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PARALLELOHEDRA: A RETROSPECTIVE AND NEW RESULTS

N. P. DOLBILIN

Abstract. Parallelohedra are polyhedra that partition Euclidean space with par-
allel copies. This class of polyhedra has applications both in mathematics and in
the natural sciences. An important subclass of parallelohedra is comprised of the
so-called Voronŏı parallelohedra, which are Dirichlet–Voronŏı domains for integer
lattices. More than a century ago Voronŏı stated the conjecture that every parallelo-
hedron is affinely equivalent to some Voronŏı parallelohedron. Although considerable
progress has been made, this conjecture has not been proved in full. This paper con-
tains a survey of a number of classical theorems in the theory of parallelohedra,
together with some new results related to Voronŏı’s conjecture.

General information about parallelohedra

Parallelohedra have applications in mathematics and then natural sciences. Multi-
dimensional parallelohedra are applied to the geometry of numbers, combinatorial ge-
ometry and coding theory. A three-dimensional parallelohedron gives a model of the
fundamental cell of a crystal and plays an important role in geometric crystallography,
structural chemistry and solid-state physics. This class of polyhedra is also interest-
ing in its own right. On the one hand, it is completely described by simple conditions
(the Minkowski–Venkov criterion), and on the other hand, as we shall see, this class is
very numerous and many natural questions on combinatorics of parallelohedra remain
unsolved.

Both the notion and the term parallelohedron were introduced by the prominent crys-
tallographer Fëdorov [1] in 1885. The term is related to the fact that, for a polyhedron
partitioning space with parallel copies, every face1 (in multi-dimensional space, hyper-
face) has an equal and opposite parallel face of codimension 1.

Recall that a partition of space into polyhedra is defined as an arrangement of poly-
hedra {P1, P2, . . .} in E

d such that

(1) pairwise they do not overlap, that is, they have no common interior points:

Int(Pi) ∩ Int(Pj) = ∅;

(2) their union forms a covering of space:⋃
i

Pi = E
d.

The polyhedra Pi that form a partition are also called cells. We shall only consider
partitions into convex cells and say that a partition is normal if any two of its cells which
intersect (over a boundary) intersect over an entire face of some dimension.
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Figure 1. Cube; hexagonal prism; rhombic dodecahedron

A parallelohedron of dimension d is defined to be a closed convex Euclidean d-dimen-
sional polyhedron P ⊂ E

d which, together with its parallel copies, gives a normal parti-
tion of the space E

d.
If a partition T into parallelohedra is normal, it is uniquely defined by the parallelo-

hedron P itself and its position in space. Indeed, in the partition T , along with the
parallelohedron P , consider all the parallelohedra P1, . . . , Pm adjacent to it over all m
hyperfaces, and the vectors t1, . . . , tm such that P + ti = Pi, i = 1, . . . ,m. Any other
parallelohedron P ′ ∈ T is situated parallel to the parallelohedron P , and therefore each
translation ti also takes P ′ to a parallelohedron P ′ + ti of the partition T adjacent to
P ′ over the corresponding hyperface. Thus, the translation ti leaves the partition T
invariant: T + ti = T .

Thus, the group Λ generated by the translations ti is a translation subgroup of the
full symmetry group of the partition T . The group Λ acts transitively on the set of
parallelohedra of the partition T . Obviously,

Λ =

{
m∑
i

niti, ni ∈ Z

}
.

It is known (see [5]) that the group Λ is an integer lattice of rank d, that is, there exists

a basis E = {e1, . . . , ed} in Λ consisting of exactly d vectors such that Λ =
{∑d

i niei,

ni ∈ Z
}
(see also Problem 1 in § 6 of this paper).

Thus, by normality the partition T into parallelohedra is a lattice partition in the sense
that T = P + Λ for some lattice Λ. This remark is equivalent to the fact, important in
crystallography, that a parallelohedron is a fundamental domain for the discrete group
of parallel translations of a lattice.

Fëdorov found all five combinatorial types of three-dimensional parallelohedra (see
Figures 1 and 2). These are the cube, hexagonal prism, two dodecahedra (the rhom-
bic dodecahedron and elongated dodecahedron), and one more parallelohedron with 14
faces. This is the so-called truncated octahedron. Recall that two polyhedra are com-
binatorially equivalent if there exists a bijection between the sets of their faces of all
dimensions, partially ordered by inclusion, that preserves the dimensions and incidence
of the corresponding faces.

When deriving the three-dimensional parallelohedra, Fëdorov used the fact that par-
allelohedra are centrally symmetric polyhedra. He thought this was self-evident, because
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Figure 2. Elongated dodecahedron; truncated octahedron

a partition is a lattice by nature. However, as is shown by examples, if we do not re-
quire that the cell of a partition into parallel copies be convex, then, although the lattice
nature of the partition is preserved, the cell does not have to be centrally symmetric.
In order to prove this “self-evident” fact, Minkowski discovered and proved his amazing
theorem on convex polyhedra (see [2]), from which he immediately obtained the central
symmetry of a parallelohedron.

