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ESTIMATES OF THE RATE OF CONVERGENCE

IN THE VON NEUMANN AND BIRKHOFF ERGODIC THEOREMS

ALEKSANDR G. KACHUROVSKII AND IVAN V. PODVIGIN

Abstract. We present estimates (which are necessarily spectral) of the rate of con-

vergence in the von Neumann ergodic theorem in terms of the singularity at zero
of the spectral measure of the function to be averaged with respect to the corre-
sponding dynamical system as well as in terms of the decay rate of the correlations
(i.e., the Fourier coefficients of this measure). Estimates of the rate of convergence
in the Birkhoff ergodic theorem are given in terms of the rate of convergence in the
von Neumann ergodic theorem as well as in terms of the decay rate of the large
deviation probabilities. We give estimates of the rate of convergence in both ergodic
theorems for some classes of dynamical systems popular in applications, including
some well-known billiards and Anosov systems.

Introduction

The problem about the rates of convergence in ergodic theorems naturally arises in
physical applications of these theorems; von Neumann [1] was the first to consider it
in 1932. Since the ergodic theorems themselves stem from attempts to justify the ergodic
hypothesis in statistical mechanics, it is naturally of interest to consider, say, the problem
on the rate of convergence in these theorems for various billiards modeling a gas, for
example, when averaging the characteristic function of a subset of the phase space. (The
ergodic means of this function give the mean time spent in the corresponding subset
of the phase space of the billiard.) It is not clear without solving this problem how
long a physicist has to wait for the convergence guaranteed by the ergodic theorems and
whether he or she lives to see any noticeable manifestations of this convergence. Once
we state the problem, we immediately have to ask what units should be used to measure
the rates of convergence in ergodic theorems, what characteristics of dynamical systems
affect these rates and in what way, and which of these characteristics can be computed
for specific dynamical systems to be studied (say, for the above-mentioned billiards).

The aim of the present survey is to provide a description of new positive results ob-
tained since 1996 (when the preceding survey [2] was published) on the rate of convergence
in the von Neumann and Birkhoff ergodic theorems.

The recent years’ progress aimed at possible applications of the general theory has
finally permitted obtaining estimates of these rates of convergence for various specific
dynamical systems that are of interest in applications, including some well-known bil-
liards and Anosov systems. A selection of these new, yet unpublished specific estimates
is also included in the survey.
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0.1. Notation. Let (Ω,F, λ) be a space with a probability measure, and let T be an
endomorphism of this space, that is, a map T : Ω → Ω such that T−1A ∈ F and λ(A) =
λ(T−1A) for all A ∈ F. Further, let {T t, t ∈ R+} be a semiflow on (Ω,F, λ), that is, a
one-parameter group of endomorphisms T t of this space such that the function f(T tω)
is measurable on the Cartesian product Ω×R+ for any measurable function f(ω) on Ω.
The endomorphism T defines a discrete-time dynamical system; the semiflow T t is called
a continuous-time dynamical system.

For f ∈ L1(Ω), ω ∈ Ω, n ∈ N, and t ∈ R
+, set

Anf(ω) =
1

n

n−1∑
k=0

f(T kω), Atf(ω) =
1

t

∫ t

0

f(T τω) dτ.

Birkhoff’s pointwise ergodic theorem claims that the limits f∗ = limn→∞ Anf and f
∗
=

limt→∞ Atf exist λ-almost everywhere and satisfy∫
f∗ dλ =

∫
f dλ =

∫
f
∗
dλ.

Let UT be the isometric operator acting on the (complex) Hilbert space L2(Ω) by
the formula UT f = f ◦ T ; accordingly, {U t, t ∈ R

+} is the one-parameter semigroup
of isometric operators acting on the same space by the formula U tf = f ◦ T t. Von
Neumann’s statistical ergodic theorem claims the existence of the following limits in
L2(Ω):

lim
n→∞

1

n

n−1∑
k=0

Uk
T f = lim

n→∞
Anf = f∗, lim

t→∞

1

t

∫ t

0

Uτf dτ = lim
t→∞

Atf = f
∗
;

further, it turns out that f∗ is the orthogonal projection of f onto the subspace of fixed

vectors of UT and f
∗
is the orthogonal projection of f onto the subspace of fixed vectors

of the semigroup U t. Now let us define the correlation coefficients bkf and the spectral
measure σf of the vector f with respect to the discrete-time dynamical system by setting

bkf = (Uk
T f, f) for k ≥ 0 and bkf = b−kf for k < 0. It is well known (e.g., see [3,

Sec. 1.7]) that there exists a (unique) well-defined spectral measure σf , that is, a finite
Borel measure on the unit circle such that

bkf =

∫
(−π,π]

eikx dσf (x)

for all integer k (so that the correlation coefficients are its Fourier coefficients in the
complex form).

The correlation function btf and the spectral measure σf of a vector f with respect
to a continuous-time dynamical system are defined in a similar way, btf = (U tf, f) for
t ≥ 0 and btf = b−tf for t < 0. In this case, there exists a (unique) spectral measure σf

(see [3, Sec. 1.7]), that is, a finite Borel measure on the real line such that

btf =

∫ +∞

−∞
eitx dσf (x)

for all t ∈ R.
The rate of convergence in the von Neumann ergodic theorem is the rate of convergence

of the expressions ‖Anf−f∗‖22 and ‖Atf−f
∗‖22 to zero as n → ∞ and t → ∞, respectively.

The rate of convergence in the Birkhoff ergodic theorem is determined by the decay, for
each ε > 0, of the sequences of numbers

Pε
n = λ

{
sup
k≥n

|Akf −f∗| ≥ ε
}

as n → ∞, P
ε

t = λ
{
sup
s≥t

|Asf −f
∗| ≥ ε

}
as t → ∞.
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Note that the condition

lim
n→∞

Pε
n = 0 or lim

t→∞
P
ε

t = 0 for all ε > 0

is equivalent to the a.e. convergence of Anf as n → ∞ or Atf as t → ∞, respectively.
Along with these characteristics, we consider the large deviation probabilities

pεn = λ{|Anf − f∗| ≥ ε}, pεt = λ{|Atf − f
∗| ≥ ε}.

The property

lim
n→∞

pεn = 0 or lim
t→∞

pεt = 0 for all ε > 0

is, by definition, the convergence in measure of Anf as n → ∞ or Atf as t → ∞,
respectively.

0.2. What affects the rates of convergence in ergodic theorems? It is well known
(see the detailed discussion of the topic and its history in [2]) that one cannot estimate the
rates of convergence in these theorems solely in terms of the function f to be averaged;
the estimates also depend on the choice of the dynamical system. The key role is played
here by the spectral measures σf of f with respect to the dynamical systems T in question
and by the Fourier coefficients of these measures, that is, by the correlation coefficients
bnf (which depend on both f and T ).

According to [3, Sec. 1.7]), “The spectral theory of dynamical systems studies the
properties of dynamical systems which can be expressed via the properties of the measures
σf .” In this sense, estimates of the rate of convergence in ergodic theorems are necessarily
spectral. For example, Theorem 3 in [2] (for the case of discrete time) and its exact
continuous-time counterpart, Theorem 1 in [4], show that a power-law rate of convergence
in the von Neumann ergodic theorem occurs if and only if the spectral measure of the
function to be averaged with respect to the corresponding dynamical system has a power-
law singularity with the same exponent at zero.

Further, the well-known formulas (1.1), (1.2) and (1.3), (1.4) given below show that
the spectral measure, as well as the correlations, contains full information on the norms
of deviations of all ergodic means from the limit. Hence, in our opinion, it is one of the
most significant properties of the measures σf that these measures determine the rate
of convergence of ergodic means in the norm; apparently, this obvious fact has not been
especially mentioned in the literature yet. The converse is also true: V. V. Ryzhikov
noticed and told us that if the function f is real-valued, then the exact values of all
correlations can be reconstructed (and hence the corresponding spectral measure can be
computed) from the exactly known norms of deviations of ergodic means from the limit;
see Remarks 9 and 11.

Since the problem of computing the spectral measures for specific dynamical systems
is practically unsolvable (to begin with, one has to have full information about all corre-
lations, from which the spectral measures are essentially constructed), we see that these
measures are of fundamental theoretical importance here; they show that it is natural
to obtain estimates in the von Neumann ergodic theorem in terms of the decay rate of
their Fourier coefficients, that is, correlation coefficients, which are already important
from the viewpoint of practical applications.

The spectral measures and their Fourier coefficients not only completely determine the
rates of convergence in the von Neumann ergodic theorem but also thereby permit one to
obtain coarse estimates of the rate of convergence in the Birkhoff ergodic theorem. But
that is all: using the norms of deviations of ergodic means from the limit, one can only
make coarse assumptions about the distribution functions of these deviations; see the
detailed discussion in [2]. (The converse estimates of ‖Anf − f∗‖22 via Pε

n are completely
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impossible for obvious geometric reasons.) It turns out that the rates of convergence
in the Birkhoff ergodic theorem can be estimated much more efficiently via the decay
rate of the large deviation probabilities for ergodic means, provided that one manages to
compute these probabilities.

Needless to say, the problem of computing the decay rates, correlations, and probabil-
ities of large deviations of ergodic means for real-world dynamical systems is hard. By
estimating the rates of convergence in ergodic theorems via these characteristics, we just
reduce the new problem we are interested in to an equivalently hard problem. However,
the latter problem, with all of its difficulties, is well known and can be successfully solved
for a number of specific systems. For example, the exponential decay of correlations is the
classical, textbook chaos parameter in dynamical systems, and there is a well-developed
technique for studying this parameter; e.g., see [5, Sec. 1].

The correlation coefficients (the rate of their convergence to zero), as well as the decay
of large deviation probabilities, in specific dynamical systems of interest in applications
have been intensively studied in recent years by various authors (e.g., see [6, 7, 8, 9, 10]),
which has permitted obtaining the estimates given in Chapter 3 of the present paper for
the rates of convergence in the von Neumann and Birkhoff ergodic theorems for all of
these systems.

0.3. Brief description of new results obtained after the publication of [2]. The
positive results obtained and discussed in [2] concerning the rates of convergence in er-
godic theorems required substantial technical improvements before they could be applied
to the study of specific dynamical systems. Indeed, they were only stated in terms of
asymptotic relations using O-and-o notation without writing out any specific absolute
constants; to obtain the corresponding inequalities, one had yet to understand on what
and exactly how these constants depend. Further, these results were only obtained for
the case of discrete time. Leaping ahead, note that there have been no difficulties in
extending these results to the case of continuous time, even though things might go a
different way: not all results about rates of convergence can be extended from discrete
to continuous time; e.g., see what happened with Sinai’s conjecture in [11, 12] and also
cf. Remark 18.

The asymptotic result in [2] on the equivalence of a power-law rate of convergence in
the von Neumann ergodic theorem and a power-law singularity at zero with the same
exponent of the spectral measure of the function to be averaged was transferred from
discrete to continuous time in [4]. The subsequent transition from this asymptotic result
to the corresponding inequalities with specific absolute constants was made in [13, 14, 15]
for the case of discrete as well as continuous time (see Theorems 5–8 in the present
survey). Finally, the constants in the power-law estimates of the rate of convergence
in the Birkhoff ergodic theorem via a given power-law rate of convergence in the von
Neumann ergodic theorem were obtained in [14, 16, 17]; see Theorems 9 and 10 below
(further generalized in [18] to a slightly wider range of rates of convergence).

It was already noted that the rates of convergence in the Birkhoff theorem can be
estimated much more precisely via the large deviation probabilities rather than via the
rates of convergence in the von Neumann theorem. The asymptotic result in [2] on the
equivalence of a power-law decay of the probabilities of large deviations of ergodic means
and the power-law rate of convergence with the same exponent in the Birkhoff theorem
(for essentially bounded functions) was extended to a wider range of rates of convergence
and simultaneously generalized to the case of continuous time in [19] (see Theorems 11
and 12 in our survey). The same paper made the transition from the asymptotic relations
obtained there to the corresponding inequalities with specific constants for the rates
of convergence popular in applications; see Theorem 13. The estimates given in the
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literature for the decay rate of large deviation probabilities are usually stated for the case
of Hölder functions, and so it is likely that Theorem 14, which was announced in [20, 21]
and is proved below, might be useful in possible applications, because it provides the
transition from Hölder functions to characteristic functions of subsets of the phase space.

It was shown in [22, 23] how some results in [2] can be transferred to ergodic theorems
for general transformation groups. Further, the paper [24] discussed the theoretical pos-
sibility of studying the convergence of ergodic means of orthogonal stochastic measures
(e.g., see [25, Secs. VI.2–VI.3] for the definition) with the use of the corresponding sta-
tionary process, that is, of measures bearing full information on all ergodic means and
hence practically incomputable and unusable for the study of any real-world dynamical
systems. One should also note the curious recent papers of abstract-theoretical nature
(e.g., see [26, 27, 28] and the bibliographies therein) dealing with rates of convergence
in operator ergodic theorems; by the same pattern, there is no apparent possibility of
applying these results to the study of specific dynamical systems yet.

Just as in [2], here we do not consider results on the central limit theorem for processes
stationary in the narrow sense. The paper [29] is one of the first papers on the topic; the
bibliography in the application-oriented paper [30], one of the most recent ones, offers
a glimpse of the state of the art in the field. The same paper discusses the interesting
conjecture that, for the central limit theorem to hold, it suffices to require that the
so-called pair correlations decay rapidly (see the correlations cτ in the introduction to
Chapter 3 below).

0.4. Applications. The general theory of rates of convergence in ergodic theorems de-
scribed in the first two chapters of the survey has been constructed having in mind its
possible use in the study of specific dynamical systems that are of interest in applications.
Billiards and Anosov systems, with the function to be averaged being the characteristic
function of a measurable subset of the phase space, have been the main model examples
from the very beginning. That is why the progress in this theory after the publication of
the preceding survey [2] involves estimates via the decay rates of correlations (the esti-
mates in the von Neumann theorem) and the large deviation probabilities (the estimates
in the Birkhoff theorem) rather than, say, via spectral measures (which have neverthe-
less been studied thoroughly owing to their key importance in the general theory) for
the von Neumann theorem and orthogonal stochastic measures for the Birkhoff theorem.
This is because it is the decay rates of correlations and large deviation probabilities for
specific dynamical systems of interest that have been intensively and successfully studied
by various authors in the last twenty years.

This explains the multitude of applications presented in Chapter 3. In line with our
interests, we pay special attention to billiards and Anosov systems; some of these new
results were announced in [20, 21].
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Chapter 1. Estimates of the rate of convergence in the von Neumann
theorem

Throughout this chapter, we assume that f ∈ L2(Ω). Note that all of the eight
theorems in Chapter 1 hold not only for ergodic means (i.e., for the case of the law of
large numbers for processes stationary in the narrow sense) but also for the case of the
law of large numbers for processes stationary in the wide sense [25]: the spectral theory
of stationary processes used here is the same for both cases, and so the proofs coincide
word for word. For the same cause, all of these assertions remain valid for the case
of ergodic theorems for contractions in Hilbert spaces; a relevant generalization of the
spectral theory used here for the case of contraction operators can be found, say, in [31,
Sec. 2.3]. Thus, all eight theorems in this chapter are essentially of operator nature; the
characteristics of rates of convergence considered in these theorems are solely determined
by the spectral properties of the corresponding (isometric) operators.

In this and the next chapter, we do not strive for maximum possible generality of
the results; accordingly, we deal with the usual ergodic means for endomorphisms and
semiflows and place obvious possible generalizations into comments.

1. Spectral measures and rates of convergence

in the von Neumann theorem

The estimates given in this section can hardly be used when studying specific dy-
namical systems, because the spectral measures used in these estimates are practically
impossible to compute. However, the results presented here (Theorems 1–4 below) con-
vincingly show that the estimates of the rate of convergence in the von Neumann theorem
are necessarily of spectral character, and hence these results explain why the estimates
obtained in the next section via the decay rate of the Fourier coefficients of these measures
(i.e., correlations) are natural.

1.1. General case. Formulas (1.1) and (1.3) below permit us to exactly compute the
norms of deviations of all ergodic means from their limit provided that the spectral
measure is known exactly, which is virtually impossible for real-world systems. Hence it
seems to be more natural to estimate these norms above and below via known behavior of
the spectral measure at zero (see Theorems 1 and 2 in this section). Note that we impose
no additional restrictions (such as absolute continuity, etc.) on the spectral measures;
the most general case is considered.

1.1.1. Discrete time. Let L0
2(Ω) ⊂ L2(Ω) be the subspace of functions with zero mean.

Note that if f ∈ L2(Ω), then f − f∗ ∈ L0
2(Ω) and hence An(f − f∗) ∈ L0

2(Ω). Since the
variance

DAn(f − f∗) = ‖An(f − f∗)‖22 = ‖Anf − f∗‖22
just measures the L2-norm of the deviation of Anf from the limit f∗, it follows that the
behavior of the norm of this deviation coincides with the behavior, considered in [2], of
the variance of ergodic means. Just as in [2], this behavior is completely determined by
the singularity of the spectral measure σf−f∗ at zero (see Theorem 3 below). The passage
from σf to σf−f∗ is done just by discarding the measure σf{0} = ‖f∗‖22 concentrated
at zero. (This is because f∗ is the orthogonal projection of f onto the subspace of
eigenvectors of UT corresponding to the eigenvalue 1; for the same reason, one has ‖f‖22 =
‖f − f∗‖22 + ‖f∗‖22.)

Set

Φn(x) =
1

n

sin2(nx/2)

sin2(x/2)
, 0 < |x| ≤ π.
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Note that Φn only differs in the coefficient from the (n− 1)-st Fejér kernel Kn−1, Φn =
2Kn−1. The properties of Fejér kernels [32, Sec. I.47] imply that for all n ∈ N one has
the relations ∫ π

−π

Φn(x) dx = 2π

and the standard inequalities

1

n
Φn(x) ≤

π2

n2x2
(for π/n ≤ |x| ≤ π),

1

n
Φn(x) ≤ 1 (for |x| ≤ π).

It is well known that for each g ∈ L0
2(Ω) the variance DAng = ‖Ang‖22 can be computed

exactly via the integral of Φn(x) with respect to the spectral measure σg or expressed
via the correlation coefficients bkg. The main results of this chapter have been obtained
by an analysis of the asymptotics of the following two formulas, which were essentially
used as early as by von Neumann [33] (a derivation of these formulas can be found in
[34, Theorem 18.2.1]):

‖Ang‖22 =

∫
(−π;π]

1

n
Φn(x) dσg(x),(1.1)

‖Ang‖22 =
1

n2

∑
|k|<n

(n− |k|)bkg.(1.2)

When thinking over the asymptotics of formula (1.1), it is useful to look at the graph of
the kernel 1

nΦn. (The graph of the kernel Kn can be found, say, in [32, Sec. I.52].) The
mass of that kernel is mainly concentrated in a small neighborhood of zero; the larger
n, the smaller neighborhood can be taken. Hence it is no surprise that the asymptotics
of ‖Ang‖22 exactly correspond to the asymptotics of the singularity of the measure σg at
zero. (See Theorem 3 in [2] and its refinement, Theorem 3 below.)

