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MULTIPOINT HERMITE-PADE APPROXIMANTS
FOR THREE BETA FUNCTIONS

V. N. SOROKIN

ABSTRACT. This paper is concerned with joint multipoint rational approximants with
a common denominator for three beta functions. The limit distributions of the zeros
of the denominators are obtained in terms of equilibrium logarithmic potentials and
in terms of meromorphic functions on Riemann surfaces.

1. INTRODUCTION

Let 7 be a fixed natural number, and let aq,...,q, be complex numbers pairwise
incongruent modulo 1 and distinct from integers. Consider the family of functions
I'(2)T(a5)
1.1 i(z2) =B(z,a;) = ——12, =1,...,r,
(1) 152) = B(:) = oy oy
where B is the beta function and T' is the gamma function. These functions are mero-
morphic functions with simple poles at the points z = —m, where m € Z, .

Let 8 be a fixed complex number. Given the functions (IZI), we pose the following
multipoint Hermite-Padé approximation problem.

Problem 1.1. Given a nonnegative integer number n, find a nonzero polynomial @,, of
degree no greater than rn and polynomials P, 1,..., P, , of degree no greater than rn
such that the following interpolation conditions are satisfied:

Rn,](z):Qn(z)f](z)_Pn,j(Z)zov z:ﬂ,5+1,...,[3+rn+n, jzl,...,’f‘.

Problem [[T] can be reduced to a system of r(rn+n+ 1) homogeneous linear equations
in (r+1)(rn+ 1) unknown coefficients of polynomials, and this problem has a nontrivial
solution. Problem[[Jlwas studied for r = 1 in [I] and for »r = 2 in [2]. From the arguments
in these papers it follows that Problem [[T] has a unique solution (up to normalization).

The papers [I] and [2] were mainly concerned with finding the limit measure for the
distributions of the zeros of the polynomials @,, after scaling. Namely, let

Qn(2) = CrQn(nz), neZy,

where C), is a normalizing constant such that the leading coefficient of the polynomial
Q; is 1. We let Z,, denote the zero set of the polynomial ()} and denote by A, the
counting measure for these zeros; that is,
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where d¢ is the unit measure at the point ¢.
In [1], [2] it was shown that the zero counting measures converge in the weak-* topol-

ogy,
(1.2) An = A

The limit measures A were characterized in terms of equilibrium problems of logarithmic
potential theory (see [3] and [4]). Recall that the logarithmic potential of a positive
finite Borel measure p with support S(u) in the complex plane is defined as the Lebesgue
integral
1
VE(x) = /log —du(t), zeC,
|z — 1
which can assume the value +oo. In our setting, (L2) is equivalent to the asymptotic
formula

(—%) log |Qr (z)| — V’\(x) as n — oo,

in which the convergence is uniform on compact subsets inside the domain C\ S(A).

The above results were proved using classical asymptotic methods. In both cases,
new effects were discovered. For r = 1, Problem [[I] can be reduced to orthogonality
relations with variable weight with respect to a discrete measure with unbounded sup-
port. The measure A, which satisfies an equilibrium condition in an external field and
with a constraint, is supported on an infinite interval of the real line. For r = 2, the
functions f; and fp form a Nikishin system (under certain restrictions on the param-
eters). Both measures involved in the definition of a Nikishin system are discrete and
have unbounded support. This seems to be the first example of this type. Apart from
the measure A, the equilibrium problem involves the limit measure of the distribution
of additional interpolation points. Both these measures have noncompact support and
satisfy the constraints.

The purpose of this paper is to examine the solutions to Problem [l for r = 3.
This setting is not a mere generalization —in the case under consideration the functions
f1, f2, f3 no longer form a Nikishin system. This is a new effect, which we first discovered
in [5]. It turns out that a part of the additional interpolation points escapes from the
real line into the complex plane and the structure of the equilibrium problem changes.

To conclude this section, we give the solution to Problem [Tl in an explicit form. We
set

wp(x)=(x—=p)...(x = (B+rn+n)),

wi(x)=(zx—(B+rn))...(x = (B+rn+n)),
Il -a-x)

ga(x)—W7

and consider the difference operator (Af)(z) = f(z + 1) — f(z).

Proposition 1.1. The following analogue of Rodrigues’s formula holds:

Q@) _ (T1rm)_ L n
3 2 - (1P ) gy me®

j=1

where
(1.4) DO = LA, ().
@ Jo(z) !

Moreover, the operators in formula ([L3]) commute.
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The proof of Proposition [Tl for arbitrary r paraphrases the proof given in [2] for r = 2
and is omitted.

