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Introduction

In the early years of the twentieth century, the foundations
for quantum mechanics were laid out by Dirac, Heisen-
berg, Bohr, Schrodinger, and others. In his work on the
foundations of quantum mechanics, John von Neumann
postulated that physical phenomena should be modeled
in terms of Hilbert spaces and operators, with observables
corresponding to self-adjoint operators and states corre-
sponding to unit vectors. Motivated by his interest in the
theory of single operators, he would introduce the notion
of what is now termed a von Neumann algebra. Von Neu-
mann and Francis Murray subsequently published a series
of fundamental papers, beginning with “On rings of op-
erators” [13], that develop the basic properties of these al-
gebras and establish operator algebras as an independent
field of study.

In the years after Murray and von Neumann'’s initial
work, the field of operator algebras developed rapidly and
split into subfields including C*-algebras and von Neu-
mann algebras. Moreover, operator algebraists began to
examine generalizations of these objects, such as opera-
tor spaces and operator systems. The importance of opera-
tor algebras can be witnessed by its applications in Voicu-
lescu'’s free probability theory, Popa’s deformation/rigidity
theory, and Jones’ theory of subfactors. These areas give
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us insight into numerous fields, including random matrix
theory, quantum field theory, ergodic theory, and knot the-
ory.

In a landmark paper unraveling the isomorphism class-
es of injective von Neumann algebras, Connes proves that
it is possible to construct a sequence of approximate em-
beddings for a large class of von Neumann algebras into
finite-dimensional matrix algebras; Connes somewhat ca-
sually remarks that this property should hold for all sepa-
rable von Neumann algebras. Formally, Connes’ embed-
ding problem, as this assertion is now called, asks if every
type II; factor acting on a separable Hilbert space is em-
beddable into an ultrapower of the hyperfinite II; factor
via a nonprinciple ultrafilter.

Our goal is to unravel the meaning behind Connes’ em-
bedding problem and to highlight its significance by pro-
viding equivalent formulations that have driven research
in the field.

Background

Let X be a compact Hausdorff space. Then the set C(X)
of continuous complex-valued functions on X, endowed
with pointwise addition and multiplication, is an algebra
over C. This algebra admits an anti-linear involution f* : =
f and a norm

Iflleo 2= sup |f (x)]
xeX
that are related by the identity

1F*Fll = £ 112 (1)

Moving towards the noncommutative setting, we con-
sider the algebra M, (C) of n X n complex matrices. The
operator norm of m € M, (C) is

IMmlle 1= sup {[m&ll> : & € C", [IEll> < 1},
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in which ||&€]|> denotes the Euclidean norm of & € C".
The conjugate transpose > is an anti-linear involution on
M, (C) that satisfies

Im*m|l., = Imll%. 2)

In both situations, the operation * satisfies (ab)* =
b*a* for all elements of their domain. To generalize
M, (C), we replace C" with an appropriate Hilbert space.

Definition 1. A Hilbert space is a complex inner-product

space H that is complete in the norm [|Ell5 = 4/ (€] €)

induced by the inner product.

A standard example of an infinite-dimensional Hilbert
space is the space of square-summable sequences of com-
plex numbers

lx(N) 1= {(XJ

o0
Z X2 < oot
with inner product
[o0)
= > XV
j=1

It turns out that every separable, infinite-dimensional Hil-
bert space is isometrically isomorphic to £» (N). For exam-
ple, this applies to

LaXo) = X = € [ P02 du0o < o],

in which (X, () is a o -finite measure space and

(fla) : J F0G0) du ().

Operators on Hilbert spaces: Formalizing infinite ma-
trices. Operators on Hilbert spaces provide a framework
with sufficient versatility to be applied in physics, repre-
sentation theory, partial differential equations, and other
fields. We focus here on the class of bounded operators.

Definition 2. Given a Hilbert space H and a linear oper-
ator x . H — JH, the operator norm of X is defined by

X1l := sup { [[xEl 5 : € € H, [[Ell5 =< 1}.

A linear operator X is bounded if ||x|| is finite. B(H') will
denote the collection of all bounded linear operators on

H.

It can be shown that an operator is bounded if and only
if it is continuous. Since the composition of bounded lin-
ear operators is again bounded, it follows that B (H) isan
algebra over C. The algebra B(JH') shares several proper-
ties of the algebra M, (C) outlined above. It is a complete,
normed algebra that admits an anti-linear involution *
(the adjoint). The adjoint of X € B(H ) is the unique ele-
ment X* € B(H) satisfying

(x&|n) = (E[x*n)
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forall £,n € . The norm and the involution satisfy an
identity analogous to (1) and (2); for x € B(JH'), we have

x| = 1x11°.

