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MEETINGS 
Calendar of Meetings 

NOTE: This Calendar lists all of the meetings which have been approved by the Council up to the date at 
which this issue of the cJiotiaiJ was sent to press. The summer and annual meetings are joint meetings of the 
Mathematical Association of America and the American Mathematical Society. The meeting dates which fall 
rather far in the future are subject to change. This is particularly true of the meetings to which no numbers 
have yet been assigned. 

Meet
ing 
No. 

654 

655 

656 

657 

Date 

March 21-23, 1968 

April 10-13, 1968 

April 16-20, 1968 

June 15, 1968 

August 2 6-30, 1968 
(73rd Summer Meeting) 

January 23-27, 1969 
(75th Annual Meeting) 

August 25-29, 1969 
(74th Summer Meeting) 

January 22-26, 1970 
(76th Annual Meeting) 

August 1970 
(75th Summer Meeting) 

Place 

Los Angeles, California 

New York, New York 

Chicago, Illinois 

Portland, Oregon 

Madison, Wisconsin 

New Orleans, Louisiana 

Eugene, Oregon 

Miami, Florida 

Laramie, Wyoming 

Deadline 
for 

Abstracts* 

Jan. 24 

Feb. 26 

Feb. 26 

May 1 

*The abstracts of papers to be presented in person at the meetings must be received in the Head
quarters Offices of the Society in Providence, Rhode Island, on or before these deadlines. The dead
lines also apply to news items. The next two deadline dates will be January 17, and February 19, 1968. 

April 5-6, 1968 

OTHER EVENTS 

Numerical ~olution of Field Problems 
in Continuum Physics 

--- --- .. .....(~~-

Durham, North Carolina 
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The Seventy-Fourth Annual Meeting 
San Francisco Hilton Hotel 
San Francisco, California 

January 23-26, 1968 

PROGRAM 

The seventy-fourth annual meeting 
of the American Mathematical Society will 
be held at the San Francisco Hilton Hotel, 
San Francisco, California, in conjunction 
with the annual meeting of the Mathemati
cal Association of America. The Society 
will meet from Tuesday, January 23, 
through Friday, January 26. The Mathe
matical Association of America will meet 
from Thursday, January 25, through Satur
day, January 27. 

The forty-first Josiah Willard Gibbs 
Lecture, entitled "Symmetry principles 
in old and new physics;" will be delivered 
by Professor Eugene P. Wigner of Prince
ton University in the Continental Ballroom 
of the San Francisco Hilton at 8:00 p.m. 
on Tuesday, January 23, 1968. 

Dean A. A. Albert of the University 
of Chicago will give the Presidential Ad
dress in the Continental Ballroom at 
1:30 p.m. on Tuesday, January 23. The 
title of his lecture is "On associative 
division algebras." 

By invitation of the Committee to 
Select Hour Speakers for the Annual and 
Summer Meetings, there will be two in
vited addresses. Professor Wolfgang Wa
sow of the University of Wisconsin will 
speak at 1:30 p.m. on Thursday, January 
25. The title of his address is "Connection 
problems for asymptotic series." Pro
fessor Louis Auslander of the City Uni
versity of New York will present an ad
dress entitled "A survey of solvable Lie 
groups and applications" at 1:30 p.m. on 
Friday, January 26. Both of these invited 
addresses will be given in the Continental 
Ballroom. 

The first George David Birkhoff 
Prize in Applied Mathematics will be 
awarded in the Continental Ballroom at 
1:30 p.m. on Wednesday, January 24. 
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There will be two special sessions 
of twenty-minute papers. Papers will be 
given at these sessions by invitation and 
by selection from ten-minute papers sub
mitted for the meeting. The topic for the 
first of these sessions is "Integration in 
ru:nction spaces," under the chairmanship 
of Professor Monroe Donsker, Courant 
Institute of Mathematical Sciences, New 
York University. This session will be held 
in the Continental Ballroom at 9:00 a.m. 
and 3:00p.m. on Tuesday, January23. The 
second special session of twenty-minute 
papers will be devoted to the topic of 
"Piecewise linear topology." The program 
chairman for this session is Professor 
Morris W. Hirsch of the University of 
California, Berkeley. This second special 
session will take place in the Continental 
Ballroom beginning at 9:00 a.m. on Wed
nesday, January 24. 

There will be an informal meeting 
of persons interested in Category Theory 
at 3:00 p.m., Thursday, January 25, in the 
Walnut Suite. The purpose of this session 
is to discuss the most recent work on cate
gorical algebra. The talks to be given will 
not be announced until the time of the 
meeting. 

There will be regular sessions for 
contributed ten-minute papers during the 
mornings and afternoons of January 23 and 
24, and during the afternoons of January 
25 and 26. No sessions for late papers 
will be held. 

There will be an open meeting of 
the Committee to Monitor Problems in 
Communication in the Mathematical Sci
ences on Wednesday evening, January 24, 
at 8:00 p.m. in the Continental Ballroom. 
The committee is concerned with new or 
better devices for communicating mathe
matics through research publications, re-



viewing journals, expository writing, 
meetings, films, etc, A number of topics 
will be introduced by the committee, with 
ample time between for full discussion 
from the floor. Anyone interested is in
vited to attend. 

The business meeting of the Society 
will be held at 11:15 a.m. on Tuesday, 
January 23, in the Continental Ballroom. 

The Council of the Society will meet 
at 2:00 p.m. on Monday, January 22, in 
the Walnut Suite on the fourth floor of the 
San Francisco Hilton, 

EMPLOYMENT REGISTER 

The Mathematical Sciences Em
ployment Register will be maintained 
from 9:00 a.m. to 5:00p.m. on Wednesday, 
Thursday, and Friday in the Imperial 
Ballroom of the San Francisco Hilton. 

EXHIBITS 

The book and educational media ex
hibits will be displayed in the North and 
West Lounges and the Garden Room on the 
ballroom floor of the San Francisco Hilton, 
The exhibits will be open from 9:00 a.m. 
to 5:00 p.m. on Tuesday, Wednesday, 
Thursday, and Friday. 

REGISTRATION 

The Registration Desk for this 
meeting will be in the East Lounge on the 
ballroom floor of the San Francisco Hilton. 
The Registration Desk will be open from 
2:00 to 8:00 p.m. on Monday, January 22; 
from 8:00 a.m. to 5:00p.m. on Tuesday, 
January 23; from 9:00 a.m. to 5:00p.m. 
on Wednesday through Friday, January 24-
26; and from 9:00 a.m. to 3:00 p.m. on 
Saturday, January 27, It will be helpful if 
persons attending the meetings will regis
ter as soon as possible after their arrival. 

The registration fees for the meet
ings are as follows: 

Member 
Member's family 
(first additional person) 
(others in member's 

family) 

Student 
Non-member 

$3,00 
0,50 
no fee 

no fee 
no fee 

$7,50 
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ACCOMMODATIONS 

Accommodations for the meeting 
will be handled by the San Francisco Con
vention and Visitors Bureau. A form for 
requesting accommodations may be found 
on page 966 of the November cNoliai), 
Persons desiring accommodations should 
complete this reservation form or a rea
sonable facsimile and send it to AMS-MAA 
Housing Bureau, 260 Fox Plaza, San Fran
cisco, California 94102. All reservations 
will be confirmed. The San Francisco Con
vention and Visitors Bureau will make re
servations in accordance with the prefer
ence indicated on the reservation form, 
insofar as this is possible. It will not be 
necessary to send a deposit with the regis
tration form. If a person is assigned to a 
hotel that requires a deposit, then that 
hotel will request a first night's deposit 
to hold the room. Requests for reserva
tions should arrive in Sa:'l Francisco no 
later than January 12, 1968. The accom
panying map shows the location of the 
various hotels which have reserved rooms 
for the meeting, including the headquar
ters hotel, the San Francisco Hilton. A 
list of room rates at these hotels follows: 

BELLEVUE HOTEL 
Doubles 
Twins 
Suites 

(parlor 

$13.50to $15,00 
$15,00 to $18,00 
$25,00 to $35,00 

and 1 bedroom) 

CALIFORNIAN HOTEL 
Singles $12,00 to $13,00 
Doubles $14.50 to $15,50 
Twins $16,00 to $17.00 
Suites $30,00 
(parlor and 1 bedroom) 

CANTERS UR Y HOTEL 
Singles $12,00 to $18,00 
Doubles $14,00 to $18,00 
Twins $16,00 to $21.00 
Suites $35,00 
(parlor and 1 bedroom) 

Suites $55,00 
(parlor and 2 bedrooms) 

CHANCELLOR HOTEL 
Doubles $13 .so: 
Twins $15,00 
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1. San Francisco Hilton Hotel 12. Chancellor Hotel 

2. Californian Hotel 13. Sir Francis Drake Hotel 

3. Bellevue Hotel 14. Canterbury Hotel 

4. Handlery Inn 15. Commodore Hotel 

5. Ramona Hotel 16. Civic Auditorium 

6. Olympic Hotel 17. YMCA Hotel (men and women) 

7. El Cortez Hotel 18. Southern Pacific Depot) 

8. Fielding Hotel 
(Third & Townsend) 

9. Franciscan Hotel 
19. Santa Fe Bus Depot 

10. Stewart Hotel 
20. Greyhound Bus Depot 

11. Manx Hotel 
21. Downtown Airlines Terminal 
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COMMODORE HOTEL 
Singles 
Doubles 
Twins 

$12.00 to $18.00 
$15.00 to $20.00 
$16.00 to $22.00 

EL CORTEZ HOTEL 
Singles $11.00 to $14.00 
Doubles $12.00 to $15.00 
Twins $14.00 to $18.00 
Suites $28.00 to $36.00 
(comb, parlor and 1 bedroom) 
(sleeps 4, 2 baths) 

FIELDING HOTEL 
Singles $12,00 
Doubles $15,00 
Twins $18,00 
Suites $40.00 
(parlor and 1 bedroom) 

FRANCISCAN HOTEL 
Singles $ 9.00 to $10.00 
Doubles $12.00 
Twins $14.00 

HANDLER Y MOTOR INN 
Singles 
Doubles 
Twins 

$18.00 to $28.00 
$23.00 to $30.00 
$23.00 to $30,00 

SAN FRANCISCO HILTON HOTEL 
Singles 
Doubles 
Twins 
Suites 

MANX HOTEL 
Singles 
Doubles 
Twins 

$14.00 to $19,00 
$18.00 to $21.00 
$18.00 to $21.00 
$52.00 and up 

$14.00 to $15.00 
$16.00 to $18,00 
$18.00 to $20.00 

OLYMPIC HOTEL 
Singles 
Doubles 
Twins 
Suites 
(parlor and 

RAMONA HOTEL 

$12.00 to $15.00 
$14,00 to $18.00 
$15.00 to $18.00 
$28,00 to $32.00 

1 bedroom) 

Singles $10,00 
Doubles $11.50 
Twins $13.50 
Suites $30.00 
(parlor and 1 bedroom) 

STEWART HOTEL 
Singles 
Doubles 
Twins 
Suites 
(parlor and 

$12.00 to $18.00 
$16.00 to $20.00 
$16.00 to $22.00 
$40.00 to $75.00 

1 bedroom) 
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SIR FRANCIS DRAKE HOTEL 
Singles $15.00 to $22.00 
Doubles $19.00 to $25.00 
Twins $22.00 to $26.00 
Suites $70.00 

(parlor and 1 bedroom) 

The San Francisco Hilton Hotel has 
three dining facilities: the Gazebo Restau
rant (a coffee shop), which is open daily 
from 7:00a.m. to 11:00 p.m. and offers a 
dinner buffet from 5:30p.m. to 9:30p.m.; 
the California Wine Garden and Bellagio 
Restaurant, which is open Mondaythrough 
Saturday from 11:00 a.m. to 10:00 p.m. 
with a daily luncheon buffet and a la carte 
dinner menu, and on Sunday from 10:00 
a.m. to 2:00 p.m. for Champagne Brunch 
and a la carte dinner to 10:00 p.m.; and 
the Chef's Table Restaurant, which is 
open Monday through Friday for luncheon 
from 11:30 a.m. to 2:00p.m. and nightly 
for dinner from 5:00 p.m. to midnight. 

ENTERTAINMENT 

There will be a No-Host Get-To
gether from 5:00 p.m. to 7:00 p.m. on 
Thursday, January 25, in the Hilton Plaza. 
Mixed drinks will be available at a costof 
one dollar per drink. This will be the only 
major social function of the meeting, and 
everyone is invited to it. 

There are many things to see and 
much to do in the San Francisco Bay area. 
Brochures describing various tours around 
the city will be available at the Registra
tion Desk. These will include walking and 
automobile trips, Gray Line bus rides, and 
Harbor Tours by boat. There will also be 
brochures in the registration area des
cribing some of the major attractions of 
San Francisco, such as Chinatown, North 
Beach, Golden Gate Park, and Nob Hill. 

San Francisco has numerous mu
seums and art galleries. At night there is 
entertainment available to suit all tastes, 
from jazz and "highly original" nightclubs 
to legitimate theater and classical musical 
events. 

Some of the finest restaurants in the 
nation are located in San Francisco. The 
Convention Bureau will provide a list of 
the outstanding dining places in the city. 
There will also be a guide to dining near 
the Hilton available at the Registration 



desk. This will list the places to eat (both 
plain and fancy) which are located within 
a few blocks of the San Francisco Hilton. 

MAIL AND MESSAGE CENTER 

All mail and telegrams for persons 
attending the meetings should be addressed 
in care of the American Mathematical So
ciety. The San Francisco Hilton, Mason 
and O'Farrell Streets, San Francisco, 
California 94102. Mail and telegrams so 
addressed may be picked up at the Regis
tration Desk. 

Through the courtesy of the Pacific 
Telephone Company, a message center 
will be provided to receive incoming calls 
for all members in attendance. The center 
will be located in the East Lounge near 
the Registration Desk. It will operate from 
January 23 through January 27 between 
9:00 a.m. and 5:00 p.m. Messages will be 
recorded, and the name of any member 
for whom a message has been received 
will be posted until the message is picked 
up at the message center. Members are 
advised to leave the following number with 
anyone who might want to reach them at 
the meetings: 415-776-1390. 

TRAVEL AND LOCAL INFORMATION 

The airlines serving San Francisco 
include American, Delta, National, Pacific, 
Pacific Southwest, Pan American, Trans
World, United, West Coast, Western, and 
various international carriers. There is 
bus transportation from the San Francisco 
International Airport to the downtown air-
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port bus terminal which is next door to 
the Hilton. 

Railroad service to San Francisco 
is offered by the Northern Pacific, Santa 
Fe, Southern Pacific, and Western Pacific 
Railroads. Taxi service is available from 
the various railroad depots to the Hilton 
Hotel. 

The bus lines serving San Fran
cisco include the Continental Trailways 
and the Greyhound Bus Lines. The bus 
terminals are located within a few blocks 
of the Hilton Hotel. 

Those persons who come to San 
Francisco by car will find that several of 
those listed hotels offer free parking to 
their guests. The San Francisco Hilton 
has a parking garage within the hotel. 
Guests can register from their cars at 
the garage entrance. They will then be 
directed to a parking space on the same 
floor as their room. 

During the month of January, San 
Francisco's average maximum tempera
ture is 55 degrees and the minimum is 45 
degrees. There is a likelihood of encoun
tering some rain, so that rain coats, urn
brellas, and rubbers or overshoes may 
prove useful. For clothing, medium weight 
wool suits or dresses are recommended. 

COMMITTEE ON ARRANGEMENTS 

D. W. Blakeslee (chairman), H. L. 
Alder, H. M. Bacon (acting chairman), 
W. G. Bade, N. H. Fisher, Mrs. Dorothy 
Friedman, R. S. Lehman, R. S. Pierce, 
P. E. Thomas, and G. L. Walker. 



MONDAY, January 22 

2:00p.m.- 8:00p.m. 

2:00p.m. 

TUESDAY, January 23 

8:00a.m. - 5:00p.m. 

9:00a.m.- 5:00p.m. 

9:00a.m. - 10:20 a.m. 

9:00a.m. - 10:55 a.m. 

9:00a.m. -10:55a.m. 

9:00a.m.- 10:55 a.m. 

9:00a.m. - 10:55 a.m. 

9:00a.m. - 10:40 a.m. 

9:00a.m. - 10:55 a.m. 

11:15 a.m. 

1:30 p.m. 

3:00p.m. - 4:20p.m. 

3:00p.m. - 5:40p.m. 

3:00p.m. - 5:55p.m. 

3:00p.m.- 5:10p.m. 

3:00p.m.- 5:40p.m. 

3:00p.m.- 5:25p.m. 

3:00p.m.- 4:40p.m. 

8:00p.m. 

WEDNESDAY, January 24 

9:00a.m.- 5:00p.m. 

9:00a.m. - 5:00p.m. 

9:00a.m.- 5:00p.m. 

9:00a.m. - 11:20 a.m. 

9:00a.m. - 11:55 a.m. 

9:00a.m. - 11:25 a.m. 

9:00a.m. - 11:55 a.m. 

9:00a.m. - 12:10 p.m. 

9:00a.m. - 11:55 a.m. 

9:00a.m. - 11:25 a.m. 

9:00a.m. - 4:00p.m. 

TIME TABLE 

(Pacific Standard Time) 

American Mathematical Society Mathematical Association of America 

REGISTRATION - East Lounge 

Council Meeting, Walnut Suite 

AMS 

REGISTRATION - East Lounge 

MAA 

EXHIBITS- North Lounge, West Lounge, Garden Room 

Special Session: Integration in function 
spaces I 

Monroe Donsker, Chairman 
Continental Ballroom 

Session on Algebra I, Parlor 1 

Session on Applied Mathematics I 
Parlor 3 

Session on Geometry I, Parlor 7 

Session on Topology I, Parlor 9 

Session on Analysis I, Rosewood Suite 

Session on Analysis II, Teakwood Suite 

Business Meeting, Continental Ballroom 

Presidential Address: On associative 
division algebras 

A. A. Albert 
Continental Ballroom 

Special Session: Integration in function 
spaces II 

Monroe Donsker, Chairman 
Continental Ballroom 

Session on Algebra II, Parlor 1 

Session on Number Theory, Parlor 3 

Session on Geometry II, Parlor 7 

Session on Topology II, Parlor 9 

Session on Analysis III, Rosewood Suite 

Session on Analysis IV, Teakwood Suite 

~osiah Willard Gibbs Lecture: Symmetr 
principles in old and new physics 

Eugene P. Wigner 
Continental Ballroom 

AMB 

REGISTRATION - East Lounge 

MAA 

EXHIBITS- North Lounge, West Lounge, Garden Room 

EMPLOYMENT REGISTER - Imperial Ballroom 

Special Session: Piecewise linear topolo\zy 
Morris W. Hirsch, Chairman 
Continental Ballroom 

Session on Algebra III, Parlor 1 

Session on Applied Mathematics II 
Parlor 3 

~ession on Analysis V, Parlor 7 

~ession on Topology III, Parlor 9 

Session on Analysis VI, Rosewood Suite 

~ession on Analysis Vll, Teakwood Suite 
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Board of Governors, Toyon Suite 



WEDNESDAY, January 24 

1:30 p.m. 

2:30p.m.- 5:40p.m. 

2:30 p~ m. - 5:25 p.m. 

2:30p.m. - 5:55p.m. 

2:30p.m.- 4:55p.m. 

2:30p.m.- 5:40p.m. 

2:30p.m. - 5:40p.m. 

8:00p.m. 

THURSDAY, January 25 

9:00a.m. - 5:00p.m. 

9:00a.m. - 5:00p.m. 

9:00a.m. - 5:00p.m. 

9:00a.m. - 9:50a.m. 

10:00 a.m. - 10:50 a.m. 

11:00 a.m. - 11:50 a.m. 

1:30p.m. 

3:00p.m. - 4:55p.m. 

3:00p.m.- 5:10p.m. 

3:00p.m.- 4:40p.m. 

3:00p.m. - 4:55p.m. 

3:00p.m. - 4:55p.m. 

3:00p.m. - 4:55p.m 

3:00p.m. 

5:00p.m.- 7:00p.m. 

7:30p.m. - 8:03p.m. 

American Mathematical Society 

George David Birkhoff Prize in Applied 
Mathematics 

Continental Ballroom 

Session on Algebra IV, Parlor 1 

Session on Analysis Vill, Parlor 3 

Session on Graph Theory, Parlor 7 

Session on Topology IV, Parlor 9 

Session on Analysis IX, Rosewood Suite 

Session on Analysis X, Teakwood Suite 

Open Meeting: Committee to Monitor 
Problems in Communication in the 
Mathematical Sciences 

Continental Ballroom 

AMS 

Mathematical Association of America 

MAA 

REGISTRATION - East Lounge 

EXHIBITS- North Lounge, West Lounge, Garden Room 

EMPLOYMENT REGISTER - Imperial Ballroom 

Invited Address: Connection prob
lems for asymptotic series 

Wolfgang Wasow 
Continental Ballroom 

Session on Algebra V, Parlor 1 

Session on Algebra VI, Parlor 3 

Session on Probability and Statistics 
Parlor 7 

Session on Topology V, Parlor 9 

Session on Analysis XI 
Rosewood Suite 

Session on Analysis Xll 
Teakwood Suite 

Informal Session on Category Theory 
Walnut Suite 

Continental Ballroom 

What is Automata Theory? 
Samuel Eilenberg, Chairman 

Programs and Machines 
Dana S. Scott 

Grammars and Languages 
E. H. Spanier 

Theory of Computation 
Marvin Minsky 

NO HOST GET-TOGETHER - Hilton Plaza 

Continental Ballroom 

Film Program 
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MR. SIMPLEX SAVES THE ASPIDISTRA, 
with Frank Kocher, Leon Henkin, and 
Julius H. Hlavaty (A CEM Level I film 
in color) 



THURSDAY, January 25 American Mathematical Society 

8:10p.m. - 8:55p.m. 

9:10p.m. 

9:10p.m. - 9:25p.m. 

9:25p.m.- 9:52p.m. 

FRIDAY, January 26 AMS 

Mathematical Association of America 

Final Report of the CEM Level Project, 
by Professor C. B. Allendoerfer, in
cluding the presentation of some of the 
Level I films together with film strips 
not shown previously 

FILMS OF THE COLLEGE GEOMETRY 
PROJECT OF THE UNIVERSITY OF 
MINNESOTA (in color) 

SYMMETRIES OF THE CUBE by 
H. S. M. Coxeter and Wm. 0. J. Moser 

ISOMETRIES by Wm. 0. J. Moser and 
S. Schuster 

MAA 
----------------------+---------------------------L---------------------------~--

9:00a.m.- 5:00p.m. 

9:00a.m. - 5:00p.m. 

9:00a.m. - 5:00p.m. 

9:00 a.m. - 9:50 a.m. 

10:00 a.m. - 10:50 a.m. 

11:00 a.m. - 11:50 a.m. 

1:30 p.m. 

3:00p.m.- 5:40p.m. 

3:00p.m. - 4:40p.m. 

3:00p.m. - 4:55 p.m. 

3:00p.m.- 5:25p.m. 

3:00p.m.- 5:25p.m. 

7:30p.m.- 8:17p.m. 

8:30p.m.- 9:30p.m. 

REGISTRATION - East Lounge 

EXHIBITS- North Lounge, West Lounge, Garden Room 

EMPLOYMENT REGISTER - Imperial Ballroom 

Invited Address: A survey of solvable 
Lie groups and applications 

Louis Auslander 
Continental Ballroom 

Session on Algebra, Logic and 
Foundations, Parlor 1 

Session on Algebra VII, Parlor 3 

Session on Applied Mathematics III 
Parlor 7 

Session on Topology VI, Parlor 9 

Session on Analysis XIII, Rosewood Suite 
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Continental Ballroom 

Chairman: R. L. Wilder 

What is Global Analysis? 
Stephen Smale 

Business Meeting; the Association's 
Seventh Award for Distinguished Service 
to Mathematics and the Award of the 1968 
Chauvenet Prize 

Chairman: E. E. Moise 

Retiring Presidential Address: Evolu
tion of the Concept of Rigor 

R. L. Wilder 

Continental Ballroom 

Film Program 

MEASURES AND SET THEORY: A 
Lecture by Stanislaw Ulam (A CEM 
Individual Lectures film in black and 
white) 

WHO KILLED DETERMINANTS? A 
Lecture by Kenneth 0. May (A CEM 
Individual Lectures film in black and 
white) 



SATURDAY, January 27 

9 :00 a.m. - 3:00 p.m. 

9:00a.m. - 9:50a.m. 

10:00 a.m. 

10:00 a.m. - 10:25 a.m. 

10:25 a.m. - 10:35 a.m. 

10:35 a.m. - 11:00 a.m. 

11:00 a.m.- 11:10 a.m. 

11:10 a.m. - 11:35 a.m. 

11:35 a.m. - 11:45 a.m. 

11:45 a.m. - Noon 

1:45 p.m. - 2:35p.m. 

2:45p.m. 

2:45p.m.- 3:45p.m. 

3:45p.m.- 4:30p.m. 

American Mathematical Society Mathematical Association of America 

REGISTRATION- East Lounge 
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Continental Ballroom 

Chairman: David Gale 

On Mathematical Reasoning in Science 
M. M. Schiffer 

Session on Applications of Mathematics 
in the Undergraduate Curriculum 

Chairman: A. H. Taub 

Is It Possible or Desirable to Introduce 
Applications into the Undergraduate 
Mathematics Curriculum? 

Ben Noble 

Discussion 

The Far- Flung Applications of 
Mathematics 

H. 0. Pollak 

Discussion 

Applications of Mathematics and the 
Problems of the Small Department 

G. S. Young 

Discussion 

General Discussion by the Panel and 
Audience 

Chairman: Victor Klee 

Some Combinatorial Problems in the 
Theory of Convex Sets 

G. D. Chakerian 

Panel Discussion of an International 
Study of Achievement in Mathematics 

Moderator: J. G. Herriot 

Presentations by Members of the Panel: 
E. G. Begle, R. P. Dilworth, M. L. 
Hartung, B. W. Jones 

General Discussion by the Panel and 
the Audience 



PROGRAM OF THE SESSIONS 

The time limit for each contributed paper is ten min
utes. The contributed papers are scheduled at 15 minute 
intervals. To maintain this schedule, the time limit will 
be strictly enforced. 

TUESDAY, 9:00A.M. 

Special Session on Integration in Function Spaces I, Continental Ballroom 
9:00-9:20 

9:30-9:50 

An integral calculus in function spaces 
Professor R. H. Cameron, University of Minnesota 

Classical analysis over infinite dimensional spaces 
Professor Leonard Gross, Cornell University 

10:00-10:20 
Feynman path integrals 

Professor Edward Nelson, Princeton University 

TUESDAY, 9:00A.M. 

Session on Algebra I, Parlor 1 
9:00-9:10 

(1) A remark on class groups of extensions with certain types of Galois groups 
Professor J. H. Smith, Cambridge, Massachusetts (653 -205) 

9:15-9:25 
(2) A generalization of the Gauss bound for a certain class of biquadratic number 

fields 
Dr. R. B. Lakein, University of Maryland (653-302) 

9:30-9:40 
(3) Extensions of lattices over orders 

Dr. K. W. Roggenkamp, University of Illinois (653-86) 
9:45-9:55 

(4) On the divisibility of the group of divisor classes of degree zero 
Professor W. H. Graves, University of North Carolina (653-362) 

10:00-10:10 
(5) Some results in the theory of primes 

Mr. J. E. Schneider, University of Oregon (653-49) 
10:15-10:25 

(6) The converse to a well-known theorem on Noetherian rings 

10:30-10:40 

Mr. P.M. Eakin, Jr., Louisiana State University, Baton Rouge (653-1) 
(Introduced by Professor J. E. Ohm) 

(7) The unique primary decomposition theorem in commutative rings without 
identity 

Professor Robert Gilmer, Florida State University (653 -172) 
10:45-10:55 

(8) Analytic independence in Noetherian rings 
Professor E. D. Davis, Purdue University (653-332) 

TUESDAY, 9:00A.M. 

Session on Applied Mathematics I, Parlor 3 
9:00-9:10 

(9) Differentiation of functions of observational data 
Dr. Mark Lotkin, General Electric Company, Cherry Hill, New Jersey 
(653-334) 

12 



9:15-9:25 
(10) Numerical integration in higher dimensions 

9:30-9:40 

Professor R. B. Guenther, Oregon State University, and Professor E. L 
Roetman*, Stevens Institute of Technology (653-40) 

(11) Randomized quadrature formulas 

9:45-9:55 

Dr. Seymour Haber, National Bureau of Standards, Washington, D. C. 
(653 -67) 

(12) On the convergence of a general class of iterative methods 

10:00-10:10 

Professor j. E. Dennis*, jr., University of Utah, and Professor K. M. 
Brown, Cornell University (653 -322) 

(13) Investigation about the algebraic equations associated with Runge-Kutta -method 
Professor D. Sarafyan* and Mr. E. Guillot, Louisiana State University in 
New Orleans (653-260) 

10:15-10:25 
(14) Behaviour of Pad~ fractions and the associated quantities 

Professor R. L. Bhirud, Purdue University (653 -154) 
10:30-10:40 

(15) Interpolation in n -dimensions 

10:45-10:55 

Professor R. B. Guenther*, Oregon State University, and Professor E. L. 
Roetman, Stevens Institute of Technology (653 -41) 

(16) On the location of the deviation points in Chebyshev approximation 
Professor j. H. Rowland, University of Wyoming (653 -184) 

TUESDAY, 9:00A.M. 

Session on Geometry I, Parlor 7 
9:00-9:10 

(17) Metric characterization of bordered Riemannian manifolds; intrinsic regular 
border of a Riemannian manifold 

Professor Nachman Aronszajan, University of Kansas (653 -134) 
9:15-9:25 

(18) An application of the Cauchy-Kowalewski theorem in Riemannian geometry 
Professor A. B. Poritz, University of Pennsylvania (653-299) 

9:30-9:40 
(19) A note on flat manifolds 

9:45-9:55 

Professor D. E. Blair*, Michigan State University, and Professor A. P. 
Stone, University of Illinois at Chicago Circle (653 -261) 

(20) Compact flat Riemannian four dimensional manifolds. Preliminary report 
Professor L. S. Charlap* and Professor C. H. Sah, University of Penn
sylvania (653-199) 

10:00-10:10 
(21) On holonomy groups of complex hypersurfaces. Preliminary report 

Professor Katsumi Nomizu, Brown University, and Dr. Brian Smyth*, 
University of Notre Dame (653-34) 

10:15-10:25 
(22) Symmetries of surfaces of constant width 

Professor j. P. Fillmore, University of California, San Diego (653-263) 
10:30-10:40 

(23) On holomorphic mappings of complex manifolds 
Dr. Y. C. Lu, Bowling Green State University (653-158) 

* For papers with more than one author, an asterisk follows the name of the author wh 
plans to present the paper at the meeting. 
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10:45-10:55 
(24) A characterization of the real miquelian Laguerre plane 

Professor Hansjoachim Groh, University of Florida (653 -132) 
(Introduced by Professor A. D. Wallace) 

TUESDAY, 9:00A.M. 

Session on Topology I, Parlor 9 
9:00-9:10 

(25) On "Lipschitz structures", structures which are relevant to the concept of 
contractivity 

Professor Ludvik Janos, University of Florida (653 -197) 
9:15-9:25 

(26) On a class of extremally disconnected spaces. Preliminary report 
Mr. M. R. Kirch, Lehigh University (653-102) 

9:30-9:40 
(27) A locally convex topology on a preordered space 

Professor M. D. Green, George Washington University (653 -124) 
9:45-9:55 

(28) Infinite complementation in the lattice of topologies 
Professor P. S. Schnare, University of Florida (653-108) 

10:00-10:10 
(29) Topologies compact modulo an ideal 

Mr. R. L. Newcomb, University of California, Santa Barbara (653-347) 
10:15-10:25 

(30) Representation of relatively complemented distributive lattices 
Professor Philip Nanzetta, University of Florida (653 -130) 

10:30-10:40 
(31) Reflexive spaces and dual topologies 

Professor F. J. Wagner, University of Cincinnati (653-177) 
10:45-10:55 

(32) Topologies generated by relations 
Professor R. E. Smithson, University of Wyoming (653 -284) 

TUESDAY, 9:00 A.M. 

Session on Analysis I, Rosewood Suite 
9:00-9:10 

(33) On convolution transforms 
Dr. Zeen Ditzian, University of Alberta (653-304) 

9:15-9:25 
(34) On some integrals in operational calculus 

Professor P. C. Consul, University of Calgary, (653-337) 
9:30-9:40 

(3 5) Generalizations of the Taylor transform generated by analytic functions 
Professor T. K. Boehme, University of California, Santa Barbara, and 
Professor R. E. Powell*, University of Kentucky (653 -56) 

9:45-9:55 
(36) The complex Hankel and !-transformations of generalized functions 

10:00-10: 10 

Dr. E. L. Koh*, University of South Carolina, and Professor A. H. Zeman
ian, State University of New York at Stony Brook (653-85) 

(37) On a subclass of harmonic functions defined by the Bergman-Whittaker opera
tor 

Professor P. L. Rosenthal and Mr. Maciej Skwarczynski*, Stanford Uni
versity ( 6 53-266) 
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( 38) Green's functions on the classical Cartan domains. I 

10:30-10:40 

Professor K. T. Hahn and Professor Josephine Mitchell*, Pennsylvania 
State University (653-220) 

(39) A criterion for the proportionality of potentials with polar point support 

Professor P. A. Loeb, University of California, Los Angeles (653-309) 

TUESDAY, 9:00A.M. 

Session on Analysis II, Teakwood Suite 

9:00-9: 10 
(40) On hypersurfaces of limit type 

Professor Ubiratan D'Ambrosio, University of Rhode Island (653 -330) 

9:15-9:25 
(41) Polynomial factors of light mappings on an arc 

ProfessorS. W. Young, University of Utah (653-61) 

9:30-9:40 
(42) On fixed point theorem 

9:45-9:55 

Mr. K. L. Singh, Memorial University of Newfoundland (653-245) 

(Introduced by Professor A. E. Fekete) 

(43) On the differentiability structure of real functions 

10:00-10:10 

Professor A. M. Bruckner*, Mr. J. G. Ceder and Mr. M. L. Weiss, Uni

versity of California, Santa Barbara (653 -241) 

(44) Generalized derivatives and monotonicity 
Professor J. L. Leonard, University of Arizona (653 -196) 

10:15-10:25 
(45) Means and minimization of errors 

10:30- 10:40 

Professor Michael Aissen, Fordham University and Aerospace Research 

Laboratories (653-314) 

(46) Behavior of the extended Holder inequality with respect to the index set 

Professor H. W. McLaughlin*, Rensselaer Polytechnic Institute, and 

Professor F. T. Metcalf, University of California, Riverside (653-190) 

10:45-10:55 
(47) Some complements of Holders inequality 

Professor D. C. Barnes, Washington State University (653-361) 

TUESDAY, 11:15 A.M. 

Business Meeting, Continental Ballroom 

TUESDAY, 1:30 P.M. 

Presidential Address, Continental Ballroom 

On associative division algebras 
Dean A. A. Albert, University of Chicago 

TUESDAY, 3:00P.M. 

Special Session on Integration in Function Spaces II, Continental Ballroom 

3:00-3:20 

Integration in function spaces and its relation to some problems in statistical 

mechanics 
Professor Mark Kac, Rockefeller University 
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3:30-3:50 

4:00-4:20 

Diffusion processes with a small parameter 
Professor S. R. S. Varadhan, New York University 

Nonlinear local functions of weak processes 
Professor I. E. Segal, Massachusetts Institute of Technology 

TUESDAY, 3:00P.M. 

Session on Algebra II, Parlor l 
3:00-3:10 

(48) The number of graded partially ordered sets 
Dr. D. A. Klarner, McMaster University (653-259) 

3:15-3:25 
(49) Generalizations of lattices with unique complements 

3:30-3:40 

Professor C. C. Chen, Queen's University, and Professor G. A. Gratzer•, 
University of Manitoba (653 -234) 

(50) States on orthomodular lattices 
Professor M. K. Bennett, University of Massachusetts (653 -294) 

3:45-3:55 
(51) On a square root function 

Professor R. E. DeMarr, University of Washington (653 -105) 
4:00-4:10 

(52) Extensions of pseudo lattice ordered groups. Preliminary report 
Professor J. R. Teller, Georgetown University (653 -141) 

4:15-4:25 
(53) Functions of bounded variation on a commutative idempotent semigroup 

Professor j. E. Kist, New Mexico State University, and Professor P. H. 
Maserick*, Pennsylvania State University (653-29) 

4:30-4:40 
(54) Primal decomposition in noncommutative Noetherian systems. Preliminary 

report 

4:45-4:55 

Dr. T. ]. Benac, United States Naval Academy, and Miss C. M. Murphy*, 
Catholic University of America (653 -300) 

(55) A generalization of Boolean rings 

5:00-5:10 

Professor H. G. Moore*, Brigham Young University, and Professor A. M. 
Yaqub, University of California, Santa Barbara (653 -82) 

(56) Some results on nonpotent, locally cyclic semigroups. Preliminary report 
Professor R. G. Levin, Western Washington State College (653 -155) 

5:15-5:25 
(57) Infinite inverse semigroups that are homomorphically finite 

Professor B. A. Jensen, Portland State College (653 -200) 
5:30-5:40 

(58) Strongly generalized periodic elements in a group 
Professor H. A. Hollister, Bowling Green State University (653 -26) 

TUESDAY, 3:00P.M. 

Session on Number Theory, Parlor 3 
3:00-3:10 

(59) On the Euler and Bernoulli polynomials 
Professor J. D. Brillhart, University of Arizona (653 -156) 

3:15-3:25 
(60) Functions over finite fields preserving mth powers 

Professor R. M. McConnell, University of Tennessee (653 -145) 
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3:30-3:40 
(61) Polynomials which after repeated division have remainders in arithmetic pro

gression 
Professor Gregory Wulczyn, Bucknell University (653 -47) 

3:45-3:55 
(62) Uniform distribution in Galois fields 

Professor L. Kuipers, Southern Illinois University (653 -146) 

4:00-4:10 
(63) Irregularities in the distributions of finite sequences 

4:15-4:25 

Mr. E. R. Berlekamp and Mr. R. L. Graham*, Bell Telephone Labora
tories, Incorporated, Murray Hill, New Jersey (653 -162) 

(64) Asymptotic formulae for multirowed partitions 

4:30-4:40 

Professor Basil Gordon, University of California, Los Angeles and Pro
fessor Lorne Houten•, Washington State University (653-186) 

(65) Tauberian theorems for Dirichlet convolutions 
Mr. S. L. Segal, University of Rochester (653 -232) 

4:45-4:55 
(66) Primitive roots modulo a prime as consecutive terms of an arithmetic pro

gression 

5:00-5: 10 

Mr. Emanuel Vegh, U. S. Naval Research Laboratory, Washington, D. C. 
(653 -176) 

(67) The Pisano period, Fibonacci frequency and Leonardo logarithm of the posi-
tive integers 

5:15-5:25 

Mr. J, D. Fulton*, Oak Ridge National Laboratory, Oakridge, Tennessee, 
and Clemson University, and Mr. W. L. Morris, Oak Ridge National 
Laboratory, Oakridge, Tennessee ( 653 -18) 

(68) Primitive roots in certain intervals 

5:30-5:40 

Professor C. T. Whyburn, Louisiana State University, Baton Rouge (653-
19) 

(69) Distribution of quartic and quintic nonresidues 

5:45-5:55 

Professor J. H. Jordan, Washington State University, and Miss S. J. 
Kelley*, Western Washington State College (653-5) 

(70) The distribution of kth power residues and nonresidues in the Gaussian inte
gers 

Professor J. H. Jordan, Washington State University (653 -187) 

TUESDAY, 3:00P.M. 

Session on Geometry II, Parlor 7 
3:00-3:10 

(71) On Hjelmslev planes and modular lattices with a homogeneous basis of chains 
Dr. Benno Artmann, McMaster University (653-249) 

(Introduced by Professor G. W. Bruns) 
3:15-3:25 

(72) Neighbor collineations of desarguesian Hjelmslev planes 
Dr. D. A. Drake, University of Florida (653-160) 

3:30-3:40 
(73) The k-configuration. Preliminary report 

Professor R. B. Killgrove, California State College at Los Angeles ~653-
28) 
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3:45-3:55 
(74) On the nonexistence of a class of configurations which are nearly generalized 

n-gons 
Professor S. E. Payne, Miami University (653 -112) 

4:00-4:10 
(75) More about Radon's theorem 

Professor J. R. Reay, Western Washington State College (653-73) 

4:15-4:25 
(76) An upper bound on the dimension of the convex kernel 

4:30-4:40 

Professor J. W. Kenelly*, Clemson University, and Mr. B. D. Evans, 
Oklahoma State University (653- 182) 

(77) Approximation of convex bodies by finite sums of line segments. Preliminary 
report 

Professor N. F. Lindquist, Western Washington State College (653-207) 
4:45-4:55 

(78) Piecewise flatness and surface area 
Professor L. V. Toralballa, New York University (653-95) 

5:00-5:10 
(79) A weighted volume -diameter inequality for n- cubes 

Professor W. R. Derrick, University of Utah (653-231) 

TUESDAY, 3:00P.M. 

Session on Topology II, Parlor 9 
3:00-3:10 

'(80) Cellular arcs in 3 -space have shrinking points 
Professor C. D. Sikkema, Florida State University (653 -100) 

3:15-3:25 
(81) Locally nice manifolds are tame in codimension three 

3:30-3:40 

Professor J. L. Bryant*, Florida State University, and Professor C. L. 
Seebeck III, Michigan State University (653 -48) 

(82) A uniform generalized Schoenflies theorem 
Professor Perrin Wright, Florida State University (653 -191) 

3:45-3:55 
(83) Homotopy properties of decomposition spaces 

Professor Steve Armentrout, University of Iowa (653- 344) 
4:00-4:10 

(84) Decompositions of S 3 and pseudo -isoto pies 
Professor T. M. Price, University of Iowa (653 -20 1) 

4:15-4:25 
(85) A 2 -sphere in E 3 is tame if it is 1- LC through each complementary domain 

Mr. Warren White, University of Wisconsin (653-24) 
4:30-4:40 

(86) Piercing locally spherical spheres with tame arcs 
Professor L. D. Loveland, Utah State University (653 -12) 

4:45-4:55 
(87) Homeomorphic continuous curves in 2-space are isotopic in 3-space 

Mr. W. K. Mason, University of Wisconsin (653-222) 
5:00-5: 10 

(88) One -to -one continuous mappings into E2 
Mr. D. H. Pettey, University of Utah (653-293) 

5:15-5:25 
(89) Light open mappings on a torus with disk removed 

Professor M. L. Marx, Vanderbilt University (653-193) 
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5;30-5:40 
(90) Approximation of certain continuous functions of s2 into E 3 

Professor E. H. Anderson, University of North Dakota (653-223) 

TUESDAY, 3:00P.M. 

Session on Analysis III, Rosewood Suite 
3:00-3:10 

(91) Existence and uniqueness of solutions of ordinary differential equations 
Professor D. V. V. Wend, Montana State University (653-39) 

3:15-3:25 
(92) On the inverse problem for ordinary differential operators of even order 

Professor J. B. Butler, Jr., Portland State College (653-20) 
3;30 -3:40 

(93) A differential operator with no smooth functions in its domain 

3:45-3;55 

Professor R. J. Lindahl, Pennsylvania State University, and Professor 
R. D. Moyer*, University of Kansas (653-31) 

(94) A separation condition for the zero solution of a system of differential equa
tions 

4:00-4: 10 

Professor A. M. Fink and Professor George Seifert*, Iowa State Univer
sity (653-64) 

(95) Spectral resolution of self-adjoint analytic differential operators. Preliminary 
report 

4: 15-4;25 

Dr. A. L. Villone, International Business Machines, Los Angeles, Califor
nia (653-257) 

(96) On nonlinear elliptic boundary value problems of von Karman type 
Professor M. S. Berger, Courant Institute of Mathematical Sciences 
(653 -276) 

4:30-4:40 
(97) Comparison theorems for nonlinear vector differential equations 

Professor W. T. Reid, University of Oklahoma (653-291) 
4:45-4:55 

(98) Stokes multipliers of subdominant solutions of the differential equation 
y"- (xm + a1xm-l + ... + am_ 1x + A)y = 0 

Professor Herman Gollwitzer, University of Tennessee (653-37) 
5:00-5:10 

(99) On the matrix Sturm- Liouville equations 

5:15-5:25 

Dr. G. J. Etgen, National Aeronautics and Space Administration, Wash
ington, D. C. (653-4) 

(100) Quadratic eigenvalue problems 
Professor Jerome Eisenfeld, Rensselaer Polytechnic Institute (653-328) 

TUESDAY, 3:00P.M. 

Session on Analysis IV, Teakwood Suite 
3:00-3:10 

(101) Almost convergent positive linear operators 
Professor J. P. King, Lehigh University (653-280) 

3; 15-3;25 
(102) On sequences of contractions and their fixed points 

Professor S. B. Nadler, Louisiana State University, Baton Rouge (653 -204) 
3:30-3:40 

(103) Averaging iteration in a Banach space. Preliminary report 
Professor C. L. Outlaw* and Mr. C. W. Groetsch, Louisiana State Univer
sity in New Orleans (653 -342) 
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3:45-3:55 
(104) Matrix transformations between F K -spaces and sequences of Fourier coeffi

cients 
Professor Gunther Goes, Illinois Institute of Technology (653- 2 71) 

4:00-4:10 
(105) Matrix summability of convex sequences 

Professor D. F. Dawson, North Texas State University (653-111) 
4:15-4:25 

(106) Replaceability of methods of summation 
Professor H. I. Brown, State University of New York at Albany (653-44) 

4:30-4:40 
(107) On the absolute N5rlund summability of a Fourier series 

Professor C. S. Rees*, University of Tennessee, and ProfessorS. M. 

Shah, University of Kentucky (653-8) 

TUESDAY, 8:00 P.M. 

Gibbs Lecture, Continental Ballroom 

Representation theory in physics 
Professor Eugene Wigner, Princeton University 

WEDNESDAY, 9:00A.M. 

Special Session on Piecewise Linear Topology, Continental Ballroom 

9:00-9:20 

9:30-9:50 

Mappings with contractible point inverses between p.l. manifolds 

Professor Marshall Cohen*, Princeton University, and Professor Dennis 

Sullivan, University of California, Berkeley (653-363) 

Constructing non-trivial h-cobordisms 
Professor E. H. Connell, University of California, Berkeley (653-366) 

10:00-10:20 
K-theory and piecewise linear topology 

Professor Dennis Sullivan, University of California, Berkeley (653-365) 

10:30-10:50 
Polyhedral monkey saddles 

Professor T. F. Banchoff, Brown University (653-367) 

11:00-11:20 
An embedding without a normal microbundle 

Dr. C. P. Rourke*, Institute for Advanced Study and University of Warwick, 

England, and Dr. B. j. Sanderson, University of California, Berkeley, and 

University of Warwick, England (653 -364) 
(Introduced by Professor M. W. Hirsch) 

WEDNESDAY, 9:00A.M. 

Session on Algebra Ill, Parlor 1 
9:00-9: 10 

(108) On generalized Baer groups 
Mr. Phillip Griffith, University of Houston (653 -258) 

9:15-9:25 
(109) Sums of automorphisms of a primary Abelian group 

Mr. Frank Castagna, New Mexico State University (653 -99) 

9:30-9:40 
(110) On certain classes of primary Abelian groups 

Professor Paul Hill, University of Houston, and Professor Charles 

Megibben*, Vanderbilt University (653-93) 
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9:45-9:55 
(111) Regular modules 

Professor D. J. Fieldhouse, Queen's University (653-210) 
10:00-10:10 

(112) Algebraic compactness for modules. Preliminary report 
Dr. R. B. Warfield, Jr., New Mexico State University (653-136) 

10:15-10:25 
(113) Projective ideals of finite type. Preliminary report 

Professor W. W. Smith, University of North Carolina (653 -57) 
10:30-10:40 

(114) On the free product of algebras 
Professor T. W. Hungerford, University of Washington (653-52) 

10:45-10:55 
(115) On G-algebra extensions. Preliminary report 

Professor K. C. Salter, University of Massachusetts (653-103) 
11:00-11:10 

(116) On the cohomology of completely primary rings 
Dr. D. F. Sanderson, Western Washington State College (653-208) 

11:15-11:25 
(117) Semiprimary QF-3 rings 

11:30-11:40 

Professor R. R. Colby* and Professor E. A. Rutter, Jr., University of 
Kansas (653-292) 

(118) The structure of QF -3 rings 
Professor K. R. Fuller, University of Iowa (653-233) 

11:45-11:55 
(119) Some characterizations of quasi-Frobenius rings 

Professor E. A. Rutter, Jr., University of Kansas (653-333) 

WEDNESDAY, 9:00A.M. 

Session on Applied Mathematics II, Parlor 3 
9:00-9:10 

(120) Iteration procedures and Picard's criterion for equations of the first kind 
Professor J. B. Diaz*, Rensselaer Polytechnic Institute, and Professor 
F. T. Metcalf, University of California, Riverside (653-142) 

9:15-9:25 
(121) Convergence of dynamic relaxation (second order Richardson's method) 

Dr. R. B. Simpson, California Institute of Technology (653 -89) 
9:30-9:40 

(122) Stability of mixed implicit difference schemes 

9:45-9:55 

Dr. Stanley Osher, Brookhaven National Laboratory, Upton, New York 
(653 -239) 

(123) Elliptic difference equations on a convex domain 
Dr. W. H. Guilinger*, Bettis Atomic Power Laboratory, West Mifflin, 
Pennsylvania, and Dr. R. B. Kellogg, University of Maryland (653 -32) 

10:00-10:10 
(124) Numerical solution of initial-boundary value problems for mildly nonlinear 

parabolic and hyperbolic equations 
Professor Donald Greenspan, University of Wisconsin (653 -23) 

10:15-10:25 
(125) The rate of convergence of parabolic difference schemes 

Professor G. W. Hedstrom, University of Michigan (653-354) 
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10:30-10:40 
(126) Boundary value problems for linear systems of ordinary differential equations 

involving many small parameters 

10:45-10:55 

Professor R. E. O'Malley, Jr., Mathematics Research Center, United States 
Army, and University of Wisconsin (653 -217) 

(127) An averaging scheme for some nonlinear resonance problems 

11:00-11:10 

Dr. J. A. Morrison, Bell Telephone Laboratories, Incorporated, Murray 
Hill, New Jersey (653 -83) 

(128) Elementary theory of differential systems. Preliminary report 
Mr. R. B. McNeill, Pennsylvania State University (653-101) 

11:15-11:25 
(129) Isoperimetric bound for eigenvalue 

Professor B. A. Troesch, University of Southern California (653-356) 

WEDNESDAY, 9:00A.M. 

Session on Analysis V. Parlor 7 
9:00-9:10 

(130) Congruences defined by continuous real-valued functions 
Professor Michael Friedberg, University of Houston (653 -179) 

9:15-9:25 
(131) On imbedding medial topological groupoids 

Professor Kermit Sigmon, University of Florida (653 -139) 

9:30-9:40 
(i32) Results concerning the Schutzenberger-Wallace theorem 

9:45-9:55 

Professor Tony Shershin, University of Southern Florida (653-358) 
(Introduced by Dr. F. L. Cleaver) 

(133) Compact semigroups with square roots 
Professor J. M. Day, College of Notre Dame (653 -27) 

10:00-10: 10 
(134.) Homomorphisms of topological semilattices 

Professor J. D. Lawson, University of Tennessee (653 -122) 
10:15-10:25 

(135) Fixed points and separately continuous actions of topological semigroups. 
Preliminary report 

Professor Theodore Mitchell, Temple University (653 -76) 
10:30-10:40 

(136) A class of convolution measure algebras. Preliminary report 
Mr. S. E. Newman, University of Utah (653-286) 

(Introduced by Professor J. L. Taylor) 
10:45-10:55 

(137) A maximal problem in harmonic analysis. III 

11:00-11:10 

Professor Edwin Hewitt, University of Washington, and Professor K. A. 
Ross*, University of Oregon (653 -209) 

(138) Measures with bounded convolution powers. Preliminary report 
Mr. B. M. Schreiber, University of Washington (653-323) 

11:15-11:25 
(139) Almost periodic measures on a compact Abelian group 

Professor J. W. Kitchen, Duke University (653-211) 
11:30-11:40 

(140) The existence of homomorphisms in compact connected Abelian groups 
Professor G. L. Itzkowitz, State University of New York at Buffalo (653-
214) 
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11:45-11:55 
(141) Topological groups in the boundary of a locally compact connected Abelian 

group 
Mr. James Stepp, University of Kentucky and Georgetown College (653 -248) 

(Introduced by Professor John Selden) 

WEDNESDAY, 9:00A.M. 

Session on Topology Ill, Parlor 9 
9:00-9:10 

(142) Sum theorems for topological spaces 
Professor R. E. Hodel, Duke University (653-11) 

9:15-9:25 
(143) Collectionwise normal subsets (continuation) 

Professor C. E. Aull, Virginia Polytechnic Institute (653 -272) 
9:30-9:40 

(144) A new extension of countable compactness 

9:45-9:55 

Professor W. M. Fleischman, State University of New York at Buffalo 
(653 -53) 

(Introduced by Professor Everett Pitcher) 

(145) m-compactness, m-quasicompactness, and m-pseudocompactness 
Professor J, H. Weston, University of Saskatchewan, Regina (653-175) 

(Introduced by Professor c. L. Kaller) 

10:00-10:10 
(146) Pseudocompact spaces 

10:15-10:25 

Professor R. M. Stephenson, Jr., University of North Carolina at Chapel 
Hill (653 -144) 

(147) The Stone-Cech compactification for limit spaces 
Professor Oswald Wyler, Carnegie-Mellon University (653-306) 

10:30- 10:40 
(148) Extensions of totally bounded pseudometrics 

10:45-10:55 

Professor R. A. Alo and Professor H. L. Shapiro*, Carnegie-Mellon Uni

versity (653-167) 

(149) Some characterizations of the Freudenthal compactification of a semicompact 

space 
Professor R. F. Dickman, Jr., University of Miami (653-7) 

11:00-11:10 
(150) H-closed spaces and reflective subcategories 

11:15-11:25 

Professor H. Herrlich and Professor G. E. Strecker*, University of 
Florida (653-74) 

(151) On locally H -closed spaces 
Professor J. R. Porter, University of Kansas (653-277) 

11:30-11:40 
(152) Homeomorphs of three subspaces of BN".N 

11:45-11:55 

Professor W. W. Comfort*, Wesleyan University, and ProfessorS, Negre
pontis, McGill University (653 -51) 

(153) Subs paces of F' -spaces 
Professor Mark Mandelker, University of Kansas (653-169) 

12:00-12:10 II' 

( 154) The Stone -C ech compactification of an irreducibly connected space 
Professor G. L. Pfeifer, University of Arizona (653-62) 
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WEDNESDAY, 9:00A.M. 

Session on Analysis VI, Rosewood Suite 

9:00-9:10 
(155) Polynomials in closed linear relations 

Mr. M. j. Kascic, Dartmouth College (653-237) 

9:15-9:25 

(156) Partial isometries closed under multiplication on Hilbert spaces 

Professor Ivan Erdelyi, Kansas State University (653-265) 

9:30-9:40 
(157) Wave operators and similarity for some operators in Banach spaces 

Professor S.-c. Lin, University of Miami (653 -212) 

9:45-9:55 
( 158) The eigenfunctions of certain inner functions 

Professor M. j. Sherman, University of California, Los Angeles (653-256) 

l 0:00-l 0: lO 
( 159) Variational properties of nonlinear spectra 

Professor E. H. Rogers, Rensselaer Polytechnic Institute (653 -326) 

10:15-10:25 
(160) The spectrum of an operator on an interpolation space 

Professor j. D. Stafney, University of California, Riverside (653 -129) 

10:30-10:40 
(161) On spectral permanence 

Professor K. K. Oberai, Queen's University (653-305) 

10:45-10:55 
(162) Compact operators on Orlicz spaces 

11:00-11:10 

Dr. j. j. Uhl, jr,, Defense Intelligence Agency, ADPS Center, and Carnegie

Mellon University (653-164) 

(163) On uniform convergence and positive operators 

Professor L. C. Kurtz, Arizona State University (653-236) 

11:15-11:25 
(164) Approximation of c 0 semigroups 

Professor T. I. Seidman, Carnegie-Mellon University (653-174) 

11:30-11:40 
(165) Semigroups of nonlinear transformations 

Professor j. R. Dorroh, Louisiana State University, Baton Rouge (653-171) 

11:45-11:55 
(166) Some remarks on the evolution equation and semigroups. Preliminary report 

Professor Pawel Szeptycki, University of Kansas (653 -127) 

WEDNESDAY, 9:00A.M. 

Session on Analysis VII, Teakwood Suite 

9:00-9:10 
(167) Weierstrass points and analytic submanifolds of Teichmueller space 

Professor H. M. Farkas, johns Hopkins University (653-3) 

9:15-9:25 
(168) Maximum term of a power series in one and several variables 

Mr. j. G. Krishna, University of Kentucky (653-278) 

(Introduced by Professor S. M. Shah) 

9:30-9:40 
(169) Convergence of complex Lagrange interpolation polynomials with nodes lying 

on a piecewise analytic jordan curve with cu!ps 

Mr. Patrick O'Hara, University of Miami (653 -138) 
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9:45-9:55 
(170) The boundary correspondence of quasiconformal mappings on quasicircles 

Professor T. j. Reed, University of Colorado (653 -268) 

10:00-10:10 
(171) On functions meromorphic in a disc 

Professor j. E. McMillan, University of Wisconsin, Milwaukee (653-275) 

10:15-10:25 
(172) On a problem of Bagemihl and Erdos concerning the distribution of the zeros 

of an annular function 

10:30-10:40 

Professor K. F. Barth and Professor W. ]. Schneider*,Syracuse University 

(653-180) 

(173) On the zeros of a polynomial and its derivative. Preliminary report 
Professor A. W. Goodman, Professor 0. I. Rahman, and Professor j. S. 
Ratti*, University of South Florida (653-216) 

10:45-10:55 
(174) On univalent polynomials 

11:00-11:10 

Dr. D. A. Brannan, University of Maryland (653-269) 

(Introduced by Professor j. A. Hummel) 

(175) A coefficient inequality for certain classes of analytic functions 

11:15-11:25 

Mr. F. R. Keogh, University of Kentucky and Professor E. P. Merkes*, 
University of Cincinnati (653-121) 

(176) Computer investigation of Landau's theorem 
Dr. P. S. Chiang, Western Michigan University (653-355) 

WEDNESDAY, 1:30 P.M. 

George David Birkhoff Prize in Applied Mathematics, Continental Ballroom 

WEDNESDAY, 2:30P.M. 

Session on Algebra IV, Parlor 1 
2:30-2:40 

(177) Finite groups whose powers have no countably infinite factor groups. Prelimin

ary report 

2:45-2:55 

Mr. Mitchell Billis, University of Utah (653-288) 
(Introduced by Professor W. R. Scott) 

(178) On a class of solvable groups of even order 
Professor Hermann Simon, University of Miami (653-91) 

3:00-3:10 
( 1 79) An incomplete generalization of Frobenius 1 s theorem. Preliminary report 

Mr. j. W. Richards, Kent State University and Michigan State University 
(653 -206) 

3:15-3:25 
(180) A note on solvable factorizable groups 

Professor T. K. Seo, University of Kentucky (653 -316) 
3:30-3:40 

(181) Solvable products of groups 

3:45-3:55 

Professor W. R. Scott*, and Professor Fletcher Gross, University of 
Utah (653 -274) 

(182) The near Frattini subgroups of finitely generated groups 
Professor j. B. Riles, St. Louis University (653-351) 
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4:00-4:10 
(183) Generalized Frattini subgroups of finite groups. II 

Professor J. C. Beidleman, University of Kentucky (653-159) 
4:15-4:25 

(184) A note on generalized Frattini subgroups. Preliminary report 
Mr. D. C. Dykes, University of Kentucky (653-152) 

(Introduced by Dr. J. C. Beidleman) 
4:30-4:40 

(185) The unit group of a modular group algebra 

4:45-4:55 

Professor D. B. Coleman*, University of Kentucky and Professor D. S. 
Passman, Yale University (653 -320) 

(186) Automorphisms of integral group rings 

5:00-5:10 

Dr. S. K. Sehgal, University of Alberta (653-359) 
(Introduced by Dr. R. Bercov) 

(187) Polynomial functions and wreath products 
Professor Joseph Buckley, University of Massachusetts (653-315) 

5:15-5:25 
(188) The endomorphisms of some one-relator groups 

Professor Michael Anshel, University of Arizona (6 53 -79) 
5:30-5:40 

(189) Groups defined by permutations of a single word. Preliminary report 
Professor W. R. Emerson, New York University, Washington Square Col
lege (653-226) 

WEDNESDAY, 2:30 P.M. 

Session on Analysis VIII, Parlor 3 
2:30-2:40 

(190) Collectively compact sets which are totally bounded 
Professor T. W. Palmer, University of Kansas (653-147) 

2:45-2:55 
( 191) A linear space. Preliminary report 

Professor Jack Nebb, University of Georgia (653 -317) 
3:00-3:10 

(192) Seminorm-dual subspaces of the algebraic dual of a linear space 
Professor D. R. Kerr, Jr., State University of New York at Albany (653-45) 

3:15-3:25 
(193) Banach spaces of Lipschitz functions with different metrics on the underlying 

space 
Professor R. B. Fraser, Louisiana State University, Baton Rouge (653-303) 

3:30-3:40 
( 194) Linear isometries on spaces of affine continuous functions 

3:45-3:55 

Mr. L. F. Guseman*, Dr. H. E. Lacey, NASA, Houston, Texas, and 
Dr. P. D. Morris, Pennsylvania State University (653 -252) 

(195) About compactness in Kothe spaces 
Professor Sigrun Goes, DePaul University (653 -281) 

4:00-4:10 
(196) Completion of norm linear spaces 

Professor K.- W. Yang, Western Michigan University (653 -185) 
4:15-4:25 

(197) A completeness theorem for locally convex spaces and some applications 
Professor C. L. Devito, The University of Arizona (653-43) 
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4:30-4:40 
(198) On the L2 space of a Banach limit 

4:45-4:55 

Dr. S. P. Lloyd, Bell Telephone Laboratories, Incorporated, Murray Hill, 
New Jersey (653-153) 

(199) Summability of vector sequences 
Mr. ]. B. Deeds, Louisiana State University, Baton Rouge (653 -168) 

5:00-5:10 
(200) Complemented subspaces and lambda systems in Banach spaces 

5:15-5:25 

Professor W. J. Davis*, and Professor D. W. Dean, Ohio State University, 
and Professor Ivan Singer, Roumanian Academy of Sciences, Bucharest, 
and Florida State University (653 -203) 

(201) The analytic continuation of vector-valued holomorphic functions 
Professor John Horvath, University of Maryland (653-329) 

WEDNESDAY, 2:30P.M. 

Session on Graph Theory, Parlor 7 
2:30-2:40 

(202) On replications of incidence sequences 
Mr. A. B. Owens, Naval Research Laboratory, Washington, D. C. (653-360) 

2:45-2:55 
(203) On the point-group and line-group of a graph 

3:00-3:10 

Professor Frank Harary*, University of Michigan, and Professor E. M. 
Palmer, Michigan State University (653 -106) 

(204) On reconstructing a graph 
Professor R. L. Hemminger, Vanderbilt University (653-150) 

3:15-3:25 
(205) Expanding n-stars 

ProfessorS. F. Kapoor, Western Michigan University (653-120) 

3:30-3:40 
(206) A sufficient condition for N -connectedness of graphs 

3:45-3:55 

Professor Gary Chartrand* and ProfessorS. F. Kapoor, Western Michi
gan University, and Professor H. V. Kronk, State University of New York 
at Binghamton (653-118) 

(207) A tree counting problem 
Mr. J. W. Moon, University of Alberta (653 -282) 

4:00-4:10 
(208) On acyclic simplicial complexes 

4:15-4:25 

Professor Frank Harary, University of Michigan, and Professor E. M. 
Palmer*, Michigan State University (653-33) 

(209) Minimal regular extensions of oriented graphs 

4:30-4:40 

Professor L. W. Beineke and Professor R. E. Pippert*, Purdue Univer
sity (653- 228) 

(210) Higher -dimensional analogues of the four -color problem 
Professor Branko Griinbaum, University of Washington (653-341) 

4:45-4:55 
(211) On uniquely colorable planar graphs 

Professor Gary Chartrand, Western Michigan University, and Mr. Dennis 
Geller*, University of Michigan (653-70) 
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5:00-5:10 
(212) On partitioning planar graphs 

5:15-5:25 

Professor S. T. Hedetniemi, University of Iowa (653 -348) 
(Introduced by Professor Frank Harary) 

(213) On the point-dual acyclic numbers of a graph 

5:30-5:40 

Professor Gary Chartrand, Western Michigan University, Professor H. V. 
Kronk*, State University of New York at Binghamton, and Mr. C. E. Wall, 
Michigan State University (653 -110) 

(214) Connectivity and line -connectivity of graphs and their line -graphs 
Professor Gary Chartrand, Western Michigan University, and Mr. M. j. 
Stewart*, Lansing Community College (653 -117) 

5:45-5:55 
(215) On derived graphs and digraphs 

Professor L. W. Beineke, Purdue University (653-195) 

WEDNESDAY, 2:30 P.M. 

Session on Topology IV, Parlor 9 

2:30-2:40 

(216) The Jiang subgroup for a map 

Mr. W. j. Barnier, Dartmouth College (653-345) 

2:45-2:55 

(217) Primitive chains and H .<nX) 
Professor D. P. Kraines, Haverford College (653-262) 

3:00-3:10 

(218) On higher Samelson products 
Professor F. D. Williams, New Mexico State University (653 -137) 

3:15-3:25 
(219) The isotopy type of certain finite polyhedra. Preliminary report 

Mr. S. R. Clemens, University of North Carolina (653-287) 
3:30-3:40 

(220) Homotopy torsion in codimension two knots 
Professor D. L. Sumners, Florida St&.te University (653- 50) 

3:45-3:55 
(221) On the homotopy theory of sphere bundles 

Professor T. J. Kyrouz, University of Georgia (653 -30 1) 
4:00-4:10 

(222) Standard spines of compact connected combinatorial n -manifolds 
Professor B. G. C~sler*, and T. j. Smith, Louisiana State University, 
Baton Rouge (653 -198) 

4:15-4:25 
(223) A unique decomposition theorem for 3 -manifolds with connected boundary 

Mr. j. L. Gross, Dartmouth College (653-327) 
4:30-4:40 

(224) On suspending homotopy spheres 
Professor P. W. Harley, University of Georgia (653-6) 

4:45-4:55 
(225) Some remarks on noncompact manifolds 

Dr. Gudrun Kalmbach, University of Illinois (653 -382) 
(Introduced by Professor S. S. Cairns) 
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WEDNESDAY, 2:30P.M. 

Session on Analysis IX, Rosewood Suite 
2:30-2:40 

(226) Application of the topological principle of Wazewski to control systems 
Professor V. Lakshmikantham and Professor C. P. Tsokos *, University 
of Rhode Island (653 -331) 

2:45-2:55 
(22 7) On a class of functional- integral equations. Preliminary report 

3:00-3:10 

Professor Constantin Corduneanu, University of Rhode Island and Univer
sity of Iasi, Romania (653 -297) 

(Introduced by Professor V. Lakshmikantham) 

(228) Variational problems involving functional differential equations 
Dr·. H. T. Banks, Brown University (653-343) 

3:15-3:25 
(229) A new differential inequality useful in control systems 

3:30-3:40 

Professor V. Lakshmikantham and ProfessorS. Leela*, University of 
Rhode Island (653 -298) 

(230) On the equivalence of certain stability properties 

3:45-3:55 

Mr. R. W. Gunderson*, Marshall Space Flight Center, Huntsville, Alabama, 
and Mr. ]. H. George, University of Wyoming (653-59) 

(Introduced by Dr. ]. Horner) 

(231) Estimates on the existence region for solutions of equations involving a small 
parameter 

Professor H. I. Freedman, University of Alberta, (653 -215) 
3:00-4:10 

(232) Periodic solutions of a second order nonlinear differential equation without 
damping 

4:15-4:25 

Professor D. F. Ullrich and Professor]. A. Marlin*, North Carolina State 
University (653- 346) 

(233) Existence of oscillatory solutions for a nonlinear odd order differential equa
tion 

Professor ]. W. Heidel, University of Tennessee (653-240) 
4:30-4:40 

(234) On the generalized Li~nard equation 

4:45-4:55 

Professor T. A. Burton and Professor C. G. Townsend*, Southern Illinois 
University (653 -113) 

(235) On the forced Li~nard equation 
Professor R. R. Stevens, University of Montana (653-264) 

5:00-5:10 
(236) Periodic solutions of nonlinear Sturm-Liouville problem 

Professor J. H. Wolkowisky, University of Color ado (653- 30) 
(Introduced by Professor ]. ]. Stoker) 

5:15-5:25 
(237) Periodic solution of a third order equation 

5:30-5:40 

Miss Marcia Peterson*, and Professor William Swartz, Montana State 
University (653- 17) 

(238) Integral equations with nonnegative integrable resolvents 
Professor R. K. Miller, Brown University (653-235) 
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WEDNESDAY, 2:30 P.M. 

Session on Analysis X, Teakwood Suite 
2:30-2:40 

(239) Boole series representing functions and Boole functions of negative degree 

Dr. G. 0. Peters, General Electric Company, Philadelphia, Pennsylvania 
(643-313) 

2:45-2:55 

(240) Some new integral relations involving Bessel functions 

Mr. H. E. Pettis, Wright-Patterson Air Force Base, Ohio (653 -229) 
3:00-3:10 

(241) On zero type sets of Laguerre polynomials 
Professor J. W. Brown, Oberlin College (653-42) 

3:15-3Z5 
(242) The a-points of Faber polynomials for a special function 

3:30-3:40 
Professor H. S. Al-amiri, Bowling Green State University 

(243) Orthogonal polynomials whose zeros are dense in a half line. 

report 
Professor T. S. Chihara, Seattle University (653-353) 

3:45-3:55 
(244) Remarks on mixed Taylor-L 2 approximations 

(653 -230) 

Preliminary 

Professor Jay Leavitt*, and Professor Krzysztof Frankowski, University 

of Minnesota (653-311) 

4:00-4: 10 
(245) Some uniqueness theorems for a series of Legendre polync,m tals 

Mr. Paul Rosenthal, Stanford University (653 -270) 
(Introduced by Professor Charles Loewner) 

4:15-4:25 
(246) Hermite series singularities 

Professor G. G. Walter, University of Wisconsin, Milwaukee (653-308) 

4:30-4:40 
(247) On !-series 

Professor D. R. Lick, Western Michigan University (653-97) 

4:45-4:55 
(248) Quantitative polynomial approximation on certain planar sets 

Professor D. J. Newman, Yeshiva University, and Professor Louis 

Raymon *, Temple University (653- 81) 
5:00-5:10 

(249) Uniform approximation by polynomials with integral coefficients. 

Professor L. 0. Ferguson, University of California, Riverside (653-16) 

5:15-5:25 
(250) A generalization of the Bernstein polynomial 

Professor Bruce Wood, University of Arizona (653-161) 

5:30-5:40 
(251) Haar series 

Professor J. R. McLaughlin, Pennsylvania State University (653 -318) 

WEDNESDAY, 8:00P.M. 

Open Meeting on Communication Problems in the Mathematical Sciences, Continental 

Ballroom 

THURSDAY, 1:30 P.M. 

Invited Address, Continental Ballroom 

Connection problems for asymptotic series 
Professor Wolfgang Wasow, University of Wisconsin 
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THURSDAY, 3:00P.M. 

Session on Category Theory, Walnut Suite 

THURSDAY, 3:00P.M. 

Session on Algebra V, Parlor 1 
3:00-3:10 

(252) Left ideal axioms for nonassociative rings 
Professor D. A. Lawver, University of Arizona (653-21) 

3:15-3:25 
(253) A characterization of intrinsic functions on quaternion matrices 

3:30-3:40 

Dr. R. E. Carlson and Professor C. G. Cullen*, University of Pittsburgh 
(653-72) 

(254) A characterization of Borel and Cartan subalgebras of finite-dimensional Lie 
algebras 

Professor 0. H. Kegel, New Mexico State University (653 -218) 
3:45-3:55 

(255) A group of a Lie algebra 
Professor Nicholas Heerema, Florida State University (653- 58) 

4:00-4:10 
(256) Scalar replacement in Lie algebras 

Professor J, F. Hurley, University of California, Riverside (653-126) 
4:15-4:25 

(257) Derivation algebras of finite abelian group algebras 
Professor J. W. Bond, Pennsylvania State University (653 -13) 

4:30-4:40 
(258) A fusion theorem for semisimple groups. Preliminary report 

Professor J. E. Humphreys, University of Oregon (653-335) 
4:45-4:55 

(259) Terminality of maximal unipotent subgroups of Chevalley and Steinberg groups 
Dr. E. L. Spitznagel, Litton Scientific Support Laboratory, Fort Ord, Cali
fornia (653-202) 

THURSDAY, 3:00P.M. 

Session on Algebra VI, Parlor 3 
3:00-3:10 

(260) Quotient structure of a semiring 
Professor P. J. Allen, University of Alabama (653 -246) 

3:15-3:25 
(261) Geometric interpretations of planar near -rings 

3:30-3:40 

Dr. Michael Anshel and Professor J, R. Clay*, University of Arizona 
(653-77) 

(262) On near-rings of polynomials 

3:45-3:55 

Professor C. J. Maxson, State University College of New York, Fredonia 
(653-68) 

(263) A near-ring embedding problem 
Professor J, J, Malone, Jr., Texas A and M University (653-178) 

4:00-4:10 
(264) Coupled maps on groups and derived structures 

Dr. Fritz Pokropp, University of Cincinnati (653 -84) 
4:15-4:25 

(265) Lie isomorphisms of simple rings 
Professor W. S. Martindale, 3rd, University of Massachusetts (653-80) 
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4:30-4:40 
(266) A class of galois connections between a group and its automorphism group 

Professor H. L. Egan, University of Maryland (653 -36) 
4:45-4:55 

(267) Transvectors and endotensors. Preliminary report 
Mr. Joseph Neggers, University of Alabama (653 -267) 

5:00-5: 10 
(268) On semiordered mathematical structures. Preliminary report 

Professor L. G. Novoa, University of Alabama (653 -219) 

THURSDAY, 3:00P.M. 

Session on Probability and Statistics, Parlor 7 
3:00-3:10 

(269) A generalized Fourier-Stieltjes series representation of a singular bivariate 
probability measure. Preliminary report 

3:15-3:25 

Mr. J. D. Nelligan, General Electric Company, Syracuse, New York (653-
244) 

(2 70) On isomoment functional equations 
Professor Janos Aczel, University of Waterloo (653-290) 

3:30-3:40 
(271) On the structure of equilibrium points of bimatrix games 

Professor C. B. Millham, Washington State State University (653 -324) 
3:45-3:55 

(2 72) The theory of infinitely divisible matrices and kernels 
Professor R. A. Horn, University of Santa Clara (653-319) 

4:00-4:10 
(273) A converse of a random stable limit theorem 

Professor S. R. Kimbleton, University of Pittsburgh (653 -151) 
4:15-4:25 

(274) On spherical stochastic processes on a locally compact group 
Professor Z. R. Pop-Stojanovic, University of Florida (653 -349) 

(Introduced by Professor A. R. Bednarek) 
4:30-4:40 

(2 7 5) General Griffiths inequalities on correlations in Ising ferro magnets 
Mr. D. G. Kelly*, Jet Propulsion Laboratory, Pasadena, California, and 
Professor Seymour Sherman, Indiana University (653 -15) 

THURSDAY, 3:00P.M. 

Session on Topology V, Parlor 9 
3:00-3:"10 

(276) On noncompact solvmanifolds. Preliminary report 
Mr. A. W. Currier, University of Maryland (653-255) 

3:15-3:25 
(2 77) 1m beddings of compact Lie groups. Preliminary report 

3:30-3:40 

Professor L. N. Mann and Professor J. L. Sicks*, University of Massa
chusetts (653-238) 

(278) Expansive homeomorphisms on manifolds and homogeneous spaces 
Professor Erik Hemmingsen, Syracuse University, and Professor W. L. 
Reddy*, State University of New York at Albany (653-279) 

3:45-3:55 
(2 79) Local homogeneity 

Professor G. S. Ungar, Louisiana State University, Baton Rouge (653-87) 
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4:00-4:10 
(280) Lipschitz submanifolds 

Professor F. W. Wilson, Jr., University of Colorado (653-104) 
4:15-4:25 

(281) A lower bound for the ~-Nielsen number 

4:30-4:40 

Professor R. B.S. Brooks, Bowdoin College, and Professor R. F. Brown*, 
University of California, Los Angeles (658-98) 

(282) Open mappings and closed zero-dimensional sets 
Professor J. E. Keesling, University of Florida (653 -131) 

4:45-4:55 
(283) Pseudo-circles and universal circularly chainable continua. Preliminary re

port 
Mr. J. T. Rogers, Jr., University of California, Riverside (653-140) 

THURSDAY, 3:00P.M. 

Session on Analysis XI, Rosewood Suite 
3:00-3:10 

(284) Entire functions of bounded index in several complex variables 

3:15-3:25 

Professor J, G. Krishna and ProfessorS. M. Shah*, University of Kentucky 
(653 -253) 

(285) On the boundary point principle for elliptic equations in the plane 
Professor J. K. Oddson, University of California, Riverside (653-133) 

3:30-3:40 
(286) An ordering principle for generalized solutions of quasi-linear equations of 

the first order 

3:45-3:55 

Professor E. D. Conway, Tulane University, and Professor D. R. Smith*, 
University of California, San Diego (653 -123) 

(287) A Cauchy problem for a semiaxially symmetric wave equation 
Professor E. C. Young, Florida State University (653 -119) 

4:00-4:10 
(288) The Cauchy problem for an elliptic operator which changes classification on 

the boundary 

4:15-4:25 

Professor D. Sather, Cornell University, and Professor J. 0. Sather*, 
University of Utah (653-336) 

(289) Geometry of the complex characteristics in transonic flow 

4:30-4:40 

Professor E. V. Swenson, New York University, Courant Institute of 
Mathematical Sciences (653 -125) 

(Introduced by Professor P. R. Garabedian) 

(290) On the singularities of biharmonic functions with discontinuous boundary 
values. Preliminary report 

Professor N. M. Wigley, University of North Carolina (653-94) 
4:45-4:55 

(291) Existence-uniqueness theorems for nonlinear Dirichlet problems 
Professor D. W. Lick, Brookhaven National Laboratory, Upton, New York 
(653-60) 

THURSDAY, 3:00P.M. 

Session on Analysis XII, Teakwood Suite 
3:00-3:10 

(292) Some characterizations of approximate normality 
Professor D. R. Chalice, Western Washington State College (653 -63) 
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3:15-3:25 
(293} Analytic structure in the spectrum of a Banach algebra. Preliminary report 

Professor T. T. Read, Western Washington State College (653-213} 
3:30-3:40 

(294) A note on proposition observables 
Professor Stanley Gudder, University of Wisconsin (653-35} 

3:45-3:55 
(295) Sequential convergence in the dual of a W*-algebra 

Dr. C. A. Akemann, University of Pennsylvania (653-189) 
4:00-4:10 

(296) Commutators and certain II (factors 

4:15-4:25 

Professor Carl Pearcy, University of Michigan, and Professor D. M. 
Topping*, Indiana University (653 -149) 

(297} Fredholm theories in von Neumann algebras. II 
Professor Manfred Breuer, University of Kansas (653-69) 

4:30-4:40 
(298) Faithful normal expectations on von Neumann algebras 

Professor Andre de Korvin, Carnegie-Mellon University (653-242} 
4:45-4:55 

(299) Derivations and the action of functions on trace class. Preliminary report 
Miss Frances Frost, University of Minnesota (652-243} 

FRIDAY, 1:30 P.M. 

Invited Address, Continental Ballroom 

A survey of solvable Lie groups and applications 
Professor Louis Auslander, City University of New York 

FRIDAY, 3:00 P. M. 

Session on Algebra Logic and Foundations, Parlor 1 
3:00-3:10 

(300) Some initial segments of the hyperdegrees 
ProfessorS. K. Thomason, Simon Fraser University (653-71) 

3:15-3:25 
(301} Properties of Lp languages--languages rich enough to express that a set A is 

of less power than B 
Professor Mitsuru Yasuhara, New York University (653 -338} 

3:30-3:40 
(302) Galois theory and the amalgamation property in finite dimensional cylindric 

algebras. Preliminary report 
ProfessorS. D. Comer, Vanderbilt University (653-88} 

3:45-3:55 
(303} Powers in generalized free products 

Professor Seymour Lipschutz, Temple University (653-96) 
4:00-4:10 

(304} Some varieties of groupoids 
Professor Marshall Saade, University of Georgia (653-90) 

4:15-4:25 
(305) Two remarks on unary algebras 

Mr. W. A. Lampe, University of Manitoba (653-295} 
(Introduced by Professor G. A. Gratzer) 

4:30-4:40 
(306) Extensions of congruences on infinitary partial algebras 

Dr. G. H. Wenzel, Queen's University (653-340) 
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4:45-4:55 
(307) A relation between two kinds of independence in Universal Algebra. Prelimin-

5:00-5:10 
(308) 

5:15-5:25 

ary report 
Professor jon Froemke, Oakland University (653-251) 

Group -like ex tens ions and similar algebras 
Professor Brindell Horelik, State University of New York at Cortland 
(653-225) 

(309) On a structure theory of a projective generator for an exact category with 
unions 

Professor Kwangil Koh, North Carolina State University (653-75) 
5:30-5:40 

(310) Homogeneous morphisms in additive categories 
Professor L. -C. Chern, University of Florida (653 -296) 

FRIDAY, 3:00 P.M. 

Session on Algebra VII, Parlor 3 
3:00-3:10 

(311) Tensor products of F -vector spaces 
Professor Morris Weisfeld, Duke University (653-325) 

3:15-3:25 
(312) On the nonsingular positive square matrix of an ordered ringoid. Preliminary 

report 
Professor Maurice Chacron, University of Sherbrooke (653 -166) 

3:30-3:40 
(313) Affinely variant sets in vector spaces of GF(2) 

Professor Frederick Hoffman, Drexel Institute of Technology (653-321) 
3:45-3:55 

(314) Orthogonal similarity for symmetric matrices 
Professor A. D. Porter, University of Wyoming (653-221) 

4:00-4:10 
(315) Inertia theory for simultaneously triangulable complex matrices 

Mr. R. D. Hill, Idaho State University (653-247) 
(Introduced by Dr. David Carlson) 

4:15-4:25 
(316) A separation theorem for nonsymmetric matrices 

4:30-4:40 

Dr. C, A. Hall*, and Mr. T. A. Porsching, Bo~ttis Atomic Power Labora
tory, Westinghouse Electric Corporation, West Mifflin, Pennsylvania (653-
22) 

(317) Spectral generalized inverses of singular square matrices 
Professor T. N. E. Greville, Mathematics Research Center, U. S. Army, 
University of Wisconsin (653 -114) 

FRIDAY, 3:00P.M. 

Session on Applied Mathematics III, Parlor 7 
3:00-3:10 

(318) Green's function for a spherical cell 
Professor H. W. Vayo, University of Toledo (653-312) 

3:15-3:25 
(319) Rotating time-like congruences in general relativity 

Professor A. H. Thompson, University of Pittsburgh (653-357) 
(Introduced by Dr. Charles Cullen) 
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3:30-3:40 
(320) Steady Couette flow in a centrifuge 

3:45-3:55 

Professor P. K. Kulshrestha, Louisiana State University, New Orleans 
(653-170) 

(Introduced by Professor D. Sarafyan) 

(3 21) One -dimensional magnetohydrodynamic flow and the Monge- Amp~re equation 
Professor R. M. Gundersen, University of Wisconsin-Milwaukee (653 -46) 

4:00-4:10 
(322) Frequency equations for the normal m::>des of vibration for an elliptical ring, 

including transverse shear and rotary inertia 
Professor W. R. Callahan, St. John's University, (653-107) 

4:15-4:25 
(323) Uniform theory of diffraction of progressing waves 

4:30-4:40 

Professor R. M. Lewis and Professor D. S. Ahluwalia*, New York Univer
sity, Courant Institute of Mathematical Sciences (653-165) 

(324) Eigenfunction expansions and scattering theory for certain infinite domains 
Dr. Charles Goldstein, Brookhaven National Laboratory, Upton, New York 
(653-273) 

(Introduced by Mr. Stanely Osher) 
4:45-4:55 

(325) O(h2n+ 2 -m) bounds on some spline interpolation errors 

Mr. B. K. Swartz, University of California, Los Alamos (653-116) 

FRIDAY, 3:00P.M. 

Session on Topology VI, Parlor 9 
3:00-3:10 

(326) Some selection theorems for measurable functions 

3:15-3:25 

Professor C. J, Himmelberg and Professor F. S. Van Vleck*, University 
of Kansas (653 -65) 

(327) Bi-quotient maps and products of quotient maps 
Professor Ernest Michael, University of Washington (653 -78) 

3:30-3:40 
(328) Closed graphs and closed projections 

Professor C. T. Scarborough, Mississippi State University (653-352) 
3:45-3:55 

(329) Retraction in m-paracompact spaces 
Dr. V. J. Mancuso, St. John's University (653 -181) 

4:00-4: lO 
(330) On As coli theorems and the product of k -spaces 

Professor R. C. Steinlage, University of Dayton (653 -128) 
4:15-4:25 

(3 31) Quasi- hereditary properties, B a ire category, and non -first- countable structure 
Dr. H. H. Wicke*, and Dr. J, M. Worrell, Jr., Sandia Laboratory, Albuquer
que, New Mexico (653 -285) 

4:30-4:40 
(332) Characterizations of metric -dependent dimension functions 

Dr. J. C. Smith, Jr., Virginia Polytechnic Institute (653 -2) 
4:45-4:55 

(333) A metrization theorem 
Professor P. A. 0' Meara, Bowling Green State University (653 -25) 

5:00-5: lO 
(334) On quasi -metric spaces 

Professor R. A. Stoltenberg, Washington State University (653-254) 
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5:15-5:25 
(335) Metrizability of trees 

Professor Carl Eberhart, University of Kentucky (653 -157) 

FRIDAY, 3:00 P.M. 

Session on Analysis XIII, Rosewood Suite 
3:00-3:10 

(336) A theorem concerning product integrals 
Professor L. L. Clarkson, Texas Southern University (653 -289) 

3:15-3:25 
(337) Growth estimates of functions in L 1 

Professor Nicolas Art~miadis, Southern Illinois University (653 -192) 
3:30-3:40 

(338) Representation of a set as the union of two disjoint nonmeasurable sets 
Professor Nand Kishore, University of Toledo (653-250) 

3:45-3:55 
(339) Representation of complete Lebesgue integrals by means of volumes 

Professor W. M. Bogdanowicz and Mrs. M. M. Mattamal*, The Catholic 
University of America (653-173) 

4:00-4:10 
(340) Volumes generated by Daniell functionals on the space of all continuous func

tions on a normal topological space 

4:15:4:25 

Professor W. M. Bogdanowicz, The Catholic University of America, and 
Professor Hans Heyn*, University of Wyoming (653-38) 

(341) Radon-Nikodym differentiation of one vector measure with respect to another 
Professor W. M. Bogdanowicz, The Catholic University of America (653-
143) 

4:30-4:40 
(342) Derivatives with respect to vector-valued measures 

Professor Milton Rosenberg, University of Kansas (653-188) 
4:45-4:55 

(343) Regular additive set functions. Preliminary report 

5:00-5:10 

Mr. J. E. Huneycutt, Jr., University of North Carolina at Chapel Hill 
(653 -307) 

(344) A Jordan decomposition for weight functions 

5:15-5:25 

Professor J. K. Brooks*, The University of Florida, and Professor P. V. 
Reichelderfer, Ohio State University (653 -92) 

(345) On existence of solutions to a functional integra-differential equation in Banach 
spaces 

Professor D. R. Anderson*, University of Wyoming, and Professor W. M. 
Bogdanowicz, The Catholic University of America (653 -224) 

R. S. Pierce 
Las Cruces, New Mexico Associate Secretary 
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PRELIMINARY ANNOUNCEMENTS OF MEETINGS 

Six Hundred Fifty- Fourth Meeting 
University of California 
Los Angeles, California 

March 21-23, 1968 

The six hundred fifty-fourth meet
ing of the American Mathematical Society 

will be held at the University of California, 
Los Angeles, on March 21-23, 1968, in 

conjunction with a meeting of the Asso
ciation for Symbolic Logic on March 22. 

By invitation of the Committee to 
Select Hour Speakers for Far Western 
Sectional Meetings, Professor Rimhak 
Ree of the University of British Columbia 
will present a lecture entitled "Characters 

of finite Chevalley groups" on Saturday, 
March 23, at 2:00 p.m. All sessions and 
the invited address will be held in the 

Mathematical Sciences Building. 
There will be sessions for contrib

uted papers at 10:00 a.m. and 3:30 p.m. 
on Saturday, March 23. Abstracts of con

tributed papers should be sent to the 
American Mathematical Society, Box 6248, 
Providence, Rhode Island.02904. The 

deadline for receipt of abstracts is Janu
ary 24, 1968. 

SYMPOSIUM ON COMBINATORICS 

By invitation of the Committee to 
Select Hour Speakers for Far Western Sec

tional Meetings, there will be a Symposium 
on Combinatorics on Thursday and Friday, 
March 21-22. Following is a tentative 

schedule of the symposium: Session A, 
March 21, 9:30a.m.; Combinatorial Analy

sis (Generating functions, asymptotic re
sults); Session B, March 21, 2:30 p.m., 
Properties of Large Structures (Ramsey's 

theorem); Session C, March 22,9:30 a.m., 
Homogeneity and Symmetry Properties; 
Session D, March 22, 2:30 p.m.,Zero-one 
Matrices, Design and Incidence Geome

tries. 
The Organizing Committee for this 

Symposium consists of Professors T. S. 
Motzkin (Chairman), Marshall Hall, and 
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Gian-Carlo Rota. Financial support for 
the symposium is expected under a pro

posed grant from the National Science 
Foundation. 

The program of the meeting in the 
February issue of these c}/olii:eJ) will con

tain a complete listing of the symposium 
speakers and the titles of their lectures. 

REGISTRATION 

The registration desk for the meet
ing will be located in Room 52 00 of the 

Mathematical Sciences Building. It will be 
open from 9:00 a.m. to noon on the days of 
the meeting. 

ACCOMMODATIONS 

The following hotels and motels are 
near the UCLA campus. Persons who wish 

reservations should write to the hotel or 
motel of their choice at the address given 
in Los Angeles, California 90024. 

Cavalier Hotel and Apartments 
10604 Santa Monica Boulevard 

Single $ 9. 00 
Doubie 11.00 

Claremont Hotel 
1044 Tiverton Avenue 

Single $ 6.00 
Double 7.00 
Twin 9.00 

Seagull Motel 
10811 Santa Monica Boulevard 

Single $ 6.50 
Double 7.50 - 10.00 

Westwood Manor Hotel 
10527 Wilshire Boulevard 

Single $ 6.50 
Double 8.50 



W eyburn Hall 
94 7 Tiverton A venue 

Single (double occupancy) $5.00 up. 

WilJhire West Hotel 
10990 Wilshire Boulevard 

Single $6.00 
Double 8.00 

MEALS 

Meals can be obtained at the Student 
Union on Thursday and Friday. There are 
several restaurants in Westwood Village 
which can be reached by a short walk from 
the Mathematical Sciences Building. These 

restaurants will be open throughout the 
meeting. 

TRANSPORTATION 

The Los Angeles International Air
port is located approximately 10 miles 
from the UCLA campus. Bus transportation 
from the airport is available on the 
"Airtransit" bus designated "Beverly 
Hills - Westwood." The fare from the air
port is $1.15 per person. 

R. S. Pierce 
Associate Secretary 

Las Cruces, New Mexico 

Six Hundred Fifty· Fifth Meeting 

Americana Hotel 
New York, New York 

Apri 110 ·13, 1968 

The six hundred fifty-fifth meeting 
of the American Mathematical Society will 
be hel:d at the Americana Hotel in New 
York, New York from April 10 to April13, 
1968. 

By invitation of the Committee to 
Select Hour Speakers for Eastern Sec
tional Meetings the following four lectures 
will be presented: 

Professor Henry P. McKean, 
Jr. of Rockefeller University will 
speak on "A Chapman-Enskog-Hil
bert extension for the telegraph equa
tion as a model of the derivation of 
fluid mechanics from the Boltzmann 
equation" at 11:00 a.m. on Friday, 
April 12. 

Professor Frederick J. Alm
gren, Jr. of Princeton Universitywill 
speak on "Measure theoretic geome
try and elliptic variational problems" 
at 2:00 p.m. on Friday, April 12. 

Professor Franklin P. Peterson 
of the Massachusetts Institute of Tech
nology will speak on "Characteristic 
classes: old and new" at11:00a.m.on 
Saturday, April 13. 

Professor George B. Seligman 
of Yale University will speak on 
"Algebraic Lie algebras" at 2:00p.m. 
on Saturday, April 13. 

A symposium on "Applications of 
categorical algebra" is planned for the 
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afternoon of Wednesday, April10, and both 
morning and afternoon of Thursday, April 
11. The Invitations Committee for this 
symposium consists of Professors Hyman 
Bass, Alex Heller (Chairman), and John 
Moore. Financial support of the sympos
ium has been requested from the Office of 
Naval Research. 

There will be sessions for contribu
ted ten-minute papers during both morn
ings and afternoons of Friday and Satur
day, April 12 and 13. The deadline for 
receipt of papers to be placed on the pro
gram is February 15, 1968. Abstracts of 
contributed papers should be sent to the 
American Mathematical Society, P. 0. 
Box 6248, Providence, Rhode Island 02904. 
Abstract blanks can be obtained by re
quest from the same address. There will 
be no provision for late papers. 

The Mathematical Sciences Em
ployment Register will be open from 2:00 
p.m. to 5:00 p.m. on Thursday, April 11, 
and from 9:00 a.m. to 5:00p.m. on Friday, 
April 12. Information on the operation of 
this service may be found on page 43 of 
these c}/olia:i) • 

Travel instructions and hotel reser
vation blanks will appear in the February 
1968 issue of these c}/oticei). 

Herbert Federer 
Associate Secretary 

Providence, Rhode Island. 



Six Hundred Fifty-Sixth Meeting 

Sheraton- Chicago Hotel 
Chicago, Illinois 
April16- 20,1968 

The six hundred fifty- sixth meet
ing of the American Mathematical Society 
will be held at the Sheraton- Chicago Hotel, 
Chicago, Illinois, on April 16-20, i968. 
All sessions will be held in the Tally-Ho 
Room and the East Rooms on the ninth 
floor of the Sheraton-Chicago Hotel. 

By invitation of the Committee to 
Select Hour Speakers for Western Sec
tional Meetings there will be hour ad
dressesonAprill9-20, 1968,byProfessor 
Irving ~einer of the University of Illinois, 
Urbana; Professor Stephen Smale of the 
University of California, Berkeley; Pro
fessor Rene Thorn of the Institut des 
Hautes Etudes Scientifiques, Bures sur 
Yvette; and Professor Hans F. Weinberger 
of the University of Minnesota. 

There will be sessions for contri
buted papers on April 19-20, 1968. Ab
stractlj should be submitted to the Ameri
can Mathematical Society, P. 0. Box 6~48, 
Providence, Rhode Island 02904, so as to 
arrive prior to the deadline of February 
26, 1968. 

There will be a special session of 
twenty-minute papers on Quasiconformal 
Mapping under the chairmanship of Pro
fessor Frederick W. Gehring of the Uni
versity of Michigan. Most of the papers 
to be presented at this session will be by 
invitation. However, anyone contributing 
an abstract for the meeting who feels that 
his paper would be particularly appropriate 
for this special session should indicate 
this clearly on his abstract and submit it 
two weeks earlier than the above deadline, 
namely by February 12, to allow time for 
additional handling. 

As at recent Western Sectional 
Meetings, one of the sessions of contri
buted ten-minute papers will be devoted 
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to Category Theory and will coincide with 
a meeting of an informal group called the 
Midwest Category Seminar. Similar in
formal arrangements in other fields can 
be made upon request to the Associate 
Secretary. 

SYMPOSIUM ON NONLINEAR 
FUNCTIONAL ANALYSIS 

With the anticipated support of the 
National Science Foundation, under a pro
posed grant, there will be a symposium on 
Nonlinear Functional Analysis on Aprill6-
19. This topic was chosen by the Commit
tee to Select Hour Speakers for Western 
Sectional Meetings. The Organizing Com
mittee of the Symposium, responsible for 
the planning of the program and the choice 
of speakers, consists of Felix E. Browder 
(Chairman), James Eells, Jr., Tosio Kato, 
George J. Minty, RichardS. Palais, Jacob 
T. Schwartz, and Stephen Smale. The hour 
speakers at the symposium will be Pro
fessor Felix E. Browder of the University 
of Chicago; Professor James Eells, Jr. 
of Cornell University; Professor Tosio 
Kato of the University of California, Berke
ley; Professor J. L. Lions of the Univer
sity of Paris; Professor George J. Minty 
of Indiana University; Professor Richard 
S. Palais of Brandeis University; and Pro
fessor Guido Stampacchia of the Univer
sity of Pisa. In addition the program of 
the symposium will also include approxi
mately fifteen half-hour addresses. 

Travel instructions and hotel reser
vation forms will appear in the February 
issue of these cJfoticei). 

Urbana, Illinois 

Paul T. Bateman 
Associate Secretary 



Symposium on 
Numerical Solution of Field Problems 

in Continuum Physics 

Durham, North Carolina 
April 5-6, 1968 

An Applied Mathematics Symposium 
is planned for Durham, North Carolina, on 
Friday and Saturday, April 5-6, 1968. The 
title of the symposium will be "Numerical 
Solutions of Field Problems in Continuum 
Physics." The symposium will concentrate 
attention on the relative power of numeri
cal and analytical methods for solving 
problems having real physical or indus
trial importance. 

A tentative program has been set 
up as follows: Session I, Fluid Mechanics. 
Speakers, W. K. Morton, United Kingdom 
Atomic Energy Commission; J. L. Lions, 
University of Paris; J. Smagorinsky, 
United States Weather Bureau; Akio Are
kawa, University of California, Los 
Angeles. Session II, Parabolic Problems 
and Reservoir Problems. Speakers, Jim 
Douglas, Jr., University of Chicago; Olof 
B. Widlund, Uppsala University and New 
York University; H. H. Rachford, Jr. and 
Todd duPont, Rice University; Harvey S. 
Price, Gulf Corporation. Session III, El
liptic Problems. Speakers, Garrett Birk
hoff and George Fix, Harvard University; 
R. S. Varga, Case Western Reserve Uni
versity; Eugene L. Wachpress, Knolls 
Atomic Power Laboratory; A. H. Henry 
and Thomas A. Porsching, Bettis Atomic 
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Power Laboratory. Session IV, Initial 
Value Problems. Speakers, Vidar C. 
Thomee, University of Maryland; J. H. 
Bramble, University of Maryland; R. 
Clough and C. A. Felippa, University of 
California, Los Angeles; Theodore H. 
Pian, Massachusetts Institute of Tech
nology. 

There will be four sessions of two 
and one-half hours each, comprising six
teen half-hour addresses. 

The Organizing Committee is com
posed of Professor Garrett Birkhoff 
(Chairman), Jim Douglas, Jr., R. S. Varga, 
Calvin Wilcox, and Dr. Sidney Fernbach. 
Dr. Francis G. Dressel, Dr. A. S. Gal
braith, and Dr. Gene B. Parrish are liai
son representatives. Support for the sym
posium is expected under a proposed grant 
from the U. S. Army Research Office 
(Durham). 

Travel instructions and hotel reser
vation forms will appear in the February 
issue of these cNoticeiJ 

O. G. Harrold 
Associate Secretary 

Tallahassee, Florida 



ACTIVITIES OF OTHER ASSOCIATIONS 

SIAM 1968 NATIONAL MEETING 

A Symposium on Optimization will 
be held in conjunction with the 1968 Na
tional Meeting of the Society for Industrial 
and Applied Mathematics to be held in 
Toronto, June 11-14, 1968, The sympo
sium will feature invited presentations on 
opt~mization, including papers in mathe
matical programming, control theory, and 
variational methods, One of the prime ob
jectives of the symposium is to bring to
gether researchers in these three dif
ferent areas of optimization in the belief 

that these associations will be of mutual 
benefit. 

The Conference Chairman is Dr. 
T. E. Hull, Department of Mathematics, 
University of Toronto; the Program Chair
man is Dr. P. Wolfe, IBM Research, 
P. 0. Box 218, Yorktown Heights, New 
York 10598; and the Local Arrangements 
Chairman is Mr. B. B. Goodfellow, IBM 
Company Limited, 1150 Eglin ton A venue 
East, Don Mills, Ontario, Canada, 

FORTHCOMING MEETINGS OF 
THE CANADIAN MATHEMATICAL CONGRESS 

A Summer Research Institute will 
be held from May 13 to August 9, 1968, at 
the following four branches: Universite de 
Montreal and McGill University (Mon
treal); Queen's University(Kingston); Uni
versity of Manitoba (Winnipeg) in con
junction with a combinatorial mathema
tics meeting; and University of British 
Columbia (Vancouver). 

There will also be three summer 
schools. Three graduate courses, details 
of which will be announced in January 
1968, will be offered at the University of 
British Columbia, Vancouver, from June 
24 through August 16, 1968, Support for 
out-of-province students will be avail
able. Further information may be ob
tained from Professor B. N. Moyls, De
partment of Mathematics, University of 
British Columbia, Vancouver 8, ~. C, 

Dalhousie University, Halifax, N. S,, 
will. offer a number of undergrad•Jate 
courses intended primarily for high school 
teachers. The program is a cooperative 
effort of the Nova Scotia Department of 
Education and the Canadian Mathematical 
Congress. Tentatively, the following 
courses will be offered: Mathematics for 
Junior High School Teachers; Geometry, 
Algebra, and Calculus for Senior High 
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School Teachers (three separate courses).; 
and Mathematical Astronomy. It is also 
expected that two graduate-level courses 
will be offered, sponsored jointly by the 
Atlantic Provinces Inter- University Com
mittee on the Sciences and the Canadian 
Mathematical Congress. All seven of the 
above-mentioned courses will be offered 
between July 2 and August 12, 1968. No 
tuition will be charged, although the regis
tration fee is five dollars .Inquiries should 
be addressed to Professor A. J, Tingley, 
Secretary, Atlantic Provinces Committee, 
Department of Mathematics, Dalhousie 
University, Halifax, N. S, 

The seventh session of the Semin
aire de Mathematiques Superieures, or
ganized by the Department of Mathematics 
at the University of Montreal, will take 
place from June 24 to July 26, 1968, and 
will concern statistics and probability. 
The seminar will be supported jointly by 
the N,S,F. 1'0TAN and the SocieteMathe
matique du Canada. It is anticipated that 
support will be available for part or all 
of travel and living expenses of those who 
participate in the seminar. Further in
formation may be obtained from M. Maur
ice L 'Abbe, Department of Mathematics, 
University of Montreal, Montreal, Quebec. 



THE MATHEMATICAL ASSOCIATION OF AMERICA 
San Francisco, California 

January 25-27, 1968 

The fifty-first annual meeting of 
the Mathematical Association of America 
will be held in the San Francisco Hilton 
Hotel, San Francisco, California, from 
Thursday to Saturday, January 25 to 27, 

1968, in conjunction with the annual meet
ing of the American Mathematical Society. 

A complete program of the meeting 
is included in the time table in this issue 
of the c}lotiui). 

MEMORANDA TO MEMBERS 

THE MATHEMATICAL SCIENCES EMPLOYMENT REGISTER 

During the April meeting in New 
York City, the Mathematical Sciences 
Employment Register will be open for the 
scheduling of interviews between appli
cants and employers. The Employment 
Register, which is sponsored by the Ameri
can Mathematical Society, the Mathemati
cal Association of America, and the So
ciety for Industrial and Applied Mathema
tics, will be located in the Regency Ball
room of the Americana Hotel. The Regis
ter will be open from 2:00 p.m. to 5:00 
p.m. on Thursday, April 11, and from 
9:00 a.m. to 5:00p.m. on Friday, April12. 

Registration for the Employment 
Register is separate and apart from meet
ing registration, and it is, therefore, most 
important that both applicants and em
ployers sign in at the Employment Regis
ter desk as early as they can on Thursday 
afternoon. A separate visual index will be 
maintained for Employment Register use 
only. Appointments will be scheduled only 
for applicants and employers who have 
actually signed in at the Register. 

There is no charge for registration 
except when the late registration fee of 
$5.00 is applicable. Provision will be made 
for ·anonymity of applicants upon payment. 
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of $5.00 to defray the cost involved in 
handling such a listing. 

Applicants and employers who wish 
to be listed should write to the Mathe
matical Sciences Employment Register, 
Post Office Box 6248, Providence, Rhode 
Island 02904, for applicant qualification 
forms or position description forms. These 
forms must be completed and returned 
to the Employment Register not later than 
April 1, 1968, in order to be included in 
the May lists. The printed lists will be 
mailed to subscribers during the first 
week in May. The original forms, however, 
will be available at the meeting for those 
persons interested in reviewing them. 

A subscription to the lists, which 
includes three issues (January, May, and 
August) of both the applicants list and the 
positions list, is available for $25.00 a 
year; the individual iss1,1es of both lists 
may be purchased in January, May, and 
August for $12.50. A subscription to the 
applicants list alone or single copies of 
that list are not available. Copies of the 
positions list only may be purchased for 
$3.00. Checks should be made payable to 
the American Mathematical Society and 
sent to the address given above. 



NEW AMS MATHEMATICAL OFFPRINT SERVICE 

The AMS has established an entirely 
new type of service for subscribers-
Mathematical Offprint Service (MOS). This 
new concept in information distribution will 
offer the individual mathematician off
prints of articles of specific interest to him 
from important AMS and non-AMS jour
nals. Through MOS, the mathematician will 
be able to specify exactly which kinds of 
articles he wishes to receive and obtain 
them simultaneously with or shortly after 
publication. Thus, the new service will 
provide a single source of current infor
mation for the research mathematician. 

In recent years, the amount of in
formation published in the sciences has 
accelerated at a fantastic rate. The list of 
journals from which articles are reviewed 
in MATHEMATICAL REVIEWS includes 
nearly one thousand. This proliferation has 
creat:ed serious problems for the indivi
dual mathematician. 

If he is to keep abreast of the latest 
material within his own specialized field, 
let alone his wider range of scientific 
interests, the mathematician must scan 
literally hundreds of journals. Much of his 
time will be wasted because the majority 
of articles in each of these journals will 
not be of interest to him, There is no cur
rent, classified source by which he can 
be directed to precisely those articles he 
seeks; MATHEMATICAL REVIEWS, which 
comes closest to providing this kind of 
source, may not publish reviews of arti
cles for six to twenty-four months after 
they appear in primary journals. 

MOS will eliminate the need for 
mathematicians to waste time locating 
important articles. By submitting a de
tailed interest profile, a subscriber will 
specify which articles he wishes to re
ceive from about sixty journals chosen 
from the list of highest priority journals 
reviewed in MATH REVIEWS, Articles 
which satisfy the criteria established by 
the subscriber will be mailed to him on a 
continuing basis, along with titles of arti
cles in which he has indicated a peripheral 
interest. 
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It must be emphasized that the new 
service does not threaten the existing 
structure of mathematical publication. The 
majority of subscribers to journals con
sists of institutions and libraries, and 
MOS subscriptions are not available to 
institutions. Rather, MOS is designed 
specifically for the individual and his par
ticular interests, as the journal itself is 
not. The service will provide an additional 
dimension in mathematical publishing. 

MOS will operate in the following 
way: When an individual agrees to sub
scribe, he will receive a form on which he 
will specify his particular interests. Para
meters available for description include: 

(a) Subject. Primary and secon
dary subject descriptors (P and S) will 
be assigned to each article using a re
vision, now being prepa:.:ed for 1968, of the 
MATH REVIEWS subject classification 
scheme which appears in all MATH RE
VIEWS index issues, For the present, 
articles will be assigned subject classi
fications by a panel of classifiers, but 
eventually the classification scheme and 
scope notes will be sent to the participat
ing journals in English, French, German, 
Italian, and Russian, and the classification 
will be done by authors and/or editors and 
referees. 

The subscriber will also receive 
the MATH REVIEWS subjectclassification 
scheme, in whichever language he re
quests, with his interest profile form. He 
will indicate his fields of primary and 
secondary interest (p and s) on the profile. 
If he indicates p or s interest in a major 
classification (e.g., 10) he may exclude a 
subclassification (e.g., 10,3) within that 
classification. 