The following lemma, which was used in [14] in the proof of Theorem 1 below, is
remarkable in that it contains a sharp constant, even though we do not pose the problem
of determining whether constants are sharp in this paper.

Lemma 1 ([14]). For any a ∈ (0, π] and n ∈ N, one has the inequality(
sin(a/2)

a/2

)2

σf−f∗

(
−a

n
,
a

n

]
≤ ‖Anf − f∗‖22,

which is sharp in the sense that the constant on the left-hand side cannot be increased in
the general case.

Theorem 1 ([14]). Set

Sk = σf−f∗

(
−π

k
,
π

k

]
, σk = σf−f∗

{(
−π

k
,− π

k + 1

]
∪
(

π

k + 1
,
π

k

]}
= Sk − Sk+1.

Then

4

π2
Sn ≤ ‖Anf − f∗‖22 ≤ Sn +

1

n2

n−1∑
k=1

(k + 1)2σk =
1

n2

(
S1 +

n−1∑
k=1

(2k + 1)Sk

)
for all n ∈ N.

Similar inequalities in different form and with different constants were used by Gaposh-
kin; e.g., see [35, Lemma 1].
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1.1.2. Continuous time. Set

Ft(x) =

(
sin(tx/2)

tx/2

)2

.

Just as in the case of discrete time, the variance DAtg = ‖Atg‖22 can be computed exactly
for each g ∈ L0

2(Ω) via the integral of the kernel Ft(x) with respect to the spectral measure
σg or expressed via the correlation function btg. The main results of this section have
been obtained by an analysis of the asymptotics of the following formulas, which were
used by von Neumann in [33] (a derivation of these formulas can also be found in [34,
Theorem 18.3.1]):

‖Atg‖22 =

∫ +∞

−∞
Ft(x) dσg(x),(1.3)

‖Atg‖22 =
1

t2

∫ t

−t

(t− |τ |)bτg dτ.(1.4)

Just as in the case of discrete time, the mass of the kernel Ft(x) is mainly concentrated in
a small neighborhood of zero; the larger t, the smaller neighborhood can be taken. This
explains why the asymptotics of the rate of convergence is determined by the singularity
of the spectral measure at zero in this case as well.

Theorem 2 ([15]). Set

Sk(t) = σf−f
∗

(
−2πk

t
,
2πk

t

]
.

Then

4

π2
S1/2(t) ≤ ‖Atf − f

∗‖22 ≤ π2 − 1

π2
S1(t) +

1

2π2
S2(t) +

2

π2

∞∑
k=3

1

k(k − 1)(k − 2)
Sk(t)

for all t > 0.

Similar inequalities in different form and with different constants were used by Gaposh-
kin long before [15]; e.g., see Remark 2 after Theorem 1 in [36].

1.2. Case of power-law rate of convergence. The proofs of both Theorems 3 and 4
in this subsection are obtained by specification of the estimates given in Theorems 1
and 2 of the preceding subsection for the power-law rates of convergence considered here.

1.2.1. Discrete time. The following theorem provides constants relating the (mutually
equivalent) power-law convergence in the von Neumann ergodic theorem and the power-
law singularity (with the same exponent) at zero of the spectral measure of the function
to be averaged with respect to the corresponding dynamical system; i.e., this theorem
refines the asymptotic Theorem 3 in [2].

Theorem 3 ([14]). Let α ∈ [0, 2). The following assertions hold:
1. If the spectral measure σf−f∗ has a power-law singularity at zero, i.e., if the in-

equality

σf−f∗(−δ, δ] ≤ Aδα
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holds with some positive constant A for all δ ∈ (0, π], then the rate of convergence of the
ergodic means Anf is power-law with the same exponent; i.e.,

‖Anf − f∗‖22 < Aπα

(
2

2− α
n−α +

1

1− α
n−1−α

)
for α ∈ [0, 1),

‖Anf − f∗‖22 < Aπ

(
2n−1 +

lnn

n2

)
for α = 1,

‖Anf − f∗‖22 < Aπα

(
2

2− α
n−α +

(
4− 2

2− α
+

1

α− 1

)
n−2

)
for α ∈ (1, 2)

for all n ∈ N.
2. If the rate of convergence of the ergodic means Anf is power-law, i.e., if the

inequality

‖Anf − f∗‖22 ≤ Bn−α

holds with some positive constant B for all n ∈ N, then the spectral measure σf−f∗ has
a power-law singularity at zero (with the same exponent); i.e.,

σf−f∗(−δ, δ] ≤ Cδα, where C =

{
π2−α

4 B, 0 ≤ α < 1,
π2−α

23−α B, 1 ≤ α < 2,

for each δ ∈ (0, π], where the constant C is sharp in the sense that it cannot be diminished.

To solve the problem considered in Theorem 3 on the equivalence of the power-law rate
of convergence and the power-law singularity of the spectral measure at zero exhaustively,
it remains to consider the case of α ≥ 2.

Remark 1. For α = 2, no counterpart of Theorem 3 holds with any constants. According
to [2, Remark 2 to Theorem 3], the condition σf−f∗(−δ, δ] = O(δ2) as δ → 0 is not
sufficient in general for the relation ‖Anf − f∗‖22 = O(n−2) to hold as n → ∞; as was
shown in [35, Corollary 2], this condition only guarantees that ‖Anf−f∗‖22 = O(n−2 lnn).
As to the rate of convergence with α > 2, it simply does not exist for f − f∗ �≡ 0; even
the rate of convergence ‖Anf − f∗‖22 = o(n−2) as n → ∞ is impossible (e.g., see [37,
Corollary 5]).

Hence it is not surprising that the constant in the assertion of the first part of Theo-
rem 3 tends to infinity as α → 2.

Remark 2 ([38]). The relation ‖Anf − f∗‖22 = O(n−2) as n → ∞ is equivalent to the
condition that the function f − f∗ is cohomological to zero, i.e., that f − f∗ = g ◦ T − g
for some g ∈ L2(Ω).

It is well known (e.g., see [34, Theorem 18.2.1]) that if the measure σf−f∗ is absolutely
continuous with density ρ continuous at zero, then one has the asymptotic relation

(1.5) ‖Anf − f∗‖22 = DAn(f − f∗) = 2πρ(0)n−1 + o(n−1) as n → ∞.

The following analog of this assertion in the form of an inequality refining the asymptotic
Theorem 4 in [2] is an obvious corollary of Theorem 3.

Remark 3 ([14]). If the measure σf−f∗ is absolutely continuous with density ρ∈L∞(−π, π],
then

‖Anf − f∗‖22 < 2π‖ρ‖∞
(
2n−1 +

lnn

n2

)
for every n ∈ N.
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Gaposhkin [35] proved that the range of rates of convergence for which an analog of
the asymptotic Theorem 3 in [2] discussed here holds is much wider than the power-law
range.

Remark 4 ([35]). Let α ∈ [0, 2), and let ϕ(u) be a weakly oscillating function on [1,∞);
i.e., the function ϕ(u)uδ is monotone increasing and the function ϕ(u)u−δ is monotone
decreasing for each δ > 0 [39, Sec. V.2]. Then the conditions

‖Anf − f∗‖22 = O(n−αϕ(n)) as n → ∞,

σf−f∗(−δ, δ] = O(δαϕ(δ−1)) as δ → 0

are equivalent.

This gives Theorem 3 in [2] if ϕ(n) ≡ 1 and its counterpart in [40] for the logarithmic

rate of convergence if α = 0 and ϕ(n) = lnβ n, β ≥ 0. The passage from asymptotic
relations for rates of convergence in the range in question to specific inequalities with
specific constants (as in Theorem 3 above) can be done by a simple specification of the
estimates in Theorem 1 for each of these rates.

1.2.2. Continuous time. The following theorem, which is a full counterpart of Theorem 3
for the case of continuous time, provides constants relating the (mutually equivalent)
power-law convergence in the von Neumann ergodic theorem and the power-law singu-
larity (with the same exponent) at zero of the spectral measure of the function to be
averaged with respect to the corresponding dynamical system.

Theorem 4 ([15]). Let α ∈ [0, 2). The following assertions hold:
1. If the spectral measure σf−f

∗ has a power-law singularity at zero, i.e., if the in-
equality

σf−f
∗(−δ, δ] ≤ Aδα

holds with some positive constant A for all δ > 0, then the rate of convergence of the
ergodic means Atf is power-law with the same exponent; i.e.,

‖Atf − f
∗‖22 ≤ Bt−α

for all t > 0, where

B = A(2π)α
(
1 +

2α−2 − 1 + 2C

π2

)
, C =

{
3α−1

2 + 1
2−α , α ∈ [0, 1),

3α−1 + α−1
2−α2

α−2, α ∈ [1, 2).

2. If the rate of convergence of the ergodic means Atf is power-law, i.e., if the in-
equality

‖Atf − f
∗‖22 ≤ Bt−α

holds with some positive constant B for all t > 0, then the spectral measure σf−f
∗ has a

power-law singularity at zero (with the same exponent; i.e.,

σf−f
∗(−δ, δ] ≤ Aδα, where A =

π2−α

4
B,

for all δ > 0.

To solve the problem considered in Theorem 4 on the equivalence of the power-law rate
of convergence and the power-law singularity of the spectral measure at zero exhaustively,
it remains to consider the case of α ≥ 2.
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Remark 5 ([15]). Just as in the case of discrete time, no counterpart of Theorem 4 holds
with any constants for α = 2. (The condition σf−f

∗(−δ, δ] = O(δ2) as δ → 0 is not

sufficient in general for the relation ‖Atf − f
∗‖22 = O(t−2) to hold as t → ∞.) As to the

rate of convergence with α > 2, it simply does not exist for f − f
∗ �≡ 0; even the rate of

convergence ‖Atf − f
∗‖22 = o(t−2) is impossible.

Remark 6 ([15]). If the measure σf−f
∗ is absolutely continuous with density ρ continuous

at the point 0, then one has the asymptotic relation

(1.6) ‖Atf − f
∗‖22 = DAt(f − f

∗
) = 2πρ(0)t−1 + o(t−1) as t → ∞.

This coincides with the relation in Theorem 18.3.1 in [34] except for the constant
multiplying ρ(0); our constant in (1.6) is twice as large. Following [15], let us verify that
there is indeed a misprint in [34] at that place. Since∫ +∞

−∞

(
sin(tx/2)

tx/2

)2

dx =
2

t

∫ +∞

−∞

(
sinx

x

)2

dx =
2π

t
,

it follows from the representation (1.1) for g = f − f
∗
that

‖Atf − f
∗‖22 −

2π

t
ρ(0) =

∫ +∞

−∞

(
sin(tx/2)

tx/2

)2

ρ(x) dx−
∫ +∞

−∞

(
sin(tx/2)

tx/2

)2

ρ(0) dx

=

∫ +∞

−∞

(
sin(tx/2)

tx/2

)2

(ρ(x)− ρ(0)) dx,

and the subsequent proof exactly follows that of Theorem 18.2.1 in [34].
The following analog of this assertion in the form of an inequality refining the asymp-

totic Theorem 4 in [2] is an obvious corollary of Theorem 4.

Remark 7 ([15]). If the measure σf−f
∗ is absolutely continuous with density ρ ∈ L∞(R),

then

‖Atf − f
∗‖22 ≤ 4π

(
1 +

3

2π2

)
‖ρ‖∞t−1

for every t > 0.

2. Correlations and rates of convergence in the von Neumann theorem

It is the estimates obtained in this section (Theorems 5–8 below) that will be used
in Chapter 3 when estimating the rate of convergence in the von Neumann theorem for
specific dynamical systems. This proves possible because there are numerous examples
in the literature where the decay rates of correlations are computed for various systems
of interest in applications. These decay rates are usually power-law or exponential; that
is why we pay special attention to these two cases in this section.

2.1. Case of arbitrary decay rate of correlations. Formulas (1.2) and (1.4) permit
us to exactly compute the norms of deviations of all ergodic means from their limit,
provided that one exactly knows all correlations, which is virtually impossible for real-
world systems. Hence estimates of these norms via the known decay rate of correlations
(Theorems 5 and 6 below) seem quite natural. Since the convergence to zero of the
correlations of all g ∈ L0

2(Ω) is known to be equivalent to the mixing property of the
dynamical system in question (e.g., see [3, Sec. 1.7]), we, in a sense, obtain estimates
of the rate of convergence in the von Neumann theorem for sufficiently rapidly mixing
systems.
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2.1.1. Discrete time. The following theorem refines Theorem 3 in [11] and Theorem 18.2.1
in [34] as well as Theorem 6 in [2].

Theorem 5 ([14]). The following assertions hold:

1. ‖Anf − f∗‖22 ≤ 1
n‖f − f∗‖22 + 2

n

∑n−1
k=1 |bk(f − f∗)|.

2. If {bk(f − f∗)}∞k=0 ∈ lp for some p ∈ [1,+∞], then

‖Anf − f∗‖22 ≤ 2‖{bk(f − f∗)}‖pn−1/p.

3. If the series
∑+∞

k=−∞ bk(f − f∗) converges absolutely, then the measure σf−f∗ is
absolutely continuous and has continuous (nonnegative density ρ; further,

ρ(x) =
1

2π

+∞∑
k=−∞

bk(f − f∗)eikx

for all x ∈ (−π, π], and hence

+∞∑
k=−∞

bk(f − f∗) = 2πρ(0).

The asymptotic relation (1.5) holds, and

‖Anf − f∗‖22 − 2πρ(0)n−1 = − 1

n2

∑
|k|<n

|k|bk(f − f∗)− 1

n

∑
|k|≥n

bk(f − f∗)

for each n ∈ N.
4. If, in addition, the series

∑+∞
k=−∞ kbk(f−f∗) converges absolutely, then the density

ρ of the measure σf−f∗ is continuously differentiable; its derivative satisfies

ρ′(x) =
1

2π

+∞∑
k=−∞

ikbk(f − f∗)eikx

for all x ∈ (−π, π], and hence

+∞∑
k=−∞

|k|bk(f − f∗) = 2π(ρ′)c(0),

where

(ρ′)c(x) =
1

2π

+∞∑
k=−∞

|k|bk(f − f∗)eikx

is the function trigonometrically conjugate to ρ′(x) (see [32, Chap. VIII] and [41, vol. 2,
Sec. 12.8]). One has the asymptotic relation

‖Anf − f∗‖22 = 2πρ(0)n−1 − 2π(ρ′)c(0)n−2 + o(n−2) as n → ∞,(2.1)

and

‖Anf − f∗‖22 − 2πρ(0)n−1 + 2π(ρ′)c(0)n−2 =
1

n2

∑
|k|≥n

(|k| − n)bk(f − f∗)

for every n ∈ N.

Remark 8. Remark 3 after Theorem 3 in [11] also gives the integral representation

+∞∑
k=−∞

|k|bk(f − f∗) = −
∫ π

−π

ρ(x) + ρ(−x)− 2ρ(0)

4 sin2(x/2)
dx
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(in the assumptions and notation of part 4 of our Theorem 5). In particular, it follows
from this representation that the two coefficients 2πρ(0) and 2π(ρ′)c(0) in the asymptotic
relation in part 4 of Theorem 5 are zero simultaneously if and only if ρ ≡ 0, i.e., if
f−f∗ ≡ 0 almost everywhere. (Thus, the convergence of ‖Anf−f∗‖22 at the rate o(n−2)
as n → ∞ is impossible even under the assumptions of part 4 of Theorem 5; cf. Remark 1
above and Remark 1 after Theorem 3 in [2].)

The derivation of this integral representation was omitted in [11] for being “elemen-
tary but cumbersome”. It was discovered in [14] that this is an integral representation
of the number 2π(ρ′)c(0), which readily follows from the well-known properties of the
trigonometrically conjugate function; e.g., see [39, Sec. IV.3].

Remark 9 (V. V. Ryzhikov, 2010, personal communication). Let f ∈ L2(Ω) be a real-
valued function. Then

b0(f − f∗) = ‖f − f∗‖22 = ‖A1(f − f∗)‖22,
b1(f − f∗) = 2‖A2(f − f∗)‖22 − ‖A1(f − f∗)‖22,

and

2bn(f − f∗) = (n+ 1)2‖An+1(f − f∗)‖22
− 2n2‖An(f − f∗)‖22 + (n− 1)2‖An−1(f − f∗)‖22

for all n ≥ 2. These relations readily follow, say, from formula (1.2) (this version of proof
was suggested by V. V. Sedalishchev): everything is obvious for n < 2, and for the other
n one can use the following computations:

(n+ 1)2‖An+1(f − f∗)‖22 =
∑

|k|<n+1

(n+ 1− |k|)bk(f − f∗)

= bn(f − f∗) + b−n(f − f∗) +
∑
|k|<n

(n+ 1− |k|)bk(f − f∗)

= bn(f − f∗) + b−n(f − f∗) + 2
∑
|k|<n

(n− |k|)bk(f − f∗)

−
∑
|k|<n

(n− 1− |k|)bk(f − f∗)

= bn(f − f∗) + b−n(f − f∗) + 2n2‖An(f − f∗)‖22
− (n− 1)2‖An−1(f − f∗)‖22.

This remark is of fundamental importance here, because it shows that (for the case of a
real-value function f) one cannot only compute the norms of deviations of ergodic means
from the limit but also, conversely, reconstruct the correlations from the known norms of
these deviations. This once more emphasizes that our approach to the computation of the
rate of convergence in the von Neumann theorem is natural. The authors are grateful to
V. V. Ryzhikov for permission to reproduce this remarkable unpublished result obtained
by him.

We point out that the result is no longer true in the general case where the function
f to be averaged is complex-valued; one can reconstruct the real parts of correlations
but cannot always reconstruct their imaginary parts. For example, if g and h are two
arbitrary real-valued functions in L2(Ω), then elementary computations show that the
respective norms of deviations of the ergodic means of the functions f1 = g + ih and
f2 = h + ig from the limit coincide, while all respective correlation coefficients have
coinciding real parts (which follows from the proof of Remark 9) and differ in the sign of
their imaginary parts.
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2.1.2. Continuous time. The following theorem refines Theorem 3 in [11] and Theo-
rem 18.3.1 in [34] by extending the estimates in Theorem 5 to the case of continuous
time.

Theorem 6 ([15]). The following assertions hold:

1. ‖Atf − f
∗‖22 ≤ 2

t

∫ t

0
|bτ (f − f

∗
)| dτ for every t > 0.

2. If bτ (f − f
∗
) ∈ Lp([−t, t]) for some p ∈ [1,+∞] and t > 0, then

‖Atf − f
∗‖22 ≤ 2‖bτ (f − f

∗
)‖pt−1/p.

