∣∣2 + θ2(γ−l)

∣∣u(ϕ, t)
∣∣2) dϕ dt

∼
∥∥u;

o

V
l+1,0
β,γ (K)

∥∥2
.

The theorem is proved. �

Standard arguments using representation (2.44) of the solution u of the problem (2.1)
with homogeneous boundary conditions and the Cauchy residue theorem (see [10], and,
e.g., [13, 14]) yield the following result.

Theorem 2.2. Let l ∈ N, the weight γ satisfy (1.31), and let β1, β2 ∈ R be such that
β1 < β2 and the lines Λl−β1 , Λl−β2 do not contain eigenvalues of the pencil (2.4). Then
the solutions ui ∈

o

V
l+1,0
β,γ (K)k

N, i = 1, 2, of the problem (2.1) with the right-hand sides

f ∈
o

V
l−1
β1,γ(K)k ∩

o

V
l−1
β2,γ(K)k and g = 0 are related by (2.8), where the summation is over

all eigenvalues of the pencil (2.4) between the lines Λl−β2 and Λl−β1 , and U j,p
(q) are the

corresponding polynomial-logarithmic solutions of (2.5). For coefficients in formula (2.8)
the following estimates hold:

(2.47)
∣∣cj,p

(q)

∣∣ ≤ c
(∥∥f ;

o

V
l−1
β1,γ(K)k

∥∥+
∥∥f ;

o

V
l−1
β2,γ(K)k

∥∥).
2.4. Representations of solutions of the model problem near the sides of the
sector. Assume the hypotheses of Theorem 2.1 and for λ ∈ Λl−β rewrite formula (2.11)1
for the solution û(·, λ) ∈ V l+1,0

γ (Υ; |λ|)k of the problem (2.36) as follows:

(2.48) û(ϕ, λ) = û 0(ϕ, λ) +
∑
±

χ±(ϕ)χ
(
|Im λ|(α ∓ ϕ)

)
û(±α, λ).

We recall that χ±(ϕ) = χ(α ∓ ϕ) and χ is the cut-off function used in (2.11).

Lemma 2.3. We have the following estimate:∥∥û 0(·, λ); V l+1
γ (Υ; |λ|)

∥∥+ (1 + |λ|)l−γ+1/2
∑
±

|û(±α, λ)|

≤ c
∥∥û(·, λ); V l+1,0

γ (Υ; |λ|)
∥∥(2.49)

with a constant c independent of the parameter λ ∈ Λl−β and the vector-valued function

û(·, λ) ∈ V l+1,0
γ (Υ; |λ|)k.
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Proof. If |λ| ≤ δ and δ > 0 is small, we can omit the second cutoffs χ±(|Im λ|(α ∓ ϕ)
)

on the right-hand side of (2.48) and derive (2.49) from (2.11)2. In the case λ ∈ Λl−β and
|λ| ≥ δ we have

(2.50) c |λ| ≤ |Im λ| ≤ C |λ|,
where c and C are positive constants. We rewrite the vector-valued function ϕ �→
χ±(α ∓ ϕ)û(α ∓ ϕ, λ) belonging to the space V l+1,1

γ (Υ; |λ|)k using the variable ψ± =
|λ|(α ∓ ϕ) and denote the result by U±. Relations (2.50) and (2.26)2 then show that
the estimate (2.49) is guaranteed by the corollary (2.11) of the Hardy inequality for the
vector-valued function U± ∈ El+1,1

γ (R+)k. �

Applying the Fourier–Laplace transform (2.39) inverse to (2.48) we obtain

u(ϕ, t) = − i√
2π

∫
Λl−β

exp{tλ}û(ϕ, λ) dλ

+
1√
2π

∑
±

χ±(α ∓ ϕ)
∫

R

exp{t(l − β + iη)}χ±(|η|(α ∓ ϕ))û(±α, l − β + iη) dη

= u0(ϕ, t) + exp{t(l − β)}
∑
±

χ±(α ∓ ϕ)
∫

R

X((α ∓ ϕ)τ ) K±(t − τ )(α ∓ ϕ)−1 dτ.

(2.51)

Here u0 ∈
o

W
l+1
β−l,γ(Υ × R)k and X(t), K±(t) are the Fourier preimages of the functions

η �→
√

2πχ(|η|) and η �→ û(±α, l − β + iη), respectively, i.e.,

(2.52)
X(t) =

∫
R

exp{itη}χ±(|η|) dη,

K±(t) =
1√
2π

∫
R

exp{itη}û(±α, l − β + iη) dη.

Changing the variable, we transform the last integral in (2.51) to the following integral:

(2.53) C
±(K±; ϕ, t) =

∫
R

X(z) K±(t − (α ∓ ϕ)z) dz.

By definition (2.52) the kernel X of the integral operator (2.53) is a smooth rapidly
decreasing function with the unit area under the graph. The latter property guarantees
that

C
±(K±;±α, t) = K±(t).

Returning to the polar coordinate system, we rewrite representation (2.51) in the follow-
ing form:

(2.54) u(x) = u0(x) + rl−β
∑
±

χ±(α ∓ ϕ)C±(K±; ϕ, log r).

Lemma 2.4. The vector-valued functions u0 and K± satisfy the estimate

(2.55)
∥∥u0;

o

V
l+1
β,γ (Υ × R)

∥∥+
∑
±

∥∥K±; Hκ(R)
∥∥ ≤ c

∥∥u;
o

V
l+1,0
β,γ (Υ × R)

∥∥,
where Hκ(R) is the Sobolev–Slobodetskii space with the smoothness index

(2.56) κ = l − γ +
1
2
∈ (0, 1).

Proof. Since the Fourier–Laplace transform establishes isomorphisms (2.42) and the Eu-
ler change of variables establishes isomorphisms between the spaces (2.40) and (2.41),
Lemma 2.3 implies inequality (2.55). Inclusion (2.56) is guaranteed by (1.31). �
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The operator (2.53) determines an extension of functions from the boundary to the
interior of the sector K. Next lemma establishes properties of this operator (see [34, 35],
and also [13, Propositions 6.4.7, 9.3.10], etc.).

Lemma 2.5. Let K± ∈ Hκ(R) and κ ∈ (0, 1). Then

(2.57)

∥∥χ±
C
±(K±) − χ±K±;

o

W
0
0,−κ−1/2(Υ × R)

∥∥ ≤ c
∥∥K±; Hκ(R)

∥∥,∥∥∇j
(ϕ,t)χ

±
C
±(K±);

o

W
0
0,j−κ−1/2(Υ × R)

∥∥ ≤ cj

∥∥K±; Hκ(R)
∥∥, j ∈ N,∥∥χ±

C
±(K±);

o

W
0
0,ε−1/2(Υ × R)

∥∥ ≤ cε

∥∥K±; Hκ(R)
∥∥, ε > 0.

Due to (1.31) and (2.56), relations (2.57)3 and (2.57)2 show that the last summand in
(2.51) belongs to the space

o

W
l+1,0
0,γ (Υ × R)k, as should have been expected.

2.5. Model problem in a half-strip. In the set GR we pass to coordinates y± (see
relations (1.1) and (1.2)). Under the assumption (1.15) we transform the operators (1.5)
and (1.11) into the operators

(2.58) L(∇y±) = D±(∇y±)∗AD±(∇y±), N±(y±,∇y±) = D(ν±(y))
�
AD±(∇y±);

here D±(∇y±) is the image of the matrix D(∇x) of the differential operators under the
above change of variables. As we have already mentioned in 1.5, near each periodic
curve Γ±

R on the boundary of the region G we have a boundary layer phenomenon that
is described by the following problem in a half-strip:

Π± =
{
y± : y±

1 ∈ (0, 1), y±
2 > H±(y±

1 )
}

with the curved base

(2.59)
L±(∇y±)v±(y±) = f±(y±), y± ∈ Π±,

N±(y±,∇y±)v±(y±) = g±(y±), y± ∈ π±.

We supplement the Neumann boundary conditions on π± =
{
y± : y±

1 ∈ (0, 1), y±
2 =

H±(y1)
}

with the following periodicity conditions on the sides of the half-strip:

(2.60) v±(0, y±
2 ) = v±(1, y±

2 ), ∇y±v±(0, y±
2 ) = ∇y±v±(1, y±

2 ), ±y±
2 > H±(0).

By W l
σ, per(Π

±) we mean the complement with respect to the weight norm

∥∥Z±; W l
σ(Π±)

∥∥ =
( l∑

p=0

∥∥exp{σy±
2 }∇y±Z; L2(Π±)

∥∥2
)1/2

of the algebraic subspace C∞
c,per(Π

±
) of smooth 1-periodic functions in y±

1 with compact
support. Since π± is a bounded set, the trace space for W l

σ, per(Π±) is the Sobolev–

Slobodetskii space H
l−1/2
per (Π±) of periodic functions. Let us emphasize that in the case

σ > 0 the imbedding z± ∈ W l
σ, per(Π±) implies that z±(y±) decreases exponentially as

y±
2 → +∞.

In [3, 36] it is established that the polynomial property of the operator L± guarantees
the following result on vanishing at infinity of solutions of the problem (2.59), (2.60).

Proposition 2.2. Let l ∈ N, σ ∈ R+, and let the right-hand side

{f±, g±} ∈ W l−1
σ, per(Π

±)kH l−1/2
per (π±)k

of the problem (2.59), (2.60) satisfy the condition

(2.61)
∫

Π±
f±(y±) dy± +

∫
π±

g±(y±) dsy± = 0 ∈ C
k.
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Then there exists σΠ > 0 such that for σ ∈ (0, σΠ) the problem (2.59), (2.60) has a
unique solution v± ∈ W l+1

σ, per(Π±) and∥∥v±; W l+1
σ (Π±)

∥∥ ≤ c
(∥∥f± ; W l−1

σ (Π±)
∥∥+

∥∥g±; H l−1/2
per (π±)

∥∥).
If v± ∈ W l+1

τ, per(Π±) is a solution of the homogeneous problem (2.59), (2.60) and
τ ∈ (−σΠ, 0), then v± is a constant vector. If the solvability conditions (2.61) are
not satisfied, then each solution of the problem (2.59), (2.60) grows at least linearly at
infinity.

Finally, let us note that the necessity of solvability conditions (2.61) can be verified,
for example, by substituting a solution v± and constant vectors e1, . . . , ek (the standard
basis in the Euclidean space R

k) into the Green formula (similar to (1.14)) adapted to
the problem (2.59), (2.60).

3. Formal asymptotics of solutions

3.1. Sector with periodic boundary. As we have mentioned in 1.3, the structure
of the asymptotics at infinity of a solution of the problem (1.10) is more complicated
than that of the pure problem in a sector: boundary layers do appear near the periodic
boundary. In this section we show how one can use asymptotic blocks

(3.1) U(x) = rλ Φ(ϕ, log r) + rλ−1
∑
±

χ±(ϕ)V±(y±, log r), x ∈ GR,

containing different asymptotic terms to compensate the following main terms (also mul-
tiscale) in the asymptotic expansion of the right-hand side at infinity:

(3.2)
f(x) = rλ−2 Ψ(ϕ, log r) + rλ−1

∑
±

χ±(ϕ)F±(y±, log r) + · · · ,

g±(x) = rλ−1 G±(y±, log r) + · · · .

Here and later, dots denote the summands that are not essential in the formal procedure.
An important feature is that new mismatches caused by the vector-valued function (3.1)
in the system of equations on G and the boundary conditions on Γ±

R can still be expanded
in asymptotic series with terms similar to (3.2) but with smaller exponents λ−1, λ−2, . . .
instead of λ.

Let us mention properties of coefficients in representations (3.1) and (3.2). They
depend polynomially on log r, smoothly on the angle variable ϕ ∈ [−π, π], and the
dependence on the variables y± ∈ Π± (or y± ∈ π± in the case of (3.2)2) is smooth and
periodic in y±

1 ; moreover, the terms V±(y±, l) and F±(y±, l) decrease exponentially as
y±
2 → +∞. The number λ ∈ C is arbitrary, and by χ± we mean the cutoffs discussed in

Section 2 after formula (2.11). Vector-valued functions ϕ �→ Φ(ϕ, l), Ψ(ϕ, l) are smoothly
extended to the neighborhood of the segment Υ, so that the first summand on the right-
hand side of (3.1) and of (3.2)1 are defined everywhere on GR.

We substitute Ansatzen (3.1) and (3.2) in the system of equations of problem (1.10)
restricted to the region GR and collect factors with equal powers of r written in coordi-
nates (r, ϕ) or y±. First of all, we receive the following system of differential equations
in the sector:

(3.3) L(∇x) rλ Φ(ϕ, log r) = rλ−2 Ψ(ϕ, log r), x ∈ KR .

Furthermore, we obtain systems of differential equations in half-strips Π±,

(3.4) L±(∂y±)V±(y±, l) = F±(y±, l), y±
1 ∈ (0, 1), y±

2 > H±(y±
1 ),
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where, in contrast with (3.3), the argument l = log r is viewed as a parameter and the
differential ∂y± does not involve this parameter. The explanation is that the function
x �→ rλ−1V±(y±, log r) depends on r and y±

i in two ways: differentiation with respect to
r decreases the order of growth Re λ − 1 by one, whereas differentiation with respect to
y±

i does not change this order.2 This is why on the left-hand side of (3.4) and in later
formulas we use the “partial” gradient ∂y± instead of the “full” gradient.

Consider boundary conditions on Γ±
R. Note that for H0 > 0, on the set {x : r > R,

|y±
2 | ≤ H0} we have the formula

(3.5) r(α ∓ ϕ) = y±
2 + O(1).

Therefore,

(3.6)
rλΦ(ϕ, log r) = rλΦ(±α, log r) ∓ rλ−1y±

2 ∂ϕΦ(±α, log r)

+ O
(
rRe λ−2 |log r|deg Φ

)
as r → ∞.

Consequently, using the second formula in (2.58), we can deduce the following relations
on the lines Γ±

R:

(3.7)

N±(y±,∇y±)rλΦ(ϕ, log r) = D±(ν±(y±))
�

rλ−1φ±(log r) + · · · ,

rλ−1φ±(log r) = A
{
D±(∂r, 0) rλΦ(±α, log r)

+ rλ−1 D±(0, 1)∂ϕ Φ(±α, log r)
}

= AD(∇x)rλΦ(ϕ, log r)
∣∣
ϕ=±α

.

Therefore, the boundary condition for the vector-valued function V± looks as follows:

(3.8) N±(y±, ∂y±)V±(y±, l) = G±(y±, l) − D±(ν±(y±)
�

φ±(l), y± ∈ π± .

Similarly to 2.2, the problem for the boundary layer is completed by periodicity conditions
of the type (2.60).

According to Proposition 2.2, a solution of the problem (3.4), (3.8), (2.60) exponen-
tially decreasing at infinity exists only in the case where the orthogonality conditions
(2.61) are satisfied; note that in our case these conditions take the form
(3.9)

Ψ±(l) :=
∫

Π±
F±(y±, l) dy± +

∫
π±

G±(y±, l) ds±y =
∫

π±
D±(ν±(y±))

�
dsy±φ±(l).