(b) Author. The subscriber will 
indicate on his profile those authors whose 
articles in any subject he wishes to re
ceive, and those authors whose articles he 
specifically does not wish to receive. 

(c) Jourg_1!!. A list of participating 
journals will be mailed to each subscriber 
along with the profile form and the classi
fication material. The subscriber will in-



dicate on his profile form those journals 
from which he does not wish to receive 
articles. 

(d) Language. On the profile, the 
subscriber will indicate the languages in 
which he will accept articles. 

Therefore, an interest profile will 
show p and s subjects; authors desired re
gardless of subject; authors excluded; 
journals excluded; and languages accept
able. 

The subscriber will receive an off
print of: 

( 1) any article by a specified 
author, regardless of subject, if it is in an 
acceptable language and taken from a 
journal which is not specifically excluded; 

( 2) any article by an author neither 
specified nor excluded whose primary sub
ject P coincides with the primary subject 
field p of the subscriber, if it is both in an 
acceptable language and taken from a 
journal not specifically excluded. 

The subscriber will receive a title 
listing of: 

( 1) an article by a specified author 
which is in an unacceptable language or 

from an excluded journal; 
(2) any article by an excluded au

thor, if the coincidence of subject 11e1as 1s 
Pp, Ps, Sp, or Ss. 

(3) an article by an author neither 
specified nor excluded if the coincidence 
of subject fields is Sp, Ss, or P s; or if the 
coincidence of subject fields is Pp but the 
article is in an unacceptable language or 
taken from an excluded journal. 

The procedure is clearer in the 
diagrammatic form shown below. 

In the case of multiple authorship, 
not represented in the diagram, an article 
written jointly by a specified author and an 
excluded author, except when the excluded 
author is the subscriber himself, is 
treated exactly like an article written by a 
specified author alone; the subscriber re
ceives an offprint if journal and language 
criteria are not violated. If the excluded 
author is the subscriber, he will receive 
a title listing. Articles written jointly by 
excluded authors and unspecified authors 
are treated as if they were written by ex
cluded authors alone. 

~ 
~ S ,Ps,Sp,Ss ~ 

~ 
. . excluded 

no coincidence~ no actlo;e:n I 
excluded Journals 

specified other....____~ 
. ~ 

other~ 
~ 

rTiUe\ 
~ s:exclud~ 
/~ 

Journals 
ther 

specified -a 

specified -----1 

other 

no coincidence 

~ 
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GINSBURG, SEYMOUR 
SPANIER, Eo H. gO~NDED REGULAR 
SETS. PROC. AI-1Ei<o "'ATho SOCo 17 119661 NOo 5o CSEC01'4DARY 
HHEQEST l. 

TuLLYt E. J. JR. A CLA5S CF NATURALLY PARTLY 
ORDERED COM~UTATIVE ARCHI~EDEAN SEMIGROUPS WITH ~AXIMAL 
CCfiJDITION. PROC. AMERo MATHo SOCo 17 119661 NOo 5o !SECONDARY 
If~TEREST>. 

CULVERt ~. Jo 0~ THE EXISTENCE AND UNIQUENESS OF 
THE REAL LOGARITHM OF A MATRIX, PROCo AMER. MATH, SOC, 17 
(196hl NO. 5o CSECCI\:D.4U<Y JNTE~ESTio 

MORDELL• L. J, SOME QUADRATIC DIOPHANTINE EQUATIONS 
OF GEfiJUS 3. PROC• AMERo MATH. SOC. 17 119661 NO. 5o 
!SUBCLASSIFICATION OF INTEREST NOT WANTED), 

BAUMSLAG, GILBERT. A REPRESENTATION OF THE WREATH 
PRODvCT OF TwO TORSION FREE ABELIAN GROUPS IN A POWER SERIES 
RING. PROC, AI~ER• MATH. SOC. 17 (1966) NO, 5, !SECONDARY 
INTEREST!. 

PASS~AN, BETTY LOU 
PASSMAN, D. S. GENERALIZED 
FROBENIUS COMPLEMENTS, PROC, AMERo MATH. SOC. VOL. 17 (19661 
NO. 5. CSECCNDARY INTEREST I • 

GAUSS• C. D. LINEAR APPROXIMATION. RUCKSCHRITTE 
DER MATH. 7 11966) NO. 2. !ORDER ENTERED TOO LATElo 

ROSEn, MICHAEL. TWC THEOREMS ON GALOIS COHOMOLOGY, 
PROC. A.'-1ERo MATH• SOC. 17 C 1966) NO. 5o !ORDER ENTERED TOO 
LATE!. 

SHULTt ERNEST, SOME A~ALOGUES OF GLAUBERMANS 
Z* THEOREM, PROCo AMER, MATHo SOC. 17 119661 NO. 5, 
!SECCNDARY INTEQESTJ, 

MCCULLCHt Lo R. CYCLIC EXTENSIONS WITHOUT RELATIVE 
INTEGRAL BASES. PROCo AMERo MATH, SOC, 17 119661 NO, 5o 
(ORDFR ENTEPED TOO LATE!. 

GREOIBERG, L • WlTE 0~' 1\;0Rr-AAL SUE'GROUPS OF THE 
MODULAR GROUP. D~OC, AMERo MATH. SCC. 17 11966) NO, 5, 
CORDER ENTERED TOO LATElo 

MONTAGUE, STEP~EM 

THOMAS, GO~ER. A CCNDITION FOR 
A FINITE ~RCUP TC BE NILPOTENT. PROC, AMER, MATH. SOC, 17 
!196f,) ~JO. 5, <SECCN:;Ar<Y INTEREST!. 

STAR~, H. M. UN THE A5YMPTOTIC DENSITY OF THE K FREE 
INTEGt:RS. P><OC. ,L\1,1ERo 11ATH, SOC. 17 (19661 NO.5, !ORDER 
ENTEPEU TCC LATE), 

AYCU8, RAYMC~C. A NOTE ON THE RIEMANN ZETA FUNCTION. 
PROCo A1~ERo MAT>-Io SOCo 17 ( 1966) NOo 5o (ORDER EI'1TERED TOO 
LATE l • 

THE FOLLO~ING JrURNAL ~AS JUST ~EEN INCLUDED IN 
THE OFFPRINT ~YSTE~: J, LCNDON, MATH. SOC,, BEGINNING WITH 
VOL. 75, "JC. 3. 
IF YCU DO NCT WISH TO RECEIVE OFFPRINTS FROM THIS 
JOUR~AL, PLEASE NOTIFY THE AMERICAN MATHEMATICAL SOCIETYo 
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The following is a fictitious exam
ple of how a subscription is processed 
each month. 

Secondary interest--MR classifications 
15 (Linear Algebra) and 20 (Group 
Theory and Generalizations) 

Subscriber A. B. Newton indicated 

the following interests on his interest pro

file form, which was received and entered 

on August 5, 1967: 

Author specified--C. D. Gauss 
Author excluded--A. B. Newton 
Journal excluded--none 
Languages specified-- English, German, 

Russian 
Primary interest--MR classification 10 

(Theory of Numbers), excluding sub
classification 10.10 (Diophantine Equa
tions) 

The subscriber received three re
prints accompanied by the following state
ment: 

A M E R I C A N M A T H E M A T I C A L S 0 C I E T Y 

Po Oo BOX 6248 

PROFESSOR A 8 NEWTON 
725 SMITH STREET 
CHJCAGO, ILL 

PROVIDENCE, Ro I. 02904 

THIS MONTHLY SHIPMENT CF OFFPRINTS INCLUDES THE 
FOLLOWING, SENT TO YOU AS BEING IN YOUR PRINCIPAL FIELD 
OF INTEREST. 

SALIEo HANS• REICHWEITE VON MENGEN AUS DREI 
NATURLICHEN ZAHLENo MATH, ANNo 165 (1966) NO, 1, 

SIDLCVSKII, A,B. TRANSCENDENCE AND ALGEBRAIC 
INDEPENDENCE OF VALUES OF E FUNCTIONS SATISFYING LINEAR 
NONHOMOGENEOUS DIFFERENTIAL EQUATIONS OF THE SECOND ORDER• 
DOKL. AKADo NAUK SSSR 169 (1966) NO. 1o 

OLEINIKOVo VoAo ALGEBRAIC INDEPENDENCE OF VALUES 

060CT67 

OF E FUNCTIONS SATISFYING LINEAR NONHOMOGENEOUS DIFFERENTIAL 
EQUATIONS OF THE THIRD ORDER. DOKLo AKADo NAUK SSSR 169 
(1966) NOo 1o 

YOU MAY ALSC BE INTERESTED IN THE FOLLOWING RECENT 
PAPERS WHICH ARE NCT BEING SENT TO YOUo YOU MAY CONSULT 
THESE ARTICLES IN THE JOURNALS IN WHICH THEY ARE PUBLISHED, 
OR REQUEST REPRINTS FRCM THE AUTHOR, 

OFFPRINTS ARE NOT AVAILABLE FROM THE AMERICAN 
MATHEMATICAL SOCIETY• 

NEWTON, Ao B. DISTRIBUTION OF PRIME NUMBERS. 
RUCKSCHRITTE DER MATH. 7 (19661 NO. z. <AUTHOR NOT 
WANTED>. 

SIERPINSKI, w. SURLES NOMBRES PSEUDOPARFAITS, MAT, 
VESNIK 17 ! 19651 NO, 2o !LANGUAGE NOT WANTED) o 

BAULINo Vo Io ON AN INDETERMINATE EQUATION OF THE 
THIRD DEGREE WITH LEAST POSITIVE DISCRIMINANT, TULSK. GOS, 
PEDo INST, UCEN. ZAPo Fiz, MAT. NAUK VYPo 7 11960) NO, 1. 
!SUBCLASSIFICATION OF INTEREST NOT WANTED), 

SIBNERo R,J. HYPERBOLIC GENERATORS FOR FUCHSIAN 
GROUPS. PROC. AMERo t~ATH. SOC. 17 ( 1966) NO. 5o (SECONDARY 
CLASSIFICATION.) 
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One subscription will consist of a 
total of 100 offprints (ten title listings 
equal one offprint) and will cost $30. Short
ly before each subscription is completed, 
the subscriber will be billed automatically 
for the next subscription. 

The AMS welcomes subscription 
orders now. It is expected that MOS will 
be fully operative in early spring 1968, or 
as soon as a minimum number of journals 
agree to participate and the service has a 
sufficient number of subscribers. With 
each order, the subscriber should indicate 

whether he wishes to receive the subject 
classification schedule in English, French, 
German, Italian, or Russian. Shortly after 
his order is received, the subscriber may 
expect to receive an interest profile form, 
a list of participating journals, and the 
classification scheme. 

To order a subscription to MOS, 
please complete the order form on page 
280 and return it to the American Mathe
matical Society, P. 0. Box 6248, Provi
dence, Rhode Island 02904. 

NEWS ITEMS AND ANNOUNCEMENTS 

EDUCATION COSTS AS 
DEDUCTIBLE BUSINESS EXPENSES 

The following 19 6 7 Internal Revenue 
Service Ruling (Rev. Rul. 67-421, I. R. B. 
1967-48,11.), which came to our attention 
too late for inclusion in the section on tax 
status of grants in the December Special 
Issue of these cNoticeiJ states that rea
sonable expenses for research and typing 
incurred in the preparation of a doctoral 
dissertation are tax deductible as business 
expenses: 

"Advice has been requested con
cerning the deductibility, for Federal in
come tax purposes, of expenses incurred 
for research and typing under the circum
stances described below. 

"The taxpayer is employed as a full
time instructor at a state university. He is 
taking educational courses in order to 
maintain and improve his skills as a full
time instructor. The courses will also lead 
to a graduate doctoral degree. In the pre
paration of his dissertation to obtain the 
doctoral degree he incurs reasonable ex-
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penses for research and typing.It has been 
determined that the costs of the educational 
courses qualify as deductible ordinary and 
necessary business expenses under section 
162(a) of the InternalRevenueCodeof1954 
and section 1.162-S(a) of the Income Tax 
Regulations. 

"Section 162(a) of the Code provides 
for the deduction of all ordinary and neces
sary expenses paid or incurred during the 
taxable year in carrying on any trade or 
business. 

"The preparation of a doctoral dis
sertation is an integral part of an entire 
course of educational study pursued on the 
graduate level. 

"Accordingly, since the costs of the 
related educational courses qualify as de
ductible business expenses, the taxpayer's 
reasonable expenses for research and 
typing incurred in the preparation of the 
dissertation to obtain his graduate doctoral 
degree are deductible as ordinary and 
necessary business expenses under sec
tion 162(a) of the Code." 



THE CASE OF STEPHEN SMALE: CONCLUSION 

The case of Stephen Smale is closed 
now, in that a grant renewal has been of
fered and accepted. One question remains 
--whywas Smale's proposal challenged at 
all? A full account of the Smale controversy, 
insofar as the facts were available up to 
that time, was published in the October 
issue of these c}/oliai). It concluded with 
the August 31 letter of William E. Wright, 
NSF Division Director for Mathematical 
and Physical Sciences, stating that Smale's 
grant would not be renewed unless he 
would resubmit a proposal for his own re
search alone; Smale's refusal to consider 
submitting another proposal; and a portion 
of the September 15 "Science" article by 
Daniel Greenberg which outlined the case 
the NSF was prepared to make against 
Smale's administration of his previous 
grant. The facts of the case which have 
become available since the publication of 
the October c}/oliai) appear below. 

In a September 23 letter to Sanford 
Elberg, Dean of the Graduate Division at 
Berkeley, William E. Wright stated: 

"In view of the numerous and wide
spread misinterpretations which have been 
placed on my letter to you of August 31 ... , 
I would like to reaffirm the position of the 
Foundation. 

"The Foundation remains convinced 
that timely negotiations can result in a 
grant to the University of California with 
Professor Smale as principal investigator, 
which would support his research needs 
and those of his immediate collaborators 
in a manner completely consistent with our 
ability to sustain mathematical research 
generally." 

Dean Elberg passed this letter on 
to Smale, who wrote him on September 2 7, 
stating "My own opinion is that it [Wright's 
letter] represents a significant concession 
on the part of the NSF. That letter can 
begin to ease the problems arising from 
the decisions of the NSF stated in Wright's 
August 31 letter," However, he went on to 
say that he was still concerned about 
clearing up reported NSF allegations about 
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his administrative performance, which 
had been outlined in the article on the 
Smale case in the September 15, 1967, 
issue of "Science." 

In one effort to do this, Smale wrote 
on September 29 to Philip Handler, Chair
man of the National Science Board, who 
had issued a statement on September 12, 
quoted in its entirety in our last article, 
which said in part, '"I'he Board .. ,concurs 
with the Director [of NSF] that the man
agement of this [Smale's] grant has been 
relatively loose and has not conformed to 
appropriate standards," In his letter Smale 
requested a bill of particulars on what was 
considered objectionable in his admini
stration, He received no reply. 

By this time, Smale had heard from 
an unofficial source that the NSF was now 
willing to award a grant to the University 
of California at Berkeley with Smale as 
principal investigator. On September 29 
he wrote to Leland J, Haworth, Director 
of NSF, requesting verification of this 
information. He received no reply. 

However, Smale's major concern 
at this point was still the criticism of his 
administration of his previous grant, as 
published in "Science," On October 15, 
1967, he sent an article to "Science" re
questing that it be published unedited in 
the News and Comment section. The arti
cle was a "reply to a journalistic account 
of NSF allegations,"" Science" did not pub
lish the article, principally because by 
this time the magazine had initiated its 
own careful investigation of the facts of the 
Smale case. In the November 3 issue, 
Daniel Greenberg published an article en
titled "Smale: NSF's Records do not Sup
port the Charges" ("Science," News and 
Comment Section, Vol. 158, pp. 618-619, 
November 3, 1967). The following are 
pertinent exerpts from the article: 

" ... on the basis of material that NSF 
has recently made available from its own 
files, two very disturbing facts arc:_ now 
clear concerning the Foundation's treat
ment of the professionally distinguished 
and politically left-wing mathematician 



from Berkeley: 
"(i) NSF is unable, or at least un

willing, to provide any documentary evi
dence to support its allegations of im
propriety or substandard performance on 
Smale's part in the administration of his 
government grant; but even more impor
tant, (ii) at the time NSF made these al
legations, it was in possession of docu
mentary evidence which either clearly con
tradicted the allegations, or showed them 
to be based on trivial and technical de
partures from ambiguous regulations. 

"Both conclusions are drawn from 
voluminous files that NSF made available 
at the request of Science. The request for 
these mate;t:.ials was at first refused, but 
later was fulfilled when Science formally 
cited the recently enacted 'Freedom ofln
formation Act' (P. L. 89-487), which re
quires federal agencies to make available 
upon request broad categories of govern
ment records that previously could be with
held from public inspection. 

" ... the allegations concerning 
Smale's administrative perff>rmance were 
based on the following: 

"1) When Smale applied to the Na
tional Academy of Sciences-National Re
search Council (NAS-NRC) for a $400 
travel grant to cover expenses of visiting 
Moscow- -where he was to receive a prize 
and deliver a paper at the International 
Congress of Mathematicians--he failed to 
notify the Academy that he also had the 
use of $1,000 in travel funds that were in
cluded in the NSF grant to his Berkeley 
group. 

"2) Smale failed to notify NSF that 
during the summer and fall of 1966 he 
would be away from Berkeley, where he 
was principal investigator on the NSF
supported project. 

"3) In violation of regulations that 
require that American carriers be given 
preference for NSF- supported foreign 
travel, he returned to the United States on 
a French vessel. 

"4) The time that he spent in Europe 
on NSF- supported summer salary was 
accounted for, but in a fashion that left 
considerable doubt as to whether he ac
tually spent time as he said he did. 

"Taking these points one by one, 
and referring to material that was in NSF's 
possession when the allegations were 
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made, the following was found to be the 
case. 

"1) Smale responded affirmatively 
and accurately to an NAS-NRC inquiry 
about other sources of funds for travel. 
The NAS-NRC form on which Smale ap
plied for the $400 travel grant contained 
the question, 'Have you requested or been 
granted funds which might be used for 
travel to the 1966 Congress? If so, give 
details' (italics supplied). His reply was, 
'On NSF contract application.' (Atthetime 
Smale filled out the form, October 1965, 
decision was still pending on the NSF grant 
that was to contain the $1,000 in travel 
funds.) The NAS-NRC award of $400 was 
accompanied by a letter, dated November 
1965, that, in part, stated, 'There are a 
large number of meritorious applications 
which cannot be supported. It is hoped 
that you will promptly notify us if you will 
rwt use this award either because you have 
other sources of travel funds or because 
you find it impossible to attend the Con
gress' .(italics supplied). 

"Smale, of course, planned to attend 
the Congress, so there was no need to 
notify NAS-NRC on that point. As for the 
$1,000 that came from NSF, this sum had 
been furnished him under a provision in 
his NSF-approved grant application which 
stated that travel funds are requested for 
the investigators to attend conferences,' 
Unlike many mathematicians who were 
going to the Moscow conference on a low
cost charter flight from the United States, 
Smale was going directly from Europe, 
where, with the use of NSF's $1,000 in 
travel funds, he conferred during parts of 
May, June, and July with other mathe
maticians at an institute in Paris, at the 
University of Geneva, and at a conference 
in Bonn. Thus there is little or no support 
for the contention that he improperly ap
plied for and accepted the NAS-NRC travel 
grant to go to Moscow when he actually had 
another source of support for that journey. 
Perhaps the most that can be said is that 
he had two separate funds for legitimate 
travel and he neglected to compartmenta
lize the Moscow trip and the European 
travels. 

"2) NSF puts great stock in its alle
gation that Smale failed to notify the 
Foundation thathewouldbe absent from the 
Berkeley mathematics department during 



the summer and the fall. There is, how
ever, a letter in NSF's possession, dated 
11 May 1966, in which the administrative 
assistant of the Berkeley mathematics 
department wrote to NSF's program direc
tor for Analysis, Foundations, and Geome
try as follows: 'As Professor Smale will 
be in Europe this summer and on leave in 
the fall quarter, he would like Professor 
S. Kobayashi to direct the project while he 
is away.' The materials furnished Science 
by NSF contain no reply to this letter, but 
the Berkeley mathematics department says 
it has a memorandum of a telephoned 
reply from NSF approving the request. 

"3) The regulations that accompany 
NSF awards clearly specify that prefer
ence is to be given American carriers. No 
such regulations accompanied the $400 
that Smale received from the NAS-NRC. 
And it is his contention that the $300 tour· 
ist class fare on the S.S. France, from 
Le Havre to New York, came out of the 
NAS-NRC grant. Since the overall NAS
NRC travel fund was in large part provided 
by a grant from NSF to NAS-NRC, it might 
be said that Smale was in violation of the 
spirit of the rules. But he had to get back 
from Moscow somehow, which justifies the 
use of the NAS-NRC Moscow travel grant 
for crossing the Atlantic. And, in the ab
sence of any explicit restrictions on the 
NAS-NRC money as far as foreign carriers 
are concerned, it would appear that this 
part of the episode scarcely supports 
Handler's charge 'that management of the 
grant has been relatively loose and has 
not conformed to appropriate standards.' 

"4) As for the time Smale spent in 
Europe on NSF -supported salary, he certi
fied that he had an office at one or another 
institution or was in attendance at a con
ference from the last week in May through 
the end of July, thus meeting the require
ment of 2 months of scholarly activity in 
return for 2 months' pay. NSF exudes 
skepticism, but when asked to provide 
something more substantial than strong 
hints of disbelief, it has nothing. 

"After the NSF documents were 
examined by Science, Handler, NSF direc
tor Leland J. Haworth, and William E. 
Wright, director of the NSF division of 
mathematical and physical sciences, were 
informed in a letter that nothing could be 
found to substantiate the NSF allegations 
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concerning Smale. They were asked wheth
er such substantiation was to be found in 
certain categories of material that NSF 
said it was entitled to withhold under the 
Freedom of Information Act. Replies were 
forthcoming from Handler and from Cla
rence C. Ohlke, head of NSF's Office of 
Congressional and Public Affairs. Both 
these replies were to the effect that the 
substantiation was not recorded in docu
ments, but rather had come in telephone 
conversations last year with various of
ficials of the University of California. 
Science was advised to consult a certain 
one of these persons for details. On a 
nonattributable basis, this individual spoke 
freely and at length, pointing out, however, 
that the events in question took place a 
year ago and his memory was not fresh. 
'NSF,' he explained, 'told us that Smale 
had not notified them that he would be 
away.' When this U.C. member was told 
that Smale had indeed advised NSF that 
he would be away, he seemed puzzled and 
said, 'Well, they objected to a lotofthings 
he did, and I think you published all of 
them, but I can't recall details.' 

"At this point, it must be said that 
there is something putrid about this whole 
business, and the aroma seems to come 
out of NSF headquarters." 

Finally, Smale received a letter 
dated November 17 from Matthew P .Gaff
ney, NSF Program Director for Analysis. 
Foundations, and Geometry, which stated 
that the University of California had been 
awarded a grant with Smale as principal 
investigator. A copy of the actual notifica
tion of award from Leland Haworth, Di
rector of NSF, was enclosed. The grant of 
$87,500 is effective March 1, 1968, for a 
period of approximately two years, and it 
is awarded for the support of research in 
global analysis under the direction of 
Stephen Smale. The research group of 
which Smale is principal investigator in
cludes three faculty associates and three 
others. S. Kobayashi, a member of Smale's 
previous research group, received a simi
lar grant for support of a research group 
of the same size. 

So Smale has his grant, and the 
controversy is over. But on November 9 
the Washington Star* published an account 
of the conclusion of the Smale case which 



ended as follows: 

"The affair was settled eventually 

in a way that partly satisfied everybody 

and wholly satisfied nobody. Smale got 
part of his grant, but not all, and does not 

control the whole research package as he 

had hoped. The foundation succeeded in 

splitting Smale's grant in two, but failed 

to force him to resubmit his application, 

as it originally demanded." 
"Smale has not been badly damaged 

by his encounter with official Washington; 

indeed, he may be wiser and not necessar

ily sadder as a result. But the question is 

being asked in scientific circles whether 

the Smale case is a straw in the wind-

whether potential dissenters are being 

put on notice that their political as well 

as professional credentials will be scru
tinized before they qualify for federal sup

port of academic research. 
"If only conformists need apply, 

1984 is here already. What can Stephen 

Smale do that a good computer can't do a 

lot faster? And besides, a computer 

wouldn't talk back." 

*Copyright 1967 by the Washington Star. 

NEWS ITEMS AND ANNOUNCEMENTS 

PAGE CHARGES FOR AMS JOURNALS 

Page charges for articles published 

in AMS journals will be increased from 

$30 per page to $40 per page, effective 

for all articles accepted for publication 

February 1, 1968, or thereafter. The in

crease has become necessary because of 

increases in printing costs which have 
taken place since the $30 fee was instituted. 

It must be emphasized that page 

charges in no way represent a financial 

obligation to authors. When a staff mem

ber of an institution publishes in a Society 

journal, the institution is billed for page 

charges either at the time the manuscript 

is received at the AMS headquarters, based 

on the estimated number of printed pages, 

or at the time of publication, based on the 
actual number of printed pages. 

If the research was federally sup

ported, a 1961 directive of the Federal 

Council of Science and Technology is ap

plicable: "page charges for publication of 

scientific research results in scientific 
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journals will be budgeted for and paid as 

a necessary part of research costs under 

Federal grants and contracts" within four 

criteria: 1) The research papers report 

work supported by the government; 2) The 

charges are levied impartially on all re

search papers published by the journal; 

3) Payment of such charges is in no sense 

a condition for acceptance of manuscripts 

by the journal; 4) The journals involved 

are not operated for a profit. 

AUSTRALIAN MATHEMATICAL 

SOCIETY--EIGHTH SUMMER 
RESEARCH INSTITUTE 

The Eighth Summer Research Insti
tute of the Australian Mathematical Socie

ty is being held at the Australian National 

University, Camberra, between January 9 
and February 16, 1968. 



LETTERS TO THE EDITOR 

Editor, the cNoticeiJ 
One expects different practices in 

the publications of the Society than those 
of Time Magazine. 

Who wrote the article entitled "The 
Case of Stephen Smale" appearing on page 
778 of the October, 1967 issue of the 
c/VoticeiJ? Such controversial matters 
should be handled with the same degree of 
integrity as research papers. Anonymous 
authorship is generally unbecoming a pro~ 
fessional society--and especially so for an 
article purporting to be an "unbiased 
account" of such matters. 

A. N. Feldzamen 

The Editors of the c}/oticei) jointly 
assume responsibility for the news items 
appearing in the journal and more gen
erally for all unsigned material in the 
journal. Some of these items, for example 
an announcement of a symposium spon~ 
sored by a university, are either copied 
or cut down from material supplied by in
terested parties. In case one editor writes 
his own views, he signs the article. See 
The Changing Role of the Society, these 
C)/oticei] 14 ( 1967), 772-773 for an exam
ple. The fact that the article is signed by 
Gordon Walker means that he alone pre
pared it and that it appears with the con
sent of Everett Pitcher, who didnotparti
cipate in writing it. 

In the instance of the article The 
Case of Stephen Smale, the fact that it is 
unsigned means that the editors prepared 
it and are responsible for it. It should be 
clear on reading the article that the as sis-
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tance of various people in divers ways was 
required. However the article is not their 
responsibility. 

As in the case of joint authorship of 
scientific papers, the editors did not share 
equally in the writing and do not reveal how 
the work was divided. Each assumes full 
responsibility for the article. 

The Editors 

Editor, the cNoticeiJ 
What can be done to assist mathe

matics departments that show research 
promise? How can we encourage summer 
research institutes for graduate students? 
Is "regional development" a good thing? 

There exists a committee whose 
purpose is to think about such problems; 
it is called the committee on Regionai 
Development and Centers of Research 
(National Academy of Sciences--National 
Research Council). The members of the 
committee are J. W. Brace, A. M. Glea
son, Edwin Hewitt, Seymour Sherman, 
W. J. Thron and the undersigned. 

There surely are many members 
of the Society who have ideas about the 
answers to the sample questions above, and 
to other related questions, members who 
have suggestions that would be invaluable 
to the committee. The purpose of this let
ter is to ask for answers, suggestions, and 
help in general. Any help would be much 
appreciated; any member of the commit
tee would be glad to receive it. 

P. R. Halmos 



NEWS ITEMS AND ANNOUNCEMENTS 

SCHOOL OF MATHEMATICS 
INSTITUTE FOR ADVANCED STUDY 

MEMBERSHIPS 

The School of Mathematics of the 
Institute for Advanced Study, Princeton, 
New Jersey 08540, will grant a limited 
number of memberships, in some cases 
with financial support, for research in 
mathematics at the Institute during the 
academic year 1968-1969. Candidates 
must have given evidence of ability in re
search comparable at least with that ex
pected for the Ph.D. degree. Application 
blanks may be obtained from the Secre
tary of the School of Mathematics and 
should be returned (whether or not funds 
are expected from some other source) by 
January 15 or as soon thereafter as 
possible. 

SUMMER MATHEMATICAL 
RESEARCH APPOINTMENTS 

The National Science Foundation 
again supported a Research Participation 
for College Teachers Program in the 
summer of 1967 for teachers of mathe
matics and computer science. The pro
gram enabled fifteen professors from 
non-Ph.D. granting colleges and univer
sities to devote ten weeks to uninterrup
ted mathematical study and research at 
The University of Oklahoma, Norman, 
Oklahoma. Each participant had an air
conditioned office, an air-conditioned 
study carrel in 0. U.' s outstanding mathe
matical library, and ample opportunity for 
research. Each participant took part in 
at least one advanced seminar or course 
of his choice and gave one colloquium 
lecture. The rest of his time was spent 
in research with the guidance of a Uni
versity of Oklahoma senior staff member 
when desired. 

It is anticipated that support will be 
available in summer 1968 for ten post
doctoral ( $1000 plus $125 for dependent, 
plus travel) and five pre-doctoral ( $750 

54 

plus $125 for dependent plus travel) ap
pointments. If ten weeks devoted to un
interrupted mathematical research in an 
outstanding library among highly moti
vated colleagues sounds tempting, you are 
encouraged to write to Dr. Richard V. An
dree, The University of Oklahoma, Nor
man, Oklahoma 73069, for further details. 

NSF SUMMER RESEARCH GRANTS 

Some 161 participants in summer 
research programs for college teachers 
will be able to continue research projects 
at their home institutions as a result of 
$322,000 in National Sci.ence Foundation 
grants. The grants were made mostly to 
smaller colleges and universities, whose 
faculties generally have less chance to 
pursue research than their colleagues in 
larger schools. 

To help these faculty members 
become involved in research, the Founda
tion supported 72 research projects this 
past summer in colleges and universities 
across the country. These projects en
abled 469 college teachers to do basic 
research in such fields as mathematics, 
engineering, biology, chemistry, and other 
subjects while working with research sci
entists in laboratories of host universi
ties. 

Under the terms of the Founda
tion's programs, directors of the projects 
nominated almost 40o/o of the summer par
ticipants to receive "Academic Year Ex
tensions" providing funds to continue re
search at their home institutions. 

Extension grants for $2,000 are 
made available to each researcher's home 
institution and are usable over a two-year 
period. The research project is directly 
supported by $1,500 while the remaining 
$500 may be used by the institution either 
as back-up for the research or for other 
ways of improving education in the sci
ences, 



POSTDOCTORAL FELLOWSHIPS AT 

THE UNIVERSITY OF NEW MEXICO 

A recent grant from the National 
Science Foundation, the first departmen
tal development grant to be awarded by 
the Foundation to a mathematics depart
ment, was made to the Department of 
Mathematics and Statistics of the Univer
sity of New Mexico in recognition of past 

accomplishments and to encourage further 
development in the areas of applied analy
sis, probability and statistics. This grant 

enables the Department to offer several 
postdoctoral fellowships. Recent reci
pients of the doctorate and persons ex

pecting to receive the doctorate before 
the beginning of the next academic year 
are eligible for these awards. The terms 
of the grant specify that applicants must 
work in analysis or related areas which 
include probability and statistics. Inquiries 

will be particularly welcomed from pros

pective candidates in these fields who wish 
to work on problems which originate or 
may be of interest in other areas of 
mathematics or in other disciplines. 

In addition to a stimulating profes
sional environment, the Department has 
a vail able the use of the excellent facilities 
of the University Computer Center. 

A minimum stipend of $10,000 for 
the academic year is attached to each 
award. No formal duties are imposed, but 
active participation in seminars and other 
research activities is expected. 

EXPANSION OF GRADUATE 
PROGRAM IN MATHEMATICS AT 

TEMPLE UNIVERSITY 

The Department of Mathematics at 

Temple University has announced an ex

pansion of its graduate program in mathe
matics, starting in the academic year 
1968-1969. The department will offer a 
series of courses leading to the M. A. and 

Ph.D. degrees in mathematics with spec
ialization in probability theory and mathe
matical statistics. Fields of specialization 
include multivariate analysis and distribu

tion theory, applied probability, informa-
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tion and coding theory, non-parametric 

methods, and design of experiment. 
A limited number of assistantships 

and fellowships is a vail able. 
Further information may be ob

tained from Professor A. Schild, Chair
man, Department of Mathematics, Temple 
University, Philadelph.ia, Pennsylvania 
19122. 

SYMPOSIUM ON SEMIGROUPS 

The Department of Mathematics at 
Wayne State University will hold a sympo

sium on semigroups on June 27-28, 1968, 
in Detroit, Michigan. The symposium will 
emphasize the three principal aspects of 
the theory of semigroups--harmonic 
analysis on semigroups, the algebraic 
structure of semigroups, and the structure 
of topological semigroups. Important sub

areas will also be considered; i.e., proba
bility measures on semigroups and the 

theory of automata and machines as applied 
to the algebraic structures of semigroups. 
One-hour invited lectures will be given 
by L. W. Anderson, M. M. Day, E. Hewitt, 

R. J. Koch, W. D. Munn, J. L. Rhodes, 
M. Rosenblatt, and A. D. Wallace. Addi
tional information on the symposium may 
be obtained by writing to the Symposium 

Secretary, Department of Mathematics, 
Wayne State University, Detroit, Michi
gan 48202. 

AFOSR MATHEMATICS 
DIVISION RESEARCH PROGRAMS 

The Mathematics Division of the 
Air Force Office of Scientific Research 

annually plans its research program dur
ing the period January 1 through June 30 

of any given calendar year. Research pro
posals c·onsidered under this program may 
request support to begin no earlier than 
September l of the same year and no 
later than September 30 of the following 

year. 
In addition to the Division's con

tinuing research program in analysis, 
functional analysis, statistics and proba-



bility theory, special programs for the 
support of specifically- oriented research 
monographs, intensified research, confer
ences and symposia are emphasized in all 
areas of mathematics and statistics. 

The research-monograph program 
is designed to bridge the gap between 
journal-level research mathematics and 
user-level understanding and applications. 
The intensified research program is de
signed to accelerate the development of 
mathematics, most often in conjunction 
with university leave. Both programs 
provide for a maximum of one-half time 
support for 9 months, plus full-time 
support for an adjoining 3 months on a 
non-recurring basis. Proposals submit
ted for consideration under either of these 
programs follow the outlines of a conven
tional research proposal, emphasizing the 
unique features of the anticipated results. 
It is helpful if research-monograph pro
posals include a sample chapter, in addi
tion to a table of contents and an indica
tion of publisher interest. 

All proposals to be considered un
der the Division's current planning cycle 
should be submitted before June 3 0, 1968. 
Decisions on all proposals submitted un
der the research-monograph and intensi
fied-research programs requesting sup
port for some portion of the 1968-1969 
academic year will be made no later than 
July 31, 1968. Decisions on all other pro
posals will be made as soon as possible 
after July 1, 1968. Proposals should be 
submitted to the Mathematics Division, 
Air Force Office of Scientific Research, 
1400 Wilson Boulevard, Arlington, Vir
ginia 22209. 

TWENTIETH BRITISH 
MATHEMATICAL COLLOQUIUM 

The Twentieth British Mathematical 
Colloquium will be held at the University of 
Leeds on April 2-6, 1968. There will be 
three morning sessions of three hours 
each. On April 3, A. Ledger, G. C. Shep
hard, and J. A. Tyrrell will speak on 
geometry, convex sets, and number theory. 
Lectures on analysis will be delivered by 
W. Parry, B. E. Johnson, and E. Thoma 
on April 4. The final three-hour session 
on April 5 will concern algebra, and J. L. 
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Britton, H. Kupisch, and J. M. Howie will 
speak on various aspects of this subject. 

In the afternoons there will be meet
ings of splinter groups on various topics. 
Members are invited to contribute short 
papers to these groups, and there will be 
opportunity for discussion. 

Fallowing these meetings, there will 
be a one-hour lecture on each of the three 
days by E. P. Specker, J.-P. Kahane, and 
P. Samuel, respectively. J.-P. Kahane will 
speak on perfect sets and trigonometric 
series, and P. Samuel will discuss Eucli
dean rings. E. P. Specker's topic has not 
yet been announced. 

The membership fee for the collo
quium is lOs. (Ss. for research students) 
if the application is received by March 8; 
after that date, membership fees will be 
doubled. Each application must be accom
panied by the appropriate fee. 

Accommodations will be available 
in the halls of residence from Tuesday 
evening, April 2, until Saturday morning, 
April 6, at a charge of £9 Ss. Od. which 
will include all meals, gratuities, and 
transport between the hall and the univer
sity. For members who prefer to arrive 
on Wednesday morning and/or leave on 
Friday afternoon, this charge will be re
duced. 

Additional information may be ob
tained from E. W. Wallace, Secretary to 
the 1968 colloquium. 

NSF SEEKS PROPOSALS ON 
USES OF COMPUTERS IN 

THE EDUCATIONAL PROCESS 

The National Science Foundation in
vites grant proposals for unusual projects 
designed to develop or accelerate the ap
plications of computers to all disciplines 
and to the educational process. In parti
cular the Foundation seeks projects aimed 
at innovative developments in new com
puter-oriented curricula, computer-as
sisted instruction, specialized laborato
ries, conferences, and training for stu
dents and teachers in computer usage. 
Projects having the best chance of support 
are those showing imagination and origi
nality and not those that simply extend 
current computer applications. 

Institutions eligible to submit pro-



posals include universities and colleges, 
associations of professional scientists, 
and nonprofit research organizations. 

Applicants are encouraged to sub
mit an informal written description of the 
proposed project to serve as a basis for 
a preliminary opinion on the possibility of 
support for the proposed work. A prelimin
ary draft of this kind should discuss the 
need for the project, state the objectives, 
outline the contemplated work, and indi
cate the personnel to be involved, the 
estimated period of time required, and an 
approximate budget. 

There are no specific budget limi
tations but, because of the limited funds 
available, projects must show unusual 
promise to be given high priority. 

While proposals may be submitted 
at any time, several months should be 
allowed for evaluation and processing. 

Communications should be ad
dressed to the Education, Research and 
Training Section, Office of Computing 
Activities, National Science Foundation, 
Washington, D. C. 20550. 

NATO POSTDOCTORAL FELLOWSHIPS 
IN SCIENCE 

The National Science Foundation 
and the Department of State announced 
the award of 39 North Atlantic Treaty Or
ganization (NATO) Postdoctoral Fellow
ships in Science. 

Of the awards announced, 11 are in 
the life sciences, 25 in the physical 
sciences including mathematics and en
gineering, and 3 in the social sciences. 
Fell ow s will attend institutions in Belgium, 
Denmark, France, the Federal Republic 
of Germany, Italy, the Netherlands, Swe
den, Switzerland, and the United Kingdom. 

The United States citizens who are 
being offered awards were selected from 
among 462 applicants. All applicants were 
evaluated for NSF by panels of scientists 
appointed by the National Research Coun
cil. Final selections were made by the 
Foundation. 

NATO Fellows will receive a sti
pend of $6,500 for 12 months, $4,875 for 
9 months. In addition, dependency allow
ances and limited allowances for round
trip travel will be provided. 
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FORTHCOMING IUTAM SYMPOSIA 

The International Union of Theore
tical and Applied Mechanics is scheduling 
the following symposia for 1968-1969. 
Those who wish to participate actively in 
one of these symposia are advised to 
communicate with the chairman ofits Sci
entific Committee. 

THERMOANELASTICITY 
East Kilbridge, Glasgow, Scotland 
June 26-28, 1968 

Chairman: Professor B. A. Boley 
Columbia University 
New York, New York 10027 

HIGH-SPEED COMPUTING IN FLUID 
MECHANICS 

Monterey, California 
August 18-24, 1968 

Chairman: Dr. F. N. Frenkiel 
Navy Ship Research and Develop
ment Center 
Washington, D. C. 20007 

FLOW OF FLUID-SOLID MIXTURES 
Cambridge, England 
March 24-29, 1969 

Chairman: Professor G. K. Batchelor 
University of Cambridge 
Cambridge, England 

INSTABILITY OF CONTINUOUS SYSTEMS 
Karlsruhe, Germany 
During 1st week of September, 19 69 

Chairman: Professor H. Leipholz 
Technische Hochschule 
75 Karlsruhe, Germany 

NINTH ANNUAL SYMPOSIUM ON 
SWITCHING AND AUTOMATA THEORY 

The Ninth Annual Symposium on 
Switching and Automata Theory, sponsored 
by the Switching and Automata Theory 
Committee of the IEEE Computer Group 
and co- supported by the General Electric 
Company and Rensselaer Polytechnic In
stitute, will be held in Schenectady, New 
York, on October 15, 16, and 17, 1968. 
Papers describing original research re
sults in the general areas of automata 
theory, switching theory, theory of ccrrnpu
tation, and theoretical aspects of logical 
design are being sought. 



Authors are requested to send six 
copies of detailed abstracts (no word 
limit) to Mr. Sheldon B. Akers, Jr., Elec
tronics Laboratory, General Electric 
Company, Syracuse, New York 13201, by 
May 17. Authors will be notified of accep
tance or rejection by June 28. For inclusion 
in the Conference Record, a copy of each 
accepted paper typed on special forms will 
be due at the above address by August 17. 

Local arrangements for the sym
posium are being handled by Dr.PhilipM. 
Lewis, II, General Electric R D Center, 
Box 8, Schenectady, New York 12301. 

McGILL UNIVERSITY 
POST DOCTORATE GRANTS 

The Mathematics Department of 
McGill University announces the availa
bility of a small number ofPostDoctorate 
Grants for 1968-1969, opentoyoungmath
ematicians with Ph.D.'s who show interest 
and promise in research. The grant is for 
$6,000, free of tax, for the academic year. 
A supplement of $1,200 is available for 
married persons with at least one child. 
No teaching duties are involved. There is 
an option for an additional remuneration 
of at least $2,000 for teaching one course. 
The appointment is renewable for an ad
ditional year. 

Applicants should communicate with 
the Chairman of the Department of Mathe
matics, McGill University, Montreal 2, 
Canada, before March 1, 1968. 

INSTITUTE OF 
ADVANCED MATHEMATICS AT 

THE UNIVERSITY OF PUERTO RICO 

The Department of Mathematics of 
the University of Puerto Rico, Mayaguez 
Campus, proposes the institutionalization 
of research within the department by 
means of the establishment of the Institute 
of Advanced Mathematics. The Institute 
will contribute to the development of both 
basic and applied mathematical research. 
Its members will hold joint appointments 
as professors of the Department of Mathe
matics. 

The Institute will sponsor well
known mathematicians who will organize 
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courses and seminars of high caliber 
aimed at the formation of competent pro
fessional mathematicians. It is hoped 
that the Institute will be an important 
factor in raising the level of mathematical 
activity in the Central and South American 
countries. 

NSF SENIOR POSTDOCTORAL 
FELLOWSHIP AWARDS 

The National Science Foundation 
had announced the award of 55 Senior 
Postdoctoral Fellowships for 1968. The 
fellowships were awarded to permit these 
scientists to pursue further research and 
advanced training in their particular fields. 

Senior Postdoctoral Fellows were 
selected from 384 applicants. Basic re
quirements included possession of a doc
toral degree in science, mathematics, or 
engineering for at least the past five years 
and demonstrated ability in advanced re
search. 

Seven grants were awarded in math
ematics, all to members of the AMS. 
Recipients are Anatole Beck, University 
of Wisconsin; Edwin H. Connell, Rice 
University; William Craig, University of 
California at Berkeley; Wendell Fleming, 
Brown University; David Gale, University 
of California at Berkeley; Geoffrey S. s. 
Ludford, Cornell University; and Alex 
Rosenberg, Cornell University. 

CONGRESS OF 
PHYSICISTS AND MATHEMATICIANS 

Under the auspices of the Recherche 
Cooperative sur Programme N° 25 du 
Centre National de la Recherche Scienti
fique, a congress of physicists and mathe-. 
maticians is planned for May 16-18, 1968, 
in the Department of Mathematics of the 
University of Strasbourg. Th.e program 
for the congress will be published at a 
later date. 

SECOND SUMMER RENCONTRES IN 
MATHEMATICS AND PHYSICS 

The Second Summer Rencontres in 
Mathematics and Physics of the Battelle 
Seattle Center will take place from July 



29 to September 8, 1968. In order to 

provide a channel of communication be

tween mathematicians and physicists, the 

Battelle Seattle Center will welcome about 

thirty individuals, approximately half from 

mathematics, half from physics in some

what related areas. The center of interest 

for 19 68 will be hyperbolic partial dif

ferential equations and wave mechanics. 

Although it is expected that individ

ual contacts and unscheduled discussions 

will play the major role in this exchange 

between mathematicians and physicists, 

a few frankly pedagogical courses will be 

organized as follows. 16 lectures will 

be given in mathematics, consisting of 12 

lectures in strictly hyperbolic differential 

equations by Professor P. Lax, Courant 

Institute of Mathematical Sciences, and 4 

lectures on nonstrict hyperbolic differen

tial equations by Professor J. Leray, 

College de France. Of the 16 lectures 

given by physicists, 8 on wave mathematics 

will be delivered by Professor M. j. Light

hill, Imperial College. The 8 additional 

lectures have not yet been announced. 

Professors F. ]. Dyson, Institute 

for Advanced Study; L. Ehrenpreis, Cou

rant Institute; and K. Thorne, California 

Institute of Technology will act as con

sultants to help organize informally the 

climate of mutual understanding. 

NSF GRANTS TO IMPROVE 

COLLEGE SCIENCE TEACHING 

The National Science Foundation 

has awarded a total of $812,550 to ten 

colleges and universities to support as 

many Academic Year Institutes for college 

teachers of science and mathematics. 

Under these grants, more than 123 teachers 

throughout the U. S. will spend one aca

demic year at colleges and universities 

where they will study in close contact 

with gifted teaching scientists and mathe

maticians. Fields of study to be pursued 

by the teachers include engineering, phys

ics, chemistry, biology, mathematics, 

economics, and radiation science. 
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The Foundation has also awarded 

grants totaling $610,890 to support 36 

Short Courses for College Teachers of 

science, mathematics, and engineering. 

The courses, aimed at familiarizing col

lege and junior college teachers with the 

latest advances in their fields, are ex

pected to draw 1,003 teachers from every 

state in the union to 32 campuses in 19 

states. Participating teachers will study 

With outstanding scholars for periods of 

one to four weeks. The courses will be 

held in mathematics, engineering, and the 

physical, biological, and social sciences. 

A directory listing the institutions offering 

Short Courses for College Teachers may 

be obtained by sending a post card request 

to College Teacher Programs, National 

Science Foundation, Washington, D. C. 

20550. 
Under a third program, eight grants 

totaling approximately $82,000 provide for 

In-Service Seminars for College Teachers 

to be held during the summer of 1968 

or during the academic year 1968-1969. 

More than 650 college, junior and com

munity college, and technical institute 

teachers of science, mathematics, and 

engineering will benefit from the program. 

Of the eight grants, two were awarded in 

the field of chemistry, two in physics, 

three in biology, and the only one in the 

mathematical sciences was in the field 

of computing. 

MEMO TO MEMBERS 

PROCEEDINGS 

The Editorial Committee regrets 

to announce that the PROCEEDINGS cur

rently has a very large backlog. 



VISITING FOREIGN MATHEMATICIANS 
The foreign mathematicians listed below are in addition to those who were listed on pages 902-908 

of the November, 1967 issue of these NOTICES. 

Name and Home Country 

Bressan, Aldo (Italy) 

Burmester, M. (England) 

Cabana, Enrique (Uruguay) 

Cossey, Peter John 
(Australia) 

Daguenet, Maryvonne 
(France) 

Doleans, Catherine 
(France) 

Eke, Barry George 
(United Kingdom) 

Fowkes, Neville ·Donald 
(Australia) 

Lee, Keean (Korea) 

Maczynski, M. J. 
(Poland) 

Moro, Antonio (Italy) 

Murthy, M. P. (India) 

Neave, Henry R. (England) 

Okubo, Kenjiro (Japan) 

Putter, Joseph (Israel) 

Ringel, Gerhard 
(Federal Republic of 
Germany) 

Swaminathan, S. (India) 

Tsai, Ying-fan (Republic 
of China) 

Host Institution 

Carnegie-Mellon Institute 

University of Illinois, Chicago Circle 

The Rockefeller University 

City University of New York 

University of California, Los Angeles 

University of Illinois 

University of California, La Jolla 

Harvard University 

University of Chicago 

University of Illinois, Chicago Circle 

Wayne State University 

University of Illinois, Chicago Circle 

University of Wisconsin 

University of Minnesota 

University of Wisconsin 

University of California, Santa Cruz 

University of Illinois, Chicago Circle 

Oregon State University 

Field of Special Interest 

Continuous media 

Projective Planes 

Stochastic Intergrals 

Theory of Groups 

Mathematical cate
gories and logic: 
Theory of Models 

Probability theory 
and relations with 
potential theory 

Theory of functions 
and complex variable 

Applied mathematics 
in oceanography 

Homological algebra 

Boolean Algebra and 
Logic 

Differential Equations, 
Probability theory 

Commutative Algebra 

Statistics 

Theory of differential 
equations 

Statistics 

Graph theory 

Abstract Analysis 

Advanced mathematics 
and teaching methods 

DOCTORATES CONFERRED 
DURING JANUARY-JUNE 1967 

(Supplementary List) 

Eaton, William Thomas 

Period of Visit 

2/67-2/68 

9/67-6/68 

1/67-6/68 

9/66 6/68 

7/67-7/68 

9/67-5/68 

9/67-6/68 

10/65-9/68 

7/67-6/68 

9/67-6/68 

9/67-6/68 

9/67-6/68 

6/67-6/68 

9/66-6/68 

9/67-7/68 

7/67-6/68 

9/67-6/68 

9/67-6/68 

ADELPHI UNIVERSITY (3) 

Anshel (Orleck), Michael 
Non-Hopfian groups with fully invariant kernels 

D.inn, Joseph C. 

Side approximations in crumpled cubes 
Hamilton, Wallace LeRoy 

Pontryagin's maximum principle, Bellman's 
equation, and the classification of extremals 

Hirshon, Ronald 
Some results on direct sums of Hopfian groups 

UNIVERSITY OF UTAH (5) 

*Dennis, John E., Jr. 
Variations on Newton's method 

*Doctorates conferred in 1966. 
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Categories of automata systems 
*Lambert, Howard Wilson 

Locally spherical decompositions of E3 
Lamoreaux, Jack Wayne 

Decompositions of Metric spaces with a 0-
dimensional set of nondegenerate elements 



PERSONAL ITEMS 

Professor H. J. ARNOLD of Bucknell 
University has been appointed to an asso
ciate professorship at Oakland University. 

Mr. MARC ARONSON of the University 
of Miami has been appointed a Lecturer at 
Queensborough Community College. 

Dr. LEONARDASIMOW of the Univer
sity of Washington has been appointed a 
Lecturer at the University of California, 
Berkeley, for the fall and winter of 1967-
1968. 

Mr. T. A. ATCHISON of Ling-Temco
Vought, Incorporated, has been appointed 
to an associate professorship at the Texas 
Technological College. 

Dr. REINHOLD BAER of the Univer
sity of Frankfurt, Germany, has been ap
pointed a Distinguished Professor at New 
Mexico State University. 

Dr. A. F. BARTHOLOMAY of Harvard 
University Medical School has been ap
pointed to a professorship in the School of 
Medicine and Public Health at the Univer
sity of North Carolina, Chapel Hill, and in 
the Department of Experimental Statistics 
at North Carolina State University at 
Raleigh. 

Dr. PARANNARA BASAUAPPA of 
Dalhousie University has been appointed 
to an associate professorship at Algoma 
College. 

Dr. H. S. BEAR, JR., of the University 
of California, Santa Barbara, has been ap
pointed to a professorship at New Mexico 
State University. 

Professor B. J. BEECHLER of Whea
ton College has been appointed to an asso
ciate professorship at Pitzer College. 

Professor R. F. BELL of Eastern 
Washington State College has been ap
pointed to an associate professorship at 
West Virginia Institute of Technology. 

Dr. G. M. BERGMAN of Harvard Uni
versity has been appointed to an assistant 
professorship at the University of Califor
nia, Berkeley. He will be on leave during 
the academic year 1967-1968 to pursue re
search on a Postdoctoral Fellowship of the 
Air Force Office of Scientific Research. 

Professor LIPMAN BERS of Columbia 
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University has been appointed a Research 
Professor in the Miller Institute for Basic 
Research, University of California, Berke
ley, for the calendar year 1968. 

Professor E. L. BETHEL of Clemson 
University has been appointed to an assis
tant professorship at Kent State University. 

Professor R. E. BLOCK of the Uni
versity of Illinois has been appointed to a 
visiting research associateship at Yale 
University for the fall semester. 

Professor T. F. BRIDGLAND, JR., 
of the University of Alabama, Huntsville, 
has been appointed to a professorship at 
Florida State University. 

Dr. J. L. BRITTON of the University 
of Kent at Canterbury, England, has been 
appointed to a visiting professorship at the 
University of Illinois from February 1 to 
April l. 

Professor R. B. BROWN of the Uni
versity of California, Berkeley, will be on 
leave at the University of Utrecht, Nether
lands, from January 1968 to December 
1968. 

Professor T. J. BROWN of Loyola 
University, Chicago, has been appointed 
to an assistant professorship at the Uni
versity of Missouri, Kansas City. 

Dr. R. C. BUSBY of the Drexel Insti
tute of Technology has been appointed to 
an assistant professorship at Oakland Uni
versity. 

Professor W. M. CAUSEY of Missis
sippi State University has been appointed 
to an assistant professorship at the Uni
versity of Cincinnati. 

Professor R. W. CHANEY ofWestern 
Washington State College has been ap
pointed to an assistant professorship at 
the University of California, Santa Bar
bara. 

Professor CHARLES CHUiofthe Uni
versity of California, San Diego, has been 
appointed to an assistant professorship at 
the State University of New York at 
Buffalo. 

Professor Y. H. CLIFTON of the Uni
versity of California, Los Angeles, has 
been appointed Associate Editor with Math-



ematical Reviews, Ann Arbor, Michigan. 
Professor M. L. CLINNICK of the 

California State Polytechnic College has 
accepted a position as Mathematician
Programmer with the Lawrence Radiation 
Laboratory, Berkeley, California. 

Professor S, D. COMER of the Uni
versity of Colorado has been appointed to 
an assistant professorship at Vanderbilt 
University. 

Mr. H. B. COONCE of Delaware State 
College has been appointed to an assistant 
professorship at the United States Naval 
Academy, Annapolis, Maryland. 

Professor H. 0. CORDES of the Uni
versity of California, Berkeley, will be 
on leave for the fall and winter quarters 
1967-1968, He will carry on research at 
the University of Hamburg, Germany. 

Dr, R. W. COTTLE of the Bell Tele
phone Laboratories, Holmdel, New Jersey, 
has been appointed to an assistant profes
sorship in the Department of Operations 
Research at Stanford University. 

Professor CASPAR CURJEL of the 
University of Washington will be on leave 
at the Swiss Federal Institute of Tech
nology, Zurich, Switzerland. 

Professor K. M. DAS of Michigan 
State University has been appointed to an 
associate professorship at Iowa State Uni
versity, 

Professor R. F. DE MAR of the Uni
versity of California, Davis, has been ap
pointed to an associate professorship at 
the University of Cincinnati, 

Dr. KLAUS DIETZ of the University 
of Freiburg, West Germany, has been ap
pointed a Lecturer at the University of 
Sheffield, England, 

Professor JACOB FELDMAN of the 
University of California, Berkeley, will 
be on leave for the academic year 1967-
1968, He will carry on research in Russia 
and Israel during the fall and winter and 
has been invited to lecture at the Univer
sity of Paris during the spring. 

Dr, A. N. FELDZAMEN of the Re
search Foundation of the State University 
of New York has been appointed Vice 
President and Treasurer of the Broad
casting Foundation of America, and a 
member of the Board of Trustees of this 
organization. 

Professor P. C. FISCHER of Cornell 
University has been appointed to a visiting 
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associate professorship at the University 
of British Columbia. 

Professor MARSHALL FRASER of the 
University of Illinois has been appointed 
to an assistant professorship at Albion 
College, 

Professor H. I. FREEDMAN of the 
University of Minnesota has been ap
pointed to an assistant professorship at 
the University of Alberta. 

Professor R. M. FREYRE of the 
Lowell Technological Institute has been ap
pointed to a professorship at the State 
College at Boston. 

Dr. JON FROEMKE of the University 
of California, Berkeley, has been ap
pointed to an assistant professorship at 
Oakland University. 

Professor THEODOR GANEA of the 
University of Washington will be on leave 
in Seattle and at the Institute Henri Poin
care, France. 

Professor RAMESH GANGOLLI of the 
University of Washington will be on leave 
in Seattle. 

Professor Emeritus HILDA GEIRIN
GER of Wheaton College has been awarded 
an Honorary Doctorate from the Univer
sity of Vienna, Austria. 

Mr. R. M. GIBBS of the University 
of Alabama has been appointed to an assis
tant professorship at Armstrong State 
College. 

Dr. B. W. GLICKFELD of Harvard 
University has been appointed to an assis
tant professorship at the University of 
Washington. 

Dr. SIGRUN GOES of Northwestern 
University has been appointed to an assis
tant professorship at DePaul University. 

Professor J, E. GOODMAN of New 
York University has been appointed to an 
assistant professorship at the City Univer
sity of New York. 

Professor R. J, GREECHIE of the 
University of Massachusetts, Boston, has 
been appointed to an assistant professor
ship at Kansas State University. 

Professor F. P, GREENLEAF of the 
University of California, Berkeley, will 
be on leave during the fall and winter 
quarters 1967-1968, He will carry on re
search at the University of Pennsylvania 
for part of the leave and will be in re,~;i
dence in Berkeley for the remainder. 

Professor P. A. GRILLET of the Uni-



versity of Florida has been appointed to 
an assistant professorship at Kansas State 
University. 

Dr. F. D. GROSSHANS of the Univer
sity of Chicago has been appointed to an 
assistant professorship at DePaul Univer

sity. 
Professor KLAUS HABETHA of the 

Technical University of Berlin, Germany, 
has been appointed to a visiting professor
ship at the Chalmers Institute of Tech
nology and the University of Goteborg, 
Sweden, for the academic year 1967-1968. 

Professor J. R. HANNA of the Univer
sity of Colorado has been appointed to a 
professorship at the University of Wyom
ing. 

Professor ROBERT HEATH of Ari
zona State University has been appointed 
a visiting Lecturer at the University of 
Washington. 

Dr. L. B. HEILPRIN of the Council 
on Library Resources, Washington, D.C., 
has been appointed to a professorship at 
the University of Maryland. 

Dr. MIGUEL HERRERA of the Insti
tute for Advanced Study has been appointed 
to a visiting assistant professorship at the 
University of Washington for the fall and 
winter semesters. 

Professor W. F. HILL of Tarleton 
State College has been appointed to a pro
fessorship at East Texas State University. 

Professor A. L. HILT of Temple Uni
versity has been appointed to a professor
ship at Albright College. 

Professor P. J. HILTON of Cornell 
University has been appointed to a visiting 
professorship at the Courant Institute of 
Mathematical Sciences, New York Univer
sity, for the academic year 1967-1968. 

Mr. J. S. HINKEL of the University of 
South Carolina has been appointed to an 
assistant professorship at Arm strong State 
College. 

Professor S. S. HOLLAND, JR., of 
Boston College has been appointed to an 
associate professorship at the University 
of Massachusetts. 

Professor BRINDELL HORELICH of 
Lafayette College has been appointed to 
an associate professorship at the State 
University of New York College at Cort
land. 

Dr. J. M. HOWIE of the University of 
Glasgow, Scotland, has been appointed 
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Senior Lecturer at the University of Stir
ling, Scotland. 

Professor DENISE HUET of the Fa
culty of Science, France, has been ap
pointed to a visiting professorship at the 
University of Maryland. 

Professor F. N. HUGGINS of the Uni
versity of Texas at Austin has been ap
pointed to an assistant professorship at 
the University of Texas at Arlington. 

Professor TERUO IKEBE of Kyoto 
University has been appointed to an assis
tant professorship at the University of 
Washington. 

Mr. G. S. INNIS of the Los Alamos 
Scientific Laboratory, Los Alamos, New 
Mexico, has been appointed to an associate 
professorship at the Texas Technological 
College. 

Dr. R. C. IRWIN of the Mitre Corpo
ration, Colorado Springs, Colorado, has 
accepted a position as a Senior Research 
Mathematician with the Dikewood Corpora
tion, Albuquerque, New Mexico. 

Professor J. P. JANS of the Univer
sity of Washington will be on leave in 
Seattle. 

Professor H. H. JOHNSON of the Uni
versity of Washington will be on leave in 
New York City. 

Professor W. L. JOHNSON of the 
American University in Cairo has been ap
pointed a Research Mathematician at the 
Stanford Research Institute. 

Professor E. G. D.JONESofHampton 
Institute has been appointed to a professor
ship at Norfolk State College. 

Professor 0. T. JONES of Stetson 
University has been appointed to a visiting 
assistant professorship at Louisiana State 
University. 

Mr. S. F. KAPOOR of Michigan State 
University has been appointed to an assis
tant professorship at Western Michigan 
University. 

Professor TOSIO KATO of the Univer
sity of California, Berkeley, will be on 
sabbatical leave during the spring of 1968. 
He will carry on research in Paris, Ger
many and Switzerland. 

Dr. 0. H. KEGEL of the University of 
Cologne, Germany, has been appointed to a 
visiting professorship at New Mexico State 
University for the academic year 1967-
1968. 

Professor H. B. KELLER of the Cour-



ant Institute of Mathematical Sciences, 
New York University, has been appointed 
to a professorship in the Department of 
Applied Mathematics at the California 
Institute of Technology. 

Professor RAYMOND KILLGROVE of 
San Diego State College has been ap
pointed to an associate professorship at 
the California State College, Los Angeles. 

Mr. HOWARD KLEIMAN of London, 
England, has been appointed to an assis
tant professorship at the Queensborough 
Community College. 

Dr. DAVID KNUDSON of Cornell Uni
versity has been appointed to an assistant 
professorship at the University of Wash
ington. 

Dr. E. T. KOBAYASHI of Haverford 
College has been appointed to an associate 
professorship at New Mexico State Uni
versity. 

Professor SAMUEL KOTZ of the Uni
versity of Toronto has been appointed to a 
professorship at Temple University. 

Professor L. S. KROLL of the Univer
sity of California, Riverside, has been ap
pointed to an assistant professorship at the 
University of California, Davis. 

Professor A. V. LAGINESTRA of 
Rensselaer Polytechnic Institute has been 
appointed to an assistant professorship at 
New York University, University Heights. 

Professor 0. A. LAUDAL of the Uni
versity of Oslo, Norway, has been appoin
ted to a visiting associate professorship 
at the University of Illinois for the second 
semester. 

Lt. E. S. LA VOlE of the New York 
City Police Department has been appointed 
to an assistant professorship at the John 
Jay College of Criminal Justice, City Uni
versity of New York. 

Professor RICHARD LEVIN of the 
University of California, Davis, has been 
appointed to an assistant professorship at 
Western Washington State College. 

Professor D. W. LICK of the Univer
sity of Tennessee will be on leave for one 
year at the Brookhaven National Labora
tory, Upton, New York, as a visiting 
Assistant Research Mathematician in the 
Applied Mathematics Department. 

Mr. T. L. LINCOLN of the National 
Institute of Health, Bethesda, Maryland, 
has accepted a position as a Staff Member 
with the Rand Corporation, Santa Monica, 
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California. 
Mr. N. E. LINDQUIST of Oregon State 

University has been appointed to an assis
tant professorship at Western Washington 
State College. 

Professor MICHEL LOEVE of the Uni
versity of California, Berkeley, has been 
appointed a Professor of Arts and Science 
for the fall and winter quarters 1967-1968. 

Professor GUNTER LUMER of the 
University of Washington will be on leave 
at the University of Strausberg, France. 

Professor R. E. LYNCH of the Uni
versity of Texas has been appointed to an 
associate professorship in the Department 
of Computer Science and the Department of 
Mathematics at Purdue University. 

Professor T. H. MACGREGOR of 
Lafayette College has been appointed to a 
professorship at the State University of 
New York at Buffalo. 

Professor JOSIAH MACY, JR., of the 
Albert Einstein College of Medicine has 
been appointed Professor of Biomathema
tics and Director of the Division of Bio
physical Sciences at the Medical Center of 
the University of Alabama. 

Professor J. P. MALONEY of the 
University of Nebraska has been appointed 
to an assistant professorship at the Uni
versity of Omaha. 

Dr. 0. L. MANGASARIAN of the Shell 
Development Company, Emeryville, Cali
fornia, has been appointed to an associate 
professorship at the University of Wiscon
sin in the Computer Sciences Department. 

Professor HIDEYUKI MASTSUMURA 
of Kyoto University, Japan, has been ap
pointed to a visiting associate professor
ship at Brandeis University. 

Professor B. J. MCDONALD of Flo
rida State University has accepted a posi
tion as a Mathematical Statistician with 
the Office of Naval Research, Mathemati
cal Sciences Division, Washington, D. C. 

Professor 0. C. MCGEHEE of the 
University of California, Berkeley, has 
been awarded a Nato Fellowship at Orsay, 
France, for the academic year 1967-1968. 

Mr. R. M. MEISEL of the Sperry 
Gyroscope Company, Great Neck, New 
York, has accepted a position as a Systems 
Engineer with the Grumman Aircraft En
gineering Corporation, Bethpage, New 
York. 

Professor R. A. MEL TER of the Uni-



versity of Massachusetts has been ap
pointed to an associate professorship at 
the University of South Carolina. 

Mr. A. R. MEYER of Harvard Uni
versity has been appointed to an assistant 
professorship at Carnegie-Mellon Univer
sity in the Computer Science Depart
ment. 

Professor PAUL MEYER of Washing
ton State University has been appointed to 
a visiting associate professorship at the 
University of Washington. 

Mr. j. V. MICHALOWICZ of theRe
search Analysis Corporation, McLean, 
Virginia, has been appointed to an assis
tant professorship at the Catholic Univer
sity of America. 

Professor S. S. MITRA of Clarkson 
College of Technology has been appointed 
to an associate professorship at Western 
Washington State College. 

Professor J. D. MONK of the Univer
sity of Colorado has been appointed a 
Visiting Professor and Research Mathe
matician at the University of California, 
Berkeley, for the academic year 1967-
1968. 

Dr. R. V. MOODY of the University 
of Saskatchewan has been appointed to an 
assistant professorship at New Mexico 
State University. 

Professor C. C. MOORE of the Uni
versity of California, Berkeley, will be 
on sabbatical leave for the fall and winter 
quarters 1967-1968. He will carry on re
search at Harvard University for part of 
the leave and will be in residence in Ber
keley for the remainder. 

Professor R. T. MOORE of the Uni
versity of California, Berkeley, will be 
on leave during the fall and winter quar
ters 1967-1968. He will carry on research 
in Los Angeles, Pennsylvania and Berke
ley. 

Mr. jACK MORAVA of Oxford Uni
versity, England, has been appointed a 
Member at the Institute for Advanced 
Study. 

Professor ANNE MOREL of the Uni
versity of Washington will be on leave 
for the spring quarter in Seattle. 

Professor R. W. MORI of the United 
States Naval Academy has accepted a posi
tion as a mathematician with Hydrotronics, 
Falls Church, Virginia. 

Mr. S. R. NEAL of the United States 

65 

Naval Weapons Center, China Lake, Cali
fornia, has accepted a position as a Mem
ber of the Technical Staff with the Bell 
Telephone Laboratories, Holmdel, New 
jersey. 

Professor UMBER TO NERI of the 
University of Chicago has been appointed 
to an assistant professorship at the Uni
versity of Maryland. 

Professor j. A. NICKEL of Oklahoma 
City University has accepted a position as 
a Senior Research Mathematician with the 
Dikewood Corporation, Albuquerque, New 
Mexico. 

Professor H. F. NIEMEYER of the 
Stevens Institute of Technology has been 
appointed to a professorship at the Univer
sity of Marburg, West Germany. 

Professor j. E. NYMANN of the Uni
versity of Hawaii has been appointed to an 
associate professorship at the University 
of Texas at El Paso. 

Professor RUFUS OLDENB URGER, 
Director of the Automatic Control Center, 
School of Mechanical Engineering at Pur
due University, has been awarded the 1967 
Donald P. Eckman Education Award from 
the Instrument Society of America. 

Mr. P. V. O'NEIL of the University of 
Minnesota has been appointed to an assis
tant professorship at the College of Wil
liam and Mary. 

Professor SIDNEY PENNER of the 
City University of New York has been ap
pointed to an assistant professorship at the 
Bronx Community College. 

Professor R. S. PIERCE of the Uni
versity of Washington will be on leave at 
New Mexico State University as a visiting 
professor. 

Professor D. L. POWERS of the Uni
versidad Santa Maria, Chile, has been ap
pointed to an assistant professorship at 
Clarkson College of Technology. 

Professor MURRAY PROTTER of the 
University of California, Berkeley, has 
been appointed a Research Professor in 
the Miller Institute for Basic Research, 
Berkeley, for the academic year 1967-
1968. 

Professor L. E. PURSELL of Grin
nell College has been appointed to an 
associate professorship at the University 
of Missouri, Rolla. 

Dr. C. H. RANDALL of the Knolls 
Atomic Power Laboratory, Schenectady, 



New York, has been appointed to an asso
ciate professorship at the University of 
Massachusetts. 

Professor E. S. RAPAPORT of the 
Polytechnic Institute of Brooklyn has been 
appointed to a professorship at the State 
University of New York at Stony Brook. 

Mr. W. N. REINHARDToftheUniver
sity of California, Berkeley, has been ap
pointed to an assistant professorship at 
the University of Colorado. 

Professor J. L. RHODES of the Uni
versity of California, Berkeley, has been 
awarded a Sloan Foundation Grant for the 
academic year 1967-1968. He will spend 
the year in Berkeley. 

Professor G. J. RIEGER of the Uni
versity of Munich, Germany, has been ap
pointed to a visiting professorship at the 
State University of New York at Buffalo. 

Dr. R. W. ROBINSON of Cornell Uni
versity has been appointed to an assistant 
professorship at the University of Califor
nia, Berkeley. 

Professor SELBY ROBINSON of City 
College has been appointed to a professor
ship at Florida Atlantic University. 

Professor S. M. ROBINSON of Union 
College has been appointed to a visiting 
professorship at Cleveland State Univer
sity. 

Professor G. M. ROSENSTEIN, JR., 
of Case-Western Reserve University has 
been appointed to an assistant professor
ship at Franklin and Marshall College. 

Mr. H. L. ROSENZWEIG of the Uni
versity of Virginia has been appointed to 
an assistant professorship at Haverford 
College. 

Professor D. E. RYAN of Bowling 
Green State University has been appointed 
to an assistant professorship at San Diego 
State College. 

Professor J. V. R YFF of the Univer
sity of Washington will be on leave at the 
Institute for Advanced Study. 

Professor H. J. RYSER of Syracuse 
University has been appointed to a pro
fessorship at the California Institute of 
Technology. 

Dr. C. S. SADOSKY of the University 
of Buenos Aires, Argentina, has been ap
pointed to a visiting assistant professor
ship at Johns Hopkins University. 

Dr. RAFAEL SANCHES-DIAZ of the 
New Mexico Institute of Mining and Tech-
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nology has been appointed to a professor
ship at Armstrong State College. 

Professor T. V. SASTRY of the Uni
versity of Rhode Island has been ap
pointed to an associate professorship at 
Bradley University. 

Professor ICHIRO SAT AKE of the 
University of Chicago will be on leave 
for the academic year 1967-1968. He will 
be at the Institute for Advanced Study in 
the fall of 1967, and at the Institute Des 
Hautes Etudes, France, in the winter of 
1968. 

Professor KEN -ITO SATO of the 
Tokyo University of Education has been 
appointed to a visiting assistant profes
sorship at the University of Minnesota. 

Professor STANLEY SAWYER of the 
Courant Institute of Mathematical Sci
ences, New York University, has been ap
pointed to an assistant professorship at 
Brown University. 

Professor CAREL SCHEFFER of the 
University of Utrecht, Netherlands, has 
been appointed to a visiting assistant pro
fessorship at the University of British 
Columbia. 

Professor ARNOLD SEIKEN of the 
University of Rhode Island has been ap
pointed to an associate professorship at 
Union College. 

Professor N. T. SHETH of Texas 
Southern University has been appointed 
to an associate professorship at the State 
University of New York College at Oswego. 

Mr. M.-F.R.SHIUofGeorgetownUni
versity has accepted a position as a Re
search Scientist with the National Biomedi
cal Research Foundation, Silver Springs, 
Maryland. 

Mr. H. B. SKERRY of Michigan State 
University has been appointed to an assis
tant professorship at Lehigh University. 

Professor J. S. SKOCIK, JR., of West 
Virginia University has been appointed to 
an associate professorship at the Califor
nia State College, California,Pennsylvania. 

Professor STEPHEN SMALE of the 
University of California, Berkeley, has 
been appointed a Research Professor in 
the Miller Institute for Basic Restarch, 
Berkeley, for the academic year 1967-
1968. 

Dr. R. I. SOARE of Cornell Univa.rsity 
has been appointed to an assistant profes
sorship at the University of Illinois at 



Chicago Circle. 
Professor Emeritus I. S. SOKOLNI

KOFF of the University of California, Los 
Angeles, has received a Fulbright-Hays 
Award for 1967-1968, He will lecture at 
the Middle East Technical University, 
Ankara, Turkey. 

Professor R. M. SOL OVA Y of the 
University of California, Berkeley, has 
accepted a visiting appointment at Rocke
feller University for the academic year 
1967-1968. 

Mr. R. P. SONI of the International 
Business Machine Corporation, Endicott, 
New York, has been appointed to a visiting 
associate professorship at the University 
of Tennessee. 

Professor D. z. SPICER of the Uni
versity of California, Los Angeles, has 
been appointed to an assistant professor
ship at the University of Kentucky. 

Professor T. P. SRINIVASAN ofPan
jab University, India, has been appointed 
a Visiting Professor and Research 
Mathematician at the University of Cali
fornia·, Berkeley, for the academic year 
1967-1968. 

Dr. J, R. STALLINGS of Princeton 
University has been appointed to a pro
fessorship at the University of California, 
Berkeley. 

Dr. 0, N,STAVROUDISoftheNational 
Bureau of Standards, Washington, D. C., 
has been appointed to a professorship in 
the Optical Sciences Center at the Uni
versity of Arizona. 

Mr. M. L. STEIB of the University of 
Texas has been appointed to an assistant 
professorship at the University of Houston. 

Professor SATOSHI SUZUKI of Pur
due University has been appointed to an 
associate professorship at Queen's Uni
versity. 

Professor M. E. SWEEDLER of the 
Massachusetts Institute of technology 
has been appointed to an assistantprofes
sorship at Cornell University. 

Professor DOV TAMAR! of the State 
University of New York at Buffalo has been 
appointed a Member at the Institute for 
Advanced Study for the academic year 
1967-1968. 

Sister R. J, TAUER of the College of 
St. Catherine has been appointed to a 
visiting assistant professorship at the Uni
versity of Toronto. 

67 

Dr. J, D. THOMAS of New Mexico 
State University has been awarded an 
Atomic Energy Commission Faculty Fel
lowship at the Los Alamos Scientific 
Laboratory, Los Alamos, California, and 
will be on leave for the academic year 
1967-1968. 

Dr. J, R. THOMPSON of Vanderbilt 
University has been appointed to an assis
tant professorship at Indiana University. 

Professor ALAN TROY of the Uni
versity of Washington will be on leave at 
the University of Oregon. 

Mr. A. E. VAGTS, JR., of the System 
Development Corporation, Dover-Fox
croft, Maine, has accepted a position as a 
Programmer with Informatics Incorpo
rated, Rome, New York. 

Mr. A. M. VAN DE WATER, JR., of 
the University of South Carolina has 
been appointed to an associate professor
ship at Winona State College. 

Professor D. N. VERMA of New Mex
ico State University has been appointed a 
visiting member at the Institute for Ad
vanced Study. 

Mr. F. R, WADLEIGH of North 
American Aviation, Incorporated, Auto
netics Division, Anaheim, California, has 
been appointed to an assistant professor
ship at the United States Naval Postgradu
ate School, Monterey, California. 

Dr. J, B.WAGONERofPrincetonUni
versity has been appointed to an assistant 
professorship at the University of Califor
nia, Berkeley. 

Dr. R. B. WARFIELD, JR., of Har
vard University has been awarded a post
doctoral fellowship at New Mexico State 
University. 

Professor JOHN WERMER of Brown 
University has been appointed a visiting 
Member at the Institute for Advanced 
Study for the academic year 1967-1968. 

Professor M. B. WILLIAMS of the 
University of London, England, has been 
appointed to an assistant professorship at 
the Institute of Statistics at North Caro
lina State University at Raleigh. 

Professor J, A. WOLF of the Univer
sity of California, Berkeley, has been 
awarded a Sloan Fellowship. He will be on 
leave during the spring quarter 19 68 and 
will carry on research at Cambridge and 
Berkeley. 

Professor RAYMOND WONG of the 



University of California, Los Angeles, 
has been appointed to a visiting assistant 
professorship at the University of Wash
ington. 

Professor R. L. WOODRIFF of Boze
man, Montana, has been appointed to an 
assistant professorship at Humboldt State 
College. 

Professor D. E. WULBERT of Lund, 
Sweden, has been appointed to an assis
tant professorship at the University of 
Washington. 

Mr. I. K. YALE of Morehouse Col
lege has been appointed to an assistant 
professorship at the University of Mon
tana. 

Professor OSCAR ZARISKI of the 
University of Rome, Italy, and Harvard 
University has been appointed to a visit
ing professorship at the University of Cali
fornia, Berkeley, for the winter quarter 
1968. 

Professor WILLIAM ZLOT of Yeshiva 
University has been appointed to an asso
ciate professorship at City College of the 
University of New York. 

PROMOTIONS 

To Professor. Armstrong State Col
lege: W. B. LAFFER, II; University of 
California, Berkeley: J. A. WOLF; Uni
versity of Miami: E. F. LOW, J. D. MC
KNIGHT, JR., HERMANN SIMON; New 
Mexico State University: J. E. KIST, 
LOUIS SOLOMON; Northeastern Illinois 
State College: L. M. WEINER; State Uni
versity of New York at Buffalo: K. D. 
MAGILL, JR.; Tulane University: F. T. 
BIR TEL; University of Washington: RAM
ESH GANGOLLI, GUNTER LUMER. 

To Associate Professor. University 
of Alberta: K. M. GARG; University of 
California, Berkeley: B. N. PARLETT, 
C. C •• PUGH, D. E. SARASON; Hebrew 
University of Jerusalem: MICHAEL 
MASCHLER: University of Miami: HER
MAN SIMON; State University of New York 
at Binghamton: BRUCE LERCHER; State 
University of New York at Buffalo: S. R. 
CA VIOR, AKIKO KINO, A. D. MACGILLI
VRAY; Texas Southern University: L. L. 
CLARKSON; Wartburg College: W. L. 
WAL TMANN; University of Washington: 
WILLIAM WOOLF. 
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To Assistant Professor. University 
of California, Berkeley: GENE LEWIS, O. 
C. MCGEHEE, RALPH MCKENZIE, WIL
FRIED SCHMID, J. H. SILVER; College 
of Santa Fe: B. A. DE VALCOURT; Van
derbilt University: V. W. NOONS URG; 
Wesleyan University: M. K. AGOSTON. 

To Instructor. Arkansas State Univer-.. 
sity: W. R. LIVINGSTON; Bristol Com
munity Colle~e: C. A. PIASCIK; Univer

sity of California, Berkeley: JEFF CHEE
GER, DAVID EBIN, J. A.MORROW,PET
ER WALTERS; DePaul University: R. J. 
SHAKER; Fordham University: F. J. SER
VEDIO; Harvard University: F. P. GAD
INER; University of Miami: G. L. MUS
SER; University of Pittsburgh: H. E. 
SPAIN, JR.; Princeton University: BER
NARD PINCHUK; New Mexico State Uni
versity: FRANK CASTAGNA; State Uni
versity of New York, Maritime College: 
E. J. RICH; University College of the 
University of Richmond: STEPHEN HAR
DIMAN; St. Mary's College: BARNABAS 
NAJAR; University of Washington: E. R. 
FERNHOLZ; Wellesley College: E. H. 
GOVER. 

DEATHS 

Professor J. W. BRADSHAW of Ann 
Arbor, Michigan, died on June 11, 1967, 
at the age of 89. He was a member of the 
Society for 53 years. 

Dr. J. W. CELL of the North Carolina 
State University at Raleigh died on Novem
ber 9, 1967, at the age of 60. He was a 
member of the Society for 36 years. 

Mr. W. W. S. CLAYTON of Washing
ton, D. C., died on July 14, 1967, at the 
age of 59. He was a member of the Society 
for 34 years. 

Professor Emeritus P. H. LINEHAN 
of the City University of New York died on 
September 21, 1967, at the age of 88. He 
was a member of the Society for 54 years. 

Professor L. L. LOWENSTEIN of 
Arizona State University died on August 
23, 1967, at the age of 67. 

Professor A. J. MACINTYRE of the 
University of California, Davis, died on 
August 4, 1967, at the age of 59. He was 
a member of the Society for 20 years. 

Dr. MORRIS OSTROFSKYofthe West
inghouse Defense and Space Center, Balti-



more, Maryland, died on September 24, 
1967, at the age of 58. He was a member 
of •he Society for 2 0 years. 

Mr. M. F. POLLACK of San Francisco, 
California, died on August 3, 1967, at the 
age of 78. He was a member of the Society 
for 10 years. 

Dr. W. A. SHEWHAR T of the Bell Tele
phone Laboratories, Murray Hill, New Jer
sey, died on March 11, 1967, at the age of 
76. He was a member of the Society for 
45 years. 

Professor Emeritus PAULINE SP ER
R Y of the University of California, Berke
ley, died on September 24, 19 6 7, at the 
age of 82. She was a member of the So
ciety for 51 years. 
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ERRATA 

The following are corrections of 
announcements in the October is sue of the 
c}/o[Jm). 

Dr. S. K. KNAPOWSKI of the Univer
sity of Miami died on September 28, 1967, 
at the age of 36. 

It was incorrectly stated in the Octo
ber issue of the c}/oticeiJ that Professor 
H. D. LIPSICH of the University of Cin
cinnati died on August 4, 1956. Professor 
LIPSICH is presently a professor in the 
Department of Mathematics and has been 
a member of the Society for ten years. 



SUPPLEMENTARY PROGRAM-Number 50 

During the interval from September 27 to November 22, 1967, the papers 
listed below were accepted by the American Mathematical Society for presentation by 
title. After each title on this program there is an identifying number. The abstracts of 
the papers will be found following the same number in the section on Abstracts of Con
tributed Papers in this issue of these cJfoticei). 

One abstract presented by title may be accepted per person per issue of these 
cJfoticei). Joint authors are treated as a separate category; thus in add-ition to abstracts 
from two authors individually one joint abstract by them may be accepted for a particu
lar issue. 

( 1) Strongly branched coverings of closed 
Riemann surfaces 

Professor R. D. M. Accola, Brown 
University (68T-155) 

(2) Separation principles in difference 
hierarchies 

Professor J. W. Addison, 
versity of California, 
(68T-154) 

Jr., Uni
Berkeley 

(3) Certain basic integral operators and 
hypergeometric transformations 

Professor R. P. Agarwal, West 
Virginia University (68T-52) 

(4) Cubic splines on the real line 
Dr. J. H. Ahlberg, United Aircraft 
Research Laboratories, East Hart
ford, Connecticut, and Dr. E. N. Nil
son, Pratt and Whitney Aircraft, 
East Hartford, Connecticut, and 
Professor J. L. Walsh, University 
of Maryland (68T-10) 

(5) Split dilations of finite cyclic groups 
Mr. Shair Ahmad, Case-Western 
Reserve University (68T-30) 

(6) A note on compactifications and semi-
normal spaces 

Professor R. A. Alo and Professor 
H. L. Shapiro, Carnegie-Mellon 
University (68T-73) 

( 7) On a necessary condition for the 
validity of the Riemann hypothesis for 
functions that generalize the Riemann 
zeta functions 

Dr. Ronald Alter, System Develop
ment Corporation, Santa Monica, 
California (68T-85) 

(8) Near point theorem 
Professor W. D. L. Appling, North 
Texas State University(68T-71) 

(9) Frckhet differentiability of convex 
functions 
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Dr. Edgar Asplund, University of 
Washington (68T-146) 

( 1 0) Solution for nonlinear deflections in 
an elastic pressurized spherical shell 
under diametrical compression 

Professor J. S. Bakshi, State Uni
versity College at Buffalo (68T-41) 

( 11) A representation theory for prime and 
implicative semilattices 

Professor Raymond Balbes, Uni
versity of Missouri at St. Louis 
(68T-102) 

( 12) Calculus of set-valued functions. Pre
liminary report 

Mr. Peter Bancroft, University of 
Colorado (68T-92) 

( 13) On the impossibility of extending the 
Riesz uniqueness theorem to holo
morphic functions of slow growth 

Dr. K. F. Barth and Professor W. J. 
Schneider, Syracuse University 
(68T-67) 

(14) On rings with proper involution 
Professor W. E. Baxter, University 
of Delaware (68T-129) 

(15) Projections on affine spaces. Pre
liminary report 

Mr. J. B. Bednar, Tracor, Incorpo
rated, Austin, Texas (68T-82) 

( 16) An unusual matrix and its extensions 
Professor Sami Beraha, Ball State 
University (68T-13) 

( 1 7) Class two p groups as fixed point free 
automorphism groups 

Mr. T. R. Berger, University of 
Minnesota ( 68 T -14) 

( 18) Convergence function algebras and 
c-embedded convergence spaces 

Professor E. Binz, Queen's Unrver
sity (68T-107) 

( 19) Metric postulates for normed Boolean 



algebra 
Professor L. M. Blumenthal, Uni
versity of Missouri, Columbia ( 68T-
151) -

(20) On Pettis-Dunford-Phillips property 
for vector-valued volumes 

Professor W. M. Bogdanowicz, The 
Catholic University of America 
(68T-7) 

(21) Representation of noncomplete Le-
besgue integrals 

Professor Witold Bogdanowicz and 
Mrs. Martha Mattamal, The Catho
lic University of America (68T-19) 

(22) On annular functions.Preliminary re
port 

Dr. D. D. Bonar, Ohio State Univer
sity (68T-149) 

{23) A metrization theorem 
Mr. J. R. Boone, Texas Christian 
University (68T-100) 

(Introduced by Professor Hisahiro 
Tamano) 

(24) Locally convex topologies on function 
spaces 

.Professor J. W. Brace, University 
of Maryland; Professor G. D. Friend 
and Professor P. J. Richetta, Lehigh 
University (68T-62) 

(25) Finite groups have automorphisms of 
large order. Preliminary report 

Mr. J, K. Brown, Ohio State Uni
versity (68T-138) 

(Introduced by Professor W .P. Kappe) 
(26) Representations and approximations 

by Darboux functions in the first 
class of Baire 

Professor A.M. Bruckner, Profes
sor J. G. Ceder and Mr. R. Keston, 
University of California, Santa Bar
bara (68T-153) 

(2 7) Approximation of semigroups of op
erators in Frechet spaces 

Mr. A. B. Buche, Wayne State Uni
versity (68T-46) 

(28) Structure of a certain class of ordered 
groupoids. Preliminary report 

Dr. Maurice Chacron, University of 
Sherbrooke (68T-159) 

(29) Polynomial systems satisfying a spe
cial functional equation 

Professor A. M. Chak, West Vir
ginia University (68T-53) 

(30) On pointwise convergence of Fourier 
series on the p-adic integers 

Professor R. W. Chaney, University 
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of California, Santa Barbara(68T-4) 
( 31) A theorem of nilpotent groups 

Professor C. Y. Chao, University 
of Pittsburgh (68T-5) 

( 32) Randomly traceable graphs 
Professor Gary Chartrand, West
ern Michigan University, and Pro
fessor H. V. Kronk, State Univer
sity of New York, Binghamton 
(68T-78) 

(33) Homotopy of algebras 
Professor K.-T. Chen, University 
of Illinois (68T-150) 

(34) On spline interpolation operators 
Professor E. W. Cheney and Mr. 
F. Schurer, University of Texas 
(68T-l39) 

( 35) Generalized temperatures and analy-
tic functions 

Professor F. M. Cholewinski, 
Clemson University, and Professor 
D. T. Haimo, Southern Illinois Uni
versity (68T-136) 

(36) Rings over which every right module 
is rationally complete 

Professor R. C. Courter, Wayne 
State University (68T-50) 

(37) Mobius inversion in lattice 
Professor H. H. Crapo, University 
of Waterloo and Massachusetts In
stitute of Technology (68T-38) 

(38) On chains of subalgebras. II. Pre
liminary report 

Mr. Peter Csontos, University of 
Washington (68T-90) 

(39) Glivenko-Cantelli type theorems and 
laws of large numbers for randomized 
sequences of random variables 

Professor Miklos Csorgo, McGill 
University (68T-115) 

(40) When isotopic submanifolds are am
bient isotopic 

Professor Jerome Dancis, Univer
sity of Maryland (68T-51) 

(41) Representation of [-groups and f
rings. Preliminary report 

Professor John Dauns, Tulane Uni
versity (68T-17) 

(42) Any sewing of two crumpled cubes 
can be embedded in E 4 

Professor R. J. Daverman and Pro
fessor W. T. Eaton, The University 
of Tennessee (68T-109) 

(43) Uniqueness classes for periodic-type 
functionals 

Professor R. F. DeMar, University 



of Cincinnati (68T-59) 

(44) Extensions of a theorem of Maxwell 

in the dynamical theory of gases 

Professor J. L. Denny, University 
of Arizona ( 68T-ll4) 

(45) Quasidynamical systems 
Professor Vladimir Drobot, State 

University of New York, Buffalo 
(68T-93) 

(46) The approximation property for some 

function algebras. Preliminary re

port 
Mr. Larry Eifler, Purdue Univer
sity ( 68T- 36) 

(47) Automorphisms of the semigroup of 

all polynomial functions over the 

reals 
Professor A. G. FadellandProfes
sor K. D. Magill, Jr., State Univer
sity of New York, Buffalo (68T-37) 

(48) Pseudo- o-mixing measure-preserv

ing transformations on a probability 

space. Preliminary report 
Mr. C. H. Farmer, Tracor, Incor
porated, Austin, Texas (68T-77) 

(49) Asymptotic estimates of Feynman 

integrals 
Professor J.P. Fink, Universityof 
Pittsburgh (68T-157) 

(50) What makes a positive measure the 

total variation measure of an analytic 

measure? 
Professor Frank Forelli, Brown 

University (68T-20) 

(51) Convex functions on convexpolytopes 
Professor David Gale, University of 
California, Berkeley, Professor 

Victor Klee and Professor R. T. 

Rockafellar, University of Wash
ington ( 68T-7 5) 

(52) Generalization of some partition func

tion 
Professor J. M. Gandhi, University 
of Manitoba (68T-161) 

(53) On a function of Littlewood-Paley 

and Zygmund 
Dr. George Gasper, Jr., University 

of Wisconsin (68T-113) 
(54) A form of Flessner's theorem and 

identity theorem. Preliminary report 

Mr. P. M. Gauthier, University of 
Montreal (68T~l41) 

(55) Fibre bundles and tensor products 

Professor B. P. Gelbaum, Univer
sity of California, Irvine (68T-57) 

(56) Square roots of digraphs 
Mr. D. P. Geller, University of 
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Michigan (68T-79) 
(57) Metric conditions that imply local 

invertibility. Preliminary report 
Mr. Julian Gevirtz, New York Uni
versity, Courant Institute of Mathe
matical Sciences (68T-32) 

(58) A characterization of symbolic flows. 

Preliminary report 
Mr. L. W. Goodwyn, University of 
Maryland (68T-9) 

(59) Bivariate interpolation through curve 

networks 
Dr. W. J. Gordon, General Motors 
Research Laboratories, Warren, 
Michigan (68T-68) 

( 60) The solution of mixed boundary value 

problems that involve time-dependent 

boundary regions for isotropic and 

homogeneous viscoelastic materials 

with one relaxation function 
Dr. G. A. C. Graham, Simon Fraser 
University (68T-96) 

( 61) Functional analytic properties of ex

tremely amenable semigroups 
Professor E. E. Granirer, Univer
sity of British Columbia (68T-54) 

(62) Equationally compact semilattices 
Professor G. A. Gratzer and Mr. 
H. Lakser, University of Manitoba 
(68T-26) 

(63) Numerical solution of steady state 

Navier-Stokes problems for all Rey

nolds numbers 
Professor Donald Greenspan, Uni
versity of Wisconsin (68T-33) 

(64) On 2-metabelian groups. Preliminary 

report 
Dr. C. K. Gupta, University of 

Manitoba (68T-140) 
(Introduced by Professor N. S. Mendelsohn) 

(65) Commutation near-rings of a group. 

Preliminary report 
Dr. N. D. Gupta, University of 
Manitoba (68T-126) 

(66) On quasi-'Frobenius local rings 

Mr. R. N. Gupta, Ramjas College, 
Delhi, India, and Miss F. Saha, Delhi 
University, Delhi, India (68T-135) 

(Introduced by Mr. K. N. Rao) 
(67) A class of nonlinear forms O):lcertain 

modules 
Professor R. A. Guy, University of 
Montreal (68T-80) 

(68) On a theorem of A. Brauer 
Dr. C. A. Hall and Mr. T. A.Pors
ching, Bettis Atomic Power Labora
tory, Westinghouse Electric Corpo-



ration, West Mifflin, Pennsylvania 
(68T-91) 

(69) Tensor products of normed modules 
Mr. R. E. Harte, University Col
lege of Swansea, Swansea, Wales 
(68T-28) 

( 70) Backward existence for retarded 
functional differential equations 

Professor S. P. Hastings, Case
Western Reserve University and 
University of Dundee, Scotland 
(68T-15) 

(71) Introduction to hyperboolean systems. 
III: Finite and transfinite fields; vec
tor spaces and their duals 

Professor John Hays, University of 
Maine (68T-42) 

( 72) Tensoring with a semigroup 
Professor T. J. Head, University 
of Alaska (68T-l) 

( 73) On supports of regular Borel me as-
ures 

Dr. D. J. Hebert and Dr. H. E. 
Lacey, University of Texas and 
NASA, Houston, Texas (68T-29) 

(74) A generalization of Hugenholtz's 
theorem of types 

Dr. R. H. Herman and Mr. G. G. 
Emch, University of Rochester 
(68T-97) 

(75) Pointwise approximationbys.c.func
tions 

Professor G. A. Heuer, Concordia 
College (68T-123) 

(76) Can multiplication on Sl(2) be ex
tended? 

Professor J. G. Horne, University 
of Gec:rgi:ot {f.RT-122) 

(77) Strongly intrinsic extensions of lett 
quotient semisimple rings 

Mr. John Hutchinson, University of 
Kansas (68T-34) 

( 78) A Witt theorem for indefinite uni
modular quadratic forms 

Professor D. G. James, The Penn
sylvania State University(68T-152) 

(79) On self-maps which have a unique 
fixed point 

Dr. Ludvik Janos, University of 
Florida (68T-40) 

(80) Structure of left principal ideal rings 
Mr. A. V. Jategaonkar, University 
of Rochester (68T-88) 

(Introduced by ProJessor Newcomb 
Greenleaf) 

(81) Nonconstructible patterns of degrees 
Dr. R. B. Jensen, Stanford Univer-
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sity (68T-6) 
(Introduced by Professor Carol Karp) 

(82) Continuous commuting functions 
Professor G. G. Johnson, Univer
sity of Georgia (68T-147) 

(83) Covering semigroups. II 
Mr. H. D. Kahn, Louisiana State 
University, New Orleans (68T-61) 

(Introduced by Professor J. H. Abbott) 
(84) Self-centralizing elements in finite 

p-groups. Preliminary report 
Professor W. P. Kappe and Mr. 
M. W. Konvisser, Ohio State Uni
versity (68T-141) 

(85) Fractional integration and certain 
dual integral equations 

Professor R. N. Kesarwani, Uni
versity of Ottawa (68T-101) 

(86) Ergodicity and mixing in topological 
transformation groups 

Professor H. B. Keynes and Pro
fessor J. B. Robertson, University 
of California, Santa Barbara (68T-
49) 

(87) Folding a strip of stamps 
Rev. J. E. Koehler, Seattle Univer
sity (68T-160) 

(88) On an additive decomposition offunc-
tions of several complex variables 

Mr. Edgar Kraut, Mr. Stavros Bus
enberg and Mr. William Hall, Sci
ence Center of the North American 
Rockwell Corporation, Thousand 
Oaks, California (68T-43) 

(89) Minimal exponential operators 
Professor Erwin Kreyszig, Univer
sity of Dusseldorf, Germany ( 68T-
22) 

(90) On a periodic solution of a Hamilton
ian system 
Mr. B.S. Lalli, University of Sas
katchewan (68T-89) 

( 91) An engulfing theorem for topological 
manifolds 

Mr. J. A. Lees, Rice University 
(68T-110) 

(92) Some properties of dependence space 
Mr. Pei Liu, Virginia Polytechnic 
Institute (68T-31) 

(Introduced by Professor J. W. Layman) 
(93) A note on inversesequencesofANR's 

Mr. Ivan Loncar and Professor Sibe 
Mardesic, University of Zagreb 
Yugoslavia (68T-12) 

(94) Free groups of real two-by-two rna 
trices 

Professor R. C. Lyndon and Pro 



fessor J. L. Ullman, University of 
Michigan ( 68T-1 04) 

(95) On the closed graph theorem 
Mr. A. G. R. Mcintosh, Macquarie 
University, New South Wales, Aus
tralia (68T-ll) 

(96) Piecewise linear fibre bundles 
Mr. J. N. McNamara, Columbia 
University (68T-145) 

(97) Arcs in inverse limits on [0,1] with 
only one bonding map 
Professor W. S. Mahavier, Emory 
University (68T-70) 

(98) Preservation theorems for infinitary 
logic 
Dr. M. Makkai, Mathematical Insti
tute of Hungarian Academy of Sci
ences, Budapest, Hungary (68T-24) 

(Introduced by Professor Robert Vaught) 
(99) A triple-theoretic construction of 

compact algebras 
Professor E. G. Manes, Harvey 
Mudd College (68T-148) 

(Introduced by Professor Courtney Cole
man) 

{100) Elementary divisors of associated 
transformations 
Professor Marvin Marcus and Mr. 
Stephen Pierce, University of Cali
fornia, Santa Barbara (68T-95) 

( 101) A topological characterization of 
isometries 
Mr. M. M. Marjanovic, University 
of Florida (68T-133) 

(Introduced by Professor Ludvik Janos) 
( 1 02) A model for the inference mechanism 

of the mind and a weakness in pre
sent logics 
Professor J. G. Maxwell, Kent State 
University (68T-108) 

( 1 03) Varieties associated with filtrations 
Professor F. J. Mestecky, Univer
sity of Maine (68T-118) 

( 1 04) An estimate on the number of perio
dic solution of an ordinary differen
tial equation 
Professor K. R. Meyer, University 
of Minnesota (68T-60) 

(105) Bimeasurable functions. Prelimin
ary report 
Mr. J. G. Michaels, University of 
Rochester (68T-127) 

( 1 06) Banach sequence spaces 
Professor V. J. Mizel, Carnegie
Mellon University, and Profes·sor 
K. Sundaresan, University of Mis-
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souri (68T-143) 
( 1 07) A product formula for a tertiary 

characteristic class 
Professor R. E. Mosher, Califor
nia State College at Long Beach 
(68T-105) 

(108) A generalization of a theorem of 
Alfsen and Fens tad 

Mr. C. J. Mozzochi, University of 
Connecticut (68T-2) 

(109) A divisor summation formula 
Dr. C. Nasim, The University of 
Calgary (68T-45) 

(Introduced by Professor B. N. Sahney) 
( 11 O) I.P estimates for certain nonlinear 

differential equations 
Professor Umberto Neri, Univer
sity of Maryland ( 68T-124) 

(111) R-automorphisms of R[[X]] 
Mr. M. J. O'Malley, Florida State 
University and NASA, Manned 
Spacecraft Center, Houston, Texas 
(68T-121) 

(Introduced by Professor R. W. Gilmer, 
Jr.) 

(112) On the four color problem 
Professor Oystein Ore, Yale Uni
versity, and Professor Joel Stem
ple, Queen's College, City Univer
sity of New York (68T-25) 

( 113) Commuting recursive functions have 
a common fixed point. Preliminary 
report 

Professor Jim Owings, University 
of Maryland (68T-128) 

( 114) An algebraic approach to axiom sys
tems 

Mr. Oswald P etrucco, Columbia, 
South Carolina (68T-21) 

(Introduced by Professor Sidney Birn
baum) 

( 115) A comparison of two conditions 
against secondary bifurcation of 
eigenfunctions of Hammerstein op
erators 

Dr. G. H. Pimbley, University of 
California and Los Alamos Scien
tific Laboratory, New Mexico 
(68T-56) 

(116) Comparison of independence results 
in Mostowski's system (G) and in 
Zermelo-Fraenkel set theory 

Mr. D. F. Pincus, Boston, Massa
chusetts (68T-142) 

( 11 7) Rings of continuous functions on open 
convex subsets of R n 



Professor L. E. Pursell, Univer
sity of Missouri, Rolla (68T-48) 

( 118) Quasiconforma1 mappings which 
keep boundary points fixed 

Professor Edgar Reich, Univer
sity of Minnesota, and Professor 
Kurt Strebel, University of Zurich, 
Switzerland (68T-120) 

( 119) On multipliers of trigonometric ser-
ies 

Professor N. M. Riviere, Univer
sity of Minnesota, and Mr. Y. 
Sagher, University of Illinois 
(68T-47) 

{120) On quasi-complemented subspaces 
of Banach spaces. Preliminary re
port 

Professor H. P. Rosenthal, Uni
versity of California, Berkeley 
(68T-74) 

(121) Extended operations and relations 
on the class of ordinal numbers. 
Preliminary report 

Mr. A. L. Rubin and Mrs. Jean E. 
Rubin, Purdue University(68T-27) 

(122) Approximation by rational functions 
of type (n, v) 

Mr. E. B. Saff, University of Mary
land (68T-66) 

{123) On the summability of a class of de
rived Fourier series 

Dr. B. N. Sahney, The University 
of Calgary (68T-44) 

( 1 24) Henselization and rings of formal 
power series 

Professor N. Sankaran, Queen's 
University (68T-55) 

(125) Continuous functions which attain 
every level line at most finitely 
often 

Professor S. A. Sawyer, Brown 
University (68T-76) 

(126) An isomorphism theorem for a re-
duced W eyl group 

Professor D. J. Schattschneider, 
University of Illinois, Chicago Cir
cle (68T-119) 

( 12 7) The solution of equipment reliability 
and maintainability problems by 
queuing methods 

Mr. Louis Schneider, North Amer
ican Aviation, Incorporated, Ana
heim, California (68T-112) 

( 128) A note on .L -paracompact spaces 
Mr. W. B. Sconyers, Texas Chris
tian University (68T-131) 
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(Introduced by Professor Hisahiro 
Tamano) 

{129) A Hahn-Banach theorem for commu-
tative semigroups with identity 

Professor G. L. Seever, Califor
nia Institute of Technology (68T-
1 03) 

( 130) Entire functions satisfying a linear 
differential equation. II 

Professor S. M. Shah, University 
of Kentucky (68T-81) 

{131) On Abel-Hermite-Birkhoff interpo-
lation 

Mr. Ambikeshwar Sharma and Mr. 
J. Prasad, University of Alberta 
(68T-16) 

( 132) A note on classes of groups 
Mr. T. S. Shores, University of 
Kansas (68T-39) 

(133) Commuting functions and common 
fixed points 

Mr. K. L. Singh, Memorial Univer
sity of Newfoundland ( 68T-158) 

(Introduced by Professor W. J. Blundon) 
(134) Metrizability of M-spaces 

Mr. Francis Siwiec, University of 
Pittsburgh (68T-111) 

( 135) Modularity implication in sets with 
projective laws 

Miss Helen Skala, Illinois Institute 
of Technology (68T-65) 

( 136) A cellularity criterion in certain 3-
manifolds 

Mr. Stephen Slack, Wisconsin State 
University, Oshkosh (68T-86) 

{137) Some radicals for alternative rings 
Mr. M. B. Slater, University of 
Hawaii ( 68T-23) 

( 138) On the rank of incidence matrices 
in finite geometries. Preliminary 
report 

Mr. K. J. C. Smith, University of 
North Carolina (68T-18) 

(Introduced by Professor R. C. Bo.sel 
( 139) Denjoy- Khintchine integration in ab-

stract spaces. I. Preliminary report 
Professor D. W. Solomon, Univer
sity of Wisconsin, Milwaukee (68T-
106) 

(140) Finite summation formulae asso
ciated with a class of generalized 
hypergeometric polynomials 

Professor H. M. Srivastava, West 
Virginia University (68T-132) 

(Introduced by Professor I. D. Peters) 
( 141) Characterization of contractible 



open manifolds, and an equivalence 
between pointlike maps and cellular 
maps 

Mr. J. L. Stern, University of Idaho 
(68T-86) 

(Introduced by Dr. R. Osborne) 
( 142) Higher order conservation laws 

Mr. A. P. Stone, University of 
Illinois, Chicago Circle (68T-63) 

( 143) The nature of a crucial inadequacy 

in the theory of relativity 
Professor A. C. Sugar, Bradley 
University (68T-58) 

(149) Some properties of a semidiscrete 

approximation to the beam equation 
Professor R. A. Sweet, Cornell 
University (68T-35) 

(Introduced by Professor R. J. Walker) 
( 145) On extended topologies 

Professor C. D. Tabor, Louisiana 
State University, Shreveport(68T-
134) 

( 146) Linearly cushioned refinements 
Professor Hisahiro Tamano, 
Texas Christian University (68T-
125) 

(147) Torsionfree injective modules 
Mr. M. L. Tepley, University of 

Nebraska (68T-3) 
(148) Diagonal nuclear operators. Pre

liminary report 
Mr. A. E. Tong, Tulane Univer
sity (68T~94) 

( 149) Boundary value problems for linear 

differential systems 
Professor D. H. Tucker, The Uni
versity of Utah ( 68T-83) 

( 150) Odd perfect numbers: A search pro

cedure, and a new lower bound of 
1036 

Dr. Bryant Tuckerman, IBM, Tho
mas J, Watson Research Center, 
Yorktown Heights, New York (68T-
116) 

( 151) Homogeneous identities on alge
braic loops. Preliminary report 

Mr. Carlos E. Vasco, St. Louis 
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University ( 68T-156) 

(Introduced by Professor J, F. Daly) 
( 152) Extensions of D. Jackson's theorem 

on best complex polynomial mean 
approximation 

Professor J, L. Walsh and Mr. E. 

B. Saff, University of Maryland 
(68T-69) 

( 153) An estimation of the maximum 

modulus. Preliminary report 
Mr. Joseph Warren, Wayne State 
University (68T-144) 

( 154) A topological problem in connecti-
vity of graphs. II 

Professor M. E. Watkins, Univer
sity of Waterloo and University of 
North Carolina (68T-l30) 

( 155) On sets measurable and nonmeas
urable by a regular measure. Pre
liminary report 

Mr. W. J. Wilbur, University of 
California, Davis (68T-99) 

( 156) The analytic continuation of the re

solvent kernel in scattering theory 
Professor C. H. Wilcox, Univer
sity of Arizona ( 68T-11 7) 

( 15 7) A theorem on homo topically equi
valent (2k+l) -manifolds 

Professor Y.-F. Wong, DePaul 
University (68T-98) 

( 158) Structure of hereditarily infinite 

dimensional spaces 

( 159) 

( 160) 

Professor J, M. Yohe, Mathe-

matics 
Army, 
(68T-8) 

Research Center, U. S. 
University of Wisconsin 

Uniqueness of the Cauchy problem 
Professor E. C. Zachmanoglou, 
Purdue University (68T-87) 

Logarithmic variation criteria for 
L 2- stability of solutions of a class of 

integral equations 
Mr. Georges Zames and Mr. M. I. 
Freedman, NASA, Electronics Re
search Center, Cambridge, Mas
sachusetts ( 68T- 64). 
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65a-58. jEAN POLLARD, Louisiana State University, Baton Rouge, Louisiana 7a8a3. 