3. If bτ (f − f
∗
) ∈ L1(R), then the measure σf−f

∗ is absolutely continuous and has

continuous (nonnegative) density ρ; further,

ρ(x) =
1

2π

∫ +∞

−∞
bτ (f − f

∗
)e−ixτ dτ

for all x ∈ R, and hence ∫ +∞

−∞
bτ (f − f

∗
) dτ = 2πρ(0).

The asymptotic relation (1.6) holds, and

‖Atf − f
∗‖22 − 2πρ(0)t−1 = − 1

t2

∫
|τ |<t

|τ |bτ (f − f
∗
) dτ − 1

t

∫
|τ |≥t

bτ (f − f
∗
) dτ

for all t > 0.

4. If, in addition, τbτ (f − f
∗
) ∈ L1(R), then the density ρ of the measure σf−f

∗ is
continuously differentiable; further,

ρ′(x) =
1

2π

∫ +∞

−∞
τbτ (f − f

∗
)eiτx dτ

for all x ∈ R, and hence ∫ +∞

−∞
|τ |bτ (f − f

∗
) dτ = 2π(ρ′)c(0),

where

(ρ′)c(x) =
1

2π

∫ +∞

−∞
|τ |bτ (f − f

∗
)eiτx dτ

is the function trigonometrically conjugate to ρ′(x) (see [32, Chap. VIII] and [41, vol. 2,
Sec. 12.8]). One has the asymptotic relation

(2.2) ‖Atf − f
∗‖22 = 2πρ(0)t−1 − 2π(ρ′)c(0)t−2 + o(t−2) as t → ∞,

and

‖Atf − f
∗‖22 − 2πρ(0)t−1 + 2π(ρ′)c(0)t−2 =

1

t2

∫
|τ |≥t

(|τ | − t)bτ (f − f
∗
) dτ

for all t > 0.

Remark 10. Remark 3 after Theorem 3 in [34] also gives the integral representation∫ +∞

−∞
|τ |bτ (f − f

∗
) dτ =

∫ +∞

−∞

ρ(x) + ρ(−x)− 2ρ(0)

x2
dx

(in the assumptions and notation of part 4 of our Theorem 6 above). In particular, it
follows from this representation that the two coefficients 2πρ(0) and 2π(ρ′)c(0) in the
asymptotic relation in part 4 of Theorem 6 are zero simultaneously if and only if ρ ≡ 0,

i.e., if f − f
∗ ≡ 0 almost everywhere. (Thus, the convergence of ‖Atf − f

∗‖22 at the rate
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o(t−2) as t → ∞ is impossible even under the assumptions of part 4 of Theorem 6; cf.
Remark 5 above.)

Remark 11 (V. V. Ryzhikov; an analog of Remark 9 for the case of continuous time). Let

f ∈ L2(Ω) be a real-valued function; then the correlations bt(f−f
∗
) can be reconstructed

from the known norms ‖Atf − f
∗‖2 of deviations of the ergodic means from the limit,

2btg = lim
ε→0+

1

ε2
(
(t+ ε)2‖At+εg‖22 − 2t2‖Atg‖22 + (t− ε)2‖At−εg‖22

)
,

where g = f − f
∗
, for all t > 0. One can readily obtain this relation, say, by applying

formula (1.3) and Lebesgue’s dominated convergence theorem. (This version of the proof
was suggested by Podvigin.) Namely,

1

ε2
(
(t+ ε)2‖At+εg‖22 − 2t2‖Atg‖22 + (t− ε)2‖At−εg‖22

)
=

∫ ∞

−∞

4

ε2x2

(
sin2

(t+ ε)x

2
− 2 sin2

tx

2
+ sin2

(t− ε)x

2

)
dσg(x)

=

∫ ∞

−∞

4

ε2x2

(
2 sin2

tx

2
cos2

εx

2
− 2 sin2

tx

2
+ 2 sin2

εx

2
cos2

tx

2

)
dσg(x)

=

∫ ∞

−∞

4

ε2x2

(
−2 sin2

tx

2
sin2

εx

2
+ 2 sin2

εx

2
cos2

tx

2

)
dσg(x)

=

∫ ∞

−∞
2 cos tx

(
sin(εx/2)

εx/2

)2

dσg(x)

for an arbitrary ε ∈ (0, t), and we obtain∫ ∞

−∞
2 cos tx dσg(x) =

∫ ∞

−∞
(eitx + e−itx) dσg(x) = btg + b−tg

in the limit as ε → 0+.

2.2. Cases of power-law and exponential decay rates of the correlations. The
proofs of both Theorems 7 and 8 in this subsection are obtained by specification of the
estimates given in Theorems 5 and 6 of the preceding subsection for the decay rates of
correlations considered here and popular in applications.

2.2.1. Discrete time. Theorem 3 shows that the power-law rate of convergence in the
von Neumann ergodic theorem is completely determined by the behavior of the spectral
measure σf−f∗ and hence of its Fourier coefficients, that is, correlation coefficients. The
following theorem refines the asymptotic Theorem 6 in [2]. A discussion of why the
inequalities in this theorem cannot be reversed, i.e., why there is no criterion here for
the power-law convergence in terms of decay of the correlation coefficients, can be found
in [2].

Theorem 7 ([14]). Assume that the correlation coefficients tend to zero at a power-law
rate; i.e., the inequality |bn(f − f∗)| ≤ Cn−γ holds with some positive constant C for all
n ∈ N. Then the following assertions hold:

1. If 0 ≤ γ < 1, then

‖Anf − f∗‖22 ≤ ‖f − f∗‖22n−1 +
2C

1− γ
n−γ

for all n ∈ N.
2. If γ = 1, then

‖Anf − f∗‖22 ≤ ‖f − f∗‖22n−1 + 2C
lnn+ 1

n
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for all n ∈ N. If γ > 1, then the measure σf−f∗ is absolutely continuous and has
continuous (nonnegative) density ρ; in this case,

+∞∑
k=−∞

bk(f − f∗) = 2πρ(0) = ‖f − f∗‖22 +
∞∑

|k|=1

bk(f − f∗) ≤ ‖f − f∗‖22 + 2C
γ

γ − 1
.

The asymptotic relation (1.5) holds, and moreover,
3. If 1 < γ < 2, then

∣∣‖Anf − f∗‖22 − 2πρ(0)n−1
∣∣ < 2C

1

(γ − 1)(2− γ)

(
1− 1

n

)
n−γ

for all n ≥ 2.
4. If γ = 2, then

∣∣‖Anf − f∗‖22 − 2πρ(0)n−1
∣∣ < 2C

(
lnn+ 2 +

1

n(n− 1)

)
n−2

for all n ≥ 2.
5. If γ > 2, then, in addition, the density ρ of the measure σf−f∗ is continuously

differentiable, and

2π(ρ′)c(0) =
+∞∑

k=−∞
|k|bk(f − f∗), |2π(ρ′)c(0)| ≤ 2C

γ − 1

γ − 2
.

The asymptotic relation (2.1) holds, and

∣∣‖Anf − f∗‖22 − 2πρ(0)n−1 + 2π(ρ′)c(0)n−2
∣∣ < 2C

γ − 2

(
1− 1

n

)2

n−γ

for all n ≥ 2.
6. If, in addition, the correlation coefficients decay exponentially, i.e., if |bn(f−f∗)| ≤

Ae−Bn with some positive constants A and B for all n ∈ N (which is equivalent to the
analyticity of the density ρ; e.g., see [32, Sec. I.25]), then

2πρ(0) = ‖f − f∗‖22 +
∞∑

|k|=1

bk(f − f∗) ≤ ‖f‖22 +
2A

eB − 1
,

2π(ρ′)c(0) =
∞∑

|k|=1

|k|bk(f − f∗), that is, |2π(ρ′)c(0)| ≤ 2A

(eB − 1)(1− e−B)
,

and∣∣‖Anf − f∗‖22 − 2πρ(0)n−1 + 2π(ρ′)c(0)n−2
∣∣ ≤ 2A

eB

eB − 1

(
1 +

1

eB − 1
· 1
n

)
e−Bn

n

for all n ∈ N.

2.2.2. Continuous time. Theorem 4 shows that the power-law rate of convergence in the
von Neumann ergodic theorem is completely determined by the behavior of the spectral
measure σf−f

∗ and hence of its correlation function. The following theorem is a full
continuous-time counterpart of Theorem 7.
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Theorem 8 ([15]). Assume that the correlation function tends to zero at a power-law

rate as τ → ∞; i.e., the inequality |bτ (f−f
∗
)| ≤ Cτ−γ holds with some positive constant

C for all τ > 0. Then the following assertions hold:
1. If 0 ≤ γ < 1, then

‖Atf − f
∗‖22 ≤ 2C

1− γ
t−γ

for all t > 0.
2. If γ = 1, then

‖Atf − f
∗‖22 ≤ 2(‖f − f

∗‖22 + C ln t)t−1

for all t > 1. If γ > 1, then the measure σf−f
∗ is absolutely continuous and has contin-

uous density ρ; in this case,

ρ(x) =
1

2π

∫ +∞

−∞
bτ (f − f

∗
)e−iτx dτ

for all x ∈ R and hence

2πρ(0) =

∫ +∞

−∞
bτ (f − f

∗
) dτ ≤ 2‖f − f

∗‖22 +
2C

γ − 1
.

The asymptotic relation (1.6) holds, and moreover,
3. If 1 < γ < 2, then∣∣‖Atf − f

∗‖22 − 2πρ(0)t−1
∣∣ ≤ 2C

(γ − 1)(2− γ)
t−γ

for all t > 0.
4. If γ = 2, then∣∣‖Atf − f

∗‖22 − 2πρ(0)t−1
∣∣ ≤ 2

(
‖f − f

∗‖22 + C ln t+ C
)
t−2

for all t > 1.
5. If γ > 2, then in addition, the density ρ of the measure σf−f

∗ is continuously
differentiable, and the function

(ρ′)c(x) =
1

2π

∫ +∞

−∞
|τ |bτ (f − f

∗
)eiτx dτ

trigonometrically conjugate to its derivative is well defined (and continuous on R; con-
sequently,

2π(ρ′)c(0) =

∫ +∞

−∞
|τ |bτ (f − f

∗
) dτ,

|2π(ρ′)c(0)| ≤ 2C

∫ ∞

0

τ1−γ dτ ≤ 2‖f − f
∗‖22 +

2C

γ − 2
.

One has the asymptotic relation (2.2), and∣∣‖Atf − f
∗‖22 − 2πρ(0)t−1 + 2π(ρ′)c(0)t−2

∣∣ ≤ 2C

γ − 2
t−γ

for all t > 0.

6. If, in addition, the correlation function decays exponentially, i.e., if |bτ (f − f
∗
)| ≤

Ae−Bτ with some positive constants A and B for all τ > 0 (in this case, the density ρ
admits analytic continuation from the real line into a strip on the complex plane; e.g.,
see [42, Sec. 7.1, Exercise 3]), then

2πρ(0) ≤ 2A

B
, |2π(ρ′)c(0)| ≤ 2A

B2
,
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and ∣∣‖Atf − f
∗‖22 − 2πρ(0)t−1 + 2π(ρ′)c(0)t−2

∣∣ ≤ 2A

B

(
1 +

1

Bt

)
e−Bt

t

for all t > 0.

Chapter 2. Estimates of the rate of convergence in the Birkhoff theorem

The estimates given in Section 3 of the present chapter (Theorems 9 and 10 below) for
the rate of convergence in the Birkhoff theorem are of little use in applications: although
it suffices to know the decay rate of correlations to compute them, they usually fail to
be sharp even asymptotically. The point is that, by using the norm of deviation of er-
godic means from the limit, one can only make coarse assumptions about the distribution
function of this deviation; see the discussion in the preceding survey [2, Sec. 2.0]. The
estimates in Section 4 (Theorems 12 and 13) prove to be more efficient, and it is these
estimates that will be applied in Chapter 3 when studying specific dynamical systems:
although these estimates require knowing the decay rate of large deviation probabili-
ties, they are much more accurate (and asymptotically sharp provided that so are the
estimates used for the large deviations).

3. Estimates of power-law rates of convergence in the Birkhoff theorem

via the rates of convergence in the von Neumann theorem

In this section, just as in the entire preceding chapter dealing with the von Neumann
theorem, we assume that f ∈ L2(Ω). Both Theorems 9 and 10 of this section, as well as
all of the eight theorems in Chapter I, hold both in the case of the strong law of large
numbers for processes stationary in the wide sense and in the case of ergodic theorems
for contraction operators in Hilbert spaces.

Note also that the narrow range α ∈ (0, 2] of the exponent in Theorems 9 and 10 is
quite reasonable, because, as was already noted in the preceding chapter (Remarks 1
and 5), the rate of convergence in the von Neumann theorem cannot be higher than

quadratic except in the trivial case where f − f∗ = 0 (or, accordingly, f − f
∗
= 0)

λ-almost everywhere.

3.1. Discrete time. The following Theorem 9 refines the asymptotic Theorem 11 in [2],
Theorem 1 in [35], and also Theorems 1–3 in [43]. (The constants given here were
extracted in [16] from Gaposhkin’s proofs of the above-mentioned Theorems 1–3 in [43].)
Recall that the constant B and the exponent α in the assumptions of Theorem 9 below
can be computed from the behavior of the spectral measure σf−f∗ in a neighborhood of
zero or from the decay rate as n → ∞ of the correlation coefficients bn(f − f∗) of the
function f − f∗ (see the preceding chapter).

Theorem 9 ([16]). Let α ∈ (0, 2]. If the inequality ‖Anf − f∗‖22 ≤ Bn−α holds with
some constant B > 0 for all n ∈ N, then for each ε > 0 the following estimates hold for

the quantities Pε
n = λ

{
supk≥n |Akf − f∗| ≥ ε

}
for all n ≥ 2:

1. If α ∈ (0, 1), then Pε
n <

B

ε2
21+α

1− 2−α

(
1 +

1

(1− 2(α−1)/2)2

)
n−α.

2. If α = 1, then Pε
n <

8B

ε2
(log22 n+ 2 log2 n+ 4)n−1.

3. If α ∈ (1, 2], then Pε
n <

8B

ε2

(
1 +

π2

6

1 + 21−α

(1− 21−α)3

)
n−1.
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Remark 12 ([16]). For α = 2, the inequality

λ
{
sup
k≥n

|Akf − f∗| > ε
}
<

B

ε2
n−1

holds under the assumptions of Theorem 9.

3.2. Continuous time. Recall that, just as in the case of discrete time, the constant B
and the exponent α in the assumptions of Theorem 10 below can be computed from the
behavior of the spectral measure σf−f

∗ in a neighborhood of zero or from the decay rate

as t → ∞ of the correlation function bt(f − f
∗
) (see the preceding chapter). The proof

of this theorem in [17] was obtained by transferring Gaposhkin’s construction in [43] to
the case of continuous time.

Theorem 10 ([17]). Let the inequality

‖Atf − f
∗‖22 ≤ B(t+ 1)−α

hold for all t > 0, where B is a positive constant and 0 < α ≤ 2. Then for each ε > 0
one has

P
ε

t = λ
{
sup
s≥t

|Asf − f
∗| ≥ ε

}
< ϕ(α, t)Bε−2

for all t ≥ 2 and, depending on α,

1. If α ∈ (0, 1), then ϕ(α, t) =
3 · 2α

1− 2−α

(
1 +

1

(1− 2(α−1)/2)2

)
t−α + 16t−2.

2. If α = 1, then ϕ(α, t) = 12
(1 + log2 t)

2 + 3

t
+ 16t−2.

3. If α ∈ (1, 2], then ϕ(α, t) = 12

(
1 +

π2

6

1 + 21−α

(1− 21−α)3

)
t−1 + 16t−2.

Remark 13. The results of both theorems in this section can be generalized to a much
wider range of rates of convergence than the power-law range. This has been done in
Sedalishchev’s most recent paper [18] (together with all corresponding exact counterparts
for processes stationary in the wide sense and for semigroups of contraction operators
in Lp(Ω), 1 < p < ∞).

4. Estimates of rates of convergence in the Birkhoff theorem

via the decay rate of large deviations

This section, in contrast to all the preceding ones, only deals with functions f of the
class L∞(Ω) to be averaged; however, this is sufficient for the numerous applications
given in Chapter 3.

Theorems 11–13 given here have the specific feature that they hold not only for the
time means of processes stationary in the narrow (and wide) sense or for the case of
ergodic theorems for contraction operators but also in general for all essentially bounded
stochastic processes with a.e. convergent time means (see Remark 14 below).

The approach considered here also has the important advantage that it applies to
estimating the rates of convergence in the pointwise ergodic theorem for a fairly broad
class of rates popular in applications, including not only power-law rates with an arbitrary
exponent (in contrast to the preceding Section 3) but also all exponential rates.
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4.1. Coincidence of the asymptotics for the rate of convergence and for large
deviations. It was shown in [2, Theorem 12] for essentially bounded functions f that
a power-law decay rate as n → ∞ of the large deviation probabilities pεn is equivalent
to a power-law (with the same exponent) decay rate of the quantities Pε

n. The following
theorem establishes a similar asymptotic result for more general decay rates both for
endomorphisms and for semiflows.

Theorem 11 ([19]). Let f ∈ L∞(Ω), and let ϕ(x) : R+ → R+ be a function monotone
decreasing to zero for x > x0 such that

(4.1)

∫ ∞

x

ϕ(t)

t
dt = O(ϕ(x)) as x → ∞.

Then the following two assertions are equivalent:
1. pεn = O(ϕ(n)) as n → ∞ for every ε > 0.
2. Pε

n = O(ϕ(n)) as n → ∞ for every ε > 0.
In the case of continuous time, the following two similar assertions are equivalent:
3. pεt = O(ϕ(t)) as t → ∞ for every ε > 0.

4. P
ε

t = O(ϕ(t)) as t → ∞ for every ε > 0.

Let us introduce some notation. For each f ∈ L∞(Ω), set Δ = ‖f − f∗‖∞ in the case

of a discrete dynamical system and Δ = ‖f−f
∗‖∞ in the case of a continuous dynamical

system. Throughout the following, we assume that the function f is not invariant with
respect to the dynamical system in question, i.e., that Δ �= 0; otherwise, there is nothing
to estimate (see Remark 15 below). For each ε > 0, set

r = r(ε) = 1 +
ε

Δ
.

In applications, one more often deals with a situation in which the decay rate ϕ(n) of
the large deviation probabilities pεn is not the same for all positive ε but rather depends
on ε. Hence one has to consider a one-parameter family {ϕε(x)}ε>0 of functions rather
than a single function ϕ(x). Let us refine Theorem 11 for this case in the direction of
interest to us (the estimates of Pε

n via pεn).