By the Stokes formula,∫
π±

D±(ν±(y±))
�

dsy± = −
∫

π±
D±(0, 1)

�
dsy±

= −
∫

π(±H0)

D(sin α,∓ cosα)
�

dy±
2 = D(ν±),

where π(H0) = {y± : y±
1 ∈ (0, 1), y±

2 = H0} is a cross-section of the half-strip Π± that
is located far from the base, and ν± = (− sin α,± cosα)� are outward unit normals to
the sides (∂K)± of the sector.

Hence, formulas (3.9) become the Neumann boundary conditions

(3.10) N(∇x) rλ Φ(ϕ, log r) = rλ−1 Ψ±(log r), ϕ = ±α.

2In the language of averaging theory, the variables r and ϕ are declared to be slow, and the variables
y±, to be fast.
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It is known (see [10], as well as [13, Theorem 3.5.13]) that the model problem (3.3),
(3.10) with the special right-hand side always has a solution rλ Φ(ϕ, log r); moreover,

deg Φ = max
{
deg Ψ, deg Ψ±}+ κ(λ),

where deg Φ (resp., deg Ψ) is the degree of the polynomial Φ(ϕ, log r) (resp., the polyno-
mial Ψ(ϕ, log r)) in variable log r, and κ(λ) = max{κq1, . . . , κqJq

} if λ = λq, κ(λ) = 0 if
λ is not an eigenvalue of the pencil (2.4).

After finding the solution of the problem in the sector K, we look for solutions V±

in half-strips Π±; these solutions vanish exponentially at infinity due to orthogonality
conditions (3.9).

Let us discuss additional mismatches that are introduced by the asymptotic solution
(3.1) in the problem (1.10). The first summand rλ Φ in (3.1) completely compensates
the term rλ−2 Ψ in the representation (3.2)1; however, it adds the sum of the following
terms to the boundary conditions on lines Γ±

R:

(3.11) rλ−1−jGj±(y±, log r), j = 1, 2, . . . .

These terms appear when we expand the relations

(3.12) y±
1 = r cos(α ∓ ϕ), y±

2 = r sin(α ∓ ϕ)

between “fast” and “slow” variables in series in inverse powers of the radius r (cf. formula
(3.5)), and they are generated by lower terms in representations (3.6) and (3.7)1. It is
clear that an infinite series representation for the trace of the vector-valued function
N±rλ Φ Γ±

R can be obtained only in the case where Φ(·, log r) ∈ C∞[−π, π]k and H± ∈
C∞(R+). Let us emphasize that the expressions in the middle part of (3.7)2 (which, at
the end, make up the Neumann boundary value operator (3.10)) are of the form (3.11)
with j = −1 and j = 0. The exponents of the radius r in the vector-valued function
(3.11) are smaller than on the right-hand side of (3.2)2.

The appearance of mismatches caused by the second summand in (3.1) is a conse-
quence of the fact that in forming the limiting problems (3.4), (3.8) we have assumed
that the operators L± and N± do not act on the arguments r and log r. Indeed,

(3.13)

∇y±
(
rλ−1 V±(y±, log r)

)
= ∂y±

(
ρλ−1 V±(y±, log ρ)

)∣∣
ρ=r

+
([

1 − r−2(y±
2 )2
]1/2

, r−1y±
2

)�
∂r

(
rλ−1V±(η±, log r)

)∣∣∣
η±=y±

.

The first term on the right is of order rRe λ−1, and the second is of order rRe λ−2; moreover,
the factor ([

1 − r−2(y±
2 )2
]1/2

, r−1y±
2

)�
is computed according to the last formula (3.12) (we cannot use the variable y±

1 since
all summands on the right-hand side of (3.13) depend on the variable y±

1 periodically).
Taking into account formula (3.13) in computing the action of the operators (2.58) on
the product χ±(ϕ)rλ−1V±(y±, log r), we can easily compute the discrepancies under
consideration. Note that the terms occurring when taking the commutator of the cutoff
χ± with the operator L±(∇x) are supported in the sector {x : r > R, ±ϕ ∈ (α/2, 3α/4)},
and hence decrease exponentially with rate o(exp{−(2r)−1σΠ}) at infinity (because of
the same property of the boundary layer, Proposition 2.2). In other words, the presence
of cut-off functions χ± in (3.1) does not lead to any modification in the procedure of
constructing the asymptotics.
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3.2. Once again about the structure of asymptotics. In Section 4 the problem
(1.10) in the sector with periodic boundary will be reduced to a model problem (2.1)
in the sector K, after which Proposition 2.1, 1) will be applied. Power solutions of the
model problem (2.1) singled out in formula (2.8) should have been taken into account in
finding the block (3.1) in the the previous subsection: if λ = λq is an eigenvalue for the
problem (2.4), then a solution rλ Φ of the problem (3.3), (3.8) is determined uniquely
up to a linear combination of power solutions (2.5) and can be nonzero even in the case
Ψ = 0 and F± = 0, G± = 0. The coefficients of this linear combination cannot be
determined in the process of constructing formal asymptotics: they depend on the data
of the problem in general, and it is Proposition 2.1, 1), together with the estimate (2.9),
that determines the correct values of these coefficients (see also 5.3).

Let the functions the right-hand sides of the problem (1.10) vanish sufficiently fast
at infinity (for example, are compactly supported). Suppose we somehow know that
the asymptotic expansion of a solution u contains the term U j,p

(q) (x) = rλqΦ(j,p)
(q) (ϕ, log r)

(cf. formula (2.5)). To simplify the analysis, let us assume for now that the set (1.1)
is contained in the set KR = {x ∈ K : r > R}, i.e., H± ≥ 0. We introduce the cut-off
function χ∞ ∈ C∞(R+) satisfying the relations χ∞(r) = 1 for r > 3R and χ∞(r) = 0
for r < 2R and consider the difference

(3.14) u′(x) = u(x) − χ∞(r)U j,p
(q)(x).

One can easily see that the second term lies in the space V
l+1,0
β,γ (Ω)k for each smoothness

index and for each weight indices γ and β satisfying the conditions (1.31) and

(3.15) β < l − Re λq.

According to (1.15) and (2.2), the support of the vector-valued function Lχ∞U j,p
(q) , where

L is the operator (1.5), is compact, i.e., Lχ∞U j,p
(q) ∈ V

l−1
β,γ (Ω)k for all l ∈ N and β, γ ∈ R.

At the same time, due to the oscillation of the boundary, the term Nχ∞U j,p
(q) , where

N is the operator (1.11), turns out to lie in the space V
l−1/2
β,γ (∂Ω)k for each l ∈ N and

γ ∈ (l − 1/2, l); however, the index β, which is responsible for the behavior of functions
at infinity, must satisfy the relation

(3.16) β < γ − Re λq +
1
2
;

this results from the relation (1.31), which is essentially similar to the relation (3.15). In
this situation we cannot hope to improve the estimate of the remainder u′. Therefore,
for the main term of asymptotics it is reasonable to take the block

(3.17) Uj,p
(q)(x) = U j,p

(q) (x) + rλq−1
∑
±

χ±(ϕ)Vj,p±
(q) (y±, log r)

similar to (3.1); instead of the difference (3.14) it is natural to take the difference

ũ(x) = u(x) − χ∞(r)Uj,p
(q)(x),

where Vj,p±
(q) are (exponentially decaying as y±

2 → +∞) solutions of the problems (3.4),
(3.8), (2.60), where F± = 0, G± = 0, and the expressions φ± are found according to
formula (3.7)2 using the polynomial logarithmic solution U j,p

(q) . We emphasize that the

existence of exponentially decreasing solutions Vj,p±
(q) is guaranteed by formulas (3.7)–

(3.10) and the homogeneous boundary conditions N±U j,p
(q) = 0 on (∂K)±. Now the

inclusions
Lχ∞Uj,p

(q) ∈ V
l−1
β,γ (Ω)k, Nχ∞Uj,p

(q) ∈ V
l−1/2
β,γ (∂Ω)k
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hold for all exponents l ∈ N, and all γ and β satisfying the conditions (1.31) and

(3.18) β < γ − Re λq +
3
2
.

For further exposition it is important to note that the right-hand side of (3.18) is larger
by at least 1 than the right-hand side of (3.15) and of (3.16). In other words, the blocks
(3.17) constructed using the solutions (2.5) satisfy the homogeneous problem (1.10) with
sufficient precision.

Similar constructions are necessary in the case where the inclusion GR ⊂ KR does not
hold; in this case the angular part Φ(j,p)

(q) of the vector-valued function U j,p
(q) on the right-

hand side of (3.17) should be smoothly extended to the neighborhood of the segment
Υ = [−α, α].

3.3. Sector with parabolic inclusions. We choose the asymptotic Ansatz for the
solution of the problem (1.13) in the compound region Ω0 ∪Γ∪Ω1 in the following form:

(3.19)
U0(x) = rλΦ(ϕ, log r), x ∈ Ω0

R,

U±(x) = (y±
1 )λΦ(±α, log y±

1 ) + (y±
1 )λ−1+sV±(ζ±, log y±

1 ), x ∈ Ω±
R.

Here ζ± = (y±
1 )−s y±

2 is a “fast” variable: the parts of the boundary of the parabolic set
Ω±

R defined by (1.3) are given by equations ζ± = 0 and ζ± = −a±. To ensure that the
described procedure of constructing the terms of Ansatz (3.19) allows us to determine
the entire asymptotic series, it is convenient to allow for inhomogeneity G0 in the second
matching condition (1.13)2. Ansatzen for the right-hand sides in the problem (1.13) look
as follows:
(3.20)

f0(x) = rλ−2Ψ(ϕ, log r) + · · · , x ∈ Ω0
R = KR,

f±(x) = (y±
1 )λ−s−1F±(ζ±, log y±

1 ) + · · · , x ∈ Ω±
R,

g0(x) = rλ−1G0±(log r) + · · · , x ∈ Γ0±
R = {x : r > R, ϕ = ±α},

g±(x) = (y±
1 )λ−1G1±(log y±

1 ) + · · · , x ∈ Γ1±
R =

{
x : r > R, y±

2 = −a±(y±
1 )s
}
.

The functions on the right in (3.20)1−4 depend polynomially on logarithms and smoothly
on ϕ ∈ [−α, α] and ζ± ∈ [−a±, 0].

As earlier in 3.1, we substitute the Ansatzen (3.19) and (3.20) in (1.13) and separate
the principal asymptotic terms to formulate the problems for determining the coefficients
Φ and V±. Considering the system of equations in the region Ω0

R, we come to formula
(3.3). Inside the parabolic sets Ω±

R, the operator L±(∇y±) obtained from the operator
D(∇x)∗ A±D(∇x) by passing to local Cartesian coordinates y± (see the assumption
(1.16) and compare with formulas (2.58)) and written using the variables (y±

1 , ζ±) admits
the separation

L±(∇y±) = (y±
1 )−2s D±(0, ∂ζ±)∗A± D±(0, ∂ζ±) + · · · .

This means that the coefficient V± on the right-hand side (3.19)2 must satisfy the fol-
lowing system of ordinary differential equations with parameter l = log y±

1 :

(3.21) D±(0, ∂ζ±)∗A±D±(0, ∂ζ±)V±(ζ±, l) = F±(ζ±, l), ζ± ∈ (−a±, 0).

On the arcs Γ±
R, the projections n

±
i (y±) of the normal ν±(x) to the axes y±

i have the
form

(3.22) n
±
1 (y±

1 ) = −
(
1 + n

±(y±
1 )2
)−1/2

n
±(y±

1 ), n
±
2 (y±

1 ) = −
(
1 + n

±(y±
1 )2
)−1/2

.
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Also, due to the inclusion s ∈ (0, 1), the function n±(y±) = a±s (y±
1 )s−1 is infinitesimally

small as y±
1 → +∞. Therefore, the main term of the separated operator of the Neumann

boundary conditions on Γ±
R,

(3.23) N±(x,∇x) = (y±
1 )−sD±(0,−1)

�
A±D±(0, ∂ζ±) + · · ·

implies the following boundary condition for the system (3.21):

(3.24) D±(0,−1)
�
A±D±(0, ∂ζ±)V±(−a±, l) = G1±(l).

The boundary condition at the point ζ± = 0 is derived from the second matching condi-
tion in (1.13)2 with an additional summand (3.20)3 on the right-hand side:

(3.25) D±(0, 1)
�
A±D±(0, ∂ζ±)V±(0, l) = G0±(l) + r1−λN±(∇x)rλ Φ(ϕ, log r)

∣∣∣ϕ=±α
log r=l

.

We recall that according to the convention adopted in 1.2, on the left-hand side of (3.25)
we use the inward (with respect to K) normal to the side of the sector, and on the
right-hand side we use the outward normal.

The first matching conditions in (1.13)2 will be fully satisfied if we set

(3.26) V±(0, l) = 0.

The Neumann problem (3.21), (3.24), (3.25) admits the following additional requirement
for a solution, which determines the solution uniquely: the corresponding homogeneous
problem is satisfied by constant columns and only them. Since the problem is formally
self-adjoint, the Fredholm alternative provides the following solvability conditions:

Ψ±(l) := −
∫ 0

−a±

F±(±ζ, l) dζ − G1±(l) − G0±(l) = r1−λN±(∇x)rλΦ(ϕ, log r)
∣∣∣ϕ=±α
log r=l

,

which become the boundary conditions (3.10) on the sides of K.
Thus, having found a particular solution rλ Φ(ϕ, log r) of the model problem (3.3),

(3.10), we obtain the vector-valued functions V± from relations (3.21), (3.24)–(3.26). All
terms of the Ansatz (3.19) are constructed.

Remark 3.1. If all terms singled out on the right-hand sides of (3.20) vanish, then rλ Φ
is a polynomial-logarithmic solution (2.5) of the homogeneous problem (2.1), and the
solutions V± of the problems (3.21), (3.24)–(3.26) become zero solutions. Therefore,
extending the solutions U j,p

(q) (x) = rλqΦ(ϕ, log r) to parabolic sets (1.3) by using expres-
sions y± �→ (y±

1 )λqΦ(±α/2, log r) independent of the transverse coordinate y±
2 , generates

mismatches in the homogeneous problem (1.13), which vanish at infinity sufficiently fast
(cf. 3.2, where similar constructions were discussed for a sector with periodic boundary).

4. Proof of asymptotic expansion

in the case of a region with periodic boundary

4.1. Main theorem. This section contains the proof (divided into several steps) of the
following theorem.

Theorem 4.1. Let l ∈ N, γ ∈ (l − 1/2, l), and β1, β2 ∈ R with β1 < β2, and suppose
there are no eigenvalues of the pencil (2.4) on the lines Λl−β1 , Λl−β2 . We also assume
that the difference l − γ > 0 is small and

(4.1) β2 − β1 ≤ δβ < 1.

