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ON HOLOMORPHIC SOLUTIONS OF EQUATIONS

OF KORTEWEG–DE VRIES TYPE

A. V. DOMRIN

Abstract. We show that, for any of the equations indicated in the title, every
solution locally holomorphic in x and t admits global meromorphic continuation in x
for each t with trivial monodromy at each pole. By way of application, we describe
all possible envelops of meromorphy of local holomorphic solutions of the Boussinesq
equation.

§ 1. Introduction and statement of results

Let O(x0, t0) be the set of all holomorphic function germs at a point (x0, t0) ∈ C
2.

Let us fix some integers n, r ≥ 2. Following the fundamental papers [1] and [2], we use
the term equations of Korteweg–de Vries type to denote evolution equations of the form

(1.1) Lt = [P,L],

where the unknown functions are the coefficients u0, u1, . . . , un−2 ∈ O(x0, t0) of the linear

differential operator L = ∂n
x +

∑n−2
j=0 uj(x, t)∂

j
x of order n, the operator Lt is obtained

from L by the replacement of all coefficients by their partial t-derivatives (obviously, the

order of Lt does not exceed n− 2), and the operator P = ∂r
x+

∑r−2
k=0 wk(x, t)∂

k
x is chosen

in such a way that the order of the operator [P,L] := PL−LP does not exceed n− 2 as
well. This condition expresses the coefficients w0, w1, . . . , wr−2 ∈ O(x0, t0) of P as some
polynomials of the germs u0, u1, . . . , un−2 and their x-derivatives, this expression being
unique up to r − 1 arbitrary constants, which may depend on t. (See Proposition 2.3 in
[1] or formula (1.4) below.) For example, the easy-to-verify identity

[∂3
x + a∂x + b, ∂2

x + c] = (3c′ − 2a′)∂2
x + (3c′′ − a′′ − 2b′)∂x + (c′′′ + ac′ − b′′),

where a, b, c ∈ O(x0, t0) and the prime stands for the x-derivative, readily implies that for
n = 2 and r = 3 the condition ord[P,L] ≤ n− 2 is equivalent to the system of equations
w1 = 3

2u + γ1(t), w0 = 3
4u

′ + γ0(t) with arbitrary germs γ0, γ1 ∈ O(t0), and then the
evolution problem (1.1) is reduced to the Korteweg–de Vries equation for the function
u = u0,

(1.2)
∂u

∂t
=

1

4

∂3u

∂x3
+

(
3

2
u+ γ1(t)

)
∂u

∂x
;

for n = 3 and r = 2, the same condition is equivalent to the equation w0 = 2
3u1 + γ0(t)

with an arbitrary germ γ0 ∈ O(t0), and then the evolution problem (1.1) is reduced (for
an arbitrary choice of γ0(t)) to the Boussinesq system

(1.3)
∂u0

∂t
=

∂2u0

∂x2
− 2

3

∂3u1

∂x3
− 2

3
u1

∂u1

∂x
,

∂u1

∂t
= 2

∂u0

∂x
− ∂2u1

∂x2
.
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In the general case, all operators of the form P = ∂r
x +

∑r−2
k=0 wk(x, t)∂

k
x satisfying the

condition ord[P,L] ≤ n− 2 are given by the formula

(1.4) P = L
r/n
+ +

r−2∑
k=0

γk(t)L
k/n
+ ,

where γ0, . . . , γr−2 ∈ O(t0) are arbitrary germs and L
k/n
+ with integer k ≥ 2 is the

unique operator of the form ∂k
x +

∑k−2
l=0 Wl(u0, . . . , un−2)∂

l
x whose commutator with L

is of order ≤ n − 2 and whose coefficients Wl are homogeneous polynomials of weight

k − l of the functions u0, u1, . . . , un−2 and their x-derivatives, each monomial u
(p)
j being

assigned the weight n − j + p. (Furthermore, we assume by definition that L0/n
+ is the

identity operator and L1/n
+ = ∂x.) In the literature, one usually assumes that all germs

γk(t) are constant (as in [1, Eq. (2.3)]) or even zero (as in [2, Proposition 4.3]), although
most of the results remain true for any γk(t). We follow this tradition as well; i.e., we
assume that γk(t) ≡ γk = const in (1.4). In this case, the evolution problem (1.1) is a
system of n− 1 partial differential equations of the form

(1.5)
∂uj

∂t
= Fj(u0, u1, . . . , un−2), j = 0, 1, . . . , n− 2,

where F0, F1, . . . , Fn−2 are some polynomials of the functions u0, u1, . . . , un−2 and their
x-derivatives. Note that formula (1.4) for P will be used in our paper only once (in the
proof of Lemma 3), while the explicit form of system (1.5) equivalent to Eq. (1.1) is not
needed altogether except for the special cases (1.2) and (1.3) written out above.

Our aim is to study the analytic continuation of locally defined holomorphic solutions
of Eq. (1.1), or, equivalently, of system (1.5). Here a solution is understood as the tuple
u0(x, t), u1(x, t), . . . , un−2(x, t) of all coefficients of L. The main result is as follows.

Theorem. Let n, r ≥ 2 be integers such that r is not divisible by n. Let u0, u1, . . . , un−2 ∈
O(x0, t0) be a tuple of germs that, in a neighborhood of a given point (x0, t0) ∈ C2,
satisfies system (1.5) equivalent to Eq. (1.1) for some operator P of the form (1.4) with
constant coefficients γk(t) ≡ γk = const, k = 0, 1, . . . , r − 2. Then the following claims
hold.

(A) All germs u0(x, t0), u1(x, t0), . . . , un−2(x, t0) ∈ O(x0) admit analytic continuation
to functions ũ0(x), ũ1(x), . . . , ũn−2(x) meromorphic on the entire plane C1

x of the complex
variable x.