Theorem 12 ([19]). Let f ∈ L∞(Ω). Assume that, for a given ε > 0, ϕε(x) : R
+ → R+

is a function monotone decreasing to zero for x > x0(ε) in such a way that relation (4.1)
holds. If there exist constants C(ε) > 0 and n0(ε) ∈ Z+ such that

pεn ≤ C(ε)ϕε(n)

for all n > n0(ε), then the inequality

(4.2) P2ε
n ≤ C(ε)

(
1 +

M(ε)

ln r(ε)

)
ϕε(n)

holds with some constant M(ε) > 0 for all n > max{x0(ε);n0(ε)}.
In the case of continuous time, a similar assertion holds with n replaced by t and with

pεn and P2ε
n replaced by pεt and P

2ε

t , respectively.

The following lemma shows how wide the class of functions satisfying the asymptotic
relation (4.1) is.

Lemma 2 ([19]). Let ψ1(x) : R
+ → R+ be a function nonincreasing for x > x0; then the

function ϕ1(x) = ψ1(x)/x
α satisfies condition (4.1) for each α > 0.

If a function ψ2(x) : R
+ → R+ satisfies condition (4.1), then so does the function

ϕ2(x) = ψ2(x
δ) for each δ > 0.
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It readily follows from this lemma that the asymptotic relation (4.1) is satisfied not
only by power-law functions (x−α, α > 0) but also by power-law functions with a log-

arithmic factor (x−α lnβx, α > 0, β ∈ R, x > 1), exponential decay functions (e−γx,
γ > 0), and exponential decay functions with a power-law factor (xαe−γx, α ∈ R, γ > 0).
Further, a power-law change of variables takes an exponential function to stretched ex-

ponential decay functions e−γxδ

, γ, δ > 0, which thus satisfy condition (4.1) as well.
Let us refine Theorem 12 (inequality (4.2)) for all functions described above. We intro-

duce the incomplete gamma function Γ(a, x) and its special case, the integral exponential
E1(x),

Γ(a, x) =

∫ ∞

x

e−tta−1 dt, x > 0, a ∈ R, E1(x) = Γ(0, x) =

∫ ∞

x

e−t

t
dt, x > 0.

Consider also the functions

A(a, x) =
ex

xa
Γ(a, x), x > 0, a ∈ R,

D(a, x) =

{
1
a , x ≤ 0, a > 0,
1
a + x

a2 + x(x−1)
a3 + · · ·+ x(x−1)···(x−[x])

a[x]+2 , x > 0, a > 0.

Theorem 13 ([19]). Let f ∈ L∞(Ω); then the following assertions hold for each ε > 0:
1. If pεn ≤ C(ε)n−α(ε) with some constants C(ε) > 0 and α(ε) > 0 for all n > n0(ε),

n0(ε) ∈ Z+, then

P2ε
n ≤ C(ε)

(
1 +

1

r(ε)α(ε) − 1

)
n−α(ε) < C(ε)

(
1 +

1

α(ε) ln r(ε)

)
n−α(ε)

for all n > n0(ε).

2. If pεn ≤ C(ε)n−α(ε) lnβ(ε) n with some constants α(ε) > 0 and β(ε) ∈ R for all
n > n0(ε), n0(ε) ∈ N, then

P2ε
n ≤ C(ε)

(
1 +

D(α(ε), β(ε))

ln r(ε)

)
n−α(ε) lnβ(ε)

for all n > max
{
[eβ(ε)/α(ε)];n0(ε); 2

}
.

3. If pεn ≤ C(ε)e−γ(ε)nδ(ε)

with some constants γ(ε) > 0 and δ(ε) > 0 for all n > n0(ε)
and n0(ε) ∈ Z+, then

P2ε
n ≤C(ε)

1

δ(ε)

(
1+

eγ(ε)E1(γ(ε))

ln r(ε)

)
e−γ(ε)nδ(ε)

<C(ε)
1

δ(ε)

(
1+

ln(1 + 1/γ(ε))

ln r(ε)

)
e−γ(ε)nδ(ε)

for all n > n0(ε).
4. If pεn ≤ C(ε)nα(ε)e−γ(ε)n with some constants α(ε) ∈ R and γ(ε) > 0 for all

n > n0(ε) and n0(ε) ∈ Z
+, then

P2ε
n ≤ C(ε)

(
1 +

A(α(ε), γ(ε))

ln r(ε)

)
nα(ε)e−γ(ε)n

for all n > max{[α(ε)/γ(ε)];n0(ε)}. In the case of continuous time, similar assertions

hold with n replaced by t and with pεn and P2ε
n replaced by pεt and P

2ε

t , respectively.

Remark 14 ([19]). All results of this section (Theorems 11–13) hold not only for ergodic
means (i.e., time means of stationary processes) but also for arbitrary essentially bounded
stochastic processes whose time means converge almost everywhere. Let us discuss this
remark, which is important in what follows, in more detail.
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Let{ξτ : τ ∈ N or R+} be a sequence (or a family) of random variables on (Ω,F, λ)
(i.e., a stochastic process) such that λ-almost everywhere there exists a limit

ξ∗ = lim
n→∞

1

n

n−1∑
τ=0

ξτ for the case of τ ∈ N,

ξ
∗
= lim

t→∞

1

t

∫ t

0

ξτ dτ for the case of τ ∈ R
+,

of time means; let ξτ ∈ L∞(Ω) for all τ , and finally, let supτ ‖ξτ‖L∞(Ω) < ∞. Then
an analysis of the proofs of Theorems 11–13 shows that these theorems remain valid for
these time means of the stochastic processes {ξτ} in question. In particular, they hold
for the means of a bounded function if these means are generated by a Dunford–Schwartz
operator in L1(Ω) (by a semigroup of such operators in the continuous case), i.e., by a
linear operator that is a contraction both in L1(Ω), and in L∞(Ω).

Remark 15. Throughout this section, we have assumed that Δ �= 0, i.e., that the function
f is not invariant with respect to the dynamical system. It is easily seen that if f is
invariant, then the rate of convergence in the Birkhoff theorem is most fast: one has

(4.3) pεn = Pε
n = 0

for any n ≥ 1 and ε > 0.
A similar situation occurs in the more general case where the function f is cohomo-

logical to some constant c. For a discrete dynamical system, this means that there exists
a g ∈ L∞(Ω) such that λ-a.e. one has

f(ω) = g(Tω)− g(ω) + c.

Indeed, then f∗ ≡ c and

|Anf(ω)− f∗(ω)| = |g(Tnω)− g(ω)|
n

≤ 2‖g‖∞
n

.

Hence relation (4.3) holds for any ε > 0 and all positive integers n > 2‖g‖∞
ε .

For the case of continuous time, the fact that f is cohomological to a constant means
that there exists a function g ∈ L∞(Ω) such that λ–a.e. there exists a limit

g′(ω) = lim
t→0

g(T tω)− g(ω)

t

and one has

f(ω) = g′(ω) + c.

Just as in the discrete case, one can readily show that a relation similar to (4.3) holds

for each ε > 0 and all t > 2‖g‖∞
ε .

4.2. Large deviations for characteristic functions. Many of the estimates given in
the literature for the decay of large deviation probabilities have only been obtained for
some classes of continuous functions; usually, these are functions satisfying the Hölder
condition. It is natural to ask whether these estimates can be extended to other function
classes, say, the class, important in applications, of characteristic functions χA of mea-
surable subsets A of the phase space Ω. It turns out (see Theorem 14 below) that if the
boundary of A is regular (say, piecewise smooth), then the functions χA admit monotone
upper and lower approximations by smooth functions ϕ such that the large deviations
for χA can be estimated via known large deviations for these ϕ. In Chapter 3, this will
permit us to apply Theorems 12–13 to obtain estimates of the rates of convergence in
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the Birkhoff ergodic theorem for a broad variety of dynamical systems of interest in ap-
plications, the class of functions to be averaged including not only Hölder functions but
also the characteristic functions of nonpathological subsets of the phase space.

Theorem 14. Let Ω be a finite-dimensional Cr manifold, r ≥ 1, let λ be a probability
measure on its Borel σ-algebra, and let T be an endomorphism of the measure space
(Ω, λ). Further, let A ⊂ Ω be a bounded Borel set of nonzero measure with boundary of
measure zero, and let χA be the characteristic function of A. Then for each sufficiently
small ε > 0 there exist Cr functions ϕε

1 and ϕε
2 such that 0 ≤ ϕε

1 ≤ χA ≤ ϕε
2 ≤ 1 and

λ{|AnχA − λ(A)| ≥ 2ε} ≤ λ

{∣∣∣∣Anϕ
ε
1 −
∫
Ω

ϕε
1 dλ

∣∣∣∣ ≥ ε

}
+ λ

{∣∣∣∣Anϕ
ε
2 −
∫
Ω

ϕε
2 dλ

∣∣∣∣ ≥ ε

}
for all n ≥ 1.

A similar assertion holds for the case of continuous time.

Proof. Consider the case of discrete time; for continuous time, the argument is similar.
First, assume that the phase space Ω is a domain in the space R

m, m ∈ N.
It is well known (e.g., see [44, Theorem 1.4.8.]) that for any Borel set A ⊂ Ω and any

ε > 0 there exists an open set Uε and a compact set Kε such that

Kε ⊂ A ⊂ Uε, λ(Uε\Kε) < ε.

Since

λ(clA)− λ(intA) = λ(∂A) = 0 and λ(clA) = λ(A) = λ(intA) > 0

under the assumptions of the theorem, we can take Kε and Uε such that

Kε ⊂ intA ⊆ A ⊆ clA ⊂ Uε.

(To this end, we approximate the bounded open set intA by a compact set Kε ⊂ intA
such that λ(intA\Kε) < ε/2 and the compact set clA by an open set Uε ⊃ clA such
that λ(Uε\clA) < ε/2.) For any compact set K ⊂ Ω and any open neighborhood U of
K, there exists an infinitely differentiable function ψ = ψK,U : Ω → R such that (e.g., see
[45, Part 2, Sec. 2.8])

1. 0 ≤ ψ ≤ 1.
2. K ⊂ int{ψ = 1}.
3. suppψ ⊂ U .
The desired functions ϕε

1 and ϕε
2 can be defined as follows:

ϕε
1 = ϕ1 = ψKε, intA, ϕε

2 = ϕ2 = ψclA,Uε
.

Then the functions ϕ1, ϕ2, and χA satisfy the relations

(4.4) ϕ1 ≤ χA ≤ ϕ2, Anϕ1 ≤ AnχA ≤ Anϕ2,

for all n ∈ N.
Further,∫

Ω

ϕ1 dλ =

∫
suppϕ1

ϕ1 dλ =

∫
intA

ϕ1 dλ =

∫
Kε

ϕ1 dλ+

∫
A\Kε

ϕ1 dλ

≥
∫
Kε

ϕ1 dλ = λ(Kε) = λ(A)− λ(A\Kε) > λ(A)− ε.
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In a similar way, we obtain a chain of equalities for ϕ2,∫
Ω

ϕ2 dλ =

∫
suppϕ2

ϕ2 dλ =

∫
Uε

ϕ2 dλ =

∫
A

ϕ2 dλ+

∫
Uε\A

ϕ2 dλ

= λ(A) +

∫
Uε\A

ϕ2 dλ ≤ λ(A) + λ(Uε\A) < λ(A) + ε.

In view of the estimates obtained above for the mean values of ϕ1 and ϕ2, we find
that

(4.5)

∫
ϕ1 dλ+ ε ≥ λ(A) ≥

∫
ϕ2 dλ− ε.

We use relations (4.4) and (4.5) and obtain

Anϕ1 − λ(A) ≤ AnχA − λ(A) ≤ Anϕ2 − λ(A),

Anϕ1 −
∫
Ω

ϕ1 dλ− ε ≤ AnχA − λ(A) ≤ Anϕ2 −
∫
Ω

ϕ2 dλ+ ε,

for all n ∈ N and ε > 0, whence it follows that

|AnχA − λ(A)| ≤ max

{∣∣∣∣Anϕ1 −
∫
Ω

ϕ1 dλ

∣∣∣∣; ∣∣∣∣Anϕ2 −
∫
Ω

ϕ2 dλ

∣∣∣∣
}

+ ε.

Then

(4.6) {|AnχA − λ(A)| ≥ 2ε} ⊆
{∣∣∣∣Anϕ1 −

∫
Ω

ϕ1 dλ

∣∣∣∣ ≥ ε

}
∪
{∣∣∣∣Anϕ2 −

∫
Ω

ϕ2 dλ

∣∣∣∣ ≥ ε

}
;

here we apply the measure λ and find that the inequality

λ{|AnχA − λ(A)| ≥ 2ε} ≤ λ

{∣∣∣∣Anϕ1 −
∫
Ω

ϕ1 dλ

∣∣∣∣ ≥ ε

}
+ λ

{∣∣∣∣Anϕ2 −
∫
Ω

ϕ2 dλ

∣∣∣∣ ≥ ε

}
holds for all n ∈ N and ε > 0.

One can reduce the proof of existence of Cr functions of the form ψK,U for an arbitrary
finite-dimensional Cr manifold Ω to the case of a domain in Rm considered here by using
Cr coordinate neighborhoods (e.g., see [45, Part 2,Sec. 2.8]); the subsequent proof of the
theorem in the general case does not differ in any way from the one given above. �

Remark 16. For ergodic dynamical systems, the inequality in Theorem 14 is equivalent
to the inequality

p2εn (χA) ≤ pεn(ϕ
ε
1) + pεn(ϕ

ε
2);

a similar assertion holds for the case of continuous time.

Remark 17. In the assumptions of Theorem 14, let m be another (in contrast to λ,
not necessarily invariant) probability measure on the Borel σ-algebra of the manifold Ω.
Then, by applying the measure m rather than λ to the inclusion (4.6), we additionally
obtain the inequality

m{|AnχA − λ(A)| ≥ 2ε} ≤ m

{∣∣∣∣Anϕ
ε
1 −
∫
Ω

ϕε
1 dλ

∣∣∣∣ ≥ ε

}
+m

{∣∣∣∣Anϕ
ε
2 −
∫
Ω

ϕε
2 dλ

∣∣∣∣ ≥ ε

}
with the same ϕε

1 and ϕε
2 for all n ∈ N and ε > 0; a similar inequality holds for the case

of continuous time.

In Section 6.2, the last remark will permit us to obtain estimates of the rate of con-
vergence a.e. of the ergodic means AnχA with respect to the (noninvariant) Riemannian
volume on the manifold Ω for the case of hyperbolic dynamical systems.
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Chapter 3. Applications: Estimates of rates of convergence for specific
dynamical systems

In this chapter, we consider some well-known dynamical systems, including Bernoulli
shifts and the Rényi map, the Gauss transformation, Anosov systems, nonuniformly
hyperbolic systems modeled by a Young tower (the logistic map and the Hénon map with
the Benedicks–Carleson parameters, one-dimensional expanding maps with a neutral
point, and some Sinai and Bunimovich billiards), and also Teichmüller flows. For these
dynamical systems, we obtain estimates of the rate of convergence in the Birkhoff theorem
and/or von Neumann theorem. Our selection of dynamical systems is motivated by
their popularity and accordingly the availability of estimates of large deviations and/or
correlation coefficients for these systems in the literature.

In what follows, we use correlation coefficients different from the coefficients bnf and
btf considered in the first two chapters; sometimes, they are referred to as pair correlation
coefficients. Let f, g ∈ L2(Ω), and let τ ∈ Z

+ in the case of discrete time and τ ∈ R
+ in

the case of continuous time. The number

cτ (f, g) =

∫
Ω

f(ω)g(T τω) dλ−
∫
Ω

f(ω) dλ

∫
Ω

g(ω) dλ

is called the correlation coefficient of the functions f and g ◦T τ . For negative τ , one sets
cτ (f, g) = c−τ (f, g); here the bar above the expression stands for complex conjugation.
The number cτ (f) = cτ (f, f) is called the autocorrelation coefficient.

The coefficient cτ (f) is related to the correlation coefficient bτ (f) (see the Introduc-
tion) by the simple formula

(5.0) cτ (f) = cτ

(
f −

∫
Ω

f(ω) dλ

)
= bτ

(
f −

∫
Ω

f(ω) dλ

)
,

which holds for all f ∈ L2(Ω). Clearly, these coefficients have the same absolute value,
|cτ (f)| = |bτ (f)|, for all f ∈ L0

2(Ω) and coincide for real-valued f ∈ L0
2(Ω).

By P we denote the adjoint of the Koopman operator U (see the Introduction), P =
U∗. This is the so-called transfer operator, or the Perron–Frobenius operator. In the case
of a reversible dynamical system, it coincides with the inverse of the Koopman operator
(which is well known to be unitary in this case). If the action of this operator is known,
then the autocorrelation coefficient for f ∈ L0

2(Ω) can be found by the formula

cτ (f) =

∫
Ω

P τ (f)f dλ.

Note that the main role in the asymptotics of decay of these coefficients as τ → ∞
is played by the second-in-modulus eigenvalue of the operator P on a special Banach
function space (e.g., see [46, Chap. 2]). (The first eigenvalue is always 1.)

Most of the examples given below deal with Hölder or Lipschitz real-valued functions
to be averaged. Recall that if for some α ∈ (0, 1] there exists a constant h ≥ 0 such that
the inequality

|f(x)− f(y)| ≤ hdα(x, y)

holds for any points x and y of a metric space (X, d), then the function f is said to be
Hölder with exponent α if α ∈ (0, 1) and Lipschitz if α = 1. The minimum constant
h is denoted by Höldα(f) in the first case and by Lip(f) in the second case. Hölder
(Lipschitz) functions ranging in an arbitrary metric space are defined in a similar way.

For some dynamical systems, we only use estimates of the correlation coefficients
cτ (f, g) for real-valued functions f and g in special Banach spaces. The passage to
estimates for complex-valued functions f = f1 + if2 and g = g1 + ig2 whose real and
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imaginary parts lie in the same Banach space can be made with the use of the simple
inequality

|cτ (f, g)| =
∣∣cτ (f1, g1) + cτ (f2, g2)− icτ (f1, g2) + icτ (f2, g1)

∣∣
=
(
(cτ (f1, g1) + cτ (f2, g2))

2 + (cτ (f1, g2)− cτ (f2, g1))
2
)1/2

≤ 2
√
2 max
n,m=1,2

{|cτ (fn, gm)|}.

Although we only give examples of dynamical systems with power-law and exponential
estimates for the decay rate of correlations and large deviations in what follows (accord-
ingly, the examples are divided into two groups given in Sections 5 and 6, respectively),
we point out that the range of possible decay rates is by no means exhausted by these
rates alone. Oppositely, it was shown in [47] that, for any ergodic aperiodic discrete-time
dynamical system, the decay of large deviation probabilities at a rate less than an arbi-
trary given one is typical; i.e., it takes place for an everywhere dense Gδ-set of functions
f in L0

p(Ω), 1 ≤ p < ∞. (Consequently, the rate of convergence in the Birkhoff theorem
for such functions f is arbitrarily small as well in view of the obvious inequality Pε

n ≥ pεn
for all n ∈ N.) Needless to say, correlations may decay arbitrarily slowly as well. It was
shown, say, in [48] that, for any mixing discrete-time dynamical system, the decay rate
of correlations can be less than any prescribed one; namely, for each sequence {an} of
numbers tending to zero and each nonzero function g ∈ L0

2(Ω), there exists a function
f ∈ L2(Ω) such that cn(f, g) �= O(an) as n → ∞.