C*-and von Neumann algebras. There are multiple infi-
nite-dimensional generalizations of M, (C), an important
one being B(H). We examine two such generalizations:
one that arises from elevating the properties of B(H) to
axioms and another that comes from considering a weaker
notion of convergence than the one arising from the oper-
ator norm. This yields two branches of operator algebras:
C*-algebras and von Neumann algebras.

Definition 3. Let (A,||-|]) be a complex algebra
endowed with an anti-linear involution * that is complete
with respect to ||+||. If

llabll < llall bl

for all a,b € A, then A is a Banach-* algebra. If the
C*-identity

la*al = llall® (3)
holds forall a € A, then A is a C*-algebra. The algebra
A is unital if thereisa 14 € A suchthatlga = al4 =
aforalla € A.

The classic example of a unital, abelian C*-algebra is
C(X), with the unit being the constant function 1. By
a theorem of Gelfand, every unital, abelian C*-algebra
can be identified with C(X) for some compact Hausdorff
space X. Examples of nonabelian unital C*-algebras are
M, (C) and B(H). The Gelfand-Naimark-Segal (GNS)
construction produces a representation of a C *-algebra giv-
en any state (unital positive linear functional) on that al-
gebra.

Theorem 4 (Gelfand-Naimark). Given a C *_algebra A,
there exists a C *-subalgebm A C B(H) for some Hilbert
space H such that A and A are isometrically *-isomorphic.

Therefore, any “abstract” C*-algebra can be realized as
a “concrete” C*-algebra via the GNS construction and the
Gelfand-Naimark theorem above.

The weak operator topology (WOT) on B(H ) is defined
by the family of seminorms

pE,n(X) = (X§| n)

where &, n € H . In practice, a sequence X, of operators
converges to X in the weak operator topology if and only
if for every £,n € H,

((xn —=x)(8)[n) — 0.

This loosely means that the “matrix coefficients” of X, con-
verge to those of X.

Definition 5. A unital *-subalgebra M C B(H) is a von
Neumann algebra if M is closed in the WOT.
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The WOT is weaker than the norm topology, and thus
every von Neumann algebra is in fact a C*-algebra. Letting

M ={y€BH) . xy=yx Vx € M}

denote the commutant of M, von Neumann proved that a
unital, self-adjoint subset M C B(2H ) is a von Neumann
algebraifand onlyif M = (M')’, where (M")" denotes the
double commutant of M. This characterization is known as
the double commutant theorem. In contrast, no purely
algebraic characterization of C*-algebras is known.

To contrast von Neumann algebras against general C*-
algebras, note that if we consider a finite Borel measure
space (X, ), functions in L (X, ) act on Lo (X, u) by
way of multiplication as bounded operators. Naturally, we
have the following chain of inclusions:

While C(X) is a C*-algebra, it is not a von Neumann al-
gebra, since (C(X)")’ contains Le (X, ). It can be shown
that Lo (X,u) is a maximal abelian subalgebra in
B(L»(X, u)) and is thus a von Neumann algebra by the
double commutant theorem. In fact, all abelian von Neu-
mann algebras on a separable Hilbert space can be identi-
fied with Lo (X, ) for some measure space (X, u).
Classification of factors. A von Neumann algebra M is a
factor if its center is trivial: M N M’ = Cly. Every von
Neumann algebra admits a direct integral decomposition
over its center into factors. Thus, the classification of von
Neumann algebras reduces to the study of factors. Further-
more, the classification of factors involves the cone of posi-
tive elements

M, = {t*t . t € M}

in a factor M and the lattice of projections

P(M)={peM:ip=p’p=p*|

inM.
Alinear map w ! M4 — [0, 0] is a tracial weight on M
ifw(t*t) = w(tt*) forallt € M. A factor M is

type I, if w(P(M)) = {0,1/n,2/n,...,1}
type I if W(P(M)) = {0,1,2,...,}

type Iy if w(P(M)) = [0, 1]

type Il if W(P(M)) = [0, o0)

type IILif w(P(M)) = {0, o0}

for some tracial weight w. Whenever M is a factor, any tra-
cial weight is unique up to a positive scalar, making type
decomposition well-defined. Factors of type I, are iso-
morphic to B(H ) for some Hilbert space of dimension n.
Type III factors can be further decomposed into so-called
type III, factors for A € [0, 1], but we will not elaborate
the distinguishing features here.