(B) The operator L̃ := ∂n
x +

∑n−2
j=0 ũj(x)∂

j
x has the following trivial monodromy prop-

erty at all poles of its coefficients : for each λ ∈ C, the ordinary differential equation

L̃ϕ = λϕ has a fundamental solution system meromorphic on the entire plane C1
x of the

variable x. In other words, every solution ϕ ∈ O(x0) of the equation L̃ϕ = λϕ admits
analytic continuation to a meromorphic function on C1

x.
(C) All poles of each of the functions ũj(x), j = 0, 1, . . . , n− 2, have order ≤ n− j.
(D) Every solution u0, u1, . . . , un−2 ∈ O(D) of system (1.5) in an arbitrary bidisk

D := {(x, t) ∈ C
2 : |x − x0| < δ1, |t − t0| < δ2} can be analytically continued to a tuple

of meromorphic functions in the strip S := {(x, t) ∈ C2 : |t − t0| < δ2} and in general
cannot be analytically continued further across the boundary of S at any point.

(E) However, all generic solutions u0, u1, . . . , un−2 ∈ O(x0, t0) (see Section 3(E) for
the precise definition) admit analytic continuation to a tuple of meromorphic functions
on the entire space C2 of the variables x, t.
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Corollary. Let D := {(x, t) ∈ C2 : |x − x0| < δ1, |t − t0| < δ2} be an arbitrary bidisk.
Assume that a function u ∈ O(D) satisfies the Boussinesq equation

(1.6)
∂2u

∂t2
= a

∂4u

∂x4
+ b

(
∂u

∂x

)2

+ bu
∂2u

∂x2

in D for some a, b ∈ C\{0}. Then u(x, t) admits analytic continuation to a meromorphic
function in the strip S := {(x, t) ∈ C2 : |t−t0| < δ2} and in general cannot be analytically
continued further across the boundary of S at any point. More generally, the envelope
of meromorphy of any locally defined solution u ∈ O(x0, t0) of Eq. (1.6) has the form
C1

x × X for some domain X over C1
t (i.e., for an arcwise connected complex manifold

X admitting a locally invertible holomorphic mapping π : X → G onto some domain
G ⊂ C1

t ; e.g., see [3, Section II.7.22]), and conversely, for each such X and every point
(x0, t0) ∈ C

1 × G there exists a solution u ∈ O(x0, t0) of Eq. (1.6) whose envelope of
meromorphy coincides with C1

x ×X.

Thus, the envelope of meromorphy of a local holomorphic solution of the Boussinesq
equation always fills the entire plane C1 in the x-direction and can be completely arbitrary
in the t-direction. Similar assertions hold for all germs u0, u1, . . . , un−2 in the assumptions
of the theorem, but we do not prove this in the present paper. All claims of the corollary
are also true for the Korteweg–de Vries equation (1.2) with γ1(t) ≡ γ1 = const and for
many other soliton equations. (See Remark 6 at the end of the paper.) However, this
result was essentially obtained by a different method in [4] (although it was not stated
there explicitly).

The proof of the theorem is given in Section 3 (following some preliminary work in
Section 2), and the Corollary is proved in Section 4. Let us close the introduction with
some remarks concerning terminology, literature, and known results.

Remark 1. Equations of the form (1.1) for general n and r apparently occurred for
the first time in Krichever’s paper [5] and Gelfand–Dikii’s paper [6] in 1976. The term
equations of Korteweg–de Vries type, motivated by the special case (1.2), stuck after
the above-mentioned papers [1] by Drinfel’d and Sokolov and [2] by Segal and Wilson,
published in the first half of the 1980s. The family of equations of the form (1.1) with
fixed n and with all possible operators P of the form (1.4) (with constant γk(t) and
often even with γk(t) ≡ 0 for all k = 0, 1, 2, . . .) is also called the nth generalized KdV
hierarchy or the nth Gelfand–Dikii hierarchy (e.g., see Definition 1.4.4 and Remark 1.8.15
in [7], where further bibliographical references can be found). The term scalar Lax
equations is used as well. (See Section 2 in [1] or Section 2.1 of the survey [8].) Of
the immense literature related in some or other way to equations of the form (1.1), we
only mention the monographs [7] and [9] and the survey papers [10] and [11], almost
completely dedicated to the subject. To the best of the author’s knowledge, the problem
on analytic continuation of arbitrary holomorphic solutions of equations of Korteweg–de
Vries type has not been considered in the literature. Existing results for narrower classes
of holomorphic solutions are discussed in the next remark.

Remark 2. An operator L0 = ∂n
x +

∑n−2
j=0 qj(x)∂

j
x with coefficients qj ∈ O(x0) is said

to be finite-gap if there exists an operator P0 = ∂m
x +

∑m−2
k=0 pk(x)∂

k
x with coefficients

pk ∈ O(x0) such that m and n are coprime and [P0, L0] ≡ 0 in a neighborhood of x0 ∈ C.
It is well known (see the original paper [12] or the survey [8]) that in this case all germs
qj and pk extend to be meromorphic functions on C1

x and that the Cauchy problem for
any equation of the form (1.1) satisfying the assumptions of the theorem with the initial
condition L = L0 for t = t0 has a unique solution L in a neighborhood of the point
(x0, t0) ∈ C2; moreover, this solution is meromorphic on the entire C2, and the identity
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[P0, L] ≡ 0 is preserved for all (x, t) ∈ C2. Such solutions are also said to be finite-
gap (or algebraic-geometric). They form one of the best-studied classes of solutions
for equations of Korteweg–de Vries type, and there is an immense literature dealing
with these solutions, starting from Novikov’s paper [13]. The properties mentioned in
claims (A), (C), and (E) of our theorem were rigorously proved by Segal and Wilson [2,
Propositions 5.1 and 5.17, Theorem 6.10, and Remark 6.13] for all finite-gap solutions
and even for the more general class of solutions with converging Baker–Akhiezer function.
(This class, denoted by C(n) in [2], was further studied in [14] and [15].) Weikard [16] was
apparently the first to state the trivial monodromy property (B) explicitly for finite-gap
solutions of general equations of Korteweg–de Vries type; he also established that this
property is equivalent to the finite gap property for operators with rational coefficients
holomorphic at infinity or with globally meromorphic periodic coefficients that have finite
limits as x → ∞ at both ends of the period strip. In this connection, note that the class
of local holomorphic solutions dealt with in our theorem is by far not exhausted by finite-
gap solutions and even by solutions with converging Baker–Akhiezer function. This is
already seen from claim (D) of the theorem. Moreover, one can modify an example in
[4, Section 9(D)] to show that although the class of generic holomorphic solutions in
claim (E) of the theorem contains the above-mentioned special solution classes, it is not
exhausted by them as well.

