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Thursday, January 16, 2020
8:00–11:30 am

Hyatt Regency Denver
Quartz Room – 3rd Floor

This pilot course is designed for mathematics 
department administrators, regardless of title,
who oversee and/or manage some or all of 
the functions listed below (the target audi-
ence is departmental staff, not faculty):
•  Academic Programs and Activities
•  Admissions
•  Budgets and Grants
•  Diversity Efforts
•  Faculty/Scholar Recruitment,
   Hiring, and On-Boarding
•  Faculty/Scholar and
   Student Support
•  Marketing and Publicity
•  Staff Supervision

•  Title IX Referrals and Support
•  Visitor Resources

Attend this workshop to collaborate with other 
professionals who have similar responsibilities. 

Share best practices and build connections with 
other math administrators.

To register for this event, please complete the required
information at www.ams.org/adminsworkshop.

In addition to providing your information here,
non-mathematician attendees must purchase a JMM 2020

special guest registration at $25. After completing the
required details, please email mmsb@ams.org

to arrange this special registration.

Registrations will not be complete without a
corresponding JMM 2020 registration.

SPEAKERS
Kathleen Applegate

Department Manager,
Department of Mathematics,

Princeton University

Nicole Maldonado
Administrative Offi cer,
School of Mathematics,

Institute for Advanced Study

WORKSHOP FOR MATH ADMINISTRATORS:
EXPLORING THE CHALLENGES OF OPERATING A

DEPARTMENT’S DAILY MANAGERIAL RESPONSIBILITIES
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A WORD FROM...
Abbe Herzig, AMS Director of Education

In August, I joined the Office of Government Relations of the American Mathematical 
Society in Washington, DC, to serve as the Director of Education. This position provides 
me with the remarkable opportunity to collaborate with stakeholders both within and 
beyond the AMS to strengthen mathematics education, particularly at the graduate level 
and with a focus on students traditionally underserved by the mathematics community. 
My vision for this role is guided by my research on graduate mathematics education and 
my own path as a mathematics learner.

Like so many of you reading this, I have loved mathematics for as long as I can re-
member. As a child, I studied patterns around me and jumped at any chance to learn new 
mathematical ideas. I thought math was just a tool, a means to an end, not realizing that 
it was an entire field of study. When my older brother began receiving college brochures, 
I saw mathematics listed as a major, and from then on I was hooked. I entered college 
determined to major in mathematics, despite the misguided advice from my high school 

teachers that math would not give me many career options. They were wrong, of course—since that time I have 
worked as a statistician in the nonprofit sector, a leader of software engineers building healthcare quality metrics 
in a commercial corporation, a consultant to the United Nations and the Legal Defense Fund, a mathematics ed-
ucation researcher, and a teacher at the K–12, undergraduate, and graduate levels. Nonetheless, I was not aware of 
these options at the time, so I entered college thinking that a mathematics major was mostly a dead end.

While in high school, I had some experience tutoring mathematics, and I had had inspiring teachers, so I aspired 
to be a teacher and pursued certification to teach secondary mathematics. I took every possible opportunity to 
teach mathematics and to learn about the connections between pedagogy and learning. At some point, my math 
professors argued that I was “too smart” to be a teacher and convinced me to pursue a career in statistics instead. 
Still, education always had a magnetic pull on me, and I returned to education whenever I could, teaching math-
ematics and statistics and participating in education-related service. Ultimately, I acknowledged that mathematics 
and education were my natural professional homes. My professors’ pessimistic view of the value of teachers, my 
long-standing passion for education, and the intrigue and excitement of mathematics inevitably led me to a career 
as a researcher in postsecondary mathematics education.

My research and the body of scholarship in which it resides suggest that graduate students are more likely 
to complete degrees when they perceive themselves as belonging in their academic programs and professional 
communities and identify themselves as mathematicians (similar ideas of belonging and engagement have been 
shown to be important as early as elementary school). Authentic mathematical experiences that allow students 
to see themselves as mathematicians are critical to their persistence in mathematics. Not surprisingly, students 
traditionally underserved by the mathematics community face much greater obstacles to belonging and identity 
in mathematics.

My research also identified specific policies and practices that supported student success, particularly for un-
derserved students. For example, one department pivoted from a curriculum designed for students with prior op-
portunities to achieve and instead focused on a vision to develop the next generation of leaders in the discipline. 
This vision led to admissions practices that prioritized evidence of leadership skills above specific technical skills 
and revision of the curriculum to accommodate students without as much prior experience. With this change, 
enrollment of women reached parity very quickly. In other cases, doctoral, master’s, and bachelor’s degree-grant-
ing institutions collaborated to develop seamless pathways for talented students to pursue graduate degrees and 
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Abbe Herzig is AMS Director of Education. Her email address is ahh@ams.org.
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provided the support they needed along the way (this was in the early years of what has grown into the Math Alliance, 
https://www.mathalliance.org). Other doctoral programs implemented innovative admission processes. Instead of 
relying on a strict rank-ordering based on quantitative measures like GRE scores, courses taken, and GPAs, they examined 
applications for student characteristics that may not be reflected in tests and transcripts. For example, not all colleges offer 
the same rigorous courses, and not all students are able to leave home to participate in a summer REU. Even so, there 
may be complementary evidence of motivation and potential to succeed, reflected in essays, letters of recommendation, 
leadership experience, or other activities. By considering all the qualities and experiences that a student brings to their 
mathematics studies, this approach to admissions opened graduate education to a broader population of talented students 
while still maintaining high academic standards. While these initiatives all differ, they have common threads: a commit-
ment to fostering student success (a practice I think of as sowing seeds instead of pulling weeds) and the differentiation 
between future potential and prior opportunity.

As Director of Education for the AMS, I look forward to hearing your ideas about how we can build on these and other 
educational models to cultivate evidence-based policies, practices, and programs that support learning, engagement, and 
success for all students. Some initiatives might include:

 • Disseminating successful strategies for graduate education by building networks of faculty and other policy-
makers to share education models that support student success; see, for example, aimath.org/pastworkshops 
/keepinggrads.html and aimath.org/pastworkshops/gemstones2.html.

 • Expanding graduate students’ awareness of the broad range of mathematical careers available to them.
 • Supporting mathematics faculty in preparing students for that range of careers, including preparation to pursue 

advanced study and providing the training and experiences needed for those career paths.
I will also support the AMS Committee on Education and provide leadership and advocacy for mathematics education 

policy in discussion with policymakers, other professional societies, and organizations such as the National Academies 
and the US Department of Education.

Our AMS community comprises tens of thousands of talented and committed mathematicians and mathemati-
cians-in-training. Through collaboration with policymakers, faculty, academic departments, professional organizations, 
government agencies, and other stakeholders, we can collectively contribute invaluable insight to the development of 
effective and equitable graduate education. When we provide current and prospective graduate students with authentic 
opportunities to choose, to learn, and to do mathematics, we not only provide greater access to educational and career 
experiences for them, but we enrich the mathematical enterprise overall.

I eagerly look forward to working with you.

http://aimath.org/pastworkshops/gemstones2.html
http://aimath.org/pastworkshops/keepinggrads.html
http://aimath.org/pastworkshops/keepinggrads.html


Mean Field Games: 
Agent Based Models 
to Nash Equilibria
AMS Short Course, January 13–14, 2020
In Conjunction with the Joint Mathematics Meetings

Learn more and register:

www.ams.org/short-course

In 2020, the Short Course focuses on models for large 
systems of interacting agents. Ideas from statistical 
physics permit approximations of Nash equilibria for 
stochastic dynamic games with many players. Diverse 
branches of mathematics converge in this subject area—
control and game theory, partial differential equations, 
probability, scientifi c computing and optimal transport. 
The course faculty provide participants an entrée to theo-
retical issues, numerical challenges, and applications in 
such areas as economics and fi nancial markets, crowd 
motion, power systems, and cyber network security.

 0
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Course Organizer: 
François Delarue, University of Nice

Other Speakers:
Christy Graves, Princeton University
Daniel Lacker, Columbia University
Mathieu Laurière, Princeton University
Roland Malhamé, École Polytechnique de Montréal
Kavita Ramanan, Brown University
Ronnie Sircar, Princeton University

The American Mathematical Society’s Short Courses connect math-
ematicians and students to emergent areas of applied mathematics 
through survey lectures and other activities. Short Courses are 
designed to introduce individuals to new topics—fueling the partici-
pants‘ curiosity, discovery, or research.



November 2019

Cover Credit: The image used in the cover design is a photograph taken by 
Athanase Papadopoulos at the Metropolitan Museum of Art, New York.

ALSO IN THIS ISSUE

1598 A Word from... Abbe Herzig

Features
1618 From Operator Algebras to Complexity Theory 

and Back
Thomas Vidick

1628 Maps with Least Distortion Between Surfaces: 
From Geography to Brain Warping
Athanase Papadopoulos

1641 From Decoupling and Self-Normalization 
to Machine Learning
Victor H. de la Pena

Early Career: Planning Ahead for the Joint Meetings
1647 Giving Good Talks

Satyan L. Devadoss

1650 10 Ancient Rules for Giving a Conference/Seminar/
Research Talk in Mathematics

 A New Translation from the Original Cuneiform Stone Tablets
A. Kercheval

1651 Advice for the Campus Interview
Amanda Folsom and Alex Kontorovich

1655 Tips for the Employment Center
Katelynn D. Kochalski

1656 Embracing the Job Search
Nicola Tarasca

1657 Getting Involved in Your MAA Section
Pamela Richardson

Memorial Tributes
1660 Sir Michael Atiyah, a Knight Mathematician

 A Tribute to Michael Atiyah, an Inspiration and a Friend
Alain Connes and Joseph Kouneiher

1672 Ronald G. Douglas: A Master in the Art 
of Transcending Problems
Guoliang Yu, Roger Howe, and Shana Hutchins

Notices
of the American Mathematical Society

FEATURED

Early Career: Giving Good Talks
Satyan L. Devadoss
Early Career: Giving Good Talks

1647

Feature: Statistical 
Numerical Approximation
Houman Owhadi, Clint Scovel, 
and Florian Schäfer

1608

Education: Modeling 
Competitions and Gender Equity
Solomon Garfunkel

W
or

k w
ith

 Fr
ien

ds

Coll
ab

or
ati

ve

Usin
g M

ult
ipl

e S
tra

teg
ies

M
od

eli
ng

Glob
al

M
or

e T
im

e

Allo
wed

 to
 A

cc
es

s R
es

ou
rce

s

Opp
or

tun
ity

 to
 M

en
tor

Crea
te 

a P
ro

du
ct

Opp
or

tun
ity

 to
 L

ea
rn

Help
 m

y C
V

100%
90%
80%
70%
60%
50%
40%
30%
20%
10%
0%

Which Aspects of the Competition 
Were Particularly Appealing to You? By Gender

Male      Female

1685



Notices
of the American Mathematical Society

1690 Book Review: Foundations of Mathematics  
and Physics One Century After Hilbert:  
New Perspectives
John C. Baez

1694 Bookshelf

1695 AMS Bookshelf 

Fall Sectional Sampler
1696 A Tale of Two Integrals

Jonathan Novak

1698 Face Numbers: Centrally Symmetric Spheres 
versus Centrally Symmetric Polytopes
Isabella Novik

1699 Operator Integrals in Theory  
and Applications
Anna Skripka

1701 Mathematics of Planet Earth
Hans G. Kaper and Christiane Rousseau

1719 AMS Reciprocity Agreements

1721 Annual Survey: Fall 2017 Departmental  
Profile Report
Amanda L. Golbeck, Thomas H. Barr,  
and Colleen A. Rose

1775 2020 Joint Mathematics Meetings Advance  
Registration/Housing Form

IN EVERY ISSUE

1607 Letters to the Editor 

1731 Mathematics People

1738 Community Updates

1739 Mathematics Opportunities 

1744 Classified Advertising

1751 New Books Offered by the AMS

1756 Meetings & Conferences of the AMS

FROM THE AMS SECRETARY

1706 Biennial Overview of AMS Honors

1713 Backlog of Mathematics Research Journals

CURRENT INVITATIONS 
FROM THE AMS

inside front cover 
Workshop for Math Administrators: Exploring the 
Challenges of Operating a Department’s Daily 
Managerial Responsibilities

1600 AMS Short Course | Mean Field Games: Agent 
Based Models to Nash Equilibria

1603 AMS Social at JMM 2020: Mathematicians in the 
Performing Arts

1605 AMS Membership Booth at JMM 2020

1606 2020 Mathematics Research Communities

1705 AMS Congressional Fellowship

1720 AMS Department Chairs Workshop

1743 BIG Career Center at JMM 2020

inside back cover 
2020 AMS Employment Center

corrigendum

The Notices regrets that an error occurred in the 2018 
article entitled “Kashiwara Awarded Chern Medal” 
that appeared in Volume 65, Number 11. In particular, 
in column 2, paragraph 2, the sentence “Kashiwara 
proved that for all q, crystal bases lift uniquely to 
global bases which turned out to coincide with the 
canonical bases discovered earlier by Lusztig.” should 
have been “Kashiwara proved that for all q, crystal 
bases lift uniquely to global bases, which turned out 
to coincide with the canonical bases discovered earlier 
by Lusztig for the q = 0 and generic q cases.”



Purchase tickets when 
registering for JMM 2020 at: 

jointmathematicsmeetings.org

Discounted 
tickets for        
 students and                       
   children are  
     available!

AMS Social at JMM 2020:
Mathematicians in the Performing Arts

Enjoy performances by the following mathematicians:

Lola Thompson | Aerial Acrobat
Ami E. Radunskaya | Cellist 
David Kung | Violinist 
Chad Topaz | Violist Chambers Grant Salon  

Kevin Taylor’s at the Opera House
Denver Performing Arts Complex

1355 Curtis Street | Denver, CO
O.2 mile walk from the 

Colorado Convention Center

Saturday, January 18
6:00PM–9:30PM

Photos courtesy of Chambers 
Grant Salon – Kevin Taylor’s 

at the Opera House Doors

Your ticket also includes 
dinner from a variety of 

food stations, complimentary 
beer, wine, and soft drinks, 

a photo booth, and the 
chance to connect with 

colleagues on this last 
evening in Denver. 

http://jointmathematicsmeetings.org
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Free professional portrait 
session for AMS Members!
The AMS Membership Department has once 
again arranged for a photographer to take your professional 
portrait and have it emailed to you in just a few minutes. 
Consider uploading this photo to your MathSciNet® Author 
Pro� le page, using it on your university website, submitting 
it as the professional photograph for your book publication, 
or using it as your pro� le picture in email and on social 
platforms.

Availability: 
THURSDAY, JANUARY 16, 9:30AM–4:30PM
FRIDAY, JANUARY 17, 9:30AM–4:30PM

Schedule your appointment at:  
amermathsoc.simplybook.me

 Photos by: Kate Awtrey, Atlanta Convention Photography

Will you be attending the 
2020 Joint Mathematics 
Meetings in Denver, CO?

Visit the AMS Membership Booth 
to learn more about the bene� ts of 
membership: discounts on books 
purchased through the online bookstore 
and at meetings, free shipping for 
members residing in the United States 
of America (including Puerto Rico) 
and Canada, free and discounted 
subscriptions to journals, and access to 
colleagues via the Member Directory. 
Join or renew your membership at JMM 
and receive a complimentary gift!

Win an AMS adult 
coloring book and 
colored pencil set! 
Show AMS Membership Exhibit 
Booth staff a sel� e photo from JMM 
2020 using #AMSMember posted on 
social media to participate (limited 
to � rst 50 members).
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The American Mathematical Society welcomes applications for the 2020

Andrea O'Hearne Photography

Week 1a: May 31–June 6, 2020  

Dynamics of Infectious Diseases: 
Ecological Models across Multiple Scales

Julie Blackwood, Williams College
Lauren Childs, Virginia Tech
Suzanne Lenhart, University of Tennessee, Knoxville
Olivia Prosper, University of Tennessee, Knoxville

Week 2a: June 7–13, 2020 

Analysis in Metric Spaces

Mario Bonk, University of California at Los Angeles
Luca Capogna, Worcester Polytechnic Institute
Piotr Hajlasz, University of Pittsburgh
Nageswari Shanmugalingam, University of Cincinnati
Jeremy Tyson, University of Illinois at Urbana-Champaign

Week 3: June 14–20, 2020 

Finding Needles in Haystacks: Approaches to Inverse 
Problems Using Combinatorics and Linear Algebra

Shaun Fallat, University of Regina
H. Tracy Hall, NewVistas LLC
Leslie Hogben, Iowa State University and the American 
Institute of Mathematics
Bryan Shader, University of Wyoming
Michael Young, Iowa State University
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Week 1b: May 31–June 6, 2020  

Combinatorial Applications of Computational 
Geometry and Algebraic Topology

Stephen Melczer, University of Pennsylvania
Marni Mishna, Simon Fraser University
Robin Pemantle, University of Pennsylvania

Week 2b: June 7–13, 2020 

New Problems in Several Complex Variables

Dusty Grundmeier, Harvard University
Loredana Lanzani, Syracuse University
Yunus Zeytuncu, University of Michigan–Dearborn
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The Mathematics Research Communities program helps early-career mathematicians 
develop long-lasting cohorts for collaborative research projects in many areas of mathe-
matics. The program includes:

• Intensive one-week, hands-on research conference in the summer
(see the 2020 research topics below)

• Special Sessions at the AMS-MAA Joint Mathematics Meetings
• Guidance in career building
• Follow-up small-group collaborations
• Longer-term opportunities for collaboration

Over time, the participants are expected to provide feedback about career development
and the impact of the MRC program.

The 2019 summer conferences of the Mathematical Research Communities were held at the
Whispering Pines Conference Center in West Greenwich, Rhode Island, where participants enjoyed the
natural beauty and a collegial atmosphere. Check the website for 2020 location details. Women and
underrepresented minorities are especially encouraged to apply.

The application deadline for summer 2020 is February 15, 2020.

This program is supported by the AMS and by a grant from the National Science Foundation.

LEARN MORE AT: WWW.AMS.ORG/MRC

TOPICS FOR 2020

http://WWW.AMS.ORG/MRC
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LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

Swinnerton-Dyer memorial
As an eternal nit-picker, I was bothered by two things in 
the generally very enjoyable collection of notes about the 
late Sir Peter.

In the bibliography, he is sometimes called Swinner-
ton-Dyer P. and sometimes as Swinnerton-Dyer HPF. The 
latter form mystified me until I realized that HPF was your 
short form of H. P. F. The inconsistency irked me, but worse 
was the fact that nowhere do you give his other names (his 
full name was Henry Peter Francis Swinnerton-Dyer).

Then Alexei Skorobogatov refers to his subject’s “nobil-
ity” and it has some importance in his note because he was 
impressed by the man’s unpretentiousness, his “pleasant 
and benevolent manners.” But nowhere have you said any-
thing about this nobility. I had to look it up. Apparently 
he was a baronet, which is the lowest you can get and still 
be of the nobility. You are not a lord, only a knight, but it 
is hereditary. Anyway why couldn’t you have mentioned 
somewhere about his baronetcy?

I have spent three years in England but do not know the 
fine points; however, I am very aware that the British are 
extremely conscious of rank. It is therefore interesting to 
know that he was Sir Peter from birth, and not just from 
some mathematical honor. I don’t even know whether or 
not your collection mentions that he was FRS or that he was  
Vice Chancellor of Cambridge University. Nor do I know 
whether that is enough to be called “Sir” but I think not. He 
was entitled to “Sir” after being honored as KBE in 1987, 
even if he had not already been “Sir” when he succeeded to 
his father’s baronetcy in 1975. It is incorrect, and might in 
some circles be considered insulting, that you nowhere refer 
to him as “Sir” until the headline of Skorobogatov’s note.

If you were to publish this letter, I would probably be 
called out and corrected by some of your British readers, 
which is OK. But I think that these things should have been 
part of your job as Editor.

Thanks for tolerating my criticism.

—Martin C. Tangora
University of Illinois at Chicago

(Received August 7, 2019)

Please keep politics out of the Notices
Dear Editor,

I have just read the first pages of August 2019 Notices. I 
know we do not live in a vacuum. But I appeal to you to 
keep political articles and letters out of the Notices.

Sincerely, 
Frank Okoh

Wayne State University
Detroit, Michigan

(Received August 8, 2019)

RIP for MathJobs at UC system
In regard to Abigail Thompson’s depressing but helpful 
and interesting account of the UC system’s decision not to 
allow the use of MathJobs, there is actually another tool 
of resistance that Professor Thompson doesn’t mention.  

Many non-math departments use Academic Jobs Online 
(AJO). AJO is “MathJobs for the rest of them”—it’s built 
on the same system and looks and functions identically. 
At the University of Oregon we were told that we all had 
to switch to a commercial personnel management system 
for hiring, but we successfully pushed back against this 
requirement by approaching HR and the administration as 
a group of departments using AJO and MathJobs. We made 
the same arguments as the ones that Professor Thompson 
outlined. I suspect if the Math department had tried this 
alone, it would not have worked, but by having a group of 
departments that included most of the science departments, 
and that probably accounted for over half of the academic 
hiring on campus, we were able to prevail. At least for now.  

Of course the scale of one moderately sized university 
(University of Oregon) is quite different from the scale of 
the entire UC system, and no doubt that was also a factor.

—Hal Sadofsky
University of Oregon

(Received July 25, 2019)



Statistical Numerical
Approximation

Houman Owhadi, Clint Scovel, and Florian Schäfer
Although numerical approximation and statistical in-
ference are traditionally seen as entirely separate subjects,
they are intimately connected through the common pur-
pose of making estimations with partial information. This
shared purpose is currently stimulating a growing inter-
est in statistical inference/machine-learning approaches to
solving PDEs [8,13], in the use of randomized algorithms
in linear algebra [2], and in the merging of numerical er-
rors withmodeling errors in uncertainty quantification [3].
While this interestmight be perceived as a recent phenome-
non, interplays between numerical approximation and sta-
tistical inference are not new. Indeed, they can be traced
back to Poincaré’s course in probability theory (1896) and
to the pioneering investigations of Sul’din [19], Palasti and
Renyi [12], Sard [14], Kimeldorf and Wahba [4] (on the

Houman Owhadi is a professor of applied and computational mathematics and
control and dynamical systems at the California Institute of Technology. His
email address is owhadi@caltech.edu.
Clint Scovel is a research associate at the California Institute of Technology. His
email address is clintscovel@gmail.com.
Florian Schäfer is a graduate student in applied and computational mathemat-
ics at the California Institute of Technology. His email address is Florian
.Schaefer@caltech.edu.

Communicated by Notices Associate Editor Reza Malek-Madani.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti1963

correspondence between Bayesian estimation and spline
smoothing/interpolation), and Larkin [5] (on the corre-
spondence between Gaussian process regression and nu-
merical approximation). Although their study initially “at-
tracted little attention among numerical analysts” [5], it
was revived in information-based complexity (IBC) [20],
Bayesian numerical analysis [1], andmore recently in prob-
abilistic numerics [3]. This short review is an invitation
to explore these connections from the consolidating per-
spective of game/decision theory as presented in [10]. It is
motivated by the suggestion that these confluences might
not just be objects of curiosity but constitute a pathway to
simple solutions to fundamental problems in both areas.

Modeling a Known Function as the Instantiation
of a Random Process
In [1], Diaconis presents a simple but compelling connec-
tion between numerical analysis and Bayesian inference:
Consider the problem of computing

∫
1

0
𝑢(𝑡)𝑑𝑡 (1)

for a given function 𝑢 (e.g., 𝑢(𝑡) = 𝑡𝑒sin√𝑡). Although 𝑢
is perfectly known, it does not have a trivial primitive, and
its integral must be numerically approximated by evalu-
ating 𝑢 at a finite number of points (e.g., 𝑡𝑖 = 𝑖

𝑁 , 𝑖 ∈
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{0, 1,… ,𝑁}) and using a quadrature formula (e.g., ∫10 𝑢(𝑡)
𝑑𝑡 ≈ ∑𝑁

𝑖=1
𝑢(𝑡𝑖)+𝑢(𝑡𝑖−1)

2 Δ𝑡 with Δ𝑡 = 1/𝑁). Surprisingly,
if we instead assume 𝑢 to be generated by a Brownian mo-
tion 𝐵𝑡 and approximate ∫10 𝑢(𝑡)𝑑𝑡 with the conditional

expectation 𝔼[∫10 𝐵𝑡 𝑑𝑡 ∣ 𝐵𝑡𝑖 = 𝑢(𝑡𝑖)∀𝑖], we rediscover
the trapezoidal quadrature rule. Moreover, assuming 𝑢
to be generated by integrals of Brownian motion yields
higher-order quadrature rules.

Although this approach of modelling a perfectly known
function as a sample from a random process may seem
counterintuitive, a natural framework for understanding it
can be found in information-based complexity (IBC) [20],
the branch of computational complexity founded on the
observation that numerical implementation requires com-
putation with partial information and limited resources.
In IBC, the performance of an algorithm operating on in-
complete information can be analyzed in the worst case
or the average case (randomized) setting with respect to
the missing information. Moreover, as observed by Packel
[11], the average case setting could be interpreted as a
mixed strategy in an adversarial game obtained by lifting a
(worst case) minmax problem to a minmax problem over
mixed (randomized) strategies. This observation initiates
[9, 10] a natural connection between numerical approxi-
mation and Wald’s decision theory, evidently influenced
by von Neumann’s theory of games.

Optimal Recovery and Gaussian Process
Regression
The framework of optimal recovery of Micchelli and Rivlin
[7] provides a natural setting for presenting the correspon-
dence between numerical approximation (NA) and Gauss-
ian process regression (GPR) from a game theoretic per-
spective. Consider a Banach spaceℬ andwrite [⋅, ⋅] for the
duality product between ℬ and its dual space ℬ∗. When
ℬ is infinite- (or high-) dimensional, one cannot directly
compute with 𝑢 ∈ ℬ but only with a finite number of
features of 𝑢. The type of features we consider here are
represented as a vector Φ(𝑢) ∶= ([𝜙1, 𝑢],… , [𝜙𝑚, 𝑢])
corresponding to 𝑚 linearly independent measurements
𝜙1,… ,𝜙𝑚 ∈ ℬ∗. The objective is to recover/approxi-
mate 𝑢 from the partial information contained in the fea-
ture vector Φ(𝑢). To quantify errors in the recovery, let
𝑄 ∶ ℬ∗ → ℬ be a bijection that is symmetric and posi-
tive, in that [𝜙,𝑄𝜑] = [𝜑,𝑄𝜙] and [𝜙,𝑄𝜙] ≥ 0 for
𝜙,𝜑 ∈ ℬ∗, and endow ℬ with the quadratic norm ‖ ⋅ ‖
defined by ‖𝑢‖2 ∶= [𝑄−1𝑢,𝑢]. Then, using the relative
error in ‖⋅‖-norm as a loss, the classical numerical analysis
approach is to approximate 𝑢 with the minimizer 𝑣† of

min
𝑣

max
𝑢

‖𝑢− 𝑣(Φ(𝑢))‖
‖𝑢‖ . (2)

The minimum over all possible functions of the 𝑚 linear
measurements is

𝑣† =
𝑚
∑
𝑖=1

[𝜙𝑖, 𝑢]𝜓𝑖, (3)

where the elements

𝜓𝑖 ∶=
𝑚
∑
𝑗=1

Θ−1
𝑖,𝑗 𝑄𝜙𝑗, 𝑖 ∈ {1,… ,𝑚}, (4)

of ℬ, known as optimal recovery splines, are defined us-
ing the components Θ−1

𝑖,𝑗 of the inverse Θ−1 of the Gram
matrix Θ defined by Θ𝑖,𝑗 ∶= [𝜙𝑖,𝑄𝜙𝑗].

The minmax problem (2) can be viewed as the adversar-
ial zero sum game

(Player I) 𝑢 ∈ ℬ

max   A
AA

AA
AA

A 𝑣

min����
��
��
�

(Player II)

‖𝑢−𝑣(Φ(𝑢))‖
‖𝑢‖

(5)

in which Player I chooses an element 𝑢 of the linear space
ℬ and Player II (who does not see 𝑢) must approximate
Player I’s choice based on seeing the finite number of linear
measurements Φ(𝑢) of 𝑢.

The function (𝑢, 𝑣) ↦ ‖𝑢−𝑣(Φ(𝑢))‖
‖𝑢‖ has no saddle

points, so to identify a minmax solution as a saddle point
one can proceed, as in von Neumann’s game theory, by
introducing mixed/randomized strategies and lifting the
problem to probability measures over all possible choices
for Players I and II. To articulate the optimal strategies, ob-
serve that a centered Gaussian field 𝜉 with covariance op-
erator 𝑄, denoted 𝜉 ∼ 𝒩(0,𝑄), is an isometry mapping
ℬ∗ to a space of centered Gaussian random variables such
that

[𝜙,𝜉] ∼ 𝒩(0, ‖𝜙‖2
∗), 𝜙 ∈ ℬ∗,

where ‖ ⋅ ‖∗ is the dual norm of ‖ ⋅ ‖ defined by ‖𝜙‖∗ =
sup𝑣∈ℬ[𝜙,𝑣]/‖𝑣‖ = [𝜙,𝑄𝜙] 1

2 . For the lifted version
of the game (5), the optimal strategy of Player I is the cen-
tered Gaussian field 𝜉 ∼ 𝒩(0,𝑄), and the optimal strat-
egy of Player II is the pure (deterministic) strategy defined
by its conditional expectation

𝑣† = 𝔼[𝜉 ∣ [𝜙𝑖, 𝜉] = [𝜙𝑖, 𝑢] for all 𝑖] , (6)

which is equal to the optimal recovery solution (3). The
optimal recovery splines (4) can also be interpreted as ele-
mentary gambles/bets

𝜓𝑖 = 𝔼[𝜉 ∣ [𝜙𝑗, 𝜉] = 𝛿𝑖,𝑗 for all 𝑗], (7)

which we call gamblets, for playing the game. Here the op-
timal strategy of Player II is a pure strategy because ‖ ⋅ ‖
is convex, and the optimal strategy of Player I is Gaussian
because ‖ ⋅ ‖ is quadratic.