Given a type I, or II; factor M, the unique weight w :
My — [0, o) satisfying w(1p) = 1 extends to a linear
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functional on M. Observing that every element x € M
decomposes as a linear combination

X=Xy —X_ +iyy —iy-

of four elements in M+, the trace T . M — C is the linear
functional defined by

T(X) == w(xs) —w(x-) +iw(ys) —iw(y-).

The functional T satisfies the trace property T (Xy) = T(yX)
for all X,y € M and is uniquely determined if we insist
that T(1y) = 1. If M is a type I, factor, then T : M — C
is the normalized trace on M, (C).

Group algebras. Von Neumann observed that group rep-
resentation theory provides us with a potentially rich col-
lection of von Neumann algebras. We direct our attention
to the left regular representation of a countable group I en-
dowed with the discrete topology. Consider the Hilbert
space - (I') with basis {0 y}yer . The left regular represen-

tation is the unitary representation A . I' > B(£»(I')) de-
fined by linearly extending the map Ay (5,) = 04y forall
0,y € I'. This embeds a copy of the group ring C[T'] into
B(¥>(T')). Taking either the norm closure or the WOT clo-
sure of C[I'] gives either Ca(I') or L(I'), the reduced group
C*-algebra of T or the group von Neumann algebra of T, re-
spectively.

In both of these cases, there is a canonical trace given by
T(x) = (x0.| 8.), where e € T is the identity. A group
von Neumann algebra is a II; factor precisely when I is an
i.c.c. group, that is, a group for which the conjugacy class
of every nontrivial element has infinite order. Examples
of i.c.c. groups are Seo = (U= Sn, the group of finitely
supported permutations of N, and [, the free group on
n = 2 generators. Murray and von Neumann used this
construction to give examples of two nonisomorphic von
Neumann algebras, namely L(S«) and L(F2). The free
groups factor problem, which in one form asks whether
L([F,) = L(F3), is a question whose answer is currently
unknown. Efforts to understand this led to the develop-
ment of Voiculescu’s free probability theory, a topic we
visit in the subsection “Free probability theory.”

The hyperfinite II; factor. An algebra (C*- or von Neu-
mann) is hyperfinite if there exists an increasing sequence
of finite-dimensional subalgebras whose union is dense

(with respect to the relevant topology) in the algebra. For
——————WOT
example, L(Se) = Ups» L(Sy) is a hyperfinite type

I1; factor. Murray and von Neumann were able to prove
that any two hyperfinite II; factors are necessarily isomor-
phic. We denote by

R =L(5«)

the unique hyperfinite II; factor, up to isomorphism. One
of the consequences of Connes’ work shows that R is the
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“smallest” I1; factor in the sense that every II; factor admits
an embedding of R.

A canonical construction of a hyperfinite algebra arises
by considering the embeddings

M3 (C) > My(C) = Mg(C) >
mapping X € M (C) to

(’5 2) € M1 (C).
Provided we use normalized traces, this forms a sequence
of trace-preserving embeddings. The inductive limit A of
this procedure is an infinite-dimensional *-algebra with
a tracial state Tp © A — C and trace-preserving embed-
dings of M2n(C) - A . The GNS construction with re-
spect to T gives us a Hilbert space H and a faithful rep-
resentation 7T . A - B(ZH). Closing these objects in ei-
ther norm (resp., WOT) produces a uniformly hyperfinite
(UHF) (resp., hyperfinite) C*- or von Neumann algebra,
respectively.

We may attempt to produce nonisomorphic examples
by emulating this procedure and taking trace-preserving
embeddings of the form

My, (€) = My, (C) = M, (C)

for some sequence {k,} in N \{1}. A theorem of Glimm
shows that there exist uncountably many nonisomorphic
UHF C*-algebras arising in this way, and they are distin-
guished by the generating sequence {k,}. The von Neu-
mann algebra case is vastly different. Connes’ classifica-
tion of injective factors proves that all von Neumann alge-
bras produced in this manner are isomorphicto R. Indeed
R is an example of a type II; factor with the trace playing
the role of the weight in its type decomposition.