§ 2. Preparation for the proof of the Theorem

All claims of the theorem will be proved by applying the results in [4] to soliton
equations of parabolic type obtained from (1.1) by the Drinfel’d–Sokolov reduction [1].
This reduction, which is based on the replacement of an nth-order linear differential
equation by a system of n first-order linear equations, was used in [1] to construct and
study analogs of equations of Korteweg–de Vries type for arbitrary simple Lie algebras.
This section presents some details of the reduction process, which are partly absent in [1]
and the other papers cited above. For example, the statement of the following lemma,
which represents Eq. (1.1) as a consistency condition for the auxiliary linear system (2.1),
is essentially contained in [11, Theorem 5.7], but the proof given there is not suitable for
our aims. Note also that the condition that r is not divisible by n in our theorem is not
used in Section 2; its role will be revealed in Section 3(A) (see Remark 4).

Lemma 1. Let n, r ≥ 2, and let operators L = ∂n
x +

∑n−2
j=0 uj(x, t)∂

j
x, P = ∂r

x +∑r−2
k=0wk(x, t)∂

k
x with coefficients uj , wk ∈ O(x0, t0) satisfy Eq. (1.1) in a neighborhood

of the point (x0, t0) ∈ C
2. Then for each λ ∈ C the system

(2.1) Lψ = λψ, ψt = Pψ

has n linearly independent solutions ψ1, . . . , ψn ∈ O(x0, t0) such that the n × n matrix
Ψ(x, t, λ) := ‖∂i

xψj‖ni,j=1 is nonsingular. Moreover, for each nonsingular matrix Ψ0(λ) ∈
GL(n,C) there exists a unique set of n solutions ψ1, . . . , ψn ∈ O(x0, t0) of system (2.1)
with the initial condition Ψ(x0, t0, λ) = Ψ0(λ).

Proof. Let germs e1, . . . , en ∈ O(x0, t0) form a fundamental solution system of the or-
dinary differential equation Lψ = λψ for each t close to t0. Then the general solution
ψ ∈ O(x0, t0) of this equation has the form ψ(x, t) =

∑n
j=1 cj(t)ej(x, t) with arbitrary

germs cj ∈ O(t0). By substituting this expression into the equation ψt = Pψ, we obtain
the condition

(2.2)
n∑

j=1

c′jej + cj(e
′
j − Pej) = 0
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on the coefficients c1, . . . , cn. (Here and further, but only in this proof, the prime stands
for the t-derivative.) The differentiation with respect to t of the equation Lej = λej
gives the equation L′ej + Le′j = λe′j , whence, by replacing L′ with [P,L − λ] according

to (1.1), we obtain the relation (L − λ)(e′j − Pej) = 0. By expanding the solution
ϕ = e′j − Pej ∈ O(x0, t0) of the equation Lϕ = λϕ in the basis e1, . . . , en, we write

e′j − Pej =
∑n

k=1 djkek with some germs djk ∈ O(t0) depending only on t. Then
condition (2.2) acquires the form

(2.3) C ′(t) = D(t)C(t),

where C(t) = (c1(t), . . . , cn(t))
T is the column of unknown coefficients and D(t) is a given

n × n matrix with entries Djk(t) := −dkj(t), 1 ≤ j, k ≤ n. For each initial condition
C0 ∈ Cn, system (2.3) has a unique solution C(t) with C(t0) = C0 holomorphic in a
neighborhood of t0, which is equivalent to the desired assertion. �

One can derive the following linear system for the matrix Ψ(x, t, λ) = ‖∂i
xψj‖ni,j=1

from the auxiliary linear system (2.1):

(2.4) Ψx = (Λ(λ) + U(x, t))Ψ, Ψt = R(x, t, λ)Ψ,

where all entries of the n×n matrices Λ(λ) and U(x, t) are zero except for Λi,i+1(λ) = 1
for 1 ≤ i ≤ n − 1, Λn1(λ) = λ, and Unj(x, t) = −uj−1(x, t) for 1 ≤ j ≤ n − 1; all
entries of the n× n matrix R(x, t, λ) are polynomials in λ with coefficients in O(x0, t0).
The degrees of these polynomials do not exceed A + 1, and the coefficient of λA+1 in
R(x, t, λ) is the matrix Λ(1)B, where the integers A ≥ 0 and B ∈ {0, 1, . . . , n − 1} are
uniquely determined by the equation r = An + B. (Here we have taken into account
the fact that Λ(λ)n = λI is a scalar multiple of the n × n identity matrix.) Indeed,
the equation Lψ = λψ for the function ψ ∈ O(x0, t0) is equivalent to the equation
χx = (Λ(λ) + U(x, t))χ for the column χ = (χ1, . . . , χn)

T := (ψ, ψ′, . . . , ψ(n−1))T , and
the equation χt = R(x, t, λ)χ can be obtained in this notation from the relation (χj)t =

ψ
(j−1)
t = (Pψ)(j−1) = ∂j−1

x (∂r
x +

∑r−2
k=0 wk∂

k
x)ψ by replacing ∂s

xψ by χs−1 for 1 ≤ s ≤ n
and by expressing all ∂s

xψ for s ≥ n + 1 via χ1, . . . , χn with the use of the formula

∂n
xψ = −

∑n−2
j=0 uj∂

j
xψ + λψ, equivalent to the equation Lψ = λψ, and the formulas

obtained from it by differentiation with respect to x appropriately many times. By way
of illustration, note that the second equation in system (2.4) has the form