As an illustration of this approach, consider again the
numerical quadrature problem associated with computing
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∫10 𝑢(𝑡)𝑑𝑡. Take ℬ = ℋ1[0, 1] endowed with the qua-

dratic norm ‖𝑢‖2 ∶= (𝑢(0))2 + ∫10 (
𝑑𝑢(𝑡)
𝑑𝑡 )2 𝑑𝑡 and con-

sider the problem of recovering 𝑢 ∈ ℬ from the incom-
plete measurements 𝑢(𝑡𝑖) (= ∫10 𝑢𝜙𝑖 with𝜙𝑖 = δ(⋅−𝑡𝑖))
using the relative error in ‖ ⋅ ‖-norm as a loss. Then the
Gaussian field 𝜉 defined by the norm ‖ ⋅ ‖ is a scaled and
shifted Brownian motion, and (6) leads to an approxima-
tion that is optimal in both the optimal recovery (worst
case) sense and the game theoretic sense, identifying [7]
the optimal recovery estimate of the integral with the inte-
gral of the optimally estimated 𝑢. This recovers the trape-
zoidal rule with

∫
1

0
𝑢(𝑡)𝑑𝑡 ≈ ∫

1

0
𝔼[𝜉 ∣ [𝜙𝑖, 𝜉] = [𝜙𝑖, 𝑢] for all 𝑖]

by observing that the splines (7) are the usual piecewise
linear tent basis functions and (6) is the piecewise linear
interpolation of 𝑢.

Figure 1. For 𝑠 > 𝑑/2, 𝜉 is a centered Gaussian process on Ω
with covariance function 𝔼[𝜉(𝑥)𝜉(𝑦)] = 𝐺(𝑥,𝑦), where 𝐺 is
Green’s function of the operator ℒ [10].

In the Setting of Sobolev Spaces
These interplays provide simple solutions to classical prob-
lems in numerical approximation andGaussian process re-
gression, and we will illustrate this in the setting of a linear
operator

ℒ ∶ ℋ𝑠
0 (Ω) → ℋ−𝑠(Ω) (8)

mapping the Sobolev space ℋ𝑠
0 (Ω) to its dual space

ℋ−𝑠(Ω), where 𝑠, 𝑑 ∈ ℕ∗ and Ω ⊂ ℝ𝑑 is a regular
bounded domain. Assume ℒ to be an arbitrary symmet-
ric (∫Ω 𝑢ℒ𝑣 = ∫Ω 𝑣ℒ𝑢), positive (∫Ω 𝑢ℒ𝑢 ≥ 0), and local
(∫Ω 𝑢ℒ𝑣 = 0 if 𝑢 and 𝑣 have disjoint supports) linear bi-
jection. Write [𝜙,𝑢] ∶= ∫Ω 𝜙𝑢 for the duality product
between 𝜙 ∈ ℋ−𝑠(Ω) and 𝑢 ∈ ℋ𝑠

0 (Ω). Let ℬ be the
Sobolev spaceℋ𝑠

0 (Ω) endowed with the quadratic energy
norm ‖𝑢‖2 ∶= [ℒ𝑢,𝑢]. When 𝑠 > 𝑑/2, Green’s function
𝐺 ofℒ is a well-defined continuous symmetric positive def-
inite kernel, and one can consider the centered Gaussian

process 𝜉 with covariance function 𝐺 (see Figure 1).

Figure 2. Ω and 𝑥1,… , 𝑥𝑚 [10].

Consider the problem of finding an approximation of
an unknown element 𝑢 ∈ ℋ𝑠

0 (Ω) given its values at the
points 𝑥1,… , 𝑥𝑚 (see Figure 2). Then, using the relative
error in ‖ ⋅‖, as in (2), as a loss, the minmax recovery of 𝑢
is obtained in (6) by conditioning the Gaussian process 𝜉
on the values of𝑢 at the points 𝑥1,… , 𝑥𝑚, and the optimal
solution (3) corresponds to the formula

𝑣†(𝑥) =
𝑚
∑

𝑖,𝑗=1
𝑢(𝑥𝑖)Θ−1

𝑖,𝑗 𝐺(𝑥𝑗, 𝑥), (9)

where Θ−1
𝑖,𝑗 is the (𝑖, 𝑗)th entry of the inverse Θ−1 of the

kernel matrix Θ defined by Θ𝑖,𝑗 ∶= 𝐺(𝑥𝑖, 𝑥𝑗). Surpris-
ingly, the standard deviation 𝜎(𝑥) of 𝜉(𝑥) conditioned
on the values of 𝜉 at the points 𝑥𝑖 (represented by
𝜎2(𝑥) ∶= 𝐺(𝑥, 𝑥) − ∑𝑚

𝑖,𝑗=1 Θ−1
𝑖,𝑗 𝐺(𝑥, 𝑥𝑗)𝐺(𝑥, 𝑥𝑖)) also

bounds the deterministic interpolation error via

|𝑢(𝑥) − 𝑣†(𝑥)| ≤ 𝜎(𝑥)‖𝑢‖∀𝑥 . (10)

Estimates such as (10) are obtained in radial basis func-
tion interpolation (where the conditional variance 𝜎2(𝑥)
is known as the power function) by identifying (ℋ𝑠

0 (Ω),
‖ ⋅ ‖) as a reproducing kernel Hilbert space (RKHS) with
reproducing kernel 𝐺. In the RKHS framework 𝑣† is iden-
tified as theminimizer of ‖𝑣‖ over 𝑣 ∈ ℋ𝑠

0 (Ω) subject to
𝑣(𝑥𝑖) = 𝑢(𝑥𝑖) for all 𝑖, which, by the representer theorem,
can be expressed as (3) (i.e., 𝑣†(𝑥) = ∑𝑚

𝑗=1 𝑐𝑗𝐺(𝑥𝑗, 𝑥),
and the 𝑐𝑖 are obtained by enforcing the interpolation con-
straints 𝑣†(𝑥𝑖) = 𝑢(𝑥𝑖) for all 𝑖). This recovery approach
is naturally generalized, in regularization and learning
theory, to noisy observations 𝑦𝑖 of the data 𝑢(𝑥𝑖) by min-

imizing ∑𝑚
𝑖=1 (𝑦𝑖 − 𝑣(𝑥𝑖))2 + 𝜆‖𝑣‖2 over 𝑣 ∈ ℋ𝑠

0 (Ω)
(which corresponds to conditioning 𝜉 on 𝑦𝑖 = 𝑢(𝑥𝑖)+𝑍𝑖,
where the𝑍𝑖 are i.i.d. centered Gaussian random variables
with variance 𝜆).

When 𝑠 ≤ 𝑑/2, Green’s function 𝐺 of ℒ exists in the
sense of distributions, and 𝜉 ∼ 𝒩(0,ℒ−1) is defined in
a weak sense as a Gaussian field; that is, after integration
against a test function 𝜙 ∈ ℋ−𝑠(Ω), ∫Ω 𝜉𝜙 ∼ 𝒩(0,
∫Ω2 𝜙(𝑥)𝐺(𝑥,𝑦)𝜙(𝑦)𝑑𝑥𝑑𝑦). Figure 3 shows an instan-
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Figure 3. Simulation of the Gaussian field 𝜉 [10].

tiation of 𝜉 for the divergence form elliptic operator ℒ ∶=
−div(𝑎∇⋅) with a uniformly elliptic, bounded, and
rough conductivity 𝑎(𝑥).

Numerical Homogenization
Consider the problemof identifying𝑚 basis functions that
are (i) as accurate as possible in approximating the solu-
tion space ℒ−1(𝐿2(Ω)) of ℒ and (ii) as localized as possi-
ble. This problem, known as numerical homogenization,
is nontrivial because requirements (i) and (ii) are conflict-
ing. Indeed the optimal basis functions for accuracy are
the eigenfunctions associated with the lowest eigenvalues
of ℒ, which are nonlocalized. Conditioning the Gaussian
process 𝜉 in (7) provides a simple solution [9, 10] to this
problem, along with a generalization [8] of rough poly-
harmonic splines and of variational multiscale/LOD basis
functions [6].

Figure 4. 𝜏𝑖 and 𝑥𝑖. ℎ relates to the size of the 𝜏𝑖 and 𝛿−2 to
their aspect ratios [10].

Given ℎ > 0 and 𝛿 ∈ (0, 1), partition Ω into subsets
𝜏1,… ,𝜏𝑚 such that each𝜏𝑖 is contained in a ball of center
𝑥𝑖 and radius 𝛿−1ℎ and contains a ball of radius 𝛿ℎ (see
Figure 4). Let 𝜙𝑖 ∶= 1𝜏𝑖/√|𝜏𝑖| be the weighted indicator
function of 𝜏𝑖, where |𝜏𝑖| is the volume of 𝜏𝑖, or, for 𝑠 >
𝑑/2, let 𝜙𝑖 ∶= ℎ𝑑/2δ(⋅ − 𝑥𝑖) be the scaled Dirac delta
function located at 𝑥𝑖. Then, the splines 𝜓𝑖, defined in
(4) and (7) and illustrated in Figure 5, achieve the same
accuracy as the eigenfunctions of ℒ associated with the 𝑚

lowest eigenvalues up to a multiplicative constant,1 in that

inf
𝑣∈span{𝜓1,…,𝜓𝑚}

‖ℒ−1𝑓 − 𝑣‖ℋ𝑠
0 (Ω) ≤ 𝐶ℎ𝑠‖𝑓‖𝐿2(Ω),

for 𝑓 ∈ 𝐿2(Ω) (ℎ ≈ 𝑚− 1
𝑑 ), and they are exponentially

localized, in that

‖𝜓𝑖‖ℋ𝑠(Ω\𝐵(𝑥𝑖,𝑛ℎ)) ≤ 𝐶ℎ−𝑠𝑒−𝑛/𝐶. (11)

Figure 5. Left: 𝜓𝑖. Right: 𝑥-axis slice of 𝜓𝑖 [10].

When ℒ is a power of the Laplacian (i.e., ℒ = Δ𝑠) and
the 𝜙𝑖 are (unscaled) Dirac delta functions, then the 𝜓𝑖
provide a generalization of the polyharmonic splines of
Harder and Desmarais (1972) and Duchon (1977) and
of the cardinal splines of Schoenberg [16]. Indeed, when
𝑑 = 1 and the 𝑥𝑖 are located on the grid ℤ of the real
line, the representation (4) identifies the 𝜓𝑖 with cardinal

splines [16] (characterized by 𝜓𝑖(𝑥𝑗) = 𝛿𝑖,𝑗,
𝑑2𝑠𝜓𝑖
𝑑𝑥2𝑠 = 0

on the complement of the points 𝑥𝑖 and the continuity of
derivatives of order 2𝑠 − 2 of 𝜓𝑖). Furthermore, when
𝑑 ≥ 1, the general variational formulation

𝜓𝑖 = argmin
⎧⎪⎪
⎨⎪⎪⎩

Minimize ‖𝜓‖,
Subject to 𝜓 ∈ ℬ,
and [𝜙𝑗,𝜓] = 𝛿𝑖,𝑗 ∀𝑗

(12)

of the optimal recovery splines (4) identifies the 𝜓𝑖 with
polyharmonic splines and, as observed by Madych and
Nelson (1990), also identifies polyharmonic splines as a
multivariate generalization of cardinal splines.

Screening Effect
The above results on exponential decay also provide proof
of a version of the phenomenon known, in Kriging and
geostatistics, as the screening effect [17]. The heuristic idea
(for 𝑠 > 𝑑/2) is that although 𝜉(𝑥) and 𝜉(𝑦) are signif-
icantly correlated due to the slow decay of Green’s func-
tion 𝐺(𝑥,𝑦) in the distance between 𝑥 and 𝑦 (see Figure
1), they become nearly independent after conditioning on
the values of the field at the points in between. For ho-
mogeneously spaced points, this effect is obtained from
the exponential decay of the gamblets as follows. Write

1Throughout, write 𝐶 for a constant depending only on Ω, 𝑠, 𝑑, 𝛿, ℎ, ‖ℒ‖,
and ‖ℒ−1‖.
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Cor(𝑋,𝑌|⋅) for the conditional correlation between ran-
dom variables 𝑋 and 𝑌 and ⟨𝑢, 𝑣⟩ ∶= ∫Ω 𝑢ℒ𝑣 for the
energy scalar product. Then the general identity

Cor ([𝜙𝑖, 𝜉], [𝜙𝑗, 𝜉]|[𝜙𝑙, 𝜉] for 𝑙 ≠ 𝑖, 𝑗)

= − ⟨𝜓𝑖,𝜓𝑗⟩
‖𝜓𝑖‖‖𝜓𝑗‖

,

employed with 𝜙𝑖 ∶= δ(⋅ − 𝑥𝑖), equates the correlation
of the random variables 𝜉(𝑥𝑖) and 𝜉(𝑥𝑗) conditioned on
the values of 𝜉(𝑥𝑙) for all 𝑙 ≠ 𝑖, 𝑗 (see Figure 6) with the
negative cosine of the angle between the gamblets 𝜓𝑖 and
𝜓𝑗. Combined with the exponential decay (11), this leads
to

| Cor (𝜉(𝑥𝑖), 𝜉(𝑥𝑗)|𝜉(𝑥𝑙) for 𝑙 ≠ 𝑖, 𝑗)|≤𝐶𝑒−𝐶−1 |𝑥𝑖−𝑥𝑗|
ℎ .

Figure 6. Consider the correlation between 𝜉(𝑥𝑖) and 𝜉(𝑥𝑗)
given 𝜉(𝑥𝑙) for all 𝑙 ≠ 𝑖, 𝑗 [10].

Operator Adapted Wavelets
Consider the problem of identifying wavelets adapted to
the operator ℒ in the sense that the matrix representation
ofℒ in the basis formed by thesewavelets is block-diagonal
with uniformlywell-conditioned and sparse blocks (Figure
7). The three corresponding properties for these wavelets
are (i) orthogonality across scales in the energy scalar prod-
uct; (ii) uniform boundedness of the condition numbers
of the operator within each subband, i.e., uniform Riesz
stability in the energy norm; and (iii) exponential decay.
As reviewed in [18], although adapted wavelets achieving
two of these properties have been constructed, it was not
known “if there is a practical technique for ensuring all the
three properties simultaneously in general” [18, p. 83].

We now present a solution to this problem [9, 10, 15]
using the construction of the elementary bets of the game
(5), as illustrated in Figure 8. First, construct a hierarchy

𝜙(𝑘)
𝑖 = ∑

𝑗∈ℐ(𝑘+1)
𝜋(𝑘,𝑘+1)

𝑖,𝑗 𝜙(𝑘+1)
𝑗 (13)

of linearly nested elements of ℋ−𝑠(Ω), employed to rep-
resent the process of computing over a hierarchy of levels
of complexity. Figure 8 displays this solution when these

Figure 7. Matrix representation of ℒ in a finite element basis
of fully adapted wavelets [10].

elements are chosen to be the Haar pre-wavelets 𝜙(𝑘)
𝑖 ∶=

1𝜏(𝑘)
𝑖
/√|𝜏

(𝑘)
𝑖 | of Figure 9.

To construct these Haar pre-wavelets, set 𝑞 ∈ ℕ∗∪{∞}
and ℎ,𝛿 ∈ (0, 1). Use 𝑘 as an index for scale and 𝑖 ∈ ℐ(𝑘)
as an index for location, and let the 𝜏(𝑘)

𝑖 be subsets of
Ω such that (a) each 𝜏(𝑘)

𝑖 contains a ball of radius 𝛿ℎ𝑘

and is contained in a ball of radius 𝛿−1ℎ𝑘, (b) (𝜏(𝑘)
𝑖 )𝑖∈ℐ(𝑘)

forms a partition of Ω, and (c) (𝜏(𝑘+1)
𝑖 )𝑖∈ℐ(𝑘+1) forms a

subpartition of (𝜏(𝑘)
𝑖 )𝑖∈ℐ(𝑘) .

2 Now consider the down-
scaling game where Player I chooses an unknown element
𝑢 ∈ ℋ𝑠

0 (Ω) and Player IImust approximate𝑢 after seeing

level 𝑘 measurements ([𝜙(𝑘)
𝑖 , 𝑢])𝑖∈ℐ(𝑘) . Using relative er-

ror in ‖ ⋅‖-norm as a loss, the sequence of optimal bets of
Player II, 𝑢(𝑘) = 𝔼[𝜉 ∣ [𝜙(𝑘)

𝑖 , 𝜉] = [𝜙(𝑘)
𝑖 , 𝑢]∀𝑖 ∈ ℐ(𝑘)],

is obtained by conditioning 𝜉 ∼ 𝒩(0,ℒ−1) and forming
a martingale under the filtration induced by these hierar-
chical measurements. Conditioning 𝜉 on the elementary
measurements [𝜙(𝑘)

𝑖 , 𝜉] = 𝛿𝑖,𝑗, represented in the transi-
tion from left to right in the upper half of Figure 8, pro-
duces the hierarchy of elementary bets, or gamblets,

𝜓(𝑘)
𝑖 ∶= ∑

𝑗∈ℐ(𝑘)
Θ(𝑘),−1

𝑖,𝑗 ℒ−1𝜙(𝑘)
𝑗 , 𝑖 ∈ ℐ(𝑘), (14)

acting as ℒ-adapted pre-wavelets, displayed in more de-
tail in Figure 10. In (14) Θ(𝑘),−1

𝑖,𝑗 is the (𝑖, 𝑗)th coefficient

of the inverse Θ(𝑘),−1 of Θ(𝑘) with entries Θ(𝑘)
𝑖,𝑗 =

∫𝜙(𝑘)
𝑖 ℒ−1𝜙(𝑘)

𝑗 .

The nesting of the 𝜙(𝑘)
𝑖 implies that of the 𝜓(𝑘)

𝑖 . More
specifically, we obtain that

𝜓(𝑘)
𝑖 = ∑

𝑗∈ℐ(𝑘+1)
𝑅(𝑘,𝑘+1)

𝑖,𝑗 𝜓(𝑘+1)
𝑗 , 𝑖 ∈ ℐ(𝑘), (15)

where the interpolation matrix 𝑅(𝑘,𝑘+1) has the entries

𝑅(𝑘,𝑘+1)
𝑖,𝑗 =𝔼[[𝜙(𝑘)

𝑗 , 𝜉]∣[𝜙(𝑘−1)
𝑙 , 𝜉]=𝛿𝑖,𝑙, 𝑙 ∈ ℝℐ(𝑘−1)],

2Let the set of labels ℐ(𝑘) used to label the nested subsets (𝜏(𝑘)
𝑖 )𝑖∈ℐ(𝑘),𝑘∈{1,…,𝑞}

be chosen to be a finite set of 𝑘-tuples of the form 𝑖 = (𝑖1,… , 𝑖𝑘).
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Figure 8. Overview of the construction of operator adapted wavelets [10].

identified, in the upscaling game, as the optimal bet of
Player II on [𝜙(𝑘)

𝑗 , 𝑢] given that [𝜙(𝑘−1)
𝑙 , 𝑢] = 𝛿𝑖,𝑙 for

𝑙 ∈ ℐ(𝑘−1). Since the corresponding linear spaces

Ψ(𝑘) ∶= span{𝜓(𝑘)
𝑖 ∣ 𝑖 ∈ ℐ(𝑘)}

satisfy the nesting relation Ψ(𝑘) ⊂ Ψ(𝑘+1), the ⟨⋅, ⋅⟩-or-
thogonal complement

Ψ(𝑘) = Ψ(𝑘−1) ⊕𝔛(𝑘)

ofΨ(𝑘−1) inΨ(𝑘) is, under conditions to be discussed, iden-
tical to the span

𝔛(𝑘) = span{𝜒(𝑘)
𝑖 ∣ 𝑖 ∈ 𝒥(𝑘)}

of the operator adapted wavelets

𝜒(𝑘)
𝑖 ∶= ∑

𝑗∈ℐ(𝑘)
𝑊(𝑘)

𝑖,𝑗 𝜓(𝑘)
𝑗 , 𝑖 ∈ 𝒥(𝑘), (16)

obtained by taking what amounts to local differences of
the pre-wavelets 𝜓(𝑘)

𝑖 . This transition from the optimal re-
covery splines 𝜓(𝑘)

𝑖 to the operator adapted wavelets 𝜒(𝑘)
𝑖

is represented in the transition from top to bottom in the
right half of Figure 8 and is illustrated in more detail in
Figure 11. Here, using 𝒥(𝑘) to label3 the elements 𝜒(𝑘)

𝑖 ,

3Let (𝒥(𝑘))2≤𝑘≤𝑞 be a finite set of 𝑘-tuples of the form 𝑗 = (𝑗1,… , 𝑗𝑘) such

that (𝑗1,… , 𝑗𝑘−1) ∈ ℐ(𝑘−1) and |𝒥(𝑘)| = |ℐ(𝑘)| − |ℐ(𝑘−1)|.

the𝑊(𝑘) are 𝒥(𝑘)×ℐ(𝑘) matrices (with orthonormal rows)
such that Ker(𝜋(𝑘−1,𝑘)) = Im((𝑊(𝑘))𝑇) and 𝑊(𝑘)

𝑖,𝑗 = 0
for (𝑖1,… , 𝑖𝑘−1) ≠ (𝑗1,… , 𝑗𝑘−1). For simplicity write
𝜒(1)
𝑖 for 𝜓(1)

𝑖 and 𝔛(1) for Ψ(1). Then (i) the 𝜒(𝑘)
𝑖 are scale-

orthogonal across 𝑘 with respect to the energy scalar prod-
uct ⟨⋅, ⋅⟩, (ii) they are exponentially localized, and (iii) ℒ
is well conditioned in each subband𝔛(𝑘), in the sense that
the condition number of the stiffness matrix 𝐵(𝑘) with en-
tries

𝐵(𝑘)
𝑖,𝑗 ∶= ⟨𝜒(𝑘)

𝑖 , 𝜒(𝑘)
𝑗 ⟩ (17)

is uniformly bounded across 𝑘 by

Cond(𝐵(𝑘)) ≤ 𝐶ℎ−2 ∀𝑘 .

Figure 9. The subsets 𝜏(𝑘)
𝑖 . Selecting ℎ ∶= 1

2 and 𝛿 ∶= 1
2 [10].
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Figure 10. Gamblets 𝜓(𝑘)
𝑖 for 1 ≤ 𝑘 ≤ 7 [10].

Fast Solvers
Since the 𝔛(𝑘) are scale-orthogonal, the linear system

ℒ𝑢 = 𝑓 (18)

can be solved independently in each subband 𝔛(𝑘) (using
the 𝜒(𝑘)

𝑖 as finite elements; see Figure 12 for an illustration
of the corresponding subband solutions 𝑢(𝑘) − 𝑢(𝑘−1)),
and this gamblet transform has turned (18) into a set of
uniformly well-conditioned and sparse linear systems that
can be solved independently. The gamblets 𝜒(𝑘)

𝑖 can be
computed in 𝒪(𝑁 log2𝑑+1 𝑁) complexity based on three
properties: (i) the nesting 𝜓(𝑘)

𝑖 = ∑𝑗 𝑅(𝑘,𝑘+1)
𝑖,𝑗 𝜓(𝑘+1)

𝑗 en-

ables the hierarchical computation of the 𝜓(𝑘)
𝑖 , (ii) the ex-

ponential decay of the𝜓(𝑘)
𝑖 implies the near-sparsity of the

interpolation matrices𝑅(𝑘−1,𝑘) and stiffness matrices 𝐵(𝑘),
and (iii) the uniform bound on Cond(𝐵(𝑘)). Once these
gamblets have been computed the linear system (18) can
be solved in 𝒪(𝑁 log𝑑+1 𝑁) complexity.

Sparse and Rank-revealing Multiresolution
Representation of Green’s Function
For 𝑞 = ∞ we have the following multiresolution orthog-
onal direct sum decomposition of the solution space,

ℋ𝑠
0 (Ω) =

∞
⨁
𝑘=1

𝔛(𝑘), (19)

and the multiresolution decomposition

𝐺(𝑥,𝑦) =
∞
∑
𝑘=1

∑
𝑖,𝑗∈𝒥(𝑘)

𝐵(𝑘),−1
𝑖,𝑗 𝜒(𝑘)

𝑖 (𝑥)𝜒(𝑘)
𝑗 (𝑦) (20)

Figure 11. 𝜓(1)
𝑖 and scale-orthogonalized gamblets 𝜒(𝑘)

𝑖 for
fixed 𝑖 and 2 ≤ 𝑘 ≤ 7 [10].

Figure 12. Multiresolution decomposition of the solution 𝑢 of
ℒ𝑢 = 𝑓 with 𝑓 ∈ 𝐿2(Ω) [10]. The % numbers below the
subband projections correspond to the relative energy
content of that subband.

of Green’s function 𝐺 of ℒ. The estimates4

𝐶−1ℎ2𝑠𝑘𝐽(𝑘) ≤ 𝐵(𝑘),−1 ≤ 𝐶ℎ2𝑠𝑘𝐽(𝑘) (21)

and

𝐵(𝑘),−1
𝑖,𝑗 ≤ 𝐶ℎ2𝑠𝑘𝑒−

𝑑𝑖,𝑗
𝐶ℎ𝑘 (22)

imply that the representation (20) is (i) rank-revealing, in
the sense that the principal submatrix truncation

𝐺(𝑘)(𝑥, 𝑦) =
𝑘
∑
𝑘′=1

∑
𝑖,𝑗∈𝒥(𝑘′)

𝐵(𝑘′),−1
𝑖,𝑗 𝜒(𝑘′)

𝑖 (𝑥)𝜒(𝑘′)
𝑗 (𝑦)

of 𝐺 is a low rank approximation of 𝐺 that is optimal up
to a multiplicative constant, i.e., ‖𝐺𝑓 − 𝐺(𝑘)𝑓‖ℋ𝑠

0 (Ω) ≤
𝐶ℎ𝑘𝑠‖𝑓‖𝐿2(Ω), and (ii) sparse, in the sense that for 𝑖, 𝑗∈

4Write 𝐽(𝑘) for the 𝒥(𝑘) × 𝒥(𝑘) identity matrix. For 𝑖, 𝑗 ∈ 𝒥(1) write 𝑑𝑖,𝑗
for the distance between the support of 𝜙(1)

𝑖 and that of 𝜙(1)
𝑗 . For 𝑘 ≥ 2 and

𝑖, 𝑗 ∈ 𝒥(𝑘) write 𝑑𝑖,𝑗 for the distance between the support of 𝜙(𝑘−1)
𝑖(𝑘−1) and that

of 𝜙(𝑘−1)
𝑗(𝑘−1) .
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𝒥(𝑘) and 𝑓 ∈ ℋ−𝑠(Ω), ‖𝐵(𝑘),−1
𝑖,𝑗 𝜒(𝑘)

𝑖 [𝑓, 𝜒(𝑘)
𝑗 ]‖ℋ𝑠

0 (Ω) ≤

𝐶𝑒−
𝑑𝑖,𝑗
𝐶ℎ𝑘 ‖𝑓‖ℋ−𝑠(Ω) .

Multiresolution Representation of the Gaussian
Field 𝜉
The multiresolution decomposition (20) of Green’s
function naturally corresponds to a multiresolution
decomposition of the Gaussian field 𝜉 ∼ 𝒩(0,ℒ−1). Let-
ting (𝑌(𝑘))𝑘≥1 be independent Gaussian vectors 𝑌(𝑘) ∼
𝒩(0,𝐵(𝑘),−1) with 𝐵(𝑘) defined in (17), we have the de-
composition

𝜉 =
∞
∑
𝑘=1

∑
𝑖∈𝒥(𝑘)

𝑌(𝑘)
𝑖 𝜒(𝑘)

𝑖 (23)

of the Gaussian field 𝜉 into modes 𝜉(𝑘) − 𝜉(𝑘−1) =
∑𝑖∈𝒥(𝑘) 𝑌(𝑘)

𝑖 𝜒(𝑘)
𝑖 oscillating at different scales (see Figure

13). Interpreting the Gaussian field 𝜉 as a randomization
of𝑢, it follows that the subband components𝑢(𝑘)−𝑢(𝑘−1)

of a solution 𝑢 toℒ𝑢 = 𝑓, illustrated in Figure 12, are sim-
ply conditional realizations of the modes 𝜉(𝑘)−𝜉(𝑘−1) on
the information contained in the difference between level
𝑘 and level 𝑘 − 1 measurements.

Figure 13. Simulation of the Gaussian fields 𝜉(1) and
(𝜉(𝑘) −𝜉(𝑘−1))𝑘≥2 [10].

The Cholesky Factorization of Dense Kernel
Matrices
Now, let us demonstrate the confluence of NA and GPR in
elementary linear algebra operations. Let 𝑥1,… , 𝑥𝑁 be 𝑁
homogeneously distributed points ofΩ. For 𝑠 > 𝑑/2 con-
sider the 𝑁×𝑁 symmetric positive definite dense kernel
matrix Θ defined by

Θ𝑖,𝑗 = 𝐺(𝑥𝑖, 𝑥𝑗) . (24)

Since Θ is dense the computational complexities of sim-
ple linear algebra operations (with vanilla methods) are as
follows: (i) storage: 𝒪(𝑁2), (ii) Θ𝑣: 𝒪(𝑁2), (iii) Θ−1𝑣:
𝒪(𝑁3), (iv) det(Θ): 𝒪(𝑁3), and (v) principal compo-
nent analysis of Θ: 𝒪(𝑁3).

Opening these complexity bottlenecks is of practical im-
portance in (i) computational physics, (ii) Gaussian pro-
cess statistics (where Θ is the covariance matrix of the vec-
tor (𝜉(𝑥1),… ,𝜉(𝑥𝑁)) corresponding to the centered
Gaussian process 𝜉 with covariance function 𝐺), and (iii)
kernel methods for machine learning (e.g., support vector
machines).

