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A MODIFICATION OF THE BLOOM–GRAHAM THEOREM:

THE INTRODUCTION OF WEIGHTS IN THE COMPLEX

TANGENT SPACE

MARIYA ALEKSANDROVNA STEPANOVA

1. Introduction

Polynomial models are widely used in CR-geometry. Their main application is con-
nected with the study of automorphisms of germs of CR-manifolds, and here an essential
role is played by the extension of a function by homogeneous and quasihomogeneous
components (see [5–8]). Via this approach, the coordinates of the complex tangent and
the transversal directions are distinguished by means of weights. But there are situa-
tions when it is necessary to introduce differences within the complex tangent by means
of weights—such a case is considered in Example 3 (see Section 3).

In [1] a characteristic of the germ of a real submanifold of a complex space was
introduced; this is now called the Bloom–Graham germ type. There is also a distinction
between germs of finite and infinite type. The significance of this characteristic is based
on the fact that if the type is finite, then it has two equivalent definitions: coordinateless,
in the form of the Lie algebra of tangent vector fields, and coordinate, in the form of
local equations of the germ. We give more precise definitions.

Let L1 be the distribution of complex tangents to a generating CR-manifold in a
neighbourhood of a point p. We can associate a system of distributions Lj with it,
defined inductively, namely Lj+1 = [Lj ,L1] + Lj , where [Lj ,L1] are the distributions
generated by the brackets of the fields from Lj and L1 and conjugate to them. We set
n1 equal to the number of the first jump of dimension of Lj , namely to the first number
j > 1, so that q1 = dim Lj − dim L1 > 0. In the same way, we encode the place (n2)
of the second jump of dimension of Lj and this jump itself (q2). And so on. Let s be
the number of jumps. Then we obtain a nondecreasing sequence of natural numbers
2 ≤ m1 ≤ · · · ≤ mk ≤ ∞.

Definition 1. The sequence

(m1, . . . ,mk) = (n1, . . . , n1︸ ︷︷ ︸
q1

, n2, . . . , n2︸ ︷︷ ︸
q2

, . . . , ns, . . . , ns︸ ︷︷ ︸
k−q1−···−qk−1

)

is called the geometric type.
If all mi ≤ ∞, then we say that the germ is of finite type.

We turn to the definition of coordinate type.
Suppose that a germ Mp generating a CR-manifold whose CR-dimension is equal

to n − k and with codimension equal to k is given at a point p ∈ Cn. We introduce
a coordinate system (z1, . . . , zn−k, w1, . . . , wk) in a neighbourhood of p, and assign a
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weight to all variables: the weight of each zj is equal to 1, and that of wi is equal to mi,
2 ≤ m1 ≤ · · · ≤ mk. Suppose that the equations of the germ can be written in the form

(1.1) ri = 2Re wi + pi(z, z̄, w, w̄) + o(mi) = 0, i = 1, . . . , k,

where pi is a homogeneous polynomial of weight mi, and o(mi) is a function whose formal
Taylor series consists of terms of higher weight.

Definition 2. The resulting sequence (m1, . . . ,mk) is called the coordinate type.

Theorem 1 (Bloom–Graham, 1977, [1]). Let Mp be the germ of a generating analytic
manifold of finite geometric type (m1, . . . ,mk). Then there exists a coordinate system in
which it is given by equations of the form (1.1), that is, it has the same coordinate type.

It is clear that the coordinates z = (z1, . . . , zn−k) are the coordinates of a complex
tangent to M at the point p, and w = (w1, . . . , wk) are the coordinates which complete
z to the whole space.