Ψt =

(
w0 − u′ λ− u+ w1

(λ− u)2 + (w1 − u′′)(λ− u) + w′
0 + 2u′2 −2u′(λ− u) + w′

1 + w0

)
Ψ,

for the Korteweg–de Vries equation (1.2) and the form

(2.4′) Ψt =

⎛
⎝ w0 0 1
λ− u0 + w′

0 w0 − u1 0
w′′

0 − u′
0 λ− u0 − u′

1 + 2w′
0 w0 − u1

⎞
⎠Ψ

for the Boussinesq system (1.3).
According to Ince [17, Section 5.21], the following classical statement concerning the

decomposition of an nth-order differential operator into a product of n first-order opera-
tors is due to Frobenius and Floquet. There often arise various versions of this statement
in modern papers on the theory of integrable systems (e.g., see the bibliographical ref-
erences after formulas (5.55)–(5.58) in [11] or the lemma in the proof of Theorem 5 in
[18]). The proof given below is a modification of the solution of Problem 62 in Part VII
of Pólya–Szegö’s book [19]. From now on, W (h1, . . . , hj) stands for the Wronskian of

functions h1, . . . , hj ; i.e., W (h1, . . . , hj) := det ‖∂k
xhl‖jk,l=1.
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Lemma 2. Let L = ∂n
x +

∑n−1
j=0 qj(x)∂

j
x for some q0, . . . , qn−1 ∈ O(x0), and suppose

that h1, . . . , hn ∈ O(x0) form a fundamental solution system of the equation Lh = 0 such
that all germs Wj(x) := W (h1, . . . , hj)(x), 1 ≤ j ≤ n, are nonzero at the point x0. Set
fj(x) := Wj(x)/Wj−1(x) and vj(x) := f ′

j(x)/fj(x) for 1 ≤ j ≤ n, where W0(x) :≡ 1 by
convention. Then L = (∂x − vn(x)) · · · (∂x − v1(x)).

Proof. Note that for any germs y1, . . . , yj ∈ O(x0) such that W (y1, . . . , yj)(x0) 
= 0 there
exists a unique operator of the form K = ∂j

x +
∑j−1

i=0 ai(x)∂
i
x, aj ∈ O(x0), satisfying the

condition Ky1 = · · · = Kyj = 0. Namely, this operator is given by the formula Ky =
W (y1, . . . , yj , y)/W (y1, . . . , yj). (Indeed, the existence follows from this formula, and the
uniqueness follows from the fact that the difference of two such operators has order ≤ j−1
and vanishes on j linearly independent functions.) Set Lj := (∂x−vj(x)) · · · (∂x−v1(x)),
j = 1, . . . , n. By the definition of v1, the operator L1 annihilates h1 and hence is equal
to W (h1, ·)/W (h1) as was noted above, and then L1h2 = f2 by the definition of f2.
Induction over j = 1, . . . , n shows in just the same way that Lj annihilates the germs
h1, . . . , hj and hence is equal to W (h1, . . . , hj , ·)/W (h1, . . . , hj), and then (for j < n) we
have Ljhj+1 = fj+1. For j = n, the fact that Ln annihilates h1, . . . , hn, together with
the uniqueness proved above, shows that Ln = L. �

In the notation of Lemma 1, choose a matrix Ψ0(0) = Ψ(x0, t0, 0) such that all of its
principal minors be nonzero. Then for each t close to t0 we can apply Lemma 2 with
qj(x) = uj(x, t) and hj(x) = ψj(x, t, 0). We obtain germs v1, . . . , vn ∈ O(x0, t0) such
that

(2.5) ∂n
x +

n−2∑
j=0

uj(x, t)∂
j
x = L = (∂x − vn(x, t)) · · · (∂x − v1(x, t))

in a neighborhood of (x0, t0). By matching the coefficients of ∂n−1
x , we see that v1+ · · ·+

vn ≡ 0 in this case.
We have seen in the derivation of the first equation in (2.4) that each solution ψ ∈

O(x0, t0) of the equation Lψ = λψ generates a column χ = (χ1, . . . , χn)
T satisfying the

equation χx = (Λ(λ)+U(x, t))χ by the formulas χ1 = ψ, χ2 = ψ′, . . ., χn = ψ(n−1), and
vice versa. Likewise, the column η = (η1, . . . , ηn)

T given by the formulas

(2.6)
η1 = ψ, η2 = (∂x − v1)ψ, η3 = (∂x − v2)(∂x − v1)ψ, . . . ,

ηn = (∂x − vn−1) · · · (∂x − v1)ψ,

satisfies the equation ηx = (Λ(λ)+D(x, t))η, where D(x, t) := diag(v1(x, t), . . . , vn(x, t))
is the diagonal matrix with entries v1, . . . , vn. By multiplying out in formulas (2.6),
one can linearly express the germs η1, . . . , ηn ∈ O(x0, t0) via χ1, . . . , χn with coefficients
depending on v1, . . . , vn,

η1 = χ1, η2 = χ2 − v1χ1, η3 = χ3 − (v1 + v2)χ2 + (v1v2 − v′1)χ1, . . . .

We obtain a lower triangular invertible n×n matrix M(x, t) (with units on the diagonal)
whose all entries are polynomials in the germs v1, . . . , vn and their x-derivatives such
that the n× n matrix Y (x, t, λ) := M(x, t)Ψ(x, t, λ) satisfies the equation Yx = (Λ(λ) +
D(x, t))Y . By differentiating formula Y = MΨ with respect to t and by using the second
equation in system (2.4), we conclude that

(2.7) Yx = (Λ(λ) +D(x, t))Y, Yt = S(x, t, λ)Y,

where S := MtM
−1 +MRM−1 is a polynomial in λ of the same degree as R(x, t, λ).