Figure 14. Decomposition of 𝑥1,… , 𝑥𝑁 into a nested hierarchy
[15].

Here, the link between NA and GPR can be used to de-
rive a simple incomplete Cholesky factorization algorithm
enabling the operations mentioned above in near-linear
complexity [15]. This algorithm (i) selects 𝒪(𝑁 log𝑁
log𝑑 (𝑁/𝜖)) entries of Θ and an ordering 𝑥1,… , 𝑥𝑁, rep-
resented by a permutation matrix𝑃; (ii) from these entries
and permutation, in complexity 𝒪(𝑁 log𝑁 log𝑑(𝑁/𝜖))
in space and 𝒪(𝑁 log2 𝑁log2𝑑(𝑁/𝜖)) in time, it com-
putes a sparse lower triangular matrix 𝐿 such that the num-
ber of nonzero entries of 𝐿 is𝒪(𝑁 log𝑁 log𝑑(𝑁/𝜖)) and

‖𝑃𝑇Θ𝑃− 𝐿𝐿𝑇‖𝐹 ≤ 𝜖, (25)

where ‖ ⋅ ‖𝐹 is the Frobenius norm.
The idea of the algorithm is to first decompose 𝑥1,… ,

𝑥𝑁 into a nested hierarchy {𝑥𝑖}𝑖∈ℐ(1) ⊂ {𝑥𝑖}𝑖∈ℐ(2) ⊂ ⋯ ⊂
{𝑥𝑖}𝑖∈ℐ(𝑞) (see Figure 14) and order the points from 𝒥(1) =
ℐ(1), 𝒥(2) = ℐ(2)/ℐ(1) to 𝒥(𝑞) = ℐ(𝑞)/ℐ(𝑞−1). We obtain
𝑃𝑇Θ𝑃 by ordering the rows and columns ofΘ accordingly.

Figure 15. The sparsity pattern 𝑆 [15]. For an index 𝑖 at level 𝑘,
e.g., a red point, indices 𝑗 corresponding to points within a
ball of radius ∼ 2−𝑘 ln 1

𝜖 comprise the 𝑖th column in red.
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The next step is to use this hierarchical ordering to de-
fine the sparsity pattern 𝑆 ∶= {𝑖, 𝑗 ∈ ℐ(𝑞) ∣ 𝑖 ∈ 𝒥(𝑘),
𝑗 ∈ 𝒥(𝑙), |𝑥𝑖 −𝑥𝑗| ≤ ln 𝑁

𝜖 2−min(𝑘,𝑙)} corresponding to a
sparse subset of the entries of the matrix Θ (see Figure 15).
The incomplete Cholesky factorization 𝐿𝐿𝑇 of 𝑃𝑇Θ𝑃 is
then computed in Algorithm 1 as one small tweak from
the classical algorithm: skip all operations for which (𝑘, 𝑖),
(𝑘, 𝑗), or (𝑖, 𝑗) are outside the sparsity pattern 𝑆.

Algorithm 1 Incomplete sparse Cholesky factorization of
[15]. Takes the entries (𝑖, 𝑗) ∈ 𝑆 of the 𝑁×𝑁 symmetric
positive definite matrix 𝐴 ← 𝑃𝑇Θ𝑃 as input and returns
the 𝑁×𝑁 lower triangular matrix 𝐿 as output.

1: for 𝑖 = 1 to 𝑁 do
2: 𝐿∶𝑖 ← 𝐴∶𝑖/√𝐴𝑖,𝑖
3: for 𝑗 ∈ {𝑖 + 1,… ,𝑁} : (𝑖, 𝑗) ∈ 𝑆 do
4: for 𝑘 ∈ {𝑗,… ,𝑁} : (𝑘, 𝑖), (𝑘, 𝑗) ∈ 𝑆 do
5: 𝐴𝑘,𝑗 ← 𝐴𝑘,𝑗 − 𝐴𝑘,𝑖𝐴𝑖,𝑗

𝐴𝑖,𝑖
6: end for
7: end for
8: end for

Why does it work? The Cholesky factorization computes a
lower triangular matrix 𝐿 that satisfies 𝑃𝑇Θ𝑃 = 𝐿𝐿𝑇. The
resulting factor 𝐿 depends on the ordering of the points
𝑥1,… , 𝑥𝑁 (as represented by 𝑃). Although the factors 𝐿
are dense under the lexicographic ordering, they are near
sparse, that is, approximately sparse, under the hierarchi-
cal ordering of Figure 14. While this observation is new, it
has a simple explanation from a GPR perspective. To sim-
plify notation, assume that the rows and columns ofΘ are
ordered in the hierarchical ordering, and write Θ1∶𝑙,1∶𝑙 for
the {1,… , 𝑙} × {1,… , 𝑙} submatrix of Θ. The Cholesky
factorization algorithm iteratively computes the Schur
complements 𝒮(𝑙) (from 𝑙 = 1 to 𝑙 = 𝑁) of Θ1∶𝑙,1∶𝑙 in Θ,
which have the probabilistic interpretation as conditional
covariance matrices

𝒮(𝑙)
𝑖,𝑗 = Cov(𝜉(𝑥𝑖), 𝜉(𝑥𝑗) ∣ 𝜉(𝑥𝑘), 𝑘 ≤ 𝑙) ,

where 𝜉 is the centered Gaussian process with covariance
function 𝐺. The screening effect implies that as 𝑙 reaches
finer levels of the hierarchy, the conditional correlation
length of 𝜉 decreases and the Schur complements 𝒮(𝑙) be-
come increasingly sparse, leading to near sparsity of the
Cholesky factors 𝐿.

The near sparsity of 𝐿 is also related to the exponen-
tial decay of the gamblets. Choose the hierarchy (13) of
linearly nested measurement functions to be subsampled
Diracs 𝜙(𝑘)

𝑖 ∶= δ(⋅ − 𝑥𝑖) for 𝑖 ∈ ℐ(𝑘). Let 𝜒(𝑘)
𝑖 be the cor-

responding operator adapted wavelets obtained through
(16) with 𝑊(𝑘)

𝑖,𝑗 = 𝛿𝑖,𝑗 and let 𝐵(𝑘) be as in (17). Then Θ

admits the block-Cholesky factorization

Θ = �̄�𝐷�̄�𝑇,

where 𝐷 is a block diagonal matrix with the 𝒥(𝑘) × 𝒥(𝑘)

diagonal block equal to 𝐵(𝑘),−1, and, for 𝑖 ∈ 𝒥(𝑘), 𝑗 ∈
𝒥(𝑘′), �̄�𝑖,𝑗 is defined by

�̄�𝑖,𝑗 =
⎧⎪⎪
⎨⎪⎪⎩

0, 𝑘 < 𝑘′,
𝛿𝑖,𝑗, 𝑘 = 𝑘′,
[𝜙(𝑘)

𝑖 , 𝜒(𝑘′)
𝑗 ], 𝑘 > 𝑘′.

The near sparsity of �̄� follows from the exponential decay

of the 𝜒(𝑘′)
𝑗 and the fact that the measurement functions

𝜙(𝑘)
𝑖 are Dirac measures. The estimates (21) and (22) im-

ply the near sparsity of the Cholesky factors �̂� of 𝐷 and
hence of 𝐿 = �̄��̂�. The approximation error estimate (25)
is then obtained by matching the sparsity set 𝑆 with the
near sparsity structure of 𝐿. Furthermore, the rank reveal-
ing property (20) of gamblets implies that the Cholesky
decomposition is not only sparse but also rank-revealing,
i.e.,

‖𝑃𝑇Θ𝑃− 𝐿(𝑘)𝐿(𝑘),𝑇‖ ≤ 𝐶‖Θ‖𝑘− 2𝑠
𝑑 ,

where 𝐿(𝑘) is the rank-𝑘 matrix defined by the first 𝑘
columns of the Cholesky factor 𝐿 of Θ and ‖Θ‖ is the op-
erator norm of Θ.
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From Operator Algebras to
Complexity Theory and Back

Thomas Vidick
Quantum mechanics and the theory of operator algebras
have been intertwined since their origin. In the 1930s [20]
vonNeumann laid the foundations for the theory of (what
are now known as) von Neumann algebras with the ex-
plicit goal of establishing Heisenberg’s matrix mechanics
on a rigorous footing (quoting from the preface, in the
translation by Beyer: “The object of this book is to present
the new quantum mechanics in a unified representation
which, so far as it is possible and useful, is mathematically
rigorous”). Following the initial explorations of Murray
and von Neumann, the new theory took on a life of its
own, eventually leading tomultiple applications unrelated
to quantum mechanics, such as to free probability or non-
commutative geometry.

In his 1976 paper completing the classification of in-
jective von Neumann algebras [6] Connes made a casual
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remark that has become a central conjecture in the theory
of operator algebras. Paraphrasing, Connes’ remark was
that any finite von Neumann algebra, i.e., one that has
a finite trace, “ought to” be well approximated by finite-
dimensional matrix algebras. Thanks to the work of other
mathematicians, such as Kirchberg and Voiculescu, the re-
mark, now known as Connes’ embedding conjecture (CEC),
has become one of the most important open problems
in operator algebras. (Formally, the CEC states that every
von Neumann algebra type II1 factor embeds into an ultra-
power of the hyperfinite II1 factor.) Kirchberg showed that
CEC is equivalent to the QWEP conjecture about the equiv-
alence of the minimal and maximal tensor products on
the full group 𝐶∗-algebra of a nonabelian free group [12].
Voiculescu gave a reformulation in terms of the existence
of matrix microstates in free probability [19]. Rǎdulescu
showed that a group is hyperlinear if and only if its group
von Neumann algebra satisfies CEC [16]. Goldbring and
Hart showed that CEC holds if and only if every type II1 tra-
cial von Neumann algebra has a computable universal the-
ory [8].1 Many more equivalent formulations are known
(see e.g. [4] for a survey).

In this note we are concerned with an equivalent for-
mulation of CEC known as “Tsirelson’s problem.” The

1This connection with a question in logic is, to the best of our knowledge, not
related in any direct way with the connection discussed in the present article.
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problem arose from Tsirelson’s study of the nonlocal prop-
erties of entanglement, a puzzling phenomenon first
brought to light by Einstein, Podolsky, and Rosen. Loosely
speaking, Tsirelson’s problem asks about the appropriate
way to model locality in quantum mechanics: it asks if the
Hilbert space associated with spacelike isolated regions al-
ways factors as a tensor product of Hilbert spaces on which
observables associated with each region can be localized.

With the development of quantum computing, entan-
glement and the nonlocality of quantum mechanics have
come to be seen as resources for computation and com-
munication. Thus the CEC, through its equivalence with
Tsirelson’s problem, is tied back to questions in quantum
information whose study has been pursued largely inde-
pendently of the developments in operator algebras that
led to Connes’ original remark. The purpose of this note
is to show how work in quantum computing theory leads
to a complexity-theoretic conjecture whose proof would
imply a negative answer to Tsirelson’s problem. (Interest-
ingly, a refutation of the conjecture is not known to have
any implications for CEC.) Informally, the complexity-the-
oretic conjecture states that the class MIP∗ of problems
that can be decided by a polynomial-time verifier interact-
ing with quantum provers sharing entanglement contains
undecidable languages; we explain these terms as the arti-
cle progresses.

We start with a formulation of Tsirelson’s problem and
tie it to Bell’s work in the foundations of quantummechan-
ics. We then dive into the key notion of interactive proof,
which has played a major role in the development of com-
plexity theory over the past three decades. This allows us to
introduce the theory of nonlocal games in quantum infor-
mation and relate it, through the framework introduced by
Bell, to Tsirelson’s problem. Finally, we close the loop by
formulating a conjecture on the power of quantum interac-
tive proof systems whose proof would lead to a refutation
of CEC.

Tsirelson’s Problem
In the early 1980s Boris Tsirelson wrote a series of papers
laying out the mathematical formalism for the systematic
study of the nonlocal properties of quantum mechanics.
In one of the papers [18] Tsirelson introduces two sets that
capture certain kinds of distributions that arise from mea-
surements on entangled states. For a (separable) Hilbert
space ℋ a projection valued measure (PVM) on ℋ is a fi-
nite collection {𝑃1,… ,𝑃𝑚} of projections onℋ such that
∑𝑃𝑖 = Id. For arbitrary finite indexing sets 𝑋,𝑌,𝐴,𝐵
Tsirelson considers the convex subsets 𝑄𝑐

𝐴𝐵𝑋𝑌 and 𝑄𝑠
𝐴𝐵𝑋𝑌

of [0, 1]𝐴×𝐵×𝑋×𝑌, where the superscripts 𝑐 and 𝑠 stand
for commuting and spatial, respectively:

𝑄𝑐
𝐴𝐵𝑋𝑌 = {(⟨𝜓,𝐴𝑥

𝑎𝐵𝑦
𝑏𝜓⟩)𝑎,𝑏,𝑥,𝑦 ∶

ℋ Hilbert space, 𝜓 ∈ ℋ, ‖𝜓‖ = 1,
∀(𝑥,𝑦) ∈ 𝑋×𝑌, {𝐴𝑥

𝑎}𝑎∈𝐴, {𝐵𝑦
𝑏}𝑏∈𝐵 PVM on ℋ

s.t. [𝐴𝑥
𝑎, 𝐵𝑦

𝑏] = 0 ∀(𝑎, 𝑏) ∈ 𝐴×𝐵} , (1)

𝑄𝑠
𝐴𝐵𝑋𝑌 = {(⟨𝜓,𝐴𝑥

𝑎 ⊗𝐵𝑦
𝑏𝜓⟩)𝑎,𝑏,𝑥,𝑦 ∶

ℋ𝐴,ℋ𝐵 Hilbert spaces, 𝜓 ∈ ℋ𝐴 ⊗ℋ𝐵,
‖𝜓‖ = 1, ∀(𝑥,𝑦) ∈ 𝑋×𝑌,
{𝐴𝑥

𝑎}𝑎∈𝐴, {𝐵𝑦
𝑏}𝑏∈𝐵 PVM on ℋ𝐴, ℋ𝐵, resp.} .

(2)

By taking direct sums of PVMs and scaled vectors it is not
hard to see that both sets are convex. Moreover, in case
the Hilbert spaces in both definitions are taken to be finite-
dimensional, the two sets can be shown to coincide. In his
paper Tsirelson states as “fact” the claim that 𝑄𝑠

𝐴𝐵𝑋𝑌 =
𝑄𝑐

𝐴𝐵𝑋𝑌 for arbitrary separable Hilbert spaces and all finite
𝐴,𝐵,𝑋,𝑌. Having realized that a proof of the claim
seemed elusive (with the inclusion 𝑄𝑠

𝐴𝐵𝑋𝑌 ⊆ 𝑄𝑐
𝐴𝐵𝑋𝑌 be-

ing the only obvious one), in a subsequent note2 Tsirelson
reformulates the “fact” as an open problem and, realizing
that the answer may be negative, formulates as an “even
more important” problem the question of whether the clo-
sure 𝑄𝑠

𝐴𝐵𝑋𝑌 = 𝑄𝑐
𝐴𝐵𝑋𝑌. Two and a half decades after its

introduction Tsirelson’s first problem was solved by Slof-
stra [17], who used techniques from the theory of non-
local games to show the existence of finite indexing sets
𝐴,𝐵,𝑋,𝑌 such that 𝑄𝑠

𝐴𝐵𝑋𝑌 ≠ 𝑄𝑐
𝐴𝐵𝑋𝑌. But Tsirelson’s

“even more important problem” remains open:

Tsirelson’s “even more important” problem:
Does𝑄𝑠

𝐴𝐵𝑋𝑌 = 𝑄𝑐
𝐴𝐵𝑋𝑌 for all finite sets𝐴,𝐵,𝑋,𝑌?

Building on work of many others, including Fritz [7]
and Junge et al. [11], Ozawa [15] showed that Tsirelson’s
“even more important” problem (hereafter referred to as
“Tsirelson’s problem”) is equivalent to CEC, thereby lift-
ing the problem from a question in the foundations of
quantum mechanics to a central conjecture in operator al-
gebras. In the remainder of this article we explain the rela-
tion of Tsirelson’s problem with quantum nonlocality, as
seen through the lens of complexity theory. We start by
explaining the origins of Tsirelson’s problem in the foun-
dations of quantum mechanics.

Bell Experiments
On to quantum information. Tsirelson’s problems are
rooted in the quantum phenomenon of entanglement. We
will not attempt to give a precise mathematical definition
of the term here or explain its physical underpinnings:

2“Bell inequalities and operator algebras,” available at https://www.tau
.ac.il/~tsirel/download/bellopalg.pdf.

NOVEMBER 2019 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1619

https://www.tau.ac.il/~tsirel/download/bellopalg.pdf
https://www.tau.ac.il/~tsirel/download/bellopalg.pdf


roughly, a state of multiple particles is said to be entan-
gled when some observable degrees of freedom (e.g. angu-
lar momentum) of the particles are highly correlated.

Almost three decades after the publication of the
famous paper by Einstein, Podolsky, and Rosen (EPR) us-
ing the “spookyness” of entanglement to argue the incom-
pleteness of quantum mechanics, John Bell in 1964 was
the first to introduce a concrete (though impractical)
thought experiment that sharply delineates the predictions
of quantum mechanics from those of classical theory. Bell
considered the following scenario, today referred to as a
“Bell experiment.” Suppose that two distant physical sys-
tems (e.g. spatially localized collections of particles) are
initialized in an arbitrary state; the systems may be as cor-
related as is allowed by the physical theory.3 Suppose fur-
ther that the first (resp., second) system can be measured
using any one of a finite collection of possible procedures
𝐴𝑥 (resp., 𝐵𝑦) indexed by 𝑥 ∈ 𝑋 (resp., 𝑦 ∈ 𝑌). Suppose
finally that performing the measurements 𝐴𝑥 on the first
system and 𝐵𝑦 on the second yields a pair of
outcomes (𝑎, 𝑏) ∈ 𝐴 × 𝐵, where 𝐴,𝐵 are finite sets.
Define the resulting “correlation set” as the convex set
𝐾𝐴𝐵𝑋𝑌 ⊆ [0, 1]𝐴×𝐵×𝑋×𝑌 that contains all tuples (𝑝𝑎𝑏𝑥𝑦)
such that there is an initial quantum state for the systems
and measurements on them that lead to outcomes (𝑎, 𝑏)
with probability 𝑝𝑎𝑏𝑥𝑦 whenever measurements 𝐴𝑥 and
𝐵𝑦 are performed. (The convexity of 𝐾 follows as soon
as the theory counts any probabilistic mixture of allowed
states as an allowed state.)

Interestingly, giving a precise mathematical definition
of the correlation set 𝑄𝐴𝐵𝑋𝑌 associated with measure-
ments on quantum systems requires us to make a non-
trivial design choice. In quantum mechanics the state of
a physical system is represented by a positive linear func-
tional 𝜔 of norm 1 on ℬ(ℋ), the bounded linear opera-
tors acting on a separable Hilbert space ℋ. It turns out to
be sufficient to restrict our attention to vector states, which
are those 𝜔 such that there exists a unit vector 𝜓 ∈ ℋ
such that 𝜔(𝐴) = ⟨𝜓,𝐴𝜓⟩. To each measurable quan-
tity, such as the location of a photon or the spin of an
electron, is associated an observable, which is a bounded
self-adjoint operator on ℋ. In general each of the two
systems can be measured using a certain set of allowed ob-
servables, 𝒪𝐴 ⊆ ℬ(ℋ) for the first and 𝒪𝐵 ⊆ ℬ(ℋ) for
the second.

In quantum mechanics a measurement in general per-
turbs the state that it is performed on. As a result, two
different observables cannot always be measured simul-
taneously: the order in which the measurements are
performed may matter. In a Bell experiment it is assumed

3For example, consider two “distant” coins that are both in state “heads” with
probability 1

2 and in state “tails” with probability 1
2 . This is an “allowed state”

in classical physics.

that the two systems are “distant” and in particular do not
interact. Thus in any reasonable physical realization of
a Bell experiment it ought to be possible to perform the
measurements on both systems in any order and obtain
the same distribution on outcomes. Von Neumann [20]
showed that this joint measurability condition is equivalent
to the algebraic requirement that any 𝐴𝑥 ∈ 𝒪𝐴 and 𝐵𝑦 ∈
𝒪𝐵 commute. Given a pair of observables (𝐴𝑥, 𝐵𝑦) that
satisfy this condition, we can specify the probability that
their joint measurement on a state 𝜓 returns a pair of out-
comes (𝑎, 𝑏) as follows. Using that observables are self-
adjoint we can write the spectral decompositions as 𝐴𝑥 =
∑𝑎 𝜆𝑎𝐴𝑥

𝑎 and𝐵𝑦 = ∑𝑏 𝜇𝑏𝐵𝑦
𝑏 with a finite set of real eigen-

values 𝜆𝑎, 𝜇𝑏 (the assumption that there is a finite number
of distinct eigenvalues is unimportant but generally fol-
lows from the interpretation that each eigenvalue of an ob-
servable is associated with a measurement outcome). The
probability of observing (𝑎, 𝑏) is then given by
⟨𝜓, 𝐴𝑥

𝑎𝐵𝑦
𝑏 𝜓⟩. Using that𝐴𝑥

𝑎, 𝐵𝑦
𝑏 are positive semidefinite

and commute, and that ∑𝑎 𝐴𝑥
𝑎 = ∑𝑏 𝐵

𝑦
𝑏 = Id, the for-

mula specifies a well-defined family of distributions. The
resulting correlation set is precisely the “quantum com-
muting set” 𝑄𝑐

𝐴𝐵𝑋𝑌 introduced in (1).
In his study of quantum correlations Bell was not partic-

ularly interested in the distinction between𝑄𝑠 and𝑄𝑐—as
alreadymentioned, he considered only finite-dimensional
systems for which the sets coincide. Rather, Bell was inter-
ested in how either set relates to the set of classical cor-
relations 𝐶𝐴𝐵𝑋𝑌, defined analogously except that the ini-
tial state of the systems is required to have a classical de-
scription (equivalently, 𝒪𝐴 and 𝒪𝐵 both generate com-
muting algebras). Bell’s work was motivated by a desire
to give a logically clear statement that would place the EPR
thought experiment on a firmmathematical footing, a task
in which he largely succeeded!

Concisely stated, Bell’s result is the identification of an
explicit point in 𝑄𝑠

𝐴𝐵𝑋𝑌 that does not lie in 𝐶𝐴𝐵𝑋𝑌 for
some large enough 𝑋,𝑌. (Bell considers the case of in-
finite 𝑋,𝑌, but his construction can be easily discretized.
A few years later Clauser et al. gave an explicit separation
for |𝑋| = |𝑌| = |𝐴| = |𝐵| = 2.) An insightful reformu-
lation of Bell’s theory can be given using the language of
nonlocal games. We motivate these games by showing how
they arise in an a priori entirely distinct line of work, the
theory of interactive proofs in complexity theory.

In nonrelativistic quantum mechanics it is generally as-
sumed that the number of degrees of freedom of the
physical systems considered is finite, in which case the
underlying Hilbert space ℋ is finite-dimensional. (In
some cases, such as the position and momentum
observables,ℋ is infinite, but the algebra of physically
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relevant observables is a type I von Neumann algebra,
for which the ensuing discussion applies as well.) In
finite dimensions it is a simple consequence of Schur’s
lemma that for any two mutually commuting collec-
tions of observables 𝒪𝐴 and 𝒪𝐵 acting on ℋ there is
an isomorphism ℋ ≃ ⨁𝑖(ℋ𝐴,𝑖 ⊗ ℋ𝐵,𝑖) such that
𝒪𝐴 = ⨁𝑖 𝒪𝐴,𝑖 and 𝒪𝐵 = ⨁𝑖 𝒪𝐵,𝑖, where for each 𝑖,
𝒪𝐴,𝑖 (resp., 𝒪𝐵,𝑖) acts nontrivially only on ℋ𝐴,𝑖 (resp.,
ℋ𝐵,𝑖). In such cases the sets 𝑄𝑐

𝐴𝐵𝑋𝑌 and 𝑄𝑠
𝐴𝐵𝑋𝑌 coin-

cide, and indeed Bell formulated his theory using ten-
sor products. More generally, in relativistic quantum
mechanics the local algebra of observables associated
with a bounded region of space-time is generally be-
lieved to be of type III. Under additional physical as-
sumptions such as strict spacelike separation between
regions or some bounded energy-density assumptions,
it is possible to show rigorously that the algebras have
the split property; i.e., there exists a type I factor ℱ such
that 𝒜 ⊂ ℱ ⊂ ℬ′ [3]. In these cases it is also known
that Tsirelson’s problem has an affirmative answer. Yet
not all algebras have the property! For example, it is
known not to hold for certain unbounded spacelike
separated regions [3].

Interactive Proofs
We begin with an instructive example. Suppose we are
given an explicit description of two graphs 𝐺 and 𝐻 on
the same vertex set 𝑉 = {1,… ,𝑛} (see Figure 1). Can
you tell if the two graphs are isomorphic? On the example
you probably can, but in general this is a hard problem,
by which we mean that there is no known algorithm that
runs in time at most some fixed polynomial in 𝑛 and pro-
vides the correct answer on all pairs of graphs on 𝑛 vertices
for all integers 𝑛 ≥ 1. But if someone—an all-powerful
prover—conveniently hands you a proof of isomorphism in
the form of an explicit map between the graph’s respective
vertex sets, it is easy to verify that themap is a bijection that
preserves the adjacency relation of the graphs and hence is
a valid graph isomorphism.

Figure 1. Two graphs on 10 vertices. The graphs are
isomorphic.

Thus isomorphic graphs always have valid proofs of

isomorphism that can be efficiently verified. In complexity-
theoretic terms we say that the graph isomorphism prob-
lem lies in the class NP of problems that have efficiently
verifiable proofs.4 What about the complement problem,
where the verification procedure aims to verify a proof sup-
porting the claim that the two graphs are not isomorphic?
This seems more difficult, and indeed there is no known
efficiently verifiable proof for graph nonisomorphism. Yet
consider the following interactive proof, executed between
the verifier (who wishes to verify that the graphs are non-
isomorphic) and the prover. At the first step the verifier
privately selects a uniformly random bit 𝑐 ∈ {0, 1} and a
uniformly random permutation𝜋 on {1,… ,𝑛}. If 𝑐 = 0
the verifier sends the permuted graph 𝜋(𝐺) obtained by
relabeling the vertices of𝐺 according to𝜋 to the prover. If
𝑐 = 1 the verifier sends 𝜋(𝐻) to the prover. The prover is
asked to respond with the label of one of the two graphs,
𝐺 or𝐻. The verifier accepts the prover’s answer if and only
if the returned label matches that of the chosen graph (i.e.,
𝐺 in case 𝑐 = 0 and 𝐻 in case 𝑐 = 1).

To check that this is a valid proof system for graph non-
isomorphism we need to consider two cases. First, in case
the graphs 𝐺 and 𝐻 are not isomorphic there exists a strat-
egy for the prover that is always accepted by the verifier.
Indeed, by investing sufficient computational effort (e.g.
iterating over all possible relabelings) it is possible for the
prover to uniquely determine which of 𝐺 or 𝐻 it was sent
a relabeling of. Second, in case the graphs𝐺 and𝐻 are iso-
morphic then it is easy to see that no prover, however pow-
erful, can succeed with probability strictly larger than 1

2 .
This is because in this case the prover receives a uniformly
random relabeling of 𝐺, or equivalently of 𝐻, and has no
way to determine from which graph it was obtained.

Summarizing, in case the graphs are not isomorphic
there is a prover that is always accepted, and in case they
are not, any prover is accepted with probability at most 1

2 .
Repeating the interaction a few times in sequence and ac-
cepting only if all interactions accept amplifies the gap be-
tween 1 and 1

2 exponentially fast. In complexity-theoretic
terms, we have shown the graph nonisomorphism prob-
lem lies in the class IP of problems that have efficiently
verifiable randomized interactive proofs.5

4Formally, the graph isomorphism problem is modeled as a language, i.e., the
set 𝐿𝑖𝑠𝑜 ⊆ {0, 1}∗ of all binary representations of pairs of graphs (𝐺0, 𝐺1)
such that 𝐺0 and 𝐺1 are isomorphic. The statement 𝐿𝑖𝑠𝑜 ∈ NP means that
there is an efficient verification procedure such that given an arbitrary 𝑥 ∈
{0, 1}∗, if 𝑥 ∈ 𝐿𝑖𝑠𝑜, then there is a proof 𝜋 that the verification procedure
accepts, whereas if 𝑥 ∉ 𝐿𝑖𝑠𝑜, then no proof is accepted.
5The consideration of randomized proofs comes with an inevitable caveat: for
any statement needing verification, the verifier may have a small chance of mak-
ing the wrong decision. This fact is an integral part of the definition of a “ran-
domized verification procedure.” It is generally required that the chance of mak-
ing an error should be bounded below a fixed constant, say 1/3. In our exam-
ple this is achieved by performing two repetitions of the protocol and accepting if
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This example demonstrates the power of randomization
and interaction in verifying proofs. The discovery of this
gain in expressive power initiated major lines of work in
complexity theory and cryptography along which research
very actively continues today. One of the most important
milestones, which is relevant for this article, is the charac-
terization by Babai, Fortnow, and Lund [2] of the class of
problems that can be decided by an efficient verifier who
may interact with two (or more) cooperating but mutually
noninteracting provers. Here by “noninteracting” we mean
that the provers are not allowed to communicate directly
between themselves while they are being interrogated by
the verifier. (The provers may still discuss, and agree on, a
common strategy ahead of time.)

