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New Titles from the AMS

The Classification of the Finite Simple
Groups, Number 3

Daniel Gorenstein, Richard Lyons, Rutgers University,
New Brunswick, NJ, and Ronald Solomon, Ohio State
University, Columbus

This book offers a single source of basic facts about the struc-
ture of the finite simple groups with emphasis on a detailed
description of their local subgroup structures, coverings and
automorphisms. The method is by examination of the specific
groups, rather than by the development of an abstract theory of
simple groups. While the purpose of the book is to provide the
background for the proof of the classification of the finite
simple groups—dictating the choice of topics—the subject
matter is covered in such depth and detail that the book should
be of interest to anyone seeking information about the structure
of the finite simple groups.

Mathematical Surveys and Monographs, Volume 40; 1998; 419 pages;
Hardcover; ISBN 0-8218-0391-3; List $79; Individual member $47; Order
code SURV /40.3NT712

Discrete Mathematics in the Schools

Joseph G. Rosenstein, Rutgers University, New
Brunswick, NJ, Deborah S. Franzblau, City University of
New York (CUNY), Staten Island, and Fred S. Roberts,
Rutgers University, New Brunswick, NJ, Editors

This volume is a collection of articles written by experienced
primary, secondary, and collegiate educators. The book
explains why discrete mathematics should be taught in K-12
classrooms and offers practical guidance on how to do so.
Features:

* Classroom activities and an annotated list of resources.

* Authors who are directors of innovative programs and who
are well known for their work.

* A description of discrete mathematics providing the oppor-
tunity for a fresh start for students who have been
previously unsuccessful in mathematics.

* Discussion on discrete mathematics as it is used to achieve
the goals of the current effort to improve mathematics
education.

* Guidance on topics, resources and teaching; a valuable
guide for both pre-service and in-service professional
development.

This volume is co-published with the National Council of Teachers of
Mathematics (NCTM), Reston, VA,

DIMACS: Series in Discrete Mathematics and Theoretical Computer
Science, Volume 36; 1997; 452 pages; Hardcover; ISBN 0-8218-0448-0; List
$30; All AMS members $24; Order code DIMACS,/36NT712

Homeomorphisms in Analysis

Casper Goffman, Purdue University, West Lafayette, IN,
Togo Nishiura, Wayne State University, Detroit, MI, and
Daniel Waterman, Syracuse University, NY

The book is well written, packed with information and makes a novel
contribution to the literature. Much of what is in the book is impor-
tant material that is now for the first time readily accessible ...
readers will appreciate the many comments that provide historical or
motivational perspectives.
—Professor Andrew Bruckner,
University of California, Santa Barbara

This book features the interplay of two main branches of math-
ematics: topology and real analysis. The material of the book is
largely contained in the research publications of the authors
and their students from the past 50 years. Parts of analysis are
touched upon in a unique way, for example, Lebesgue measur-
ability, Baire classes of functions, differentiability, C" and C*
functions, the Blumberg theorem, bounded variation in the
sense of Cesari, and various theorems on Fourier series and
generalized bounded variation of a function.

Mathematical Surveys and Monographs, Volume 54; 1997; 216 pages;

Hardcover; ISBN 0-8218-0614-9; List $69; Individual member $41; Order
code SURV /54NT712

Knotted Surfaces and Their Diagrams

J. Scott Carter, University of South Alabama, Mobile, and
Masahico Saito, University of South Florida, Tampa

In this book the authors develop the theory of knotted surfaces
in analogy with the classical case of knotted curves in 3-dimen-
sional space.

The book contains over 200 illustrations that illuminate the
text. Examples are worked out in detail, and readers have the
opportunity to learn first-hand a series of remarkable geometric
techniques.

Mathematical Surveys and Monographs, Volume 55; 1998; 258 pages;
Hardcover; ISBN 0-8218-0593-2; List $69; Individual member $41; Order
code SURV /55NT712

Mathematical Hierarchies and Biology

Boris Mirkin, DIMACS, Rutgers University, Piscataway,
NJ, E. R. McMorris, University of Louisville, KY,

Fred S. Roberts, Rutgers University, New Brunswick, NJ,
and Andrey Rzhetsky, Columbia University, New York,
NY, Editors

The mathematical approach to the study of hierarchies presents
the theoretical basis for many important areas of current scien-

tific investigation. Biology has benefited from this research and
has also stimulated the mathematical study of hierarchies.

The papers in this volume provide a contemporary sample of
many new results in hierarchy theory with applications in
biology, psychology, data analysis, and systems engineering.
DIMACS: Series in Discrete Mathematics and Theoretical Computer
Science, Volume 37; 1997; 388 pages; Hardcover; ISBN 0-8218-0762-5; List
$79; Individual member $47; Order code DIMACS/37NT712

Proceedings of the Ashkelon
Workshop on Complex Function
Theory (May 1996)

Lawrence Zalcman, Bar-Ilan University, Ramat-Gan,
Israel, Editor

This volume of proceedings presents a snapshot view of
current Israeli activity in complex function and provides
impressive evidence of the vigor, enthusiasm, and success with
which classical complex analysis is cultivated in Israel today.
Israel Matt ical Conf e Proc gs, Volume 11; 1997; 245
pages; Softcover; List $59; Individual member $35; Order code

IMCP/1INT712
Supplementary Reading

Second Order Equations of Elliptic and
Parabolic Type
E. M. Landis, Moscow State University, Russia

Most books on elliptic and parabolic equations emphasize exis-
tence and uniqueness of solutions. By contrast, this book
focuses on the qualitative properties of solutions. In addition to
the discussion of classical results for equations with smooth
coefficients (Schauder estimates and the solvability of the
Dirichlet problem for elliptic equations; the Dirichlet problem
for the heat equation), the book describes properties of solu-
tions to second order elliptic and parabolic equations with
measurable coefficients near the boundary and at infinity.

The book presents a fine elementary introduction to the theory
of elliptic and parabolic equations of second order. The precise
and clear exposition is suitable for graduate students as well as
for research mathematicians who want to get acquainted with
this area of the theory of partial differential equations.
Translations of Matt ical Monographs, Volume 171; 1997; 203 pages;
Hardcover; ISBN 0-8218-0857-5; List $99; Individual member $59; Order
code MMONO/171NT712

All prices subject to change. Charges for delivery are $3.00 per order. For optional air delivery outside of the continental U. 5., please include $6.50 per item. Prepayment required. Order from:
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Global Aspects of Classical

Intearuble Systems
R.H. Cushman, Univ. of Utrecht & L.M. Bates, Univ. of Calgary

This unique book gives a complete description of the
geometry of the energy momentum mapping of five classical
integrable systems: the 2-dimensional harmonic oscillator,
the geodesic flow on the 3-sphere, the Euler top, the
spherical pendulum and the Lagrange top. It presents for
the first time, a general theory of symmetry reduction which
allows one to reduce the symmetries in the spherical
pendulum and the Lagrange top. Also the monodromy
obstruction to the existence of global action angle
coordinates is calculated for the spherical pendulum and the
Lagrange top.