Finally, choose an arbitrary number β0 ∈ (β1, β2) such that the line Λl−β0 also does not
contain points of the spectrum of the pencil (2.4). A solution u ∈ V

l+1,0
β1,γ (G)k of the
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problem (1.10) with the right-hand side {f, g} ∈ V
l−1
β2,γ(G)k × V

l−1/2
β2,γ (∂G)k admits an

asymptotic expansion

(4.2) u(x) = χ∞(r)
∑

cj,p
(q)U

j,p
(q) + ũ(x),

where χ∞ is a cut-off function introduced before formula (3.14), Uj,p
(q) is the asymptotic

block (3.17) containing polynomial-logarithmic solutions (2.5), and the summation is over
all eigenvalues of the pencil (2.4) between the lines Λl−β0 and Λl−β1 . The coefficients
cj,p
(q) ∈ C and the remainder ũ belonging to the space V

l+1,0
β0,γ (G)k satisfy the inequality∥∥ũ; V

l+1,0
β0,γ (G)

∥∥+
∑∣∣cj,p

(q)

∣∣
≤ c

(∥∥f ; V
l−1
β2,γ(G)

∥∥+
∥∥g; V

l−1/2
β2,γ (∂G)

∥∥+
∥∥u; V

l+1,0
β1,γ (G)

∥∥).(4.3)

The statement of Theorem 4.1 differs from the statement of Theorem 2.2 and Proposi-
tion 2.1, 2): Theorem 4.1 does not guarantee that the remainder ũ in the representation
(4.2) belongs to the space V

l+1,0
β2,γ (G)k with the same weight index β2 as on the right-hand

sides. The decrease of the index is caused by the method of reducing the original problem
to the model problem in the sector K and of determining the properties of the asymptotic
remainder near the periodic boundary. However, this does not prevent us from using the
theorem to establish partial or complete asymptotic expansions of solutions constructed
using the procedure described in 3.1. Moreover, since for s > l and µ − s > β − l the
space Vs+1,0

µ,γ (G)k can be completely imbedded in the space V
l+1,0
β,γ (G)k, Theorem 4.1

together with Proposition 4.2 below establishes that the kernel of the operator3 (1.30)
of the problem (1.10) is finite-dimensional.

Note that it suffices to establish Theorem 4.1 for small δβ in (4.2): applying this result
several times and increasing the index β0 each time, we prove the full version of Theorem
4.1 (see Remark 4.2 below). In what follows, we assume that δβ > 0 is sufficiently small
but, of course, does not depend on β1.

4.2. Auxiliary constructions. Cover the region G by standard sets ξϑ and Ξϑ of sev-
eral kinds; here ξϑ ⊂ Ξϑ and ∂ξϑ∩Ξϑ ⊂ ∂G, and ϑ runs over all various indices introduced
below. First, we cut off the bounded parts ξc = G ∩ B2R and Ξc = G ∩ B3R of G. Also,
in the sector KR(αi) we take the sets

(4.4)
ξαm =

{
x : 2m−3/4 < R−1r < 2m+3/4, |ϕ| < α1

}
,

Ξαm =
{
x : 2m−1 < R−1r < 2m+1, |ϕ| < α2

}
,

where m ∈ N and αi ∈ (0, α) will be chosen later; clearly, α1 < α2 < α. The sets adjacent
to the periodic curves Γ±

R are defined as follows:

(4.5)
ξj± =

{
x : y±

1 − 2R − j ∈ (−3/4, 3/4), 2H0 > y±
2 > H±(y±

1 )
}
,

Ξj± =
{
x : y±

1 − 2R − j ∈ (−1, 1), 3H0 > y±
2 > H±(y±

1 )
}
.

The size of these sets does not depend on j ∈ N, and the size along the axis y±
1 is

measured in terms of the (unit) period of the functions H±; in addition, we assume that
R > 1 and H0 > max

{
H±(y1) | y1 ∈ [0, 1]

}
. The size of the sets (4.4) is proportional to

2m and increases as m grows. Introduce the rectangles ξmj± and Ξmj± that also have
the size O(2m) and cover the regions Σ± bordered by the rays

{
x : y±

1 > R, y±
2 = 2H0

}
,{

x : r > R, ϕ = ±α1

}
and the circle ∂BR. Small rectangles ξmj± are lined up in the

3Passage to the adjoint operator and increase of smoothness establish that the operator (1.30) is
Fredholm with a finite-dimensional cokernel provided the condition (1.31) is satisfied and the pencil
(2.4) has no eigenvalues on the line Λl−β (cf. arguments in [37]).
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strips
{
x : 2m+3/4H0 > y±

2 > 2m−3/4H0
}
; the size along the axis y±

1 is bH02m and
the distance between the centers of neighboring rectangles is 3bH02m−2, so that they
overlap. The larger rectangle Ξmj± is obtained from the smaller ξmj± using homothety
with coefficient 4/3 from the common center of these rectangles. The sets ξmj± that are
disjoint from Σ± are not considered, and the number j ∈ N increases as the distance
from the axis y±

2 increases. The factor b > 0 and the angles α1, α2 can always be taken
so that each of the families {ξϑ} and {Ξϑ} be a finite-multiplicity covering of the region
G.

These complicated constructions are needed to ensure special properties of coverings.
If ξϑ, Ξϑ is one of the pairs of constructed sets, then on each of these sets, the following
relations hold:

(4.6)
0 < c1 ≤ δ−1

Ξϑ ρ(x) ≤ c2,

0 < C1 ≤ (1 + |x|)−1(1 + |xΞϑ |) ≤ C2.

Here δΞϑ and xΞϑ are the diameter and the center of mass of Ξϑ, and the constants ci

and Ci can be taken the same for all elements of the covers. The change of coordinates

x �→ ηϑ• = δ−1
Ξϑ (x − xΞϑ)

transforms the sets ξϑ and Ξϑ into the standard sets ξϑ• into Ξϑ• of unit size; among
these sets are sectors of an annulus (see formulas (4.4)), trapezoids with curved bases (see
formulas (4.5)), rectangles, and compressed sets ξc and Ξc. In coordinates η the system
of equations and homogeneous boundary conditions in the problem (1.10) restricted to
the region Ξϑ

G = Ξϑ ∩ G and the arc Ξϑ ∩ ∂G respectively, take the following form:

(4.7)
L(∇ηϑ•)uϑ•(ηϑ•) = δ2

Ξϑfϑ•(ηϑ•), ηϑ• ∈ Ξϑ•
G ;

N(ηϑ•,∇ηϑ•)uϑ•(ηϑ•) = 0, ηϑ• ∈ (Ξϑ ∩ ∂G)•,

where uϑ• and fϑ• are vector-valued functions u and f written using the variable ηϑ•.
Denote by u ϑ the average of the vector-valued function u over the region Ξϑ

G. Due to
the structure of the operators (1.5) and (1.11) the difference uϑ• − u ϑ satisfies the same
problem (4.7). By the Poincaré inequality∥∥uϑ• − u ϑ; L2(Ξϑ•

G )
∥∥ ≤ c

∥∥∇ηϑ•(uϑ• − u ϑ); L2(Ξϑ•
G )
∥∥ = c

∥∥∇ηϑ•uϑ•; L2(Ξϑ•
G )
∥∥,

the local estimate of a solution of an elliptic system (see [38, 39]) can be written as
follows:∥∥∇ηϑ•uϑ•; H l(ξϑ•

G )
∥∥2 ≤

∥∥uϑ• − u ϑ; H l+1(ξϑ•
G )
∥∥2

≤ c
(
δ4
Ξϑ

∥∥fϑ•; H l−1(Ξϑ•
G )
∥∥2 +

∥∥uϑ• − u ϑ; L2(Ξϑ•
G )
∥∥2
)

(4.8)

≤ c
(
δ4
Ξϑ

∥∥fϑ•; H l−1(Ξϑ•
G )
∥∥2 +

∥∥∇ηϑ•uϑ•; L2(Ξϑ•
G )
∥∥2
)
.

Returning to coordinates x and multiplying (4.8) by (1 + |xΞϑ |)2(β−γ)δ
2(γ−l−1)−1

Ξϑ , we
transform inequality (4.8) without its middle part into the following:

l+1∑
j=1

(1 + |xΞϑ |)2(β−γ)δ
2(γ−l−1+j)

Ξϑ

∥∥∇j
xu; L2(ξϑ

G)
∥∥2

≤ c

( l−1∑
h=0

(1 + |ξΞϑ |)2(β−γ)δ
2(γ−l+1+h)

Ξϑ

∥∥∇h
xf ; L2(Ξϑ

G)
∥∥2

+ (1 + |xΞϑ |)2(β−γ)δ
2(γ−l)

Ξϑ

∥∥∇xu; L2(Ξϑ
G)
∥∥2
)

.
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Due to relations (4.6), weight factors can be moved inside the L2-norms of vector-
valued functions u, f , and their derivatives. Taking into account all these changes we
get the following inequality:

(4.9)

l+1∑
j=1

∥∥∥(1 + r)β−γργ−l−1+j∇j
xu; L2(ξϑ

G)
∥∥∥2

≤ c

( l−1∑
h=0

∥∥∥(1 + r)β−γργ−l+1+h∇h
xf ; L2(Ξϑ

G)
∥∥∥2

+
∥∥∥(1 + r)β−γργ−l∇xu; L2(Ξϑ

G)
∥∥∥2
)

.

Since the local estimate was used for a finite number of “model” regions and the
operator L has constant coefficients outside the disc BR, the factor c in (4.9) can be
taken the same for all elements of the covering. Let us sum up over all elements ξϑ and
recall the definition of the norm (1.20). Since the covering has finite multiplicity, we
obtain the following inequality:
(4.10)∥∥∇xu; V

l
β,γ(G)

∥∥2 ≤ c
(∥∥f ; V

l−1
β,γ (G)

∥∥2 +
∥∥g; V

l−1/2
β,γ (∂G)

∥∥2 +
∥∥∇xu; V

0
β−l,γ−l(G)

∥∥2
)
,

where the vector-valued function g in the boundary condition in the problem (1.10) is so
far assumed to be equal to zero. Let us emphasize that the finiteness of the right-hand
side of (4.10) guarantees the finiteness of the left-hand side.

Proposition 4.1. Let u ∈ V
1,0
β−l,γ−l(G)k be a solution of the problem (1.10) and

(4.11) f ∈ V
l−1
β,γ (G)k, g ∈ V

l−1/2
β,γ (∂G)k

for some l ∈ N and β, γ ∈ R. Then u ∈ V
l+1,0
β,γ (G)k and the estimate (4.10) holds.

Proof. We can make boundary conditions homogeneous by substracting from a solution
u the vector-valued function v ∈ V

l+1
β,γ (G)k ⊂ V

l+1,0
β,γ (G)k determined by Lemma 1.1 and

satisfying the relations (1.25) and (1.26). �

The next result (both the formulation and the proof) establishes the existence of a
quasiparametrix R, i.e., a continuous linear mapping

(4.12) R : V
l−1
β,γ (G)k × V

l−1/2
β,γ (∂G)k → V

l+1
β,γ (G)k

such that the operator

(4.13) {L, N}R − I : V
l−1
β,γ (G)k × V

l−1/2
β,γ (∂G)k → V

l
β+1,γ+1(G)k × V

l+1/2
β+1,γ+1(∂G)k

is continuous; here I is the identity map. We emphasize that the operator (4.12) cannot
be a genuine parametrix for the operator (1.27) of the problem (1.10) since the imbedding
of the right direct product of function spaces into the left one in formula (4.13) is not a
compact operator.

Proposition 4.2. For each continuous vector-valued functions (4.11) there exists an
element u{f,g} of the space V

l+1
β,γ (G)k satisfying the inequality

(4.14)

∥∥u{f,g}; V
l+1
β,γ (G)

∥∥+
∥∥Lu{f,g} − f ; V

l
β+1,γ+1(G)

∥∥
+
∥∥Nu{f,g} − g; V

l+1/2
β+1,γ+1(∂G)

∥∥
≤ c

(∥∥f ; V
l−1
β,γ (G)

∥∥+
∥∥g; V

l−1/2
β,γ (∂G)

∥∥).
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Proof. First of all, note that the boundary conditions in the problem (1.10) can be made
homogeneous by using the vector-valued function v ∈ V

l+1
β,γ (G)k from Lemma 1.1, 2).

By the construction of the coverings {ξϑ} {Ξϑ} there exist functions χϑ ∈ C∞
c (ξϑ) and

Xϑ ∈ C∞
c (Ξϑ) such that

(4.15) χϑXϑ = χϑ;
∣∣∇p

xχϑ(x)
∣∣+ ∣∣∇p

xXϑ(x)
∣∣ ≤ cpδ

−p
Ξϑ , p ∈ N0;

∑
ϑ

χϑ = 1,

for each element of the covering (the summation is over all indices ϑ).
Let χϑ be one of the elements of the partition of unity supported on the set ξϑ.

We pass to coordinates ηϑ• and consider the system of differential equations (4.7) with
homogeneous Neumann boundary conditions. Since this system is elliptic, general theory
(see [38, 39]) yield a vector-valued function wϑ ∈ H l+1(Ξϑ•

G )k such that

(4.16)

∥∥Xϑ•wϑ; H l+1(Ξϑ•
G )
∥∥2 +

∥∥LXϑ•wϑ − δ2
Ξϑχϑ•fϑ•; H l(Ξϑ•

G )
∥∥2

+
∥∥NXϑ•wϑ; H l+1/2(∂Ξϑ ∩ ∂G)•

∥∥2

≤ c δ4
Ξϑ

∥∥χϑ•fϑ•; H l−1(Ξϑ•
G )
∥∥2

,

where, as before, the same constant c can be taken for all elements of the covering (of
course, this is true for the constants cp in (4.15) as well). The desired vector-valued
function u{f,0} equals the sum of products Xϑwϑ constructed for each index ϑ. Using
the same computations that allowed us to transform the estimate (4.8) into inequality
(4.10), taking into account relations (4.15), and we can obtain formula (4.14) simplified
in the case of g = 0 by processing and adding together inequalities (4.16). Certain
differences that occur in considering the last summand in (4.16) are discussed in the
next remark. �

Remark 4.1. If the support of the function z ∈ Vl
β,γ(G) lies in the d-neighborhood of the

boundary ∂G where, according to definition (1.21), we have 1 ≤ ρ(x) ≤ c(d), then the
norm (1.20) is equivalent to the Sobolev norm

∥∥(1 + r2)(β−γ)/2z; H l(G)
∥∥ (cf. Lemma

1.1, 1)). Therefore, for l ∈ N the trace of the function z on the curve ∂G exists and is
characterized by the norm

∥∥(1 + r2)(β−γ)/2z; H l−1/2(∂G)
∥∥. The norm in the Sobolev–

Slobodetskii space H l−1/2(∂G) can be defined by the formula
(4.17)∥∥Z; H l−1/2(∂G)

∥∥ =
l−1∑
j=0

∥∥∂j
sZ; L2(∂G)

∥∥
+
(∫

∂G

∫
{σ∈∂G: |s−σ|<d}

∣∣∂l−1
s Z(s) − ∂l−1

σ Z(σ)
∣∣2 ds dσ

|s − σ|2

)1/2

,

where d is a positive constant (it can be chosen arbitrarily), s is the arc length, and
|s − σ| is the distance between the points with coordinates s and σ along the line ∂G.
Using formula (4.17) and the middle inequality in (4.15), it is clear that the following
norms (which arose in the verification of Proposition 4.2) are equivalent:(∑

ϑ

∥∥∥(1 + r2)(β−γ)/2NXϑwϑ; H l+1/2(∂Ξϑ ∩ ∂G)
∥∥∥2
)1/2

∼
∥∥∥(1 + r2)(β−γ)/2N

∑
ϑ

Xϑwϑ; H l+1/2(∂G)
∥∥∥.