5. Dynamical systems with power-law decay of correlations

and large deviations

In this section, we present estimates of rates of convergence in ergodic theorems for
discrete dynamical systems modeled by a Young tower with a polynomial tail. (The
correlations and large deviations have power-law decay in this case.) Of these systems,
special attention is paid to the well-known Bunimovich stadium and one-dimensional
expanding maps with a single neutral point.

However, first we consider an extremely simple example of a discrete-time dynamical
system for which the spectral measure can be computed. This example was already
presented as early as in [2].

5.1. Periodic automorphism. We have already established in Chapter 1 (Theorem 3)
that, for each f ∈ L2(Ω), the existence of a singularity of the spectral measure at zero,
i.e., the validity of the condition

σf−f∗(−δ, δ] = O(δα) as δ → 0

with some α ∈ (0, 2), is equivalent to the power-law rate of convergence with the same
exponent α in the von Neumann ergodic theorem,

‖Anf − f∗‖22 = O(n−α) as n → ∞.

For a function f with such a spectral measure, we readily find from the Chebyshev
inequality that

pεn ≤ ‖Anf − f∗‖22
ε2

≤ K

ε2
n−α for all n ∈ N

with some constantK presented in Theorem 3 (or in Theorem 4 for the case of continuous
time) for each ε > 0. From this, by applying assertion 1 in Theorem 13, we obtain an
estimate of the rate of convergence for f ∈ L∞(Ω),

P2ε
n ≤ K

ε2

(
1 +

1

(1 + ε‖f − f∗‖−1
∞ )α − 1

)
n−α for all n ∈ N
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for any ε > 0. The following example, which has been borrowed from [2], shows that the
exponent α in the asymptotics in the example above relating the singularity at zero of
the spectral measure to the rate of convergence in Birkhoff theorem is sharp.

Let {Ωn}n∈N be a partition of Ω into atoms Ωn of measure

λ(Ωn) =
1

ζ(α+ 1)nα+1
,

where

ζ(α+ 1) =
∞∑
k=1

1

kα+1

is the usual zeta function. Let us split each of the atoms Ωn into 2n atoms Ωnj of equal
measure. On each Ωn, take an automorphism Tn of period 2n cyclically permuting the
atoms Ωnj . Set λn = eiπ/n. Consider the function fλn

on Ωn equal to 2ελj
nn sin π

2n on
each Ωnj , where ε is a given positive number. Then, clearly, Tnfλn

= λnfλn
. We define

the desired automorphism T and function f ∈ L∞ by the condition that their restrictions
to the atom Ωn coincide with Tn and fλn

, respectively, for each n ∈ N.
A straightforward verification shows that ‖f‖∞ ≤ πε,

σf (−δ, δ] =
∑

−δ<arg λn≤δ

‖fλn
‖22 ≤

∑
n≥π/δ

π2ε2λ(Ωn) ≤
2απ2−αε2

αζ(α+ 1)
δα

for each δ ∈ (0, π), and the rate of convergence has the lower bound

P2ε
n =

∞∑
k=n

λ(Ωk) =

∞∑
k=n

1

ζ(α+ 1)nα+1
≥ 1

αζ(α+ 1)
n−α

for all positive integer n, which proves that the upper bound in question is asymptotically
sharp.

Unfortunately, the sharp estimates discussed here of the rate of convergence via the
singularity of the spectral measure σf−f∗ at zero are practically of little use in the study
of specific dynamical systems. As was already noted, this is due to the difficulty in the
computation of these measures (for which one should first have full information about
all autocorrelations bτ (f − f∗) for all τ ) and their possible asymptotic inaccuracy when
estimating the rate of convergence in the Birkhoff theorem.

5.2. Dynamical systems modeled by a Young tower with a polynomial tail. The
approach in this subsection to the derivation of power-law estimates of the decay rate of
the correlation coefficients and large deviation probabilities pεn as n → ∞ is technically
much more complicated than that adopted in the first two chapters. Nevertheless, so far
there exist quite a few examples in which this approach has been applied efficiently. Its
obvious advantage is that it provides highly accurate estimates and can be used when
dealing with power-law estimates with arbitrarily high exponents.

This approach is based on the construction, well known in ergodic theory, of a Kaku-
tani tower (or skyscraper) with additional properties studied by Young. Let us briefly
describe this important model constructed in [7] and called a Young tower with a polyno-
mial tail. The reader may well skip this description (up to and including inequality (5.1))
without any harm for understanding the estimates obtained further on the basis of this
model.

Young tower. Let Δ0 be an arbitrary set, and let ξ = {Δ0,k, k ∈ N} be a partition of
Δ0 into atoms. Let a function R : Δ0 → Z+ (return time) be given such that R|Δ0,k

= zk
and the greatest common denominator of all zk is 1.

Define a dynamical system (Δ,F, μ;S) as follows. The phase space is the set Δ =
{(ω, k), ω ∈ Δ0, 0 ≤ k < R(ω)}, which is referred to as a tower over Δ0; the set Δn =
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Δ ∩ {k = n} is the nth floor of the tower, and Δn,k = Δn ∩ {ω ∈ Δ0,k} is the nth floor
of the tower over Δ0,k. All the sets Δn,k are F-measurable.

The map S takes each point (ω, k) to (ω, k+ 1) for all k < R(ω) and maps the points
of the last floor Δzk−1,k bijectively into Δ0×{0} in such a way that the partition {Δn,k}
is a generator for S. We identify the zero floor Δ0 × {0} with Δ0 and define a map
SR : Δ0 → Δ0 by the formula SR(ω) = SR(ω)(ω). The measure μ is a measure on (Δ,F)
such that μ(Δ0) < ∞. For points x, y ∈ Ω, we define a function (separation time) s(x, y)
as follows. First, for distinct points x = (ω1, 0) and y = (ω2, 0) in Δ0 we define s(x, y)
to be the minimum nonnegative n such that the points (SR)n(ω1) and (SR)n(ω2) lie in
distinct elements of the partition ξ and set s(x, x) = ∞. For all other points x, y ∈ Δ, we
set s(x, y) = 0 if they do not lie in the same Δn,k; otherwise, s(x, y) = s(x′, y′), where x′

and y′ are the corresponding points of the zero floor (the preimages under the map S).
Fix some β ∈ (0, 1) and set d(x, y) = βs(x,y); then (Δ, d) is a metric space.

There is an important property of S related to this metric structure. Assume that
the map SR : Δ0,k → Δ0 has a nonsingular (with respect to μ) inverse for all k. Hence
each Δ0,k is equipped with the measure SR

∗ μ absolutely continuous with respect to μ.
(For a measurable A ⊂ Δ0, we set SR

∗ μ(A) = μ((SR)−1A).) Then we assume that the
Radon–Nikodym derivative

ρ =
dSR

∗ μ

dμ
of this measure has the following property: there exists a constant CS > 0 such that∣∣∣ρ(x)

ρ(y)
− 1
∣∣∣ ≤ CSd(S

Rx, SRy)

for all k and x, y ∈ Δ0,k.
Estimates of correlations. If the system written out above satisfies the condition∫

Δ0

Rdμ < ∞,

then there exists an S-invariant probability measure ν absolutely continuous with respect
to μ such that (Δ,F, ν;S) is a mixing dynamical system.

If, moreover, the tail distribution of the time R : Δ → Z+ of return to the zero floor
has the property

μ(R > n) ≤ CRn
−γ for some γ > 0 and CR > 0 for all n ∈ N,

then the inequality

|cn(f, g)| =
∣∣∣∣∫

Δ

f(ω)g(Snω) dν −
∫
Δ

f(ω) dν

∫
Δ

g(ω) dν

∣∣∣∣ ≤ Cf‖g‖∞n−γ

holds for any real-valued functions g ∈ L∞ and f satisfying the Lipschitz condition and
for all n ∈ N, where the constant Cf depends on the dynamical system and the function
f . When modeling by a Young tower, it suffices to require (as one usually does) that the
observable function f on the phase space Ω (which is usually a Riemannian manifold)
of the dynamical system T to be studied satisfies the Hölder condition. Then, when
passing from Ω to the corresponding tower Δ (i.e., when dealing with a map π : Δ → Ω
for which π ◦ S = T ◦ π), the function f ◦ π will be Lipschitz with respect to the metric
d for an appropriate choice of β. For the base Δ0 ⊆ Ω one takes a uniformly hyperbolic
set of system T , and the measure μ is defined to be the Lebesgue measure mu on the
unstable manifolds in Δ0; then the measure λ = π∗ν proves to be an SRB (Sinai–Ruelle–
Bowen) measure, i.e., a measure that has absolutely continuous conditional measure on
the unstable manifolds and at least one positive Lyapunov exponent. (For more details
on SRB measures, e.g., see Young’s paper [49] dedicated to them.)
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Then the inequalities on the tail distribution of the time of return to the zero floor
and the estimates of correlation coefficients rewritten in terms of the dynamical system
T to be studied become

(5.1) mu(R > n) ≤ CRn
−γ for some γ > 0 and CR > 0 for all n ∈ N,

and the inequality

(5.2) |cn(f, g)| =
∣∣∣∣∫

Ω

f(ω)g(Tnω) dλ−
∫
Ω

f(ω) dλ

∫
Ω

g(ω) dλ

∣∣∣∣ ≤ Cf‖g‖∞n−γ

holds for any real-valued functions g ∈ L∞(Ω) and f satisfying the Hölder condition
and for all n ∈ N with some constant Cf depending on the dynamical system and the
function f .

Estimates of large deviations. The decay of large deviations for systems satisfying
the estimate (5.2) was recently studied in [9, 10]. It was shown in these papers that if
for some function f ∈ L∞(Ω) and γ > 0 there exists a constant Cf > 0 depending on f
such that

|cn(f, g)| ≤ Cf‖g‖∞n−γ for all g ∈ L∞(Ω), n ∈ N,

then for each ε > 0 there exists a constant Cf,ε,γ > 0 depending on f , ε, and γ such that

(5.3) pεn ≤ Cf,ε,γn
−γ

for all n ∈ N. An analysis of the proof of this estimate in [9, 10] shows that the constant
Cf,ε,γ there has the form

(5.4) Cf,ε,γ = Cf min
q≥1
q>γ

{
‖f − f∗‖2q−1

∞
ε2q

(
36q2 − 4qγ

q − γ

)q}
.

(We note parenthetically that if γ ∈ (0, 1), then the same asymptotics of decay of pεn in
the more general case of f ∈ L2(Ω) under the weaker condition

|bn(f − f∗)| ≤ Cn−γ for all n ∈ N

can readily be obtained by the methods described in Chapters 1 and 2, namely, by
combining the results of Theorems 7 and 9. The asymptotics given by those methods for
γ = 1 is worse, and the values γ > 1 do not give any further refinement of the asymptotics
at all.)

Estimates of the rate of convergence in ergodic theorems. By applying Theo-
rem 13 to (5.3), we obtain an estimate of the rate of convergence in the Birkhoff theorem
for dynamical systems modeled by a Young tower with a polynomial tail (with exponent
γ) for any Hölder function f and any ε > 0,

(5.5) P2ε
n ≤ Cf,ε,γ

(
1 +

1

r(ε)γ − 1

)
n−γ

for all n ∈ N.
By applying the large deviation estimate (5.3) for smooth functions ϕ1 and ϕ2 and

Remark 16 to Theorem 14, we obtain an estimate of large deviations for the characteristic
function χE of a bounded Borel set E with regular boundary: for all sufficiently small
ε > 0 and all n ∈ N, one has the inequality

p2εn (χE) ≤ pεn(ϕ1) + pεn(ϕ2) ≤ C(ε)n−γ ,

where

C(ε) = Cϕ1,ε,γ + Cϕ2,ε,γ .
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We apply Theorem 13 to the resulting inequality and recall that the constant for the
characteristic function χE has the form r(ε) = 1 + ε‖χE − λ(E)‖−1

∞ , thus obtaining the
following estimate of the rate of convergence in the Birkhoff theorem for such functions:

(5.6) P4ε
n (χE) ≤ C(ε)

(
(‖χE − λ(E)‖∞ + 2ε)γ

(‖χE − λ(E)‖∞ + 2ε)γ − ‖χE − λ(E)‖γ∞

)
n−γ

for all sufficiently small ε > 0 and all n ∈ N.
Theorem 7 applied to (5.2) with Hölder functions f = g readily gives estimates of the

rate of convergence in the von Neumann theorem for all γ > 0; the exact form of these
estimates is given below in specific examples.

Let us proceed to specific dynamical systems modeled by the construction described
above.

5.2.1. Expanding maps with a neutral point. Consider one most popular one-dimensional
expanding map with a neutral point (see [7, 50, 51, 52, 53] and the references therein),
namely, the map Tα : [0, 1] → [0, 1], α ∈ (0, 1), acting by the rule

Tα(x) =

{
x(1 + 2αxα), x ∈ [0, 1/2),

2x− 1, x ∈ [1/2, 1].

The neutral point is x = 0, for it is only at this point that the derivative is equal to
unity. An invariant measure is an absolutely continuous measure λα with density �α
that is Lipschitz outside any neighborhood of zero.

Estimates of the rate of convergence for Hölder functions. By using the Young
tower with a polynomial tail constructed in [7] for such systems, we obtain the power-law
estimates (5.2) for correlations with exponent γ = 1/α−1 for any Hölder function f and
bounded function g. This implies the estimates (5.5) with γ = 1/α − 1 of the rate of
convergence in the Birkhoff theorem for any Hölder function f and the estimates (5.6)
of the rate of convergence in the Birkhoff theorem for the characteristic function χE of
a bounded Borel set E. By applying the results of Theorem 7 with various α > 0, we
obtain estimates of the rate of convergence in the von Neumann theorem for any Hölder
function f similar to the estimates presented below in detail for Lipschitz functions with
nonzero mean.

Estimates of the rate of convergence for Lipschitz functions supported out-
side a neighborhood of zero. Surprisingly, the exponent γ, which is normally 1/α−1,
becomes 1/α if the function f to be averaged vanishes in a neighborhood of zero and has
zero mean with respect to the measure λα [54, 55].

Let f be a Lipschitz function and g a bounded function whose supports do not contain
zero; i.e., these functions vanish in some neighborhood of zero. If∫ 1

0

f dλα

∫ 1

0

g dλα �= 0,

then there exists a constant C1 > 0 such that

|cn(f, g)| ≤
C2

n1/α−1
, C2 = C1�α

(
1

2

)
α1−1/α

1− α

∣∣∣∣∫ 1

0

f dλα

∫ 1

0

g dλα

∣∣∣∣
for all n ∈ N.

If ∫ 1

0

f dλα = 0,
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then there exists a constant C3 > 0 such that

|cn(f, g)| ≤
C3

n1/α

for all n ∈ N.
We use these estimates of correlations, relations (5.0) between the correlation coeffi-

cient, and the result in Theorem 7 for various α > 0 to obtain the following estimates for
the rate of convergence in the von Neumann theorem for Lipschitz functions f vanishing
in a neighborhood of zero:

1. If
∫ 1

0
f dλα = 0 for all n ≥ 2, then∣∣∣‖Anf − f∗‖22 −

2πρ(0)

n

∣∣∣ < C3α
2

(1− α)(2α− 1)

1

n1/α
, α ∈ (1/2, 1),∣∣∣‖Anf − f∗‖22 −

2πρ(0)

n

∣∣∣ < 2C3

(
lnn+ 2 +

1

n(n− 1)

)
1

n2
, α = 1/2,∣∣∣‖Anf − f∗‖22 −

2πρ(0)

n
+

2π(ρ′)c(0)

n2

∣∣∣ < C3α

2− 4α

1

n1/α
, α ∈ (0, 1/2).

For the corresponding values of α, one has

0 ≤ 2πρ(0) ≤ ‖f − f∗‖22 +
2C3

1− α
, |2π(ρ′)c(0)| ≤ 2C3

1− α

1− 2α
.

2. If
∫ 1

0
f dλα �= 0, then

‖Anf − f∗‖22 ≤ ‖f − f∗‖22
n

+
2C2α

2α− 1

1

n1/α−1
, α ∈ (1/2, 1), n ∈ N,

‖Anf − f∗‖22 ≤ ‖f − f∗‖22
n

+ 2C2
lnn+ 1

n
, α = 1/2, n ∈ N,∣∣∣‖Anf − f∗‖22 −

2πρ(0)

n

∣∣∣ < C2α
2

(1− 2α)(3α− 1)

1

n1/α−1
, α ∈ (1/3, 1/2), n ≥ 2,∣∣∣‖Anf − f∗‖22 −

2πρ(0)

n

∣∣∣ < 2C2

(
lnn+ 2 +

1

n(n− 1)

)
1

n2
, α = 1/3, n ≥ 2,∣∣∣‖Anf − f∗‖22 −

2πρ(0)

n
+

2π(ρ′)c(0)

n2

∣∣∣ < C2α

2− 6α

1

n1/α−1
, α ∈ (0, 1/3), n ≥ 2.

For the corresponding values of α, one has

0 ≤ 2πρ(0) ≤ ‖f − f∗‖22 + 2C2
1− α

1− 2α
, |2π(ρ′)c(0)| ≤ 2C2

1− 2α

1− 3α
.

Inequality (5.5) written out for Lipschitz functions f vanishing in a neighborhood

of zero with exponent γ = 1/α if
∫ 1

0
f dλα = 0 and with exponent γ = 1/α − 1 if∫ 1

0
f dλα �= 0 is common for all examples in this subsection and provides an estimate of

the rate of convergence in the Birkhoff theorem.

5.2.2. Billiards with a power-law estimate of the rate of convergence [56, 57, 58, 59].
Billiards are dynamical systems modeling the inertial motion (with elastic reflections)
of a mass point in some domain M ⊂ R

m, m ≥ 2, with piecewise smooth boundary
∂M. (In a more general setting, M is a Riemannian manifold, and the motion before
and after each reflection is along geodesics.) The transformation group T t is formed by
the maps taking each point x = (q, v), where q ∈ M and v ∈ TqM is a unit tangent
vector, to the point T tx lying at the distance t from x along the trajectory of motion
in the direction of v (with regard to reflections at the boundary). In what follows, we
only deal with plane (two-dimensional) billiards. Along with this continuous system, one



32 A. G. KACHUROVSKII AND I. V. PODVIGIN

often considers the discrete dynamical system (Ω,T, λ), where Ω = ∂M× [−π/2, π/2] is
the collision space and T: Ω → Ω is the billiard map (the Poincaré map of the billiard
boundary) taking each point r on the boundary ∂M with a direction ϕ to the point r′

where a collision with reflection in the direction ϕ′ will occur; the T-invariant measure
on Ω has the form dλ = cλ cosϕdr dϕ, where (r, ϕ) are the canonical coordinates on Ω
and cλ is a normalizing factor.