2. MAIN RESULTS

Fix a number z, > 0 and a pair of complex conjugates (y and (- and connect the
point z, with the points (4 and {_ by simple analytic arcs 4 and v_ lying in the
open upper and lower half-planes, respectively (apart from their common point ), and
which are symmetric with respect to the real line. Set v = v; U~_. The class of all such
curves v will be denoted by 1. It is worth pointing out that in the definition of this class
both the point x, and the points (1 are parameters that can vary.

Fix a curve v € J and a number t € (0,1). We pose the following equilibrium problem
in logarithmic potential theory.

Problem 2.1. Find four positive Borel measures Aa, Ar, Ar, Ar such that
(1) the supports of these measures satisfy the conditions
S(Aa) C A = (—00,0], S(A\r) C F =[0,400),
SAAr) Cye =y U[0,2.], S(Ar) C A
(2) the total variations of these measures are such that
Aall=3, [Arll=1+t [Arll=1-t [l =t
(3) the following constraints are satisfied
)\A<XA7 )\P|F< 2XF7 AP:AF"_)\F;
where ya and xp are the classical Lebesgue measures on the intervals A and F', respec-
tively;
(4) the following equilibrium conditions are satisfied for some constants wa, wpg, wr,
wTr:
1° on the interval A:
WA = oV _ A A S wa | SO‘A)v
> wa | A\ Za,

where
Za =5(Aa)\S(xa —Aa)
is the saturation region of the measure Ap and where the logarithmic potential of the
classical Lebesgue measure A, on the interval [0,4] plays the role of the external field
¢ ==V
2° on the interval F:
Swr | S(Ar),

Wr = -V 42V F  yar _yAr
r >UJF|F*\ZF,

where F, = [2*,+00), * = min{x,,inf S(Ar)}, and Zp is the saturation region of the
measure Ag, that is,
Zp =S(Ar) \ S(2xF — Ap|p):
3° on the set v,:
Wr = —Va 4 VP oy 4 por {< wr | S(r),
> wr | v\ Zr,

where Zr is the saturation region of the measure Ar, that is,
Zp = S(Ar) \ S(2xF — Ap|p);
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4° on the support of the measure A\r:

< wr ‘ S()‘T)7

Wrp = —VAF 4 VAT 4277
T > wr ‘ A.

Gonchar and Rakhmanov [6]—[9] studied equilibrium problems like Problem 2] but
for measures with compact support. In [6]-[9], it was first shown that the solution of these
problems exists and is unique. This result was then applied to study the asymptotics
of various extremal polynomials. There are no such general results for measures with
noncompact support. However, in what follows we exploit the opposite approach. We
first use classical asymptotic methods to find the asymptotic behaviour of the polynomials
and then show that the resulting limit measures are solutions to Problem 2.1l Below we
will not look at the question of whether the solution of this problem is unique.

Proposition 2.1. Problem 211 has a solution.

Definition. A curve I' € J will be called extremal if
(1) S(Ar) =T,

(2) Zr = [0,z.],

(3) the curve I has the S-property; that is,
oWr  OWr
on,  On_

on the curve I', where iy are the unit normal vectors to two edges of this curve.

Proposition 2.2. In the class ] there exists a unique extremal curve T together with the
corresponding value of the parameter t.

We skip the proof of the uniqueness of an extremal curve, simply referring the reader
to [10] and [II].

Recall that we are dealing with the polynomials Q,,, which solve Problem [l for r = 3.
The next theorem is one of the main results in this paper.

Theorem 2.1. The measure Aa, involved in the solution of Problem 21l for the extremal
curve I, is the limit measure for the distribution of the zeros of the scaled polynomials

*
n:

We write out the limit measure in an explicit form. Consider the polynomial

(2.1) Qz) =2%-3%2% +3%.7-5322 —2*.5.192 +2° - 3%,
This polynomial has one negative root and two complex conjugate roots, namely
xo=-0815..., x4 =0.166...+4-0.153....

Proposition 2.3. The end-points (1 of the extremal curve I' are the points x4 .
We denote the open upper and lower half-planes by C; and C_, respectively. The
four-sheeted Riemann surface R is constructed by gluing the following sheets:
Ra = C\ (—o0, 2],
Rp =C\ ((—o0, 2] UT U [z, +00)),
mF = (C+ @] (Cf,
Rr =C\ ((—oo,z,]UT).
The sheets Ra and Rp are glued along the cut (—oo, x¢], the sheets Rp and Ry along

the cut [z.,+00), the sheets R and Rp along the cut (—oo, z.], and the sheets Ry and
Rp along the cut I". The surface R has genus zero.
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On the Riemann surface R consider the meromorphic function
6: % — C.