Contents: The harmonic oscillator » Geodesics on 53
« The Euler top « The spherical pendulum « The Lagrange top
« Appendix A. Fundamental concepts » Appendix B. Systems
with symmetry « Appendix C. Ehresmann connections
« Appendix D. Action angle coordinates « Appendix E. Basic
Morse theory « Notes « References « Acknowledgements
« Index
1997 448 pr. Hasocoves $54.95 ISBN 3-7643-5485-2

Metric Structures for
Riemannian and

Revised and Updated from the French by M. Gromoy,

IHES, France

Edited by J. Lafontaine & P. Pansu; Translated from French by
S. Bates; With appendices by M. Katz, P. Pansu & S. Semmes

The metric theory covers a domain between the fields of
topology and global Riemannian geometry. The boundary of
this domain has dramatically exploded since 1979 and, in the
course of this translation from the 1979 French version, the
book has undergone substantial revisions and additions,
much of which links geometry and probability theory.
Further links are made to analysis thanks to the masterful
exposition of Semmes, who makes key ideas of real analysis
accessible to geometers.

Contents: Length structures: Path metric spaces
« Degree and dilatation « Metric structures « Loewner
rediscovered « Manifolds with bounded Ricci curvature
« [soperimetric inequalities and amenability « Morse theory
and minimal models « Pinching and collapse « Appendix A.
“Quasiconvex” domains in R” » Appendix B. Metric spaces
and mappings seen at many scales « Appendix C. Paul Levy's
isoperimetric inequality

1998 Aeprox. 604 pr. Hagocover SB88.50 (vewr) 15BN 0-8176-3898-9
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Fatou Type Theorems
Maximal Functions and Approach Regions
F. Di Biase, Princeton University, NI & University of Roma, Htaly

One of the basic issues involved in the understanding of
the boundary behavior of harmonic (holomorphic) functions,
defined on domains in real (complex) Euclidean spaces and
subject to certain growth conditions, is the description of
the regions of approach to the boundary, along which the
functions converge almost everywhere to their boundary
values.

Contents: 1. Background . Prelude . Preliminary Results
« The Geometric Contexts » II. Exotic Approach Regions
« Approach Regions For Trees « Embedding The Tree
« Applications « Notes « List of Figures « Guide to Notation
« Index « Bibliography

1997 160 px, 30 luws, Hagocover S44.50 (vewt) ISBN 0-8176-3976-4
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Geometry
S. Dragomir, Universitd degli Stud dello Bsilcoto, Ifaly &
L. Ornea, University of Bucharest, Romani

This unique monograph is a differential geometric study
ol Le.K. manifolds (i.c., manifolds carrying some L.c.K.
metric) and their submanifolds. While the latest results on
Vaisman's conjectures, spectral geometry of generalized
Hopf manifolds, harmonic and holomorphic forms of Le.K.
manifolds, and pseudoharmonic maps of Hermitian surfaces
are reviewed throughout mathematics literature, here they
are presented in a systematic manner. The latest topics are
addressed, bringing us to the cutting edge in the
mathematics of locally conformal Kahler (1.c.K.) manifold
theory.

Contents: l.c.K. manifolds « Fundamental properties
« Examples « Generalized Hopf manifolds « Distributions on a
¢.H. manifold « Structure theorems « Harmonic and
holomorphic forms « Hermitian surfaces « Holomorphic
maps « 1.c.K. submersions » .c. hyperkihler manifolds
+ Submanifolds « Extrinsic spheres « Real hypersurfaces
« Complex submanifolds « Integral formulae » Miscellanea
« A. Boothby-Wang fibrations « B. Riemannian submersions

1998 Aperox. 400 pr.  Hagocover S84.50 (rewt.) ISBH 0-8176-4020-7
Paocress In Matnesarics, Vouume 155

Geometry of Foliations
P. Tondeur, University of linois, Urbana

This volume describes research on the differential
geometry of foliations, in particular Riemannian foliations,
done over the last few years. It can be read by graduate
students and researchers with a background in differential
geometry and Riemannian geometry. Of particular interest
will be the Hodge theory for the transversal Laplacian, and
applications of heat equations method to Riemannian
foliations.

Contents: Examples and Definition of Foliations
« Foliations of Codimension One « Holonomy, Second
Fundamental Form, Mean Curvature « Basic Forms, Spectral
Sequence, Characteristic Form « Transversal Riemannian
Geometry « Flows « Hodge Theory for the Transversal
Laplacian « Cohomology Vanishing and Tautness « Lie
Foliations « Structure of Riemannian Foliations « Spectral
Geometry of Riemannian Foliations « Foliations as
Noncommutative Spaces « Infinite Dimensional Riemannian
Foliations « References on Riemannian Foliations « Appendix
A. Books and Surveys on Particular Aspects of Foliations
« Appendix B. Proceedings of Conferences and Symposia
devoted to Foliations « Appendix C. Bibliography on
Foliations « Appendix D. Numbers of Papers on Foliations
« Index of Subjects « Index of Notations

1997 312 e Hagocovie $98.00 ISBN 3-7643-5741-X
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S.K. Jain, Ohio Universty, Athens, Ohio & S.T. Rizvi, Ohio State
University at Lima, Lima, Ohio (Eds.)

This invaluable, informative volume examines wide-
ranging developments in ring theory and provides a variety:
methodologies which will be useful to students and
researchers. The arlicles give the latest developments an¢
trends in Classical Ring Theory.

Contents: Kasch Modules « Compactness in Categorie
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Foliations on Riemannian
Manifolds and Submanifolds
V. Rovenskii, Pedagogical Institute, Russio

This volume focuses on the role of a Riemannian
curvature in studies of foliations on manifolds and
submanifolds.

The book focuses on the author's own investigations iny
the Riemannian geometry of foliations and submanifolds
with generators having nonnegative curvature. The main i
is that such manifolds are decomposed into a direct produ
when the dimension of leaves is sufficiently large.

Contents: Part I: Foliations « Foliations on manifolds
« Local Riemannian geometry of foliations « T-parallel vecla
fields and mixed curvature « Rigidity and splitting of
foliations « Part If: Applications to Submanifolds «
Submanifolds with generators « Decompostition of ruled
submanifolds « Decomposition of parabolic submanifolds
« Appendix A. Great sphere foliations and manifolds with
curvature bounded above « Appendix B. Submersions of
Riemannian manifolds with compact leaves « Appendix C.
Foliations closed geodesics with positive mixed sectional
curvature « Bibliography » Subject Index
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A Community in Crisis
s I write this, the revitalizing effect of a summer of travel and research
AiDs fading in the face of disquieting memos, messages, and news reports.
espite numerous retirements, our department has neither new faculty
nor authorization to recruit. N sections of courses are being taught by engineering
faculty, while even more are staffed by part-time adjuncts. The underfunding
of state-supported higher education is now accompanied by proposals that
would shift students from state universities to two-year colleges. Many de-
serving mathematicians were unable to obtain NSF grants, while those of us who
did had budgets cut to the bone. And far too many good young mathematicians
are unable to find secure employment in which their talents can flourish.