At the final stage of the reduction process, we proceed to a basis in which the matrix
Λ(λ) is diagonal. To this end, it is convenient to introduce a new spectral parameter
z ∈ C \ {0} by the formula λ = zn. The eigenvalues of the matrix Λ(zn) have the form
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zα1, . . . , zαn, where α1, . . . , αn are all nth roots of unity listed in arbitrary order, and
the corresponding eigenvectors have the form ej = (1, zαj , . . . , (zαj)

n−1)T , 1 ≤ j ≤ n.
Thus, for all z ∈ C \ {0} one has K(z)−1Λ(zn)K(z) = az, where a:= diag(α1, . . . , αn)
is the diagonal matrix with entries α1, . . . , αn and the columns of the matrix K(z) are
the above-mentioned eigenvectors; i.e., Kij(z) := (zαj)

i−1, 1 ≤ i, j ≤ n. Note that
K(z) = Δ(z)K(1), where Δ(z) := diag(1, z, . . . , zn−1) is a diagonal matrix. Hence the
matrix

q(x, t) := K(z)−1D(x, t)K(z) = K(1)−1D(x, t)K(1)

is independent of z. Since the sum αl
1+ · · ·+αl

n is equal to n for l = 0 and is zero for all
other l in the interval −n < l < n, we can readily find the matrix entries (K(1)−1)ij =

n−1α1−j
i and qij(x, t) = n−1

∑n
k=1 vk(x, t)(α

−1
i αj)

k−1, 1 ≤ i, j ≤ n. In particular, the
property v1 + · · ·+ vn ≡ 0 implies that qii(x, t) ≡ 0, i = 1, . . . , n; i.e., the matrix q(x, t)
proves to be offdiagonal.

System (2.7) can be rewritten in terms of the new unknown n×n matrix E(x, t, z) :=
K(z)−1Y (x, t, zn) = K(z)−1M(x, t)Ψ(x, t, zn) in the form

(2.8) Ex = (az + q(x, t))E, Et = V (x, t, z)E,

where so far we can only say that the n×n matrix V (x, t, z) := K(z)−1S(x, t, zn)K(z) as

a function of z has the form
∑r+n

k=−n pk(x, t)z
k with some matrices pk(x, t). (For example,

negative powers of z could in principle occur in this expression owing to the fact that
{Δ(z)−1S(x, t, zn)Δ(z)}ij = zj−iSij(x, t, z

n) for all i, j = 1, . . . , n.)
The following crucial lemma due to Drinfel’d and Sokolov says that V (x, t, z) is actu-

ally a polynomial of degree r in z with leading coefficient ar and that the other coefficients
of this polynomial can be expressed in a canonical way indicated in the lemma via the
diagonal matrix a, the offdiagonal germ q ∈ O(x0, t0), and the coefficients γk(t) ≡ γk ∈ C

in the representation (1.4) of the operator P . To state the lemma, let R(x0) be the set of
germs of all holomorphic gl(n,C)-valued mappings at an arbitrary point x0 ∈ C, and let
Rod(x0) be the subset of all offdiagonal germs κ ∈ R(x0) (i.e., κii(x) ≡ 0, i = 1, . . . , n).
Recall that a mapping F : R(x0) → R(x0) is called a differential polynomial if for each
germ κ ∈ R(x0) every matrix entry of the germ F (κ) is a usual polynomial (the same
for all κ) of the matrix entries of κ and their x-derivatives. Next, it is convenient to
extend the definition of the sequence γ0, γ1, . . . , γr−2 of coefficients in (1.4) by setting
γr−1 := 0 and γj := 0 for all integer j < 0.

Lemma 3. One has pk(x, t) ≡ 0 for all integer k < 0 and k > r and pk(x, t) =
Fr−k(q)(x, t) for k = 0, 1, . . . , r, where F0, F1, F2, . . . is the unique sequence of differential
polynomials with the following properties : F0(κ) ≡ ar, Fm(0) ≡ γr−mar−m, m = 1, 2, . . .,
and the formal power series Φ(κ, z) :=

∑∞
m=0 Fm(κ)z−m satisfies the differential equa-

tion ∂xΦ(κ, z) = [az + κ,Φ(κ, z)] identically in κ ∈ Rod(x0) and in z. In particular,
pr(x, t) ≡ ar.

Proof. Note that the existence and uniqueness of a sequence of differential polynomials
with these properties are proved in [20, Lemma 1]; alternatively, they can be obtained
from Proposition 1.2 and the description of the space ΩL before formula (1.3) in [1]. The
assertions of the Lemma themselves are equivalent to the formula for A contained in the
description of the modified Lax equations between Lemma 3.23 and Proposition 3.24 in
[1] (Section 3.8, p. 117 of the Russian edition) in view of the notation in Section 1.1 and
formula (2.3) in [1]. (The last formula essentially coincides with our formula (1.4).) �

Remark 3. Let us illustrate the profoundness of the claim in Lemma 3 using the Boussi-
nesq system (1.3) as an example. A straightforward computation on the basis of formula
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(2.4′) shows that the matrix S in the second equation in system (2.7) has the form

S(x, t, λ) =

⎛
⎝w0 + v21 + v′1 v1 + v2 1

λ−A w0 − u1 − v1(v1 + v2) −v1
C λ−B w0 − u1 − v′1

⎞
⎠

in this case, where the expressions A, B,and C are independent of λ and can be expressed
by the formulas

A = v1t + u0 − w′
0 + v1(u1 + v′1 + v21),

B = (v1 + v2)t − (v1 + v2)(v1v2 − v′1) + u0 + u′
1 − 2w′

0,

C = (v1v2 − v′1)t − v1(v1 + v2)t + w′′
0 − u′

0 + (v′1 + v21)v1v2.

Part of claim of Lemma 3 (namely, the equations p−2(x, t) ≡ 0 and p−1(x, t) ≡ 0) is that
in this case A = B = C = 0 for all functions of the form

v1 :=
ψ′
1

ψ1
, v2 :=

(ψ1ψ
′
2 − ψ′

1ψ2)
′

ψ1ψ′
2 − ψ′

1ψ2
− ψ′

1

ψ1
,

where ψ1(x, t) and ψ2(x, t) are any solutions of the system ψ′′′ + u1ψ
′ + u0ψ = 0, ψt =

ψ′′ + w0ψ under the condition that the denominators of both fractions occurring in the
formulas for v1 and v2 are nonzero at the point (x0, t0). The reader will possibly agree
that a straightforward verification of these identities would be at least cumbersome.