We would be remiss if we did not expand on the clas-

sification of injective factors acting on a separable Hilbert
space. This endeavor nearly came to a close with Connes’
landmark result, which earned him the Fields Medal in
1982. In [2], Connes establishes the equivalence between
the notions of injectivity and hyperfiniteness for von Neu-
mann algebras. This settled numerous open problems,
such as whether any subfactor of the hyperfinite II; fac-
tor is hyperfinite. Building on his previous works, Connes
goes on to show that for each of the types II;, Il«, or Il
with A € (0, 1), there is a unique injective von Neumann
algebra and it is hyperfinite. While it is well known that
type Il are not classifiable through “simple” means,
Haagerup was able to prove that there is exactly one hy-
perfinite type III; factor, essentially closing the book on
the classification of injective factors.
Amenability. Why it is so difficult to differentiate one
group II; factor from another? The heart of this problem
lies in understanding representation-theoretic aspects of
the group itself.
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A discrete group I is amenable if there is a sequence of
finite subsets {F,,} of I' so thatforall y € T,

|y FrnAF,| _

lim =0,

n-oo | Frl
where FAG denotes the symmetric difference of sets.
Equivalently, we ask if the left regular representation con-
tains a sequence of unit vectors {€,} € £»(T) so that

%LHC}O HAy(En) - gn” =0

forevery y € I. In essence, this means that the group and
its group operation can be approximated by finite struc-
tures. The prototypical example is the integers Z, though
this class contains others such as (®77/2) XZ, (&z7) X Z,
and S«. Connes’ classification of injective factors demon-
strates that in the case of group von Neumann algebras, an
i.c.c. group I' is amenable if and only if L(I') = R.

To provide nonexamples, we use an equivalent formu-

lation of amenability: a group I is amenable if there does
not exist a finitely additive mean u : P(I') — [0, 1] that
satisfies u(y - F) = u(E). Itis a standard exercise to show
that [, is a nonamenable group whenever n > 2. An argu-
ment establishing this fact is similar to that which demon-
strates the Banach-Tarski paradox and is in fact a necessary
first step in the proof of the paradox. For this reason, non-
amenable groups are often considered to be groups that
admit “paradoxical decompositions.”
Tensor products. We will take various objects, such as Hil-
bert spaces, C*-algebras, and von Neumann algebras, and
add more structure to their algebraic tensor products, re-
calling that the algebraic tensor product is just the tensor
product of vector spaces. For example, given two Hilbert
spaces H , K, we start with the algebraic tensor product
H ® K and produce the Hilbertian tensor product H ®, K,
the completion of the pre-Hilbert space H ® K with re-
spect to the inner product on finite sums given by

<Z§i®ni Z§j®’71>
1 J }[@2.’](
= Z (&il &) ar (il nj) -
ij

Let A and B be either C*- or von Neumann algebras.
Their algebraic tensor product A ® B is a *k-algebra with
the product and involution given on finite sums by

<Z(1i ®bi> <ZCJ' ®dj> = Zaicj ®bidj
i J i,Jj
and

*
(Zai®b,~> =Za,?“®b,?".
i i

The tensor product of two von Neumann algebras M <
B(H),N < B(XK) is formed by first taking the Hilbertian
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tensor product H ®; XK and the algebraic tensor product
M ® N. This implements a representation of operators
acting on H ®; K via the formula

(m®n)(E®n) =(m&) ® (nn)

foreverym € M,n € N, £ € H,and n € K. We then
take the WOT closure in B(H ®; K) of these operators
to form the von Neumann algebra tensor product M®N. For
group von Neumann algebras, this construction gives an
identification between L(I' X A) and L(T)®L(A).
Constructing C*-algebras from tensor products is far
more interesting and is explored in the subsection “The
minimal and maximal C*-algebra tensor products.”

Ultraproduct constructions. Let us take a I1 factor M C
B(H'). Connes’ work tells us that R is the only II; fac-
tor that may be approximated by finite-dimensional struc-
tures. But what if instead we attempt to approximate a II;
factor M by R? In what sense are we approximating M by
R? To answer the second question, we first need to extend
the notion of a limit.

A (proper) filter F on N is a collection F of subsets of
N such that

(1) NeF,

2) D¢F,

(3) ifA€ Fand A € B, then B € F, and
(4) ifA,Be F,thenANB & F.

Informally, a filter tells us which subsets of N are consid-
ered to be large. An important filter is the cofinite filter,
denoted by Fo, which consists of all subsets of N whose
complement in N is a finite set.

A filter F is an ultrafilter if for every A C N, either A €
F or A € F. A standard maximality argument shows
that every filter can be extended to an ultrafilter, though
this completion is not unique. Ultrafilters containing Fo
are called nonprincipal ultrafilters.