The mathematics community is in a state of crisis. The success of the heroic
efforts to restore the Rochester Ph.D. program should not obscure the fact that
many issues continue to threaten mathematics departments across the coun-
try. The underfunding of scientific research and of higher education also affects
other groups. Rather than squabble over pieces of a shrinking pie, we must col-
laborate with other departments and disciplines to create a climate in which in-
vestments in research and in education are each valued enough to make the nec-
essary funding a political necessity as well. Within the mathematics community
we must recognize the need to support a variety of research and educational
activities so that we can present a united front in Washington—not a false fa-
cade that masks dissension, but the result of healthy professional debate in which
differences are sorted out to achieve a consensus position that benefits the en-
tire community.

Although the problems are pervasive, some especially threaten the math-
ematics community. A shift in calculus enrollment from four-year to two-year
institutions, or to technology-based “distance-learning”, changes both the char-
acter and number of positions. The position of mathematics as the foundation
of science and engineering has been turned on its head as administrators switch
from viewing it as an essential discipline to a superfluous one which is implicit
in others. How shall we respond? Not by acting as if mathematics Ph.D.s are the
anointed ones in whom the ability to teach calculus is exclusively invested. How
can we make such a claim when, for many years, some of the top mathematics
research departments at institutions with prestigious undergraduate programs
employed people with master’s degrees to teach and/or coordinate calculus? Is
viewing a lecture on a remote screen worse than doing so in a large room with
500 students? Nor can we fail to recognize that many faculty in engineering,
physics, economics, and other disciplines are also doing good mathematics.

Why do universities have separate departments when there is so much over-
lap? Physics, chemistry, and mathematics were once grouped together under
the rubric “natural philosophy”. Now, some institutions even have departments
for biophysics, statistics, operations research, etc. The departmental divisions
necessitated by growth and specialization also create artificial boundaries. I would
argue that educational quality demands that one group, the “mathematics fac-
ulty”, be entrusted with the responsibility for mathematics instruction. It is far
too important to be taught as a sideline by those committed to other disciplines.
However, as articulated in Richard Maher's letter in the August 1997 Notices,
we must take this responsibility seriously enough to replace the name-calling
of the calculus reform debate by thoughtful curriculum development and eval-
uation.

One politician, instead of delineating the role of two-year colleges within a
comprehensive educational system, argued for free tuition by asserting that com-
munity colleges primarily served poor and immigrant students. This attitude
only extends the gap between elite high schools which offer calculus and those
from which some graduates didn’t learn to add fractions. There is more to a
college education than an accumulation of course credits. Opportunities to in-
teract with upper-division students, with research faculty, and with specialists
in fields not represented at two-year colleges are valuable. Such benefits of a
four-year educational experience should not be reserved for the affluent.

These are difficult problems. They will not be resolved by a “business as usual”
or “we need better P.R.” attitude. Only if we provide a quality mathematics ed-
ucation, whether to aspiring mathematicians or to students from other fields,
can we hope to convince administrators, politicians, and tuition-paying parents
that mathematics faculty are a necessity, not a luxury.

—Mary Beth Ruskai

NOTICES OF THE AMS VoLUuME 44, NUMBER 11



[etters to the Editor

Objection to “Hoax” Accusation

I am writing to express my dismay at
the use of the word hoax in Shlomo
Sternberg’s “Comments on the Bible
Code” in the September 1997 Notices.
According to my dictionary a hoax is
a type of deception and to deceive is
to deliberately mislead. One could
argue that accusations of hoax never
belong in the Notices, but even if one
believes that such accusations may
appear, one must demand they be ac-
companied by compelling evidence
that the accused have indeed intended
deliberate deception.

But in this case not a shred of evi-
dence is provided that any deception
was intended. Rather, Professor Stern-
berg gives us strong arguments that
the accused (Professor Rips and Mr.
Witztum) are wrong in their various
publications on the subject. To be
wrong is not to be guilty of perpe-
trating a hoax.

In connection with writing a piece
for Jewish Action (the magazine of the
OU, the largest Orthodox Jewish or-
ganization in the United States) enti-
tled “A Skeptical Look at the Codes”,
I have looked at the Statistical Science
article and many commentaries on
the subject and had discussions with
Professor Rips and some of the au-
thors of the code-debunking papers.
I share Professor Sternberg’s opinion
as to the correctness of the arguments
of Professor Rips and Mr. Witztum,
but I have not seen any convincing
evidence of deliberate doctoring.

I might add that having had the
pleasure of spending time with Pro-
fessor Rips, I was struck by his gen-
tleness and decency, and I find it im-
possible to conceive of his presenting
any ideas that he doesn’t believe in
himself.

An accusation this serious without
any proof is irresponsible. I believe
both Professor Sternberg and the No-
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tices owe Professor Rips and Mr. Witz-
tum an apology.

Barry Simon
California Institute of Technology

(Received August 25, 1997)

In Praise of Epsilon/Delta

The epsilon-delta definition of the
limit is one of the greatest achieve-
ments of the human mind. It provides
the answers to ancient paradoxes in-
volving infinity, it allows us to dis-
cover which analytical ideas are true
and which are false, and it gives us re-
liable methods of knowing what con-
trol over an input will produce the de-
sired accuracy in the output.

The Greek letters epsilon and delta
are better than the Latin letters e and
d because (1) e and d are busy repre-
senting other things and (2) epsilon
and delta have entered our common
language. “We are within epsilon of
solving the problem.” “Houston,
what’s our delta v?” (In the latter ex-
ample, the delta is a capital delta, but
lowercase delta is just an upper
bound on capital delta.)

Like the Hollywood screenwriters
who attempt to rewrite Hamlet (to
make it easier), all attempts I have
seen to rewrite the epsilon-delta de-
finition of the limit make things more
confusing. “We get really, really, really
very, very close.” The original is crys-
tal clear and in plain language says ex-
actly this: A function has a limit at an
input number x if and only if for any
positive epsilon there is a delta that
allows us to control the output of the
function. Keeping the input within
delta of x but not allowing the input
to equal x forces the output to be
within epsilon of the limit.

Students easily understand why it
is a good thing to control output. A
few examples show them why we
sometimes want to avoid inputting x
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itself. A function is continuous at ex-
actly those inputs where inputting x
gives us the limit.