§ 3. Proof of the Theorem

(A) By Lemma 3, the auxiliary linear system (2.8) has the form

(3.1) Ex = UE, Et = V E,

where U = az+q and V =
∑r

k=0 Fr−k(q)z
k are polynomials in z with matrix-valued coef-

ficients depending on x and t. If this system has a holomorphic solution E : Ω → GL(n,C)
in some domain Ω ⊂ C2

x,t at least for one z ∈ C, then the offdiagonal matrix function
q : Ω → gl(n,C) determining the coefficients of the system satisfies the consistency con-
dition Ut − Vx + [U, V ] = 0 (obtained by matching the second derivatives Ext = (UE)t
and Etx = (V E)x and by cancelling out the invertible matrix E), which, as is well known
(e.g., see [20, §”,2]), is independent of z and can be represented in the form

(3.2) qt = [a, Fr+1(q)].

Equations of the form (3.2) are called soliton equations of parabolic type in [21].
For each solution u0, u1, . . . , un−2 ∈ O(x0, t0) of system (1.5) equivalent to Eq. (1.1)

for given γk(t) ≡ γk = const in (1.4), we construct (see Section 2) a diagonal matrix
D(x, t) with entries in O(x0, t0) and a solution E : Ω → GL(n,C) of system (3.1) (for the
offdiagonal matrix q(x, t) = K(1)−1D(x, t)K(1)) in a small neighborhood Ω ⊂ C

2
xt of the

point (x0, t0) for an arbitrary fixed value z = z0 ∈ C\{0}. For this construction, by Lem-
mas 1 and 2, it suffices (in an arbitrary way) to choose a matrix Ψ0(0) ∈ GL(n,C) whose
all principal minors are nonzero and a matrix Ψ0(λ0) ∈ GL(n,C), where λ0 := zn0 . Theo-
rem 2(B) in [4] states that the resulting holomorphic offdiagonal solution q : Ω → gl(n,C)
of Eq. (3.2) can be analytically continued to a globally meromorphic function x for each
t close to t0 (in particular, for t = t0). Then the same analytic continuation is possible
for all entries v1(x, t), . . . , vn(x, t) of the diagonal matrix D(x, t) = K(1)q(x, t)K(1)−1

and hence (owing to the expressions for u0, . . . , un−2 in the form of polynomials of
v1, . . . , vn and their derivatives, obtained by multiplying out in (2.5)) for the coefficients
u0(x, t), . . . , un−2(x, t) of the operator L.
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Remark 4. For Theorem 2(B) in [4] to apply, in it required (as is mentioned in [4] in
the first sentence of the paragraph containing Eq. (6)) that the spectrum of the matrix
b = ar (which is the leading coefficient of the polynomial V (x, t, z) in system (3.1)) be
simple, i.e., that its eigenvalues be distinct. Our matrix a = diag(α1, . . . , αn) satisfies
this condition if and only if r is not divisible by n. Note that the theorem obviously fails
for r divisible by n. (For P one can take an appropriate power of L.) Note also that
the key point where the simplicity of the spectrum is used in the papers [4] and [20] is
an application (e.g., to Eq. (5.3) in [20]) of the Sibuya theorem claiming that the formal
solutions of singularly perturbed equations belong to certain Gevrey classes.

(B) As was noted in [4, Section 9(B)], in the situation considered the first equation
Ex = (az + q(x, t))E in system (3.1) has a fundamental solution system globally mero-
morphic in x for each t close to t0 (including t = t0) and for each z ∈ C. Since the
explanations given there are way too short, it is expedient to describe the proof of this
assertion in more detail.

Clearly, it suffices to prove it for t = t0. We assume that Eq. (3.2) has a holomorphic
offdiagonal solution q : Ω → gl(n,C) in some neighborhood Ω ⊂ C2 of the point (x0, t0).
By Theorem 2(A) in [4], it follows that the germ q0(x) := q(x, t0) satisfies the condition
Lq0 ∈ Gev1/r. Since we always assume that r ≥ 2, so much the more we have Lq0 ∈
Gev1−0. Then the formal power series f(z) := I + Lq0(z) and the Riemann problem
ea(x−x0)zf−1(z) = γ−1

− (x, z)γ+(x, z) satisfy the assumptions of Theorem 3(B) in [4] for
m = 1. This theorem in particular says that the invertible matrix function γ+(x, z)
(which is easily seen to have the same determinant as ea(x−x0)z) is defined for all x ∈ C

except for the zero set of some entire function τf (x) 
≡ 0 and is a globally meromorphic
function with denominator τf (x). However, the first equation in (18) in the proof of
Lemma 12 in [4] (where Bϕ = q0 by Lemma 12 itself) shows that the matrix γ+(x, z)
can be viewed as a solution E of the equation Ex = (az+ q0(x))E. Thus, we have found
the desired globally meromorphic fundamental solution system.

Returning to the operator L̃ = ∂n
x +

∑n−2
j=0 ũj(x)∂

j
x, note that for each λ = zn ∈ C\{0}

and for all x in a neighborhood of x0 the ordinary differential equation L̃ϕ = λϕ has
the fundamental solution system Ψ(x, t0, λ) = M(x, t0)

−1K(z)E(x, t0, z) (see the defini-
tion of E(x, t, z) before formula (2.8)), which, by the preceding (and also owing to the
fact, mentioned before formula (2.7), that the n× n matrix M(x, t0) is lower-triangular
with units on the diagonal and that all of its entries are polynomials of the functions
v1(x, t0), . . . , vn(x, t0) and their x-derivatives), can be extended to a globally meromor-
phic invertible matrix function of x. Thus, we have proved the trivial monodromy prop-

erty of the operator L̃ for all λ ∈ C \ {0}.
The preceding argument fails for λ = 0 (for example, the matrix K(z) becomes non-

invertible), but the trivial monodromy property itself remains valid, because it can be
obtained from the case already considered by passing to the limit as λ → 0. Indeed, let

B be the set of all poles of the coefficients of L̃. It is discrete and at most countable. If

ϕ ∈ O(x0) is any solution of the equation L̃ϕ = 0 in a neighborhood of a point x0 ∈ C\B
and ϕ(x, λ), 0 < |λ| < 1, is the solution of the equation L̃ϕ = λϕ with the same initial
data at x0, then the functions ϕ(x, λ) are globally meromorphic (this has already been
proved), uniformly bounded on compact subsets of C \ B (by the Gronwall inequality),
and converge to ϕ(x) uniformly in a neighborhood of x0 as λ → 0 (by the theorem on
the continuous dependence of solutions on a parameter). It follows by the compactness
principle that the functions converge uniformly on compact subsets of C \ B and hence
define an analytic continuation of the germ ϕ(x) to a holomorphic function on C \ B.