On extending homeomorphisms on zero-dimensional spaces. 

A nondegenerate zero-dimensional separable metric space is said to be a a-space. Consider 

the following types of a-spaces: (A) perfect and compact; (B) perfect and locally compact, but not 

compact; (C) topologically com;Jlete (absolute G8 ) and nowhere locally compact; (D) perfect and 

countable. Theore~. If X andY are a-spaces, both of the same type A through D, and if Hand K are 

closed proper subsets of X and Y respectively and iff is a homeomorphism of H onto K, then f has a 

hom.eomorphic extension F of X onto Y if and only if (l) f carries X".H n H onto Y".K n K and 

(2) X\H and Y\K are homeomorphic. Moreover, in case each of X and Y is of type A, C, or D, the 

second condition is unnecessary. This theorem is proved on the basis of a single sequence of lemmas 

and proofs applicable to all cases. For the special case where X and Y are compact and perfect 

a -spaces, the theorem follows from Corollary 2 of B. Knaster and M. Reichbach in Notion d'homo

g:en~!_t:i_~rolongem ents des hom~omorphies, Fund. Math. 4a (1953), l8a -193. By specifying that 

H and K are null in the above theorem, we obtain, as a corollary, the known result characterizing 

a-spaces of the above types. (Received October 4, 1967.) 
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653-1. P. M. EAKIN, Jr., Louisiana State University, Baton Rouge, Louisiana. The converse 

to a well-known theorem on noetherian rings. 

By ring we mean a commutative ring with identity. A ring S, with sub ring R, is said to be a 

finite integral averring of R if S is a finitely generated, unitary module over R. Also, a ring R is 

called an RMX ring if R/P is noetherian for every proper prime ideal P of R. Lemma. Let R be an 

RMX ring, S a noetherian, finite integral over ring of R. Then if P 1, P 2 •••. ,P n are proper primes of 

R, R/(P1 P 2 .•• Pnlec is noetherian. Lemma. Suppose Dis an RMX domain with quotient field K and J 

is a finite integral averring of D. Then J is noetherian if and only if D* = J n K is noetherian. More

over, if D* is a finite D module, J is noetherian if and only if D is noetherian. Theorem. If S is a 

finite integral averring of R, then S is noetherian if and only if R is noetherian. Examples are given 

to show that the class of RMX rings is quite extensive and that none of the hypotheses of the theorem 

can be omitted. An example of a non-noetherian domain which is the intersection of two one dimen

sional, local subrings of its quotient field is given. (Received March 13, 1967 .) 

653-2. J. C. SMITH, Jr., Virginia Polytechnic Institute, Blacksburg, Virginia. Characterizations 

of metric-dependent dimension functions. 

Let (X,p) be a metric space, and let do(X,p) be the metric dimension of X. Let d2 and d3 denote 

the dimension functions for metric spaces introduced by Nagami and Roberts in their paper Study 

of metric-dependent dimension functions, Trans. Amer. Math. Soc. (to appear). V. I. Egorov and 

J. B. Wilkinson have characterized do and d3 respectively in terms of Lebesgue covers. Their results 

are as follows: (i) do( X, p) .::> n if and only if every Lebesgue cover of X has an open refinement of 

order ~ n + 1. (ii) d3(X, p) < n if and only if every finite Lebesgue cover has an open refinement of 

order ~ n + 1. In this paper the author introduces two new metric-dependent dimension functions 

d6 and d7, which are generalizations of the dimension function d3• The main results of this paper 

are the following characterizations of d2 , d6 , and d 7 in terms of Lebesgue covers: (iii) d2(X, p) ~ n 

if and only if every Lebesgue cover ® = 1Gl'G2, •• Gn+21 consisting of n + 2 members has an open 

refinement of order.::> n + 1. (iv) d6(X,p) ~ n if and only if every countable Lebesgue cover of X has 

an open refinement of order ~ n + l. (v) d7(X,p) ~ n if and only if every locally finite Lebesgue 

cover has an open refinement of order~ n + 1. (Received May 15, 1967.) 

653-3. H. M. FARKAS, The Johns Hopkins University, Baltimore, Maryland 21218. Weier

strass points and analytic submanifolds of Teichmueller space. 

A theorem originally due to Rauch states that the locus of points in the Teichmueller space 

of genus g whose underlying surfaces possess a Weierstrass point whose Weierstrass sequence begins 

with r < g is a complex analytic submanifold of the Teichmueller space of complex dimension 

r + 2g - 3 when r + 1 is a gap, and an r + 2g - 4 dimensional complex analytic variety when r + 1 is 
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not a gap. It is shown here that the exceptional case of r + l not being a gap does not occur for 

r = 3 and g;::;; 4. (Received May 22, 1967.) 

653-4. G. J. E TGEN, Headquarters, National Aeronautics and Space Administration, Washing

ton, D. C. 20546. On the matrix Sturm-Liouville equation. 

The second order matrix differential equation (1 ): [P(x)Y'J' + [AF(x) + G(x)]Y = 0 on 

X: a::;; x ::£ b, L: - oo < A < oo, where each of P, F and G is ann X n symmetric matrix of continuous 

real-valued functions on X with each of P and F positive definite, is called the matrix Sturm-

Liouville equation. A solution Y(x,A) of (l) is conjoined and nontrivial provided Y*PY'- (PY')*Y= 0 

(* denotes transpose) on XL and det Y(x, A) has at most a finite number of zeros on X for each A on L. 

The values of A for which there exists a nontrivial, conjoined solution Y(x, ,\) of {1) satisfying the 

two point boundary conditions (2): AY(a,A)- BP(a) Y'(a, A)= 0 on L, (3): det [r Y(b,A)- D. P(b)Y'(b,A)] 

= 0, where A, B, f and D. are n X n constant matrices, A and B are symmetric, B is positive 

definite, A2 + g2 = I (the n X n identity matrix), AB = BA, f*D. = Do* f, and f* f + D. *D. = I, are 

called the eigenvalues of the system ( 1 ), (2), (3 ). Theorem. There are an infinite number of ei~en

values Ao, Al' A2 , .•. of the system (1), (2), {3) forming an increasing sequence with Am-> oo as 

m-> oo. Moreover, there is a nondecreasing sequence of nonnegative integers h0 , hl' h2 , •.. , with 

hm-> oo as m-> oo, such that det Y(x,,\m) has exactly hm zeros on a< x < b. (Received June 15, 

1967 .) 

653-5. J. H. JORDAN, Washington State University, Pullman, Washington, and S. J. KELLEY, 

Western Washington State College, Bellingham, Washington. Distribution of quartic and quintic 

nonresidues. 

Techniques previously established by Jordan (see J. H. Jordan, The distribution of cubic and 

quintic nonresidues, Pacific J. Math. 16 (1966), 77-85) are refined to improve the bounds on the 

size of the smallest positive integer in each class of quartic (quintic) nonresidues modulo p for 

sufficiently large primes p = 1 (mod 4) (p = 1 (mod 5)). We establish that each class of quartic 

(quintic) nonresidues contains a positive integer smaller than exp[(a. +f) In p] (exp[(/3 +f) ln p]). 

0.2075 <a.< 0.210 and 0.218 < /3 < 0.2195. (Received July 3, 1967.) 

653-6. P. W. HARLEY, University of Georgia, Athens, Georgia. On suspending homotopy 

spheres. 

A homotopy n- sphere is a compact topological n-manifold having the homotopy type of sn and 

a fake n-cell a compact, contractible, topological n-manifold whose boundary is homeomorphic to 

sn-l. The object of this paper is to establish the following two propositions as regards such classes 

of manifolds. Theorem 1. The suspension of a homotopy 4-sphere is homeomorphic to s 5 . Theorem 2. 

The suspension of a fake 4-cell is homeomorphic to 15• (Received July 10, 1967.) 
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653-7, R. F. DICKMAN, Jr., University of Miami, P. 0, Box 9085, Coral Gables, Florida 

33124, Some characterizations of the Freudenthal compactification of a semicompact space, 

Let X denote a semicompact Hausdorff space (i.e, every point of X has arbitrarily small 

neighborhoods with compact boundaries) and let -yX denote the Freudenthal compactification of X 

as given by K. Morita in On bicompactifications of semibicompact spaces, Sci, Rep. Tokyo, Bunrika 

Daigaku Section A, 4 (1952), 222-229. Let .s;t' denote the set of all continuous maps of X into 

I = [0, 1]. For each f E -~ let B(f) =It E 1: Fr f-1 (t) contains a compact set that separates X into 

two disjoint open sets M and N where f(M) C [0, t] and f(N) C [t, 1] 1· Finally let F = If E .s;t': B(f) 

is dense in I\. Lemma 1. Every f E F has a unique continuous extension f' to y.X, Lemma 2. For 

every pair of disjoint closed subsets A and 8 of -yX there exists an f E F such that f'(A) = 0 and f'(B) = 

1. Theorem 1. The Freudenthal compactification -yX of X is the topologically unique compactification 

of X satisfying (a) every f E F has a continuous extension f' to 'YX; and (b) for every pair of distinct 

points x andy of cl(-yX - X) there exists an f E: F such that f'(x) F f'(y). Let e denote the embedding 

of X into IF defined by e(x) = (f(x)), f E F, and let fX denote the closure of e(X) in IF, Theorem 2. 

The compactification t/tX of X satisfies (a) and (b) of Theorem 1 and thus t/tX is topologically equiva

lent to 'YX. Therefore the Freudenthal compactification of a semicompact space can be obtained 

by a Tychonnoff type embedding. (Received july 17, 1967 .) 

653-8. C. S. REES, University of Tennessee, Knoxville, Tennessee, and S, M. SHAH, Univer

sity of Kentucky, Lexington, Kentucky. On the absolute Norlund summability of a Fourier series. 

This paper generalizes a theorem of Fu Chen Hsiang (J. Austr. Math. Soc. 7(1967), 252-256), 

It is shown that the Hsiang test may fail to apply to some series for which the test given in the theorem 

below applies, Theorem. Let f, be an even, integrable function of period 27r with Fourier series 
00 

a 0/2 + L:1 an cos n x. Suppose IPnl is a sequence of positive numbers such that IPn - pn-ll is 

monotonic and bounded with L~ 1/P < oo, where P = Ln p , and let IO l be a sequence of real 
n n 0 k n 

numbers with On T oo and L~ o! I Pn < oo. Iff is a function which increases to infinity and satisfies 

L~ n/Pn f(Onl < oo and f(l/t) \(J(t)\ = 0(1) as t -+ 0 +1 then the series a 0/2 + L:f an is summable 

\N,Pn\' Corollary. Let (J(t) satisfy the conditions of the theorem and suppose that \f,(tl\1 0 as t l 0, 

f,(t) ~ 0 for 0 < t < 0 , and Lk (j(J(n-r ll/n) < oo, where 0 < r < 1/2. Then the series a 0/2 + L f an 

is summable jC,2j. (Received july 20, 1967.) 

653-9. 653 ·10. WITHDRAWN. 

653-11. R. E. HODEL, Duke University, Durham, North Carolina. Sum theorems for topologi

cal spaces. 

Let Q denote a class of topological spaces, this paper is a study of sum theorems for various 

Q. Specifically, suppose that X is a topological space and IFa.j is a cover of X such that each Fa. is 

in Q. When can one assert that X is in Q? Perhaps the most interesting theorem of this type is the 

so called locally finite sum theorem, hereinafter denoted by (a.). ll X is a topological space and IFa.l 

is a locally finite closed cover of X such that each Fa. is in Q, then X is in Q. It is well known that 

(a.) holds when Q is the class of paracompact, stratifiable, or metrizable spaces. The author shows 
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that (a) also holds for normal, collectionwise normal, and pointwise paracompact spaces. Several 

other sum theorems are proven, each of which holds for any class Q of topological spaces which 

satisfies (a) and is hereditary with respect to closed subsets. Example, Let X be a regular space 

and let ~ be a u-locally finite open cover of X, each element of which is in Q and has compact 

boundary. Then X is in Q. (Received August 2, 1967,) 

653-12. L. D. LOVELAND, Utah State University, Logan, Utah 84321. Piercing locally 

spherical spheres with tame arcs, 

We define a 2-sphere Sin s3 to be locally spherical if for each point p E S and for each £ > 0 

there is a 2-sphere S' and a component K of s3 - S' such that p E K, diam (S' U K) < £, and S' n S 

is a continuum, It is unknown whether a locally spherical 2-sphere is tamely embedded in s3 , although 

additional conditions have been imposed on S' n S to insure that S is tame. For example, Burgess 

[Trans, Amer. Math, Soc. 114 (1965), 80-97] imposed the condition that S n S' be a simple closed 

curve, and Loveland [Trans. Amer. Math. Soc. 123 (1966), 355-368] insisted that S n S' satisfy a 

certain property (*, S' n s,sf. Theorem 1. If S is locally spherical at a point p of S, then S can be 

pierced by a tame arc at p. Theorem 2. If each component of s3 - S is an open 3-cell and S is 

locally spherical, then Sis tamely embedded in s3 . Theorem 3. If Sis locally spanned in each 

component of s3 - S, then S can be pierced by a tame arc at each of its points, See the above 

references for the definition of locally spanned in s3 - S. (Received August 4, 1967 .) 

653-13, J, W, BOND, Pennsylvania State University, University Park, Pennsylvania, Deri

vation algebras of finite abelian group algebras. 

Let G be a finite abelian group, F a field of char p, FG denote the group algebra of G over F, 

and ~(FG) the Lie algebra of derivations of FG into itself, where Dis a derivation means a linear 

transformation satisfying D(ab) = D(a)b t aD(b) for all a,b in FG, Let G = PQ, P a p-group, Q a 

group with order relatively prime to p. Then FQ = Lf=1 F i• each Fi isomorphic to a field containing 
k 

F. This decomposition leads directly to Theorem 1. ~(F G) ~ L i=1 ~ (F iP) (as Lie algebras). 

Now let Gp be the group of p powers of elements of G. Then we have Theorem 2. ~(FG) has an 

ideal I such that ~(FG)/I ~ ~(FG/GP}, Furthermore, if G is a finite abelian p-group I is a nilpotent 

ideal with class at most equal to the class of the augmentation ideal of FGP, jacobson has completely 

determined the structure of ~(FG/GP) in his earlier work on restricted p-algebras, so that Theorems 

1 and 2 determine the structure of ~(FG). Theorem 1 follows directly from Jacobson's 1937 paper, 

Theorem 2 is proved by verifying p: ~(FG) ----> ~(FG/Gp) is a Lie algebra homomorphism, where 

p " h p. p p ¢(D) (gG ) ="-'a( a )hG (sum over coset representatives of G/G ), a the augmentation map of FG 

into F, a; in FGP ~etermined by D(g) = }:a;h. (Received August 7, 1967,) 

653 14, WITHDRAWN. 

653-15. D. G. KELLY, jet Propulsion Laboratory, 238-420,4800 Oak Grove Drive, Pasadena, 

California 91103, and SEYMOUR SHERMAN, Indiana University, Swain Hall-East, Bloomington, Indiana 

4 7401. General Griffiths inequalities on correlations in Ising ferromagnets, 

The "generalized ferromagnetic" Hamiltonian ff/ of a system { u1 , .. ,, unl of Ising ( u i = ± 1) is 
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defined as follows: for each subset A of N = 11 •••• , n j, a real number J A is given, and M' = 

- LA c N JA CT A, where CTA denotes n i E: ACTi. The partition function is z = L (11 = + 1 .•• 

Lun=+l exp[- (kT) -l_ar], where k is Boltzmann's constant and T the absolute temperature. For any 

operat~r O(ul•· .. • unl• the thermal average is (0) = z-l Lul=+l ··· Lun=+lO(up .. ·• ur) 

•exp(- (kTf 1M]. Theorem. If JA ~ 0 for all nonempty A C N, then (1) (uR) ~ 0 for all RC Nand 

(2) kT8(uR);a J s = (uRuS)_ (uR) (o- 8) ~ 0 for all R, S C N. These include the inequalities of Griffiths 

(J. Math. Phys. 8(1967), 478-489). The converse problem of finding sufficient conditions for 

"ferromagnetism", i.e. for J A~ 0 (A nonempty), in terms of the thermal averages (uR~ is examined; 

the problem is found to be expressible in terms of the real group algebra over the group (2N ,a) of 

subsets of N under symmetric difference. Nevertheless, the problem of finding more perspicuous 

sufficient conditions in terms of the (uR)remains open. (Received August 11, 1967.) 

653-16. LEBARON 0. FERGUSON, University of California, Riverside, California 92502. 

Uniform approximation by polynomials with integral coefficients. I; 

Let A be a discrete subring of the complex number plane f which is not contained in the ring 

of rational integers 1· The paper is concerned with characterizing those functions defined on a 

compact subset X off which can be uniformly approximated by polynomials with coefficients in A. 

We call this the complex case to distinguish it from the real case which we also consider here. 

The real case is that where X is a compact subset of ~and the coefficients of the approximating 

polynomials are taken from the ring of rational integers 1 or any discrete subring of~· The real 

case is completely solved in the sense that a necessary and sufficient condition in order that a 

function can be so approximated is found. The complex case is solved, if in addition to being compact. 

X either has transfinite diameter at least unity or a void interior and connected complement. 

(Received August 15, 1967.) 

653-17. MARCIA PETERSON and WILLIAM SWARTZ, Montana State University, Bozeman, 

Montana 59715. Periodic solution of a third order equation. 

Consider.,("' + a.x" + {Jx' + g(x) = E(t) where E(t) is real, periodic of period 21r, and belongs to 

L 2(o, 211"). Assume g'(x) is continuous and 0 <a;:;; g'(x);:;; b. For all fJ and all a.$ (0, 1] a constructive 

iterative proof is given of existence of a periodic solution of period 211". For almost all a. in (0, 1] 

existence of a periodic solution is proved providing a. is properly related to the ratio a/b. (Received 

August 15, 1967.) 

653-18. J.D. FULTON, Clemson University, Clemson, South Carolina 29631, and W. L; MORRIS, 

Oak Ridge National Laboratory, Oak Ridge, Tennessee. The Pisano period, Fibonacci frequency and 

Leonard logarithm of the positive integers. 

Let M be the set of integers greater than one. For each mE M, let 1r(m) denote the period 

of the Fibonacci numbers modulo m. Then 1r (the Pisano period) maps M into itself. The existence 

of 1r was known to Lagrange. Fixed point theorem. 1r (m) =miff m = (24)5~-1 for some positive 

integer~. Iteration theorem. For each m t;_; M 3 a smallest positi-ve integer p such that 1rl/>(m) = 

1r P+ 1 (m ). Thus for each m E M there is a unique (smallest) p and ~ such that 1rP(m) = (24)5 ~ -1. 

This defines two new functions on M, namely, p(m) called the Fibonacci frequency of m and ~(m) the 

Leonardo logarithm of m. (Received August 16, 1967.) 
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653-19. C. T. WHYBURN, Louisiana State University, Baton Rouge, Lousiana 70803. Primitive 

roots in certain intervals. 

Using methods exposed in Abstract 644-38, these c}/oficei) 14(1967), 369, certain elementary 

estimates due to H. j, Kanold and A. Brauer for the least primitive root modulo certain primes are 

sharpened. In particular, if 1 > h > 1T/121/2, k = (6h2/1T2- 1/2), a. is an integer, and if q is a prime 

> {k t h/(h2 - 2k)l/2j2a.-3(k- h)-2; then for a prime p = 2a.q t 1, there is a primitive root (mod p) in 

(1, h(p- 1)112 ). (Received August 16, 1967,) 

653-20. j. B. BUTLER, jr,, Portland State College, P. 0. Box 751, Portland, Oregon 97207. 

On the inverse problem for ordinary differential operators of even order. 

Let LO = (d/dx)n, Ll = (d/dx)n t q(x), n = 2v, be formal differential operators on(- oo, oo) 

where q(x) is a continuous function, q(x) = 0, - oo < x ~ 0, q(x) E: .5t2 (- oo, oo). Assume that rJ deter

mine self-adjoint operators Hi on .sf2(- oo, oo), having continuous spectrums on [0, oo), with associated 
0 i f 0 f 0 i spectral measures E 1 (~) of the form E (~)u = ~ s/(x,l) -~ sk1(y,l)u(y)dyd Pjh (1), ~ E [0, oo), 

u E Y2(- oo, oo), i = 0, 1. 8 will denote the set of (x,y) such that 0 < x < oo,- x < y < x with boundary 

as. For (x, y) in 8 U as define F(x,y) = f\f!fo sk0dt)(gsk0dt)do'j~IJ, ujk(l) = pjkl(l)- pjk0(l), 

0 < l < oo, j, k = 1, ... , m, and (a;axJ(a/ayJF = f! • Let cP(B) denote the set of functions with con-
e 

tinuous pth derivatives on 8 and cP(B U as) the set of functions in cP(B) whose pth derivatives approach 

continuous limits along as. Theorem. If F(x, y) is given such that (i) FE Cn(B), (ii) FE Cn-l(B U as), 

(iii) (iJ/axJj+l(i.l/ ay)FJ _ = a./l(j, n- 1), j = 0, 1, .. ,, n- 1, n !i:: 4, then the integral equation k t f! + y--x c 

f x k(x, y)f! (z,y)dz = 0 has a unique solution k(x, y) in 8 U as, k E Cn(B), k E Cn-l(B U as) and -x c 
Pjk1(l) is the spectral density matrix corresponding to H1 determined by q(x) = -(1/n)(d/dx) 

•((a/ axJn- 2 kly=xl• x !i:: 0. The proof follows the methods of I. M. Gel'fand, 8, M. Levitan and 

L.A. Sahnovic. (Received August 18, 1967,) 

653-21. D. A, LAWVER, University of Arizona, Tucson, Arizona 85721. Left ideal axioms for 

In nonassociative ring theory the lattice of left ideals has not proven nearly as useful a tool as 

in the associative theory. A partial reason for this is that given an element x in a nonassociative 

ring R, Rx need not be a left ideal of R, We discuss a generalization of the Wedderburn structure 

theory for nonassociative rings under axioms which force Rx to be a left ideal for every x in the 

ring R. We also extend the concept of "module" to match an axiom under consideration and give 

structure theory for such "modules". (Received August 21, 1967.) 
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653-22. C, A. HALL and T. A. PORSCHING, Bettis Atomic Power Laboratory, Westinghouse 

Electric Corporation, P. 0. Box 79, West Mifflin, Pennsylvania 15122. A separation theorem for 

nonsymmetric matrices. 

A well-known separation theorem for symmetric matrices is the following: The eigenvalues 

of each principal (n - 1) by (n - 1) minor separate the eigenvalues of a given n by n symmetric 

matrix. This paper establishes the following related theorem for a class of matrices which are not 

necessarily symmetric: If A is a nonnegative, irreducible matrix with eignevalues >. 1 > >. 2 > I Ajl• 
(j = 3, 4, .. ,,n), then each principal minor has a real eigenvalue which separates >.1 and >.2• Examples 

are given which prevent further obvious generalizations of this theorem. (Received August 23, 1967 .) 

653-23. DONALD GREENSPAN, University of Wisconsin, Madison, Wisconsin. Numerical 

solution of initial-boundary value problems for mildly nonlinear parabolic and hyperbolic equations. 

Given the points (x, y), (x + h, y), (x - h, y), (x, y + h), (x, y - h), (x, y - 2h), numbered, respec

tively, 0, 1, 2, 3, 4, 5, the heat operator is approximated at 0 by (-2/h2)u0 + (l/h2 )u1 - (l/2h)u2 t 

(l/h2)u3 + (l/2h)u4 , and the wave operator is ap;>roximated at 0 by (-4/h2 )u0 + (l/h2 )u1 + (l/h2 )u2 t 

(l/3h2 )u3 + (3/h2 )u4 - (4/3If )u5 , Asymptotic estimates or periodicity results are used to convert 

initial-boundary problems to approximating boundary value problems on finite domains. Heat equation 

problems are then solved by the usual finite difference method available for elliptic problems. Wave 

equation problems are treated similarly after approximating the additional normal derivative condition 

on the first row, The problems treated can all have mildly nonlinear differential equations. The 

numerical method avoids completely the necessity of discussing the stability of the difference analogue, 

(Received August 23, 1967.) 

653-24. WARREN WHITE, University of Wisconsin, Madison, Wisconsin 53706, A 2-sphere 

in E 3 is tame if it is 1- LC through each complementary domain, 

LetS be a 2-sphere in E 3 , V a component of E 3 - S. Theorem, Sis tame from V if, for any 

E > 0, there is a o > 0 such that every loop in S of diameter less than o can be shrunk to a point 

in an E- subset of V. Theorem. S is tame from V if every Sierpifiski curve in S can be deformed 

into V. (Received August 23, 1967.) 

653-25, P. A. O'MEARA, Bowling Green State University, Bowling Green, Ohio 43402, 

A metrization theorem, 

Definition 1. A family 9 of subsets of a topological space X is called a pseudobase for X if, 

whenever C C U with C compact and U open in X, then C C U f=l PiC U for some jP1 , P2 , ... ,Pnj C 9. 

Definition 2. A Hausdorff space X is called an r- space if for each x E X, there is a sequence of 

neighborhoods IUn(x)j :=l such that if xn E Un(x), then Cl(jxl' x2, x 3,. .. pis compact, Theorem. 

A topological space X is metrizable iff it is a T 3-space and an r-space having a o-locally finite 

pseudobase. (Received August 23, 1967,) 
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653-26. H. A. HOLLISTER, Bowling Green State University, Bowling Green, Ohio 43402. 

Strongly generalized periodic elements in a group. 

Let S(x) denote the normal subsemigroup of the group G generated by x. x is said to be a 

generalized periodic (GP) element iff e E S(x). xis strongly GP iff every element of S(x) is GP. 

The strongly GP elements of G form a normal subgroup H of G and G/ H has no nontrivial strongly 

GP elements. If P is the cone of a maximal partial order for G, then an element x f e is psuedo

positive with respect to P iff x is strongly GP. There is a one-to-one correspondence between maximal 

cones in G and those in G/H and several questions concerning maximal cones have the same answers 

in both groups. (Received August 17, 1967.) 

653-27. J. M. DAY, 944 Round Hill Road, Redwood City, California 94061. Compact semigroups 

with square roots. 

Let S be a compact semigroup with exactly two idempotents, a zero and an identity, denoted 

respectively by 0' and 1', with S I' O' U 1'. Let every X E S have at least one square root, let H denote 

the maximal group in S containing 1', and suppose that H is connected and contained in the center of 

S (hx = xh for each x E S and h E H). Let [0,1] denote the usual closed real unit interval; a local 

one parameter semigroup in Sis a homeomorphism p: [0, 1]--> S such that p(x + y) = p(x)p(y) if 

x, y, x + y E [0, 1]. Since His a continuum abelian group with square roots, it is known that the 

set Q of points in H lying on one parameter groups in H is dense and if also H is Lie then Q = H. We 

prove analogously that the set P of points in S which lie on local one parameter semigroups in S is 

dense and if H is also Lie then P = S. As an application, we show that if S is also commutative, 

cancellative and finite-dimensional, then some neighborhood of H factors algebraically and topologically 

into the product of H and a local semigroup. (Received August 28, 1967.) 

653-28. R. B. KILLGROVE, California State College, Los Angeles, California 90032. The 

k-configuration. Preliminary report. 

Paige- Wexler's digraph complete set of Latin squares represents· an affine plane thus: each 

square represents a parallel class and an element a(i, j) of the square A represents the point (j, a(i, ill 

on line, y-intercept i, slope m. If square A is not orthogonal to square B for slope n, then there exists 

a. = a(i, j) = a(k, 1) of A and {3 = b(i, j) = b(k, 1) of B. From this arises the k-configuration (resem

bling letter k) with lines x = 0, x = j, x = 1, y = a., y = {3, y = f(x, m, i), y = f(x, m, k), y = f(x, n, i), 

y = f(x, n, k), and points (0, i), (0, k), (j, a.), (j, (3), (1, a.), (1, {3). In a projective plane let L have points 

p, q on it. Consider lines A, B, C, D such that A = pab, B = pa'b', C = qaa', D = qbb'. Pick c not on 

any of these 5 lines. Then one may determine c' such that triangle abc and triangle a'b'c' are perspec

tive from L. This configuration is confined iff it is the k-configuration or Theorem L. The Moulton 

plane has the usual lines x = k andy = mx + b for m ;> 0, and some 'bent' lines. Let one such line be 

y = x for x;;; 0 andy= Kx for x ;> 0 where 0 < K < l. Then lines x = O, x = 1, x = 1/K, y = (K/K- 1) x + 

1/1 - K, y = (K/K- 1) x + K/1 - K, y = x for x;;; 0, y = Kx- 1 for x ;> 0, x = 0, x = -1 and points 

(0, 0), (0, -1), (1, 1), (1, 0), (1/K, 0), (1/K,- 1) form a k-configuration. (Received August 28, 1967.) 
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653-29. J. E. KIST • New Mexico State University, University Park, New Mexico, and P. H. 

MASERICK, Pennsylvania State University, University Park, Pennsylvania. Functions of bounded 

variation on a commutative idempotent semigroup. 

Let (A,+) be a commutative idempotent semigroup with identity 0 and consider the cone C of all 

completely monotonic functions on A equipped with the topology of simple convergence. The set 

X = lf E C I f(O) = 1j is a compact base for C which is shown to be a simplex (i.e., the linear span 

C - C of C is a vector lattice). It is shown that A can be isomorphically embedded in the Borel field 

of a zero dimensional compact Hausdorff space S such that the nonnegative regular Borel measures 

on S are identified with the functions of C. The variation of a function on A is defined, and it is shown 

that this concept includes Birkhoff' s definition of variation of a valuation on a distributive lattice. The 

elements of the vector lattice C - C are characterized as those functions which are of finite variation. 

Birkhoff' s characterization of the vector lattice spanned by the nonnegative and nonincreasing 

valuations on a distributive lattice follows as a special case. (Received August 28, 1967.) 

653-30. J. H. WOLKOWISKY, University of Colorado, Boulder, Colorado 80302. Periodic 

solutions of nonlinear Sturm-Liouville problems. 

The existence and multiplicity of real periodic solutions of (1) [r(x)y')' + q(x)y + 

;\y(a(x)- h(x, y, y')) = 0 is investigated. It is assumed that r(x) > O, a(x) > 0, r'(x), and q(x) are 

continuous and periodic of period p over (- oo, oo). Also that r(x), q(x) and a(x) are even functions. 

In addition we require h to satisfy the following conditions for - oo < x, y, z < oo; (i) h(x, y, z) is 

continuous and even in all variables, (ii) h(x, y, z)!;:; 0, (iii) h(x, 0, 0) = 0, (iv) limc_,00 h(x,c l,c71) = oo 

for all r F 0, 71 F o, ·(v) h(x, y, z) is periodic in X of period p. It is also assumed that the eigenvalues 

;\k and ~k (k = 0, 1, 2, ••• ) of the "linearized" problem, [r(x)y'J' + qy + ;\a(x)y = 0, are nonnegative. 

Where the eigenfunction corresponding to ;\k is of minimal period p (type 1) and the eigenfunction 

corresponding to >..k is of minimal period 2p (type 2). Theorem. For each;\ E ( [, oo) there exists 

at least 2n type 1 and 2m type 2 real solutions of (1). Where if l = ). 2k then n = 2k + 1 and m = 2k, 

if l = X2k then n = 2k + 1 and m = 2k + 1, ~ l = ). 2k+l then n = 2k + 1 and m = 2k + 2, and if l = A2k+l 

_:hen n = 2k + 2 and m = 2k + 2. An analogous theorem is also proved when (ii) is replaced by h(x, y, z) 

~ 0. The proof of these theorems is based on a method used by the author previously (Comm. Pure 

Appl. Math. (3) 20 (1967), 549-561). (Received August 28, 1967.) 

653-31. R. J. LINDAHL, Pennsylvania State University, University Park, Pennsylvania 16802, 

and R. D. MOYER, Univeristy of Kansas, Lawrence, Kansas 66044. A differential operator with no 

smooth functions in its domain. 

Let D be the maximal operator in Y 2(o, 1) for ordinary differentiation. A closed restriction 

of D is constructed with the property that its domain is dense in Y 2 (0, 1) but every smooth function 

in its domain is constant. (Received August 28, 1967.) 
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653-32. W. H. GUILINGER, Bettis Atomic Power Laboratory, P. 0. Box 79, West Mifflin, 

Pennsylvania 15122, and R. B. KELLOGG, University of Maryland, College Park, Maryland. Elliptic 

difference equations on a convex domain. 

An elliptic partial differential equation of the form a(x, y )uxx + b{x, y )uxy + c(x, y )u yy = f{x, y) 

is considered in a convex domain with Dirichlet boundary conditions. For a particular finite difference 

approximation of the problem, it is shown that a discrete L2 norm of second divided differences of the 

discretization error and the maximum component norm of the discretization error are bounded by 

constants times the square root of the mesh spacing. The constants depend on properties of the domain 

and bounds on third derivatives of the solution. The approach used is to obtain a finite difference 

analog of the inequality, known in the theory of elliptic boundary value problems, which bounds the 

integral of the squares of the second derivatives of the solution u in terms of the integral of f2• A 

finite difference analog of the Sobolev inequality is then used to obtain the pointwise error bound. 

(Received August 28, 1967.) 

653-33. FRANK HARARY, University of Michigan, Ann Arbor, Michigan, and E. M. PALMER, 

Michigan State University, E. Lansing, Michigan. On acyclic simplicial complexes. 

Pure simplicial complexes were introduced and enumerated in [F. Harary, Trans. Amer. Math. 

Soc. 78 (1955), 445-463]. A pure n-dimensional complex which is "connected and acyclic" is called 

an n-~ Properties of 2-trees are found and a dissimilarity characteristic theorem is used to 

obtain formulas for the number of 2-trees with a given number of 2-cells. The enumeration technique, 

which is similar to that employed by R. Otter [Ann. of Math. 49 (1948), 583-599] for ordinary trees, 

can be specialized to count 2-trees with specified properties. We used this approach to count planar 

2-trees, which correspond precisely to triangulations of the disk. These were enumerated by 

W. G. Brown [Proc. London Math. Soc. 14 (1964), 746-768] by entirely different methods. (Received 

August 28, 1967 .) 

653-34. KATSUMI NOMIZU, Brown University, Providence, Rhode Island, and BRIAN SMYTH, 

University of Notre Dame, Notre Dame, Indiana. On holonomy groups of complex hypersurfaces. 

Preliminary report. 

For an n-dimensional complex hypersurface M in a Kiihlerian manifold of constant holomorphic 

curvature c, the following results are proved for the holonomy group H of M (with respect to the in

duced Kiihlerian structure): (1) If c < 0, His always isomorphic to U(n). (2) If c > 0, His isomorp· 

either to U(n) or SO(n) X T 1, the second case arising only when M is locally holomorphically isometrl 

to the complex quadric Q n in pn+ 1 (C). (3) If c = 0 and if the second fundamental form of M has 

maximal rank at least at one point, then H is isomorphic to U(n). The proof makes use of the formul 

and results obtained in B. Smyth [Differential geometry of complex hypersurfaces, Ann. of Math. 

85 (1967), 246-266]. The result for c = 0 was obtained by a different method in Y. Kerbrat [Sous-
,, m --

varietes complexes deC , C. R. Acad. Sci. Paris 262 (1966), 1171-1174]. (Received August 29, 19l 

87 



653-35. STANLEY GUDDBR, University of Wisconsin, Madison, Wisconsin 53706. A note 

on proposition observables. 

We assume all observables are defined on a quite full logic satisfying conditions U and B. 

(See S. Gudder, Uniqueness and existence properties of bounded observables, Pacific J. Math. 19 

(1966), 81-93 for notation and definitions.) An observable xis a proposition observable if x2 = x. 

If x, yare bounded observables we define x • y =(l/2)[{x + y)2 - x2 - y2] and say that x andy are 

compatible if x o (z o y) = (x o z) o y = (x o y) o z for all bounded observables z. Theorem 1. The 

following statements are equivalent. (i) xa • xbis a proposition observable, (ii) xa o xb = xallb' 

(iii) a <-+ b. Corollary. If X a and xb are compatible, then X a <-+ xb. Corollary. The following 

statements are equivalent. (i) xa + xb is a proposition observable. (ii) a ..l b, (iii) u(xa + xb) C [o, 1], 

(iv) xa o xb = 0. A sequence of observables xn converges weakly to an observable x if limm(xn) = m(x) 

for every state m. Theorem 2. The sequence of observables (xa o xb)n converges weakly to the pro

position observable xallb" (Received August 29, 1967.) 

653-36. H. L. EGAN, University of Maryland, College Park, Maryland 20740. A class of 

galois connectic;ms between a group and its automorphism group. 

Let G denote an arbitrary group, A(G) its group of automorphisms, and H any subset of G. 

Let r (H,S) = I a. E A(G) I [S,a.] ;;; HI (where fg,a.] = g•a.(g-1 ), for g E G, and [S,a.] = gp f[x,a.] I X E s I) 
for S ;;; G, and let F(H,.fl) = lg E Gjfg,.fl];;; H 1. for .0 any subset of A( G). For each fixed H the pair 

I r ,Fj define a galois connection zG ~ zA(G). If His taken to be a characteristic subgroup of G 

then I r , Fl define a galois connection between the collection of characteristic subgroups of G and 

the collection of normal subgroups of A(G). If His taken to be (1) If, Fl yield a "galois theory" 

for groups: r ((1), S) = I a. E A(Gll a. fixes s pointwise I, F((l), .0) = lg E Gig is fixed by each a. E .01. 

In this case If, Fl define a galois connection between the collections of all subgroups of G and of A(G). 

The concept of a galois (closed) subgroup is then defined in the usual way: S ;;; G is galois if F((l ), 

f((l), S)) =S. The galois theory for finite cyclic groups can be completely described. (Received 

August 31, 1967.) 

653-37. HERMAN GOLLWITZER, The University of Tennessee, Knoxville, Tennessee 37919. 

Stokes multipliers of subdominant solutions of the differential equation y" - (xm + a 1xm-l + ••• +am_ 1x 

+ >. )y = o. 

The Stokes multipliers of subdominant solutions of the differential equation y" - (x3 + >.)y = 0, 

where >.is a parameter, have been studied recently by Y. Sibuya (Abstract 642-53, these cJVoticeiJ 
1 (1967), 77). Consider the differential equation (DB) y" - (xm + afm-1 + ••• + am-lx + >.)y = 0; 

m ~ 3, aj and >.complex. In this paper we shall study the Stokes multipliers as a function of >.when 

the coefficients aj lie in some fixed compact set. Let w = exp(2ri/(m + 2)), a = (a1, ••• , am-ll and 

Ta = (w a1, ... , wm-lam-ll· Let f(x, a, >.)be a subdominant solution of (DE) in the sector Jarg xi< 

r/ (m + 2) • f( w - 1x, T~ 1 a, w -m>.) and f( w - 2x, T-2a, w -Zm >. ) are linearly independent solutions of 

:DE) and hence f(x, a,>.)= c 1(a, >.)f(w - 1x, T- 1a, w -mA) + c 2(a, A )f(w -2x, T-2a, w -2m>.). We 

'irst prove that the Stokes multiplier c 2(a, >.) = - w -l-Z v(m,a), 11 (m, a) is a computable constant. 

fhen we shall prove that c 1 (a, A) is an entire function of (a, A) such that c1 (a, A) = 
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1/2- v(m,a) -2 -m+2 m+2 
W [(1 + o(1 ))exp(Lm (a, A)+ L m(T a, w A)) + (1 + o(1 ))exp(L m(a, w A)+ 

Lm(T- 2a, w4 A))) as A approaches infinity in any given direction. Lm(a, A) is an analytic function 

for large I XI which is defined by a relatively simple continuation formula. (Received August 28, 1967 .) 

653-38. WITOLD BOGDANOWICZ, Catholic University of American, Washington, DC 20017, and 

HANS HEYN, University of Wyoming, Laramie, Wyoming. Volumes generated by Daniell functionals 

on the space of all continuous functions on a normal topological space. 

Let X be a normal topological space and C the space of all real-valued continuous functions on 

X. Let J be a Daniell functional on C, i.e. a positive linear functional continuous under pointwise 

monotone convergence everywhere on X. By a volume generated by J we shall understand the volume 

v as defined in the paper by W. Bogdanowicz, An approach to the theory of integration generated by 

Daniell functionals and ••• Math. Annalen 173 (1967 ), 34-52. See also W. Bogdanowicz, Proceedings 

of the Japan Academy 43 (1967), 186-191; 42 (1966), 1033-1037 and 1038-1043, and these cJiotictiJ 
13 (1966), 84. Let V consist of all sets being differences of open Fu sets of the space X. One can 

prove that the family V of sets is a prering. A positive volume v on V is called compact if for every 

sequence of sets An E V with void intersection such that ~+1 C int An for all n, A being the closure 

of A, there exist an index m such that v(A ml = 0. Theorem. Let J be a Daniell functional on the 

space C and v the volume generated by it. Then v is a compact positive volume on the prering V. 

Conversely, if vis a compact positive volume on V then all functions f E C are v-summable (for 

definition see Bogdanowicz, Proc. Nat. Acad. Sci. USA 53 (1965), 492-498) and the restriction of 

the integral J fdv to C yields a Daniell functional J such that the volume generated by it coincides 

with the volume v. (Received August 31, 1967.) 

653-39. D. V. V. WEND, Montana State University, Bozeman, Montana 59715. Existence and 

uniqueness of solutions of ordinary differential equations. 

Strong monotonicity conditions are assumed to obtain existence and uniqueness theorems for 

the initial value problem(*) yk' = fk(x, Yl'···• Ynl,yk(O) = ak, k =I, 2, .•• , n. Theorem. Suppose for 

each k the function fk in(*) is defined in the domain B: 0 ;;! x ;£a, I Yj - aj I;£ b, j = 1, ••• , n. If in 

addition each fk is nonnegative and nondecreasing in each of x, y1 •···• Yn in B, then there exists a 

solution in the extended sense of (*) to the right of x = 0. Theorem. Suppose each fk in (*) is defined 

in the domain B above and is nondecreasing in each of x, y1 , ••• , Yn in B. lf in addition for each 

solution (y 1 (x) •···• Yn(x)) of (*) fk(x, y 1(x) .... , Yn(x)) > 0 for x > 0 for each k, then (*) has at most one 

solution to the right of x = 0. An application to an initial value problem for a general nth order 

nonlinear differential equation is made, and examples are given showing the necessity of some of 

the hypotheses in the theorem. (Received September 1, 1967.) 

653-40. R. B. GUENTHER, Oregon State University, Corvallis, Oregon, and E. L. ROETMAN, 

Stevens Institute of Technology, Hoboken, New Jersey. Numerical integration in higher dimensions. 

We develop cubature formulae for "diamond shaped" domains for arbitrary dimensions, which 

are up to twelfth order accurate. These formulae use a minimal number of grid points, e.g. the 

sixth order accurate formula given here uses 1 + 2n(2n2 + 3n + 4)/3 points. These formulae reduce 

to the standard Newton-Cotes formulae when the dimension is one. We illustrate how corresponding 

formulae can be developed for arbitrary, symmetric domains. (Received September 1, 1967 .) 
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653-41. R. B. GUENTHER, Oregon State University, Corvallis, Oregon, and E. L. ROETMAN, 

Stevens Institute of Technology, Hoboken, New Jersey. Interpolation inn-dimensions. 

We develop interpolation polynomials in n-dimensions using special sets of points, which are 

exact for polynomials of degree up to eight. In two dimensions we obtain interpolation polynomials 

of much higher order. In the case of one dimension, these formulae reduce to the usual Newton

Lagrange formulae using equally spaced grid points. We observe that more symmetric formulae are 

obtained by interpolating some points and least squares fitting others. (Received September 1, 196 7.) 

653-42. j. W. BROWN, Oberlin College, Oberlin, Ohio 44074. On zero type sets of Laguerre 

polynomials. 

Sheffer (Duke Math. J. 5 (1939), 590-622) has defined a simple polynomial set IPn(x)j to be of 

type zero iff there is a differential operator J = L; ~=OckDk+l, where the ~ are constants, such 

that J[Pntl (xl] = Pn(x) for all n ~ 0. The operator J is said to be generated by the function 

"oo ktl I (atmn) 1 J(t) = ~k=O ckt • Theorem. For any integer m the simple set Ln (x) of Laguerre poly-

nomials is of type zero corresponding to the operator generated by -t(l - t)-m-1. The proof is 

based on a generating function that is exhibited for /L~atmn)(x)j. (Received September 5, 1967.) 

653-43. C. L. DEVITO, The University of Arizona, Tucson, Arizona 85721. A completeness 

theorem for locally convex spaces and some applications. 

Our completeness theorem is the following: Theorem 1. Let E be a locally convex space and 

suppose that E, when given the topology of uniform convergence on the convex, strongly bounded sub

sets of E', is both complete and separable. If the strong dual of E is complete, then E ~Mackey 

quasi-complete. This result, together with some theorems of Dixmier [Duke Math. ]. 15 (1948), 

1057-1071] yields: Theorem 2. Let B be a separable Banach space and let Q be a norm closed, 

linear subspace of B'. !!_ Q has positive characteristic, then B[u(B, Q)] is Mackey complete. Let L 1 

be the Banach space of all real-valued, Lebesgue integrable functions on (0, 1]. Let C be the Banach 

space of all real-valued, continuous functions on [0, 1]. We may regard C as a norm closed, linear 

subspace of the dual, L 00 , of L 1 • Theorem 3. The subspace C of L 00 has characteristic one. Because 

of Theorem 3 the method used to prove Theorem I yields: Theorem 4. Let F be a real-valued function 

of bounded variation on [0, 1], and suppose that F is continuous on the right. Then F is absolutely 

continuous iff lim J6 gndF = 0 whenever lgnl is a sequence of elements of C which is weak* convergent 

to zero. (Received September 5, 1967.) 

653-44. H. I. BROWN, State University of New York, Albany, New York 12203. Replaceability 

of methods of summation. 

Let I represent the set of absolutely convergent series, u(x) the natural functional L:;xn on I , 

and I 0 the kernel of u. If A is an I - I method of summation and l A represents· the summability 

field of A, then A is called absolutely regular if it preserves the functional u on I. It is called re

placeable if there exists an absolutely regular method B such that I B 2 I A. Refer to the paper by 

H. I. Brown and V. F. Cowling (Mich. Math. j. 12 (1965), 357-362) for terminology and notation. 

Theorem. The following statements are equivalent. (I) A is replaceable. (2) For each k =I, 2, ••. , 

the sequenceekliesoutsideofthe IA-c.losure of 10 • (3) l 0 isnot IA-densein I. (4) u is 

I A -continuous on I. (5) There exists a member fin I'A• the dual space of I A' such that f(ek) =I 

fork= 1, 2, •..• (Received September 6, I967.) 
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653-45. D. R. KERR, Jr., State University of New York, Albany, New York 12203. 

Seminorm-dual subspaces of the algebraic dual of a linear space. 

Let X be a linear space, let X# be the space of linear functionals on X, and for a seminorm p 

on X let (X,p)' be the dual of X with the p-topology. Necessary and sufficient conditions on a subspace 

V of X# are considered for there to exist a seminorm p on X such that (X,p)' = V. Theorem 1. 

There exists p so that (X,p)' = V iff V has a w* bounded subset whose bipolar spans V. Define p* on 

(X,p)' by p*(f) =sup IJf(x)J: p(x) ~ lf, and call V bw* closed iff V contains thew* limit of each net in 

V which is p* bounded and which is w* convergent to an element of (X,p)'. Theorem 2. For each 

subspace V of (X,p)', '(X,py )' = V iff V is bw* closed where Py is the seminorm on X defined by 

Py(x) =sup lJf(x)J: f E V and p* (f) ~ q. For any noncomplete (X,p), examples of proper total sub

spaces V of (X,p)' such that (X,pvl' = V can be given. These are, of course, not norming. Theorem 3. 

If V is a p* closed subspace of (X,p)', then there exists a seminorm q on X such that (X,q)' = V iff 

V is bw* closed. If (X,p) is complete, several corollaries follow from the fact that V is bw* closed 

iff Vis w* closed. (Received September 7, 1967.) 

653-46. R. M. GUNDERSEN, University of Wisconsin, Milwaukee, Wisconsin 53201. One-

dimensional magnetohydrodynarnic flow and the Monge-Arnpere equation. 

Consider the one-dimensional, unsteady flow of an ideal, inviscid, perfectly conducting, com

pressible fluid, subjected to a transverse magnetic field. By the use of an analysis based on a 

Monge-Ampere equation, it is shown that general isentropic flows are governed by a second-order 

partial differential equation which reduces to the usual Euler-Poisson equation in the limit of vanish

ing magnetic field. Analogous results are obtained for the interaction of simple waves when the 

applied field is oblique in orientation. (Received September 7, 1967.) 

653-47. GREGORY WULCZYN, Bucknell University, Lewisburg, Pennsylvania 17837. Poly

nomials which after repeated division have remainders in arithmetic progression. 

The following classes of polynomials are studied: (1) Polynomials in r which after t divisions 

by r will have t rernainers s, s, s, ..•.. , s (monkey-cocoanut problem). (2) Polynomials in r, which 

after t divisions by r will have t remainders k, 2k, 3k, .•. , tk. (3) Polynomials in r, which after t 

divisions by r will have remainders k, k t rn, k t 2m, ..• , k t (t - 1 )m. There is a modified converse. 

(Received September 8, 1967.) 

653-48. J. L. BRYANT, Florida State University, Tallahassee, Florida 32306, and C. L. 

SEEBECK, III, Michigan State University, East Lansing, Michigan. Locally nice manifolds are tame 

in codirnension three. 

An embedding f of an rn-manifold Minto the interior of a q-manlfold Q, q- rn ~ 3, is said to 

be locally nice if Q- f(M) is 1-ULC. Theorem 1. Let M and Q be combinatorial manifolds of dimen

sions rn and q, respectively, with q ~ 5 and q - rn ~ 3 . .!f f is a locally nice embedding of M into 

Int Q, then for each f > 0 there exists an ~-push h <:>.!_(Q, f(M)) such that hf:M----+ Q is piecewise linear. 

Corollary 2 • .!f Pis a locally tame (q- 1)-complex in Q and fjM- f- 1 (P) is locally tame, then f ~ 

t -tame. Corollary 3 . .!! f:M----+ Eq- 1 C Eq then f:M----+ Eq is t -tame. Corollary 4. !.!._Mm C Eq 

and Nn C Er, then M X N is t-tame in Eqtr provided q- m ~ 1 and r- n > 1. Corollaries 2, 3, and 

4 are just restatements of Theorem 1 for special locally nice embeddings. The proof uses the results 

of Homma and Hudson, together with some recent results of the authors. (Received September 11, 1967 .) 
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653-49. J. E. SCHNEIDER, University of Oregon, Corvallis, Oregon. Some results in the 

theory of primes. 

Primes for commutative rings with 1 were introduced by Harrison [Mem. Amer. Math. Soc., 

no. 68, 1966]. Call a commutative ring a G-ring iff every finite prime is an ideal. R is a C-ring iff 

Spec(R) = x# (R) (the set of pre primes T of R such that, for each finite E C R, T n E = fJ =>there is 

a prime P of R with T C P and P n E = fJ] iff R/ P is a C-ring for each minimal prime ideal P of R. 

R is a C-domain iff R is absolutely integral or char(R) is not zero, the transcendence degree of R 

is one, and there is a unique valuation ring of the quotient field of R which does .!!£! contain R. In 

particular, the Krull dimension of a C-ring is zero or one. The set of finite primes of R is equal 

to Spec(R) iff R is a generalized Boolean ring. The C-domain result is used to show that if R is a 

domain of "adjusted" transcendence degree one, then the primes are exactly the nonzero pre primes 

with multiplicatively <;losed complements. Moreover, if the quotient field of R is a global field, then 

Y(R), the space of all primes of R, is homeomorphic to an open subset of Y(F). (Received September 

11, 1967.) 

653-50. D. L. SUMNERS, Florida State University, Tallahassee, Floridf. 32306. Homotopy 

torsion in codimension two knots. 

The homology theory of the infinite cyclic covering space of a codimension two knot comple

ment is reasonably well known, but little is known concerning the homotopy theory of the knot comple

ment itself. Specifically, if k:Sn -> sn+2 is a smooth embedding, and T(kSn) is an open tubular neigh

borhood of the embedding, let S = sn+2 - T(kSn). One of the module structures on the homotopy of S 

is the natural structure over the ring A= integral group ring of 1r 1(S). We say that 1ri(S) (i ~ 2) has 

A -torsion if there exists 0 r! c E 7ri(S), 0 r! wE A such that 0 =weE 1ri(S). Theorem 1. For all 

n ~ 1, given any integer p such that 1 ~ p ~ (n + 1 )/2, there exists a slice knot ( sn+2, k Sn) such that 

(i) '~~"t(S) = '~~"i(S 1 ), 1 ~ i < p, (ii) 7ri(S) has A-torsion p ~ i ~ n + 1 - p; 1r1(S) r! Z p = 1. Let 

k': gn+l--+ gn+3 denote proper smooth embedding of balls. Let 8 denote the knot complement. 

_!he~ 2. For all n ~ 1, given any integer p such that 1 ~ p ~ n, there exists a knotted ball pair 

(Bn+ 3, k'Bn+l) such that (i) '~~"i(B) = '~~"i(S 1 ) 1 ~ i < p, (ii) 7ri(B)has A-torsion p ~ i ~ n; '~~"1(8) r! Z ·P = 1. 

The proof is by surgery, and the homotopy torsion is related to the homotopy torsion in the infinite cyclic 

cover. One of the examples of the slice knots for n = <: can be shown to be a counterexample to a 

theorem announced by Giffen. (Received September 11, 1967.) 

653-51. W. W. COMFORT, Wesleyan University, Middletown, Connecticut 06457, and S. NEGRE

PONTIS, McGill University, Montreal, Quebec, Canada. Homemorphs of three subspaces of ,3N\N. 

Hypothesized spaces are completely regular Hausdorff; ,., denotes homeomorphism; our proofs 

use the continuum hypothesis. An easy consequence of I. I. Parovicenko' s theorem (Dokl. Akad. Nauk 

SSSR 150 (1963), 36-39 = Soviet Math. Dokl. 4 (1963), 592) is Theorem. Let X be 0-dimensional 

with jC(XJI = c and let Z be a nonvoid zero-set in {JX with Z n X = fJ. Then Z,., fJN\N. Definition. 

ForD discrete with IDI = M1, set n = {pE fJD\D: pEel fJDA for some countable A CD}. Theorem. 

Let p be aP-point in fJN\N, z0 the interior of any nonopen zero-set in fJN\N. Then n,., z0 ,., 
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{3 N\ N \I PI· Notation. For each X, P(X) denotes its space of P-points, X1r denotes X with the coarsest 

P- space topology containing the original. A is the lexicographically ordered space 2 w 1 of 

/o, lj-"sequences" in its order topology. Theorem. If X is compact, then X1r"" A1r iff JC(X)J = c 

and no point of X is a G 0 • Corollary. If X is locally compact, realcompact, noncompact with 

JC(X)J = c, then ({3X\X)1r "" A1r. Theorem. If X is locally compact, a-compact, noncompact with 

jC(X)J = c, then P({3X\X) "" A1r. Theorem. If X is noncompact, separable metric, then ({3X\X)1r "'A 1r. 

The case A1r"" ({3N\N)1r"" P({3N\N) was given by Parovicenko (loc. cit.). (Received September 11, 

1967.) 

653-52. T. W. HUNGERFORD, University of Washington, Seattle, Washington 98105. On the 

free product of algebras. 

If A and B are differential graded augmented (DGA) algebras over a commutative ring K, then 

their free product A* B is always defined (the definition is given by means of tensor products). A* B 

is a DGA algebra such that A ----> A * B <---- B is a universal diagram in the category of DGA-algebras; 

similarly for the free product of Hopf algebras. The relationships between various hom0logies H(A), 

H(B), H(A 0 B), H(A * B) are investigated. Examples show that H(A * B) does not determine H(A 0 B), 

and vice-versa. Theorem. If A and B are torsion-free DGA-algebras over Z, then H(A * B) is com

pletely determined by the homology spectra of A and B. Finally a Kunneth Theorem of sorts is given, 

relating the additive structure of H(A * B) (A, B as in Theorem) with H(A), H(B) and the derived 

functors of then-fold tensor product (all n;;:: 2). (Received September 11, 1967.) 

653-53. W. M. FLEISCHMAN, State University of New York, Buffalo, New York. A new exten-

sion of countable compactness. 

A topological space X will be called starcompact provided that for each open covering C)/ of X 

there is a finite set A C)/ <:::: X such that St(A"l/, "l/) = X. Every countably compact T 1 space is star

compact. Conversely, any regular starcompact space is countably compact. Relationships between 

starcompactness and both pseudocompactness and weak compactness have been explored. It is shown 

that a space which is both starcompact and point paracompact is, indeed, compact. These ideas lead 

to an extremely simple proof of the following generalization of a theorem of G. Aquaro (Atti Accad. 

Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur 39 (1965), 19-21): Let!!! be an infinite cardinal, let X be 

a space which is ~-compact, and let ")/be a point-~ open covering of X. Then C)/ has a finite 

subcover. (Received September 11, 1967.) 

653-54 and 653-55. WITHDRAWN. 
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653-56. T. K. BOEHME. University of California. Santa Barbara. California. and R. E. POWELL. 

University of Kentucky. Lexington. Kentucky 40506. Generalizations of the Taylor transform generated 

by analytic functions. 

Let r E {z: Jzl < 1}. Let Fr be the collection of functions f such that f is analytic on {z: Jzl & 1}. 

f(l) = 1. and jf{z)J < Jrl-l for Jzl & 1. Define g(r. z) = {1- r)f{z)/[1- r f{z)]. The T(f; r) = (wn.k(r)) 

transform is defined by {g(r, z)jn = L~=O wn.k(r) zk. The Taylor transform, T(r), is obtained when 

f{z) = z. (i) Conditions are determined on r and f such that T(f; r) is regular. (ii) The region onto 

which a regular T(f; r) transform continues the geometric series analytically is found. (iii) Sufficient 

conditions are determined on r 1 , r, and f such that a sequence which is T(r1 ) summable is also T{f; r) 

summable to the same value. (iv) Let F be a bounded function in C [0, 1 ). Define Pn (F; r) = 

L ~=Own,k(r)F{tn.kl where T{f; r) = ("h,k (r)), tn,k = [k - f(l )(1 )n]/k if k ~ f{l )(1 )n, and tn,k = 0 

otherwise. Conditions on f and rare determined such that Pn (F; r) converges uniformly to F. 

(Received September 13, 1967 .) 

653-57. W. W. SMITH, University of North Carolina, Chapel Hill, North Carolina 27514, 

Projective ideals of finite type. Preliminary report. 

Let R be a commutative ring with unity and J be a finitely generated ideal of R. Denote the 

prime radical of R by rad Rand the annihilator of J by Jl_= {xJxJ = 0 I. Theorem 1. If J is flat and 

Jl_ C rad R then J is projective, Theorem 2. If Jl_ is finitely generated and J is flat then J is pro

jective. (Received November 6, 1967,) 

653-58. NICKOLAS HEEREMA, Florida State University, Tallahassee, Florida 32306. A 

group of a Lie algebra. 

Let L be a Lie algebra over a field of characteristic zero and let .d be an enveloping algebra 

of L. Let !# be a set of generators of L as an Abelian group, The subgroup of the multiplicative 

semigroup of the power series ring .d [[x]J generated by {exp ax}aE!# is designated~!# (L) and 

5R (L) denotes its completion in the topology of the lower central series. The following are proved. 

(1) The factor groups of the lower central series of!#!# (L) and of !#(L) are isomorphic to the 

additive groups of the corresponding derived algebras of L. Thus (2) _l:f'!# {L) and .l:f'(L) are nil

potent if and only if L is. (3) An element Eaixi of l:f'(L) is in the nth derived subgroup of .l:f'(L) 

if and only if ai = 0 for 1 :& i & n, {4) :Ji> (L) is independent of !#. So is !#!9' (L) if L is nilpotent. 

They are both independent of .d(depending on L only). (5) Conditions on !#(L) are given equivalent 

to simplicity (semisimplicity) of L. (6) Generalizations for sequences of exp and log are obtained 

as well as a variant of the Campbell-Hausdorff formula. (Received September 14, 1967.) 

653-59. R. W. GUNDERSON, Marshall Space Flight Center, Huntsville, Alabama, and ]. H. 

GEORGE, University of Wyoming, Laramie, Wyoming. On the equivalence of certain stability 

properties. 

The vector differential equation x = f(x, t) is considered, where x and f belong to Rn, f is defined 

on Dr= {(x, t): x < r, t ~ o} and f(O, t) = 0 fort ~ 0. Solutions of the differential equation on a 

t-interval J, with initial values (xo, to) E Dr• are required to satisfy the equation for all t E J and 

94 



be differentiable on J. Solution properties are defined which correspond to explicit solution behavior 

requirements of several well known versions of stability in the sense of Liapunov. Examples are 

given to verify that the properties are different. It is then shown that the properties can be made 

equivalent by placing additional requirements on the right side. For example, it is shown that the 

equivalence of all the properties follows from the continuity off, uniqueness of the trivial solution 

to the left of every t 0 1: 0 and uniqueness of the trivial solution to the right of t0 = 0. (Received 

September 5, 1967.) 

653-60. D. W. LICK, Brookhaven National Laboratory, Upton, New York 11973. Existence

uniqueness theorems for nonlinear Dirichlet problems. 

Existence-uniqueness theorems are proved for Dirichlet problems for nonlinear equations of 

the form \7 2u - f{u) = 0, u 1: 0, with boundary condition u = p where p is continuous and positive. 

(Received September 14, 1967.) 

653-61. S. W. YOUNG, University of Utah, Salt Lake City, Utah 84112. Polynomial factors 

of light mappings on an arc. 

Theorem 1. Iff is a continuous light function of [a, b] onto [c, d] and ·t > 0, there exists a 

factorization f = Pg = P(g) such that P is a polynomial of [a, b] onto [c, d) and g is a continuous func

tion of [a, b) onto [a, b) such that Jg(x) - xJ < t for all x E [a, b). Theorem 2. If T is a continuous 

function of an arc onto an arc, then T is light if and only if T is topologically equivalent to a continuous 

function f of [0, 1) onto [0, 1) such that if ~ > 0, there exists a factorization f = Pg where P is a 

polynomial of [0, 1] onto [0, 1] and g is a continuous function of [o, 1] onto [0, 1] such that Jg(x) -xi< t 

for all x E [0, 1). (Received September 15, 1967.) 

653-62. G. L. PFEIFER, The University of Arizona, Tucson, Arizona 85721. The Stone-Cech 

compactification of an irreducibly connected space. 

A connected topological space X is irreducibly {closed) connected about a subset A of X if no 

proper (closed) connected subspace of X contains A. Theorem 1. If the completely regular space X 

. is irreducibly connected about A., then..the.Stone-Cech compactificati<m -,13-X--U..-ir:~;educibl.y connectea 

about AU (/3X - X). Theorem 2. If the normal space X is irreducibly closed connected about A and 

either (i) locally connected or {H) semilocally connected at each x E X - A, then /3X is irreducibly 

closed connected about A. (Received September 15, 1967.) 

653-63. D. R. CHALICE, Western Washington State College, Bellingham, Washington 98225. 

Some characterizations of approximate normality. 

Let A be a function algebra on a compact Hausdorff space X. The following generalizes a 

result of Ryff on the disk algebra. Lemma. Let Jl. be either a representing measure or an extreme 

point of the ball of A.l. If Sis the closed support of p., then A-hull (S) is connected. A is approximate

ly normal on X if for any two disjoint closed sets E, F in X and t > 0, there is a function fin A such 

that If! < t on E and J1 - fi < t on F. Theorem. The following are equivalent. (I) A is approximately 
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normal on X. (2) Every representing measure for A concentrated on X has connected closed support. 

(3) For each pair of disjoint closed sets E, F in X, A-hull (E U F) = A-hull (E) U A-hull (F) and 

A-hull (E) n A-hull (F)= fJ, (4} For each closed set Fin X, the canonical map components (F)·----> com

ponents (A-hull (F)) is 1 -1, onto. (5} For each closed set F in X, the canonical map clopen sets 

(A-hull (F)) ---t clopen sets (F) is 1-1 onto. Remark. It follows that every extreme annihilator 

must also have connected closed support and hence by the Krein-Milman theorem follows a 

"belonging" result of Wilkin. (Received September 18, 1967.} 

653-64. A.M. FINK and G. SEIFERT, Iowa State University, Ames, Iowa 50010. A separation 

condition for the zero solution of a system of differential equations. 

Consider a system of ordinary differential equations of the form (1) x' = f(t, x) where x and 

f(t, x) are elements of real Euclidean n- space Rn, R 1 = R, and t E R. Here f(t, 0) = 0 for t E R, 

f is continuous and satisfies a local Lipschitz condition in x in R XU, U an open subset of Rn such 

that 0 E U. Let V be a real valued function on R XU satisfying the same conditions as f there and in 

addition, V(t, x) ---t 0 as X ---t 0 uniforml.y fortE R. Define v(1) (t, x) =lim suph--->0+ [V(t + h, X+ 

hf(t, x)) - V(t, x)]/h. Theorem. Suppose there exists a real-valued function a. defined and continuous 

on the nonnegative reals R+ and such that a(O) = 0, a(r) > 0 for r > 0, and a function V as above such 

that rv(l) (t, x) I ~ a( lx ll for (t, x) E R X u. Then if K is any compact subset of u such that 0 E K, 

x = 0 is the only solution of (1) such that x(t) E K for all t"E R. (Received September 18, 1967.) 

653-65. C. ]. HIMMELBERG and F. S. VAN VLECK, University of Kansas, Lawrence, Kansas 

66044. Some selection theorems for measurable functions. 

Virtually all known (and some new) generalizations of the well-known lifting lemma of 

A. F. Filippov (J. Soc. Indust. Appl. Math. Ser. A Control 1 (1962}, 76-84) can be deduced from a 

recent selection theorem of K. Kuratowski and C. Ryll-Nardzewski (Bull. Acad. Polon. Sci. Ser. Sci. 

Math. Astronom. Phys. 13 (1965}, 397-403}. We cite here some of the selection theorems we obtain, 

but omit the statement of the lifting theorem which can be easily obtained as a corollary in each case. 

Theorem 1. Let X be a set with a-ring Y, Y a separable metrizable space, and F: X--+ Y a point 

closed multifunction such that F- 1 (B) E Y for each compact B C Y. Then there is a selector 

f:X---tY for F such that r 1 (B) E .'/'for each compact B C Y. The~rem 2. Let X be a set with 

a-algebra ~. Y a Lusin space, F: X ---t Y a point closed multifunction such that F- 1 (B) E ~ for 

each Borel subset B of Y. Then there is a selector f: X-> Y for F such that C 1 (B) E ~ for each 

Borel subset B of Y. Theorem 3. Let X be a set with a-algebra ~, Y a separable metric space, and 

F: X ---t Y a point complete multifunction such that F- 1 (B) E 21 for each closed B C Y. Then there 

is a selector f: X ---t Y for F such that r1 (B) E ~ for each closed B C Y. (Received September 18, 

1967.) 

653-66. WITHDRAWN 
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653-67. SEYMOUR HABER, National Bureau of Standards, Washington, D. C. 20234. Random-

ized quadrature formulas. 

A family of quadrature form'Jlas is described, in which classical and Monte-Carlo ideas are 

combined. Asymptotic error formulas are derived, and it is seen that in some circumstances these 

formulas will allow more rapid convergence than either the simple Monte-Carlo method or the classi

cal methods. A few specific formulas of this family are constructed. (Received September 18, 1967.) 

653-68. C. j. MAXSON, State University College, Fredonia, New York 14063. On near-rings 

of polynomials. 

Automorphisms, T, of the ring R( = (F [x), t, ·)) of polynomials in one indeterminant over a 

field F of characteristic zero are used to define multiplications *Ton F [x) in such a manner that 

NT= (F [x), t, *T) becomes a unitary (right) near-ring with two-sided zero. In general the poly

nomial near-rings NT are not rings. It is shown that the NT -subgroups of NT are ideals of R 

and conversely. Tis used to characterize those N1 subgroups of NT which are also (left) ideals. 

A new characterization of finite near-fields is given; a polynomial near-ring is used to show that this 

characterization does not extend to infinite near-fields. (Received September 18, 1967 .) 

653-69. MANFRED BREUER, University of Kansas, Lawrence, Kansas 66044. Fredholm 

theories in von Neumann algebras. II. 

For the definitions used, see Abstract 648-61, these cNoticeiJ 14 (1967), 647. In that abstract 

compact elements and Fredholm elements relative to a von Neumann algebra A of operators were 

defined. One can generalize the classical theorems of Atkinson, Cordes- Labrousse a.o. as follows. 

Tis Fredholm relative to A iff it is regular modulo the compact elements of A. Let S'(A) be the 

set of Fredholm elements of A and let v: Y(A) ___, I(A) be the index map. Then v(ST*) = vS- vT. 

Let Al' A2 be von Neumann algebras and let B = A1 ® A2 ®Z(C 2 ). There is a canonical imbedding 

I(A 1 ) ® I(A2 ) C I( B). Consider the map (S 1, S2 ) ___, s1 # S 2 of (A 1, A2 ) into B (see Palais, Ann. 

Math. Studies 57, p. 207). If S 1, S 2 are Fredholm relative to A 1, A2, then s1 # S2 is Fredholm 

relative to 8 and v(S 1 # S2 ) = v(S 1) ® v(S2 ). Let A be properly infinite. Then v induces an 

isomorphism of the group 1r0 y(A) of connected components of S'(A) onto I(A). (Received September 

18, 1967.) 

653-70. GARY CHARTRAND, Western Michigan University, Kalamazoo, Michigan 49001, and 

DENNIS GELLER, University of Michigan, Ann Arbor, Michigan 48104. On uniquely colorable planar 

graphs. 

Any coloring of a graph G induces a partition of the set of points of G into color classes, each 

class consisting of all points having a given color. A graph G with chromatic number x(G) = n 

is uniquely n-colorable if any two colorings of G with n colors induce the same partition into color 

classes. Some necessary conditions and other sufficient conditions are presented for planar graphs to 

be uniquely 2-, 3-, or 4-colorable. In addition, it is shown that there does not exist a uniquely 

5-colorable planar graph. (Received September 18, 1967.) 
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653-71. S. K. THOMASON, Simon Fraser University, Burnaby 2, B. C., Canada. ~nitial 

segments of the hyperdegrees. 

The lattice of all finite subsets of a countable set is isomorphic to an initial segment of the 

hyperdegrees less than that of Kleene' s 0. The proof uses a generalization of the forcing method 

of Gandy and Sacks A minimal hyperdegree, (to appear). (Received September 18, 1967.) 

653-72. R. E. CARLSON and C. G. CULLEN, University of Pittsburgh, Pittsburgh, Pennsylvania 

15213. A characterization of intrinsic functions on quaternion matrices. 

Let ~ be an associative algebra over the field 3 and let ® be the group of all automorphism& 

and antiautomorphisms of ·'ll. which leave 3 elementwise invariant. A function F: ~ ----+ ~is intrinsic 

on a domain tl if (i) n tl = tl V 0 E ® and (ii) F(O Z) = n F(Z) V n E ® and V Z E tl. This 

paper provides a characterization of intrinsic functions for the case ji = Qn = In X n matrices of 

quaternions}. Using an earlier result of the authors [Can. J. Math •. 19 (1967)] it is shown that every 

intrinsic function F on Qn is a poly-function (VA E tl, 3 p(x) E IJl [x] 3 F(A) = p(A)] and an explicit 

stem function iJ: V n< ~) ----+ ~ is determined. (Received September 18, 1967.) 

653-73. J. R. REAY, Western Washington State College, Bellingham, Washington 98225. 

More about Radon's theorem. 

What conditions must be placed on a set S C Ed to assure that it may be partitioned into r 

pairwise disjoint subsets whose convex hulls intersect in a set which is at least k-dimensional7 

The following partial answers are known (see Abstract 640-22, these C!VoflCe.013(1966), 841 ). 

( 1) The cardinality of S must be at least (d + 1 )(r - 1) + (k + 1 ). This is always necessary and is 

sufficient if k = 0. If k > 0 then some type of independence is also necessary. (2) If k ~ 1, a sufficient 

condition is that S be strongly independent (see reference for definition), and it has been conjectured 

that a weaker sufficient condition is the general position of S. The following newer results establ~sh 

this conjecture for several special cases. (3) If d = 2 or if r = 2 then the general position of S 

(and the correct cardinality, of course) is a sufficient condition. Certain weaker conditions are 

sufficient in the case d = 2, namely: If k =.1, Sis not contained in the union of two lines in E 2• 

If k = 2, there does not exist any line in E 2 which contains more than one third of the points of S. 

(The classic theorem of Radon is the special case k = o, and r = 2.) (Received September 18, 1967.) 

653-74. H. HERRLICH, Freie University, Berlin, Germany, and G. E. STRECKER, University 

of Florida, Gainesville, Florida 32601. H-closed spaces and reflective subcategories. 

Every Hausdorff space X has an H-closed extension TX (called the Kati!!tov extension of X) which 

is maximal in several respects. Thus for Hausdorff spaces, the H-closed extension T is analogous to 

the Stone-Cech compactification {j and to the Hewitt real compactification v for completely regular 

spaces. The latter two extension processes are reflections for the category of all completely regular 

spaces and continuous functions. However, we have the following Theorem. The Kat~tov extension 

is not a reflection for the category of all Hausdorff spaces and continuous functions. Definition. A 

function f: X ----+ Y is called semi-open (resp. demi-open) provided that for each A C X, 
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A ° F fJ => (f(A))° F fJ (resp.A° F fJ => (f(A)r° F fJ). Theorem. For the category of all Hausdorff 

spaces and continuous semi-open (reap. demi-open) functions, the Katetov extension is a reflection. 

Thus for this category T is a functor such that the correspondence which assigns to each Hausdorff 

space X, the natural embedding r: X -+ rX is a natural transformation from the identity functor to T. 

(Received September 18, 1967 .) 

653-75. KWANGIL KOH, North Carolina State University, Raleigh, North Carolina 27607. 

On a structure theory of a projective generator for an exact category with unions. 

Let E be an exact category with zero and U be an object in E. Let S(U) be the family of 

subobjects of U. We say, N E S(U) is superfluous in U provided that N U I= U for any IE S(U) 

implies that I = U. Theorem A. If f is a morphism from U to M for some M E E then f(I) is super

fluous in M if I is superfluous in U. Theorem B. Suppose that if I is a proper subobject in U then there 

exists a maximal J E S(U) such that J ~I. Let ~ be the family of all maximal subobjects of U. 

If n la.E ~I a. exists, then it is the largest superfluous subobject of U and U/ J(U), where J(U) = 

nla.E~Ia.' is semisimple in the sense that zero is the only superfluous subobject of U/ J(U). 

Theorem c. Let U be a projective generator of E in the sense that it is projective and if ME E then 
----

M = U gE [U ,M]g(U) where (U, MJ = the set of morphisms from U to M. Furthermore, assume that if 

M =A U 8, A n 8 = o, then A U 8 is a coproduct. If U is semisimple and satisfies the minimum 

condition on the subobjects then U is a coproduct of a finite number of minimal subobjects. If for 

each M E E, S(M) is relatively complemented, in the sense that if I E S(M) there exists J E S(M) 

such that I n J = 0 and I U J is essential, then every object of E is injective and projective. (Received 

September 19, 1967.) 

653-76. THEODORE MITCHELL, Temple University, Philadelphia, Pennsylvania. Fixed 

points and separately continuous actions of topological semigroups. Preliminary report. 

Let S be a topological semigroup with a Hausdorff topology and separately continuous product. 

Let LMC(S) (respectively, WLUC(S)) be the space of those bounded continuous real-valued functions 

f on S such that for each multiplicative mean p. E C(S)* (respectively, each element p. E C(S)* and 

each s E S, if s(n)-+ s, then p. lls(n) f)-+ p.(l 8 f). Theorem 1. LMC(S) has a multiplicative left 

invariant mean iff whenever S acts on a compact Hausdorff space, where the map S X Y -+ Y is 

separately continuous, then Y contains a common fixed point of S. Theorem 2. WLUC(S) has a left 

invariant mean iff whenever S acts affinely on a convex compact subset Y of a locally convex space, 

where the map S X Y --> Y is separately continuous, then Y contains a common fixed point of S. (For 

the jointly continuous cases, see Abstract 66T-444 and 66T-448, these ci(otirRJJ 13 (1966), 724 and 

725.) (Received September 19, 1967.) 
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653-77. MICHAEL ANSHEL and J. R. CLAY, The University of Arizona, Tucson, Arizona 

85721. Geometric interpretations of planar near-rings. 

A near-ring (N, +, •) is planar if for every a, b, c E N such that at F bt for some t EN, the 

equation ax = bx + c has a unique solution for x in N. Many examples, both finite and infinite, have 

geometric interpretations. In particular, the points of some planar near-rings can be interpreted 

as the points of an affine plane. The following theorem is significant. _!heorem_. _!! (N, +, ·)~ 

planar near-ring without zero divisors, then there are multiplicative subgroups (Sa,·) of the semi

group (N*, • ), where N* = N - I 0 I• such that N = I 0 I U ( U N*B ), the 8 are pairwise disjoint, and 
--- ---- aE a -- a 
the Ba are isomorphic as multiplicative. groups. In some cases, each Ba U I 0 I can be interpreted as 

a ray, a straight line, or a circle. (Received September 18, 1967.) 

653-78. ERNEST MICHAEL, University of Washington, Seattle, Washington 98105. Bi-quotient 

maps and products of quotient maps. 

Call a continuous surjection f: X--> Y hi-quotient if, whenever y EY and %'is a covering of 

r 1 (y) by open subsets of x, then finitely many f(U), with U E %', cover some neighborhood of y in Y. 

All continuous open surjections and all proper (=perfect) surjections are hi-quotient, and all hi

quotient maps are quotient maps. Theorem 1. If all fCl: XCl --> Y C1 are hi-quotient, then so is their 

cartes ian product n f : II X --> n y . Theorem 2. Let f: X --> y. with y Hausdorff (a) f X iz is aa. a.a. a.a • 

a quotient map for any space Z if and only iff is bi -quotient. (b) f X g is a quotient map for any 

quotient map g if and only if Y is locally compact and f is hi-quotient. (Received October 30, 1967.} 

653-79. MICHAEL ANSHEL, The University of Arizona, Tucson, Arizona 85721. The endo-

morphisms of some one-relator groups. 

G. Baumslag and D. Solitar [Bull. Amer. Math. Soc. 68 (1962), 199-201] published the first 

examples of non-Hopfian, finitely generated one-relator groups. In this paper we characterize the 

endomorphisms of a class of groups studied in their paper. In the process we study some properties 

of conjugacy of these groups, compute the centralizers of certain special elements and apply these 

results to 'Generalized Hopfian Problems'. (Received September 18, 1967.) 

653-80. W. S. MARTINDALE, 3rd, University of Massachusetts, Amherst, Massachusetts. Lie 

isomorphisms of simple rings. 

A previous result of ours [Proc. Amer. Math, Soc. 14 (1963), 916, Theorem 5] is generalized 

as follows. Theorem. Let p be a Lie isomorphism of a simple ring R onto a simple ring R', where 

the characteristic of R is different from 2 and 3 and R contains two nonzero orthogonal idempotents 

whose sum is the identity. Then p is of the form u + T, where u is either an isomorphism or the 

negative of an anti-isomorphism of R onto R' and T is an additive mapping of R into the center of R' 

which maps commutators into zero. (Received September 20, 1967.) 
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653-81. D. J. NEWMAN, Yeshiva University, New York, New York 10033, and LOUIS RAYMON, 

Temple University, Philadelphia, Pennsylvania 19122. Quantitative polynomial approximation on 

_: ert ~in planar sets. 

On the restriction of the point set of any algebraic curve in the plane to a square, the order of 

magnitude of the degree of approximation of properly normalized continuous functions (contractions) 

by nth degree polynomials (in any norm) is 1/n. (See G. G. Lorentz, Approximation of functions, Holt, 

1966, for a definition of the degree of approximation.) However, on the curve y = ex, 0 ~ x ~ 1, the 

order of magnitude of the error can be improved in the L2 norm, to exactly l/n'3/2. A similar theorem 

is proved for the curve y =X'- for certain transcendental a. Furthermore, there is a class of curves 

on which the degree of approximation is improved to 1/n2 (even in the continuous norm)--best possible 

for any n2-dimensional subspace of continuous functions. (Received September 20, 1967.) 

653-82. H. G. MOORE, Brigham Young University, Provo, Utah 84601, and A.M. YAQUB, 

University of California, Santa Barbara, California 93106. A generalization of Boolean rings. 

A ring R is called a B-ring if x E R implies x is nilpotent or x is idempotent. The following 

results are proved. Theorem 1. Let R be a B-ring, and let J be the Jacobson radical of R. Then 

R/ J is a Boolean ring and the commutator ideal C of R is nil. Theorem 2. Suppose R is a B-ring 

and suppose R has at least one nonzero idempotent e. Suppose also that the idempotents of R commute 

with each other. Then R is a Boolean ring. Finally, an example is given of a B-ring R where R is 

not commutative. (Received September 20, 1967.) 

653-83. J. A. MORRISON, Bell Telephone Laboratories, Incorporated, Murray Hill, New Jersey 

07971. An averaging scheme for some nonlinear resonance problems. 

A perturbed vector system of differential equations, containing a rapidly rotating phase, is 

considered. The zero order rate of change of a second variable is a function of the remaining, 

slowly changing, variables, and vanishes on a surface. Such a system arises, in particular, in the 

investigation of resonance phenomena in the essentially nonlinear forced vibrations of a one degree 

of freedom system which depends on slowly varying parameters. An averaging scheme is developed 

which involves expansion in the perturbation parameter, together with an expansion in the neighbor

hood of the resonance surface. This procedure provides a uniform approach for analyzing the motion 

of the system in the neighborhood of resonance, and it is shown how the averaging scheme presented 

here is related to other ones which have been used in resonance investigations. (Received September 

20, 1967.) 

653-84. FRITZ POKROPP, University of Cincinnati, Cincinnati, Ohio 45221. Coupled maps 

_<J_n groups and derived structures. 

Let G(·) be a group, S(G) its symmetric group. A map ,0: G--+ S(G); a--+ a,e~ is called a 

coup~d map of G iff apbp = (a•ap (b)),e~ for all a, bE G. Define a new operation o on G by a o b = 

a · a,e~ (b). What structure does the ,0-derivative G(o) have? The kernel K(p) = (a E G: a,e~ =identity l 
is a subgroup of G. The image I(p) = {a,e~: a E G/ is a subgroup of S(G). If K(p) is a normal subgroup 
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then G(o) is a quasigroup. G(o) is a group iff I(p} is a subgroup of the automorphismgroup of G(·). 

Some (particularly important) coupled maps are homomorphisms on G(·). All coupled maps on finite 

zyclic groups onto zyclic automorphismsubgroups are determined. An application for the construction 

of finite near-fields is mentioned. (Received September 24, 1967 .) 

653-85. E. L. KOH, University of South Carolina, Columbia, South Carolina, and A. H. 

ZEMANIAN, State University of New York at Stony Brook, Stony Brook, New York. The complex 

Hankel and !-transformations of generalized functions. 

Let a be a positive real number and 1J. any real number. LetS~= (x-ll-l/2ox21l+lox-ll-112 )k, 

k = 0, 1, 2, •••• Consider the space JJ,l.,a of smooth, complex-valued functions ¢(x) on (O,oo) such that 

for every nonnegative integer k, rk'a(p) = supO<x<oo Je-axx-J.L-l/2s~(,!S)J < oo. JJ.L,ais a first countable, 

complete, Hausdorff, locally convex, linear space topologized by the countable multinorm lr~'alk. 
I I 

Its dual JJ.L,a consists of all continuous linear functionals on JJ.L,a" For f E JJ.L,a' the Hankel transform 

Hllf is defined by (Hilf) (y) = (f(x), (xy)112 J ll (xyl) where y is restricted to the cut strip nf = 

ly: Jim yJ < a, y 'I' 0 or a negative number}. This definition, while not as general as that given by 

Parseval's equation (Zemanian, J. Siam Appl. Math. 14 (1966), 561), is a direct extension of the classical 

transformation because the kernel appears explicitly. It is also more convenient for specific computa

tion. Theorems on analyticity, boundedness, inversion and uniqueness, together with an operation

transform formula, are given. An apparently new transformation, viz., the J.Lth order !-transformation 

is defined for f E J~,a by (Tilf) (s) =(f(x), (xs)112 Ill (xsl) where sis a suitably restricted complex 

parameter. The Hankel and !-transformations are related through a change of variable. An inversion 

theorem for the !-transformation is given. (Received September 21, 1967 .) 

653-86. K. W. ROGGENKAMP, University of Illinois, Urbana, Illinois 61801. Extensions of 

lattices over orders. 

Let R be the ring of algebraic integers in an algebraic number field K, A a finite dimensional 

semisimple K-algebra, and G an R-order in A. A G-lattice is a unitary left G-module, finitely 

generated and torsion-free over R. We say that a G-endomorphism f of a G-lattice M is projective 

if Extb(M, X)•f = 0 for every G-lattice X. By L(M) we denote the set of projective G-endomorphisms 

of the G-lattice M. Let C be the maximal R-order in the center of A, and let I Bj} be the maximal R

orders in A containing G. Define J(Bi/G) = lz E C: zBi C G} and let J(G) be the C-ideal generated 

by J(Bi/G) for all Bi. Then J(G)·Ext~(M, N) = 0 for all G-lattices M and N (cf. H. Jacobinski, Mich. 

Math. J. 13 (1966), 471-475). Put FL(B j) =Ia E A: Bja CG}. Theorem. If for some Bj, FL(Bjlis 

a two-sided Bj -ideal, then J(G) = lx: x in the center of G, x•Extb(M,N) = o} = FL(Bjl n C = C n (nM L(M)). 

where the intersection is taken over all G-lattices M. (Received September 21, 1967 .) 
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653-87. G. S. UNGAR, Louisiana State University, Baton Rouge, Louisiana 70803. Local 

homogeneity. 

Two types of local homogeneity are defined and the following theorems are proved. (1} If X 

is a compact homogeneous uniform space then the induced topology is a reasonable topology (L. R. 

Ford, Homeomorphism groups and coset spaces, Trans. Amer. Math. Soc. 77 (1954}, 490-497} for 

H(X} iff X is uniformly locally homogeneous. (2.} The finite product of compact reasonable spaces 

is reasonable. (3} If X is a 2. locally homogeneous, locally arcwise connected compact metric space, 

then X is locally contractible. (4} If X is a 1 locally homogeneous Peano continuum, then X is a coset 

space of a topological group which is generated by a Peano continuum. (Received September 2.1, 1967.} 

653-88. S.D. COMER, Vanderbilt University, Nashville, Tennessee 372.03. Galois theory and 

the amalgamation property in finite dimensional cylindric algebras. Preliminary report. 

For notation seeS. D. Comer (Abstract 67T-2.51, these c}/otiai) 14 (1967}, 2.91}. Theorem l. 

For a. < w substitution operations can be defined in any simple CAa. of nonzero characteristic making 

it into an a.-dimensional polyadic equality algebra (a PEAa.)• Under this correspondence a CAa. 11et 

algebra becomes a PEAa. set algebra. As a corollary of Theorem 1 Krasner's generalized Galois 

theory can be extended from PEA a.'s to finite dimensional CAa.'s of nonzero characteristic. Let Jie'a. 

be the smallest class of CA ; s containing the full set algebras with base U where 0 < jU I < a. and 

which is closed under isomorphisms, direct products, and retracts. Theorem 2.. For 1 <. a. < w Jie'a. 

is the class of CA a. -injective algebras. A similar result holds for PEA a.'s. Theorem 3. For 

1 < a. < w the amalgamation property holds in the class of all CA a.'s (PEA a.'s} which satisfy the 

equation d(a. X a.} = 1 (cf., above reference}. (Received September 2.1, 1967 .} 

653-89. R. B. SIMPSON, California Institute of Technology, Pasadena, California 91109. 

Convergence of dynamic relaxation (second order Richardson's method}. 

Dynamic relaxation is the iteration process for solving the linear system Au = f which, from 

two arbitrary starting values uo and u1, proceeds according to(*} (1 + c)un+l = 2un - (l - c)un_ 1 + 

'Y(-Aun +f). Here c and 'Yare parameters to be chosen. This method is proposed as an efficient 

stationary process for systems of finite difference equations for boundary value problems of higher 

than second order. For A positive definite and c > 0, (*}is convergent iff 0 < 'Y < 4p,Nr1 where 

.\N' (.\1 ) is the largest, (smallest} eigenvalue of A. For the optimal choice of c,'Y(Frankel MTAC, 

pp. 65-75, 1950}, we have O(nrn} =Hun- uH '/' o(nrri), in general, for r = p,N)1/2. ( >.1)1/2./(.\N)l/2. + 

(.\ 1 )112• If l'unl is the sequence calculated by(*} with the addition of a round off perturbation of norm 

less than t, we have Hun- unH M ~ t (1 - r)- 2• For each decomposition of A = D1 + D2• we obtain a 

successive iteration process of the form(**) (1 + c}un+1 = 2Un - (1 - c}un-1 + 'Y(- D1un+l- D2.Un +f) 

which includes various methods of using the new values as soon as they are computed. If the symmetric 

part of D 1 - D~ is positive semi definite,(**} converges for any'Y > 0 and 0 < c < 1. Application to a 

model biharmonic problem is considered. (Received September 2.5, 1967 .) 
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653-90. MARSHALL SAADE, University of Georgia, Athens, Georgia 30601. Some varieties 

of groupoids. 

This paper extends a result of Evans (The spectrum of a variety, Z. Math. Logik und Grund

lagen Math. (to appear)). Let n be an integer > 2 and let V be the variety of groupoids defined by the 

following two identities (using for simplicity of notation u1 u2 ••• urn to denote the product 

(u 1(u2( .•• (um_ 2(um_ 1 urn))) ••. ))): (i) x1x 2 .•• xny = x 1x2 ••• xnz and (ii) (x 1 ••• xn_ 1x)(xn ••• x2n_ 3x) 

••• (xp_ 2xp_ 1x)(xpx)(xy) = x, where p = n(n- 1)/2. Theorem. Let G E V and letS be the set of 

idempotents of G. Then G is isomorphic to the groupoid on sn, the set of all n-tuples of elements 

of S, with multiplication on sn defined by(al'···•anl • (bl'···•bnl = (an,bl'···•bn_ 1). It now follows 

easily that V is precisely the class of all groupoids csn, • ), where Sis any nonempty set and"." is 

defined on sn as in the theorem above. (Received September 22, 1967.) 

653-91. HERMANN SIMON, University of Miami, Coral Gables, Florida 33124. On a class of 

solvable groups of even order. 

Definition. Let~ be a set of subgroups of a group G and T a subgroup of G; we say that S 

induces a partition on T iff the set of all 1 /' S n T for all S in~ is not empty and forms a partition 

of T. Theorem. The following properties of the finite group G and its maximal subgroup M with 

Z(M) /' 1 and G2 < M are equivalent: (I) G is solvable and either (i) M is an HT-group whose HT

kernel K is normal in G and G/ K is not cyclic of order p2, or (ii) G is the holomorph of an elementary 

abelian p-group P with respect to a dihedralgroup M of automorphisms acting irreducibly on P, 

pJ JMJ and JGJ = 4u, u odd. II. There exists a set.§ of subgroups of G such that.§ induces a nontrivial 

partition JI on M; Mg E ~ for all g E G; if Y E ~ andY n M E JI is maximal in M, then Y n M /' Y. 

If M is an HT-group whose HT-kernel K is not normal in G, then Z(M) ;j; M'. (Received September 22, 

1967.) 

653-92. J. K. BROOKS, The University of Florida, Gainesville, Florida, and P. W. 

REICHELDERFER, The Ohio State University, Columbus, Ohio. A Jordan decomposition for weight 

functions. 

Let T be a transformation from a measure space S onto a measure space S'. For a certain 

subset ~ of the measurable sets in S, the role of T may be described by a function W' defined on 

S' X~ having suitable properties (see Abstract 621-21, these cN"oticfA) 12 (1965), 309); W' is caiiec 

a weight function for T. In many applications it would be desirable to decompose a real valued weight 

function into nonnegative components. To accomplish this the total, positive, and negative variations 

(V', Vi., and v.:_) of W' relative to !!) are defined. Conditions are given to insure that each of these 

functions is a nonnegative weight function for T and that they constitute a Jordan decomposition of W' 

in the sense that the relations V' =Vi. + v.:_, W' = Vi. - v.:_, hold almost everywhere uniformly with 

respect to ~. Applications to transformation theory are given. (Received September 22, 1967.) 
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653-93. PAUL HILL, University of Houston, Houston, Texas, and CHARLES MEGIBBEN, 

Vanderbilt University, Nashville, Tennessee· 37203. On certain classes of primary abelian groups. 

Let X be a countable limit ordinal and let ex denote the class of reduced p-primary abelian 

groups G such that G/paG is a direct sum of countable groups for all a < >.. The C>. for X > w 

seem in some respects to be the suitably restricted classes to yield more powerful generalizations 

of the standard results for Cw-- the class of all reduced abelian p-groups. Among the results obtained 

for CX we have p>--purification of infinite subgroups, an analog of the Kulikov criterion and a generali

zation of the notion of basic subgroups with the role of direct sums of cyclic groups being played by 

direct sums of countable groups. For example, a reduced abelian p-group G contains a subgroup B 

such that (i) B is a direct sum of countable groups of length ;;; X, (11) B is pA -pure in G and 

(iii) G/B is divisible if and only if G is a member of the class Cx. Essential difficulties are en

countered in attempting to extend considerations to the first uncountable ordinal. (Received 

September 22, 1967.) 

653-94. N. M. WIGLEY, University of North Carolina, Chapel Hill, North Carolina 27514. 

On the singularities of biharmonic functions with discontinuous boundary values. Preliminary report. 

Let u(x,y) be biharmonic (Ll.Ll.u = 0) in the domain D: x2 + y2 < 1, y > 0, and let u have the 

boundary values u(x,O) = f 1(x), uy(x,O) = g1 (x) if 1 > x > 0; and u(x,O) = f2 (x), uy(x,O) = g2(x) if 

- 1 < x < 0. Let f 1 and g 1 be C00 on [0,1] and f2 and g2 be C00 on [-1,0]. In addition let u(x,y) be 

bounded in D. Then u(x,y) is asymptotic (as z --> 0, Im z ?; O) to z/z P 1 + z/z P 2 where P 1 and P 2 

are formal power series in z, z, z log z and z log z. (Received September 22, 1967.) 

653-95. L. V. TORALBALLA, New York University, Bronx, New York 10453. Piecewise 

flatness and surface area. 

By the deviation on a triangle T inscribed on a nonparametric surface S is meant the LUB of 

the acute angles between the normal to T and the normal to any triangle T' inscribed on S whose xy 

projection is a subset of that ofT. By the norm of a triangular polyhedron P inscribed on Sis meant 

the greatest of the diameters of its faces. By the deviation norm of P is meant the greatest of the 

deviations on its foci. A sequence (Pn) of triangular polyhedra inscribed on Sis regular if there 

exists a, 0 <a< 7r/2 and m > 0 such that (1) Each face of each polyhedron Pn has an angle between 

a and 7r- a; (2) if (J is the angle between the z-axis and the normal to a face of Pn, then sec 8 < m; 

(3) the corresponding sequence of norms as well as the corresponding sequence of deviation norms 

converges to zero. S is regular if S admits a regular sequence of inscribed polyhedra. The principal 

result is that if S is regular then the corresponding sequences of polyhedral areas converges to a 

unique limit. (Received September 22, 1967.) 
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653-96. SEYMOUR LIPSCHUTZ, Temple University, Philadelphia, Pennsylvania 19119. 

Powers in generalized free products. 

Let G be the free product of free groups with an infinite cyclic group amalgamated. An 

algorithm is given to determine whether or not an arbitrary element of G is a power. This result 

generalizes previous results of Lipschutz (Powers in eighth-groups, Proc. Amer. Math. Soc. 16 

{1965), 1105-1106) and Reinhart (Algorithms for Jordan curves on compact surfaces, Ann. of Math. 

(2) 75 (1962), 209-222). (Received September 22, 1967.) 

653-97. D. R. LICK, Western Michigan University, Kalamazoo, Michigan 49001. On !-series. 

The author defines an !-series to be a series of the type L~=1 anl(z,u,rn,n), where I(z,a,rn,n) 

1/(1 - zre- 27rina. ), a is a positive irrational, and lrn I is a Blaschke sequence of positive reals. 

Sets of convergence and sets of divergence are defined in the usual manner. The following two main 

theorems are proved. (I) Every set of type F u on the unit circle is a set of convergence of an 

I- series whose sum function is continuous in the closed unit disc. (2) Every denumerable set on the 

unit circle is a set of divergence of an 1- series whose sum function is continuous in the closed unit 

disc. (Received September 26, 1967.) 

653-98. R. B. S. BROOKS, Bowdoin College, Brunswick, Maine, and R. F. BROWN, University 

of California, Los Angeles, California. A lower bound for the 6-Nielsen number. 

Let f,g: X ---> Y be maps of compact ANR's, then there is a nonnegative integer N(f,g,L'.) (the 

6-Nielsen number) with the property that iff' is homotopic to f and g' is homotopic tog then there 

are at least N(f,g,L'.) points x E X such the f'(x) = g'(x). Let f*,g*: 1r1(X) _, 1r1(Y) be the induced 

homomorphisms and define an equivalence relation,.., on 1r1(Y) by :a ~{3 if f*(f')a = /3g*('Y) for 

some 'Y E 1r1 (Y). Let R(f,g) be the number of equivalence classes then, as in fixed point theory, 

N(f,g,L'.) ~ R(f,g). For maps F ,G: I_, Map (X,Y) with F(O) = F(l) = f, G(O) = G(1) = g, define 

a(t) = F(2t)(x0), 0 ~ t ~ 1/2, a(t) = G(2t- I)(x0 ), 1/2 ~ t ~I. Let T(f,g,L'.) ~ 1r1(Y) be all elements 

represented by such loops a. There is an index w(f,g) EG (a certain abelian group) generalizing the 

Lefschetz coincidence number. Let J(f,g,L'.) be the cardinality of T(f,g,L'.)/ '-'. Theorem . .!!_ w(f,g) f- 0 

then J(f,g,L'.) ~ N(f,g,L'.). An integer n divides g E G if ng' = g for some g' E G. Theorem . .!!_ 

w(f,g) f- 0 and 7r1(Y) is abelian, then J(f,g,L'.) divides N(f,g,L'.), R(f,g), and w(f1g). Similar results are 

obtained in fixed point theory and in the study of the number of solutions to f(x) =Yo for fixed Yo E Y. 

(Received September 25, 1967.) 

653-99. FRANK CASTAGNA, New Mexico State University, Las Cruces, New Mexico 88001. 

Sums of automorphisms of a primary abelian group. 

At the 1962 symposium on abelian groups held at New Mexico State University, L. Fuchs posed 

the following problem "For which abelian groups G does A(G) generate E(G)?" (Topics in abelian 

groups, Chicago, 1963, p. 16.) Here E(G) and A(G) are, respectively, the ring of endomorphisms and 

the group of automorphism s of G. In this paper it is shown that if p > 2 then for a large class of 

p-primary groups G it is true that A(G) generates E(G). Theorem. If G is a reduced p-primary, 
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(p > 2), abelian group which is a direct sum of countable groups then every endomorphism of G is 

a sum of two automorphisms. As the Corollary of this result, it is also shown that if B is a direct 

sum of cyclic groups and B is the torsion completion of B then every element of E(B) is a sum of two 

automorphisms. Finally, an example is given (for an arbitrary prime p) of a reduced p-primary 

abelian group G for which there are endomorphism& in E(G) that are not sums of automorphisms. 

(Received September 25, 1967.) 

653-100. C. D. SIKKEMA, Florida State University, Tallahassee, Florida 32306. Cellular 

arcs in 3- space have shrinking points. 

Let X be a subset of Rn and let x C X. Then x is a shrinking point of X if given any neighbor

hood U of X - x there is a map g of Rn onto itself such that g is the identity outside of U and 

X = g-l(x) is the only nondegenerate inverse set for g. Theorem. An arc in R3 is cellular if and 

only if it has at least one shrinking point. The proof uses some of the techniques of McMillan [A cri

terion for cellularity in a manifold, Ann. of Math. 79 (1964), 327-337]. Theorem. The set of shrinking 

points of an arc in R3 is a single point or a subarc. (Received Sept,ember 25, 1967.) 

653-101. R. B. McNEILL, 703 Puddintown Road, State College, Pennsylvania 16801. 

Elementary theory of differential systems. Preliminary report. 

Consider the nth order differential systems (Ef)x' = A(t)x + f(t,x) and (E)y' =- yA(t), where 

x andy are n X 1 and 1 X n vectors, respectively, f(t,x) is ann X 1 vector, and A(t) is ann X n matrix 

whose elements, aij(t), are real-valued functions of the real variable t, t ~ to. It is assumed that the 

above systems are "well-behaved" enough to possess solutions. Using elementary means, Lagrange's 

Variation of Parameters Formula is derived independent of the usual linear considerations, and 

related results are given. These results are extended to certain systems of the form (Eftgl· 

(Received September 25, 1967.) 

653-102. M. R. KIRCH, Lehigh University, Bethlehem, Pennsylvania 18015. On a class of 

extremally disconnected spaces. Preliminary report. 

Levine (Amer. Math. Monthly 70 (1963), 36-41) has defined a subset in a topological space to 

be semi-open if it is contained in the closure of its interior. Denote by L(T) the collection of semi

open sets in the space (X,T). (X,T) is said to beL-maximal if L(T) = T. Every L-maximal space is 

extremally disconnected (not necessarily Hausdorff). Theorem 1. If (X,T) is any topological space 

then there exists an L-maximal topology T' for X such that T C T' C L(T). A topological space is 

said to be quasi-maximal if it has no isolated points and every strictly stronger topOlogy has an 

isolated point. Quasi-maximal spaces are L-maximal. Theorem 2. Let (X, T) be a topological space 

with infinite dispersion character. There exists a quasi-maximal topology T' for X such that (a) T' is 

stronger than T, (b) the dispersion character ofT' is the same as that ofT, and (c) If Sis any 

T'-open set then clTS =ciT intT ciT S. (Received September 25, 1967.) 
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653-103. K. C. SALTER, University of Massachusetts, Amherst, Massachusetts 01002. 

On G-a1gebra extensions. Preliminary report. 

Let G be a group. A G-algebra is an algebra over a commutative ring K on which G acts as 

automorphisms; a G-algebra homomorphism is an algebra homomorphism that commutes with the 

action of G. Let A and R be G-algebras with R2 = 0. There is an obvious map, p, from the group of 

equivalence classes of G-algebra extensions of R by A, EG(A,R), to the group of equivalence classes 

of algebra extensions, E(A,R). The kernel of p is H1 (G,Der(A,R)) where Der(A,R) is the group of 

derivations from A to R. Let E d(A,R) be the subgroup of EG(A,R) which consists of equivalence 

classes of extensions that split as KG-module extensions. The kernel of the map, 1/t. from EG'(A,R) 

to E(A,R) is zero if Der(A,R) is KG-injective or if HomK (A,R) is a completely reducible KG-module. 

(Received September 25, 1967.) 

653-104. F. W. WILSON, JR., University of Colorado, Boulder, Colorado 80302. Lipschitz 

submanifolds. 

It seems reasonable to call a topological manifold a Lipschitz manifold if the coordinate charts 

are regular Lipschitz homeomorphisms. There is then a problem of what to call a Lipschitz submani

fold. By analogy with the case of differentiable manifolds we have a choice of either requiring that 

the coordinate charts be induced by Lipschitz implicit relations, or that the inclusion be a regular 

Lipschitz homeomorphism. Although these requirements are equivalent in the differentiable case, 

a simple example shows that they are not equivalent in the Lipschitz case. (Received September 25, 

1967.) 

653-105. R. E. DE MARR, University of Washington, Seattle, Washington 98105. On a square 

root function. 

Let A be a partially ordered linear algebra with a positive multiplicative identity 1 and let K 

be the positive cone in A. If there exists an isotone function f: K--+ K such that f(l) = 1 and f(x)2 = x 

for all x E K, then A is order isomorphic to a partially ordered linear algebra of real-valued functions. 

(Received September 25, 1967 .) 

653-106. F. HARARY, University of Michigan, Ann Arbor, Michigan 48104, and E. M. PALMER, 

Michigan State University, East Lansing, Michigan. On the point-group and line-group of a graph. 

The group f(G) of a graph G is a permutation group which acts on the points of G. It induces 

another permutation group r1(G) which acts on the lines of G. Theorem 1. r(G) and r1(G) are 

isomorphic (as abstract groups) if and only if G has at most one isolated point and K2 (the complete 

graph on two points) is not a component of G. Theorem 2. If G is connected then r(G) and r1 (G) are 

identical (as permutation groups) if and only if (1) G is unicyclic and (2) if its cycle length is even, 

then (a) there are no reflections in f(G) which fix more than two points and (b) the number of 

reflections in f(G) which fix exactly two points is the same as the number of reflections in r1 (G) 

which fix exactly two lines. (Received September 25, 1967.) 
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653-107, W. R. CALLAHAN, St. John's University, Jamaica, New York. Frequency equations 

for the normal modes of vibration for an elliptical ring, including transverse shear and rotary inertia, 

The research work of Mindlin, Reissner, and Uflyand on plates is extended to the actual finding 

of the frequency equations for the normal modes of vibrations of an elliptical ring. Product solutions 

are assumed for the partial differential equations of motion and it is found that infinite series of 

product solutions satisfies the boundary conditions; the resulting frequency equation for each boundary 

condition appears as an infinite determinant, equated to zero, the elements of which are infinite series 

of terms involving Mathieu functions whose characteristic numbers are functions of the frequency, 

An algorithm is given showing how to calculate the roots of the infinite determinant that gives the 

normal modes of vibration. The present theory is more valid for higher modes of vibrations than the 

classical Lagrange theory of plates since it includes coupling between flexural and shear motions, 

and the numerical results, if carried out on high speed machines, should be valid for these high modes. 

(Received September 2.5, 1967.) 

653-108. P, S, SCHNARE, University of Florida, Gainesville, Florida 32.601. Infinite 

~plementation in the lattice of topologies. 

The author has shown [Multiple complementation in the lattice of topologies, Fund. Math, 

(to appear)] that every proper topology on an infinite set X has infinitely many principal complements 

in the lattice of all topologies, 2:, on X. The question naturally arises: what is the cardinality of this 

set of principal complements (resp., the set of all complements)? The complete answer is given in 

the following Theorem. Every proper topology on an infinite set X has at least lXI complements 

(resp., princi~~lements) and at most z2.1XI complements (resp., ziXI principal complements). 

~oreover, these estimates are best possible. The difftcult part of the proof, establishing that IX lis 

a lower bound, although elementary, results from a series of reductions involving a fairly complicated 

case and subcase analysis. In proving that the bounds are best possible, the following is proved. 

_!heorem. Every ultraspace on an infinite set X has 2.2.IXI complements and 2.IXI principal complements. 

(Received September 2.6, 1967,) 

653-109. WITHDRAWN. 
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653-110. G. CHARTRAND, Western Michigan University, Kalamazoo, Michigan, H. V. KRONK, 

State University of New York at Binghamton, Binghamton, New York, and C. E. WALL, Michigan State 

University, East Lansing, Michigan. On the point-dual acyclic numbers of a graph. 

The point-arboricity p(G) of a graph G is defined as the minimum number of subsets in a 

partition of the point set of G so that each subset induces an acyclic subgraph. Dually, the tulgeity 

r(G) is the maximum number of disjoint, point-induced, nonacyclic subgraphs contained in G. Several 

results concerning these numbers are presented, among which are formulas for the point-arboricity 

and tulgeity of the class of complete n-partite graphs. (Received September 26, 1967.) 

653-111. D. F. DAWSON, North Texas State University, Denton, Texas. Matrix summability 

of convex sequences. 

Matrices considered here have complex elements, and convex sequences are real sequences 

whose second differences are nonnegative. Theorem. A matrix A = (apql sums every convergent 

convex sequence if and only if the following three conditions hold. (I) A has convergent columns, 

(2) the sequence of row sums of A is convergent, and (3) there exists a number k such that 

"n "j -l.<:....j=IiL...q=Iapql < nk, p,n- I,2,3, •••. (Received September 27, I967.) 