From the provers’ point of view, two is not more pow-
erful than one, as the prover is always considered to have
infinite computational power. Instead, the addition of a
second prover gives more power to the verifier, who now
has at her disposition the entire policeman’s arsenal in her
interrogation of (possibly) colluding spies. A concrete way
in which this power can be used is by sending an entire list
of questions to one prover and a single question from the
list to the other. By checking that the provers return consis-
tent answers, the verifier can ascertain that the first prover’s
answer to each of the questions in the list is made indepen-
dently of the other questions (since it has to match the
second prover’s answer, which by definition depends on
a single one of the questions). The same effect could not
be achieved with a single prover, even through sequential
interaction, as there would be no way to guarantee that the
prover’s answers in a certain round are independent from
his questions in earlier rounds.

This observation allows us to think of the information
held by the second prover, the list of all possible answers
that could be given to each of the verifier’s individual ques-
tions, as an exponentially long proof that the verifier has
the ability to query at polynomially many locations (by
asking the first prover for all entries (s)he cares about and
checking consistency with the second at a randomly cho-
sen entry). The aforementioned result of Babai et al. is that
any language that can be verified by an exponential-time ver-
ifier given a static exponentially long proof can be verified
by a polynomial-time verifier in this model. In complexity-
theoretic terms, NEXP⊆MIP, where NEXP is the exponen-
tial-time version of NP and MIP denotes the class of prob-
lems that can be decided by a randomized polynomial-
time verifier interacting with multiple provers.

Tracing back through Babai et al.’s construction, after ad-
ditional refinements complexity theorists have arrived at
the striking statement that any polynomial-size proof that
can be verified in polynomial time by reading the entirety
of the proof can systematically be (efficiently) encoded in a

and only if both repetitions accept.

format such that the proof can be verified by reading only a
very small, in fact constant, number of entries in the proof!
This result is known as the PCP theorem, for “probabilis-
tically checkable proofs,” a landmark result in complexity
theory. For our purposes we need not go further in this
direction. Instead we investigate a variant of multiprover
interactive proofs in which the provers may implement a
quantum strategy that makes use of entanglement.

Nonlocal Games
Starting with the work of Cleve et al. [5] in 2004, computer
scientists started investigating the consequences of entan-
glement for the theory of multiprover interactive proofs.
To simplify the presentation andmake the connectionwith
Bell experiments, it is convenient to focus on interactive
proofs that involve a single round of interaction. Such in-
teractive proofs can be described using the language of non-
local games that we now introduce.

A nonlocal game involves a referee (a.k.a. verifier) and
two cooperating but noncommunicating players (a.k.a.
provers), generally referred to as “Alice” and “Bob.” The
game proceeds in a single round: the referee selects a pair
of questions (𝑥, 𝑦) according to a distribution𝜋 on𝑋×𝑌.
They send 𝑥 to Alice and 𝑦 to Bob. The players each re-
ply with an answer, 𝑎 ∈ 𝐴 for Alice and 𝑏 ∈ 𝐵 for Bob.
Finally, the referee evaluates a decision predicate
𝑉(𝑎,𝑏|𝑥, 𝑦) ∈ {0, 1}. If they obtain 1 we say that the
players win, and if not the players lose. The rules of the
game (in the form of the sets 𝑋,𝑌,𝐴,𝐵), the distribution
𝜋, and the predicate 𝑉 are publicly known. The players
may agree on a strategy ahead of time, but once the game
has started they are no longer allowed to communicate.
The “value” of a game is the maximum probability, over
the verifier’s choice of questions and the players’ strategy,
that the players win in the game. To define this precisely
we distinguish between classical strategies, in which each
player is restricted to evaluating a function 𝑓𝐴 ∶ 𝑋×Ω → 𝐴
and 𝑓𝐵 ∶ 𝑌 ×Ω → 𝐵, respectively, where Ω is an arbitrary
probability space,6 and quantum strategies, in which each
player may perform a measurement on a quantum state.
This naturally leads to three possible “values” of a nonlo-
cal game: the classical value

𝜔(𝐺) = sup
𝑓𝐴,𝑓𝐵

∑
𝑥,𝑦

𝜋(𝑥,𝑦)∑
𝑎,𝑏

𝑉(𝑎,𝑏|𝑥, 𝑦)

× ∫
Ω
1𝑓𝐴(𝑥,𝜔)=𝑎1𝑓𝐵(𝑦,𝜔)=𝑏 𝑑𝜔 ,

(3)

where the supremum ranges over all probability spaces Ω
and measurable 𝑓𝐴 ∶ 𝑋 × Ω → 𝐴 and 𝑓𝐵 ∶ 𝑌 × Ω → 𝐵;

6The space Ω models the use of “shared randomness” between the players, i.e.,
any question-independent prior information they may wish to share.
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the spatial value

𝜔𝑠(𝐺) = sup
𝐴𝑥,𝐵𝑦

∑
𝑥,𝑦

𝜋(𝑥,𝑦)∑
𝑎,𝑏

𝑉(𝑎,𝑏|𝑥, 𝑦)

× ⟨𝜓, (𝐴𝑥
𝑎 ⊗𝐵𝑦

𝑏)𝜓⟩ ,
(4)

where the supremum is taken over all separable Hilbert
spacesℋ𝐴,ℋ𝐵 and finite collections of observables𝒪𝐴 =
{𝐴𝑥}𝑥 ⊆ ℬ(ℋ𝐴) and 𝒪𝐵 = {𝐵𝑦}𝑦 ⊆ ℬ(ℋ𝐵); and the
commuting value

𝜔𝑐(𝐺) = sup
𝐴𝑥,𝐵𝑦

∑
𝑥,𝑦

𝜋(𝑥,𝑦)∑
𝑎,𝑏

𝑉(𝑎,𝑏|𝑥, 𝑦)

× ⟨𝜓, 𝐴𝑥
𝑎𝐵𝑦

𝑏 𝜓⟩ ,
(5)

where the supremum is taken over all separable Hilbert
spaces ℋ and finite collections of observables 𝒪𝐴 =
{𝐴𝑥}𝑥 and𝒪𝐵 = {𝐵𝑦}𝑦 onℬ(ℋ) such that [𝐴𝑥, 𝐵𝑦] = 0
for all 𝑥,𝑦.

In general, 𝜔(𝐺) ≤ 𝜔𝑠(𝐺) ≤ 𝜔𝑐(𝐺). By employing
suitable scaling arguments to relate arbitrary linear func-
tionals to games it can be shown that Tsirelson’s problem
is equivalent to the assertion that𝜔𝑠(𝐺) = 𝜔𝑐(𝐺) for all
𝐺. Before tackling this question we give an example that
demonstrates 𝜔(𝐺) < 𝜔𝑠(𝐺). Since a nonlocal game
can naturally be translated into a Bell experiment by associ-
ating a measurement to each possible question to a player
in the game (with as many outcomes as there are possible
answers to that question), such a game establishes a separa-
tion between 𝐶𝐴𝐵𝑋𝑌 and 𝑄𝑠

𝐴𝐵𝑋𝑌, proving Bell’s theorem.
The example is called the “Magic Square game” (MS)

and is due to Aravind [1], building on work of Mermin
and Peres. In this game the players are asked to fill in
entries of a “magic square” to which there is no solution
(see Figure 2 for an explanation of the rules of the game;
there is no relation between the game and the more usual
kind of “magic square” studied in combinatorics). Aravind
showed that for any strategy that classical players could em-
ploy, there is always a question on which the strategy must
sometimes return a wrong answer, whereas there exists a
quantum strategy that involves performing measurements
on a specific quantum state using which the players can
succeed 100% of the time. (The quantum strategy is ex-
plained in the next section.) In other words, the classical
value of the Magic Square game satisfies 𝜔(𝑀𝑆) < 1 (in
fact, 𝜔(𝑀𝑆) = 17/18), but the quantum spatial value is
𝜔𝑠(𝑀𝑆) = 1.

After the publication of the EPR paper most physicists
brushed aside the “weirdness” of entanglement, preferring
to focus on those aspects of quantum mechanics that
“work” and yield useful scientific predictions. Although
the work of Bell and others established the nonlocality
of entanglement on a firm footing, both theoretical (no
“spooky action at a distance”) and experimental (culminat-
ing in the recent “loophole-free” tests [9]), for a long time

x 1 x 2 x 3
x 5 x 6
x 8 x 9

x 4
x 7

+1

+1

+1

−1−1−1
Figure 2. The Magic Square game. The first player, Alice, is
sent the label of a row or column chosen uniformly at random.
The second player, Bob, is sent the label of a uniformly
random entry in Alice’s row or column. Alice should return a
{+1,−1}-valued assignment to the three variables in her row
or column such that the product of the entries is as indicated
on the figure. Bob should return a {+1,−1}-valued
assignment to the variable he is asked about that matches
Alice’s assignment to the same variable. The players’ winning
probability is the probability, over the referee’s choice of
questions as well as randomness in their strategy, that the
players’ answers satisfy the constraints imposed. The fact
that there is no assignment to the variables satisfying all
constraints implies that the players do not have a perfect
consistent strategy.

the special correlations afforded by quantummechanics re-
mained an oddity, of interest to researchers in foundations
but of little practical relevance. The situation changed dras-
tically in the early 1990s with the discovery that entan-
glement could act as a resource for quantum information
tasks. For example, the technique of “superdense coding”
allows transmission of two bits of information using a sin-
gle qubit (quantum bit) aided by one pair of entangled
particles. In 1991 Ekert introduced a protocol for quantum
key distribution, a task in quantum cryptography that con-
stitutes one of the most promising applications of quan-
tum information to communication networks, based on
entanglement: Ekert argued that by verifying that two dis-
tant, cooperating parties share a quantum state that allows
them to succeed in a nonlocal game, the parties are able
to certify that the quantum state they share is entirely un-
correlated with any third party and in particular from a
malicious eavesdropper (as such sharing would necessarily
weaken the entanglement, a phenomenon known as the
monogamy of entanglement). In the next section we inves-
tigate consequences of entanglement and nonlocal games
in another direction: complexity theory.

Consequences of Nonlocality for Complexity
Theory
Consider again the Magic Square game. Observe that the
game can be repurposed as a multiprover interactive proof
system, as introduced in the section “Interactive Proofs.”
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Specifically, in the game the referee always sends a triple
of questions to the first player, Alice, and one question
chosen uniformly at random from the triple to the sec-
ond player, Bob. Thus a classical deterministic strategy for
Bob can be described using nine variables 𝑥𝑖 ∈ {±1} rep-
resenting Bob’s answer to each of his nine possible ques-
tions, as illustrated in Figure 2. For the players’ strategy
to succeed in all cases (for all possible question pairs that
could be chosen by the referee) these nine values together
must form a satisfying assignment to themagic square con-
straints: 𝑥1𝑥2𝑥3 = 1, 𝑥1𝑥4𝑥7 = −1, etc. Indeed, consis-
tency with Alice’s strategy and the requirement that Alice’s
answers satisfy the row and column parity constraints im-
ply that in a strategy that wins with probability 1 all equa-
tions must be simultaneously satisfied by the assignment
specified by Bob’s strategy. Yet the astute mathematician
will have no difficulty devising her own proof that there
does not exist an assignment to the nine variables that si-
multaneously satisfies all six constraints. Hence there does
not exist a classical strategy in the Magic Square game that
succeeds with certainty on all possible pairs of questions.

Why does this argument not rule out the existence of
a perfect quantum strategy? One may think of the addi-
tional flexibility given to a quantum strategy as follows.
Although the system of six equations in nine variables im-
plied by the square has no solution in terms of variables in
{−1, 1}, it has a noncommutative solution in the following
sense: there exist nine 4×4Hermitianmatrices𝑋1,… ,𝑋9
that each square to identity and such that moreover the
three matrices in any row (resp., column) (i) commute
and (ii) multiply to +Id (resp., −Id). (The solution is
not too hard to find; as a hint, it suffices to consider ma-
trices with coefficients in {0,±1,±𝑖}.) These matrices are
the quantum analogue of an assignment (instead of be-
ing fixed values in {−1, 1} they have eigenvalues in that
range). Physically, the players’ quantum strategy takes the
following form. Initially, the players each have two spin-
1
2 particles in their possession. The joint state of the four
particles is described by a unit vector𝜓 ∈ ℂ4⊗ℂ4. Upon
reception of its question, a player performs ameasurement
on its two particles. If the player is Bob, the measurement
is the one associated with the observable𝑋𝑖, where 𝑖 is the
index of his question. The outcome of the measurement
is a value in {−1, 1} that Bob returns as his answer. If the
player is Alice, the measurement is the one associated with
the three observables 𝑋𝑖1 ,𝑋𝑖2 ,𝑋𝑖3 in her row or column.
The fact that these three operators always commute guar-
antees that they can be jointly measured. The outcome is a
triple of values in {−1, 1} that Alice returns as her answer.
It can then be verified, using property (ii) above and the
laws of quantum mechanics, that the joint measurement
of Alice’s and Bob’s observables on a well-chosen state 𝜓
(independent of their respective questions) always results

in answers that satisfy the verifier’s checks in the game.
The existence of games such as the Magic Square game

shatters the complexity theorist’s world view regarding
multiprover interactive proofs. Recall that the power of
proof systems such as MIP rests on the use of “cross-
checking” of the prover’s answers; it is such cross-checking
that allowed us to think of a multiprover proof system as
a device through which the verifier is able to obtain ran-
dom access to an exponentially long proof. What the ex-
ample shows is that the connection between strategy and
proof does not extend to the quantum case: there exist for-
mulas that have no satisfying assignment, such as the for-
mula that underlies the row and column constraints of the
“magic square,” yet the provers are able to provide valid
answers to the verifier’s checks 100 percent of the time. In-
deed, in the case of a quantum strategy the extraction per-
formed earlier—writing down Bob’s answer to each of his
possible questions—is nonsensical, because it entirely ig-
nores the fact that in general Bob’s answersmay be strongly
correlated, due to entanglement, with Alice’s.

Nevertheless, a sequence of results in complexity theory
has established techniques to design proof systems that are
“resistant” to the provers’ malicious use of entanglement:
it is now known that any proof system, including the one
of Babai et al., can be encoded in such a way that entan-
glement is no longer useful to malicious provers. This es-
tablishes the inclusion NEXP = MIP ⊆ MIP∗ [10], where
the ∗ refers to the provers’ allowed use of entanglement.
(For historical reasons themodel used for entangled-player
strategies in MIP∗ is the “finite-dimensional” model corre-
sponding to (4); the complexity class obtained from (5)
is denoted MIP𝑐𝑜.) But we are interested in a much more
exciting possibility, which is that entanglement between
the provers may be used by the verifier to their advantage,
yielding proof systems that allow deciding problems be-
yond NEXP. A priori there is no limit to how complex
of a problem may be decided in this model—there is no
limit to the complexity of the provers’ strategy; only the
verifier is restricted to being efficient. Indeed, our current
state of knowledge is consistent with, and in fact points
to, the possibility that MIP∗ contains undecidable prob-
lems. This, however, would have surprising consequences
for Tsirelson’s problem and Connes’ embedding conjec-
ture, as we explain in the next section.

A Complexity-Theoretic Approach to Tsirelson’s
Problem
Recall the characterization MIP = NEXP that follows from
the work of Babai et al. on classical multiprover interactive
proof systems. As discussed in the previous section, allow-
ing the provers to share entanglement breaks the sound-
ness of certain proof systems (such as a proof system that
relies on the soundness of the Magic Square game), but
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not all. Recently an important additional step has been
taken by Natarajan and Wright [13], who show that MIP∗

is strictly larger than NEXP and in particular strictly larger
than its classical, entanglement-free counterpart MIP. In
symbols, the new result is that NEEXP ⊆ MIP∗, where
NEEXP stands for nondeterministic doubly exponential
time. In words, by querying two provers sharing entangle-
ment, a polynomial-time verifier has the ability to verify
the validity of a proof of doubly exponential length!

Our purpose is not to dwell too much on what to the
noncomplexity theorist may seem like rather exotic alpha-
bet soup, but rather to explore the potential significance
of results such as Natarajan and Wright’s and possible im-
provements thereof for Tsirelson’s problem. For this we
take a closer look at the optimization problems (4) and (5)
used to define the spatial and commuting value of a game,
respectively. Suppose we are given a set of rational coef-
ficients (𝜋(𝑥,𝑦)𝑉(𝑎, 𝑏|𝑥, 𝑦))𝑎,𝑏,𝑥,𝑦 that specify a game,
i.e., an input to either (4) or (5). Howwould one go about
algorithmically estimating the supremum to within some
accuracy 𝜀?

We sketch two possible approaches, the first “from be-
low” and the second “from above.” The first approach
directly attempts to exhaustively search over all possible
strategies for the players. In the simpler case of classical
deterministic players, a strategy is a map from questions
to answers. Such a map can be written using space
|𝑋| log |𝐴| for Alice and |𝑌| log |𝐵| for Bob simply by list-
ing the answer that the player would give to each possible
question. Guessing an optimal strategy at random within
that space yields an algorithm that runs in nondetermin-
istic time 𝑂(|𝑋| log |𝐴| + |𝑌| log |𝐵|). In an interactive
proof system the verifier is restricted to run in polynomial
time, so it can only write and read questions and answers
of polynomial length, implying that |𝑋|, |𝑌|, |𝐴|, |𝐵| are
each at most of exponential size. This algorithm thus im-
plies the inclusion MIP ⊆ NEXP, which as we saw applies
to classical interactive proofs—but not quantum.

Indeed, the case of quantum players sharing entangle-
ment is more difficult for two reasons. First, quantum
strategies are specified by “continuous” objects, a quan-
tum vector state 𝜓 ∈ ℋ, and collections of observables
𝒪𝐴,𝒪𝐵 ⊆ ℬ(ℋ). Second, even if we restrict our atten-
tion to finite-dimensional strategies there is no a priori
obvious bound on the dimension of a Hilbert space that
is sufficient to support a state and observables that achieve
a value close to the optimum. The first difficulty is easily
handled: in fixed dimension 𝑑, it is possible to consider
a nested sequence of finite nets 𝑁1 ⊆ ⋯ ⊆ 𝑁𝑘 ⊆ ⋯ over
all states and observables in that dimension such that 𝑁𝑘
has size 𝑘𝑂(𝑑2) and for any strategy in dimension 𝑑, there
is a strategy in 𝑁𝑘 that performs almost as well, up to an
additive (1/𝑘) loss in the objective value (4). Let 𝜔𝑠

≤𝑛

denote the success probability of the best strategy encoun-
tered within the net 𝑁𝑘 in dimension 𝑑 over all 𝑑, 𝑘 ≤ 𝑛.
Then {𝜔𝑠

≤𝑛}𝑛≥1 is a bounded nondecreasing sequence of
values that converges to (4) from below.7 Note that a sim-
ilar approach does not seem to apply for (5), as the op-
erators considered in the supremum in (5) may not have
finite-dimensional approximations.

It seems much more difficult to give any numerical ap-
proximation to the supremum (5). Perhaps surprisingly,
there exists a “dual” approach that considers the problem
of optimizing over a larger region than the feasible region
of (5). The most naïve relaxation replaces each term
⟨𝜓,𝐴𝑥

𝑎𝐵𝑦
𝑏𝜓⟩ by a coefficient 𝛼𝑎𝑏𝑥𝑦 and considers the

supremum over all 𝛼𝑎𝑏𝑥𝑦 in [0, 1]. In general this leads
to a wild overestimate which can be refined by introduc-
ing additional constraints on the 𝛼𝑎𝑏𝑥𝑦. For example, it
should be that for any 𝑥,𝑦 the coefficients sum to 1 over
all 𝑎,𝑏, because ∑𝑎 𝐴𝑥

𝑎 = ∑𝑏 𝐵
𝑦
𝑏 = Id, and 𝜓 is nor-

malized. To go further the authors of [14] introduce an
increasing hierarchy of constraints: informally, the idea is
to introduce additional coefficients to represent quantities
such as ⟨𝜓, (𝐴𝑥1𝑎1𝐵

𝑦1
𝑏1𝐴

𝑥2𝑎2 ⋯𝐵𝑦𝑘
𝑏𝑘)𝜓⟩ and use relations such

as (𝐴𝑥
𝑎)2 = 𝐴𝑥

𝑎 and the commutation relations to place
constraints that relate different coefficients together. Con-
sidering all relations that hold on coefficients obtained
from products of length at most 𝑛 yields a sequence of
finite optimization problems with supremum 𝜔𝑐

≤𝑛 such
that (𝜔𝑐

≤𝑛)𝑛≥1 is a nonincreasing sequence that can be
shown to converge to the optimum of (5) from above.

We have devised two procedures: the first returns a se-
quence of values converging to (4) from below, and the
second converges to (5) from above. Although we have
not discussed the runtime of the procedures, as it does
not matter for the general argument, it can be shown that
both run in time exp(poly(𝑛)). The “from above” proce-
dure can be further optimized by using techniques from
semidefinite programming, and it is used in practice to
obtain numerically tight upper bounds on small nonlocal
games that arise in experiments or in cryptographic appli-
cations. Irrespective of the runtime, the existence of these
procedures has an important consequence. Suppose the
values (5) and (4) happen to be equal. Then we claim
that there exists an algorithm that provided as input coef-
ficients {𝜋(𝑥,𝑦)𝑉(𝑎, 𝑏|𝑥, 𝑦)} always halts and correctly
decides between the case when (5) is at least 2

3 , or at most
1
3 , provided that one of the two cases is promised to hold.
Indeed, such an algorithm can be obtained by executing
both procedures in parallel and stopping as soon as either
the “from below” procedure returns a value that strictly

7To show this rigorously, write 𝜓 ∈ ℋ𝐴 ⊗ℋ𝐵 using the “Schmidt decompo-
sition” as 𝜓 = ∑𝑖 𝑑𝑖 𝑢𝑖 ⊗ 𝑣𝑖 with 𝑑1 ≥ 𝑑2 ≥ ⋯ and consider projections
𝑃𝑗 and 𝑄𝑗 on {𝑢𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑗} and {𝑣𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑗}, respectively.

NOVEMBER 2019 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1625



exceeds 1
3 or the “from above” procedure returns a value

strictly less than 2
3 .

Now consider a problem 𝐿 that lies in the class MIP∗.
By definition, this means that there is a procedure that
transforms instances of the problem (such as, in the case
of the graph nonisomorphism problem, pairs of graphs)
into coefficients 𝐺 = {𝜋(𝑥,𝑦)𝑉(𝑎, 𝑏|𝑥, 𝑦)} such that if
the instance is a positive instance (the graphs are not iso-
morphic), then the associated value𝜔𝑠(𝐺) is 1 or close to
it, say at least 2

3 ; and if it is a negative instance, then𝜔𝑠(𝐺)
is much smaller, say less than 1

3 . Executing the algorithm
described above on𝐺 it follows that membership in 𝐿 can
be decided by an algorithm that always halts. In the lan-
guage of complexity theory, this means that every problem
inMIP∗ is decidable. It is worth explicitly formulating this
finding:

If 𝑄𝑠
𝐴𝐵𝑋𝑌 = 𝑄𝑐

𝐴𝐵𝑋𝑌, then the class MIP∗ contains
only decidable problems.

How likely is this consequence to hold? In a major
breakthrough two years ago, Slofstra [17] showed that if
one were to remove the 2

3/
1
3 promise, then there would ex-

ist games such that the question “𝜔𝑠(𝐺) = 1 or𝜔𝑠(𝐺) <
1” is undecidable. (As mentioned earlier, leading up to
this result Slofstra was able to prove false Tsirelson’s “fact”
from [18].) In such a case, however, the algorithm de-
scribed above does not work, because there is no finite
gap 𝛿 > 0 such that the algorithm can safely stop in case
the “from below” procedure obtains a value that exceeds
1 − 𝛿. The best result known to date on the class MIP∗

is the aforementioned inclusion of problems in NEEXP.
While this remains a far cry from undecidable languages,
NEEXP is such a gargantuan class that extending the re-
sult to NEEEXP, and more, all the way to undecidable lan-
guages, is an enticing research program that could lead to a
complexity-theoretic refutation of Tsirelson’s problem and
by extension of Connes’ conjecture. We ambitiously for-
mulate it as a conjecture:

Conjectured complexity-theoretic counterpoint
to Tsirelson’s problem:
The class MIP∗ contains undecidable problems.

Interestingly, a proof of the complexity-theoretic con-
jecture could be obtained without exhibiting any of the
objects that CEC or Tsirelson’s problem posit to not exist,
such as a type II1 algebra with no finite-dimensional ap-
proximations. In any case we may still be far from such a
refutation; indeed, CEC may still hold its ground, so that
MIP∗ would be decidable. In complexity-theoretic land
this arguably would be a much more expected and com-
fortable situation. Isn’t it rather “spooky” when undecid-
ability crops up in a “reasonable” model of computation?
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Maps with Least Distortion
Between Surfaces: From
Geography to Brain Warping

Athanase Papadopoulos
Introduction
Many geometrical problems find their origin in practical
ones. Darboux writes in his 1908 ICM talk titled “Les orig-
ines, les méthodes et les problèmes de la géométrie
infinitésimale” (The origins, methods and problems of
infinitesimal geometry) [4]: “Like many other branches of
human knowledge, infinitesimal geometry was born in the
study of practical problems.” He goes on explaining how
problems of cartography, that is, the art of representing re-
gions of the surface of the earth on a Euclidean piece of
paper, led to important developments in geometry made
by Lagrange, Euler, Lambert, Gauss, Beltrami, Chebyshev,
and others. In fact, Darboux himself was most interested
in cartography. In a memorial article read at the French
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Academy of Sciences on December 10, 1917, Picard recalls
that Darboux had planned to write a book on this sub-
ject, which, he says, seduced him because of its elegance
and practical importance.1 It is no accident that the vo-
cabulary concerning manifolds and geometric structures
includes terms such as “map,” “chart,” and “atlas.”

The mathematical problem of cartography is that of
finding maps that optimize distortion in a sense that
needs to be made precise. Indeed, the word “distortion”
is attached to a variety of parameters—distances, areas, and
angles—and the general problem is to find mappings that
are closest to mappings that make a compromise between
these parameters among all mappings from a given sub-
set of the sphere onto the Euclidean plane. Furthermore,
geographers usually had additional constraints on the de-
sired maps, such as preserving distances along a certain
meridian or along all meridians, or of sending parallels
(circles centered at the poles) to parallel straight lines or to
concentric circles or to other types of “parallel” curves in

1The address is published in a compendium of short texts by Picard: Émile Pi-
card, Discours et Mélanges, Paris, Gauthier-Villars, 1922.
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the plane. We shall mention examples of mappings from
the sphere to the Euclidean plane satisfying such require-
ments.

The various approaches to the question of maps with
minimal distortion from (subsets of) the sphere onto the
Euclidean plane acted as a motivation for Euler, Lagrange,
Gauss, Chebyshev, and other geometers to study general
maps between differentiable surfaces. Furthermore, geog-
raphy gave rise to an early version of extremal quasicon-
formal mappings as a particular class of least-distortion
mappings. This took place in the nineteenth century, be-
fore quasiconformal mappings were officially introduced
in the late 1920s as a tool in conformal geometry and be-
fore they led to the first knownmetric on Teichmüller space.
Thurston’s theory of best Lipschitz maps, developed in his
paper “Minimal stretchmaps between hyperbolic surfaces”
[19], is also based on the idea of studying maps with least
distortion between surfaces. It led him to the definition of
another metric on Teichmüller space, the Thurston metric,
which is today an active research topic. We shall discuss all
this in the present paper. We shall also see how least distor-
tion maps occur in art, biology, and the medical sciences,
and in particular in brain imaging.

A common feature of all the maps we mentioned is the
use of transformations of underlying systems of coordi-
nates that make these maps geometrically defined in a sim-
ple way; this is the theme we want to emphasize here. At
the same time, we shall illustrate Darboux’s claim that
several geometrical problems were motivated by practical
ones.

Old Cartography
Inmathematical terms, the object of cartography is to draw
mappings with least distortion from regions of the sphere
to the Euclidean plane. This art and science was developed
in Ancient Greece by mathematicians and geographers,
and it arose from practical needs. Indeed, maps of the
earth and of the celestial sphere were useful for navigation,
land surveying, the knowledge of the exact time of the day,
computation of dates of eclipses, etc. The fact that the rel-
ative magnitudes of lands needed to be represented in a
close-to-faithfulmanner came naturally fromneeds linked
to harvesting, the distribution of water, tax calculation, etc.
The question of finding the “best” maps, that is, those with
minimal distortion, arose very naturally.

There was speculation about whether the world was fi-
nite or infinite, but this did not affect the cartography of
the celestial dome, which was identified with a sphere
whose radius is irrelevant (and might be infinite): the dis-
tance between two points on the sphere is the angle made
by two rays starting at the observer’s eye and joining them.
It was known that the diameter of the earth was small
enough compared to its distances to the celestial bodies so

Figure 1. A world map from a fifteenth-century manuscript;
drawing attributed to Francesco di Antonio del Chierico,
British Library.

that the choice of the point at which the rays start makes
no significant difference.

Several preeminent mathematicians of Greek antiquity
were at the same time geographers and astronomers. From
the known results in spherical geometry, it was easy for
them to conclude that, except in very special cases, it is
not possible to represent a subset of the sphere onto the
plane by a map that preserves distances up to scaling. The
notion of conformal (that is, angle-preserving) mapping
was well known. The stereographic projection with cen-
ter a point on the sphere onto a plane containing the great
circle having that point as pole was probably themost pop-
ular projection from the sphere onto a Euclidean plane.2 It
was already used byHipparchus back in the second century
BC.3 This projection is not the most useful one, because it
distorts significantly distances and areas at points that are
close to the projection center.

Among the mathematicians of Greek antiquity who
were at the same time geographers, the name of Claudius
Ptolemy (second century AD) comes to the forefront. Be-
sides his major mathematical work called the Mathemati-
cal Syntaxis (later known as the Almagest), his Geography is
a treatise that had an enormous influence. Ptolemy devel-
oped there the theory of geographical maps using mathe-
matical tools of his predecessors and astronomical tables
he compiled. His Planisphaerium, which survives in Arabic
translations, may be regarded as a treatise on the stereo-
graphic projection.