In a partition consider two adjacent parallelohedra P and Pi with a common hyperface
Fi and the segment OOi connecting their centres. The fact that the parallelohedron is a
centrally symmetric polyhedron implies that the symmetry with respect to the midpoint
O′

i of the segment OOi interchanges the parallelohedra P and Pi and leaves invariant
the common hyperface Fi. The vectors ti =

−−→
OOi, i = 1, 2, . . . ,m, are called facet vectors

(facet is another term for a hyperface).
Minkowski found the upper estimate 2(2d − 1) for the number of hyperfaces of a d-

dimensional parallelohedron (Theorem 1.4). This estimate is exact: in a space of any
dimension there exist so-called primitive parallelohedra with exactly 2(2d−1) hyperfaces.
Recall that a parallelohedron is said to be primitive if at every vertex the minimum
number of cells for the given dimension d meet, namely d+ 1.

At the same time there exist a huge number of nonprimitive parallelohedra for which
the estimate 2(2d − 1) is strictly greater than the number of hyperfaces they have. In
this paper (§ 3) we derive Minkowski’s estimate from the index theorem (Theorem 3.1),
which was proved by the author in [21]. The index theorem not only implies Minkowski’s
estimate but also gives an explanation of why there is a difference between this estimate
and the number of hyperfaces that nonprimitive parallelohedra have.

Note that Minkowski’s theorem on necessary conditions was supplemented by the
converse theorem on sufficient conditions (Venkov [7]; see also [9], [16], and [17]). The
Minkowski–Venkov criterion shows that parallelohedra have so-called belts (see Defini-
tion 1) of length either 4 or 6.

If all the belts of some parallelohedron have length 4, then it is a parallelepiped.
However, allowing parallelohedra to have belts of length 6 changes the picture funda-
mentally. Despite the simplicity of the criterion, the realm of parallelohedra is striking
in its numerousness and diversity. For example, in 4-dimensional space there are in total
52 combinatorial types of parallelohedra (Delone [4], Aleksandrov and Shtogrin [12]). In
5-dimensional space all 222 combinatorial types of primitive parallelohedra have been
determined (Ryshkov and Baranovskĭı [10], Engel and Grishukhin [18]). Engel’s calcu-
lations show that combinatorial types of 5-dimensional parallelohedra are numbered in
thousands [13], and of 6-dimensional in millions.
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In 1908 Voronŏı proved a deep theorem that every primitive parallelohedron is affinely
equivalent to some parallelohedron that is a Dirichlet–Voronŏı domain for an integer
lattice. Such parallelohedra are now universally called Voronŏı parallelohedra.

Voronŏı’s strategy was to reduce the problem of enumerating the types of all parallelo-
hedra to enumerating the types of Voronŏı parallelohedra. Voronŏı stated the conjecture
that every parallelohedron (not just the primitive ones, as he proved) is affinely equivalent
to some Voronŏı parallelohedron. Then he constructed the theory of Voronŏı parallelo-
hedra, which in fact contains a method for enumerating all the combinatorial types of
d-dimensional Voronŏı parallelohedra for a given dimension d. As for Voronŏı’s con-
jecture, it remains unproved, even though Zhitomirskĭı strengthened Voronŏı’s theorem
substantially [6], and there have been other results obtained in this direction (see, for
example, [14], [19], [25]).

Note that Voronŏı’s theorem is an existence theorem — there exists at least one
Voronŏı parallelohedron in the affine class of every primitive parallelohedron. In this
paper a uniqueness theorem for the parallelohedron is proved under the most general
conditions on the parallelohedron for which this theorem remains true. In fact, the
first uniqueness theorem appeared in [11], where it was proved that for every primitive
parallelohedron, the Voronŏı parallelohedron in its affine class is unique up to similarity.
In particular, this theorem implies that in a given domain of common Voronŏı type, two
Voronŏı parallelohedra are either similar to each other or are affinely nonequivalent. This
caused some surprise, because it is well known that, by contrast, the Delone partitions
dual to Voronŏı partitions within a given domain of type all, without exception, belong
to the same affine class.

In our paper we present a retrospective view of the important results in the theory of
parallelohedra that relate directly to the further contents of the paper. In what follows,
the class of standard faces is distinguished in the lattice of faces of a parallelohedron. We
have succeeded in reformulating and reproving several classical theorems on parallelohe-
dra in terms of standard faces, and also obtained a number of new results. For example,
we derive the upper estimate for the number of hyperfaces from the index theorem. In
conclusion we give a purely geometric proof of the theorem that the Voronŏı parallelo-
hedron in the affine class of a given parallelohedron is unique, under the most general
conditions on the polyhedron. Note that the uniqueness theorem does not hold under
weaker conditions.