In this paper we give a generalisation of the Bloom–Graham type: weighted type.
The modification, connected with the choice of weights in the complex tangent, is the
subject both of a definition of the same kind as the Bloom–Graham type itself and to an
assertion analogous to the Bloom–Graham theorem. Thus, this weighted type can turn
out to be finite for one choice of weights, but infinite for another (see Example 3). The
essence of this generalisation lies in the fact that arbitrary natural weights are assigned to
different coordinates of the complex tangent (z1, . . . , zn−k). This gives the weighted type
more flexibility and convenience in applications [5,8]. Further (see Theorem 2), we prove
an analogue of the Bloom–Graham theorem on the relationship between the coordinate
and coordinateless definitions of this weighted type. The given theorem demonstrates
the connection between geometric data which can be obtained by calculating the com-
mutators of holomorphic tangent vector fields (all the necessary information about these
commutators is contained in the geometric type of the surface) and the representability
of the surface by equations of special form. The main difference is that in our consid-
erations we use the weights of commutators of vector fields, rather than their lengths.
In the notation and the structure of the article, we follow [1], with the exception of the
term “holomorphic vector field”, which is now understood differently. Namely, those
fields that are called holomorphic vector fields in [1] are now called fields of type (1,0) or
complex vector fields.

2. Basic definitions

Let M be a smooth real submanifold of an open subset U in C
n, p ∈ M. A com-

plex vector field on U is a smooth vector field F for which F (p) ∈ T 1,0(Cn, p), where
T 1,0(Cn, p) is a holomorphic subspace of the complexified tangent space CT (Cn, p) =
T 1,0(Cn, p) ⊕ T 0,1(Cn, p) at the point p. A complex vector field tangent to M is an F
such that F (p) ∈ CT (M,p) ∀p ∈ M, and F (p) ∈ T 1,0(Cn, p) ∀p ∈ U.

Let Fi, i = 1, . . . , k, be a collection of complex vector fields. We say that an expression
of the form F = [Fiμ , [Fiμ−1

, . . . [Fi2 , Fi1 ] . . .]], where 1 ≤ ij ≤ k, is a commutator of length
μ.

Let Lμ be the module of vector fields (over C∞(U), U ∈ C
n an open subset) generated

by complex tangent vector fields, their conjugates and commutators of such fields of
length at most μ.

We now describe the modification of the geometric definition of type.
The weights for local coordinates (z1, . . . , zn−k, w1, . . . , wk) at a point p are defined

as follows: zi has weight λi, where λ = (λ1, . . . , λn−k) is an arbitrary collection of
natural numbers, and wi has weight li, where l = (l1, . . . , lk), 2 ≤ l1 ≤ · · · ≤ lk ≤
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+∞, is a collection of natural numbers whose values we define later. Such a coordinate
system is called a weighted coordinate system. The differential operators ∂

∂zi
, ∂
∂wj

have

the corresponding negative weights −λi,−lj .
We write wtP (φ) = γ if in the formal Taylor series of the function φ there is a monomial

of weight γ, but no monomials of smaller weight. A differential monomial is an expression
of the form

(2.1) B zαz̄βwγw̄δ ∂a

∂za
∂b

∂z̄b
∂c

∂wc

∂d

∂w̄d
,

which is an operator of partial differentiation with respect to a collection of coordinates
with coefficients equal to the product of a constant and the degree of the coordinate (here
B is a nonzero constant, and α = (α1, . . . , αn−k), β = (β1, . . . , βn−k), γ = (γ1, . . . , γk),
δ = (δ1, . . . , δk), a = (a1, . . . , an−k), b = (b1, . . . , bn−k), c = (c1, . . . , ck), d = (d1, . . . , dk)
are multi-indices). The weight of the differential monomial (2.1) is set equal to

n−k∑
i=1

(αi + βi − ai − bi)λi +
k∑

i=1

(γi + δi − ci − di)li.

The weight of a differential operator that is the sum of differential monomials is the min-
imum of the weights of these monomials. If the weights of all monomials of a differential
operator Q are the same and are equal to γ, then we say that Q is of homogeneous weight
γ.

We say that a manifold is homogeneous with respect to a given choice of weights if,
in a system (z, w;λ, l) of local coordinates with weights, it is given by a function of the
form

ri = 2Re wi + pi(z, z̄, w1, w̄1, . . . , wi, w̄i),

where pi is of homogeneous weight mi.
Surfaces that are not homogeneous can be regarded as perturbations of homogeneous

surfaces by terms of larger weight, since the homogeneous part of smaller weight plays
the main role in the proof. It is a model with respect to the class of perturbed surfaces
(see [8]).