Ptolemy’s Geography reached us through medieval edi-

2Sometimes, cartographers used a stereographic projection onto a plane tangent
to the sphere at the point diametrically opposite to the center of the projection.
3For the use of the stereographic projection in Greek antiquity, the reader may
refer to Delambre’s Histoire de l’astronomie ancienne, Courcier, Paris, 1817
(Vol. 1, p. 184ff), or d’Avezac’s “Coup d’œil historique sur la projection des
cartes de géographie (suite et fin),” Bull. Soc. Géographie, 5e série, t. V
(1863), pp. 437–485.
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Figure 2. Celestial globe with two perpendicular foliations,
Roman, c. 50–40 BC, Metropolitan Museum of Art, New York.

tions. Figure 1 is amap drawnof the oïkouménê (the known
world) in the second century AD, reconstructed from
Ptolemy’s Geography in fifteenth-century Florence, based
on earlier manuscripts. In this projection, the small cir-
cles on the sphere that are parallel to the equator (the par-
allels) are sent to ellipses, whereas the great circles passing
through the North and the South poles (the meridians) are
sent to Euclidean lines.

Figure 2 is a representation of a celestial globe from the
first century BC reduced to its most basic element: the two
perpendicular foliations of the coordinate system. The par-
allels and the meridians of the sphere form a pair of trans-
verse foliations (with singular points at the poles), and
drawing the images of these two foliations is a way of de-
scribing the map.

During the Renaissance, the need for geographicalmaps
was intensified by the discovery of new lands. Leonardo
da Vinci (1452–1519) and Albrecht Dürer (1471–1528),
besides being two of the greatest artists of their times, were
remarkable mathematicians who were highly interested in
geography. They worked on the technical problems raised
bymap drawing. They also drew geographicalmapswhose
esthetic value is highly praised. We shall talk more about
Dürer later in this article.

Figure 3 is a picture of the heart-shaped map “Recens
et integra orbis descriptio” (Recent and complete descrip-
tion of the world) by the French mathematician and as-
tronomer Oronce Fine.4 He drew it between 1534 and
1536. By this projection, the parallels are sent to a foli-
ation of the heart whose leaves are close to circles near

4Oronce Fine (1494–1555), or Oronteus Finaeus, was the first to hold the
chair of mathematics at the Collège de France.

Figure 3. A world map, drawn between 1534 and 1536 by
Oronce Fine, Bibliothèque Nationale de France.

the North Pole and to straight lines near the South Pole.
The meridians are sent to lines that are everywhere almost
perpendicular to the images of the parallels. One prop-
erty of this map is that the distances along the parallels
and along the central meridian are preserved up to scal-
ing. Such a projection is known as a Stabius–Werner pro-
jection, in honor of the cartographers Johannes Stabius
(1460–1522), who was the first to highlight it, and
Johannes Werner (1466–1528), who wrote a treatise on
it. The shape of this geographical map has several prac-
tical advantages, one of them being that it is agnostic on
the question—whose answer was unknown at that time—
of whether North America and Asia are connected or not.
This map is inspired by a drawing of Ptolemy, and its con-
ception uses advanced spherical geometry and geometrical
constructions combining the stereographic and the gno-
monic projections; see the discussion in [10].

Modern Cartography
The invention of analytic geometry by Descartes and Fer-
mat and of differential calculus by Newton and Leibniz
completely transformed the bases of mathematical cartog-
raphy. The definitions of a scaling factor, of deviation
from conformality, and of other distortion properties of
a map were gradually introduced, based on the concept
of derivative. Differential equations were used to study
the existence of geographical maps whose pointwise dis-
tortion satisfies specific properties. Cartography became
gradually part of the theory of differential geometry of sur-
faces.

Euler, besides being the most preeminent mathemati-
cian at the Academy of Sciences of St. Petersburg, was thor-
oughly engaged in cartography. For several years, he as-
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sisted the famous French geographer and astronomer
Joseph-Nicolas Delisle (1688–1768) in the huge project
of drawing geographical maps of the new Russian Empire.
In 1777, he published three memoirs that established the
foundations of the modern field of cartography. He ad-
dressed there the basic questions in terms of differential
calculus and the calculus of variations. In one of these
memoirs, Euler emphasizes the fact that he considers arbi-
trary maps from the sphere to the plane: “Any point of the
surface of the sphere is represented on the plane by any de-
sired rule” [5, §1]. This is probably one of the first explicit
occurrences of mappings that are not necessarily given by
analytic formulae. Euler then considers the question of
the nonexistence of a “perfect” map.5 His approach to the
problem consists of translating the given geometrical con-
ditions into a systemof differential equations and showing
that this system does not have a solution. After he shows
the nonexistence of a perfect map, Euler examines in de-
tail several projections from the sphere to the Euclidean
plane, searching systematically for the partial differential
equations they satisfy. The classes of maps he considers in-
clude conformal mappings (Euler calls them “similitudes
on the small scale”), area-preserving mappings, and map-
pings where the images of all the meridians are perpendic-
ular to a given axis while those of all parallels are parallel
to it. In each case, he gives examples and he studies their
distance and angle distortion.

In thememoir [6], Euler explains the advantage of a pro-
jection discovered by Delisle, and he develops the mathe-
matical theory behind it. He formulates the problem un-
der consideration as a problem of “minimizing the maxi-
mal error” over an entire region. He shows that in Delisle’s
projection, while the meridians are represented by straight
lines, the images of the other great circles “do not deviate
considerably from straight lines” [6, §22]. This is proba-
bly the first time where we encounter the notion of a map
sending geodesics to “quasigeodesics” (without the name).

5The question of what a “perfect map” is in the sense of Euler is a subject of
confusion. Wrong statements are attributed to him in the literature. R. Osser-
mann, in his paper “Mathematical mapping from Mercator to the millennium”
(Spectrum, MAA, 2004) attributes the following theorem to Euler: It is im-
possible to make an exact scale map of any part of a spherical sur-
face. By an exact scale map, Osserman means a map that preserves distances
up to scale, and he refers to Euler’s paper [5]. However, the result that Osser-
man states was already known to the Greeks from elementary spherical geom-
etry, and Euler certainly knew that. In fact, by a perfect map, Euler meant a
smooth map from a sphere to the Euclidean plane such that any point in the
domain has a neighborhood on which the restriction of the map preserves dis-
tances infinitesimally along the meridians and parallels and preserves angles be-
tween these lines. The same confusion about Euler’s result occurs in the paper
“Curvature and the notion of space” by A. Knoebel, J. Lodder, R. Laubenbacher,
and D. Pengelley (in Mathematical Masterpieces, Springer Verlag, 2007,
pp. 159–227) and in several other papers written by historians of mathematics.
Euler’s theorem is carefully analyzed and presented in modern terms in the re-
cent paper [2].

Such a property reappeared almost a century later in a pa-
per by Beltrami [1].6

Lagrange published two memoirs on cartography [11]
in which he refined Euler’s research and that of Lambert.
As a general rule, Lagrange replaced Euler’s analytic argu-
ments by geometric ones.

In the firstmemoir, Lagrange surveys various projections
of the earth and of the celestial sphere that were in use at
his time. The variety of geographicalmaps leads him to the
general question, What is a general mapping between two sur-
faces? This is a two-dimensional analogue of the question
What is a function? which was the subject of a debate that
lasted several decades and which involved the best mathe-
maticians of the eighteenth and nineteenth centuries: Eu-
ler, Lagrange, d’Alembert, Riemann, Fourier, etc.

Lagrange mentions the works of Ptolemy and Euler, but
especially those of Lambert, who, according to him, was
the first to study arbitrary angle-preserving maps from the
sphere to the plane and who, in his memoir [12], gave a
characterization of least-distortionmaps among those that
are angle-preserving. Lagrange then studies geographical
maps that are not necessarily angle-preserving and where
the images of the meridians and the parallels are not re-
quired to be circles or lines. They can be, using his terms,
arbitrary “mechanical lines.” This means that they are not
necessarily given by a formula. He declares that a geo-
graphical map is determined once these images—our fa-
miliar pair of transverse foliations—have been determined.
This is an obvious fact, but the idea is highly appealing. It
makes the relation with our exposition in the section “Art
and Biology,” where maps are described in terms of their
action on a grid of perpendicular lines.

In the same paper, Lagrange gives a formula for the lo-
cal distortion factor of a conformal map. This is a function
on the sphere that measures the length distortion at each
point. It is defined at each point as the ratio of the infin-
itesimal length element at the image by the infinitesimal
length element at the source. The fact that the map is con-
formal makes this quantity well defined.7 Lagrange then
gives a formula for the distortion of maps that send merid-
ians and parallels to circles or to circles and straight lines.

Lagrange’s formulae were used by Pafnouti Chebyshev
(1821–1894), whowas a devoted reader of Euler, Lagrange,
Gauss, Abel, and other mathematicians that preceded him.
We learn from Chebyshev’s biographer that he avoided
reading the mathematical works of his contemporaries,
considering that this would prevent him from having origi-

6Motivated by geography, Beltrami also considered the problem of mapping a
given surface onto the plane in such a way that the geodesics of the surface are
sent to straight lines, and he showed that this is not possible unless the surface
has constant curvature.
7The formula for the local distortion is given on p. 646 of Lagrange’s paper [11].
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nal ideas.8 Like Euler, Chebyshev was interested in almost
all branches of pure and applied mathematics. His Col-
lected Papers contains two papers on cartography [3], both
called “Sur la construction des cartes géographiques.” It is
interesting to read some sentences from the beginning of
the second paper; they remind us of the passage from Dar-
boux’s 1908 ICM lecture we quoted at the beginning of the
present article. Chebyshev writes: “Today, [mathematical
sciences] produce a greater interest because of their influ-
ence on art and industry. Not only practice makes profit of
these relations: conversely, science itself grows under the
influence of practice.” He then mentions the importance
of the problemof constructing geographicalmaps, making
relations with the problem of heat distribution and other
problems.

In the first paper, Chebyshev, using Lagrange’s formula
for the local distortion of a conformal map, addresses the
problem of finding conformal geographical maps whose
local distortion is minimal. He defines a “magnification
ratio” (“rapport d’agrandissement”) at each point, based
on Lagrange’s notion of local distortion. He makes the re-
lation with the Laplace equation and reduces the problem
of finding geographical maps that have least distortion to
a problem in potential theory. His main result, stated in
modern terms, is that any simply connected open subset of
the sphere bounded by a twice differentiable curve can be
conformally mapped to the Euclidean plane by a map that
is distortion minimizing and that such a map is unique up
to similarity. Furthermore, this map is characterized by the
fact that its magnification ratio is constant on the bound-
ary curve of the domain [3, p. 235]. In the introduction
to his second paper, Chebyshev places the problem of car-
tography in the context of one of his favorite subjects: op-
timization theory.

Milnor, in a paper titled “A problem in cartography,”
gave another proof of Chebyshev’s theorem. After review-
ing this result, he writes: “This result has been available
for more than a hundred years, but to my knowledge it
has never been used by actual map makers.” We shall say
more about Milnor’s work below.

Art and Biology
We consider now other kinds of maps between surfaces,
and for this we return to Renaissance art, more especially,
to Albrecht Dürer, whose drawings will lead us directly to
D’Arcy Thompson’s diagrams for growth and form in biol-
ogy.

Closely related to the subject of our article are Dürer’s
drawings represented in Figures 4 and 5. They are extracted
from his treatise titled Four Books of Human Proportions

8Cf. C. A. Possé, “Excerpts of a biography of Chebyshev,” contained in his Col-
lected Works, edited by A. Markoff and N. Sonin, Vol. 2, pp. I–VI.

Figure 4. From Dürer’s Four Books of Human Proportions
(Nuremberg, 1528).

(Nuremberg, 1528).9 The pictures are self-explanatory: the
head is divided into a certain number of significant parts
(the top of the head, the forehead, the part containing the
eyes and the nose, the part containing the mouth and the
chin), and each 2-dimensional transformation is divided
into transformations between these parts.10 At first approx-
imation, these transformations are affine.11

In the diagram represented in Figure 5, the heads are
transformed using grids that are not rectangular.

An important part of Dürer’s treatise is dedicated to
drawings of the human body based as well on proportions
and transformations between parts of this body. Like the
head, the body is divided by lines that are meaningful:
starting from the top, the division lines pass through the
top of the head, the forehead, the eyebrows, the nose, the
chin, the top of the shoulders, etc., until the ankle and the
sole. Goethe, as a biologist and observer of nature, highly
prized Dürer’s proportional transformations.12

FromDürer’s grid transformations, which allow amean-

9We are using the French version, Les quatre livres d’Albert Durer, Iean
Ieantz, Arnheim, 1614.
10Dürer was certainly thinking of 3-dimensional transformations, but this does
not change our discussion much.
11In fact, the maps between the pieces are not affine: if they were so, then the
resulting contour lines would not be smooth. Dürer gives a precise geometric
construction for the maps between the various pieces in Book III of the treatise
(p. 77ff).
12Goethe mentions Dürer in his 1776 poem “Hans Sachsens poetische
Sendung.”
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Figure 5. From Dürer’s Four Books of Human Proportions
(Nuremberg, 1528)

ingful comparison between forms, we pass to those of the
Scottish biologist D’Arcy Thompson.

In 1917, D’Arcy Wentworth Thompson (1860–1948)
published the first edition of a groundbreaking book, On
Growth and Form [16], in which he developed a theory of
change of form in biology based on simple geometric trans-
formations that use, like Dürer’s drawings, deformation of
a grid formed by two transverse families of lines. Thomp-
son declares on several occasions that he was inspired by
the drawings of fifteenth-century artists such as Leon-
Battista Alberti, Albrecht Dürer, and Leonardo da Vinci.
On p. 80 of his treatise, he writes:

[The general connection between growth and
form] is implicit in the “proportional diagrams”
by which Dürer and his brother-artists illustrated
the change in form, or of relative dimensions,
which mark the child’s growth to boyhood and to
manhood.

Chapter XVII, which is the last chapter of D’Arcy Thomp-
son’s book, is titled “On the Theory of Transformations, or
the Comparison of Related Forms.” It contains an expo-
sition of the author’s most interesting ideas on morphol-
ogy, a science whose name he borrowed from Goethe and
whosemethods and principles he considered to be derived
from mathematics. He writes (p. 1027): “We are apt to
think ofmathematical definitions as too strict and rigid for
common sense, but their rigour is combined with all but
endless freedom.” In the long introduction to his chapter,
he comments on the relation between mathematics and
experimentation, quoting Gauss, who called mathematics
“a science of the eye”; Sylvester, who said that “most, if
not all, of the great ideas of modern mathematics have
had their origin in observation”; and several other mathe-
maticians. D’Arcy Thompson also declares that Descartes
invented his method of coordinates as a generalization of
the Renaissance “proportional diagrams.” About form, he
says:

We never even seek for a formula to define this
fish or that, or this or that vertebrate skull. But
we may already use mathematical language to de-

Figure 6. Maps between shells, from D’Arcy Thompson’s
Growth and Form.

scribe, even to define in general terms, the shape
of a snail-shell, the twist of a horn, the outline of a
leaf, the texture of a bone, the fabric of a skeleton,
the stream-lines of fish or bird, the fairy lace-work
of an insects’ wing.... In a very large part of mor-
phology, our essential task lies in the comparison
of related forms rather than in the precise defini-
tion of each; and the deformation of a complicated
figure may be a phenomenon easy of comprehen-
sion, though the figure itself has to be left unanal-
ysed and undefined.

[This process of comparing forms] lies within
the immediate province ofmathematics, and finds
its solution in the elementary use of a certainmeth-
od of the mathematician.

D’Arcy Thompson, in his development, uses conformal
transformations and discusses isothermal coordinates
(see in particular p. 1047 of [16]). His theory is based
on geometric transformations that are exemplified in Fig-
ures 6 and 7, which we have reproduced from his book.
He writes:

The problem is closely akin to that of the cartog-
rapher who transfers identical data to one projec-
tion or another, and whose object is to secure (if it
be possible) a complete correspondence, in each
small unit of area, between the one representation
and the other. The morphologist will not seek to
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Figure 7. Maps between fish, from D’Arcy Thompson’s Growth
and Form.

draw his organic forms in a new and artificial pro-
jection; but, in the converse aspect of the problem,
he will enquire whether two different but more
or less obviously related forms can be so analysed
and interpreted that each may be shown to be a
transformed representation of the other.

On several occasions, René Thom expressed his admi-
ration of D’Arcy Thompson. He referred to diagrams such
as those represented in Figure 7 as examples of mappings
between stratified spaces.13 Thom’s paper “L’explication
des formes spatiales : réductionnisme ou platonisme? La
morphogenèse” (Paris, Malouine-Doin, 1980) concerns
the general notion of form and its classification. For him,
one of the fundamental problems in morphology is to
make precise, from the mathematical point of view, the
equivalence relation saying that two closed subsets of a Eu-
clidean four-dimensional space (parametrizing space and
time) have the same form. The relation satisfies certain
metrical constraints that he says “are generally impossi-
ble to formalize,” and he refers to the “congruences in the
sense of D’Arcy Thompson.”

Claude Levi-Strauss, the founder of structuralism in an-
thropology, ethnology, and linguistics, an approach to
these fields based on the idea that there is a universal
systemof deep structures that underlies them and that tran-
scends the separation between cultures, acknowledged on

13See for instance Chapter 5, §B, of Thom’s Esquisse d’une sémiophysique
and his 1988 Solignac lecture notes (Éditions du CNRS, 1988).

several occasions his debt to D’Arcy Thompson. In a book
of interviews with him,14 his interlocutor recalls that the
notion of “transformation” occupies a crucial role in his
essay “La pensée sauvage” and his four-volume work
Mythologiques, which is considered as the absolute refer-
ence in the field. He asks him, “From whom did you bor-
row this notion? From logicians?” Levi-Strauss’s answer
is, “Neither from logicians nor from linguists. It came to
me from a book which played a decisive role for me, On
Growth and Form.... It was an illumination.” In the same
interview, Levi-Strauss mentions Dürer, Goethe, together
with D’Arcy Thompson (p. 160).

Extremal Quasiconformal Mappings and
Minimal Stretch Maps
Geography led to the first rudiments of quasiconformal
mappings, that is, mappings with bounded conformal dis-
tortion. This notion (without the name) occurs in the
work of the nineteenth-century Frenchmathematician and
cartographer Nicolas-Auguste Tissot (1824–1897), whose
name is poorly known among mathematicians but well
known to geographers.

Tissot introduced a graphical device known under the
name Tissot indicatrix. This is a representation of a field
of ellipses on a geographical map where, at each point,
the ellipse (assumed to be infinitesimal) is the image of
an infinitesimal circle in the domain.15 The ellipses are
characterized by two parameters: their relative size and the
ratio of their two axes (the major axis divided by the mi-
nor axis). These parameters represent respectively the local
area distortion and angle distortion of the map. Thus, the
Tissot indicatrix contains information on the distortion of
the projection at the points where it is drawn, both in di-
rection and in magnitude.

Tissot studied extensively, from the differential-
geometric point of view, distortions of mappings from the
sphere onto the Euclidean plane, but he also developed
a theory for the distortion of mappings between general
surfaces. His work on the Tissot indicatrix makes him a di-
rect precursor of the theory of quasiconformal mappings.
Herbert Grötzsch (1902–1993), who is usually considered
to be the founder of the modern theory of quasiconformal
mappings, andOswald Teichmüller (1913–1943), who de-
veloped this field extensively, both quote Tissot. In partic-
ular, Grötzsch mentions Tissot several times in his 1930
paper [9], in which he studies extremal quasiconformal
representations of multiconnected domains, that is, map-

14De près et de loin (interviews with with Didier Eribon), Odile Jacob, 1988,
p. 158.
15The expression “infinitesimal circle” means a circle on the tangent space at a
point. The map is assumed to be differentiable so that it acts on tangent spaces,
sending infinitesimal circles centered at the origin to infinitesimal ellipses. The
form and the inclination of the image ellipse do not depend on the radius of the
circle.
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pings that minimize themaximal conformal distortion. In
the figures of that paper, the Tissot indicatrix is represented.
The relative size and the directions of the major and mi-
nor axes of this ellipse constitute important elements in
some of his results. We have reproduced one of his figures
in Figure 8 here: On the left-hand side, we have a triply
connected region in the complex plane, namely, the unit
disc with a shaded region and an arc deleted. On the right-
hand side, we have another triply connected region in the
complex plane: the unit disc with a smaller disc centered
at the origin and a circular arc centered at the same point
deleted. Grötzsch describes an extremal quasiconformal
map between the two regions. On the figure to the right,
the Tissot indicatrix is described by its great and small axes.

Figure 8. A figure from Grötzsch’s paper [9] where the Tissot
indicatrix is drawn. The direction of its minor axis points toward
the origin.

Teichmüller, in his fundamental paper “Extremale
quasikonforme Abbildungen und quadratische Differen-
tiale” (1939), has a section on the origin of quasiconfor-
mal mappings in which he declares that the theory started
with cartographers, and he mentions Tissot.16

Unlike Lagrange, Euler, and Chebyshev, who essentially
studied the metric distortion of conformal maps between
surfaces, Tissot studied extensively distortion-minimizing
nonconformal maps. He proved in particular that for any
mapping between two surfaces, there exists, at each point
of the domain, a pair of orthogonal directions that are sent
to a pair of orthogonal directions, and that unless themap-
ping is angle-preserving, these orthogonal directions are
unique. Assuming the map is not angle-preserving at any
point, the families of orthogonal directions on the two sur-
faces give a pair of unique orthogonal foliations on each
surface that are preserved by the mapping. Thus, we are
again in the realm of transformations that can be visual-
ized using two transverse foliations, as in geography, in
Dürer’s drawings, and in those of D’Arcy Thompson.

After extremal quasiconformal mappings, I would like
to talk about best Lipschitz maps between surfaces. I will
start with some work of Milnor, which was also motivated
by cartography.

16Section 164, p. 479 of the English translation, which appeared in the Hand-
book of Teichmüller Theory, Vol. V, Zürich, 2015.

In his paper [14], Milnor gives the following version of
the distortion of maps between surfaces: Consider a map
𝑓 ∶ 𝑈 → 𝐸 where 𝑈 and 𝐸 are metric spaces with distance
functions 𝑑𝑈 and 𝑑𝐸. The scale of 𝑓 with respect to two
arbitrary distinct points 𝑥 and 𝑦 in 𝑈 is defined as

𝑑𝐸(𝑓(𝑥), 𝑓(𝑦))
𝑑𝑈(𝑥, 𝑦)

.

The minimum scale of 𝑓 is the quantity

𝜎1 = inf
𝑥≠𝑦

𝑑𝐸(𝑓(𝑥), 𝑓(𝑦))
𝑑𝑈(𝑥, 𝑦)

,

and its maximum scale is the quantity

𝜎2 = sup
𝑥≠𝑦

𝑑𝐸(𝑓(𝑥), 𝑓(𝑦))
𝑑𝑈(𝑥, 𝑦)

.

The two quantities 𝜎1 and 𝜎2 may be zero, positive, or
infinite.

Milnor then defines the distortion of 𝑓 as

𝛿 = log 𝜎2
𝜎1

.

If the distortion is zero, then the map has constant scale.
Motivated by the problem of drawing geographi-

cal maps, Milnor addresses the question of study-
ing maps whose distortion is minimal among all maps
from a given subset of the sphere to the Euclidean plane.
He proves existence using elementary topology and he
addresses the question of uniqueness of such a map, of its
differentiability (assuming the domain of the map is such
that differentiability makes sense), of its constructiveness,
and of how to estimate the distortion of a minimal-distor-
tion map associated to a given domain of the sphere. He
obtains results in the case where the subset of the sphere is
a disc. He mentions that in this case, the map was known
to geographers as the azimuthal equidistant projection: it pre-
serves distances and directions from the center of the disc.
In the general case, the questions are open.

Milnor’s definition can be adapted to define distance
functions on various spaces of metric spaces (for instance,
simply connected open subsets of the Euclidean plane).
One can then study the properties of such distance func-
tions: existence of geodesics between two arbitrary points
in such a space of metric spaces, large-scale geometry, etc.
Experience shows that it is not easy to compute Lipschitz
distortions and minimal distortions for maps between sur-
faces, even in the simple cases.

In his paper “Minimal stretchmaps between hyperbolic
surfaces” [19], Thurston developed a theory of best Lip-
schitz maps between hyperbolic surfaces and used them
to define a new metric on Teichmüller space, which now
bears the name Thurston’s metric. The theory is parallel to
that of the Teichmüller metric in which distances are de-
fined using the quasiconformal instead of the Lipschitz di-
latation of mappings.
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Figure 9. A Lipschitz mapping between ideal triangles; figure
extracted from Thurston’s paper [19].

Thurston’s definition of distortion between surfaces
bears some analogy with Lagrange’s and Milnor’s defini-
tions, but it is global. The definition is as follows: Given
a homeomorphism 𝑓 between two marked hyperbolic sur-
faces 𝑔 and ℎ, one defines the quantity

𝐿(𝑓) = sup
𝑥≠𝑦

𝑑ℎ(𝑓(𝑥), 𝑓(𝑦))
𝑑𝑔(𝑥, 𝑦)

.

The distance from 𝑔 to ℎ is set to be

inf
𝑓
(log(𝐿(𝑓)),

the infimum being taken over homeomorphisms 𝑓 be-
tween the two surfaces respecting the marking. This dis-
tance function satisfies all the axioms of a metric except
the symmetry axiom (the distance from 𝑔 to ℎ is generally
different from the distance from ℎ to 𝑔).

Thurston built a comprehensive theory for this distance
function, constructing geodesics, showing that this metric
is Finsler, describing the infinitesimal norm at each point,
etc. He used in an essential way some deformations be-
tween hyperbolic surfaces that are built upon simply de-
fined Lipschitz maps between ideal hyperbolic triangles,
as shown in Figure 9, where each cuspidal region is foli-
ated by horocycles centered at that cusp. Such a foliation
admits a perpendicular foliation by geodesics that con-
verge to the corresponding cusp. The natural coordinates
associated with the two-dimensional grid formed by these
two orthogonal foliations allows the computation of the
Lipschitz constant of the map, indicated in Thurston’s
drawing: for 𝐾 > 0, the map keeps the central unfoli-
ated region untouched and sends a piece of horocycle at
distance 𝑡 from this unfoliated region to a piece of horo-
cycle at distance 𝐾𝑡. The horocycles are sent linearly onto

Figure 10. A Lipschitz mapping between two surfaces; figure
extracted from Thurston’s paper [19].

each other (with respect to their natural parametrization
by arclength).

With a proper choice of a decomposition of a hyper-
bolic surface into ideal triangles, suchmaps (with the same
𝐾) fit together and define a map from the surface to itself,
realizing the best Lipschitz constant between the two hy-
perbolic metrics (see Figure 10). Varying 𝐾 gives geodesic
lines in Teichmüller space equipped with Thurston’s met-
ric.

Thurston’s construction may be adapted to the con-
struction of 𝐾-Lipschitz maps between some hyperbolic
right-angled hexagons. Here, the hexagon is equippedwith
a foliation by hypercycles (lines equidistant to the edges)
and by the corresponding foliation by perpendicular geo-
desics (Figure 11). Again, varying the constant 𝐾 gives
a one-parameter family of geodesic lines in Teichmüller’s
space; see [15]. The coordinates associated to these orthog-
onal foliations are used in the computation of the Lips-
chitz constant of the map and in the proof of the fact that
it is optimal. There are very few other cases where best Lip-
schitz constants of maps between hyperbolic surfaces can
be explicitly computed.

In his paper [19], Thurston alludes to the relation be-
tween extremal maps between surfaces and cloth deforma-
tion. After he states the problem of finding best Lipschitz
maps, he writes:

This is closely related to the canonical problem
that arises when a person on the standard Amer-
ican diet digs into his or her wardrobe of a few
years earlier. The difference is that in the wardrobe
problem, one does not really care to know the
value of the best Lipschitz constant—one ismainly
concerned that the Lipschitz constant not be
significantly greater than 1. We shall see that, just
as cloth which is stretched tight develops stress
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Figure 11. A foliation of the right-angled hyperbolic hexagon
by pieces of hypercycles.

wrinkles, the least Lipschitz constant for a homeo-
morphism between two surfaces is dictated by a
certain geodesic lamination which is maximally
stretched....

Thurston elaborated on the analogy between extremal
maps between surfaces and deformations of garments in
several of his lectures.

Talking about garments, we return to Chebyshev, who
studied in amathematical setting the problemof binding a
general surface with a piece of fabric. Such a fabric is made
out of two perpendicular families of threads, forming a Eu-
clidean net of rectangles. It is designed to cover a surface of
a body, a piece of furniture, etc., and optimally—for some
kinds of garments: socks, pantyhose, etc.—it should take
the form of the surface that it covers. To achieve this, the
small rectangles formed by the net are deformed. During
this deformation, the lengths of the sides of the rectangles
remain constant, but the angles may change. Thus, the
rectangles become curvilinear parallelograms.

The problem of drawing geographical maps and that
of fitting of garments are in some sense inverse of each
other: on the one hand, one searches for best mappings
from a curved surface onto a Euclidean one, and on the
other hand, one searches for a map from a Euclidean sur-
face onto a curved one.

In the introduction to his first paper on cartography,
Chebyshev writes that from the mathematical point of
view, the question of finding best geographical maps bears
some strong analogy with some problems he considered
before concerning linkages. He calls the study of linkages
the theory of mechanisms, known under the name of parallel-
ograms. The word “parallelogram” refers here to four-bar
linkages that have the form of parallelograms that appear
in machines that fascinated Chebyshev, but it also refers to
the parallelograms that we mentioned, made by the trans-
verse threads of a garment; the two theories are related. In
his second paper on cartography, Chebyshev returns again

to the analogy between the theory of parallelograms and
cartography, and he talks more precisely about Watt’s par-
allelograms. These are mechanical linkages described by
JamesWatt (1736–1819) in 1784, when the latter patented
the so-called Watt steam engine, a machine that transforms
the back-and-forth motion of a piston into the rotational
motion of a wheel. Chebyshev notes that in both theories
(geographicalmaps and linkages), one looks for a function
of two variables that realizes a minimum among functions
that satisfy a certain partial differential equation. Let us
stop for a while on this analogy.