653-112. S. E. PAYNE, Miami University, Oxford, Ohio 45056. On the nonexistence of a class 

of configurations which are nearly generalized n-gons. 

Let P be a finite incidence plane with each point (line) incident with s + I lines (points). 

Let n be the smallest ·positive integer k ~ 3 such that a closed irreducible chain of length 2k exists 

in P. If vis the number of points (and lines) in P, it is known that v ~ I+ s + ••• + sn-I with equality 

holding if and only if Pis a generalized n-gon (c.f. W. Felt and G. Higman, The nonexistence of 

certain generalized polygons, Journal of Algebra I (I964), 114-I3I). In this paper a study of the 

minimal polynomial of a certain incidence matrix for P yields conditions on n and s which imply, the 

nonexistence of P when v = 2 + s + ••• + sn·I. Such P are then shown not to exist for n = 4,5,6, and 

that there are at most five values of s which might allow existence when n = 7. We conjecture that 

P never exists when s > 3 or n > 3. Simple cyclic examples exist for n = 3, s = 2,3. (Received 

September 27, I967.) 

653-113. T. A. BURTON and C. G. TOWNSEND, Southern Illinois University, Carbondale, 

Illinois 6290I. On the generalized Lienard equation. 

Consider the differential equation (I) x" + f(x)x' + g(x) = e(t) where f(x) > 0, xg(x) >o for x;. 0, 

f(x) and g(x) are continuous for all x, J ~e(s)ds is continuous and periodic with smallest positive 

period T. Theorem I. Suppose that JC:f(s)ds becomes unbounded as x---+ too or as x---+ -oo. Then 

every solution of (1) together with its derivative is bounded as t ---+ oo and there exists a periodic 

solution if and only if J~00 [f(s) + )g(s)] ]ds =±co. Theorem 2. Every solution of (I) is oscillatory if 

and only if J~00 !j(s) + Jg(s)) ]ds =± oo. (Received September 27, I967.) 
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653-114. T. N. E. GRBV1LLE, Mathematics Research Center, U. S. Army, University of 

Wisconsin, Madison, Wisconsin 53706. Spectral generalized inverses of singular square matrices. 

A matrix AS is called a spectral inverse of A if AA S A = A, AS AA S = AS, every generalized 

eigenvector of A of height p [see Scroggs and Odell, J. SIAM Appl. Math. 14 (1966), 796] for an 

eigenvalue X I' 0 is a generalized eigenvector of AS of height p for x· 1, and similarly for generalized 

"left" eigenvectors (row vectors x satisfying x{A - XI)P = 0), and a strong spectral inverse (s.s.i.). 

if also A = p- 1 JP and AS= p- 1 J+P, where J is a Jordan form of A and J+ its Moore-Penrose inverse. 

If the Wedderburn index k is 1, the Drazin pseudoinverse [Amer. Math. Monthly 65 (1958), 5] is the 

unique s.s.i. For k ~ 2, a unique s.s.i. AI with the property {AI) I= A is determined by the following 

further condition. For any pair x,y of columns of P- 1 that are generalized null vectors of A of heights 

p and q such that x ~~(A) and q < p, or q = p but yE ~(A), x*Ry = 0, where R =I+ A* A+ (A*)2A2 + 

.•• + (A*)kAk and* denotes the conjugate transpose. (Received September 28, 1967.) 

653-115. WITHDRAWN. 

653-116. B. K. SWARTZ, University of California, Los Alamos Scientific Laboratory, .F. 0. 

Box 1663, Los Alamos, New Mexico 87544. O(h2n+2 -m) bounds on some spline interpolation errors. 

It had been felt for perhaps three of four years that c2n, 2n + 1 degree polynomial spline 

interpolation of a sufficiently smooth function yields O{h2n+2-m) accuracy in approximating its mth 

derivative, 0 ~ m ~ 2n + 1. This was recently shown to be so for n ~ 1, for equally spaced joints, 

and under periodic boundary conditions [1, p. 151]. A bit more is now shown under two other 

boundary conditions: the error in spline interpolation is the error in local 2-point Hermite-Birkhoff 

interpolation [2] plus a higher order term. These higher order terms are zero when interpolating 

certain functions. Numbers are given for cubics with nonuniformly spaced joints; they are one to 

three orders of magnitude better than previously published bounds (including [3]). The role of the 

meli!h ratio in these cubic cases is also discussed (and down-graded somewhat). (1] Ahlberg, Nilson, 

& Walsh, The theory of splines and their applications, 1967. [2] Schoenberg, On Herm1te-Birkhoff 

interpolation, J. Math. Anal. Appl. 16 (1966), 538-543. [3] S. Nord, Approximation .properties of the 

spline fit, BIT 7 (1967), 132-144. (Received September 28, 1967.) 

653-117. G. CHARTRAND, Western Michigan University, Kalamazoo, Michigan, and M. J. 

STEWART, Lansing Community College, Lansing, Michigan 48914. Connectivity and line-connectivity 

of graphs and their line-graphs. 

A graph G is n-connected if the removal of fewer than n points neither disconnects G nor 

reduces it to a single point, while G is m-line connected if it cannot be disconnected by the deletion 

of less than m lines. The line-graph L(G) has its points in one-to-one correspondence with the lines 

of G so that adjacency is preserved. Results are presented involving the. two types of connectedness 

relationships which exist between graphs and their iterated line-graphs. In particular we show the 

following. Theorem. If G is n-connected then L(G) is n-connected and (2n - 2)-line connected while 

L(L(G)) is (2n- 2)-connected. (Received September 28, 1967.) 

653-118. G. CHARTRAND and S. F. KAPOOR, Western Michigan University, Kalamazoo, 

Michigan 49001, and H. V. KRONK, State University of New York at Binghamton, Binghamton, New 

York. A sufficient condition for N-connectedness of graphs. 

A graph is n-connected if it cannot be disconnected or reduced to a single point by the removal 
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of fewer than n points. The following result is presented. Theorem. Let G be a graph with p points 

and let 1 ~ n < p. The following two conditions are sufficient for G to ben-connected: (1) For all k 

such that n - 1 ~ k < (p + n - 3 )/ 2, the number of points of degree not exceeding k does not exceed 

k + 1 - n, and (2) the number of points of degree not exceeding (p + n - 3 )/ 2 does not exceed p - n. 

(Received.September 28, 1967.) 

653-119. E. C. YOUNG, Florida State University, Tallahassee, Florida 32306. ~auchy 

problem for a semiaxially symmetric wave equation. 

The partial differential equation L(u) = utt - uyy - (k/yluy - L::U- 2u x·x· = 0 arises when one 
1=1 1 1 

seeks a solution of the wave equation L:i~1- 2u + "n u = u which depends only on the vari-
2 2 l/2- XiXi L...1=l YiYi tt 

ables xl•···•Xm-2• t, Y = !Y1 + .•. + Ynl • Following an embedding method used by Young (J. Math. Anal. 

Appl. 16 (1966), 355-362),the Riesz kernel for the operator L can be determined. This leads to an 

explicit formula for the solution of the Cauchy problem L(u) = f(x,y,t), u(x,y,O) = g(x,y), ut(x,y,O) = 

h(x,y ), x = (xp ..• ,xm_ 2 ). (Received September 28, 1967 .) 

653-120. S. F. KAPOOR, Western Michigan University, Kalamazoo, Michigan 49001. Expanding 

n- stars. 

If G is a graph that can be expressed as U~1 S i(n) where each Si (n) is homeomorphic to a 

star graph of degree n ( ~ 2) and Si(n) C Si+ 1(n) fori= 1,2, ... , then G is said to be an expanding 

n-star and is denoted by E(n). Let D(k,G) represent the number of vertices of G each of whose degree 

is greater than or equal to k and let p denote the maximum degree in G. Theorem 1. If n ~ 3 then 

(k- 2)(D(k,E(n))- 1) ~ n ~ p for 3 ~ k ~ 2n. Theorem 2. E(n) is planar for n ~ 2. (Received 

September 28, 1967.) 

653-121. F. R. KEOGH, University of Kentucky, Lexington, Kentucky, and E. P. MERKES, 

University of Cincinnati, Cincinnati, Ohio 45221. A coefficient inequality for certain classes of 

analytic functions. 

Let f(z) = z + L~=2 anzn be analytic in E = jz: lzl < 11 and let j(f) = la3 -Jta;l, where It is a 

fixed complex number. (I) If Re jzf'(z)/f(zll >,\for z E E, whereA.(O & ,\ < 1) is fixed, then 

j(f) ~ (l- ,\)max (1,12(1- ,\)(21!- l)- 11). This is sharp. (Il) Iff is spiral-like in E, then 

j(f) ~ 2(1! - 11 + l2~t- II and this is sharp for real~t. (Ill) Iff is close-to-convex in E, for real~t, 

j(f) ~ max(1,3l~t- II, l4~t- 31). This is sharp for It not in the interval (0,2/3). A sharp result of 

this type is obtained when there is a starlike function g(z) = z + ••• in E such that Re jzf'(z)/g(zll > 0. 

The proofs are by elementary methods. (Received September 28, 1967 .) 

653-122. j. D. LAWSON, The University of Tennessee, Knoxville, Tennessee 37916. 

Homomorphisms of topological semilattices. 

The unit interval I with multiplication defined by xy = x 1\ y is an example of a topological 

semilattice (a commutative, idempotent topological semigroup). The set of continuous homomor

phisms from a topological semilattice S into I is denoted by Hom(S,I). Theorem 1. If a locally com

pact topological semilattice S has a basis of neighborhoods that are subsemilattices of S, then 

Hom(S,I) separates points. Theorem 2. _g_ Sis a locally compact, finite dimensional topological 
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semilattice in which j y: xy = xl is connected for each x E S, then Hom(S,I) separates points. Tech

niques similar to those found in the proof of Urysohn's Lemma are employed in the proof of Theorem l. 

(Received September 28, 1967.) 

653-123. E. D. CONWAY, Tulane University, New Orleans, Louisiana, and D. R. SMITH, 

University of California, San Diego, California. An ordering principle for generalized solutions of 

quasi-linear equations of the first order. 

Let K be the family of weak solutions u(t,x) of(*) ut + L~=1 (a/axil[fi(u)] = 0 which are smooth 

everywhere except on a countable number of sectionally smooth n-dimensional surfaces across which 

u has jump discontinuities. Theorem. Let fj' > 0 and let u and v be members of K which are non

increasing in each of the variables x 1 , .•• ,x n· Then if u ;;; v at the base of a common cone of determinacy 

(classical) then u ;;; v throughout the interior of the cone. The proof utilizes the same basic idea as 

does the uniqueness theorem of Haar. This partially generalizes a similar result, valid in the case 

where n = 1, due to A. Douglis (Comm. Pure Appl. Math. 12 (1959), 87-112). (Received September 28, 

1967 .) 

653-124. M.D. GREEN, George Washington University, Washington, D. C. 20006. A locally 

convex topology on a preordered space. 

It is shown that, with every preordered topological space (X,_9") there can be associated a 

locally convex topology -Yc on X which has the property: if Yc is weaker than 5; then 3-;; is the 

l.u.b. of all locally convex topologies on X weaker than Y. A preordered Hausdorff space (X, .57) is 

said to be regularly preordered if, for every x E X and every decreasing open nei-ghborhood U of x, 

there is a neighborhood V of x such that the closed decreasing hull of V is contained in U. Theorem. 

Let (X, .57) be a regularly ordered space with the additional property that the interior of every de

creasing set is decreasing (condition *). Then _9~ is the strongest regular locally convex topology 

on X weaker than 5: A function from a preordered space (X,§) into a preordered space (Y ,3') is 

said to be c-continuous if it is continuous from (X,~) into (Y, Yc ). Corresponding to the theorem 

of continuous extensions with respect to regular spaces, it is shown that a c-continuous function f from 

a dense subset A of a preordered space (X,Y} into a regularly ordered *-space has a unique 

c-continuous extension to X if and only if the c-limit off restricted to A exists for every x EX. 

(Received September 28, 1967.) 

653-125. E. V. SWE!\ISON, New York University, Courant Institute of Mathematical Sciences, 

251 Mercer Street, New York, New York 10012. Geometry of the complex characteristics in transonic 

flow. 

The numerical solution of an analytic quasi-linear partial differential equation in two variables 

and of mixed elliptic and hyperbolic type is considered. Analytic Cauchy data is prescribed on a 

noncharacteristic initial curve which cuts across both the hyperbolic and elliptic regions. The Cauchy 

problem becomes well-posed through complex extension of the independent variables. The solution 

may be obtained by the method of characteristics in the hyperbolic region by starting with real data 
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on the given real curve and in the elliptic region by starting with complex data on symmetric paths 

in the complex extension of the initial curve. In some instances, such a collection of initial paths is 

insufficient for the complete solution of the problem because sections of the hyperbolic region lie 

outside the domain of influence of the real characteristics from the initial curve. An algorithm is 

presented for choosing a nonsymmetric path of data in the complex initial surface whose solution 

domain includes a real two-dimensional patch of the hitherto unsolved region. With this algorithm, 

the full solution to the two-dimensional inverse detached shock problem is obtained. (Received 

September 29, 1967.) 

653-126. J. F. HURLEY, University of California, Riverside, California. Scalar replacement 

in Lie algebras. 

Let L be a finite dimensional simple Lie algebra over the complex field, H a Cartan subalgebra. 

Using a Chevalley basis for L, we can obtain a new Lie algebra L R over an arbitrary commutative 

ring R with identity. In the case where 2 and 3 are not zero divisors in R, we study the ideals I of LR. 

Let ER be the R-module generated by the Chevalley basis elements corresponding to nonzero roots 

and HR the R-module generated by the Chevalley basis elements in H. Theorem 1. If I is not con

tained in HR' then I contains JLR for some ideal J in R. Theorem 2. If L is nonsymplectic, then 

I = (I n ER) Ell (I n H R). Theorem 3. Let m be the ratio of the squares of long to short root lengths. 

Let C be the Cartan matrix of L. Then a necessary and sufficient condition for every ideal in LR 

to have the form JLR for an appropriate ideal J in R is that both m and det C be invertible in R. The 

last result generalizes a 1964 theorem of W. Jehne for symplectic algebras (Sitzungsberichte 

Heidelberger Akad. Wiss. Math. Natur., Kl. 1962/64, 187-235). (Received September 29, 1967.) 

653-127. PAWEL SZEPTYCKI, University of Kansas, Lawrence, Kansas;66044. Some remarks 

on the evolution equation and semigroups. Preliminary report. 

Let A be a closed densely defined operator in a Banach space X. Consider the following 

equations: (a) dx/dt =Ax, x(•) E C1((0,T); X) n L 1{(0,T); X), (a') x(t')- x(t) = Af~' x(s)ds, x(•) 

E C((O,T); X) n L 1{(0,T); X), and the initial conditions: {b) x(t)-+ x0 fort -+ 0, {b') {1/tlJ~x(s)ds 

----> lfo fort----> 0. Theorem. (i) Problem (a), {b) has a unique solution (u.s.) for every x0 E X iff A is 

the generator of a semigroup T(t) of class (Col such that T(t)X C D(A), t > 0. (ii) (a'), {b) has a u.s. for 

every x 0 E X iff A is the generator of a semigroup of class (C 0 ). (iii) (a), {b') has a u.s. for every 

x 0 E X iff A is the generator of a semigroup T(t) of class (C 1 ) such that T(t)X C D(A), t > o. 

(iv) (a'), (b') has a u.s. for every x 0 E X iff A is the generator of a semigroup of class (C 1 ). Proofs 

of sufficiency of the conditions in (i) - (iv) can be found in or easily deduced from results of Hille, 

Philips, Functional analysis and semigroups. (Received September 29, 1967 .) 

653-128. R. C. STEINLAGE, University of Dayton, Dayton, Ohio 45409. On Ascoli theorems 

and the product of k-spaces. 

In [Quart. J. Math. 5 (1956), 77-80] D. E. Cohen proved that the product of a locally compact 

Hausdorff space and a Hausdorff k-space is always a k-space. E. A. Michael in [Abstract 648-191, 

these cNotiaiJ 14{ 1967), 688] observes that the assumption of local compactness cannot be weakened. 

We now show that the assumption of T 2 separation can be weakened. In fact, if X is a locally compact 
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regular space and Y is a k-space then X X Y is a k-space. This result is then used to show that, 

even when X is not a Hausdorff space, the Ascoli Theorems [J. L. Kelley, General topology, van Nos

trand, New York, 1955, Theorems 7.17 and 7.21] need not be altered as in [Kelley, Theorems 7.18 and 

p. 236J in order to cover k-spaces. This result was proved for Hausdorff k-spaces X by Bagley and 

Yang in [Proc. A mer. Math. Soc. 17 (I 966), 703-705]. (Received September 29, 1967 .) 

653-129. J. D. STAFNE Y, University of California, Riverside, California. The spectrum of 

an operator on an Interpolation space. 

Let B0 and B 1 be Banach spaces continuously embedded in a topological vector space V so 

that the pair (B 0 , B 1 ) is an interpolation pair as in (Studia Math. 24 (1964), 114). LetT be an operator 

on B0 n B 1 and let sp(T,JI Ill denote the spectrum ofT when Tis bounded with respect to the norm 

II n. We obtain the best possible upper bound (set) for sp (T,JI llsl that depends only on sp(T,JI IIBk), 

k = 0 1 1 ( Jl Jl s is the interpolated norm, 0 < s < 1) To do this we associate with T an Interpolation 

pair of commutative Banach algebras. We give a formula for obtaining the structure space H of the 

interpolated algebra from the structure spaces of the given algebras. It is H that is the upper bound 

for sp(T,JI llsl· (Received September 29, 1967.) 

653-130. PHILIP NANZETTA, University of Florida, Gainesville, Florida 32601. Representation 

of relatively complemented distributive lattices. 

A topological space X is called an L-space iff X is T1, anti-Hausdorff (every pair of nonempty 

open subsets has nonempty intersection), nearly-Hausdorff (every closed proper subset is Hausdorff), 

and the compact-open subsets of X form a base for the topology of X. Let T be a relatively comple

mented distributive lattice, and let A(T) be the space of prime ideals of T with the hull-kernel 

topology. Theorem 1. .!!_ T has no least element, T is isomorphic to the lattice of nonempty compact

open subsets of the L-space ..L(T). Moreover, ...i'(T) is compact iff T has a greatest element. 

Theorem 2 . .!! X is an L-space, then X is homeomorphic to the space .At'(C) of pr~me ideals of the 

lattice C of nonempty compact-open subsets of X. These theorems, together with the Stone representa

tion theorem for Boolean rings, indicate a certain duality between "compact" and "Hausdorff":.At'(T) 

is compact iff T has a greatest element and is Hausdorff iff T has a least element; if T' is the dual 

ofT, then .L(T) is compact iff .At'(T') is Hausdorff. (Received September 29, 1967.) 

653-131. J. E. KEESLING, University of Florida, Gainesville, Florida 32601. Open mappings 

and closed zero-dimensional sets. 

Throughout the following let X and Y be arbitrary metric spaces with dim Y = n < oo and let f 

be an open continuous mapping from X onto Y. Then the following theorems hold. Theorem 1. Suppose 

that the following conditions hold: (I) r 1(y) is complete for ally E Y and (2) Y has a a-locally finite 

basis of open sets IV al so that f -l(y) is perfect for ally E Fr(V al for all a. Then there is a closed 

set K in X with dim K = 0 and with the properties f(K) = Y and fiK is at most n + 1 to one. In case X 

has a complete metric, then f/K can be required to be a compact mapping. Theorem 2. Let f be 

closed and dim X = m < n. Then there is a closed set K in X with dim K = 0 and dim f(K) ~ n - m. 

_!heorem 3. Iff has complete point inverses and dim X = m < n with X separable, then there is a 

closed set K in X with dim K = 0 and dim f(K) ~ n - m. Theorem 4. If X is a separable Euclidean 

m-manifold with m < n, then there is a Cantor set Kin X with dim f(K) ~ n- m + 1. (Received 

October 2, 1967.) 
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653-132, HANS JOACHIM GROH, University of Florida, 205 Walker Hall, Gainesville, Florida 

32601. A characterization of the real miquelian Laguerre plane. 

A Laguerre plane (W. Benz and H. Maurer, Jahresbericht DMV 1964) is called flat if the 

set S of spears is the cylinder S 1XR, the cycles are Jordan curves and the parallel classes are 

closed Jordan lines (i.e. subsets homeomorphic to the real line). Every flat Laguerre plane can be 

made in a unique way to a topological Laguerre plane. Using a Theorem of Melchior, we have: 

Theorem. For a flat Laguerre plane S,Z are equivalent: (l) S, Z is isomorphic to the real miquelian 

Laguerre plane (2) S, Z admits a group of automorphisms being simply transitive on the set of triples 

of not parallel spears and containing an element interchanging two parallel spears. (Received 

November 30, 1978.) 

653-133. J, K. ODDSON, University of California, Riverside, California. On the boundary 

point principle for elliptic equations in the plane. 

Let D be an open subset of the plane and L =1:i'aijDij a second order differential operator 

with coefficients defined in D and satisfying there the normalization 1:iaii = 1 and the ellipticity 

condition 1:faijtitj ~a L~~ffor some constant a in the range 0 <a~ l/2. Theorem. Let u(x,y) be 

a nonconstant twice differentiable function in D, continuous in D, which satisfies Lu ~ 0 in D. Suppose 

that u attains a local minimum of u 0 at a boundary point Po which subtends an open truncated sector S, 

S CD, of half angle 00. Then there exists a positive constant m and an explicitly determined positive 

constant p. such that u(x,y) ~ u 0 + mrP. on compact subsets. of S, where r denotes distance measured 

from P 0. The exponent p., as a function of a and Oo, cannot be improved. (Received October 2, 1967.) 

6S3-134. NACHMAN ARONSZAJN, University of Kansas, Lawrence, Kansas 66044. Metric 

characterization of bordered Riemannian manifolds; intrinsic regular border of a Riemannian manifold. 

We restrict ourselves here to bordered C00 Riemannian manifolds; open manifolds are considered 

as a special case with empty border. Normal coordinate patches are characterized in terms of the 

geodesic metric not only for inner points but also for border points. The following theorem results: 

For an abstract metric space .W and any integer n ~ 0 there exists a unique maximal open subset 

IDl C 5$' locally isometric to a Riemannian bordered n-manifold. Applying to the abstract completion 

ID'i of a Riemannian n-manifold IDl one arrives at the notion of an intrinsic regular border a IDl of iiR 

which contains the given a priori border of IDI. (Received October 2, 1967 .) 

653-135. WITHDRAWN. 

653-136. R. B. WARFIELD, JR .• New Mexico State University, Las Cruces, New Mexico 88001. 

Algebraic compactness for modules. Preliminary report. 

A submodule A of a module B (over an associative ring with 1) is pure if for any finitely 

presented module F, the natural map Hom(F ,B) _, Hom(F ,B/ A) is surjective. A module C is pure

injective if for any module B and pure submodule A, any homomorphism of A into C extends to B. 

Theorem 1. The following are equivalent (1) Cis pure-injective, (2) Cis a retract of a compact 

topological module, {3) Every finitely solvable family of linear equations in C over R has a simul

taneous solution in C, Such a module C is called algebraically compact, Theorem 2. Any module A 

can be imbedded as a pure submodule in an algebraically compact module C, and pure-injective 
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envelopes exist. Theorem 3. If R is a valuation ring, then an R-module is algebraically compact iff 

it is of the form A EBB where A is injective, n rB = 0 (r E R, r f O) and B satisfies the following 

completeness conditions: For any ideal J and descending family of ideals Ij' the maps C ~ l~C/IjC 

and C[J]--> 1~ C[J]/(C[J] () IjC) are surjective (here C[J] is the annihilator of j), and for any as

cending family of ideals ~, the map C --> 1~ C/C [Ij] is surjective. Theorem 4. A torsion-free alge

braically compact module over a valuation ring is the pure-injective envelope of a direct sum of 

ideals. (Received October 2, 1967 .) 

65-137. F. D. WILLIAMS, New Mexico State University, Las Cruces, New Mexico 88001. 

On higher Samelson products. 

Generalized higher order Whitehead products (GHOWP' s) were introduced by G. J. Porter 

(Topology 3 (1965 ), 123-135) and he defined formally the generalized higher order Samelson products 

( GHOSP' s) to be the adjoints of GHOWP' s. Precisely, if fi: SAi ·---> X, i = l, ... ,n are maps and 

[fl'···•fnl is their Whitehead product set, then the Samelson product set ( Tfl'···• Tfn) of the 

Tfi: Ai ~ rlX is defined to be T([fl'···•fn]J, where T: [SY; Z]--> [Y; rlZ] is the adjoint isomorphism. 

In the case n = 2 it is well known that the Samelson product defined in this way is equivalent to that 

defined in terms of commutators. In this paper we extend this equivalence to express GHOSP' s of 

arbitrary order in terms of higher order commutativity. The higher order commutativity used is the 

en-commutativity introduced by the author (Abstract 636-21, these cJVoticei) 13 (1966), 581). 

(Received October 2, 1967.) 

653-138. PATRICK O'HARA, University of Miami, Coral Gables, Florida 33124. Convergence 

of complex Lagrange Interpolation polynomials with nodes lying on a piecewise analytic jordan curve 

with cusps. 

Let C be a jordan curve in the complex z-plane. Let z = p(w), p(w) analytic and univalent 

from Jw/ > 1, map jw;/w/ > 1) conformally onto Ext C so that oo --->00. It is known that,.P(w) has a 

continuous extension onto jw; Jw/ ~ 1) which gives a topological mapping of lw; Jw/ = 1) onto C. 

DefineS = jp(exp(211ik/n t 1)); k = O,l, .•. ,nj. Given f(z) continuous on C let L (f;z) be the polynomial 
n n 

of degree n which interpolates to f(z) at the points, Sn. If p'(w) can be extended so that it is absolutely 

continuous nonvanishing on C, j. H. Curtiss has shown that lim L (f;z) = (l/211"i)fc<f(t)/(t- z))dz 
n-HD n 

uniformly for z in any compact subset of Int C. His conditions imply that C has a continuously turning 

tangent and can have no corners or cusps. This paper extends Curtiss' result to a case in which C is 

the union of a finite number of analytic arcs which meet at "outward-pointing" cusps. The method of 

proof is substantially different from that used by Curtiss. (Received October 2, 1967 .) 

653-139. KERMIT SIGMON, University of Florida, Gainesville, Florida 32601. On imbedding 

medial topological groupoids. 

A topological groupoid is called medial If (xy)(uv) = (xu)(yv) for all x,y,u,v and an element e is 

called injective If the maps x--> ex and x--> xe are topological lmbeddings. Iff and g are continuous 

commuting endomorphlsms of a commutative (topological) semigroup (S,o) and if one defines · on S 

by x • y = f(x) o g(y) then (S,o) is a medial topological groupoid. A topological groupoid so obtained 
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will be called a transduct of the semigroup. Theorem. Let M be a compact or discrete medial topo

logical groupoid containing an injective idempotent e such that f 2(M) C f(M) 0, where f is given by 

f(x) = (ex)e. Then M is topologically and algebraically isomorphic to a subgroupoid of a transduct of a 

locally compact commutative semigroup with unit. Other more specialized theorems are proven and 

an application to functional equations is given. In particular, a complete description of all medial, 

comm'-ltative, idempotent topological groupoids on an arc which contain an injective element is given. 

(Received October 2, 1967.) 

653-140. J. T. ROGERS, JR., University of California, Riverside, California. Pseudo-circles 

and universal circularly chainable continua. Preliminary report. 

Definition. A pseudo-circle is a nondegenerate, hereditarily indecomposable, circularly 

chainable, compact, metric continuum which is not snakelike. Theorem. There exist c pseudo-circles 

with the property that no one is the continuous image of another. Corollary. There exist c topologi

cally distinct pseudo-circles. Theorem. There exists a pseudo-circle X which can be mapped con

tinuously onto any circularly chainab1e continuum. Theorem. There exists a planar pseudo-circle Y 

which can be mapped continuously onto any planar circularly chainable continuum. Theorem. No 

pseudo-circle is a continuous image of a pseudo-arc. Theorem. A continuum is a continuous image 

of X(Y) iff it is q-chainable (monocyclically q-chainable). (Received October 2, 1967.) 

653-141. J. R. TELLER, Georgetown University, Washington, D. C. Extensions of pseudo 

lattice ordered groups. Preliminary report. 

Let A, .6. and G be pi-groups (Abstract 648-33, these c}/oticei) 14 (1967), 99). G is a pi-extension 

of A by .6. if there is a pi-homomorphism 7r of G onto ~ with kernel A such that 7r induces a pi-isomor

phism of G/ A with .6.. If G is a pi-extension then G is a partially ordered extension so for each 

a. E .6.+, th~re is a subset Q(a.) ~A such that (i) Q(a.)f' IJ, (ii) Q(8) =A+ and (iii) if f) E .£i+, then 

Q(a.) + Q( {Jl + f(a., f)) = Q(a. + /3). Theorem. If A is a pi-group and .6. is lattice ordered then G is a 

pi-extension of A by .6. if and only if G is a Riesz extension (Abstract 619-35, these c}/oticei) 12 

(1965), 65), and whenever a 1\ f)= 8 and bE A there is an element c E A such that Q(a.) n [Q(f)) + 

b + f(/3 ,a. - f))] = Dl(c + K] where K = H n .At' *(c,a.) n .At'*((c,a.) - (b, a. - f3 }), and His the 0-ideal of G 

generated by f(0,8} ~ (x,17)J(x,17) ~ (c,a.) and (x,17) ~ (c,a.)- (b,a.- f))}. Theorem. If G is a Riesz 

extension of a pi-group A by an !-group .6. and for each a. E .6.+, Q(a.} = Dl(H(a.}), H(a.) a cardinal summand 

of A, then G is a pi-extension. (Received October 2, 1967.) 

653-142. J. B. DIAZ, Rensselaer Polytechnical Institute, Troy, New York, and F. T. METCALF 

University of California, Riverside, California. Iteration procedures and Picard's criterion for 

equations of the first kind. 

It is shown that certain iteration procedures for solving linear Fredholm integral equations of 

the first kind, y(t) = J~ K(t,s}x(s)ds, are equivalent to Picard's [Rend. Circ. Mat. Palermo (1910), 79-97] 

criterion for the existence of a solution. Write the equation in the form y =Ax, where A: H -->His a 

linear operator on the real infinite dimensional Hilbert space H. The following "chain of equivanences" 

is shown to hold for "suitable" A: Existence of a solution x-=-y 1. null space of A, plus a certain for

mula for the inverse of A at y is valid -=-Y 1. null space of A, plus a certain iteration scheme converges 
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= Picard's criterion. "Suitable" A means either (i) A ¢ 0, compact, self- adjoint, and positive semi

definite; or (ii) A ¢ 0 and both A*A and AA* are compact. (Received October 2, 1967.) 

653-143. W. M. BOGDANOWICZ, The Catholic University of America, Washington, D. C. 20017. 

Radon-Nikodym differentiation of one vector measure with respect to another. 

Let S(V) denote the family of all sets being finite disjoint unions of sets from the family V 

consisting of subsets of a space X. Let the family V be a refinement prering, i.e. for any A,B E V 

we have A n B and A\ B are in S(V ). A function m from V into a B- space Y is called a vector volume 

if it is countably additive and has finite variation Jmi(A) on every set A E V. Let R(V,Y) be the set 

of all vector volumes m such that there exists a function f summable with respect to Jml on every 

set A E V and such that m(A) = JcAfdjmJ, for definitions see Bogdanowicz, Proc. Nat. Acad. Sci. 

USA 53 (1965), 492-498. Let the pair (V ,Y) have the Pettis- Dunford-Phillips property, i.e. every 

vector volume on Vto Y' is in R(V, Y' ). Let v E R(V ,Z) and m E R(V, Y) and let v be absolutely 

continuous with respect to the volume m, i.e. for any t > 0 there exists o > 0 such that 

Ljlv(Ajll < t if IAjl is a finite family of disjoint sets from V and Ljlm(Ajll < o. Let W be the 

space of all linear continuous operators from Y into Z. Theorem. There exists a function f on X to W 

such that f is JmJ-summable on each set A E V and v(A) = J u(cAf,dm), where u(w,y) = w(y) for all 

wE Wand y E Y, and the integral is considered on the space of JmJ-summable functions. (Received 

September 13, 1967.) 

653-144. R. M. STEPHENSON, JR., University of North Carolina at Chapel Hill, Chapel Hill, 

North Carolina 27514. Pseudocompact spaces. 

The terminology used here is the same as that in Products of nearly compact spaces, Trans. 

Amer. Math. Soc. 124 (1966), 131-147. We say that a topological space X has property A (B) provided 

that every countable regular filter base on X has an adherent point (if O(i), i = 1,2, ..• , is a collection 

of nonempty open subsets of X having disjoint closures, then U O(i) is not closed). :!:heorem 1. Every 

feebly compact space has property B, and every space which has property B also has property A. 

No other implications hold among feeble compactness, A, and B, but a regular space X is feebly 

compact if and only if X has property A. On any space A implies pseudocompactness, but there 

exists a pseudocompact Stone space which does not have property A. Theorem 2. Every product 

of pseudocompact spaces, of which all but one (at most) are sequentially compact, is pseudocompact. 

Theorem 3. Let X and Y be pseudocompact spaces, and suppose that there is an infinite cardinal K 

such that every point of X has a fundamental system of neighborhoods containing K or fewer sets, and 

every open filter base on Y containing K or fewer sets has an adherent point. Then X X Y is pseudo

compact. (Received October 4, 1967.) 

653-145. R. M. McCONNEL, University of Tennessee, Knoxville, Tennessee 37916. Functions 

over finite fields preserving mth powers. 

Let F be a finite field of order q = pn, p a prime. Let d I' 1 be an arbitrary divisor of q - 1 

and set q- 1 = md. Put ~d(x) = xm. The following theorem and its proof is related to the work of L. 

Carlitz [Proc. Amer. Math. Soc. 11 (1960), 456-459; Acta Arith. 7 (1962), 167-172] and the author [Acta 
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Arith. 8 (1963), 127-151]. Theorem 1. Let A be any element ofF such that Ad= 1. Let f be any 

function from F X F into F. Then fd[f(x,y)- f(u,y)- f(x,v) + f(u,v)] = Afd[(x- u)(y- v)] for all 

x,y,u,v E F if and only if f(x,y) = axPiyPj + g(x) + h(y) for some i and j such that 0 ~ i < n and 

0 ~ j < n, where g(x) and h(y) are arbitrary polynomials over F. Moreover djp1 - 1, djpJ- 1, and --- --
fd(a) = A. This theorem has been extended to functions of k variables. (Received October 4, 1967.) 

653-146. L. KUIPERS, Southern Illinois University, Carbondale, Illinois 62901. Uniform 

distribution in Galois fields. 

Let <I> = GF (q,x] denote the ring of polynomials in x over a field GF(q) of q elements, where 

q = pr and pis a prime number. Assume that GF(q) is determined by a zero I.L of an irreducible 

polynomial of degree :r in GF (p,x]. Hence a E GF(q) means a = a 11.L r-1 + ..• + ar with ai E GF(p). 

Define t(a) = a 1. Let ME <I> be a monic polynomial of degree m ;;:; 1. Let A be an arbitrary element 

of <I> and let A= a 1xm-l + ••• +am (mod M). Now we define {following Y. H. Hodges, Uniform 

distribution of sequences in GF [q,x], Acta Arith. 12 (1966), 55-75): e(A,M) = exp(27ri&1/p) where 

a1 = t(ai) = t(a!(A)). Let (J = /Ak)(k = 1,2, ..• ) be a sequence of elements in <I>. We prove: The 

sequence (J is uniformly distributed modulo M if and only if limn__, 00 L~=l e(AkC,M)/n = 0 for all 

C E <I>( reduced mod M) with C ¢ 0 (mod M). (Received October 4, 1967.) 

653-14 7. T. W. PALMER, University of Kansas, Lawrence, Kansas 66044. Collectively 

compact sets which are totally bounded. 

Let [X,Y] be the set of bounded linear operators between normed linear spaces X andY. Then 

5e ~ [X,Y] is collectively compact iff /Kx: K EX, x EX, JlxiJ ~ 1) has compact closure. Theorem. 

A collectively compact set is totally bounded iff X* = I K*: K E X) ~ [Y*, X*] is collectively compact. 

This settles affirmatively a conjecture of P. M. Anselone. The result was previously known only 

in two special cases: ( 1) X = Y = complex Hilbert space, (2) there is a common finite bound for 

the dimension of the range of all operators in X. 1ts interest arises from the existence of a detailed 

theory (applicable to some classical approximations of integral operators) of strongly convergent 

sequences Tn---> T with fTn - T j =_Yf' collectively compact. Such a sequence converges in norm iff 

X is totally bounded. These considerations lead to several related characterizations of collectively 

compact sets and totally bounded sets of precompact operators. (Received October 4, 1967.) 

653-148. WITHDRAWN. 
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653-149. CARL PEARCY, University of Michigan, Ann Arbor, Michigan, and DAVID TOPPING, 

Indiana University, Bloomington, Indiana 47401. Commutators and certain u1-factors. 

F. B. Wright (Ann. of Math. 60 (1954), 560-570) constructed a class of A W*-factors of 

type Ill' which Feldman later showed to be von Neumann factors. Theorem 1. Every self-adjoint 

operator in a Wright factor with trace zero is a commutator of two operators in the factor. Hence 

every operator in such a factor with zero trace is the sum of two commutators. For a von Neumann 

algebra s;t' of type II1 , let [s;t',s;t'] denote the linear span of the commutators. Theorem 2. With s;t' a 

II1 -algebra, [Jail', ..W'] is equal to (1) the set of finite sums of nilpotent operators of index two; (2) the 

set of all linear combinations L:r=l a.iEi' whereL:r=r a.i = 0 and for each i, Ei is a projection in S!f with 

Ei ~I - Ei; (3) the linear span of all symmetries (= s.a. unitaries) SinN such that the projections 

(1/2)(1 ± S) are equivalent in Sil'. Corollary 1. In a Wright factor Jrr, [Jrr, Jrr] is norm closed. 

Corollary 2. Bach Wright factor is the linear span of its projections E such that E ~ I - E. 

Corollary 3. If projections E with E ~ I - E span a II 1 -algebra s;t' over its center, then [S!f, ..W'] is 

the null space of the central trace. Conjecture. Every II1 -factor is spanned by its projections of 

dimension one-half. (Received October 4, 1967.) 

653-150. R. L. HEMMINGER, Vanderbilt University, Nashville, Tennessee. On reconstructing 

~graph. 

Let G be an unoriented finite graph without loops or multiple edges. If a E V(G) we will let 

Ga denote the graph obtained from G by deleting the vertex a and the edges adjacent to a. If a E: E(G) 

we will let Ge denote the graph obtained from G by deleting the edge e. If a graph G is uniquely 

determined, up to isomorphism, by a given collection of subgraphs we will say that G can be recon

structed from the collection of subgraphs. It is well known that a tree can be reconstructed from 

its maximal subtrees. Harary has asked r'On the reconstruction of a graph from a collection of sub

graphs," in Theory of graphs and its applications, M. Fielder (ed.), Prague, 1964, pp. 47-52] if a graph 

can be reconstructed from the collection IGeJe E E(G)}. We refer to this as the edge problem and to 

the reconstruction of G from the collection IGaJa E V(G)} as the vertex problem. The line graph of G 

is the graph L(G) with V(L(G)) = E(G) and with (el ,e 2l E E(L(G)) if and only if e1 and e2 are adjacent 

in G. We then prove the Theorem. The edge problem is equivalent to the vertex problem for line 

graphs, i.e. a solution to the edge problem would give a solution to the vertex problem for line graphs 

and conversely. (Received October 4, 1967.) 
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653-151. S. R. KIMBLETON, The University of Pittsburgh, Pittsburgh, Pennsylvania 15213. 

A converse of a Random stable limit theorem. 

r 
A random variable X is said to be of type a if a= sup jr > 0 IE [IX I J < + oo I· The following 

theorem can be stated: Theorem. Let jx ., j ~ 11 be independent, identically distributed random 
J 

variables of type 0 < a < 2, a i 1, with distribution function F. In addition, if a > 1, assume that 

the random variables are centered at their expectations. Let jR(n), n ~ tl be a sequence of positive 

integer valued random variables such that plim R(n)/n = 1r > 0. If there exists a sequence of 

constants jBnl• Bn > 0 such that the limit in distribution G of L~(n)X/Bn exists and is nondegenerate, 

and the limit in distribution H of L ~(nJxj s /Bn also exists and is nondegenerate where X j s is the 

symmetric random variable induced by X, then F is in the domain of attraction of a stable law of 

index a. This theorem may be viewed as a partial converse of a result of Wittenberg [Limiting 

distributions of random sums of random variables, Z. Wahrschein. 3 {1964), 7-18]. An application 

of this theorem to Markov chains is also discussed. (Received November 9, 1967.) 

653-152. D. C. DYKES, University of Kentucky, Lexington, Kentucky 40506. A note on 

generalized F rattini subgroups. Preliminary report. 

All groups considered are finite. A proper normal subgroup H of a group G is a generalized 

Frattini subgroup of G provided that G = NG(P) for each normal subgroup L of G and each Sylow 

p-subgroup, p a prime, P of L such that G = HNG(P), (J. Beidleman and T. Seo, Pacific j. Math., to 

appear). A weakly hyperc entral subgroup of a nonnilpotent group is a generalized F rattini subgroup. 

(R. Baer, Amer. j. Math. 75 (1953), 633-644). In particular, the hypercenter of a nonnilpotent group 

is generalized Frattini. The product of two generalized Frattini subgroups is not necessarily a 

generalized F rattini subgroup, even if their orders are relatively prime. The following results are 

established. Theorem l. If His a generalized Frattini subgroup of G and K is a weakly hypercentral 

subgroup of G such that their orders are relatively prime and HK is proper in G, then HK is a 

generalized Frattini subgroup of G. Theorem 2. If His a generalized Frattini subgroup of G and 

K <J <J G, then K is nilpotent iff K/H nK is nilpotent. A characterization of H(G), the intersection of 

all maximal generalized Frattini subgroupe of G, is forthcoming. (Received October 5, 1967.) 

653-153. S. P. LLOYD, Bell Telephone Laboratories, Incorporated, Murray Hill, New jersey 

07971. On the L 2 space of a Banach limit. 

Let X = j X 8 , 0 :£ 8 < 21rl be the set of characters of the group Z of integers, extended to 

C(/)Z). R. G. Douglas [Proc. Amer. Math. Soc. 16 (1965), 30-36] has shown that if a Banach limit 1-L 

is not an extreme one then~ fails to span L 2(!)Z,/l.), and asks whether~ spans L 2( /)Z,/l.) when 11- is 

extreme. The following example shows that the answer is no. Let f E C(/3 Z) be determined by 
. 2 

f{n) = e 1"n , n E Z, with u/11' irrational. Then for every Banach limit 11-. JfX8d/l. = 0 for all 8 but 

J lfl 2d/l. = l. (Received October 6, 1967.) 
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653-154. R. L. BHIRUD, 1125 E. 38th Street, Indianapolis, Indiana 46205. Behaviour of Pade' 

fractions and the associated quantities. 

With each ordered pair [m,n] of nonnegative integers, there is associated a uniquely determined 

rational fraction Ymn (z ), whose numerator and denominator are of degrees not exceeding m and n, 

respectively, and whose expansion in ascending powers of z agrees term by term with the given 

power series L:=o apzP for more terms than that of any other such rational fraction. These rational 

fractions can be arranged in a table of double entry, by putting Ymn (z) in the roth row and nth column 

of the table (m,n = 0,1,2, .•• ). These fractions and the table containing them are named after H. Pade. 

This paper contains some new results on the behaviour of Pade' fractions and some associated quan

tities. It is shown that the Pade' fractions Y mn(z) satisfy the following recurrence relations. 

[Ymn- Ym,n-ll [Ymtl,n- ymnl [Ym,ntl- Ym-l,nl = [Ym,ntl- Ymnl (Ymn- Ym-l,nl [Ymtl,n-

[Y mn - Y m,n-lJ. It is also shown that besides the Pade' fractions, there are five other associated 

qualitie·s which satisfy the same pair of recurrence relations as the Pade' fractions. (Received 

October 6, 1967.) 

653-155. R. G. LEVIN, Western Washington State College, Bellingham, Washington. Some 

results on nonpotent, locally cyclic semigroups. Preliminary report. 

A semigroup S is called locally cyclic if for all pairs a, bE S, there exists c E S, and positive 

integers nand m such that a= en and b =em. A semigroup is called anN semigroup if it is commu

tative, archimedean, cancellative and nonpotent (i.e., without an idempotent). A nonpotent locally 

cyclic semigroup is an N semigroup. The following theorem is used to determine a necessary and 

sufficient condition for two nonpotent, locally cyclic semigroups to be isomorphic. Theorem. A semi

groupS is locally cyclic if and only if S = U~=l Sn• where Sn ~ Sntl and Sn is a cyclic subsemigroup 

of S, for n ;?; l. We also present a necessary condition for two nonpotent, locally cyclic semigroups 

to be isomorphic which uses the structure theorems on N semigroups derived by T. Tamura (see: 

journal of Gakugei, Tokushima University, Volume VIII, 1957). (Received October 6, 1967.) 

653-156. j. D. BRILLHART, University of Arizona, Tuscan, Arizona 85721. On the Euler 

and Bernoulli polynomials. 

In a previous report (Abstract 623-2, these cNoticeiJ 12 (1965), 350) it was shown that the Euler 

polynomial E 5 (x) = (x- l/2)(x2- x- 1)2 is the only Euler polynomial with multiple roots, and that 

the Bernoulli polynomial B2 m+ 1 (x) has no multiple roots for any m. In a further investigation the 

interesting modular relationship: (n + l)En(x) = 2Bntl(x) (mod 2), n;?; 0, was discovered. This 

relationship, which shows the Euler and Bernoulli polynomials are identical (mod 2), implies it is 

possible to carry over verbatim to the Bernoulli polynomials all the mod 2 arguments which were 

used for the Euler polynomials. In this way it follows directly that B2mt 1 (x) has no multiple roots 

and, if B2 m(x) has a multiple factor, it can only be of the form (x2 - x- 1 )2, where b is an odd, posi

tive integer. Although no such factor is known, it is not difficult to show that (x2 - x - l )2 is .never 

a factor of B2m(x), as it is in the case of E 5(x). While investigating this latter question, the following 

surprising factorization was discovered: 3B 11 (x) = x(x- l/2)(x- l)(x2 - x- l)(3x6 - 9x5 + 2x4 + 
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!lx3 + 3x2 - !Ox- 5). This factorization is a counterexample to the conjecture that B2m+J(x)/x.(x- 1/2) 

• (x- I) is always irreducible over the rational field. (Received October 6, 1967.) 

653-157. CARL EBERHART, University of Kentucky, Lexington, Kentucky. Metrizability of 

trees. 

A tree is a locally connected hereditarily unicoherent continuum. (See Ward, Mobs, trees, 

and fixed points, Proc. Amer. Math. Soc. 8 (1958), 798-804, and Whyburn, Analytic topology, Amer. 

Math. Soc. Colloq. Pub!. Vol. 28, Amer. Math. Soc. Providence, R. I., p. 88.) Theorem I. The 

weight of a tree is also its density. Corollary. Separable trees are metrizable. Definition. A point 

x EX, a tree, is a branchpoint of X, if X\ x has more than two components. B denotes the branch

points of X. X is called a Souslin tree provided each arc in X is separable and every collection of 

pairwise disjoint open sets of X is countable. Theorem 2. A Souslin tree is separable iff it has a 

countable number of branchpoints. Theorem 3. Each closed set in a Souslin tree is G0• Definition. 

The core of a Souslin tree X, K, is the set of condensation points of the branchpoints of X. Corollary. 

A Souslin tree is separable iff the interior of K is void. (Received October 6, 1967.) 

653-158. Y. C. LU, Bowling Green State University, Bowling Green, Ohio. On holomorphic 

mappings of complex manifolds. 

Let M and N be two complex manifolds with dimensions m and n respectively. Let f: M---> N be 

a holomorphic mapping and u be the general elementary symmetric function of f. DenoteD.u be the 

Laplacian of a function u on the manifold. Then 1/2 D.u = E + R( ~; ~)- S( ~;~)where E is a nonnegative 

quantity, R(~;~) and S(~;~) are sums of Ricci tensors on M and curvature tensors of N respectively. 

This gives the generalization of Chern's formula in his recent paper about holomorphic mapping be

tween same dimensional complex manifolds. Besides, the following theorem can be proved. Let 

f: Dm ---> N be a holomorphic mapping where Om is the unit m- ball in em with the standard Kaehler 

metric and where N is an-dimensional hermitian manifold with negative constant holomorphic sec

tional curvature(=- 2m(m + 1 )). Then f is distance-decreasing. (Received October 6, 1967_) 

653-159. j. C. BEIDLEMAN, University of Kentucky, Lexington, Kentucky 40506. Generalized 

F rattini subgroups of finite groups_ lL 

A proper normal subgroup H of a finite group G is called a generalized Frattini subgroup of 

G if G = N(P) for each normal subgroup L of G and •each Sylow p-subgroup P, p a prime, of L such 

that G = HN(P). Here N(P) is the normalizer of Pin G. Several properties of generalized Frattini 

subgroups have been developed (J. C. Beidleman and T_ K. Seo, Generalized Frattini subgroups of 

finite groups, Pacific j. Math. to appear). In the present paper we establish the following results. 

!heorem I. A proper normal subgroup H of G is a generalized Frattini subgroup of G if and only if 

F(G)/H = F(G/H), where F(G) is the Fitting subgroup of G. Theorem 2_ Let G be a finite nonnilpotent 

group with Frattini subgroup p(G). If every proper subgroup of G/.O(G) is nilpotent, then ,O(G) is the 

unique maximal generalized Frattini subgroup of G. Theorem 3. Let G be a finite supersolvable 

group and let H be a self-normalizing nilpotent maximal subgroup of G. Then the core of H is a gen

eralized Frattini subgroup of G. (Received October 6, 1967.) 
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653-160, D. A, DRAKE, University of Florida, Gainesville, Florida. Neighbor collineations of 

Desarguesian Hjelmslev planes, 

In projective Hjelmslev planes (H-planes), points are said to be neighbor if they are joined 

by more than one line; a neighbor collineation is a collineation which maps each point onto a point 

neighbor to itself. Results are obtained for the full collineation groups of Desarguesian projective 

H-planes (DPH's) which generalize well-known results on the collineation groups of ordinary 

Desarguesian projective planes. Analogues are obtained for the neighbor collineation group eN of a 

DPH, e.g. eN is shown to be transitive on the sets of neighbor quadrilaterals, Two uniform projective 

H-planes are presented for which eN is not transitive on neighbor quadrilaterals even though they 

possess Desarguesian affine H-planes. This suggests that eN may be a sensitive tool for investigating 

projective H-planes. Let 1r be a uniform DPH, and let H be the ring coordinatizing 1r, Then 

o(H) = t2 = p2u for some prime p. Then eN is shown to be the semidirect product of a subgroup G 

by a subgroup G0• G is the direct product of 8u or 9u subgroups of order p (8u if and only if His 

commutative). G0 is cyclic, of order 1 or t - 1 depending upon another property of H, (Received 

October 6, 1967.) 

653-161. BRUCE WOOD, The University of Arizona, Tucson, Arizona 85721. A generalization 

of the Bernstein polynomial. 

Let f be analytic on 1::. = {z: lzl ::> 11 and, for WE 1::. and any complex number z, define the matrix 

(ank(z)) by {1- z + zf(wlln = L~=oank(f)wk, n = 1,2, .... and aoo(f) = 1, aok(f) = o, k = 1,2, .... Define . 

the linear operator Hn by Hn(g,z) = L~=og(k/nlank(z) for n = 1, z, .. , and any function g such that the 

series converges. The matrix (ank(z)) is a special case of a class of matrices introduced by Sonnen

schein and studied by Clunie and Vermes IAcad, Roy. Belg. Bull. Cl. Sci. 45 (1959), 930-9451. The 

nth order Bernstein polynomial is obtained when f(z) = z for all z. Let 11 ={f: f EA(f::J.), f(l) = 1, f(l)(l) = 1, 

and f(kl(O) ~ 0, k = 0, 1,2, ... 1. The following are established: (i) if g E C {a,bl and f E 11 then 

limn---.ooHn(g,x) = g(x) uniformly on (a,bl; (ii) if g(z) = L~=Oakzk for z E f::,., .L;~=olakl < oo, and f E 11 

then limn-+ooHn(g,z) =g(z) for each zEf::J.and liiDn-+ooHn(g,z) =g(z) uniformly on compacta of {z:lzl < 11; 

and (iii) if g is analytic on the interior of the bounded component of the complement of an ellipse having 

foci 0 and 1 and f E 11 then limn_,ooHn(g,z) = g(z) uniformly on any closed set contained in the interior 

of this bounded component. (Received October 2, 1967.) 

653-162. E. R. BE RLEKAMP and R. L. GRAHAM, Bell Telephone Laboratories, Incorporated, 

Murray Hill, New Jersey 07971. Irregularities in the distributions of finite sequences. 

Let X= (x1,x2,,,) be a sequence of points in the interval [0,1), I a subinterval, III its length 

and Xn(l) the number of Xm in I with m;:;; n. Let Fn(X) be the least upper bound of IXn(I)- niiii for 

I varying in [0,1 ). F n(X) was· first proved to be unbounded by van Ardenne-Ehrenfest, who showed 

Fn(X) > c 1log log n/log log log n, This was later improved by K. F. Roth who established Fn(X) 

> c 2(log nJl/2, We consider the following finite variant of this problem. For n ~ 1, 0 ;:;; k < n, 

define Bn,k = [k/n, k + 1/n), Fix an integer d ~ 0 and suppose (xl'x2 , ... ,xs+d) is a sequence with 

xi E [0,1) and with s = s(d) chosen to be maximal such that for each r ;:;; s and each k < r,Br,k contains 

at least one point of the subsequence (xpx2 , ... ,xr+d). The fact that s(d) < oo follows from above. We 

establish the Theorem. (i) s(O) = 17; (ii) s(d) < 4(d+2l2 • (Received October 3, 1967.) 
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653-163. WITHDRAWN. 

653-164. J, J. UHL, JR., Apartment 806, 5055 Seminary Road, Alexandria, Virginia 22311. 

Compact operators on Orlicz spaces. 

Let~ be a field of subsets of a set n, Jl be a finitely additive nonnegative set function with 

finite subset property defined on ~. and ~O be the ring of sets of finite j.L-measure. A partition 11""' 

{En} is a finite disjoint collection of ~0-sets. Partitions are partially ordered by defining 1r1 ~ 1r2if 

E E 1r1 =>E is a union of members of 1r2• I and 2) are B-spaces; <I> is a continuous Young's function 

with complementary function -It, Lei>( I) is the Orlicz space of all totally j.L-measurable functions f 

satisfying J n<l>( IJfiJ/k)dj.L < oo for some k. Mel>( I) is the closed subspace of L <I>( I) determined by 

the JL-simple functions. Theorem, Let I be reflexive, -It obey -lt(2x) ~ N-lt(x) for all x and some N. 

Then if t: Mel>( I) ----> 2) is a bounded linear operator, tis compact if and only if (i) The operator 

T(E): I ----> 2) defined by T(E) [x] "'t(xX-E) ( x E is the indicator function of E) is compact for each 

E E ~0 , and (ii) if for each partition 1r "' {En} the operator t7r is defined for f E Mel>( I ) by t11"(f) "' 

t(L,rfEn fdlllll (En) X En)' then lim11"1Jt - t1rll "' 0 in the uniform operator topology. Moreover, if I is 

finite dimensional, then each compact linear operator t: Mel>( I ) ----> 2) is the operator limit of linear 

operators with a finite dimensional range. (R.eceived October 5, 1967.) 

63-165, R. M. LEWIS and D. S. AHLUWALIA, Courant Institute of Mathematical Sciences, 

New York University, New York, New York. Uniform theory of diffraction of progressing waves. 

A progressing wave is a solution of the wave equation Lu "'6u- (1/c 2lutt "'0 and is of the form 

u(X,t) "'Loo _0e r.,((X,t)]z (X,t) where e 0(r) is an arbitrary function and e' (r) "'e 1(r). The phase m- mlf' m m m-

function p(X,t) is constant along the bicharacteristics of the wave equation and the amplitude functions 

zm(X,t) satisfy first order ordinary differential equations which can be solved explicitly along the hi

characteristics. Our problem is to find the total field u(X,t) which satisfies the wave equation, the 

boundary condition u "' 0 or ou/ iJ n "' 0 on the screen S and has finite limit at the edge of S. The screen 

consists of a portion of a plane, bounded by a smooth edge curve. u0(X,t), the incident progressing 

wave is prescribed by specifying initial conditions for the problem. A formal solution is constructed. 

Away from the shadow boundary the solution reduces to the sum of the incident, reflected and diffracted 

progressing waves. The diffrac.ted wave corresponds to the diffracted rays which emanate from the 

edge. (Received October 2, 1967.) 
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653-166, MAURICE CHACRON, University of Sherbrooke, Sherbrooke, Canada. On the non

singular positive square matrix of an ordered ringoid. Preliminary report. 

Let R be a ringoid with 0 and 1 in the sense of G. Birkhoff and let ( ~) be a fixed order relation 

on R such that (i) for every positive element x( ~ 0) of R g a ~ b than ax ~ bx and a+ x ~ b + x. Assume 

that the binary multiplication and the binary addition in R are commutative. If ID1 p denote the ringoid 

of the square matrix of order p on the ringoid R, it is shown that the order-product induced by ( ~ ) in 

ID!p preserve incidently property (l ). Again, assume that (ii) the order in R is with ascending chain 

condition and that for at least one natural number n we have ~ ~ x for all x in R, it is shown that the 

subringoid ID!~ of ID'lp of the positive symmetric matrix satisfies properties (i) and (ii), which proper

ties imply that the multiplicative semigroup of R and of ID'lp are periodic semigroups. From this 

result, it follows that every nonsingular positive square matrix of an arbitrary order which commutes 

with its transpose is an inversible matrix in respect of the unity matrix. (Received October 4, 1967.) 

653-167, R, A. ALO and H. L. SHAPIRO, Carnegie-Mellon University, Pittsburgh, 

Pennsylvania 15213. Extensions of totally bounded pseudometrics. 

The concept of extending to the topological space X a continuous pseudometric defined on a 

subspace S of X has been studied by many authors. Recently H. L. Shapiro studied the problem by 

considering subspaces S for which every continuous pseudometric defined on S has a continuous 

pseudometric extension to X. Such subspaces S are said to be P-embedded in X. Shapiro showed 

that if Sis P-embedded in X, then Sis C-embedded in X, but not conversely. ln this paper the authors 

introduce the concept ofT-embedding, a particular case of P-embedding. A subset Sis T-embedded 

in X in case every totally bounded continuous pseudometric on S has a totally bounded continuous 

pseudometric extension to X. The authors characterize T-embedding in terms of various types of 

open. covers of the space X and show that in order for a subspace S to be T-embedded in X it is suf

ficient to extend every totally bounded continuous pseudometric on S to a continuous pseudometric on 

X. The authors prove that a subset is T-embedded if and only if it is C*-embedded (i.e., every 

bounded real-valued continuous function can be extended). Finally, using the concept ofT-embedding, 

some new characterizations for a topological space to be normal are given. (Received October 5, 

1967.) 

653-168. j. B. DEEDS, Louisiana State University, Baton Rouge, Louisiana 70803. 

Summability of vector sequences, 

In this note, the notion of almost convergence, as defined by G. G. Lorentz for scalar sequences, 

is generalized to sequences of vectors in Hilbert space. The almost convergence of auch a sequence 

is equivalent to the norm convergence of the averages of the sequence, in a translation invariant 

fashion, provided its range is pre-compact. The particular cases of periodic and almost periodic 

sequences are discussed, and component-wise characterizations are developed, along with counter

examples. One result is the following. Let T be a continuous transformation mapping a Hilbert space 

into itself, such that T(O) = 0. Then T preserves almost convergent sequences iff Tis additive and 

real homcgeneous. (Received October 9, 1967.) 
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653-169. MARK MANDELKER, University of Kansas, Lawrence, Kansas 66044. Subspaces 

£!._ F'-sp:ices. 

A completely regular Hausdorff space X is an F'-space if for every point p in X, the ideal Op 

(of all real-valued continuous functions on X that vanish on a neighborhood of p) is prime. See 

[L. Gillman and M. Henriksen, Rings of continuous functions in which every finitely generated ideal 

is principal, Trans. Amer. Math. Soc. 82 (1956), 366-391] and [w. W. Comfort, N. Hindman, and 

S. Negrepontis, F'-spaces and their products with P-spaces, to appear]. A subspace Y is z-embedded 

in X if for every zero-set W of Y there is a zero-set Z of X such that W = Z n Y. In particular, 

C *-embedded or Lindelof subs paces are z -embedded. Theorem. Every z -embedded subspace of an 

F'-space is also an F' -space. Corollary_, Every open subspace of a locally compact F'-space is 

also an F'-space. In particular, every open subspace of fJR- R is an F'-space. (Assuming the 

continuum hypothesis, it is shown in [N. ]. Fine and L. Gillman, Extension of continuous functions 

in fJN, Bull. Amer. Math. Soc. 66 (1960), 376-381} that every open subspace of fJR- R is in fact 

an F-space.) _!!_leorem. If X is locally compact at infinity and a--compact, then fJX -X is an 

F' -space. More generally, for any X, every locally compact G0 in fJX, disjoint from X, is an 

F 1-space. (Received December 1, 1967.) 

653-170. P. K. KUL SHRESTHA, Louisiana State University, New Orleans, Louisiana 70122. 

Steady Couette flow in a centrifuge. 

The problem of steady Couette flow of an incompressible viscous as well as an incompressible 

isotropic idealized elastico -viscous liquid in a centrifuge is considered. The rheological behavior of 

these liquids is assumed to be free from the Weissenberg effects at the boundaries of the centrifuge 

and the interaction between mechanical and thermal processes is disregarded. Exact solutions for 

the two types of liquids are obtained, the pressure and the extraneous force acting along the axis of 

rotation evaluated and the torques necessary to maintain the centrifugal motion calculated. Stability 

considerations of the flow impart relevant information on the problem of homogeneous mixing of 

miscible liquids of the two types. (Received October 9, 1067.) 

653-171. ]. R. DORROH, Louisiana State University, Baton Rouge, Louisiana 70803. Semigroups 

of nonlinear transformations. 

We consider strongly continuous semigroups [G(t); t !!;; 0} of nonexpansive transformations from 

S into S, where S is a subset of a Banach space X. S is required to be closed and convex and is subject 

to other restrictions as well, but S may be X, the closed unit ball in X, or a Saks space, and the setting 

is sufficiently general to cover the case of a semigroup giving the solution of a quasi-linear partial 

differential equation. Analogues are obtained for theorems about linear semigroups dealing with gen

erators, resolvents, and exponential formulas. For instance, suppose that G( • )x is continuously 

differentiable for all x in some dense subset of S, and define Ah x = (1/h)[G(h)x - x] for x in Sand h > 0. 

Then Ah is the "infinitesimal generator" of a "uniformly continuous" semigroup jGh(t)j of nonexpansive 

transformations from S into S, and for each x in S, G(t)x = lim(h _, O)Gh(t)x uniformly for t in bounded 

intervals. (Received October 9, 1967.) 
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653-172. ROBERT GILMER, Florida State University, Tallahassee, Florida 32306. The uniqu_:_ 

primary decomposition theorem in commutative rings without identity. 

A commutative ring R is a W-ring if each ideal of R has a unique shortest primary representa

tion. Characterizations of W-rings with identity are known [Proc. Amer. Math. Soc. 14 (1963), 777-781]. 

Let R be a W-ring without identity. Theorem l. lf R is a belonging prime of {0), then R is the direct 

sum of a W-ring with identity and a nil ring; the converse also holds. !_heorem 2. If R is not a be

longing prime of (0), then R is the direct sum of a W-ring with identity and a W-domain; the converse 

is valid. Theorem 3. Let D be an integral domain without identity. Then Dis a W-ring if and only if 

either {1) Dis zero-dimensional, or (2) Dis one-dimensional, the residue class ring of any maximal 

prime ideal of D is a field, and each nonzero element of D belongs to only finitely many maximal prime 

ideals of D. (Received October 9, 1967.) 

653-173. W. M. BOGDANOWICZ and M. M. MATTAMAL, Catholic University of America, 

Washington, D. C. 20017. Representation of complete Lebesgue integrals by means of volumes. 

A real valued functional J is called a Lebesgue integral if its domain D(j) = L consists of 

real-valued functions on a space X and the following conditions are satisfied: L is a linear lattice 

satisfying the Stone condition, i.e. L is a linear space and f n g, f n 1 E L for all f,g E L; J is a 

finite valued positive linear functional such that if fn E L, f (x) ~ 0 on X, f(x) = " 00 f (x) < 00 for 
n £....,n=l n 

x EX and L~=lffn < oo, then f ELand jf = L:=1Jfn. The Lebesgue integral is said to be complete 

if for every function g such that there exists f E L satisfying the condition 0 ~ g(x) ~ f(x) for all 

x E X and jf = 0, we have g E L. Theorem. If J is a (complete) Lebesgue integral, then V = 

I A C X: c A E L) is a pre ring and the function v defined by v(A) = J c A for A E V is a (complete) upper 

complete volume on V, where c A is the characteristic function of the set A. lf J is a complete 

Lebesgue integral, then D(j) = L(v,R) andjf = jfdv for f E D(j). For definitions see: Bogdanowicz, 

Proc. Nat. Acad. Sci. U.S.A. 53 (1965), 492-498 and Proc. japan Acad. 43 (1967), 286-289. (Received 

October 9, 1967.) 

653-174. T. I. SEIDMAN, Carnegie-Mellon University, Pittsburgh, Pennsylvania 15213. 

Approximation of c 0 semigroups. 

Let (Xa.l be a net of sequentially complete lctvs approximating the sclctvs X in the sense that 

there are continuous linear surjections Jra.: X ----> Xa. such that ~a. o Jra.-> ~ strongly for every~ E 4> = 

I all continuous seminorms on X) where~ 1---7 ~a. maps 4> into <I>a = !continuous seminorms on Xa.l· 

Let IL: 4> --+4> and call a linear operator Ton X (or Xa.) IL-continuous if ~(Tx)"' IIL~I(x), x EX (or 

~a.(Tx) ~ (J.t~) a(x), x E Xa. ),for~ E 4>. Let Sa. = IS a(t): t ~ 0 l be a Co semigroup of !L-continuous 

operators on Xa. for each a. with Ra.(A) as resolvent of the infinitesimal generator of Sa.. Then 

Sa.(t) ~ S(t) (i.e., ~a.(Sa.(t)7ra?'- 1ra.S(t)x) -•0, x EX,~ E 4>) uniformly on compact t-intervals iff 

Ra.(Ao) converges strongly for some >..o > 0 (hence, for all Ao with Re Ao > 0), S being aIL-continuous 

c 0 semigroup on X. A similar result holds for discrete parameter semigroups on Xa. converging to a 

Co semigroup on X. (Received October 9, 1967.) 
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653-175. J, H. WESTON, University of Saskatchewan, Regina Campus, Regina, Saskatchewan, 

m-compactness, m-quasicompactness, and m-pseudocompactness. 

Let X be a topo1ogic a1 space and m an infinite cardinal. X is m-compact if each open cover 

of X, of cardinality at most m, has a finite subcover. X is m-quasicompact if each open cover %'of 

X by cozero sets, with 1%'1 ;;; m, has a finite subcover. X is called m-pseudocompact if each continu

ous function F: X -> Rm has a compact range where R denotes the rea1s. Lemma, If X is m-pseudo

compact then it is m-quasi-compact. If X is completely regular the converse is true. A space is 

called m-regular if for each open cover %'with 1%: I ;;; m there is an open cover ~with I~~ ;;; m and 

such that for each V E ~ there is a U E %' wit!\. v- ~ U. Theorem. If X is a normal m-regular space 

then m-compactness, m-pseudocompactness, and m-quasicompactness are equivalent. Corollary. 

The theorem is also true if X is a completely regular, m-regular, N0-regular space. (Received 

October 9, 1967.) 

653-176. EMANUEL VEGH, U. S. Naval Research Laboratory, Code 7820, Washington, D. C. 

20390. Primitive roots modulo a prime as consecutive terms of an arithmetic progression. 

Theorem 1. For each positive integer s there is a positive integer N (depending only on s) such 

that for each prime p greater than N there is an arithmetic progression that has at least s consecutive 

terms as primitive roots modulo p. Theorem 2. Let s be a positive integer and let q1 < q2 < ... < qr 

be arbitrary primes, There is a positive integer N (depending on s and qrl such that for each prime p 

satisfying the conditions (i) p >Nand (ii) p- 1 is of the form q~ 1 q~2 q~r,ai-;, 0- there is an 

arithmetic progression, with common difference an arbitrary primitive root modulo p, that has at 

least s consecutive terms as primitive roots modulo p. Corollary. Let each of s and m be a positive 

integer and let q1 < q2 < ... < qr be arbitrary primes. There is an integer N (depending on s, qr and 

m) such that for each prime p satisfying the conditions (i) and (ii) ·above and (iii) that the least primi

tive root modulo p is not greater than m- there is a sequence of s consecutive primitive roots modulo 

p. (Received October 9, 1967.) 

653-l 77. F. J, WAGNER, University of Cincinnati, Cincinnati, Ohio 45221. Reflexive spaces 

and dual topologies. 

For a topological space (X, T), the dual topology r' ofT is that which has as a base of open sets 

the closed sets of (X,r). T is reflexive if T: r". Then (l) Tis reflexive if and only if every inter

section of open sets is open; (2) r' is reflexive; {3) a reflexive T 1 topology is discrete; (4) r' "'T if 

and only if r' is weaker than T if and only if every open set is closed. For x and y E X, say x ;;:; y if 

x is in every neighborhood of y. 'Then ;;; is a quasi-ordering of X and r" is the lower topology 

defined by ;;; • (Received October 9, 1967.) 

653-178. J, J, MALONE, JR., Texas A and M University, College Station, Texas 77843. 

A near-ring embedding problem. 

Near-rings of transformations are interesting because every near-ring may be embedded in 

a near-ring of transformations on some group. Let (G, +) be a group and T(G) its transformation 

near-ring, T 0(G) the sub-near-ring of T(G) consisting of the transformations which commute multi-
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plicatively with the 0 transformation. Theorem. (H, +)is embedded in (G, +)iff To(H)is embedded 

in To(G) by a kernel-preserving map. (For the definition of "kernel-preserving map" see]. C. 

Beidleman, On groups and their near -rings of functions, Amer. Math. Monthly 73 (1966), 98 1-983.) 

Corollary. H is embedded in G iff T(H) is embedded in T(G). The~. If (H, +) is a direct summand 

in (G, +),then T 0 (H) embeds in T 0 (G) as a direct summand which is a right ideal. (Received 

November 27, 1967.) 

653 -I 79. MICHAEL FRIEDBERG, University of Houston, Houston, Texas. Congruences defined 

by continuous real-valued functions. 

Let S be a compact semigroup, C(S) the collection of continuous real-valued functions defined 

on S, and let A C C(S). We define a relation RA on S by saying that (x,y) E R A if f(axb) = f(ayb) for 

each f E A and a, b E S' (S' is S with an identity adjoined). RA is a closed congruence and we denote 

the quotient space of S modulo RA by SA; SA is a compact semigroup with the quotient topology. 

Theorem. If A is finite or denumerably infinite then SA is metrizable with a subinvariant metric. 

Corollary. [Hofmann and Mostert]. A compact semigroup is (iseomorphic to) an inverse-limit, 

of compact metric semigroups. Theorem. A compact, abelian, uniquely divisible semigroup is 

(iseomorphic to) an inverse limit of compact, metric, abelian, uniquely divisible semigroups. 

(Received October 9, 1967.) 

653-180, K. F. BARTH and W. ]. SCHNEIDER, Syracuse University, Syracuse, New York 13210. 

On a problem of Bagemihl and Erdos concerning the distribution of the zeros of an annular function. 

Bagemihl and Erdos (A problem concerning the zeros of a certain kind of holomorphic function 

in the unit disk, j. Reine Angew. Math. 214/215 (1964), 340-344) have raised the question whether the 

zeros of an annular function (for definition see previous reference) must cluster to the whole unit 

circumference, This question is answered by the following Theorem. There exists an annular function 

f(z) whose zeros cluster only to a single point on the unit circumference, The function f(z) is con

structed as a product of two functions g(z) and h(z) holomorphic in D( = I z: lz I < Ij) where (i) g(z) 

is constructed by means of Mergelyan's theorem and has the property that maxz E -r)g(z) - n I < I 

for all n where 'Yn = I z: lz I= sn, fn ;;; arg z ;;; 211'- fnl with sn T 1 and fn l 0, (ii) h(z) is constructed 
by a judicious repeated use of the following !;emma. Given any positive integer n, any positive num

ber K, any complex number a (Ia I < 1), any positive number f > 0 and any jordan domain J ( C D) 

which contains a and which has exactly one boundary point on lz I= I, there exists a function w(z) 

holomorphic in D with lw(z) - 1/K(z - a)n I < f in D - ]. The lemma follows from a construction 

similar to one used previously by the second author (Bull. Amer. Math. Soc. 72 (1966), 841-842). 

(Received October 10, 1967.) 

653-181. V. j. MANCUSO, 161-34 28th Avenue, Flushing, New York 11432. Retraction in 

m -paracompact spaces. 

Let C be a closed subset of a space X, and f: C __, Y a continuous map from C into a space Y. 

Denote the adjunction space of X and Y via f by X Uf Y. Let W be a space and define g: C X W __, Y X W 

by g(c, w) = (f(c), w). Denote the adjunction space of X X W and Y X W via g by (X X W) Ug (Y X W). 

Theorem. If W is locally compact, then (X X W) Ug(Y X W) is homeomorphic to (X Uf Y) X W. 

Corollary. If X and Y are m -paracompact normal, so is X Uf Y. In fact our methods show that the 
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corollary holds for any class of normal spaces which can be characterized by the normality of their 

product with a compact (Hausdorff) space. Let Q be the class of m-paracompact normal spaces. 

Using well known techniques we can then establish Theorem. If X E Q, X is an AR(Q), resp. ANR(Q), 

if and only if X is an ES(Q), resp. NES(Q). Theorem. X is an AR(Q) if and only if X is a contractible 

ANR (Q). (Received October 11, 196 7.) 

653-182. J. W. KENELLY, Clemson University, Clemson, South Carolina 29631, and 

B. D. EVANS, Oklahoma State University, Stillwater, Oklahoma. _!l.~~r bound on the dimension of 

the convex kernel. ----------

Earlier papers have given conditions that establish the zero dimensionality of the convex kernel 

of a starshaped set. Hare and Kenelly (Nieuw Arch. Wisk. 14 (1966), 103-105), Foland and Marr 

(Pacific j. Math. 19 (1966), 429-432), and Larman (Proc. Camb. Phil. Soc. 63 (1967), 311-314). 

A forthcoming paper by F. A. Toranzos will give a theorem that generalizes these results. The fol

lowing result extends the theorem of Toranzos. It is applicable to a larger collection of starshaped s 

sets, and it implies the previous point condition theorems. Statements are made in a finite dim en

sional linear space. Definition. The flats L l''"., Lk assumed to have a common point are called ~ 

tersectionally independent (i. i) provided the intersection of any k - l of them is not contained in the 

other. A single flat is taken to be an i.i. collection. Sets are i.i. if and only if their containing flats 

are i. i. Theorem. If a set S contains k intersectionally independent maximal convex subsets with the 

minimum dimension in the collection known to be l, then it is the case that the dimension of the con-

vex kernel of S is at most l- k + L (Received October 11, 1967.) 

653-183. WITHDRAWN. 

653-184. j. H. ROWLAND, University of Wyoming, Laramie, Wyoming 82070. On the location 

of the deviation points in Chebyshev approximation. 

Consider the problem of approximating continuous real-valued functions in the Chebyshev sense 

by polynomials of degree ~ n over the interval [a,,B]. Jheor_e_T!!· If f(n+l) and g(n+l) are positive 

and f(n+l) /g(n+l) is strictly increasing on [a,,BJ, then each interior deviation point off is to the right 

of the corresponding point of g. Corollary. If f(n+ l) is positive and strictly increasing, then each 

deviation point off lies to the right of the corresponding oscillation point of the Chebyshev polynomial 

T n+ 1. The same relationship is also true for the interpolation points. These results can be used to 

show that certain inequalities given by Shohat (Duke Math. j. 8 (1941), 376-385) are sharp. (Received 

October 11, 1967.) 

653-185. K. -W. YANG, Western Michigan University, Kalamazoo, Michigan 49001. Completion 

of norm linear spaces. 

Let F be the field of real numbers or the field of complex numbers. Let N · (B ·) denote the 

category whose objects are normed linear spaces (Banach spaces) over F and whose morphisms are 

contractions (continuous linear maps f: X-> Y such that jfj ~ 1). Let A: N' -> B" be the "completion" 
f f 

functor. We say that a sequence inN· (orB') ... -> Xn-l ~Xn A ~+l -• ... is normal exact if for 
-1 -1 f'n-1 

each n, ~ (0) = fn-l (Xn_ 1) and Xn- /fn-l (0) ----4 fn-l (Xn_ 1) (where f~-l is the map induced by fn-l) 
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is an isometry. Theorem. If 0 ---> Y _.!_,X E. Z --> 0 is a normal exact sequence in N • , then 

0 -• A(Y) _!\Q~(X~ A(p)A(Z) ---> 0 is a normal exact sequence in B'. Corollary. Let 0 --> Y --->X ---> Z 

--> 0 be a normal exact sequence in N · Then X is complete iffY and Z are. (Received October II, 

1967.) 

653-186. BASIL GORDON, University of California, Los Angeles, California, and LORNE 

HOUTEN, Washington State University, Pullman, Washington. Asymptotic formulae for m ultirowed 

partitions. 

In Abstract 642-38, these c/lfoticei) 14 (1967), 71-72, a k-rowed partition of n, strictly monotonic 

on rows, is defined. The authors subsequently showed that the generating function Bk(x) = 

L~Obk(n)xn for such partitions are Bk(x) = n~~2p - xv)[(k-v)/ 2lp[k/2]q2 \k/ 21, where p = 

noo v - l noo 2 v- l - l r l \ l v= 1 (I - x ) , Q = v= 1 (I - x ) and dl and IJ represent the integral and fractional parts of 

IJ respectively. In this paper we determine a convergent series representation for Pa,b(n); where 

paqb = L~o Pa,b(n)xn and a,b are integers, a ;:; l. Combining this with the contribution from the 

polynomial n~~i (1 - X v{(k- v)/ 2] and taking the dominant term We Obtain that bk (n) 

_ 2 -l-(l/2)[k/2]-(l/2)\k/2l 7r k2/4-k/2+(l/2)\k/2l (k/l2n)(k2 -k+2)/8 n [(k-1)/2] (k- zj): exp[7r(kn/3)jl/2. 
j=l 

(Received October 11, 1967.) 

653-18 7. ]. H. JORDAN, Washington State University, Pullman, Washington. The distribution 

of kth power residues and nonresidues in the Gaussian integers. 

For the Gaussian prime )'and k IN("Y) - 1, the Gaussian integer a is a kth po_wer residue or a 

kth power nonresidue depending on whether j 2 =a (mod "Y) is solvable in Gaussian integers or not. 

A bound B(y,k) is established so that there is a kth power nonresidue {3 such that I !31 < B(-y,k) 

for 'Y whose norm is sufficiently large. The function 8(1',2) = N()')a+f, for all f > 0 and a= (8e)-l is 

established. The function B('Y,k) = N(-y)aH for all f > 0 and where l/4a is the unique solution of 

p(u) = 1/k with p the Dickman-DeBruijn function is established. (Received October 11, 1967.)9 

653-188. MIL TON ROSENBERG, University of Kansas, Lawrence, Kansas 66044. Derivatives 

with respect to vector valued measures. 

Let X, Y be two arbitrary Hilbert spaces. Let M(B) = J 8 M'(w)dJ.L, N(B) = JB N'(w)dJ.L be 

indefinite Bochner integrals (thus vector measures) over the measurable space (r2,!0'), where 

M'(w) EX, N'(w) E Y. Let .5/(Y) = lsubmanifolds of Yl, and Y(X,Y) = \submanifolds of L(X,Y) (the 

bounded linear operators)l. A functionS: n --> Y(Y) is nicely measurable iff 3 an at most countable 

family of strongly-measurable functions ~u' a E A, such that A(w) = [~u(w)}: !2 (A) --> Y, defined by 

A(w) •(a ) A= "a ~ (w), Lla 12 < oo, is bounded with closed range S(aJ), Vw. A function 
a.aE L....Jaa a 

Y: n ---> Y(X,Y) is nicely measurable relative toM' iff 3 a family (<l>u)uEA of strongly-measurable 

functions such that (i) .st'(w) = J" a <I> (w): "Ia 12 < oo I (ii) T(w) = ..st(w) • M'(w) is nicely !L.,.,a. a. a ~ a 

measurable in terms of 11a = <l>u • M'uEA· R.N. Theore~. N'(w) E..Y'(w)M'(w) a.e. (J.L)~ 3 a strong

ly-measurable <I> such that (i) <l>(w) E ..st'(w) a.e. (J.L), (ii) N'(w) = <l>(w)M'(w) a.e. (J.L). In this case, we 

say N << M mod (.st'). We also obtain a Lebesgue decomposition theorem. These results are co

ordinate-free infinite-dimensional extensions of Rosenberg, Abstract 648-19, these c/lfoticei) 14 

(1967), 634. We make use of Desoer and Whalen, A note on pseudoinverses, ]. SIAM II (1963), 442-

447. (Received October 13, 1967.} 
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653-189. C. A. AKE MANN, University of Pennsylvania, Philadelphia, Pennsylvania. Sequential 

convergence in the dual of a W*-algebra. 

Let A be a W*-algebra and A* its dual as a Banach space. Let A(l be the closed subspace of A* 

generated by the pure states of A. Theorem. Let l fnl be a sequence of positive functionals in A • and 

suppose that fn converges to f in the weak* topology for some fin A~. Then fn converges to f 

uniformly. It is necessary here that we restrict to sequential convergence (as opposed to nets) and 

that A be a W*-algebra (as opposed to a C*-algebra). (Received October 13, 1967.) 

653-1 ;;o. ri. W. McLAUGHLIN, Rensselaer Polytechnic Institute, Troy, New York 12181, and 

F. T. METCALF, University of California, Riverside, California. Behavior of the extended Holder 

inequality with respect to the index set. 

Suppose that I and J are nonempty finite sets of positive integers; that aij (i E I, j E J) are 

positive real numbers; and that X j (j E J) are positive real numbers. Then the "extended Holder 

inequality" states that R(I,J) ;;; 1, where R(I,J) = [LEITij.::Jaii;IJj"-J(LiEiaijtjJLkEJAk and 

p.j = X/Lkt=J Xk (j E J). Theorem. Suppose that I, J 1, and J 2 are nonempty finite index sets, with 

J 1 and ]z disjoint; and that Xj (j E J 1 U ]z) are positive real numbers. Then R(I,J 1 U J 2) ::> 

R(I,J 1) • R(I,J t• where equality holds if and only if there exists a real number T such that 
P.1 · 2· 

IJjEJ 1aij l = riJjEJ 2 aij l for all i E I, with p.1j = ,\/LkEJ /'k and p.2 j = X/LkEJ2 ,\k. (Received 

October 13, 1967.) 

653-191. PERRIN WRIGHT, Florida State University, Tallahassee, Florida 32306. A uniform 

generalized Schoenflies theorem. 

The generalized Schoenflies theorem proved by M. Brown [Bull. Amer. Math. Soc. 66 (1960), 

74-76] states that a locally flat (n- I)-sphere in En or sn is flat. Equivalently, if f:Sn- 1 -+ En is a 

locally flat embedding, then f has an extension F: Bn ->En. Let O(x,y) denote the angle in radians 

between two points x,y in En. Theorem 1. Iff: Sn-l -+En, n ~ 5, is a locally flat embedding such 

that for all x E Sn-l, dist(x,f(x)) < t and O(x,f(x)) < t, then f has an extension F: Bn-+ En such that 

for all x E B n, dist(x, F(x)) < (3 6nt + 8lt) ( 1 + t ) + 3 t. Theorem 2 is a similar result for embeddings 

ofSn-l into·Sn. (Received October 13, 1967.) 

653-192. NICOLAS AR TEMIADIS, Southern Illinois University, Carbondale, Illinois. Growth 

estimates of functions in L 1• 

Let f E L 1(- oo,oo) and f(x) = J00 f(t)eitxdt, the Fourier transform of f. Then it is obviously 
-oo 

true that iff belongs to L 1(-oo,oo), f is essentially bounded; in fact we have lf(t)l ~ (1/2 )llfll a.e. 

In this paper we give a much weaker condition, than f E L 1(-oo,oo), for f to be essentially bounded. 

By Af we denote the Lebesgue set for f. Put !il(x) = min IRef(x),O j. Theorem. Hypothesis. 

f E L 1(-oo,oo); f(t) = 0 fort < 0; 0 E Af; !6 E L 1(-oo,oo). Conclusion. lf(t)l;;; 2 Ref(O) + A(t); a. e., 

where A(t) is a nonnegative essentially bounded function with A(t) ;;; (2/lr)ll!illl a.e. There are applica

tions of the above theorem, in the growth estimates of the coefficients of a Dirichlet or Taylor series. 

(Received October 13, 1967.) 
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653-193. M. L. MARX, Vanderbilt University, Nashville, Tennessee 37203. Light open mappings 

on a torus with disk removed. 

Suppose o is a continuous mapping of a jordan curve j into Euclidean two -space. Consider j 

as the boundary ofT, a 2-dimensional torus with a disk removed, and also as the boundary of D, 

a 2 -cell. This paper is concerned with the relationship between the case where has a light open 

continuous extension to T and the case where has a similar extension to D. One such result is: 

If o has a light open extension to T, then there exists a light open mapping f: D ___, s2 such that 

f- 1(oo) contains one or no points. (Received October 13, 1967.) 

653-194. WITHDRAWN. 

653-195. L. W. BEINEKE, Purdue University, Fort Wayne, Indiana 46805. On derived graphs 

and digraphs. 

The derived graph of a graph G has the edges of G as its vertices, with adjacency determined 

by the adjacency of the corresponding edges in G. An analogous definition is made for digraphs. 

Characterizations of derived graphs and digraphs are given in terms of excluded subgraphs. Some 

results, corresponding to known results for graphs, are given for iterated derived digraphs. 

(Received October 13, 1967.) 

653-196. j. L. LEONARD, University of Arizona, Tucson, Arizona 85721. Generalized deriva-

tives and monotonicity. 

Zahorski [Trans. Amer. Math. Soc. 69 (1950), 1-54] conjectured that Tolstoff's Theorem on the 

monotonicity of a real function could be generalized by weakening the hypothesis of approximate 

continuity to the property of being Darboux-Baire I. He further stated that he did not know whether 

the theorem would hold if the approximate derivative were replaced with a weaker definition of the 

derivative. Bruckner [Mich. Math. j. 13 (1966), 15-26) verified the validity of the conjecture. Using 

Bruckner's results it is possible to show that the theorem is valid for far weaker derivatives, to wit: 

the preponderant derivative of Denjoy, the qualitative derivative of S. Marcus, as well as the ordinary 

unilateral derivative. (Received October 13, 1967.) 

653-197. LUDVIK jANOS, University of Florida, Gainesville, Florida. On "Lipschitz 

structures", structures which are relevant to the concept of contractivity. 

Let 21 C P(X X X) be a uniformity on X and Y: 21 ___, 21 a self-mapping on ~~which we 

will call "Lipschitz operator", satisfying the following conditions: (i) V'U E 21[..'/U C.u], 

(ii) 'VUE 2![Y"'u o!fU C U), (iii) vV E 21 V'x, y E X3k3U E 2['i'ku C V A(x,y) E U). The 

triple (X, 21,5£) satisfying these conditions we will call "Lipschitz structure" (L.S.) on X. Let 

r/J: X -->X be a continuous self-mapping on X. Extending¢ over X X X in usual way we can define 

:.:ontractivity~ ¢ ~ (X, 2,Y') requiring the existence of n such that VU E ~ [¢n(U) C y U]. De

fining a complete L. S. (X, 21,5£) as a L. S. the underlying uniform structure (X, 21) of which is 

complete, we can prove a generalized Banach fixed point theorem. 'Theorem. Let (X, 2,Y) be a 

complete L. S. and¢: X ->X contractive on (X, 21 ,!:.t). Then (a) ¢has a unique fixed pointy E X on 

X and (b) V'x E Xlfin(x) ___, y as n ___, oo]. (Received October 13, 1967.) 
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653-198. B. G. CASLER and T. j. SMITH, Louisiana State University, Baton Rouge, Louisiana 

70803. Standard spines of compact connected combinatorial n-manifolds. 

If M is a combinatorial n-manifold then it is possible to define a finite sub-polyhedron of M 

called an allowable polyhedron. If M is a compact connected combinatorial n-manifold with boundary, 

K is an allowable sub-polyhedron of M and M collapses to K, then K is a standard spine of M. The 

following theorems are proven. Theorem A. _!!_ M is a compact connected combinatorial n- manifold 

with boundary, n > 2, then there exists a standard spine of M. Theorem B. _!!_ K is a standard spine 

of a compact connected combinatorial n-manifold with boundary and f is a standard imbedding of K 

into the interior of a combinatorial n- manifol~, then a regular neighborhood of f(K) is combinatorially 

equivalent to M. (Received October 13, 1967.) 

653-199. L. S. CHAR LAP and C. H. S AH, University of Pennsylvania, Philadelphia, Pennsylvania 

19104. Compact flat Riemannian four dimensional manifolds. Preliminary report. 

A complete classification (up to affine equivalence) is obtained of the compact flat riemannian 

4-manifolds. There are 75. The methods used are those of Compact flat Riemannian manifolds, by 

L. S. Charlap, Ann. of Math. 81 (1965). Similar results (unpublished) have been obtained by 

E. Ca1abi by different methods. (Received October 13, 1967.) 

653-200. B. A. jENSEN, Portland State College, Portland, Oregon 97023. Infinite inverse 

semigroups that are homomorphically finite. 

An HF semigroup is an infinite semigroup such that each of its proper homomorphs is finite. 

Theorem. The Brandt semigroup B(G;A) is HF iff either (i) G is an HF group and A is finite, or 

(ii) IGI = 1 and A is infinite. '!:heore~ If S is an HF inverse semigroup containing a primitive idem

potent e, then K = SeS is an HF Brandt ideal of S and either S = K or S is formed by a finite chain of 

extensions of K by finite Brandt semigroups. Necessary and sufficient conditions are found for a chain 

of extensions of the latter type to yield an HF semigroup by applying the Lemma. Every congruence 

relation on an ideal of an inverse semigroup S can be extended to form a congruence on all of S. 

(Received October 13, 1967.) 

653-201. T. M. PRICE, University of Iowa, Iowa City, Iowa 52240. Decompositions of s3 and 

pseudo- isotopies. 

The main theorem in this paper is the following. Let G be a cellular upper semicontinuous 

decomposition of s3 such that s3 /G is a 3-manifold. Then there is a pseudo-isotopy of S3 onto itself 

that shrinks the elements of G to points. The main tool used is Armentrout's theorem that, under 

the above hypothesis, there exists a homeomorphism h:S 3 /G-----> s3 such that Po h:S 3/G ----->5 3/G 

is close to the identity. A sequence of homeomorphisms hi: S3 /G -----> S3 is chosen so that p(P 0 hi' id) 

gets small as i gets large. These hi's are then used to squeeze the elements of G to points. 

(Received October 13, 1967.) 
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653-2.02.. E. L. SPITZNAGEL, Litton Scientific Support Laboratory, Fort Ord, California 93941. 

Terminality of maximal unipotent subgroups of Chevalley and Steinberg groups. 

A nilpotent group G of class c is said to be "terminal" if whenever there exists a nilpotent G 

such that G/ r c+ 1 (G) ~ G, then rc+ 1 (G) = l. Leonard Evens [Terminal p-~· Illinois J. Math .• 

(to appear)] has shown that for odd p different from the field characteristic, the nonabelian p-Sylow 

subgroups of finite classical groups are terminal. We prove the following complement. Theorem. 

Let U be a maximal unipotent subgroup of a Chevalley or Steinberg group of any of the following types: 

1 1 1 
An(n > 3), Bn(n > 3), Cn(n > 3), Dn(n > 3), F 4 , E 6, E 7 , E 8 , An(n >6), Dn(n > 5), E 6• In the case 

Bn, Cn, Dn, F 4 and Aik' let the field characteristic be odd. Then U is terminal. (Received October 13, 

1966.) 

653-2.03. W. ]. DAVIS, D. W. DE AN, Ohio State University, 2.3 1 W. 18th Avenue, Columbus, 

Ohio 432.10 and IVER SINGER, Roumanian Academy of Sciences, Str. M. Eminescu 47, Bucharest, 

Roumania. Complemented subspaces and lambda systems in Banach spaces. 

For a B -space E, and a subspace X of E, define K(X) = inf !liP II: P 2 = P, PE = X I· For a se

quence (xn) in E, let Gn = K([x 1, ... ,xnJl and Gh = K([x 1, ... ,xnJ I [xj]), that is, Gn relative to the sub

space [x) Then (xn) is called a (1) A-system if [xj] = E and lim Gn = oo, (2.) r-system if U<jJ = E and 

sup Gn = oo, (3) sub A-system if lim Gn = oo, (4) sub A-system if sup Gn = oo, (5) A-sequence if 

lim G~ = oo, and a (6) A-sequence if sup G~ = oo. Theorem 1. If E is a B -space containing subs paces 

Xn with dim Xn =nand sup K(Xn) = oo, then E has a noncomplemented subspace, F, which has a 

Schauder decomposition into finite dimensional subspaces. A converse to this theorem would be 

desirable, since it would make equivalent the existence of noncomplemented subspaces and the exist-

ence of n-dimensional subspaces with K(Xn) unbounded. The authors have only partial converses. 

Theorem 2.. If E is a separable B- space with a A -system, then E has a A-system. Theorem 3. The 

existence, in a separable B -space, of any of the systems ((1) - (6)) is equivalent to the existence in 

that space of all the systems. Further, E has a A-system if and only if there exist finite dimensional 

subspaces Xn of E with K(Xn) unbounded. The original A-systems are the Lozynski-Kharshiladze 

systems in C([O,l]) (see, e.g., Natanson, Canst. Fen, Th.). In Uspekhi 18 (1963) no. 5 (113), Kadec 

showed that Lp([0,1])(1 ~ p t 2.) have A-systems. To form a larger list of spaces with A-systems, 

our Corollaries yield the following: The spaces lp and L.P([0,1]) (1 ~ p t 2.), C([0,1]), c0 , and all 

separable universal B-spaces have A-systems. (Received November 10, 1967.) 

653-2.04. S. B. NADLER, Louisiana State University, B·aton Rouge, Louisiana. On sequences 

of contractions and their fixed points. 

All spaces under consideration are complete metric spaces. A contraction mapping is a 

function A: X --> X for which 3 u E [0,1) 3 d(A(x), A(y)) ~ ud(x,y)V'x, y E X. Let Ai: X ----+X be a 

contraction mapping with fixed point ai for each i = 1,2., ... and let A0 be a contraction mapping with 

fixed point a0 . Theorem 1. If the sequence I Ail~ 1 converges uniformly to A0 , then the sequence 

I ai I~ 1 converges to a0 . Theorem 2. . .!!:_X is locally compact and the sequence I Ai I~ 1 converges 

pointwise to A0 , then the sequence I ad~ 1 converges to a0 . A construction is given, in any infinite 

dimensional separable Banach space, of a sequence of contraction mappings which converges point

wise to the zero mapping but whose fixed points do not converge. This construction, together with 
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Theorem 2, gives necessary and sufficient conditions that a separable Banach space be finite dimen

sional. Theorems l and 2 are used to obtain fixed point theorems for special mappings of product 

spaces. (Received October 13, 1967.) 

653-205. J, H. SMITH, 100 Memorial Drive, Apartment 213-C, Cambridge, Massachusetts 

02142. A remark on class groups of extensions with certain types of Galois groups. 

If L/K is a normal extension of number fields, G(L/K) is either symmetric, dihedral or 

non-abelian simple, and p% [L: K] then some relations are deduced between the p-primary part of the 

class group of Land that of certain subfields. A typical result is: If G(L/K) is non-abelian simple 

then either p divides the class number of every subextension of codegree 2 or (Cl Up :;;,: (ClK)p. 

(Received October 13, 1967.) 

653-206. ]. W. RICHARDS, 548 East Summit, Apartment 104, Kent, Ohio 44240. An incomplete 

generalization of Frobeniu_s's theorem, Preliminary report. 

Let G be a finite group and H a subgroup with the property that g E G H implies that H n Hg = l. 

One can easily show that H must be a self-normalizing Hall subgroup if Hi l. Frobenius showed that 

H must have a normal complement in G. The author poses the following question: If instead of in

sisting that H n Hg = 1 one were to insist only that H n Hg be a cylic p-group, then does H have a 

normal complement in G where we assume that H is a self normalizing Hall subgroup of G? The 

author is able to answer in the affirmative in the case that G is solvable or His a p-group. (Received 

October 13, 1967.) 

653-207. N. F. LINDQUIST, Western Washington State College, Bellingham, Washington. 

Approximation of convex bodies by finite sums of line segments. Preliminary report. 

A convex body in En whose support function has a representation of the form J n l(u,v)l<l>(dw(v)), 

where <I> is a finite, nonnegative measure defined over the Borel sets on the unit spherical surface rl, 

will be termed a sum of line segments. Theorem 1. If K is a sum of line segments, then K can be 

approximated by polytopes which are finite sums of line segments. Theorem 2, If K is the limit of a 

sequence of convex bodies which are sums of segments, then K is a sum of segments. Firey [Oregon 

State University, Department of Mathematics Technical report no. 19] has shown that if K is 

d-dimensional (d ;? n), and a sum of segments, then K is ad-dimensional projection body. This 

gives a characterization of the class of convex bodies which can be approximated by polytopes which 

are finite sums of line segments. (Received October 13, 1967.) 

653-208. D. F. SANDERSON, Western Washington State College, Bellingham, Washington. 

On the cohomology of completely primary rings. 

As is well known, if A is a ring with ideal N, we may construct a graded ring F(A) = 

Elli=O N1 /Ni + 1, where NO= A. When N is the radical of A and A/N is a division ring, we discuss 

ways of recreating A from F(A) by using resulting simplifications of Mac Lane's cohomological 

methods [Extensions and obstructions for rings, Ill. J, Math. 2 (1958), 316-345]. (Received October 

13, 1967.) 
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653-209. EDWIN HEWITT, University of Washington, Seattle, Washington 98105, and K. A. ROSS, 

University of Oregon, Eugene, Oregon. A maximal problem in harmonic analysis. III. 

Let G be a compact group. Let lu(u) :o- E ~ l be a complete system of inequivalent irreducible 

unitary representations of G with u(u) acting on the finite -dimensional Hilbert space Hu· For f E L 1 (G),, 

the Fourier transform f is an element of E = IluE~ B (Hu). The space E admits [possibly infinite] 

p-norms, l ;;;; p ;;;; oo; seeR. A. Kunze [Trans. Amer. Math. Soc. 89 (1958), 519-540]. Using different 

but related p-norms, I. I. Hirschman, Jr. [Pacific j. Math. 9 (1959), 525-540] found all functions 

f E Lp(G), l <-- p < oo and pi 2, such that \lf\lp = \lf\lp'where 1/p + 1/p' = 1; such fare called maximal 

functions. Theorem. A function in Lp (G), l < p < oo and p i 2, is Kunze maximal iff it is a multiple 

of a translate of a subcharacter. A subcharacter is a function that equals a continuous [1-dimensional] 

character on an open subgroup Go and is zero off of Go. Hirschman's maximal functions are just 

the Kunze maximal functions in the center of L 1 (G). (Received October 16, 1967.) 

653-210. D. J. FIELDHOUSE, Queen's University. Kingston, Ontario, Canada. Regular modules. 

In view of the fact that a ring A is (von Neumann) regular iff every left (or every rt.) ideal is 

pure (see Abstract 648-161, these cffolicei) 14 (1967), 678 for the definition of purity), a left A-module 

M will be called Eegular iff all its submodules are pure. Theorem 1. A is a regular ring iff all its 

left (or all its rt.) A-modules are regular. Theorem 2. If 0---> E---> F---> G---> 0 is an exact sequence 

of left A-modules, then F is a regular module iff both E and G are regular modules and E is pure in F. 

Theorem 3. If M = LMi is a sum of submodules, then M is a regular module iff each Mi is regular. 

Theorem 4. The left module M is a regular projective module iff M is isomorphic to a direct sum of 

(principal) left ideals which are regular and are direct summands of A. Theorem 5. If A is commuta

tive, the A -module E is regular iff its localization Em is Am -regular for all maximal ideals m of A. 

Theorem 6. If A is commutative and A/I is semiprime for every ideal I of A, then A is regular. 

A regular socle, analogous to the semisimple (= usual) socle, is defined, and its basic properties 

established. Additional characterizations of regular rings are given. (Received October 16, 1967.) 

653-211. j. W. KITCHEN, Duke University, Durham, North Carolina 27705. Almost periodic 

measures on a compact Abelian group. 

The almost periodic functions on a locally compact group are those having "small orbits" either 

under the action of the group (via translation) or its algebras (via convolution). The present paper 

is concerned with the orbits of measures on a compact abelian group. It is shown that the only such 

measures which deserve to be called almost periodic are those which are absolutely continuous with 

respect to Haar measure. {Received October 16, 1967.) 

653-212. S.-C. LIN, University ot Miami, Coral Gables, Florida 33124. Wave operators and 

similarity for some operators in Banach spaces. 

Let X andY be complex reflexive separable Banach spaces. Let c0 {X,Y) be the class of all 

closed densely defined operators from X toY. c0 (X) stands for Co(X,X). LetT, T be in Co(X) with 

resolvent sets p(T) ::J fl.+' p(T) ::J fl._ (L;± = I z lim z i': 0 l) and that T C T. Let V be an operator which 
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can be factored formally as the product BA of two operators A E C0 (X,Y) and B E C0 (Y,X). Conditions 

are given under which the perturbed operators T(K) and T(K), formally given by T + KBA and T + KBA 

respectively, are similar to T and T respectively. These similarities are established by explicitly 

constructing a nonsingular operator W(K) which actually implements the similarities. In his recent 

paper (Math. Ann. 162 (1966), 258-279) Tosio Kato considered the perturbation problem in which the 

X, Y above are separable Hilbert spaces and the resolvent set of the unperturbed operator T contains 

both the upper and the lower half planes L.+. Our results are generalizations of his from Hilbert 

spaces to Banach spaces. Moreover, we consider the perturbation problem in which the resolvent set 

of the unperturbed operator T may contain only a half plane L.± or L._. Applications are made to some 

interesting differential and integral equations. In particular, the theory of gentle perturbation of 

second kind, originated by K. 0. Friedrichs (see Perturbation of spectra_i~_iiilbert Spaces, Lectures 

in Applied Math. vol. 3, Amer. Math. Soc., Providence, R.I., 1965) and the results of Kato (in the 

paper cited above) follow. (Received October 13, 1967.) 

653-213. T. T. READ, Western Washington State College, Bellingham, Washington 98225. 

~-nalytic structure in the spectrum of a Banach algebra. Preliminary report. 

Let B be a commutative Banach algebra with identity, and let 'Y be an element of the spectrum, 

Y(B), of B. Let B'Y denote the kernel of')' and B'Yn the ideal generated by n-fold products of elements 

of By. If the linear space B'Y/Cl(B'Y 2) is r dimensional, then we may associate with each bE B a multi

indexed series j/3(i))' (i) = (i 1, ... ,ir)' in a natural way. Theorem. If also lim sup I /3(i)i 1/lil is 

finite for each b E B, then there is an analytic subvariety V containing the origin of a neighborhood 

of the origin in Cr such that H(b) = L i3(i)z(i) is a homomorphism of B into the ring O(V) of functions 

holomorphic on V. Thus H induces a one-to-one continuous map H* of V into Y"(B) such that H*(O) = 'Y 

and b o H* E O(V) for each bE B. The dimension of Vat the origin is related to the structure of B'Y. 

Moreover V is the largest subvariety which can be mapped into .5/'(B) at 'Y in the sense that if 

h*: U ---" ..5/(B) is an analytic disc at 'Y, then there is a neighborhood W C U of the origin inC such that 

h*[W] C H*[V]. (Received October 16, 1967.) 

653-214. G. L. ITZKOWITZ, 4246 Ridge Lea Road, Amherst, New York. The existence of 

homomorphisms in compact connected Abelian groups. 

Let B denote the closure of the subgroup of elements of finite order in G where G is a compact 

connected Abelian topological group. Theorem 1. B is a topological direct summand of G, so that 

G = B X G/B. This and a theorem of Braconnier implies Theorem 2. In order that the compact con-

nected Abelian group G admit a nonzero continuous homomorphism into each nonzero compact con

nected Abelian group, it is necessary and sufficient that the torsion subgroup of G not be dense in G. 

(Received October 17, 1967.) 

653-215. H. I. FREEDMAN, University of Alberta, Edmonton, Alberta, Canada, Estimates on 

the existence region for solutions of equations involving a small parameter. 

Let F(~,f) be a real n-dimensional vector function of the real n-dimensional vector~ and real 

scalar f. Let F(O,O) = 0, and let F have as many continuous partial derivatives as we need. The 
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implicit function theorem is then modified to yield an estimate on the existence region for solutions 

ofF(~, t) = 0 for ~ as a function oft in the noncritical and several critical cases. These results are 

then applied to estimating the existence region of periodic solutions of ordinary differential equations 

involving a small parameter. (Received October 17, 1967.) 

653-216. A. W. GOODMAN, 0. I. RAHMAN and]. S. RATTI, University of South Florida, 

Tampa, Florida 33620. On the zeros of a polynomial and its derivative. Preliminary report. 

Let P(z) be a polynomial whose zeros z 1, .. .,zn lie in lz I :;; 1. llieff conjectured (see W. K. 

Hayman, Research problems in function theory, p. 25) that P'(z) always has a zero in lz - z 1 1 :;; 1. 

In fact it seems that the region in which a root of the derivative must lie is smaller than the region 

conjectured by llieff. We conjecture that P'(z) always has a zero in lz - lz 1 1/ZI :;; 1 - lz 1 l/2. We 

prove this stronger form of llieff's conjecture for some special cases. (Received October 17, 1967.) 

653-217. R. E. 0' MALLEY, JR., Mathematics Research Center- United States Army, University 

of Wisconsin, Madison, Wisconsin 53706. Boundary value problems for linear systems of ordinary 

differential equations involving many small parameters. 

This paper considers the system of differential equations (1) ll(t)y' = A(x, t)y where ll(f) = 

diag (t 11 : t 2 I : ... : E 1I :I ) and the small parameters ti are interrelated such that 
ml m2 s- ms-1 ms 

tj/Ejtl ~ 0 as ts-l---> 0, j = l, ... ,s- 2. Under appropriate hypotheses on the matrix A(x,E), a 

fundamental system of asymptotic solutions for (1) is obtained. Moreover, if (1) is considered on 

the interval 0:;; x ~ 1 subject to boundary conditions of the form (2) R(f)y(O) t S(t)y(l) = c(t), a 

complete asymptotic solution for y, including "boundary layer terms", is explicitly obtained provided 

R(O) and S(O) are appropriately restricted. The solution of (1), (2), then, converges nonuniformly 

within (0, l) as E s _1 ---> 0 to the solution of the appropriate reduced boundary value problem. Lastly, 

results are related to previously known results concerning singular perturbations of boundary value 

problems for higher order scalar equations. (Received October 17, 1967.) 

653-218. 0. H. KEGEL, New Mexico State University, Las Cruces, New Mexico 88001. 

A characterization of BoreL and Cartan subalgebras of finite -dimensional Lie algebras. 

Let 1 be a function defined on the class of all finite-dimensional Lie algebras over an algebraic

ally closed field of characteristic 0 which associates with each such algebra L a class £(L) of sub

algebras which form an orbit under the group of automorphisms of L. Assume furthermore that 1 has 

the following formal properties: (a) £(Lu) = (L(L))u for every epimorphism u of L; (b) If S E £(L), 

then S E L(T) for every subalgebra T of L with S <;:; T. The following three functions have these 

properties: £(L) is the set of Cartan subalgebras of L, £(L) is the set of the Borel subalgebras of 

L, g(L) is the set of the Levi subalgebras of L. Call£ solvable, if for each L the set 1(L) consists of 

solvable subalgebras; 1 t Q if there is an L with 0 EE L(L). Theorer:!!_. If the solvable function 1 t 0 

satisfies the conditions (a) and (b) then either 1 = _c; or 1 = £. (Received October 17, 1967.) 
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653-219. L. G. NOVOA, University of Alabama, University, Alabama 3 5486. On semiordered 

mathematical structures. Preliminary report. 