Most of the trouble my students
have with epsilon-delta does nat arise
from not understanding what epsilon
and delta are. They even appreciate
the mathematical shorthand. The
biggest problem they have is that
they don’t really understand sub-
traction and have never been told
what the absolute value function is
good for. Once they understand that
a distance is the absolute value of a
difference (highway mileage signs are
a good way to make that clear), ep-
silon-delta is smooth sailing.

Rick Norwood
East Tennessee State University

(Received August 26, 1997)

About the Cover

The figure shows a simulation of a three-
species competition system with a cyclic
relationship: 1 > 2,2 >3,and 3 > 1
where > is short for outcompetes. The
underlying model takes place on a 300
X 300 grid with each site being in state
1, 2, or 3. In the image the height rep-
resents the density of type 1 and the
color the densityof type2inan11x11
window centered at the point. The ini-
tial state of the simulation consisted of
three sectors, each occupied by one of
the types. This spiral wave forms in the
early stages of convergence to a spa-
tially structured equilibrium state.

A report on this joint research of
Richard Durrett, a Cornell mathemati-
cian, and Simon Levin, a Princeton math-
ematician biologist, can be found in
J. Theor. Biol. 185 (1997), 165-171, or at
http://math.cornell.edu/
~durrett/. Linda Buttell performed the
simulations on the Cornell supercom-
puter. The visualization using Data Ex-
plorer was done by Catherine Devine, a
former employee of the now defunct
Cornell National Supercomputer Facility.
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The Football Player and
the Infinite Series

Harold P. Boas

The Football
Player

The air buzzed
with anticipation
as the football
team crowded
excitedly into the
lecture hall. The
country’s top
halfback was
about to defend
his Ph.D. thesis in
mathematics! It

soon became ap-
parent that the pro-
ceedings were a mere
formality, as the candi-
> date’s dissertation on

summability methods for di-

vergent Dirichlet series was a

masterful piece of work.

This scenario is no fantasy from a 1990s television
sitcom; it is a true story. The place was Copenhagen,
the year was 1910, and the sport was “football” as the
word is understood internationally (“soccer” in Amer-
ican lingo). The star halfback played in the 1908
Olympics on Denmark’s silver-medal football team,
a team that is still in the record books [21, p. 172] for
the most goals scored in a single game. (Denmark de-
feated France by the lopsided score of 17 to 1.) The
dissertation title was Contributions to the Theory of
Dirichlet Series (well, actually Bidrag til de Dirich-
let’'ske Reekkers Theori), and the candidate’s name
was Harald Bohr.

Harald Bohr

Harold P. Boas is professor of mathematics at Texas A&M Uni-
versity. His e-mail address is boas@math.tamu.edu. Re-
search partially supported by NSF grant number DMS
9500916. Article based on an hour address at the AMS sec-
tional meeting at Detroit, May 2, 1997.
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(Devotees of American football remember Frank
Ryan, who wrote his Ph.D. dissertation [23, 24] on
geometric function theory while quarterback for
the Cleveland Browns, champions of the National
Football League at the time. But that’s another
story [18, 22].)

Among mathematicians, Harald Bohr is best re-
membered today for his theory of almost periodic
functions [10]; students of complex analysis also
know him for the Bohr-Mollerup theorem (see, for
example, [3, Theorem 2.1], [12, §§274-275]) that
characterizes the I function on the positive real axis
as the unique positive, logarithmically convex func-
tion f such that f(x+1)=xf(x) for all x and
f(1) = 1. In his native land Bohr’s early fame as a
sports hero and his subsequent prominence as a
distinguished academician were eclipsed by his
status as the kid brother of Niels Bohr. Brother
Niels, a prime architect of modern atomic theory
and recipient of the Nobel prize for physics in
1922, was Denmark’s most honored citizen dur-
ing his lifetime.

The Infinite Series
Like many others before and after him, Harald
Bohr wanted to decide the truth or falsity of the
Riemann hypothesis, one of the most famous un-
solved problems of mathematics. Bohr was un-
successful, but much of his mathematical work was
motivated by trying to understand the Riemann
zeta-function (:

1

C(S}=n§]ns,

It is easy to see that the infinite series on the right-
hand side converges absolutely in the half-plane
where the real part of the complex variable s ex-
ceeds 1, for |[1/n%| =1/nR¢S and 357, 1/nX con-
verges when x > 1. On the other hand, there is no

Re s > 1.
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larger open half-plane where the series converges
(even conditionally), because when s = 1 the series
reduces to the divergent harmonic series.

It is a natural idea to try to understand the Rie-
mann (-function by studying the more general
Dirichlet series of the form > ,_; an/n®, the coef-
ficients a, being complex constants. (These are or-
dinary Dirichlet series; for a wider class see, for
example, [2, 16].) A simple example of a Dirichlet
series is > (—1)"*1/n®, which is the (-function
series with alternating signs. Evidently this series
converges absolutely in exactly the same half-
plane as the (-function series does: Re s > 1.

However, this new series converges condition-
ally (but not absolutely) in the larger half-plane
where Re s > 0. The convergence follows from the
Abel-Dirichlet-Dedekind generalization of the al-
ternating series test (see, for example, [15, §143],
[20, §5.5]), which implies that if {b,} is a sequence
tending to 0 and of bounded variation (meaning
that >, |bp — bns1| converges), then > ,(-1)"b,
converges. The sequence {1/n°} has bounded vari-
ation when Re s > 0 since [1/n® -1/(n+1)°| =
0(1;n1=Re S).

This phenomenon of conditional convergence
is contrary to our experience with ordinary power
series > ;1 cnz", for a power series converges ab-
solutely at all points of its open disk of conver-
gence. A Dirichlet series can converge nonab-
solutely (that is, conditionally) in a vertical strip,
and the above example shows that the width of
such a strip can be as large as 1. The width of the
strip of conditional, nonabsolute convergence can-
not, however, exceed 1. Indeed, if the Dirichlet se-
ries Y ;-1 an/n® converges for a certain s, then the
individual terms tend to 0 and in particular are
bounded in absolute value by some constant M;
now if z is a complex number such that
Rez > 1+Res, then Sy lan/n?| <
MYy 1/nRe(E=8) < oo,

Incidentally, the series n_(—=1)™!/n® is
closely related to the (-function. When Re s > 1,
we can rearrange the terms of the absolutely con-
vergent series however we like, so by separating
the sum over odd integers from the sum over even
integers, we find that

[++] =]

(= 1)n+1 1 1
P D k)

n=1 n=1 k=1

= ()1 - 217%).