This surface is uniquely defined by its divisor and the normalization condition. The
function 6 has a third-order zero at the point x = 0 on the sheet Sip and a first-order
zero at the point © = 4 on the sheet RA. It also has a second-order pole at the point
x = 0 on the sheet Ra and first-order poles at the point £ = 0 on the sheets Rp and
PRr. The normalization condition is as follows: # = 1 at the point x = oco.
The next theorem is the second main result in the paper.
Theorem 2.2. The Markov function
d)\A S
ma@) = [ 228 s ecysiu),

of the limit measure Aa can be written the form
x
(2.2) ho (z) = log{f)A(x) : m}.

This function is holomorphic in the domain C\ A. The branch of the logarithm is chosen
so as to have

3
haa(z) ~ ~ as T oo

The support of the measure Aais the whole of the interval A. Its saturation region is the
interval [xg, 0].

Proposition 2.4. The algebraic function 0 satisfies the equation
(2.3) z(p+1)*+p6p* +4p+1) =0, p==x(f—1).

The proofs of the main results of the paper will be given in the next sections.

3. THE FIRST AUXILIARY PROBLEM

In accordance with Rodrigues’s formula ([3]), we shall first examine the polynomials
Qr(n) defined by the formula

Qn(n) _ pn) 1 "
(3.1) o)~ P gy €L
where
(3.2) wi(n) = (n—(B+3n))...(n— (B +4n)),

Gn(n) = (= (B+2n))...(n— (B +4n)).
These polynomials solve the following problem.
Problem 3.1. Given a nonnegative integer number n, find a nonzero polynomial @n

of degree at most n and a polynomial P, of degree at most n such that the following
interpolation conditions are satisfied:

(3.3) Ry(n) = Qu(n)fay(n) — Pa(n) =0, n=p4+2n,...,5+4n.

Let 8 > 0, and let 0 < «; < 1. (From the analysis that follows it will be clear
that the final result is independent of the choice of these parameters.) The interpolation
conditions (B3] are equivalent to the orthogonality conditions with variable weight

° = L dp(§) - _
| aues ) o =,
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where p®! is a discrete measure with masses

(3.4) o= 1 otn _moil)m

at the points (—m), m € Z,.. Here

(P)m =pp+1)...(p+m—-1)
is the Pochhammer symbol.
We set N o
QZ(H) = CnQn(nn)a n € Ly,
where 5n is a normalizing constant such that the leading coefficient of the polynomial

@;ﬁ is 1. We denote the zero counting measure of this polynomial by . We pose the
following equilibrium problem.

Problem 3.2. Find a positive measure X such that
(1) the support of A lies on the interval A = (—o0,0]; that is, S(A) C A;
(2) the total variation of the measure X is 1; that is, |A|| = 1;
(3) the measure X satisfies the constraint

where xa is the classical Lebesgue measure on the interval A;
(4) the logarithmic potential of the measure A satisfies the equilibrium conditions

<@ S,
> @ A\ (S(V)\S(xa —N),

where w is some equilibrium constant and the logarithmic potential (—V*) of the clas-
sical Lebesgue measure Ay on the interval [2,4] plays the role of the external field.

(3.6) W =2v> -y {

The constraint appears as a result of scaling and passing to the limit in the separation
theorem of Chebyshev—Markov—Stieltjes, and the external field arises from the variable
weight.

We have the following results similar to those in [I].

Proposition 3.1. Problem has a solution.
Proposition 3.2. The limit A, — \ exists.

Proposition 3.3. The density of the measure A can be calculated by the formula

1
1, - —<n<0,
., 12~
— arcco —oo<n< —

E.

T e - ma—n)

Proof. Using Cauchy’s formula, we rewrite (3] as

Qn(n) 1 /gal—n(f) dé

(3.8) o) 2 =50 | T e =)

where

kn(z) =2(z=1)...(2 = n).
For definiteness, we assume that a point 7 lies in the upper half-plane. Then [ is a closed
contour lying in the upper half-plane and containing the points

n,n+1,....,n+n.
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Scaling 1 — nn and changing the variable £ — n¢ in formula ([B.8]), we obtain

Qu(nn) 1 [ga,—n(ng)  ndg
(3.9 o g ) = 5 | i (nE)  Fn(n(E — )"

The contour [* lies in the upper half-plane and encircles the interval [n,n + 1].
Letting n — oo, this gives

(- 1) 10 ] vregy) ey

n n2n+1
<_%) logw;}giﬁf)' — VA (§), £e€C\[3,4],

(_%) log% — V*(2), zeC\[0,1].