Notice also that since the principal part of the operator

u �→ Nβ−γ(x,∇x)u(x) = (1 + r2)(γ−β)/2N(x,∇x)
(
(1 + r2)(β−γ)/2u(x)

)
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is the same as the principal part of the operator (1.11) of the Neumann boundary con-
ditions, the pair {I, Nβ−γ} is a Dirichlet system on ∂G, and Lemma 1.1, 2) follows, for
example, from the results of [40, Chapter 2].

4.3. Reduction to the model problem in the sector. Let u ∈ V
l+1,0
β1,γ (G)k be a

solution of the problem (1.10) with right-hand sides satisfying (4.11), where β = β2 and
the indices β1, β2 and γ, l satisfy the hypotheses of Theorem 4.1. Also, let u{f,g} ∈
V

l+1
β2,γ(G)k be a vector-valued function obtained using Proposition 4.2. By (4.14), the

difference u1 = u − u{f,g} satisfies the problem (1.10) with the new right-hand sides

(4.18) f1 ∈ V
l
β2+1,γ+1(G)k, g1 ∈ V

l+1/2
β2+1,γ+1(∂G)k.

Since β2 > β1, inclusions (4.18) remain valid if we replace β2 with β1. Therefore,
Proposition 4.1 implies that u1 ∈ V

l+2,0
β1+1,γ+1(G)k. Repeating this procedure, we obtain

a solution u2 of the same problem with the right-hand sides f2 and g2 belonging to the
spaces in (4.18), with indices β2, γ, and l again increased by 1. Also we have u2 ∈
V

l+3,0
β1+2,γ+2(G)k. Repeating this procedure, we can increase the indices by an arbitrary

given number N ∈ N, and the norms of the new solutions and new right-hand sides will
not exceed a constant multiplied by the sum of the old norms. Since in Theorem 4.1 we
are allowed to include the term u{f,g} ∈ V

l+1
β2,γ(G)k and similar terms to the asymptotic

remainder, we can assume from the very beginning that

u ∈ V
l+1+N,0
β1+N,γ+N (G)k, f ∈ V

l−1+N
β2+N,γ+N (G)k, g ∈ V

l+N−1/2
β2+N,γ+N (∂G)k.

Furthermore, multiplying the solution u by a cut-off function χ∞, we can ensure that
the vector-valued functions f = Lu, g = Nu, and u vanish inside the circle B2R. None
of these transformations violates the hypotheses of Theorem 4.1.

We can assume without loss of generality (cf. Remark 1.1) that the sector KR lies in-
side the set (1.1). Denote by u± the restriction of the solution u to the sides (∂K)± of the
sector (we recall that these restrictions vanish for r > 2R). Since ∇xu ∈ V

l+N
β1+N,γ+N (G)k,

Lemma 1.1, 1) and a simple imbedding theorem show that

(4.19)
(1 + r2)(β

1−γ)/2 ∂u±

∂y±
1

∈ H l+N−1/2((∂K)±)k ⊂ H l+N−1((∂K)±)k

⊂ Cl+N−2((∂K)±)k.

The norms of the derivative ∂u±/∂y±
1 in these spaces, hence also the same norms of the

vector-valued function

N±(∇x)u± = D(ν±)
�
AD±

( ∂

∂y±
1

, 0
)
u±

(cf. formulas (2.2) and (2.58)) are bounded from above by c
∥∥u; V

l+1+N,0
β1+N,γ+N (G)

∥∥. There-
fore, Lemma 1.1, 2) shows that there exists a vector-valued function v± supported on
the set {

x ∈ K : dist (x, (∂K)±) ≤ d, r > 3R/2
}
,

such that

(4.20)

N±(∇x)u± = N±(∇x)v± (∂K)±,∥∥∥(1 + r2)(β
1−γ)/2v±; H l+1+N (K)

∥∥∥ ≤ c
∥∥∥v; V

l+1+N
β1+N,γ+N (G)

∥∥∥
≤ c

∥∥∥u; V
l+1+N,0
β1+N,γ+N (G)

∥∥∥.
The constants c and the functions v± depend on the chosen size d > 0.



186 S. A. NAZAROV

Consider the sum

(4.21) U(x) = (1 − χd(x))
(
u(x) −

∑
±

χ±(ϕ)u±(y±
1 )
)

+
∑
±

(
χ±(ϕ)u±(y±

1 ) − v±(x)
)
,

where χ± are cut-off functions used in (2.11), and the cut-off function χd ∈ C∞(K)
equals 1 in the (d/2)-neighborhood Vd/2 of the boundary ∂K and vanishes outside the d-
neighborhood Vd. Using the first relation in (4.20), we obtain the equality N±(∇x)U = 0
on ∂K. Let us transform the summands in the expression

(4.22)

F = L(∇x)U

= (1 − χd)f − [L(∇x), χd]
(
u −

∑
±

χ±u±
)

−
∑
±

L(∇x)v± + χd

∑
±

L(∇x)u±

to verify that this expression belongs to the space
o

V
l−1
β2,γ2(K)k with the norm defined by

(2.40)2. Here

(4.23) γ2 = γ + β2 − β1,

and the number δβ in (4.1) is chosen to be so small that both indices γ and γ2 satisfy
(1.31).

By the definition of the cut-off function χd, on the support supp(1 − χd) we have

(4.24)
θ ≥ cd(1 + r)−1,

cdθ ≤ (1 + r)−1ρ ≤ Cdθ.

Therefore, formulas (1.20) and (2.40)2 for the weight norms, together with the condition
γ > γ2, yield

∥∥(1 − χd)f ;
o

V
l−1
β2,γ2(K)

∥∥ ≤ c
∥∥f ;

o

V
l−1
β2,γ2(K \ Vd/2)

∥∥
≤ c

∥∥f ; V
l−1
β2,γ2(K)

∥∥ ≤ c
∥∥f ; V

l−1
β2,γ(G)

∥∥.
The third and the fourth summands on the right-hand side of (4.22) are transformed

using relations (4.19) and (4.20). Let ξm0± ∈ K be two rectangles of the same size such
that their sides ξm0±

# are adjacent to the rays {x : r > R, ϕ = ±α}, respectively, and
the rectangles themselves cover the supports of the vector-valued functions χdu

± and v±

(cf. the construction of covers in 4.2); here m ∈ N. Also let rm be the distance between
the vertex of the sector and the midpoint of the interval ξm0±

# . For x ∈ ξm0± we have
the relations (similar to (4.6)) c1r ≤ rm ≤ c2r and 0 ≤ θ ≤ c0r

−1
m with positive constants

cj . Therefore, taking into account the bounds for the norms of the derivative ∂u±/∂y±
1
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for N = 2 (mentioned after formula (4.19)), we obtain the following chain of inequalities:∥∥χdL(∇x)u±;
o

V
l−1
β2,γ2(K)

∥∥2

≤ c
∞∑

m=1

l−1∑
p=0

∫
ξm0±

r2(β2−l+1+p)θ2(γ2−l+1+p)

p+2∑
q=2

∣∣∣∣∂qu±

∂yq
1

(y±
1 )
∣∣∣∣2 dx

≤ c
∞∑

m=1

l−1∑
p=0

r2(β2−l+1+p)
m r2(γ−β1)

m

∫ c0/rm

0

θ2(γ2−l+1+p) rm dθ

×
∥∥∥∥(1 + r2)(β

1−γ)/2 ∂2u±

∂y2
1

; Cl−1(ξm0±
# )

∥∥∥∥2

≤ c
∞∑

m=1

r2(β2+γ−β1−γ2)
m

∥∥∥∥(1 + r2)(β
1−γ)/2 ∂u±

∂y±
1

; H l+1(ξm0±
# )

∥∥∥∥2

≤ c

∥∥∥∥(1 + r2)(β
1−γ)/2 ∂u±

∂y±
1

; H l+1((∂K)±)
∥∥∥∥2

≤ c
∥∥u; V

l+3,0
β1+2,γ+2(G)

∥∥.
We emphasize that the exponent 2(β2 + γ − β1 − γ2) of the variable rmvanishes due to
(4.23), and the integrals in the variable θ converge due to the restriction (1.31) for the
index γ2.

Similarly, using the estimate in (4.20) in the case N = 2, we obtain the following chain
of inequalities:

(4.25)

∥∥L(∇x)v±;
o

V
l−1
β2,γ2(K)

∥∥2

≤ c

∞∑
m=1

l−1∑
p=0

∫
ξm0±

r2(β2−l+1+p)θ2(γ2−l+1+p)|∇p+2
x v±(x)|2 dx

≤ c
∞∑

m=1

l−1∑
p=0

r2(β2−l+1+p)
m r2(γ−β1)

m

∫ c/rm

0

θ2(γ2−l+1+p) rm dθ

×
∥∥∥(1 + r2)(β

1−γ)/2v±; Cl+1(ξm0±)
∥∥∥2

≤ c
∞∑

m=1

r2(β2+γ−β1−γ2)
m

∥∥∥(1 + r2)(β
1−γ)/2v±; H l+3(ξm0±)

∥∥∥2

≤ c
∥∥∥(1 + r2)(β

1−γ)/2v±; H l+3(K)
∥∥∥2

≤ c
∥∥u; V

l+3,0
β1+2,γ+2(G)

∥∥.
To estimate the second summand on the right-hand side of (4.22) we need an auxiliary

result. Note that this summand contains the commutator [L, χd] = Lχd − χdL and
the supports of entries of a first order matrix differential operator belong to the set
K ∩ (Vd \ Vd/2) where, according to (1.21), we have

(4.26) 1 ≤ ρ(x) ≤ C, 0 < c ≤ (1 + r)θ ≤ C.

Lemma 4.1. We have

(4.27)
∥∥∥u −

∑
±

χ±u±;
o

V
l+1
β1,γ(K ∩ (Vd \ Vd/2))

∥∥∥ ≤ c
∥∥u; V

l+1,0
β1,γ (K)

∥∥.
Proof. Taking into account (4.26) and the above-mentioned facts concerning the norms
of the vector-valued function (4.19), we conclude that it suffices to estimate the integral

(4.28)
∫

K∩(Vd\Vd/2)

r2(β1−l−1)θ2(γ−l−1)
∣∣∣u(x) −

∑
±

χ±(ϕ)u±(y±
1 )
∣∣∣2 dx,
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occurring, according to formula (2.40)2, on the left-hand side of (4.27), in terms of the
integral

(4.29)
∫ ∞

0

(1 + r)2(β
1−γ)r−1

∫ α

−α

(1 + (1 + rθ))2(γ−l)

∣∣∣∣ ∂u

∂ϕ
(x)
∣∣∣∣2 dϕ dr,

occurring, in view of formula (1.29), on the right-hand side. Since the factor 1 +
(1 + rθ)2(γ−l) can be deleted from the integrand in (4.29) after reducing the domain
of integration with respect to ϕ to the union of intervals −α, −α + C(1 + r)−1) and
((α−C(1 + r)−1), α), we obtain the required estimate from the following version of the
Hardy inequality:

∫ θ0

0

θ−2
∣∣V (θ) − V (0)

∣∣2 dθ ≤ 4
∫ θ0

0

∣∣∣∣dV

dθ
(θ)
∣∣∣∣2 dθ, V ∈ H1(0, θ0), θ0 > 0.

Indeed, this inequality implies that the integral in (4.29) bounds from above the sum

c
∑
±

±
∫ ∞

0

(1 + r)2(β
1−γ)−1

∫ ±α

±α∓C(1+r)−1
θ−2
∣∣u(x) − u±(y±

1 )
∣∣2 dϕ dr,

which, in turn, is larger that the integral (4.28) multiplied by a positive constant. We
emphasize that inequalities (4.26) allow for a change of factors θ to factors 1 + r and
back, in formula (4.28). �

Now we complete the verification of the fact that F ∈
o

V
l−1
β2,γ2(G)k. We have

∥∥∥[L(∇x), χd]
(
u −

∑
±

χ±u±
)
;

o

V
l−1
β2,γ2

(
K ∩ (Vd \ Vd/2)

)∥∥∥2

≤ c
l−1∑
p=0

∫
K∩(Vd\Vd/2)

r2(β2−l+1+p)θ2(γ2−l+1+p)
∣∣∣∇p

x[L(∇x), χd]
(
u −

∑
±

χ±u±
)∣∣∣2 dx

≤ c

l+1∑
q=0

∫
K∩(Vd\Vd/2)

r2(β2−γ2−l+1+p)θ2(γ2−l+1+p)
∣∣∣∇q

x

(
u −

∑
±

χ±u±
)∣∣∣2 dx

≤ c
l+1∑
q=0

∫
K∩(Vd\Vd/2)

r2(β1−l−1+q)θ2(γ−l−1+q)
∣∣∣∇q

x

(
u −

∑
±

χ±u±
)∣∣∣2 dx

= c
∥∥∥u −

∑
±

χ±u±;
o

V
l+1
β1,γ

(
K ∩ (Vd \ Vd/2)

)∥∥∥2

.

Here again we have used relations (4.26) and (4.22).
Let us show that for some σ ≤ β1 the vector-valued function U belongs to the subspace

o

V
l+1,0
σ, γ2 (K)k

N. Due to the inequalities γ > γ2, σ ≤ β1, and relations (4.24) on the support
of the cutoff 1 − χd, the first summand on the right-hand side in (4.21) lies in the spaces

(4.30)
o

V
l+1
β1,γ(K)k ⊂

o

V
l+1,0
β1,γ (K)k ⊂

o

V
l+1,0
σ, γ2 (K)k.



NEUMANN PROBLEM IN ANGULAR REGIONS 189

The following computations, mainly repeating (4.25), show that the summands v± belong
to the same spaces (4.30):∥∥v±;

o

V
l+1,0
β1,γ2(K)

∥∥2

≤ c
∞∑

m=1

l+1∑
p=0

∥∥∇p
xv±; C0(ξm0±)

∥∥2
∫

ξm0±
r2(β1−l−1+p)θ2(γ2−l−1+p+δp,0) dx

≤ c

∞∑
m=1

∥∥(1 + r2)(β
1−γ)/2v±; H l+3(ξm0±)

∥∥2

×
l+1∑
p=0

r2(β1−l−1+p)
m r−2(γ2−l−1+p+δp,0)

m r2(γ−β1)
m

≤ c
∥∥(1 + r2)(β

1−γ)/2v±; H l+3(K)
∥∥2 ≤ c

∥∥u; V
l+3,0
β1+2,γ+2(G)

∥∥.
Note that the total exponent of the power of rm under the summation sign equals
2(γ − γ2 − δp,0) and turns out to be negative. For the remaining terms in (4.21) we
have

(4.31)

∥∥χ±u±;
o

V
l+1,0
σ, γ2 (K)

∥∥2

≤ c
∥∥∥(1 + r2)(β

1−γ−1)/2u±; Cl+1((∂K)±)
∥∥∥2

×
l+1∑
p=0

∫ ∞

R

r2(σ−l−1+p−β1+γ+1) r dr

∫ α

−α

θ2(γ2−l−1+p+δp,0) dθ.

The integrals over the arc Υ = (−α, α) converge due to condition (1.31) for the index γ2.
The integral over the ray (R, +∞) can be made convergent by the appropriate choice of
σ. Comparing the definition of the norms (1.20) and (1.29), we see that

u ∈ V
l+3,0
β1+2,γ+2(G)k ⊂ V

l+3
β1+2−1,γ+2(G)k.