The statistical properties of such systems depend on the character of the boundary.
One singles out focusing billiards (where the boundary ∂M is convex to the outside of
the domain), known as Bunimovich billiards; scattering billiards (where the boundary
∂M is convex to the inside of the domain), known as Sinai billiards; scattering billiards
with traps (where some parts of the boundary meet at a zero angle); and semi-scattering
billiards (see [3, Chap. 6] and [60] for details). Note that billiard flows and maps for
convex plane domains with sufficiently smooth (C7) boundary are not ergodic, and their
statistical properties are trivial. On the other hand, Stepin and Troubetzkoy [61] showed
that billiard systems for C1-typical plane domains with C1 boundary are weakly mixing.

Estimates of the rate of convergence in the Birkhoff theorem. It was shown
in [59] for the Bunimovich stadium and for some classes of semi-scattering billiards and
billiards with traps that the correlations with respect to their billiard maps exhibit power-
law decay. Namely, the inequality

|cn(f, g)| =
∣∣∣∣∫

Ω

f(r, ϕ)g(Tn(r, ϕ)) dλ−
∫
Ω

f(r, ϕ) dλ

∫
Ω

g(r, ϕ) dλ

∣∣∣∣ ≤ Cf‖g‖∞n−1

holds for any Hölder functions f and g with some constant Cf > 0 for all n ∈ N.
The proof of this assertion was obtained in [59] by an application of the construc-

tion of a Young tower with a polynomial tail; hence Young’s theory was actually used
in [59] to prove the stronger assertion that this inequality holds for all g ∈ L∞(Ω) and
Hölder functions f (as had been noted as early as in [10, Example 1.7]). This is just
condition (5.3) with γ = 1. Consequently, if the function f to be averaged satisfies the
Hölder condition, then such billiards also satisfy the power-law estimate (5.5) of the rate
of convergence in the Birkhoff ergodic theorem with the same exponent γ = 1; namely,

P2ε
n ≤ Cf,ε,1

(
r(ε)

r(ε)− 1

)
n−1

for any ε > 0 and all n ∈ N. It is of interest to study the resulting constants. One can
estimate the constant Cf,ε,1, say, by taking q = 3/2 in inequality (5.4),

Cf,ε,1 < 1875Cf
‖f − f∗‖2∞

ε3
.

Recall that r(ε) = 1 + ε
‖f−f∗‖∞

; thus, we obtain

P2ε
n ≤ Cf

1875

ε

((
‖f − f∗‖∞

ε

)3

+

(
‖f − f∗‖∞

ε

)2)
n−1.

Since

‖Akf − f∗‖∞ = ‖Ak(f − f∗)‖∞ ≤ ‖f − f∗‖∞,

it follows that the inequalities ‖Akf−f∗‖∞ < 2ε hold for all k provided that ‖f−f∗‖∞ <
2ε, whence we see that P2ε

n = 0 for all n. Hence we can assume that ‖f − f∗‖∞ ≥ 2ε in
our last estimate and weaken it by rewriting it in the following simplified form:

P2ε
n ≤ Cf

2812,5

ε

(
‖f − f∗‖∞

ε

)3

n−1

for any ε > 0 and all n ∈ N.
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Estimates for characteristic functions. By using the estimate obtained above for
the constant Cf,ε,1 and inequality (5.6) with γ = 1, we obtain the following estimate for
the rate of convergence in the Birkhoff theorem for the characteristic function χE of a
bounded Borel set E with regular boundary for all sufficiently small ε > 0 and all n ∈ N:

P4ε
n (χE) ≤ C(ε)

(
1 +

‖χE − λ(E)‖∞
2ε

)
n−1,

where

C(ε) = Cϕ1,ε,1 + Cϕ2,ε,1 ≤ 1875
Cϕ1

+ Cϕ2

ε3
.

Estimate of the rate of convergence in the von Neumann theorem. By apply-
ing Theorem 7 with γ = 1, we obtain the following estimate for the rate of convergence
in the von Neumann theorem for all billiards considered here, for every Hölder function
f , and for all n ∈ N:

‖Anf − f∗‖22 ≤ ‖f − f∗‖22n−1 + 2Cf‖f − f∗‖∞
lnn+ 1

n

< (Cf + ‖f − f∗‖∞)2n−1 + 2Cf‖f − f∗‖∞
lnn

n
.

Remark 18. It is remarkable that the decay rate of correlations (and hence the resulting
estimate of the rate of convergence in the von Neumann theorem) may have distinct
asymptotics in the cases of discrete and continuous time for billiards in one and the same
domain M. For example, it was shown in [62] (for sufficiently regular observables) that
the sharp asymptotics of the correlation decay for the billiard flow of the Bunimovich
stadium is the same as for the billiard map, that is, O(t−1) as t → ∞. However, the
correlation decay for scattering billiards with traps has distinct asymptotics for distinct
types of time; namely, it admits the estimates O(t−k) for every k ≥ 1 in the case of
continuous time and has a sharp asymptotic of the order O(t−1) in the case of discrete
time.

6. Dynamical systems with exponential decay of correlations

and large deviations

Dynamical systems with hyperbolic behavior (one-dimensional expanding maps, uni-
formly and nonuniformly hyperbolic systems, and also partially hyperbolic systems) pro-
vide numerous examples of dynamical systems with exponential estimates of the decay
of correlations and large deviations, usually for the case of Hölder observables.

In this section, we estimate the rate of convergence in the von Neumann theorem for
β-adic shifts with β > 2 and for the Gauss map. We obtain estimates of the rate of
convergence both in the von Neumann theorem and in the Birkhoff theorem for Anosov
systems, for dynamical systems modeled by a Young tower with an exponential tail (of
which main attention is paid to quadratic maps and the periodic Lorentz gas), and also
for Teichmüller flows.

The decay of the remainder term in the asymptotic representations (2.1) and (2.2) of
the rate of convergence in the von Neumann theorem is exponential for these systems as
well.

6.1. Piecewise expanding maps. In this subsection, we deal with one-dimensional
maps that, almost everywhere with respect to their invariant measures, have derivatives
whose absolute value is greater than unity. All the examples considered here are well-
known one-dimensional chaotic maps. The correlation coefficients used to estimate the
rate of convergence in the von Neumann theorem for such maps are either computed ex-
actly for functions representable by series in Bernoulli or Euler polynomials (the Bernoulli
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shifts and the tent map) or estimated efficiently for some special classes of regular func-
tions in which the action of the Perron–Frobenius operator is well studied (the Rényi
and Gauss maps).

6.1.1. Bernoulli shift and the tent map. For an arbitrary positive integer N ≥ 2, consider
the Nth Bernoulli shift TN : [0, 1) → [0, 1) defined by

TN (x) = Nx (mod 1) =
N−1∑
k=0

(Nx− k)χ[ k
N , k+1

N ).

By T̃N we denote the tent map with N branches. It only differs from TN in that the

slope of the even linear branches is negative. More precisely, T̃N : [0, 1) → [0, 1) is given
by the formula

T̃N (x) =

N−1∑
k=0

(
(−1)kNx+ (−1)k+1

(
k +

1− (−1)k

2

))
χ[ k

N , k+1
N ).

The invariant measure for these systems is the Lebesgue measure (with invariant
density � ≡ 1).

Estimate of correlations for TN . It is well known that the Bernoulli polynomials
Bn(x) are polynomial eigenfunctions of the Perron–Frobenius operator for the Bernoulli
shift TN with eigenvalues 1/Nn (e.g., see [63]). One can use this fact to compute the
correlation coefficients exactly (and in turn use them to estimate the rate of convergence
in the von Neumann theorem) for functions admitting series expansions in Bernoulli
polynomials. By way of example, we do this below for the powers xk, k ∈ N. By the
Euler–Maclaurin formula, we have the expansion

xk =
1

k + 1
+

k∑
n=1

(
n

k+1

)
k + 1

Bn(x),

where
(

n
k+1

)
= (k+1)!

n!(k+1−n)! . By using this expansion, we obtain

cm(xk) =

∫ 1

0

xkPmxk dx−
(∫ 1

0

xk dx

)2

=

k∑
n=1

(
n

k+1

)
k + 1

∫ 1

0

xkPmBn(x) dx

=

k∑
n=1

(
n

k+1

)
Nnm(k + 1)

∫ 1

0

xkBn(x) dx

for all m ∈ N.
By using relation (5.0) between the correlation coefficients, we obtain the estimate

(6.1)
∣∣∣bm(xk − 1

k + 1

)∣∣∣ ≤ A
(1)
k e−B(1)m

for all m ∈ N, where

A
(1)
k =

k∑
n=1

(
n

k+1

)
k + 1

∣∣∣∣∫ 1

0

xkBn(x) dx

∣∣∣∣
and B(1) = lnN is the Lyapunov exponent of the dynamical system in question.

Estimate of correlations for T̃N . The polynomial eigenfunctions of the tent map

T̃N already depend on the parity of N . If N = 2M , then the eigenfunction corresponding
to the eigenvalue 1/N2l is 1 for l = 0 and the polynomial B2l(x)−lE2l−1x for l ≥ 1, where
the B2l(x) are the Bernoulli polynomials and the E2l−1(x) are the Euler polynomials.
The eigenfunctions corresponding to the zero eigenvalue are the Bernoulli and Euler
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polynomials B2l−1(x) and E2l−1(x), l ≥ 1, with odd numbers. If N = 2M − 1, then
the eigenvalues are again 1/N2l, l ≥ 0; they are of multiplicity 2 for l ≥ 1, and the
corresponding eigenfunctions are the polynomials B2l(x) and E2l−1(x) [64, 63].

By applying the Euler–Maclaurin formula to the monomials xk, k ∈ N, we obtain the
expansion

xk =
1

k + 1
+

[k/2]∑
n=1

(
2n
k+1

)
k + 1

B2n(x) +

[(k+1)/2]∑
n=1

2δ(n,(k+1)/2)

2

(
2n− 1

k

)
E2n−1(x)

in Bernoulli and Euler polynomials, where δ(n, (k + 1)/2) is the Kronecker delta.
We use this expansion and obtain

cm(xk) =

[k/2]∑
n=1

(
2n
k+1

)
k + 1

∫ 1

0

xkPmB2n(x) dx

=

[k/2]∑
n=1

(
2n
k+1

)
k + 1

∫ 1

0

xkPm(B2n(x)− nE2n−1(x)) dx

=

[k/2]∑
n=1

(
2n
k+1

)
N2nm(k + 1)

∫ 1

0

xk(B2n(x)− nE2n−1(x)) dx

for N = 2M and for all m ∈ N and

cm(xk) =

[k/2]∑
n=1

(
2n
k+1

)
N2mn(k + 1)

∫ 1

0

xkB2n(x) dx

+

[(k+1)/2]∑
n=1

2δ(n,(k+1)/2)

2

(
2n−1

k

)
N2mn

∫ 1

0

xkE2n−1(x) dx

for N = 2M − 1 and for all m ∈ N.
Let us again use relation (5.0) between the correlation coefficients; then for all m ∈ N

we obtain the estimate

(6.2)
∣∣∣bm(xk − 1

k + 1

)∣∣∣ ≤ A
(2)
k e−B(2)m,

where

A
(2)
k = max

{
[k/2]∑
n=1

(
2n
k+1

)
k + 1

∣∣∣∣∫ 1

0

xk(B2n(x)− nE2n−1(x)) dx

∣∣∣∣;
[k/2]∑
n=1

(
2n
k+1

)
k + 1

∣∣∣∣∫ 1

0

xkB2n(x) dx

∣∣∣∣
+

1

2

[(k+1)/2]∑
n=1

2δ(n,(k+1)/2)

(
2n− 1

k

)∣∣∣∣∫ 1

0

xkE2n−1(x) dx

∣∣∣∣
}

and B(2) = 2 lnN .
Estimates of the rate of convergence in the von Neumann theorem. Let

us apply assertion 6 of Theorem 7 to the estimates (6.1) and (6.2). Then we arrive at
the asymptotic relation (2.1) with an estimate of the rate of convergence with respect to
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both dynamical systems in question in the von Neumann theorem for the monomials xk,
k ∈ N,∣∣∣∣∥∥∥Anx

k − 1

k + 1

∥∥∥2
2
− 2πρ(0)n−1 + 2π(ρ′)c(0)n−2

∣∣∣∣
≤ 2A

(i)
k eB

(i)

eB(i) − 1

(
1 +

1

eB(i) − 1
· 1
n

)
e−B(i)n

n
< 2A

(i)
k

(
N i

N i − 1

)2
1

nN in
, i = 1, 2,

for all n ∈ N; here

0 ≤ 2πρ(0) ≤ 1

2k + 1
+

2A
(i)
k

N i − 1
, |2π(ρ′)c(0)| ≤ 2A

(i)
k N i

(N i − 1)2
, i = 1, 2.

Since an arbitrary polynomial is a linear combination of monomials, it follows that
it can be expanded in Bernoulli and Euler polynomials as well, and hence similar esti-
mates of the rate of convergence in the von Neumann theorem remain valid for arbitrary
polynomials (with a much more awkward estimate for the coefficients A(i), i = 1, 2).

6.1.2. β-adic Rényi map. It is only rarely that the correlations can be computed exactly
for a fairly broad function class. Nevertheless, there exist efficient estimates of correla-
tions in the class of Lipschitz functions, say, for dynamical systems with a finite special
partition (see [46, Chap. 2] for the definition). Here we consider an application of this
approach to the well-known Rényi map. (Note that this approach also applies to the
Bernoulli shifts and tent maps considered above.)

For an arbitrary noninteger β > 1, consider the Rényi map Tβ : [0, 1) → [0, 1), which
generalizes the Bernoulli shift and is given by the formula

Tβ(x) = βx (mod 1) =
W∑
i=1

(βx− (i− 1))χYi
,

where W = [β] + 1, Yi =
[
i−1
β , i

β

)
, 1 ≤ i < W , and YW =

[
W−1
β , 1

)
. Starting from

the pioneering papers by Rényi and Rokhlin, there have been many papers dealing with
such systems. In particular, it was established that this dynamical system has a unique
absolutely continuous invariant measure, which is the measure λβ whose density �β
satisfies the inequality

β − 1

β
≤ �β(x) ≤

β

β − 1

for all x ∈ [0, 1] and can be expressed by the formula

�β(x) =
1

cβ

∞∑
n=0

1

βn
χ{z<Tn

β (1)}(x),

where cβ is a normalizing factor (e.g., see [65]).
Further, by applying the results in [46, Theorems 2.2.3 and 2.4.1] with β > 2, we

find that the density �β of the unique absolutely continuous measure λβ is a function
of bounded variation; the correlations of Lipschitz observables decay exponentially with
respect to this measure. Let us state this result in [46] more precisely.

Estimate of correlations. For each function g : [0, 1] → R of bounded variation,
consider the norm

‖g‖BV = var(g) +

∫ 1

0

|g(x)| dx.

Let f and g be Lipschitz functions; then the estimate

|cn(f, g)| ≤ A(Lip(f) + ‖f‖∞)(Lip(g) + ‖g‖∞)e−Bn,
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where

A = 5 + 2QW max
1≤i≤W

{
(2 + λβ(Yi))‖�β‖BV +

2

|Yi|
}
, B =

1

2
ln

1

q
,

holds for every n ∈ N. The constants Q > 0 and q ∈ (0, 1) are determined from the
spectral decomposition of the Perron–Frobenius operator into the sum of the projection
P1 onto the fixed point space and an operator P0,

P = P0 + P1, ‖Pn
0 ‖BV ≤ Qqn.

For the map Tβ , the estimate of correlations for any Lipschitz function f and n ∈ N

has the form

(6.3) |bn(f − f∗)| ≤ Afe
−Bn,

where the constant Af is obtained from A as follows:

Af =

[
2Q([β] + 1)

(
3 +

2β

{β} + 3var(�β)

)
+ 5

](
Lip(f − f∗) + ‖f − f∗‖∞

)2
.

Estimate of the rate of convergence in the von Neumann theorem. We apply
assertion 6 of Theorem 7 to the estimate (6.3) and obtain the asymptotic relation (2.1)
with an estimate of the rate of convergence for a Lipschitz function f in the von Neumann
theorem for the Rényi map Tβ, β > 2,∣∣‖Anf − f∗‖22 − 2πρ(0)n−1 + 2π(ρ′)c(0)n−2

∣∣
≤ 2Afe

B

eB − 1

(
1 +

1

eB − 1
· 1
n

)
e−Bn

n
<

2Af

(1−√
q)2

qn/2

n

for all n ∈ N; here

0 ≤ 2πρ(0) ≤ ‖f‖22 +
2Af

√
q

1−√
q
, |2π(ρ′)c(0)| ≤

2Af
√
q

(1−√
q)2

.

6.1.3. Continued fractions. The continued fraction expansion

x = [a1, a2, a3, . . . ] =
1

a1 +
1

a2 +
1

a3 +
1

. . .

of a real number x ∈ [0, 1) is related to the well-known dynamical system (e.g., see [3]),
the Gauss transformation TG : [0, 1) → [0, 1), which acts by the rule

TGx =
1

x
(mod 1) = [a2, a3, a4, . . . ], x > 0, TG0 = 0.

The digits an can be found by the formula

an =

⌊
1

Tn−1
G x

⌋
,

where �·� stands for the real part of a number.
In contrast to the piecewise linear systems considered above, this nonlinear dynamical

system has countably many points of discontinuity. Nevertheless, one can still obtain
efficient estimates of the decay rate of correlations (and hence estimates of the rate
of convergence in the von Neumann theorem) with respect to the unique absolutely
continuous invariant measure λG with density �G(x) =

1
ln 2(1+x) for some special classes
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of regular functions (see [66, 67, 68] and also the survey [69]). Let us describe these
results.

Estimates of correlations. Let D1 = {z ∈ C,Re z > −1/2}. For a measure on
the Borel subsets of D1 we take the normalized truncated Cauchy distribution, i.e., the
absolutely continuous measure ν (with respect to the plane Lebesgue measure) with
density

�ν(z) =

{
1

π ln 2((1+x)2+y2) , − 1
2 < Re z < 0,

0, Re z ≥ 0.

Let H 2
ν (D1) be the Banach space of holomorphic functions f(z) in D1 such that the

function
∣∣∣ f(z)1+z

∣∣∣ is bounded in the half-plane Re z > −1/2+ε for each ε > 0 and the norm

‖f‖2,ν =

(∫
D1

|f(z)|2 dν
)1/2

is finite. For f ∈ H 2
ν (D1), let f̂ be the restriction of f to the unit segment Ω = {0 ≤

Re z < 1, Im z = 0}. (In what follows, we use the same notation for the restriction to
Ω of functions f of other classes.) Then each such restriction lies in L2(Ω, λG), and its

norm satisfies the estimate ‖f̂‖2 ≤ ‖f‖2,ν . This relation was used in [66] to obtain the
following estimate for the decay of correlations. For any f ∈ L2(Ω, λG) and g ∈ H 2

ν (D1),
one has

(6.4) |cn(ĝ, f)| ≤ qn‖f‖2‖g‖2,ν

for all n ∈ N, where the Kuzmin–Levy–Wirsing constant q � 0,30366 is defined as the
second (in ascending order of absolute values) eigenvalue of the transfer operator (see
[66]).