Thus, the function (1 -21-%)"13> ,(-1)™1/nS
serves to extend the definition of the {-function
from the half-plane where Re s > 1 to the half-
plane where Re s > 0. Bohr observed in [6] that one
way to extend the (-function to the whole plane
is to take iterated Cesaro averages of the series
S (=1)"*1/nS, thereby producing equivalent se-
ries that converge in progressively larger half-
planes. The famous Riemann hypothesis can be for-
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absolute

uniform

conditional

Figure 1. Convergence regions for Dirichlet series.

mulated as the statement that the zeroes of the func-
tion Y ;;(—1)™*!/nS in the right half-plane all lie on
the vertical line where Re s = 1/2 (aside from trivial
zeroes where 1 — s is a nonzero integral multiple of
21ri/ log 2).

The Question

What about uniform convergence of Dirichlet series?
An ordinary power series converges uniformly on
each closed disk inside its open disk of convergence,
but this gives no hint about what might be true for
Dirichlet series (as we have already seen in the case
of conditional convergence).

Since |1/n%| does not depend on the imaginary part
of s, it is clear that if a Dirichlet series > ,_; an/n®
converges absolutely in a half-plane where Re s > A,
then it converges uniformly in each closed half-plane
{s:Res = A+¢€}, where € can be any positive num-
ber. Having just seen that there may be an abscissa
C to the left of A such that the series converges con-
ditionally when Re s > C, we might anticipate that
there is an intermediate abscissa B, as indicated in
Figure 1, such that the Dirichlet series converges uni-
formly in each closed half-plane {s:Re s = B +¢€},
where € > 0. Harald Bohr introduced this notion of a
line of uniform convergence in [7].

In [8, p. 446] Bohr asked, What is the maximal pos-
sible width A — B of the vertical strip of uniform, but
not absolute, convergence of a Dirichlet series? We saw
above that A — C < 1, so certainly A — B cannot ex-
ceed 1.It turns out that A — B cannot exceed 1/2, and
this value is sharp.

Although Bohr knew that A — B < 1/2, he could not
produce a single example of a Dirichlet series for
which A — B > 0. In a companion paper [26] in the
same volume, Otto Toeplitz gave examples showing
that the upper cutoff for A — Bis no smaller than 1/4.
It was nearly two decades later that H. F. Bohnenblust
and Einar Hille finally proved 1/2 to be the right
value in an article [5] that Henry Helson, comment-
ing in a collection of Hille's papers, termed “a re-
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markable piece of work” [19, p. 664]. The result was
rediscovered by Sean Dineen and Richard M. Timo-
ney more than half a century later [14], with a new
proof based on the relationship [13] between nu-
clearity and the existence of absolute bases in certain
locally convex spaces.

My aim here is to make the theorem accessible to
a wide audience by presenting a relatively elementary
proof using only methods that have existed in text-
book form since I was in high school. (I hesitate to
call the methods “classical”, however. The technique
of random polynomials discussed below was not
available to Bohr.) My attention was directed to this
theorem by Henry Helson when I lectured at Berke-
ley about some joint work with Dmitry Khavinson [4]
concerning another problem of Bohr.

The Upper Bound

Suppose that a Dirichlet series 3 ,_; an/n® converges
uniformly on a vertical line where Re s = b. I claim that
if € is an arbitrary positive number, then the series
converges absolutely when Re s = b +¢€+1/2; that
is, 35 lan|/nb*€*1/2 < . In other words, the width
A — B is no larger than 1/2.

Observe that by the Cauchy-Schwarz inequality,
% | lan|/nb*€t1/2 is at most (Sp; |anl?/n?b)1/2
x(Z 1 1/n1*2€)1/2 since Yoy 1/n*2€ converges,
the claim will follow if I show that Y s |anl?/n%?
converges.

Since each finite partial sum YN, a,/n® is
bounded on the line where Re s = b, and since (by hy-
pothesis) the partial sums converge uniformly on
this line, the partial sums must be uniformly bounded
on the line, say by a constant M. Then for every pos-
itive integer N and every real number t we have the
inequality

N a 2
2 n
M B an‘”[
n=1
N 2 —
|an] Andm
-5 1o iope 3 _Gndm
2b b it
n=1 L l=n<ms=N (nm)*(n/m)

Taking the average value with respect to t by inte-
grating from —T to T and dividing by 2T, we find that

N
lan|?

M? > gl n;b
anpdm sin(T log(m/n))

+2Re Z (nm)? Tlog(m/n)

l=sn<ms=N

Taking the limit as T — c shows that
M2 = SN | |an|?/n?P. Since N is arbitrary, this means
that >o |anl?/n?? does converge.

This confirms that the maximal width A — B of
the strip of uniform but not absolute convergence
of a Dirichlet series is at most 1/2. Next I want to
show that the cutoff value for this width is no
smaller than 1/2.
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The Lower Bound

I will construct a Dirichlet series > ,_; an/n® that
converges uniformly in every half-plane
{s:Res>3&+1}, where § > 0, but that does not
converge absolutely when Re s < 1. This example
demonstrates that no number smaller than 1/2 will
serve as a cutoff for the maximal width of the
strip of uniform nonabsolute convergence of
Dirichlet series.

Tools
The construction uses off-the-shelf technology: el-
ementary counting, the prime number theorem,
and the theory of random Fourier series. There is
enough slack in the method that I do not need par-
ticularly sharp implementations of these tools.
The theory of analytic functions of an infinite
number of variables, central to Harald Bohr's ap-
proach, is hiding in the background, but I shall not
need to make explicit reference to it.
Nonetheless, the philosophy of the construction
is very much that of Bohr. Namely, I choose to
view an object such as 1/455, not as the recipro-
cal of a power of an integer, but as the value of the
monomial z7z, when z; =1/3° and z =1/5°.
Thus, the problem becomes separated from num-
ber theory and turns into a problem about poly-
nomials.
The prime number theorem
The most familiar version of the prime number the-
orem says that the number of primes less than x
is asymptotic to x/logx when x — co. An equiva-
lent statement is that if the prime numbers are
arranged in increasing order (p1 =2, p2 =3,
p3 =5, and so on), then the size of the nth prime
Pn is asymptotic to nlog n.Ineed only the weaker
statement that there is a constant ¢; such that
1/¢1 < pn/(nlogn) < c; when n > 1; this is rather
easier to prove than the full-blown prime number
theorem (see, for example, [1, §4.5]).
Counting monomials
I need simple bounds on the number of monomi-
als of degree m in n variables: objects of the form
z74z5% ... zn", where the « are nonnegative inte-
gers whose sum is m. Viewing such a monomial
as a product of m nontrivial factors, where there
are n choices for each factor, gives a count of n™,
but this count is too big, since it takes account of
the order of the terms. No particular product of
terms has more than m! rearrangements, and
some products have fewer rearrangements, so
n™/m! is an undercount. Thus the number of dis-
tinct monomials of degree m in n variables is be-
tween n™/m! and n™. It is easy to show that the
precise count is the binomial coefficient ”*ﬁ‘l ,
but I shall not need this exact value.
Random polynomials
Consider a homogeneous polynomial of degree m
in n complex variables with coefficients +1, that
is, an object of the form
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To avoid trivialities, I assume that m and n are both
at least 2. What can be said about the supremum
of the modulus of such a polynomial when every
coordinate z; lies in the unit disk? Since each term
has modulus at most 1, the maximum modulus is
certainly no more than the total number of terms,
which according to the preceding paragraph is
less than n™. On the other hand, the maximum
modulus is at least as big as the root mean square
average on the torus where each variable has mod-
ulus 1; by orthogonality, this average equals the
square-root of the total number of terms and thus
exceeds n™/2/./m! (again, by the count in the pre-
ceding paragraph). What will be significant below
is the exponent of n.