A partial n -order on a set X is a reflexive, symmetric, and almost transitive relation defined 

on the family of oriented n -simplexes of X and which satisfies a certain "exchange axiom" (Pacific 

J. Math. 15, no.4, pp. 1338-1345). Almost transitive means that if the domain of the relation is 

restricted, by deleting the elements which are related to every other element, then the relation be

comes transitive. A semiorder of dimension n is similarly defined except that the condition of almost 

transitivity is omitted. It is shown that the usual notions of order in different branches of mathematics, 

such as partial and full orders, cyclic, separation and betweenness orders can be derived from the 

above general notion of semiorder. A mathematical structure (algebraic, geometric, topological), 

in which a semiorder has been defined, is said to be semiordered if the characteristic auto -mappings, 

as usually defined, are order-isomorphisms. This notion includes f.i. the po-groups and cyclically 

ordered groups (Rieger), ordered fields, etc. Examples are presented of semiordered structures 

which are not orderable. In particular, a significant semiorder of dimension two for the projective 

plane is exhibited. (Received October 17, 196 7.) 

653-220. K. T. HAHN and JOSEPHINE MITCHELL, Pennsylvania State University, University 

Park, Pennsylvania 16802. Green's functions on the classical Cartan domains. I. 

The classical Cartan domain RI (v = I,II) is given by I - zz • > 0, where z is an m by n matrix 

of complex elements in case I and a symmetric matrix of order n in case II and z* is the conjugate 

transpose of z. These domains possess the Bergman metric and the corresponding Laplace-Beltrami 

·operator l:>v, both of which are invariant under biholomorphic mappings of Rv. Fundamental solutions 

'/;of t:;,.v f = 0 are studied which are functions of various parameters. For the hypersphere H 1 such a 

solution '/;is obtained which is a function of the (invariant) Bergman distance and a Green's function 

is constructed from if,. By means of this Green's function a boundary value problem is solved for 

the hypersphere HR with R < 1. (Received October 17, 1967.) 

653-221. A. D. PORTER, University of Wyoming, Laramie Wyoming. Orthogonal similarity 

for symmetric matrices. 

Let F = GF(q) be the finite field of q = pr elements, p odd. A number of the well known theorems 

concerning orthogonal similarity of real symmetric matrices do not hold in F. For example, the 

usual proof that every real symmetric matrix is orthogonally similar to a diagonal matrix is not valid 

In F. We discuss a number of theorems which give necessary and sufficient conditions for certain sym

metric matrices to be orthogonally similar over F to· a diagonal matrix. 'The theorems are obtained 

by placing various restrictions on the symmetric matrices under consideration. (Received October 17, 

1967.) 
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653-222. W. K. MASON, University of Wisconsin, Madison, Wisconsin. Homeomorphic 

continuous curves in 2-space are isotopic in 3-space. 

Theorem. Let E 2 be the standardly embedded plane in Euclidean three-space E 3. LetS and T 

be continuous curves in E 2 . Let g be a homeomorphism of S onto T. Then there is a homeomorphism 

H of E 3 onto E 3 such that (a) H; g on S, and (b) H may be realized by an isotopy. This answers a 

question raised by Bing [see]. M. Kister, "Questions on isotopies in manifolds," in Topology of 

3-manifolds and related topics, Prentice-Hall, 1962, p. 230]. (Received October 17, 1967). 

653-223. E. H. ANDERSON, University of North Dakota, Grand Forks, North Dakota 58201. 

· f · · f · f s2 · E 3 Approx1mat10n o certam contmuous unctiOns o mto 

Denote the usual metric for S 2 and E 3 by p. If f and g are continuous functions of s2 into E 3, 

p(f,g) is the least upper bound of the set of all numbers p(f(x). g(x)) for x E S 2; d(f) is the greatest 

lower bound of all numbers p(f,h) where h is a homeomorphism; K(f) is the closure of the set of all 

x E S 2 with the property that there is y E s2 , y 'I x, such that f(y) ; f(x). Theorem. If f is a continuous 

function of S 2 into E 3 and (i) f(K(f)) is 0 -dimensional, (ii) no component of K(f) separates S 2, then 

d(f); 0. (Received October 17, 1967.) 

653-224. D. R. ANDERSO:--l, University of Wyoming, Laramie, Wyoming 82070, and W. M. 

BOGDANOWICZ, Catholic University of America, Washington, D. C. On existence of solutions to a 

!_unctio~ll_l_ integ£_o -differential equation in Banach spaces. 

Let (R,JL) be a finite measure space, T a compact interval and Y a Banach space. Let f be a 

mapping of R X T X Y into Y such that for all fixed t,y the function f(· ,t,y) is JL-Bochner measurable, 

for all fixed r,y the function f(r, • ,y) belongs to the space C(T, Y) of all continuous functions on T to Y, 

and lf(r,t,y)- f(r,t,z)l "i ely- zl for all r E R, t ET, y, z EY and som·~ c, lf(r,t,O)I "i g(r) for all r ER 

and t E T, g being JL-summable. Let h be a mapping of R X TinT such that lh(r,t)- t0 I "i It - t0 I for 

t E: T and r E: R, where t0 E T, and the map r--> h(r, •) is JL-Bochner measurable from R into 

C(T, Y0 ), Y0 the space of reals. Theorem. There exists a unique differentiable function y E C(T, Y) 

satisfying the fuactional integra-differential equation y'(t); J Rf(r,t,y(h(r,t)})JL(dr) for all t E T and 

the condition y(t0); Yo· If the space R consists of one point only and JL(R); l we get the following: 

gorollar:y, Iff is a continuous mapping of T X Y into Y satisfying the Lipschitz condition in the 

second variable and h maps T into itself satisfying lh(t) - to I ~ It - t0 I for t E T, then there exists 

a unique differentiable function y E C(T,Y) such that y'(t); f(t,y(h(t))) for all t E: T and y(t0); Yo• 

where y 0 is any point from the space Y. This result is related to the result: D. R. Anderson, 

SIAM Review 8 (1966), 359-362. (Received October 11, 1967.) 

653-225. BRINDELL HORELICK, State University of New York, College at Cortland, Cortland, 

New York 13045. Group-like extensions and similar algebras. 

For background and notation seeR. Ellis, Trans. Amer. Math. Soc. 101 (1961), 384-395 and 

127 (1967), 125-135. For each T-subalgebra .Sd' C .Sd'(u) a T-subalgebra .Sd'* is constructed with the 

property that ~ C .s¥* if and only if~ > .s¥. New properties of the relation > are proved. Since 

.sd'is distal if and only if.Sd' > R, I.WI.W> 3"1 may be regarded as a generalization of the set of distal 
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algebras ("5' -distal" algebras). An analogous property ".Y -proximal" is defined and studied. When 

Y = R this reduces to "proximal". It turns out: 5'-proximal is a closed equivalence relation on 

.SY' :::l.Y if and only if G(Y*) C G(.i&f) C G(y). Sets of similar algebras [G(W) = G(!tl)] with this 

property are studied, and a structure theorem relating these sets to each other by means of > is 

proved. A generalization of Proposition 19 in the second reference above is proved which deletes the 

requirement that 21 = ..ldf(G(9)). (Received October 17, 1967.) 

653-226. W. R. EMERSON, New York University, Washington Square College, 251 Mercer 

Street, New York, New York 10012. Groups defined by permutations of a single word. Preliminary 

report. 

Let W = W(g 1, ... ,gN) be a (reduced) word in the primitive symbols gi' 1 ~ i ~ N, not all neces

sarily occuring nontrivially. If P is any permutation in the symmetric group YN, P(W) denotes the 

word obtained from W by replacing every gi by gP(i)' 1 ~ i ~ N. If 9 is any subset of YN and Was 

above, we define w9 to be the group generated by the gi' 1 ~ i ~ N, subject to the relations P(W) = 1, 

all P E 9. In the present report we discuss primarily the case when 9 = YN' the full symmetric 

group. Detailed results are obtained for special cases, e.g. when N = 2 and the structure of w·'/N 

modulo its commutator subgroup. (Received October 17, 1967.) 

653-227. WITHD.'<.AWN, 

653-228. L. W. BEINEKE and R. E. PIPPERT, Purdue University, Fort Wayne, Indiana 46805. 

Minimal regular extensions of oriented graphs. 

Let G be an oriented graph and let r denote the maximum of the in- and out-degrees in G. 

A regular extension of G is an r-regular oriented graph of which G is an induced subgraph. The in

deficiency (resp., out-deficiency) of a vertex of G is the difference between r and its in -degree 

(resp., out-degree). Lets denote the sum of the in-deficiencies in G, and t the maximum of the 

combined deficiencies. Theorem. The minimum order of a regular extension of G is m + n, where 

n is the order of G and m is the least integer satisfying these conditions: (1) m ~ t, (2) mr ~ s, 

(3) (m(m - 1))/2 ~ mr - s. A similar result holds for directed graphs, while the result for ordinary 

graphs was first proved by Erdos and Kelly [Amer. Math. Monthly 70 (1963), 1074-1075]. (Received 

October 20, 1967.) 
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653-229, H. E. FETTIS, 432 Cushing Avenue, Kettering, Ohio, Some new integral relations 

_i_r:_volving_Bess~~~tions. 

By manipulation of well known differentiation formulae for Bessel functions, integrals of the 

"Schwartz" type Jxexp (- at)tPzp(zt)dt, [where Zp(t) is any of the various Bessel functions] can be 

related to integrals of the form JxZq(xt)(a 2 + t 2)p-l/2tq+ldt with q ~ p and p - 1. (Received October 

19, 1967.) 

653-230, H. S. AL- AMIRI, Bowling Green Staete University, Bowling Green, Ohio. _Ihe a -points 

of Faber polynomials for a special function. 

Let f(z) ~ z + a 0 + a/z + ... ,with limlanll/n < oo. The Faber polynomials ifn(z)j, n ~ 0,1, ... , 

are the polynomial parts of the formal expansion of (f(z))n about z = oo. Let 6. and 6.a' a i 0, be the 

derived sets of the zeros of fn(z) and fn(z)-a, respectively. The object of this paper is the location of 

6. and 6.a for a special function f(z) = z exp 1/Xz ~ z + 1/,\ + l/2A2z + ... ,where,\ is an arbitrary 

positive number. Theorem, (a) 6. is the set r: I z I lz exp 1/,\ z I~ e/X and lz I ;eo 1/ X j. (b) For 

A. < e, 6. is the set r in (a), while for A. ;::: e, L;; is the set r 1 : jz I lz exp 1/X z I= 1 and lz 1 ;::: 1/A. l. 
a a 

An asymptotic distrib'Jtion for the derived sets along f and f l are discussed, The author utilizes 

and employs methods used by G. Szeg6 [Ube Relne Eigenschaft der Exponentialreihe, Sitzungsber, Ber. 

Math. Ges 23 (1924), 50-64]. (Received October 19, 1967.) 

653-231. W. R. DERRICK, The University of Utah, Salt Lake City, Utah 84112. A weighted 

volume-diameter inequality for n-cubes. 

Let A be a topological image of an n -cube in n -dimensional space and let w be a nonnegative 

upper semicontinuous real-valued function defined on n -space. The weighted distance Xi between the 

images Ai and A~ of a pair of opposite sides of then-cube is given by inf JcwdH~, where the infimum 

is taken over all arcs c in A joining a point of Ai to a point of A(, and H~ is the Hausdorff k -dim en

sional measure in a-dimensional space. Denote by V(A) ~ J wndHn the weighted volume of A. 
A n 

Theorem. V(A) ~ fl~ X .. This theorem generalizes results presented by the author (Abstract 646-1, 
t= 1 1 

these c}/oticei) 14 (1967), 396). (Received October 19, 1967.) 

653-232, S. L. SEGAL, University of Rochester, Rochester, New York 14627, Tauberian 

theorems for Dirichlet convolutions. 

Ingham (J. Lond. Math. Soc. 20 (1945), 171-180) proved, among other results, the following 

Tauberian theorem, closely connected with prime number theory. Let F(x) be positive and non

decreasing (from some point on), and suppose (l) L l;;;d;;;x F(x/d) ~ ax log x + bx + o(x), a and b 

constants; then (2) F(x) = ax + o(x). Variants and improvements of this result can be sought in 

several directions. Two types in particular are (i) Suppose I: d~xF(x/d) = axg(x) + bx + E(x), where 

g(x) is positive-increasing, g(x) ~ O(log x), and E(x) = o(x); if F(x) is positive nondecreasing, what 

can be concluded about F(x)? (ii) Suppose Ld;<;xk(d)F(x/d) =ax Ldsx(k(d)/d) + bx + o(x) where k(d) 

is positive and nondecreasing and also subject to other restrictions, then if F(x) is positive and non

decreasing, F(x) = ax t o(x). Theorems of both of these types are proved; for type (i) with g(x) = 
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log log x, E(x) = ((cx)/log x) + o(x/log x); the conclusion (when F(x) = Ln ~x an) of course being 

F(x) = ((ax)/log x) + o(x/log x). (Received October 18, 1967.) 

653-233. K. R. FULLER, University of Iowa, Iowa City, Iowa 52240. The structure of QF-3 

Let R be a (two-sided) artinian ring with radical N. If e and fare primitive idempotents in R 

such that socle(Re) ~ Rf/Nf and socle(fR) ~ eR/eN then Re is said to be antistrophic to fR and Re 

is called a left antistrophic primitive for R. Thus Nakayama's original definition of QF rings can be 

restated: R is QF in case every primitive left ideal in R is antistrophic to a primitive right ideal. 

The indecomposable injective projective modules over a QF -3 ring R are (up to isomorphism) its 

antis trophic primitives. Moreover this notion allows a characterization of QF- 3 rings strictly in 

terms of ideal structure. Theorem. An artinian ring is QF-3 iff each of its minimal left ideals is 

isomorphic to the socle of an antistrophic primitive. As a consequence Theorem •. Every artinian 

QF-2 ring is QF-3. (Received October 18, 1967.) 

653-234. C. C. CHEN, Queen's University, Kingston, Ontario, Canada, and G. A. GRATZER, 

University of Manitoba, Winnipeg, Manitoba, Canada. Generalizations of lattices with unique 

complements. 

The concepts of lattices with unique complements and almost uniquely complemented lattices 

(see e.g. Abstract 67T-458, these cJ/oticeiJ 14 (1967), 694) can be generalized for an arbitrary cardinal 

number m: An m-complemented (resp. m-complemented) lattice is a lattice L with 0 and l such that 

for each x in L, x i 0,1, the set of all complements of x in L has cardinality = m (resp. ~ m). A 

homogeneous lattice is a lattice L with 0 and 1 such that the relation: (x ~ y iff x = y or x is a com

plement of y in L) is an equivalence relation. We can then modify the construction described in the 

abstract mentioned above to obtain the following results. (1) Every fit-complemented lattice with 

incomparable complements (i.e. if b,c are complements of a, then b ~ c implies b = c) can be embedded 

into an m-complemented lattice with 0 and 1 preserved; (2) Every homogeneous m-complemented 

lattice can be embedded into a homogeneous m-complemented lattice with 0 and l preserved; (3) Every 

lattice is a sublattice of an m-complemented (resp. a homogeneous m-complemented) lattice; 

(4) Existence and uniqueness (up to isomorphism) of free m -complemented lattices with n generators. 

Note that results in the Abstract mentioned above are special cases of these (m = 1). (Received 

October 19, 1967.) 

653-235. R. K. MILLER, Brown University, Providence, Rhode Island. Integral equations with 

nonnegative integrable resolvents. 

Consider the resolvent equation k(t) = a(t) - J~ a(t - s)k(s)ds. Conditions are given which insure 

that k(t) is nonnegative and of class L' (0, oo). This result can be applied in conjunction with in variance 

results of the author (Bull. Amer. Math. Soc. 72 (i966), 153-156) in order to study the nonlinear equa

tion x(t) = f(t)- J~ a(t - s)g(x(s))ds. In particular iff is periodic and g is a nonlinear spring, one 

can show that there exists a periodic function p(t) such that x(t) - p(t) ---> 0 as t ---> oo. This general-
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izes some results of Levinson (J. Math. Anal. Appl. 1 (1960), 1-11) and of Friedman (J. Analyse 

Math. 15 (1965), 287-303). (Received October 19, 1967.) 

653-236. L. C. KURTZ, Arizona State University, Tempe, Arizona 85281. On uniform con

vergence and positive operators. 

Suppose A is a compact Hausdorff space and C(X), C(X*), and C(R) are the spaces of continuous 

functions from A to a linear normed space X, its conjugate X*, and the reals, respectively, with 

the uniform norm in each case. If L E B [C(X), C(X)], we define elements L +and T of B [C(R), 
n n 

B [X, C(X))) by L (xf) = fL +(f)](x) and (Tf)(x) = xf (f E C(R), x EX, n = 1, 2, 3, ... ). Theorem. Suppose 
n n 

L and L + satisfy the conditions: (I) Iff, g E C(R) and if(t) I ~ g(t) for all t E A, then 
n n 

II[L (xf)](y)li ~ li[L (xg)](y)i! for ally E A and x EX. (II) If x* EX* and g E C(X), then L +(x*g) = 
n x n x n 

T(x*Lng). Then if there exist f 1, f2 , ... , fm E C(X) and a 1, a 2 , ..• , am E C(X*) such that p(t,y) = 

L m a.(y)[f. (t)] ~ 0 with equality if and only if t = y, and if L (f.)-t f. in C(X) (i = 1, 2, ... , m), 
1= 1 1 1 n 1 1 

then Lng _, g for all g E C(X). (Received October 20, 1967.) 

653-237. M. ]. KASCIC, Dartmouth College, Hanover, New Hampshire 03755. Polynomials 

in closed linear relations. 

LetT be a linear relation, i.e. a linear subspace of X Ell X where X is a linear space. If X 

is a locally convex space, the algebraic and topological definitions of closedness of subspaces are 

equivalent and we may speak of a linear relation that is a closed subspace of X Ell X, i.e. a closed 

linear relation. Such relations are generalizations of linear operators and it is possible to generalize 

the definition of a polynomial in an operator to a polynomial in a linear relation. Sufficient (and in a 

restricted case necessary and sufficient) conditions are derived which guarantee that a polynomial 

in a closed linear relation is closed. (Received October 20, 1967.) 

653-238. L. N. MANN and j. L. SICKS, University of Massachusetts, Amherst, Massachusetts 

01002. E mbeddings of compact Lie groups. Preliminary report. 

K. Hofmann and P. S. Mostert have raised the question of which compact connected Lie groups 

imbed in euclidean space with codimension l. The following result provides such examples: Theorem. 

G x Tn- 1 differentiably imbeds with codimension 1 if and only if G imbeds with codimension n and 

trivial normal bundle (Tj denotes the j torus). Using representation theory it is easily established that: 

_Theorem. S O(n), S U(n), Sp(n) imbed with codimensions n, 2n, 4n, respectively, and trivial normal 

bundle. Among the groups S U(n), Sp(n) and the exceptional Lie groups, we have shown that s3 is the 

only one which imbeds with codimension l. However, for SO(n) the result is much more interesting: 

Theorem. SO(n) imbeds with codimension 1 if and only if n = 1, 2, 4, 8. The last result is related 

to the vector field problem: We use secondary operations to handle S0(2a.) for a. ~ 4; we use the 

parallelizability of s3 and S 7 to show S0(4) and S0(8) imbed with codimension l. (Received October 

20, 1967.) 
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653-239. STANLEY OSHER, Brookhaven National Laboratory, 61 Brookhaven Avenue, Upton, 

Long Island, New York 11973, Stability of mixed implicit difference schemes. 

Given a system of hyperbolic partial differential equations u t = Au x• 0 ~ x, t < oo with initial 

and boundary conditions, we approximate it by an implicit difference scheme with boundary conditions, 

. . "'I n+l _"'I n . _ ""r+s n+l _ 
Thts 1s the form -'-'k= -s Bkvj+k - -'-'k= -s Ckvj+k, J- s, s + 1, ... and -'-'k=O a.j+l,k+lvk -

Lr+s0 ')'. vn , j = 0, 1, ... , t. We may replace these by the equivalent operator equations, 
k= j+l,k+1 k 

(To+ s0 )vn+l = (T 1 + S 1)vn. T0 and T 1 are Toeplitz Operators on 12 and s0 and s 1 are finite 

dimensional perturbations. Using operator theory, we obtain necessary and sufficient conditions for 

(T 0 + s0 ) - 1 to exist. We then obtain sufficient conditions for (T 0 + S 0)- 1 (T 1 + S 1) to be power bounded. 

We thus have obtained sufficient conditions for stability of mixed implicit difference schemes using 

the Wiener-Hop! factorization of Toeplitz Matrices. These conditions are extensions of the Ryabenkii

Godunov criteria which were only necessary. (Received October 20, !967,) 

653-240. J, W. HEIDEL, The University of Tennessee, Knoxville, Tennessee 37916. Existence 

of oscillatory solutions for a nonlinear odd order differential equation. 

The equation considered here is (1) y(n) + q(t)y 'Y = 0 where n is an odd integer ~ 3, q(t) ~ 0 

and continuous on a half line [a, oo) and 'Y is the quotient of odd, positive integers. A solution y(t) of 

(1) is called oscillatory if it does not have a last zero, i.e., y(t 1) = 0 implies there is a t 2 > t 1 such 

that y(t t = 0. A nontrivial solution of (1) is called singular if it is identically zero on some half 

line [t0 ,oo). Theorem. Suppose that J00 s(n-l)'Y q(s)ds = oo g_ 0 < 'Y < 1 and that J00s(n- 2)+'Y q(s)ds = oo 

if 1 < ')'. Then (1) has a nonsingular, oscillatory solution. (Received October 20, 1967.) 

653-241. A. M. BRUCKNER, J, G. CEDER and M. L. WEISS, University of California, Santa 

Barbara, California 93106. On the differentiability structure of real functions. 

Let f be a continuous real valued function defined on a nonempty perfect set P of real numbers. 

There exists a nonempty perfect set Q C P such that the restriction of f to Q is monotonic and 

differentiable in the extended sense. Various related results are obtained, The proof depends on the 

following lemma which has other applications as well. ~· Let P be a nowhere dense perfect 

set of real numbers. Let -~be the family of intervals complementary to P. Suppose -~ is any sub-

family of ..W' the endpoints of whose intervals are somewhere dense in P. Then, there exists a per

fect subset Q of P such that whenever x and y are distinct points of Q, the longest interval of ..W' 

between x and y belongs to ~. (Received October 20, 1967.) 

653-242, ANDRE de KORVlN, Carnegie-Mellon University, Pittsburgh, Pennsylvania 15213, 

Faithful normal expectations on von Neumann algebras. 

Let h and k be two Hilbert spaces. Let M be a von Neumann algebra acting on h. An ampliation 

of Minh 0 k is a map which to each Tin M associates T 0 Ik in L(h ®k). The result shown in this 

paper is that there exists an ampliation of M in h <81 k such that if N is any von Neumann subalgebra 

of M which is the range of a faithful, normal expectation 4>, then there exists an isometry V which 

commutes with N 0 Ik, such that 4> 0 Ik(T ® Ik} = V(T 0 Ik)V*, VV* is the identity. On putting 
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V*V = P, Pis in the commutant of N ® lk, <I>® lk(T ® Ik)P = P(A 0Ik)P. This result generalizes 

a result of Nakamura, Takesaki, Umegaki (Kodai Math. Sem. Rep. 12 {1960), 82-89). The proof 

depends on Stinespring's construction (Proc. Amer. Math. Soc. 6 (1955), 211-216) and on a result 

by Tomiyama (Tohoku Math. j. 10 (1958), 37-41). (Received October 20, 1967.) 

653-243. FRANCES FROST, University of Minnesota, Minneapolis, Minnesota 55455. 

Derivations and the action of functions on trace class. Preliminary report. 

Denote by C 1 the trace class of operators on a Hilbert space .\). The action T ----+ f{T) of a 

function algebra M (dam f <;;; ~ for f EM) on a closed subalgebra 21 of C 1 is defined. When f(T) 

, "n-1 , k is defined forT and A E rJ (T), A I 0, then f(T)E>, (T) = L...k=O(l/k!)ak(T- A!) E A(T), where n is the 

index of >.. and E A (T) is the projection of N(Al- T) n. An mth order system of derivations D0 , D 1 , ... ,Dm 

from an algebra 21 to an algebra 'B is defined. Theorem. Let M be a subalgebra of C(X), where 
00 

X = Un=l Xn, Xn <;:. ~,is compact and Xn <;:. Xntl" If there is an Nth order system of derivations from 

M to C(X) with Dof = f, f E M, and if dim .\) = m ~ N t 1, then M acts on every algebra in L( .\) ). 

Conversely, if M acts on 21 <;;; c 1 and the coefficients ak for f{T)E A(T) above depend only on A and 

the function f, the action determines a system of derivations whose order depends on 21. A family 

of seminorms determined by the system of derivations and the sets Xn is defined forM. Let M be 

the completion of M in this topology. Given x(t) = t (t EX), x EM and D1 x(t) I 0 for all t E X. Then 

CN(X) C::: M if the order of the system is Nand X <;;; lli. If X is a region of the complex plane, 

then M contains the functions analytic on X. (Received October 20, 1967.) 

653-244. j. D. NELLIGAN, General Electric Company, Building 3, Room 220, Electronics Park, 

Syracuse, New York 13201. A generalized Fourier- Stieltjes series representation of a singular 

bivariate probability measure. Preliminary report. 

Let Jl be a Lebesgue-Stieltjes measure on a subset D of R2 . Let llr and Jl- 2 be the marginal 

measures of Jl and li~kl and lllkl• k = 0, 1, 2, ... be complete orthonormal systems in L 2(Jl1 ) and 

L 2{Jl2 ) respectively. If f\:_On is Jl-integrable for all pairs of nonnegative integers (k, n) then a 

generalized Fourier-Stieltjes series LLaknPk on can be associated with Jl where (lkn = J4: on djl and 

it is said to represent Jl if Jl([a,b]X[c,d]) = L,L,akn fa¢Jtlllr J~¢ndll2 for all (finite) rectan_gles 

[a,b]X(c,d]. In this note it is sh:Jwn that the measure generated on [- l, l]x[- 1, I] by uniformly distribu

ting a unit mass on the x = y diagonal of this square has such a representation with Ok = cPk = the kth 

normalized Legendre polynomial. (Received October 20, 1967.) 

653-245. K. L. SINGH, Memorial University of Newfoundland, St. John's, Newfoundland, Canada. 

On fixed point theorem. 

The well-known conjecture "iff and g are continuous functions which map a closed interval 

of the real line into itself and which commute, then they have a common fixed point" has been 

disproved by Boyce and Huneke independently. In the present paper the following three theorems 

have been given. _'!'heorem 1. Let I be the closed interval on the real line. Let f and g be continuous 

mappings from I into itself where f is surjective. Then there exists a point pin I for which f(p) = g(p). 

Theorem 2 . .!!_ f and g are continuous functions from a closed unit interval into itself, if they commute 
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then they have a common fixed point provided jf'(x)J < \. Theorem 3. Let f be a continuous function 

that maps a closed unit interval to itself, and let g be a contraction map from a closed unit interval 

to itself. Then if they commute, they have a common fixed point. (Received October 19, 1967.) 

653-246. P. J. ALLEN, University of Alabama, University, Alabama. Quotient structure 

of a semiring. 

A semi ring is a nonempty set R on which there are defined two associative. binary operations, 

called addition and multiplication, such that multiplication distributes over addition both from the 

left and from the right; addition is commutative; and R contains a zero. A nonempty subset I of a 

semiring R is called an ideal if a + bE I, ar E I and ra E I for each a, b E I and for each r E R. 

The notion of a Q-ideal was defined, and a construction process was presented by which one can build 

the quotient structure of a semiring modulo a Q-ideal. Maximal homomorphisms were defined 

and examples of such homomorphisms were given. Using these notions, the Fundamental Theorem 

of Homomorphisms for rings was generalized to include a large class of semirings. It was also 

shown that a proper Q-ideal I in the semiring R is primary if and only if every zero divisor in 

R/1 is nilpotent. (Received October 19, 1967.) 

653-24 7. R. D. HILL, Idaho State University, Pocatello, Idaho. Inertia theory for simultaneously 

triangulable complex matrices. 

Let A1, A2, .•• , A 6 be simultaneously triangulable matrices of order n whose eigenvalues 

under a natural correspondence are Xklll, xk! 2 l, .•• , Xk(s) (k = 1,2, •.. , n)and let 

!?J = (dijl be Hermitian of order s. Then there exists a Hermitian 1%/ (of order n) such that 

LfJ·-1 d 1·J·~1. fff~J'!' > 0 if and only if L~. 1d .. Xk(i) X (j) F 0 (k = 1, 2, ••. , n). Furthermore, if 
' - l,J= lJ k 

1r(!?J) ~ 1 and v(!?J) ~ 1, then In iff= In {Al' A2 , .•• , As,~l where In {A 1, A 2, ••• , As,!?Jj is defined 

to be the ordered triple ( 10, v, {J) where 11", v, and {J are the numbers of positive, negative and zero 

values respectively of L~ ._1 d .. Xk(i) Xk(j). If 1r( !?}) > 1 or v( ~) > 1, then there exist simultaneously 
l,J- lJ . 

triangulable matrices ~, ~2 , ••• , ~s of order n and a Hermitian matrix ~ of order n such that 

Lf.j=l dijJatifff0~ > 0 and In tff0 FIn {Jd11 , Jd12 , ••• , Jdfs' ~j. (Received October 19, 1967.) 

653-248. JAMES STEPP, 200 Barberry Lane, Lexington, Kentucky. Topological groups in the 

boundary of a locally compact connected abelian group. 

Let Rn denote the real n-dimensional vector group. Theorem 1. Let S be a locally compact 

semigroup with a dense group G ~ Rn XC, where C is a compact connected abelian group. If H(e) 

is a maximal group which is topological, H(e) ~ f>'...G, then H(e) ~ RP X c2 where p < n and S, is a 

compact connected abelian group. Further, p = n - 1 if and only if H(e) is -open in S\G. Theorem 2. 

Let S be as in Theorem 1. If S \G is a group, then there exists a one-parameter group P ~ G so 

that S ~x~~11 P X C1 (P X C). Corollary. If Sis as in Theorem 1 and s\G is a group, then S\G is 

compact if and only if n = 1. (Received October 19, 1967.) 

150 



653-249. BENNO ARTMANN, McMaster University, Hamilton, Ontario, Canada. On Hjelmslev 

planes and modular lattices with a homogeneous basis of chains. 

A list of elements a 1 , ••• , an of a modular lattice L with greatest element U and least element 

N is said to be a homogeneous basis of L, if the ai are independent, pairwise perspective and 

their union is U. We consider the case where n = 3 and the quotients L(N, aiJ are chains. We define 

A = fp E LIP is a complement of a 1 U a2 or a 1 U a3 or a 2 U a3 j. B = {g E L lg is a complement of a 1 or 

a 2 or a3 } and call A the set of points, B the set of lines. An incidence relation J in A X B is induced 

by the order relation of L. With further assumptions concerning the existence of certain relative 

complements, the system (A, B, I) turns out to be a Hjelmslev plane in the sense of W. Klingenberg, 

Math. Z., Vol. 60. A class of lattices is constructed such that every projective plane is a proper 

homomorphic image of the Hjelmslev planes derived from these lattices. This is a contribution to 

Problem 23, p. 166 of Skornjakov, Complemented modular lattices and regular rings. (Received 

October 18, 1967.) 

653-250. NAND KISHORE, University of Toledo, Toledo, Ohio 43606. Representation of a 

set as the union of two disjoint nonmeasurable sets. 

Let ;\.* denote the Lebesgue outer measure on subsets of the real numbers. Then we have the 

following Theorem. If A is any subset of the real numbers with ;\*(A) > 0, then there exist two 

disjoint Lebesgue nonmeasurable sets P and Q such that A = P U Q. (Received October 20, 1967 .) 

653-251. JON FROEMKE, Oakland University, Rochester, Michigan 48063. A relation between 

two kinds of independence in universal algebra. Preliminary report. 

By independence of algebras is meant independence in the sense of Foster (Math. Z. 62 (1955 ), 

173). By independence of a set of elements of an algebra is meant independence in the sense of 

Marczewski (Colloq. Math. 14 (1966), 170). Theorem. Let A, A1 , ••• , An be nontrivial, finite, 

similar algebras of finite, finitary species. Suppose Ap ••• , An are independent and A ~ A1 X ••• X An. 

Then the elements al' ••• , am in A are independent if and only if the elements 8j(a1 ), ••• , · llj(aml in 

Aj are independent for each j = 1, ••• , m, where llj denotes the natural projection of A onto Aj• 

The hypotheses of the theorem can be relaxed considerably to obtain one of the implications. 

Notation. Denote the maximal number of independent elements of the algebra A by i(A) and the order 

of A by !AI. Corollary. Under the hypotheses of the theorem, i(A) =min i(Ajl ~min IAjl where the 

minimums are taken over all j = 1, ••• , m. (Received October 23, 1967.) 

653-252. L. F. GUSEMAN and H. E. LACEY, NASA- MSC - ED13, Houston, Texas 77058, and 

P. D. MORRIS, Pennsylvania State University, University Park, Pennsylvania. Linear isometries 

on spaces of affine continuous functions. 

Throughout this paper K and L denote nonempty convex compact subsets of a locally convex 

Hausdorff topological linear space. The space A(K) (resp. A(L))is the Banach space, of all real-valued 

affine continuous functions on K (resp. L) under the supremum norm. The purpose of this paper is 

to study when a linear isometry from A(K) to A(L) implies K is affinely homeomorphic to L. Typical 
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results are ( 1) if A(L) is order symmetric, then A(K) linearly isometric to A(L) implies K is affinely 

homeomorphic to L; and (2) if K is a simplex, then A(K) is order symmetric. (Received October 23, 

1967 .) 

653-253. J, G. KRISHNA and S.M. SHAH, University of Kentucky, Lexington, Kentucky 40506. 

En~tire functions of bounded index in several complex variables. 

In this paper the concept of bounded index is extended to functions of several complex variables. 

It is known in the case of one variable that an entire solution of a differential equation with constant 

coefficients is of bounded index (seeS. M. Shah, Abstract 67T-426, these cNotiaiJ 14 (1967), 547). 

The direct extension of this theorem to systems of partial differential equations in several variables 

is false. However a generalization of the known result referred above is proved here. Theore~. Let 
(Jr•· .. .Jn) 

en denote the space of n complex variables and let D · denote the operation of taking 

(j 1 , ... , jn)th partial derivative in en. Consider a system of partial differential equations of the form 

"a· · D(ju .. ·linl(f) = 0 form= 1, ... , k, where the coefficients belong to c1 and are not all 
£... ll• .. ·dn 

zero for any particular m, and the summation extends over (ip ... , in) ::;; (p1 (m), ... , Pn (m l). Suppose 

that the system. contains for m equal to some mj and equation with p~mj) = p/~j) = 
(m·) (m·) 

Pj+IJ = ... = Pn J = 0 for each j among l, ... ,n. Then any entire solution of the system is of bounded 

index. (Received October 23, 1967,) 

653-254. R. A. STOLTENBERG, Washington State University, Bellingham, Washington. 

On quasi-metric spaces. 

A quasi-metric space (X, d) is said to be strong if Td C T d' where d' is the conjugate quasi

metric generated from d. If (X, 9, .!&) be a bitopological space, then 9 is said to be locally compact 

with respect to .!& if for each x E X there is 9 neighborhood P of x such that the .!& closure of P 

is compact relative to .!&. Theorem. If (X, d) is a quasi-metric space with Td' locally compact with 

respect to T d then T d' :::l T d· ~orolla~. Every compact quasi-metric space is strong. Theorem. 

Every regular strong quasi-metric space is a Moore space and every pointwise paracompact Moore 

space is a strong quasi-metric space. It follows that every compact T 2 quasi-metric space is metriz

able. This is not generally true for locally compact T 2 quasi-metric spaces. There exists a locally 

compact T 2 strong quasi-metric space (X, d) which is not normal and hence not metrizable. Also 

(X, Td" Td) is a quasi-metrizable bitopological space with (X, Td') metrizable and {X, Td) regular 

but not metrizable. This example answers a question posed by Patty [Bitopological spaces, Duke 

Math. J, (to appear)]. (Received October 22, !967.) 

653-255. A. W. CURRIER, University of Maryland, College Park, Maryland 20742. On non-

compact solvmanifolds. Preliminary report. 

A solvmanifold is the quotient space G/ S where G is a connected, simply connected solvable 

Lie group and S is a closed subgroup of G. The following results are obtained. {!) Every noncompact 

solvmanifold of rank I is a vector bundle over a circle. (2) Every noncompact solvmanifold of 

dimension less than 4 is a vector bundle over a compact solvmanifold. (Received October 23, 1967.) 
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653-256. M. j. SHERMAN, University of California, Los Angeles, California 90024. The 

eigenfunctions of certain inner functions. 

Let ~ be an inner function in the sense of Lax. An eigenfunction of ~is a scalar inner 

function q such that ~(z) - q(z)I is not invertible for /z / ~ 1 (except possibly for a set of linear 

measure 0 on I z: /z / = 11 ). It is shown that if ~ has the form (z - T*) ( 1 - zT) - 1 for T a bounded 

normal operator on the underlying Hilbert space, then q must be of the form a(z - ji;)(1 - /.LZr 1 , 

where IL E u(T) and /a/= 1. We also give estimates on a. (Received October 23, 1967.) 

653-25 7. A. L. VILLONE, International Business Machines, 9045 Lincoln Boulevard, Los 

Angeles, California 90045. Spectral resolution of self-adjoint analytic differential operators. 

Preliminary report. 

Let L be a formal differential operator whose coefficients are elements of the Hilbert space, H, 

of square summable analytic functions on the unit disk. Let A be a self-adjoint operator in H asso

ciated with L and lEx I the corresponding resolution of the identity. Since H possesses a reproducing 

kernel, the projections E6 = Eb - E a (where 6 = (a,b]) are integral operators with analytic kernels. 

The projections E6 are then determined explicitly in terms of a spectral matrix, and a basis of solu

tions of the equation (L- l )u = 0. (Received October 23, 1967.) 

653-258. PHILLIP GRIFFITH, University of Houston, Houston, Texas. On generalized Baer 

Let N be a nonvoid subset of the primes and let IN be the subring of the rational numbers whose 

nonzero elements consist of those rationals having denominators prime to p for each p E N. An 

abelian group G is called a BN -group if Ext (G, T) = 0 for all torsion groups T whose p-primary com

ponents are zero for pEEN. Theorem l. G is a BN-group if and only if (tG)p = 0 for pEN ((tG)p 

denotes the p-primary component of the torsion subgroup of G) and G/tG is isomorphic to a subgroup 

of L IN where IL =rank (G/tG). If N consists of all primes except for a single prime p, we use the 
IL " 

notation rf to denote BN. The group M is a direct sum of p-mixed groups if M = LpMp where tMP 

is p-primary. Theorem 2. Let G be a torsion free group. Then every extension M of a torsion 

group by G is a direct sum of p-mixed groups if and only if G = LpGp where Gp is a BP-group for 

each prime p. (Received October 23, 1967.) 

653-259. D. A. KLARNER, McMaster University, Hamilton, Ontario, Canada. The number of 

graded partially ordered sets. 

A poset P is graded if there exists a mapping g sending P into the integers such that (i) x < y 

implies g(x) < g(y), and (ii) 1 + g(x) = g(y) if y covers x. The rank of a graded poser P is 

max I g(x1 ) - g(xnl: (xl•···•xnl• xi covers or is covered by xi+1l• where g is any rank function defined 

on P. We find an explicit formula for the number of graded posers of rank h that can be defined on a 

set X containing n elements. Also, we find the number of graded posets of length h having a greatest 

and least element that can be defined on X. The first result provides a lower bound for G*(m), the 

number of posers that can be defined on X; the second result provides an upper bound for the number 
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of lattices satisfying the Jordan Dedekind chain condition that can be defined on X. (Received 

October 23, 1967.) 

653-260. D. SARAFY AN and E. GUILLOT, Louisiana State University in New Orleans, New 

Orleans, Louisiana 70122. Investigation about the algebraic equations associated with Runge-Kutta 

method. 

It is well known that with second, third, fourth and fifth order Runge-Kutta processes there are 

associated 2, 4, 8 and 16 nonlinear algebraic equations, respectively. These results suggest that 

32 equations are associated with the sixth order process. Huta in 1956 has shown that actually there 

are 31 equations. And since the number of parameters in an s-stage process is given by N = s(s + 1)/2 

he concluded that for the sixth order case s = 8 because then N = 36 > 31. Thus he established a 

sixth order formula requiring 8 substitutions. Butcher in 1964 has given sixth order formulas re-

quiring only 7 substitutions. It will be shown that this reduction of stages is highly detrimental tore

sulting Runge-Kutta formulas. Indeed the obtained approximations are not only far inferior to those 

given by Huta's formula but are even inferior to certain fifth order formulas which require 6 substi-

tutions. Furthermore adopting operational methods as employed by Huta and others and through the 

use of a 360-50 IBM computer the authors have established that for 7th, 8th, ... , 14th order processes 

there are associated 59, 110, 201, 361, 639, 1114, 1917 and 3259 algebraic equations, respectively. 

(Received October 23, 1967.) 

653-261. D. E. BLAIR, Michigan State University, East Lansing, Michigan, and A. P. STONE, 

University of Illinois, Chicago Circle, Chicago, Illinois. A note on flat manifolds. 

Let M be a Riemannian manifold, E the module of vector fields on M, \7 the covariant deriva-

tive operator with respect to the Riemannian connexion on M and b the Lie derivative operator. 

We first characterize flat Riemannian manifolds as follows. (l) M is flat if and only if there exists 

a vector-valued 1-form h: E ---> E with constant distinct eigenvalues such that 'VXh = 0 and hxh = 0 

for every X E E. (2) M is flat if and only if there exists a cyclic vector-valued 1-form h: E ---> E 

such that 'Vxh = 0 and b Xh-= 0 for every X E E. As an application we consider the holonomy group 

<I> m at m E M of the Riemannian connexion. Then the holonomy group <l>m of a flat Riemannian mani

fold has the following properties. ( l) There exists a cyclic vector-valued 1-form h with generator 

X 0(m) such that gX 0(m) is also a generator for every g E <l>m. (2) There exists a vector-valued 

1-form h with constant distinct nonzero eigenvalues >. 0 , ... , An with corresponding eigenvectors 

IXi(m)j such that IYi(m) = gXi(m)j are also eigenvectors of h for every g E <l>m. (Received 

October 23, 1967.) 

653-262. D. P. KRAINES, Haverford College, Haverford, Pennsylvania 19041. Primitive 

chains and H.(nX ). 

Let C*(X; R) denote the normalized singular chain co algebra of a simply connected space X 

over a P .I. D. R with the Alexander Whitney diagonal. Then C*(X,R) is an associative algebra under 

the usual cup product. Theorem. C*(X;R) is isomorphic to a free associative noncommutative algebra 

over R. Let PC *and QC* denote the subcomplex of primitive chains and the quotient complex of 
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indecomposable cochains respectively. Using the cobar construction and elementary spectral 

sequence theory it is shown that Hq(PC*) "'Hq_ 1(!.lX;R) and Hq(QC*) "'Hq-l(llX;R) as R modules. 

(Received October 23, 1967.) 

653-263. j. P. FILLMORE, University of California at San Diego, La jolla, California. 

Symmetries of surfaces of constant width. 

A closed convex hyper surface in Euclidean En is said to have constant width if the distance 

between the two supporting hyperplanes having a given normal vector is independent of that vector. 

A symmetry (resp. proper symmetry) of a closed hypersurface is a rotation of O(n} (resp. SO(n}) 

which, when combined with a translation, carries the surface onto itself. Theorem. There exists an 

analytic hyper surface of constant width in En which admits no symmetries other than the identity. 

Let G2 be the two-component one-dimensional subgroup of S0(3} which consists of all rotations 

around a fixed axis and rotations of 1r around axis perpendicular to this fixed axis. Theorem. With 

the exception of subgroups conjugate to G2 , every closed subgroup of S0(3) is the group of proper 

symmetries of an analytic surface of constant width in E 3 . A similar theorem classifies closed. 

subgroups of 0(3) as to whether or not they are the groups of symmetries of an analytic surface of 

constant width in E3 . (Received October 23, 1967.} 

653-264. R. R. STEVENS, University of Montana, Missoula, Montana 59801. On the forced 

(21r it 
Jo.emma. If h(t) is measurable and 0 ~ h(t) ~ 1 for 0 ~ t ~ 21r then l.lo h(t)e dtl ~ 2. 

This inequality, which is of independent interest, implies the following generalization of a result due 

to Frederickson and Lazer (Abstract 644-16, these cJVotiaiJ 14 (1967}, 364.) Theorem. If f(x) is 

continuous and g(t) is continuous and 27r-periodic then the differential equation x + xf(x) + x = g(t) 

has a solution x(t) such that x(t) = o(t) and x(t) = o(t) as t ____, + oo only if there exists a and b such 

Jb . f21r it that 21 af(x)dxl ~I 0 g(t)e dtl, (Received October 22, 1967.) 

653-265. IVAN ERDELYI, Kansas State University, Manhattan, Kansas 66502. Partial isometries 
--------· ------· --------

c-losed und.er multiplication on Hilbert spaces. 

This paper is concerned with the transmission of partial isometry through multiplication. 

The following main results are obtained: {1) Let U and V be partial isometries on a Hilbert space H, 

and W = UV. The following statements are equivalent: (i) W is a partial isometry; (ii) the initial 

space of U is invariant under the projection on the range of V, i.e. VV* • R(U*) C R(U*); (iii) the range 

of V is invariant under the projection on the initial space of U, i.e. U U • R(V) C R(V ). (2) Let 

Vl' v 2, ... ,Vn ben partial isometries on a Hilbert space H, and Wi =V 1v2 ... Vi' i = 1,2, ... , n. The 

following statements are equivalent: (i} W2 , W3, ... ,Wn are partial isometries; (ii) the carrier of 

Wi_ 1 is invariant under the projection on the range of Vi, i.e. Vi vr · R(Wr_ 1 ) C R(Wf_ 1 ), for 

i = 2,3, ... ,n; (iii) the range of Vit 1 is invariant under the projection on the carrier of Wi, i.e. 

wfwi • R(Vi+ 1 ) CR(Vi+ 1 ), fori= 1,2, ..• ,n- l. {3) Let A and B be contractions, i.e. IIAII ~ 1, IIBII ~ 1, 

on a Hilbert space H, and M(X) a 2 by 2 operator matrix with X and (I - XX*)1/ 2 in the first row and 
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zeros elsewhere. The product M(A) • M(B) on HEll H, is a partial isometry if and only if A is a partial 

isometry. (Received October 2, 1967.) 

653-266. P. L. ROSENTHAL and MAClEF SKWARCZYNSKI, Stanford University, Stanford, 

California 94305. On a subclass of harmonic functions defined by the Bergman- Whittaker operator. 

The Bergman-Whittaker operator B3(f) = (21ri)-l fJ~J=lf(u, ~)(dr/ f)= h(x,y,z) E H transforms 

an analytic function f(u, ~). u = (1/2)(iy + z) ~ + x + (1/2)(iy - z)~- 1 into a harmonic function h(x,y,z). 

H becomes an algebra under the composition corresponding to pointwise multiplication of the associate 

functions f(u,rJ. In Duke Math. J. 30 (1963), 447-460, Bergman considers an entire function g(71), 

where 71 = u(B~p + D~ ~. r,P,S positive integers. Using the Nevanlinna theory, one obtains relations 

between the coefficients of the series development of h = B3(g) in spherical harmonics of the density 

of singularities of the reciprocal of (h(x,y,z)- a]. The authors show that this approach can be 

generalized to a larger class of harmonic functions, which can be defined by the substitution 

11 = ur L:i;'i=nflK ~K. They obtain relations in this general case between the coefficients in the develop

ment of h, and the density of singularities of the reciprocal of [h(x,y,z) - a]. (Here reciprocal is taken 

in the sense of Bergman's composition.) (Received October 11, 1967.) 

653-267. JOSEPH NEGGERS, University of Alabama, University, Alabama. Transvectors and 

endotensors. Preliminary report. 

Suppose A is an abelian group with a multiplication such that x •0 = 0 · x = 0 for all x E A. If B 

is a unitary left R-module and f: A X A --> R is such that f(x,y) is an element in the center of R for 

all x, y E A, then Homk (A ,B) = Ill: A --> B JJL(O) = 0, JL(x + y) = JL(x) + JL(y) + f(x,y) ~t(xy) + f(y,x)jl(yxll is 

an R-module. Thus if A has the trivial multiplication or f(x,y) = 0, Homk(A,B) = Homz(A,B). If A 

is a Boolean ring, and f(x,y) =- 1, Homi(A,B) is the collection of all additive set functions. We shall 
f f call elements !l E HomR (A,B), transvectors on A to B. We construct an R-module® R A such that 

Homi(A,B) ~ HomR(@!A,B),®! A is the endotensor of A over R induced by f. The endotensor is 

constructed in a fashion analogous to an ordinary tensor product and the functors Hom! (A, •) and 

HomR(~~ A, •) are naturally equivalent. Using the concept of an endotensor we define categories of 

L-rings (cf. Abstract 650-630, these c){oticei) 14 (1967), 924) and determine the morphisms, where a 

morphism ,S:A 1 ----+ A2 is a mapping such that if ~tE Hom~(A2 ,B), then !lP E Homi_(Al'B). Thus, e.g., 

in the category of Boolean rings, with the transvectors additive set functions p is a morphism if and 

only if p maps complemented ideals onto complemented ideals (hence atoms onto atoms) and if the 

inverse image of a complemented ideal is a complemented ideal. Corollary: There is an embedding 

of the category of sets and functions into a split exact category of Boolean algebras and certain homo

morphisms. One can obtain many other results of a similar nature. (Received October 13, 1967.) 
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653-268. T. J. REED, University of Colorado, Boulder, Colorado 80302. The boundary 

correspondence of quasiconformal mappings on quasicircles. 

A Jordan curve L is called a C-quasicircle (C !1: 1) if the cross ratio inequality 

l!z1,z2,z3,z4ll ~ 1 holds for any four points zl' •.• ,z 4 in order on L. A homeomorphism f of a Jordan 

curve L onto a Jordan curve L' is called (A,a)- quasisymmetric (A !1: 1, 0 < n ~ 1) if 

l!wl'w 2,w3 ,w4 JI ~ Al(zl'z2 ,z 3,z4 Jia where wj = f(zj)' j = 1, ••• ,4 and zl'···•z4 are any four points in 

order on L. Theorem 1. Iff is an (A,a)- quasisymmetric homeomorphism of a C-quasicircle 

L onto a C' -quasicircle L' then there exists a K-quasiconformal homeomorphism of the plane onto 

itself, agreeing with f on L, and with K depending only on C, C', A, a. Theorem 2. IfF is a K-quasi

conformal mapping of the plane onto itself then its restriction to the mapping of a C -quasicircle onto 

a C' -quasicircle is (A,a)- quasi symmetric with A and a depending only on K, C, C'. These generalize 

results of A. Beurling and L. Ahlfors [Acta Math. 96 (1956), 125-142]. (Received October 2, 1967.) 

653-269. D. A. BRANNAN, University of Maryland, College Park, Maryland 20742. 

On univalent polynomials. 

Let P n be the class of normalised univalent polynomials of degree n in IZ I < 1. Then m(n) 

M( 1, Pn) ln 2 is always bounded above as n ----> oo. However ( 1) there is a sequence I Pn j such that 

m(n) does not tend to zero as n ----> oo, and (2) there is a sequence IPn 1 such that (log n)2m(n) does 

not tend to zero as n----> oo although Pn (Z)----> Z locally uniformly in IZI < 1. (Received October 23, 

1967.) 

65?--270. PAUL ROSENTHAL, Stanford University, Stanford, California 94305. Some uniqueness 

theorems for a series of Legendre polynomials. 

Assuming only the series of Legendre polynomials 1:00 
0a P (x) converges pointwise to zero 

n= n n 
for all x, 1 !1: x !1; - 1 or 1 > x >- 1, where for all n, an is real and Pn(x) is a Legendre polynomial, 

it is concluded for all n, an = 0. (Received October 20, 1967.) 

653-271. GUNTHER GOES, Illinois Institute of Technology, Chicago, Illinois 60616. Matrix 

transformations between FK- spaces and sequences of Fourier coefficients. 

Let X and Y be FK-spaces, i.e. Frechet spaces of complex sequences with the property that 

for a = I akj E X (resp. a E Y) the mappings a----> ak are continuous for every k. Let T be a 

matrix transformation X - ~ Y given by the infinite matrix (akj) such that for a E X, Ta = I Ak j where 

A k = L~l akjaj"9' k. Let T* be the corresponding matrix transformation given by the transposed 

matrix (ajk) of (akj) and let E be the greatest space of sequences to which T* can be applied 

(i.e. L~=l ajkbk exists if and only if I bk j E E). If X has sectional convergence, i.e. if a EX implies 

an ---->a (n ----> oo) where an = I a 1 ,a2 •····~, 0,0, .•• } then the ~-dual Kothe space of E, namely 

E{:J * = !ldk)IL<[>dkbk exists for every lbkj E E l• is the smallest {:J-dual Kothespace into which X 

maps under T, i.e. E~ * C Y if Y is a ~-dual Kothespace. Example: Ak = k -lL f=1aj" Then 

E{:J * = lldk jl L ~=~kdk - {k + 1 )dk+ll < co j. Generalizations of this theorem and applications to 

transformations of sequences of Fourier coefficients are considered. (Received October 24, 1967 .) 
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653-272. C. E. AULL, Virginia Polytechnic Institute, Blacksburg, Virginia 24061. ~~ection

wise normal subsets (continuation). 

To the collectionwise normality conditions discussed in a previous abstract (67T-624, these 

c}/otiai) 14 {1967), 843) the following condition is added:(e) Let /Dal be discrete with respect to 

(X, T) and Da a subset of M, There exists a locally finite family of pairwise disjoint open sets /Gal such 

that Da C Ga. ~finition. A subset M of a topological space (X,T) is a generalized LFu if for every 

open set G there exists a set H, M C H C G, such that H = U He where each He is an open Fu subset 

with respect to (X, T) and / Hcl is locally finite with respect to the relative topology for G. The 

following are proved. A generalized LFu set of a normal space satisfying b satisfies d. Generalized 

LFu subsets of collectionwise normal (paracompact) spac.es satisfy d (are paracompact subspaces). 

The interior of a closed set satisfying c satisfies e. Locally finite unions of open sets satisfying e 

satisfy e. Countable unions of sets satisfying e satisfy e. (Received October 24, 1967.) 

653-273. CHARLES GOLDSTEIN, Brookhaven National Laboratory, 61 Brookhaven Avenue, 

Upton, Long Island, New York. Eigenfunction expansions and scattering theory for certain infinite 

domains. 

Let S be the two dimensional cone r ~ D, 7ra. ~ IJ > D (2 ~ a. > D) in polar coordinates. Let 

S1 <; S denote a domain obtained from S by perturbing a finite portion of S, the boundary of S. It is 

shown that AD is unitarily equivalent to A, where AD [A] denotes the self-adjoint operator given by 

- ~ acting on functions defined in S[S1] and satisfying a zero boundary condition on S[ri]. A complete, 

orthogonal set of generalized eigenfunctions w~(x;A) are explicitly given for AD. These are obtained 

by separation of variables and yields a spectral representation for AD. Two complete, orthogonal 
± 

sets of generalized eigenfunctions wn(x; ;\)are constructed for A, one set satisfying outgoing radiation 

conditions and the other incoming radiation conditions at infinity. It is then shown that the wave 

± 1/2 1/2 it¢(A1/2) 't¢(A1/ 2 ) 
operators w (,O(A ), ,O(Ao ))f = limt__,±00e e1 0 f exist, are unitary, and are inde-

pendent of ,6 for a wide class of real valued functions¢(;\). (Received October 24, 1967.) 

653-274. W. R. SCOTT and FLETCHER GROSS, University of Utah, Salt Lake City, Utah 84112. 

Solvable products of gr~ups. 

Theorem. Let '/} be the class of finite groups H such that every subgroup of a Sylow 2-subgroup 

of H is normal in H. If G = AB with A E '/}and B E '/}, then G is solvable. The proof uses an un

published result of Walter on the structure of groups with Abelian Sylow 2-subgroups, as well as the 

F eit- Thompson theorem and a result of Glauberman (George Glauber man, Central elements in core

free groups, J. Algebra 4 (1966), 4D3-42D). (Received October 25, 1967.) 
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653-275. J. E. M•:MILLAN, University of Wisconsin-Milwaukee, Milwaukee, Wisconsin 53201. 

On functions meromorphic in a disc. 

Let w = f(z) be a nonconstant merom.~rphic function in l/z / < ll, and let W denote the extended 

w-plane. Let N(w,l)) denote the set of all points of W at a chordal distance less than o from w (o > 0), 

and define a closed set B C W as follows: wE B if and only if wE W and for any o > 0 there exist 

N(w0 , o0) C N(w,li) and a component U of the preimage f-\N(w0 ,o0 )) such that f(U) is not dense in 

N(w 0 ,o 0). Theorem 1. Suppose Vis a dom.;lin with V C W- Band U is a component of f-\V). Then 

either (i) for any wE V there exists /) > 0 such that U n f- 1 (N(w,li)) is relatively compact, or (ii) for 

any w E V either w is an asymptotic value of f along a path lying in U, or there exists o > 0 such that 

infinitely many relatively compact components of C 1 (N(w, /))) are contained in U. Theorem 2. Suppose 

that wE B. Then for any o > 0 the set of points of !Jz / = ll at which f has asymptotic values in 

N(w, /))has positive linear measure, and the set of points of N(w,li) that are asymptotic values off at 

points of 1/z/ = ll has positive linear measure. (Received October 26, 1967.) 

653-276. MELVYN S. BERGER, Courant Institute of M;Hhematacal Sciences, 251 Mercer Street, 

New York, New York 10012. On nonlinear elliptic boundary value problems of von Karman type. 

Suppose L1 and L2 are bounded self-adjoint operators mapping a separable Hilbert space H 

into itself, with L1 positive definite and L2 compact such that (L2u,u) > 0 for u f- 0. Let N be a 

completely continuous strictly nonlinear gradient mapping of H into itself such that (Nu,u) ~ 0 

(with equality holding if and only if u = 0), N(O) = 0, and N is locally L!pschitzean. Theorem. The. 

equation (Ll + N)u =X L2u has (i) a one-parameter family of nontrivial solutions u(R) for all positive 

values R; (ii) a countably infinite number of distinct one parameter families of solutions (nonq·ivial) 

I un(R) l for sufficiently small R, with associated numbers p, n( R) l near each eigenvalue of L 1u = ,\ L2 u. 

For H = W2,2 (G) (the Sobolev space) with G a bounded domain in the plane, the above theorem can be 

specialized to yield results on the full von Karman equations for the buckling of thin elastic shells. 

(Received October 26, 1967.) 

653-277. ]. R. PORTER, University of Kansas, Lawrence, Kansas 66044. On locally H~closed 

A Hausdorff space is locally H-closed iff every point has a neighborhood which is H-closed. 

Theorem. Let (X *• T *) be a one-point H-closed extension of (X, r) where X* - X = I pl. Let a. = 
-----

I U n X/p E U E r*l. (X*, r*) is the projective maximum one-point H-closed extension of (X,r) iff 

a.= lvE T /X- (V) is H-closedl. Theorem. Let (X,r) be a locally H-closed space which is not 

H-closed. (X, r) has a unique one-point H-closed extension iff every nowhere dense closed subset 

is contained in an H-closed subspace of (X,r). A Hausdorff space is alm~st H-closed iff for every 

pair of disjoint open sets, the closure of one is H-closed. Theorem. The Katetov extension of a 

Hausdorff space (X,r) is a one-point H-closed extension iff (X, r) is almost H-closed and not H-closed. 

~~ollary. An almost H-closed space is locally H-closed and pseudocompact. (Received October 26, 

1967 .) 
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653-278. J. G. KRISHNA, University of Kentucky, Lexington, Kentucky 40506. Maximum 

.!_erm ~~a power series in one and several variables. 

Let n ~ .'ifn be an open Reinhardt domain and let K = K(ll) stand for the set of all power series 

centered about the center of n, converging and with maximum term !l = !l( Jz 1 J, ... , lzn Jl in n. It is 

shown in particular that K may be regarded as composed of equivalence classes which form a distrib'.l

tive lattice with a unique maximal and a unique minimal element. Valiron's theory of maximum term 

and rank of an entire series in one variable is extended to the case of a multiple power series, based 

on purely analytic considerations (which often systematise and simplify the discussions even when 

n = 1 ). lt is shown that some results obtained or used by Bose and Sharma when n is 2 (Compositio 

Math. 15 (1963), 210-226) are not correct. The difficulties with the Valiron-type geometrical argu

ments particularly in several variables are indicated. (Received October 26, 1967.) 

653-279. ERIK HEM\1:NGSEN, Syracuse University, Syracuse, New York 13210, and W. L. 

REDDY, State University of New York, Albany, New York 12203. Exp~sive homeomorphisms on 

~anifolds and homogeneous spaces. 

In every ·finite dimension greater than three there is a compact, connected manifold which is 

not an H- space (hence not a topological group) and which admi.ts an expansive homeomorphism. In 

every finite dimension greater than one there is a compact, connected space, fibered over a manifold 

by a Cantor set, which is not an abelian group space and which admits an expansive homeomorphism. 

In every finite dimension greater than two, there are countably many different such spaces. The 

second class of examples is produced by finding positively expansive maps on the base manifolds. 

It is shown that such maps must be finite-to-one covering maps, and therefore neither the base space 

nor the total space can be simply connected. In previously published examples of expansive homeo

morphisms on manifolds, the space has been a topological group space and the homeomorphism an 

automorphism. (Received October 26, 1967 .) 

653-280. J. P. KING, Lehigh University, Bethlehem, Pennsylvania. Almost convergent 

positive linear operators. 

A sequence x E m is said to be almost convergent to s if B(x) = s for each Banach limit B. 

A matrix A = (ankl is called almost regular if x E c implies A(x) E f and A(x) is almost convergent to 

lim x, where f is the space of almost convergent sequences. Let ei be defined by ei(x) =xi for i = 

0,1,2. The following result is an elementary analogue of a well-known result of Korovkin for conver

gent sequences of positive linear operators. Theorem 1. Let {Ln} be a sequence of positive linear 

operators on C [a,b]. Then j Ln(f)(x)} is almost convergent to f(x), uniformly on [a,b], for each 

f E C[a,b] if and only if jLn(ei)(xll is almost convergent to ei(x), uniformly on [a,b], fori= 0,1,2. 

Theorem 1 may be used to establish relationships between almost convergent sequences of positive 

linear operators and almost regular matrices. A typical result in this direction is: Theorem 2. Let 

Ln(f)(x) = :~::>nk(x)f(xnkl be a sequence of positive linear operators on C (a,b] with a ~ xnk < xn,k+l ~ b 

for each n and k and limnXnk = a for each k. If I Ln (f)(x)} is almost convergent to f(x) for each 

f E C[a,b] then the matrix A= (ank(x)) is almost regular for each x E (a,b]. (Received October 25, 

1967 .) 
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653-281. SIGRUN GOES, DePaul University, 2332 North Kenmore Avenue, Chicago, Illinois 

60614. About compactness in KBthe spaces. 

Let E be a uniform space which can be written as the union of an increasing sequence of 

compact sets Kn• %' a uniform structure base for E and I.L a nonnegative Radon measure on E for which 

certain additional properties hold. Let A be a Kothe space over E and T~ a Kothe topology on 

A given by seminorms pH. (H E ~ ). For each f E A with compact support and for each U E %', let 

T u(f) denote the obvious generalization of a Steklov function. Then the following 3 conditions are 

sufficient for a subset ~ of A to be relatively compact: (1) ~ is bounded; (2) VH E ~ 11 an index nH 

such that limUE%-supfEarPH(Tu(XK f)- XK f)= 0 if 0 if n ~ nH; (3.) liiDn.-.oo supfE~nH(XK f- f)= 
~ n n n 

0 for every H E ~, Here XKn denotes the characteristic function of Kn. Furthermore those Kothe 

spaces for which conditions (1) to (3) are also necessary for relative compactness are characterized. 

A similar result holds for translation invariant Kothe spaces A over a locally compact abelian group 

E with I.L the Haar measure on E, if the functions T u(XKn f) are replaced by translates of X Knf. 

(Received October 25, 1967 .) 

653-282. J. W. MOON, University of Alberta, Edmonton, Alberta, Canada. A tree counting 

problem. 

Let p = (Pl•···•Pk) and e = (e1 ,; •. ,ek) denote partitions of n and m into k integers such that 

0 ;;, ei ~ Pi - 1 for each i (we assume that 1 ~ k ~ n and 0 ~ m ~ n - k). Suppose n labelled points 

are split into k classes with Pi points in the ith class and that a tree Tn is formed on these n points 

such that ei edges join points in the ith class to each other. Na and Rapoport [Ann. Mat. Statist. 38 

(1967), 226-241] derived a formula for the number T(p,e) of labelled trees Tn that can be formed in 

this way by evaluating a certain determinant. Another derivation of their formula is given, based on 

the method of inclusion and exclusion. (Received October 25, 1967.) 

653-283. GUDRUN KALM:SACH, University of Illinois, Urbana, Illinois. Some remarks on 

noncompact manifolds. 

Let M be a noncompact smooth manifold with countable base. Let f be a nondegenerate 

function on M with f(qi) ---> oo for each sequence qi E M without limit point on M. Let K be the union 

of all descending bowls associated with some critical point off (see: Morse, Bowls of a nondegenerate 

!_unction, a symposium in honor of M. Morse, 1964, Princeton). Iff has finitely many critical points 

on M then K is a deformation retract of M. A weaker result holds if f has an infin'ite number of 

critical points on M. It is possible to choose f and the riemannian structure on M such that the 

following statements are true: K is a special cell-complex (E n E' = fJ or = E for each pair of cells 

E, .E' of the complex K). To each homology class and homotopy class of M there exists a suitable 

representative A such that the carrier of A is the union of a finite number of descending bowls. An 

alternative proof for Morse's theorem on the elimination of critical points can be given. (Received 

October 31, 1967.) 
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653-284. R, E. SMlTHSO~. University of Wyoming, Laramie, Wyoming 82070. Topologies 

g:~~ated_~_y-~elations. 

Let X be a set and R a relation on X. An antiset is a subset of X in which no two distinct 

elements are related, If A is an antiset let D(A) = lxlxRa for some a E Aland I(A) = lxlaRx for 

some a E Al. If n is a collection of antisets, letS= II(A)IA En l U ID(A)IA E nl U I~Dl U IXl. 

Then S is a subbase for the closed sets of a topology which we denote by T(!l). Conditions are deter

m'.ned under which (X, T(n)) will be T 0 , T 1, T 2, connected or compact. We also investigate relation

ship b·~tween an existing topology and T(!l). For example, if (X,T) is a tree, if R is the cutpoint order 

and if n is the finite antisets, then T = T(n). (Received October 30, 1967.) 

653-285. H. H. WICKE and J, M. WORRELL, JR., Sandia Laboratory, P. 0. Box 5800, 

Albuquerque, New Mexico 87115. Quasi-hereditary properties, Baire category, and non-f~rst-countable 

structure. 

One aspect of the so-called Baire Category Theorem suggests the following theorem pattern P: 

Let E denote a subspace of a Tychonoff space S. Then E has property Q if and only if E is the common 

part of the terms of a sequence El' E2 , ... of subspaces of Shaving property Q. When Q is the property 

of being a metrically topologically complete space or a complete Moore space the resulting statement 

expresses classical theorems. Theorem. P becomes a theorem if Q is any of the following properties: 

being a JL-space, a complete JL-space, ~ p-space, ~0-refinable p-space, a metacompact p-space, or a 

paracompact p-space. The significance of the topological uniformization provided by the IL-space 

structure [cf. Abstract 651-5, these cNQiiceiJ 14 (1967), 935], as opposed to that possibly present in an 

open continuous image of a paracompact JL-space, is partly illuminated by the following example, There 

exists a bicompact T 2 - space having dense paracompact subspaces E 1 and E 2 which are open continuous 

images of T2 paracompact p-spaces and which have a common part with these properties: (l) E 1 • E 2 

has a point-countable base and, therefore, is an image of a metrizable space under an open continuous 

s-mapping. (2) The terms of any sequence of dense open subsets of E 1 · E 2 have a common part dense 

in E 1 • E 2 . {3) E 1 • E 2 is not normal. (Received October 30, 1967,) 

653-286. S. E. NEWMAN, University of Utah, Salt Lake City, Utah 84112, A class of convolution 

measure algebras. Preliminary report, 

Let M be a commutative, semisimple convolution measure algebra with structure semigroup S 

and maximal ideal spaceS (J. L. Taylor, Trans. Amer. Math. Soc. 119 (1965), 150-166). Theorem l. 

The following statements are equivalent. (l) Sis an idempotent semigroup. (l) §is an idempotent 

semigroup. (3) For every f E §, there exists a prime L-ideal Nf of M such that M = Nf t Nt and 

such that f(IL) = ILz(S) where IL =ILl + n2 (ILl E Nf, ILz E N·J->. (4) For every f E S and every nonnegative 

measure JL E M, f(JL) ;;; 0. (5) JL t e is invertible for every nonnegative measure JL E M. A totally 

ordered semilattice is a commutative, linearly-ordered topological semigroup with maximum multi

plication (x • y = max(x,y )) and is therefore an idemp:ltent semigroup. The algebra of measures on 

a totally ordered semilattice is an algebra of the type described in Theorem l (E. Hewiitt and H. S, 

Zuckerman, Pacific J, Math. 7 (1957), 913-941), as is the algebra of measures on a finite product of 
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totally ordered semilattices. It is shown that there is an algebra of measures on an idempotent com

pact topological semigroup whose structure semigroup is not idempotent. (Received October 23, 1967 .) 

653-287~ S. R. CLEMENS, University of North Carolina, Chapel Hill, North Carolina. 

The isotopy type of certain finite polyhedra. Preliminary report. 

Suppose I' is the category of piecewise linear imbeddings of finitely triangulable pairs. For 

each X E I' and for each positive integer n, a certain class of imbeddings of In into X are singled 

out and called admissible. These admissible imbeddings are then used to define a functor Wn from 

I' to r which is shown to be an isotopy functor. Hence Wn composed with the homology functor H 

yields an algebraic functor with the property that the groups H o Wn(X) are isotopy invariants. 

However, the functor H oWn lacks being an isology theory since it does not satisfy the excision axiom. 

The functor H oWn together with dimension arguments is then applied to the problem of isotopy 

classification. A large class of contractible ·spaces is described and it is shown that no two spaces 

in the class are isotopically equivalent. Also a large class of spaces each with homotopy type of 

Snare described, any two of which are of a different isotopy type. (Received October 19, 1967.) 

653-288. MITCHELL BILLIS, The University of Utah, Salt Lake City, Utah 84112. Finite 

groups whose powers have no countably infinite factor groups. Preliminary rep•Jrt. 

Let 9 be the class of finite groups G whose powers G1 have no countably infinite factor 

groups. Theorem. G E 9 if and only if G is perfect. This theorem generalizes a result of B. H. 

Neumann and Sadayuki Yamamuro (Boolean powers of simple groups,]. Austral. Math. Soc. 5 (1965), 

315-324), who showed that if G is a finite non-Abelian simple group, then G E 9. (Received October 

30, 1967.) 

653-289. L. L. CLARKSON, Texas Southern University, Houston, Texas 77004. A theorem 

concerning product integrals. 

In 1955, J~ S. M~cNerney [J. Elisha Mitchell Sci. Soc. 71] showed that if his a simple graph 

of bounded variation on every interval, then if x,y is a number pair, xliY(1 + dh) exists, with 

xrrx(1 + .dh) = 1, and that if a is a number and g the simple graph such that for each x, g(x) = 

allx(1 + dh), then g is of bounded variation on every interval. We say simple graph g is product ex

pressible on [0,1], if g(O) = 1 and there exists a simple graph h with x-projection [0,1] such that g(x) = 

allx(l + dh), for each x in [0,1]. Theorem. If g is a nondecreasing simple graph with x-projection 

[0,1] and g(O) = 1, then g is product expressible on [0,1]. We also show that for given g, the simple 

graph h with x-projection [0,1] such that h(O) = 0 and g(x) = orrx(1 + dh) for each x in (0,1] is unique 

and that g is continuous at (x, g(x)), if and only if his continuous at (x, h(x)), for x in [0,1]. (Received 

October 30, 1967.) 
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253-290. JONAS ACZEL, University of Waterloo, Waterloo, Ontario, Canada. On isomoment 

functional equations. 

(I) f(Lnxk/n) = Lnf(xk)m/n (n ::>: 2 a fixed integer, m f 0 fixed, xk variable, k = 1,2, ... ,n) is an 

isomoment functional equation. Results. All real solutions of this equation are continuous!! for 

m ::>: 2 integer (not for m = 1 !) and xk ::>: 0 or xk > 0 (k = 1,2, ..• , n); .Q for m < 0 integer, f(xk) 1 0 and 

xk > 0; and£ for m real, jtjm instead of en (t = xk or t = f(xk)) in (I) and xk <1: 0 or xk > 0 (in case 

of m < 0 real only xk > 0, and f(xk) f 0 has to be supposed again). f(x) = 1 and f(x) = x are solutions 

in all cases, f(x) = 0 in the cases~ and£ for m > 0, and f(x) = - 1 and f(x) = - x for odd m in cases 

.!!_and_!:>. (The results in the cases!;?_ and f. were found in collaboration with P. Fischer.) Similar 

theorems hold for the system f(x + y) = f(x) + f(y), f(xm) = f(x)m of functional equations. (Received 

October 30, 1967.) 

653-291. W. T. REID, University of Oklahoma, Norman, Oklahoma 73069. Comparison theorems 

for nonlinear vector differential equations. 

For a nonlinear real vector ordinary differential equation E: y' = f(t,y) t!-.ere is established a 

comparison theorem that provides a necessary and sufficient condition for a given solution 
0 

y (t), a;;; t;;; b of E to possess a property which is a direct generalization of the Property (B) 

introduced by H.-W. Knobloch [J. Differential Equations 1 (1965), 1-26] for a scalar second order 

equation x" = g(t,x,x' ). This initial comparison theorem is further extended to a case, which for a 

vector equation E equivalent to an nth order scalar equation En: x[nj = g(t,x, .•. ,x[n-l]) presents as 

comparison criterion the condition that the linear equation of variation along a given solution of En 

has the Property (W) of Polya [Trans. Amer. Math. Soc. 24 (1922), 312-324]. (Received October 30, 

1967 .) 

653-292. R. R. COLBY and E. A. RUTTER, JR., University of Kansas, Lawrence, Kansas 66044. 

Semiprimary QF- 3 r!_~g-E· 

Let R be a semiprimary ring. R is called a left QF-3 ring if R contains a faithful projective 

injective left ideal. Theorem. The following are equivalent: (i) R is left QF - 3; (ii) Essential 

extensions of torsionless R-modules are torsionless; (iii) The injective envelope of R is torsionless. 

Theorem. The following are equivalent: (i) R is left QF -3 and has zero left singular ideal; (ii) An 

R-module M is torsionless if and only if the singular submodule Z(M) of M is zero; (iii) If M is an 

R-module, then HomR(M,R) = 0 if and only if Z 2(M) = M, where Z 2(M) =I mE MjEm C Z(M) for some 

essential left ideal E of R j. The first result was proved for Artinian rings by Wu, Mochizuki, and 

Jans ~~ character~z_a_tion of QF-3 rings, Nagoya Math. J. 27 (1966), 7-13). (Received October 30, 

1967.) 
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653-293. D. H. PETTEY, University of Utah, Salt Lake City, Utah 84112. One-to-one 

continuous mappings into E 2. 

Theorem l. If M 1 is a separable !-manifold, f is a 1-1 continuous mapping of M 1 into E 2 (S 2), 

and f(M 1) is closed in E 2 (S 2), then f(M 1) separates E 2(S 2). Theorem 2. If M2 is a connected 

2-manifold with boundary and his a 1-1 continuous mapping of M2 onto E 2 (S 2 ,I2) then his a homeo

morphism. Glaser has proved a special case of Theorem 2 where Int M2 is an open 2-cell and 

where there is an additional restriction on the mappingh [1-1 continuous mappings onto En, Amer. J. 

Math. 88 (1966), 237-243]. Counterexamples to the analogous theorem for dimensions greater than 

two have been given by Glaser (see paper cited above) and by K. Whyburn [A nontopological 1-1 map

gi_ng onto E 3, Bull. Amer. Math. Soc. 71 (1965), 533-537]. (Received October 30, 1967.) 

653-294. M. K. BENNETT, University of Massachusetts, Amherst, Massachusetts. States on 

orthomodular lattices. 

An orthomodular lattice (OML) is an orthocomplemented lattice L in which orthogonal pairs 

are modular. A state on a finite OML is a function f: L __, 0,1 such that f{O) = 0, f{l) = 1, and if 

e ;;; g', f(e v g) = f(e) + f(g). A set of states on L is called full iff e :l; g =there exists f such that 

f(e) > f(g). The 32-element nonmodular OML due to R. Greechie is shown not to have a full set of 

states. Moreover if there exists a finite orthomodular projective plane it admits exactly one state. 

If L 1 and L 2 are two finiteOML's, the following are equivalent: (1) L 1 and L 2 each have a full set 

of states, {2) L 1 X L 2 has a full set of states, and (3) L 1 ° L 2 (horizontal sum) admits a full set of 

states. (Received October 30, 1967 .) 

653-295. W. A. LAMPE, University of Manitoba, Winnipeg 19, Canada. Two remarks on unary 

algebras. 

An algebra ~ = ( A;F) is unary if F is any set of unary and nullary operations on A. 

_!heor~ 1. A semigroup @:; is isomorphic to the endomorphism semigroup of a simple unary algebra 

iff @:> is (i) the group of order p, p = 1 or p a prime, or (ii) the two element semilattice, or (iii) iso

morphic to the semigroup of all mappings on a two element set. This solves Problem 1 of G. Gratzer, 

Math. Ann. 170 ( 1967), 334-338. Remark. Each algebra constructed in the ~roof has one operation. 

- -For·o ~ A2 set D* = I ( x,y) I (y,x) E D I and set @:; ( ~ 2 ) for the subalgebra lattice of ~ 2(= ~ X ~ ). 

It is known that a lattice I! is isomorphic to the subalgebra lattice of a unary algebra iff I! is a 

complete sublattice of a complete atomic Boolean lattice. Theorem 2. Let I! be a lattice satisfying 

the above condition, let a be an automorphism of I! of order two, and Ill any cardinal. Then (A) there 

exists a unary algebra ~ such that lll ;;; lA I and I! ~ @:; ( ~ 2), (b) there exists a unary algebra ~ and 

an isomorphism p from I! onto @:>( ~ 2 ) satisfying (xa) = (xp)* for all x E L, and (C) there exist ~ and 

p satisfying both (A) and (B). Further, (C) is equivalent to the Axiom of Choice for two element sets, 

and (A) is independent of it. It is not known if (B) requires this axiom. (Received November 1, 1967.) 
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653-296. L. -C. CHERN, University of Florida, Gainesville, Florida 32601. Homogeneous 

morphisms in additive categories. 

Let a be a category with an abelian group structure on each of its morphism sets and let fJ be 

a subcategory of a such that fJ is an additive category and such that f o (p + 1/t) = f o p + f o 1/t for 

all f E [A • BlfJ · p • 1/t E [U • Ala· Consider the category RfJ of all additive functors (A· PA) 

from a ring R to {J. Definition. A morphism f: A --+ B in a is called a p-homogeneous morphism from 

(A· pA) to (B · p 8 ) if (i) f o pA(r) = (p8 (rllp0f, (ii)L~=O (- l)p-nLo<· . < f o !I:n_ ,t1J.t) = 0 
=JO< ... <ln=P t-0 

for all Pi E [U • Ala and r E R. When A is a free Z-module generated by I Xl, ... ,xm I• a function 

f: A --+ Z is a p-homogeneous morphism if and only if f(L~l ~ixi) = ,tl( ~ 1, ~ 2 , ... , ~ m) is a homogeneous 

polynomial of degree p. Theorem. The class of all additive functors from R to fJ together with all 

p-homogeneous morphisms between them for all positive integers p form a category e(a · fJ · R) 

which contains RfJ as a subcategory. Suppose every (A • pAl is the domain of at least one 

p-homogeneous morphism w satisfying the condition that iff is any p-homogeneous morphisms from 

(A · pAl then there exists a unique !-homogeneous morphism h such that h o w =f. Then we can 

construct a covariant epifunctor rP: RfJ --+ RfJ which preserves direct limits under certain conditions. 

By passing through direct limits and products we prove that under certain conditions a p-homogeneous 

morphism of presheaves induces a p-homogeneous morphism of the associated sheaves. (Received 

October 30, 1967.) 

653-297. CONSTANTIN CORDUNEANU, University of Rhode Island, Kingston, Rhode Island 

02881. On a class of functional integral equations. Preliminary report. 

Let us consider the equation (E) x(t) = h(t) + J~k(t,s)f(s;xs)ds, t E R+' where 

x,h,f E Rn, k(t,s) = lkij(t,sllnxn and Xt is the restriction of the function x(t) to [O,tl, t > 0, xo ERn. 

Such equations appear, for example, in the feed back control theory. lf we have a dynamical system 

described by the input-output relation x(t) = h(t) + Jbk(t,s)u(s)ds and the feed back is given by 

u(t) = f(t; xt)' then x(t) will be a solution of (E). Some global results (existence theorems, behavior· 

of solutions) are established by the use of Fourier transform and the methods of functional analysis. 

(Received October 30, 1967.) 

653-298. V. LAKSHMIKANTHAM and S. LEE LA, University of Rhode Island, Kingston, Rhode 

Island 02881. A new differential inequality useful in control systems. 

Let g(t,~,7J) be continuous for 0;;! t < oo, L11 ~ 0 and nondecreasing in 11 for each (t,~). 

Suppose that r(t) is the maximal solution of the scalar differential equation e = g(t, ~, ~ ), ~ (1J) = 

~O ~ 0, existing on [t0 ,oo). Let m(t) ,;;; 0 be continuous on [O,oo) and satisfy the differential inequality 

D_ m(t) ;;; g(t,m(t), 71(t)) where 71(t) ~ 0 is continuous on [O,oo). Then, m(f0 ) ;;< r(t0 ) implies 

m(t) ;;; r(t), t ~ t 0, for all 71(t) satisfying 71(t) ;;; r(t), t ;;; t 0 • On the basis of this new differential 

inequality, the behavior of solutions of a control system of the form x' = f(t,x,u), where u is the 

control function, is studied. This approach gives a convenient and unified way of specifying admissible 

controls corresponding to the desired behavior of solutions of the control system. (Received 

October 30, 1967 .) 
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653-299. A. B. PORITZ, University of Pennsylvania, Philadelphia, Pennsylvania 19104. 

An application of the Cauchy-Kowalewski theorem in Riemannian geometry. 

The concept of parallelism for curves in a Riemannian manifold M generalizes to higher 

dimensions in such a way that minimal immersions are self parallel and so correspond to geodisics. 

In brief, let f be an (not necessarily isometric) immersion of a Riemannian manifold N in M. Consider 

those tangent bundle morphisms G: T(N)-----> 'I'{Mi that cover f and map fibers isometrically. For 

such G, a second fundamental form IIG is defined. G is said to be parallel if the trace of IIG vanishes. 

A parallel unit vector field X along a curve 'Y: (a,b)-----> M is seen to be the image, under a unique 

parallel G, of the unit vector field d/ dt on (a,b). The differential of an isometric immersion is seen 

to be parallel if and only if the immersion is minimal. Corresponding to the theorem on the existence 

of a unique parallel vector field extending to a curve data given at a point, there is a theorem that 

states the existence of a unique parallel G that locally extends to a neighborhood of a submanifold of 

codimension one, data given on the subm.anifold and partial data given everywhere. In the real 

analytic case the proof makes use of the Cauchy-Kowalewski Theorem on partial differential equations. 

(Received October 30, 1967.) 

653-300. T. ]. BENAC, United Stated Naval Academy, Annapolis, Maryland, and C. M. MURPHY, 

Catholic University of America, Washington, D. C. 20017. Primal decomposition in noncommutative 

Noetherian systems. Preliminary report. 

(R, s;;;, •) is a lattice -ordered semigroup such that for every a,b,c in R (i) the left residual 

a: 1b and right residual a: rb exist, (ii) ab ;£ b, (iii) a: r(bvc) =(a: rb) 1\ (a: rc), (iv) the left (right) 

residuals of a satisfy the ascending chain condition. a: 1 b is a proper left residual of a if b ;!; a. 

a: rb is a proper right residual of a if a< a: rb. An element a in R is p-primal if p is the maximum 

pr.oper left residual of a. A decomposition a= a 1 /\ ... 1\ ak is right-reduced if no ai is superfluous 

nor replaceable by a proper right residual of itself; it is _p_!imal if the ai are pi -primal with 

p. ;!; p., i 1 j. Theorem 1. Every element of R has a right-reduced primal decomposition. 
1 J 

Theorem 2. Let a= q 1\ ••• 1\ q = q' 1\ ••• 1\ q' be two right-reduced primal decompositions with 
----- 1 n 1 m 
q,p, -primal, q', p~ -primal. Then n = m and I p , •.. ,p j = I p' , ... ,p' j = the set of maximal proper 

1 1 J J 1 n 1 m 
left residuals ·of a. Let p 1 , ... ,pn , n f:: 2, be the maximal proper left residuals of a and a(pi) = 

maximum I a: rblb :f pi j. _The~ 3. a(pi) is the minimum p1 -primal element of R and a = 

a(p 1) 1\ ••• /\ a(pn). (Received October 30, 1967.) 

653-301. T. ]. KYROUZ, University of Georgia, Athens, Georgia. On the homotopy theory of 

sphere bundles. 

In trying to extend the results of James and Whitehead [Homotopy theory of sphere bundles over 

spheres. I, Proc. Lond. Math. Soc., 1954] to sphere bundles over CW complexes, one is led to consider 

the following question. Suppose one has Sq fiberings E 1, E 2 over B = Bo U fen with E6, E6 the 

restrictions to B0 , and a fiber homotopy equivalence h0 : E6 -----> E6; under what ge~metric conditions 

can ho be extended to a fiber homotopy equivalence h: E 2 -• E 1? Theorem E. Let q > dim B. 

Then ho extends to a fiber-homotopy equivalence if and onl.Y.J! h0 extends to a homotopy equivalence. 

This and more general results are obtained from a study of the attaching maps 0 and ¢ in a repre-
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sentation Eo U IJ en U .pen+q of the total space E. The key idea is that IJ and ¢ can be expressed 

in terms of the action riB X Sq----+ Sq determined by the fibering. We also obtain the following: 

Theorem D. Let E 1, E 2 be S q fiberings over 8, with sections, and let u: E 2 ----+ E 1 be a section pre

serving homotopy equivalence which is fiberwise over s 0 . Then u can be replaced by a fiber

homotopy equivalence h:E 2 ----+ E 1 with h\E~ = u\E~. (Received October 30, 1907.) 

653-302. R. B. LAKE IN, University of Maryland, College Park, Maryland 20742. 

A generalization of the Gauss bound for a certain class of biquadratic number fields. 

Let F = Q((- m) 1/ 2 ), where Q denotes the rational number field and m = 1,2,3, 7, or ll. (These 

are the Euclidean imaginary quadratic fields.) Let K = F((JI.) l/2 ), J1. E F, be a quadratic extension of 

F with absolute discriminant D = OK. Then the classical Gauss bound for the minimal norm of the 

integral ideals in an ideal class of a quadratic field can be generalized to the biquadratic field K as 

follows. Theorem. Any ideal class of K contains an integral ideal 21 whose norm N 21 satisfies the 

inequality N 21 ;:;; (l/8) · o 1/ 2 ; and the stronger inequality N 21 ;:;; (1/12) · o 112 holds in case F = 

Q((- 7) 1/ 2). This bound improves the usual Minkowski bound forK by a factor of about .55 in case 

F = Q((- 7) 112), and by a factor of about .82 in the other four cases. Furthermore, it is shown that 

the bound given here is the best possible bound for the class of fields K. (Received October 30, 1967.) 

653-303. R. B. FRASER, Louisiana State University, Baton Rouge, Louisiana 70803. Banach 

spaces of Lipschitz functions with different metrics on the underlying space. 

Let X be a space with metrics d 1 and d 2. Lip (X,di) is the Banach space of bounded real- or 

complex-valued functions satisfying a local Lipschitz condition, with norm sup l\f(x)j: x EX I 
v sup l\f(x) - f(y)l/di(x,y): x 'I y; x,y E xj. Theorem l. Id: Lip (X, d 1)----+ Lip (X, d 2 ) is a continuous 

imbedding iff Id: (X, d 2)--> (X, d 1) satisfies a local Lipschitz condition. Theorem 2. If d 2 is o(d 1), 

then Id: Lip (X, d 2)----+ Lip (X, d 1) is a compact operator. Similar theorems are proved for 

Lip (X, {3 a d), where {3 is a modulus of continuity (possibly not subadditive). (Received October 30, 

1967.) 

653-304 .. ZEEN DITZIAN, University of Alberta, Edmonton, Alberta, Canada. On convolution 

transforms. 

The subject of this research is the class of convolution transforms (1) f(x) = J ~00 G(x - t)¢(t)dt, 

where (2) G(t) = (l/21ri) J~00e -st III~ 1 (l - s/ak)f 1ds. The class is defined by the restrictions on 

ak as follows: (a) ak 'I 0 and minn ln1r- arg ak I ;:;; If; < 'lr/2. (b) For some natural I and q > l, 

lak+ 11 ~ qlak I fork ~ k0 . The inversion formula P m (D)f(x) = ¢(x), where P m (s) =Ilk= 1 (I - s/ak) 

and D == d/dx, is valid a.e. if the transform (I) converges and lf6¢(t)dt I ~ keM It I for M;:;; min\Re ak \. 

To.prove the above \Gm(t)l= l(l/21ri)f_~~[est;IT~m+l(l- s/ak)]dsl;:;; M 1 1am+llexp((- 1/2) 

cos 1/;lam+ltl) + M2 1am+2 1exp((- l/2) cos 1/;lam+2tl) and similar estimates are established. 

(Received October 30, 1967.) 
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653-305. K. K. OBERAI, Queen's University, Kingston, Ontario, Canada. On spectral 

permanence. 

Let D be a directed set and let I Ea: a E D l be a family of complex, separated, barreled and 

quasi-complete locally convex spaces, all being subspaces of a vector space E. For a~ B, a, {3 E D 

we assume that Ea C E 8 and that the topology induced on Ea by Ef3 is weaker than the topology of Ea. 

Let E = U aEDEa with the inductive limit topology. Let T be a continuous linear operator on E 

which leaves each E a invariant. Let T a ( == T /Ea) be a spectral operator on Ea. Then T is a spectral 

operator on E. Conversely, let E be the strict inductive limit of Ea and letT have compact spectrum. 

LetT be a spectral operator onE with P(•) as the corresponding spectral measure. Then, if T and 

P ( ·) leave each E a invariant, for all a E D, T a is a spectral operator on Ea. (Received October 30, 

1967.) 

653-306. OSWALD WYLER, Carnegie-Mellon University, Pittsburgh, Pennsylvania 15217. 

The Stone -Cech compactification for limit spaces. 

A limit space is a set equipped with a convergence relation from filters to points, subject 

to ce.rtain axioms. A limit space X is separated if a filter on X converges to at most one point, 

~ompact if every ultrafilter converges, regular if X is separated and the closure of every convergent 

filter converges. A subspace of a compact regular space is called completely regular. Modifying a 

compactification of A. L. Cochran (Thesis, University of Oklahoma, 1966), we prove: Theorem. For 

every limit space X, there is a continuous mapping j: X---> [3X, where {3X is regular and compact, 

with the following property. For every map f: X ---> Y, with Y regular and compact, there is a unique 

map g: {3X---> Y such that f = gj. Corollary. Every product space of regular compact limit spaces 

is regular compact. Problem. Find an internal characterization of completely regular spaces. 

(Received October 30, 1967.) 

653-307. ]. E. HUNEYCUTT, JR., University of North Carolina, Chapel Hill, North Carolina 

27514. Regular additive set functions. Preliminary report. 

Let M be a lattice or a half-ring of sets and 1J. a modular (when M is a lattice) or additive (when 

M is a half-ring) function on M with values in a topological group G. The problem of extending IJ. to a 

countable additive function on the smallest u-ring containing M is considered and sufficient conditions 

for this extension are discussed. Countable additivity on the ring generated by M is attained by 

placing certain regularity conditions on !J.. These conditions reduce to ordinary regularity in the 

case IJ. is a nonnegative, real-valued function and the theorems of Von Neumann (when M is a half

ring), and of Pettis (when M is a lattice) are shown to be special cases of the results. When 1J. takes 

values in the complex numbers or a locally convex linear topological space, the theorems of Langlands 

or of Dinculeanu and Kluvanek are derived. Application is made to topological group valued functions 

on partially ordered sets combining works of Revuz and of Radu concerning generalized Stieltjes 

measures. (Received October 30, 1967.) 
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653-308. GILBERT WALTER, University of Wisconsin-Milwaukee, Milwaukee, Wisconsin 

53201. Hermite series singularities. 

The singular points of the function to which a Hermite series converges as well as the behavior 

of the function at infinity may be investigated by methods similar to those used by Nehari for 

Legendre series. One may deduce (1) that for series of Hermite polynomials 2)anHn)/n! which 

converge to entire functions, the behavior at infinity depends on the location of singular points of 

I:>ntn, (2) that the location of singular points of L)nHn is reflected in the behavior of L)ntn at 

infinity, (3) that for series of Hermite functions L:cnh2n (O)h2n (x l/2 ) which converge to entire func

tions the behavior at infinity is reflected in the location of singular points of L:cntn. One may also 

obtain results about the singular points of the analytic representations Ldnh n(z) of a distribution 

given by L~hn similar to results of the author for Legendre series. Here hn(z) denotes a Hermite 

function of the record kind vanishing at ioo for lm z > 0 and at - ioo for Im z < 0. (Received October 30, 

1967. 

653-309. P. A. LOEB, University of California, Los Angeles, California 90024. A criterion 

for the proportionality of potentials with polar point support. 

Let W be a locally compact Hausdorff space which is connected and locally connected but 

not compact, and let f:f/ be a harmonic class of functions on W in the sense of Brelot (Lectures on 

Potential Theory, Tata Institute of Fundamental Research, Bombay, 1960). Let rl be a regular 

relatively compact region in W, and assume that the function 1 is f:f/-harmonic inn. Let x0 be a 

polar point in !J, and let P 1 and P2 be two positive f:f/-harmonic functions in rl- jx0 l such that 

for i = 1 and 2, lim supx __, xo Ff (x) = + oo and limx_,yP i (x) = 0 at all y E an. Then a well known, 

unsolved problem in the axiomatic potential theory of Brelot can be reduced to the question "Is P 1 

proportional to P 2 ?". A necessary and sufficient condition for this proportionality is given. 

(Received October 31, 1967.) 

653-310. WITHDRAWN. 

653-311. ]A Y LEAVITT and KRZYS ZTOF FRANKOWSKI, University of Minnesota, Minneapolis, 

Minnesota 55455. Remarks on mixed Taylor-L2 approximations. 

Given a function and values of its first n derivatives about the origin, we approximate this 

function in L 2 space in terms of 1, x, x, ... , xn+m over the interval [- 1,1] sh that the approximation 

P n+m agrees with the first n terms of the Taylor Series. This problem gives rise to finite classes 

of orthogonal polynomials. Their properties are investigated and numerical examples are given. 

Functions defined by first order differential equations are also studied and a modification of Galerkin' s 

scheme is proposed. These approximations combine the ease of obtaining the first few coefficients 

of the Taylor series with good convergence of L 2 expansions. The class of orthogonal polynomials 

are related to the hypergeometric function. (Received October 30, 1967.) 
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653-312. H. W. VAYO, University of Toledo, Toledo, Ohio 43606. Green's function for a 

spherical cell. 

Electrical potential problems occurring in the electro-physiology of nerve and muscle differ 

from those usually considered in electrical theory for two reasons: first, the relation between current 

flow and polarization across a membrane of tissues is nonlinear, and second, because the interior of 

the tissue is not strictly equipotential. We suppose that ue and ui are the steady state potentials out

side and inside a tissue covered by a closed polarized membraneS. Then ue and ui are both harmonic 

functions which satisfy the nonlinear boundary condition at S: ke a ue/ a ne = - ki a ui/ ani = F(ue - ui), 

where ke and ki are the conductivities of the external and internal media, F(ue - ui) is some function 

of the membrane potential difference which determines the current flow across the membrane, and 

ne and ni are the outwardly and inwardly drawn normals on S. We introduce two harmonic functions 

He and Hi, defined in the exterior and interior respectively to find the Green's Functions G: and G~. 

(Received October 30, 1967.) 

653-313. G. 0. PETERS, General Electric Company, 6806 North 11th Street, Philadelphia, 

Pennsylvania. Boole series representing functions and Boote functions of negative degree. 

Charles jordan defined Boole polynomials of order one. Niels Norlund defined Bernoulli and 

Euler polynomials of higher order. The author (Abstract 62-1-24, Bull. Amer. Math. Soc. 62 (1956), 7) 

defined the Boote polynomials of higher and negative order, t<~>(x) and t<;n>(x). A polynomial f(x + u) 

can be expanded into a series of Boole polynomials (l) f(x + u) = L~=0 t\n)(x)(1/i1) ~i\7nf(u) or with, 

- n. Some similar results are found for a function f(x + u), expandable into a Newton's series, 

v becomes oo. The Boole functions of negative degree, - v, t~nJ (x) and t<~~)(x), are defined by the 

relations (2) t~~ (x) = \7-nx(-v) and t<_-~)(x) = V'nx(-v) for v > 0, x > - 1. Then (3) t(_-~)(x + u) = 

,L~0 (-r) t~-n)(x)u(-v-i), x + u > v- 2 and (4) t~-~)(u) = ((t(-n)/2)tu)(-v),u > v- 2 and ifO(x) can 

be expanded as L~o aix<il, 0 (t(-n)(x)) is a solution of \7nf(x) = O(x). (Received October 31, 1967.) 

653-314. MICHAEL AISSEN, ARL-ARM, Bldg. 450, Wright-Patterson AFB, Ohio 45433. 

Means and minimization of errors. 

Let¢ be a mean defined on [a,b) X [a,b), where 0 < a< b. That is, ¢(p,x) is between p and x 

when p and x are between a and b. We define the 'relative' error E(p,x) = IP - xl/¢(p,x). Let A(p) = 

maxxE(p,x), and let A(!J.) = minp X(p). If ¢(t, u) and ¢(u,t) are monotone (as functions of u) in each of 

[a,t] and [t,b) and if ¢ is continuous on the boundary of [a,b) X [a,b], A(p) will exist and !L will exist 

and be unique. In addition¢* defined by ¢*(x,y) = ¢(y,x), will satisfy all the conditions imposed on¢. 

Let 11-* be defined from ¢* as J.L was from ¢. Result. If in addition to the restrictions on ¢ mentioned 

above,¢ (kx,ky) = k¢(x,y) fork> 0 then J.LJl* = ab. (Received October 31, 1967.) 

653-315. JOSEPH BUCKLEY, University of Massachusetts, Amherst, Massachusetts 01003. 

Polynomial functions and wreath products. 

Let B, A be groups with A abelian and written additively. Z [B J is the integral group ring 

of B and I the ideal generated by all b - 1, b in B. The functions from B to A form a B -module in 
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the usual way. Let f denote both a function B ----t A and its extension to a homomorphism Z [B] ----. A. 

Definition. f: B ----t A is a polynomial function of degree ~ r if for each b l'''' ,bk in B there exist 

numerical polynomials p 1, ••. ,pt ink variables all of degree ~ r and a 1, ..• ,at in A such that 

f(b~I ••• bfk) = L\Pi(m 1 , .•. ,mk)ai for all integers m 1, •.. ,mk. Theorem l. The following three 

conditions are equivalent. (i) f is a polynomial function of degree ~ r. (ii) Ir+l C kerf. 

(iii) {+l annihilates f. The~ 2. Iff: B ----.A is a polynomial function of degree ~ rand o(b) = n, 

then o(f(b)) divides nr. These results are applied to give a new proof of: Theorem (Baumslag). 

Let A,B be arbitrary groups. Then the wreath product AwrB is nilpotent if and only if B is a finite 

p-group and A is a nilpotent p-group of finite exponent. Finally the nilpotency of AwrB is discussed 

when A is abelian and shown to depend only on Band the exponent of A. (Received October 31, 1967.) 

653 316. T. K. SEO, University of Kentucky, Lexington, Kentucky 40506. A note on solvable 

factorizable groups. 

In this paper we are going to prove the following theorems. Theorem l. If G = AB is a finite 

group, A is cyclic, [B: H] = p, an odd prime p, and every subgroup of H is normal in B, then G is 

solvable. This theorem generalizes a theorem of Scott in Solvable_!?ctorizable groups, Ill. j. Math. 

1 (1957), 389-394, and also Scott's Theorem n.l0.3, p. 415 in his book Grou_E__!_~eory, Prentice Hall, 

New jersey, 1964. As a generalization of the above theorem we get .'Theore'!l_ 2. If G = AB is a 

finite group, A is abelian with cyclic Sylow 2-subgroup (possibly the identity subgroup). [B: H] = p, 

pis any prime, and every subgroup of H is normal in B, then G is solvable. (Received October 30, 

1967.) 

653-317. jACK NEBB, University of Georgia, Athens, Georgia 30601. A linear space. 

Preliminary report. 

Denote L =I flf is integrable on bounded intervals j. Let l ~ p < oo, h t 0, and denote FP = 
h 

I flf ELand J~00 l(l/h)J~+hf(t)dtiPdx < ooj. Define a functionS on F~ by S(f) = 

<J~00 I(l/h)J;+hf(t)dtiPdx) 1 1P. DefineD= l(f,g)lf, g E Fh and (f- g)(x +h)= (f- g)(x) a.e.j; 

E = l<f,g)lf,g E Fh and S(f- g)= Oj; f* = lgl(g,f) E Ej; and Gh =It* If E Fhl· Define a function Non 

Gh by N (f*) = S (f). .:Theorem. (Gh ,N) is a normed linear space. Also, D = E. Hence, the zero of 

Gh if lflf E F~ and f(x +h)= f(x) a.e.j. Denote W(f*) = f* n Lp(- oo, oo). Either W(f*) = 0 or 

W(f*) is a singleton. Denote Kh = I f*IW(f*) t 0j. Theorem. Kh is a proper subspace of Gh and K~ 

is not complete. (See Abstract 645-18, these c}/oliai.) 14 (1967), 385.) (Received October 30, 1967.) 

653-318. j. R. McLAUGHLIN, Pennsylvania State University, University Park, Pennsylvania 

16802. Haar series. 

Let IX~k)(t)j be Haar's orthonormal system [see Alexits, Conv. Prob. of orthog. series, p. 46]. 

We set X0 (t) = x6°)(t), Xm(t) = X~h) form= 2n+ k (0 ~ k ~ 2n- I, n = 0,1, ... ). For each function 

f(t) E L(O,l) we set am(f) = J 6f(t)Xm(t)dt, m = 0,1, .... Theorem l. For every dyadic irrational num

ber t 0 there exists an absolutely continuous function f such that L lam (f)Xm(t0 ) I= oo. Remark. Wang 
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Sei-Lei proved Theorem 1 for the special case t0 = 2/3. Theorem 2. For every t0 E [0,1], there 

exists a lacunary Haar series L;amxm(t) which converges to zero forti t0 and diverges fort= t0 . 

Corollary. A nonempty set is a set of multiplicity for Haar series. _!1-emark. G. Faber had previously 

shown that ll/2) was a set of multiplicity for Haar series. Theore~ 3. (i) If 0 < p ~ 1 and 

L lam 1PmP12 < oo, then f(t) = L:am Xm (t) is of bounded pth variation; (ii) If IE m) is a null sequence, 

then there exists a sequence I a ) such that L:la m l/ 2 E I< oo and f(t) =""a x (t) is unbounded· 
m m m L...mm ' 

1 ) " 1/2 -1-E (iii) For every E > 0 there exists a sequence 1 am such that L...lam lm (log log m) < oo 

and f(t) = L;amxm(t) is differentiable almost nowhere. (Received October 30, 1967.) 

653-319. R. A. HORN, University of Santa Clara, Santa Clara, California 95053. The theory 

of infinitely divisible matrices and kernels. 

A matrix or integral kernel is said to be infinitely divisible if it has the property that all its 

(pointwise) positive fractional powers generate positive definite or semidefinite quadratic forms. 

Such matrices and kernels are characterized and it is shown that the location of their zeroes is 

restricted by conditions which in the matrical case are most easily stated in the language of graph 

theory. Methods for dealing with infinitely divisible matrices and kernels are developed and applica

tions are made to probability theory, moment sequences, Green's functions, reproducing kernels, 

stochastic processes, schlicht analytic continuation, and conformal mapping. (Received October 30, 

1967.) 

653-320. D. B. COLEMAN, University of Kentucky, Lexington, Kentucky 40505, and D. S. 

PASSMAN, Yale University, New Haven, Connecticut. The unit group of a modular group algebra. 

Let p be a prime, G a finite p- group, A the group algebra of Gover a finite field of characteris

tic p, and U the set of elements L;aigi in A such that I;ai = 1. Then U, the normalized group of units 

of A, is a p-group containing G. Theorem. If G is nonabelian, then U is irregular. (Received 

October 30, 1967.) 

653-321. FREDERICK HOFFMAN, Drexel Institute of Technology, 32nd and Chestnut Streets, 

Philadelphia, Pennsylvania 19104. Affinely variant sets in vector spaces over GF(2) . 

In a previous !?a per, Totally variant sets in finite groups and vector spaces (to appear), 

Lloyd R. Welch and the author answered the question of what finite groups and vector spaces contain 

totally variant subsets (i.e., subsets moved by every nonidentity automorphism, or in the vector 

space case, by every nonidentity nonsingular linear transformation). Here, the question of which finite 

dimensional spaces•over GF(2) contain subsets moved by every nonidentity affine transformation is 

answered, although not completely. We prove that every vector space over GF (2) of dimension at 

least six contains an affinely totally variant subset. Combinatorial arguments are used to rule out the 

existence of such sets in dimensions tour and below, and there is strong evidence against existence 

in dimension five. An affinely totally variant set is given in dimension six and a lemma gives an 

inductive means for construction of the sets in higher dimensions. (Received October 30, 1967.) 
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653-322. J. E. DENNIS, JR., University of Utah, Salt Lake City, Utah 84112, and K. M. BROWN, 

Cornell University, Ithaca, New York 148 50. On the convergence of a general class of iterative methods. 

Let F be defined on rl, rl C EN and F: rl --->EN. Let r~0 be the closure of an open convex set 

in EN with rlo C rl and let r20 be bounded. 11·11 will be 12 . Consider the class of iterative methods 

- l . 
xn+l = xn- G (xn)•F(xn), With F = (f1 , •.. ,fN) as above and G(xn) anN XN matrix which satisfies 

certain conditions (to be given below). Theorem. Let ,\(x) be defined as the positive square root of 

the smallest eigenvalue of G(x)G(x)*, and let IL(x) be defined as the positive square root of the largest 

eigenvalue of [J(x) - G(x)] [J(x) - G(x)]*, where J(x) denotes the Jacobian ofF at x. If (i) FE c 2 (rlo) 

and for every x E r~0 , IJF"(x)IJ ~ K; (ii) for some x0 E r~0 , !IF(x0 )11 ~ 71; (iii) ,\(x) > 0 for every 

E ' -1 -1 
x rl0 ; (iv) "(x)/JL(x) < l for every x E r~0 ; then G (x) == (G(x)) exists for every x E r~0 , and 

!IG- 1(x)!l ~ 1/(minxEorlo,\(x))"' B < oo. Furthermore, IJI- J(x)G- 1(x)!l;;; maxxErloJL(x)/,\(x)= o < 1. 

Corollary. If, in addition to (i) - (iv) of the previous theorem, it is true that (v) h = (B 2 K71)/(l - o) < 2 

and N(x0 ,r)-C r~0 , where r = (B71)/(l - a), and a= o + (l - o)(h/2); then the iteration xn+l = 

xn - G -l(xn) F(xn) is defined for every n and converges to a point u E r~0 , with F(u) = 0, at a rate 

given by IJx - uiJ ;;; ra ': (Received October 30, 1967.) 
n 

653-323. B. M. SCHREIBER, University of Washington, Seattle, Washington 98105. Measures 

with bounded convolution powers. Preliminary report. 