§ 1. Minkowski’s theorems on parallelohedra

Theorem 1.1 (Minkowski [2]). If P is a d-dimensional parallelohedron, then

(1) P is centrally symmetric;
(2) all its hyperfaces are centrally symmetric;
(3) the projection of P along each of its (d−2)-faces onto the complementary 2-plane

is either a parallelogram or a centrally symmetric hexagon.

As we have already said, the main thing is to prove condition (1). This condition
follows from the celebrated Minkowski theorem on convex polyhedra.

Let P be a bounded convex polyhedron with m hyperfaces F1, . . . , Fm. Let ni denote
the outward normal to the hyperface Fi, and si its (d − 1)-dimensional volume. The
set of vectors N := {s1n1, . . . , smnm} is called the hedgehog of the polyhedron P . It is
easy to show that the hedgehog of every bounded polyhedron satisfies the following two
conditions:

(1) dim span(N ) = d;
(2)

∑m
i=1 sini = 0.
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Theorem 1.2 (Minkowski [2], 1897; see also [8]). Suppose that N = {N1, . . . ,Nm} is
a set of vectors in d-dimensional space satisfying the conditions

(1) dim span(N ) = d;
(2)

∑m
i=1 N i = 0.

Then there exists a convex d-polyhedron P with m hyperfaces for which the set N is the
hedgehog.

Moreover, the polyhedron P is determined by its hedgehog N uniquely up to a parallel
translation.

Proving the uniqueness in this theorem is quite difficult. But it is the fact of uniqueness
that implies many useful consequences, in particular the following.

Corollary 1.1. A convex polyhedron, each of whose hyperfaces has a hyperface parallel
to it with the same (d− 1)-dimensional volume, is centrally symmetric.

It is easy to see that the hedgehog N of a polyhedron P satisfying the hypotheses of
Corollary 1.1 is centrally symmetric. Next, a symmetry (with centre at an arbitrary point
of space) takes the polyhedron P to a polyhedron P ′ symmetric to it. The hedgehog of
the polyhedron P ′ is symmetric to the hedgehog N . But since the hedgehog N of the
polyhedron P is centrally symmetric, the polyhedra P and P ′ have the same hedgehogs.
Hence the polyhedron P ′, on the one hand, is symmetric to the polyhedron P . On the
other hand, these polyhedra, by Minkowski’s theorem, can be superposed by a parallel
translation. This immediately implies that the polyhedron P has a centre of symmetry.

Since the set of all hyperfaces of a parallelohedron is divided into pairs of parallel
hyperfaces, equal to each other, the parallelohedron is centrally symmetric (see part (1)
of Theorem 1.1).

Theorem 1.3 (Aleksandrov, d = 3; Shephard, d > 3). A convex d-polyhedron (d > 2),
all of whose hyperfaces are centrally symmetric, is also centrally symmetric.

By this theorem, properties (1) and (2) in Theorem 1.1 are not independent. Prop-
erty (1) follows from property (2). Nevertheless, property (1) is always included in the
statement of the theorem because in all the proofs of Theorem 1.1 which are known at
present (1) is proved first, and (2) is derived using (1). Here we shall give a new, quite
simple proof of the Aleksandrov–Shephard theorem.

But before we do this we introduce the notion of a belt for d-polyhedra with centrally
symmetric hyperfaces. Consider a (d − 2)-dimensional face F d−2 ⊂ F . The hyperface

F (= F1) contains the face F d−2
2 symmetric to F d−2(= F d−2

1 ) with respect to the centre

of the hyperface F1. Now let F d−2
2 be the common (d−2)-face for the hyperfaces F1 and

F2: F d−2
2 = F1 ∩ F2. Also let the face F d−2

3 ⊂ F2 be symmetric to the face F d−2
2 with

respect to the centre of the hyperface F2, and so on.
In this fashion we can construct a closed chain of some number p of hyperfaces

F1(= F ), F2, . . . , Fp, Fp+1 = F1 of the polyhedron such that every pair of consecutive

hyperfaces Fi−1, Fi has a common face F d−2
i = Fi−1 ∩ Fi for i = 2, . . . , p + 1, and

F d−2
1 = Fp ∩ F1 for i = 1.

Definition 1. The chain of hyperfaces described above is called the belt B = B(F d−2)
corresponding to the face F d−2.

All the intermediate (d− 2)-faces F d−2
1 , F d−2

2 , . . . , F d−2
p in the belt are connected by

the symmetries with respect to the centres of hyperfaces: the face F d−2
i , i > 1, is obtained

from the face F d−2
1 by the composition of the symmetries with respect to the centres of

the hyperfaces F1, F2, . . . , Fi−1.
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Hence all the faces F d−2
i are congruent to one another and lie in pairwise parallel

(d−2)-planes aff(F d−2
i ), which are parallel to the hyperplane aff(F ). Thus, if we project

the polyhedron along the (d − 2)-plane aff(F d−2) onto the orthogonal complement Π,
then in the 2-plane Π we obtain a p-gon whose sides are the projections of the hyperfaces
of the belt B and whose vertices are the projections of the faces F d−2

i , i = 1, 2, . . . , p.