It turns out that typically the maximum modu-
lus of such a polynomial is nearly as small as it can
be. According to the theory of random trigono-
metric polynomials (see, for example, [17, Theorem
4 of Chapter 6]) there is a constant ¢z such that if
the + signs are assigned at random, then with
high probability the maximum modulus of the re-
sulting polynomial is less than c2 nm+1/2 [Togm.
Although there consequently are many polynomi-
als satisfying this bound, all I need is the exis-
tence of one for each m and n.

The Construction

I will construct a Dirichlet series >.,_; an/n’ for
which every coefficient ay is either 0, +1, or -1,
and I will show that for every positive § this Dirich-
let series converges uniformly when Re s = o + %
yet the series does not converge absolutely when
Res < 1.

I construct the terms of the series in groups. To
build the kth group (starting with k = 2), choose
a random homogeneous polynomial of degree k
in 2k variables with coefficients =1 (as described
above). List the 2K consecutive prime numbers
starting with the 2Xth prime, and for each such
prime p substitute 1/p® for the corresponding
variable in the polynomial. This converts the sum
of monomials +z{' z5% ... z)?" into a sum of terms
+1/n%, where each integer n is the product of ex-
actly k primes (counting repeated factors with
their multiplicities) from the block of 2K primes
starting at the 2Kth prime. The uniqueness of
prime factorization implies that no integer n ap-
pears more than once.

For every integer n not arising in the above
process, I set ay, = 0. The first integer n for which
an # 0 is 49, for this is the smallest integer that
is the product of two primes taken from the set of
22 consecutive primes starting with ps4 = 7.

Now I verify that the constructed Dirichlet se-
ries has the required properties. First consider the
question of absolute convergence of > 349 an/n°.
The counting argument above implies that the
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number of integers n formed from products of k
primes in the block from the 2¥th prime to the 2k+1th
prime exceeds 2K 1Kk, By the prime number theorem
the 2K*1th prime is bounded above by 3c;k2K, so
such integers n are bounded above by (3c;k)k2K’,
Hence Zf::i |an/n®| exceeds
S, 2k (1-Res) /(3¢ k) {1+Re s), Evidently the latter
sum diverges when Re s < 1, so our Dirichlet series
fails to converge absolutely when Re s < 1. (On the
other hand, since the coefficients ay are bounded, it
is evident that our Dirichlet series does converge ab-
solutely when Re s > 1.)

Next consider the question of uniform conver-
gence of our Dirichlet series. I wish to estimate the
modulus of the sum of the terms in the kth block.
This piece of the Dirichlet series equals the value of
our random polynomial when we substitute for each
variable the reciprocal of the corresponding prime
number raised to the power s. Since the polynomial
is homogeneous of degree k, the supremum of its
modulus when the variables have modulus at most
|1/pS| is 1/pkRe s times the bound c¢;2kk+1)/2 /Togk
coming from the paragraph “Random polynomials”.
Since the 2kth prime is bounded below by k2X/2¢,
this chunk of the Dirichlet series is bounded above
by c2kk+1)/2 [Togk/(k2k/2c1)kRe S, The Weierstrass
M-test and the root test now imply that the series of
blocks converges uniformly when Re s = 1/2.

The proof is now finished modulo a technical (but
nontrivial) point. I have showed that the constructed
Dirichlet series converges uniformly for Re s = 1/2
if the series is summed in appropriate blocks; how-
ever, I need to show that the Dirichlet series con-
verges uniformly when summed in its natural order,
without grouping. (That there truly is something to
check here is indicated already by the alternating ver-
sion of the (-function series > -, (—1)"!/nS, which
when s = 0 converges if summed by pairs of terms,
yet diverges when summed in the ordinary way.) The
convergence we need follows from a general lemma,
essentially due to Bohr [9, Hilfssatz 2].

Lemma. Suppose that a Dirichlet series >, bn/n®
converges absolutely when Re s > a and that the an-
alytic function f(s) which it represents continues an-
alytically to the half-plane where Re s > c. If
¢ < b < a,and if fis bounded on the half-plane where
Re s = b, then for every positive § the Dirichlet se-
ries converges uniformly on the half-plane where
Res=b+6.

In our situation the series summed in blocks con-
verges uniformly in the closed half-plane where
Res = % to a bounded function f that is analytic in
the open half-plane. When Re s > 1, this function f
does equal the sum of the Dirichlet series (summed
in any order, since in that region the series converges
absolutely). Consequently, the lemma implies that
the Dirichlet series converges uniformly to fin each
half-plane where Re s =  + %
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Proof of the Lemma

The lemma follows from a technique that Bohr at-
tributed to his contemporary W. Schnee, who wrote
his dissertation in Berlin in 1908 under the influence
(although not the formal tutelage) of the famous Ed-
mund Landau. Soon after receiving his master’s de-
gree in 1909 Bohr himself began a collaboration with
Landau, who had just been appointed Minkowski's suc-
cessor at the University of Gottingen. In his reminis-
cences [11, p. xxvi] Bohr remarked on Landau's un-
excelled zeal:

When Landau and I thought that an oral
conference on our work was needed, I
caught the train to Gottingen for a few
days’ stay. No one could be in such an ex-
cellent mood for work as Landau, and his
speed and perseverance were sometimes
quite breathtaking. In order to show me at
once that the time had come for serious
work, he had instituted the tradition of
ringing the bell immediately, as soon as I
had arrived at his house after the long and
somewhat tiring journey and had set foot
inside his study, and of requesting the en-
tering maid to inform the kitchen that
“tonight at 2 AM a very strong cup of cof-
fee is to be served to both of us.”

The idea of the proof is easier to describe than to
implement: integrate over a vertical contour, and use
Cauchy’s integral formula to push the contour to the
right into the region where the Dirichlet series is al-
ready known to converge uniformly. The technique
is still the standard one employed to derive Perron’s
formula for the partial sums of Dirichlet series (see,
for example, [1, §11.12], [25, §9.42]). This shows that
contour integration remains useful, even though sym-
bolic computation software packages such as Math-
ematica and Maple can now calculate all the real in-
tegrals that are given in complex analysis textbooks
as the main applications of contour integration.