Let G be a LCA group with character group r, and let M(G) denote the convolution measure 

algebra of G. Let ~ = IlL E M(G): supn ;;:: 1 111Ln II < oo j, where ILn is the nth convolution power of IL and 

11·11 is the total variation norm. For IL E ~.it is clear that IJIL!Ir = sup'Y 6 rlil('Y)J;;; l, where jJ. is the 

Fourier-Stieltjes transform of JL. The set ElL= l ')' E r: Ji1('Y) I= lj is described, as is the function 

!LIEJL. These descriptions follow from results of Paul J. Cohen (Amer. J. Math. 82 (1960), 191-212, 

213-226) and the following lemma. For an abelian group G, let Yi'(G) denote the smallest Boolean 

algebra of subsets of G containing all cosets of subgroups of G. ~emma. If h: G---> H is a homomor

phism and A E Yi'(G), then h(A) E Yi'(H). Further properties of~ are investigated. For example, 

the following theorems are proved. L 1 (G) is considered as a sub algebra of M(G). Theorem l. G has 

the property that every f E L 1(G) with Jlfll r ;;; l is in~ iff G is compact. Theorem 2. If 

f,g E L 1(G), Ef = Eg and f = g on a neighborhood of Ef in f, then f E ~ iff g E ~. (Received 

October 30, 1967.) 

653-324. C. B. MILLHAM, Washington State University, Pullman, Washington 99163. On the 

structure of equilibrium points of bimatrix games. 

An m X n bimatrix game (A,B) has the a{3-interchangeability property if, given two equilibrium 

points (x,y) and (X,y) with x A y T = x A y T n, x By T = x By T = f3, it is th<im true that (x,y) and (x,y) are 

also equilibrium points and x A y T = x A y T = n, x By T = x By T = f3. Let Xnf3 = l x Jxt R m is a proba

bility vector, (x,y) is an equilibrium point for some probability vector y f R n, x A y T n,. x B y T = f3l, 

let Y nf3 = j yJytRn is a probability vector, (x,y) is an equilibrium point for some probability vector 

xtRm, xAyT n, xBy T = (3). A pure strategy ui E Rm(vj ERn) is essential for Xnf3(Ynf3) if 

xi> 0 (yj > 0) for some xt Xaf3<Yt Y nf3). Anf3' Bnf3 are the essential submatrices for Xa{3 andY nf3 if 

A R = (a .. ), B R = (b .. ) where u. and v. are essential for X R andY R respectively. Let iii.(fi) be 
n,_, I] n,_, I] 1 J n,_, n,_, 
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the number of essential ui(vj)' let Xa/3(Y a/3) be the linear space spanned by Xa/3(Y a/3). Theorem. 

ii- dim Y a/3 = m -dim Xa/3 +rank Aa/3- rank Ba/3· Theorem. Let eaf3(fa /3) be the number of 

interior bounding faces of Xaf3(Y af3). Then ea/3 ;:; n - n(faf3 ;:; m - ffi). The results generalize some 

well known theorems in 0 -sum matrix games due originally to Bohnenblust, Karlin, and Shapley 

(Contr. to the theory of games, Vol. 1, pp. 51-72, 1950) and Gale and Sherman (Contr. to the theory of 

games, Vol. 1, pp. 31-71, 1950). (Received October 30, 1967.) 

653-325. MORRIS WEISFELD, Duke University, Durham, North Carolina 27706. Tensor 

products of F -vector spaces. 

Kuranishi (Nagoya Math. j. 15 (1959), 225-260) has defined the concept of an F-vector space. 

Each F -vector space determines a pair of numbers (m,p) called the characteristic. The characteristic 

constitutes a generalization to this class of vector spaces, which are generally infinite dimensional, 

of the notion of dimension for finite dimensional vector spaces. The latter correspond to F -vector 

spaces of characteristic (m,O) with m equaling the dimension. F-vector spaces are isomorphic if and 

only if they have the same characteristic. Except for a very special case, the construction of the 

space of formal curves, Kuranishi left open the question of forming tensor products of F -vector 

spaces. The paper demonstrates that the tensor product of two F -vector spaces having character is

tics (m,p) and (m',p') respectively exists and is an F-vector space of characteristic (mm', p + p'). 

It is immediately seen that this generalizes the well-known result for finite dimensional vector spaces. 

(Received October 30, 1967.) 

653-326. E. H. ROGERS, Rensselaer Polytechnic Institute, Troy, New York 12181. Variational 

properties of nonlinear spectra. 

A linear map Lx of an inner product space W to itself depends on the real parameter x. A 

value k of x is in the "nonlinear spectrum" of Lx if Lk fails to have a continuous inverse on its range. 

A functional q is defined implicitly by (Lq(u)u,u) = 0. If this functional has a real branch p defined on 

all of W such that (Lp(u)u, u) > 0 for all u, then simple continuity conditions yield a minimax theory 

for the nonlinear spectrum in the range of p. This leads to a separation theorem for eigenvalues of 

Lx constrained to a subspace of W. When I - Lx is compact, the spectrum in the range of p is shown 

to be a point spectrum whose members have finite multiplicity. This work generalizes a part of 

classical linear spectral theory from the point of view of the topological theory of critical points. 

(Received October 31, 1967.) 

653-327. j. L. GROSS, Dartmouth College, Hanover, New Hampshire 03755. A unique 

decomposition theorem for 3 -manifolds with connected boundary. 

Let Y: be the class of connected, compact, oriented triangulated 3 -manifolds with connected, 

non vacuous boundary. If M and M' are 3 -manifolds in 'iff, then one forms the disk sum M l::. M' by 

pasting a 2-cell on bd(M) to a 2-cell on bd(M'). This operation is well defined, associative, and 

commutative up to isomorphism. The 3 -cell serves as an identity element. A 3 -maqifold P in 'iff is 

l::.-prime if Pis not a 3-cell and whenever Pis isomorphic to a disk sum M 1 l::. Mz, either M1 or Mz 

is a 3-cell. The following theorem answers a question of Milnor [Amer. j. Math. 84 (1962), 6] in 

175 



the affirmative. Theorem. Let M be a 3-manifold in 'f which is not a 3-cell. Then M is isomorphic 

to a sum P 1 L. ... L. P n of 6-prime 3 -manifolds. The summands Pi are uniquely determined up to 

order and isomorphism, (Received October 31, 1967.) 

653-328. JEROME EISENFELD, Rensselaer Polytechnic Institute, Troy, New York. Quadratic 

eigenvalue problems. 

The simplest of the eigenvalue problems in which the parameter appears nonlinearly is the 

quadratic eigenvalue problem: Ax; A 2Bx + ACx. One seeks completeness theorems and numerical 

procedures for calculating the eigenvalues. Specializing to the types of problems which arise in the 

theory of hydrodynamic stability, we show that these have the equivalent linear form: Kw; KW, 

where K has the desirable properties of being compact, symmetric and one to one. (Received 

October 31, 1967.) 

/ 
653-329. JOHN HORVATH, University of Maryland, College Park, Maryland 20742, The 

analytic continuation of vector-valued holomorphic functions. 

Let A and A 1 be two domains in the complex plane, A C A1. Theorem I. Let F be a quasi

complete, barelled, locally convex Hausdorff space and E = F' its dual equipped with the strong 

topology. Let f: A--> E be a bolomorphic function and assume that for every y E F the numerical 

holomorphic function A f-.< f(,\), y >can be extended to a holomorphic function in A 1. Then there 

exists a holomorphic function f 1 : A1 --> E such that f 1(A); f(,\) for A E A and (f1 (,\), y); 

( f(A), y) for A E A 1 and y E F. This generalizes a result due to Gelfand and Silov (Generalized 

!_l!_nctions, vol. I, Chapter I, appendix 2, no. 3). The conditions on E are satisfied if E is reflexive. 

Theorem 2, (a) A function A f---> x(A) ; (~n (A)) defined in A, with values in the Banach space c0 of 

sequences converging to 0, is holomorphic iff(!) for every n the numerical function ~n (A) is holo

morphic, (2) the sequence ( ~ n(,\)) converges to 0 uniformly on every compact subset of A. (b) Let 

A f----+ x(,\); ( ~ (A)) be a holomorphic function A--> c0 and assume that for every sequence y; (1J ) E 11 
n n 

the holomorphic function A f--->Ln1Jn~n(A) can be extended to a holom.orphic function in A 1. Then 

there exists a holomorphic function ,\ f---> x(,\); an(,\)) defined in A 1 with values in c0 such that 

x(,\) = x(A) for,\ E A and (x(,\), y) ;L 1J ~ (,\)for y E 11 and,\ E A 1. (Received0ctober31, 1967.) 
n n n 

653-330. UBIRATAN D'AMBROSIO, University of Rhode Island, Kingston, Rhode Island 02881. 

On hypersurfaces of limit~ 

Let U = [0,1) , N be an integer and a a real number. Consider mappings from U to Rn of the 

"N -a i 
following type (T, U; N, a}: w E U ____, ,L, k= 1k . pk (w), where pk (w), all k, have components pk (w) ; 

IT~-Ixi k(u.), all the x's are real valued continuous functions on [0,1], and w ;(u 1,u2 , ... ,ur). 
J- J' J I I ... I 

If J(N,a)(w) denotes the jacobian matrix of the transformation (T,U; N,a) at w, and j(l.J,~) r(w) its 

determinants, we have the following Proposition. Let xLk(uj)' i = 1,2, ... ,n, j; 1,2, ... ,r, all k, be 

functions of equally bounded total variation on [0,1], and the curves (xJ,k(uj), ... ,x~,k(u/), j; 1,2, ... , r, 

all k, have equally bounded lengths. Then, for any N, J(N )(w) is componentwise summable in U, 

f 1112 ... 1 ,a 
provided a > I, and in this case I Uj(N,a) r(w) dwl are equally bounded, Now consider mappings 

(T,U;a) of the type (T,U; a); limN_, 00(T,U; N,a), and let Ja.()N) be the jacobian of (T,U; a) at w. 
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Under the hypotheses of last Proposition, we have the following Theorem. If a > 0 t 1, for a given 

o > 1, J a(w) = limN_,ooJ(N,a)(w) almost everywhere in U, and the hypersurface defined by (T,U;a) is 

rectifiable. (Received October 31, 1967.) 

653-331. V. LAKSHMIKANTHAM and C. P. TSOKOS, University of Rhode Island, Kingston, 

Rhode Island 02881. ~pplication of the topological principle of Wazewski to control systems. 

Consider the control system of the form (*) x' = F(t,x,u), where u is a control function and F 

is a mapping from [O,oo) X R n X R m--. R n. Let a continuous function f(t) ;;;; 0 be given which is 

defined on [O,oo). Designate by E = [u E R m: 1\u II= 1/;(t), t ;;;; 0]. Using the topological principle of 

Wazewski, it is shown that for any control u = u(t) E E there exists a solution x(t, u) of the control 

system (*)such that limitt_, 00 x(t,u) = 0. (Received October 31, 1967.) 

653-332. E. D. DAVIS, Purdue University, Lafayette, Indiana. Analytic independence in 

Noetherian rings. 

A subset I x 1, ... ,xn) of a commutative ring R is said to be analytically independent provided 

that (x 1, ... ,xn)R is not the unit ideal, and for every fin the polynomial ring R [Xl' ... ,Xnl such that 

f(x 1, ... ,xn) = 0, the coefficients off lie in the radical of (xl' ... ,xn)R. In a previous paper [Pacific 

J. Math. 20 (196 7), 197-20 5] we found a new proof of the theorem of "analytic independence of 

systems of parameters" by examining the homomorphism R[X 1, ... ,Xnl ___. R[x 1/x, ••• ,xn/x], where xis 

an appropriate regular element of R. The methods of that paper can be used to prove the converse 

result. Hence: _:Theore..!!!_. An ideal of a Noetherian ring is of the principal class if, and only if, it is 

generated by an analytically independent set; and furthermore, an ideal of the principal class is of 

height equal to the cardinality of any analytically independent set of generators. Of special interest 

is: Corollary. A set of dim(R) elements of a local ring R is a system of parameters of R if, and 

only if, the set is analytically independent. These results can be proved in a less elementary way by 

an application of Cohen's structure theory for complete local rings. (Received October 31, 1967.) 

653-333. E. A. RUTTER, JR., University of Kansas, Lawrence, Kansas 66044. Some 

characterizations of quasi-Frobenius rings. 

Let R be a ring and M an R -module. M* = HoiTR (M,R) is a module of the "opposite hand" 

from M. There is a "natural" homomorphism <TM: M -; M** defined by <TM(x)(f) = f(x) for all x E M 

and f E M*. The module M is torsionless (reflexive) if <TM is a monomorphism (isomorphism). 

Theorem. Let R be a ring with minimum condition on left ideals. Then the following are equivalent: 

(i) R is quasi- Frobenius. (ii) Every finitely generated left R -module is torsionless. (iii) Every 

finitely generated left R-module is a submodule of a freeR-module. (iv) Every cyclic left R-module 

is reflexive. (Received November 1, 1967.) 
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653-334. MARK LOTKIN, General Electric Company, Missile and Space Division, 115 Hedgerow 

Drive, Cherry Hill, New jersey. Differentiation of functions of observational data. 

In this paper there is discussed a method for the differentiation to any desired order of data 

obtained by measurements, and thus containing certain measurement errors. Minimum variance 

principles are employed for the determination of optimum data filtering span times, as a function of 

order of differentiation, degree of fitting polynomial, truncation and measurement errors. The rela

tionships for optimum span times are illustrated by means of a specific case, applied to a set of 

prescribed test data. (Received November 2, 1967.) 

653-335. j. E. HUMPHREYS, Unh·ersity of Oregon, Eugene, Oregon. A fusion theorem for 

semisimple groups. Preliminary report. 

Let G be a semisimple algebraic linear group defined over an arbitrary field. Let B = T • U 

be a Borel group of G, with T a maximal torus and U a maximal connected unipotent. subgroup of G. 

Theorem. If x and y are elements of U which are conjugate in G, then there exist elements 

x = u 1, u 2 , ... ,um =yin U and closed T-invariant subgroups u1, ... ,Um-l of U satisfying: ui and ui+l 

lie in Ui and are conjugate in the normalizer N(Ui), 1 :;;; i :;;; m - 1. The proof involves the Bruhat de

composition of G, a lemma about the Weyl group, and results of Steinberg on regular unipotent ele.

ments. The Theorem reduces the study of fusion of elements of U to the study of T-invariant sub

groups of U and their normalizers, and is the analogue of a recent result for finite groups [see 

Theorem 4.1 in ]. L. Alperin, Sylow intersections and fusion,]. Algebra 6 (1967), 222 -241]. (Received 

November 1, 1967.) 

653-336. D. SATHER, Cornell University, Ithaca, New York, and j. 0. SATHER, University 

of Utah, Salt Lake City, Utah 84112. The Cauchy problem for an elliptic operator which changes 

classification on the boundary. 

The Cauchy problem for the operator T = (a 2 ;al> + ya.(a 2 ;ax2 ), a. > 0, is considered in the 
a. 

elliptic region y > 0 with initial data prescribed on the line y = 0 where T a. changes type. This 

Cauchy problem is not well posed in the sense of Hadamard. For suitably restricted initial data 

u(x,O) = f(x) and (a/ay)u(x,O) = g(x), a solution of the equation Ta.u = 0 is obtained which, for each 

fixed y > 0, is in L 2 and takes on the initial data in the L 2 sense. Although the existence question 

associated with non well posed problems has been neglected in comparison with the corresponding 

uniqueness and continuous dependence questions, perhaps a more interesting fact is that the conditions 

sufficient to guarantee such a solution by Fourier transform methods are also necessary. A solution, 

with the above properties, exists in the strip 0 < y < ('Y /(3)f3, (3 = 2/(a. + 2), if and only if the function 

h(x) = f(x) + ,\ 0 (6*g(x) ((6 is the Riesz potential of order (3 and Ao is a constant) is equal a.e. to the 

restriction to the real axis of a complex valued function H = H(x + iy) such that H is analytic for IY I 

< 'Y, and sup IY I< 'Y- 0 JIH(x + iy) 12dx < oo for every li satisfying 0 < o < 'Y. (Received November 1, 

1967.) 
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653-337, P. C. CONSUL, University of Calgary, Calgary, Canada, On some integrals in 

opera~ional calculus. 

Mellin integral transforms pairs are virtually two sided Laplace transforms. A large number 

of such pairs can be obtained, by slight modifications, from them and from exponential fourier trans

forms. Long lists of such transform pairs have been given by Doetsch (1950), Doetsch and others 

(1947) and in the Bateman Manuscript Project by Erdelyi and others (1954). Consul (1966) has ob-

tained some new inverse Mellin integral transforms. The object of this paper is. to generalise one 

of those integrals and to improve the result, A number of other allied integrals have also been dis

cussed. (Received November l, 1967.) 

653-338, MITSURU YASUHARA, New York University, University Heights, Bronx, New York 

10453. Properties of Lp languages--languages rich enough to express that a set A is of less power 

than B. 

An extension of a first order language is called an Lp language if there is a formula [A,B], hav

ing no individual variables and no predicate symbols except A and B (these are monadic), and sastisfy

ing the following two conditions. (i) If [A,B 1 is true in an interpretation, and if A is a subset of B while 

the complements of A and B are of the same power, then A is of strictly less power than B. (ii) For 

every strictly ascending sequence of cardinalities ( K 0 , K1, ... , K1J ), there is an interpretation of the 

variables in [*, *J so that [A,B] is true for all subsets A, B of a given domain D if and only if the 

cardinalities of A, B, Dare K \• K\+l' K 71 , respectively, where \ + I< 7J. Theorem 1. The set of 

valid formulae of any Lp language is !!<:>!..recursively enumerable. Theorem 2. No Lp language is 

compact. Theorem 3, For no Lp language, does the (modified) Lowenheim -Skolem- Tarski theorem 

hold. Examples of Lp languages in the literature are those considered by Hartig [Kolloq. i.iber die 

Grundlagen der Math., math. Maxchinen u. ihre Anwendungen, Budapest, 1965], by Henkin [lnfinitistic 

method, pp. 181-183, Warszawa, 1961) and by Thomason [J. Symbolic Logic 31 (1966), 700]. The 

above theorems solve some problems, extend some results, and refute some conjectures in the 

literature. (Received November 2, 1967.) 

653-339. WITHDRAWN. 
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653-340. G. H. WENZEL, Queen's University, Kingston, Ontario, Canada. Extensions of 

congruences on infinitary partial algebras. 

The paper solves problem 15 in G. Gratzer's book Universal algebra,@ 67, D. Van Nostrand, 

which proposes to study the embeddability of partial infinitary algebras ~ = ( I a0 , ... ,a-y•··· h<: ai F of 

type T into factor algebras Y of free algebras such that all congruences (} on 21 can be extended 

to Y. The relevant results in the finitary case hinge on a constructively given congruence (}a o-n 

9(a)(r) (= free algebra of type Ton a. generators). To settle the infinitary case one defines that con

gruence as kernel of a suitable epimorphism and obtains the following result. Theorem. (i) Every 

congruence (}on 21 can be extended to a congruence (}' on 9(a.)(r)/fJa such that [A)fJ' = 9(a.\r)/8a:· 

(ii) fJ is strong if and only if [A]fJ' =A for some extension (}• on 9(a.\r)/(Ja. A transfinite argument 

shows that IJa defined in terms of a kernel of an epimorphism coincides with the constructive definition 

in the finitary case. Thus finitary results are implicit in the above theorem. (Received November 2, 

1967.) 

653-341. BRANKO GRUNBAUM, University of Washington, Seattle, Washington 98105. _!iigher

dimensional analogues of the four color problem. 

Ad-dimensional simplicial complex is Eoperly colorable by c colors if it is possible to 

assign its (d - !)-simplices to c classes in such a way that any two (d - !)-simplices contained in 

a d simplex belong to different classes. Theorem. For d ~ l, each d dimensional simplicial complex 

imbeddable in Euclidean (d + 1)-space is properly colorable by 6d colors. Corollary. Ford ~ 3, the 

2 -faces of each simple, d -dimensional convex polytope may be colored by 6d- 12 colors in such a 

manner that 2-faces with a common edge have different colors. Using standard reductions each of 

the results leads to the "six colors theorem" for planar maps. (Received November 2, 1967.) 

653-342. C. L. OUTLAW and C. W. GROETSCH, Louisiana State University, New Orleans, 

Louisiana 70122. Averaging iteration in a Banach space. Preliminary report. 

Let T be a mapping of a Banach space X into itself. If A is an infinite regular matrix which 

is lower triangular and has each row sum equal to l, let M(x,A, T) be the pair of sequences x 1 = x, vn = 

L kn _ 1a kxk,x 1 = Tv . Theorem 1. If T is linear and Txn __, p then M(x, A, T) __, p. Except for 
- n n+ n ----

Theorem 6, assume that X is uniformly convex and T is nonexpansive; let F be the set of fixed points 

ofT. Theorem 2. If X is the complex plane, F =I pf, "~ 1 a (l- a ) diverges, and a +l k = 
~n- nn nn n , 

(l - an+l,n+l)ank' then M(x,A,T) -• p. If 0 < A< land f EX, let SA= A I+ (l - A)T and vA = 

AI+ (l- A)(T +f). Theorem 3. If Tis linear and demicompact, then sf12x __, p E F. Corollary. 

n 
If X is n-dimensional and Tis linear, then S 1; 2x __, p E F. Conjecture. The corollary holds with 

"n -dimensional" deleted. I_!leorem 4. If f E X, a solution of u = Tu + f exists if and only if I v;\ x l is 

bounded for each x. ]'_!leorem 5. If Tis bounded, linear, and asymptotically convergent, and 

n 
f E range (I-T), then VAx --;u such that u = Tu +f. (Received November 2, 1967.) 
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653-343. H. T. BANKS, Brown University, Providence, Rhode Island 02912. Variational 

problems involving functional differential equations. 

A variational problem with system equations i(t) = f(x(· ), u(t),t) on [t0 ,t 1], x(t) = ¢(t) on 

[u0 ,t0 ], is considered. Then-vector function f(x(·), u(t),t) is a functional in x, and may depend on the 

values x(T), a 0 ;:;; T ;:;; t, where a 0 (no < to) is some fixed finite number. The function f(x( • ), u, t) is 

assumed C 1 in x and Borel measurable in (u,t). The functional to be minimized over a class of 

measurable r-vector control functions u and a class of absolutely continuous initial functions ¢is 

given by J[¢,x,u,trJ = J!~f0 (x(·), u(t),t)dt. Necessary conditions for a minimum are found. This 

generalizes a previous result by the author (see Abstract 642-193, these cAfoticei) 14 (1967), 120). 

(Received November 2, 1967.) 

653-344. STEVE ARMENTROUT, University of Iowa, Iowa City, Iowa 52240. Homotopy 

properties of decomposition spaces. 

It has been shown that if G is a cellular decomposition of a 3 -manifold M such that the as so-

ciated decomposition space is a 3-manifold N, then M and N are homeomorphic (Armentrout, 

Abstract 634-53, these cNoticei) 13 (1966), 374). In this paper we apply results due toT. M. Price 

(Abstract 67T-l97, these cNOticeiJ 14 (1967), 274) and the author to establish theorems concerning 

cellular decompositions of higher dimensional manifolds. Theorem l. If M is a compact manifold 

nd G is a cellular decomposition of M such that the associated decomposition space M/G is a manifold 

N, then M and N have the same homotopy type. Theorem 2. If n is a positive integer, n;;; 5, and G 

is a cellular decomposition of sn such that the associated decomposition space sn /G is an n-manlfold, 

then sn /G and sn are homeomorphic. A compact set M in a topological space has property UV 00 if and 

only if for each open set U containing M, there exists an open set V such that M C V, V C U, and V is 

contractible in U. Theorem 3. Suppose n is a positive integer, n ;;; 5, and G is an upper semicontinu

ous decomposition of Sn into compact sets, each having property UV00 • If Sn/G is a manifold of dimen

sion greater than 3, then each element of G is cellular. (Received November 2, 1967.) 

653-345. W. J. BARNIER, Dartmouth College, Hanover, New Hampshire 03755. The Jiang 

subgroup for a map. 

Let f: X---> X be any map (continuous function), where X is a finite connected complex. Jiang 

Bo- Ju has defined a subgroup, T(f) , of the fundamental group 1r1 (X). The following useful necessary 

and sufficient condition that an element of 1r1(X) also be an element of T(f) can be given for certain 

spaces X. The map f: X --->X induces a homomorphism f *: 1r1(X) ---> 1r1(X). Suppose X is aspherical. 

If a E 1r1(X), then a E T(f) if and only if a commutes with all elements off* 1r1 (X). The Nielsen 

number, N(f), is a lower bound for the number of fixed points of all maps homotopic to f. The Jiang 

subgroup, T(f), is interesting mainly because of its useful application to the approximation of N(f). 

Examples are given showing how to compute both T(f) and N(f) for certain maps f: X --->X, where X is 

a compact connected 2-manifold without boundary. (Received November 2, 1967.) 
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653-346, D. F. ULLRICH and J. A. MARLIN, North Carolina State University, Raleigh, North 

Carolina 27607. Periodic solutions of a second order nonlinear differential equation without damping. 

In this paper sufficient conditions are given for the existence of T-periodic solutions of 

differential equations of the form (*) x + f(t,x) = 0 where f is periodic with period T in t, continuous 

in (t,x), and Lipschitzian in x on some set(- oo, oo) X[- R,RJ for some R > 0. It is shown that if there 

exist numbers a, {3 which satisfy - R < a < {3 < R and are such that f(t,x)f(t,y) < 0 for - oo < t < 00 , 

- R ;;;: x ;;;: a and f3 ;;;: y ~ R then for T sufficiently small (*) always possesses at least one T periodic 

solution. The method of proof can also be generalized to systems of equations. (Received November 2, 

1967.) 

653-347. R. L. NEWCOMB, University of California, Santa Barbara, California 93106. 

Topologies compact modulo an ideaL 

Let Y be an ideal in the Boolean algebra j A/A<; X f and let tJ be a topology far X. tJ is 

called compact modulo Y if any tJ open cover of X contains a finite subset ::g with U:;g = X [mod Y) 

(equivalence in the Boolean algebra). The topological properties (1) maximal compact modulo an 

ideal, (2) minimal Hausdorff, and (3) Kati!tov are characterized. (Received November 2, 1967.) 

653-348. S. T. HEDETNIEMI, University of Iowa, Iowa City, Iowa 52240. On partitioning 

planar graphs. 

In [Amer. J, Math. 2 (1879), 193-200] Kempe presented an erroneous proof of the famous Four 

Color Conjecture. In this paper it is shown that the method which Kempe presented is very useful for 

obtaining results about partitioning the set of points or lines of planar graphs. Let P denote any 

property of a graph G. A P-partition of G of order n is a partition 1r = j v 1,v2 , ... ,vnf of the set of 

points V(G) such that the subgraph induced by every subset Vi has property P. The P-chromatic 

number Xp(G) _9! G is the smallest integer n such that G has a P -partition of order n. Using this 

terminology the Four Color Conjecture states: if Po denotes the property that a graph be totally 

disconnected, then for every planar graph G, Xp (G) ;;;: 4, Theorem 1. If P 1 denotes the property 
0 

that a graph be either disconnected or consist of a single point, then for every planar graph 

G, Xp 1 (G) ;;;: 4. A graph is ~uterplanar if it can be embedded in the plane in such a way that every 

point lies on the exterior region. Theorem 2, For every outerplanar graph G, Xp (G) ;;;: 3. Addi-
1 

tiona! results are given for planar graphs which provide upper bounds for Xp(G), for other properties 

P of a graph G. (Received October 13, 1967.) 

653-349. Z. R. POP -STOJANOVIC, University of Florida, Gainesville, Florida 32601. 

On spherical stochastic processes on a locally compact group. 

Let G be a locally compact group and K its locally compact subgroup. Consider the spherical 

stochastic process lxtf on G, i.e., B(k 1gk2 ) = B(g) for every k 1, k 2 inK, where B(g) = (Ugx0 , x0 ) 

and g ----> Ug is an irreducible unitary representation of G. Then, the following property holds: The 

function B of the process j xtf has the representation: B (g) = J S B M(g) dm(M), where S is the space 

of all maximal ideals of the ring of all functions s(g) E L 1 (G) satisfying x(k1 gk2 ) = x(g), for every 
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kl' k 2 inK, m is a measure on Sand~ is the function mapping all symmetric maximal ideals 

different from ones inS into the set of the functions B. (Received October 13, 1967. 

653-350. WITHDRAWN. 

653-3 51. J, B. RILES, St. Louis University, 221 North Grand Boulevard, St. Louis, Missouri 

63103. _!_he near Frattini subgroups of finitely gen~rated groups. 

A new canonical subgroup, the near Frattini subgroup, is defined, Some properties of this 

subgroup are as follows. If G is a finitely generated group that is the direct product of certain sub

groups Gi' then the near Frattini subgroup 1/;(G) of G is the direct product of the subgroups 1/;(Gi). 

If G is finitely generated and nilpotent, then 1/;(G) contains the derived subgroup of G and the torsion 

subgroup of G. Every finitely generated abelian group occurs as the near Frattini subgroup of some 

finitely generated group, which can be chosen nilpotent of class 2, The notions of near supplementa

tion, of near complementation and of complete Z-reducibility (as ZG-module) are defined, and a 

theorem on near complementation and complete Z -reducibility of abelian normal subgroups is given. 

(Received November 3, 1967.) 

653-352, C, T. SCARBOROUGH, Mississippi State University, State College, Mississippi. 

Closed graphs and closed proj~tions. 

(X, Y) has C. G. P. if every function on A C X into Y with a closed graph in X X Y is continuous. 

(X,Y) has C.P.P. if 1r1: X X Y--> X is closed, (X,Y) has C.P.P. w.r.t. open sets if 1r1 maps the 

closures of open sets onto closed sets. Theorem l, For each space Y, there exists a zero dim en

sional T2 spaceY* 3 (l) If Y is T 1 and (Y*,Y) has C.G.P., then Y is compact. (2) If (Y*,Y) has 

C. P, P., then Y is compact, Theorem 2, For each space Y, there exists a zero dimensional T 2 

space T* such that if (T*,Y) has C.P.P. w.r.t. open sets, then Y is H(i). H(i) spaces are discussed 

in C. T. Scarborough and A. H, Stone, Nearly compact spaces, Trans. Amer, Math. Soc. 124 (1966), 

131-147. Nadler has shown that C.P.P. implies C,G.P. We give an example to show that the converse 

is false. However, Theorem 3, Let X be first countable T 1 and Y be T 1. If (X, Y) has C. G. P., then 

(X,Y) has C.P.P. (Received November 3, 1967.) 

653-353. T. S, CHIHARA, Seattle University, Seattle, Washington 98122, Orthogonal polynomials 

whose zeros are dense in a half line, Preliminary report. 

Let an orthogonal polynomial sequence lPn(x)j be defined by (l) Pn(x) = (x- cJPn_ 1(x)

AnPn_ 2(x), P_ 1 (x) = 0, P0 (x) = l, en real and An+l > 0 (n = 1,2, ... ). Let X denote the set of all zeros 

of all P n (x). Let u and T denote the smallest and largest limit points of the derived set of X. In 1898, 

0. Blumenthal proved: Theorem. If limn_,oocn = c and limn_,ooAn+l = A > 0, where c and A are 

finite, then u = c - 2(A) 1/ 2 and T = c + 2(A) 112 and X is dense in [u,r]. Using the ideas of Blumenthal's 

proof, the following analogue for an infinite case is obtained. Theorem. If limn_,oo en= + oo, 
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limn__,oo>.n+l/(cncn+l) = 1/4, and if- oo < u < + oo, then X is dense in [u, oo). Using the theory of 

chain sequences, criteria can be obtained for deciding when u is finite. Example. In (1), let en= 

an+b(a>O), hn=dn2 +fn+g>O. Thenr=+ooand(i) ifa2 >4d,thenu=+oo, (ii)ifa2 < 4d, 

then u =- oo, (iii) if a 2 = 4d, then u = b- ct 1/ 2 - f/d 1/ 2. General polynomial coefficients can also be 

discussed to a certain extent. (Received November 3, 1967.) 

653-354. G. W. HEDSTROM, University of Michigan, Ann Arbor, Michigan 48104. The rate of 

convergence of parabolic difference schemes. 

Let au;at = P(x,D)u, u(x,O) = v(x), be a system which is parabolic in the sense of Petrowsky 

for 0 < t < T and x E R ct. Let A a be the Lipschitz space of functions on R d for which the norm 

llvlla = supx,hERd ILba]+l( [a]tl) (- l)iv(x- jh)l lhl-a is finite. Let u 0(x, t +b.)= LBk(x,/l)u 0(x - k/l, t), 

u 0 (x,O) = v(x) (6/l-m = canst., m the order of P(x,D)) be a difference scheme which approximates the 

system of differential equations with order of accuracy r. It is further assum·ed that the difference 

scheme is parabolic in the sense of Widlund. Then it follows that supx lu(x,t) - u 0(x,t) I ::> 

C (t) llallv II a (0 ::> a ::> r) if v E A a and the coefficients of P(x,D) are also in A a. (Received November 3, 

1967.) 

653-355. P. S. CHIANG, Western Michigan University, Kalamazoo, Michigan 49001. Computer 

investigation of Landau's theorem. 

Let f(z) = a 0 + a 1 z + ... be regular for lz I < 1 and never takes the values 0 and 1, then Ia 1 1 has 

a bound depending only on a 0 . J. A. Jenkins gave an explicit bound (Canad. J. Math. 8 (1956), 423 -425) 

Ia 1 1 ::> 2la0 I lllog la0 I I + 5. 94}. The author investigates the shapes for the curves Ia 1 1 ::> L(a0 ) for 

given a0 by the aid of a computer and shows that Jenkins' result is about right when a0 is negative and 

that a much smaller estimate should be available when a 0 is positive or complex. (Received 

November 3, 1967.) 

653-356. B. A. TROESCH, 523 North Elm Drive, Beverly Hills, California 90210. Isoperimetric 

bound for eigenvalue. 

The minimum of the functional p = Jcih(x)dx/>.1 is found for a class of nonnegative functions 

h(x) defined for 0 ::> x ::> 1, which are concave and satisfy hx(O) ::> 0. Here >. 1 denotes the lowest 

(nontrivial) eigenvalue of the boundary value problem (hfx)x + hf = 0, fx(O) = h(l)fx(l) = 0, 

J ~f(x)dx = 0 (i.e., :.\ "I 0), f continuous. For the eigenvalue :.\ 1 the isoperimetric inequality 

(*) >. 1 ::> (1/po) J~h(x)dx is obtained. The result actually remains true for a wider class of functions 

h(x) : h(x) ~ 0 for 0 ::> x ~ 1, h(x) ~ h(a) for 0 ::> x ::> a, h(x) ::> h(a) for a ::> x ;:> b, no restriction on 

h(x) for b < x ::> 1. The constants a,b, (1/po), and also c introduced below, are uniquely determined 

and obtained in a simple manner from the smallest root of tan x = x, namely a ,; . 2914, b ,; . 7317, c ,; 

.05894, (1/Pcj; 10.701. Equality in(*) holds only if (**) h(x) = h(a) for 0 ;:;; x ::0 band h(x) = 
h(a) (1 - x)(x + c)/((1 - b)(b + c)) forb ::0 x ;? 1, i.e., h(x) consists of a straight and of a parabolic arc. 

The inequality (*) sharpens a result for general h(x) (Comm, Pure Appl. Math. 18, p. 319) where 

(1/Po) = 12. For concave h(x) the result also confirms a guiding principle for inequality constraints 

(cf. (**))by Courant (Comm. Pure Appl. Math. 18, p. 339). (Received November 3, 1967.) 
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653-357. A. H. THOMPSON, University of Pittsburgh, Pittsburgh, Pennsylvania 15213. 

Rotating tim·3 -like congruences in general relativity. 

A particular anholonom ic coordinate system adapted to a given rotating congruence of curves 

in the space-time of relativity, together with the concept of an anholonomic subspace (K. Yano and 

M. Ohgane, Ann. Math. 55 (1952), 318 -327) is used to discuss the kinematics of a fluid in general 

relativity. This approach has the advantage of offering a direct geometrical interpretation of 

Cattaneo's "transverse covariant derivative" (C. Cattaneo, Nuovo Cimento 10 (1958)) as well as sim

plifying the computations usually encountered in discussing the above congruences. Sufficient condi-

tions for the validity of the Herglotz-Noerther Theorem in a curved space-time are also obtained. 

(Received October 30, 1967.) 

653-358. TONY SHERSHIN, University of South Florida, Tampa, Florida 33620. Results 

concerning the Schutzenberger-Wallace theorem. 

The purpose of this paper is two-fold, namely, (l) to extend and topologize algebraic results 

due to ]. R. Bastida concerning Green's relations and (2) to indicate that the Schutzernberger- Wallace 

Theorem is a consequence of these extensions. The results take the form of commutative diagrams. 

Bastida's results, among other things, associate in a natural fashion two groups with any three elements 

of a semigroup making use of a subset D of a particular H-slice. The generalizations in this paper 

indicate that under certain nonstringent conditions, one being that the semigroup is compact, we find 

that these groups are topological and that one of these groups is homeomorphic to D. (Received 

November 7, 1967.) 

653-359. S. K. SEHGAL, University of Alberta, Edmonton, Alberta, Canada. Automorphisms 

of integral group rings. 

The question of automorphisms of the integral group ring Z(G) of a finite group G is studied. 

It is a well known result of G. Higman that the only automorphisms of Z(G) if G is finite abelian are 

the ones induced by the group automorphisms. We prove Theorem I. Let (J be an automorphism 

of Z(G) where G is finite nilpotent of class two. Then there exists an automorphism A of G and a 

unit 'Y of Q(G), the group algebra of G with rational coefficients such that (J(g) = ± 'Y gA 'Y-l for all 

g E G. We also prove Theorem 2. Let G and H be finitely generated abelian groups. Then 

Z(G) ~ Z(H) implies G ~H. The case when G is finite abelian is due to G. Higman. (Received 

November I, 1967.) 

653-360. A. B. OWENS, Code 7820, Naval Research Laboratory, Washington, D. C. 20390 • 

.Qn replications of incidence sequences. 

To each sequence 1r = (a!'··· ,ap) of positive integers with an even sum there corresponds a 

collection of linear graphs, .o/(1r), with the property that each graph of ~(1r) has exactly p vertices 

V v with the incidence number of v. equal to a. (i = l, ... ,p). When k is a positive integer, j•·· .• p 1 1 
(al, ... ,al, ... ,ap•···•an). I - h h h I 

define k1r = k (a 1 , ..• ,ap) to be the sequence k IC ~ t 1s s own t at t ere a ways 

exists a k such that ~(k1r) contains a graph which has no loops or multiple edges. ( ~(k1r) is said to 
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possess a simple graph realization of k1r.) The smallest integer k such that ~(k1r) contains a simple 

graph is defined to be the replication number of 11". The replication number of 1r = (a l'··· ,ap) is 

known when p = 1,2, or 3, and good approximations are known when p = 4,5, and 6. (Received 

October 13, 1967.) 

653·361. D. C. BARNES, Washington State University, Pullman, Washington 99163. Some 

complements of Holders inequality, 

A simple method is given which in many cases allows one to calculate the best possible 

constant C such that the inequality (1) Jg fgdx ~ C [J~fPdx]l/p [J~gqdx]l/q holds for all functions f(x), 

g(x) which belong to certain kinds of function classes. For example: Theorem. Let f(x), g(x) be 

nonnegative concave functions on [O,a]. In case p, q ?; 1 then the largest possible constant in 

(1) is C = (l/6)al-(l/p)-,l/q)(l + p)l/p(l + q)l/q. Equality holds in case f(x) = llX, g(x) = {3(a- x) 

with a., i3 ~ 0. If, however, - 1 < p, q ~ 1 with p, q 1 0 and the inequality (1) is reversed, then the 

smallest possible constant is C = (l/3)a l-(l/p)-(l/q)(l + p)l/p(l + q)l/q. In this case equality occurs 

if f(x) = a.x, g(x) = {3x, with a., {3 ?; 0. The methods used to obtain results of this type depend only on 

some elementary integral inequalities and certain rearrangements of the functions f(x), g(x). See 

Hardy, Littlewood and P6lya, Inequalities, Cambridge Univ. Press, 1964. Theorems 250, 378. See 

also Beckenbach and Bellman, Inequalities, Springer- Verlag, 1965, pp.41-42. (Received November 10, 

1967.) 

653-362. W. H. GRAVES, University of North Carolina, Chapel Hill, North Carolina 27514. 

On the divisibility of the group of divisor classes of degree zero. 

It is well known that the group of divisor classes of degree zero of an algebraic function field 

in one variable over an algebraically closed field is a divisible group. However, this divisibility 

is a consequence of the structure properties of abelian varieties. Because of the role played by this 

divisibility in class field theory, it seems appropriate to seek a proof of it in an algebraic settiqg. 

This is done in the case that the function field is of genus one (an elliptic function field). The proof 

relies upon the addition formulas for the group of divisor classes of degree zero for an elliptic 

function field. (Received December 4, 19.67.) 

653-363. MARSHALL COHEN, Princeton University, Princeton, New Jersey, and DENNIS 

SULLIVAN, University of California, Berkeley, California. Mappings with contractible point inverses 

between p.l. manifolds. 

Theorem. Let M 1 and M2 be closed piecewise linear n-manifolds, where n ?; 5 and 

H3 (M 1, 113 ) = 0. Assume that there exists a piecewise linear mapping f from M1 to M2 such that 

f-l (x) is contractible for each x in M2. Then M1 and M2 are piecewise linearly homeomorphic. 

(Here 1131s the group of h-cobordism classes of p.l. homotopy 3-spheres under the operation of 

connected sum.) (Received November 15, 1967.) 
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653-364. C. P. ROURKE, Institute for Advanced Study, Princeton, New Jersey, and B. J. 

SANDERSON, University of Warwick, England. An embedding without a normal microbundle. 

A piecewise linear embedding of S 19 X I in s29 with no topological normal microbundle (and 

hence in particular no piecewise linear one) is constructed. The restriction of the normal block 

bundle of this embedding to S 19 X {0 l gives a p.!. embedding of the 19 -sphere in a 28 -manifold with 

no (topological) normal microbundle. Since the 29 -manifold is parallelizable this also gives a p.l. 

immersion of S 19 in S 28 without a normal microbundle. These results improve on results of Hirsch 

which showed existence of embeddings without normal disc bundles. Haefliger's work on links and 

Toda's calculations of some unstable 10-stems are used. (Received November 22, 1967.) 

653-365. DENNIS SULLIVAN, University of California, Berkeley, California 94720. K-theory 

and piecewise linear topology. 

It is possible to characterize the piecewise linear category (in the world of odd primes) by 

using K-theory. The periodicity inK-theory corresponds to a geometric periodicity in the classical 

surgery obstructions. There is a piecewise linear Riemann Roch Theorem and a piecewise linear 

Adams Conjecture (and proof). This connection arises from a homotopy equivalence G/PLP ->-BOP, p 

p an odd prime (Xp means "X localized at p", where X is a CW complex). This homotopy equivalence 

is used to prove the Hauptvermutung for simply connected manifolds Mn satisfying n ;;; 6 and ~ M has 

no 2-torsion. (Received November 29, 1967.) 

653-366. E. H. CONNELL, University of California, Berkeley, California. Constructing 

nontrivial h -cobordis ms. 

Theorem. Suppose xn is a regular neighborhood of a connected 2-complex K and n <;·6. 

If wn is any p.l. h -cobordism which has axn as one end, then W is homeomorphic to M X I iff the 

Whitehead torsion r(W ,M); 0. Thus W is topologically trivial iff it is p.l. trivial. Corollary. If 

n is .any finitely presented group with Wh(1r) 'I 0, then 3 an h -cobordism W with 1r1 (W) ; 1r which is 

not topologically trivial. The proof is based on the study of "geometric groups" (a joint work with 

J, Hollingsworth). The first topologically nontrivial h-cobordism was constructed by Farrell and 

Hsiang. (Received December 11, 1967.) 

653-367. T. F. BANCHOFF, Brown University, Providence, Rhode Island 02912. Polyhedral 

monkey saddles. 

Although critical point theory for height functions is basically the same for polyhedra in 

3 -space as for smooth surfaces, the degree theories are essentially different. For example, degree 

theory can be used to solve an exercise proposed by H. Hopf. There is no smooth embedding of a 

surface (other thah the sphere) in 3 -space and a height function on it with precisely three critical 

points (one of which would have to be a degenerate "monkey saddle"). On the other hand, this is not 

true for polyhedra: We exhibit for each orientable surface (other than the sphere) a polyhedral em

bedding in 3-space and a height function with precisely three critical points. However, we may still 

construct an analogue of the classical degree theory, and we show that for certain "transversal" 

embeddings, the polyhedral and the smooth results coincide. (Received November 2, 1967.) 
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Abstracts Presented by Ti tie 

68T -1. T, J, HEAD, University of Alaska, College, Alaska 99701. Tensoring with a semigroup. 

Let !/be the category of commutative semigroups and let F be the functor F(A) = S ~A where 

S is a fixed commutative semigroup. Theorem. F is an additive covariant functor from Yinto !/ 

which preserves coproduct representations and direct limit representations. F preserves not only 

surjective homomorphisms but also epimorphisms. F can be characterized among additive covariant 

functors from Y into 9' by the property that each homomorphism of F(N) into G(N) (N is the additive 

semigroup of positive integers) extends to a unique natural transformation of F into G. (Received 

August 17, 1967,) 

68T-2. C. J, MOZZOCHl, University of Connecticut, Storrs, Connecticut. A generalization 

of a theorem of Alfsen and F enstad. 

Let X be a set with power set P(X). For every A,B in P(X) let U A,B equal (X X X) -

((A X B) U (B X A)). Theorem. A uniform space (X,%') is totally bounded iff for some proximity 

space .9on X the family 5I' of all sets U A,B where (A,B) is not in .9 is a subbase for (X,'U), 

Definition. A symmetric generalized uniform space (X, 'U) is p-correct iff for some symmetric 

generalized proximity space 9 on X the family Yof all sets U A,B where (A,B) is not in .9'is a sub

base for (X,'U), Theorem. Let 9\ be a symmetric generalized proximity space on X with proximity 

class 1r( 9'1 ). There exists in 1r( .91 ) one and only one p-correct symmetric generalized uniform space 

(denoted 'U ( 9 1 )*)on X such that for all U and V in 'U( 9 1 )* U n Vis in~( .91 )*. Furthermore, there 

exists in 1r( 9 1 ) a totally bounded symmetric generalized uniform space (denoted 'U.( 9 1 )) on X such 

that it is the least element of 1r( 9 1 ); and if 9 1 is the usual proximity for the reals, X, then <U( 9 1 ) is 

properly contained in U( 9 1 )*. Corollary (Alfsen and Fenstad). Let 9 be a proximity space on X 

with proximity class 11"(9). There exists in 1r{ .9') one and only one totally bounded uniform space on 

X. Remark. In this way a short, direct proof of the Alfsen-Fenstad result is obtained. (Received 

October 10, 1967 .) 

68T-3. M. L. TEPLY, University of Nebraska, Lincoln, Nebraska 68508. Torsionfree 

injective modules. 

The notation and terminology used below follows that of J. S, Alin and S. E. Dickson in Goldie's 

Torsion Theory and its derived functor (Pacific J, M!ith. (to appear)). Theorem 1 gives nine con

ditions equivalent to the following property which a hereditary torsion tlieory may possess: (A) Any 

direct sum of torsionfree injective modules is injective. Theorem 2. If a hereditary torsion theory 

(!?; ¥) satisfies (A), then the filter corresponding to Yhas a cofinal subset of finitely generated 

ideals. Theorem 3. If ( ..9 ,5') is a hereditary torsion theory satisfying (A) and R E §. then every 

R-module has a unique torsionfree cover. The class Y= {BIB/ "f(B) is injective I is studied. 
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Theorem 4. Yis a torsion class if and only if the Goldie torsion theory satisfies {A). {Received 

September 18, 1967.) 

68T -4. R. W. CHANEY, University of California, Santa Barbara, California 93106. 

On pointwise convergence of Fourier series on the p-adic integers. 

The character group of the compact abelian group L'>p of p-adic integers is isomorphic to the 

countable group Z{p00 ) and hence can be linearly ordered in several natural ways. {See Abstract 

harmonic analysis by Hewitt and Ross for descriptions of L'>p and Z(p00 ).) We choose one such 

ordering for the character group and list the characters in order as "Y1 , 'Y2 , ... ,')'n'"' . Given fin 

"OQ A 

L 1 {L'>pl we define the Fourier series of f to be L-m=l f{ "Y ml "Ym{x). We exhibit a continuous function 

on L'>p whose Fourier series diverges on a dense, null set of the second category and we exhibit a 

function h in L 1 (L:'>p) whose Fourier series diverges almost everywhere; since h agrees with trigono

metric polynomials on certain neighborhoods of nonzero p-adic integers it follows that the principle 

of localization fails. Also we compute the Dirichlet kernel, estimate the Lebesgue constants, show 

that a certain subsequence of this kernel is an approximate unit, discuss "lacunary" Fourier series, 

and present a criterion for pointwise convergence. {Received September 25, 1967 .) 

68T-5. C. Y. CHAO, University of Pittsburgh, Pittsburgh, Pennsylvania 15213, A theorem of 

nilpotent groups. 

This is a "partial" generalization of a theorem of Burnside on p. 241 in Proc. Lond. Math. Soc. 

{2) 11 {1912). Let G be a nilpotent group. An invariant subgroup K of G is said to be a 1/t-group of G 

if G2 2 K 2 Gr-l where G = G1 :J G2 :J .... :J G r-l :J Gr :J Gr+l = j e j is the lower central series of G. 

Theorem. A nonabelian group whose center is either a cyclic group of order p{a prime) or a cyclic 

group of infinite order cannot be a 1/t-group of a nilpotent group. {Received September 27, 1967.) 

68T-6. R. B. jENSEN, Stanford University, Stanford, California. Nonconstructible patterns 

of degrees. 

Theorem l. If ZF is consistent, then so is ZF + AC + "the lattice structure of the degrees of 

constructibility can be coded by a nonconstructible .6~ set of integers having maximal degree". 

Corollary. It is consistent relative to ZF to assume that the universe is the constructible closure of 

a nonconstructible .61 set of integers. Theorem 2. If ZF is consistent, then so is ZF +"all construc

tible sets of integers are .6~" + the universe is the constructible closure of a L'>i set of integers". 

The L'>i set in question describes the lattice of degrees of "collapsing functions" f: Xa--+Xt. Our 

proofs combine Sacks' perfect set construction of minimal degrees with the technique of iterated 

forcing. By another method, Solovay has independently shown the above corollary to hold with L'>l 

l 
replaced by .63 . {Received September 28, 1967.) 
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68T -7. W. M. BOGDANOWIC Z, The Catholic University of America, Washington, D. C. 20017. 

On Pettis-Dunford-Phillips property for vector-valued volumes. 

Let S(V) denote the family of all sets being finite disjoint unions of sets from a family V con

sisting of subsets of a space X. Let the family V be a refinement prering, i.e. for any A, B E V we 

have An Band A \Bare in S(V). A function m from V into a B-space Y is called a vector-valued 

volume if it is countably additive on V and has finite variation lm j(A) on every set A E V. Denote by 

V a the family consisting of countable unions of sets from V. Let R(V, Y) be the set of all vector 

volumes m on V to Y such that there exists a function f summable with respect to the variation lm I on 

every set A E V and m(A) = fcAfdlml. Cf. Proc. Nat. Acad. Sci. USA 53 (1965), 492-498. The pair 

(V ,Y) has the Pettis- Dunford-Phillips property, PDP in short, if every vector-valued volume on 

V to Y' is in R(V, Y' ). Theorem. Each of the following conditions assures that the pair (V, Y) has 

the PDP property: (1) X E V a and Y' is separable, (2) X E Va and Y is reflexive, (3) X is the 

Euclidean space Rn and the prering V consists of all sets of the form A = J 1 X ..• X J.n' where Jk are 

half open intervals (ak,bk), ak ;::;; bk. (4) the refinement prering V consists of at most countable 

number of sets and X EVa. (Received September 13, 1967.) 

68T-8. ]. M. YOHE, Mathematical Research Center, U.S. Army, University of Wisconsin, 

Madison, Wisconsin 53706. Structure of hereditarily infinite dimensional spaces. 

A hereditarily infinite dimensional (HID) space is an infinite dimensional compact metric space 

with no positive dimensional compact subsets. The first example of such a space was constructed 

by D. W. Henderson in 1965. In this paper the structure of such spaces is studied and the following 

theorems are proved: Theorem l. Each HID continuum contains uncountably many mutually exclusive 

hereditarily indecomposable HID subcontinua. Theorem 2. There are uncountably many topologically 

different HID continua. Theorem 3. Let X be an HID continuum, and let A be the set of points at 

which X has dimension I. Then X= A lJ UpEX-AM(p), where each M(p) is a maximal HID Cantor 

manifold containing p. If p,q are two points of X- A, then either M(p) = M(q} or dim (M(p) nM(q}) ·= 0. 

(Received October 2, 1967.) 

68T-9. L. W. GOODWYN, 9709 Lorain Avenue, Silver Spring, Maryland 20901. 

A characterization of symbolic flows. Preliminary report. 

Let X be a compact Hausdorff space, and let T be a self homeomorphism of X. Definition. 

An open cover of X separates points if for every x, y X, x 'f y, there is an integer m such that Tm x A 

or Tmy A for each A. Let k(X, T) be the smallest integer such that there is an opzn cover with 

k(X, T) elements which separates points. Let h(X, T) denote the topological entropy of T. (R. Adler, 

A. Konheim and M. McAndrew, Topological entropy, Trans. Amer. Math. Soc. 114 (1965), 309-319.) 

Proposition. h(X, T) = log k(X, T). Definition. (X, T) is said to have maximal entropy if h(X, T) = 

log k(X,T). Theorem. (X,T) is isomorphic to a symbolic flow iff (I) (X,T) is expansive, (2) X is 

totally disconnected, and (3) (X, T) has maximal entropy. Theorem. If X is totally disconnected, 

and if (X,T) is expansive, and if h(X,T) = 0, then (X,T) is coalescent. Theorem. If (X,T) is expansive 

and has maximal entropy, then (X,T) is topologically mixing, and there is a T-invariant. Borel 
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measure on X such that Tis measure theoretically equivalent to the Bernoulli shift on k(X,T) symbols 

with each symbol given equal weight, (Received October 2, 1967.) 

68T -10. J. H. AHLBERG, United Aircraft Research Laboratories, East Hartford, Connecticut 

06108, E. N. NlLSON, Pratt and Whitney Aircraft, East Hartford, Connecticut 06108, and J, L.WALSH, 

University of Maryland, College Park, Maryland 20740, Cubic splines em the real line. 

Let 6: 0 = xo < x 1 < ... partition [o,oo ), 11611 = supilx i- xi_ 1 1, o6 = inf i lx i- xi_ 1 1, and let 

f0, f 0 , f 1 , f 2 , ... be given. There is a one-parameter family of cubic splines s6 (a.;x) on [O,oo) satisfying 

S,0,(a.;O) = fQ, s6 (a.;xi) = fi (i = 0,1,2, ... ), S_6_(a.;O) =a.. They satisfy s6 (a.;x) ~ f0 t f0x t (1/2)Qx2 , 

S,0,(a.;x) ~fat Qx if S,6.(a.;x) ~ Q for x > 0 and s6 (a.;x) ~ fo t f~x t (l/2) Q 1x2 , S6(a.;x) ~fQ t Q1x if 

SL;_(a.;x) ~ Q1• Moreover, these inequalities are the best possible. If, in addition (l) 11611/oL'l. < oo, and 

(2) supil((fi+1 - fil/(xit1 -xi)- (fi- fi-1)/(xi- xi-1))/(xit1 - xi-lll < oo, then there is a unique value 

of a. for which supxiSL;_{a.;x)l < oo. If(- oo,oo) replaces [O,oo), then there is a two-parameter family of 

splines s6 (a.,/);x) with s6 (a.,/);xil = fi (i = 0, ± 1,.±. 2, ... ) and analogous inequalities pertain. If (1) and 

(2) hold, then there is a unique pair a.o, /Jo such that supxiSL;_{a.o,/Jo; x)l < oo, (Received October 2, 

1967 .) 

68T-11. A, G. R. MdNTOSH, Macquarie University, New South Wales, Australia 2122. 

On the .::losed graph theorem. 

Definitions. Let Sf: denote the family of pairs of locally convex spaces for which the closed 

graph theorem :'lolds. That is, we say (E,F) E 5f! if every closed linear map of E into F is continuous. 

Let Y!B = IFI(E,F) E .'d'for all Banach spaces E l· Examples. An l.c.x. F is an element of ~B if 

one of the following conditions is satisfied: (i) F is (Br)-complete; (ii) F is an (LF )-space; 

(iii) F is souslinien (see L. Schwartz, Comptes Rendu 263 Ser. A {1966), 602-605); (iv) F E 9 

where- 9 is the class of spaces defined by Raikov (Sibersk. Mat. J, 7 (1966), 353-372). Definition. 

An 1.c.s. E is called a Mackey space if its topology is the same as its Mackey topology. Theorem. 

(E ,F) E 5;; if E is a sequentially complete Mackey space with complete strong dual, and F is a semi

reflexive l.c.s, which belongs to Y!B. Remark. The distribution spaces listed by Schwartz in the 

above-mentioned article are all semireflexive spaces which belong to Y!B. (Received October 2, 1967.) 

68T-12. !VAN LONCAR and SIBE MARDESlC, University of Zagreb, Zagreb, p.p. 314 

Yugoslavia. A note on inverse sequences of ANR's. 

Let Il be a family of metrizable continua. FollowingS. Mardesic and J, Segal, Trans. Amer. 

Math, Soc. 109 (1963), 195-205, we say that a continuum X is Il-like provided for every E > 0 there 

exists an E-mapping fE: X----> XE onto some member XE of IT. Generalizing a result from the above 

quoted paper, we prove: Theorem l. Let Il be a family of ANR's. Then every Il-likc continuum X is 

the inverse limit of an inverse sequence \Xn; fnm l with bonding maps fnm onto and with~ belonging 

to Il. The restriction to ANR' s cannot be removed as it follows from th~ next result. Theorem 2. 

There exist two arc -like continua X and Y such that X is Y -like but there is no inverse sequence 

l Yn ; fnm l• Y n = Y, with bonding maps onto, having X as its inverse limit. (Received October 2, 1967.) 
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68T-l3. SAMI BERAHA, Ball State University, Muncie, Indiana. An unusual matrix and its 

extensions. 

(l) This is a matrix of odd order whose n 2 elements have n 2 distinct numerical values. The n 2 

elements of the inverse, however, have only 9 distinct values, one of which is common to (n - 2)2 

elements. (2) The arithmetic difference between the numerical values of the elements of the inverse 

bears a direct relation to that of the elements of the original matrix. (3) The greatest common divisor 

of the cofactors and the determinant (which is one for the order three) grows exponentially with the 

order of the matrix while the factors that remain after simplification are relatively small. The 

extension of the formalism from matrices of odd order to those of even order brings about a new type 

of matrix. (1 *) These have (as in the case of ordinary matrices) as many elements as there are 

positions per row and per column, but certain positions are blank whereas others have two elements 

(called Resonant pair) in the same position. (2*) The inverse has this same property. (3*) Whereas 

the elements of the inverse are rational if the elements of the original are rational, this is neither 

the case of the determinant nor that of the cofactors. In fact, their huge common divisor is an irra

tional function of the elements of the original matrix. Matrices that have properties 1 *• 2*, and 3* 

are called Room matrices in recognition of an analogous and inspiring precedent. (Received 

October 4, 1967.) 

68T-14. T. R. BERGER, University of Minnesota, Minneapolis, Minnesota 55455. Class two p 

groups as fixed point free automorphism groups. 

Theorem. Suppose that AG is a finite solvable group with normal subgroup G. Assume that A 

is a class ::;; 2 odd p group. If pc! rd + 1 for any c ::;; exp A and any prime r where r 2 d+l divides /GJ, 

and if CG(A) = 1 then the Fitting length of G is bounded by the power of p dividing /A J. The theorem 

is proved by applying a fixed point theorem to a reduction of the Fitting series of G. The fixed point 

theorem is proved by reducing a minimal counterexample. If R is an extra special r subgroup of G 

fixed by B, a subgroup A, where B centralizes D(R), then all irreducible characters of BR which are 

nontrivial on Z(R) are computed. All nonlinear characters of a class two p group are computed. 

(Received October 6, 1967.) 

68T-15. S. P. HASTINGS, The University of Dundee, Dundee, Scotland. Backward existence 

for retarded functional differential equations. 

The following theorem is a result about the backward existence and uniqueness of solutions of 

functional differential equations of retarded type. It may also be interpreted as a theorem about for

ward existence and uniqueness for equations of advanced type. We use the notation of J. Hale in 

Contributions to Differential Equations 2 (1963), 291-319. Theorem. Consider the equation 

(1) x(t) = A(t) x (t- r) + g(t,xtl• where xt(O) = x(t + 0),- r ::;; 0::;; 0, and A(t) is a continuous n X n non

singular matrix function defined on some interval [- C,O]. Suppose that there is a real-valued non

decreasing function M(JL) defined for- r::;; JL::;; 0 such that M(- r) = 0 and such that for each JL E [- r,O) 

and for each p,tf, continuous on[- r,O] with p(O) = 1/;(0), JL ::;; 0::;; 0 we have /g(t,p)- g(t,tf,)/ 

::;; M(JL)/1,5- !'-'//.- C::;; t ~ 0. Then the conditions (i) for some 71 > 0, i5 is continuous on [- 71,0], and 

(ii) p(O) = A(O)p(• r) + g(O,p) are necessary and sufficient for there to be a function x( • ,p) which is 
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continuous on [- r- f,O] for some f > 0 and which satisfies (i) on [- f ,0] as well as the relation 

x( li,,S) = ,S(ll), - r :;> ll :;> 0. Also, x( • ,,S) is unique if it exists. More general results have also been 

obtained. (Received October 13, 1967.) 

68T-16. A. SHARMA and J. PRASAD, University of Alberta, Edmonton, Alberta, Canada. 

On Abel-Hermite-Birkhoff interpolation. 

Given k real numbers(*) x1 < x2 < ..• <' xk, and an integer n ;?; k the problem of determining a 

polynomial of degree ;;::. n - 1 having a suitable number of assigned values and derivatives at these 

points is given by the incidence matrix E~ of order k X n. If IDp denotes the number of 1' s in the pth 

column and M p = L:gmi, then E~ is said to satisfy (P) Polya condition, if Mp;?; p + 1, 0 ~ p :;> n - 2, 

Mn-l = n. The incidence matrix E~ is said to be q - H if a nonzero entry in any row (except perhaps 

the first and last) is preceded by a nonzero entry. Schoenberg has proved that if Ek is q - Hand 
n 

satisfies (P), then the interpolation problem is poised, that is the nonhomogeneous interpolation 

problem has a unique solution for any choice of real nodes (*). In the present paper we first extend 

the result to Abel-Hermite-Birkhoff (AHB) matrices and then to weakly q - H matrices. The AHB 

matrices form a subset of weakly q - H matrices and it is shown that an interpolation problem cor

responding to a weakly q - H matrix is poised if it satisfies condition (P ). Some classes of matrices 

are shown to correspond to poised interpolation problems without being weakly q - H. The results do 

not seem to extend easily to trigonometric interpolation. (Received October 5, 1967 .) 

68T-17. JOHN DAUNS, Tulane University, New Orleans, Louisiana 70118. Representation of 

[-groups and f-rings. Preliminary report. 

Let A be an f-algebra over the rationals Q, with 1 E A and B its maximal l-ideals with n B = 
{o}. Define 7r: E = U {A/MIME B}----> B, 7t-\MJ = A/M; for a E A,~: B---> E by a(M) =a+ ME A/M. 

Set A = {3:1a E A j. Proposition. There are unique minimal topologies on E and B subject to (1) 7r and 

(2) all a E A are continuous. The [-group r(B,E) of all continuous cross- sections u: B --> E, 1!"• u = 1, 

need not be a ring. Additively, A and r(B,E) are topological groups which are not necessarily Haus

dorff. Consider the following hypotheses: (a.) 1 :;>a E A* = {a E Allal < rl, some 0 < r E:Q} 

implies 1/a E A*; (a.') 1 ;;>a E A implies 1/a E A; ({3) A is complete. Lemma. If (a.) holds, these 

conditions are equivalent, (1) A* is archimedean; (2) A is Hausdorff, (3) E is HausdorH. Theorem. 

Consider A~ A~ r(B, E), then (1) (a.) implies A is dense in f(B,E). (2) ({3) implies A= r(B,E). 

(3) (a.') implies all A/M, ME B, are totally ordered division rings. A converse Theorem also holds. 

(Received October 4, 1967.) 

68T-18. K. J. C. SMITH, University of North Carolina, Chapel Hill, North Carolina 27514. 

On the rank of incidence matrices in finite geometries. Preliminary report. 

(For terminology, see R. D. Carmichael, Introduction to the theory of groups of finite order, 

Dover, New York, 1956.) Let Nt,d be the incidence matrix of the points and d-spaces in PG(t,q), 

where q is a prime power, say q = pn, and t ;?; 2, 1 :;> d :;> t. Representing the points as the elements 

1 = a. 0 , a., ..• ,a.v-l, where a. is a primitive element of GF(qt+l) and v = (qt+l- 1)/(q- 1), Nt,d is given 

as Nt,d = (nij)' where nij = 1, if the point a.j is incident with the d-space, Li' i = 0,1, .•• , b- 1 and 
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j = 0,1,, .. , v- 1, where b = (qd+ 1 - 1)/(q- 1); and 0, otherwise. The rank of Nt,d' over GF(q), is 

denoted r(t,d,q). Formulas for r(t,t - 1, q) and r(t,d,p) are given. An upper bound is obtained for the 

general case of r(t,d,q). Similar results are obtained for the incidence matrix of points and d-spaces 

in EG(t,q), in which one point and all d-spaces incident with this point are omitted. (Received 

October 13, 1967.) 

68T-19. WITOLD BOGDANOWICZ and MARTHA MATTAMAL, Catholic University of America, 

Washington, D. C, 20017. Representation of noncomplete Lebesgue integrals. 

A real-valued functional J is called a Lebesgue integral if its domain D(Jl = L consists of 

real-valued functions on a space X and the following conditions are satisfied: L is a linear lattice 

satisfying the Stone condition, i.e. L is a linear space and f n g, f n 1 E L for all f, g E L; J is a 

finite valued positive linear functional such that if fn E L, fn(x) ?; 0 on X, f(x) = L~=1fn(x) < oo 

for x EX and L~:1 ffn < oo, then f ELand Jf = L:=1 Jfn. Let v be any upper complete volume on a 

prering V. Then the smallest extension of the volume v to a measure p. can be given by the formula: 

M ={A: A = U~=1 An• An E Vj, and p.(A) = Sup{v(B): B C A, B C A, B E Vj for A E M. Theorem. 

Let J be the Lebesgue integral and v the upper complete volume: v(A) = fcA• where cA E D(jJ, and 

p. the smallest measure extending v. Then D(Jl = L(P.,R) = L(v,R) n M(p.,R) and Jf = Jfdp. = jfdv for 

all f E D(jJ, where M(p.,R) is the space of measurable functions generated by the sigma-ring M as 

defined for instance in Halmos, Measure theory, and L(v,R) is the space of v-summable functions. 

For definitions see Bogdanowicz, Proc. Nat. Acad. Sci, U.S.A. 53 (1965), 492-498 and Proc. Japan 

Acad. 43 {1967), 286-289. L(p.,R) denotes the classical space of finite-valued Lebesgue summable 

functions without identification of functions equal almost everywhere. (Received October 17, 1967 .) 

68T-20. FRANK FORELLI, 401 Wayland Avenue, Providence, Rhode Island 

02906, What makes a positive measure the total variation measure of an analytic measure? 

Let w be a unit vector in RN (R is the real line and N is greater than 1) and (to make things 

interesting) assume that the half-line R+w does not meet ZN (R+ is the set of positive real numbers 

and Z is the integer group). A complex Borel measure A on TN (Tis the circle group) is called 

analytic (relative tow) if its Fourier coeffiCients A(n) are 0 for each n in ZN with (niw) negative 

( ( xjy) is the inner product of the vectors x and y ). Now in addition let p. be a positive Borel measure 

on TN, and for each tin R let Mt be the closed linear span in L 2(p.) of the characters exp(i (nl )) with 

( nlw) greater than t. Then it is easy to see (and known) that when p. is the total variation measure 

of an analytic measure: ( *) just the function 0 belongs to all of the subspac es Mt (t in R). Theorem. 

Assume (*). Then there is a Borel function g on TN with 0 < jgj ;!; 1 there and gp. analytic. When p. is 

absolutely continuous with respect to Haar measure on TN, this is a Hel!lon and Lowdenslager 

theorem (Prediction theory and Fourier series in several variables, II, Acta Math. 106 (1961 ), 

175-213). (Received October 13, 1967,) 
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68T-21. OSWALD PETRUCCO, 14-C Woodland Terrace, Columbia, South Carolina. An 

algebraic approach to axiom systems. 

Let W = (Pi, i in J j be a collection of axioms, indexed by the finite set J. We say that a cate

gory K is stable with respect to W if (a) the coproduct T of any family F of objects from K is an 

object of K and (b) T satisfies axiom Pi if and only if each member of F satisfies Pi. Now let Z~ 
denote the semigroup of all functions mapping J into the set z2 of integers modulo 2. We construct 

a subset S[WJK of Z~ in the following way: an element r of zi will belong to S[WJK whenever there 

exists an object 0 from K with the property that for any i in J we have r(i) = 1 if and only if 0 satisfies 

axiom Pi. We say that the pair (K,W) gives rise to a complete theory if for any category L which is 

stable with respect to W the members of S[WJL are found among those of S[W]K. Theorem 1. S[W]K is 

an idempotent semigroup containing a uniquely determined subset [w]K of independent generators. 

Theorem 2. If the pair (K, W) gives rise to a complete theory then W is a consistent set of axioms if 

and only if [WJK contains the unit element of Z~. Theorem 3. If W is a consistent set of axioms 

and if the pair (K,W) gives rise to a complete theory, then the axioms of W are independent if and 

only if [W]K has exactly n + 1 elements. (Received October 17, 1967.) 

68T-22. ERWIN KREYSZIG, University of Dusseldorf, c/o Mathematisches Institut, University 

of Dusseldorf, Germany. Minimal exponential operators. 

It is shown that the class of exponential operators, defined by u = Af = f_ 11g(z, z-*,t)f(.6) 

.(1- t2 )-l/ 2dt, p = z(l - t2 )/2, g(z,z*, t) = exp L~=Oqa.(z,z*)ta., f analytic, for generating solutions u(z,z*) 

of a partial differential equation Lu = Uzz* + b(z,z*)uz* + c(z,z*)u = 0 contains a "minimal operator" 

Ao, having a smallest number of not identically vanishing terms in the exponent of g. This leads to a 

simplification of the theory of exponential operators (cf. S. Bergman, Integral operators in the theory 

of partial differential equations, Springer, Berlin, 1961) and its applications to the coefficient problem 

for series representations of those solutions u(z,z*). For given L, the operator A0 is unique and can 

be obtained explicitly. (Received October 17, 1967 .) 

68T-23. M: B. SLATER, University of Hawaii, Honolulu, Hawaii 96822. Some radicals for 

alternative rings. 

Let R be an alternative ring, B(R) its Baer (nilpotent) radical, L(R) the sum of all locally nil

potent ideals of R, and K(R) its Koethe (nil) radical. (i) If 2x = 0 implies x = 0 for x of the form 

ab•c - a•bc, then L(R) is itself locally nilpotent, and R - L(R) has no nonzero locally nilpotent right 

or left ideals. Hence (ii) under the same restriction B(R) <:; L(R) <:; K(R). L(R) may justly be called 

the Levitzki radical of R. Now let V(R) be the largest ideal of R which is contained in its nucleus, and 

sel: R' = R- V(R). Then (iii) L(R') = K(R'). (iv) If 3x = 0 implies x = 0 for x of the form ab•c- a•bc, 

then B(R') = L(R') = K(R'). (Received October 17, 1967.) 
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68T -24. M. MAKKAI, Hungarian Academy of Sciences, Budapest, V. Realtanoda u. 13-15. Hungary. 

Preservation theorems for infinitary logic. 

By an extension of a method of L. Henkin and R. M. Sm:Jllyan analogues for L(w1,w) of results 

of H. j. Keisler (J. Symbolic Logic 30 (1965), 339-349) and some related results are proved. Example. 

Let (vij : i,j < w) be a doubly indexed set of variables, P a binary predicate symbol. Let f be the 

least set of formulas of L(w1,w) such that (i) vij ""vkl' Pvijvjkl' Pvijvk.li\1Pvmjvnl' vij ""vkl 11 1Vmj 

= vnl Ef for all i,j,k,/,m,n < w; (ii) r is closed under conjunction, disjunction, and universal 

quantification; (iii) if F E f, i,j < w and vkj does not occur freely in F for any k F i then 3 vif E f. 

Let F, G be sentences of L( w1, w) containing only P as nonlogical constant. Theorem 1. If for any 

structures A, B, C, A = B XC and A f. F imply B f. G then there is a sentence H in r such that F I= Hfo G. 

_!heore~ 2. For any sentence F in L(wl'w) there is a set ~ of sentences of L(wl'w) such that the 

class of countable substructures of models of F is identical to the class of countable models of ~ .• 

(Received October 9, 1967.) 

6BT-25. OYSTElN ORE, Yale University, New Haven, Connecticut, and JOEL STEMPLE, 

Queens College,.City University of New York, Flushing, New York 11367. On the four color problem. 

It is shown that a planar map not colorable in four colors must have at least n = 40 countries. 

This improves on the result n = 36 due to C. E. Winn (1938). The rather elaborate calculations are 

based upon the Euler contributions of the faces in an irreducible graph and upon three new reducible 

configurations. (Received October 13, 1967.) 

6BT-26. G. GRATZER and H. LAKSER, University of Manitoba, Winnipeg 19, Canada. 

Equationally compact semilattices. 

Let 19 = (S; V) be a semilattice, that is vis a commutative, associative, and idempotent binary 

operation on S. An equation in X over 19 is of the form a vxi0 vxi 1 v ... = bvxj0 v xj 1 v ••• , where 

Xio• xi1 , ... , Xjo• xj 1 • •.. E X, a, b E S. A set~ of equations is locally solvable if every finite subset 

of~ has a solution (in 19 ). Following J. Mycielski (Colloq. Math. 13 (1964), 1-9, see also B. Wegiorz, 

Fund. Math. 59 (1966), 289-298 and Colloq. Math. 16 {1967), 243-248) the semilattice 19 is equationally 

compact if for any set X, a set of equations 2: in X over 19 is locally solvable in 19 if and only if it is 

solvable in 19. Further, 19 'is n-equationally compact if the same condition holds, provided lXI ~ n. 

Theorem l. A semilattice ~ is equationally compact if and only if the following three conditions hold: 

(i) 19 is join-complete; (ii) any chain C in 19 has a meet; (iii) if a E Sand C is a chain in 19, then 

a V /\(xlx E C)= /\(a V xlx E C). Theorem 2. Any !-equationally compact semilattice is equationally 

compact. (Received October 19, 1967 .) 

68T-27. A. L. RUBIN and]. E. RUBIN, Purdue University, Lafayette, Indiana 47907. Extended 

operations and relations on the class of ordinal numbers. Preliminary report. 

We have extended results of j. Doner and A. Tarski (An extended arithmetic of ordinal 

numbers, Fund. Math. (to appear)) and obtained some additional properties of the operations, O'Y. 

Definition 1. For each a, (3 EOn, a o0 f3 =a+ /3; if 0 < 'Y EOn, a Oy/3 = U 11 < f3, t<-y{a O'Y11)0ta. 
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Definition 2. For each a.,fJ,'Y EOn, a. R'Y f3 iff (3o) (o > 0 &a. O'Y o = {3). Our results include the 

following: Theorem 1. If 'Y is a limit ordinal then (On', R'Y ) (On' =On ~ j 0 ll is a complete 

latt'ce and each proper branch (i.e. j.{J: a. R'Y fJl for some a. !1:: 2) is isomorphic to (On, ~ ) • 

Theorem 2. If A= ja.: a. O'Y f3 = o l for some ordinal numbers (3 > 0, "(,and o then U A R'Y o. 
Moreover, given a., fJ, and "(,we have obtained necessa1; and sufficient conditions on a.' for the 

equality a. 0y {3 =a.' O'Y {3 to hold. (Received October 20, 1967.) 

68T-28. R. E. HARTE, University College of Swansea, Singleton Park, Swansea, Wales, Great 

Britain. Tensor products of normed modules. 

The 'mixed identities' of homological algebra are stated and proved for normed modules, 

together with associative and distributive laws. As an immediate application, the dual of a tensor 

product is represented as a space of operators, at once generalizing a theorem of Schatten and a 

theorem of Dixmier. Identification of products Lp ®L 00 Lp as being of the form L r leads to the result 

that the bounded L 00 -linear mappings from Lp to L r consist of the L q-multiplications, and in particular 

that L 00 is 'maximal abelian' on each of the spaces LP. The attempt to represent products of the 

form ..Q(E, G) ®_Q(E,E)..Q(F,E) as subspaces of ..Q(F,G) leads to some of the theory of 'centralizers', 

and also to som.~ 'noncommutative' analogues of the results about the integration spaces. (Received 

October 23, 1967.) 

68T-29. D. j. HEBERT and H. E. LACEY, NASA-MSC-ED13, Houston, Texas 77058. On 

supports of regular Borel measures. 

Let X be a compact Hausdorff space. The existence of a regular Borel measure whose support 

is X imposes definite structures on X, C(X), and C(X)*. In this paper a necessary and sufficient 

condition is given to insure that X is the support of a regular Borel measure. This is given in terms 

of the intersection number of a collection of open sets in X. Measures which vanish on a sigma ideal 

of a sigma field of subsets of X which contains a basis for the topology of X are also considered. In 

particular, necessary and sufficient conditions are given to insure the existence of a nonatomic 

regular Borel measure whose support is X. The final section of the paper is devoted to a study of 

normal measures, i.e., measures which vanish on meager Borel sets. Normal measures on X are 

shown to be related to normal measures on the projective resolution of X. (Received October 23, 

1967.) 

68T-30. SHAIR AHMAD, Case Western Reserve University, Cleveland, Ohio 44106, EPlit 

dilations of finite cyclic groups. 

Let C be a cyclic group of order IC I= de, d and e positive integers. Let w be a fixed primitive 

eth root of )lnity of C, and let U~~ = lx E C lxd = wr 1. Let Kde denote the set of mappings of the form 

x f->a.rx (xEu~~. r = O,I, ... ,e- I), where the a.rare elements of U~~>. Let Kde denote the set of 

permutations of the above form where the a.r are arbitrary elements of C. Kde and Kd are finite 
e 

groups of orders de and e!de respectively (see Wells, Monatsh. Math. 71 (1967), 248-261). Theorem 1. 

An element ¢ of Kde has a cycle of length K if and only if there exists ~ E C such that ¢(~) = 

wm~ and k = d/(d,m). Theorem 2. Let Ade denote the alternating group on C. Then Kde is a sub-
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group of J\te if and only if dis odd, ]'_!l_e_grem 3. If IC I= d 1e 1 = d2 e 2 , then Kd 1e 1 n Kd 2e 2 Kde• 

where d = [Sl 1 ,d2J and e = jC I/ d. Theorem 4, Let H be the set of elements of K of the form 
---- de 

xi~ ax (x E C), and let H 8 be the subgroup of Kde whose elements fix U~~) elementwise. Then 

Kde/H is isomorphic to Hs. (Received October 23, 1967.) 

68T-3l. PEl LIU, Virginia Polytechnic Institute, Blacksburg, Virginia 24061. Some 

properties of dependence space. 

A dependence space (X, if) is a set X together with a collection (t'of nonempty finite subsets 

of X satisfying the axioms: (AEtJ if E and F are distinct members of if and x E E n F, then E U F -

I x l has a subset belonging to if. {AE 2 ) if e E E but e EE F, then e is in such a subset. {AE 1 ) is called 

the elimination axiom by Robertson and Weston {Proc. Edinburgh Math. Soc. 2 {1959), 139-141). 

In the following, A, 8, and C will denote subset of X. A set A is .9-independent iff A has no subset 

which is a member of if. An element x in X is 9-dependent on A, written x .9A, iff x E A or there 

is a subset A 1 of A such that lxl U A1 E if. A set B is .9-dependent on set A iff for every bE B, 

b9A. Theorem 1. Every set A contains a maximal {w.r. to inclusion) 9-independent set, 

Theorem 2. If J¥'1 is a maximal 9-independent subset of A, then A .9A 1 • Theorem 3. If A 9B and 

B 9C, then A !lie. Theorem 4. Let A and B be _01-.Jndependent sets, then A .9B and B 9A implies that 

A and B have the same cardinality. Without AE 2 , the transitive property of 9; Theorem 3, does not 

hold. For example, let X = la,b,c,d land define if= llcl, /d l• la,bl, la,c,d ll· This space X 

satisfies AE1 but not AEz, since l b l 91 a l and I a l 9 I c,d l• but I b l does not depend on /c,d l· 

{Received October 9, 1967.) 

68T-32. jULIAN GEVIRTZ, Courant Institute of Mathematical Sciences, 251 Mercer Street 

New York, New York 10012. Metric conditions that imply local invertibility. Preliminary report. 

Let En ben-dimensional Eucliciean space, G C En be open and f: G---> En. Let sn- 1 

lx E En: llxll = 11. D+f{x) and D-f{x) are respectively, the upper and lower limits of 

Jl f{x)- f{y)Jj/ llx- Yll as y ---> x. jf{x) is the jacobian determinant off wherever defined. Theorem I. 

Let n = 3. Let {1) o+f{x) ~ M < oo for all x E G, {2) D-f{x) ~ m > 0 for all x E G, {3) jf{x) ~ 0 

a.e. in G, [f is differentiable a.e. in G by {1)] and {4) M/m < 2. Then f is a local homeomorphism. 

In {4), 2 may be replaced by no larger number. Theorem I follows from Theorem II. If g: s 2 ---> s 2 

has degree d ~ 2, then there is a rectifiable curve C on s 2 for which the length of f{C) is at least 

twice that of C. In E 2 Theorem I can be strengthened to: Theorem lll. Let n = 2. Let {l) and {3) of 

Theorem I hold. Let (5) D-f(x) > 0 for all x E G and (6) o+f(x)/D-f (x) ~ K < 2 a.e. in G. Then f is 

a local homeomorphism. The proof is based on the theory of quasi-confQrmal mapping. (Received 

November 1, 1967.) 
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68T-33. DONALD GREENSPAN, University of Wisconsin, Madison, Wisconsin. Numerical 

solution of steady state Navier-Stokes problems for all Reynolds numbers. 

A popular technique for the numerical solution of two dimensional steady state Navier-Stokes 

problems is moctified so as to apply for all Reynolds numbers. The key to the modification is 

to take a new analogue of the vorticity equation as follows. In - 4w0 + wi + w2 t w3 t w4 

+ h 2R \[<XI - X3)/(2h)]wy - [<x2 - X4)/(2h)]wx I· substitute wy = (w2 - Wo)/h if XI - x3 ~ 0, 

wy = (w0 - w4)/h if XI - x 3 < o, wx = (w 0 - w3)/h if x 2 - x 4 ~ o, wx = (wi - w0)/j if x 2 - x 4 < o. 
The resuitin?" difference equation is then diagonally dominant for all R. (Received October 30, I967.) 

68T-34. JOHN HUTCHINSON, University of Kansas, Lawrence, Kansas 66044. Strongly 

intrinsic extensions of left quotient semisimple rings. 

The problem of characterizing the left intrinsic extensions of various rings was stated by Faith 

(~ectures on injective modules and quotient rings, Rutgers University, ( I964)). For definitions, 

see (Faith and Utuni, Intrinsic extensions of rings, Pacific J. Math. I4 (I964), 505-5I2). If R is a 

subdirect sum of nonzero rings \ Ra.: a. E A I then the subdirect sum is essential if R (identifying R 

and its isomorphic image in Tia.E A R a.> is an essential left R-submodule of Tia.EA Ra.. Theorem 1. 

Let S be a left quotient semisimple ring. Then R is a left strongly intrinsic extension of S iff 

(i) S(R) is an essential subdirect sum of rings s1 and s2 (R 1 and R2 ) where Si ~ Ri; (ii) if R2 F 0 

then s2 = R2 where s2 and R2 denote the left classical quotient rings of s2 and R2 , and s2 is left 

quotient semisimple; (iii) if R1 1' 0 then there exists left Ore domains Si•····S~, Ri•····R~ such that 

s1 (R1 ) is an essential subdirect sum of the Si(RlJ and the Ri are left intrinsic extensions of the Si. 

Theorem 2. If R and S are left Ore domains and Q is the left classical quotient ring of Sand S ~ R, 

then R is a left intrinsic extension of S iff R ®s Q is a simple left R @S Q module. (Received 

October 30, 1967.) 

68T-35. R. A. SWEET, Cornell University, Ithaca, New York 14850. Approximation to the 

beam equation. 

The equation w(x)utt + (p(x)uxx>xx = 0, 0 < x < L, t > 0, where wand pare positive on [O,L], 

describes the free transverse vibrations of a beam with nonuniform cross-sectional area and moment 

of inertia. An approximation to the solution of this equation is obtained by the method of straight 

lines. The approximation has the form HU" + SU = F, where H is a diagonal matrix of positive 

elements, F is a vector depending on the boundary conditions, and S is a pentadiagonal matrix whose 

ith row has the form IPi-1'- 2(Pi-l+ Pi), Pi-l + 4pi + Pitl'- 2(pi + Pit!>• Pitrl• where Pi= p(xi) and 

I xif ~=I are the discretization points. Boundary conditions of the following form are considered: 

au(x,t) + b(puxxlx(x,t) = cux(x,t) + duxx(x,t) = 0, for x = 0 and x = L. With appropriate choices for the 

constants these conditions include all the normal conditions encountered. It is shown that under these 

boundary conditions, S is similar to either an oscillation matrix [Gantmakher and Kre!n, Oscillation 

matrices and kernels and small vibrations of mechanical systems, State Publishing House, Moscow, 

1950] or to one which possesses all the properties of an oscillation matrix except non singularity. 

(Received October 30, 1967.) 
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68T -36. LARRY EIFLER, Purdue University, Lafayette, Indiana 4 7907. The approximation 

property for some function algebras. Preliminary report. 

A Banach space B is said to have the approximation property if for each compact subset .5r of 

B and f > 0 there exists a continuous linear operator <I> of finite rank mapping B into B such that 

IJx- <l>(x)jj < f for each x EX. It was conjectured by A. Grothendieck (Mem. Amer. Math. Soc. 

No. 16 (1955)) that every Banach space has the approximation property and this conjecture remains 

open. Theorem. Let X be a compact subset of the plane whose complement consists of finitely 

many components and let R(X) denote the uniform closure in C(X) of the rational functions with no 

poles in X. Then R(X) has the approximation property. The proof follows from the original proof of 

Mergelyan' s theorem which states that R(X) equals the space of continuous functions on X which are 

analytic on the interior of X and a theorem of J. Dugundji (Pacific J. Math. 1 (1951), 353-367) on the 

simultaneous extension of continuous functions. (Received October 30, 1967.) 

68T-37. A. G. FADELL and K. D. MAGILL, JR., State University of New York, 4246 Ridge Lea 

Road, Buffalo, New York 14226. Automorphisms of the semigroup of all polynomial functions over 

the reals. 

9 denotes the semigroup, under composition, of all polynomial functions over the field of real 

numbers. Theorem. Every automorphism of 9 is inner. Corollary. The automorphism group of 9 

is isomorphic to the group of all ordered pairs of real numbers (a,b) where a 1' 0 and multiplication 

is defined by (a,b)(c,d) = (ac, ad+ b). (Received October 25, 1967.) 

68T-38. H. H. CRAPO, Massachusetts Institute of Technology, Cambridge, Massachusetts. 

Mobius inversion in !attic e. 

Consider functions f from a finite lattice L into a ring R and define an upper difference operator 

E by Ef(x) =I;. < J.L(x,y)f(y), a lower difference operator D by Df(x) =L . < f(y)J.L(y,x), where J.Lis y,X=Y y,y=x 
the Mobius function J.L = t- 1 of the lattice L (G.-C. Rota, On the foundations of combinatorial theory, 

Zeits. Wahrsch. 2 (1964), 340-368). Theorem. For every supremum-homomorphism u from a finite 

lattice P into a finite lattice L, and for any functions f: P----> R, g: L----> R, LxEP Df(x)g(u(x)) = 

LyELf(u~(y))Eg(y) where ~(y) =sup {x;u(x) ~ yj. Applying the above theorem to the lattice of 

intervals of a finite lattice, ordered by inclusion, we find q0 - q1 + q2 - ••• = IJL(0,1)- J.IL(0,1) + 

L j(X n [x,y], Y)J.L(O,x)t(x,y)J.L(y,1), where qk is the number of k-element subsets A of X such that 

inf A = 0, sup A = 1. If X is a cross-cut of L and Y =<I>, the above formula becomes the cross-cut 

theorem (Rota, op. cit.). If X = L and Y is the set s.L of complements of a fixed lattice element s, 

then the above formula becomes the complementation theorem (H. H. Crapo, J. Comb. Theory 1 

(1966), 126-131). (Received October 30, 1967.) 
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68T-39. T. S. SHORES, University of Kansas, Lawrence, Kansas 66044. A note on classes of 

Theorem. The only nontrivial group theoretic class that is closed under the operations of 

taking subgroups, quotients, cartesian products and finite normal products is the class of all groups. 

The theorem is false if any one of the conditions on the class is omitted. (Received October 30, 1967.) 

68T-40. LUDVIK JANOS, University of Florida Gainesville, Florida 32601. On s_clf-maps 

which have a unique fixed point. 

Let S be a topological semigroup acting on a topological space X. Let F C S be the set of all 

elements in S which have a unique fixed point in X, i.e. s E F iff there exists exactly one x E X such 

that sx = x. If we put x = f( s) we have defined a map f: F _, X, and it arises a question under which 

conditions f is continuous on F. Theorem. If X is compact and metrizable and S = Xx endowed with 

the compact-open topology, then the mapping f: F _,X is continuous on F. Corollary. Let M denote 

the set of all metrics on X inducing the given topology. Let u E (0,1), \ E M, let S(u, \)be the semi

group of all a-contractions on X with respect to \ E M. Then because of S(u, \) C F C Xx for each 

u C (0,1) and \ E Mit follows that fixed points vary continuo~sly 04 the family U !S(u,\)]u E (0,1), 

\ E Ml of all contractio;,s on X. (Received November 2. 1967.) 

68T -41. J. S. BAKSHI, State University College, Buffalo, New York 14222. Solution for 

nonlinear deflections in an elastic presurized spherical shell under diametrial compression. 

The load P acting toward the center forms a surface with reversed curvature which increases 

with an increase in load. Displacements no longer remain small. To avoid the nonlinearity small 

increments to normal load P are applied. A simultaneous solution of equilibrium equations for ele

ment ds = R1 dpRdiJ in direction of P, stress strain relations and strain displacement relations 

EIJ = (l/ R2 ) (up cot p t uR) EP = uR;R1 t (l/R1 )8upj8p t (l/2)((l/R 1 )(8uR/BpJf we solve for uR and 

up. By adding uR and up to R 1 and R2 initial radii of curvature one finds new radii of curvature. 

Next the load is increased slightly by t.P so that linearity is preserved and new uR and up are found 

as before. These are adc1ed to the new R1 and R2 thus finding the shape of the deformed shell. 

(Received 0-:tober 31, 1967.) 

68T-42. JOHN HAYS, University of Maine, Orono, Maine 04473. Introduc_t:~on to hypernoolean 

systems. III: Finite anc1 transfinite fields; vector spaces and their duals. 

Given hyperbooleans _Si'J("bibooleans") constructed from boolean pairs (Abstract 67T-575, 

these cNotiaiJ 14 (1967), 527), define /B 1 B2 = B 3 <=> B2 I fl 1\ B1 = () B2 B 3• Theorem 7 ("division 

algorithm''). 'tB 1 , B2 C .Si'J: B 1 C B2 3! 8 3,84 : B2 = U () B 3B1B4 /\fl C B4 ~ B1. A biboolean 

atom has form (L,fl ), for La boolean atom. Theorem 8. For any chain subset Sf of~. (Sf, ;= , U) 

is an abelian group iff c 1 ;= C 2 (modC3)<=> 3! C4: \ C1C2 

(Jtf', ;= , U, n) is a (finite) field. We construct quabooleans 

() C 4c 3; for any atomic modulus 

fl= '~X Si'J. Ql = (Bl1• 8 J2) ~ Q2 
:J 

<82l'B22> ¢'? ()8ll822 = nB12821. UQJQ2= <Un ()Bll822BI2B2l' nB12B22 ).\QJQ2 = 
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( n B11 B22• n B12B2 1 ) (\ Q2 f- !J. Theorem 9. (9, U n) is a field. Form 9 -n-·tuples lZ with 
' n 

9-operations. Theorem 10. 9n is a vector space over a 9-field. Form appropriate "linear func

tionals" in 9n· Corollary. The set of linear functionals of gn is a dual space of 9n• (Received 

November 2, 1967.) 

681-43. EDGAR KRAUT, STAVROS BUSENBERG and WILLIAM HALL, Science Center of the 

North American Rockwell Corporation, 1049 Camino Dos Rios, Thousand Oaks, California 91360. 

On an additive decomposition of functions of several complex variables. 

The extension of the Wiener-Hop! technique to functions f(z 1 , .•• ,znl of m~re than one complex 

variable requires an additive decomposition of these functions which appeared to have been given by 

Bochner (Amer. j. Math. 59 (1937), 732-738). Bochner's theorem states that: if f(z 1 , .•• ,zn)' 

zj = xj + iyj, is a~alytic in a tube T: 'Yi < xi< op i = 1,2,. .. ,n, and if I::··· Jlt12dy1 · ••. dyn converges 

in T, then f = L~=1 fi• such that the fi are analytic and bounded in octant shap-ad tubes Ti containing T. 

Moreover, the decomposition is unique up to additive constants. Here f 1 is analytic and bounded 

in T.r: xi > 'Yi• i = 1,2, ••• ,n, and f2 in T2: xr < Op Xj > 'Yj• j = 2,3, ••• ,n. Let g(z2,z3, ... ,znl = 

nn )-1 "'2n •• .,..2n f ' f_' f f' f j=2(zj- 'Yj + f , f > 0, and construct the sum .L..i=r'·i = .L..i=l i' W11ere J. = 1 + g, 2 = 2 - g, 

f~ =f., j = 3 ,4, ... ,2n. The f~ are bounded and analytic in the proper tubes T., and yet they do not differ 
J J 1 1 

from the fi merely by a constant. This counter-example destroys the uniqueness claim of Bochner 

and renders the extension of the Wiener-Hop! technique more difficult than has been suggested 

(see: Radlow, Bull. Amer. Math, Soc. 70 (1964), 596-599). (Received November 3, 1967.) 

68T -44. B. N. SA HNE Y, The University of Calgary, Calgary, Alberta, Canada. On the 

sum mability of a class of derived Fourier series. 

If f(u) be even, f(u) E (- 1r,1r) and defined by periodicity outside this range. Matrix summability 

of Fourier series has been discussed by Peterson (Proc. Amer. Math. Soc. 11 (1960), 994-998). Let 

lYx(u) = f(x + u)- f(x- u), g(u) = lYx(u)/(4 sin U/2). Theorem_. If (A) is a regular sequence to sequence 

triangular matrix such thatL~=O 1~2 An,kl = 0(1) and if (1/tlfbg(u)du is of bounded variation in 

(0,11") and g(u)----> 0 as u----> 0, then tn = 0(1). This generalizes a theorem due to Varshney (Boll. U. 

Mat. Italiana 16 (1961 ), 3 79-382) and includes a result due to Rath, as a partie ular case. (Received 

October 30, 1967.) 

68T -45. C. NASIM, The University of Calgary, Calgary, Alberta, Canada. A divisor summation 

formula. 

Let uk(n) represent the sum of the kth powers of the divisors of n. Consider the class of 

functions G~(O,oo), defined by j. B. Miller [Proc. London Math. Soc. (3) 8 (1958), 224-241]. If a 

function f(x) belongs to Gi+t' then there exists g(x), also belonging to G~+t' defined by g(x) = 

r:~ f(t) Xk(xt)dt, x > 0, where Xk(x) is a truncated Hankel kernel expressed in terms of the Bessel 

function h(x), Yk(x) and Kk(x). Further f(x) = J:~ g(t) Xk(xt)dt, x > 0. Theorem. If k is a real 

number greater than 1, .\ is an odd integer greater than k + 1 and Tis a real number greater than 
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k + 2, then limN--+ooiL~=luk(n)n (l/2)kf(n)(l- n/N)T- .W + k)J~x(l/2)kf(x)(l -x/N)Tdx 

f(l- k)j~x(l/2)kf(x)(cos 2=- I:~!ol)/4](- l)n(2=)2n/(2n)!)(l- x/N)Tdx I= 
limN--+oo {I:! 1 uk(n)n -(l/2)kg(n)(l - n/N)T - t(l + k)j~x(l/2)kg(x)(l - x/N)T dx - t(l - k)j~x -(l/2)k 

"[(k-1)/4] .¥1 2n T I 
· g(x)(cos 27rx - L...n=O (- !J (27rx) /(2n)!(l - x/N dx . Here t(x) is the Riemann zeta-function 

and [x] denotes the greatest integer not greater than x. (Received November 2, 1967.) 

68T-46. A. B. BUCHE, Center for Research in Probability, Mackenzie Hall, Wayne State 

University, Detroit, Michigan 48202. Approximation of semigroups of operators in Frechet spaces. 

In this paper approximation theorems for semigroups of operators in Frechet spaces are 

obtained which generalize the Banach space results of Trotter (Pacific J. Math. 8 (1958), 887-919 ). 

Let I be a Frechet space with a countable family of seminorms IP'Y' 'Y EI'I; and let {Inl be a 

sequence of Frechet spaces (with associated projections Pn: I -> In) approximating l. Let 

ITn(tl, t ~ ol be a sequence of semigroups of class (Col with associated resolvent operators 

/Rn(All; and let R(Al be a resolvent operator. A typical result can be stated as follows: If for· 

each x E l and 'Y Er, p'Y(x- Pnxl-> 0, p'Y(Tn(tlP~x) ~ M'Yp'Y(Pnxl, p'Y( ,\mR~(A)Pnxl :5 M'Yp'Y(Pnxl, 

and Rn(A)-> R(,\l densely, then strong limn-·-+OO Tn(tl = T(t), where IT(tl, t ~ ol is a semigroup of 

class (Col in I with resolvent operator R(A l. As a concrete example, an approximation problem is 

considered in the Frechet space of infinitely differentiable functions utilizing Chlodovsky' s generali

zations of Bernstein polynomials on an infinite interval (Compositio Math. 4 (1937), 380-393l. 

(Received November 5, 1967.l 

68T-47. N. M" RIVIERE, University of Minnesota, Minneapolis, Minnesota, andY. SAGHER 

University of Illinois, Chicago, Illinois 60680, On multipliers of trigonometric series. 

Let TR(xo l be the space of all periodic (27r) functions in Lp, satisfying I (1/ p l J:pjf(x + t) -

Pm(tlJPdtl 1/p ::> Apu where Pm is a polynomial of degree m, and m < u. Let t~(xol be the space 

of all functions in T~(x0 ) satisfying {<1/plj~pif(x + tl- Pm(t)jpdtl 1/p = o(P11 l, where m ~ u. These 

spaces were introduced by A. P. Calderon and A. Zygmund. Theorem 1. If ~j (.\nl = 0(1/nil for 

j = 0,1, ... , m + 2, and iff~ L Cneinx, At= LAnCneinx then: A preserves TR(x0l, t~(x0 ), for all u ~ m. 

Theor~~ 2. If ~iiA.nl = 0(1/njl for j = 0,1, ••• , m + 3, and if :Lcneinx converges (C,a.l almost every

where in E, a. ~ m, then so does LCnAneinx. (Received November 5, 1967.l 

68T-48. L. E. PURSELL, University of Missouri, Rolla, Missouri. Rings of continuous functions 

on open convex subsets of Rn. 

Let X and Y be open convex subsets of Rn, C(Xl and C(Y) be their respective rings of real 

continuous functions, and let .P: C(X)-> C(Yl be a ring isomorphism. We give a construction of the 

homeomorphism h: X-> Y such that Pf = f o h- 1 for all fin C(Xl which does not involve ideals. Using 

the theorems: (il A function in C(Xl can be uniformly approximated on X by a function in the subring 

C 00 (X) of infinitely differentiable functions in C(Xl (L. E. Pursell, Uniform approximation of real con-
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tinuous functions on the real line by infinitely differentiable functions, Mathem3.tics Magazine, (to 

app~ar)), (ii) Iff is in Cm(X) and (a 1 , ..• ,anl is in X, then there are fl•··.,fn in C 00 (X) such that 

f(q , ... ,rn) = f(a), ... ,an) + Lf=l (ri - ~ )fi(r 1 , ... ,rn) for all (r 1 , .•. ,rn) in X. (H. Whitney, Differentia-

bility of the remainder term in Taylor's formula, Duke Math. j. 10 (1943), 153-158.) and (iii) If 

aX and ay are the constant functions in C(X) and C(Y) respectively such that aX(p) =a= ay(q} 

for all points pin X and q in Y, then aX= ay (L. Gillman and M. Jerison, Rings of continuous func-

tions, Van Nostrand, 1960, p. 23 ); we show the desired homeomorphism h = (x 1 , ... ,xn) where 

x 1, ... ,xn are the coordinate functions on X. (Received October 5, 1967.) 

68T-49. H. B. KEYNES and]. B. ROBERTSON, University of California, Santa Barbara, 

California 93106. Ergodicity and mixing in topological transformation groups. 

The notions of ergodicity and (weakly) mixing as introduced by H. Furstenberg, Math. Systems 

Theory 1 (1967), l-51, are investigated with respect to eigenvalue properties of a related Banach 

algebra. Let X be a Baire Hausdorff space and -~(X) the algebra of complex-valued bounded functions 

whose continuity points are a co meager set provided with the pseudo-norm llfiJ = sup jjf(x)j: f continuous 

at x j. Then f = g a.e. when f and g are in the same norm -induced equivalence class. Theorems 

analogous to measure-theoretic ergodic theory are obtained when a homeomorphism ¢ acts on X. 

Sample results are: Theorem l. If¢* is the induced isometry on -~(X), then (X,¢m) is ergodic iff 

¢*(f)= At a.e. and Am= l implies f is a constant a.e. _Theo~::_em 2. If (X,¢) is weakly mixing and 

¢*(f)= Af a.e., then f is a constant a.e. A generalization of Furstenberg's construction in 

H. Furstenberg, Am.or. ]. Math. 85 (1963), 477-515, yields that if X is compact metric and (X,¢) is 

minimal, then (X,¢) is weakly mixing iff the only eigenvalues for¢* are the constants. Generalizations 

of this last result with more com?licated conditions are obtained. Applications to topological 

dynamics are given. A sample result is: Theore~ 3. If X is a connected, simply-connected, compact 

metric space and (X,¢) is minimal, then(X,¢) is mixing. (Received November 6, 1967.) 

68T-50. R. C. COURTER, Wayne State University, Detroit, Michigan 48202. Rings over which 

every right module in rationally_c~_rnpl<:_~· 

Findlay and Lambek proved that a module is rationally complete (rational completeness is a 

weak form of injectivity by definition) if and only if it has no proper rational extension (Canad. Math. 

Bull. l (1958), 156). An R-module M is a rational extension of its submodule Y if and only if 

HomR(X/Y, M) = 0 for all submodules X of M containing Y. The following is a consequence of 

Theorem A, Abstract 649-15, these cNoticaJ 14 (1967), 818. Theorem. In order for a ring R with 

identity to be such that every unital right R-module is rationally complete, it is necessary and sufficient 

that R be the direct sum of a finite set of R-ideals Ri where for each i Ri is a ring of ni by ni m2.trices 

over a ring Si with identity element which satisfies (1) the nonunits of Si form a.n ideal and (2) every 

nonzero homomorphic image of Si has nonzero right socle. The proof depends largely on the fact 

that such rings have nil radicafs. (Received November 6, 1967.) 

204 



68T -51. jEROME DANC!S, University of Maryland, College Park, Maryland. When isotopic 
------

Theorem 1. Suppose I htlht:M _, Q, t E [0,1] lis an isotopy of a compact, topological m-mani

fold M .into a topological q-manifold Q, q- m ~ 3, such that ho(M) and h1(M) are locally-flat 

subsets of Int Q. Then there is an ambient isotopy I Ht/ Ht: Q _. Q, t E [o,l}j and a compact set A 

such that Ho = 1, H1ho = h1 and Ht!Q- A = l. Theorem 1 is a corollary of Theorems 2 and 3 which 

follow. Theorem 2. Let f be an embedding of a compact, topological m-manifold M :lnto a 

q-manifolcl Q, q - m <:: 3, and let f > 0 be given. Then there exists another embedding h of Minto Q 

such that h{M) is locally-flat in Q and d(f,h) < f. Theorem 3. Let f, M and Q be as in Theorem 2. 

Given an f > 0, there is a o > 0 such that if ho and h 1 are twa embeddings of into Int Q where 

ho(M) and h1 () are locally-flat, d(h 0 ,f) < o anCl d(h pfl < o, then there is an am':Jient isotopy 

I Ht/ Ht: Q ·-> Q, t E [0,1] l such that H0 = 1, H1 ho " h1 , d(Ht(x),x) < f for all x E Q and H ~x) = x 

whenever ct(x,f(M)) >for x E 8Q. Bryant and Seebeck's corollaries to Homma's proof that 

Theorem 2 is valid when M and Q are combinatorial manifolds, 8M '= fJ and h is a piecewise linear 

em':Jedding, play an important role in the proofs of Theorems 2 and 3. (Received November 13, 

1967 .) 

68T-52. R, P. AGARWAL, West Virginia University, Morgantown, West Virginia 26505. 

Certain basic integral op~rators and hypergeometric transformations. 

The object of this paper is to exhibit the pOf!Sibility of exploiting certain basic double 

integrals (as defined by W. Hahn, Math. Nachr. 2 (1949), 340-379) to find interesting integral 

formulae, series transformations and transformations between integrals for q-hyp.zrgeometric 

functions of one and two variables. In particular, the following two integral operators have been 

introduced M~:~ [<1>( -x,-y l] = fg> fg> <I>(- x, -y)xs- lyt-ld(q,x)d(q,y), np; ~, t, ;>.. [<l>(x,y)] >= 

{1/(l - q)2 JJ6J6 yP- 1(1 - qy) 17 _1 xt-l(l - qx);>.. _1(1 - qa.xy)_a <l>(x,y)d(q,x)d(q,y). Suitable illustrations 

have been given to indicate the type of formulae one might obtain through su:h operators. (Received 

November 9, 1967.) 

68T-53. A.M. CHAK, West Virginia University, Morgantown, West Virginia 26505. 

Polynomial systems satisfying a special functional equation. 

Nielsen [Trait€ 1Hementaire des nombres de Bernoulli, Gauthier-Villars, Paris, 1923] and 

Ward [Ann. of M3.th. 31 (1930), 43-51] studied a set of polynomials IPn(x)j which satisfy the two 

functional equations (n = 0, 1, 2, 3, •.•• and a & b any complex numbers) P~(x) = Pn_ 1(x); 

Pn(ax t b)" TnP(x). Mne recently Sharma and Chak [Riv. Mat. Universita di Parma 5 (1954), 

325-337] and Al-Salam [q-Appel polynomials (in press)] studied the q-analogue of this set. It was 

a paper of Carlitz [Ann. Mat. Pura Appl., Ser. IV, 41 (1955), 359-373] which suggested the study of 

the properties of polynomial systems I Hn (x) l satisfying a functional equation (k a real number; 

n = 0, 1, 2, 3, ••• ) Dq IHn(x) l = Hn_ 1(qkx) where Dqf(x) "(f(qx) - f(x))/((q - l)x). In this paper we 

study these polynomial systems and also some subsets of this which have properties analogous 

to the regular sets of Nielsen and of Ward (for references see above). (Received November 9, 

1967.) 
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68T-54, E. E. GRAt-;lRER, University of British Columbia, Vancouver, B. C. Canada. 