Since all singular points xs ∈ B of the ordinary differential equation L̃ϕ = 0 are regular
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(which can be proved by applying the Fuchs regularity criterion, mentioned at the begin-

ning of the proof of claim (C), to the equation L̃ϕ = λϕ twice, in one direction for any
λ 
= 0 and in the opposite direction for λ = 0), it follows that the possible singularities
of ϕ(x) at the points of B can only be poles. Consequently, ϕ(x) is meromorphic on C,
as desired.

(C) This property of poles of the coefficients of the operator L̃ readily follows from
the trivial monodromy property (B) (or even from the following weaker property: there

exists a λ ∈ C for which all singular points of the equation L̃ϕ = λϕ are regular) by the
classical Fuchs theorem. (See Section 15.3 of Ince’s book [17] or the excellent modern
exposition in [22, Theorem 4.2].)

However, one can also derive this property (and obtain some additional information in
special cases; e.g., see Remark 6 below) directly (i.e., without explicitly using the Fuchs
theorem) from formula (2.5) and the following lemma.

Lemma 4. All functions vj(x, t0), 1 ≤ j ≤ n, are the logarithmic derivatives of some
globally meromorphic functions of x. In particular, all of their poles are of order one
with integer residues.

Proof. We know from claim (B) that all entries of the matrix Ψ(x, t0, 0) extend to be
globally meromorphic functions of x. Consequently, the same is true for the Wronskians
Wj(x), 1 ≤ j ≤ n, defined in the statement of Lemma 2 and hence for the functions
fj(x) = Wj(x)/Wj−1(x), whose logarithmic derivatives coincide with vj(x, t0). �

(D) The existence of a meromorphic continuation from the bidisk D into the strip
S follows from Theorem 2(B) in [4] by the same argument as in (A) in the present
proof. An example of a solution further continuable nowhere can be obtained from the
corresponding example in [4] by formulas (2.5), and its noncontinuability is clear from
the expressions of the functions vj via the Wronskians in Lemma 2 in view of claim (B)
of our theorem.

(E) To each operator L0 = ∂n
x +

∑n−2
j=0 uj(x)∂

j
x with coefficients u0, u1, . . . , un−2 ∈

O(x0), the construction in Section 2 assigns a holomorphic offdiagonal gl(n,C)-valued
function germ q0(x) at x0. In this construction, we can take an arbitrary matrix A ∈
GL(n,C) whose all principal minors are nonzero for the initial condition in Lemma 1
and an arbitrary ordering of the roots of unity in the matrix a = diag(α1, . . . , αn). We

denote the result produced by this construction by qA,a
0 (x).

Then Theorem 2(A) in [4] and the argument in (A) in the present proof give the fol-
lowing criterion for the solvability of the local holomorphic Cauchy problem for Eq. (1.1),
where r, n ≥ 2 are arbitrary integers such that r is not divisible by n and P is an ar-
bitrary fixed operator of the form (1.4) with constant coefficients γk(t) = γk ≡ const,
k = 0, 1, . . . , r − 2. The Cauchy problem with the initial condition

L = L0 for t = t0

for Eq. (1.1) has a local holomorphic solution of the form L = ∂n
x +

∑n−2
j=0 uj(x, t)∂

j
x with

coefficients u0, u1, . . . , un−2 ∈ O(x0, t0) if and only if the condition LqA,a
0 ∈ Gev1/r holds

for some (and hence for any) choice of the parameters A and a. In this condition, the
letter L stands for the formal Laplace transform defined in [4] rather than for a solution
of Eq. (1.1).

On the basis of this criterion, we say that an initial condition L0 is a generic operator

if there exist parameters A and a such that LqA,a
0 ∈ Gevα for some α < 1/r. In this

case, Theorem 2(C) in [4] guarantees that all coefficients u0, u1, . . . , un−2 ∈ O(x0, t0) of
the solution L of the above-mentioned Cauchy problem admit analytic continuation to
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globally meromorphic functions on the entire space C2. The proof of claim (E) and hence
of the entire theorem is complete.

Remark 5. Although we do not claim that the set of generic operators is open or dense in
any topology on the set of all operators, it seems intuitively to be a right thing to say that
generic operators are, in a meaningful sense, a majority of all admissible initial conditions
in the local holomorphic Cauchy problem for Eq. (1.1). Here the situation is completely
similar to that for the heat equation. (Concerning the latter, e.g., see the survey [23] or
Section 2 in [4].) By a well-known criterion (essentially due to Kovalevskaya but stated
explicitly a quarter century after her work), the Cauchy problem

∂u

∂t
=

∂2u

∂x2
, u(x, t0) = u0(x)

has a local holomorphic solution u ∈ O(x0, t0) if and only if the germ u0 ∈ O(x0) admits
analytic continuation to an entire function of order ≤ 2 and of finite type for order 2. If
u0(x) is an entire function of order < 2 (this is an analog of generic initial conditions),
then the solution u(x, t) is an entire function on C2.

Returning to equations of Korteweg–de Vries type, note also that all of their finite-
gap solutions, as well as all solutions with converging Baker–Akhiezer function (see Re-

mark 2), are generic solutions. For these solutions, one actually has LqA,a
0 ∈ Gev0 for an

arbitrary choice of the parameters A and a.