Here, Az, Aw+, Ax are the classical Lebesgue measures on the corresponding intervals.
The complex potentials of these measures are as follows:

4
1
A5 (1) —
Ve (n) /Zlogn_
4
1
Awr (€Y —
Vs (€) /?’logf_

! 1
VA (2) :/ log
0 z =

By Stirling’s formula,

(—%) 10g goy —n(n€) — (1 — i —logn) — (£ —1)log(§ — 1) —Elogé as n — oo,

where the arguments of the numbers £ and £ — 1 are taken on the interval (0,7). The
weak limit of the left-hand side of ([39) is equal to

(3.10) lim (—%) log’/exp{ng(f,n)}d§’
2

Sds = (n—4)log(n — 4) — (n = 2)log(n — 2) + 2,

“ds = (§ —4)log(§ — 4) — (£~ 3) log(§ — 3) + 1

Sds =(z—1)log(z —1) — zlogz + 1.

n— oo

(up to a normalizing constant), where

(3.11) S(&,1m) = (€ —4)log(€ —4) — (€ — 3)log(é — 3) + (¢ —n — 1) log(§ — 1 — 1)
—(&—=n)log(§ —n) — (£ —1)log({ — 1) + Elogé.

The limit in @I0) will be found by the saddle-point method. To find the critical
points of the function (IB:III) we have

(€ —4)(E—n—1)¢
1 =0
g 5061 = ow gy ey =0
which is equivalent to the quadratic equation
2 —¢—-3np=0.

The algebraic function £(7) has two second-order branch points, namely, n = —1/12 and
1 = oo. Outside the cut (—oo, —1/12] we consider the single-valued branch

1+ /TF12 .
&(n)=¥, where /1+ 12n > 0, n>_E

The point &, gives the leading contribution to the asymptotic behavior of integral (BI0)).
The corresponding critical value is as follows:

(3.12) S.(n) = S(&(n),n).
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So, the limit measure \ exists and its potential is

VS‘ =Vt — Reg* + const.

o = [

n—s

The Markov function

of the measure \ is found by the formula
-9 _
h=— (ReS, — V).
2 (ReB. - 1)
After some calculation we find that

(3.13) h(n) = log{

VvV1I+12n-2n+1 77—2}
VIt 12n—2n—-1 n—4J)

The function k(n) is holomorphic in the domain C\ (—oo, 0]. The branch of the logarithm
is specified by the condition

~ 1

The points 7 = 2 and n = 4 are removable singular points of this function.
The density of the measure A is calculated by Sokhotskii’s formula

- 1. -
N(n) = ;Imh(n—i'()), —00 < n<0.

If —1/12 < n < 0, then the number under the logarithm sign in [BI3)) is negative. In
view of the choice of the branch of the logarithm, the argument of this number is .
Therefore,
N =1, -1/12<n<0.

In other words, the measure A attains constraint (Z35) on the interval [—1/12,0]. If
—o00 < n < —1/12, then the number under the logarithm is complex. Evaluating the
argument of this number, we get formula (37).

We now verify the equilibrium conditions ([3.6]). To this end, we find the derivative of
the potential W along the real line. We have

—iW()—lo VIFIZg—2n+1\> -2
ag VTN Ao —2n—1) n—4f

If —oo < 1 < —1/12, then the expression under the logarithm is identically equal to 1;
in other words, W'(n) = 0. If —1/12 < 1 < 0, then W’(5) < 0, because this expression
is monotonic. An analysis of the behavior of the potentials at infinity shows that the
equilibrium constant w is zero.
This completes the proofs of Propositions Bl [3.2] and [3.3] |
4. THE SECOND AUXILIARY PROBLEM

In this section, we shall be concerned with the polynomials @,L(t) defined by

C?n(t) _pm Qn(t)

(4.1) T(t) =Dy, (D)’ n ey,
where
(4.2) Wn(t) =t —(B+n))...(t—(B+4n)),

the polynomials Q,, and @, are defined in (&) and (), respectively, and the difference
operator 'D(()Z) in (L4). These polynomials solve the following problem.
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Problem 4.1. Given a nonnegative integer n, find a nonzero polynomial @n of degree
at most 2n and polynomials P, 1, P, 2 of degree at most 2n such that the following
interpolation conditions are satisfied:

Rn,j(t) :@n( )fj( ) - nJ( ) =0, t=B+mn,...,0+4n, j=12
Assume, for the time being, that the parameters satisfy the following conditions:
>0, 0<a <ay<l.