Therefore, similarly to the relation (4.19), the norm on the right-hand side of (4.31) does
not exceed c

∥∥u ∈ V
l+3,0
β1+2,γ+2(G)

∥∥. Finally, the vector-valued function U belongs to the
class H l+1

loc (K)k, and hence satisfies the integral identity (2.37) in which the substitutes
u �→ U and f �→ F are made.

Thus, we have verified that U ∈
o

V
l+1,0
σ, γ2 (K)k

N and F ∈
o

V
l−1
β2,γ2(K)k. Since U and F

vanish inside the circle BR, the assumptions of Theorem 2.2 are satisfied with the role of
indices β1, β2, and γ played by σ, β2, and γ2, respectively. Therefore, the vector-valued
function U admits representation (2.8), i.e.,

(4.32) U(x) = χ∞(r)
∑

cj,p
(q)U

j,p
(q) (x) + Ũ(x), Ũ ∈

o

V
l+1,0
β2,γ2(K)k.

Here the summation is over the eigenvalues of the pencil (2.4) between the lines Λl−β2 and
Λl−σ; however, the line Λl−σ should be replaced by the line Λl−β1 because the coefficients
cj,p
(q) vanish in the case

(4.33) l − σ > Re λq > l − β1.

Indeed, in the representation (4.32)1 restricted to the region

K
1
R = {x : r > R, |ϕ| < α1 < α},

the left-hand side coincides with the original solution u ∈ V l+1
β1 (K1

R)k, and the asymptotic

remainder Ũ belongs to the Kondrat’ev space V l+1
β2 (K1

R)k, but the polynomial-logarithmic
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solutions (2.5) corresponding to the eigenvalues λq in formula (4.33) do not lie in either
of these spaces. On the other hand, since the eigenfunctions Φj,0

(q) of the elliptic problem
(2.4) cannot vanish identically on the arc (−α1, α1) of positive length, the only remaining
possibility is cj,p

(q) = 0.
Due to the choice of the cut-off function χd and the correcting summands v±, the

vector-valued function (4.21) coincides with the solution u at least on the set ω0
R, i.e.,

on the sector with parabolic cuts (see formula (1.2)). Following recommendations in 3.2,
we include the blocks (3.17) in the asymptotic expansion and rewrite the representation
(4.21) as follows:

(4.34) u(x) = χ∞(r)
∑

cj,p
(q)U

j,p
(q)(x) + ũ1(x) + ũ2(x), x ∈ ω0

R.

Here the first part of the remainder ũ1 = Ũ satisfies (4.32)2, and the second part

(4.35) ũ2 = −χ∞
∑

cj,p
(q)r

λq−1
∑
±

χ±Vj,p±
(q)

belongs to the space Vl+1,1
µ,γ (ω0

R)k for each µ ∈ R since the Vj,p±
(q) (y±, log r) decrease

exponentially as y±
2 → +∞.

4.4. The estimate of the remainder near the asymptotic boundary. Our imme-
diate goal is to show that formula (4.34) yields an asymptotic expansion of the solution
u on the set GR \ ω0

R = G+
R ∪ G−

R as well, where G±
R = {x ∈ GR : y±

2 < a±(y±
1 )s}. The

difference

(4.36) ũ(x) = u(x) − χ∞(r)
∑

cj,p
(q)U

j,p±
(q) (x)

satisfies the following mixed boundary value problem:

(4.37)
L(x,∇x)ũ(x) = f±(x), x ∈ G±

R; N(x,∇x)ũ(x) = g±(x), x ∈ Γ±
R;

ũ(x) = 0, x ∈ ∂G±
R ∩ ∂BR; ũ(x) = ũ1(x) + ũ2(x), x ∈ ∂G±

R \ (Γ±
R ∪ ∂BR).

In 3.2 we have shown that the new right-hand sides f± and g± in the problem (4.37)1,
i.e., the previous f and g perturbed by mismatches of the subtrahend in (4.36), belong
to the spaces V

l−1
β2,γ(G)k and V

l−1/2
β2,γ (∂G)k, respectively. Therefore, to apply the next

lemma, it remains to understand the properties of the remainders ũ1 and ũ2.

Lemma 4.2. Suppose l−γ > 0 is small and ũ ∈ V
l+1,0
β1,γ (G)k is a solution of the problem

(4.37) with right-hand sides

(4.38)
f± ∈ V

l−1
β2,γ(G)k, g± ∈ V

l−1/2
β2,γ (∂G)k,

ũ1 + ũ2 = ũ0, x ∈ ∂G±
R \ (Γ±

R ∪ ∂BR), ũ0 ∈ V
1,0
β0−l,γ−l(G

±
R)k.

If s ∈ (0, β2 − β0], we have ũ ∈ V
1,0
β0−l,γ−l(G

±
R)k and the norm

∥∥ũ; V
1,0
β0−l,γ−l(G

±
R)
∥∥ does

not exceed a constant multiplied by the sum of the norms of the vector-valued functions
(4.38) in these spaces.

Proof. We introduce the weight function
(4.39)

R(x) =

{
(1 + ε2r2)(β

0−l)/2
(
(1 + r2)−1 + (α − |ϕ|)2

)(γ−l)/2
, r ≤ t;

(1 + ε2t2)N/2(1 + ε2r2)(β
0−l−N)/2

(
(1 + r2)−1 + (α − |ϕ|)2

)(γ−l)/2
, r ≥ t,

with piecewise smooth derivatives, which depends on three parameters: the small pa-
rameter ε and the large parameter N will be chosen later, and the parameter t > R
grows unboundedly. Let us emphasize that (4.39)1 is equivalent to the weight factor at
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the gradient ∇xũ in the norm
∥∥ũ; V

1,0
β0−l,γ−l(G)

∥∥ (see definitions (1.29) and (1.21)). The
following “key” inequality is satisfied:

(4.40) |∇xR(x)| ≤ c (ε1−s + |γ − l|) (rs + r|α − |ϕ||)−1 R(x), x ∈ G±
R.

Indeed, we have
(4.41)
R(x)−1|∇xR(x)|

≤ c

{
ε2r

1 + ε2r2
+ |γ − l|

(
r

(1 + r2)2
+

1
r

∣∣α − |ϕ|
∣∣)((1 + r2)−1 + (α − |ϕ|)2

)−1
}

.

By the definition of the sets G±
R we have

(4.42) 0 ≤ r1−s
∣∣α − |ϕ|

∣∣ ≤ C, x ∈ G±
R.

Therefore, the first term in braces in (4.41) does not exceed

c
ε1+sr1+s

1 + ε2r2
ε1−sr−s ≤ c ε1−sr−s ≤ c ε1−s

(
rs + r

∣∣α − |ϕ|
∣∣)−1

.

The conditions s ∈ (0, 1) and r ≥ R make the formula
r

(1 + r2)2
(
(1 + r2)−1 + (α − |ϕ|)2

)−1 ≤ r

1 + r2
≤ c r−s ≤ c

(
rs + r

∣∣α − |ϕ|
∣∣)−1

obvious. Finally, using simple algebraic transformations, we deduce the formula

r−1
∣∣α − |ϕ|

∣∣((1 + r2)−1 + (α − |ϕ|)2
)−1 ≤ c

(
rs + r

∣∣α − |ϕ|
∣∣)−1

again from (4.42). Verification of the inequality (4.40) us completed.
The vector-valued function ũ satisfies the following integral identity:

(4.43)
(
AD(∇x)ũ,D(∇x)φ

)
G±

R
= (f±, φ)G±

R
+ (g±, φ)Γ±

R
+
(
AD(∇x)ũ0,D(∇x)φ

)
G±

R
,

where φ ∈ C∞
c (G±

R∪Γ±
R)k is a smooth test function with compact support vanishing near

the set where the Dirichlet conditions (4.37)2 are imposed. Now we substitute the product
RV, where V = R(ũ− ũ0), in (4.43) instead of φ. If the number N in definition (4.39) is
chosen to be sufficiently large, then all integrals in (4.43) converge by the hypotheses of
the lemma, which justifies the above substitution: one must approximate ũ in the norm
of the space V

1,0
β0−l,γ−l(G) and pass to the limit. We present simple transformations,

which were already used in (2.27):

(4.44)

(
AD(∇x)(ũ − ũ0),D(∇x)RV

)
G±

R

=
(
ARD(∇x)(ũ − ũ0),D(∇x)V

)
G±

R

+
(
ARD(∇x)(ũ − ũ0),R−1[D(∇x),R]V

)
G±

R

=
(
AD(∇x)V,D(∇x)V

)
G±

R

−
(
AR−1[D(∇x),R]V,D(∇x)V

)
G±

R
+
(
AD(∇x)V,R−1[D(∇x),R]V

)
G±

R

−
(
AR−1[D(∇x),R]V,R−1[D(∇x),R]V

)
G±

R
.

Here [D(∇x),R] = D(∇x)R is a matrix-valued function for which the desired estimate
of its module follows from inequality (4.40).

Relations (4.44) and (4.40) together with the weight Korn inequality

(4.45)
∥∥∇xV ; L2(G±

R)
∥∥2 +

∥∥(rs + r
∣∣α − |ϕ|

∣∣)−1
V ; L2(G±

R)
∥∥2 ≤ c

∥∥D(∇x)V ; L2(G±
R)
∥∥2
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(to be verified below) show that for small (fixed) ε and l − γ we have the estimate

(4.46)

(
AD(∇x)V,D(∇x)V

)
G±

R
≤ c

(∣∣(Rf±, V )G±
R

∣∣+ ∣∣(Rg±, V )Γ±
R

∣∣)
≤ c

∥∥D(∇x)V ; L2(Γ±
R)
∥∥{∥∥(rs + r

∣∣α − |ϕ|
∣∣)Rf±; L2(Γ±

R)
∥∥

+
∥∥rs/2Rg±; L2(Γ±

R)
∥∥}.

Here we have used the trace inequality∥∥r−s/2V ; L2(Γ±
R)
∥∥ ≤ c

(∥∥D(∇x)V ; L2(G±
R)
∥∥+

∥∥(rs + r
∣∣α − |ϕ|

∣∣)−1
V ; L2(G±

R)
∥∥),

which can be easily proved using the classical scheme [41]. The expression in braces on
the right-hand side of (4.46) does not exceed the sum of norms of vector-valued functions
(4.38)1 in the above spaces. This follows from the relations ensured by formulas (4.38),
(4.42), (1.20), (1.21), Lemma 1.1, 1), and the condition s ≤ β2 − β0:(

rs + r
∣∣α − |ϕ|

∣∣)R(x) ≤ c rβ2−γ
(
1 + r

∣∣α − |ϕ|
∣∣), x ∈ G±

R,

rs/2R(x) ≤ c rβ2−γ , x ∈ Γ±
R.

Therefore, as t → +∞, the right-hand side of (4.46) is bounded, and we can pass to the
limit on the left-hand side. In the process, the weight factor R(x) becomes

(1 + ε2r2)(β
0−l)/2

(
(1 + r2)−1 + (α − |ϕ|)2

)(γ−l)/2

everywhere on the set G±
R. As a result, we establish the finiteness of the norms and the

relation

(4.47)

∥∥∥rβ0−γ
(
r−1 +

∣∣α − |ϕ|
∣∣)γ−l∇x(ũ − ũ0); L2(ω±

R)
∥∥∥2

+
∥∥∥rβ0−γ

(
r−1 +

∣∣α − |ϕ|
∣∣)γ−l(

rs + r
∣∣α − |ϕ|

∣∣)−1(ũ − ũ0); L2(ω±
R)
∥∥∥2

≤ c
(∥∥f±; V

l−1
β2,γ(G)

∥∥+
∥∥g±; V

l−1/2
β2,γ (∂G)

∥∥2
)
.

On the left-hand side of (4.47), the factor at |∇x(ũ−ũ0)|2 is equivalent to a similar factor
in the norm

∥∥ũ − ũ0; V
1,0
β0−l,γ−l(G

±
R)
∥∥ (see definition (1.29)) and the factor at |ũ − ũ0|2

is greater than the corresponding factor in the norm (due to relation (4.41)). In other
words, the required inclusions and the estimate are established for the difference ũ− ũ0,
hence for the solution ũ.

It remains to establish the weight Korn inequality (4.45).
From the parabolic region ω±

R (see (1.2)) we cut off the sets

(4.48) ωj±
R =

{
x ∈ ω±

R : Rj1/(1−s) < y±
1 < Rj1/(1−s) +

R

1 − s
js/(1−s)

}
, j ∈ N.

Due to the simple relations(j + 1
j

)1/(1−s)

< 1 +
1

1 − s
j−1,

s

1 − s
− 1

1 − s
= −1,

the sets ωj±
R and ωj+1±

R have nonempty intersections, i.e., {ωj±
R }j∈N is a covering of the

support of the vector-valued function V = ũ − ũ0 (we recall that all functions vanish
inside the circle of radius 3R/2). The change of coordinates

x �→ ηj± = j−s/(1−s)
(
y±
1 − Rj1/(1−s), y±

2

)
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transforms ωj±
R into the set

(4.49) ω̃ j±
R =

{
ηj± : 0 < ηj±

1 <
R

1 − s
, 0 < ηj±

2 < a±
(
R + j−1η±

1

)s}
,

which is of unit size and is contained in the standard set

(4.50) ω0±
R =

{
ηj± : 0 < ηj±

1 <
R

1 − s
, 0 < ηj±

2 < a±
(
R + η±

1

)s}
.

Let us extend the vector-valued function V by zero across the curve ∂G±
R \ (Γ±

R ∪ ∂BR)
and apply to this extension,

V j±(ηj±) = V
(
js/(1−s)η±

1 + Rj1/(1−s), js/(1−s)η±
2

)
,

the Korn inequality established in [1], which holds since V j± vanishes on a part of the
boundary:

(4.51)
∥∥∇ηj±V j±; L2(ω0±

R )
∥∥2 +

∥∥V j±; L2(ω0±
R )
∥∥2 ≤ c

∥∥D±(∇ηj±)V j±; L2(ω0±
R )
∥∥2

.

Take into account the integrated over ηj±
1 ∈ (0, R/(1 − s)) Hardy inequality∥∥(2a±(R + j−1ηj±

1 )s − ηj±
2

)−1
V j±; L2(ω0±

R )
∥∥2 ≤ 4

∥∥∥∥∂V j±

∂ηj±
2

; L2(ω0±
R )
∥∥∥∥2

and return to coordinates x. As a result, we obtain the estimate
(4.52)∥∥∇xV ; L2(ω

j±
R )
∥∥2 +

∥∥(2a±(y±
1 )s − y±

2

)−1
V ; L2(ω

j±
R )
∥∥2 ≤ c

∥∥D(∇x)V ; L2(ω
j±
R )
∥∥2

.