Proof of Theorem 1.3. We claim that for any hyperface F of a polyhedron P with cen-
trally symmetric hyperfaces there is an equal and parallel opposite hyperface F ′. By
Minkowski’s theorem this will imply the central symmetry of the d-dimensional polyhe-
dron (see Corollary 1.1).

Take a hyperface F , a (d − 2)-subface F d−2 ⊂ F , and the corresponding belt B =
B(F d−2).

Consider the hyperplane of support H containing the hyperface F = H ∩ P , and the
other parallel hyperplane of support H ′. We claim that the hyperplane of support H ′

also contains a hyperface of the polyhedron P . Let π : P → Π be the projection of the
polyhedron P along aff(F d−2) onto the orthogonal 2-complement Π.

Obviously, h := π(H) and h′ := π(H ′) are straight lines of support for the polygon
M := π(P ). Furthermore, the straight line of support h contains a side of the polygon
M , while the straight line h′ contains at least one vertex v of the polygon. This means
that the hyperplane H ′ contains the pre-image π−1(v):

H ′ ⊃ π−1(v) = aff(F d−2
k ) ⊃ F d−2

k .

Thus, the hyperplane of support H ′ parallel to the hyperplane H ⊃ F must contain,
if not a hyperface, then at least some (d− 2)-face F d−2

k parallel to the face F d−2 ⊂ F .

Consider another (d − 2)-face F
′d−2 in the hyperface F that is not parallel to the

(d − 2)-face F d−2. We can repeat the same arguments for it as for F d−2. Since the
hyperplane of support H ′ parallel to the plane H of the hyperface F , is unique, H ′

contains a (d − 2)-face F
′d−2
l parallel to the face F

′d−2. Thus, the plane of support
H ′ contains at least two faces of codimension 2 that are not parallel to each other, and
therefore it contains the whole hyperface F ′ that is parallel to the hyperface F .

By conducting the same arguments for any face F
′′d−2 ⊂ F of codimension 2 we

obtain a face in the hyperface F ′ parallel to it. Since hyperfaces are centrally symmetric,
for every pair of mutually symmetric faces of codimension 2 contained in the hyperface
F there is a parallel pair of faces congruent to them in the hyperface F ′. Thus, we have
two (d−1)-dimensional polyhedra F and F ′ that lie in parallel (d−1)-planes. Moreover,
for every pair of mutually symmetric (d−2)-faces of the polyhedron F , in the polyhedron
F ′ there is a parallel pair of congruent (d−2)-faces that are also symmetric to each other
with respect to the centre of the polyhedron F ′. Applying Minkowski’s theorem to the
(d− 1)-polyhedra F and F ′ we see that they are congruent and situated in parallel.

Thus, we have proved that in the d-polyhedron P every hyperface F has a hyperface F ′

congruent to it and situated in parallel. The hedgehog of such a polyhedron is centrally
symmetric. By Minkowski’s theorem the d-polyhedron P is also centrally symmetric. �

We present another important theorem of Minkowski’s.

Theorem 1.4. The number fd−1 of hyperfaces in a d-parallelohedron satisfies the in-
equality

fd−1 ≤ 2(2d − 1).

Recall that the estimate is best-possible. Note also that among d-parallelohedra, it is
the parallelepiped one that has the minimal number of hyperfaces: 2d.
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Figure 3. Examples of standard faces

§ 2. Standard faces

The definition of a standard face of a parallelohedron was introduced by the author;
this subsequently proved to be useful (see [21], and also [20]). In addition, this definition
is suitable for any normal partition into polyhedra. Let T be a normal (locally finite)
partition of space into convex polyhedra, and let P, P ′ ∈ T be cells that have nonempty
intersection: P ∩ P ′ �= ∅. Since T is normal, the intersection P ∩ P ′ is the face F i

common to these cells, with some dimension i, 0 ≤ i ≤ d− 1. However, not every face of
the partition can be represented as the intersection of two cells.

Definition 2. A face F i in a partition T is said to be standard if it can be represented
as the intersection F i = P ∩ P ′ of two cells P and P ′ in T .

Obviously, in a normal partition every hyperface is standard and every face of the
partition is contained in some standard face.

We will now restrict ourselves to parallelohedra. Since a given parallelohedron deter-
mines the partition uniquely, in the case of a partition into parallelohedra we can speak
not of a standard face of the partition but of a standard face of the parallelohedron itself.
There are parallelohedra such that not every face is standard. In fact, if a parallelohedron
is primitive, then none of its faces, apart from the hyperfaces, are standard [21]. A face
of codimension 2 is standard if and only if the corresponding belt (see Definition 1) has
length 4. For faces of other dimensions, conditions for a face to be standard in terms of
the parallelohedron itself are unknown.