We choose the weights of the variables z = (z1, . . . , zn−k) to be λ = (λ1, . . . , λn−k).
Then Lμ breaks down into the weights of the components Lμ

m = Lμ
m(λ), which are

combined in the direct sum Lm =
⊕

μ Lμ
m.

Definition 3. We define the weighted geometric type at a point as the collection of those
μ that correspond to an increase in the dimension of Lm(p), that is, those ni for which
dimC(Lmi

(p)/Lmi−1(p)) = qi ≥ 1, and moreover for an increase in dimension of at least
1, the corresponding mi is repeated qi times.

Thus, we obtain the collection

(m1, . . . ,mk) = (n1, . . . , n1︸ ︷︷ ︸
q1

, n2, . . . , n2︸ ︷︷ ︸
q2

, . . . , ns, . . . , ns︸ ︷︷ ︸
k−q1−···−qk−1

),

where s is the number of jumps.

Suppose that a germMp of a generating manifold whose CR-dimension is equal to n−k
and codimension is equal to k is given at a point p. We introduce a coordinate system
(z1, . . . , zn−k, w1, . . . , wk) in a neighbourhood of p, and assign weights to all variables: the
weight of all the zj is equal to 1, and the weight of wi is equal to mi, 2 ≤ m1 ≤ · · · ≤ mk.
Suppose that the equations of the germ can be written in the form

(2.2) ri = 2Re wi + pi(z, z̄, w, w̄) + o(mi) = 0, i = 1, . . . , k,
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where pi is a homogeneous polynomial of weight mi, and o(mi) is a function whose formal
Taylor series consists of terms of higher weight.

Definition 4. The resulting sequence (m1, . . . ,mk) is called the weighted coordinate
type.

We introduce a scalar product in the space of algebraic polynomials of homogeneous
weight in the variables z, z̄, w, w̄ (that is, those polynomials that are equal to a sum of
monomials of the same weight) in the following manner:

(2.3) (p, q) = p

(
∂

∂z
,
∂

∂z̄
,
∂

∂w
,
∂

∂w̄

)
q̄(z, z̄, w, w̄),

that is, we replace the variables z, z̄, w, w̄ in p(z, z̄, w, w̄) by the corresponding differential
operators ∂

∂z ,
∂
∂z̄ ,

∂
∂w , ∂

∂w̄ and apply the resulting differential polynomial to q̄(z, z̄, w, w̄).
In the space of differential operators of homogeneous weight with constant coefficients,

we put

(2.4) (P,Q) = P

(
∂

∂z
,
∂

∂z̄
,
∂

∂w
,
∂

∂w̄

)
Q̄(z, z̄, w, w̄),

that is, we replace the differential operators ∂
∂z ,

∂
∂z̄ ,

∂
∂w , ∂

∂w̄ in Q̄
(

∂
∂z ,

∂
∂z̄ ,

∂
∂w , ∂

∂w̄

)
by the

corresponding variables z, z̄, w, w̄ and apply the differential operator P
(

∂
∂z ,

∂
∂z̄ ,

∂
∂w , ∂

∂w̄

)
to the resulting polynomial Q̄(z, z̄, w, w̄).

Let A be the set of all collections (l1, . . . , lk), l1 ≤ · · · ≤ lk, where 2 ≤ li ≤ +∞. We
introduce a partial order on A in the following manner: if l = (l1, . . . , lk), l

′ = (l′1, . . . , l
′
k),

then l ≤ l′, if li ≤ l′i for all i.

3. Examples

We now look at some examples of types of surfaces.

Example 1. We consider an example of a surface of infinite type. Suppose that in the
space C6 with coordinates (z1, z2, z3, w1 = u1 + iv1, w2 = u2 + iv2, w3 = u3 + iv3), a
surface of CR-dimension 3 and codimension 3 is given by the equations

r1 = 2u1 + |z1|2 = 0,

r2 = 2u2 + |z1|4 + |z2|2 + |z3|2 = 0,

r3 = 2u3 = 0.