Since for a large radius R all points x ∈ ω±
R satisfy the relation

2a±(y±
1 )s − y±

2 ≥ a±(y±
1 )s ≥ c

(
rs + r(α − |ϕ|)

)
,

summing up inequalities (4.52) for j ∈ N leads to formula (4.45) with the region G±
R

replaced by the region ω±
R . To extend the Korn inequality to the set G±

R \ ω±
R , we cover

this set by trapezoids with curved bases

(4.53) ξm± =
{
x : y±

1 − R − m ∈ (−1, 0), H0 > y±
2 > H±(y±

1 )
}
, m ∈ N

(cf. constructions (4.5)1) and denote by ξm0± the rectangles ξm± ∩ KR. Let p1, . . . ,pQ

be the basis in the algebraic subspace P of vector-valued polynomials (columns) on
which the sesquilinear form (1.6) degenerates. Here we denote pn = (δ1,n, . . . , δk,n)�

and (pm,pn)ξm0± = 0 for n = 1, . . . , k, m = k + 1, . . . , Q. in the set ξm± we represent
the vector-valued function V as follows:

(4.54) V (x) = V ⊥(x) +
Q∑

q=1

cqpq(x) = V ⊥(x) + p(x)a

and impose on the component V ⊥ the orthogonality condition

(4.55)
∫

ξm0±
p(x)�V ⊥(x) dx ∈ C

Q.

Here p = (p1, . . . ,pQ) as a k × Q matrix, a = (a1, . . . , aQ)� is the column of the
coefficients, and a′ = (a1, . . . , ak)�, a′′ = (ak+1, . . . , aQ)�. The Gram matrix

P =
∫

ξm0±
p(x)�p(x) dx
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is of size Q × Q and is also symmetric, positive definite, and block-diagonal. According
to (4.55) we have

(4.56) Pa =
∫

ξm0±
p(x)�V (x) dx,

∥∥a′; Ck
∥∥ ≤ c

∥∥V ; L2(ξm0±)
∥∥.

Moreover,
∇xV −∇xV ⊥ = ∇xp1+k + · · · + ∇xpQ.

The matrix-valued functions ∇xp1+k, . . . ,∇xpQ are linearly independent in the space
L2(ξm0±)2×k; hence

(4.57)
∥∥a′′; C

Q−k
∥∥ ≤ c

(∥∥∇xV ; L2(ξm0±)
∥∥+

∥∥∇xV ⊥; L2(ξm0±)
∥∥).

Since D(∇x)pq = 0, the versions of the Korn inequality established in the book [1],∥∥V ⊥; H1(ξm0±)
∥∥2 ≤ c

∥∥D(∇x)V ⊥; L2(ξm0±)
∥∥2 = c

∥∥D(∇x)V ; L2(ξm0±)
∥∥2

,∥∥V ⊥; H1(ξm±)
∥∥2 ≤ c

(∥∥D(∇x)V ⊥; L2(ξm±)
∥∥2 +

∥∥V ⊥; L2(ξm0±)
∥∥2
)

≤ c
∥∥D(∇x)V ; L2(ξm±)

∥∥2
,

together with estimates (4.56) and (4.57) for the columns c′ and c′′, lead to the relation

(4.58)

∥∥∇xV ; H1(ξm±)
∥∥2 + r−2s

m

∥∥V ; H1(ξm±)
∥∥2

≤ c
(∥∥V ⊥; H1(ξm±)

∥∥2 + r−2s
m

∥∥a′; Ck
∥∥2 +

∥∥a′′; CQ−k
∥∥2
)

≤ c
(∥∥D(∇x)V ; L2(ξm±)

∥∥2 +
∥∥∇xV ; L2(ξm0±)

∥∥2 + r−2s
m

∥∥V ; L2(ξm0±)
∥∥2
)
,

where rm is the center of mass of the figure ξm0±. As usual, we move the weight factors
under the integral sign and sum up the modified inequalities (4.58) for m ∈ N. As a
result, we obtain the required formula∥∥∇xV ; L2(G±

R \ ω±
R)
∥∥2 +

∥∥(rs + r
∣∣α − |ϕ|

∣∣)−1
V ; L2(G±

R \ ω±
R)
∥∥2

≤ c
(∥∥D(∇x)V ; L2(G±

R)
∥∥2+

∥∥∇xV ; L2(ω±
R)
∥∥2+

∥∥(rs + r
∣∣α − |ϕ|

∣∣)−1
V ; L2(ω±

R)
∥∥2)

.

The proof of Lemma 4.2 is complete. �

Now we must prove that the remainders ũ1 and ũ2 in representation (4.34) on the
set ω0

R admit extensions to the parabolic regions ω±
R in the class V

1,0
β0−l,γ−l. For an

extension of the vector-valued function (4.35) we take the product χ±
ω ũ2, where χ±

ω (x) =
1 − χ0(r1−s(α − |ϕ|)); here χ0 ∈ C∞(R), χ0(t) = 1 for |t| < a/3, and χ0(t) = 0 for
|t| > 2a/3, a = min{a+, a−}. Since all components Vj,p±

(q) exponentially decrease, the
product belongs to the space Vl+1,0

σ, γ (ω±
R)k for all indices σ and γ. The situation with the

summand ũ1 ∈
o

V
1+1,0

β2,γ2 (K)k is more complicated. By Lemma 2.4 it admits representation

(2.54) with ũ10 ∈
o

V
1+1

β2,γ2(K)k and K̃±; the vector-valued function t �→ K̃±(t) belongs to
the Sobolev–Slobodetskii space Hκ2

(R)k with the exponent

(4.59) κ2 = l − γ2 +
1
2

= l − γ + β1 − β2 +
1
2

and

(4.60)
∥∥∥ũ10;

o

V
l+1

β2,γ2(K)
∥∥∥+

∥∥K̃±; Hκ2
(R)
∥∥ ≤ c

∥∥∥ũ1;
o

V
l+1,0

β2,γ2(K)
∥∥∥.

Since C± are nonlocal operators, we multiply the representation (2.54) by the cut-off
function χ∞ which differs from 1 only at the points where ũ1 = 0.
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As before, for the extension of ũ10 we take χ±
ω ũ10. Since

(4.61) 0 < c ≤ r1−s(α − |ϕ|) ≤ C

on the set Ξ±
R = supp χ±

ω ∩ ω±
R , formulas (1.29), (1.20), (2.45)2, and (4.23) imply

(4.62)∥∥χ∞χ±
ω ũ10; V

l+1,0
β0,γ (G±

R)
∥∥2 ≤

∥∥χ∞χ±
ω ũ10; V

l+1
β0,γ(G±

R)
∥∥2

≤ c
l+1∑
p=0

∫
Ξ±

R

(1 + r)2(β
0−γ)ρ2(γ−l−1+p)

∣∣∇p
x(χ∞ũ10)

∣∣2 dx

≤ c

l+1∑
p=0

∫
Ξ±

ω

r2(β0−l−1)
(
r−1 + (α − |ϕ|)

)2(γ−l−1+p)∣∣∇p
x(χ∞ũ10)

∣∣2 dx

≤ c sup
Ξ±

R

∣∣∣r2(β0−β2)(α − |ϕ|)2(γ−γ2)
∣∣∣ l+1∑

p=0

∫
Ξ±

R

r2(β2−l−1)θ2(γ2−l−1+p)
∣∣∇p

xũ10
∣∣2 dx

≤ c sup
Ξ±

R

∣∣∣r2(β0−β2+(s−1)(β1−β2))
∣∣∣ ∥∥∥ũ10;

o

V
l+1

β2,γ2(K)
∥∥∥2

≤ c
∥∥∥ũ10;

o

V
l+1

β2,γ2(K)
∥∥∥2

.

The last inequality assumes that the supremum is finite, which is the case when, e.g.,

(4.63) β0 < β1 + s(β2 − β1).

Remark 4.2. The requirement (4.63) and condition β0 ≤ β2 − s presented in Lemma 4.2
and used in transformations (4.46)–(4.47) impose some restrictions on the choice of the
exponent s in the decomposition of the sector KR into the regions (1.2). We can take

(4.64) s =
2(β2 − β1)
2 + β2 − β1

∈ (0, 1), β0 = β2 − 2(β2 − β1)
2 + β2 − β1

.

We emphasize that β0 → β2−0 for β1 → β2−0. In is clear that the value (4.64) will not
work if the line Λl−β0 contains an eigenvalue of the pencil (2.4). In this case the index
β0 can be slightly increased by moving the line away from the eigenvalue but keeping
the inequality (4.63).

The terms χ∞χ±C±(K̃±) have singularities on the sides of the sector (cf. comments
to formula (2.40)). At the same time, they cannot be multiplied by a cut-off function
since such a product would not lie in the weight space with the step norm (1.29). We
use a new trick. Namely, we smoothen these terms replacing them with the expressions

χ∞(r)χ±(ϕ)rl−β2
C̃
±(K±; ϕ, log r),

C̃
±(K±; ϕ, log r) =

∫
R

X(z) K±
(
log r −

(
(1 + r2)(s−1)/2 + |α ∓ ϕ|

)
z
)

dz.

In the next lemma we establish that

(4.65)
χ∞χ±rl−β2

C̃
±(K̃±) ∈ V

1,0
β0−l,γ−l(G

±
R)k,

χ∞χ±rl−β2(
C
±(K̃±) − C̃

±(K̃±)
)
∈ V

1
β0−l,γ−l(Ξ

±
R)k.

Therefore, the first expression belongs to the class prescribed by (4.38)2, whereas the
second can be handled similarly to the remainder ũ10: computations (4.62) become only
simpler in the case l = 0. This concludes the verification of (4.38)2 and of all the
hypotheses of Lemma 4.2.

Lemma 4.3. Formulas (4.65) hold and the norms of vector-valued functions in these
formulas do not exceed c ‖K̃±; Hκ2

(R)‖ (see formulas (4.59) and (4.60)).
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Proof. According to relations (2.53) and (2.51) based on the theorem concerning the
Fourier transform of a convolution, we have

(4.66) C
±(K̃±; ϕ, t) =

∫
R

X(z)K̃±(t − (α ∓ ϕ)z) dz =
∫

R

χ
(
|η|(α ∓ ϕ)

)
k̃±(η) dη,

where k̃± is the Fourier preimage of the vector-valued function K̃±. Similarly,

(4.67)
C̃
±(K̃±; ϕ, t) =

∫
R

X(z)K̃±
(
t −
(
(1 + r2)(s−1)/2 + |α ∓ ϕ|

)
z
)

dz

=
∫

R

χ
(
|η|
(
(1 + r2)(s−1)/2 + |α ∓ ϕ|

))
k̃±(η) dη.

In view of the second representation,
(4.68)∥∥∥χ∞χ±rl−β2

C̃
±(K̃±); V

1,0
β0−l,γ−l(G

±
R)
∥∥∥2

≤ c

∫
G±

R

(1 + r)2(β
0−γ−1+l−β2)ρ2(γ−l)

(∣∣C̃±(K̃±)
∣∣2 + (1 + r)2

∣∣∇xC̃
±(K̃±)

∣∣2) dx

≤ c

∫
G±

ω

(1 + r)2(β
0−β2−1)

(
r−1 + (α − |ϕ|)

)2(γ−l)

×
∣∣∣∣ ∫

R

∣∣k̃±(η)
∣∣2(∣∣χ(· · · )

∣∣2 + |η|2
∣∣χ′(· · · )

∣∣2) dη

∣∣∣∣2 dx

≤ c

∫
G±

ω

(1 + r)2(β
0−β2−1)

(
r−1 + (α − |ϕ|)

)2(γ−l)

×
(∥∥k̃±; L2(R)

∥∥2 +
(
rs−1 + (α − |ϕ|)

)−2(1−κ2)∥∥ηκk̃±; L2(R)
∥∥2
)

dx

≤ c
∥∥K̃±; Hκ2

(R)
∥∥2
∫ ∞

R

r2(β0−β2−1)

∫ Crs−1

−cr−1
(r−1 + θ)2(γ−l)

×
(
1 + (rs−1 + θ)−2(1−κ2)

)
dϕ r dr

≤ c
∥∥K̃±; Hκ2

(R)
∥∥2

.

Here χ′ is an arbitrary cutoff of the function χ and the dot replaces the same argument
of this function as in formula (4.67). The integral with respect to the variable θ = α∓ϕ
does not exceed

(4.69) c r−2(1−s)(γ−l−1−κ2+1/2) = c r−2(1−s)(β1−β2);

therefore, the double integral converges due to condition (4.63). The estimate (4.69) of
this integral with respect to θ is computed using the change of variable

∫ t

−τ

(τ + θ)2(γ−l)(t + θ)−2(1−κ2) dθ

= t2(γ−l)−2(1−κ2)+1

∫ 1

−t−1τ

(t−1τ + ψ)2(γ−l)(1 + ψ)−2(1−κ2) dψ;

here 1 ≥ t > τ , and taking into account inequality 2(γ − l) > −1, we estimate the latter
integral by a constant independent of τ/t.
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Now consider the difference of (4.66) and (4.67) on the set Ξ±
R. Repeating, to some

extent, computations (4.68) and taking into account (4.61), we find
(4.70)∥∥∥χ∞χ±rl−β2(

C
±(K̃±) − C̃

±(K̃±)
)
; V

1
β0−l,γ−l(G

±
R)
∥∥∥2

≤ c

∫
Ξ±

R

r2(β0−l−1+l−β2)(r−1 + α ∓ ϕ)2(γ−l−1)

×
(∣∣C±(K̃±) − C̃

±(K̃±)
∣∣2 + r2(r−1 + α ∓ ϕ)2

∣∣∇x

(
C
±(K̃±) − C̃

±(K̃±)
)∣∣2) dx

≤ c

∫
Ξ±

ω

r2(β0−β2−1)r2(s−1)(γ−l−1)

×
∣∣∣∣ ∫

R

∣∣k̃±(η)
∣∣2(∣∣∣χ(|η|(α ∓ ϕ)) − χ

(
|η|
(
(1 + r2)(s−1)/2 + α ∓ ϕ

))∣∣∣2)
+ |η|2r2s

(
r−2
∣∣∣χ′(|η|(α ∓ ϕ)) − χ′(|η|((1 + r2)(s−1)/2 + α ∓ ϕ

))∣∣∣2)
+ r2(s−2)

∣∣∣χ′(|η|((1 + r2)(s−1)/2 + α ∓ ϕ
))∣∣∣2 dη

∣∣∣∣2 dx

≤ c
∥∥K̃±; Hκ2

(R)
∥∥2
∫

Ξ±
ω

r2(β0−β2−1)r2(γ−l−1)

×
(
r2(s−1)κ2

+ r2sr−2r−2(s−1)(1−κ2) + r2sr2(s−2)r−2(s−1)(1−κ2)
)

dx

≤ c
∥∥K̃±; Hκ2

(R)
∥∥2
∫ ∞

R

r2(β0−β2−1)r2(γ−l−1)r2(s−1)κ2
rs−1 r dr

≤ c
∥∥K̃±; Hκ2

(R)
∥∥2

.

Note that in deriving (4.70) we used the obvious inequalities∣∣χ(�1) − χ(�2)
∣∣ ≤ c |�1 − �2|,

|η|
∣∣∣χ′
(
|η|
(
(1 + r2)(s−1)/2 + α ∓ ϕ

))∣∣∣ ≤ c |η|κ
2
r(s−1)(1−κ2),

and the last integral in (4.70) converges due to assumption (4.63) and the definition
(4.59) of the index κ2.