Given an analytic function 𝑓, one may approximate it,
at a given point, by its sequence of first 𝑛th Taylor series
polynomials. In his work on linkages, Chebyshev was led
to the question of finding the best approximation of a func-
tion 𝑓 by a polynomial 𝑃 on a whole interval and not just a
point; that is, he wanted the supremum over that interval
of the difference 𝑃(𝑥) − 𝑓(𝑥) to be minimal. In work-
ing on this problem, he found a differential equation that
must be satisfied by the desired polynomial. This general
scheme is the basis of a series of far-reaching results by
Chebyshev that apply to a variety of problems he tackled,
including that of geographical maps. He placed the two
theories (linkages and geographical maps) in the setting
of the calculus of variations, a subject which was dear to
Euler and Lagrange.

The name “Chebyshev net” was given to a net made out
of quadrilaterals of fixed side length. In a paper titled “On
the cutting of garments,”17 Chebyshev included the prob-
lem of the fitting of garments in the setting of the differen-
tial geometry of surfaces. The mathematical problem con-
cerns the possibility of covering a surface with a Chebyshev
net. The local problem was solved affirmatively by Bieber-
bach in 1926. It is known that for the global problem,
one needs to deal with singularities. Burago, Ivanov, and
Malev obtained a general result on the existence of a cov-
ering by a Chebyshev net for complete simply connected
Alexandrov surfaces under some constraints on the curva-
ture.18

Darboux, in his ICM talk in Rome (1908) [4], in which
he mentions questions related to geographical maps, also
talks about the work of Chebyshev on the fitting of gar-
ments. He addresses the following question, which is in
the lineage of the questions studied by the Russian geome-
ter: Consider a piece of fabric, in the form of a net that
women use to cover their hair. The net is formed by two

17P. L. Chebyshev, “Sur la coupe des vêtements,” Assoc. Franç. pour
l’Avancement des Sciences, 7ème session à Paris, 28 Août 1878, 154–155.
Reprinted in: P. L. Tchebycheff, Œuvres, Vol. 2, p. 708 (excerpt). Reprint,
Chelsea, NY. The complete text in Russian appears in the Russian Collected
Works.
18Y. D. Burago, S. V. Ivanov, and S. G. Malev, “Remarks on Chebyshev coordi-
nates,” Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI),
329 (Geom. i Topol. 9) 195 (2005), 5–13.
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perpendicular families of threads. These threads are at-
tached at their intersections in such a way that they form
small rectangles. The net can be deformed in such a way
that the angles at the vertices of the rectangles may vary,
but not the side lengths. The question is to determine the
form of the net when it is placed on a surface (part of a
human body).

Thurston, by the end of his short life, applied his math-
ematics to the art of haute couture. Around the year 2010,
he started working with the Japanese fashion label Issey
Miyake on the conception of geometrically inspired gar-
ments and more especially on patterns based on non-
Euclidean geometry. In an interview (ABC News report)
available on the Internet titled “Fashion and advanced
mathematics meet at Miyake,” along with the designer Dai
Fujiwara, Thurston says, “I have long been fascinated
(from a distance) by the art of clothing design and its con-
nections tomathematics.” In 2010, IsseyMiyake presented
in Paris a fashion collection with the title “8 Geometry
Link Models as Metaphor of the Universe,” inspired by
Thurston’s work. The collection is also known under the
name “Poincaré Odyssey.” The following is an excerpt of
a text of Thurston that was available at the fashion show:

Many people think of mathematics as austere and
self-contained. To the contrary, mathematics is
a very rich and very human subject, an art that
enables us to see and understand deep intercon-
nections in the world. The best mathematics uses
the whole mind, embraces human sensibility, and
is not at all limited to the small portion of our
brains that calculates and manipulates with sym-
bols. Through pursuing beauty we find truth, and
where we find truth, we discover incredible beauty.

Talking about Thurston, we also mention the theory of
circle packings. He was the main promoter of their use in
conformal geometry. In particular, he made a conjecture
(later proved by Sullivan and Rodin) on the approxima-
tion of the Riemann mapping using circle packings. Af-
ter this work, deformations of circle packings were used
in the algorithmic theory of discrete quasiconformal map-
pings between surfaces converging to continuous ones. We
have chosen Figure 12, extracted from the paper [20], to
show an example where circle packings and their deforma-
tion play the role of the more familiar Euclidean grid to
describe mappings between surfaces.

Brain Warping
Thurston also realized that conformal mappings may be
used in the study of the brain. In a memorial article on
him published in the Notices, Ian Agol recounts: “At one
point he read a book about vision and the brain, and ex-
plained to us how the image from the eye projected
onto the brain is approximately a conformal mapping” [7,

Figure 12. Circle packings used instead of rectangular
coordinates as maps between surfaces in the computation of
discrete quasiconformal mappings; figure from [20].

p. 36].
The brain is a singular part of our body where mental

images and abstract ideas are created. It is also the center
of the connection between ourmental andmaterial worlds.
It is not surprising that Thurston was highly interested in
its functioning.

The brain makes altered images of the reality. This is
also a setting where the notion of map distortion may be
used. Distortion in the study of the brain occurs at the
level of perception as well as at that of brain image registra-
tion. Investigations in this field carry the generic name of
brain warping. Here, the mathematical study of distortion
of maps between surfaces is intertwined with biological
research on growth and medical research on pathologies
such as Alzheimer’s and other neurodegenerative
diseases caused by cognitive dysfunction. Aspects in this
field include the problem of localizing visual perception
processes in specific brain regions and that of transferring
images from the brain to a computer, obtaining digital
brain images that have medical significance.

A large literature was published in the last few decades
on the study of brain alteration and comparison of form,
some of it written by mathematicians who used the tools
we have on maps between surfaces and their distortion.

As in geography, several kinds of surface transforma-
tions are considered in brain warping: angle-preserving,
area-preserving, minimal distance-distortion mappings,
etc. Classical mathematical techniques have been used by
neuro-scientists for computational solutions of such prob-
lems, including PDEs, the approximation of Lipschitzmap-
pings by 𝑝-harmonic maps, and discretization. In several
recent papers published on this subject, questions related
to brain imaging have been reduced to questions on min-
imizing quasiconformal and Lipschitz distortions of map-
pings between surfaces, with boundary conditions speci-
fied. In some of these approaches, the surfaces involved
represent cortical surfaces, in particular the surfaces be-
tween white matter and gray matter or between gray mat-
ter and the cerebrospinal fluid in the brain. The prob-
lems studied also include the ones of representing on a flat
plane and with least distortion the cerebral cortex surface.

There is a rich literature on the subject, and the inter-
ested reader may look at the collective book edited by Toga
[18] and the paper [13] by Memoli, Sapiro, and Thomp-
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son. Both contain several references.
Back in the fifteenth century, Leonardo da Vinci, defy-

ing a papal ban, spent a lot of time dissecting human bod-
ies and made several drawings of the brain. Some of the
techniques he introduced were used in three-dimensional
digital images; see e.g. [18, p. 299].

I would like to conclude this paper with a quote from
Chebyshev19:

Mathematics already traversed two epochs: one
where the problems were set by the gods (for in-
stance, the problem of the duplication of the cube)
and another one where the semi-gods, like Fermat,
Pascal and others, set them. Today we have en-
tered the third period, where the questions to be
solved are raised by the needs of humanity.
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From Decoupling and
Self-Normalization

to Machine Learning

Victor H. de la Pena
Introduction
We now live in the age of the digital revolution, where ma-
chine learning and artificial intelligence have transformed
the way data is generated, processed, and analyzed to solve
complex research problems. One of the goals in the de-
velopment of algorithms in machine learning is to extract
as much information from the data as possible that can-
not be achieved through traditional techniques. Decou-
pling and self-normalization are statistical tools that han-
dle complex problems that are beyond the spheres of clas-
sical statistical methods. Self-normalization can be traced
back to the seminal work of Gosset [9], which is consid-
ered a breakthrough in science. Notably, his Student t-
statistic allowed statistical inference about the value of the
mean of a (Gaussian) distribution without knowledge of
the actual value of the variance, provided one has a ran-
dom sample from the target population. Remarkably, the
self-normalization approach provides techniques to ex-
tend the t-statistic to the case of non-Gaussian distribu-
tions and nonindependent variables.
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Then what do decoupling, self-normalization, and ma-
chine learning have in common? They enable the develop-
ment of algorithms with minimal dependence or paramet-
ric assumptions. In essence, decoupling and self-normal-
ization are areas that grew out of the need to extend mar-
tingale methods to high and infinite dimensions and com-
plex nonlinear dependence structures. Decoupling pro-
vides tools for treating dependent variables as if they were
independent. In particular, it provides a natural tool for
developing sharp exponential inequalities for self-normal-
ized martingales. Prototypical examples of self-normal-
ized processes are the t-statistic in dependent random vari-
ables as well as (self-normalized) extensions of the law of
the iterated logarithm of Kolmogorov. As will be described
in the last section, these results have been used to estab-
lish important machine-learning tools, the development
of efficient algorithms for the stochastic multiarmed ban-
dit problem, and for the so-called learning to rank (LTR)
model.

Complete Decoupling
Let {𝑑𝑖 𝑖 = 1,… ,𝑛} be a sequence of dependent random
variables with 𝐸|𝑑𝑖| < ∞. Let {𝑦𝑖 𝑖 = 1,… ,𝑛} be a se-
quence of independent variables where for each 𝑖, 𝑑𝑖 and
𝑦𝑖 have the same marginal distributions. Since 𝐸𝑑𝑖 = 𝐸𝑦𝑖,
linearity of expectations provides the first “complete de-
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coupling” equality:

𝐸
𝑛
∑
𝑖=1

𝑑𝑖 = 𝐸
𝑛
∑
𝑖=1

𝑦𝑖. (1)

As a concrete example for constructing the sequence

{𝑦𝑖}, let {𝑑(𝑗)
𝑖 , 𝑖 = 1,… ,𝑛; 𝑗 = 1,… ,𝑛} be independent

copies of {𝑑𝑖} and take 𝑦𝑖 = 𝑑(𝑖)
𝑖 . Then, it is easy to see

that {𝑦𝑖} is a sequence of independent random variables,
since each row in the array is independent of the others
and

𝐸
𝑛
∑
𝑖=1

𝑑𝑖 =
𝑛
∑
𝑖=1

𝐸𝑑𝑖 =
𝑛
∑
𝑖=1

𝐸𝑑(𝑖)
𝑖 =

𝑛
∑
𝑖=1

𝐸𝑦𝑖 = 𝐸
𝑛
∑
𝑖=1

𝑦𝑖.

In complete decoupling, one compares 𝐸𝑓(∑𝑑𝑖) to
𝐸𝑓(∑𝑦𝑖) for more general functions than 𝑓(𝑥) = 𝑥. In
statistics, Hoeffding’s [11] inequality for comparing sam-
pling without replacement to sampling with replacement
provides an early example. More recent work involves ex-
tensions to the case of negatively associated variables of
Shao [19], as well as to the case of sequences of nonnega-
tive randomvariableswith arbitrary dependence structures.
Applications of complete decoupling include, among oth-
ers, tools for the optimization of stochastic processes such
as the scheduling of dependent computer servers (see
Makarychev and Sviridenko [17]).

Let the population 𝐶 consist of 𝑁 values 𝑐2, 𝑐2,… , 𝑐𝑁.
Let 𝑑1, 𝑑2,… ,𝑑𝑛 denote a random sample without re-
placement from𝐶, and let 𝑦1, 𝑦2,… ,𝑦𝑛 denote a random
sample with replacement from 𝐶. The random variables
𝑦1,… ,𝑦𝑛 are independent and identically distributed.
Moreover, for all 𝑖, 𝑑𝑖 and 𝑦𝑖 have the same marginal dis-
tributions. Hoeffding [11] developed the following widely
used complete decoupling inequality: For every continu-
ous convex function Φ,

𝐸Φ(
𝑛
∑
𝑖=1

𝑑𝑖) ≤ 𝐸Φ(
𝑛
∑
𝑖=1

𝑦𝑖) . (2)

Shao [19] extended it to the case of negatively associated
random variables.

In what follows we present a (sharp) complete decou-
pling inequality for sums of nonnegative dependent ran-
dom variables that provides a reverse Hoeffding’s inequal-
ity for 𝐿𝑝 moments. The price one pays is a constant.

Theorem. Let 𝜋(1) be a Poisson random variable with mean
1. Assume the 𝑑𝑖’s are a sequence of arbitrarily dependent non-
negative random variables. Let 𝑦𝑖,… ,𝑦𝑛 be independent ran-
dom variables with 𝑦𝑖 having the same distributions as 𝑑𝑖 for
all 𝑖. Then, for 𝑝 ≥ 1,

𝐸(
𝑛
∑
𝑖
𝑦𝑖)

𝑝

≤ 𝐸(𝜋(1)𝑝)𝐸(
𝑛
∑
𝑖=1

𝑑𝑖)
𝑝

. (3)

In particular, when 𝑝 = 1 we obtain the original complete
decoupling equality in (1),

𝐸
𝑛
∑
𝑖
𝑦𝑖 = 𝐸𝜋(1)𝐸

𝑛
∑
𝑖=1

𝑑𝑖 = 𝐸
𝑛
∑
𝑖=1

𝑑𝑖.

The above result was introduced by de la Pena [4] in the
case of more general functions, including powers with dif-
ferent constants. The sharp constants were first obtained
by Makarychev and Sviridenko [17].

Conditionally Independent (Tangent)
Decoupling
The theory of martingale inequalities has been central in
the development of modern probability theory. Recently
it has been expanded widely through the introduction of
the theory of conditionally independent (tangent) decou-
pling. This approach to decoupling can be traced back to a
result of Burkholder andMcConell included in Burkholder
[2] that represents a step in extending the theory of martin-
gales to Banach spaces.

Let {𝑑𝑖} and {𝑒𝑖} be two sequences of random variables
adapted to the 𝜎-fields {𝐹𝑖}. Then {𝑑𝑖} and {𝑒𝑖} are said
to be tangent with respect to {ℱ𝑖} if, for all 𝑖,

ℒ(𝑑𝑖|ℱ𝑖−1) = ℒ(𝑒𝑖|ℱ𝑖−1), (4)

whereℒ(𝑑𝑖|ℱ𝑖−1) denotes the conditional probability law
of 𝑑𝑖 given ℱ𝑖−1.

Let 𝑑1,… ,𝑑𝑛 be an arbitrary sequence of dependent
random variables adapted to an increasing sequence of 𝜎-
fields {ℱ𝑖}. Then, as shown in de la Pena and Gine [6],
one can construct a sequence 𝑒1,… , 𝑒𝑛 of random vari-
ables that is conditionally independent given 𝒢 = ℱ𝑛.
The construction proceeds as follows: First we take 𝑒1 and
𝑑1 to be two independent copies of the same random
mechanism. Having constructed 𝑑1,… ,𝑑𝑖−1; 𝑒1,… , 𝑒𝑖−1,
the 𝑖th pair of variables 𝑑𝑖 and 𝑒𝑖 comes from i.i.d. copies
of the same random mechanism given ℱ𝑖−1. It is easy to
see that using this construction and taking

ℱ′
𝑖 = ℱ𝑖 ∨𝜎(𝑒1,… , 𝑒𝑖),

the sequences {𝑑𝑖}, {𝑒𝑖} satisfy

ℒ(𝑑𝑖|ℱ′
𝑖−1) = ℒ(𝑒𝑖|ℱ′

𝑖−1) = ℒ(𝑒𝑖|𝒢)
and the sequence 𝑒1,… , 𝑒𝑛 is conditionally independent
given 𝒢 = ℱ𝑛.

A sequence {𝑒𝑖} of random variables satisfying the
above conditions is said to be a decoupled ℱ′

𝑖 -tangent ver-
sion of {𝑑𝑖}.

As in the case of complete decoupling, linearity of ex-
pectations provides the canonical example of a decoupling
“equality.” In conditionally independent decoupling one
replaces dependent random variables with decoupled
(conditionally independent) random variables. If 𝐸|𝑑𝑖| <
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∞ for all 𝑖, then

𝐸
𝑛
∑
𝑖=1

𝑑𝑖 = 𝐸
𝑛
∑
𝑖=1

𝑒𝑖. (5)

To see this note that

𝐸
𝑛
∑
𝑖=1

𝑑𝑖 =
𝑛
∑
𝑖=1

𝐸𝑑𝑖 =
𝑛
∑
𝑖=1

𝐸(𝐸(𝑑𝑖|ℱ′
𝑖−1))

=
𝑛
∑
𝑖=1

𝐸(𝐸(𝑒𝑖|ℱ′
𝑖−1)) =

𝑛
∑
𝑖=1

𝐸(𝐸(𝑒𝑖|𝒢))

= 𝐸(𝐸(
𝑛
∑
𝑖=1

𝑒𝑖|𝒢)) = 𝐸
𝑛
∑
𝑖=1

𝑒𝑖.

The first general decoupling inequality for tangent se-
quences was obtained by Zinn [20] and extended by
Hitczenko [10].

A turning point in the theory of decoupling for tangent
sequences has been a 1986 result of Kwapien and Woy-
czynski (see Kwapien andWoyczinsky [14] for the exact ref-
erence). It is shown in that paper for the first time, and in
a precise manner, that one can always obtain a decoupled
tangent sequence to any adapted sequence hence, making
general decoupling inequalities widely applicable.

Developments of the theory and applications are found
in hard copy in Kwapien and Woyczynski [14] and in de la
Pena and Gine [6].

Decoupling and Self-Normalization
Next, we present a sharp decoupling inequality with con-
straints from de la Pena [5]. This result will be used later to
obtain a sharp extension of Bernstein’s inequality for inde-
pendent random variables to the case of self-normalized
martingales.

Let {𝑑𝑖} and {𝑒𝑖} be two tangent sequences with {𝑒𝑖}
decoupled. Then for all 𝑔 > 0 adapted to 𝜎({𝑑𝑖}),

𝐸𝑔exp{𝜆
𝑛
∑
𝑖=1

𝑑𝑖} ≤
√√√
⎷
𝐸𝑔2 exp{2𝜆

𝑛
∑
𝑖=1

𝑒𝑖}. (6)

As a first application we use (6) in the context of the sam-
pling schemes discussed above.
Example (conditionally independent sampling). In this
example we show how to decouple a sample without re-
placement and show how the decoupled sequence relates
to sampling without replacement and sampling with re-
placement. (In survey sampling we treat draws without re-
placement as if they were independent, though they are ac-
tually weakly coupled.) As before, consider drawing sam-
ples of size 𝑛 from a population 𝐶 that consists of 𝑁 val-
ues. Let 𝑑1,… ,𝑑𝑛 denote a sample without replacement
and let 𝑦1,… ,𝑦𝑛 denote a sample with replacement. A
conditionally independent sample can be constructed as
follows. At the 𝑖th stage of a simple random samplingwith-
out replacement, both 𝑑𝑖 and 𝑒𝑖 are obtained sampling

uniformly from {𝑐1,… , 𝑐𝑁}, excluding {𝑑1,… ,𝑑𝑖−1}.
This may be attained by selectively returning items to 𝐶.
More precisely, at the 𝑖th stage first draw 𝑒𝑖 and return it
to the population. Then draw 𝑑𝑖 and put its value aside. It
is easy to see that the above procedure will make {𝑒𝑖} tan-
gent to {𝑑𝑖} with ℱ𝑛 = 𝜎(𝑑1,… ,𝑑𝑛; 𝑒1,… , 𝑒𝑛). More-
over, the sequence {𝑒𝑖} is conditionally independent given
𝒢=𝜎(𝑑1,… ,𝑑𝑁).

A use of the exponential decoupling inequality (with
𝑔 = 1) found in (6) gives

𝐸exp{𝜆
𝑛
∑
𝑖=1

𝑑𝑖} ≤
√√√
⎷
𝐸exp{2𝜆

𝑛
∑
𝑖=1

𝑒𝑖}. (7)

In some sense, conditionally independent sampling can
be viewed as a sampling scheme in between sampling with
replacement and sampling without replacement.

Next we state Bernstein’s inequality for sums of inde-
pendent random variables and its self-normalized coun-
terpart in the case of self-normalized martingales.
Bernstein’s inequality. Let {𝑥𝑖} be a sequence of inde-
pendent random variables. Assume that 𝐸(𝑥𝑗) = 0 and
𝐸(𝑥2

𝑗) = 𝜎2
𝑗 < ∞ and set 𝑣2

𝑛 = ∑𝑛
𝑗=1 𝜎2

𝑗 . Furthermore,
assume that there exists a constant 0 < 𝑐 < ∞ such that,
almost surely, 𝐸(|𝑥𝑗|𝑘) ≤ (𝑘! /2)𝜎2

𝑗 𝑐𝑘−2 for all 𝑘 > 2.
Then for all 𝑥 > 0,

𝑃(
𝑛
∑
𝑖=1

𝑥𝑖 > 𝑥) ≤ exp(− 𝑥2

2(𝑣2𝑛 + 𝑐𝑥)
) . (8)

The following is a self-normalized inequality from de la
Pena [5]:
Self-normalized Bernstein’s inequality. Let {𝑑𝑖,ℱ𝑖} be a
martingale difference sequence. Assume that 𝐸(𝑑𝑗|ℱ𝑗−1)
= 0 and 𝐸(𝑑2

𝑗 |ℱ𝑗−1) = 𝜎2
𝑗 < ∞ (satisfied by subexpo-

nential randomvariables) and set𝑉2
𝑛 = ∑𝑛

𝑗=1 𝜎2
𝑗 . Further-

more, assume that there exists a constant 0 < 𝑐 < ∞ such
that, almost surely, 𝐸(|𝑑𝑗|𝑘|ℱ𝑗−1) ≤ (𝑘! /2)𝜎2

𝑗 𝑐𝑘−2 for
all 𝑘 > 2. Then for all 𝑥,𝑦 > 0,

𝑃(∑𝑛
𝑖=1 𝑑𝑖
𝑉2𝑛

> 𝑥, 1
𝑉2𝑛

≤ 𝑦) ≤ exp(− 𝑥2

2𝑦(1 + 𝑐𝑥)) .
(9)

Remark. The inequality is sharp, since when 𝑉2
𝑛 = 𝑣2

𝑛
(nonrandom) the two inequalities are equivalent. The key
steps in obtaining this result involve the use ofMarkov’s in-
equality followed by the decoupling inequality presented
in (6). We then (conditionally) apply the standard results
for sums of independent random variables to complete the
proof.

Self-Normalization
This area goes back to the seminal work of Gosset [9] (“Stu-
dent”), in which he introduced the t-statistic and the t-
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distribution. For more than a century, the t-statistic has
evolved into much more general Studentized statistics and
self-normalized processes. Let 𝑋1,𝑋2,… ,𝑋𝑛 be a se-
quence of i.i.d. normal random variables. Gosset consid-
ered the problem of statistical inference on the mean 𝜇
when the standard deviation 𝜎 of the underlying distribu-
tion is unknown. Let �̄�𝑛 = 𝑛−1 ∑𝑛

𝑖=1 𝑋𝑖 , �̂�2
𝑛 =

∑𝑛
𝑖=1(𝑋𝑖−�̄�𝑛)2

𝑛−1 be the sample mean and the sample variance,
respectively. In his 1908 paper Gosset derived the distri-

bution of the t-statistic𝑇𝑛 = √𝑛∑𝑛
𝑖=1(𝑋𝑖−𝜇)

�̂�𝑛
for normal𝑋𝑖;

this is the t-distribution with 𝑛 − 1 degrees of freedom.
The t-distribution converges to the standard normal dis-
tribution, and in fact 𝑇𝑛 has a limiting standard normal
distribution even when the 𝑋𝑖 are nonnormal.

It is noted that for “fat-tailed” distributions with infinite
second or even first absolute moments, it has been found
that the t-test of 𝜇 = 𝜇0 is robust against nonnormality
in terms of the type I error probability. Furthermore, di-
rectly plugging in the true variance will actually result in
a substantially worse statistic (that is extremely anticonser-
vative in the case of, e.g., tests involving Cauchy random
variables). Without loss of generality, consider testing the
hypothesis 𝜇0 = 0 so that

𝑇𝑛 = √𝑛�̄�𝑛
�̂�𝑛

= 𝑆𝑛
𝑉𝑛

{ 𝑛 − 1
𝑛− (𝑆𝑛/𝑉𝑛)2

}1/2, (10)

where 𝑆𝑛 = ∑𝑛
𝑖=1 𝑋𝑖, 𝑉2

𝑛 = ∑𝑛
𝑖=1 𝑋2

𝑖 .
In view of the above equality, if 𝑇𝑛 or 𝑆𝑛/𝑉𝑛 has lim-

iting distribution, then so does the other, and it is well
known that they coincide. In de la Pena et al. [8], a more
complete historical perspective of the general theory is pro-
vided, as well as numerous applications in statistics.

Pseudo-maximization (Method of Mixtures)
The method of pseudo-maximization (also known as the
method of mixtures) was used in de la Pena et al. [7] and is
based on the following assumption: Let (𝐴,𝐵) be an arbi-
trarily dependent vector of random variables,
with 𝐵 > 0. Assume that −∞ < 𝜆 < ∞. Then, the pair is
said to satisfy the canonical assumption if

𝐸exp(𝜆𝐴− 𝜆2𝐵2/2) ≤ 1. (11)

The appendix provides a wide class of processes that sat-
isfy this assumption. These includemartingales, randomly
stopped processes, and sums of conditionally symmetric
random variables. For some applications the range of 𝜆
can be smaller, e.g., 0 < 𝜆 < 𝜆0. Note that if the integrand
in 𝐸exp(𝜆𝐴 − 𝜆2𝐵/2) can be maximized over 𝜆 inside
the expectation (as can be done if 𝐴/𝐵2 is nonrandom),

taking 𝜆 = 𝐴/𝐵2 would yield 𝐸exp( 𝐴2

2𝐵2 ) ≤ 1. This in

turn would give the optimal Chebyshev-type bound

𝑃(𝐴
𝐵 > 𝑥) ≤ exp(−𝑥2

2 ) . (12)

However, since 𝐴/𝐵2 cannot (in general) be taken to be
nonrandom, we need to find an alternative method for
dealing with this maximization. One approach for attain-
ing a similar effect involves integrating over a probability
measure 𝐹 and using Fubini’s theorem to interchange the
order of integration with respect to 𝑃 and 𝐹:

∫𝐸exp(𝜆𝐴− 𝜆2𝐵2/2)𝐹(𝑑𝜆)

= 𝐸∫exp(𝜆𝐴− 𝜆2𝐵2/2)𝐹(𝑑𝜆)

≤ ∫𝐹(𝑑𝜆) ≤ 1.

(13)

To be effective for all possible pairs (𝐴,𝐵), the𝐹 chosen
would need to be as uniform as possible so as to include
the maximum value of 𝐸exp(𝜆𝐴 − 𝜆2𝐵2/2) regardless
of where it might occur. Thus some mass is certain to be
assigned to and near the random value 𝜆 = 𝐴/𝐵2 that
maximizes exp(𝜆𝐴 − 𝜆2𝐵2/2). Since all uniform mea-
sures aremultiples of Lebesguemeasure (which is infinite),
we construct a finite measure (or a sequence of finite mea-
sures) that tapers off to zero as 𝜆 → ∞ as slowly as we can
manage. One can obtain different results by changing the
measure 𝐹.

For example, as shown in de la Pena et al. [7], by inte-
grating over a Gaussian measure in (13) one can develop
the following self-normalized exponential inequality:

𝑃(|𝐴|/√𝐵2 + (𝐸𝐵)2 ≥ 𝑥) ≤ √2exp (−𝑥2/4) (14)

for all 𝑥 > 0.
We remark that we almost get the optimal Chebyshev

bound, the ideal inequality (see (12)) up to constants, and
the term (𝐸𝐵)2.

Under the following refinement of the canonical as-
sumption we obtain an LIL bound. Assume that

{exp(𝜆𝐴𝑡 −𝜆2𝐵2
𝑡 /2), 𝑡 ≥ 0}

is a super martingale with mean ≤ 1. (15)

Then,

limsup
𝑡→∞

𝐴𝑡

√2𝐵2
𝑡 log log𝐵2

𝑡
≤ 1, (16)

on the set {lim𝑡→∞ 𝐵2
𝑡 = ∞}.

As formalized in Lemma A.3, for conditionally symmet-
ric increments, 𝑑𝑖, we can use this result to get

lim sup
𝑛→∞

∑𝑛
𝑖=1 𝑑𝑖

√2∑𝑛
𝑖=1 𝑑2

𝑖 log log∑𝑛
𝑖=1 𝑑2

𝑖
≤ 1, (17)
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on the set {lim𝑛→∞ ∑𝑛
𝑖=1 𝑑2

𝑖 = ∞},which is a sharp exten-
sion of Kolmogorov’s LIL without moments assumptions.
In particular, the result is valid for i.i.d. centered Cauchy
random variables.

Applications to Machine Learning
An area of important application in machine learning is
the stochastic multiarmed bandit problem. Following the
formulation by Kaufmann et al. [12], the model involves
sequentially sampling from a set of 𝑘 probability distribu-
tions, called arms, each having an unknown mean 𝜇𝑘. At
time 𝑡, an arm is selected according to a sampling strategy
that depends on the history of past arm selections and sam-
ples, and then a sample 𝑋𝑡 is drawn from the associated
distribution. A key objective is to adjust the sampling strat-
egy in order to maximize the expected value of the rewards
gathered up to a specified time horizon 𝑇. In their pa-
per Kaufmann et al. provide improved sequential stopping
rules that have guaranteed error probabilities and shorter
average running times. In a related paper Kaufmann and
Koolen [13] establish asymptotic optimality of a class of
sequential tests generalizing the track-and-stop method to
problems beyond best arm identification. The approach
they take involves the use of the method of mixtures and
a self-normalized law of the iterated logarithm (see (16)
above).