We choose the weights of the coordinates (z1, z2, z3;w1, w2, w3) to be equal to (λ, l) =
(1, 2, 2; 2, 4,∞) so that the equations take a homogeneous form as in (2.2). Then the
weighted geometric type at the origin is (2, 4,∞). Thus, the surface under consideration
is a surface of infinite type.

Example 2. Suppose that in the space C4 with coordinates (z1, z2, w1, w2), a surface of
CR-dimension 2 and codimension 2 is given by the equations

r1 = 2u1 + |z1|4 = 0,

r2 = 2u2 + |z2|2 = 0;

the collection of weights of the coordinates (z1, z2;w1, w2) is equal to (λ, l) = (1, 2; 4, 4).
Then the weighted geometric type at the origin is equal to (4, 4).

Example 3 (see also [4]). In C3 with coordinates (z1, z2, w) we consider the surface of
CR-dimension 2 and codimension 1 given by the equation

r = 2u+ |z1|2 + |z2|2(z̄1 + z1) = 0.
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This example in C3 is interesting because when we choose equal weights (λ, l) = (1, 1;∞)
for the variables the type assumes an infinite value, but for an unequal choice of weights
(λ, l) = (2, 1; 4) the type is finite.

4. Formulation of the theorem

Theorem 2. Let Mp be the germ of a generating analytic manifold of finite weighted
geometric type (m1, . . . ,mk). Then there exists a system of weighted coordinates in which
it is given by equations of the form (2.2), that is, it has the same weighted coordinate
type.

5. Proof in the case of a homogeneous surface

We note first of all that if M is given by a system of equations reduced to canonical
form (see below), then, as will be seen from the proof of the theorem, in this case the
weighted coordinate type determines a weighted geometric type equal to the coordinate
type.

Without loss of generality, we assume that the point p is the origin. Let r1, . . . , rk be
real-valued smooth functions, and let M be a homogeneous manifold, that is, in a system
(z, w;λ, l) of local coordinates with weights the defining functions have the form

ri = 2Re wi + pi(z, z̄, w1, w̄1, . . . , wi, w̄i), i = 1, . . . , k,

where pi is of homogeneous weight mi.
We consider the differential operators:

T 0
s =

∂

∂zs
, s = 1, . . . , n− k,

T i
s = T i−1

s − T i−1
s (ri)

∂

∂wi
, i = 1, . . . , k.

Lemma.
1) The T i

s are tangents to the surface r1 = · · · = ri = 0 and have homogeneous weight
−λs.

2) The commutator of the vector fields T i
s , T̄

i
s , s = 1, . . . , k, of length μ for fixed i have

homogeneous weights −
∑μ

j=1 λsj , where sj corresponds to the occurrence of T i
sj or T̄ i

sj

in the commutator.

Proof. The proof is by induction on i and is completely analogous to that given in [1]
for the case when the variables z have equal weights. �

Considering the weight C of the commutator from the lemma, we remark that its
coefficients Aj , Bj for ∂

∂wj
, ∂
∂w̄j

, where j ≤ i, vanish at the origin if C is less than mj ,

and are identically zero if C is greater than mj . This follows from the fact that the weight
of the coefficients is nonnegative. Thus, the origin has type (n1, . . . , nk), where ni = mi,
if there exists a commutator of weight mi with nonzero coefficient for ∂

∂wj
, and ni = +∞

otherwise.
Let Xs, Ys, s = 1, . . . , n− k, be two groups of noncommuting variables. We consider

a nested commutator of length μ of these variables of the form [. . . , [Xs, Ys] . . .], that is,
the bracket nested inside all the rest contains variables from Xs and from Ys. Such a
commutator is represented in the form of a sum of noncommutative polynomials of the
form C = C1 + C2, where C1 is a sum of monomials of the form A1 · · ·Aμ, in which
Aμ is a variable from Xs (the remaining Aj can be variables from both groups), and
C2 is a sum of monomials of the form B1 · · ·Bμ, in which Bμ is a variable from Ys (the
remaining Bj can be variables from both groups). The notation C(T i, T̄ i) means that
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T i
s , T̄

i
s , are substituted into the commutator instead of the variables Xs, Ys, respectively.