§ 4. Proof of the Corollary

By changing the scale along the x- and t-axes, one can assume that the coefficients a
and b in Eq. (1.6) have the values a = − 1

3 and b = − 4
3 . Every solution u ∈ O(x0, t0) of

the resulting equation

(4.1)
∂2u

∂t2
= −1

3

∂4u

∂x4
− 4

3

∂

∂x

(
u
∂u

∂x

)
generates a solution u0, u1 ∈ O(x0, t0) (actually, even a one-parameter family of solutions)
of the Boussinesq system (1.3) by the formulas

(4.2) u0 =
1

2

(
ϕ+

∂u

∂x

)
, u1 = u,

where ϕ ∈ O(x0, t0) is an arbitrary solution of the system

(4.3)
∂ϕ

∂x
=

∂u

∂t
,

∂ϕ

∂t
= −1

3

∂3u

∂x3
− 4

3
u
∂u

∂x
,

whose necessary and sufficient solvability condition is given by Eq. (4.1). Indeed, by
substituting (4.2) into (1.3), we readily see that the first equation in (1.3) holds owing
to the second equation in (4.3) and the relation ϕxx = utx, which follows from the first
equation in (4.3), while the second equation in (1.3) is a straightforward consequence of
the first equation in (4.3).

Now the desired claim on the continuability of u(x, t) to a meromorphic function in S
follows directly from claim (D) of the theorem.

At this point, an example of a solution that is not continuable through any point of
the boundary of S can be given without resorting to the Boussinesq system. By the
Cauchy–Kovalevskaya theorem, the Cauchy problem for Eq. (1.6) with initial conditions

∂k
xu(x0, t) = ϕk(t), k = 0, 1, 2, 3,

has a local holomorphic solution u ∈ O(x0, t0) for an arbitrary choice of the germs
ϕk ∈ O(t0), k = 0, 1, 2, 3. For example, take a holomorphic function that is not mero-
morphically continuable through any boundary point of the disk |t − t0| < δ2 for ϕ0(t)
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and identically zero functions for the other ϕk(t). By applying the Cauchy–Kovalevskaya
theorem to all points of the disk {(x0, t) ∈ C2 : |t− t0| < δ2}, by the already proved part
of the corollary we obtain a meromorphic solution u(x, t) of Eq. (1.6) in the strip S.
Should this solution admit a meromorphic continuation into a neighborhood of some
boundary point (x1, t1) of the domain S, |t1 − t0| = δ2, it would follow from the already
proved part of the corollary that this solution admits a meromorphic continuation into a
neighborhood of the point (x0, t1), and hence the function ϕ0(t) = u(x0, t) would admit a
meromorphic continuation into a neighborhood of t1, which contradicts the choice of ϕ0.

A completely similar combination of the already proved part of the corollary with the
Cauchy–Kovalevskaya theorem shows that the envelope of meromorphy of an arbitrary
germ u ∈ O(x0, t0) satisfying Eq. (1.6) has the form C1

x ×X, where X is the envelope of
meromorphy of the family of germs ∂k

xu(x0, t) ∈ O(t0), k = 0, 1, 2, 3, that is, the largest
domain over C1

t where all these four germs can be continued meromorphically (see [3,
Section III.14.41]). On the other hand, every domain over C1 is a Stein manifold (e.g., see
[24, Corollary 26.8 and the subsequent remark]) and hence the envelope of meromorphy
of some family of four germs [3, Section III.14.41]. By taking these germs for the Cauchy
data, we obtain a local solution with any prescribed envelope of meromorphy of the form
C1

x ×X. This proves all claims of the corollary.

Remark 6. Let us indicate some other widely known nonlinear evolution equations for
which all claims of the corollary hold. (Throughout the following, a, b ∈ C \ {0}, c ∈ C,
and the subscripts indicate partial derivatives with respect to the corresponding vari-
ables.)

(A) The Korteweg–de Vries equation ut = auxxx + buux.
(B) The modified Korteweg–de Vries equation ut = auxxx + bu2ux.
(C) The potential Korteweg–de Vries equation ut = auxxx + bu2

x.
(D) The nonlinear Schrödinger equation ut = auxx + bu|u|2 + cu, where |u|2 is by

definition understood as u(x, t)u(x, t). If we restrict ourselves to real values of the vari-
ables (x, t) ∈ R2 and choose the constants a, b, and c appropriately, then we obtain
the following versions of the nonlinear Schrödinger equation, which have straightforward
physical meaning and are the main subject of study in the first part of the book [25]:
the focusing NLS equation, the defocusing NLS equation, and the NLS equation with
boundary conditions of finite density (see [25, Part I, Chapter I, Section 11, Remark 2]).

The claim in the corollary on the meromorphic continuation of an arbitrary solution
from a bidisk into a strip can be obtained for equations (A), (B), and (D) by a straight-
forward application of Theorem 2(B) in [4]. (The representation of these equations with
appropriate a, b, and c in the form (3.2) is well known and can be found, e.g., in (D)
and (E) at the end of Section 2 in [20].) Equation (C) cannot be represented in the
form (3.2), but the derivative v := ux of its arbitrary solution u(x, t) holomorphic in the
bidisk D satisfies the equation vt = avxxx +2bvvx of the form (A) and admits meromor-
phic continuation into the strip S by what was already proved. Furthermore, we readily
find from Lemma 4 and formula (2.5) in the present paper that every solution of the
Korteweg–de Vries equation (A) (which can always be reduced by scaling along the x-
and t-axes to the form (1.2) with γ1(t) ≡ 0) has only poles of second order with zero
residue with respect to x. Thus, the antiderivative of this solution with respect to x is
globally meromorphic for each t as well, and hence the original solution of equation (C)
is meromorphic in S.

Now the second part (the last two paragraphs) of the proof of the corollary can be
carried out without any modifications for all equations in question except for (D), where a
slight generalization of the Cauchy–Kovalevskaya theorem (still covered by the standard
proof using the majorant method) is needed.
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