A similar result was obtained in [67] for another special class of regular functions. Let
D2 = {z ∈ C : |z − 1| < 3/2}. By A1,∞(D2) we denote the Banach space of functions
holomorphic in the disk D2 and, together with the first derivative, continuous in its
closure D2. The norm of a function f ∈ A1,∞(D2) is defined by

‖f‖1,∞ = max
{
max
z∈D2

|f(z)|; max
z∈D2

|f ′(z)|
}
.

Then the estimate

(6.5) |cn(f̂ , ĝ)| ≤ qn‖f‖1,∞‖g‖1,∞

holds for any f, g ∈ A1,∞(D2) and n ∈ N, where q is the Kuzmin–Levy–Wirsing constant
(the same as in inequality (6.4)).

Estimates of the form (6.4) and (6.5) can be extended to smooth functions. It was
shown in [68] that for any k ∈ N and any functions f, g ∈ Ck[0, 1] there exists a constant
C = Cf ≥ ‖f‖Ck such that

(6.6) |cn(f, g)| ≤ q̃nCf‖g‖Ck

for all n ∈ N, where q̃ = q for k ≥ 2; for k = 1, one has the estimate (3−
√
5)/2 < q̃ < 1

for q̃, and Cf = ‖f‖C1 .
Estimates of the rate of convergence in the von Neumann theorem. We

use inequalities (6.4), (6.5), and (6.6), relations (5.0) for the correlation coefficients, and
assertion 6 in Theorem 7 to obtain the asymptotic relation (2.1) with an estimate of the
rate of convergence in the von Neumann theorem for the Gauss map and for any f in
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the special classes of regular functions considered above; namely,∣∣‖Anf̂ − f̂ ∗‖22 − 2πρ(0)n−1 + 2π(ρ′)c(0)n−2
∣∣ < 2A2

(
1

1− q̃

)2
q̃n

n

for all n ∈ N, where

A =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
‖f‖2,ν , f ∈ H 2

ν (D1), q̃ = q,

‖f‖1,∞, f ∈ A1,∞(D2), q̃ = q,

Cf , f ∈ Ck[0, 1], k ≥ 2, q̃ = q,

‖f‖C1 , f ∈ C1[0, 1], 3−
√
5

2 < q̃ < 1.

Here

0 ≤ 2πρ(0) ≤ ‖f̂‖22 +
2Aq̃

1− q̃
, |2π(ρ′)c(0)| ≤ 2Aq̃

(1− q̃)2
.

Yet another example of one-dimensional dynamics (quadratic maps) will be considered
in Section 6.3.1 below.

6.2. Uniformly hyperbolic systems. In this section, we give estimates of the rate of
convergence in the von Neumann and Birkhoff theorems for Anosov diffeomorphisms and
Hölder functions to be averaged.

For Anosov flows, we consider examples with exponential and subexponential decay
rate of correlations and obtain the corresponding estimates of the rate of convergence
in the von Neumann theorem for these examples. In the Birkhoff theorem for Anosov
flows, we establish exponential estimates of the rate of convergence for Hölder functions
satisfying the condition of independence from the flow. This independence condition
is a technical condition needed when deriving the large deviation estimates used here;
the author of these estimates claims in [70, Remark 2] that “similar estimates can be
obtained without this condition”.

For Anosov diffeomorphisms, we also obtain an estimate of the rate of convergence
in the Birkhoff theorem for the characteristic functions of bounded Borel subsets of the
phase space with boundary of measure zero.

6.2.1. Anosov diffeomorphisms. LetM be a compact C∞ Riemannian manifold on which
a smooth diffeomorphism T is defined. This dynamical system is called an Anosov diffeo-
morphism if for each point x ∈ M the tangent space TxM splits into a sum of subspaces
forming continuous subbundles of the bundle TM invariant under the differential DT ,

TxM = Es
x ⊕ Eu

x ,

where

‖DTnw‖ ≤ ce−θn‖w‖ for all w ∈ Es
x, n ≥ 1,

‖DTnw‖ ≤ ceθn‖w‖ for all w ∈ Eu
x , n ≤ 1,

with some positive constants c and θ independent of x.
For the invariant measure λ we take the SRB measure whose existence is proved in [71]

even for the case of a diffeomorphism T of the class C1+α; i.e., for the case in which the
differential DT belongs to the Hölder class with exponent α ∈ (0, 1). We assume that the
diffeomorphism T is transitive. The decay of correlations with respect to this λ for Hölder
functions has long been known; it is exponential [72]. This result was first obtained for
mixing topological Markov chains and then extended by methods of symbolic dynamics
to transitive Anosov diffeomorphisms; it can also be obtained by an application of the
construction of a Young tower with an exponential tail [6] discussed below. However,
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we follow the similar estimates with sharper constants obtained by the coupling method
in [71].

Estimate of correlations. Let T be a C1+α transitive Anosov diffeomorphism for
some given α ∈ (0, 1), and let ds(x, y) and du(x, y) be the metrics induced on the stable
and unstable manifolds by the Riemannian metric on M. Take a δ > 0. For a function
f measurable on M, consider the seminorms

‖f‖s = ‖f‖∞ + sup
ds(x,y)≤δ

|f(x)− f(y)|
dαs (x, y)

,

‖f‖u = ‖f‖1 + sup
du(x,y)≤δ

|f(x)− f(y)|
dαu(x, y)

,

where the norm ‖f‖1 is taken with respect to the Riemannian volume on M. It is clear
that if f is a Hölder function with exponent α ∈ (0, 1), then ‖f‖s < ∞ and ‖f‖u < ∞.
It was shown in [71] that there exist constants 0 < ϑ < 1 and A > 0 such that

(6.7) |cn(f, g)| ≤ A‖f‖s‖g‖uϑn

for any Hölder functions f and g with exponent α ∈ (0, 1) and all n ∈ N.
Estimate of the rate of convergence in the von Neumann theorem. We use

the estimate (6.7), relations (5.0) between the correlation coefficients, and assertion 6
of Theorem 7 to obtain the asymptotic relation (2.1) with an estimate of the rate of
convergence in the von Neumann theorem for C1+α transitive Anosov diffeomorphisms
and for any Hölder function f with exponent α ∈ (0, 1). Namely,∣∣‖Anf − f∗‖22 − 2πρ(0)n−1 + 2π(ρ′)c(0)n−2

∣∣ < 2A‖f‖s‖f‖u
(

1

1− ϑ

)2
ϑn

n

for all n ∈ N, where

0 ≤ 2πρ(0) ≤ ‖f‖22 +
2A‖f‖s‖f‖uϑ

1− ϑ
, |2π(ρ′)c(0)| ≤ 2A‖f‖s‖f‖uϑ

(1− ϑ)2
.

Estimate of large deviations. Estimates of the decay rate of large deviation proba-
bilities for C2 transitive Anosov diffeomorphisms are well known for the SRB measure λ as
well as for any Gibbs state λg generated by a Hölder function g [73, 74]. (Recall that the
SRB measure λ is the Gibbs state λg with the Hölder function g(x) = − ln Jac(DT |Eu

x
).)

Let us state these results following [75].
For each Hölder function f that is not cohomological to a constant (this condition is

not restrictive by Remark 15), there exists an interval [a, b] and a real-analytic function
I(t) : [a, b] → R+, which also depend on the function g, such that the large deviation
principle

lim
n→∞

1

n
lnλg

{∣∣∣∣Anf −
∫
Ω

f dλg

∣∣∣∣ ≥ ε

}
= −γ0(ε),

γ0(ε) = inf

{
I(t) : t ∈

[
a,

∫
Ω

f dλg − ε

]
∪
[∫

Ω

f dλg + ε, b

]}
> 0,

holds for any sufficiently small ε > 0.
This principle readily implies that for any Hölder function f not cohomological to a

constant, any sufficiently small ε > 0, and any γ ∈ (0, γ0(ε)) there exists a constant
C > 0 depending on ε, γ, and f such that the inequality pεn ≤ Ce−γn holds for all n ≥ 1.

Estimates of the rate of convergence in the Birkhoff theorem. By applying
the last inequality and the exponential estimate in Theorem 13, we obtain an estimate
of the rate of convergence in the Birkhoff theorem for Anosov diffeomorphisms with
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respect to the measure λg for any Hölder function f not cohomological to a constant, for
sufficiently small ε > 0, and for any γ ∈ (0, γ0(ε)). Namely,

P2ε
n ≤ C

(
1 +

ln(1 + γ−1(ε))

ln
(
1 + ε

∥∥f −
∫
f dλg

∥∥−1

∞
))e−γn

for all n ≥ 1.
Now consider the characteristic function of a bounded Borel set E with regular bound-

ary (i.e., with boundary of zero λg-measure). By applying Theorem 14, we obtain an
estimate of large deviations and hence an estimate of the rate of convergence in the
Birkhoff theorem also for this function,

(6.8)

p2εn (χE) ≤ pεn(ϕ1) + pεn(ϕ2) ≤ C1(ε)e
−γ̃(ε)n,

P4ε
n ≤ C1(ε)

(
1 +

ln(1 + γ̃−1(ε))

ln
(
1 + 2ε‖χE − λg(E)‖−1

∞
))e−γ̃(ε)n;

these estimates hold for sufficiently small ε > 0 with some constants C1(ε), γ̃(ε) > 0 for
all n ≥ 1.

Remark 19. In view of Remark 14, one can also obtain an estimate of the rate of con-
vergence for Anosov diffeomorphisms in the Bowen theorem. Recall that this theorem
claims (e.g., see [72]) that for each function f continuous on M the ergodic means Anf
converge to f∗ =

∫
f dλ as n → ∞ a.e. with respect to the Riemannian volume m of the

manifold M. Here, just as above, λ is the SRB measure.
Estimates of large deviation probabilities with respect to the measure m for Anosov

systems are well studied. As was shown in [73, 74, 76], the large deviation principle

lim
n→∞

1

n
lnm

{∣∣∣Anf −
∫

f dλ
∣∣∣ ≥ ε

}
= −γ(ε)

holds for each function f continuous on M and for all sufficiently small ε > 0 with some
constant γ(ε) > 0 depending on the dynamical system and the function f . It readily
follows from this limit relation that for each γ ∈ (0, γ(ε)) there exists a constant C > 0
depending on γ, ε, and f such that the inequality

pεn(m) = m

{∣∣∣Anf −
∫

f dλ
∣∣∣ ≥ ε

}
≤ Ce−γn

holds for all n ≥ 1. By Theorem 13, in view of Remark 14, this implies an estimate of
the rate of convergence in the Bowen theorem for any continuous function f and any
sufficiently small ε > 0; namely,

(6.9) P2ε
n (m) = m

{
sup
k≥n

∣∣∣Akf−
∫

f dλ
∣∣∣ ≥ 2ε

}
≤ C

(
1+

ln(1 + 1/γ)

ln
(
1 + ε

∥∥f −
∫
f dλ

∥∥−1

∞
))e−γn

for all n ≥ 1.
Note that the last relation gives a proof other than the original one of the Bowen

theorem itself. Further, by applying Remark 17 to the Riemannian volume m, we obtain
an estimate, similar to (6.8), of the rate of convergence of ergodic means a.e. with
respect to Riemannian volume for the characteristic function of a bounded Borel set
with boundary of zero λ-measure. This, in turn, proves that the Bowen theorem holds
not only for continuous functions but also for the discontinuous characteristic functions
in question.
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6.2.2. Anosov flows. Let M be a compact C∞ Riemannian manifold equipped with a
C2 flow T t. This system is called an Anosov flow if for each point x ∈ M the tangent
space TxM splits into a sum of three subspaces forming continuous subbundles of the
bundle TM invariant with respect to the differential DT t,

TxM = Ex ⊕ Es
x ⊕ Eu

x ,

where Ex is the tangent to the trajectory of the system T t through x and

‖DT tw‖ ≤ ce−θt‖w‖ for all w ∈ Es
x, t ≥ 0,

‖DT tw‖ ≤ ceθt‖w‖ for all w ∈ Eu
x , t ≤ 0,

with some positive constants c and θ independent of x. We also assume that the flow
is topologically transitive; i.e., for any nonempty open sets U, V ⊂ M there exists a
τ such that U ∩ T τV �= ∅. This condition is not restrictive, because Smale’s spectral
decomposition theorem [77] says that otherwise M can be decomposed into a finite sum
of sets the restrictions to which give topologically transitive flows.

Estimate of large deviations. For the invariant measure for T t we take the SRB
measure λ whose existence and ergodicity were proved, say, in [72]. It was shown in [70,
Sec. 7] that the following large deviation principle (which is a corollary of a more general
principle) holds for each Hölder function f on M. Let J be a closed interval not con-
taining the value

∫
f dλ; then there exist constants C and γ > 0 depending on J and f

such that

λ{Atf ∈ J} ≤ C
e−γt

√
t

for all sufficiently large t. This principle was proved in [70] under the additional assump-
tion (which should be noted to be inconvenient) that the function f and the flow T t are
independent (in the sense of Definition 2 in [70]).

Let K = maxx∈M |f(x)|; then Atf(x) ∈ [−K,K] for all t > 0 and λ-almost all x. By
using this fact and the principle described above, we obtain the inequalities

pεt = λ

{∣∣∣Atf −
∫

f dλ
∣∣∣ ≥ ε

}
= λ

{∫
f dλ− ε ≥ Atf ≥

∫
f dλ+ ε

}
= λ

{
Atf ∈

[
−K,

∫
f dλ− ε

]
∪
[∫

f dλ+ ε,K

]}
= λ

{
Atf ∈

[
−K,

∫
f dλ− ε

]}
+ λ

{
Atf ∈

[∫
f dλ+ ε,K

]}
≤ C1

e−γ1t

√
t

+ C2
e−γ2t

√
t

≤ C3
e−γ(ε)t

√
t

for all sufficiently small ε > 0 and sufficiently large t, i.e., for t > t0, where the constants
C1, γ1 and C2, γ2 correspond to the intervals

J1 =

[
−K,

∫
f dλ− ε

]
and J2 =

[∫
f dλ+ ε,K

]
,

respectively, C3 = C1 + C2, and γ(ε) = min{γ1, γ2}. Then there exists a constant

C(ε) > 0 (one can take C(ε) =
√
t0

C3
eγ(ε)t0) such that the inequality

pεt = λ

{∣∣∣Atf −
∫

f dλ
∣∣∣ ≥ ε

}
≤ C(ε)

e−γ(ε)t

√
t

holds for all t > 0.
Estimate of the rate of convergence in the Birkhoff theorem. By using the

last inequality and the estimate 4 in Theorem 13, for sufficiently small ε > 0 we obtain
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an estimate of the rate of convergence in the Birkhoff theorem for Anosov flows for a
Hölder function f under the restrictions imposed above. Namely,

P
2ε

t ≤ C(ε)

(
1 +

A(−1/2, γ(ε))

ln
(
1 + ε

∥∥f −
∫
f dλ

∥∥−1

∞
))e−γ(ε)t

√
t

≤ C(ε)

(
1 +

2

ln
(
1 + ε

∥∥f −
∫
f dλ

∥∥−1

∞
))e−γ(ε)t

√
t

for all t > 0; the latter inequality follows by simple computations,

A

(
−1

2
, x

)
=

√
xex
∫ ∞

x

e−tt−3/2 dt ≤
√
x exe−x

∫ ∞

x

t−3/2 dt = 2.

A similar result with a slightly sharper estimate for A(−1/2, γ(ε)) was presented in [78],

A

(
−1

2
, γ(ε)

)
≤ 2

√
γ(ε) + 2−

√
γ(ε)√

γ(ε) + 2 +
√
γ(ε)

.

We do not present an estimate for the rate of convergence in the Birkhoff theorem
for the characteristic function of a bounded Borel set, because, to obtain this estimate,
we would need estimates of the decay rates of large deviations for an arbitrary smooth
function without any inconvenient restrictions such as the independence of the function
from the flow.

Remark 20 ([78]). Since the Bowen theorem also holds for Anosov flows as well as dif-
feomorphisms (see Remark 19), and since estimates of the decay rate of large deviation
probabilities with respect to the Riemannian volume m for any continuous function are
known as well (see [74, 76]), we can use the same computations as in Remark 19 to
obtain the estimate (6.9) of the rate of convergence in the Bowen theorem for a contin-
uous observable function (one should only replace discrete averaging with its continuous
counterpart) and also an estimate of the rate of convergence in this theorem for the
characteristic function of a set with boundary of zero λ-measure.

Now let us proceed to estimates of the rate of convergence in the von Neumann theorem
via the estimates given in [79, 80, 81, 82, 83] for the decay rate of correlations for smooth
functions.

Estimates of the rate of convergence in the von Neumann theorem via
power-law estimates of correlations. For a broad class of Anosov flows, the corre-
lations can decay faster than at any polynomial rate [81]. For example, let a transitive
Anosov flow have two periodic trajectories with periods l1 and l2 whose ratio is a Dio-
phantine number; i.e., there exist constants C,α > 0 such that∣∣∣ l1

l2
− p

q

∣∣∣ ≥ C

qα

for all p ∈ Z and q ∈ N. (For example, any irrational algebraic number is Diophantine.
It is well known that Diophantine numbers form a set of full Lebesgue measure on the
real line.) Then, as was proved in [81], for any functions f, g ∈ C∞(M) and any m ∈ N

there exists a constant A = A(f, g,m) > 0 such that the correlations with respect to the
SRB measure admit the estimate

(6.10) |ct(f, g)| ≤ At−m

for all t > 0.
By using relations (5.0) between the correlation coefficients, the estimate (6.10), and

assertion 5 of Theorem 8 we obtain the asymptotic relation (2.2) with an estimate of the
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rate of convergence in the von Neumann theorem for the Anosov flows in question for
any f ∈ C∞(M) and any m > 2. Namely,∣∣‖Atf − f

∗‖22 − 2πρ(0)t−1 + 2π(ρ′)c(0)t−2
∣∣ ≤ 2A

m− 2
t−m

for all t > 0, where

0 ≤ 2πρ(0) ≤ 2‖f − f
∗‖22 +

2A

m− 1
, |2π(ρ′)c(0)| ≤ 2‖f − f

∗‖22 +
2A

m− 2
.

We see that the decay is faster than power-law with any exponent, but we do not know
whether an exponential decay takes place.

Estimates of the rate of convergence in the von Neumann theorem via
exponential estimates of correlations. Now let us proceed to examples with an
exponential decay of correlations.

Example 1 ([80]). Let M be a C7 surface of negative curvature, and let T t be the
geodesic flow on its unit tangent bundle. For any Gibbs measure constructed from a
Hölder function (including the SRB measure) there exist constants A,B > 0 such that
the correlations of any C5 functions f and g with respect to this measure satisfy the
inequality

(6.11) |ct(f, g)| ≤ A‖f‖C5‖g‖C5e−Bt

for all t > 0.