Throughout this discussion, we fix a nonprincipal ultra-
filter U on N. The collection ‘U may be used to form lim-
its of bounded sequences {s,} -1 € X in a proper metric
space (X,d), even when a classical limit does not exist.
For example, if x, = (—1)" is a sequence in R, then the
ultralimit of the sequence, which we denote by lim,,_.¢; Xy,
will either be —1 or 1 depending on whether ‘U contains
the set of even or odd numbers. In essence, the ultralimit
along an ultrafilter ‘U is a preferred choice of a convergent
subsequence. Moreover, if X admits an algebra structure,
the operation lim,,_.¢; obeys traditional limit laws such as
linearity and multiplicativity.

Let (Mp, Tn)y-; be a countably infinite family of 1I;
factors with traces T, . M,; = C. We define the space

yw(Mn) = {(Xn)  Xn € My, sup Ixull < oo}
neN
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and the ideal 7¢; of £ (M,,),
Jy = {(xn) S ‘eoo(Mn) : %%Tn(xzkx”) = 0}

The ultraproduct of (My, Tn),—; along U is the II; factor
[IM, ;U = 4{&(M,)/Iy with trace T(Xx,) =
lim;,.¢ Tn(Xx5). Itis a nontrivial exercise to show that the
ultraproduct of I} factors is again a II; factor (see [1,4]). If
M, = M forevery n € N, then we write [ M/U := MY,
and in this case we say that M"Y is the ultrapower of M. It
should be noted that a I1; factor arising from an ultraprod-
uct of II; factors is necessarily represented on a nonsepara-
ble Hilbert space.

Connes’ Embedding

Before stating Connes’ embedding problem we wish to
make a few remarks. As was mentioned, Connes nearly
completed the classification of injective factors in his sem-
inal paper [2], where (among other things) he shows that
each of the factors of types 111, Il, and IlI) for A € (0, 1)
is isomorphic to a unique hyperfinite von Neumann alge-
bra of the corresponding type. Connes proves that the free
group factors L(F,),n = 2, admit a sequence of approxi-
mate algebraic embeddings into matrix algebras. Further-
more, these embeddings can be chosen in such a way that
they approximately preserve the trace. He further remarks
that such a construction ought to hold for any separable
I1; factor. The precise statement is as follows:

Conjecture 6 (Connes’ embedding problem). If M is a
separable 11y factor with trace T then for any € > 0 and finite
subset F C M, there exists n € N and a function @ . M —
My (C) so that @ (1p) = 1y, and so that forall X,y € F:

(1) lex+y)—@X) —@W)ln <e&
2) llekxy) —@eX)@Y)ln <e&
(3) IT(x) — (X)) <&
where |lmll2,n := /Tn(m*m) for all m € M (C).

Properties (1) and (2) state that @ : M — My, (C) is
approximately an algebraic homomorphism with respect
to the Hilbert-Schmidt norm on M, (C), and condition
(3) shows that @ respects the trace. Taking a sequence of
&n > 0 that tend to 0, we may restate Connes’ embedding
problem in the following manner:

Conjecture 7. Let ‘U be a nonprincipal ultrafilter on N. Then
every separable 11 factor M admits a trace-preserving embed-
ding into RY.

In the words of S. Popa, the elements of a von Neumann
algebra that embed into R may be “simulated” in an ap-
propriate sense by sequences valued in the unique hyper-
finite II; factor R.

One may inquire whether there exists some II; factor
N into which every II; factor embeds in a trace-preserving
manner. In [14], Ozawa shows that any such II; factor
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must necessarily be nonseparable. It is a well-known fact
that R Y is not faithfully represented on a separable Hilbert
space and thus is a viable natural candidate.

Hyperlinear groups. Foreachn € N, let U (n) & M,(C)
denote the group of n X n unitary matrices, equipped with
the Hilbert-Schmidt norm

dus(u,v) = \/Tn((u —V)*(u—v)).
The ultraproduct of (U(n;) S My, (C));2, is the group

12, U(n)

{(g0)2; P limj_y dus(gi, 1) = 0}
A group I is hyperlinear if there exist a sequence of unitary
groups {U (n;)};2,, an ultrafilter U on N, and an injective
group homomorphism I' = ] U (n;)/U. A deeper treat-
ment of ultraproducts of groups and their properties may
be found in [1,17].

It is conceivable that every group is hyperlinear, and in
fact the existence of a nonhyperlinear group is sufficient to
disprove Connes’ embedding conjecture:

[JTumy/u:=

Theorem 8 (Radulescu). The following are equivalent:

(1) L(T) < RY for all countable i.c.c. groups.
(2) Everyi.c.c. group is hyperlinear.