We consider several examples. In a partition of the plane into hexagons, any nonempty
intersection of two cells must be a common side, but not a vertex.

In a d-parallelepiped, all faces of any dimension i, 0 ≤ i ≤ d − 1, are standard (see
Figure 3).

In a three-dimensional hexagonal prism, all the 2-faces and the 12 edges lying in the
bases are standard. But all of its 6 lateral edges and its 12 vertices are not standard
faces.

Recall some facts about standard faces in [21]:
1. A standard face of a parallelohedron is centrally symmetric, and the centre of

symmetry of a standard face is a point of the set 1
2 (Λ \ 2Λ).

2. Conversely, any point in 1
2 (Λ \ 2Λ) is the centre of symmetry of a standard face F

of a parallelohedron in the partition T .
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Note that being centrally symmetric is not a sufficient condition for a face to be stan-
dard. For example, every edge is centrally symmetric, but not every edge is a standard
face. For example, as mentioned above, a lateral edge of a hexagonal prism is not a
standard face.

Recall that the set of all parallelohedra of a partition meeting at a face F of the
partition is called the star St(F ) of the face F . Suppose that a face F of a partition
is not standard, and let parallelohedra P and P ′ belong to the star St(F ). Then their
common face F ′ = P ∩ P ′ is a standard face, which contains the nonstandard face F as
a proper subface.

This implies that if the codimension of a face F is equal to 2 and the face F is not
standard, then every two parallelohedra in St(F ) must have a common hyperface. But
this is possible if and only if exactly three parallelohedra meet at the (d− 2)-face.

If, however, a (d−2)-face F is standard, then St(F ) contains at least 4 parallelohedra.
Also, since any two parallelohedra P and P ′ in St(F ) that intersect only in the face F
(P ∩P ′ = F ) must be mutually symmetric with respect to the centre of symmetry of the
face F , it follows that there are at most four parallelohedra in St(F ).

Definition 3. The degree deg(F ) of an arbitrary face F in a partition T is the number
of parallelohedra in St(F ).

What has just been said implies the following.

Corollary 2.1. The degree of a (d− 2)-face of a parallelohedron is equal to either 3 or
4. Moreover, deg(F d−2) = 4 if and only if F d−2 is standard.

This assertion is equivalent to property (3) in Minkowski’s Theorem 1.1 (see [21]).
Thus, property (3) of Theorem 1.1 is derived from the properties of a standard (d− 2)-
face of a parallelohedron.

§ 3. The index theorem and an estimate for the number of hyperfaces

We are given a partition into parallelohedra, and F is an arbitrary face of the partition.

Definition 4. The index of a face F is the number ν(F ) inverse to its degree: ν(F ) :=
1

deg(F ) .

Clearly, the index of any hyperface is equal to 1
2 . The index of a (d − 2)-face of a

parallelohedron is equal to 1
4 if the face is standard, and to 1

3 otherwise. Next, since for

any (d− i)-dimensional face F d−i its degree satisfies deg(F d−i) ≤ 2i (see [24]), we have
ν(F d−i) ≥ 1

2i .
The set of all standard faces of a parallelohedron P is denoted by S .

Theorem 3.1 (Index Theorem, [21]). Given an arbitrary parallelohedron the sum of
indices of all its standard faces is equal to 2d − 1, that is,

(1)
∑

F∈S

ν(F ) = 2d − 1.

The index theorem immediately implies Minkowski’s upper estimate (Theorem 1.4) for
the number of hyperfaces in a d-dimensional parallelohedron. We introduce the following
notation:

S i is the set of all standard i-faces in P ,
S ′ is the set of all standard i-faces in a parallelohedron P for i ≤ d− 2.
Obviously, S = S d−1 ∪ S ′ and |S d−1| = fd−1. Relation (1) implies

(2) 2d − 1 =
∑

F∈S

ν(F ) =
∑

F∈S d−1

ν(F ) +
∑

F∈S ′
ν(F ) ≥ 1

2
fd−1,
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whence we obtain Minkowski’s estimate:

(3) fd−1 ≤ 2(2d − 1).

Since in a primitive parallelohedron only hyperfaces are standard faces, that is, S ′ =
∅, for primitive parallelohedra equality in (3) is attained. Note that starting from d = 4
there are nonprimitive d-parallelohedra with 2(2d − 1) hyperfaces (oral communication
from Shtogrin). It follows from relation (1) that such parallelohedra have no other
standard faces, except for hyperfaces.

However, if S ′ �= ∅ for a parallelohedron, then by (2) the number of hyperfaces
diminishes:

(4) fd−1 = 2(2d − 1)− 2
∑

F∈S ′

ν(F ).

§ 4. Voronŏı’s conjecture

Let Λ ⊂ E
d be an integer lattice of rank d, let V (Λ) be the Voronŏı partition of

the space E
d for the lattice Λ, and let V (λ) be the Voronŏı domain for a point λ ∈ Λ.