All necessary inclusions and estimates are verified. �

4.5. The proof of the main Theorem 4.1. Now everything is ready to quickly com-
plete the proof. First, as was clarified in 3.2, the remainder ũ in the representation (4.2)
satisfies the problem (1.10) with right-hand sides f̃ ∈ V

l−1
β2,γ(G)k and g̃ ∈ V

l−1/2
β2,γ (∂G)k.

Second, as was verified in 4.3 and 4.5, under an appropriate choice of coefficients cj,p
(q) (see

formula (4.32) and inequality (2.47) in Theorem 2.2), this remainder belongs to the space
V

1,1
β0−l,γ−l(G)k. Third, Proposition 4.1 in 4.2 guarantees that ũ ∈ V

l+1,0
β2,γ (G)k. Finally,

the possibility to choose and admissible exponent β0 in the interval (β1, β2) is guaranteed
by Remark 4.2, whereas inequality (4.3) for the norm

∥∥ũ; V
l+1,0
β2,γ (G)k

∥∥ holds because ev-
ery statement that the vector-valued function ũ or some of its components belong to a
certain space was accompanied by an appropriate estimate for the corresponding norms.

5. Solvability in weight classes

5.1. The weight Korn inequality. Let H be the Hilbert space obtained by completing
the algebraic subspace C∞

c (Ḡ)k of smooth compactly supported vector-valued functions
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with respect to the norm

(5.1) ‖u;H‖ =
(
a(u, u; G) +

∥∥u; L2(G ∩ B2R)
∥∥2)1/2

.

Following [41], by a generalized solution of the problem (1.10) we mean an element u
of the space H such that for each test function ϕ ∈ H the following integral identity is
satisfied:

(5.2) a(u, v; G) = (f, v)G + (g, v)∂G.

The proof of the existence and uniqueness of a generalized solution is usually based on
information about the norm of the vector-valued function u and its gradient ∇xu, which
can be estimated from above by (5.1). To obtain this information, the weight Korn
inequality can be used. In the proof of Lemma 4.2 we needed a similar inequality in
the parabolic region G±

R; however, in 4.4 we were using in an essential way homogeneous
Dirichlet conditions for the field u in a noncompact portion of the boundary ∂G±

R \ Γ±
R.

The absence of any boundary conditions makes it impossible to use known methods of
proving the Korn inequality we need in this section for the general problem introduced
in Section 1. We introduce the following additional condition: for each vector-valued
function u ∈ C∞

c (KR)k we have

(5.3)
∥∥�0∇xu; L2(KR)

∥∥+
∥∥�1u; L2(KR)

∥∥ ≤ c ‖u;H‖;

here �0 and �1 are the following weight functions (with some exponent N ≥ 0):

(5.4) �0(x) = (1 + ln(1 + r))−N , �1(x) = (1 + r)−1(1 + ln(1 + r))−N−1.

We emphasize that the left-hand side of (5.4) involves only the sector KR.

Example 5.1. For a scalar operator (Example 1.1, 1)), this assumption holds for N = 0
due to the one-dimensional Hardy inequality (2.12), which ensures that for N = 0 we
have

(5.5)

∥∥(1 + r)−1(1 + ln(1 + r))−1−Nu; L2(KR)
∥∥

≤ c
(∥∥(1 + ln(1 + r))−N∇xu; L2(KR)

∥∥+
∥∥u; L2(KR \ B2R)

∥∥).
For the system of elasticity theory (Example 1.1, 2)), we can take N = 1 due to the results
of [42] and the modified Hardy inequality (5.5) for N = 1. In view of the structure of the
matrix (1.8), a similar inequality holds for the system describing piezoelectric materials
that was mentioned in Example 1.1, 3).

Everywhere in the rest of this section, (5.3) is assumed to be satisfied.

Lemma 5.1. For each vector-valued function u ∈ H the following weight Korn inequality
is satisfied: ∥∥�0∇xu; L2(G)

∥∥+
∥∥�1u; L2(G)

∥∥ ≤ c ‖u;H‖.

Proof. In the proof of Lemma 4.2, a similar Korn inequality was extended from the sector
KR to the entire region G using the representation (4.54) for the vector-valued function
u and the covering of the set G \KR by trapezoids (4.53). To prove Lemma 5.1, no new
ideas are needed. �

Proposition 5.1. Suppose the vector-valued functions

(5.6) �−1
1 f ∈ L2(G)k, �

−1/2
1 �

−1/2
0 g ∈ L2(∂G)k
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satisfy the orthogonality condition (1.32). Then the problem (1.10) has a generalized
solution u ∈ H. This solution is determined uniquely up to a constant summand c ∈ Ck,
and if the orthogonality condition

(5.7)
∫

G∩B2R

u(x) dx = 0 ∈ C
k

holds, the solution becomes unique and satisfies the estimate ‖u;H‖ ≤ cn, where n is the
sum of the norms of the vector-valued functions (5.6).

Proof. First, consider the following integral identity with parameter µ:

(5.8) a(u, v; G) + µ(u, v)G∩BR
= (f, v)G + (g, v)∂G.

For µ > 0, the left-hand side is an inner product in the Hilbert space H. Due to (5.6),
Lemma 5.1, and a simple trace inequality∫

∂G

�1�0|u|2 dx ≤ c

∫
G

�1�0

(
|∇xu| |u| + |u|2

)
dx ≤ c

∫
G

(
�2
1|∇xu|2 + �2

0|u|2
)
dx

with weight factors (5.4), the right-hand side of (5.8) is the value of a linear continuous
functional on a test function v ∈ H. Therefore, by the Riesz representation theorem, the
integral identity (5.8) can be interpreted as an abstract equation on H with a selfadjoint
positive definite operator. Thus, it has a unique solution uµ ∈ H for µ > 0. The
imbedding L2(G) ⊂ H is a compact operator due to the same Lemma 5.1. According to
the polynomial property (see [3]), the sesquilinear form a(u, v; G) degenerates on constant
elements of the space H only. Therefore the conclusion of Proposition 5.1 is guaranteed
by the Fredholm alternative. Note that under condition (5.6) the integrals in (1.32)
converge. �

Corollary 5.1. Suppose inclusions (4.11) hold, l ∈ N, the weight index γ is determined
by relation (1.31), and β > γ + 1. In addition, let the right-hand sides of the problem
(1.10) satisfy the orthogonality condition (1.32). Then this problem has a solution u in
the space Vl+1,0

σ, γ (G)k for σ < γ, which also satisfies the condition (5.7) and the estimate∥∥u; V
l+1,0
σ, γ (G)

∥∥2 ≤ c
(∥∥f ; V

l−1
β,γ (G)

∥∥2 +
∥∥g; V

l−1/2
β,γ (∂G)

∥∥2
)
.

Proof. According to formulas (1.20) and (1.29), the restrictions on the weight indices
β and σ guarantee the inclusions (5.6) and the imbedding H ⊂ V

1,0
σ−l,γ−l(G)k. There-

fore, Lemma 5.1 yields a generalized solution u ∈ H, and Proposition 4.1 increases the
smoothness of this solution and puts it in the space V

1,0
σ−l,γ−l(G)k. �

5.2. “Almost energy” solutions of the problem. We assume that the orthogonality
condition (1.32) does not hold and show how one can construct a solution of the problem
(1.10) in this case.

For the initial terms of the formal asymptotic series constructed in 3.1 we take the
solutions U j,1

0 of the homogeneous model problem (2.1) that linearly depend on log r (see
formula (2.6)). Consider the sum of the first and the second terms and set
(5.9)

u(x) = χ∞(r)
( k∑

j=1

bjUj,1
(0)(x) + r−1Φ(−1)(ϕ, log r) + r−2

∑
±

χ±(ϕ)V±
(−1)(y

±, log r)
)
,

where Uj,1
(0) is the asymptotic block (3.17), and b1, . . . , bk are some constants. The pro-

cedure for determining the corrections r−1Φ(−1) and r−2V±
(−1) was explained in 3.1 and

3.2. Let f and g be the mismatches determined by the vector-valued function u in the
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homogeneous problem (1.10). One can easily see that we have inequalities of the form
(5.9) and the estimate

(5.10)
∥∥�−1

1 f ; L2(G)
∥∥+

∥∥�−1/2
1 �

−1/2
0 g; L2(∂G)

∥∥ ≤ c (|b1| + · · · + |bk|).

Let us show that by an appropriate choice of coefficients on the right-hand side of (5.9),
we can ensure that the orthogonality relations (1.32) hold for the differences f ′ = f − f
and g′ = g − g. In this case Proposition 5.1 shows that there exists a generalized solution
u′ ∈ H of the problem (1.10) with the changes f �→ f ′ and g �→ g′. The sum u = u′ + u
satisfies the integral identity (5.2) with any test function v ∈ C∞

c (Ḡ)k. This sum does
not belong to the class H because of the component (5.9) but is a classical solution of
the problem with logarithmic growth at infinity. This is a small growth, so we call the
resulting solution an “almost energy solution” (compare with “non-energy” solutions in
the next subsection).

Let R > R. In the Green formula for the region G′
R = {x ∈ G : r < R} we substitute

the vector-valued function u and the constant column ep = (δp,0, . . . , δp,k)�. We obtain

(5.11) (f , ep)G′
R

+(g, ep)∂G1
R∩∂G = (Lu, ep)G′

R
+(Nu, ep)∂G′

R∩∂G = −(NRu, ep)∂G′
R∩G,

and NR(x,∇x) = D(|x|−1x)
�
AD(∇x) in agreement with formulas (1.11) and (1.15).

The limit as R → +∞ of the left-hand side of (5.11) equals the sum (f , ep)G +(g, ep)∂G,
which is a component in the solvability conditions (1.32). We compute the limit of the
right-hand side. Taking into account relations (5.9) and (3.17), as well as properties of
the boundary layers V±

(−1), we see that the only summand that is not infinitesimally small
as R → +∞ is the integral

(5.12)

∫
∂G′

R∩G

k∑
j=1

bje
�
p D(|x|−1x)

�
AD(∇x)U j,1

(0)(x) dsx

=
k∑

j=1

bj

∫ α/2

−α/2

e�p D(|x|−1x)
�
A
(
D(ϕ, 0, 1)ej + D(ϕ, ∂ϕ, 0)Φj,1

(0)(ϕ)
)
dϕ + o(1)

=:
k∑

j=1

Mpjbj + o(1).

Here we used formulas (2.3)1, (2.6) and the fact that all the functions are smooth and
the curves ∂G′

R ∩G and {x : r = R, |ϕ| < α/2} differ by circular arcs of length O(R−1).
Since, according to [3], to the zero eigenvalue of the pencil (2.4) there correspond precisely
J Jordan chains of length 2, the k×k-matrix M = (Mpj) is nonsingular (otherwise, there
would be a generalized eigenvector of the second order and the length of the chain would
equal at least 3; see [11, 3] and [13, Chapter 5]). Therefore, the desired property of the
mismatches f and g is verified.

Note that for σ < γ the vector-valued function u belongs to the space Vl+1,0
σ, γ (G)k.

Therefore, we have the following result.

Proposition 5.2. The conclusion of Corollary 5.1 holds even in the absence of the
solvability conditions (1.32).

5.3. “Non-energy” solutions of the homogeneous problem. Computations (5.11),
(5.12) almost literally repeat the procedure of [11] used to compute coefficients in the
asymptotic expansion of solutions of elliptic boundaries value problems in regions with
conic (corner) points. The only modification is needed to take into account the boundary
layer, and it does not lead to any complications since the boundary layers decrease
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exponentially as y±
2 → ∞ and∫ α/2

−α/2

χ±(ϕ) exp{−δy±
2 }
∣∣∣
r=R

dϕ = O(R−1/2).

Equally easily one can adapt the procedure from [11] to the computation of the coefficients
cj,p
(q) in the expansion (4.34). Let us assume that after constructing several asymptotic

terms, the asymptotic remainder, denoted now by u, falls into the space Vl+1,0
σ, γ (G)k and

satisfies the problem (1.10) with the right-hand sides (4.11) and with

l < σ < β.

In Section 4 we established the asymptotic expansion (4.2) with the remainder ũ in the
appropriate weight class and with the summands cj,p

(q)U
j,p
(q) corresponding to the eigenvalues

λq between the lines Λl−β and Λl−σ. The number λ−q = −λq is also an eigenvalue for
the pencil (2.4) (see 2.1). Moreover,

β − l > Re λ−q > σ − l > 0,

so that the expression χ∞Uh,m
(−q) defined according to formulas (2.5) and (3.7) by the

eigenvectors and adjoint (generalized) vectors of the pencil (2.4) corresponding to λ−q

does not belong to the space H with the norm (5.1). Using the scheme presented in
2.1, we construct lower terms of the formal asymptotic series that follow the block Uh,m

−q .
Since each step of the iteration procedure decreases the exponent r in representations
(3.2) of the right-hand sides of the problem, the partial sum Z

h,m
(−q) of the series can be

chosen in such a way that for the vector-valued functions

(5.13) f
h,m
(−q) = −Lχ∞Z

h,m
(−q), g

j,p
(−q) = −Nχ∞Z

h,m
(−q)

inclusions (5.6) would hold. Proposition 5.2 yields a solution ẑ
h,m
(−q) ∈ H of the problem

(1.10) with right-hand sides (5.13) and a solution

(5.14) z
h,m
(−q) = χ∞Z

h,m
(−q) + ẑ

h,m
(−q) ∈ V

l+1,1
2l−β,γ(G)k \ V

l+1,1
2l−σ,γ(G)k

of the homogeneous problem (1.10).
Due to inclusions (4.11) and (5.14) the integrals in the sum

(5.15) (f, zh,m
(−q))G + (g, zh,m

(−q))∂G

converge. An important result of [11] is that using an arbitrary polynomial-logarithmic
solution U j,p

(q) of the model problem in the sector K, we can find another polynomial-

logarithmic solution U j,p
(−q) of the same problem for which

R
∫ α/2

−α/2

(
U(−q)(x)

�
N(|x|−1x,∇x)U j,p

(q) (x)−U j,p
(q) (x)�N(|x|−1x,∇x)U j,p

(−q)(x)
)∣∣∣

r=R
dϕ = 1.

Repeating, with obvious changes, computations (5.11), (5.12), one can now easily see
that the coefficient cj,p

(q) in the asymptotic formula (4.2) coincides with the expression
(5.15), where h = j and m = p.

6. Generalizations and corollaries

6.1. The matching problem in the region with layers of constant thickness.
Consider the simplest case s = 0 in formula (1.3) where the regions Ω±

R are half-strips
(Figure 3). Going over Section 4 we see that all proofs hold for the matching problem
(1.13) as well. The difference in asymptotic construction was already mentioned in 3.3,
and the only difference in the reduction and reconstruction procedures from Section 4
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is related to the elements ξj± and Ξj± of the coverings. In the definition (4.5) of these
elements one should replace the functions H± with the constants −a± and instead of
the local estimate (4.8), use a similar local estimate of the elliptic matching problem (see
[40, 43]).

6.2. The matching problem in the region with parabolic inclusions. Almost all
proofs remain the same in the case s ∈ (0, 1); one should only give the correct meaning
to objects on parabolic sets Ω±

R (see definition (1.3) and Figure 2). The only serious
modification is related to the weight Korn inequality (4.45).