Free probability theory. Viewing the trace T : M - C
on a II; factor M as a noncommutative analogue of the in-
tegral on a probability space, Voiculescu defined notions
of independence and entropy for tuples of self-adjoint el-
ements in M. This abstract formalism allows one to gen-
eralize the classical theory of probability to the more gen-
eral theory of noncommutative probability theory by re-
placing random variables and their expectations with self-
adjoint operators and their traces. Surprisingly, Connes’
embedding conjecture has an equivalent formulation in
this realm.

We fix a finite collection of n self-adjoint elements in a
11 factor X1,...,Xn € M. Given an element of the form
(y = Xi, "'Xij) 1< j<n,i, ...,ij e {1,...,n}, the
mixed moment of ¥ is T(y). The set

{T(xi, %) 1 <j<niy,..,i;€{l,..,n}}

is the collection of all possible mixed moments of the n-
tuple (xy,...,Xp), that is, the collection of values of the
trace over every possible product of the x;s.

Mimicking the classical notion of Shannon entropy, Voi-
culescu defined the following analogue of microstates for
the noncommutative setting. We let Ty | My (C) - C
denote the normalized trace on the k X k matrices. Given
R > 0, myk € N, and € > 0, the set of approximating
matricial microstates, denoted by Ir ((x1,...,X,), m,k, €),
is the collection of n-tuples of k X k matrices (1, ..., )
such that

|T (X4, Xi;) — Twe(hy, 1) | < €
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forevery j € {1,...,m} andiy,...,I; € {1,...,n} with
||7;]l < R. We note that the set Ix((Xx1,...,Xn), M, Kk, &)
may be empty for certain choices of parameters.

An n-tuple of self-adjoint elements in M has microstates
if for every € > 0, there exist parameters R > 0, m,k € N,
so that I'g ((x1,...,Xxn), M, k, &) # . Heuristically, the
existence of microstates is equivalent to having the ability
to model the noncommutative probability distribution of
n-tuples of operators in M by sequences of matrices. This
hints at Voiculescu’s observation connecting microstates
and Connes’ embedding conjecture [19].

Theorem 9. Let M be a 11 factor. The following are equiva-
lent.

(1) Every set of self-adjoint elements X1, ..., Xn € M has
microstates.
(2) M- RY

Continuous model theory. In light of a classical theorem
of Lo§, ultrapower constructions play a foundational role
in model theory. The underlying idea in continuous model
theory is to transform classical predicate logic into a con-
tinuous one. Here, the standard truth values {T,F} are
replaced with the interval [0, 1], quantifiers V and 3 are
replaced by sup and inf, and continuous functions from
[0,1]™ - [0, 1] will be our connectives. The model the-
ory of von Neumann algebras takes this one step further
by viewing a II; factor M with trace T as a logical structure
with a metric arising from the 2-norm || x| := /T (x*X)
for all x € M. The interplay between the operator norm
and the 2-norm on M introduces complexity when con-
sidering M as a logical structure. We remark that the un-
derstanding of continuous model theory of II; factors is
currently in its infancy (see [4, 5]).

Recall that one of the outcomes of Connes’ work shows
that R embeds into any II; factor M. On the other hand,
Connes’ embedding conjecture asserts that M — RY. Us-
ing the language of model theory, a positive solution to
Connes’ embedding states that RY is a locally universal
object in the category of II; factors. But another question
may be whether or not a locally universal II; factor exists
at all. Using model theoretic techniques, there does in fact
exist such a II; factor; a positive solution to Connes’ em-
bedding will show that R is locally universal [7].

Kirchberg’s Conjecture

In the 1990s Eberhard Kirchberg discovered a highly non-
trivial equivalent form of Connes’ embedding conjecture
[11]. Explaining the equivalence would take us outside the
scope of this article, but we point out that in this landmark
paper Kirchberg presented many equivalences to Connes’
original problem and what we will refer to as Kirchberg's
conjecture is only one such equivalence. In order to ex-
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plain Kirchberg’s conjecture we must start at its founda-
tions.

The minimal and maximal C*-algebra tensor products.
Let A and B be C*-algebras and let

mT:A->B(H) and o :B- B(X)

denote the faithful representations afforded by the GNS
construction. For a finitesum X = >;a; ® b; € A ® B,
the minimal C*-tensor product norm is

(4)

”X“C*-min

> m(ay) ® o(b;)

B(H ®,K)

As before, we let ® > denote the Hilbertian tensor product.
The completion of A ® B with respect to ||*||¢*.min is a
C*-algebra denoted A ® ¢+ min B and called the minimal
C*-algebra tensor product of A and B. It can be shown that
the minimal C*-algebra tensor product is independent of
choice of representations.
Given X € A ® B, its maximal C*-tensor product norm
is
X[l c* max == sup{ [T (X) I}, (5)

where the supremum runs over all Hilbert spaces #{ and
all representations 71 . A ® B — B(H). We denote the
completion, which is again a C*-algebra, of the algebraic
tensor product with respect to ||* || c*_max Y A ® c*_max B
and call it the maximal C*-algebra tensor product.