To begin the proof, let K denote an upper bound
for fin the half-plane where Re s = b, and fix a pos-
itive & (which we may as well assume is less than 1).
I aim to show that if Res=b+6, then
|f(s) — Z‘:,il by /n®| is bounded by a constant times
M~9]og M, where the constant depends on K and &
but is independent of s and M. Consequently, the
Dirichlet series will converge uniformly to fin the half-
plane where Re s = b + §, as claimed.

Viewing s and M as fixed for the moment, with
Res=b+34, consider integrating
f(z)(M + %}Z‘S /(z — 5) as a function of z around the
rectangular contour shown in Figure 2 with vertices
at s —6 — iMa-b+2, s+a—b—iMa-b+2,
s+a—b+iMab*2 and s — & + iM2~P+2 By Cauchy’s
integral formula this integral equals 2rif(s). The in-
tegral over the left-hand edge of the rectangle has
modulus bounded by KM =5 [M . 7,..(82 + y2)=1/2 dy,
and hence by a constant (depending on & and K)
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Figure 2. Integration contour.

times M~%log M. The integrals over the top and
bottom edges of the rectangle are each bounded
by

a-b+Re s

KM—-(a—b+2)J (M + %)X—Res dx,

—d+Re s
and hence by a constant times M ~2. Consequently,
2mif(s) differs by O(M~? log M) from the integral
over the right-hand edge of the rectangle.

Since the right-hand edge of the contour is in
the region where the Dirichlet series is known to
converge uniformly to f, we may replace f(z) by
> =1 bn/n? in the remaining integral and inter-
change the order of summation and integration.
We now have that 2mif(s) differs from

ad sta-b+iMa b2 (ar 1 zs 1
L D b—}; J . ——dz
n=1¥1 n zZ—-S

s+a—b—iMa-b+2

by O(M~91og M). To evaluate the integrals in this
sum, we must distinguish between the cases
n=M+1and n <M.

When n = M + 1, build a new rectangular con-
tour whose left-hand edge is the given vertical line
segment with abscissa a — b +Re s and whose
right-hand edge has very large abscissa. The inte-
grand has no singularities inside this contour, so
the integral over the left-hand side equals the neg-
ative of the sum of the integrals over the other three
sides. Since ((M + %] /n)?~% is decaying exponen-
tially when Re z becomes large, we may push the
right-hand edge of the contour off to +. The in-
tegrals over the top and bottom sides are each
bounded by M~@-b+2) [, (M + 1)/n)* dx. Hence
the terms for which n = M + 1 make a total con-
tribution to the sum in (1) not exceeding twice
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Observe that |log(M + %]fnl is smallest when
(M + %)!n is closest to 1, which happens when
n=M + 1. In this case, the absolute value of the
logarithm is
2M+1
2M+2

—1lo (l— 1 )> 1
g oM+2)  2M+2

Since the series X,y |bn|/n9"b*Res js uniformly
bounded above by > ,_; |by|/n%9, which con-
verges by hypothesis, it follows that the terms in
(1) with n = M + 1 have a sum bounded by a con-
stant times 1/M.

For the terms with n < M, we may similarly
build a rectangular contour whose right-end edge
is the vertical line with abscissa a — b + Re s and
which extends to the left toward —oo. The integral
over this contour picks up a contribution 27ri
from the simple pole at z = s with residue 1, while
the integrals over the top and bottom edges admit
estimates analogous to the previous case. Conse-
quently,

—log

fls)— > S = O0(M~%log M)

n=1

-5

uniformly with respect to s when Res = b +4.
This completes the proof of the lemma.

Envoi

We have seen an example of a Dirichlet series f(s)
whose strip of uniform, but not absolute, conver-
gence attains the maximal possible width of 1/2.
On the other hand, for the Riemann zeta function
(, the width of this strip is 0. Bohnenblust and Hille
went to some trouble in [5, pp. 618-620] to demon-
strate that if A is any real number between 0 and
1/2, then there is a Dirichlet series whose strip of
uniform, nonabsolute convergence has width pre-
cisely A. Harald Bohr [5, p. 622 footnote] cut
through this problem with a knife: the Dirichlet se-
ries for f(s) + ((s + A) does the job.
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ndrew Beal is a Dallas banker who

has a general interest in mathemat-

ics and its status within our culture.

He also has a personal interest in the

iscipline. In fact, he has formulated

a conjecture in number theory on which he has

been working for several years. It is remarkable that

occasionally someone working in isolation and

with no connections to the mathematical world for-

mulates a problem so close to current research ac-
tivity.

The Beal Conjecture

Let A,B,C,x,y, and z be positive integers with
X, v,z > 2.If A+ BY = C?, then A, B, and C have
a common factor.

Or, slightly restated:

The equation A* + BY = C# has no solution in
positive integers A, B, C,x,y, and z with x,y, and
z at least 3 and A, B, and C coprime.

It turns out that very similar conjectures have
been made over the years. In fact, Brun in his 1914
paper states several similar problems [1]. How-
ever, it is very timely that this problem be raised
now, since Fermat’s Last Theorem has just recently
been proved (or re-proved) by Wiles [6]. Some of
the significant advances made on some problems
closely related to the prize problem by Darmon and
Granville [2] are indicated below. Darmon and
Granville in their article also discuss some related
conjectures along this line and provide many rel-
evant references.

R. Daniel Mauldin is Regents Professor of mathematics at
the University of North Texas, Denton, TX. His e-mail ad-
dresses are mauldin@unt.edu and mauldin@
dynamics.math.unt.edu.
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The prize. Andrew Beal is very generously of-
fering a prize of $5,000 for the solution of this
problem. The value of the prize will increase by
$5,000 per year up to $50,000 until it is solved. The
prize committee consists of Charles Fefferman,
Ron Graham, and R. Daniel Mauldin, who will act
as the chair of the committee. All proposed solu-
tions and inquiries about the prize should be sent
to Mauldin.

The abc conjecture. During the 1980s a con-
jectured diophantine inequality, the “abc conjec-
ture”, with many applications was formulated by
Masser, Oesterle, and Szpiro. A survey of this idea
has been given by Lang [5] and an elementary dis-
cussion by Goldfeld [4]. This inequality can be
stated in very simple terms, and it can be applied
to Beal’s problem. To state the abc conjecture, let
us say that if a, b, and c are positive integers, then
N(a,b,c) denotes the square free part of the prod-
uct abc. In other words, N(a,b,c)is the product of
the prime divisors of a, b, and ¢ with each divisor
counted only once. The abc conjecture can be for-
mulated as follows:

For each € > 0, there is a constant u > 1 such that
if a and b are relatively prime (or coprime) and c
= a+b, then

max(|al, |b|, |c]) < uN(a, b, c)'*e.

Now let us show that if the abc conjecture holds,
then there are no solutions to the prize problem
when the exponents are large enough.