Functional analytic properties of extremeley a~.enable semigroups, 

Sis an extremely left amenable (ELA) semigroup if there exists a multiplicative left invariant 

mean on the algebra of all bounded real functions on S, m(S). Theorem. The following are 

equivalent: (1) Sis ELA. (2) For any normed space X and each anti-representation of S as linear 

operators Ts: X----+X with IITsll ~ 1, dist(o,O(x)) =dist(o, Co O(x)) for all x EX, where O(x) = 

IT sx; s E S} and Co denotes convex hull. (3) For any ring A (not necessarily commutative) and 

any antirepresentation of S as ring homomorphisms Ts: A-+ A, linear span Ia - Tsa; a E A, s E S} 

U(Ts- 1(0); s E s}. (This set will necessarily be a two sided ideal.) (4) If A, Bare algebras of 

bounded functions on X, Y resp with 1 E A, 1 E B and if T s: A----+ A is an antirepresentation of S 

as algebra homomorphisms then the convex set of all linear T:· A----+ B with T <:: 0, Tl = 1 and 

TT s = T for all s E S has extreme points, all of which are m:~ltiplicative (generalising a result of R. 

Phelps in Trans. Amer. Math, Soc. 108(1963), 265-274), Several other functional analytic properties 

of ELA semigroups including a version of the Alaoglu-Birkhoff ergodic theorem for the ELA case 

have been obtained. (Received September 28, 1967 .) 

68T-55. N. SANKARAN, Queen's University, Kingston, Ontario, Canada. Henselization and 

rings of formal power series. 

A commutative ring R with identity is said to be Henselian at a maximal ideal M if R satisfies 

the Hensel's Lemma with respect to M, We prove Theorem 1. If R is a Henselian ring at the 

maximal ideal M1, M2, .. , then R[[X]J is also Henselian at the corresponding maximal ideal 

M1 R[[x]] + xR[[x)], ... where R((x]J denotes the ring of formal power series in x on R. Theorem 2. 

If P is a prime ideal of R and P is the prime ideal of R[[x]] lying over P then the Henselization of 

R[[x]] at Pis isomorphic with Rp[Lx]J where Rp is the Henselization of Rat P, (Received 

November 6, 1967 .) 

68T-56. G. H. PlMBLEY, University of California, Box 1663, Los Alamos, New Mexico 

87544. A comparison of two conditions against secondary bifurcation of eigenfunctions of Hammer-

stein operators. 

Let K(x,y) be an oscillation kernel, and consider the problem Xw(x) = J6K(x,y)f(y,w(y))dy, 

where f(x, -w) =- f(x,w), ~(x,w) > 0, wf~ (x,w) < 0, limw_,00(f(x,w))/w = A(x) > 0, The problem of 

secondary bifurcation of the branches of eigenfunctions was introduced in an earlier abstract 

1!\bstract 639-5, these c){oticei) 13 (1966), 830; see also J, Math. Mech, 12 (1963), 577]. The first 

condition states that there is no secondary bifurcation of the pth branch if f(x,w) is such that 

wf'w(x,w)/f(x,w) > Ap, 0 ~ w < oo, where lip= SUP!11E st p.rJ.K.IIl/11-p-l(K,~). st = rPIIIIIII = 1, 

111 E C(O,l ), II <:: 0], and the maximum is assumed for p = ~. Here P.p(k,ll) is the pth eigenvalue of 

the operator JbK(x,y)ll(y) •dy. Now let f(x,w) = ll(x)g(x,w), where limw-.o(g(x,w))/w = 1, 

lim w_,00(g(x,w))/w =A, a constant. For any II E s!, the second condition against secondary 

bifurcation of the pth branch requires that A > p.p(K,II)/p.p-l (K,II). lf II =~.the first condition is 

less restrictive than the second. If the second condition is satisfied for f(x,w) = ll(x)g(x,w}, and 

P.p(K,$)/p. p-l(K,p} ~A, then likewise the first condition is less restrictive. (Received November 6, 

1967.} 
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68T-57. B. P. GELBAUM, University of California, Irvine, California 92664. Fibre bundles 

and tensor products. 

Let E be a fibre bundle with fibre A, a commutative Banach algebra, base X, a compact 

Hausclorff space and group .s¥, the set of isometric C-algebra automorphisms of A. The set f(E) 

of continuous se.::tions is a commutative Banach algebra in a natural (sup-like) norm and the 

maximal ideal space .LJ' (E) in the hull-kernel topology is a fibre bundle with fibre .LA, in the 

hull-kernel topology, base X and group .M'of auteomorphisms of .LA in the hull-kernel topology. 

Since E is locally A XU, U, a closed neighborhood in X, f(E) is locally C(U;A), which for a suitable 

tensor product norm a. is AIXia C(U). Since C(U) is C(X)/N(U), where N(U) is the ideal of functions 

vanishing on U, we are led to a fibre-tensor bundle notion: A Banach algebra D obtained from (i) a 

pair A and B of commutative Banach algebras, (ii) a family lrl of closed ideals such that int h(l) I' f), 

U1 int h(l) = ..£8 , (iii) identifying elements in the disjoint union of the A IXi a. 8/ by means of a co cycle 

of transition maps glj in J4f (the last defined iff int h(I) nint h(J) f f)). Then ..£0 is a fibre bundle 

with fibre A, base ..£8 in the hull-kernel topology and group d. (Received November 6, 1967.) 

68T-58. A. C. SUGAR, Bradley University, Peroria, Illinois 61606. The nature of a crucial 

inadequacy in the theory of relativi~. 

If a point of light A moves to the left from a point source S and a point B simultaneously 

moves to the right, then the rate of separation of A and B is 2c, twice the velocity of light. We 

conceive of the notion of a set V of inviolate intuitions and construe the above phenomenon as 

an inviolate physical intuition which belongs to V. Clearly intellectural chaos would be a consequence 

of taking the point of view that, because some are, all intuition are unreliable. The kind of intuitions 

one accepts in intuitive logic is much more sophisticated than the above inviolate physical intuition. 

Yet with the exception of the intuitionists, mathematicians accept all of them, and we here .::onstrue 

them to be inviolate intuitions. Nor can one take refuge in mathematical logic since we use intuitive 

logic to construct mathematical logic. Since the Lorentz factor (1 - v 2;c 2)-l/ 2 becomes complex 

for v > c, it is a theorem of relativity that no point can have a velocity with respect to another 

point greater than that of light. Furthermore, the Lorentz transformation measures the velocity of 

B relative to A as c, which contradicts the inviolate physical intuition. From this simple predictive 

failure we conclucle that relativity must be considered to be a mathematical theory. It is probably 

as consistent as any accepted theory of mathematics. However, if relativity interpreted as a physical 

theory cannot predict in the simple environment of our inviolate physical intuition, how can one 

rely on it to predict in complex environments? (Received November 7, 1967 .) 

68T -59. R. F. DE MAR, University of Cincinnati, Cincinnati, Ohio 45221. Uniqueness classes 

for periodic-type functionals. 

Let K be the class of entire functions of exponential type and let K[r!] be the setofF in K whose 

Laplace transforms are analytic on the complem·:mt of the simply connected domain >2. Let ILnl be a 

sequence of linear functionals defined on K [>!] by ( 1) Ln (F) = (21Ti) - 1 f f gn ( rJf( nd! where f ;;; >! 

encloses all singularities off, the Laplace transform of F, and each gn is analytic on >2. Then K [>!] is 

a uniqueness class for ILn j if F E K [>~] and Ln(F) = 0; n = 0,1 , •.• implies F = 0. The main result is 
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roughly that if ILnl is given by (1) with gpntk( n = hk( \)[W(\)]pn; k = 0,1 •...• p -1; n = 0,1, .•.• and if 

W(O) has the property that aW(O) = W(O) where a. is a primitive pth root of 1, then uniqueness depends 

on the univalence e>f Won It and the zeros of D.( t) = det(hk(Z(a.jW(l)))) where Z is the inverse of W. 

If W is univalent on 0 and Ln(F) = 0, n = O, 1, •.. for FE K[o], then F(z) =L~1 uj(z) exp(fj'jz) where 

the uj are polynomials of degree less than the order of the zero of D. at fj'j and (P'j) ~1 are all the 

zeros of D. in 0 other than the origin. This generalizes the author's result for gn(l) = [W(l)]n 

(Proc. Amer. Math. Soc. 16 (1965), 69-71). (Received November 6, 1967.) 

68T-60. K. R. MEYER, University of Minnesota, Minneapolis, M:~nnesota. An estimate on the 

number of periodic solutions of an ordinary differential equation. 

Let (¢titER be a one-parameter group of diffeomorphisms of a compact Riemannian manifold 

M. Let 0 be the set of nonwandering points. The set 0 has a hyperbolic structure (U structure) with 

respect to ( Pt} if there exists a continuous splitting of the tangent spaces T p = E~ E& E~, p E 0 such 

that d¢t: E~ --->E~ and dpt: E~---> E~; q = Pt(P) and lldPt(u)ll ~ Ce!LtJJull, u E E~; IIPt(v)ll ~ c- 1e-!Ltllv1J, 

v E E; where C and !L are constants 0 < C < 1 and J.L > 0. !heorem. If (¢t) has a hyperbolic struc

ture on the set o_f nonwandering points then there exist constants K and /3 such that the number of 

periodic orbits of (!'It} of period less that Tis less than Ke/37 • (Received November 5, 1967.) 

68T -61. H. D. KAHN, Louisiana State University, New Orleans, Louisiana 70122. Covering 

semigroups. II. 

This paper contains results on covering semigroups additional to those announced in Abstract 

67T-377, these c}/oticeiJ 4 (1967), 531. Let (S,¢) be a connected, locally connected covering semi

group of the semigroup S with 1 the identity of S lifting toT the identity of S. Then¢ induces a bi

jective correspondence of the W. Y, .9P, :;», and/ classes of S with the W, Y, .9P, :;», and /classes 

of S, respectively. Let H be an lff-.class inS and H = ¢- 1 (H) the corresponding .s':«-class inS. 

If r(H) and r(H) are the left Schiitzenberger groups of Hand H, then there exists a natural epimor

phism IJ: r (i'f) ---> r(H) with kernel isomorphic to P(S), the fundamental group of S. If K is the minimal 

ideal of S, then K = ¢- 1(K) is the minimal ideal of S. If K is a retract of S, then K is a retract of s. 
Moreover, (K,¢ jK) is a simply connected covering space of K, and the fundamental groups of S and K 

are isomorphic. If K is also iseomorphic to a topological paragroup [X,G,Y]u (Hofmann and Mostert, 

Elements of compact semigroups, Merrill, 1966), then P(S) is isomorphic to P(G), the fundamental 

group of any maximal subgroup of K. (Received November 6, 1967 .) 

68T-62. ]. W. BRACE, University of Maryland, College Park, Maryland 20742, G. D. FRIEND 

and P. ]. RICHETTA, Lehigh University, Bethlehem, Pennsylvania. Locally convex topologies on 

function spaces. 

Every locally convex linear topology on a function space of scalar valued linear functions 

can be represented as convergence on a family of filters, each filter being composed of subsets from 

the domain. Application of this result to a dual pair of linear spaces gives the satisfying result that 

every locally convex topology on a member of the dual pair can be represented as convergence on a 

family of filters, each filter being composed of subsets from the other member of the dual pair. 
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Spaces of nonlinear and/or vector valued functions are treated by reduction to above case. The con

cept of convergence on a filter was originally presented by the first author in the Illinois J. Math. 9 

(I965), 286-296. Convergence on a family of filters is developed in analogy with the theory of uniform 

:onvergence on a family of sets. Uniform convergence remains as a special case of convergence on 

filters. Representations of the Weak and the Mackey topology are obtained. (Received Novem~er 7, 

I967.) 

68T -63. A. P. STONE, University of Illinois, Chicago, Illinois 60680. Higher order conserva

tion laws. 

Let 5i' be the localization of the A-module of differential forms on an analytic manifold where 

A is the ring of germs of analytic functions at a point of the manifold. The A-module is free and 

finitely generated of dimension n, and A* 5i' (the exterior algebra geaerated by .It') has the form 

A*.;$'= A 0 S:¥ ED AI ~ED ... ffi An\:f, where A 0:£ = A and AI .It'= !£ .. If h E Hom A( l:f,!r;f)' then h induces 
p h (q) p . 

transformations A :6' ~A -~ where q = O,I,2, •.. ,p ;;; n. If Oi E .It'· then these transformations 

are defined by setting h~q)(OI " .•. 1\0p) = (I/(p-q):q:) L1rl1rJ • (~01r(I) 1\ •·· 1\ ~01r(q)) 1\ 01r(q+I)" ••• "01r(p) 

where"' runs through all permutations of (I,2, ... ,p) and J1rJ denotes the signature of the permutation 'IT, 

An element 1/1 E A P .'6' is called a conservation law of orcler p for h~l, h~I l , ..• ,h<gJ if and only if f, 
h~I) f, ... ,h~) 1/1 are all locally exact p-forms. If the Nijenhuis tensor (h,!:l] of !! vanishes identically 

and h. has distinct eigenvalues then the existence of an eigenvector basis of exact forms 

dv1 , ..• ,dvn for .'6' is guaranteed and the following theorem is obtained. Theorem. If [h,b] = 0 and 

l! has distinct eigenvalues then 1/1 E AP .W is a pth order conservation law if and only if 1/1 = 
"" i I ip i 1 ip 6 £..... 1· f 1- 1· (v , •.• ,v )dv """" /\dv • (Received November 5, 19 7.) 

1I<···<p 1···p 

68T-64. GEORGE ZAMES and M. I. FREEDMAN, NASA/Electronics Research Center, Code 

GOT, 575 Technology Square, Cambridge, Massachusetts 02139. Logarithmic variation criteria for 

L 2stability of solutions of a class of integral equations. 

The integral equation (*) e(t) + k(t) • (Ge)(t) = x(t) is considered, where (Ge)(t) represents 

convolution of e(t) by a kernel g(t) defined and real-valued on [O,oo). The equation (*) will be termed 

L 2 -stable if there exists K > 0 such that given any pair (e(t), x(t)) of real-valued !unctions on [O,oo) 

satisfying(*), with x(t) E L2 [0,oo) and e(t) E L 2 [0,TJ for all T > 0, then e(t) E L 2 [o,oo) and, in fact, 

JJe(t)IJ 2 ~ K • IJx(t)IJ 2 • Theorem. Let a and b be real constants with a < inf k(t) and sup k(t) < b. 

Assum-e there is a 1J > 0 with g(t)e -/-Lt E L 1 [O,oo), and also a ~ > 0 such that the Laplace transform 

G(s) of g(t) has a meromorphic continuation defined on Re Is l E: -1-LI and satisfying the condition 

limJsJ~oo G(s) = 0 in Relsl E:- !-L 1• Let u, with 0 < u< I-Ll' be such that, for any k E [a,b], 1 + kG(s) 

has no zeroes in Re lsi E: - u. Finally let there exist T > 0 such that for all t E: 0 

1/Tn+T(d/d~)log(k(~)- a)/b-k(Od~ < 4u. Under these hypotheses equation(*) is L 2 -stable. 

(Received November 8, 1967.) 
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68T-65. HELEN SKALA, Illinois Institute of Technology, Chicago, Illinois 60608. Modularity 

implication in sets with projective laws. 

Let U and () be two operations satisfying X U((X U Y) () Z) = X U ((X U Z) () Y) and 

X() ((X() Y) U Z) =X() ((X() Z) U Y), "projective laws", for any three elements X, Y, Z of a set that 

includes two elements U and V such that V U X =X = U () X and V ()X = V, U U X = U for each 1-· 
Then the operations are comm"..ltative, idempotent, absorptive (i.e., XU (X () Y) =X =X ()(X U Y)), 

and alternative (cf. Menger, Ann. of Math. 37 (1936), 456-481 and C. R. Paris 206 (1938), 308-310). 

The operations also satisfy the modularity laws: X <;; Z (i.e., X() Z =X or, equivalently, X \..J Z = Z) 

implies XU (Y () Z) =(X U Y) ,j Z for any Y. The associative law and the transitivity of the relation 

<;; are equivalent uncler the above assumptions, but, as simple examples show, independent of them. 

(Received November 13, 1967.) 

68T-66. E. B. SAFF, University of Maryland, College Park, Maryland. Approximation by 

rational functions of type (n, ). 

Let C be a Jordan curve of the z-plane; D = int C, and g(z) a function defined (finite) on C. 

Theorem l. A necessary and sufficient condition for g(z) to be the boundary values on C of a function 

f(z) which is meromorphic in D with at most v poles there and continuous on D + C is that there exist 

a sequence of rational functions rn 11 (z) of respective types (n,v), i.e., rn 11(z) is the quotient 

(a 0zn + ••• + an)/(b 0z 11 + ••. + b 11 ), _Libkl F 0. such that(*) jg(z)- rn 11 (zll ~En(----> O) for z on C. 

Theorem 2. If inequality (*) holds and f(z) has precisely v poles in D, then (1) For n large enough 

each rn 11 (z) has precisely v finite poles which approach respectively the v poles of f(z) in D. 

(2) If S C jD- [vpoles of f(z)]j is closed, then jf(z)- rn 11(zll ~ M(S)fn for z on S, where M(S) is a 

constant dependent only on S and on the sequence rn 11(z). Theorem 1 is proved by the known result 

for v = 0 and a theorem of S. Warschawski [Math. Z. 38 (1934), 669]. Theorem 2 follows from the 

theory of normal families. (Received November 13, 1967.) 

68T-67. K. F. BARTH and W. J. SCHNEIDER, Syracuse University, Syracuse, New York 13210. 

On the impossibility of extending the Riesz uniqueness theorem to holomorphic functions of slow 

growth. 

Theorem. Let (r) be a function on [0,1) satisfying 0 < ~(r) Too. Then there exists a non

constant function h(z), holomorphic in lzl <. 1. Such that (i) max0 jh(reillll < ~-t(r), (ii) for almost 

all ll, limr_,1h(reill) = 0. The proof consists of constructing, by means of M·erg-elyan's theorem, 

polynomials Pn(z) with the properties (i) IPn(zll < a.n in lzl < 1 - f3n, (ii) Re Pn(z) is never positive 

and eventually becomes large and negative on a set of unit radii of measure 211" -'Yn where a.n• f3n and 

'Yn are positive numbers, which are chosen to tend to zero sufficiently quickly. The proof now 

follows by setting h(z) = eg(z) where g(z) = L:=l P n ( Z mn) and the integers mn are chosen to go 

to infinity sufficiently fast. The authors first proof was a very computationally involved potential

theoretic argument. The above argument is a variation of a method used by G. R. MacLane (Michi

gan Math. J. 9 (1962), 21-24) to show the impossibility of extending the Fatou radial limit theorem 

to holomorphic functions of slow growth. (Received November 14, 1967.) 
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68T-68. W. ]. GORDON, General Motors Research Laboratories, Warren, Michigan 48090. 

Bivariate interp·:>lation through curve networks. 

Let a network of functions gi(y) (i = O,l, ... ,M) and fj(x) (j = O,l, .•. ,N) be defined over the grid 

x =xi (i = 0,1, ..• , M), y = Yj (j = O,l, ... ,N) on the x,y-plane, and let gi(Yjl = fj(xi). Also, on the 

perimeter of the rectangle R = [x 0 ,xM] X [y0 ,yN], let compatible boundary conditions be specified on 

the first k- 1 normal derivatives, allujanll (Jl= 1,2, ... ,k- l), of a bivariate function u(x,y). Now, 

if the set of functions !Pm(x)Jm = l,2, ... ,M + 2k- 1l is a basis for a linear space VM+ 2k_ 1(x) in 

which the univariate interpolation problem defined by the conditions f(x 0 ), f(l )(x 0 ), ... ,f(k-l )(x 0 ), f(x 1 ), 

... , f(xM), f(l)(xM), ... ,f(k-l)(xM) is uniquely soluble, and if the set ~~n(y)Jn = 1,2, ... , N + 2k- ll is a 

similarly defined basis for some linear space V Nt2k-l (y), then there exists a unique function Z(x,y) 

which is the sum of pairwise products of the given functions) (x), gi(y) and the boundary conditions 

allu;anll with the basis functions Pm(x) and ~n(y), and which satisfies Z(xi,y) = gi(y)· (i = O,l, ••• ,M), 

Z(x,yj) = f/x) (j = O,l, ... ,N) and allzj anll = allu( a.nJl on the boundary of R. The differentiability 

properties of the univariate functions used in the construction endow Z(x,y) with analogous bivariate 

differentiability properties. M,Jreover, if the spaces VM+ 2k_ 1(x) and VN+2k_ 1(y) are spaces of 2k

degree polynomial splines with joints at the xi and Yj respectively, then the function Z(x,y) is the 

solution to the variational problem: Minimize ffRja 2k I ( axk ayk) u(x,y Jl 2 dxdy subject to the given 

auxiliary conditions. Although spline functions of odd-degree play a central role in the construction 

of this solution, the function Z(x,y) is not, in general, a bivariate spline function. (Received 

November 13, 1967.) 

68T-69. j. L. WALSH and E. B. SAFF, University of Maryland, College Park, Maryland 20740. 

Extensions of D. jackson's theorem on best complex polynomial mean approximation. 

Let f(z) be of class Lp on an analytic jordan curve C in the z-pla"ne. Theorem. If P n(z) is a 

sequence of polynomials of respective degrees n of best qth power approximation to f(z) on C, and 

Pn(z) is any sequence of polynomials of respective degrees n, then for 0 < q < p ;:;; oo and norms on C, 

one has Jlf(z)- Pn(z)Jip ~ Anl/q-l/piJf(z)- Pn(z)Jip, where A is a constant independent of nand z. 

In particular, a sufficient condition for the P n(z) to converge to f(z) in the mean of order p on C is 

nl/q-l/Pjjf(z)- Pn(z)Jip----> 0 as n----> oo. This theorem includes jackson's theorem [Bull. Amer. Math. 

Soc. 36 (1930), 851] as the special case p = oo. Analogues exist for best approximation by rational 

functions, trigonometric polynomials, and bounded analytic functions. (Received November 13, 1967 .) 

68T-70. W. S. MAHAVIER, Emory University, Atlanta, Georgia 30322. Arcs in inverse limits 

on [0,1] with only one bonding map. 

By a continuum we mean a nondegenerate, compact, connected metric space. It is well known 

that a continuum is chainable iff it is homeomorphic to the inverse limit of a sequence of maps from 

[0,1] onto [0,1]. We are interested in chainable continua which are homeomorphic to an inverse limit 

on [0,1] with only one bonding map. It is known that a pseudo arc is such a continuum and that there 

is a chainable continuum ·.vhich is not homeomorphic to an inverse limit on [0,1] with only one bonding 

map. In this note we show that iff is a piece-wise monotonic map of [0,1] onto [0,1], then each sub-
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continuum of lim f contains an arc, Here lim .f denotes the subspace of [0,1] 00 consisting of all number 

sequences lxd su:h that fori > 0, f(xi+l) =xi. (Received November 13, 1967.) 

68T-71. W. D. L. APPLING, North Texas State University, Denton, Texas. A near-point 

theorem. 

U, F, RA' A and llgJI, for gin RA, are as in Abstract 67T-501, these c}/oficei) 14 {1967), 707. 

_Theorem. If f is in R A and lgJ ~1 is a sequence of elem.:nts of the range of A and llf - &n II --> 

II f - A(f)ll as n __, oo, then JIA(f) - gnll ---> 0 as n--> oo. (Received November 13, 1967 .) 

68T-72. WITHDRAWN. 

68T-73. R. A. ALO, H. L. SHAPlRO, Carnegie-Mellon University, Pittsburgh, Pennsylvania 

15213. A note on compactifications and semi normal spaces. 

Recently Orrin Frink [Compactifications and seminormal spaces, Amer. J, Math. 86 (1964), 

602-607] gave a neat internal characterization of Tychonoff spaces. This characterization was given 

in terms of the notion of a normal base for the closed sets of a space X. In this note we give necessary 

and sufficient conditions for a Hausdorff compactification to be a Wallman-type compactification. 

These are given in terms of conditions imposed on the normal base 'J. Th~orem 1. Let Y be a Haus

dorff compactification of a T 1 -space X, let g be the embedding of X into Y and let 'J be a normal 

base on X that satisfies the following property: (P j For each y in Y and each neighborhood V of y 

there is a Z in 'J such that y E cl g(Z) C V and cl g(Z) is a neighborhood of y. Then there is a 

(closed) continuous map f of W( 'Jl onto Y such that f agrees with g on X, Conversely, iff is a homeo

morphism of w( 'Jl onto Y that leaves X pointwise fixed, then condition (P) is satisfied. Theorem 2. 

Let Y be a Hausdorff compactfication of X. Then Y is homeomorphic to a Wallman-type compactifica

tion of X iff X has a normal base '7 that satisfies: (a) cly(A n B) = clyA n clyB for all A, B in 'J 
and (b) For each y in Y and each neighborhood V of y there is a Z in 'J such that y E ely Z C V. 

(Received November 10, 1967.) 

68T-74. H. P. ROSENTHAL, University of California at Berkeley, Berkeley, California 94720. 

On quasi-complemented subspaces of Banach spaces. Preliminary report. 

Let :R be a (real or complex) Banach space and A be a closed subspace of X. A is said to be 

quasi-complemented if there exists a closed subspace B of X with A + B dense in X and An B = I 0 I. 
Assume from now on that A* is separable in the weak* topology. (Note that this holds if A is separable.) 

Theorem 1. If A.J.. contains an infinite dimensional reflexive subspace, then A is quasi-complem~nted. 

Theorem 2. Let S be an infinite compact Hausdorff space, and let A C C(S). Then A is quasi-comple

mented if any of the following hold: (a) A is separable and_ S is extremely disconnected (the closure of 

every open set is open). (b) C(S)/ A is isomorphic (linearly homeomorphic) to a conjugate space. 

(c) Sis perfect and no infinite dimensional subspace of A* is isomorphic to Hilbert space. Theorem 2 

is deduced from Theorem 1 by showing that in all the cases, A..L contains an infinite dimensional 

reflexive subspace (provided in case (b), that A is not of finite codimension). A partial converse to 
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Theorem 1 and extensions of Theorem 2 .hold in suitable spaces R. Applications. c 0 is quasi

complemented in m and H00 is quasi-complemented in L 00 , (Received November 10, 1967.) 

68T-75. D.o\VID G.o\LE, University of California, Berkeley, California,VICTOR KLEE and 

R. T. ROCKAFE LLER, University of Washington, Seattle, Washington. Convex functions on convex 

polytopes. 

The following results of the paper are useful in mathematical economics and other applications 

of optimization theory: A (real-valued) convex function on a convex polytope is upper semicontinuous. 

A convex function on the relative interior of a convex p:>lytope admits a unique continuous extension 

to the entire polytope. More generally, the results of the paper show that the convex p-:>lytopes and 

closely related sets are exactly those domains (in finite-dimensional Euclidean spaces) whose convex 

functions have nice boundary behavior. Various aspects of this behavior (upper semicontinuity, upper 

Lipschitzianity, being bounrled, attaining a maximum, and related conditions) are sorted into three 

groups, characterizing respectively the domains which are polytopes, those which are boundedly 

polyhedral, and those which can be expressed as the vector sum of a polytope and a closed convex 

cone. (Received February 27, 1967.) 

68T-76. S. A, SAWYER, Brown University, Providence, Rhode Island 02912. Continuous 

functions which attain every level line at most finitely often. 

Let f(x) E C [0,1] be such that card lx: f(x) = y} < oo for ally, or, xp.ore generally, is infinite 

only for a set of y of the first (Baire) category. Then every interval (a,b) ~ [0,1] contains an interval 

(c,d) c; (a,b) on which f(x) is monotonic. InS. Sawyer, Some top. prop. of the function n(y), Proc. 

Amer. Math. Soc. 18 (1967), 35-40, we concluded that f(x) was of bounded variation on (c,d). It is an 

observation of A. P. Morse (2-25-67) that the method can be extended to prove that f(x) is actually 

monotone on a perhaps smaller interval (c', d') ~(c,d). (Received November 15, 1967.) 

68T-77. C. H. FARMER, 1701 Guadalupe Street, Austin, Texas. Pseudo-o-mixing measure

preserving transformations on a probability space. Preliminary report. 

Mixing transformations are characterized in terms of pseudo- o-mixing transformations. 

A weakened form of pseudo-o-mixing transformations is introduced and is called almost-pseudo

mixing. If a transformation is pseudo-o-mixing on a field, then the transformation is shown to be 

almost-pseudo- o-mixing on the sigma-field generated by the field. A o-ergodicity is introduced and 

analogous results for ergodic transformations are obtained. Finally, pseudo-o-mixing is shown to be 

an invariant under isomorphism. (Received November 8, 1967.) 

68T-78. GARY CHARTRAND, Western Michigan University, Kalamazoo, Michigan 49001, and 

H. V. KRONK, State University of New York, Binghamton, New York. Randomly traceable graphs. 

A graph G is called randomly traceable if a hamiltonian path always results upon starting at 

any vertex of G and successively proceeding to any adjacent vertex not yet encountered. Theorem. 

A graph G with p vertices is randomly traceable if and only if it is one of the following: (i) the cycle 
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Cp with p !i:: 3 vertices, (ii) the complete graph Kp, (iii) the complete bipartite graph K{p/2, p/2), 

where (iii) is possible only if pis even. (Received November 9, 1967.) 

68T-79. D. P. GELLER, University of Michigan, Ann Arbor, Michigan 48106. Square roots 

of digraphs. 

Makhopadhyay {The square root of a graph,]. Combinatorial Theory 2 (1967), 290-295) has 

characterized graphs G for which there exist a graph H such that G = H2 . Such a graph H is a square 

root of G. A similar question may be answered for digraphs (directed graphs). Let S and T be two 

point sets, not necessarily disjoint or nonempty, and let u EE S U T, The carrier-complete digraph 

K(S,u,T) has point set V = S U lu} U T and arc set X= S X ju} U lu) X T US X T, Theore~. A 

digraph D with p points u1, u2, ... , Up has a square root if and only if there exists a collection of p 

subdigraphs Ki = K(Si, ui, TiJ associated with the p::~ints ui such that (1) D = U Ki and (2) ui E Tj if 

and only if Uj E Si• (Received November 9, 1967.) 

68T-80. R. A. GUY, Universite de M::~ntreal, Montreal, Quebec, Canada. A class of nonlinear 

forms on certain modules. 

We use notations and definitions given in Abstract 648-196, these c){oticei) 14 (1967), 689. 

Let us assume the symbolic matrix associated with u; EP--> pP is such that its "elements'Jaf~~ are 

mappings (Ep1 X ... X Epa. X ... X EpA -pa.J X EPa.----> F PA arbitrary in the variables xPl , ... ,xPa., ... , 

xpA -Pa., but linear in the last xPCl, We denote this class of maps by_<a(L(EP,FP). We denote by 

G-'~i(EP) the bijections of EP of class J<t'L. GJ<¢'L acts transitively in EP and in its dual (EP)*, so 

they are GJ<¢'L -homogeneous spaces. We call the GJ<I1L-space (EP)* the space of J<I1L-forms of EP. 

It is possible, using elements of JafL(EP, (EP)*J, to establish a noncanonical isomorphism .between 

the GJa1'L-spaces Ep and (EP)*. (Received November 9, 1967.) 

68T -81. S. M. SHAH, University of Kentucky, Lexington, Kentucky 40506. Entire functions 

satisfying a linear differential equation. II. 

In this paper the following theorem is- proved. Let F(z) be a transcendental entire function 

and suppose that F(z) satisfies a differential equation of the form Po(z)F(k)(z) + P 1(z)F(k-l)(z) + 

... + Pk(z)F(z) = Q(z) where Pj(z), j = O,l, ... ,k, and Q(z) are polynomials and the degree of Po{z) (¢ 0) 

is not less than that of any P j(z). Then F(z) is of bounded index. (For terminology and earlier work 

see Abstract 67T-646, these c){oticei) 14 {1967), 850.) In particular Bessel functions of nonnegative 

integer order and the confluent hypergeometric functions are of bounded index. (Received November 9, 

1967.) 

68T-82. J. B. BEDNAR, 6500 Tracor Lane, Austin, Texas 78721. Projections on affine spaces. 

Preliminary report. 

In this paper, necessary and sufficient conditions that a weakly separating subspace [cf, D. E. 

Wulbert,l?_£>me C?mplemented function spaces in C(X), to appear in the Pacific J, Math.] for a normed 

linear space to admit a projection of norm one are given. Let K be a compact convex subset of a 

214 



LCHTVS, A(K) be the Banach space of continuous affine functions on K, and suppose the subspace p 

of A(K) is weakly separating. IJ.l~~em l. There is a projection of norm one on P if and only if 

P is linearly isom::>tric to A(L) under the restriction map. Here, L is the closed convex hull of 

l X • E A(K)*: X *IP E ext (S (P *))I n K. Theorem 2. If B is a subspace of A(K) which has a weakly 

separating convex quotient, and there is a projection of norm one on B, then B is linearly isometric 

to A(F) for some compact convex set F. :Theorem 3. If K is a metrizable simplex and the B-convex

quotient of K is lower semi-continuous then B is the range of a projection of norm one. Many of the 

results in the above quotation appear as corollaries. (Received November 9, 1967.) 

68T-83. D. H. TUCKER, University of Utah, Salt Lake City, Utah 84112. Boundary value 

problems for linear differential systems. 

Let C denote the space of n X n real matrix valued continuous functions on a finite interval 

[a,b] with the topology of uniform convergence, U be a bounded linear transformation from C into 

then X n real matricies and consider the boundary value problem(*) Y' = AY t R; U(Y) = K where 

A, R E C and K is a real n X n matrix. We obtain necessary and sufficient conditions that (*) should 

have a solution for a fixed R E C and also for all R E C and in each case exhibit the general solution. 

It is not assumed that the homogeneous system is incompatible. An adjoint system is obtained and 

analogous theorems are established for it and finally a theorem of the Fredholm alternative type 

is established relating the two systems. The key structure is a certain right ideal in the n X n 

matricies which is uniquely determined by A and U. (Received November 15, 1967.) 

68T-84. STEPHEN SLACK, Wisconsin State University, Oshkosh, Wisconsin 54901. A cellularity 

criterion in certain 3- manifolds. 

A compact set X in the interior of a 3 -manifold M3 is cellular iff it is the intersection of a 

sequence of 3 -cells each of which lies in the interior of its predecessor. A set X in M3 is said to be 

a UV00 set iff for each open set U containing X there exists an open set V containing X, lying in U 

and contractible in U to a point. A set X in M 3 has the separation property iff there is a neighborhood 

N of X such that each polyhedral simple closed curve in N - X that bounds a polyhedral disk in N 

may be separated from X by a 2-sphere in M3• Theorem. For a compact UV 00 ~et in s3 (the 

3 -sphere) to be cellular it is necessary and sufficient that it have the separation property. The 

theorem generalizes to certain 3 -manifolds besides s3 , for example, those whose universal covering 

spaces are embeddable in s 3. The separation property alone is insufficient to imply the cellularity 

of a compact set. In the proofs use is made of McMillan's result that UV 00 sets in s 3 are the inter· 

section of a descending sequence of cubes -with -handles. (Received November 8, 1967.) 

68T-85. RONALD ALTER, System Development Corporation, 2500 Colorado Avenue, Santa 

Monica, California 90406. On a necessary condition for the validity of the Riemann hypothesis for 

functions that generalize the Riemann zeta functions. 

In 1927, P6lya stated a condition for the validity of the Riemann hypothesis for the ordinary 

Riemann zeta function. Grosswald generalized a formula of Hayman and used it to show that the 

Riemann zeta function actually satisfied this necessary condition for all sufficiently large integers n. 
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In this paper a class of functions, depending on several variable parameters, is studied. Each of 

these functions has a Riemann hypothesis that is associated with it. It is shown that P6lya's necessary 

condition for the validity of the ordinary Riem'lnn hypothesis is also a necessary condition for the 

validity of the Riem.'!nn hypothesis that is associated with these functions that generalize the Riemann 

zeta function. It is also showa that these functions which generalize the Riemann zeta function actually 

satisfy this necessary condition. Among the functions studied are L -functions of real, primi.tive 

characters, Ramanujan's zeta function, Dedekind's zeta function over a field K of algebraic numbers, 

and the Epstein zeta function Z(s, Q), for certain values of the discriminant of the quadratic form 

Q(x,y). (Received November 6, 1967.) 

68T-86. ]. L. STERN, University of Idaho, Moscow, Idaho 83843. Characterization of 

contractible open manifolds, and an equivalence between___£2_intlike maps and cellular maps. 

The theorems listed below are proved using the engulfing methods of Newman and Connell, and 

standard connectedness arguments. IE_"E!"~m l. Every contractible open manifold n .> 4, is the 

union of tw:~ open cells whose intersection is a contractible open manifold. T~('Ooreii1 2. Let M be 

an open contractible manifold, n > 4. Let M = 0 1 U 0 2 where 0 1 and 0 2 are open cells. Assume for 

every compact set F C M there exists an open cell 0 3 and a closed cell B such that F C 0 3 C B C 0 1 

and 0 3 U 0 2 is a 2-connected manifold that is !-connected at infinity, then M = En. Theorem 3. Let 

M be ann-dimensional manifold without boundary (compact, or not), n > 4. Let f be a point-like map 

from M onto M, then f is a cellular map. (Received November 9, 1967.) 

68T-87. E. C. ZACHMANOGLOU, Purdue University, Lafayette, Indiana 47907. Uniqueness 

of the Cauchy problem. 

Let P(x,D) be a differential operator of order m with analytic coefficients defined in a 

neighborhood U of a point x0 in Rn and having real coefficients in the principal part. Let <I> be a 

real-valued function in ck(U), k an integer ~ 2, such that grad <l>(x0 ) = N° i 0 and suppose that the 

surfaceS= lx: x E U, <l>(x) = <l>(x0 )1 is simply characteristic at x0 • Let Y = lx(t), ~(t)l be the 

bicharacteristic strip passing through (x0 , N°) when t = 0. Suppose that (di /dti) [<l>(x(t))- <l>(x0 )] lt=O 

equals 0 for i = 0, •.• , k - l and equals p for i = k, and (di /dti) [grad <l>(x(t)) - ~ (t)) I t=O = 0 for 

i = 0 .... , [(k - 1)/2]. Then, if k is odd and p 'I 0 or if k is even and p > 0, uniqueness of the Cauchy 

problem holds: there is a nbhd U' C U of x0 such that every distribution u defined in U, satisfying 

P(x,D)u = 0, and vanishing when <l>(x) > <l>(x0 ), x E U, must also vanish in U'. If k is even and 

P < 0, nonuniqueness holds: there is a nbhd U' C U of x0 and a function u in C(m)(U') satisfying 

P(x,D)u = 0, vanishing when <l>(x) > <l>(x0 ), x E U', and such that x0 belongs to the support of u. 

Nonuniqueness also holds in the limiting case in which <I> is analytic and Y is tangent to S in some 

neighborhood of x 0• These results contain and extend results of Malgrange, Hormander and Treves. 

(Received November 6, 1967.) 
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68T-88. A. V. JATEGAONKAR, University of Rochester, Rochester, New York 14627. 

Structure of left principal ideal rings. 

Let R be a primary principal left ideal ring (with unity), P the nil-radical of R, 

R = R/P, Bn = Pn/Pn+l considered canonically as a R-bimodule and Q the Artinian simple left 

quotient ring of R. This notation is mentioned throughout. R has large nil-radical if either 

P 2 t 0 or P 2 = 0, P t 0 and rw = 0 for some nonzero w E P implies r + P is not regular in R. If 

!II: R---> R is a unitary monomorphism, the (1,!11) R-bimodule is the R-bimodule on (R,+) = M defined 

by the rule r 1 * m * r 2 = r 1 m!ll(r2) where r l'r 2 E R, m E M. The main results are the following: 

Theorem I. c E R is left regular iff c + P E R is left regular. Theorem 2. R has an Artinian left 

quotient ring iff every left regular element of R is regular. _:I'heorem 3. If R has large nil-radical 

then there exists a unitary monomorphism p: Q --> R. If Pk t 0 = pk+ 1, then Bn is isomorphic with 

(l,p niRl R-bimodule for I ;:;; n ;:;; max ll,k - lj. Bk is a factor bimodule of the (1,/IR) R-module. 

Theorem 4. If R has large nil-radical and if R ~ Mn(D) where Dis a pli-domain then R ~ Mn(S) 

where S is a completely primary pli-ring. A counter-example is given to a conjecture of I. N. 

Herstein [Togics in ring theory, Univ. Chicago, Math. lecture notes, p. 75.) (Received November 8, 

1967.) 

68T-89. B. S. LALLI, University of Saskatchewan, Saskatchewan, Canada. On a periodic 

solution of a Hamiltonian system. 

c. L. Siegel constructed a periodic solution for the system xk = HYk' Yk = - Hxk<. = d/dt, Hxi = 
aH;axi) (k = 1,2, ••• , n) under the assumption that the matrix of the linear terms has a pair of 

pure imaginary eigenvalues. If the said matrix has two pairs of pure imaginary eigenvalues we 

can still construct a periodic solution for the system on the similar lines provided we assume that 

the rest of the eigenvalues are of the form 11. + iv (IJ.v f 0) and form the set of 2n eigenvalues 

A 1, A2 , ... , An; - A1, - A2 , ... , - >..n, the first b eigenvalues are linearly independent over the rationals. 

(Received Novemb·er 15, 1967.) 

68T-9J. PETER CSONTOS, University of Washington, Seattle, Washington 98105. On chains 

of subalgebras. II. Preliminary report. 

Let A_= (A, F) be an algebra with finitely many finitary operations. Call ~a Jonsson algebra 

if for every proper subalgebra .§_, IB I < lA I. Let 3 be the class of Jonsson algebras, let 'Il be the 

class of algebras satisfying the descending chain condition. Galvin obtained a Jonsson algebra !i 

with three unary operations and lA I= X1. By suitable modifications one can obtain the following: 

I. There exist algebras~= (A, f 1, f2), where IAI = X1, and f 1 and f2 are unary, with the following 

properties: (a) A E 3 n 'I), (b) A E 3 and A EE 'Il, (c) A EE 'Il and A EE 3. II. Theorem I holds 

when (A, f 1, f2) is replaced by (A,+), where+ is a binary operation. III. If A.= (A, fl' ... ,fl' ..• ,fn)' 

where fi are unary operations and lA I ~ X 2 , then fi EE 'Il. (Received November 15, 1967.) 
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68T-9l. C. A. HALL and T. A. P ORSCHING, Bettis Atom'.c Power Laboratory, Westinghouse 

Electric Corporation, Box 79, West Mifflin, Pennsylvania 15122, On a theorem of A. Brauer. 

A. Brauer (Recent advances in matrix theory, ed, H. Schneider, 1964) gives an iterative 

algorithm for computing to any degree of accuracy the Perron eigenvalue of a positive matrix. 

Brauer treats the more general class of nonnegative, irreducible matrices by taking powers of the 

given matrix until a positive matrix is obtained, Obviously, the amount of work involved may be 

prohibitive, if for example the given matrix is tridiagonal and of large dimension. Using the irre

ducibility of the given nonnegative matrix we are able to prove that Brauer's algorithm as given also 

converges for nonnegative, irreducible matrices, without resorting to taking matrix powers. 

(Received November 15, 1967.) 

68T-92. PETER BANCROFT, University of Colorado, Boulder, Colorado 80302. Calculus of 

set-valued functions. Preliminary report. 

Let K(n) denote the sem\group of nonempty compact convex subsets of En with the usual set 

addition. Topologize K(n) via the Hausdorff metric. Let S (n) denote the semigroup of support func

tionals to members of K(n), with the metric topology induced by d(£1' !.2) = supllxll=llf1(x)- f2(x)j, 

The mapping, which assigns to each compact convex set in En its support functional, is an isometric 

isomorphism from K(n) onto s<n>. IfF is a continuous set-valued function from @.,b) into K(n), then 

(following Aumann [J. Math. Anal. Appl. 12, August, 1965)) the integral of F is defined as 

b 
I(F) = If a h(r)dr: h is measurable, h(t) E F(t)l. I(F) is compact and convex. Let f ( ·, t) denote the 

support functional for F(t). The aforementioned isometric isomorphism may be used to show that 

the support functional for I(F) is g (•) = j~f(•, T )dT, This relationship is used to define a 

derivative for set-valued functions from [a,b] into K(n). "Taylor Series" for set-valued functions 

and applications to contingent equations are given. (Received November 6, 1967.) 

68T-93, VLADIMIR DROBOT, State University of NewYork, Buffalo, New York 14214. 

Quasidynamical systems. 

Let X be a metric space and let F be a family of nonintersecting curves filling X. If the 

fami.ly F is geometrically continuous (regular), then the curves in F have many properties asso

ciated with the trajectones of a dynamical system. One can define the limit cycles, nonwandering 

points, minimal sets and the center of the space and obtain results analogous to the theorems in 

topological dynami.cs, The results thus obtained indicate the properties of a dynamical system 

which are independent of the group structure of such systems. (Received November 8, 1967.) 

68T- 94. A. E. TONG, Tulane University, New Orleans, Louisiana 70118. ~iagonal nuclear 

operators. Preliminary report, 

LetT be a bounded operator on normed spaces. IJJTIIJ will denote the sup norm of the operator. 
l/2 

1~ denotes the normed space of all sequences (a 1' a2 .... an) whose norm, denoted by 

lp ( a 1 , a 2 , ... , an), is defined as (L:;1 ;£ 1 ;£n J ai jP) 112 where p ?; 1. Theorem. Let 1 ;£ p, r ;£ oo. Let 

n n 
T: l p ->1 r be the linear operator with matrix representation (tji) and let D be the diagonal linear 

operator associated with T so that it has matrix representation ( Ojitji) where llji is the Kronecker 
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delta. Then lilT Ill ;o; IIID Ill and equality holds if and only if T = D. Define nuclear operators on normed 

spaces as in A. Pietsch's Nucleare Lokalkonvexe Raume, Berlin, 1965, pp. 44-45. Denote the nuclear 

norm of an operator by v (T). Theorem. Let l ~ p, r ~ oo and let T : l ~ --" l~ be a nuclear operator. 

Let D be the associated diagonal operator of T. Then v(T) ;o; v(D). In fact v(D) is 11 (t 11 , ... tnn··.) 

if P ?: rand v(D) is lpr/(pn-p+n)(t11 ,.' .. tnn···) if p < r. Corollary. Let l ~ p, r ~ oo. The Banach 

space of all diagonal nuclear operators D.: l ~ --> 1~ is isometric to l 'f if p ;o; r and is isometric to 

l~r/(pr-p+r) if p < r. (Received November 6, 1967.) 

68T-95. MARVIN MARCUS and STEPHEN PIERCE, University of California, Santa Barbara, 

California 93106. Elementary divisors of associated transformations. 

Let V be ann-dimensional vector space over an algebraically closed field R of characteristic 

0. If His a subgroup of Sm, m ~ n, and X is a character of H of degree 1, then a multilinear 

function¢ on Vis symm.etric w.r.t. Hand X if ¢(vu( 1)•···•vu(m)) = X(u)¢(v 1, ... ,vm), uE H, 

vi E V, i = 1, ... ,m. Let P be a vector over Rand f.L a multilinear function symmetric w.r.t. Hand X 

with values in P. The pair (P, f.L) is a symmetry class of tensors over V associated with H and X 

if ( rng f.L) = P, and given any ¢, symm,etric w. r. t. H and X with.values in some vector space U over 

R, there exists a linear h: P --> U such that ¢ = hf.L. If T: V --> V is linear, the associated trans

formation K(T): P--> P is defined by f.L(Tv 1, ... ,Tvm) = K(T)f.L(v 1, ... ,vm). Thea~ l. If m <nand 

rank T > m, then T has linear elementary divisors iff K(T) does. If X ""' 1, then the hypothesis that 

m < n and rank T > m may be dropped in Theorem l. Theorem 2. Assume that X "=' 1, T and S 

have nonnegative eigenvalues, and K(T) and K(S) have the same elem·entary divisors and these are 

linear. Then T and S have the same elementary divisors and these are linear. (Received November 

5, 1967.) 

68T-96. G. A. C. GRAHAM, Simon Fraser University, Burnaby 2, B. C., Canada. The 

solution of mixed boundary value problems that involve time-dependent boundary regions for 

isotropic and homogeneous viscoelastic materials with one relaxation function. 

Let ~. with boundary .9&, be a fixed region of space which is occupied by a homogeneous and 

isotropic linear viscoelastic material whose relaxation function in shear is a constant multiple 

of its relaxation function in isotropic compression. The material is undisturbed for negative 

time and (using the notation of Abstract 644-62, these c}foticeiJ. 14 (1967), 377) the boundary condi

tions gn (~,t) = A~.t), "'-on ~l (t); !Is (~,t) = !l.~.t), "'-on ~2 (t); J!n(!_,t) = Q(<>.,t),]!: on 

~ - ~1 (t); [ !!s (~,t) = Q.(!_,t), "-on ~- ~2 (t), where ~l and ~2 are time -dependent subregions 

of _cg, are prescribed. It is shown that this problem may be reduced to the solution of a one-parame

ter family of elastic problems if ~i(t) (i = 1,2) are either both monotone increasing for all time 

or both monotone decreasing for all time. (Received November 6, 1967.) 

68T-97. R. H. HERMAN and G. G. EMCH, University of Rochester, Rochester, New York. 

A generalization of Hugenh9ltz's theorem of types. 

The starting point for this paper is a C *-algebra ~. of "observables" which is representative 

of physical systems occurring in Statistical Mechanics, and its Gelfand representation, under an 
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"equilibrium state" w. Letting!?£ rbe the von Neumann algebra generated by the representation, 

we use the direct integral theory of von Neuman algebras to arrive at the conclusion that either !?£ 

is of type III or the cyclic vector, 11, for the Gelfand representation is a trace vector. In the latter 

case, !?£is isomorphic to the cartesian product of two von Neum.1nn algebras, one of which is of type 

II 1 and the other being a direct integral of factor of type In with n < oo. An additional condition on 

21 removes the type I part from the representation. (Received November 10, 1967.) 

68T-98. Y.-F. WONG, DePaul University, Chicago, Illinois 60614. A theorem on homotopi

cally equivalent (2k t l)-manif9lds. 

Using Wall's results on surgery of covering manifolds, we are able to put a theorem of the 

author (Proc. Amer. M.nh. SoG. 16 (1965), 1022-1025) in a slightly generalized form. Theorem. 
2k -1 2k -1 

Let M and M2 be two connected, compact differentiable homotopy equivalent manifolds with 
2k 

k ~ 3 (not necessarily simple co:mected). (l) There is a connected differentiable manifold N with 

boundary aN= - M 1 U M2 such that the inclusion map i: M 1 C N is (k - !)-connected. (2) There is 

a continuous map g: N _. M 2 such that giM2 is the identity and giM 1 is the homotopy equivalence. 

Then there is a!l obstruction JJ. (of Wall) (JJ. = 0 if 1!"1 (M 1) = 0)_ to realizing the 1rk (N,M 1) as an embed

ded handle body. And if JJ. = 0, then M2 is h-cobordant to M 1 1f L:;, M 1 connected-summed with a 

homotopy sphere. (Received November 16, 1967.) 

68T-99. W. j. WILBUR, University of California, Davis, California 95616. On sets 

Let P be a locally compact Hausdorff topological space and let (P, _./(, JJ.) be a measure space. 

By the term regular we shall mean regular in the sense of Hewitt and Stromberg (Real and abstract 

~~alysis, p. 177). Call a set A E _.1( an atom if and only if (i) JJ.(A) > 0 and (ii) B E _It and B C A 

implies JJ.(B) = 0 or JJ.(B) = JJ.(A). Then assuming that JJ. is regular and that JJ.( lxl) = 0 for all x E P 

we have the following results. The~ 1. The atoms of _.1( are just the locally JJ. -null sets which 

are not JJ. -null. Theorem 2. If JJ.(P) > 0, the axiom of choice implies there are subsets of P which are 

not ..£-measurable. _Theorem 3. Each A E _.1( with u-finite measure and with JJ.(A) > 0 has a perfect 

subset of positive measure. (Received November 16, 1967,) 

68T- 100. JAMES R. BOONE, Texas Christian University, Forth Worth, Texas 76129. A 

metrization theorem. 

A family IF a I a E A l• of subsets of a topological space X, is said to be convergent 

sequence__:_ finite (cs -finite) provided for each convergent sequence I Pi I in X, Fa n 1 Pi l =I (.l' for 

at most finitely many a E A. A Hausdorff space is said to be sequentially mesocompact provided 

every open covering has a cs -finite open refinement. The following implications are valid: locally 

finite ----+ cs-finite -~point-finite and paracompact----+ sequentially mesocompact----+ metacom;:>act. 

_l.~mma. In a first countable Hausdorff space, a family of subsets is cs -finite if and only if it is 

locally finite. _Theorem l. A topological space is metrizable if and only if it is regular and has a 

u -cs -finite base. _Theorem 2. A regular first countable space is paracompact if and only if every 

open covering has a cs -finite refinement. (Received November 16, 1967.) 
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68T-l0l, R.N. KESARWANI, University of Ottawa, Ottawa 2, Canada. Fractional integration 

and certain ~~!_ntegral_<:qu~~':l.~· 

The space L(O, oo) of complex valued functions f integrable on (0, oo) forms a commutative 

and associative algebra over the field of complex num':Jers with the usual definitions of addition and 

scalar multiplication and the convolution, (f * g)(x) = Jru ·l f(x/u)g(u) du, as the definition 

of the product of two elements f and g in L(O, oo). It is known that the fractional integral operators 

I1)>U and 
xA 
99-106]. 

K17>u can be identified with the elements of this algebra [!3uschman: Math. Japan. 9 (1964), 
xA 

This fact has been used to reduce the dual integral equations involving Meijer G-functions 

[_Erdelyi, etc., !:'igh~E transcendenta~11ctions, val. l, p. 207] as kernels into two integral equations 

having a common kernel and the problem of dual integral equations then reduces to that of solving 

a single integral equation which has been discussed by the author in a series of earlier papers 

[Proc. Amer, Math, Soc. 13 (1962), 950-959; 14 (1963), 18-28, 271-277]. The importance of the 

discussed dual integral equations is due to the very general yet simple form of the kernels which 

include as particular cases many special functions used as kernels of dual integral equations in 

earlier studies. (Received November 16, 1967.) 

68T-l02. RAYMOND BALBES, U•.1iversity of Mi.ssouri, St. Louis, Missouri 63121. A repre-

sentation theory for prime and implicative semilattices. 

A large part of the theory of pseudo complemented lattices can be extended to pseudo com

plemented semilattices, as was pointed out by 0. Frink. A similar observation can be made 

concerning implicative lattices and implicative semilattices. In the first part of this paper necessary 

and sufficient conditions are obtained for a semilattice L to be isomorphic with a family R of sets 

so that finite products in L correspond to intersections in R, and finite sums in L--when they exist-

correspond to unions in R. Semilattices satisfying this condition will be called prime. A representa

tion theory for prime semilattices is presented. It shows that a prime semi.lattice L is essentially a 

collection C of compact-open sets of a Stone space. As expected, L is a lattice if and only if C con

sists of all compact-open sets. Thus, a natural generalization of the Stone representation theorem 

for distributive lattices is obtained. As an example, the representation space of an implicative 

semi.lattice is determined. (Received Novem':Jer 6, 1967.) 

68T-l03. G. L. SEEVER, California Institute of Technology, Pasadena, California 91109. 

A Hahn-Banach theorem for commutative semi.groups with identity. 

Jhe_9_rem. Let (S, +)be a commutative semigroup with identity, 0, p: S--> R U 1-oo I a sub

additive function such that p(O) = 0, T a semisubgroup of S which contains 0, and let ¢: T--> R U l·oo I 
be a semigroup homomorphism such that ¢(0) = 0 and ¢ ;'i pIT. Then there is a semigroup 

homomorphism <I>: S ~ R U l-ool such that <PIT~ ¢and ¢4> ;'i p. If X is a compact Hausdorff space, 

A a sup norm algebra on X, and a E a (A), then by taking for S the multiplicative semigroup of C (X), 

forT the multiplicative semi.group of A. for p, log 11·1100' and for¢, log la(•)l, we obtain a Jensen 

measure for¢ by setting J.l(f) = <P(ef) - i<l>(eif), f E C(X), where <I> is as in the theorem. (Received 

November 13, 1967.) 
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68T -104. R. C. LYNDON and ]. L. ULLMAN, University of !ylichigan, Ann Arbor, Michigan 

48104. free s.E_oups of real two-by-two matrices. 

A method by Macbeath [Proc. Camb, Phil. Soc. 59 (1963), 555] is used to extend results of 

M. Newman [Mich. Math. ]. 15 (1968), to appear]. Let A and B be real unimodular two-by-two 

matrices, acting as linear fractional transformations on the extended real axis li *. Then the group 

generated by A and B is the free product of the cyclic subgroups generated by A and B under the fol

lowing circumstances. ( l) A, B and AB have real fixed points, and the fixed points of each of these 

three lie in sam·~ interval of li * containing no fixed point of either of the other two. (2) Each of A 

and B has two fixed points, those of either separating those of the other on .B *, and ABA -lB -1 has 

real fixed points. (3) A or B elliptic of finite order, and subject to a slightly modified hypothesis. 

The special case of (1) for both A and B parabolic is subsumed under stronger results for the complex 

case which will be announced elsewhere. Results (1), (2), and (3) will appear in the Mich. Math. J, 

(Received November 10, 1967,) 

68T-105. R. E. MOSHER, California State College, Long Beach, California 90801. A product 

formula for a tertiary characteristic class. 

Let ~ be an SO(n)-bundle over B with integral Thorn class U; suppose n > 2 and that the Euler 

class of ~vanishes. Let a(O E Hn+l(B;Z 2) be the secondary characteristic class based on 

(Sq2 + w 2)(U) = 0. Whenever a(~)= 0 one defines a tertiary class 'Y(O E H0 +2 (B;Z 2 ) modulo an 

indeterminacy Q. 'Y(O arises from a relation (.P + Aw3 )(U) = 0 for some A E z2 , where .Pis the 

twisted secondary operation based on the relation (Sq 2 + w2 / = 0, valid on integral classes. If ~· is 

an SO(n')-bundle over B' with vanishing Euler class, then a(~ Ell ~') = 0; hence 'Y(~ Ell ~I) 

E Hn+n'+ 2 (B X B';Z2 )/Q is defined, Theorem. ')'(~Ell ~') = a(O ®a(~') modulo -indeterminacies. 

~oro!lary~ Let ~ t 1 be the tangent bundle of S4q+l and ~· + 1 the tangent bundle of s 4q'+l with 

q,q' ~ 1. Then the (4q + 4q' - I)-sphere bundle associated to ~ Ell~· over s4q+l xs4q'+l does not 

admit a section. (Received November 13, 1967.) 

68T-106. D. W. SOLOMON, U:1iversity of Wisconsin, Milwaukee, Wisconsin 53201. _!Jenjoy

Khintchine Integration in abstract spaces. I. Preliminary report. 

Let X be a second countable, locally compact metric space which has a base, s¥, satisfying 

Romanovski's axioms I - X [Math. Sb. 9 (51) (1941)], and Y be either the real or complex numbers. 

This paper presents a descriptive and constructive definition of an integral of point functions, f, 

defined on a member of s¥, and with range contained in Y, and studies some of the properties of this 

integral. The integral contains, as a special case, the integral of Celidze (Tbl. Akad. Nauk., Radzm, 

val. 25) and all known multiple-dimension restricted Denjoy integrals. The constructive process 

given can be compared with that presented for the Denjoy-Khintchine integral in Saks's Theory of 

the integral. As in the classical case, any integral can be attained in at most countably many 

applications of the construction process. In the case of real-valued functions of a real variable, 

the descriptive definition of this integral reduces to the classical descriptive definition of the Denjoy

Khintchine integral. (Received November 10, 1967.) 
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68T-IG7. E. BINZ, Queen's University, Kingston, Ontario, Canada. Convergence function 

~!:_gebras an~ c-embedded convergence spaces. 

(For notations and terminology see E. Binz and H. H. Heller, Funktionenraume in der Kategorie 

der Limesraume, Ann. Acad. Sci. Fenn. A I 383 (1966).) Let A and A' be convergence algebras 

having unit elements e and e' respectively and Home (A, A') the set of all continuous algebra homo

morphisms (sending e into e'), with the continuous convergence structure. For a convergence space 

X we abbreviate Sf'c(X, IR) by Jfc(X) and Home (.'d'c(X), JR) by Homc.'d'c(X). Theorem J.. For any 

~~E_g:ence space X the_ natural map ix :X --> Home .'if c (X) is surjective. A convergence space X is 

called c -embedded if ix is a homeomorphism. The category of all c -embedded convergence spaces, 

which includes the category of all completely regular topological spaces is a proper subcategory 

of~ and co:1tains objects, which are not topological spaces. Theorem 2. Two c-embedded conver

g_ence spaces X andY are homeom~rphic iff .'G'c(Y) an<;~ .lfc(X) are bicontinuous isomorphic. 

:£heorem 3. :£he mal'_ Sfc: Sfc(Y,X) -->Home (.'d'c(X), .'d'c(Y)) defined by 5fi'c(f) = f* is a homeo

!f10I"£hism iff X ~c-embedded. (Received November 6, 1967.) 

68T · 108. ]. G. M:\.X WELL, Kent State University, Kent, Ohio 44240. A model for the inference 

mechanism of the mind and a weakness in present logics. 

Information unified and stored in two areas A and 8 of the brain may be represented by 

characteristic functions (propositional functions) p(x) and q(x) on domains A and B respectively. 

Let I and 0 denote respectively true and false. If there is a relation¢ (i.e., a possibly multiple 

valued correspondence) from A into 8 with the property that !li[p- 1(1)) <;;q- 1(1). then pis said to be 

accompanied (relative to ¢) by q and we write [p( = ¢)q] = I. Theorem. If p and q are constant 

functions (i.e., involve no variables) then accompaniment coincides with material implication. If 

A = B and ¢ is the identity function, then accompaniment coincides in concept with both formal 

implication and Lewis' strict implication. Theorem. Let p, q, A, B and¢ be as before the previous 

theorem. Let ¢ be onto and set 1J = ¢- 1. If there is I E An B for which I E ¢(1l and p(ll = q(IJ, 

then [~p( =>¢)q] 1\ [q( => 11 ) ~ p) = 0, i.e., ~p iff q is false. In view of this last theorem the 

"paradoxes" of the barber, of Russell, of Grelling, of Cantor and many others may now be seen to 

have a simple common explanation. Present formalized logics do not adequately represent accom

paniment between propositional functions on differing domains. (Received November 6, 1967.) 

68T -109. R. ]. DAVE RMAN and W. T. EATON, University of Tennessee, Knoxville, 

Tennessee 37916. Any sewing of two crumpled cubes can be embedded in E 4. 

I_!!eorem. g_ C and D are crumpled cubes, and h is a homeomorphism from Bd C ~ Bd D, 

~hen_!_he sum~f_ C ~nd D sewu to!l:ether by h can~ embedde~E4. The proof uses results of 

Gillman ['=!~kn~tting 2-!flenifolds_j_~ 3-!!1_~rplanes_of E 4 , Duke Math.]. 33{1966), 229-246]. The 

embedding may be viewed as a portion of the final stage of a pseudo-isotopy of E 4 onto E 4. 

(Received November 17, 1967.) 
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68T -110. ]. A. LEES, Rice University, Houston, Texas 7700 l. An engulfing theorem for 

topological manifolds.; 

Let Mq be a 2n - q + 2 connected topological manifold, Kn an n -complex, q - n ~ 3, and let 

f: K -> M be an embedding, locally flat on every sim;Jlex of K. Then if fK is inessential in M, fK is 

contained in a q-disc, that is, a coordinate neighborhood in M. This result is analogous to a well 

known Engulfing Theorem in the piecewise linear category (See M. W. Hirsch and E. C. Zeeman, 

~ng:'llfing, Bull. Amer. Math. Soc. 72 (1), 113-115). The proof makes use of piecewise linear tech

niques and M. H. A. Newman's Engulfing Theorem for Topological Manifolds, and proceeds by an 

induction on the number of simplexes of K. (Received November 29, 1967.2_ 

68T-lll. FRANCIS SIWIEC, University of Pittsburgh, Pittsburgh, Pennsylvania 15213. 

Metrizability of M-spaces. 

Generalizing Morita's M-space [see: A. Okuyama, On metrizability of M-spaces, Proc. 

japan. Acad. 40 (1964), 176-179]. C.]. Borges in a forthcoming paper [On metrizability of topological 

sp~:::es] defines a space X to be a w.6-space if there exists a sequence ~~nl~ 1 of open covers of 

X such that for each x0 E X, if xn E st(x0 , ~) for n = l, 2, ... , then the sequence ( xnl has a cluster 

point. For other definitions see]. M. Worrell, Jr. and H. H. Wicke lfEaracterizations of developable 

spaces, Canad. ]. Math. 17 (1965), 820-830]. The following improve some theorems of Borges. 

_I:,emm~. A T 3 , w.6-space with a G0 -diagonal (i.e., j(x,x)/x E xj is a G0 in X X X) has a base of 

countable order. Theorem. A space X is T 3 , 0-refinable, wb.. and has a G0 -diagonal iff X is a 

MoCJre space. Improving a theorem of Okuyama [!oc. cit.], a T 2 , 0-refinable, M-space with a 

G0 -diagonal is metrizable. A T 2 , semimetric, M-space is metrizable. A Moore, M-space is 

metrizable. Thus, a normal Moore space is an M-space iff a normal Moore space is m·etrizable. 

(Received November 17, 1967.) 

68T-112. LOUIS SCHNEIDER, Automatics, P. 0. Box 4171, 3370 Miraloma Avenue, D/348-2 

B/221, Anaheim, California 92803, The solution of equipment reliability and maintainability problems 

!:!.l queuing methods. 

This paper applies queuing methods to the solution of equipment reliability and maintainability 

problems. The queuing situation in which there are n machines and r repairmen is analogous to 

that in which a multi-component system has n components and r repair facilities. Such problems, 

referred to as servicing problems or machine-repairmen problems are discussed in this paper. Octe 

uniq•Je application of queuing theory. discussed in this paper, involves an investigation of the 

o;:>erational readiness of an ICBM missile complex. Tables and graphs are included which should 

prove helpful in the application of q·1euing theory to o;:>erating problems in fields other than reliability 

and maintainability. A set of graphs has been developed which depicts the relationship between 

the system utilization factor, and the probability that a system will neither be awaiting nor under

going service for finite populations ranging from N = 5 to N = 50 where the number of service facili

ties or "channels" range from 1 to 4. (R·eceived May 30, 1967.) 
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68T -113. GEORGE GASPER, JR., University of Wisconsin, Madison, Wisconsin. On a function 

of Littlewood-Paley and Zygmund. 

Let F(z) be a function holomorphic in the unit disc. It is well known that ifF E HP, p > 0, 

then llg(F)Iip;;; APIIFIIP and lls(F)Iip;;; Ap,/) IIFilp' where g(F) is the Littlewood-Paley function and 

s(F) is the Lusin function (see A. Zygmund, Trigonometric series, 1959, Chapter XIV). Recently 

the author [Pro:::. Nat. Acad. Sci. U.S. A. 57 (1967), 25-28] introduced a method by which these results 

could be extended to a class Hp of systems of conjugate harmonic functions in the unit sphere in En 

for values of p in a range reaching below l; namely, p > (n - 2)/(n - 1). The extension of these 

results to the class HP in the half-space is presented in [On the Littlewood-Paley g-function and the 

b_!lSin s ·f_1:1nction, Trans. Amer. Math. Soc. (to appear)]. E. M. Stein [Comptes Rendus Acad. Sci. 

P:tris 264 (1967), Serie A, 107-103; Proposition 2] has announced an analogous result for a related 

function SX defined for the class Hp in the half-space (note that the function g~ of Littlewood-Paley 

and Zygmund is, essentially, SX). In this paper it is shown how the above-mentioned method may be 

applied to obtain both Stein's Proposition 2 and the corresponding result for the class Hp in the unit 

sphere. (Received Novemb·~r 14, 1907.) 

68 T- 114. j. L. DENNY, University of Arizona, Tucson, Arizona 85721. Extensions of a 

theorem of Maxw!.!\1 in the dynamical theory of gases. 

( l, s:l', I P t: t E T j, I Qt: t E T l) is given where the Qt and Pt are probabilities on Jd' and 

Pt(N) = 0 ~ Pt'(N) = 0, (t, t') E T 2 . Theorem l. Let '~'n(f): ln ---" R'< and IPrl satisfy the 

hypotheses of Theorem 2 of the author. [Proc. Acad. Sci. U.S. A. 57 (1967), 1184-1187]. If 

limnsup IIQ~ - P~ 11 1 > 0 then Qt(A) = JAc0 (t) exp Lt=lci(t)jili(x)Qt0(clx), (t,A) E T X Jd', p;;; k, Qt =Pt. 

Theorem 2, Modify the assumptions of Theorem las follows: (i) l = R, g replaces >~'n(f), g:Rn __. R 

is now only assumed to be continuous and each partial function of a real variable of g satisfies Lusin's 

condition (N); (ii) Pt (N) = 0 = Al (N) = 0 (Lebesgue measure). Then a.e. (A1) locally on open 

neighborhoods dQt/dQt = c0 (t) exp c 1 (t)¢ 1 (x) for continuous !il 1 and P t = Qt. Theorem 3. Modify 
0 

the assumptions of Theorem 2. as follows: lis a separable locally compact group, g: ln ____. Rk, 

k ?; l, is ·:::o:ttinuous and each partial function of g mapping lk into Rk satisfies a Lipschitz condition 

with respect to the Haar measure (Hk) and Lebesgue measure on Rk. Then a.e. (H) locally on open 

neighborhoods dQt/dQto = co(t) exp Ll=·lci(t)¢i(x) for continuous !Iii' and Pt = Qt' (Received 

November 13, 1967.) 

68T- 115. MIKLOS CS ORGO, McGill University, Montreal 2, Canada. Glivenko -Cantelli type 

theorems and laws of large numbers for randomized sequences of random variables. 

Let x 1, x2 , ... be independent random variables and NA be a positive integer valued random 

variable whose distribution depends on the parameter A. Let F~(·) be the empirical distribution 

function of M. Kac (see M.Kac, On deviations between theoretical and empirical distributions, Proc. 

Nat. Acad. Sci. U.S. A. 35 (1949), 252-257). Necessary and sufficient conditions are established 

for the behaviour of NA/A and NA, as A____. oo, in terms of Glivenko-Cantelli type theorems. Also, 

laws of large numbers are proved for random sequences of random variables and in terms of these 

laws the behaviour of NA/A and NA, as A_. oo, is again characterized. (Received November 8, 1967.) 
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68T-116. BRYANT TUCKERMAN, IBM Thomas]. Watson Research Center, Yorktown Heights, 

New York. Odd perfect numbers: A search procedure, and a new lower bound of 10 36, 

It is an open question whether any odd perfect numbers exist. An infinite algorithm is 

described which, for each odd perfect number, would detect that number in a finite amount of 

computation, It generates a tree, by alternating the application of theoretical results with the 

computational factorization of particular large integers. It is then truncated to a finite algorithm 

which detects all odd perfect numbers below a given bound, The truncated algorithm was carried 

out with the aid of an IBM 7094, using a package of programs for arithmetic and number-theory 

computations with large ("multiword") integers. There resulted a finite tree showing that every 

odd perfect number must: (l) satisfy known restrictions at some one of the nodes of this tree; 
a 18 

and hence (2) have either (a) some component p > 10 , a even, or (b) no prime divisor < 7; and (3) 

be > 10 36. (The previous published bound is 1020 .) (Received November 14, 1967.) 

68T-117. C. H. WILCOX, University of Arizona, Tucson, Arizona 85721. The analytic 

continuation of the resolvent kernel in scattering theory. 

LetS be a compact surface in R3 with exterior S1. Let !:::. denote the self-adjoint operator 

on L2 (S1) corresponding to the Laplacian with Dirichlet boundary condition on S. The scattering 

problem for S asks for the solution u(x, k) of f::.u + k 2u = P ( p prescribed). !:::. has a resolvent 

R(k2 , !:::. ) which is analytic in Im k > 0 and is an integral operator whose kernel is the Green's 

function G(x, y, k) for !:::. + k 2 . Thus u(•, k) = R(k2 , f::.)p = J 11 G(•, y, k)p(y)dy for Im k > 0. 

u(x, k) can be constructed by the integral equation method of W. D. Kupradse (Randwertaufgaben 

der Schwingungstheorie und Integralgleichungen, VEB, Berlin, 1956). In this paper the Fredholm 

determinant theory is used to solve the Kupradse equation and the following results are obtained, 

(l) An entire function D(k) is constructed such that k --->D(k) u(•, k) is an entire analytic function with 

values in the Frechet space C(fi). (2) The zeros of D(k) are shown to lie in Im k ~ 0, (3) The poles 

of u(•, k) at the real zeros of D(k) are shown to be removable. P. D. Lax and R. S. Phillips (Scattering 

theory, Academic Press, New York, 1967) have obtained similar results by a different method based 

on semigroup theory. (Received November 13, 1967.) 

68T-118. F. J, MESTECKY, University of Maine, Orono, Maine 04473. Varieties associated 

with filtrations. 

Let (O,m) be a local domain with quotient field F. Let f be a filtration of m-primary ideals of 

O· i.e., f = (Anln ~ 0 where Ao = 0, An+ 1 <; An, and Ai • Aj <; Ai+j· Following the methods of Rees, 

we define a graded ring Rt, consisting of all elements of the form Ll1-pciti, where tis an indeter

minant over 0, and c i E Ai' with Ai = 0 for all i ~ 0, For each relevant homogeneous prime P of Rf 

containing t - 1, a quasi-local ring Q(P) is defined, Let Vf be the collection of all such Q(P). We 

assume the following: 0 is a two dimensional normal spot over a pseudo-geometric Dedekind domain; 

An is a normal m·primary ideal; Q(P) is a local domain; Rf is a Krull domain; Un S(An) is finite, 

where S(An) is the set of Rees valuations associated with An. Then Vf is a model, called the variety 

of f. (Received November 14, 1967.) 
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68T-119. D. J. SCHATTSCHNEIDER, University of Illinois, Chicago Circle, Chicago, Illinois 

60680. An isomorphism theorem for a reduced Weyl group. 

Let G be a connected semisimple algebraic group, T a maximal torus of G, I the root system 

of G with respect to T, I' a subgroup of Aut(G, T), S the subtorus of T left pointwise fixed by I', to 

the subset of r which annihilates S, W and w 0 the Weyl groups of t and r 0 respectively, and W = 

N0 (S)/Z 0 (S). Let r be the set of nonzero restrictions to S of elements of r. We study two (distinct) 

actions of I' on W, and their corresponding subgroups of fixed points of W (denoted WI' and .W [I']). 

In particular, we show that when W contains all of the reflections with respect to elements of r, there 

is a natural subgroup V of w[I'], generated by involutions, such that W ~ Vow0 , a semidirect product. 

(This study generalizes §2 of Steinberg's paper Variations on a theme of Chevalley, Pacific J. 

Math., Vol. 9, and uses a recent result of Hijikata.) (Received November 13, 1967.) 

68T-120. EDGAR REICH, University of Mi.nnesota, Minneapolis, Minnesota 55455, and 

KURT STREBEL, University of Zurich, Zurich, Switzerland. Quasiconformal mappings which 

keep boundary points fixed. 

Let f(z) map U = { lz I < 1} quasiconformally onto itself with complex dilatation 

~t(z) = f.z/fz. Theorem 1. A necessary condition for f(eiiJ) = eiiJ, 0 ::> IJ < 21r, is that 

iff u~t(z)[1- l~t(z)l 2]- 1g(z)dxdyl ::> fJul~t(z)l2[1- l~t(z)I2J-llg(z)ldxdy for each function g(z) holomor

phic in U with finite norm ffulg(z)ldxdy < oo. Corollary. Suppose w = F(z) is quasiconformal in U 

and F- 1 (w) has complex dilatation p(w)ifi(w)/!f(w), where p(w) ;;:; 0, and !f(w) is holomorphic and 

locally L 1• Then F(z) is extremal for its boundary values in the sense that F has no admissible local 

variation. Theorem 2. Suppose f(k; z) is the Teichmuller mapping with ~t(z) := .l!z)/p(z), ~(z),F 0, 

z E U, normalized such that f(k; 1) = 1, f(k; i) = i, f(k; -1) = -1. U (~(z)y/i is rational and all its 

poles in the extended plane are on au then f(k; eiiJ) = ei!J, 0 ;&; IJ < 21r, 0 ;;;; k < 1. An example of 

Theorem 2 is obtained when f·='lt- 1 o Ao~ where ~and 'IT are holomorphic in U and ~(U) is the 

"interior" of a parabola, and A is an affine stretching in the direction of the axis .of the parabola. 

(Received November 14, 1967.) 

68T-121. M. J. O'MALLEY, NASA, Manned Spacecraft Center, ED13, Houston, Texas 77058. 

R-automorphisms of Rf[X]). 

Let R be a commutative ring with iclentity, X an indeterminate over R. R. W. Gilmer 

(R-automorphisms of R[X], Proc. London Math. Soc. (to appear)) has determined all R-automorphisms 

of R[X]. We investigate the analogous problem in R[[X]], the formal power series ring. We define, 

for any i in w 0 , a function 1r1: R[[X]]--+ R as follows: 1ri(f), for any f E R[[X]), is the coefficient of 

Xi in f. Let fJ = Lr;O biXi E R[[X]], where n:=l (b0 )n = (0), and suppose that R is complete in the 

(b0 )-adic topology. We define a mapping ~fJ from R[[X)] into itself as f~llows: iff = L:~0f.Xi E R[[X]), 
(i) i j (i) 1 1 

f = L j=OfjX , and pk(f) = limi 1rk(f ( (j)) for each i and k in w0 , then ~fJ (f) is defined to be 
~00 i 00 . 
"'-'i=OPi(f)X • Theorem 1. ~fJ is an R-endomorphism of R[[X)). Theorem 2. Let fJ =L:1 =ObiX1 E R[lX]], 

where n:=l {b0 f = (0). There is an R-endomorphism tf on Rf[XJJ such that !f(X) = fJ if and only if 

R is complete in the {bo)-adic topology. When R is complete in the {bo)-adic topology, If= ~fJ· 
Theorem 3. ~ fJ is an R-automorphism of R[[XJ] if and only if b1 is a unit of R. (Received November 

13, 1967.) 

227 



68T-122. J. G. HORNE, University of Georgia, Athens, Georgia 30601. Can multiplication on 

sl (2) be extended? 

Here, Sl{2) denotes the universal covering group of the group sl(2) of 2 X 2 real matrices 

of determinant 2. The title means: is there a locally compact topological semigroup Sin which 

Sl (2) sits as a proper dense subgroup? We do not now consider the question in this generality but 

rather ask the more special question: is there a semigroup on the set I (x,y,z): x ;;:; 0 I such that 

the set G =I (x,y,z): x > 0} forms a subgroup isomorphic to Sl(2)? We cannot yet say whether there 

is, but if there is we can pin down its nature very rigidly: there must be a two sided zero 0 in the 

boundary L of G such that xy = 0 if x, y E L. Furtherm::~re, for every x E: L, x F 0, dim Gx =dim xG = 1 

and for every nonzero, x. y E L, (Gxf and (yG)- are half-rays from 0 such that yG spirals around 

0 relative to (Gx)-. (Received November 6, 1967.) 

68T -123. G. A. HEUER, Concordia College, Moorhead, Minnesota 56560. Pointwise 

approximation by s.c. functions. 

We use the definitions and notation of Abstract 67T-60-4, these cJ{oticei) 14 (1967), 836. If 

X - . - -A!=;;: Y , A will denote the p.c. closure of A. Theorem 1. S !=;;: K<=*K = K<=>Y is Hausdorff or X 

is totally disconnected (every component is a singleton). Theorem 2. If the quasicomponents of X 

are its points, then S = K == yX. Theorem 3. If Y is irreducible (every pair of non empty open sets 

has non empty intersection) then S = yX. Theorem 4. If X has a quasicomponent with more than one 

point, and Y is reducible, then SF Y x. Corollary 5. When X is totally disconnected, the following 

are equivalent: (i) S = K. (ii) S = yX. (iii) Every quasicomponent of X is a singleton or Y is irreduci

ble. Theorem 6. If ever component of X is a quasicomponent then K !=;;: S. Theorem 7. If Y is 

reducible (hence, if Y is Hausdorff), and X has a component which is not a quasicomponent, then 

K 1 S. Corollary 8. S = K iff at least one of the following obtains: (i) Every quasicomponent of X 

is a singleton. (ii) X is totally disconnected and Y is irreducible. (iii) Y is Hausdorff and every 

component of X is a quasicomponent. {Received November 14, 1967.) 

68T -124. UMBER TO NE RI, University of Maryland, College Park, Maryland 20742. LP 

estimates for certain nonlinear differential equations. 

Consider equations of the form Pu = Lial=lf31=m Daaaf3(x)Df3u = f, where f E L~m(Rn), 
1 < p < oo, D = {2 1r if 1 (a; ax), with coefficients aa/3 bounded and uniformly Lipschitz continuous in 

Rn. We say that P is elliptic in Rn if IP(x, ~ ll = IL>a/3 ~a ~ /31 ;;:; t > 0 on If- x II~ I = 1}. Theorem. 

If P is elliptic in Rn, there exists a constant c > 0 such that llullm ~ c( IIPull-m + llullm-1 ), for all 

u E L ~(Rn ), where II II k is the norm in Lf~!Rn ). This estimate follows readily from the representation 

P = A mK Am, where A == F- 1 1 ~IF is a Fourier multiplier and K = H + S is a Euclidean singular 

integral operator with symbol u (K) = u(H) = P(x, ~ ll ~1- 2m. (Received November 13, 1967 .) 
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68T -125. HISAHIRO TAMANO, Texas Christian University, Fort Worth, Texas 76129. 

Linearly cushioned refinements. 

Definition 1. A family 2! = I VA I A E A l is said to be linearly cushioned in another family 

~ = I Ua.la. E A l if there exist a well orrlering of A and a mapping¢: A----+ A such that 

U {VA I A E A* l C Ul Ua.la. E p(A *ll for each bounded subset A* of A. Theorem 1. A space is 

paracompact if and only if every open covering has a linearly cushioned open refinement. Defintion 2. 

A topology base 'r' = IvA. I A E A l is said to be a linearly cushioned refinement of a topology base 

~ = I Ua.l a. E A l if 'r' is linearly cushioned in ~ and ~ * = I Ua.la. E p( A Jl forms a topology base. 

Definition 3. A space is said to be perfectly paracompact if there is a topology base having linearly 

cushioned refinement. Theorem 2. Every perfectly paracompact space is (hereditarily) paracompact. 

Theorem 3. The cartesian product of two perfectly paracompact spaces is paracompact. Every 

metrizable space is perfectly paracompact. Perfectly paracompact spaces have some additional 

properties similar to those of metrizable spaces. (Received November 6, 1967 .) 

68T -126. N. D. GUPTA, University of Manitoba, Winnipeg, 19, Canada. Commutation near

rings of a group. Preliminary report. 

Define addition and multiplication of mappings of a group G into itself by: g(ll 1 + 112) = 

gO rgll2 and g( ll1ll2) = (gll1 ) 11 2 for all g E G. The zero and negative mappings are given by: 

gO= 1 and g(-11) = (gll) 1 for all g E G. Let M(G) denote the left-distributive near-ring generated 

by all mappings of G into G and let N(G) be the subnear-ring of M(G) generated by all mappings p(x) 

where gp(x) = g-lx- 1gx for all g E G. Define ( v1• v 2 ) =- v 1 - v2 + v 1 + v 2 and ( v1 , v 2 , v 3 ) = 

(( v1, v 2 ), v 3 ) for all v 1 , v 2 , v 3 in N(G). Theorem}· For n ~ 2, ( v1 •.•. , "nl = 0 for all 

v1 ..... "n E N(G) if and only if (p(x 1 ), ... , p(xn)) = 0 for all x 1 , ... , xnEG. As one of the consequence 

one gets Theorem 2. A group of all of whose m + n + 1 -generator subgroups are nilpotent of class at 

most mn + m + n is locally nilpotent. (Received November 10, 1967.) 

68T-127. J. G. MICHAELS, University of Rochester, Rochester, New York 14627. Bi-

measurable functions. Preliminary report. 

Let X and Y be absolute Be>rel metric spaces. A function f from X onto Y is bimeasurable if 

both f and ! 1 preserve Borel sets. A theorem proved for separable metric spaces by R. Purves, 

Bimeasurable functions, Fund. Math. 58 (1966), 149-157, is generalized to nonseparable metric spaces 

as follows: Theorem. Let X and Y be absolute Be>rel metric spaces and let f be a bimeasurable 

function from X onto y. Let T = I y E Y: r 1 (y) is not a--discrete l· If T is Borel, then T is 

a--discrete. (Received November 8, 1967.) 

68T -128. JIM OWINGS, University of Maryland, College Park, Maryland 20742. Commuting 

recursive functions have a common fixed point. Preliminary repnrt. 

If e ~ 0, let W(e) be the eth r.e. set; i.e., n E W(e) <--> (Ey)Tl(e, n, y). Iff is a recursive 

function, call f well-defined on the r.e. sets if for all e, e', W(e) = W(e')---+W(f(e)) = W(f(e')). 

Theorem 1. Iff, g are recursive and well defined on the r.e. sets and W(f(g(e))) = W(g(gf(e))) for all 
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e ~ 0 then for some e*, W(e*) = W(f(e*) = W(g(e*)). The proof makes use of the following~· 

Iff is well defined on the r.e. sets then, for all e ~ 0, W(f(e)) = U W(f(e')) where the union ranges 

over all e' such that W(e') is a finite subset of W(e). The proof of the lemma requires two applica

tions of Myhill's fixed point theorem. Definition. If e ~ 0, e' ~ 0 let e ~ e' mean e and e' enumerate 

the same r.e. set in the same order; i.e., e ~ e' iff (y)(.Ey')(n)((Es)(s < y & TI(e, n, s)) 

<--+(Es')(s'< y' & T1(e', n, s'))) & (y') IEy)(n)((Es) (s' < y' & T 1(e', n, s'))<-+(Es) (s < y & T 1(e, n, s))). 

Theorem 2. Iff, g are recursive and for all e, e', e ~ e'---> (f(e) ~ f(e') & g(e) ~ g(e') & f(g(e)) 

~g(f(e' ))) then for some e*, e* ~ f(e*) ~ g(e*). As a barrier to further refinement, there exist recur

sive functions f,g such that f(g(e)) = g(f(e)) for all e ~ 0 but for no e* is it true that W(g(e*)) = W(f(e*)). 

(Received November 13, 1967.) 

68T-129. W. E. BAXTER, University of Delaware, Newark, Delaware 19711. On rings with 

proper involution. 

A topological ring is said to have property (Y) if, and only if, 2A =A; A has a proper 

continuous involution (with symmetric elements S) such that whenever the net j2xal tends to zero, 

so also does j xal; A 3 is dense in A; and the left annihilator of a closed Jordan ideal U of S is zero 

if, and only if, U is S. One shows that for such rings and for annihilator rings with the first two 

properties above that every closed Jordan ideal of Sis the intersection of S with a closed two-sided 

ideal. Also shown is the fact that S o S is dense in S. A study is made of relations between the 

socle and Jordan ideals of S for topological rings. Finally, a new proof of Herstein's result for S 

in simple associative rings is given. (Received November 13, 1967.) 

68T-130. M. E. WATKINS, University of Waterloo, Waterloo, Ontario, Canada. A topological 

problem in connectivity of graphs. II. 

Let G denote a finite undirected graph without loops or multiple edges. V(G) denotes its 

vertex set. For each integer n ~ 2, 9n denotes the condition: jV(G)j ~ 2n, and for any ordered 

n-tuples (a 1, ••. , an)• (b1 , ••. , bnl comprising 2n distinct vertices, there exist n pairwise-disjoint 

arcs F\[ai' bj) C G (i = 1, ••• , n). In Abstract 642-78, these c}foticei) 14 (1967), 84, the author 

announced necessary conditions for G to satisfy 9n and the particular case for n = 2 was investigated. 

Although a graph satisfying 9 3 is necessarily 5 -connected and non planar (see aforementioned 

abstract), the following results are now known: Theorem I. The only graph satisfying 9 3 which can 

be imbedded in the projective plane is the complete graph K 6· Theorem 2. For each g ~ 0, there 

exists a 5-connected graph of genus g which does not satisfy 9 3 . (Received November 10, 1967.) 

68T-131. W. B. SCONYERS, Texas Christian University, Forth W~.rth, Texas 76129. A note 

on _At -paracompact spaces. 

Definition 1. A family jFA !A E Al of subsets of a topological space is said to be hereditarily 

closure preserving if l F;\1 A E Al is closure preserving, where F)., C FA for each A E A. If a space 

X has a hereditarily closure preserving closed covering, then X has the weak topology with respect 

to that covering. Theorem 1. A regular space X is paracompact if and only if every well-ordered 

open covering of X has a hereditarily closure preserving closed refinement. Theorem 2. In a 
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topological space X the following conditions are equivalent: (a) X is .L -paracompact and normal. 

(b) Every open covering of X with power~ .L has a linearly cushioned open refinement. (c) Every 

open covering of X with power ~ .L has a cushioned refinement. Definition 2. A family IF A I A E A I is 

said to be linearly hereditarily closure preserving if A can be well-ordered in such a way that for 

each A E A, the family I F-y I 'Y < A I is hereditarily closure preserving. Theorem 3. A normal space 

X is .L -paracompact if and only if for every well-ordered open covering I U I a E A} where 
a 

card (A)~ 1, there is a linearly hereditarily closure preserving open covering IV alaE A} such that 

Cl(V al C Ua for each a E A. (Received November 6, 1967.) 

68T-132. H. M. SRIVASTAVA, West Virginia University, M·ngantown, West Virginia 26506. 

Finite symmation formulae associated with a class of generalized hypergeometric polynomials, 

For the sequence of polynomials I<I>~A)(xll introduced by means of the generating relation 

E (xat) G [f(x)(t/mfl] = L~=o(tn I (A + llnl <I>~ A)(x), where, as usual, E(Z) denotes the exponential 

function, and G[z] = Lf=ogkzk (gk! 0), the author gives here a general formula that expresses 

<I>iXl(x) as a finite sum of q,~Al(y), and discusses its numerous interesting special cases including 

scores of hitherto scattered results proved by various writers [cf., for instance, Proc, Amer. Math, 

Soc. 17 (1966), 552-556 and the bibliography quoted therein] in the theory of generalized hyper

geometric polynomials. (Received November 14, 1967 .) 

68T-133. M. M. MARJANOVIC, University of Florida, Gainesville, Florida. A topological 

characterization of isometrics, 

Let M be a compact metrizable topological space and f: M----> M a homeomorphism. Denote 

by D the set of all topologically equivalent metrics on M and let fn = f o fn-l, for n = 1, 2, .. ,, t 0 

identity and f-n = C 1 f-n+l, n = 1, 2, .... The topological concept of an evenly continuous family, 

due to T. L. Kelley and A. P. Morse, is used here to obtain a theorem which states when a homeo

morphism is an isometry with respect to a suitably chosen metric. Theorem, Let f: M----> M be a 

homeomorphism of a compact metrizable topological space. Then, there is a li E D such that f is 

an isometry with respect to li if and only if the family ItT: T E I} (I is the set of all integers) is 

evenly continuous. (Received November 20, 1967 ,) 

68T-134. C. D. TABOR, 233 East Fifth Street, Homer, Louisiana, On extended topologies. 

A simple extension of a topology is defined by Norman Levine as follows: Let (X, ..7) be 

a topological space where Y is some topology on X, and let A be a subset of X such that A Et Y. 

Then the topology .Y(A) =I U U (U' n AJIU, U' E .:v} is called a simple extension of Y. A concept 

of (simultaneously) extending a topology by an arbitrary number of sets is introduced. Such an 

extension is denoted 3"[Aa] where I AaiAa C X, Aa Et .!7, a E A I is the collection of subsets of X 

by which 57 is extended. It is shown that an extension of the form 57 [A a] is equivalent to a well

ordered succession of simple extensions. Theorem 1. Let Y 1 and ..72 be topologies for a set X, 

5' an arbitrary filter on X; and A1 and A2 the sets of convergence points of 5' with respect to 31 
and . .9-2 respectively. If G2 = 1Ta1Ta Et Yp T a is a member of an open basis for ..72 , a E A}, then 
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A 1 n Az is the set of convergence points of ? with respect to Y3 iff Y3 = Y1 [T0.J. Theorem 2. • 

. .9'-[AnJ = Y(U IAaln E A j) iff Ann [ UIAnla E A}- An]= fJ for every n EA. Theorem 3, L~t 
(X, _;V) be a topological space and let A and 8 be subsets of X such that A, 8 E Y. Then Y(A)C3""(B) 

iff [(BdryA) n A] C ((BdryB) n B) and there exists U' E Y such that U' n 8 =An 8 (BdryA denotes 

Bdr A with respect toY). Some theorems concerned with the idea of extending one topology by the 

members of an open basis for ·another topology are also given. (Received November 2.0, 1967 .) 

68T-135. R. N, GUPTA, Ramjas College, Delhi-7, India, and F. SAHA, 9-C, Maurice Nagar, 

Delhi, India. On quasi-Frobenious local rings. 

A semisimple Artinian ring which is not a division ring provides a counter example to the 

following result proved by Tol' skaja: A ring R is quasi-Frobenious iff every injective (right) 

R-module is free [MR 33 # 132.9]. It is proved R is a quasi-Frobenious local ring iff every injective· 

R-module is free. (Received November 2.0, 1967 .) 

68T-136. F. M. CHOLEWINSKI, Clemson University, Clemson, South Carolina, D. T. HAIMO, 

Southern Illinois University, Edwardsville, Illinois. Generalized temperatures and analytic functions, 

The generalized heat equation is given by d xu(x,t) = (a/ a t)u(x,t), where d xf(x) = f" (x) + 

(2. v /x) f'(x), v is a fixed positive number. Its fundamental solution is the function G(x;t) = G(x,O;t) 

where G(x,y;t) = J (fe-tu /(xu) ,/(yu)(u2 v /2. v - 1/2. f( v + 1/2.)) du, with /(z) = 2. v - 1/2. f( v + 1/2.) X 

z 1/2.- v J v _1; 2(z), Jn (z) being the ordinary Bessel function of order n. Generalized temperatures 

are c2 solutions of the generalized heat equation and those generalized temperatures u(x,t) which 

satisfy the condition u(x,t) = f g'G(x,y;t- t')u(y,t')(y2.v /2.v - 112. r'(v + 1/2.)) dy, with the integral 

converging absolutely for all t, t', a < t' < t < b, are said to have the Huygens property for a< t < b. 

The close analogy between the theory of generalized temperature functions and that of functions of a 

complex variable is developed. For example, a parallel to expansions in a Taylor series for analytic 

functions is that of expansions in terms of generalized heat polynomials P n, v(x,t) for functions with 

the Huygens property, where p n, v(x,t) = L ~=0 z2.k(~) X r (n + v + 1/2.)/ f(n - k + v + 1/2.)) x2n-2.ktk, 

(Received November 2.0, 1967,) 

68T-137. W. P. KAPPE and M. W. KONVISSER, Ohio State University, Columbus, 0:1io 432.10. 

Self-centralizing elements in finite p-groups. Preliminary report. 

Call an element X E G self-centralizing if the centralizer of x in G consists of powers of x. 

For regular p-groups self-centralizing elements are elements of maximal order, but not every 

element of maximal order in a regular p-group having a self-centralizing element is self-centralizing. 

Theorem. Let G be a regular p-group having a self-centralizing element. Then G is generated by 

its self-centralizing elements and the minimum number of generators for G is bounded by p and the 

class of G. (Received November 2.0, 1967,) 
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68T-138. ]. K. BROWN, Ohio State University, Columbus, Ohio 43210. Finite groups have 

automorphisms of large order. Preliminary report. 

Let G be a finite group of order JGJ, and m(G) the maximum of the orders of automorphisms 

of G. For an automorphism s of G, denote by Gs-l the subgroup generated by all g·lgs forgE: G. 

Theorem. (1) m(G) ~ JGJ- 1 and equality Implies that G is an elementary abelian p-group. (2) If 

m(G) > (l/2)JGJ, then G is abelian of a very special type. (3) If m(G) ~ (l/4)JGJ, then G is solvable. 

( 4) For an automorphism s of G we have Js J ~ JGS-lJ and equality implies that Gs-1 Is either cyclic 

or has the form Cn X c 2 X c 2 , with n odd. (5) If k Is an Integer greater than 1, then the number of 

finite groups G having m(G) = JGJ - k Is finite. Call an automorphism s of G simple if it involves a 

cycle of group elements whose length is equal to the order of sand let k(s) be the number ofdistinct 

primes dividing the order of s. Then (1) If k(s) = 2, then sIs simple. (2) If k (s) = 3 or 4 and sis 

not simple, then G is not simple. (3) If G is simple and s is not simple, then JG J > 9240. (Received 

November 20, 1967 .) 

68T-139. E. W. CHENEY and F. SCHURER, University of Texas, Austin, Texas 78712. 

~spline interpolation operators. 

Let C denote the space of continuous functions f on [0,1] such that f(O) = f(l ). Give C the 

supremum norm. If 0 = x 0 < ~ 1 < ... < xn = 1 then denote by S the subspace of C consisting of cubic 

spline functions with knots x 0 , ... , xn. To each f in C there corresponds a unique element Lf in S 

which interpolates to f at the prescribed knots. The operator L is a linear projection onto S. For a 

sequence I Sn, Ln l of such spaces and projections it can happen (as in ordinary polynomial approx

imation) that lJLnlJ----. oo, while other linear operators and nonlinear projections onto Sn converge 

pointwise to the identity. Theorem l. (l/42)u{J- 1 ~ lJLJJ ~ (3/2)no + 1, where a= max(h[ 1 ), 

{1 = min (hi+ h i+1), o = max (hi)' and hi =xi - xi_ 1. Theorem 2. For all f E C, dist (f, S) ~ 18w(f; o ). 
Theorem 3. There is a linear operator A : C----. S such that lJf - AfjJ ~ 18w(f; o) for all f E C. 

(Received November 20, 1967.) 

68T-140. C. K. GUPTA, University of Manitoba, Winnipeg 19, Manitoba, Canada. On 

2-metabelian groups. Preliminary report. 

A group is said to be n-metabelian if each of its n-generator subgroups is metabelian. Thus 

if n ~ 4, n-metabelian Is same as metabelian. But there is a 2-metabelian group which is not 

3-metabelian and a 3-metabelian group which is not metabelian [B. H. Neumann, Proc. Glasgow 

Math. Assoc. 3 (1957), 13-17]. If a group is 3-metabelian, then it Is centre-by-metabelian [I. D. 

Macqonald, Math. Z. 76 (1961), 270-282]. There is a centre-by-metabelian group which Is not even 

2-metabelian [C. K. Gupta, Thesis, Canberra (1967); or see M. F. Neuman, ]. London Math. Soc. 41 

(1966), 292]. In this paper, we exhibit a torsion-free group of 3 X 3 matrices over a commutative 

ring which is 2-metabelian but not centre-by-metabelian. We further deduce that for every prime 

p ~ 5, there is a 2-metabelian group of exponent p which is not centre-by-metabelian. In particular, 

it follows that besides B. H. Neumann's example of the Sylow 2-subgroup of s8 , there are torsion-free 

groups and also groups of exponent p (p ~ 5) which are 2-metabelian but not 3-metabelian. (Received 

November 20, 1967.) 
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68T-l41. P. M. GAUTHIER, Case Postale 6128, Montreal 3, Canada. A form of Flessner's 

theorem and an identity thee>rem. Preliminary report. 

Text of abstract. Let w = f(z) be a function meromorphic in the unit disc D. For S CD let 

C(f, S) denote the cluster setoff on S. A boundary segment a C D is a Flessner segment if 

C (f, ~) is total for each stoltz angle ~ containg a. Lem rna. A boundary segment a is a Flessner 

segment for F(z) iff a satisfies the following condition: either a is a p-segment (Abstract 67T-448, 

these cJVoticei)), or C(f, a) is total. Theorem l (A form of Flessner's theorem). For almost every 

point z of the unit circle, either (a) z is a Fatou point for f(z); or (b) for every boundary segment a 

ending at z, a is a p-segment or C(f, a) is total. Theorem 2. Let f(z) tend to a value along a 

boundary curve a ending at a point z 0 of the unit circle. Then either zo is a Fatou point or there is 

a sequence of p-points whose limit is zo. Theorem 3. Let f(z) tend to a value along a boundary curve 

a whose end is not a single point. Then either f(z) is identically constant, or for each point z 0 in the 

encl of a, there is a sequence of p-points whose limit is z 0 . (Received November 20, 1967.) 

68T-l42. D. F. PINCUS, 164 Longwood Avenue, Boston, Massachusetts 02115. Comparison 

of independence results in Mostowski's system (G) and in Zermelo-Fraenkel set theory. 

jech and Sochor (Bull. Polon. Sci,, 1966) show that any statement of set theory with bounded 

scope has a model in Zermelo-Fraenkel (Z.F.) set theory whenever it has a model in Mostowski's 

system (G). The corresponding theorem fails for an arbitrary set theoretical statement. In particular, 

all axioms of multiple choice (see Zuckerman, Abstract 66T-422 of these cJVoticei)) are equivalent 

to the Axiom of Choice (A. C.) in Z.F., while A.C. is independent of many of them in (G). On the other 

hand, there is a fairly uniform method of taking a model of (G) and constructing a model of Z. F. with 

similar properties. For instance there is a model of (G) (Lauchli Fund. Math., 1964) such that 

(l) there is a canonical well-ordering of any well-orderable set, (2) there is a set which can not be 

linearly ordered. These properties are true in the corresponding Z. F. model. (Received November 

20, 1967.) 

68T-l43. V. J, MlZEL, Carnegie-Mellon University, Pittsburgh, Pennsylvania 15213, and 

KONDAGUNTA SUNDARESAN, University of Missouri, Columbia, Missouri 65201. Banach sequence 

spaces. 

Let (R 2, N 1) be a two dimensional normed linear space such that if U is the unit cell and P is 

the positive quadrant then c I (1,0), (0, 1), (0,0) l c p n u c c I (1,0), (0,0), (0' 1), (1, 1) l where c (X) 

denotes the convex hull of X. For K <:; 2 define inductively the function NK on RK+ 1 such that if 

x = (x 1, x2 , ... , xk+l) then N K(x) = N1(Nk_ 1(x 1, x2 , ... , xK), lxK+ll). Then NK is a norm on RK+1 and 

the space of all sequences x = lxnln<:;1such that N0 (x) = supk<:;lNK(x 1, x2 , ... , xk+l) < oo is a Banach 

space with No as the norm. Denoting this Banach space as BN0 obtain the following Theorem l. 

If N(l,a) = 1 for some a> 0 then BN0 is isomorphic to 100 while if N 1(l,a) > 1 for all a> 0 then 

every sequence in BNo is a null sequence. Theorem 2, BNo is separable if and only if the vectors 

I ei l i <:; 1, where e~ = 0 if j f i and et = 1, are a Schauder base of BNo· Theorem 3, BN0 is reflexive 

if and only if BNo and BMo are separable where BM0 is the sequence space determined by M 1 by 

the above iteration procedure, M 1 being the adjoint N 1. (Received November 16, 1967.) 
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68T-144, JOSEPH WARREN, Wayne State University, Detroit, Michigan 48202. An estimation 

Let a boundary spiral, S, in D : lz I < 1 be defined by S : z(t), 0 ~ t < 1, z(t) continuous 

and simple, z(O) = 0, Arg z(t) > 0 fort> 0, and limit Arg z(t) = + ro, as t tends to 1. Lets= h(z) 

= - i log z = (Arg z + 27r) + i(-log lz ll be defined in D' = D - S. For 0 > 211", the line Re s = 0 meets 

h(D') in at least one segment. Let ¢ 0 be the one which "separates + iro from+ ro". Let kO be the 

pre image of ¢0 in D', k( 0) the length of ko. Define K( 0) to be the maximum of lf(z) 1 on ko. 

:!'heorem. Let f(z) be holomorphic and unbounded in D, bounded on S. Then for any 00 > 21r, 

lim inf log log K(O)/ 1r J/0 ll/k(t) l cit~ 1, as 0 tends to ro. This theorem uses Ahlfors' 

distortion theorem [Acta Soc. Sci. Fenn. Ser. A, 1 (1930), 1-40) and the Phragmen-LindeHif 

theorem in the proof. It is a generalization of a theorem of Schnitzer and Seidel [Math. Z. 88 

(1965), 301-308]. (Received November 13, 1967,) 

68T-145. j, N. McNAMARA, Columbia University, New York, New York 10027. Piecewise 

linear fibre bundles. 

The category of quasi-topological spaces is constructed from the category of compact Hausdorff 

spaces (Spanier, Duke Math. j, 30 (1963), 1-14). If the same construction is applied to the category 

of finite simplicial complexes with piecewise linear maps, a category s&! results having the following 

properties: l. The category of locally finite simplicial complexes with piecewise linear maps is a 

full subcategory of s&!. 2. Each set of morphisms ins&! has a canonical structure as an object of .W, 

3, If X is an object of 5¥, the set of autom:Jrphisms of X is a group object ins&!. A theory of fibre 

bundles is examined in .W. Principal bundles with base a locally finite simplicial complex are 

classified by a universal bundle of the type constructed by Milnor. If G is the group of piecewise 

linear automorphisms of euclidean n-space, then the universal G-bundle also classifies then-dim 

piecewise linear microbundles. (Received November 13, 1967 .) 

68T-146. EDGAR ASPLUND, University of Washington, Seattle, Washington 98105. Fnfchet 

differentiability of convex functions. 

Theorem. If E is a Banach space that can be provided with an equivalent norm such that its 

dual norm on E* is locally uniformly rotund, f is a convex function on E, and C is the largest open 

subset of E on which f is {finite valued and) continuous, then the set of points in E at which f is Fnfchet 

differentiable is a dense G 0 subset of C. Remark. Previously, essentially the same conclusion 

was known to hold if E is a reflexive Banach space admitting an equivalent Frechet differentiable 

norm (Lindenstrauss, On operators which attain their norm, Israel j. Math. 1 (1963)). This class 

of Banach spaces is contained in that of the theorem, as are also certain nonreflexive Banach 

spaces, e.g. c 0 of a countable set. (Received November 8, 1967.) 
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68T-147. G. G. JOHNSON, University of Georgia, Athens, Georgia 30601. Continuous comm:J

ting functions. 

Theorem. Iff is a monotone continuous function from [0,1] into [0,1], then there is a non

monotone continuous function g from [0,1] into [0,1] such that fog= go f. (Received November 13, 

1967.) 

68T-148. E. G. MANES, Harvey Mudd College, Claremont, California. A triple-theoretic 

construction of compact algebras. 

Theorem. The category of compact Hausdorff spaces in tripleable over the category of sets 

(the triple is constructed explicitly). Each algebra over a triple in sets may be described (via the 

Yoneda lemma) by operations, recovering Birkhoff's approach to universal algebra (and generalizing 

it since operations may be of unbounded arity, e.g. compact spaces). Theorem. Given a category 

of algebras, the induced category of compact algebras (operations are continuous) is again tripleable 

over sets. Theorem. The category of compact Hausdorff topological transformation groups with 

a given topological phase group is tripleab1e over sets. (Received November 15, 1967.) 

68T-149. D. D. BONAR, Ohio State University, Columbus, Ohio 43210. On annular functions. 

Preliminary report. 

A function f on the unit disk D is annular if it is holomorphic and there exists a sequence of 

closed jordan curves Jn in D converging outward to the boundary K of D such that the minimum of 

If! on Jn converges to oo. If the Jn are circles concentric with D then f is strongly annular. Let 

Za = { z: f(z) =a}. and Z~ denote the limit points of Za. As a consequence of the minimum modulus 

theorem, for each a, Za is an infinite set. Also Z~ <:; K. Theorem 8.6(i) of Collingwood and Lohwater, 

The theory of cluster sets, Cambridge Univ. Press, London, 1966, is used in obtaining Theorem 1. 

Iff is annular then Z~ = K for all a EE S where Sis at most a countable subset of the complex plane. 

If a, bE S, a! b, then the complements of Z~ and Zb are disjoint open sets in K. For each natural 

number n let Rn denote the set of points belonging to n equally spaced radii in D. A result of Rubel 

(Duke M.:ith. j. 30 (1963), 437, Lemma 1) aided in obtaining Theorem 2. Iff is strongly annular then Za 

cannot be a subset of Rn for any value of n. (Received November 16, 1967.) 

68T-150. K.-T. CHEN, University of Illinois., Urbana, Illinois 61801. Homotopy of algebras. 

Let k be a given commutative ring. All rings and modules are unitary. Two morphisms of 

k-algebras tSi : A----> A', i = 0, 1, are said to be homotopic if there exist (i) a split exact sequence 

0----> k-L B 2... N----> 0 where j is the canonical morphism from k into a commutative k-algebra B and 8 

is a derivation from B into a B-module N, (ii) two augmentations s 0 and s1 of the k-algebra B, 

and (iii) a morphism of k-algebras cf>: A---->A' ® B such that tSi = (1 ® Si)cf>. The homotopy relation 

gives rise to a homotopy category of k-algebras. There is a nontrivial covariant homotopy functor 

which assigns, to each cummutative k-algebra A, a cohomology ring obtained from the exterior 

algebra 1\A(M), M being the A-module of universal differentials of A. (Received November 16, 1967.) 
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68T-l5l. L. M. BLUMENTHAL, University of Missouri, Columbus, M:ssouri 65201. Metric 

postulates for normed Boolean algebra. 