Then Problem 1] is equivalent to the orthogonality conditions

d
/ Qn tl #(())—0, l:O,...,n—L ]'::[727

where the measures p®i are defined in ([B4]). These measures form a Nikishin system [4],
[12]-[I4]; that is, their ratio (the Radon-Nikodym derivative)
dp®2(t

u(t) = - )
dp(t)
which is defined ab initio only at nonpositive integer points and which is equal to

ra- ra—-t-—

U(t) _ ( 011) ( a2) 7

F(]. — O[Q) P(]. -1 - al)

is the Markov function of some measure. Namely,

un= [

s—t

where v®1*2 is a discrete measure with masses
L0 1 (1 + a1 — Ozg)k
k B(l—ag,ag—al) k!

at the points
ty=1—as +k, kEZJ’_.
The corresponding equilibrium problem is a Nikishin problem.
We set

Qr(t) = CrQn(nt), n€Zy,
where the normalizing constant én is chosen so that the leading coefficient of the polyno-
mial @;ﬁ is equal to one. We denote the counting measure of the zeros of this polynomial
by An. Consider the following problem.

Problen} 4.2. Find two positinz measures 5\A and \ r such that
(1) S(Aa) C A = (=00,0], S(Ap) C F = [0, +00);
(2) [Aall =2, [[Arl = 1;
(3) the constraints

(4.3) A <xa, Ar<xr
are satisfied, where ya and xr are the classical Lebesgue measures on the intervals A
and F, respectively;

(4) the equilibrium conditions hold

(a) on the interval A,

NEIEWN]

. . < <w
4.4 Wa =2V*s —yAr —yra!S A )
(4.4) A {> @a | A\ (S(Aa) \ S(xa — Aa)),
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where @ is some equilibrium constant and the potential (—V*@) of the classical Lebesgue
measure on the interval [1,4] plays the role of the external field;
(b) on the interval F,

<ir | S(Ar), )
> wr | F\ (S(Ar) \ S(xr — AF)),

where @Wr is some equilibrium constant.

(4.5) Wp =2V — yha {

Proposition 4.1. Problem has a solution.
Proposition 4.2. The limit ;\,L —» 5\A exists.

Note that the measure \ F is the limit measure of the dlStI‘lbuthn of scaled additional
interpolation points (in other words, the zeros of the function R, 1/Wn).
We write the measures )\A and A F in an explicit form. We set

(4.6) ty = 243 (—29 4+ 20V/10).

We let R denote the Riemann surface obtained by gluing the following three sheets:
(4.7) fa = C\ (=s0,t_],

(4.8) R = C\ (=00, 1] U [t4, +00)),

(4.9) Rp =C\ [t4, +00).

This is a surface of zero genus. On this surface we define the meromorphic function 4 by
its divisor. Namely, this function has a first-order zero at the point ¢ = 4 on the sheet
KA and a second-order zero at the point ¢ = 0 on the sheet K. It also has simple poles
at the points £ = 1 and ¢ = 0 on the sheet K. We normalize the function 9 by the
condition ¥(c0) = 1. We denote the restriction of the function ¥ to the sheet &; by 9,
where j = A, %, F. We set

A t—
ha(t) =logYa(t) + log P
This function is holomorphic in the domain C\ A. The branches of the logarithm are
specified by the condition

(4.10) ha(t) ~ % t— o0
We set
(4.11) hp(t) = —log¥p(t).

This function is holomorphic in the domain C\ F'. The branch of the logarithm is specified
by the condition

(4.12) hp(t) ~ =, t— occ.

Proposition 4.3. The functions ha and hp are Markov functions of the measures A
and \p, respectively.

Proof. Arguing as in §3, we have to study the critical points of the function

S(n,t) = nlogn — (n — 1) log(n — 1)
+(n—t—1)log(n —t—1) — (n—t)log(n — t) + S.(n),
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where the function S, () is defined by (3IZ). We have

0 4 nin—t—1) VI+12n+1-2y
—S(n,t) =1 . =0,
oy ) Og{(n—l)(n—t) \/71+1277—1—277}

which is equivalent to the cubic equation
=22+ (t+1)n—t(3t+1) =0.

Its discriminant 243t? + 58t — 13 has the roots ¢+ (see ([&8])). These points are second-
order branch points of the algebraic function n(¢). At infinity this function behaves
like
n~ V32 as t— oo.