Let k =log u/log 2 + (3 + 3€). Let min(x, y, z) >
k. Assume A, B, and C are positive integers with
A and B relatively prime and such that
AX 4+ BY = C%. Setting a = A* and b = B”, we have
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c=da+b=C? From the abc conjecture and the
fact that N(A*,BY,C?) = ABC, we have

max(AX, BY, C%) < u(ABC)e.
If max(A, B, C) = A, then we would have
AX < HA3+3£

or
< logH

~logA

+3+3€ <k,

which is not the case. A similar argument for the
other two possibilities for the maximum shows that
our original assumption is impossible.

Next let us give an explicit version of the abc con-
jecture: If a and b are coprime positive integers and
¢ =a+b, then ¢ < (N(a, b, ¢)). Let us see what this
implies for the prize problem. Suppose
AX + BY = CZ, with x < y < z. Again, since A* and
BY are coprime,

C% < (N(AXBY C%))? < (ABC)? < C2@/x+zly+D),

So 1/2 <1/x+1/y+1/z Since x,y, and z are
greater than 2, we have the following possibilities
for (x,v,2):(3,3,z > 3),(3,4,z=4),(3,5,z = 5),
(3,6,z = 7),(4,4,z = 5), and a finite list of other
cases.

There are only finitely many possible solu-
tions. In 1995 Darmon and Granville [2] showed
that if the positive integers x, y, and z are such that
1/x+1/y+1/z <1, then there are only finitely
many triples of coprime integers A, B, C satisfying
AX + BY = C%. Since each of x,y, and z is greater
than 2, then 1/x+1/y+1/z<1 unless
X =y = z = 3. But Euler and possibly Fermat knew
there are no solutions in this case. So for each
triple x,y, and z, all greater than 2, there can be
only finitely many solutions to the diophantine
equation AX +BY = C%.

Related problems. What happens if it is only re-
quired that x,y, and z be > 2 and at least one of
them is greater than 2 and A, B, and C are coprime?
There is a detailed analysis in [2] of those cases
where x,y,z=2and 1/x+1/y+1/z> 1.

What happens if we require only that
1/x+1/y+1/z <1 and A, B, and C are coprime?
This problem is also discussed by Darmon and
Granville. In fact, they have formulated

The Fermat-Catalan Conjecture. There are only
finitely many triples of coprime integer powers
xP,y4, z" for which
x”+y"?=zrwith—+l+l <1.
p q r

So far, as mentioned in [2], ten solutions have been
found. The first five are small solutions. They are
1+23=32,25472=34734132=29274+173 =
712,35 +114 = 1222,

Also five large solutions have been found:
177 + 762713 = 210639282, 14143 +2213459% =
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657, 92623 +153122832 = 1137, 438 +962223 =
300429072, 338 +15490342 = 156133, The last
five big solutions were found by Beukers and Zagier.

Recently Darmon and Merel have shown that
there are no coprime solutions with exponents
(x,x,3) with x = 3 [3].

Acknowledgment. Since I am not an expert in
this field, I would like to thank Andrew Granville
and Richard Guy for their expert help in prepar-
ing this note.
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Andrew Beal is a number theory enthusiast re-
siding in Dallas, Texas. He grew up in Lansing,
Michigan, and attended Michigan State Uni-
versity. He has a particular interest in some of
Fermat’s work and has spent many, many
hours thinking about Fermat's Last Theorem.
He believes that Fermat did possess a relatively
simple non-geometry-based proof for FLT, and
he continues to search for it. He also believes
that Fermat had a method of solution for Pell’s
equation that remains unknown and that was
a function of the squares whose sum equals the
coefficient.

Andrew is forty-four years old. He and his
wife, Simona, have five children. He is the
founder/chairman/owner of Beal Bank, Dal-
las’s largest locally owned bank. He is also the
recent founder/CEO/owner of Beal Aerospace,
which is designing and building a next-gener-
ation rocket for launching satellites into earth
orbits.

Beal Bank, Toyota, and the Dallas Morning
News are the primary sponsors of the Dallas
Regional Science and Engineering Fair. Beal
Bank is also a primary sponsor of the Dallas
Area Odyssey of the Mind Competition. An-
drew Beal has been a major benefactor for the
mathematics program at the University of
North Texas through his substantial scholar-
ships for graduate students and for students in
the Texas Academy of Mathematics and Science.
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Garrett Birkhoff became fascinated with finite
groups when he was an undergraduate major in
mathematics at Harvard. Upon graduation in 1932,
at the age of nineteen, he traveled in Furope with
a Henry fellowship. There he studied Speiser’s
book on group theory and van der Waerden on
modern algebra. At Cambridge University he was
impressed by the elegant group theoretic ideas of
Philip Hall. Then Garrett also discovered the idea
of a lattice—a poset with both lower and upper
bounds (only later did it turn out that this struc-
ture had been found by Dedekind, in a little noted
study of what he called a “dual group”). While in
Cambridge, Garrett also conceived the idea that
there could be a real “universal algebra” and real-
ized this idea by proving what is now known as
Birkhoff’s theorem, characterizing varieties of al-
gebras.

He considered algebras given by a set with spec-
ified operations (unary, binary, etc.) which satisfy
a given list of identities. All such constitute a “va-
riety”. Birkhoff’s theorem states that a class of al-
gebras is such a variety if and only if it is closed
under the formation of subalgebras, direct prod-
ucts, and homomorphic images. This result be-
came the starting point for the subsequent active
development of universal algebra.

After holding a Junior Fellowship at Harvard
1933-36, Garrett became an instructor in 1936. At

Editor’s Note: Garrett Birkhoff passed away
on November 11, 1996, at the age of 85.

Saunders Mac Lane is Max Dixon Distinguished Service Pro-
fessor, Emeritus, at the University of Chicago.
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that time Harvard provided a full year under-
graduate course in geometry; Garrett advocated the
establishment of a corresponding full year course
in algebra, to be called Mathematics 6. He taught
the first version of this course in 1937-38, em-
phasizing Boolean algebra, set theory, vectors and
group theory; he prepared notes of his course. I
taught a somewhat different version of Math-
ematics 6 in the next year, 1939-40, after I joined
the Harvard faculty in 1938; I also provided typed
notes of my version of the course. In the subse-
quent years Garrett and I combined our prelimi-
nary notes to publish with MacMillan in 1941 our
joint book, Survey of Modern Algebra. It provided
a clear and enthusiastic emphasis on the then new
modern and axiomatic view of algebra, as advo-
cated by Emmy Noether, Emil Artin, van der Waer-
den, and Philip Hall. We aimed to combine the ab-
stract ideas with suitable emphasis on examples
and illustrations. Groups were started by examples
such as the group of symmetries of the square. Vec-
tor spaces were introduced by axioms, but with
n-tuples of numbers as illustrations. The chapter
on matrices began with linear transformations and
explained matrix multiplication in terms of the
composition of the corresponding linear trans-