Five points p, q, a, b, c of a metric space form (i) a {!-figure between p and q provided the 

betweenness relations B(p, a, q), B(p, c, q), B(a, b, c) subsist, but B(p, b, q) does not, and (ii) a 

tailed-~-figure with origin p provided B(p, q, a), B(p, q, c), and B(a, b, c) subsist, but B(p, q, b) does 

not, where B(x, y, z) denotes the relation: dist(x, y) + dist(y, z) = dist(x, z). The'principal theorem 

proves that a metric space Jt = I M; d l is a normed Boolean algebra ~ =I M; ·, +, ', /1 Ill if and only 

if 0 EM such that (l) Jt does not contain a tailed-~-figure with origin 0, (2) Jt does not contain 

any 11-figure, (3) a, bE M imply the existence of xa,b• Ya,b EM such that B(a, xa,b• b), B(a, Ya,b• b) 

subsist, ancl if x EM with B(a, x, b) then B(O, xa,b• x) and B(O, x, Ya,b) subsist, (4) M :ontains at 

least one element l (l I 0) with B(O, x, l) for every x EM, and (5) x EM implies the existence of 

x' (x' E M) such that B(x, 0, x') and B(x, 1, x') subsist. Defining a ..; b = B(O, a, b) then Jt is a 

complemented distributive lattice ~,(a· b = xa,b• a+ b = Ya,b• x' =complement of x) with 

!!all = d(O, a) and d(a, b)= !Ia + bjj - !Ia · bll. (Received November 15, 1967.) 

68T-l52. D. G. jAMES, Pennsylvania State University, University Park, Pennsylvania 16802. 

A Witt theorem for indefinite unim:>dular quadratic forms. 

Let L be a free Z-module of finite rank, and p a unimodular symmetric bilinear map of L XL 

to the integers, Z. C. T. C. Wall, On the orthogonal groups of unimodular quadratic forms, Math. 

Ann. 147 (1962), pp. 328-338, gives necessary and sufficient invariants on two vectors a, {3 E L 

for there to exist a mapping a in the orthogonal group O(L, Z) of Lover Z, such that a(a) = {3(with 

a restriction on the rank r(L) and signature s(L) of L ). The author has the following generalization. 

Theorem. Let a : J--> K be a bijective linear transformation between the sublattices J and K of L, 

where r(L)- js(L)j ~ 2(r(J) + 1). Then a extends to an element of O(L, Z) if and only if, for each 

a E J, a and a(a) have the same invariants (divisor, norm and type--see Wall for definitions). 

(Received November 16, 1967.) 

68T-l53. A.M. BRUCKNER, J. G. CEDER, and R. KESTON, University of California, 

Santa Barbara, California 93106. Representations and approximations by Darboux functions in the 

first class of Baire. 

The following theorems are proven for a real valued function f defined on a real interval: 

Theorem A. Iff is a Baire l function, then there exists a Darboux (i.e., maps intervals into intervals) 

Baire 1 function g such that f = g except on a first category set of measure zero. Theorem B. Iff 

is a Baire 1 function, there exist Darboux Baire 1 functions g and h such that g = g + h. Theorem C. 

Iff is a Baire 2 function, then there exists a sequence of Darboux Baire l functions converging 

pointwise to f. The corresponding facts for Baire a functions (a > 1) were recently obtained by 

A. B. Gurevil': [DAN BSSR 10 (1966), 539-541] and L. Misik (Rev. Math. Pures Appl. 12 (1967), 

849-860]. (Received November 8, 1967.) 
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68T -154. J. W. ADDISON, JR., University of California, Berkeley, California 94 720, Separation 

principles in difference hierarchies, 

For any class R of sets and any n in w let .910(R) = l.ll}, .9ln+ 1(R) = lA ~ B: A E R, BE .9Jn(RJ}, 

and .s?;(R) =I U R ~A: A E .9Jn(RJ}. Theorem. For any class R of sets closed under nand any 

positive n in w: if .9Jn(R) has the first separation property (relative toUR) -- i.e. for any disjoint 

A, Bin .9Jn(R) there exists a C in .9Jn(R) n .9J~(R) such that A<; C and C n B = .1) --then so does 

.9J ~+ 1 (R). Theo~. For any class S of sets closed under nand any n in w: if .9Ji(S) has the reduc

tion property-- i.e. for any A, Bin .9li(S) there exist A', B' in .9Ji(S) such that A'<; A, B' <; B, 

A' U B' =AU B, and A' n B' = ,1) -- and .9Jn(S) has the reduction property, then so does .91;+ 1 (S). 

Theorem. For any class R of sets closed under U and nand containing ,1): .9Jn(R) has the reduction 

property for all n in w if and only if R has the reduction property, lllustration. Let R be the set 

2: ~ n 9 w of recursively enumerable subsets of w. Then for any n .91 ~(R) has the first separation 

property and .9Jn(R) does not, so that the separation behavior of the "t:!ifference hierarchy" 

(9 n ( 2: ~ n 9 w ) : n E w) generated by 2: ~+ 1 n 9w parallels that of the arithmetical hirarachy 

( 2: ~+1 n 9w: nEw). (Received Noveml.Jer 22, 1967.) 

68T-155. R. D. M, ACCOLA, Brown University, Providence, Rhode Island 02912. Strongly 

branched coverings of closed Riemann surfaces. 

Let a : W 1 ---> W 2 be an n- sheeted covering of closed Riemann surfaces of genera g 1 and g 2 . 

Call a strongly branched if g 1 > n 2g 2 + (n - 1 )2 . Theorem l. Suppose a is strongly branched. Then 

there are maps (J : W 1 ---> W 3 and 'Y : W'3 ---> W2 where a = 'Y o (3 and (3 ! id so that if f1 is meromorphic 

on W1, of order ~ n(g2 + 1 ), then there is an f3, meromorphic on W3, and f1 = f3 o {3, Definition. 

If G is a group of conformal self-maps of a surface W, G will be called strongly branched if the map 

W---> WIG is strongly branched. Theorem 2. If G is strongly branched, then G contains a nonidentity 

subgroup which is normal in the full group of conformal self-maps of W. Corollary. If G is simple 

and strongly branched, then G is normal in the full group of W. (This generalizes the hyperelliptic 

situation.) Remarks. The proofs are elementary using mainly the Riemann-Hurwitz formula. The 

method gives explicit constructions of surfaces, of genera five or more, which- admit only the identity 

as a conformal self-map. (Received Novemb_er 22, 1967,) 

68T-156. C. E. VASCO, Saint Louis University, St. Louis, Missouri 63103. Homogeneous 

identities on algebraic loops. Preliminary report. 

Let Sn = x 1 x2 ... xn be a string of n variables taken from a loop (L, *). Denote the operation 

in Lukasiewicz form: xyJl. =x * y. Then Sn!l-n- 1 = Sn!l-n- 1 is a trivial homogeneous identity of degree 

n in standard form, denoted In· All nontrivial identities of this type can be obtained from In by 

applying to it pairs {a, (3) of motions of the Jl.-Operators, pairs j1r,p} of permutations of the variables, 

and identifications (k) of subsets of the variables. By means of this formalism, which provides a 

way of eliminating all trivial and isomorphic identities, the number of nonisomorphic identities of 

degree n in n distinct variables and the number of nonpermutational identities of degree n in any 

number of distinct variables are found. The cases n = 2, 3, 4, 5 are developed, Farago's list of all 

third-degree identities is recovered, and all (150) fourth-degree identities (exclusive of permutations) 
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are found and classified. The Moufang-Bol axioms, the Moufang identities, the jordan identity, 

and Osborn's weak power-associativity are placed in a wider context, and many analogues of these 

identities are found. All third- and fourth-degree identities are studied in the 109 nonisomorphic 

loops of order 6 published by Bryant and Schneider, Canad. j. Math. 18 (1966), 120-125. (Received 

November 22, 1967.) 

68T-157. j. P. FINK, University of Pittsburgh, Pittsburgh, Pennsylvania 15213. Asymptotic 

estimates of Feynman integrals. 

An asymptotic theorem is developed which gives the logarithmic asymptotic behavior of 

certain convergent integrals containing parameters. This theorem is then applied to the photon 

and electron self-energy graphs of quantum electrodynamics to obtain the following result: Theorem. 

If (a) the energy of contours of the Feynman integral corresponding to a photon or electron self-energy 

graph are rotated from the real axis to the imaginary axis, and (b) the momentum q of the photon 

or electron is replaced by tq, where t is a real scalar, then the asymptotic behavior of the photon or 

electron self-energy graph as t--->oo is given by Cta(log t).8, where Cis a constant, a= 1 for electron 

self-energy graphs, and 2 for photon self-energy graphs, and {3 is the number of irreducible insertions 

in the graph. (Received November 22, 1967.) 

68T-158. K. L. SINGH, Memorial University of Newfoundland, St. John's, Newfoundland, Canada. 

Commuting functions and common fixed points. 

Th~orem 1. Iff and g are mappings of [0,1] into itself such that fg(x) = gf(x) for all x E;: [0,1) and 

jf(x)- f(y)J ~ Jx- yJ and Jg(x)- g(y)J ~ fJ Jx- yJ for all x, y E {0,1] where fJ is any positive real 

number and 0 < a < 1, then there exists a common fixed point for both f and g. Theorem 2. Iff and g 

are two continuous functions from [0,1] into itself such that fg(x) = gf(x) for all x E [0,1] and 

jf(x)- f(y)J < a Jx- yJ is a one to one and onto mapping of [0,1] into itself, and Jy(x)- g(y)J ~ fJ Jx- yJ, 

where fJ is any positive real number and a > 1, then f and g have a common fixed point. (Received 

November 22, 1967.) 

68T-159. MAURICE CHACRON, University of Sherbrooke, Sherbrooke, Quebec, Canada. 

Structure of a certain class of ordered groupoids. Preliminary rep·:>rt. 

Semigroups in which (1) xn+l = x has been studied particularly by j. A. Green and D. Rees, 

j. C. Brown, and more recently by L. Lesieur. He showed that the multiplicative semigroup of a 

ring with (1) is an abelian semigroup and (2) a disjoint union of periodic subgroups. In this note a 

suitable approaching of semigroups with (1) is proposed, namely, the class of the ordered groupo ids 

R (in the sense of G. Birkhoff) such that every subgroupoid of R of one generator is at the same time 

finite (periodicity of R), associative (power associativity of R) and such that xn+l ~ x for all x (n 

natural number depending on x). Some results related to (1) are given. For example, it is shown 

t!Jat the structure of R is nothing other than (3) a union (refined in a disjoint union in case of equality 

(1)) of suitable approaching of periodic groups, namely, periodic semigroups Ge with a unique idempo

tent e, maximal in Ge and weak right unity in Ge• that is xe ~ x for all x in Ge. Clearly, if Ge possess 

a one-side unity it must be a periodic group and this is the case of an ordered groupoid R such that 
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the order relation is the same as the relation of equality. If follows that decomposition (3) contains 

as a particular case not only (2) but also extends it to power associative groupoids with (1). 

(Received November 17, 1967 .) 

68T-160. ]. E. KOEHLER, S. ]., Seattle University, Seattle, Washington 98122. Folding a strip of 

stamps. 

This paper answers the problem of determining how many ways a strip of N stamps can be 

folded along the perforations so that the stamps are piled one on top of the other without destroying 

the continuity of the strip. Using com':Jinatorial arguments, the problem is first solved by an inductive 

formula for N odd. Part of the computations involved are seen to yield an answer to tl>::: case when N 

is even. Three cases are considered: (I) both, (2) one of, (3) neither, the left end and top of the strip 

are labeled. If P(N) is the number of folds for a strip of N stamps of type (1), then (1/2)P(N) and 

(1/4)P(N) + (1/4)S(N) gives respectively the number of folds for a strip of N stamps of types (2) and 

(3), where S(N) is the number of symmetric folds of the strip. P(N) also equals the number of ways 

of joining N points on a circle by chords of alternating blue and red color without having any chords 

of the same color intersect. A computer lists the first few values of P(N), starting with P(3), as 

6, 16, 50, 144, 462, 1392, 4536, 14060, 46310, 146376, 485914, 1557892, 5202690, 16861984 and of 

S(N), starting with S(3), as 2, 4, 6, 8, 18, 20, 56, 48, 178, 132, 574, 348, 1870, 1008. (Received 

November 8, 1967.) 

68T- 161. ]. M. GANDHI, University of Manitoba, Winnipeg 19, Manitoba, Canada. 

_9~neraliz_atio12_of some partition function. 

Let A (s)(n) = L (w )se - 27rnpi/k where p ranges over those numbers which are less thank 
k p p,k 

and prime to k. Here wp,k are certain 24kth roots of unity [for its definition see Lehm'3r, Trans. 

Amer. Math. Soc. 43 (1938), 271-295). A large number of theorems have been proved for A~(n). 

Sone typical examples are: Th~orem l. If k be an odd integer then A~(n) = Ai~(4n + s(k 2 - 1)/8). 

Theorem 2. If k is odd then A~s)(n 1 )A~s)(n2 ) = A~s)(n3 ) where n3 = 4n2 + kn 1 + s(k 2 - 1)/8 (mod 2k). 

It is also proposed to study the function A~(n) defined by A~s)(n) = L(p,ks)= 1 wp,ke - 27rnPi/ks for all s, 

where p ranges over the nonnegative integers < ks such that p and ks have no common sth power 

divisors other than 1. (Received D~cember 3, 1967.) 
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Errata-Volume 14 

JOAQUIN BUSTOZ. Gibbs sets and the generalized Gibbs phenomenon. Abstract 652-7, Page 938. 

Line 5: Replace lsn(zol} by lsn(z)}. 

RANDOLPH CONSTANTINE, JR. A uniform ':loundedness theorem for nets. Abstract 651-6, 
Page 936. 

The abstract was withdrawn prior to presentation at the meeting because of the discovery 
of an error in the purported proof. 

D. W. D'JBOIS. Topology of orders and modes. Abstract 651-4, Page 935. 

Line 7: The last sentence should read: "If Q(X) is the one variable function field over the 
rationals then Arch is discontinuous on .L(Q(X)); but there exists a natural bijection 
of Arch (.L(Q(X))) on the one point compactification of the reals." 

N. F. LINDQUIST. Representations of central convex bodies. Abstract 648-54, Page 645. 

Line 3: " ••• for all u E fl(2)}" should read" ••. for all u E fl(2} orthogonal to vj." 

R. F. MILLAR. On the Rayleigh assumption in scattering by a periodic surface. Abstract 648-190, 
Page 687. 

Line 7: Replace "(i} Kb < 0.448" by "(i} Kb < 'Y, where 'Y is some positive number no greater 
than 0.448". 

Line 12: Replace" •.• within C" by" .•• within C and the exterior Green's function for C has 
no critical points outside C"'. 

Line 13: Replace" •.• outside C' when (i) obtains" by " ••• outside C' when Kb < 0.448 while 
the Green's function for C has no critical points outside C' when (i} obtains". 

T. S. SHORES. On groups with category. Abstract 67T-613, Page 840. 

Line 8: The statement of Theorem 3 should be: "If ~ is a subgroup, direct power and 
extension closed class of groups which contains all abelian groups, then 
H \. K E C( ~) iff H E ~ and K E C( ~ )." 

K. SUNDARESAN. The extended spherical image map. Abstract 648-18, Page 819. 

Line 8: Replace "C 1-diffeomorphism if and only if" by "C 1-diffeomorphism if and only if 
the norm of its gradient is less than or equal to 1 at all x in the unit sphere." 

Line 9: Replace "3" by "2". 

Line 10: Replace "differentiable if and only if" by "differentiable with the norms of their 
derivatives at all x in the unit sphere less than or equal to 1 if and only if". 
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CALCULUS 
ROBERT G. BARTLE, University of Illinois 
C. IONESCU TULCEA, Northwestern University 

This modern but still natural approach to calculus features four outstand
ing pedagogical aids. (1) Those rigorous proofs which may be too so
phisticated for the average student are set in reduced type. (2) Passages 
that can be omitted entirely are indicated by a given sign. (3) Applications 
of calculus are distinguished from the theory by a vertical line along the 
margin. (4) Places in the text where students could go astray or where 
they should be especially cautious are indicated by a given sign. Enough 
precalculus material is presented in the first three chapters so that students 
may grasp any material not covered in previous courses. The position in 
the text of chapters on differentiation and integration meets the require
ments of science and engineering students who need to acquire compu
tational skills as early as possible. The text includes a variety of problems, 
and it provides a strong basis for problem solving with many carefully 
worked-out examples. 

548 pages, over 200 illustrations, prob. $10.95 

AN INTRODUCTION TO CALCULUS 
ROBERT G. BARTLE, University of Illinois 
C. IONESCU TULCEA, Northwestern University 

This version is designed for those instructors who prefer to use a rela
tively short text in the calculus sequence. Written in the same spirit as the 
regular edition, it utilizes similar pedagogical aids. Despite its brevity, the 
text provides many carefully worked-out examples, and it offers a variety 
of problems. 

256 pages, illustrated, prob. $7.75 

Under the general editorship of 

I. M. SINGER, Massachusetts Institute of Technology 
and PETER D. LAX, New York University 

See Our Exhibit at Booth 37 

Scott, Foresman and Company College Division 
Glenview, Illinois Atlanta Dallas Palo Alto Oakland, N.J. 
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CALCULUS OF ONE VARIABLE 
ROBERT T. SEELEY, Brandeis University 

Extremely flexible, blending application and theory, and balancing intuitive 
methods and precise mathematics, this is one of the few books that meets 
the variable needs of students in today's calculus classes. The author pro
vides the essential precalculus topics and offers a great number and variety 
of problems drawn from the fields of geometry, physics, chemistry, engi
neering, and economics. A complete theoretical development of differentia
tion and integration is presented in appendices. 

Introduction 

The Real Numbers 
Analytic Geometry 

CHAPTER HEADINGS 

Infinite Series 

Vectors and the Laws of Motion 

Complex Numbers 

An Introduction to Differentiation Appendix 1: Limits, Derivatives, 

Computation of Derivatives and Continuity 

Applications Appendix 2: Riemann Integration 

Integrals 
Techniques of Integration 

Approximations 

Appendix 3: Summation. Induction. 
The .J2 is irrational. 

The trigonometric functions. 

Approx. 500 pages, over 200 illustrations, prob. $10.50 

Under the general editorship of 

I. M. SINGER, Massachusetts Institute of Technology 

See Our Exhibit at Booth 37 

Scott, Foresman and Company College Division 

Glenview, Illinois Atlanta Dallas Palo Alto Oakland, N.J. 
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·------------From Harcourt, 

A COURSE IN PROBABILITY THEORY 
by KAI LAI CHUNG, Stanford University 

This introduction to probability theory is designed for first- or second-year 
graduate students in either mathematics or statistics departments. The 
author stresses probability theory itself, rather than measure theory or 
analysis, and he maintains a careful balance between concepts and tech
niques. The major prerequisite for the study of this text is an acquaintance 
with real variables. With approximately 500 exercises. 

352 pages. $12.00 (probable). Just published 

THE HARBRACE COLLEGE MATHEMATICS SERIES 
Under the Editorship of SALOMON BOCHNER, Princeton University 
and W. G. LISTER, State University of New York at Stony Brook 

CALCULUS 
by KAREL de LEEUW 
Stanford University 
Paperbound. 283 pages. $4.75 

LINEAR ALGEBRA 
by ROSS A. BEAUMONT 
University of Washington 
Paperbound. 216 pages. $4.50 

DISCRETE PROBABILITY 
by R. A. GANGOLLI 
and DONALD YLVISAKER 
University of Washington 
Paperbound. 223 pages. $4.50 

ALGEBRAIC TOPOLOGY 
An Introduction 
by WILLIAM S. MASSEY 
Yale University 
261 pages. $9.25 
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FUNCTIONS OF 
SEVERAL VARIABLES 
by JOHN W. WOLL, JR. 
University of Washington 
169 pages. $7.50 

Now in Preparation ... 

TWO-DIMENSIONAL 
CALCULUS 
by ROBERT OSSERMAN 
Stanford University 
272 pages. $7.50 (probable) 

AN INTRODUCTION 
TO REAL ANALYSIS 
by BURTON RANDOL 
Yale University 
175 pages. $6.50 (probable) 



Brace & World------------, 

ARITHMETIC: Skills and Problem Solving 
by DONALD CONWAY 
and MARTIN ]. DREYFUSS, San Jose City Coliege 

Written for the student who has not mastered the basic skills of arithmetic 
and needs additional work in applying those skills, this textbook presents 
basic concepts through informal exposition, with numerous examples, and 
provides many carefully graded problems. The authors minimize formali
ties and abstract distinctions in favor of developing understanding of 
arithmetic concepts, and they emphasize practical applications, including 
consumer economic problems. 

Answers to the odd-numbered problems appear in the appendix; answers 
to all problems are in a separate Answer Key. 

ELEMENTS OF TRIGONOMETRY 
by TULLIO ]. PIGNANI 

448 pages. $8.50. Just published 

and PAUL W. HAGGARD, East Carolina University 
The major sections of this concise, modern introduction to the elements 
of trigonometry include an introduction to sets, relations, and functions; 
a discussion of the trigonometric functions; an introduction to logarithms 
and logarithms of trigonometric functions; and applications. The text 
itself and the numerous exercises were class-tested by the authors at East 
Carolina University. Answer Key available. 

224 pages. $6.50 (probable). Publication: February 1968 

ALGEBRA FOR ELEMENTARY TEACHERS 
by PHILIP L. HOSFORD, New Mexico State University 

Written for prospective and in-service elementary school teachers, this 
book is a modern, readable introduction to the elementary concepts of 
algebra. The emphasis throughout is on understanding of basic concepts. 
The theory is illustrated by numerous examples which are complemented 
by a large number of exercises designed to perfect the student's skills. 

256 pages. $6.75 (probable). Publication: Spring 1968 

m Harcourt, Brace & World, Inc. U New York I Chicago I San Francisco I Atlanta 
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Recent Mathematical Notes 

TENSOR ANALYSIS by Edward Nelson 
$2.00 

LECTURES ON VECTOR BUNDLES 

OVER RIEMANN SURFACES by 

Robert C. Gunning $4.75 

HOMOLOGY OF CELL COMPLEXES 

by George E. Cooke ancl Ross L. Finney 

$3.75 

DYNAMICAL THEORY OF BROWN

IAN MOTION by Edward Nelson $2.25 

Princeton Paperbacks 

THE ENJOYMENT OF MATHEMAT

ICS: Selections from Mathematics for 

the Amateurs by Hans Rademacher and 

Otto Toeplitz $1.95 

RIEMANNIAN GEOMETRY by Luther 

Pfahler Eisenhart $2.95 

Recently Published 

THE ROLE OF MATHEMATICS IN 

THE RISE OF SCIENCE by Salomon 

Bochner $9.00 

PHILOSOPHY OF MATHEMATICS 

AND NATURAL SCIENCE by Her

mann Weyl (new hardbound edition) 
$6.00 

Visit Booth 41 at the Annual Meeting 

for books published by 

PRINCETON 
UNIVERSITY PRESS 
Princeton, New Jersey 08540 
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Announcing a new 
series in four volumes 
for the two-year 
college calculus 
sequence hy 

Albert A. Blank 
Courant Institute of Mathematical Sciences, New 

York University, and Director of the two writing 

teams commissioned by the School Mathematics 

Study Group to prepare the volumes on which this 

new college series is based. 

4 ;~1;;;~ENTIAL 
CALCULUS 
About 350 pages 7" x 9V-I " 

An Apri/1968 Publication 

Volume II: INTEGRAL CALCULUS-Summer 1968 

Volume Ill: LINEAR ALGEBRA- MULTIVARIATE 

CALCULUS- Spring 1969 

Volume IV: MULTIVARIATE CALCULUS AND ITS 

APPLICATIONS- Spring 1969 

• An unusually comprehensive Commentary and 

Solutions Manual will be available for each of the 

four volumes. 

Houghton 
Mifflin 
Company 

Boston/ Atlanta/Dallas/Geneva, I/ I./New York/Palo Alto 



A FIRST COURSE IN 
LINEAR ALGEBRA 
By Daniel Zelinsky 

Northwestern University 

Designed for courses in linear algebra at the fresh
man or sophomore level, this stimulating text 
serves as an introduction to the algebra and geom
etry of vectors, matrices, and linear transforma
tions. It is also ideally suited for use as a back
ground text for courses in the calculus of several 
variables and differential equations. CUPM recom
mendations are followed and the text orovides a 
rich supply of concrete problems at all levels of 
difficulty. 
January 1968, 266 pp., $6.50 

AN INTRODUCTION TO ANALYTIC 
GEOMETRY AND CALCULUS 
By A. C. Burdette 

University of California, Davis 

This text fills the need for an introductory text in 
analytic geometry and calculus for students who 
only require a basic working knowledge of the ele
mentary operations of calculus. The various fun
damental conce;:>ts of calculus are erhanced by 
numerous examples and problems des1gned to de
velop successfully computational skills. Although 
applications from a wide variety of fields are pre
sented, the use of special terminology pertaining 
to only one particular field has been avoided. 
January 1968, 412 pp., $8.95 

BASIC REAL AND ABSTRACT 
ANALYSIS 
By John F. Randolph 

University of Rochester 
This new introduction to mathematical analysis is 
designed for use in courses at the junior under
graduate level and above. It gives the most com
plete coverage of the subject available in a single 
volume. By fusing classical material with 20th 
century developments, the author has provided a 
unified treatment which prepares the student for 
advanced mathematics study. 

March 1968, about 550 pp., approx. $13.00 

COMPLEX FUNCTION THEORY 
By Maurice Heins 

University of Illinois 

Intended for mathematics majors and graduate stu
dents, this text may be used for a one or two se
mester course at the junior/senior level or for a 
three semester graduate course. A very important 
feature of the book is the emphasis on the organic 
relation of complex function theory to other areas 
of mathematics. Examples of such emphasis are 
the isomorphism theorem of Bers and the classical 
isomorphism theorem of the theory of compact 
Riemann surfaces. The relation between classical 
complex function theory and modern Riemann sur
face theory is given appropriate attention. 

February 1968, 416 pp., $9.95 

NEW 
TEXTBOOKS 

INTRODUCTORY CALCULUS 
By A. Wayne Roberts 

Macalester College, St. Paul, Minnesota 
This new freshman text presents material for a 
first course in calculus and analytic geometry. Em
phasis is placed on the role of approximation by 
consistently viewing the derivative as a linear 
transformation. Carefully stated definitions and 
theorems are augmented by fresh, informal pres
entations that spark the student's curiosity and 
develop his understanding. In addition to the exer
cises included at the end of each section, the text 
material is interwoven with problems that enable 
the student to check his grasp of an idea after it is 
presented, to anticipate new questions, and to 
make progress towards finding possible answers. 
March 1968, about 525 pp., approx. $10.00 

MATHEMATICAL METHODS 
VOLUME I: LINEAR ALGEBRA/NORMED SPACES/ 
DISTRIBUTIONS/INTEGRATION 
By Jacob Korevaar 

University of California, San Diego 

This first volume is designed for use in a beginning 
graduate course for students in physical science, 
mathematics and engineering, or for use in a senior 
level course for students in mathematics or physics. 
It provides a background in theoretical mathemat
ics, and gives access to present day mathematical 
analysis. It contains about 500 problems ranging 
from the easily solvable to the highly challenging. 
March 1968, about 500 pp., approx. $12.50 

LINEAR ALGEBRA 
By Robert R. Stoll and Edward T. Wong 

Both at Oberlin College 

This new text presents the theory of linear algebra 
and describes some of its applications to problems 
in the natural and social sciences. It is suitable for 
use in a one semester course for second or third 
year students who have studied calculus and, pos
sibly, elementary differential equations. The pre
sentation is designed to meet the needs of those 
students who are preparing for advanced study in 
mathematics, as well as for those students whose 
interest will eventually be in the applications of 
the theory. The exercise lists are extensive and in
clude both computational and theoretical problems. 

February 1968, 336 pp., $8.50 

ACADEMIC PRESSI~J~NEW YORK AND LONDON 
\ 1 /) 111 FIFTH AVENUE NEW YORK N Y 10003 
'~ 
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New and Forthcoming======= 
CALCULUS AND ANALYTIC GEOMETRY, 2nd Edition 

Abraham Schwartz, The City College of the City University 
of New York 

A partial list of adoptions includes: MIT • Bemidji St. College 
University of Colorado • University of Pittsburgh • UCLA 
University of California, Santa Barbara • University of Wash
ington • University of Nebraska • Stanford University • Rio 
Hondo Jr. College • Brigham Young University • Nassau Com
munity College • Staten Island Community College • Suffolk 
Community College • Manhattan College, N. Y. • Cooper 
Union • CCNY • McGill University • Solutions Manual. 
1967 1024 pp. $12.95 

MATRICES AND LINEAR ALGEBRA 
Hans Schneider and George P. Barker, both of the University 
of Wisconsin, Madison 

Intended for students of mathematics as well as of other dis
ciplines, this book combines concrete aspects of the subject 
with more abstract facets to provide a balance not found in 
other texts. While matrices are emphasized, a chapter is 
devoted to linear transformations, which are used again as 
another point of view in a chapter dealing with eigenvalues 
and similarity. 
March 1968 352 pp. $7.00 (tent.) 

POST-CALCULUS ANALYSIS 
A. E. Labarre, Jr., Fresno State College 

CONTENTS: Sets, Relations, and Functions; The Real Num
bers; The Limit Concept; Three Important Theorems; Con
tinuity; Differentiability; Integrability; Sequence of Functions, 
An Existence Theorem in Differential Equations; Fourier 
Series. 
April1968 256 pp. $8.25 (tent.) 
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ADVANCED CALCULUS 
Allen Devinatz, Northwestern University 
Written for graduate students and upper division undergrad
uates, this book concisely and straightforwardly presents the 
fundamentals of real analysis by giving all proofs in detail 
without sacrificing rigor. The book begins with a development 
of the real number system and then proceeds to the funda
mental processes of analysis on the real line: limits, infinite 
series, differentiation, and integration. Advanced Calculus 
emphasizes the higher dimensional calculus by discussing 
elementary linear algebra along with determinants, the point 
set topology of higher dimensional space, and continuous 
functions. 
April1968 608 pp. $10.95 (tent.) 

INTRODUCTION TO THE METHODS 
OF REAL ANALYSIS 

Maurice Sion, University of British Columbia 
The primary aim of the book is to take the student from a 
sound but elementary view of limits, integration, and differ
entiation in Euclidean space to the more sophisticated points 
of view of modern point set topology and measure theory. The 
first part concentrates on topological concepts, while the 
second deals mainly with measure theory. The relationship 
between measure theory and topology is constantly stressed 
without making one dependent on the other. There are many 
exercises. 
May 1968 224 pp. 

FOURIER SERIES: A Modern Introduction 
R. E. Edwards, Australian National University 
Volume 1: 1967 224 pp. 
Volume II: February 1968 384 pp. 

INTRODUCTION TO THE THEORY 
OF ABSTRACT ALGEBRAS 

RichardS. Pierce, University of Washington 
May 1968 160 pp. 

$8.50 (tent.) 

$6.95 
$8.95 (tent.) 

$6.95 (tent.) 

Holt Rinehart and Winston, Inc. 
383 Madison Avenue, New York, New York 10017 
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DIFFERENTIAL AND INTEGRAL CALCULUS 
With Problems, Hints for Solutions, and Solutions 
ALEXANDER OSTROWSKI, University of Basel, Switzerland 

A translation of Ostrowski's work from the second and latest German lan
guage edition. Professor Ostrowski first discusses the nature of mathematics 
in general in a succinct introduction. He then offers rigorous treatments 
of the basic concepts of calculus, the concept of limits, continuous functions 
of a single variable, definite integrals, derivatives, fundamental theorems, 
differentiation procedures, and integration techniques, and concludes with a 
generous chapter on applying calculus to geometry. The text features groups 
of problems after each article. Two supplementary sections provide, respec
tively, hints for solutions to selected problems and solutions to problems. 

Ready in February, 660 pages, over 70 figures, $13.60 

THE STRUCTURE OF ABSTRACT ALGEBRA 
RALPH CROUCH, Drexel Institute of Technology 
DAVID BECKMAN, Science Research Associates 

Designed for the student who is to continue study in a modern program of 
mathematics and needs an understanding of abstract algebraic mathemati
cal structures. The book begins with sets, discusses groups and rings, and 
closes with integral domains, fields, and vector spaces. It makes consider
able use of examples and contains well-integrated exercises. Definitions of 
such terms as Cartesian product and function are uniform with current usage 
in calculus texts. 

Ready Spring 1968, approx. 400 pages, 79 illustrations, prob. $8.50 

LECTURE NOTES ON ELEMENTARY TOPOLOGY 
AND GEOMETRY 
I. M. SINGER, Massachusetts Institute of Technology 
JOHN A. THORPE, Haverford College 

1967, 220 pages, over 100 figures, $6.25 

The SCOTT, FORESMAN Editorial Board in Mathematics 
ELDON DYER, The City University of New York 
PETER D. LAX, New York University 
MAXWELL ROSENLICHT, University of California, Berkeley 
I. M. SINGER, Massachusetts Institute of Technology 

See Our Exhibit at Booth 37 

Scott, Foresman and Company College Division 
Glenview, Illinois Atlanta Dallas Palo Alto Oakland, N.J. 
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welcome to san francisco 

home of the cable car 
and of holden-day 
visit us at BOOTH #7 for information on: 

ELEMENTARY CALCULUS 
By G. HADLEY. This new text is intended for shorter courses for students 
in the liberal arts, business and economics, biology, psychology, and 
teacher training programs. Emphasizing an intuitive rather than a rigorous 
approach, the book avoids discussions of specialized applications in physics 
and engineering. Although suitable for students with limited mathematical 
backgrounds, it is designed to give them a sound grasp of the subject. 

January. 425 pp. c.$9.75. 

GEOMETRY AND SYMMETRY 
By PAUL B. YALE, Pomona College. An introductory text for advanced 
undergraduates, this book offers a systematic account of higher dimension 
spaces with a demonstration of how group theory can· be used seriously in 
geometry. It concentrates on "practical geometry," placing emphasis on 
those topics and techniques of maximal use in all areas of mathematics. 

January, 330 pp. c.$9.75. 

LINEAR ALGEBRA AND ANALYSIS 
By ANDRE LICHNEROWICZ. Trans. by A. JOHNSON. Ed. by KENNETH 0. 
MAY, University of Toronto. Translated from a distinguished French series, 
this work represents a unified treatment of linear algebra and linear analy
sis consistent with the CUPM recommendations. Suitable for advanced 
calculus courses. January, 320 pp. c.$10.75. 

INTRODUCTION TO BUSINESS STATISTICS 
by 6. Hadley. March. c. 450 pp. c.$9.75. 

LECTURES ON CALCULUS 
ed. by Kenneth 0. May, University of Toronto. 
1967. 187 pp. Paper $6.50. 

A SECOND INTRODUCTION TO 
ANALYTIC GEOMETRY 
by G. Hochschild, University of California, 
Berkeley. March. c.96 pp. Paper c. $2. 75. 

INTRODUCTION TO HOMOLOGICAL ALGEBRA 
by Sze-Tsen Hu, University of California, 
Los Angeles. April. c.256 pp. c.$10.50. 

AN INTRODUCTION TO 
ALGEBRAIC STRUCTURES 
by Azriel Rosenfeld, University of Maryland. 
May. c.288 pp. c.$11.75. 

CALCULUS OF VARIATIONS 
AND PARTIAL DIFFERENTIAL EQUATIONS 
OF THE FIRST ORDER, Part II 
by C. Caratheodory; trans. by. R. Dean; ed. by 
J. J. Brandstatter. 1967. 240 pp. $9.75. 

PARTIAL DIFFERENTIAL EQUATIONS 
OF MATHEMATICAL PHYSICS, Vol. II 
by A. N. Tychonov and A. A. Samarski; trans. by 
S. Radding; ed. by J. J. Brandstatter. 
1967. 250 pp. $10.75. 

L2J r (IJ holden-day, iftCe 500 Sansome Street, San Francisco, California 94111 
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First Year Math Texts 
Tailored 
to Student Needs 

• For the Liberal Arts, Non-Science, Non-Math Major 
MATHEMATICS: The Art of Reason 
WILLIAM P. BERLINGHOFF, The College of Saint Rose, Albany 

A new freshman, terminal text presenting math as a major field of intel
lectual endeavor and an art, as well as a science. Following a brief discussion 
of logic and axiom systems, the basic properties of sets and functions are 
developed and then extended to algebraic structures. These concepts pro
vide a unifying theme for the construction of the number systems, a survey 
of various geometries, an introduction to probability, and an examination 
of infinity and transfinite numbers. Each new concept is introduced as an 
answer to a natural question. The book ends with a chronological summary 
of mathematical history. 
Clothbound 272 pages Available in January 

• For the Pre-Calculus and Social or Biological Sciences Student 
COLLEGE ALGEBRA, Fifth Edition 
WILLIAM L. HART, University of Minnesota 

A substantial course in college algebra expressed in current terminology; 
enriched by related analytic geometry and selected new topics of recognized 
importance; flexibly arranged to permit either a course of moderate diffi
culty, or a more sophisticated treatment covering parts of abstract algebra, 
advanced topics in probability, and linear programming, plainly indicated 
as supplementary. 
Clothbound 438 pages (360 text) $7.50 

• For the Pre-Analytic Geometry and Calculus Student 
CONTEMPORARY ALGEBRA AND TRIGONOMETRY 
WILLIAM L. HART, University of Minnesota 

A substantial course in college algebra expressed in current terminology; 
enriched by related analytic geometry; flexibly arranged to permit either a 
course of moderate difficulty, or a more sophisticated treatment employing 
optional chapters, supplementary sections clearly earmarked for possible 
omission, and abstract content on the number system in the Appendix. 
Clothbound 476 pages (387 text) $7.20 

D. C. HEATH AND COMPANY 
A Division of 
RAYTHEON EDUCATION COMPANY 
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COHOMOLOGY 
THEORY 

by Sze-Tsen Hu 
University of California 

An introduction to coho
mology theory which supplies 
supplementary material for a 
one-year course in Algebraic 
T apology. Richer than ho
mology by virtue of the cup 
product (of which there is no 
dual structure in homology), 
cohomology theory is pre
sented in a leisurely, detailed 
fashion. Carefully selected 
basic topics of the subject 
are developed with emphasis 
on intelligibility rather than 
brevity. Topics include: Ax
iomatic characterization, 
singular theory, Alexander 
theory, products and duality 
theorems. 
c300 pp., $9.50 

No 1 in "Lectures in Advanced 
• Mathematics Series" 

Multiplicative 
Number Theory 

by Harold Davenport 

The subject is the distribution 
of primes with particular em
phasis on their distribution 
in arithmetic progressions. 
Original sources are used 
whenever possible including 
Dirichlet, Tchebychev, Rei
mann and the recent work 
of Bombieri. 
197 pp., $5.00 
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Newest addition to 
"Lectures in Advanced NO 3 Mathematics Series" • 

Formal Languages, 
Automata, and Structures 

by Erwin Engeler, 
University of Minnesota 

A concise treatment of the 
fundamental notions of ab
stract computer science, the 
text assumes a modest knowl
edge of mathematical logic 
and basic programming. 
Through a constructive 
theory of mathematical 
models, the subject is de
veloped with central topics: 
algebraic structure of formal 
and programming languages, 
structure and capabilities of 
computers, computer experi
mentation, alogrithmic proof 
theory, model theory and un
solvable problems. Includes 
challenging exercises and a 
bibliography for independent 
study. 
90 pp., $5.00 

No 2 in "Lectures in Advanced 
• Mathematics Series" 

Cyclotomy and Difference Sets 
by Thomas Storer 

Covers both classical and 
modern theories of cyclot
omy and their principal ap-

of combinatorial structures 
known as "finite difference 
sets". Includes historical 
development of cyclotomic 
theory, theory for finite field, 
theory for Galois domain and 
some of the outstanding un
solved problems in the area. 
141 pp., $5.00 



Finite-Difference Equations and Simulations by 
Francis B. Hildebrand, Massachusetts Institute 
of Technology. Provides a brief integrated treat
ment of difference equations and applications of 

'finite-difference methods which reflects some 
of the developments of the last fifteen years. 
It may serve both as a reasonably self-contained 

, rudimentary resume and also as an introduction 
; to some less elementary treatments. It contains 
; extensive problem sets, including analytical and 
:numerical exercises as well as more advanced ex
' tensions of "the theory. The subject matter is 
'relevant to programmed large-scale digital com
i putation, and it is expected that the student 
1 have some background in advanced calculus, 
jtogether with some elementary topics in linear 
j algebra. February 1968, approx. 350 pp., $12.75 
: 
I 
I 

: Hilbert Spaces of Entire Functions by Louis de 
Branges, Purdue University. The most recent con
tribution to a theory of eigenfunction expansions 
which began in 1812 with Gauss's work on the 
hypergeometric functions, the author creates in 
his new text, a new foundation of the expansion 
theory which is derived from the invariant sub
space concept. The book contains a modern 
treatment of the theory and the entire functions 

. and its applications. The Hilbert spaces bridge 
:the gap between the classical theory of entire 
i functions and the modern theory of linear trans
. formations in Hilbert spaces. April 1968, 320 
pp., $11.00 

MAA Studies in Mathematics, Volume V: Studies 
in Modern Topology edited by P. J. Hilton, Cor
nell University. Contains a comprehensive and 
illuminating introduction to the current research 
in topology and expository articles on some of 
the most active areas of work at the present 
time by G. T. Whyburn, W. Haken, V. K. A. M. 
Guggenheim, E. Dyer and V. Poenaru. The volume 
is aimed at advanced undergraduates, graduate 
students and college and university teachers. 
March 1968, approx. 224 pp., $6.00 to non
members; $3.00 to members 

Introduction to Algebra for College Students, 
2nd Edition, 1968 by William A. Rutledge, Old 
Dominion College, and Simon Green, California 
State Polytechnic College. Reflecting the modern, 
postulational viewpoint, this text offers a func
tional approach to the study of elementary alge

. bra. It is an approach designed to foster both 
conceptual understanding and logical thinking 
among students. Special emphasis has been 

, placed on the important concepts of distributive 
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law, functions, and graphs. It concentrates on 
characteristics of real numbers as the basis for 
study of algebraic operations. April 1968, approx. 
320 pp., $7.75 

Modern Fundamentals of Mathematics by Henry 
Sharp, Jr., Emory University. An intuitive, well
structured development of the real number 
system. Very little mathematical background is 
required. Selection and arrangement of topics 
emphasize the logical structure of mathematics. 
Unity is achieved through the early introduction 
and continual use of three fundamental ideas: 
set, number, and function. Taken as a whole, 
the text offers preparation both in content and 
terminology for a modern introduction to cal
culus with analytic geometry. In selected parts 
it is well adapted to those courses designed 
to give non-science majors an appreciation of 
modern mathematical thought. January 1968, 
approx. 368 pp., $8.95 

Introduction to Number Systems by George A. 
Spooner and Richard L. Mentzer, both of Central 
Connecticut State College. A novel treatment of 
number systems which explains the general 
structure of a mathematical system in relation 
to physical models found in the environment. 
Starting with sets and set operations, the card
inal numbers emerge as a basic characteristic 
of sets. The nature of mathematical operations 
is developed by considering the meaning of re
lations and functions, first on sets of physical 
elements and then on sets of abstract ele
ments. The interrelationships between the var
ious number systems is shown through an applied 
consideration of the meaning of two systems 
being isomorphic. January 1968, approx. 416 pp., 
illus., $7.95 

College Algebra and Trigonometry by Daniel 
Dupree and Frank Harmon, both of Northeast 
Louisiana State College. The material in this 
text is designed to prepare the student for fur
ther courses in analytic geometry, calculus, sta
tistics, probability and to serve as the final 
introductory mathematics course. The algebra 
and trigonometry are presented in a unified 
fashion, designed to satisfy two basic require
ments to supply the student with the funda
mental ideas which are necessary for the 
thorough understanding of the "why" of mathe
matics as well as the "how". March 1968, 256 
pp., $7.95 

Elements of Mathematics by Bruce E. Meserve, 
University of Vermont and Max A. Sobel, Mont
clair State College. A survey of important and 

elementary mathematical concepts in algebra, 
geometry, logical structure, probability, and sta
tistics. There are extensive problems, questions, 
and sets of exercises with complete solutions 
throughout each chapter of the book. The text 
is designed for a one-semester college course 
for liberal arts students, as well as for prospec
tive elementary school teachers. April 1968,416 
pp., $8.95 

Essential Mathematics for College Students, 2nd 
Edition, 1968 by Francis J. Mueller. A thorough 
review of fundamental arithmetic processes. It 
approaches algebra as a natural extension of the 
basic concepts of arithmetic. Highly conducive to 
self-instruction or independent work, the text 
requires no prerequisites in mathmatics. It 
discusses such topics as quadratics, imaginary 
numbers, problem solving by formula and ele
ments of stC~tistics. March 1968, approx. 256 pp., 
paperbound $4.75 

All NEW from 

PRENTICE-HALL 
ENGLEWOOD 
CLIFFS, N.J. 07632 

Be sure and visit the Prentice
Hall exhibit at the San Fran
cisco Hilton Hotel on January 
23-26, 1968. Booth numbers 
16 and 17. 
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It is commonly recognized that inadequate communication exists between the 
mathematician and the student or general public. And now something has been 
done about it: 

THE NATURE OF MATHEMATICS 
By FREDERICK H. YOUNG, Oregon State University. With this new book, the general 
reader or student can readily and quickly acquire a remarkable understanding of some 
of the aims, techniques and results of modern mathematics. He wi11, for example, be 
led from the intuitive algebra of sets to the abstract Boolean algebra, which in turn 
will lead him through application to switching circuits and to logic. This unique devel
opment from the concrete to the abstract and back again is particularly successful in 
providing both understanding and an increased facility in logical manipulation. Through
out the book, the .unifying concepts of mathematical structure and the algorithm are 
emphasized. A detailed instructor's manual is available. 1968. 407 pages. $7.50. 

AN INTRODUCTION TO PROBABILITY THEORY 
AND ITS APPLICATIONS 
Volume 1-Third Edition 

By WILLIAM FELLER, The Rockefeller University. This long-popular mathematical 
treatment of probability has been thoroughly revised and expanded to facilitate read
ing. Many sections are rewritten. In particular, a new version of Chapter III substitutes 
simplified probabilistic arguments for the combinatorial artifices in the second edition. 
The major additions include new sections on branching processes, Markov chains, and 
the DeMoivre-Laplace theorem. 1968. Approx. 496 pages. $10.95. 

COLLEGE GEOMETRY 
By LAWRENCE A. RINGENBERG, Dean of the College of Letters and Science, Eastern 
Illinois University. Contains an informal summary of elementary Euclidean geometry, a 
formal modern development of the basic concepts of elementary geometry, and a selection 
of topics in advanced Euclidean geometry. 1968. 308 pages. $8.95. 

INTRODUCTION TO AUTOMATA 
By R. J. NELSON, Case Western Reserve University. Introduces the major automaton 
concepts in terms of one central formal model. 1967. 400 pages. $12.95. 

ANALYSIS OF NUMERICAL METHODS 
By EUGENE ISAACSON and HERBERT BISHOP KELLER, both of the Courant 
Institute of Mathematical Sciences, New York University. "I think it is an outstanding 
piece of work with a great deal of material, well presented, and entirely up-to-date. It 
deserves wide use."-A. S. Householder, Oak Ridge National Laboratory. 

1966. 541 pages. $11.95. 

MATHEMATICAL LOGIC 
By STEPHEN C. KLEENE, University of Wisconsin. An exce11ent introduction to some 
of the newer ideas and more profound results of logical research in the present century. 

1967. 398 pages. $10.9.5. 

JOHN WILEY & SONS, Inc. 605 Third Avenue, New York, N.Y. 10016 
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INTRODUCTION TO ANALYSIS 
MAXWELL ROSENLICHT, University of California, Berkeley 

This text provides the entire prerequisite for courses in integration theory, 
complex variables, theory of differential equations, and general topology. 
It introduces the necessary abstract tools of analysis, such as metric space 
and uniform convergence. Only the axioms of the real numbers are taken 
for granted. The emphasis is on simplicity, generality, and clarity, and the 
text avoids unnecessary complication in results and in notation. Exercises 
cover a wide range of difficulty. 

CONTENTS 

NOTIONS FROM SET THEORY 
Sets and elements; Subsets. Operations on Sets. Functions. Finite and infinite sets. 

THE REAL NUMBER SYSTEM 
The field properties. Order. The least upper bound property. The existence of square roots. 

METRIC SPACES 
Definition of metric space; Examples. Open and closed sets. Convergent sequences. Com
pleteness. Compactness. Connectedness. 

CONTINUOUS FUNCTIONS 
Definition of continuity; Examples. Continuity and limits. The continuity of rational operations; 
Functions with values in En. Continuous functions on a compact metric space. Continuous 
functions on a connected metric space. Sequences of functions. 

DIFFERENTIATION 
The definition of derivative. Rules of differentiation. The mean value theorem. Taylor's 
theorem. 

RIEMANN INTEGRATION 
Definitions and examples. Linearity and order properties of the integral. Existence of the 
integral. The fundamental theorem of calculus. The logarithmic and exponential functions. 

INTERCHANGE OF LIMIT OPERATIONS 
Integration and differentiation of sequences of functions. Infinite series. Power series. The 
trigonometric functions. Differentiation under the integral sign. 

THE METHOD OF SUCCESSIVE APPROXIMATIONS 
The fixed point theorem. The simplest case of the implicit function theorem. Existence and 
uniqueness theorems for ordinary differential equations. 

PARTIAL DIFFERENTIATION 
Definitions and basic properties. Higher derivatives. The implicit function theorem. 

MULTIPLE INTEGRALS 
Riemann integration on a closed interval in En; Examples and basic properties. Existence 
of the integral; Integration on arbitrary subsets of En Volume. Iterated integrals. Change of 
variable. 

Approx. 300 pages, prob. $10.75 

See Our Exhibit at Booth 37 

Scott, Foresman and Company College Division 
Glenview, Illinois Atlanta Dallas Palo Alto Oakland, N.J. 
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new titles for '68 

announcing an important new series ••• 

progress in 
mathematics 
volume 1: 
mathematical analysis 

volume 2: 
mathematical analysis 

essentials of 
statistics for 
scientists and 
technologists 

linear analysis 

edited by R. V. Gamkrelidze 
Institute of Scientific Information, Academy of Sciences of the USSR 

translated from Russian 

This first volume of the series presents three review articles on 
mathematical analysis. Operational Calculus and Spaces of Ana
lytic Functions both offer new data to the mathematics of analytic 
function spaces, and solutions of concrete analytic problems using 
functional analysis. Operational Differential Equations discusses 
the recently developed theory of differential equations in linear 
spaces. 
248 PAGES PP JANUARY 1968 $15.00 

Presents two important articles on mathematical analysis. The 
Theory and Methods of Investigation of Branch Points of Solutions 
discusses methods of obtaining solutions for nonlinear differential 
equations, integral equations, and integra-differential equations 
depending on parameters. The second article treats the Imbed
ding and Continuation for Classes of Differentiable Functions of 
Several Variables Defined in the Whole Space and reviews recent 
results on this important topic. 
APPROX. 161 PAGES PP MARCH 1968 $15.00 

by C. Mack 
Reader in Applied Mathematics, Institute of Technology, Bradford, England 

A concise handbook giving all the essential basic test and for
mulae, including the latest developments, in statistics. The book 
explains the equality of probability and proportion, the taking of 
samples, the normal distribution, significance tests, confidence 
intervals, and analysis of variance. The binomial distribution and 
the laws of probability, the Poisson, negative exponential, and 
rectangular distributions are among the other important topics 
thoroughly treated in this volume. 
174 PAGES PP 1967 $5.95 
Not available from Plenum Press in Great Britain and Commonwealth 
countries. 

by Ralph Henstock 
Reader in Mathematics, University of Lancaster, England 

Presents a detailed study of that part of functional analysis in 
which summability theory is imbedded. Its approach is unique in 
that it dispels the frequently held notion that Lebesgue integra
tion, topology, and functional analysis originated in the 1940's or 
later, and traces the origins of the theory of measure, Lebesgue 
integration, and apparatus of functional analysis through refer
ences to analytic topology of the 1870's. 
448 PAGES pp JANUARY 1968 $19.50 
Available exclusively from Plenum Press in the U.S. and dependencies. 

(consultants bureau/plenum press J Divisions of Plenum Publishing Corporation 
227 W.17th ST., NEW YORK, N.Y. 
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new titles for '68 

symposia on 
theoretical 
physics and 
mathematics 
volume 7 

spectra theory 
and wave 
processes 
volume 1 of 
topics in mathematical physics 

mathematics 
for students 
books one and two 

new journal •.. 
mathematical 
notes 
of the Academy of 
Sciences of the USSR 
(Matematicheski zametki) 

Proceedings of the 1966 Summer School of the Institute of Mathematical 
Sciences, Madras, India 

edited by Alladi Ramakrishnan 
Director of the Institute of Mathematical Sciences, Madras, India 

Topics of special interest discussed in this volume include the 
applicatio_n of algebraic topology to the study and location of 
singularities of multiple scattering processes, and the latest 
theory of superconductivity. Also included is a novel approach to 
the kinetic theory of fluids-onset of turbulent motion. 

APPROX. 175 PAGES pp MARCH 1968 $12.50 

series edited by M. Sh. Birman 
Department of Physics, Leningrad State University 

translated from Russian 

This volume presents papers devoted to the spectral theory of 
operators, elastic waves in semi-infinite media, and the quantum 
theory of scattering. A rigorous solution of the Lamb problem, 
Stieltjes operators and the theory of operators in Hilbert space, 
seismic waves, and the Schroekinger operator in three dimensions 
are among the problems discussed. 

114 PAGES CB SPECIAL RESEARCH REPORT 1967 $15.00 

by H. Burnip 

Each volume contains sets of examples on all the main topics 
usually required in freshman and sophomore examinations; many 
of these examples stress the relevance of mathematics to engi
neering and scientific subjects. 
BOOK 1: 101 PAGES 
BOOK 2: 106 PAGES 

pp 
pp 

1965 
1965 

$2.25 
$2.25 

Available exclusively from Plenum Press in the U.S. and dependencies. 

editor-in-chief: Academician B.S. Stechkin 
Director, Laboratory of Motors, USSR 
translated from Russian 

Publishes brief original papers in all branches of advanced con
temporary mathematics with complete proofs of all new results. 
A typical issue of Mathematical Notes includes, among other 
topics, articles on the canonical subdivision of Lobachevski space, 
the regularity of branching processes, and piecewise polynomial 
interpolation. 
SUBSCRIPTION PER VOLUME, VOLUMES 1-2, 1967 (6 ISSUES): $75.00 
(OVERSEAS SUBSCRIBERS: PLEASE ADD $5.00) 
SINGLE ISSUE: $30.00 
SINGLE ARTICLE: $15.00 

Sample copy available upon request. 

[ consultants bureau/plenum press J Divisions of Plenum Publishing Corporation 
_ _ 227 W. 17th ST., NEW YORK, N.Y. 
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From Blaisdell 

First Year [alculus 
Einar Hille and . 
Saturnine Salas I Spring 

[ombinatorial Theory 
Marshall Hall I 1967 

Ordinary Differential Equations 
Second Edition 

Garrett Birkhoff and 
Gian-Carlo Rota I Spring 

Ordinary Differential Equations 
George F. Carrier and 
Carl Pearson I Spring 

Modern Programming: Fortran IV 
Henry Mullish I Spring 

First Order Mathematical Logic 
Angelo Margaris I 1967 

Numerical Methods for Two- Point 
Boundary- Value Problems 

Herbert B. Keller I Spring 

Perturbation Methods in 
Applied Mathematics 

Julian D. Cole I Spring 

The [omputer Programmer's 
Dictionary and Handbook 

Donald D. Spencer I Spring 

BLAISDELL PUBLISHING l:UMP ANY 
A Division of Ginn and Company 

275 Wyman Street, Waltham, Massachusetts 02154 
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SAUNDERS 
MATHEMATICS 

BOOKS 

W. B. SAUNDERS COMPANY 
West Washington Square 
Philadelphia, Po. 19105 

GAME THEORY 
by Guillermo Owen, Fordham University 
This book for the upper-level undergraduate or beginning graduate student 
fills the need for a text comprehensively covering the salient aspects of 
both two-person (including multi-stage) and n-person game theory from a 
mathematical point of view. Several new topics include differential games, 
the bargaining set, and continuum of players. The text also includes the 
more important portions of the theory of convex sets and functions and 
the Brouwer and Kakutani fixed point theorems to fill any knowledge gap 
barring a complete understanding of the text. 
228 pages, illustrated. About $9.00. Ready January, 1968. 

DIFFERENTIAL EQUATIONS 
by Martinus Esser, University of Dayton 
For their first course in differential equations, this volume for math and 
engineering majors stresses mathematical understanding rather than 
superficial learning of techniques. The text begins with linear equations 
and follows through with numerical methods, Picard's Existence Theorems, 
first-order equations, systems and operators, and applications. Dr. Esser 
continually stresses motivation of the theoretical material by providing 
many imaginative examples. 
249 pages, illustrated. About $8.00. Ready January, 1968. 

THEORETICAL ANALYSIS 
by the late Lester J. Heider, S.J., Marquette Univ., 
and James E. Simpson, University of Kentucky 
This text is designed for a self-contained course in real variables. Incor
porating recommendations of the CUPM, the chapters progress through 
highly developed proofs to those less formal. The text emphasizes defini
tions, theorems, and proofs as complements to the traditional advanced 
calculus training in interpretation, techniques, and applications. 
379 pages, illustrated. $8.50. Published July, 1967. 

OPTIMAL CONTROL THEORY 
by R. Pallu de Ia Barriere, Univ. of Caen, France 
This is a textbook for the advanced mathematics student and a respected 
reference in Operations Research, Numerical Analysis, and Optimization 
Techniques for the engineer. It presents the basic elements of functional 
analysis, harmonic analysis, theory of distributions, probability theory, 
and Markov processes sufficient to establish a sound mathematical founda
tion for optimal control theory. The reader will readily understand the 
self-contained, to-the-point treatment of the t~eory aided by numerous 
illustrations. 
412 pages, illustrated. $8.00. Published March, 1967. 

ALGEBRA AND ANALYSIS: Problems and Solutions 
by G. Lefort, University of Paris 
Here is an imaginative collection of 826 exercises and their solutions 
supplementing undergraduate courses in algebra, calculus, analysis, linear 
algebra, and advanced calculus. Concepts, vocabulary, and notations are 
detailed for working the carefully selected problems and understanding· 
the illustrative examples. 
590 pages, illustrated. $11.00. Published November, 1966. 

THEORETICAL PHYSICS: Applications of Vectors, 
Matrices, Tensors, and Quaternions 
by Ali Kyrala, Arizona State University 
Emphasizing modern vectorial formulations, Dr. Kyrala presents a concise 
introduction to the mathematical methods of theoretical physics used 
today in physical research. Designed for senior /graduate level courses, 
the book is equally appropriate for self-study. Topics include vector func
tion analogies, Fourier analysis, eigenvalue problems, variational calculus, 
Green's functions for Sturm-liouville and vectorial operators, tensors, 
pseudotensors, matrices, hypercomplex vectors, quaternions and special 
relativity. Numerous illustrative examples elaborate on the text. 
359 pages, illustrated. $9.00. Published June, 1967. 

See These fine Texts At Our Booth- No. 26 -74th Annual AMS Meeting 

261 



nscottdl 
0 ""' - en 
en CJ> 
cc 3 
cno· . . Q) 

IVISIOn::::s Coming in March 
INTRODUCTION TO STATISTICS 
FRANK W. CARLBORG 
Northern Illinois University 

This introduction to statistical methods 
for non-majors includes introductory 
probability theory, basic statistical con
cepts, and applications of concepts to 
multi-factor situations. Surveying multi
ple regression and the analysis of vari
ance, the text helps the student to iden
tify a statistical situation, to look in the 
right place for more theoretical or ap
plied information, and to use the sug
gestions of a statistical consultant. 

CONTENTS 
INTRODUCTION 

Statistics. Random Experiments. Random 
Variables. Relation Between Probability and 
Statistics. 

PROBABILITY 
Discrete Random Variabies. Continuous Ran
dom Variables. Statistics. Central Limit 
Theorem. 

TESTING HYPOTHESES 
Significance Tests. Decision Procedures. Min
imax Procedures. Bayes Procedures. 

ESTIMATION 
Point Estimation. Interval Estimation. 

PROBABILITY AND CORRELATION 
Multi-Dimensional Experiments. Two-Dimen
sional Distributions. Prediction for the Two
Dimensional Case. Prediction for the Multi
Dimensional Case. 

REGRESSION 
Factors. One-Factor Experiments. Multi-Fac
tor Experiments. 

ANALYSIS OF VARIANCE I 
One-Factor Experiments. Two-Factor Experi
ments. Multi-Factor Experiments. 

ANAL Y$1S OF VARIANCE II 
One-Factor Experiments. Mixed Two-Factor 
Experiments. 

Appendix. Answers to Selected Exercises. 
Index. 

Approx. 320 pages, illustrated, 
prob. $8.50 

See Our Exhibit at Booth 37 

Scott, Foresman and Company 
College Division 
Glenview, Illinois Atlanta Dallas 
Palo Alto Oakland, N.J. 
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PERGAMON 
MATHEMATICS 

BOOKS 
VECTOR MEASURES 
(ISM in Pure and Applied Mathematics, Vol. 95) 
By N. DINCULEANU 
416 pp. $17.50 

AN INTRODUCTION TO 
THE STATISTICAL THEORY OF 
CLASSICAL SIMPLE DENSE FLUIDS 
By G.H.A. COLE 

296 pp.: 34 illus.; extensive appendices; index 
$12.00 

ALGEBRA, Volume 1 
(ISM in Pure and Applied Mathematics, Vol. 91) 

By L. REDEl 
828 pp.; 4 illus.; bibliography; index $21.50 

SPHERICAL HARMONICS 
An Elementary Treatise on Harmonic 
Functions with Applications 
(ISM in Pure and Applied Mathematics, Vol. 98) 
3rd Revised Edition 
By T.M. MACROBERT 
3rd Edition revised with the assistance of 

I. N.SNEDDON 
368 pp.; 21 illus.; bibliography; index $15.50 

ELEMENTS OF MATHEMATICAL 
LOGIC AND SET THEORY 
(ISM in Pure and Applied Mathematics, Vol. 96) 
By JERZY SLUPECKI and 
LUDWIK BORKOWSKI 
362 pp.; supplement; appendix; index $11.00 

FROM THE 
PERGAMON INTERNATIONAL LIBRARY 

FUNDAMENTAL MODERN ALGEBRA 
By K. H. OKE H $5.00 
224 pp.; 60 illus.; bibliography; index F $3.50 

EXPLORING 
UNIVERSITY MATHEMATICS 
1. Lectures Given at Bedford 
London 
Edited by N.J. HARDIMAN 
134 pp.; 36 illustrations 

College, 

H $4.50 
F $2.95 

For complete selection of Pergamon books and 
journals in Mathematics visit: 

Booth 18 
American Mathematical Society Meeting 

San Francisco Hilton, January 23-26 

PERGAMON PRESS 
44-01 21st Street 

Long Island City, N.Y. 11101 



Examine THESE and Other OUTSTANDING 
TEXTS at Booths 12-13 

A FIRST COURSE IN ABSTRACT ALGEBRA 
by John Fraleigh, University of Rhode Island 1967 447 pp, $9.75 

ELEMENTARY TOPOLOGY 
by Michael C. Gemignani, State University of New York@ Buffalo 

1967 258 pp, $9.75 

DIFFERENTIAL OPERATORS OF MATHEMATICAL PHYSICS 
by Gunter Hellwig, Technical University, Aachen, Germany 1967 296 pp, $12.50 

INTRODUCTION TO MODERN ABSTRACT ALGEBRA 
by David M. Burton, University of New Hampshire 1967 310 pp, $8.95 

MATHEMATICAL LOGIC 
by Joseph Shoenfield, Duke University 1967 344 pp, $12.75 

MODERN ELEMENTARY DIFFERENTIAL EQUATIONS 
by Richard Bellman, University of Southern California 

1968 196 pp, $8.95 

Coming 
ADVANCED CALCULUS 

Lynn Loomis and Shlomo Sternberg 

INTRODUCTION TO COMPLEX ANALYSIS 
Rolf Nevanlinna and V. Paatero 

LECTURES ON ORDINARY DIFFERENTIAL EQUATIONS 
Einar Hille 

ELEMENTS OF THE THEORY OF ALGEBRAIC CURVES 
A. Seidenberg 

ANALYSIS I 
Serge Lang 

For more information or approval copies write to Dept. A -993 

Addison-Wesley 
PUBliSHING COMPANY, INC. 

Reading, Massachusetts 01867 
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0 
Mathematics Lecture Note Series 

CLASS FIELD THEORY 
E. ARTIN 

J. TATE/ Harvard University 
150 Pages Cloth: $8.50/$6.80 Prepaid* Paper: $3.95/$3.16 Prepaid* 

K-THEORY 
MICHAEL ATIYAH/Oxford University 

232 Pages Cloth: $8.50/$6.80 Prepaid* Paper: $3.95/$3.16 Prepaid* 

SET THEORY AND THE CONTINUUM HYPOTHESIS 
PAUL J. COHEN/Stanford University 

154 Pages Cloth: $8.00/$6.40 Prepaid* Paper: $3.95/$3.16 Prepaid* 

CHARACTERS OF FINITE GROUPS 
WALTER FElT/Yale University 

186 Pages Cloth: $9.50/$7.60 Prepaid* Paper: $4.95/$3.96 Prepaid* 

LECTURES ON ALGEBRAIC TOPOLOGY 
MARVIN J. GREENBERG/Northeastern University 

235 Pages Cloth: $10.00/$8.00 Prepaid* Paper: $5.95/$4.76 Prepaid* 

FOUNDATIONS OF PROJECTIVE GEOMETRY 
ROBIN HARTSHORNE/Harvard University 

163 Pages Cloth: $8.50/$6.80 Prepaid* Paper: $3.95/$3.16 Prepaid* 

RAPPORT SUR LA COHOMOLOGIE DES GROUPES 
SERGE LANG/Columbia University 

260 Pages Cloth: $9.00/$7.20 Prepaid* Paper: $4.95/$3.96 Prepaid* 

ALGEBRES DE LIE SEMI-SIMPLES COMPLEXES 
JEAN-PIERRE SERRE/College de France 

140 Pages Cloth: $8.00/$6.40 Prepaid* Paper: $3.95/$3.16 Prepaid* 

LIE ALGEBRAS AND LIE GROUPS 
JEAN-PIERRE SERRE/College de France 

252 Pages Paper: $3.95/$3.16 Prepaid* 

* 20% Discount on prepaid orders. 

W. A. BENJAMIN, INC. 
ONE PARK AVENUE • NEW YORK 10016 
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SPRINGER-VERLAG Berlin - Heidelberg - Vienna - New York 
Booths 14-15 at the AMS Meeting 

SOME IMPROPERLY POSED INTERNATIONAL SCHOOL 
PROBLEMS OF OF NONLINEAR MATHEMATICS 
MATHEMATICAL PHYSICS AND PHYSICS 
Springer Tracts in Natural Philosophy, Volume 11 
B. M. M. Lavrentiev, Academy of Science, 
Siberian Department, Novosibirsk, U.S.S.R. 
Translation revised by Robert}. Sacker, New York 
University Courant Institute of Mathematical 
Sciences 

This volume presents an introduction into the 
well-defined notion of improperly-posed prob
lems of mathematical physics in the sense of 
HADAMARD. 

Concrete and partially new investigations of such 
problems are being made, including for the first 
time probability methods. 

lmproperly-pos.ed problems are of growing im
portance in mathematical physics and its appli
cations. 

viii, 72 pages 1967 

BOOLEAN METHODS 
IN OPERATIONS RESEARCH 
AND RELATED AREAS 

$5.00 

Econometrics and Operations 
Research/Okonometrie und Unternehmens
forschung, Volume VII 

By Petru L. Hammer and Sergiu Rudeanu 

This is the first comprehensive monograph on 
pseudo-Boolean programming, a new approach 
to various problems where bivalent decisions are 
to be taken. Main tools: examination of the glob
al and local extrema of a pseudo-Boolean func
tion (i.e., of a real-valued function with bivalent 
(0,1) variables); solution of systems of Boolean 
or pseudo-Boolean equations and inequalities; 
Boolean matrix calculus. 

This volume is self-contained and no previous 
knowledge of Boolean algebra is required. There 
are many numerical examples illustrating the 
theory, and a rich classified bibliography at the 
end. Most of the results in this book are the au
thors' own. The monograph is intended both to 
serve as a teaching aid and to stimulate addi
tional research. 

25 figures ca. 320 pages 1967 ca. $11.50 

All books and periodicals published by the 
European Springer-Verlag companies are 
supplied directly from our stock of over 1200 
·titles within 48 hours following receipt 
of order. 

Detailed leaflet on specific titles and our 
complete mathematics catalog on request. 
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Physics Session 

Edited by Norman ). Zabusky, Head, Plasma 
Physics Research Group, Bell Telephone 
Laboratories, Inc., Whippany, N. j. and 
Merlin D. Kruskal, Professor of Astrophysical 
Science, Princeton University, Princeton, N. j. 

Volume 1 

TOPICS IN NONLINEAR PHYSICS 
Lectures delivered at the International School of 
Nonlinear Mathematics and Physics held at the 
Institute of Astrophysics of the Max-Planck-Insti
tute for Physics and Astrophysics, Munich, Ger
many, during the summer of 1966. 
Edited by Norman }. Zabusky 

ca. 50 figures ca. 600 pages 1967 ca. $1b.OO 

Die Grundlehren 
der mathematischen 
Wissenschaften 
Volume 133 
Geometrische Ordnungen 
By Otto Haupt and Hermann Kiinneth 
20 figs. VIII, 429 pp. 1967 

Volume 134 
Endliche Gruppen I 
By B. Huppert 

$17.00 

15 figs. XII, 793 pp. 1967 $39.00 

Volume 143 
Vorlesungen uber lnvariantentheorie 
By lssai Schur 

Revised and edited by Helmut Grunsky 

XII, 134 pp. 1967 $8.00 

Volume 145 
Semi-Groups of Operators and 
Approximation 
By Paul L. Butzer and Hubert Berens 

ca. 320 pp. 1968 In preparation 

Springer-Verlag New York Inc. 
175 Fifth Avenue 
New York, New York 10010 



An Important Reprint-NOW AVAILABLE 

AMERICAN MATHEMICAL SOCIETY. TRANSACTIONS 
Vols. 1-77. Lancaster, Pa. 1900-1954 

Cloth bound set. ............................................. $1,715.00 
Paper bound set.. ............................................ 1,555.00 

Vols. 1-27, 37-77 Per volume, cloth bound........................................ 22.00 
Per volume, paper bound........................................ 20.00 

Vols. 28-36 Per volume, cloth bound........................................ 25.00 
Per volume, paper bound........................................ 23.00 

The Transactions of the American Mathematical Society has had an impor
tant influence on American mathematics ever since it was founded in January, 
1900. The first number established a tradition of excellence that has never been 
broken, with papers by H. S. White, Paul Gordan of the University of Erlangen, 
Edouard Goursat of the University of Paris, F. R. Moulton, L. E. Dickson, H. 
Maschke, Maxime Bocher, and E. H. Moore. 

Reprints of Books-NOW AVAILABLE 

Gerhardt, Karl Immanuel 
Geschichte der Mathematik in Deutschland 

Miincben, 1877 (Reprint 1965) ................................................................ Cloth $15.00 
Geschichte der Wissenschaften in Deutschland.Neure Zeit. 17 bd. 

Lalande, Jerome de, ASTRONOMIE 
The most complete summation of astronomic knowledge to have appeared before the 
French Revolution. 
"Cet ouvrage est le fruit de 40 ans de travail, et le resultat de tout ce qui s'est fait depuis 
2500 ans en astronomie." 

Jerome de Lalande- preface to 3rd ed. of Astronomie 
Paris 1792, (Reprint 1966) 3 volumes ...................................................... Cloth $80.00 

Stokes, Sir George Gabriel 
MATHEMATICAL AND PHYSICAL PAPERS 

2nd ed., Reprinting the Former of 1880-1905, Prepared by the Author (Vols. 1-3) and 
Sir J. Larmor (Vols. 4-5) with their Annotations and the Obituary Notices by Lord Kelvin 
and Lord Rayleigh, and also including the Portions of the Original Papers which were 
Omitted from the Former Edition, and a New Preface by C. Truesdell, Ph.D., Professor 
of Rational Mechanics at the Johns Hopkins University. 1967. 
5 vols. (The Sources of Science no. 33) .................................................. Cloth $75.00 

Libri, Guglielmo 
Histoire des sciences mathematiques 
en Itlaie depuis Ia renaissance des lettres jusqu'a Ia fin du dix-septieme 
siecle. 

Halle, 1865, Four volumes ...................................................................... Cloth $67.50 

Order direct from: 

111 FIFTH AVENUE 

CORPORATION NEW YORK, NEW YORK 10003 
Publishers of Reprints of Scholarly Books and Journals 
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THE UNIVERSITY SERIES IN HIGHER MATHEMATICS 
Editorial Board: Marshall H. Stone, University of Massachusetts; L. Nirenberg, New York 
University; and S. S. Chern, University of California, Berkeley. 

'68' ~ til 4#1 «d4taiUIU«J "'""· •• 
GEOMETRY OF QUANTUM THEORY 
V. S. Varadarajan, University of California, Los Angeles. Available June, 1968, about $7.50. 
This book is a self-contained account of the technical features of the geometry and group 
theory of quantum mechanical systems. It is divided into two parts: "Projective Geometry" 
and "The Logic of Quantum Mechanics." 

PRINCIPAL FUNCTIONS 
Burton Rodin, University of California, San Diego; and Leo Sario, Unversity of California, 
Los Angeles. Available January, 1968, about $8.50. 
This reference and graduate level text develops systematically the theory of principal func
tions and their applications on Riemann surfaces and Riemannian spaces. 

UNIVERSAL ALGEBRAS 
George Gratzer, Pennsylvania State University. Available January, 1968, about $12.00. 
This book is a systematic treatment of the most important results in the field of universal 
algebras. Adequate background material provides explanations for these results and presents 
ideas and methods to extend them in the fields of generalizations, partial algebras and struc
tures, infinitary algebras, and multi-algebras. 

THE UNIVERSITY SERIES IN UNDERGRADUATE 
MATHEMATICS 

General Editors: John L. Kelley, University of California, Berkeley; and Paul R. Halmos, 
University of Michigan. 

INTRODUCTION TO MATHEMATICAL LOGIC 
Elliott Mendelson, Queens College, City University of New York. 300 pages, $7.25. 
Ideally suited for teaching a compact course in mathematical logic, this text has been 
specifically designed for those students and mathematicians who want to become acquainted 
with the important results of modern logic. 

INTRODUCTION TO TOPOLOGY 
Maynard J. Mansfield, Purdue University. 116 pages, $5.00. 
Through a discussion of basic topological facts that are relative to a first course in the theory 
of functions, the student is well introduced to the definition-theorem-proof style of modern 
mathematics. The book provides the undergraduate student with the elementary definitions, 
examples, counterexamples and theorems of point set topology. 

NAIVE SET THEORY 
Paul R. Halmos. 104 pages, $4.75. 
This brief, informal exposition of set theory is written from the viewpoint of a prospective 
mathematician whose main interest is not in the foundations of mathematics but in such 
concrete mathematical objects as groups, integrals, and manifolds. 
*Companion set of exercises: Exercises in Set Theory, by L. E. Sigler, Hunter College. $2.95 
(paper). 

Send for your on-approval copies. Write College Department, 

VJ~~~ 
PRINCETON, N.J. 08540 
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Division~ Coming in March 

BASIC CALCULUS 
NATHANIEL A. FRIEDMAN 
University of New Mexico 

Helps the student to understand calcu
lus through its actual development, mak
ing it possible for him to see how the 
new ideas evolve. Using a geometric ap
proach, the author first defines the slope 
of a line and then offers a brief intuitive 
discussion of the fundamental theorem 
of calculus in its geometric form. This 
motivates the detailed discussion of 
tangent lines and area which follows. 
Certain exercises in these sections con
sist of geometric experiments. Profes
sor Friedman discusses the derivative, 
the integral, and their corresponding 
physical applications. He then intro
duces the notation due to Leibniz, point
ing out the advantages in symbolic man
ipulation and presenting basic methods 
of integration. This notation is then uti
lized to discuss several applications. Ex
ercises follow each section, and answers 
to selected questions are given in the 
back of the book. 

384 pages, over 200 illustrations, 
prob. $9.50 

Under the general editorship of 

ELDON DYER 
The City University of New York 

See Our Exhibit at Booth 37 

Scott, Foresman and Company 
College Division 
Glenview, Illinois Atlanta Dallas 
Palo Alto Oakland, N.J. 
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AN INTERNATIONAL RESEARCH SEMINAR 
on 

CONTINUUM MECHANICS 
AND 

RELATED NUMERICAL ANALYSIS 
will be held at 

THE UNIVERSITY OF CALGARY 

from June 15 to July 27, 1968. 

Courses of lectures will be given by each of 
L. Collatz (University of Hamburg), 

H. B. Keller (California Institute of Technology), 
W. T. Keiter (Technische Hogeschool Delft), and 

I. N. Sneddon (University of Glasgow). 
Participants will be expected to be in residence 
for the duration of the seminar. It is hoped a 
limited number of participants will be awarded 
stipends to cover costs of upheaval. 
For further details write to: 

Research Seminar, Department of Mathematics, 
The University of Calgary, Alberta, Canada 

PROCEEDINGS OF SYMPOSIA 
IN APPLIED MATHEMATICS 

Volume 19 
Mathematical Aspects of Computer Science 

Edited by J. T. Schwartz 
232 pages; List Price $6.80; Member's Price $5.! 0 

This volume consists of papers presented 
at the Symposium on Mathematical Aspects of 
Computer Science, held in April 1966 in New 
York City. The following are the topics included: 
automatic theorem proving; assigning meaning 
to programs; correctness of a compiler for 
arithmetic expressions; context·free languages 
and Turing machine computations; computer 
analysis of natural languages; the use of com· 
puters in the theory of numbers; a machine cal· 
culation of a spectral sequence; numerical 
hydrodynamics of the atmosphere; the calcula· 
tion of zeros of polynomials and analytic 
functions; linearly unrecognizable patterns; 
mathematical theory of automata. 

Please send orders to: 

American Mathematical Society 
P.O. Box 6248 

Providence, R. I. 02904 



NEW MJITHEMJITICS BOOKS FROM WJIDSWORTH 

Modern College .lllge.bra and Trigonometry 
by Edwin F. Beckenbach, University of California, Los Angeles, and Irving 
Drooyan, Los Angeles Pierce College 

A modern preparation for the calculus as well as for other courses in related 
fields, such as business. In line with the author's other best-selling books, 
with review of intermediate algebra and functional use of a second color. 

1968. 416 pages. 6 x 9. Clothbound. 

Geometry: .II Contemporary .llpproaeh 
by Thomas Lathrop, Massachusetts State College at Salem, and Lee A. Stevens, 
Foothill College 

An innovating one-semester introduction to college geometry suitable for 
secondary teacher preparation as well as for review courses. 

1967. 308 pages. 6 x 9. Clothbound . 

.lin lntroduefion to Matrices and Determinants 
by F. Max Stein, Colorado State University 

Brief introduction to matrices and determinants, suitable for a one-semester 
course on the sophomore level and in line with CUPM-GCMC recom
mendations for course 3. 1968. 256 pages. 6 x 9. Clothbound. 

lntroduefion to Pro.ba.bility and Statistics. 2nd Edition 
by William Mendenhall, University of Florida 

Numerous new problems, emphasis on inference as the goal of statistics, 
and strong introduction to probability through the notion of sample space 
are the outstanding features of this revision of a successful introductory 
text. 1967. 393 pages. 6 x 9. Clothbound . 

.II Programmed Study Guide for lntrodudion to 
Pro.ba.bility and Statistics. 2nd Edition 
by Frederick Barnett, Robert Beaver, and William Mendenhall, University of 
Florida 

A programmed study aid designed for use with Introduction to Probability 
and Statistics, 2nd Edition. Numerous applied exercises are included. 

1967. 8IJ2 x II. 464 pages. Paperbound. 

lntroduetion to Linear Models and 
Experimental Design 
by William Mendenhall, University of Florida 

An introduction to experimental design requiring no calculus background 
and featuring unified treatment of the subject through the structure of 
linear models. Included are applications to engineering, psychology social 
sciences, life sciences, and business. ' 

1968. 448 pages. 6 x 9. Clothbound. 

For Further Information Write Box AMA-10 

WJIDSWORTH PUBLISHING COMPJINY, INC. 
Belmont, California 94002 
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_O_x_f_o_r_d_U_n_i_v_e_r_s_i t_y_P_r_e_s s_(i)_ 

Analytic Geometry and Calculus 
SECOND EDITION 

By the late L. ]. ADAMS; and PAUL A. WHITE, University of Southern California 
Essentials of elementary calculus and analytic geometry integrated for students of mathematics, 
engineering, and the sciences. The second edition includes a thorough treatment of vectors, which 
are used throughout the solid analytic geometry. A new chapter is devoted to an introduction to 
determinant and matrix theory, enabling more linear algebra to be included in the calculus sequence. 
Many problems have been added. 
March 1968 992 pp. illus. $12.00 

Numerical Solution of 
Partial Differential Equations 
By G. D. SMITH, Brune! University, London 
Designed as a textbook for students with no previous knowledge of numerical methods, this volume 
is also intended as a bridge to the increasing number of advanced treatises on the numerical solution 
of partial differential equations. The work assumes no prior training in finite-difference calculus and 
develops the subject clearly and in detail. Exercises and worked solutions. 
1965 190 pp. $5.00 

An Introduction to 
Numerical Linear Algebra 
WITH EXERCISES 
By L. FOX, Oxford University 
"An excellent text for those with minimal background in linear algebra who require matrix methods 
in their problem solving. The additional notes at the end of each chapter are very helpful ... "
Klaus E. Eldridge, Ohio University 
1965 344 pp. 

UNIVERSI'TY 'TEX'TS IN 'THE MA'THEMA'TICAL SCIENCES SERIES 

Introduction to Hilbert Space Random Processes 
S. K. BERBERIAN MURRAY ROSENBLATT 
1961 218 pp. $6.50 1961 218 pp. $6.00 

Introduction to 

$8.50 

Probability and 
Statistical Inference 
for Engineers 
CYRUS DERMAN and MORTON KLEIN 
1959 156 pp. $4.25 

Rudiments of 
Algebraic Geometry 
W. E. JENNER 

Real Functions and 
qrthogonal Expansions 
BELA SZ.·NAGY 

1963 126 pp. paper $2.95 

Spectral Theory 
EDGAR R. LORCH 
1962 170 pp. $6.00 

1965 464 pp. $9.00 

Introduction to the 
Theory of Queues , 
LAJOS TAKACS 
1962 278 pp. $7.50 

W OXFORD W UNIVERSITY W PRESS 
200 Madison Avenue, New York, N.Y. 10016 
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Harper 6 Row Jlnnounces 
* Ordered Topological Vector Spaces 

Anthony L. Peressinijjust published 

The Calculus with Analytic Geometry 
Louis Leithold/Coming in january 

Finite Mathematics 
William H. Richardson/Coming in january 

* Introduction to Calculus 
Donald Greenspan/Coming in February 

Mathematics for Elementary School 
Teachers: A First Course 

james W. Armstrong/Coming in February 

* Finite Groups 
Daniel Gorenstein/Spring '68 

* Cohomology Operations and 
Applications in Homotopy Theory 

Robert E. Mosher and 
Martin C .Tangora/Spring '68 

* A Course in Numerical Analysis 
H. Melvin Lieberstein/Spring '68 

* Harper's Series in Modern Mathematics under the 
editorship of I. N. Herstein and Gian-Carlo Rota 

tfj 
1817 
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You are cordially invited 
to our Exhibit, Booth 30. 

HARPER & ROW, PUBLISHERS 
49 EAST 33D STREET, N.Y. 10016 



" ... designed to provide expositions of the basic areas of mathe
matics at the upper undergraduate and beginning graduate levels. 
It is at this point that the student's acquaintance with modern 
mathematics really begins. A good text will, of course, supply the 
usual indispensable features: a high level of exposition, plenty of 
exercises ranging from routine ones to ingenious challenges, and 
stimulating glimpses of where the subject goes when you pene
trate deeper. A superb text does even more: it lets the student 
share the excitement that accompanied the great discoveries of the 
last century. It is to the development of superb texts that the Series 
is dedicated." Consulting Editors, Irving Kaplansky, University of 
Chicago, and Charles DePrima, California Institute of Technology. 

THE ALLYN & BACON 
SERIES IN 
ADVANCED 
MATHEM.ATICS 
SCHUBERT ITOPOLOGY.The original text, by Horst Schubert of the 
University of Kiel, has been translated from the German by Siegfried Moran of the 
University of Kent at Canterbury. March, 1968. Only some elementary mathematics 
is assumed in this introduction to general and algebraic topology. Auxiliary material 
is always introduced in the text when it is first used, and fundamental concepts of 1968 
set theory are covered in the appendix. 

ROTMAN I THE THEORY OF GROUPS. An Introduction; 
By Joseph J. Rotman, University of Illinois. This introduction to group theory is a 
self-contained unit for students who have had an introductory course in modern 
algebra and are familiar with matrices and vector spaces. Separate chapters cover 
simple groups, homological algebra, and word problems. 1965. 6 x 9. 305 pp. 

DUGUNDJI I TOPOLOGY • By James Dugundji, University of Southern 
California. This constitutes an introduction to set theory and a comprehensive gen
eral topology. In addition to the usual topics, it includes: identification and weak 
topologies, convergence in terms of filter-bases, homotopy and homotopy type, 
maps into spheres, the Jordan separation theorem in En, path spaces, H-spaces, 
direct and inverse limit spaces. 1966. 6 x 9. 447 pp. 

MARCUS & MINC/A SURVEY OF MATI\IX 
THEORY & MATHIX INEQUAliTIES. By Marvin Marcus 
and Henryk Mine, both of the University of California at Santa Barbara. Beginning 
at an elementary level, the authors proceed quickly to subjects of current research 
interest for use at the senior-graduate level or as a source of reference to working 
mathematicians. A large number of the sections are devoted to examples. 1964. 
6 X 9. 180 pp. 

ALLYN & BACON, INC., 470 ATLANTIC AVENUE, BOSTON, MASSACHUSETTS 02210 
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FROM McGRAW-HILL 
INTRODUCTION TO SPECIAL RELATIVITY 

By Herman M. Schwartz, University of Arkansas. International Series in Pure and Applied Physics. Available 
for Spring Semester. 480 pages, $14.75 
This book presents the principle ideas, methods, and results of the special theory of relativity. The author 
attempts to develop for students an appreciation of the conceptual and mathematical structure and the 
applicative possibilities of this theory. 

INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS AND 
BOUNDARY VALUE PROBLEMS 

By Rene Dennemeyer, California State College at San Bernardino, Calif. International series in Pure and 
Applied Mathematics. Availabl-e winter. 400 pages, $13.75 
This book originated from an introductory course in partial differential equations which the author has given 
for a number of years. The course is at the senior level and is intended for mathematics, physics, or engineering 
majors who have completed a semester of ordinary differential equations and vector analysis, or, alternatively, a 
year course at the junior level of the type often called "applied mathematics," or "advanced mathematics for 
engineers and physicists." 

DIFFERENTIAL EQUATIONS WITH APPLICATIONS 
By Paul D. Ritger and Nicholas J, Rose, Stevens Institute of Technology. International Series in Pure and 
Applied Mathematics. Available winter. 544 pages, $9.50 
This is a very "modern" and complete book. The authors believe that a knowledge and appreciation of the basic 
theory of differential equations is important for the scientist and engineer as well as the mathematician; 
accordingly, they present this theory in a careful, straightforward manner. Applications to the physical sciences 
and engineering are treated as an integral part of the book. 

THEORY OF RECURSIVE FUNCTIONS AND 
EFFECTIVE COMPUTABILITY 

By Hartley Rogers, Jr., Massachusetts Institute of Technology. McGraw-Hill Series in Higher Mathematics. 
Available for Spring Classes. 512 pages, $14.75 
The theory of rt>cursive functions deals with the operations performed by digital computers- or by humans -
under explicit dett>rministic programs of instructions. U ndn discussion in this book is the theory that is obtained 
when the limitations of time or memory on the action of such computers is removed. It deals primarily with the 
questions of existence or non-existence of computer methods rather than with matters of efficiency. The theory 
has proved suggestive and stimulating to researchers in the practical computer field, and may be taken as an 
"asymptotic form" of more complex realistic theories. 

MULTIVARIATE STATISTICAL METHODS 
By Donald F. Morrison, University of Pennsylvania. 352 pages, $9.95 
Dt>signed to make multivariate statistical techniques availabk to the behavioral, social, biological, and medical 
sciences where research data is intrinsically multidimensional. It brings togethl"r a large number of multivariate 
statistical techniques and presents them in a well-written and logical fashion. 

INTEGRALS AND OPERATORS 
By Irving E. Segal, Massachusetts Institute of Technology, and Ray A. Kunze, Washington University. 
McGraw-Hill Series in Higher Mathematics. Available Spring. 320 pagt>s, $10.50---
Integrals and Operators provides a contt>mporary treatment of intt>gration theory, real variable theory, and ele
mentary functional analysis. The major aim of the book is to expose the student to modern analytical thinking: 
general theory is reinforced with many examples and illustrativt> exercises, so that the student gets a great deal 
of exposure to the interplay between the abstract and the concrete. 

FOUNDATIONS OF REAL NUMBERS 
By Claude W. Burrill, New York University. 163 pages, $6.95 
This book is conct>rned with a single topic: the construction of the real number system from a foundation of 
set theory. Although the text is logically complete with no proofs omitted, it is concise, providing the student 
with the information he requires as directly as possible. The book is unique in that the primary definition of real 
numbers is patterned after the usual decimal representations of such numbers. 

FOUNDATIONS OF CONSTRUCTIVE ANALYSIS 
By Errett Bishop, University of California. McGraU'-Hill Series in Higher Mathematics. Available Spring. 

384 pages, $12.00 
The primary a~complishment of this book is to carry through the constructivist program for a large portion of 
abstract analysts, from calculus through the elementary theory of Banach algebras. The development is systematic 
and self-contained. 

~ 

I • 
McGRAW-HILL BOOK COMPANY 

330 West 42nd Street, New York, N. Y. 10036 
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Forthcoming texts in mathematics from ... 

JoHN M. H. OLMSTED, Southern Illinois University 

PRELUDE TO CALCULUS AND LINEAR ALGEBRA 
A strong preparation for both modern calculus and modern linear algebra, this volume 
starts immediately with sets and logic, and then stresses the concept of a vector space. 
320 pp., illus., $6.50 (tent.) 

BASIC CONCEPTS OF CALCULUS 
Using sets and quantifiers from Prelude to Calculus with Linear Algebra, this volume 
includes the material generally covered in the first semester of the calculus sequence. 
368 pp., illus., $6.50 (tent.) 

A SECOND COURSE IN CALCULUS 
This volume covers the remaining topics in calculus, with multivariate items occurring 
as early as possible. 336 pp., illus., $6.50 (tent.) 

The three volumes described above are an abridgement and rearrangement of material 
drawn from Olmsted's Calculus with Analytic Geometry. 

New also ... ---------------------------------------------------

HUGH G. CAMPBELL, VirRinia Polytechnic Institute. 

MATRICES WITH APPLICATIONS 
Introduces matrix algebra to those who need an elementary, concisely-written survey. 
Included are a large number of motivating applications. 144 pp., illus., paper, $3.25 (tent.) 

RANDAL H. CoLE, University of Western Ontario. 

THEORY OF ORDINARY DIFFERENTIAL EQUATIONS 
Suitable for a course in differential equations at the intermediate level, this volume also 
includes a discussion of the two-point boundary problem, with the derivation of Green's 
function and its properties. 320 pp., ill us., $1 I .00 (tent.) 

DAVID OANS, New York University. 

IDEAS IN MODERN GEOMETRY 
Emphasizes, at an elementary level, the study of geometry through transformations, dis
cussing simple topological ideas before presenting the projective plane. 384 pp., illus., 

$9.50 (tent.) 

GERALD K. GoFF and MILTON E. BERG, both of Oklahoma State University. 

BASIC MATHEMATICS 
Designed for prospective and in-service elementary teachers, this program introduces 
the student to modern mathematics. In line with the recommendations of the Commit
tee on the Undergraduate Program in Mathematics, the content is arranged to present 
a structural approach to the systems in basic mathematics. 448 pp., $7.95 (tent.) 

APPLETON-CENTURY -CROFTS 
Division of Meredith Corporation 

440 PARK AVENUE SOUTH, NEW YORK 10016 
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Important new texts from Macmillan 
Real Analysis, Second Edition 
By H. L. Royden, Stanford University 

The aspects of modern mathematics that have their roots in the classical 
theory of functions of a real variable are covered thoroughly in the second 
edition of this widely adopted text. Topics receiving special attention in
clude: measure and integration, point-set topology, and the theory of normed 
linear spaces. In this edition the author has added more problems, simplified 
proofs where necessary, and included a completely new chapter on measure 
and topology. 1968, approx. 320 pages, prob. $10.95 

Boundary Value Problems of Mathematical Physics, Volumes I and II 
By lvar Stakgold, Northwestern University 
Macmillan Series in Advanced Mathematics and Theoretical Physics 

This two volume treatment of linear boundary value problems is written for 
graduate students in applied mathematics, engineering, and the physical sci
ences. Volume I offers a discussion of ordinary differential equations, based 
on eigenfunction expansions, and Green's functions; Volume II explains 
linear partial differential equations, along with the more abstract questions 
of uniqueness, existence, and stability. 

Volume I: 1967, 340 pages, $12.95 
Volume II: 1968, approx. 384 pages, prob. $12.95 

Tensor Analysis on Manifolds 
By Richard L. Bishop and Samuel I. Goldberg, both of the University of Illinois 

Tensor Analysis on Manifolds presents tensor fields in a setting which clar
ifies the nature of their domains of definition, namely, manifolds, and sep
arately examines in detail their algebraic aspects, namely, the topic of multi
linear algebra. These are then combined and specialized to give a logical 
development of other usual topics such as vector analysis, integration theory 
(differential forms), and hamiltonian as well as riemannian structures. 
Emphasis is given to structure rather than manipulative skills. 

1968, approx. 320 pages, prob. $11.95 

Algebra 
By Saunders Mac Lane, The University of Chicago, and Garrett Birkhoff, 
Harvard University 

A fresh presentation of algebra for undergraduate or graduate courses, and 
the first to make full and effective use of the new concepts of category, func
tor, and "universal elements" for functors. The standard material on the 
integers, groups, rings, and fields is thus treated in uniform fashion. The 
basic concept of a module is used to develop linear and multilinear algebra 
through eigenvalues, rational and Jordon canonical forms, and tensor and 
exterior algebra. Special topics include affine geometry, lattice theory, and 
the notion of an adjoint functor, which dominates so many current develop
ments in algebra. 1967, 598 pages, $11.95 

Write to the Faculty Service Desk for examination copies. 
THE MACMILLAN COMPANY 866 Third Avenue, New York, New York 10022 
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UNIVERSITY OF QUEENSLAND 
AUSTRALIA 

LECTURER IN MATHEMATICS 
The University is seeking a post-doctoral applicant 
for a lectureship in Applied Mathematics. The 
appointee will be expected to join fully in the 
activities of a research group which is concentrating 
on applications of singular perturbation techniques 
in fluid dynamics, elasticity and heat convection. 
At present this group consists of four post-doctoral 
members of staff and eight research students. The 
appointee will also be expected to lecture and 
examine in appropriate branches of Applied Mathe
matics and to carry out other relevant duties. 
The salary will be in the range $A5400-$A7300. 
Superannuation, Housing Assistance, Study Leave 
and Travel Grants are provided. An appointment 
will be made during 1968. Applications giving 
curriculum vitae, publications and referees, should 
be sent to the Registrar, University of Queensland, 
St. Lucia, Brisbane, 4067, Australia. Further in
formation may be obtained from Professor A. F. 
Pillow of the Department of Mathematics. 

C. J. CONNELL, Registrar 

CUSHING-MALLOY, 
INC. 

1350 North Main St., P. 0. Box 632 

Ann Arbor, Michigan 48107 

LITHO PRINTERS 

• 

Known for 

QUALITY- ECONOMY 

SERVICE 

• 
We specialize in reproducing out-of
print books, as well as typewriter com
position. Let us quote on your next 
printing. 

MATHEMATICAL SCIENCES ADMINISTRATIVE DIRECTORY -1968 

Approximately 140 pages; List Price $5.00; Member's Price $1 .00 

The Directory is one of the annual publications of the American Mathe
matical Society. It lists the names and mailing addresses of chairmen of 
departments of mathematical sciences in the United States and Canada, 
heads of industrial mathematics groups, key personnel in government agencies 
involved in the mathematical sciences, officers and committees of sixteen mathe
matical societies, editorial boards of AMS journals, managing or corresponding 
editors of selected mathematical journals, and officers of organizations for 
mathematical education. Listings for several new journals, the Canadian 
Mathematical Congress, the Cambridge Conference on School Mathematics, 
and NASA have been added to this year's Directory. The new Directory will 
be available at the end of January 1968. 

Please send orders to: 

American Mathematical Society 
P.O. Box 6248 

Providence, R. I. 02904 

276 



paid announcement 

MATHEMATICIANS: Job opportunities 
in war work are announced in the Notices, in 
the Employment Register, and elsewhere. 
We urge you to regard yourselves as responsible 
for the uses to which your talents are put. 
We believe this responsibility forbids putting 
mathematics in tht~ service of this cruel war. 

J. H. Abbott 
Hugo d' Alarcao 
W. Ambrose 
Tim Anderson 
D. G. Aronson 
Gregory Bachelis 
Hyman Bass 
Paul T. Bateman 
Anatole Beck 
W. M. Boothby 
David Blackwell 
John A. Carpenter 
Robert Carroll 
R. V. Chacon 
H. S. M. Coxeter 
Chandler Davis 
Martin Davis 
J. L. Doob 
Edward L. Dubinsky 
David M. Eaves 
John A. Ernest 
Harley Flanders 
Robert Finn 
W. H. J. Fuchs 
L. Terrell Gardner 
I. Glicksberg 
S. I. Goldberg 
Leon Green 
Henry Helson 
Carl S. Herz 
N.J. Hicks 

Morris W. Hirsch 
A. E. Hurd 
Benton Jamison 
Donald Kahn 
N. D. Kazarinoff 
M. I. Knop1, 
Jack Kiefer 
John Lamperti 
Serge Lang 
R. K. Lashof 
Lucien LeCam 
Karel deLeeuw 
Eugene H. Lehman, Jr. 
Kenneth Leisenring 
M. Loeve 
Charles Loewner 
Lee Lorch 
Roger C. Lyndon 
Kenneth 0. May 
Philip E. Miles 
Edwin E. Moise 
Edward Nelson 
Peter E. Ney 
J. Neyman 
John A. Nobel 
Paul Olum 
Steven Orey 
Donald Ornstein 
Robert R. Phelps 
Ralph S. Phillips 
M. 0. Reade 
Michael Rosen 
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R. A. Rosenbaum 
Alex Rosenberg 
Joseph G. Rosenstein 
Peter Rosenthal 
Melvin Rothenberg 
J. J. Rotman 
G. Roy 
Henry Scheffe 
Frederic G. Schmitt 
Seymour Schuster 
Arthur J. Schwartz 
Daniel Shea 
Allen L. Shields 
Marvin Shinbrot 
Stephen Smale 
J. R. Smart 
J. A. Smoller 
Frank Spitzer 
George Springer 
Charles M. Stein 
F1·ank M. Stewart 
Dorothy Stone 
Dirk Stroik 
Gabor Szego 
Donald H. Taranto 
C. J. Titus 
Howard G. Tucker 
Michael Voichick 
Hugh E. Warren 
R. F. Williams 
G. N. Wollan 



MATHEMATICIAN 

A high level technical position is available to 
the right man; salary commensurate with 

qualifications. Duties would be: 
·Aid in development of mathematical 

formulations beyond the capabilities of the 
average research engineer in aerodynamics 

· and flight mechanics. 
·Consultation, as the need arises, with 

investigators in other areas of the division. 
• Pursuit of an individual research 

project consistent with division objectives. 

MONASH UNIVERSITY 
Melbourne, Australia 

READER IN MATHEMATICS 
A vacancy exists for a Reader in the Department 
of Mathematics; pure mathematics, applied mathe
matics and mathematical statistics are taught, 
and research covers a wide field. Applications in 
any area of mathematics welcomed. 

Salary (Australian Currency) $'8,600 p.a. but now 
under review, and expected to become $9,900. 

General information on benefits, application 
procedure etc., from Academic Registrar, Monash 
University, Clayton Victoria 3168. Enquiries on 
the Department to Professor G. B. Preston, 
Chairman, or Professor Z. Janko (group theory), 
Professor J. B. Miller (functional analysis), 
Professor R. Van der Borght (applied), Professor 
P. D. Finch (statistics), or Professor B. R. Morton 
(geophysical fluid dynamics). 

Applications as soon as possible. 

J. D. Butchart, 
Academic Registrar 

278 

An experienced mathematician is required to 
assist research engineers in Aerodynamics 
and Flight Mechanics. The following background 
is required: 
• Facility with equations of potential flow, 

variational calculus, statistical mechanics, 
complex variables, etc. 

• Facility in coordinate transformation; i. e. 
differential geometry of surfaces 
(tensor analysis). 

• Experience with stability problems of 
numerical solutions. 

• Computer logic and programming. 
• Minimum of 5 years teaching or industrial 

experience; Ph.D. level. 

Please send a resume of your 
education and experience to 

Mr. J. B. Ellis 
Industrial Relations Administrator·Engineering 

General Dynamics, Fort Worth Division 
P. 0. Box 748m, Fort Worth, Texas 76101 

An equal opportunity employer 

GENERAL DYNAMICS 

Fort Worth Division 

UNIVERSITY OF SASKATCHEWAN 
REGINA CAMPUS 

REGINA, SASKATCHEWAN 
invites applications for academic appointments in 

MATHEMATICS 
and in 

COMPUTER SCIENCE 

as of July 1, 1968. 

Applicants should have completed (or be completing 
work toward the Ph.D. or equivalent degree. 
Teaching and research experience necessary for 
senior appointments. Duties to consist of teaching 
and research. IBM 1130 computer available, now 
with plans for extension to IBM 360/40. 
Salary Ranges: Professor: $ 16,000-

Associate Professor: $12,200-$15,500 
Assistant Professor: $ 8,700-$11,700 

Rank and salary dependent on training and ex-
perience. Preference exists for applicants with 
specialization in algebra, geometry and computer 
science, but all will be considered. 
Send complete curriculum vitae with three or four 
references or requests for further information to: 

C. L. Kaller 
Chairman 

Mathematics 



Senior Mathematicians: 

If the state of your art 
exceeds the challenge 

in your present position 

Consider a career 
withNSA 

Mathematicians, particularly senior 
professionals who find their days 
filled with repetition and routine, are 
encouraged to consider a career ap
pointment with the National Security 
Agency. 

NSA's mission- maintaining the in
vulnerability of vital national com
munications - requires the Agency's 
professional staff to stay well ahead 
.<f the apparent state of the art in 
many technological areas. This as
sures a constant and stimulating chal
lenge for NSA mathematicians. 
Working in a near-academic environ
ment, they share fully-instrumented 
laboratories and use of advanced 
computer and other equipment, some 

found nowhere else in the world. The 
computer-oriented mathematician 
will find major challenges in both the 
hardware and software of advanced 
systems, while mathematicians of 
other specialties will find equivalent 
opportunities in communications ... 
cryptology ... information recording 
and storage . . . theoretical and ap
plied research. 

Starting salaries are attractive and in
crease as the staff member assumes 
additional responsibility. Advanced 
study is encouraged by a provision of 
up to two semesters of full-time study 
at full salary under Agency sponsor
ship, while other career benefits are 
also broad and liberal. For further in-

where imagination is the essential qualification 
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formation, please send your resume 
to: National Security Agency, Fort 
George G. Meade, Maryland 20755. 
Attn.: M321. 

IV SA is an equal opportunity employer. 

national 
security 
agency 
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AMS MATHEMATICAL OFFPRINT SERVICE 
(Please complete this form and mail it to the American Mathematical Society, 
P.O. Box 6248, Providence, Rhode Island 02904) 

I wish to enter a subscription to the AMS Mathematical Offprint Service. 

Name ----------------------------------------------------
Mailing Address ___________________ _ 

City (State and Zip of U.S.) 

Country 

I would like to receive the subject classification schedule in the following language: 

English French German Italian Russian ___ _ 

The total cost of one subscription of 100 offprints (ten title listings equal one 
offprint) is $30.00. 
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INTRODUCTION TO THE 
MATHEMATICAL THEORY 
OF CONTROL 
PROCESSES 
by RICHARD BELLMAN, Uni
versity of Southern California, Los 
Angeles 
Volume 1/LINEAR EQUATIONS AND 
QUADRATIC CRITERIA 

Volume 40-1 of Mathematics in 
Science and Engineering 

The theory of control processes, a 
discipline of unlimited mathemati
cal horizons and increasing appli
cations, is presented in this stimu
lating new work by one of the ma
jor contributors to the field. In a 
lucid introductory account, the au
thor discusses the fundamental 
concepts upon which all subse
quent work in control theory is 
based-classical calculus of varia
tions, dynamic programming, func
tional analysis and the use of the 
digital computer. The account is 
elementary yet rigorous. The only 
prerequisites are an undergraduate 
background in calculus and a basic 
understanding of matrix theory. 
This book will prove equally valu
able to mathematicians, engineers, 
economists, biologists and systems 
analysts. Subsequent volumes will 
be devoted to some aspects of more 
general optimization problems and 
stochastic control processes. 
1968, 245 pp., $11.50 

TOPOLOGICAL 
VECTOR SPACES, 
DISTRIBUTIONS AND 
KERNELS 
by FRAN~OIS TREVES, Purdue 
University, Lafayette, Indiana 
Volume 25 of Pure and 
Applied Mathematics 
Provides a comprehensive exposi
tion of linear functional analysis. 
Starting at an elementary level, the 
book progresses gradually and 
thoroughly to the most advanced 
topics. Both abstract theory and 
applications are considered. Dis
tribution theory is covered com
pletely. More than 250 exercises 
supplement the text. 
1967, 566 pp .. $18.50 

STATISTICAL DECISION 
THEORY IN ADAPTIVE 
CONTROL SYSTEMS 
by Y. SAWARAGI andY. 
SUNAHARA, Both at Kyoto Uni
versity, Japan, and T. NAKAM· 
IZO, Defense Academy of Japan, 
Yokusuka 
The first book to bridge the gap 
between the study of decision func
tions and their application to the 
design of adaptive control systems. 
The authors discuss the relation 
between decision theory and ele
mentary problems in adaptive con
trol theory and explain the funda
mental concepts of probability 
theory and stochastic processes. 
1967, 216 pp., $12.00 

THE FOUR COLOR 
PROBLEM 
by OYSTEIN ORE, Yale Univer
sity, New Haven, Connecticut 
Volume 27 of Pure and 
Applied Mathematics 
The first book to reveal the many 
efforts of mathematicians to solve 
the famous four color map colora
tion problem. The theory of planar 
graphs and various aspects of the 
general theory of graph-s are 
treated. Considers the main results 
which have been achieved concern
ing the four color problem, includ
ing the theorem of Tutte, the 
conjecture of Hadwiger, the equiv
alence theorem of Wagner, the re
ductions by G. D. Birkhoff, Frank
lin, Winn, and others. 
1967, 259 pp., $12.00 

SCATTERING THEORY 
by PETER D. LAX, New York 
University. New York City, and 
RALPH S. PHILLIPS, Stanford 
University, California 
Volume 26 of Pure and 
Applied Mathematics 
Presents a new approach to scat
tering theory for hyperbolic dif
ferential equations. Applications 
to potential scattering and the 
Schrodinger equation are included. 
One of the main results is the mero
morphic character of the scattering 
matrix. The mathematical tools 
used are a combination of spectral 
theory, harmonic analysis, theory 
of semieroups, and various aspects 
of the theory of partial differential 
eauations. 
1967. 276 pp .. $12.00 
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