So, the point at infinity is a third-order branch point for the function 7(¢). We denote
the branch that assumes positive values as ¢ — 400 by na. This branch is holomorphic
in the domain [@7). We denote the branch that assumes positive values as t — —oo by
np. This branch is holomorphic in [@9)). We denote the third branch by 7,. This branch
is holomorphic in (8. So, the Riemann surface of the function 1 can be constructed
by gluing the above three sheets.

The leading contribution to the asymptotics comes from the critical point of 7a.
Setting

~

(4.13) Sa(t) = S(na(t),t),

we have

via —yre RegA + const.

Next, let
. 9 A N
hA = E(RGSA—V )
Then
A nat)—t  t—1
4.14 ha(t) =1 . .
(4.14) a(®) Og{nA(t)—t—l t—4}

The function ha is holomorphic in the domain C \ A. The branch of the logarithm is
specified in accordance with formula (4.10).
We let ¥ denote the algebraic function

t)—t
o) = D=L
n(t) =t =1
This function has the same Riemann surface as the function 7(t). We denote its branches
by 19A7 19*) 19F .
Rewriting (£14) as

. t—
ha(t) =log¥a(t) + log et
we have .
sz(t):/dj\%(j), teC\A.
A

The derivative \x () can be found by Sokhotskii’s formula
. 1. .
MNa(t) = ;ImhA(t —i-0), —oco<t<O.

This function is positive on the entire negative half-axis. For t_ < t < 0 the function
Ia(t) is negative. Therefore,

M) =1, te]|t_,0].
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So, 5\A is a positive measure of total variation two on the interval A; this measure attains
the constraint (@3] on the interval [t_,0].
Consider the function hp defined by ([@IIl). This function is holomorphic in the

domain C\ F' and
iLF(t)z/dj%f), teC\F,
F

where
(4.15) Np(t) = %Imﬁp(t—i-()), 0 <t < 4oo.
The function (£I3) is positive, and moreover,

No(t) =1, 0<t<t,.

So, A F 18 a positive measure of total variation one on the interval F'; this measure attains
the constraint (43]) on the interval [0,7].
The function ¥ satisfies the equation

t2(t — 1)9% = 3t(t? — 2t — 1)9? + (3t — 9t* — 3t + 1) — t*(t — 4) = 0.
This function has the above divisor, and ¥(c0) = 1. By Viéte’s theorem,
t—4
Iaddp = ——.
AVRUR = 773
The graph of the function ¥ on the real line is depicted in Figure ] (the figure shows
only the topological behavior). At the origin the function behaves as follows:

P r_ 3+ v13

T, Qgp(t) ~ T, where L = 5

The derivative ¥ has the following divisor. It has first-order zeros at the point t = 0
on the sheet &, and at the point ¢ = 104/243 on the sheet £4; it has a sixth-order zero at
the branch point at infinity. This function has second-order poles at ¢ = 0 on the sheets
Ra and Rp, and at t = 1 on the sheet Ka; it also has first-order poles at the branch
points ¢4 and ¢_.

We will verify the equilibrium conditions (£4]). To do this, we calculate the derivative

Dy (t) ~ =412, Ia(t) ~

of the function /V[7A along the real line. We have

_ R t—4
WA = Re{ZhA — I +log — 1} log‘ﬁAﬁF

il
929 0, t—l‘

- k’g’ 9,

=1o ‘19
Vs
If —oo < t < t_, then 95 and ¥, are complex conjugates, and hence, W’A = 0. So,
the function WA is constant on this interval. If {_ < t < 0, then W’A < 0, because
the functions ¥ and ¢, are monotonic on this interval. So, on the interval (¢_,0) the
function WA is decreasing.
Now we verify the equilibrium conditions ([@3]). For the derivative, we have

—~ . . V290, t — %
—Wh = Re{2hp — ha} = —log| “EIAY: ’—1 ’—’

IR Ir
As before, we see that the function W is increasing on the interval (0,t4) and is constant
on the interval (¢4, +00). From the behavior of the potentials at infinity it follows that
the equilibrium constants wa and @wr are both zero. O
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FIGURE 4.1

5. PROOFS OF THE MAIN RESULTS

In view of (3] we have

where
wn(2) = (@ — B) . (z — (8 +4n)),
and the polynomials Q,, and &, are defined by (@) and [Z2), respectively; the difference

operator Dg.;) is defined by (IL4]). A similar analysis to before leads us to study the critical
points of the function

S(t,x) = tlogt—(t—1)log(t—1)+(t—x+1)log(t —x+1) — (t—) log(t — )+ Sa(t),

where the function Sa (t) is defined by @I3). The equation 93 =0 is equivalent to the
fourth-order equation

(5.1) th =33 (x+ 3P+ (2 =20 — )t — 232>+ —1) = 0.
The algebraic function ¢(x) behaves at infinity as
t(z) ~ V323, x — oo.