In addition in machine learning, self-normalization
techniques are being used in the development of efficient
algorithms for the so-called learning to rank (LTR). The pri-
mary objective of LTR, which is used in web search and rec-
ommender systems (Liu [16]), is to optimally select a sub-
set from a large set of documents that maximizes the satis-
faction of the user. It is well known that some of the com-
monly proposed approaches have limited applications, in-
cluding lack of convergence in certain situations.

In a recent paper, Lattimore et al. [15] introduced an
algorithm, called TopRank, with several desirable features,
such as performance superior to many of the competing
algorithms. A major step in the development of the pro-
posed algorithm is use of self-normalization principles.
For example, in their paper, the proof of their Lemma 6 is
based on this principle in the construction of the bounds
on relevant quantities.

The theory for self-normalized sums has also been ap-
plied in the formulation of regression models for high-
dimensional data. Notably, Belloni et al. [1] used the the-
ory to achieve Gaussian-like results under weak conditions
for a self-tuning and square-root function of the lasso
method that works well with unknown scale, heteroscedas-
ticity, and nonnormality of the error terms.

Further Applications
The tools developed have been successfully applied in di-
verse areas such as extension of martingale results to infi-
nite dimensions, including Banach spaces; self-normalized
martingales; stochastic integration; empirical processes, in-
cluding U-statistics and U-processes; density estimation;
sequential analysis; survival analysis; efficientMonte Carlo
methods; matrix completion; large deviations; robust esti-
mation; likelihood; and Bayesian inference. See Kwapien
and Woyczynski [14], de la Pena and Gine [6], and de la
Pena et al. [8] for details.

More recent applications of conditionally independent
decoupling include Candes and Recht [3], which deals
with exact matrix completion via convex optimization.
There has been a recent surge of interest in applying and
developing the methods presented in this survey. In partic-
ular, Rahklyn et al. [18] uses conditional independent de-
coupling techniques to study sequential complexities and
exponential inequalities for martingales in Banach spaces.
Makarychev and Sviridenko [17] uses complete decoup-
ling inequalities to develop stochastic optimization tools
for energy efficient routing load balancing in parallel ma-
chines.

Concluding Remarks
As can be seen from the broad range of results and applica-
tions, it is worth looking at problems using the decoupling
and self-normalization perspectives. In fact, there are still
multiple open problems in these areas, including the de-
velopment of new sharp algorithms in the area of machine
learning.

Appendix
Lemma A.1. Let 𝑊𝑡 be a standard Brownian motion. Assume
that 𝑇 is a stopping time such that 𝑇 < ∞ a.s. Then for all
−∞ < 𝜆 < ∞,

𝐸exp{𝜆𝑊𝑇 −𝜆2𝑇/2} ≤ 1. (18)

Lemma A.2. Let 𝑀𝑡 be a continuous, square-integrable mar-
tingale, with 𝑀0 = 0. Then, for all −∞ < 𝜆 < ∞,

exp{𝜆𝑀𝑡 −𝜆2 < 𝑀 >𝑡 /2} ≤ 1. (19)

If 𝑀𝑡 is only assumed to be a continuous local martingale, the
inequality is also valid (by application of Fatou’s lemma).

Lemma A.3. Let {𝑑𝑖} be a sequence of variables adapted to an
increasing sequence of 𝜎-fields {ℱ𝑖}. Assume that the 𝑑𝑖’s are
conditionally symmetric (i.e.,ℒ(𝑑𝑖|ℱ𝑖−1) = ℒ(−𝑑𝑖|ℱ𝑖−1)).
Then,

𝐸exp{𝜆
𝑛
∑
𝑖=1

𝑑𝑖 −𝜆2
𝑛
∑
𝑖=1

𝑑2
𝑖 /2} ≤ 1 (20)

for all −∞ < 𝜆 < ∞.
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ality. Sharing our work through seminars, colloquia, and 
presentations offers an invitation for a far larger audience 
to explore our writings, building community and fostering 
collaboration. Although the skills for publication have 
some overlap with those for performance, the distinctions 
are greater: giving good talks involves not just a command 
of words and images but speech, body movement, control 
of time, and a disproportionate emphasis on storytelling.

Developing and sharp-
ening these skills is im-
portant now more than 
ever, for our data-driven 
world is  hungry for 
quantification, paying 
particular attention to 
mathematics. Consider 
the notion of “applied” 
mathematics: The twenti-
eth century relegated this 
to certain subjects such as 
PDEs, numerical analysis, 
and probability. In our 
twenty-first century, how-
ever, nearly every area of 
mathematics is rich in ap-
plications, from algebraic 
geometry (phylogenetics) 
and homotopy theory 
(data analysis) to com-
plex analysis (computer 
graphics) and number 
theory (cryptography). 
And so, the opportunities 
to present and showcase 
all types of research math-
ematics to corporations, 
government agencies, 
think tanks, and a thirsty 
public are proliferating, 
highlighting further the 
importance of proper pre-
sentation.

My communication 
philosophy can be ex-
plained by considering a 
steak (or a stalk of celery, 
from a vegetable view-

G
RA

DU
ATE STUDENTS

POST DOCS

NEW
 FACULTY

G
O

V
ERNM

ENT LABORATORIES

INDUSTRY

M
EN

TO
RS

-

Planning Ahead for 
the Joint Meetings
Giving Good Talks

Satyan L. Devadoss
Motivation
Mathematicians are like rock stars: after recording an 
album, they need to go on tour. Like an album, a paper 
conveys a polished, finished product, with all the notes per-
fectly in place. A talk, on the other hand, is akin to a concert 
performance, highlighting the essential parts of our math-
ematics through the brushstrokes of intuition and person-

Satyan L. Devadoss is the Fletcher Jones Professor of Applied Mathematics 
and a professor of computer science at the University of San Diego. His 
email address is devadoss@sandiego.edu.
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and joys are part of this story. Analogous to the contrast 
between a musical score and a musical recording, a talk 
allows your personality to come forth and shine through. 
Highlighting rather than hiding this aspect will not only 
improve the experience of the listener but your enjoyment 
as the presenter. Being a showperson or a comedian isn’t 
what matters: your passion for your mathematics will be 
the fuel. And as your storytelling skills improve, so will 
your writing prowess.

Words and Images
Although the content of a talk is similar to a written paper, 
they carry out different functions. In most cases, the pre-
sentation serves as a pointer to your research paper. Thus 
the amount of precision involved, especially when framing 
definitions and theorems, is substantially different between 
the two mediums. A paper requires a high degree of preci-
sion, a mathematical composition of clarity and accuracy, 
a place of reference for future works. A presentation format, 
with its time constraint, forces ideas to be painted in broad 
strokes, denying opportunities to consider the finer details. 
High precision stands in tension with intuitive storytelling.

Consequently, you should hide subtle nuances in defi-
nitions and give only a framework for important proofs, 
relegating their details to the paper. The talk should be 
a pointer and not a substitute for written mathematics. 
Having said this, however, do not abuse this freedom to do 
sloppy mathematics. The balancing act comes in providing 
clarity without magnifying subtlety.

For talks involving slides (rather than a wonderful chalk-
board), it becomes even more paramount (and more diffi-
cult) to kill your darlings. Overwhelming the audience with 
information becomes easy, simply by adding extra slides 
or jam-packing each one. All of this is done with very little 
cost to the speaker, while the listener pays the price. Keep 
each slide limited to a handful of sentences, with a large 
font, and generous whitespace in the margins and between 
sentences. If there are appropriate illustrations or figures, 
please, please, please use them. Pictures serve as marvelous 
substitutes for a thousand awkward words.

Figure 2 shows two examples of good slides: note the 
clean fonts, clear images, abundant spacing, and simple 
titles. Each of these slides can easily take one to five minutes 
of presentation time, depending on the listening audience 
and the chosen storyline.

If you need to use notes, carry a notepad, keeping your 
slides uncluttered. Let each slide breathe, giving them a 
welcoming look. When (not if) people get distracted during 
your talk, the slide titles should offer a smooth reentry back 
into the presentation. And if the slides have been properly 
written and formatted, the need for a laser pointer should 

point); see Figure 1. The steak is the sum total of informa-
tion, and the job of the presenter is to cut the steak into 
digestible pieces for the audience.

If the steak is cut with the grain, the listeners are forced 
to chew through the tough fibers; a piece of lovely math-
ematics is turned into an unpleasant meal. On the other 
hand, if we’re intentional beforehand and cut against the 
grain, the hard work of breaking up the fibers has already 
been done, leaving the audience with an enjoyable taste in 
their mouths. This article offers a few general principles of 
how to do just that.

Story Driven
More fundamental than the label of mathematician is that 
of human. And as humans, we’re hardwired to use stories 
to make sense of our world (story-receivers) and to share 
that understanding with others (storytellers) [2]. Thus, the 
framing of any communication answers the key question, 
what is the story we wish to share? Mathematics papers 
are not just collections of truths but narratives woven to-
gether, each participating in and adding to the great story 
of mathematics itself.

The first endeavor for constructing a good talk is rec-
ognizing and choosing just one storyline, tailoring it to 
the audience at hand. Should the focus be on a result 
about the underlying structures of group actions? Or the 
process in which a topological invariant was discovered? 
Or possibly the relationships between competing numer-
ical approximation methods? Once chosen, the next (and 
likely the most difficult) task is to adhere firmly to this 
decision. Keep the bits that move the story forward and 
remove the pieces that digress from it. The hardship arises 
due to the special love we have for certain parts of our work 
(theorems, remarks, connections) that do not follow the 
chosen narrative. Unaddressed, these embellishments lead 
to tangents (at best) and distractions (at worst) that might 
bring us personal satisfaction at the cost of confusing the 
listener. Sir Arthur Quiller-Couch gave the following advice 
to writers [5], which is equally applicable in crafting talks:

Whenever you feel an impulse to perpetrate a piece 
of exceptionally fine writing, obey it—whole-heart-
edly—and delete it before sending your manuscript 
to press. Murder your darlings.

Do the hard work in killing the parts that move away 
from the central point, regardless of how fabulous they are. 
The main thing is to keep the main thing the main thing.

Another facet of the connection between humans and 
stories is realizing that the storyteller is important to the 
story itself. As Francis Su argues, the pursuit of mathemat-
ics is a human endeavor, and mathematical thinking can 
help fulfill such longings as love, freedom, play, justice, 
and community [6]. Theorems are not the only stars of 
the show; you are as well! Your viewpoint and approach to 
mathematics make your talk unique, and your frustrations 
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nervousness) creates a dissonance between what is being 
said and what is being enacted, distracting the listener.

Although time is the most restraining element in a talk, 
any mathematical work can be presented in 50 minutes, 
30 minutes, or 5 minutes, or even as a 20-second elevator 
pitch. What it requires is hard work to distill the vast range 
of ideas in your work into a laser-focused story. Blaise Pascal 
[4] once famously wrote:

Je n’ai fait celle-ci plus longue que parce que je n’ai 
pas eu le loisir de la faire plus courte.1

In other words, it’s easy to give a long talk but takes 
discipline to make it shorter. Speaking faster or cramming 
more lines of text doesn’t convey more information but 
muddles it, wasting precious time. If the pace is hurried, 
the audience will feel your anxiety and stress. So spend 
the days and weeks before the talk doing the heavy lifting, 
shaving off unnecessary darlings. Learn to enjoy the silence, 
using it to both highlight key points and allow your ideas 
to be absorbed. Silence is a powerful tool that most in the 
Western Hemisphere fail to appreciate [1].

In spite of seeming like a waste of time, spend an inor-
dinate amount of time on the introduction. It’s reasonable 
to allocate 40% of allocated time to it, with 50% for the 
body and 10% for a conclusion. Without this long runway 
of time to develop an opening gambit, instrumental in pro-
viding motivation and foundation, there’ll be little interest 
or investment from the listeners for the remainder of your 
talk. Of course, experts in the field will not be in need of 
this, but the talk isn’t for them. They’re already equipped 
to read your paper without a need for motivation. (Having 
said this, I’m always pleasantly surprised to hear that even 
the experts are quite appreciative of a lovely and lengthy 
introduction.)

evaporate, with the hands and the body more than capable 
of being the guide.

Just as every written word conveys information, the 
same is true of images. Pay careful attention to the choice 
of colors, shading, line widths, compositions, and other 
aspects of figures and drawings. A classic book by Edward 
Tufte [7] is a good place to start, offering terrific advice 
on how best to present visual information. Realize that 
images themselves are a form of notation. The great John 
Littlewood writes [3]:

A heavy warning used to be given that pictures are 
not rigorous. This has never had its bluff called and 
has permanently frightened its victims.

For example, a pentagon whose interior is shaded is 
different from one that is not; the former conveys a two-di-
mensional object whereas the latter shows its one-dimen-
sional boundary. If certain figures pack a high amount of 
information or are of particular importance, make them 
fill the entire slide. Have the audience fall into the beauty 
of such pictures.

Time and Space
A radical difference between a paper and a talk is the 
importance of time and space. The use of space is the 
greatest untapped potential in most presentations. Being 
human, we’re gifted with not just minds and mouths but 
bodies. Use your whole body during your talk, including 
your hands and feet. (Under the rare circumstances when 
restricted to a podium, your hands play a far more im-
portant role.) For instance, when transitioning from one 
point to the next, move from one side of the room to the 
other. Walk with intention, stopping to emphasize critical 
ideas, coordinating your body movements with the arcs 
of your storyline. When making a key point, speak quieter 
and slower, to draw your audience in. Not moving at all or 
moving with abandon (both of which can be attributed to 

Figure 2.

1I would have written a shorter letter, but I did not have the time.
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10 Ancient Rules for  
Giving a Conference/
Seminar/Research Talk  
in Mathematics
A New Translation from the 
Original Cuneiform Stone Tablets

A. Kercheval

1. Thou shalt finish your talk on time. This is the prime 
directive; obey this rule above all others. Preferably 
you should end slightly early: you will please your 
audience with the gift of extra minutes in the day. If 
you are late, you steal time from your audience and 
displease the gods.

2. Do not accomplish the goal of finishing on time by the 
artifice of speeding up a talk that is too long. The gods 
will not be fooled. Your audience did not volunteer to 
hear a 3-hour talk in 45 minutes. Instead, select what 
is best and omit the rest.

3. Practice your talk for time and pace. If you check the 
clock during your presentation and say, “Uh oh, I’d 
better speed up!” this angers the gods. Prioritize. Do 
not spend more time on a topic than is warranted by 
your overall goal.

4. Have an overall goal. Keep it clearly in mind while pre-
paring your talk. Remember that your job is to inform, 
not confuse or impress.

5. It’s easier to inform if your audience is paying attention. 
Therefore the gods grant you permission to entertain, 
as long as it does not interfere with your goal or violate 

Most importantly, do not go over the allocated time. No 
one complains about a talk that ends early, but each and 
every minute outside the timeframe becomes exponentially 
excruciating (as we can all testify). The best method in help-
ing perfect your timing is practice, practice, practice, either 
in front of others or by yourself. Ideas that look reasonable 
in notes or on slides often don’t work when said out loud. 
Giving voice to the written word also reveals new and better 
ways to frame and articulate your mathematics.

Through all of this, keep in mind that attending a talk 
is a far costlier investment than reading a paper. While the 
latter can be done at leisure, the performative nature of the 
former forces the audience to arrive at a specified space at 
a specified time. We should honor their sacrifice by cutting 
the steak properly to give them an enjoyable and enriching 
presentation of mathematics.

Myth
A word of warning as your ability to give good talks im-
proves. There is a disproportionate number of seminars 
and colloquia given by high-caliber mathematicians that 
leave most of the audience bewildered and confused. Over 
time, we come to expect this outcome, due to the following 
mathematical myth:

The deeper the mathematics involved, the worse the 
talk will be.

This correlation exists not because this myth is true, but 
the skillset needed for creating extraordinary mathematics 
is quite different from the one needed for talking beau-
tifully about it. And so, having digested your delectable 
meal, some might assume that your mathematics must 
be simplistic, without appreciating the skill and time it 
took in framing complex ideas through a strong narrative. 
A word of encouragement: it is undoubtedly worth the 
effort and the cost in pushing through these judgments, 
bringing mathematics that is a joy to hear to a world that 
is eager to listen.
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will overlap with more general suggestions for how to give 
a department colloquium; for the latter, the reader is in-
vited to peruse, e.g., [Ell10, Ger97, Gow07, Hal74, Kra13, 
McC99, Tao09].

Research University Interview
Pre-interview
The single most important bit of advice happens well before 
the job talk: 

Prove the absolute best theorems you can!
If you want an offer from a research university, there is 

simply no substitute for first-rate work. There are lots of 
other places to read advice on your research program; we 
won’t rehash such discussions here, but feel it is important 
to restate the obvious.

Next, also well before the job talk: When you apply to a 
position, it is important to try to find someone in that de-
partment close to your research (ideally someone you know 
personally). If it’s a job you really want, consider emailing 
them to let them know you’ve applied. While the relatively 
recent appearance of MathJobs.org has been a blessing for 
applicants and letter writers, it has increased tenfold the 
number of files delivered to hiring committees. The odds 
of winding up on a short list may be greatly increased by 
personally reaching out to someone on the tenured faculty 
close to your work. Even if they’re not themselves on the 
search committee, they can forward your file to the commit-
tee members. Or they can do nothing; it’s not necessarily 
an imposition to write and say that you’ve applied.
The  Visit
Here is a bit of game theory: if you were invited, then you 
were invited by somebody. That is, there is a person or 
group of people in the department already advocating for 
you; they’re most likely people you already know or, at the 
very least, people close to your research.

The people closest to your research are not 
the ones you need to impress!

They’re probably already impressed with you or else they 
wouldn’t be trying to convince their colleagues to hire you 
to their department. The people you do need to impress: 
everyone else, especially those far from your research area.

A typical visit will involve meetings with the depart-
ment chair, the head of the search committee (often but 
not always the chair), and perhaps the director(s) of the 
graduate/undergraduate program(s). The chair/search head 
will want to know whether you seem like a collegial person 
to have in the department; the program directors will want 
to get a sense of whether you can teach introductory and 
advanced courses in the undergrad/grad curricula. You may 
be asked to speak with a dean, as well as other members of 
the faculty interested in conversing with you one-on-one.

Our best advice here: just be yourself. Do be curious 
about the department and faculty life: where do people live 
(how are the commutes? schools?); what is the grad stu-
dent to faculty ratio (how many PhD students, on average, 

the prime directive (rule 1). Give the talk you would 
like to hear.

6. Know your audience—you must know what things you 
should explain, what things require only a reminder, 
and what things everyone already knows. Explain what 
is needed, but don’t belabor the obvious.

7. The gods must be able to compile your talk. Therefore 
figures must be clearly labeled, and all terms and no-
tation must be clearly defined before use.

8. If you project figures or words onto the cave wall, 
omit anything that you do not plan to explain fully. 
Describe; do not read.

9. Praise those whose work in the same crops have con-
tributed to your harvest.

10. Do not hide your own weaknesses, or the gods may 
expose them for you on their own terms. The gods 
have not selected you to sell used chariots but rather 
to educate.

Credits
Author photo is courtesy of the author.

Advice for the 
Campus Interview

Amanda Folsom and Alex Kontorovich
Introduction
Congratulations, you’re invited for a tenure-track job talk! 
What should you expect for your visit, and how should 
you plan your lecture? We will decompose our discussion 
according to whether you are interviewing for a predomi-
nantly research versus teaching position. Some of our advice 
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mention that people have different tastes, so “good” here 
is very subjective. One must of course balance difficulty 
(trying to impress the audience) versus accessibility, careful 
details versus heuristic ideas, being engaging/charismatic 
without coming off as shallow/superficial, etc., etc. If there 
are any rules at all, it is perhaps what not to do.

For illustrative purposes, let us suppose that your work 
is about automorphic representations. You could begin 
your lecture with: “Let G be a reductive algebraic group 
over a number field K and let A be the adeles of K.” This 
is how you have heard countless seminar and maybe even 
colloquium speakers begin their lectures. These are the 
most basic objects in your field, and everybody knows their 
definitions seemingly from birth. This is also, we caution, 
the surest way not to get hired!

Perhaps we’re wrong. Perhaps the department has 
already decided that they are hiring in automorphic repre-
sentations, and they’ve heard three talks already that started 
like this, and they’ll hear two more after you. Nobody 
except the number theorists will understand a word, and 
the department will simply rely on the number theorists to 
choose their favorite candidate. Is that really how we want 
the culture of mathematics to be?

If not, then your target audience should probably in-
clude, say, the PDE people (or some other research area 
very far from yours). These are still smart, professional 
mathematicians, but you should not assume they know 
anything about the history of your subject, why you care 
about the objects you study, or even the basic definitions/
goals/desires/dreams of the people working in your area. 

Even (or perhaps, especially) if you state the precise 
(technical) definitions of the objects playing a central role 
in your work, these will go in one ear and out the other. 
It is far better to explain things that people already know 
than to leave many in the audience behind. The following is 
something you do not have to do when actively researching 
but is just as important for communicating your results 
(and field) to outsiders: 

What is the absolute simplest example of your theorem, 
or a related theorem (not necessarily yours), 

using basic objects that most undergraduates know?
Drop “reductive algebraic group” and just say GLn. Don’t 

just give a laundry list of theorems you’ve proven; this may 
be tempting (to advertise your work), but it usually makes a 
terrible talk. Tell a story. Why do you do what you do? Any 
subject that became a “field” did so because a number of 
people decided certain classes of questions were interesting. 
What are those questions? What are some of the basic tools? 
Motivate, motivate, motivate. If those far from your work 
leave your lecture having finally learned something inter-
esting about your field (even if they learn nothing about 
your actual contributions to the field), they’ll be grateful 
and hopefully also eager to have you as a colleague.

should you expect to supervise?); what is the postdoc to fac-
ulty ratio (how often will you get to hire a postdoc in your 
area?); is there an active daily department tea (do people 
generally get along and enjoy casual discussions?); is there a 
seminar in your field (and are there perhaps internal funds 
for such, or should it be supported by outside grants?); what 
is the sabbatical schedule like (one semester after six semes-
ters of teaching? or after six years? at full salary or 80% or 
50%?); what is the teaching load; what are some courses 
a typical tenure-track faculty member in your area would 
teach; what does typical department and university service 
entail; etc., etc. You may have already researched some of 
these things before the interview, but further discussion can 
show genuine interest in the department. They will want to 
know that if they decide to make you an offer, you’ll at least 
seriously consider it. That said, we recommend you not 
start negotiating before you’re made an offer. Questions to 
avoid include: can I get my teaching load reduced in the first 
few years; how big of a startup package is typical; what are 
the starting salaries—these are all of course very important 
but should be postponed until after the department decides 
to hire you. Sometimes the interviewer will offer some of 
this information without prompt, which is fine, but there 
is no point in requesting it until the time is right.

The university’s “family policies” are a delicate subject 
that (if relevant to you) we recommend you investigate on 
your own but not necessarily discuss with other faculty on 
the visit. For example, what are the procedures for parental 
leave (such as for the birth or adoption of a child)? These 
might range from a full semester teaching leave at full pay 
down to a few weeks off. Another example is whether there 
is a Tuition Remission program for dependent children of 
faculty. These range from nothing at all to very generous 
(e.g., full tuition at any accredited university for the entire 
duration of study and no restriction on the number of 
children). Depending on your situation, such protocols 
can make rather dramatic financial differences, so it may 
be tempting to ask. But they are usually found in the uni-
versity’s faculty handbook. It is illegal in the United States 
to ask the interviewee questions about family issues, so 
they may be uncomfortable in answering them, even if you 
initiate the discussion.
The Lecture
Ah, the main event. You have successfully navigated the 
various meetings, managed not to spill coffee on your shirt 
at lunch with the search committee, and now the entire 
department has gathered in the colloquium room, eagerly 
awaiting your lecture. Let us recapitulate some of the ad-
vice in the aforementioned references on good lecturing, 
emphasizing the parts most relevant to a job talk.

First we should repeat the old adage:
There are no rules for a good talk;  

there are only good talks.
What we mean by this is that two good talks might be 

constructed using totally different “rules” or recipes, not to 
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Post-Visit
Beyond perhaps sending emails to the people you met to 
thank them for the conversations (again, only if you want 
to), we recommend doing nothing after your visit. Typi-
cally, the department will interview other candidates and 
go to other job talks, the search committee will meet, and 
maybe the whole department will meet and vote. Even if 
you are not the first-choice candidate, you may still get an 
offer, so don’t despair; put the entire process out of your 
mind and let it run its course. The only deviation from this 
is that you might decide (or be asked) to keep the chair (or 
whoever is your contact) abreast of any other developments 
on your end; e.g., if you are invited for an interview at place 
Y, even after your interview at place X already happened, 
there are reasons why you may want to let place X know. 
Lastly, as soon as you know for sure that you will not accept 
an offer at place X, please withdraw your application.

Liberal Arts College Interview
Much of the above advice stands, with some important 
amendments.
Pre-interview
Let’s suppose you’re either working towards your PhD in 
mathematics or have recently obtained it. You’ve spent a 
lot of time in recent years getting well acquainted with your 
specific area of research in the confines of a research univer-
sity. But if you find yourself gravitating towards the idea of a 
job at a liberal arts college or predominately undergraduate 
institution—a different kind of environment—just how 
exactly do you go about getting one? Research is important 
at a typical liberal arts college, but perhaps in a different 
way than at your standard research university. In most cases, 
you’re still going to need to submit a research statement 
with your job application to a college, and developing your 
research program will still be important and a part of tenure 
criteria. How important is it and how do you get tenure? 
Well, there’s enough to say about that that it’s better left for 
another article (see also our “Final Thoughts” below), so 
let’s move on. Suffice it to say that you should not ignore 
your research if striving for a position at a college.

And, of course, you should certainly be invested in the 
teaching and mentoring of undergraduate students. You’ll 
also need some evidence of this. An obvious way to do this 
is to have taught your own undergraduate courses, to have 
strong teaching evaluations to demonstrate your success 
in the classroom, and to have a strong teaching letter to 
go along with your application. Your PhD advisor’s letter 
with your job applications may comment a bit on your 
teaching, but you’ll probably want more ammunition. 
For example, you might ask designated teaching faculty 
in your department to pay you a classroom visit a few 
times throughout the semester, discuss your teaching with 
them, and ask them for a teaching letter. You might also 
get involved with your institution’s campus-wide center for 
teaching and learning (many schools have such a thing) in 

order to think about pedagogy in a structured and more 
formal setting. If you haven’t had the opportunity to teach 
your own class, perhaps you’ve TA’ed and have good eval-
uations or classroom observations to back it up. Perhaps 
you’ve worked with undergraduates on research at an REU 
or similar program; led a student seminar or reading course; 
or worked in a leadership, mentoring, or teaching capacity 
at another kind of program either within or outside your 
current institution. There are many teaching and outreach 
experiences and activities like these to get involved with as 
a graduate student, postdoc, or beginning faculty member 
(really, at any stage of your career).

If you find yourself in grad school with very minimal or 
no teaching experience but have your eyes set on a long-
term position at a college, then chances are you’ll need to 
get some more of this type of experience under your belt 
(with documented success) before such a place would 
be ready to hire you. Some liberal arts colleges hire ten-
ure-track math faculty right out of grad school, and some 
do not. Even with the goal of a long-term job at a college, 
you may want to be open to the possibility of a short-term 
position or a postdoc before a tenure-track position to gain 
more experience. While taking a temporary visiting position 
or postdoc with your eyes set on a tenure-track position at 
a college may feel like a setback, it may be a good time to 
further develop your teaching (and research) portfolio and 
transition from the predominantly research-dominated en-
virons of graduate school to the liberal arts college setting.
The  Visit
As we said, much of the advice in the previous “Visit” 
section stands. During an interview at a college, though, 
chances are that you will meet with many, sometimes all, 
members of the department, even if they’re not in your area 
of research. As part of the interview, you’ll probably also 
meet with the dean or another administrator, sometimes 
Human Resources, or other members of the college who 
may not be in your department. And you may very well 
have scheduled time during your visit to meet with the 
undergraduate students. Presumably you will be given a 
schedule or at least a description of whom you will meet 
with during your on-campus visit. As we said above, be 
yourself and be prepared—be prepared to talk about your 
teaching, your research, and your professional activities to 
faculty, experts, students, and administrators alike. Some-
times on-campus interviews at teaching colleges last more 
than one day; the college as a whole really wants to get 
to know all sides of you as a prospective faculty member. 
Counter to our advice for the research university visit, in 
this setting it’s probably not just “prove the biggest theo-
rems or bust.” Colleges are tight-knit places. Ask questions, 
be curious, and be interested.
The Lecture
Every department is different, but chances are that you 
should not give a research university-style job talk at a 
liberal arts college on-campus interview. It’s important to 
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Practice, practice, practice. If you’re supposed to be giving 
the talk to undergraduates during your interview, you could 
try to round up some undergrads and trusted colleagues at 
your current institution to give a practice talk to and ask for 
feedback (does it make sense? is it interesting? engaging?). 
Perhaps there’s a center for teaching or designated teach-
ing faculty in your current institution or department with 
which you could consult. And of course, pay attention to 
timing. There’s nothing worse than not planning carefully 
enough so that you’re still five minutes away from the big 
punch line when it’s time to end; but at the same time, 
you don’t want to rush through your talk due to nerves 
and end fifteen minutes early. Audience questions, nerves, 
tech issues, and other factors can disrupt the timing of the 
live delivery of a talk. Be ready to improvise if needed so 
you can end the talk on time, having said most, if not all, 
of what you wanted to say.