As we might expect from the terminology, it follows that
given any norm ||-|| on A ® B that is submultiplicative,
preserved under the involution, satisfies the C*-identity
(3), and yields a C*-algebra after completing, then

-l c*min < 1 llee < - llc* max -
When does equality hold in the preceding?

Definition 10. A C*-algebra A is nuclear if for all C*-
algebras B,

A ®C*—min B=A ®C*-max B.

Examples of nuclear C*-algebras are the matrix algebras

M, (C) for all n = 1. In particular, every finite-dimen-
sional C*-algebra is nuclear. If X is a compact Hausdorff
space, then C(X) is nuclear, and thus every abelian C*-
algebra is nuclear.
Lance’s weak expectation property. It can be checked that
given an inclusion of algebras A C A,, then A ® B C
A, ® B for all algebras B. This inclusion principle quickly
fails once we put more structure on the algebraic tensor
product. If A C A, and Bare C >k-algebras, then since ev-
ery representation of A, ® B is a representation of 1 ® B
by restricting, the maximal norm on A, ® B will in gen-
eral be smaller than the maximal norm on A ® B. Thus, in
general, ® cx . does not satisfy the inclusion principle.
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In the 1970s Christopher Lance introduced a notion
for C*-algebras that he called the weak expectation property
(WEP), and he proved that this notion was directly related
to ® c*_max satisfying the inclusion principle [12].

Definition 11. A unital C*-algebra A has Lance’s WEP if
the maximal C*-algebra tensor product satisfies the inclu-
sion principle with respect to A.

Thus, A has the WEP if for all C*-algebras A, D A
containing A as a C*-subalgebra, we have the inclusion
of C*-algebras

A Qcs.max B C Ay c*.max B

for all C*-algebras B. The nth amplification of a linear map
@ .A-> Bis

@™ I Mp(A) > Ma(B), [ayj];; = [@(aip)];;-

We say that @ is a contractive completely positive map (c.c.p.)
if @™ is positive for all n € N and contractive forn = 1.
Here is an equivalent formulation of Lance’s WEP. Realiz-
ing A as a C*-subalgebra of B(#{), then given the com-
pletely isometric inclusion t : A - A**, where A**
denotes the double dual of A, t extends to a unital, com-
pletely positive map 7 : B(H) — A** such that i(a) =
aforalla € A.

Kirchberg’s conjecture. If I is a discrete group, then the
full group C*-algebra, C*(T), is the completion of the
group ring C[I'] with respect to the norm ||| given for
x € C[T] by

Ix]l = sup {[ITr(x) I},

where the supremum is taken over all representations 77 :
C[I'] — B(#) and all Hilbert spaces # . At this point
we are ready to state the equivalent formulation to Connes’
embedding problem known as Kirchberg's conjecture [11].
Consider the free group Fe on a countably infinite num-
ber of generators and its full group C*-algebra C* (Fe).

Conjecture 12 (Kirchberg's conjecture). C*(Fo) has
Lance’s WEP.

This was shown to be equivalent to a weaker nuclear-
ity property of C*(Fe ), whether there was only one C*-
structure on C*(Fo) ® C*(Fo). In other words, does it
follow that

C*(l}:oo) ®C*-min C*([Foo) = C*([FOO) ®C*-max C*(U:OO)?

It can be shown that every unital C*-algebra A can be
written as a quotient of C* (F) for some free group . We
say that a unital C*-algebra is QWEP if it is the quotient of
a C*-algebra with Lance’s WEP. Kirchberg conjectured that
every unital C*-algebra had QWEP, which if true, would
give an affirmative answer to Connes’ original conjecture.

Conjecture 13 (Kirchberg's QWEP conjecture). Every
C*-algebra is QWEP,
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Tsirelson’s problem. In our discussion on Connes’ origi-
nal problem the recurring theme was the approximation of
infinite dimensions by finite dimensions. An experiment
arising in quantum information theory concerns two inde-
pendent observers making measurements on a quantum
system. In 1980 Boris Tsirelson noticed that Bell’s inequal-
ity had intimate connections with certain famous inequal-
ities arising in analysis [18]. Here we present the operator
algebraic reformulation of this experiment and Tsirelson’s
observations.