Example 2 ([80]). Now let T t be a C5 Anosov flow on a compact manifold M with C1

stable fibers Es
x and unstable fibers Eu

x . Then there exist constants A,B > 0 such that
the correlations of any C5 functions f and g with respect to the SRB measure satisfy
the same estimate as in (6.11) for all t > 0.

Example 3 ([83]). Let M be a (2d + 1)-dimensional connected compact Riemannian
manifold, and let T t be a C4 contact Anosov flow on M. The contact property of the flow
T t means that the manifold is equipped with the differential (2d+1)-form ω = α∧ (dα)d,
where α is a C2 1-form such that

ω �= 0, α(DtTv) = α(v), v ∈ TM.

The invariant measure is the volume induced by the form ω. It was shown in [83] that
there exists a constant σ > 0 such that for any Hölder functions f and g with exponent
α ∈ (0, 1) there exists a constant A = Aα > 0 for which the inequality

(6.12) |ct(f, g)| ≤ A
(
‖f‖∞ +Höldα(f)

)(
‖g‖∞ +Höldα(f)

)
e−Bt, B =

ασ

2− α
,

holds for all t > 0.
By using the estimates (6.11) and (6.12), relations (5.0) between the correlation coef-

ficients, and assertion 6 of Theorem 8, we obtain the asymptotic relation (2.2) with an
estimate of the rate of convergence in the von Neumann theorem for Anosov flows in all
the cases considered above. Namely,∣∣‖Atf − f

∗‖22 − 2πρ(0)t−1 + 2π(ρ′)c(0)t−2
∣∣ ≤ 2A‖f‖2

B

(
1 +

1

Bt

)
e−Bt

t

for each t > 0; here

0 ≤ 2πρ(0) ≤ 2A‖f‖2
B

, |2π(ρ′)c(0)| ≤ 2A‖f‖2
B2

,

and we have ‖f‖ = ‖f‖C5 in the first two examples for the case of f ∈ C5(M) and
‖f‖ = ‖f‖∞ + Höldα(f) in the third example for a Hölder function f with exponent
α ∈ (0, 1).
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6.3. Dynamical systems modeled by a Young tower with an exponential tail [9,
7, 6, 8]. Let Ω be a finite-dimensional Riemannian manifold, and let T : Ω → Ω be a
dynamical system modeled by a Young tower with an exponential tail; i.e., condition (5.1)
for the time of return to the base (zero floor) Δ0 ⊂ Ω is replaced with the condition

mu{y ∈ Δ0 : R(y) > n} ≤ CRe
−αn for some α > 0 and CR > 0 for all n ∈ N,

where mu is the Lebesgue measure on the unstable manifolds of the uniformly hyperbolic
set Δ0.

Estimate of correlations. Let λ be the SRB measure for T (see Section 5.2); we
denote the mean value of any function f ∈ L1(Ω) by

λ(f) =

∫
Ω

f dλ.

It was shown in [7, 6] that the decay of autocorrelations for Hölder functions f is expo-
nential; namely, there exists a constant Cf > 0 and an exponent γ > 0 depending on the
Hölder exponent of f such that the inequality

|cn(f)| =
∣∣∣∣∫

Ω

f(ω)f(Tnω) dλ−
(∫

Ω

f(ω) dλ

)2∣∣∣∣ ≤ Cf‖f‖∞e−γn

holds for every n ∈ N.
Estimate of the rate of convergence in the von Neumann theorem. By apply-

ing the last estimate to assertion 6 of Theorem 7, we obtain the asymptotic relation (2.1)
with an estimate of the rate of convergence in the von Neumann theorem for nonuni-
formly hyperbolic dynamical systems modeled by a Young tower with an exponential tail
for any Hölder function f . Namely,

(6.13)
∣∣‖Anf − λ(f)‖22 − 2πρ(0)n−1 + 2π(ρ′)c(0)n−2

∣∣ < 2Cf‖f‖∞
(

eγ

eγ − 1

)2
e−γn

n

for all n ∈ N, where

0 ≤ 2πρ(0) ≤ ‖f‖22 +
2Cf‖f‖∞eγ

eγ − 1
, |2π(ρ′)c(0)| ≤ 2Cf‖f‖∞eγ

(eγ − 1)2
.

Estimate of large deviations. As was proved in [8] (see also [9]), the following large
deviation principle for an invariant measure λ holds for dynamical systems modeled by a
Young tower with an exponential tail. For each Hölder function f , there exists a constant
θ0 > 0 such that the function

e(θ) = lim
n→∞

1

n
lnλ(enθAnf )

is real-analytic on the interval (−θ0, θ0); further, e
′(0) = λ(f), and

(6.14) lim
n→∞

1

n
lnλ{|Anf − λ(f)| ≥ ε} = − inf

t∈Rε

I(t)

for each sufficiently small ε > 0, where

Rε = (e′(−θ0), e
′(0)− ε] ∪ [e′(0) + ε, e′(θ0))

and
I(t) = sup

θ∈[−θ0,θ0]

θt− e(θ)

is the Legendre transform of the function e(θ). If f is cohomological to a constant c ∈ R,
then e(θ) = cθ for every θ; relation (6.14) becomes trivial, because the infimum on the
right-hand side is taken over the empty set and the large deviations pεn on the left-hand
side are zero for any ε > 0 for all positive integer n > 2‖g‖∞/ε. In this case, according to
Remark 15, the rate of convergence in the Birkhoff theorem is trivial as well, Pε

n = 0 for
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each ε > 0 and for all positive integer n > 2‖g‖∞/ε. If the function f is not cohomological
to a constant, then, as shown in [8], the function e(θ) is strictly convex (because e′′(θ) > 0
for all θ ∈ (−θ0, θ0)); at the same time, for each ε ∈ (0,min{e′(0)−e′(−θ0), e

′(θ0)−e′(0)})
the function

γ0(ε) = inf
t∈Rε

I(t),

which depends on ε and f , is positive and does not take infinite values.
It follows from (6.14) that for each Hölder function f that is not cohomological to a

constant, each sufficiently small ε > 0, and each γ ∈ (0, γ0(ε)) there exists a constant
C1 > 0 depending on ε, γ, and f such that the inequality pεn ≤ C1e

−γn holds for all
n ≥ 1.

Estimates of the rate of convergence in the Birkhoff theorem. By applying
Theorem 13 to the last inequality, we obtain and estimate the rate of convergence in the
Birkhoff theorem for nonuniformly hyperbolic dynamical systems modeled by a Young
tower with an exponential tail for any Hölder function f noncohomological to a constant,
any sufficiently small ε > 0, and any γ ∈ (0, γ0(ε)). Namely,

(6.15) P2ε
n ≤ C1

(
1 +

ln(1 + γ−1)

ln(1 + ε‖f − λ(f)‖−1
∞ )

)
e−γn

for all n ≥ 1.
Now consider the characteristic function χE of a bounded Borel set E with regular

boundary (i.e., with boundary of zero λ-measure). By the same computations as in the
proof of the estimate (6.8), we also obtain an estimate for the rate of convergence in the
Birkhoff theorem for this function,

(6.16) P4ε
n (χE) ≤ C1(ε)

(
1 +

ln(1 + γ−1(ε))

ln(1 + 2ε‖χE − λ(E)‖−1
∞ )

)
e−γ(ε)n,

which holds for sufficiently small ε > 0 with some constants C1(ε), γ(ε) > 0 for all n ≥ 1.

Remark 21. Note that there exist estimates of correlations in nonuniformly hyperbolic
systems for non-Hölder continuous functions (e.g., see [84, 85, 86]). In this case, one can
also obtain estimates for such functions in the von Neumann theorem with the use of
Theorem 5.

6.3.1. Quadratic maps. Let a ∈ (0, 2]. Consider the family of maps Ta : [−1, 1] → [−1, 1]

acting by the rule Ta(x) = 1−ax2. This family, as well as the family of maps T̃a : [0, 1] →
[0, 1] acting by the rule T̃a(x) = 2ax(1−x), is known as the family of logistic maps. The

functions T2 and T̃2 are called the Ulam–von Neumann maps (parabolas).
It is well known (e.g., see [87]) that there exists an ε > 0 such that for all parame-

ters a in the Benedicks–Carleson set Δε ⊆ [2 − ε, 2] of positive Lebesgue measure the
dynamical system in question has an absolutely continuous invariant (SRB) measure λa.

Further, 2 ∈ Δε, and the measure λ2 has density 1/(π
√
x(1− x)) for T̃2 and density

1/(π
√
(1− x2)) for T2. For all parameter values a ∈ Δε, the logistic map is modeled

by a Yang tower with an exponential tail [6]. Hence the estimate (6.13) of the rate of
convergence in the von Neumann theorem holds for each Hölder function f , and the ex-
ponential estimates (6.15) and (6.16) of the rate of convergence in the Birkhoff theorem
are true for Hölder functions and for the characteristic functions of bounded Borel sets
with boundary of zero measure, respectively.

Estimates of correlations for functions of bounded variation. An estimate
of the rate of convergence in the von Neumann theorem for the logistic map can also
be obtained for functions f of bounded variation. The decay of correlations for such
functions with respect to the measure λa will also be exponential for a ∈ Δε (see [87]),
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because for the map Ta there exists a constant B > 0 such that for any functions f and
g of bounded variation there exists a constant A = Af > 0 with the property that

|cn(f, g)| ≤ Af‖g‖∞e−Bn

for all n ∈ N. A similar result was obtained in [88] for the maps T̃a, a ∈ Δε: there exist
constants A,B > 0 such that, for any function f of bounded variation and any function
g ∈ L2+δ[0, 1] with some δ > 0, one has

|cn(f, g)| ≤ A var(f)‖g‖2+δe
−Bn

for all n ∈ N.
Estimate of the rate of convergence in the von Neumann theorem. By

using the resulting estimates for correlations, relations (5.0) between the correlation
coefficients, and assertion 6 of Theorem 7, we obtain the asymptotic relation (2.1) with
an estimate of the rate of convergence in the von Neumann theorem for the logistic map
with parameter a ∈ Δε for any function f of bounded variation; namely,∣∣‖Anf − f∗‖22 − 2πρ(0)n−1 + 2π(ρ′)c(0)n−2

∣∣ ≤ 2Ã‖f‖∞
(

eB

eB − 1

)2
e−Bn

n
,

Ã = Af or Ã = A var(f),

for all n ∈ N, where

0 ≤ 2πρ(0) ≤ ‖f‖22 +
2ÃeB

eB − 1
, |2π(ρ′)c(0)| ≤ 2ÃeB

(eB − 1)2
.

Note that, for all parameter values a ∈ Δε, an exponential estimate of the rate of
convergence almost everywhere with respect to the (noninvariant) Lebesgue measure
holds for functions f of bounded variation in view of Remark 14 applied to the exponential
estimates obtained in [88] for large deviations with respect to the Lebesgue measure for
functions of bounded variation.

6.3.2. Hénon maps. Consider the two-parameter family of maps Ta,b : R
2 → R

2 acting
by the rule Ta,b = (1 − ax2 − y, bx) with parameters (a, b) ∈ [2 − ε, 2) × (0, δ) for some
given sufficiently small ε and δ > 0. It is well known (e.g., see [89]) that there exist quite
a few parameter values (a, b) of positive plane Lebesgue measure for which the maps Ta,b

have an invariant (SRB) measure λa,b. The decay of correlations and large deviations
with respect to this measure will be exponential. This claim follows for the dynamical
systems in question from the construction of a Young tower with an exponential tail in [89]
modeling these systems. Consequently, the estimates (6.13) in the von Neumann theorem
and (6.15) and (6.16) in the Birkhoff theorem for the rate of convergence, common in
this section, also hold for the Hénon map with the indicated parameters.

6.3.3. Billiards with an exponential estimate of the rate of convergence [90, 91, 92]. Of
the Sinai billiards, consider the periodic Lorentz gas on the plane [3, Secs. 6.5 and 9.1],
which is popular and important in applications. This is a well-known model of an ideal
electron gas in statistical physics, where the heavy ions are immovable and form a regular
lattice on the plane, while the lighter electrons move, elastically reflect from the ions,
and do not interact with each other (so that one may well consider the motion of a single
electron).

The domain M in which this billiard is considered in the unit two-dimensional torus
from which finitely many convex domains (modeling fixed ions) with C3 boundary of
nonzero curvature have been cut out. The billiard map (see the definition in Section 5.2.2)
is modeled by a Young tower with an exponential tail (see the discussion in [91]), and
so it also obeys the estimates, common in this section, of the rate of convergence in the
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von Neumann theorem (equation (6.13)), in the Birkhoff theorem for Hölder functions
(equation (6.15)), and in the Birkhoff theorem for the characteristic functions of bounded
Borel sets with boundary of zero measure (equation (6.16)).

However, we present estimates of the rate of convergence in the von Neumann theorem
based on the more accurate estimates (than the estimates (6.13) resulting from modeling
by the Young tower) for the decay rate of correlations obtained in [92] by the coupling
method (mentioned in Section 6.2.1 above in the discussion of the estimates of decay
rates of correlations for Anosov diffeomorphisms).

Estimate of correlations. It follows from [92, Theorem 4.3] that for any Hölder
functions f and g on ∂M × [−π/2, π/2] with exponents α ∈ (0, 1) and β ∈ (0, 1),
respectively, the inequality

|cn(f, g)| ≤ A
(
Höldα(f)B

α‖g‖∞ +Höldβ(g)B
β‖f‖∞ + ‖f‖∞‖g‖∞

)
θnf,g

holds for all n ∈ N, where θf,g = (max{ϑ,Λ−α,Λ−β})1/4 < 1 and the constants A,B > 0,
Λ > 1, and 0 < ϑ < 1 depend on M alone. Note that estimates of the correlation
coefficients were obtained in [92] for functions f and g in a class of bounded functions
(referred to as dynamically Hölder functions there) wider than the Hölder class; see also
the paper [30], which deals with an even wider class of observable functions satisfying an
estimate for correlations (from which a central limit theorem is derived there) similar to
the one written out above.

Estimate of the rate of convergence in the von Neumann theorem. By using
the inequality written out for the correlations, relations (5.0) between the correlation
coefficients, and assertion 6 of Theorem 7, we obtain the asymptotic relation (2.1) with
an estimate of the rate of convergence in the von Neumann theorem for a periodic Lorentz
gas on the plane for any Hölder function f with exponent α ∈ (0, 1). Namely,

∣∣‖Anf − f∗‖22 − 2πρ(0)n−1 + 2π(ρ′)c(0)n−2
∣∣ < 2Cf‖f‖∞

(
1

1− θf,f

)2 θnf,f
n

,

Cf = A
(
2Höldα(f)B

α + ‖f‖∞
)
,

for all n ∈ N, where

0 ≤ 2πρ(0) ≤ ‖f‖22 +
2Cf‖f‖∞θf,f

1− θf,f
, |2π(ρ′)c(0)| ≤ 2Cf‖f‖∞θf,f

(1− θf,f )2
.

6.4. Teichmüller flows [93, 94, 95]. Let an integer g≥2 and a vector �k=(k1, k2, . . . , kσ)
of positive integers satisfy

∑σ
j=1 kj = 2g − 2. Let M�k be the moduli space of abelian

differentials, i.e., the set of pairs w = (M, ω), where M is a compact orientable C∞

Riemannian surface of genus g and ω is a holomorphic 1-form with zeros of orders
k1, k2, . . . , kσ such that 1

2i

∫
M ω ∧ ω = 1. Let H be a connected component of M�k.

The Teichmüller flow T t is defined on H by the formula

T t(M, ω) = (M′, ω′),

where the form ω′ = et Re(ω) + ie−t Im(ω) and the structure on M′ are determined
by the holomorphy of ω′. Let μ�k be a T t-invariant smooth Masur–Veech probability
measure on H, and let dH be the Finsler metric on H [93]. For w = (M, ω), let S(w)
be the shortest distance (in the Riemannian metric M) between zeros of the form ω.

For any α ∈ (0, 1) and any function f : H → R, set

Hα(f, w) = sup
0<dH(w′,w)≤1

|f(w)− f(w′)|
dαH(w,w′)

.
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For any α ∈ (0, 1) and k ∈ N, let Dk,α be the set of functions f : H → R with finite
norm

‖f‖k,α = sup
w∈H

|f(w)|Sk(w) + sup
w∈H

Hα(f, w)S
k(w).

Estimates of correlations and the rate of convergence in the von Neumann
theorem. It was shown in [93] that there exist constants A,B > 0 (depending on k, α,
p, and q) such that for any functions f ∈ Dk,α ∩ Lp(H,μ�k) and g ∈ Dk,α ∩ Lq(H,μ�k),
p, q > 0, 1/p+ 1/q = 1, one has

(6.17) |ct(f, g)| ≤ A(‖f‖k,α + ‖f‖p)(‖g‖k,α + ‖g‖q)e−Bt

for all t ≥ 0.
By using inequality (6.17), relations (5.0) between the correlation coefficients, and

assertion 6 of Theorem 8, we obtain the asymptotic relation (2.2) with an estimate
of the rate of convergence in the von Neumann theorem for Teichmüller flows for any
f ∈ Dk,α ∩ L2(H,μ�k). Namely,∣∣‖Atf − f

∗‖22 − 2πρ(0)t−1 + 2π(ρ′)c(0)t−2
∣∣ ≤ 2A(‖f‖k,α + ‖f‖2)2

B

(
1 +

1

Bt

)
e−Bt

t

for all t > 0, where

0 ≤ 2πρ(0) ≤ 2A(‖f‖k,α + ‖f‖2)2
B

, |2π(ρ′)c(0)| ≤ 2A(‖f‖k,α + ‖f‖2)2
B2

.

Estimates of large deviations and the rate of convergence in the Birkhoff
theorem. Let f : H → R be a bounded function with the following properties: f is a
Hölder function in the sense of Veech (see [95]),∫

H

f dμveck = 0,

and ∫ τ

0

f(T tz) dt �= 0

for some periodic point z ∈ H of period τ > 0. Then, as shown in [95], one has

lim
t→∞

1

t
lnμ�k{z ∈ H : |Atf(z)| ≥ ε} = −γ(ε) < 0

for every ε > 0. From this, we see that for each γ ∈ (0, γ(ε)) there exists a constant
C > 0 depending on γ, ε, and f such that

μ�k{|Atf | ≥ ε} ≤ Ce−γt

for all t > 0. By using inequality 3 in Theorem 13, we obtain the following estimate of
the rate of convergence in the Birkhoff theorem for Teichmüller flows for the functions f
considered: for any ε > 0 and t > 0, one has

μ�k

{
sup
s≥t

|Asf | ≥ 2ε
}
≤ C

(
1 +

ln(1 + 1/γ)

ln(1 + ε‖f‖−1
∞ )

)
e−γt.
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