The following relation holds for commutators of the given type ([1]):

C
(
T i, T̄ i

)
= C

(
T i−1, T̄ i−1

)
− C1

(
T i−1, T̄ i−1

)
(ri)

∂

∂wi
− C2

(
T i−1, T̄ i−1

)
(ri)

∂

∂w̄i
.

If the length is C ≥ 2, then repeated application of this relation gives

C
(
T i, T̄ i

)
= −

i∑
j=1

C1

(
T j−1, T̄ j−1)(rj

) ∂

∂wj
−

i∑
j=1

C2

(
T j−1, T̄ j−1)(rj

) ∂

∂w̄j
.

Let (wj = uj + ivj) πi be the operator dual to pi, that is, πj = pj

(
∂

∂zj
, ∂
∂z̄j

, ∂
∂wj

, ∂
∂w̄j

)
(πj = 0 if pj = 0). By obvious algebraic changes of the coordinates and defining functions
that are carried over verbatim from the case considered in [1], when the variables have
equal unit weight, the system of equations defining M can be reduced to the form

ri = 2ui + pi(z, z̄, v1, . . . , vi−1),

where the pi satisfy the following conditions:

(1) the pi are of homogeneous weights mi or identically zero;
(2) there are no holomorphic or antiholomorphic terms;
(3) pi depends on z, z̄, v1, . . . , vi−1 and not on vi, . . . , vk;
(4) there are no terms of the form cvazα or c̄vazα, where va = va1

1 · · · vai−1

i−1 , c ∈ C;

(5)
(

∂
∂vi−1

)ai−1
(

∂
∂vi−2

)ai−2

· · ·
(

∂
∂vj

)aj

πj(pi)(0) = 0 ∀j < i and nonnegative ai−1,

. . . , aj .

The proof is by induction. Since homogeneity is preserved for the substitutions under
consideration, the proof for equal weights also remains in force for arbitary weights.

Basis of induction: the functions p1 depends only on z, z̄, and the pluriharmonic terms
can be removed by adding a holomorphic polynomial to w1.

Induction step: we fix i and suppose that p1, . . . , pi−1 have the required form. The
pluriharmonic terms can be removed by a holomorphic change of coordinates. In terms
containing uj , j < i, we replace uj by − 1

2pj . Further, we note that cvazα + c̄vaz̄α =
2Re (bwazα)+(terms containing variables u) for a suitable choice of b ∈ C (here c ∈ C).
The term bwazα can be removed by adding it to the variable wi. We replace the variables
uj by − 1

2pj , and by the induction hypothesis new terms of the forms vazα or vaz̄α do
not appear.

We now consider condition (5). Suppose that it is not satisfied. We first consider
the case (ai−1, ai−2, . . . , aj) �= 0. We order the terms va lexicographically with respect
to the exponents (ai−1, ai−2, . . . , aj). We show that we can add a term of the form
ev

ai−1

i−1 · · · vaj

j pj , e ∈ R, to pi so that condition (5) is satisfied.

We choose b ∈ C such that b(
√
−1)ai−1+···+aj = −1.