Hence, the point at infinity is a fourth-order branch point. The discriminant of equation
(5.1) is 2I). The roots zg and x4 of the discriminant are second-order branch points.
The Riemann surface 2R of the function ¢ was constructed in §2. We denote the branch of
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the function ¢ which is holomorphic on the sheet SRA by ta. The corresponding critical
value is

Sa(z) = S(ta(z), x).
Hence, the logarithmic potential of the limit measure for the distributions of the zeros
of the scaled polynomials @}, is given by

VAa = VA — ReSa + const.

That this limit measure exists follows from the saddle-point method. As a corollary, for

the Markov function of the limit measure we get formula (2:2]), where
t(x) —x

5.2 0(zx) = ——"—.
(5.2) @) = s

Excluding the variable ¢ from equations (5.1) and (5.2), we arrive at the algebraic equa-
tion satisfied by the function #, namely,

(5.3) 2?0 + (—4a* 4 423 + 62%)0° + (62! — 120 — 1227 + 42)0+
+ (—4a* + 122 + 622 — 4z +1)0 + 23 (2 — 4) = 0.

In ([Z3) equation (5.3) is written in a compact form. The function 6 has the same
Riemann surface as the function ¢.
The algebraic function 6 behaves as follows at infinity:

_ 1 L3 ~3/2
(5.4) O(z)=1 x—l—x\/;—i—O(x ), x— 0.

The point z = oo is a fourth-order branch point.
Next, we examine the behavior of the function # at the origin. At x = 0 the branch
fp has a third-order zero, namely,

Op(z) ~4x3, x — 0.
The branch #a has a second-order pole at the origin, namely,
6
On(z) ~ —2 T 0.

The two remaining branches 6 and 61 have first-order poles at the origin, namely,

2426
_T.

O(x) ~ C—i, xz — 0, where c4
x
The branch 65 has a simple zero at the point x = 4,

6

2

Figure [£.1] shows the topological behavior of the section of the graph of the function 6
by the real plane.

We will describe in more detail how the single-valued branches 6; of the function
are singled out on the sheets PR of the Riemann surface R, where J = A, P, F, T. By
@ = argx we denote the branch of the argument for any of the branches of 6 ; which is
taken in formula (5.4) in evaluating the root /x.

By 6a we denote the branch of the function 6 for which ¢ = 0 as © — +o0o0. This
branch is a meromorphic function on the sheet YRa. It has a simple zero at the point
x = 4 and a second-order pole at the point z = 0. We set

ha(2) = log{0a(e) - ——}.
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This function is holomorphic in the domain C\ A. The branch of the logarithm is chosen
so as to have ha(co) = 0. Then

3
ha(z) ~ = as z — oo.
x
The function ha is a Markov function of some positive measure Aa : ha = hy,. The
support of this measure is the entire interval A. The total variation of the measure is
three. The measure Aa is absolutely continuous with respect to the classical Lebesgue
measure xa on the interval A. Its density can be calculated by Sokhotskii’s formula

1
Ma(z) = =Imha(z —i-0), —oco<z<O.
m

If 2o < 2 < 0, then the number 0a(x) - ;%5 is negative, and in accordance with the
above choice of the branch of the logarithm, it has argument F7 on the upper and lower
edges of the cut [z, 0], respectively. Therefore, X (x) =1 for o < z < 0. The measure
Aa satisfies constraint (3) of Problem 2.1, and the constraint is attained on the interval
[0, 0], which means it is the saturation region of this measure.

Since, for the branch 6a, the argument ¢ is £7 as * — —oo on the upper and lower
edges of the cut (—oo, x|, respectively, the branch p is specified by the condition ¢ = Fr
as x — —oo. This branch is holomorphic on the sheet SRp. It has a third-order zero at
the point x = 0. The sheets Ra and Rp are glued along the cut (—oo, zg].

We set
hp () = log Op ().
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This is a piecewise analytic function which is holomorphic in the domains C; \ I'y and
C_\T_. The branches of the logarithms are chosen so as to have hp(cc) = 0. Hence

1
hp(z) ~——, z— oo.
x
The function hp is a Markov function of the difference of two positive measures,
hp =hx, — ha,-
The measure Aa was already defined above. The support of the measure Ap is the set
S(Ap) = FUT. The total variation of this measure is two. Note that the measure Ap

is positive on I" whenever I' is an extremal curve. In accordance with our choice of the
branches of the logarithms, the argument of this number is F27. By Sokhotskii’s formula

MNp(z) =2, 0<x<u,.
On the interval F' the measure Ap satisfies constraint (3). The constraint is attained on
the interval [0, x,]. This interval is the saturation region of the measure Ap.