First, the Voronŏı partition is normal. Second, since the lattice is the orbit of a point
with respect to the translational group of the lattice, the Voronŏı domains for points of
the lattice are congruent and are taken to one another by parallel translations. Thus,
the Voronŏı cell for a point of the lattice is a parallelohedron, which is called a Voronŏı
parallelohedron.

Not every parallelohedron is a Voronŏı parallelohedron. For example, for d = 2
two-dimensional parallelohedra (parallelograms and centrally symmetric hexagons) are
Voronŏı parallelohedra if and only if they are inscribed in a circle.

Consider the star of a face St(F k). We say that a parallelohedron P is primitive at
the face F k ⊂ P if deg(F k) = d+ 1− k.

It is easy to verify that if a parallelohedron is primitive at a face F k, then it is primitive
at any of its overfaces Fm ⊃ F k, m > k, that is, deg(Fm) = d+ 1−m.

Hence a primitive parallelohedron is primitive at any of its faces. Generally speaking,
this property does not extend in the reverse direction: for example, a rhombic dodeca-
hedron is primitive at every edge, but is not primitive at some vertices.

Theorem 4.1 (Voronŏı [3], 1908). Any primitive parallelohedron is affinely equivalent
to some Voronŏı parallelohedron.

Voronŏı also conjectured that any parallelohedron is affinely equivalent to some Voronŏı
parallelohedron (Voronŏı’s conjecture).

Theorem 4.2 (Zhitomirskĭı [6]). A parallelohedron that is primitive at every (d−2)-face
is affinely equivalent to some Voronŏı parallelohedron.

Zhitomirskĭı’s theorem can be reformulated in terms of standard faces: if a parallelo-
hedron has no standard faces of codimension 2, then it is affinely equivalent to some
Voronŏı parallelohedron.

Following Zhitomirskĭı’s theorem, Voronŏı’s conjecture only remains to be proved for
those parallelohedra that have standard (d− 2)-dimensional faces. Ordin [19] has an in-
teresting result which further strengthens Zhitomirskĭı’s result, and very recently another
result was obtained that also strengthens Zhitomirskĭı’s theorem (see [25]).

Let F d−2
s denote the union of all closed standard faces of codimension 2 of a paral-

lelohedron P .

Theorem 4.3 (Gavrilyuk, Garber and Magazinov [25]). Let P be a parallelohedron such
that Q := ∂P \ F d−2

s is a simply connected (d − 1)-dimensional manifold. Then P is
affinely equivalent to some Voronŏı parallelohedron.
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Standing somewhat away from the Voronŏı–Zhitomirskĭı direction there is the well-
known result of Erdahl, who proved Voronŏı’s conjecture for parallelohedra that are
zonotopes, that is, polyhedra that can be represented as the Minkowski sum of finitely
many segments [14]. For d ≤ 4 all parallelohedra are zonotopes. However, starting
with d = 5 the class of parallelohedra-zonotopes no longer contains the entire class of
all parallelohedra that have no standard (d − 2)-faces (the Zhitomirskĭı case), while on
the other hand this class contains a significant part of the parallelohedra with standard
(d− 2)-faces.

Along with the partition into Voronŏı parallelohedra, there is the Delone partition
constructed for the same lattice. In fact, the theory of Voronŏı and Delone partitions
dual to each other was developed by Delone for quite arbitrary discrete sets, the so-called
(r, R)-systems (nowadays called Delone sets). For example, Theorem 4.4 below holds for
arbitrary Delone sets rather than just lattices.

Let Λ ⊂ E
d be a point lattice; a d-polyhedron D is called a Delone polyhedron for this

lattice Λ if it satisfies the following two conditions:

(1) Vert(D) = Λ ∩ Sd−1, where Sd−1 is some (d− 1)-sphere;
(2) there are no points in Λ inside the sphere Sd−1.

Theorem 4.4 (Voronŏı [3], Delone [5]). The set of all Delone polyhedra possible for a
given lattice is a normal partition, the so-called Delone partition2 of the space E

d. The
partition into Voronŏı parallelohedra and the Delone partition for a lattice Λ are dual to
each other. Every face F k of the Voronŏı partition corresponds to a (d−k)-face Dd−k(F k)
of the Delone partition, and vice versa; furthermore, aff(F k) ⊥ aff(Dd−k(F k)).

Theorem 4.4 implies the following.

Proposition 4.1. The vertices of the Delone partition lie at the centres of the Voronŏı
parallelohedra, and the vertices of the parallelohedra lie at the centres of the spheres
circumscribed about the Delone polyhedra. If a parallelohedron is primitive, then the
Delone partition is simplicial (the Delone triangulation), and if the parallelohedron is
primitive at a k-face, then the corresponding (d− k)-face is a simplex.

§ 5. The uniqueness of a Voronŏı parallelohedron

As already mentioned, the following uniqueness theorem was proved in [11].