Consider an m-tuple (P;){Z; of pairwise orthogonal
projections on some Hilbert space H such that > ; P; = I.
For specific reasons this object is also called a projection-
valued measure (PVM) with m-outputs. Let (Q;)jL; be
another such tuple of pairwise orthogonal projections on
H such that P;Q; = QjP; foralliand j. fE € H
is a unit vector, then by looking at matrices of the form
[ (§] PiQ;&)]; ; we ask whether these matrices can be ap-
proximated by matrices of the same form but where we
only consider finite-dimensional Hilbert spaces. The short
answer to this question is yes. A much more complicated
scenario is where we consider a d-tuple of PVMs each with
m-outputs.  Thus, we consider the scenario where
(P,...,P% and (Q,...,Q%) are tuples of PVMs where for
each 1 < a <d, (P{")X, is itself an m-tuple of pairwise
orthogonal projections on the Hilbert space #, and sim-
ilarly for each (Q?)Tzl, 1<b=<d1l<=<j=<m The
condition of commutativity implies that P}’ Q? = Q? Py
foralll <i,j<m,and1 <a,b <d.

Definition 14. In the above scenario, a covariance matrix
will be a matrix of the form [(§| Pi‘lQ?E)] . and

a,i;b,j
the set of all will be denoted
Qc(m,d).

The space of covariance matrices with PVMs restricted to
finite-dimensional Hilbert spaces will be denoted
Qs(m,d). One can show that Q.(m,d) is closed (limits
of covariance matrices are covariance matrices), and since
we have that Qs(m,d) C Q.(m,d) then Qs(m,d) C
Q.(m,d).

Problem 15 (Tsirelson’s problem). Does it follow that
Qs(m,d) = Q.(m,d) for all m and d?

An affirmative answer to Tsirelson’s problem would
yield an affirmative answer to Kirchberg’s conjecture and
therefore to Connes’ original problem. We refer the inter-
ested reader to [3, 8, 16] for excellent treatments of this
equivalence.

such matrices

Does local lifting imply Lance’s WEP? We wish to fin-
ish our discussion on Kirchberg's conjecture with one fi-
nal equivalence that merits further analysis. Let A and
B be unital C*-algebras. A self-adjoint (closed under in-
volution) unital subspace of “A will be called an operator
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subsystem of “A. Given an ideal (closed, two-sided) J C B,
considera c.cp. mapp : A - B/J. Ifq . B > B/]J
denotes the canonical quotient map of B onto the quo-
tient C*-algebra B/, then @ lifts locally if given any finite-
dimensional operator subsystem & C A, there exists a
ccp.mapy . & — Bsuchthatgo ¢ = @|g.

Definition 16. A C*-algebra A has the local lifting property
(LLP) if for all C*-algebras B and ideals J C B, every c.c.p.
map @ . A — B/] lifts locally.

Kirchberg showed that C* (F) has the LLP for any free
group F. Thus, we are led into our next and final equiva-
lence of Kirchberg's conjecture.

Conjecture 17. LLP implies Lance’s WEP.

It is worth pointing out that in [11] Kirchberg asked if
Lance’s WEP implied LLP. This was proven to be false by
Junge and Pisier in [9], where they showed that

B(H) ®c#.min B(H) # B(H) ®crmax B(H),

where H is an infinite-dimensional Hilbert space. This
proves that Lance’s WEP does not imply the LLP, since
B(H') can be seen to have Lance’s WEP, recalling the equiv-
alent formulation of Definition 11, and it can be shown
that a unital C*-algebra A has the LLP if and only if

A ® C*_min B(j-[) =A ® C*_max B(g{)

for all Hilbert spaces 7 .

Closing

Our brief treatment of Connes’ embedding problem and
Kirchberg's conjecture is only part of the story that makes
up this exciting area of operator algebras. Other equiva-
lences to Connes’ embedding problem with connections
to quantum information theory and operator system the-
ory can be found in [6] and [10], respectively. For more
detailed surveys of Connes’ embedding problem, we refer
the interested reader to [1, 15].

As was already mentioned in the beginning of the ar-
ticle, Murray and von Neumann developed the founda-
tions of operator algebras after von Neumann had begun
to formalize the mathematics of quantum mechanics. It
is known that during the famous debates between Niels
Bohr and Albert Einstein with regard to the probabilistic
tendencies of the universe, Finstein said, “God does not
play dice.” Thus, in this same spirit we leave you with a
similar farewell. In the words of Vaughan Jones, “God may
or may not play dice, but he sure does love a von Neumann
algebra.”
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