Note that the generalized potentials Wa, Wg, W, Wp are continuous on the entire
plane. Consider the function

2NCD)

lo
% 0r(2)
We will calculate the derivative of the function Wa along the real axis, taking it as

the real part of the complex derivative of the complexification of this function. In view
of (5.5), we have

(5.5)

= —log —{E f + Qh)\A(J?) — hkp(l‘).

Op(x)
WA(z) =lo , —oo<x<0.
Alz) g Oa(7)
If —oco < & < xg, then Op(z) and O (x) are are complex conjugates, and
Op(x)| _
Oa(z)

Therefore, Wi (z) = 0. The function W is constant on the interval (—oo,zg]. It is
easily shown that W) < 0 on the interval (z,0); i.e., the function Wa is decreasing
on this interval. This proves the equilibrium conditions (A) of Problem [ZI1 We have
Wa(oco) =0, and hence the equilibrium constant wa is zero.

Since for the branch 6p the argument ¢ is F27 as * — +00, we specify the branch 0p
by the condition ¢ = +27 as & — +oo. This is a piecewise analytic function which is
holomorphic in the half-planes C.. This sheet SR is glued to the sheet Rp along the
cut [xy, +00).

Consider the function

hp(z) = log 01 ().
It is a piecewise analytic function which is holomorphic in the half-planes C.. The
branches of the logarithm are chosen so as to have hg(oco) = 0. Then

1
hp(x) ~——, = — oo.

x
The function hg is a Markov function of the difference of two positive measures,
hgp =hyx, — hxgp-

The densities of these measures can be found using Sokhotskii’s formula. The support of
the measure Ag is the entire interval F', and the support of the measure A\r is the interval
A. We denote the total variation of the measure A by t = ||Ar||. Then ||Ar|| =1+t.
On the interval [z, 4+00) the measures Ar and Ap are equal. We set

Ar = Ap — Ap.
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Then Ar is a positive measure with support
S(Ar) =T, =T U0, x,]

and total variation ||Ap||=1—t.
As before, we have

QF(Z')
Wi(z) =1o , x€F.
F(z) g 0p(z)
If v, < © < +o00, then Op(z) and Op(z) are complex conjugates, and |0p/0p| = 1.

Therefore, Wi = 0; i.e., the function Wy is constant on the interval [z.,+00). It is
easily shown that W > 0 on the interval (0, z.); that is, the function W is increasing
on this interval. This proves the equilibrium conditions (F). We have Wr(o0) = 0, and
hence the equilibrium constant wg is zero.

For the branch 6, the argument ¢ is £37 as © — —oo. Hence, we specify the branch
01 by the condition ¢ = F3m as x — —oo. This branch is holomorphic on the sheet .

We set

hy () = log O (x).

This function is also holomorphic on the sheet 7. The branch of the logarithm is
specified by the condition hr(0co) = 0. Then

1
hr(z) ~—=, x— oc.
T
The function hp is a Markov function of the sum of two negative measures
hr = —hx; — hag.

The measures Ar and A\r were already defined above in terms of other branches of the
algebraic function 6.

We have
Or(z)
Op(x)
The numbers 07 (z) and 67 (x) are complex conjugates on the whole of A; furthermore,
|07 (x)/0F(z)| = 1. Therefore, W;. = 0 on A so that Wy is constant on this interval. The
equilibrium conditions (T) are proved. We have Wr(oco) = 0, and hence the equilibrium
constant wr is zero.

Let Wr be the complexification of the generalized potential Wp. Then

0
Wi = log L
0p
We let s denote the natural parameter of the curve I' and 7, the unit tangent vector to
this curve. Then on this curve the derivative of the generalized potential Wt along the

curve I' looks like

Wi (z) = log

, T €A

%Wp - Re{Tlog Z_,Ta}

The following conditions are equivalent in view of the Cauchy—Riemann conditions:
dWr

10. d— - 0 F
S
2°. The measure Ar is positive.
3°. The curve T' has the S-property (the curve is extremal).
4°. The curve I' lies in the set on which the moduli of two critical values of the function
exp S are equal (the saddle-point method).

So, the equilibrium conditions (T") are proved. Moreover, the curve T' is a trajectory
of the corresponding quadratic differential.
This completes the proof of the main results of the paper.
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