Theorem 5.1 (Michel, Ryshkov and Senechal). For every primitive parallelohedron P
there exists a unique affinely equivalent Voronŏı parallelohedron, up to similarity.

This theorem was strengthened significantly in [23]. Indeed, a parallelohedron P
is said to be semiprimitive if any two of its hyperfaces can be connected by a path
passing from hyperface to hyperface only via nonstandard (d− 2)-dimensional faces. In
the case of a primitive parallelohedron P there are no standard faces of codimension
2, and so this condition is satisfied because its boundary ∂P is a strongly connected
(d− 1)-complex. Hence a primitive parallelohedron is also semiprimitive. Furthermore,
the parallelohedra mentioned in Zhitomirskĭı’s theorem, that is, parallelohedra that are
primitive at all (d − 2)-dimensional faces, also have no standard faces of codimension
2 and are therefore semiprimitive. In three-dimensional space, apart from the unique
primitive parallelohedron — the truncated octahedron — there are also two semiprimitive
parallelohedra: the elongated dodecahedron and rhombic dodecahedron.

2Voronŏı and Delone called this partition an L-partition; an amusing story about the origin of the
term Delone partition can be found in [22].
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Theorem 5.2 (Dolbilin, Itoh and Nara [23]). For any semiprimitive parallelohedron
P there exists at most one Voronŏı parallelohedron (up to similarity) that is affinely
equivalent to P .

Here we say “at most one” because, by contrast with those subclasses of parallelohedra
for which the existence of an affinely equivalent Voronŏı parallelohedron is already es-
tablished, the analogous problem for the class of semiprimitive parallelohedra as a whole
remains unsolved. Below we present a significantly improved proof of Theorem 5.2.

Proof. First we prove the theorem for the two-dimensional case.

Lemma 5.1. For every convex centrally symmetric hexagon there exists a unique affinely
equivalent hexagon inscribed in a unit circle.

Thus, let P be a centrally symmetric hexagon. It is easy to see that such a convex
hexagon is inscribed in an ellipse. We transform the circumscribed ellipse into a unit
circle by a suitable affine transformation ϕ. Let PV = ϕ(P ). We say that a hexagon
inscribed in a unit circle is normalized. For a centrally symmetric normalized hexagon
PV we can distinguish three central angles, α, β, γ, based on its sides. We can assume
without loss of generality that these angles satisfy the following inequalities:

α ≤ β ≤ γ, α+ β + γ = π.

Obviously, two normalized hexagons H(α, β, γ) and H(α′, β′, γ′) are affinely equivalent
to each other if and only if they are isometric: (α = α′, β = β′, γ = γ′).

Thus, any centrally symmetric hexagonH is affinely equivalent to a unique normalized
hexagonHV , up to isometry. Since a normalized hexagon is inscribed in a circle, it is easy
to see that for the lattice of centres of parallel copies of such a hexagon in a partition, the
normalized hexagon is a Voronŏı domain and therefore is a (two-dimensional) Voronŏı
parallelohedron. The lemma and theorem for the case d = 2 are proved.

We now consider a semiprimitive parallelohedron P , and let PV and P ′
V be two Voronŏı

parallelohedra affinely equivalent to the parallelohedron P , and therefore equivalent to
each other. We claim that two mutually affinely equivalent semiprimitive Voronŏı paral-
lelohedra PV and P ′

V are similar.

Consider a nonstandard face F d−2
1 of codimension 2 in PV (if there were no such

faces the complex Q would not be strongly connected). The belt B(F d−2
1 ) consists of

six hyperfaces. The corresponding facet vectors of this belt lie in one 2-plane Π1. Every
facet vector in a Voronŏı parallelohedron is orthogonal to the corresponding hyperface,
and hence it is also orthogonal to any of its proper subfaces. Hence the plane Π1 is
orthogonal to the (d− 2)-face F d−2

1 .
Let the hexagon H1 be the projection p1(PV ) of the parallelohedron PV along the

(d−2)-plane of the face F d−2
1 onto the orthogonal 2-plane Π1. (Note that the intersection

PV ∩ Π1, generally speaking, does not coincide with H1.) Since the facet vectors of the
belt belong to the plane Π1, under this projection they remain fixed (are projected to
themselves). The hexagon H1 has the following properties:

1) The hexagon is centrally symmetric.
2) Since the facet vectors in any parallelohedron pass through the centres of hyperfaces,

the facet vectors of the belt under consideration pass through the midpoints of the sides
of H1.

3) Since the facet vectors in the Voronŏı parallelohedron PV are orthogonal to the
hyperfaces, the facet vectors of the belt under consideration are perpendicular to the
sides of the hexagon H1, which lie in the planes of hyperfaces of this belt.

4) It follows from 1)–3) that the hexagon H1 is inscribed in a circle of some radius.
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A similar conclusion can also be drawn about the corresponding hexagon H ′
1 in the

parallelohedron P ′
V : the hexagon H ′

1 is also inscribed in a circle of some, generally
speaking, different radius.