Then 2
aj+1 Re

(
bw

ai−1

i−1 · · ·waj+1

j+1 w
aj+1
j

)
= −2v

ai−1

i−1 · · · vaj

j uj+(terms that contain either

the factor uk, k �= j, or at least three factors uk, k = j, . . . , i−1). We make the change of

variables wi −→ wi− be
aj+1w

ai−1

i−1 · · ·waj+1

j+1 w
aj+1
j , pi −→ pi−2ev

ai−1

i−1 · · · vaj

j uj , substituting,

as above, 1
2pk for uk. Now we need to take the remaining terms into account: first, it is

clear that terms of the form cvazα + c̄vaz̄α do not appear; second, we can obtain terms

that change the value of the expression
(

∂
∂vi−1

)bi−1
(

∂
∂vi−2

)bi−2

· · ·
(

∂
∂vl

)bl
πl(pi)(0) for

some exponents (bi−1, . . . , bl). But of the remaining terms it is clear that (bi−1, . . . , bl) <
(ai−1, ai−2, . . . , aj). Therefore, repeating the described procedure, we obtain (5) in a
finite number of steps.
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It remains to consider the case (ai−1, ai−2, . . . , aj) = 0. In this case, the required
equality can be obtained by applying the Gram–Schmidt orthogonalisation method with
respect to the scalar product (2.3).

Thus, we have obtained the required form. Such a form will be called canonical.

6. Decomposition of the space of differential operators of homogeneous

weight with constant coefficients into a direct sum

We fix i, 1 ≤ i ≤ k. Let p1, . . . , pi be functions of homogeneous weight and canonical
form, with p1, . . . , pi−1 not identically zero. Let Qμ be the space of operators with

constant coefficients of weight −μ, depending on ∂
∂z ,

∂
∂z̄ ,

∂
∂v1

, . . . , ∂
∂vi−1

. We denote by

Qj
μ the operators depending only on ∂

∂z ,
∂
∂z̄ ,

∂
∂v1

, . . . , ∂
∂vj−1

.

We define the subspace Gj
μ in Qj

μ as the subspace consisting of those operators Q
that contain mixed derivatives with respect to z and z̄, and that satisfy the condition
Q(v

aj−1

j−1 v
aj−2

j−2 · · · val

l pl)(0) = 0.

We define the subspaces Hj
μ in Qj

μ inductively. We suppose that H1
μ is the zero

subspace of Qj
μ, and for j > 1 define Hj

μ as the linear span of operators of the form(
∂

∂vj−1

)aj−1
(

∂
∂vj−2

)aj−2

· · ·
(

∂
∂vl

)al

πl, where πl is the operator dual to pl, 1 � l � j−1,

and all degrees are nonnegative.
We define the subspace Zj

μ in Qj
μ as the subspace of those operators that do not

contain simultaneous differentiation with respect to z and z̄.
We note that replacing zs by zλs

s , where λs is the weight of the corresponding variable
zs, and replacing the weight λs by unity, preserves the homogeneity of the equations and
of the differential operators. We apply the theorem on the decomposition of Qj

μ into
an orthogonal direct sum of operators to the system of equations obtained. Selecting

the subspace Q̃j
μ in Qj

μ, corresponding to the original operator, and the subspaces
˜Gj
μ,

˜Hj
μ and

˜Zj
μ in Q̃j

μ, defined in a similar way, and returning to the original variables and
weights, we obtain an analogous decomposition:

Q̃j
μ = G̃j

μ ⊕ H̃j
μ ⊕ Z̃j

μ.

7. Calculating the type in the homogeneous case

and the completion of the proof

Now, relying on the equalities obtained in the preceding sections, which are analogues
of the auxiliary assertions which were used to determine the type in the homogeneous
case, repeating the same arguments, we obtain that for j = 1, . . . , i there exists a com-
mutator F j ∈ Lmj such that

F j(T k, T̄ k) =
∂

∂vj
+

k∑
l=j+1

(
Aj

l

∂

∂wl
+Bj

l

∂

∂w̄l

)
.

It follows that zero is a point of type (m1, . . . ,mi−1,mi, . . .) if pi �= 0 identically, and
type (m1, . . . ,mi−1,∞, . . .) otherwise.

To pass to the general case, in the equations we single out the part with homogeneous
lowest weight. Acting in the same way as in the case when the variables z have equal
weights, we find that the terms with the highest weight in the equations do not affect
the terms having weight of the highest absolute value in the tangent fields, which means
that the type of a point is determined by the homogeneous part we singled out, and so
the conclusion of the theorem follows.
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