According to 3.3, an analogue of the asymptotic formula (4.2) is given by the expan-
sions

(6.1)
u(x) = χ∞(r)

∑
cj,p
(q)U

j,p
(q) (x) + ũ(x), x ∈ Ω0

R,

u(x) = χ∞(r)
∑

cj,p
(q)U

j,p
(q)

(
r cos±α

2
,±r sin±α

2

)
+ ũ(x), x ∈ Ω±

R,

where we use the same notation as in Theorem 4.1.
To preserve Propositions 4.1 and 4.2, we must change the coverings of the region and

extend the definition of the norms in function spaces on the parabolic set Ω1.
Replacing in formulas (4.5)1 and (4.5)2 the number H±(y±

1 ) with the numbers −d < 0
and −2d, respectively, we get families of rectangles {ξj±} and {Ξj±} covering the rays
{x : r > 2R, ϕ = ±α/2} where we impose the matching conditions (1.13)2. As we have
mentioned in the previous subsection, on these elements of the covering we use the local
estimate of solutions of elliptic matching problems.

Coverings of the parabolic inclusions Ω±
R themselves are made of rectangles ξmj±

s and
Ξmj±

s and the following sets adjacent to the parabolic parts of the boundaries ∂Ω±
R and

having the structure similar to (4.48):

(6.2)

ξj±
s =

{
x : 1 < R−1j1/(s−1)y±

1 < 1 +
j−1

1 − s
, −1

4
> a−1

± (y±
1 )−sy±

2 > −1
}

,

Ξj±
s =

{
x : 1 − j−1

2(1 − s)
< R−1j1/(s−1)y±

1 < 1 +
2j−1

1 − s
,

− 1
2

> a−1
± (y±

1 )−sy±
2 > −1

}
.

The rectangles mentioned about fill in the space between the rows of sets (6.2) and (4.5):
they are constructed in the way explained in 3.2, and as m grows, their size increases
proportionally to 2m. By definition, on Ξmj±

s relations (4.6) hold. Since the diameter
δΞj±

s
and the center of mass xΞj±

s
of the set Ξj±

s are of order O
(
js/(1−s)

)
and O

(
j1/(1−s)

)
,

respectively, formulas (4.6) hold on the sets (6.2) as well, where, according to (1.21) we
have ρ(x) = O(|x|s).

These properties of the coverings ξϑ and Ξϑ allow us to repeat the arguments in 4.2
and 4.3 without any complications. In particular, we can reduce the matching problem
(1.13) to the model problem in the sector K. In the process, we consider the spaces
V

l+1,0
β,γ (Ω0 ∪ Ω1) and V

l−1
β,γ (Ω0 ∪ Ω1) of functions in z such that their restrictions zi to

the subregions Ωi, i = 0, 1, are in the spaces V
l+1,0
β,γ (Ωi) and V

l−1
β,γ (Ωi), respectively.

In addition, in the first case the function of z is assumed to be continuous, i.e., the
first matching condition (1.13)2 is assumed to be homogeneous. The second matching
condition is allowed to be inhomogeneous, and the natural norm (1.23) is introduced in
the trace space V

l−1/2
β,γ (∂Ω1).

The only (unfortunately, serious) obstruction to the recovery of the decay properties of
asymptotic remainder arises in the proof of the weight Korn inequality (4.45). First, the
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exponent s in the definition (1.2) of the region ω0
R with artificial cutting curves must be

taken the same as for parabolic inclusions (1.3). This results in a restriction to the choice
of the intermediate weight exponent β0 (cf. Remark 4.2 and Theorem 6.1); however, it
does not affect the possibility to prove the procedure of construction the full asymptotic
expansion for the solution of the problem (1.13) presented in 3.3. Second, the image of
the set {

x : 1 < R−1j1/(s−1)y±
1 < 1 +

j−1

1 − s
, −a± < (y±

1 )−sy±
2 < aω

±

}
,

similar to (4.48), under the change x �→ ηj± = j−s/(s−1)(y±
1 − Rj1/(s−1), y±

2 ) of coordi-
nates is the set

(6.3) Θ±
j =

{
x : 0 < ηj±

1 <
R

1 − s
, −a±(R + j−1ηj±

1 )s < ηj±
2 < aω

±(R + j−1ηj±
1 )s

}
with weakly perturbed boundary. In Section 4, perturbations affected only the part

(6.4)
{

x : 0 < ηj±
1 <

R

1 − s
, ηj±

2 < aω
±(R + j−1ηj±

1 )s

}
of the boundary of the image of (4.49) where homogeneous Dirichlet conditions were
imposed; through this part of the boundary, the vector-valued function V j± was extended
by zero to the standard set (4.50). In the case of parabolic inclusions this method does
not work, and the following assumption is necessary: for the vector-valued function
V j± ∈ H1(Θ±

j )k vanishing on the curve (6.4), the following Korn inequality, similar to
(4.51), holds:

(6.5)
∥∥V j±; H1(Θ±

j )
∥∥2 ≤ c

∥∥D(∇ηj±)V j±; L2(Θ±
j )
∥∥2

,

with a constant c independent of j ∈ N.

Example 6.1. Suppose a region Θ ⊂ R
2 with Lipschitz boundary ∂Θ has the star

property with respect to the disc Bd/2. According to [42], the Korn constant C(Θ, Bd/2)
in the inequality

(6.6)
∥∥V ; H1(Θ)

∥∥2 ≤ c
(∥∥D(∇η)V ; L2(Θ)

∥∥2 +
∥∥V ; L2(Bd/2)

∥∥2
)
,

where D is the matrix (1.7), depends on the ratio diam Θ/d only. Note that by the defi-
nition of this specific matrix D, formula (6.6) also contains a similar Poincaré–Friedrichs
inequality (V is a scalar and D(∇η) = ∇η). Since the boundary ∂Θ±

j of the region (6.3)
is Lipschitz, and each Lipschitz region can be represented as a union of finitely many
regions with the star property with respect to a ball, the required property of the con-
stant in (6.5) for the three problems of mathematical physics mentioned in Example 1.1
is clear.

The remaining computations in 4.4 are practically unchanged. Therefore, we estab-
lished the following result.

Theorem 6.1. Let l, γ, β1, and β2 be the same as in Theorem 4.1. Additionally, suppose
β2 − β1 > s and the assumption about inequalities (6.5) holds. Choose β0 ∈ (β1, β2) in
such a way that the line Λl−β0 does not contain points of the spectrum of the pencil (2.4)
and

β0 < β1 + s(β2 − β1), β0 ≤ β2 − s.

Then the solution u ∈ V
l+1,0
β1,γ (Ω0 ∪ Ω1)k of the matching problem (1.13) with right-hand

sides f ∈ V
l−1
β2,γ(Ω0 ∪ Ω1)k and g ∈ V

l−1/2
β2,γ (∂Ω1)k admits asymptotic expansions (6.1)
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Figure 8

with the remainder ũ belonging to the space V
l+1,0
β0,γ (Ω0 ∪ Ω1)k; moreover, we have

(6.7)

∥∥ũ; V
l+1,0
β0,γ (Ω0 ∪ Ω1)

∥∥+
∑∣∣cj,p

(q)

∣∣
≤ c
(∥∥f ; V

l−1
β2,γ(Ω0 ∪ Ω1)

∥∥+
∥∥g; V

l−1/2
β2,γ (∂Ω1)

∥∥+
∥∥u; V

l+1,0
β1,γ (Ω0 ∪ Ω1)

∥∥).
The sum in (6.1) and (6.7) is over those eigenvalues of the pencil (2.4) that lie between
the lines Λl−β2 and Λl−β0 .

The results presented in Section 5 can be easily adapted to the problem (1.13). We
only mention that in computations (5.12) the integrals over the arcs {x ∈ Ω±

R : r = R}
are estimated by cRs−1 = o(1).

6.3. About the boundaries of the regions and the coefficients of differential
operators. In formulas (1.2)–(1.4), the boundaries of the regions are given by the for-
mulas y±

2 = a0(y±
1 )s, i.e., they are arcs of parabolas. In view of the assumption (6.5),

they can be perturbed:

y±
2 = (y±

1 )s
(
a0 + h

( 1
y±
1

))
.

Here a0 �= 0 and, e.g., [0, 1/R]  t �→ h(t) is a smooth function. Similarly one can
consider the problems (1.10) and (1.13) in the case of variable coefficients by replacing
conditions (1.15) and (1.16) with the stabilization conditions∣∣∇p

x(A(x) − A(ϕ))
∣∣ ≤ cpr

−δ−p, x ∈ GR (or x ∈ Ω0
R),∣∣∇p

x(A±(x) − A±)
∣∣ ≤ cpr

−δ−p, x ∈ Ω±
R, p ∈ N0, δ > 0.

The matrix-valued function A, which remains Hermitian and positive definite for
|ϕ| ≤ α/2, depends smoothly on the angular variable.

The requirement that the boundaries ∂G and ∂Ω1 be smooth can be weakened by
allowing either a finite number or a periodic pattern of angular points (see Figure 4).
Each angular point O contributes powers of the weight factor min{1, dist(x,O)} in the
norms (1.20) and (1.29); in the second case the distribution of the powers is step-like. This
class includes a well-known problem of a periodic family of boundary cracks (Figure 8).

Of course, the boundary ∂G does not have to be connected (Figure 9). Outside the
disc BR, the boundary ∂Ω with imposed matching conditions (1.13)2 can be a periodic
smooth or polygonal line. Disconnected sets ∂Ω0 for which Ω0 or Ω1 is not a region
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Figure 9

anymore are also allowed (see again Figure 9: in the holes the matrix A takes the same
value as outside the sector).

6.4. Region with parabolic inclusion. For a model problem in the case of the match-
ing problem (1.13) in the compound region Ω0 ∪ Ω1 defined by formulas (1.2), one can
take the following system of differential equations on the punctured plane:

(6.8) L(∇x)u(x) = f(x), x ∈ K = R
2 \ O.

The spectrum of the corresponding pencil L(ϕ, ∂ϕ, λ) is known (see, e.g., [3]). Namely,
as a set, it consists of integers. Nonzero eigenvalues are algebraically simple, and their
geometric multiplicity equals k (the size of the system (6.8)). The complete multiplicity
and all partial algebraic multiplicities of the eigenvalue λ = 0 are 2k and 2, respec-
tively. The power solutions corresponding to positive eigenvalues are polynomials. The
polynomial-logarithmic solutions U1,1

(0) , . . . , U
k,1
(0) from the list (2.6) form a fundamental

matrix F of the operator L(∇x) on the plane, and the power solutions corresponding
to negative eigenvalues are linear combinations of derivatives of the columns F1 = U1,1

(0) ,

. . . , Fk = Uk,1
(0) .

6.5. The matching problem in a region with peak-like inclusion. As we have
already mentioned in 1.3, the problem for a region with a parabolic inclusion discussed
in the previous subsection can be transformed, using the inversion x �→ η = |x|−2x, into
the matching problem in the compound region ω0 ∪ ω1 defined by formulas (1.19) and
shown in Figure 7; this region has a singular peak-like point O.

The reduction and reconstruction procedures developed in the present paper can be
applied to this problem as well, under the assumption that the constants in the Korn
inequalities (6.5) for a family of regions with regularly perturbed boundaries are uni-
formly bounded (see Example 6.1). The norms in the weight classes Vl,0

σ, γ(ω0 ∪ ω1) and
Vl

σ, γ(ω0 ∪ ω1) corresponding to this problem are obtained from the norms (1.29) and
(1.20) by the change of variable r �→ 1/r. After simplifications these norms look as
follows:∥∥u; V

l+1,0
σ, γ (ωi)

∥∥ =

(
l+1∑
p=0

∫
ωi

r2(σ−γ−δp,0)(r + |ϕ|)2(γ−l−1+δp,0)|∇p
xu(x)|2 dx

)1/2

,

∥∥f ; V
l−1
σ, γ(ωi)

∥∥ =

(
l−1∑
p=0

∫
ωi

r2(σ−γ)(r + |ϕ|)2(γ−l+1)|∇p
xf(x)|2 dx

)1/2

.

Here ϕ ∈ [−π, π], and the polar axis is directed inside the peak, i.e., ϕ = ±π on the
extension of the peak.
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Figure 10

It is clear that under inversion the operator L(x,∇x) loses many required properties,
such as, e.g., polynomiality [3] and the algebraic completeness [1] of the matrix D. There-
fore, a direct reference to Theorem 6.1 is not sufficient to obtain asymptotic formulas, and
one must repeat (almost literally) the arguments and computations that are presented
in this paper for the problem with a region going to infinity. Instead of doing this, we
mention once again the papers [23, 24] where the formal asymptotic analysis was carried
out for the equations of elasticity theory. We emphasize that the relation between the
problems for the compound regions Ω0 ∪ Ω1 and ω0 ∪ ω1 established by inversion gives
correct transformations of geometric objects, i.e., of coverings {ξQ}, {ΞQ}, of variability
zones for the cut-off functions, etc.

The problem for an angular elastic body with a thinning elastic inclusion (Figure 10)
can also be analyzed using this approach.
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[5] M. Lobo and M. Pérez, Local problems for vibrating systems with concentrated masses: a review.
C. R.Mecanique 331 (2003), 303–317.

[6] S. A. Nazarov, Binomial asymptotic behavior of solutions of spectral problems with singular per-
turbations. Mat. Sb. 181 (1990), no. 3, 291–320; English transl., Math. USSR-Sb. 69 (1991), no. 2,
307–340. MR1049991 (91d:35160)

[7] Y. Amirat, G. A. Chechkin, and R. R. Gadyl’shin, Asymptotics of simple eigenvalues and eigen-
functions for the Laplace operator in a domain with oscillating boundary, J. Comp. Math. Math.
Phys. 46 (2006), no. 1, 102–115. MR2239730 (2007d:35009)

[8] A. M. Il’in, Matching of asymptotic expansions of solutions of boundary value problems. “Nauka”,
Moscow, 1989; English transl., Amer. Math. Soc., Providence, RI, 1992. MR1182791 (93g:35016)

[9] W. G. Mazja, S. A. Nazarov, and B. A. Plamenewski, Asymptotische Theorie elliptischer Rand-
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in der Umgebung von Kanten. Math. Nachr. 138 (1988), 27–53. MR975198 (90a:35079)

[36] S. A. Nazarov, Nonselfadjoint elliptic problems with the polynomial property in domains possessing
cylindrical outlets to infinity. Zap. Nauchn. Sem. St.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI)
249 (1997), 212–230; English transl., J. Math. Sci. (New York) 101 (2000), no. 5, 3512–3522.
MR1698519 (2001b:35087)

[37] , The Vishik–Lyusternik method for elliptic boundary value problems in regions with conic
points. II. Problem in a bounded domain. Sibirsk. Mat. Zh. 22 (1981), no. 5, 132–152; English
transl., Siberian Math. J. 22 (1981), 753–769. MR632823 (83m:35046b)

[38] S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of elliptic
differential equations satisfying general boundary conditions. 2. Comm. Pure Appl. Math. 17 (1964),
35–92. MR0162050 (28:5252)

[39] V. A. Solonnikov, General boundary value problems for systems elliptic in the sense of A. Douglis
and L. Nirenberg. I. Izv. Akad. Nauk SSSR Ser. Mat. 28 (1964), 665–706; II. Trudy Mat. Inst.
Steklov. 92 MR0211070 (35:1952)
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