Thus, if the parallelohedra PV and P ′
V are affinely equivalent, ϕ(PV ) = P ′

V , then the
hexagons H1 and H ′

1 are also affinely equivalent. By Lemma 5.1 the restriction ϕ|Π1
of

the affine transformation ϕ to the plane Π1 is a similarity transformation of the hexagon
H1 to H ′

1 with some coefficient μ, possibly μ = 1.

We now consider the belt B(F d−2
2 ) generated by another nonstandard face F d−2

2 .
Suppose that this belt intersects the first belt in a hyperface with facet vector t, say,
and consists of six hyperfaces. The six facet vectors of the new belt lie in a 2-plane
Π2. The projection p2(P ) onto the plane Π2 is a centrally symmetric hexagon H2, for
which the facet vectors are vectors starting at the centre of the hexagon, passing though
the midpoints of the sides of the hexagon, and perpendicular to these sides. Hence the
hexagon H2 is inscribed in a circle, the radius of which is, generally speaking, different
from the radius of the circle circumscribed about H1.

Similar arguments can be conducted for the corresponding hexagon H ′
2 in the paral-

lelohedron P ′
V . The restriction ϕ|Π2

of the affine transformation ϕ to the plane Π2 is
a similarity. We point out that both restrictions ϕ|Π1

and ϕ|Π2
take one and the same

facet vector t in the parallelohedron PV to the corresponding facet vector t′ in the par-
allelohedron P ′

V . Hence both restrictions are similarity transformations with the same
coefficient μ.

Since the parallelohedron PV is semiprimitive, it is possible to pass from any of its
hyperfaces to any other hyperface via nonstandard (d− 2)-faces over a chain of belts
B1, B2, . . . , Bk in which every two adjacent belts have a common hyperface (and the one
antipodal to it). The corresponding restriction ϕ|Πi

, where Πi is the 2-plane of facet
vectors of the belt Bi, is a similarity transformation with one and the same coefficient μ
for any i = 1, 2, . . . , k.

Thus, the affine transformation ϕ is such that for every facet vector t in the parallelo-
hedron PV and its ϕ-image t′ := ϕ(t) in the parallelohedron P ′

V ; we have |t′| = μ|t|.
Since this relation between the length of a vector and of its image holds for all facet vec-

tors, and the set of all facet vectors t of the parallelohedron P generates a d-dimensional
space, the affine transformation ϕ such that ϕ(PV ) = P

′

V is a similarity transformation
with coefficient μ. �

Corollary. If PV and P ′
V are combinatorially equivalent semiprimitive Voronŏı paral-

lelohedra, then they are either similar to each other (in particular, congruent) or they
are not affinely equivalent.

§ 6. Three unsolved problems

Proving (or refuting) Voronŏı’s conjecture on affine equivalence of any parallelohedron
to some Voronŏı parallelohedron remains the central problem in the theory of parallelohe-
dra. We now state several more questions, which are not as famous as the main Voronŏı
problem. Note that Problem 3 (the ‘dimension conjecture’) is a significantly weakened
version of Voronŏı’s conjecture: an affirmative solution of the main conjecture would
imply an affirmative solution of the dimension conjecture.

Problem 1 (Voronŏı). Let P be a d-dimensional parallelohedron and let F be the set
of all facet vectors (that is, vectors connecting the centre O of the parallelohedron P
with the centres Oi of the parallelohedra Pi adjacent to P over hyperfaces). Let Λ be the
point lattice generated by the set F . Prove (or refute) that F always contains a basis
of the lattice Λ.
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Let T be a nonnormal partition of the space E
d into parallel and mutually congruent

cells (nonnormal d-parallelohedra). It is known that a nonnormal parallelohedron also
admits a normal partition, that is, it is a normal parallelohedron (see, for example, [9],
[21]). We say that cells P and P ′ are hyperneighbours if their intersection P ∩ P ′ is a
(d− 1)-polyhedron.

Problem 2. Prove or refute the following assertion: any parallelohedron P in the par-
tition T has at most 2(2d − 1) hyperneighbours.

Note that if the partition T is normal, then the assertion is true (see Theorem 1.4).

Problem 3 (Dimension conjecture). Let O1, . . . , Op be the centres of all the parallelo-
hedra of a normal partition that meet at a k-dimensional face F k. Prove that

dim conv({O1, . . . , Op}) = d− k.

It is known that for any partition into Voronŏı parallelohedra the convex hull of the
centres, conv({O1, . . . , Op}), is a (d − k)-dimensional face of the dual Delone partition.
Thus, if Voronŏı’s conjecture on affine equivalence holds, this would also imply the valid-
ity of the dimension conjecture. Correspondingly, a negative solution of the dimension
conjecture would imply a refutation of Voronŏı’s conjecture.

The author expresses his deep gratitude to Mikhail Ivanovich Shtogrin, who read the
manuscript through carefully and was instrumental in improving the text.
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