Final Thoughts
While most higher ed institutions in the United States are 
labeled as a university or a college on paper, it’s important 
to remember that the system is not wholly binary. The 
advice above is not necessarily two-sizes-fit-all, and some 
advice from the research university section may very well 
belong in the liberal arts section and vice versa. Moreover, 
it’s not true that all universities predominantly empha-
size research, and all colleges predominantly emphasize 
teaching while deemphasizing research. There are many 
different kinds of institutions, and how much of a research 
culture versus a teaching culture exists can vary by school 
or department, even if the word “university” or “college” 
is attached to the name of a place. There are also teaching 
jobs at research universities such as lecturer positions, and 
there are liberal arts colleges where high-quality research is 
a very real part of the job expectation and campus culture. 
So it’s important to do your homework when preparing 
for an interview and know what kind of a position you’re 
being considered for, in what kind of a department, and at 
what kind of an institution. We wish you the best of luck, 
dear reader, in your quest to land one of the most rewarding 
jobs on the planet!
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know who your audience will be. Will there be only faculty 
in attendance? Or will there be undergraduates present? 
Will they all be math majors or not? If the search chair has 
given you any instructions about your talk, then follow 
them. For example, if the instructions are to give a talk 
accessible to undergraduates who have only taken calculus, 
then you should really do this! It might be tempting to 
pepper in your fanciest and most technical theorems—after 
all, aren’t you supposed to impress the department?—but 
this could easily backfire and become a turnoff. Teaching 
is probably prioritized at such a place, and (if relevant to 
the talk instructions you’re given) demonstrating live and 
on the spot that you can effectively reach the undergradu-
ate population can really speak volumes and add a lot to 
whatever your glowing two-dimensional teaching letter or 
past student evaluations say.

On the flip side, don’t overexplain trivial things, but 
instead try to hit that sweet spot by giving a talk that’s acces-
sible but not totally watered down and is also stimulating 
and intriguing but not over your presumably mixed audi-
ence’s head. We will stress again that what this means can 
absolutely depend on school, department, and audience—
giving a successful liberal arts college job talk at a school 
that primarily enrolls students who are underprepared or 
from underresourced high schools could be quite different 
from giving one at one of the country’s most selective col-
leges. Be prepared to elaborate if a question is asked, in any 
direction—be ready to break down a complicated concept 
into something simpler and more tangible, or be ready to 
extrapolate into the deeper or more technical meaning of 
something. (This advice applies to giving talks at research 
universities and to general classroom teaching as well.)

It’s not necessarily impossible to talk about your research 
to undergraduates, but it can take a lot of forethought and 
careful planning to do so successfully (but you knew this, 
because you’re interviewing at a college and you care about 
pedagogy). Some departments at teaching colleges may not 
actually require you to talk about your research during the 
job talk and might give you flexibility on the topic. If you 
decide that speaking about your thesis on automorphic rep-
resentations is not a good fit, then perhaps there is another 
related undergraduate-accessible problem you’re familiar 
with—an interesting one that undergraduates could really 
sink their teeth into and get excited about. If this type of 
flexibility on talk topic is allowed, then you shouldn’t worry 
about not presenting your deepest research in the job talk; 
the department and search committee know what they’re 
doing. They read your file and will likely find time to chat 
with you about your research in other settings during the 
on-campus interview.

Whatever you end up speaking about, you should prac-
tice giving the talk before you get to campus. Chances are 
this is not the style of talk you are accustomed to giving, 
since you’ve been holed up in your cubicle learning the 
ins and outs of reductive groups and TA’ing linear algebra. 
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The Employment Center itself is usually located in one 
of the large rooms at the conference center. It is partitioned 
into smaller sections: one is designated as the waiting area, 
while another area, populated by tables and chairs, is where 
the actual meetings between applicants and representatives 
from hiring committees take place. The interview room 
or rooms have an open layout, generally with no dividers 
between the tables. In particular, your meeting may occur 
in close proximity to a number of other sessions between 
people who are talking with representatives from different 
schools. This of course can be distracting, and it is import-
ant to stay focused on your own interview. Stay poised and 
concentrate on what you have prepared.

Preparing
You may have a number of different interviews in the same 
day. But remember that every job is different. Make sure to 
research each institution so you can ask and answer ques-
tions thoughtfully. It’s a good idea to look for details about 
the institution you are applying to, their location, and the 
job ad. Record your findings in a notebook or on flashcards 
to keep handy and refresh your memory right before the in-
terview. You can learn a lot from their department website. 
For instance, the college mission statement may help you 
find a meaningful answer that resonates with both you and 
the interviewer when asked why you want to work there. 
Showing that you are knowledgeable about the location, 
the school, their students, and the type of institution can 
support the persona you put forward in your application 
materials so that your narrative is consistent. While schools 
interviewing at the JMM tend to be more teaching-focused, 
you should definitely be prepared to answer questions 
about your research and how you intend to balance your 
teaching and research responsibilities. But keep in mind 
that you will likely be talking to people outside your field. 
Your answers should be tailored to nonexperts.

If you’ve done your research you’ve got a lot of infor-
mation to keep straight, which is an important challenge. 
Start the research process early. It isn’t enough to make 
the flashcards or write out some facts in a notebook and 
then forget about it until the day of the interview. Spend 
additional time preparing and studying the information. 
Bring your resources along with you when you run errands, 
and look them over while you wait in line or get your oil 
changed. If possible, put a bit of a buffer between interviews 
so you have time to reflect and make notes about each one 
and can look over your notes about the next institution.

Not all interview questions are designed to showcase 
you at your best. No matter how difficult the question is to 
answer, you want to be honest and answer the question that 
was asked. Use it as an opportunity to show the committee 
how your unique experiences have helped you grow. For 
instance, what do you say when an interviewer asks you 
about a teaching experience that didn’t go well and how 
you overcame it? It’s hard to admit to such a thing during 

[Tao09] Tao T. Talks are not the same as papers, 2009. https:// 
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Tips for the 
Employment Center

Katelynn D. Kochalski

Many people who have been on the academic job market 
have a story to tell about the Employment Center. What 
exactly is the Employment Center, and how can you set 
your best foot forward while you are there?

What Is It?
Before deciding whom to invite for an on-campus visit, 
many schools conduct preliminary interviews at the Joint 
Mathematics Meetings, and many of these take place at 
the Employment Center. If you apply for a position at 
one of the institutions that does interview at the Employ-
ment Center, then most often someone from the hiring 
committee will contact you, likely by email, to schedule a 
conversation. Other interviews with potential employers 
will take place over the phone or Skype. Similar to phone 
or Skype interviews, these Employment Center interviews 
usually run between 20 and 30 minutes.
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During and After the Interview
Dress and act professionally. Be confident, be yourself, and 
be sincere. Preparing for the interview beforehand will let 
your answers come across as genuine. After the interview, 
send a thank you email to the people who interviewed you. 
Be sure to mention something specific from your inter-
view to express your excitement. Share something you are 
looking forward to learning more about. Hopefully, you’ll 
hear from them again soon inviting you to an on-campus 
interview. Good luck!
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Embracing the Job Search

Nicola Tarasca

This piece is addressed to those who are currently applying 
for jobs. The ambitious goal is to instill some positivity 
while waiting to hear about your job applications. I have 
started writing this while actually waiting to hear the results 
of my job search. After all, who could better represent the 
situation than someone who is currently involved in the 
search in the first line? So I am writing this piece in the 
hope that it will cheer me up as well.

With the complexities of the job search gradually unfold-
ing, I found myself learning some lessons that I would like 
to share here. Securing a new job is no small feat, and I can 
easily find many reasons to be worried: the uncertainty of 
the future is daunting! The good news is that most accom-
plished professionals have walked in these shoes too. So 
the best we can do is to embrace the process and use our 
scientific skills to make the most of it.

It is certainly very helpful to discuss your job application 
with your mentors and senior colleagues. Hearing about 
past experiences could help to have a better picture of the 
process: grasp what is sought-after by the hiring managers 
and search committees, and anticipate questions from 

an interview, but remember that no one expects you to be 
perfect. No matter how good you are in the classroom, 
there is always room for improvement. What interviewers 
want to see is that you noticed something went awry and 
you are thoughtful and intentional about the changes you 
plan to make as a result. This question and others like it 
come up frequently. You’ll be at an advantage if you’ve 
given questions like this some thought beforehand. Check 
with people in your department, friends who have been 
through the interview process, or the career center at your 
institution to see if they have a list of common questions 
asked by interviewers. Spend time thinking about how you 
would answer these. You don’t want your answers to sound 
rehearsed, but thinking critically about and reflecting on 
your teaching and career goals will put you in a better posi-
tion to handle tough questions that you weren’t expecting.

At the end of each interview you will typically be given 
time to ask questions of the interviewer. This is another 
opportunity to show interest in the position and to make 
a positive impression. Have a number of questions ready 
that are applicable to all jobs, but also try to have at least 
one question that is specific to the institution at the inter-
view. You may get ideas for specific questions in advance by 
looking at the website: Do they have an interesting senior 
seminar? Do they have a club or program you want to work 
with? Great! Then ask about those to show that you want 
to get their job, not just a job.

Handling the Psychological Pressure
No matter how much you prepare for specific questions or 
research each institution, you’ll still need to be ready for the 
emotional stress of interviewing at the JMM. It’s a wholly 
different experience from Skype or phone interviews and 
it can be exhausting. Try to give yourself space between 
interviews; take a walk, bring some snacks, and break the 
process up for yourself so that you can approach each one 
with renewed focus and energy. Try not to compare yourself 
to other people on the job market, and avoid asking people 
how many interviews they have set up. You may find out 
that someone has 20 interviews and be crushed because you 
only have 3. No good can come from dwelling on others, 
so don’t let this weigh on you. Who knows, maybe that 
person applied nationwide whereas you restricted yourself 
to a certain geographic region or maybe their field had a 
lot of openings this year. Focus on yourself and treat each 
interview like that position is your top pick. You may have 
a rocky interview; that’s okay. Learn from it! Did a question 
you weren’t expecting throw you? When you have time, 
think about how you might answer it differently if asked 
again. In the moment you want to shake it off and move 
on. Try not to let the rest of the interview get derailed and, 
most importantly, don’t carry your anxiety into the next 
interview. It’s easier said than done, but remember that each 
interview is a fresh (and precious) opportunity to show a 
potential employer why you are a good fit for them.

Katelynn D. Kochalski

Nicola Tarasca is an assistant professor of mathematics at Virginia Com-
monwealth University. His email address is tarascan@vcu.edu.

DOI: https://dx.doi.org/10.1090/noti1972



Early Career

November 2019  Notices of the AmericAN mAthemAticAl society   1657

Getting Involved in 
Your MAA Section

Pamela Richardson

Participation in the activities of professional societies is 
part of being in academia. Membership in a professional 
organization provides you with resources for research and 
teaching, access to journals and other publications, exciting 
conferences to attend, and other perks. If you are reading 
this, you are probably already familiar with the benefits of 
membership in the American Mathematical Society (AMS). 
Have you also investigated what the Mathematical Associ-
ation of America (MAA) has to offer? If not, you should. 
In particular, I encourage you to get more involved in your 
MAA Section.

To help foster community in the mathematical sciences, 
every MAA member is automatically affiliated with a Section, 
a subgroup of members who live in a particular region. There 
are currently twenty-nine Sections, and you can find yours 
by using the MAA’s “Find My Section” tool (https://www 
.maa.org/programs-and-communities/member 
-communities/maa-sections). Many MAA Sections 
cover a relatively small geographic area, making it easy to 
connect with other faculty members near you. Let’s discuss 
the benefits of MAA Sections, as well as how you can get 
more involved.

MAA Sections provide opportunities for network-
ing and professional development. Going to a Section 
meeting is a good place to start. Each MAA Section holds 
at least one conference per year, and since there are so 
many Sections, these meetings are often relatively close to 
home (and are usually considerably less expensive than a 
national conference). Every Section meeting has its own 
unique program, but they usually include invited addresses, 
contributed papers on both research and teaching, activi-
ties for students, and social events. Going to faculty talks 
can inspire you to try a new technique in the classroom or 
introduce you to a new research area. Attending student 
presentations can give you good ideas for undergraduate 
research projects for your own students. The social events 
are valuable networking experiences, helping you get to 
know faculty members at other institutions. Most Sections 
also offer faculty development programs or workshops, 
such as Section NExT. Modeled after the national New 
Experiences in Teaching (NExT) program, Section NExT 
organizes events to help new faculty integrate into the aca-
demic profession (e.g., sessions on improving teaching and 

interviewers. The more inputs you gather, the better, so 
don’t pass on opportunities to talk to—and read material 
available online from—those who are generous enough 
to share their experience. Be mindful, though, that each 
experience is unique. There are no golden rules, and emu-
lating previous efforts does not guarantee the outcomes you 
expect. The process of matching employers and candidates 
depends on many conditions, which are seldom replicated. 
Ironically, after you successfully secure the position you 
were looking for, you will realize that you can hardly call 
yourself an expert on how to apply for jobs.

So the moral is to learn from the experiences of previous 
job seekers without attaching too much weight to the past. 
As a corollary, be mindful that it may take longer than you 
wish. One should gear up for the possibility of having to 
weather a long search before landing a desired position. In 
particular, consider applying for positions that would foster 
your professional growth while waiting for your dream job 
to materialize.

This brings me to an important lesson that I have 
learned, synthesized by the slogan: It’s never over! I confess 
that I used to think that there is a designated path for 
success and if you don’t get to stay on it, life only goes 
downward. Actually, this is far from the truth, and it is easy 
to meet many notable professionals with unconventional 
paths.

In fact, the tedious and stressful job search could become 
an opportunity for professional growth. During the pro-
cess, one is naturally led to improve communication and 
writing skills to present ideas and accomplishments. And 
at the same time, while being on the lookout for jobs, one 
also becomes aware of interesting professional paths that 
would not otherwise have emerged.

So I encourage you to take up the job search as an oppor-
tunity for self-improvement and a transformative journey 
towards a new chapter of your life.

Credits
Author photo is courtesy of the author.

Nicola Tarasca
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officer who creates the Section’s annual problem-solving 
competition. I then transitioned to be the Coordinator of 
Student Programs, which led directly into my nomination 
for the MAA’s national Committee on Undergraduate Stu-
dents. Since then, I have served on three different national 
MAA committees (and chaired two), and this work has been 
a truly valuable networking experience. Attending Section 
meetings can expose you to programs and funding sources 
offered by the MAA (e.g., PIC Math, Dolciani and Tensor 
grants, National Research Experiences for Undergradu-
ates Program, and StatPREP). Giving a research talk in a 
faculty session could help you find collaborators in your 
geographic area. Winning an award from your MAA Section 
might inspire your nomination for a national award. The 
bottom line is that your MAA Section is a local resource for 
nearly all aspects of faculty life. I encourage you to get to 
know your Section and all that it has to offer!

Credits
Author photo is courtesy of the author.

learning, remaining active in research, navigating campus 
cultures, etc.).  

Participation in your MAA Section may be valued by 
your institution. The standards for tenure and promotion 
differ widely across institutions, but most faculty mem-
bers are required to do some combination of scholarship, 
teaching, and service. If you have new research results you 
want to share, an MAA Section meeting is a convenient 
venue for presenting your work. Attending professional 
development activities shows your commitment to im-
proving your teaching. You can also get involved in Section 
meetings by volunteering to moderate or organize an event, 
introducing a speaker, judging a competition, or being a 
local organizer for the conference. If you want to participate 
in the general affairs of the Section, you could serve on a 
Section committee or run for a Section office. Depending 
on your institution, Section participation might be consid-
ered as service to the mathematical community or even as 
“scholarly activity” (as it is at my institution). Of course, it 
is a good idea to talk to your department chair and other 
colleagues at your institution to be sure you understand 
how MAA involvement fits into the expectations for faculty 
at your institution. If you are thinking about taking on a 
larger task like running for an office or serving as a local 
organizer, it’s also wise to talk to members of your Section 
who have done the job in the past to get an accurate picture 
of the workload.

The mechanism by which you can volunteer to help 
with a meeting, serve on a committee, or run for office 
varies by Section. Some have a survey posted on the Sec-
tion website where you can indicate your interest. Others 
publish a newsletter containing a call for nominations and 
volunteers. In all Sections, you can reach out to one of the 
Section officers to indicate your interest in participating; 
current officers should be listed on the Section website.

MAA Sections provide valuable opportunities for your 
students. The first mathematics conference that I attended 
was a meeting of the Ohio Section as an undergraduate. 
There, I gave my first research talk, participated in a prob-
lem-solving competition, and got a lot of advice on grad-
uate school and careers. It was a very friendly introduction 
to the mathematical profession. MAA Section meetings 
actively include undergraduate and graduate students, with 
most offering sessions for student talks or posters. Other 
events of interest to students may include panel sessions 
on business, industry, and government careers; graduate 
school fairs; sessions on activities for math clubs; pizza 
parties; competitions; games; and art exhibits. Visit your 
Section’s meeting website to see what is available at your 
next meeting!

Participation in your MAA Section can lead to other 
opportunities. Becoming involved at the Section level may 
give you a voice in the larger mathematical community. As 
a relatively new faculty member in the Allegheny Mountain 
Section, I volunteered to be the “Puzzle Czar,” an appointed 

Pamela Richardson
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Sir Michael Atiyah, a Knight
Mathematician
A Tribute to Michael Atiyah, an Inspiration
and a Friend
Alain Connes and Joseph Kouneiher

Sir Michael Atiyah was considered one of the world’s fore-
most mathematicians. He is best known for his work in
algebraic topology and the codevelopment of a branch of
mathematics called topological 𝐾-theory, together with
the Atiyah–Singer index theorem, for which he received
the Fields Medal (1966). He also received the Abel Prize
(2004) alongwith IsadoreM. Singer for their discovery and
proof of the index theorem, bringing together topology,
geometry, and analysis, and for their outstanding role in
building new bridges between mathematics and theoreti-
cal physics. Indeed, his work has helped theoretical physi-
cists to advance their understanding of quantum field the-
ory and general relativity.

Michael’s approach to mathematics was based primar-
ily on the idea of finding new horizons and opening up
new perspectives. Even if the idea was not validated by the
mathematical criterion of proof at the beginning, “the idea
would become rigorous in due course, as happened in the
past when Riemann used analytic continuation to justify
Euler’s brilliant theorems.” For him an idea was justified
by the new links between different problems that it illumi-

Alain Connes is a professor of mathematics at the Collège de France,
I.H.E.S., and Ohio State University, Columbus. His email address is
alain@connes.org.
Joseph Kouneiher is a professor of mathematical physics and engineering
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This is Part 1 of a two-part series on Sir Michael Atiyah. Part 2 will be included
in the December issue of Notices.

For permission to reprint this article, please contact:
reprint-permission@ams.org.
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Atiyah in Marseille, June 2018.

nated. Our experience with him is that, in the manner of
an explorer, he adapted to the landscape he encountered
on the way until he conceived a global vision of the setting
of the problem.

Atiyah describes here1 his way of doing mathematics:2

1The quotations of Michael Atiyah presented in this paper have as sources
personal exchanges with Michael or interviews that Michael gave on various
occasions.
2To learn more about Atiyah’s approach to mathematics, we refer to the general
section of Atiyah’s collected works [1].
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Some people may sit back and say, I want to solve
this problem and they sit down and say, “How do
I solve this problem?” I don’t. I just move around
in the mathematical waters, thinking about things,
being curious, interested, talking to people, stir-
ring up ideas; things emerge and I follow them up.
Or I see something which connects up with some-
thing else I know about, and I try to put them to-
gether and things develop. I have practically never
started off with any idea of what I’m going to be
doing or where it’s going to go. I’m interested in
mathematics; I talk, I learn, I discuss and then in-
teresting questions simply emerge. I have never
started off with a particular goal, except the goal
of understanding mathematics.

We could describe Atiyah’s journey in mathematics by
saying he spent the first half of his career connecting math-
ematics to mathematics and the second half connecting
mathematics to physics.

Building Bridges
Michael Atiyah’s early education took place in English
schools in Khartoum, Cairo, and Alexandria, but his love
and preference for geometry began as early as his two years
at Manchester Grammar School, which he spent preparing
to take the Cambridge scholarship examinations [2]:

I found that I had to work very hard to keep up
with the class and the competition was stiff. We
had an old-fashioned but inspiring teacher who
had graduated from Oxford in 1912 and from him
I acquired a love of projective geometry, with its el-
egant synthetic proofs, which has never left me. I
became, and remained, primarily a geometer
though that word has been reinterpreted in differ-
ent ways at different levels. I was also introduced
to Hamilton’s work on quaternions, whose beauty
fascinatedme, and still does. (The Abel Prize 2004
lecture)

He won a scholarship to Trinity College, Cambridge,
in 1947. He read Hardy and Wright’s Number Theory and
some articles on group theory during his two-yearNational
Service. Thanks to his exceptional talent, he came out
ranked first and wrote his first paper “A note on the tan-
gents of a twisted cubic” (1952) while still an undergradu-
ate.

From 1952 to 1955 Atiyah undertook three years of re-
search at Trinity College, Cambridge, with William V. D.
Hodge as supervisor. He obtained his doctorate in 1955
with his thesis “Some Applications of Topological Meth-
ods in Algebraic Geometry.” In fact, Atiyah hesitated be-
tween J. A. Todd and Hodge:

When I came to decide on my graduate work I
oscillated between Todd and Professor W. V. D.
Hodge who represented a more modern approach
based on differential geometry. Hodge’s greater
international standing swung the balance and, in
1952, I became his research student. ([1], Vol. I)

Speaking of the work for his thesis, Atiyah said [1]:

I’d come up to Cambridge at a time when the em-
phasis in geometry was on classical projective alge-
braic geometry of the old-fashioned type, which I
thoroughly enjoyed. I would have gone on work-
ing in that area except that Hodge represented a
more modern point of view—differential geome-
try in relation to topology; I recognized that. It
was a very important decision for me. I could have
worked in more traditional things, but I think that
it was a wise choice, and by working with him I got
much more involved with modern ideas. He gave
me good advice and at one stage we collaborated
together. There was some recent work in France at
the time on sheaf theory. I got interested in it, he
got interested in it, and we worked together and
wrote a joint paper which was part of my thesis.
That was very beneficial for me.

Atiyah became interested in analytic fiber bundles fol-
lowing his encounter with Newton Hawley, who was visit-
ing Cambridge. Reading the Comptes Rendus allowed him
to follow the development of sheaf theory in France. His
single-author paper “Complex fibre bundles and ruled sur-
faces” [4], for which he received the Smith’s Prize, was
motivated by the treatment of Riemann–Roch from the
sheaf-theory3 point of view and the classification of fiber
bundles over curves: “it looked at the old results on ruled sur-
faces from the new point of view.”

Atiyah published two joint papers with Hodge, “Formes
de seconde espèce sur une variété algébrique” and “Inte-
grals of the second kind on an algebraic variety” [5]. Those
papers and [4] granted him the award of a Commonwealth
Fellowship to visit the Institute for Advanced Study in
Princeton for the 1955–56 session. On this occasion
Atiyah met Jean-Pierre Serre, Friedrich Hirzebruch, Kuni-
hiko Kodaira, Donald Spencer, Raoul Bott, Isadore Singer,
and others. During his stay at the IAS Atiyah attended
Serre’s seminars, which were a source of inspiration and
motivated his subsequent papers, in which he showed how
the study of vector bundles on spaces could be regarded as
the study of a cohomology theory called 𝐾-theory.

3It seems that Serre’s letter to André Weil that gave the sheaf-theory treatment
of Riemann–Roch for an algebraic curve, presented to him by Peter Hilton, mo-
tivated Atiyah’s paper [4].

NOVEMBER 2019 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1661



𝐾-theory. The historical origin of 𝐾-theory4 can be found
in Alexander Grothendieck’s work on coherent sheaves on
an algebraic variety 𝑋 [6]. Grothendieck used it to formu-
late his Grothendieck–Riemann–Roch theorem. The idea
is to define a group using isomorphism classes of sheaves
as generators of the group, subject to a relation that iden-
tifies any extension of two sheaves with their sum. The re-
sulting group is called𝐾(𝑋)when only locally free sheaves
are used or 𝐺(𝑋) when all are coherent sheaves.5

Having been exposed, at theArbeitstagung, tomany
hours of Grothendieck expounding his generaliza-
tion of the Grothendieck–Riemann–Roch theo-
rem, I was playing about with his formulae for
complex projective space. From Ioan James (at
that time a colleague in Cambridge) I had heard
about the Bott periodicity theorems and also
about stunted projective spaces. I soon realized
that Grothendieck’s formulae led to rather strong
results for the James problems. Moreover the Bott
periodicity theorems fitted in with the
Grothendieck formalism, so that one could draw
genuine topological conclusions. It was this which
convinced me that a topological version of
Grothendieck’s 𝐾-theory, based on the Bott peri-
odicity theorem, would be a powerful tool in alge-
braic topology. ([1], Vol. 2)

Using the same construction applied to vector bundles
in topology, Atiyah and Hirzebruch defined 𝐾(𝑋) for a
topological space6 𝑋 in 1959 [7], and using the Bott peri-
odicity theorem they made it the basis of an extraordinary
cohomology theory [9]. It played a major role in the sec-
ond proof of the index theorem.7

The Atiyah–Hirzebruch spectral sequence relates the or-
dinary cohomology of a space to its generalized cohomol-
ogy theory. Atiyah applied the approach to finite groups𝐺
and showed [8] that for a finite group 𝐺, the 𝐾-theory of
its classifying space, 𝐵𝐺, is isomorphic to the completion
of its character ring:

𝐾(𝐵𝐺) ≅ 𝑅(𝐺)∧. (1)

The same year Atiyah andHirzebruch established the re-
lation between the representation ring 𝑅(𝐺) of a compact
connected Lie group and 𝐾-theory of its classifying space
[9].

Later on the result could be extended to all compact
Lie groups using results from Graeme Segal’s thesis. How-

4It takes its name from the German Klasse, meaning “class.” The work of J. H.
C. Whitehead or Whitehead torsion can be considered ultimately as the other
historical origin.
5𝐾(𝑋) has cohomological behavior, and 𝐺(𝑋) has homological behavior.
6Atiyah’s joint paper with Todd was the starting point of this work [11].
7This approach led to a noncommutative 𝐾-theory for ℂ∗-algebras.

ever a simpler and more general proof was produced by
introducing equivariant 𝐾-theory, i.e., equivalence classes
of𝐺-vector bundles over a compact𝐺-space𝑋 [12]. In this
paper Atiyah and Segal showed that under suitable condi-
tions the completion of the equivariant 𝐾-theory of 𝑋 is
isomorphic to the ordinary𝐾-theory of a space,𝑋𝐺, which
fibers over 𝐵𝐺 with fiber 𝑋:

𝐾𝐺(𝑋)∧ ≅ 𝐾(𝑋𝐺).
The original result (1) can be recovered as a corollary by

taking 𝑋 to be a point. In this case the left-hand side re-
duced to the completion of 𝑅(𝐺) and the right to 𝐾(𝐵𝐺).

In [13] Atiyah gave a𝐾-theory interpretation of the sym-
bol8 of an elliptic operator. This work induced his inter-
est in elliptic operators, which then became a dominant
theme in his work, so that his later papers on 𝐾-theory ap-
peared interspersed chronologically with his papers on in-
dex theory.9 Using 𝐾-theory Atiyah was able to give a sim-
ple and short proof of theHopf invariant problem. This in-
volved the 𝜓𝑘 operations that were introduced by Adams
in his subsequent work on the vector field problem.

Algebraic 𝐾-theory was successfully developed by
Daniel Quillen using homotopy theory in 1969 and 1972,
following a trend of ideas that can be traced back to the
work of Whitehead in 1939. A further extension was de-
veloped by Friedhelm Waldhausen in order to study the
algebraic 𝐾-theory of spaces, which is related to the study
of pseudoisotopies. Much modern research on higher 𝐾-
theory is related to algebraic geometry and the study of
motivic cohomology. The corresponding constructions in-
volving an auxiliary quadratic form received the general
name 𝐿-theory, a major tool of surgery theory. In string
theory, the 𝐾-theory classification of Ramond–Ramond
field strengths and the charges of stable 𝐷-branes was first
proposed in 1997.
The index theorem. The concept of a linear operator,
which together with the concept of a vector space is funda-
mental in linear algebra, plays a role in very diverse

8The principal symbol of a linear differential operator Σ∣𝛼∣≤𝑚𝑎𝛼(𝑥)𝜕𝛼𝑥 is by
definition the function Σ∣𝛼∣≤𝑚𝑎𝛼(𝑥)(𝑖𝜉)𝛼 obtained from the differential op-
erator (of a polynomial) by replacing each partial derivative by a new variable.
At this point, the vector 𝜉 = (𝜉1,… , 𝜉𝑛) is merely a formal variable.

An essential and interesting fact is that if one interprets (𝑥, 𝜉) as variables
in the cotangent bundle, then the principal symbol is an invariantly defined
function on 𝑇∗𝑋, where 𝑋 is the manifold on which the operator is initially
defined, which is homogeneous of degree 𝑚 in the cotangent variables. The
symbol captures locally some very strong properties of the operator. For exam-
ple, an operator is called elliptic if and only if the symbol is invertible (whenever
𝜉 ≠ 0).
9Atiyah and Singer’s interest in the elliptic operator questions was dependent on
the fact that real 𝐾-theory behaves differently from complex 𝐾-theory and re-
quires a different notion of reality. The essential point is that the Fourier trans-
form of a real-valued function satisfies the relation 𝑓(−𝑥) = 𝑓( ̄𝑥). Their new
version of real 𝐾-theory involved spaces with involution.
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branches of mathematics and physics, above all in anal-
ysis and its applications. Up to the beginning of the twen-
tieth century the only linear operators that had been sys-
tematically studied were those between finite-dimensional
spaces over the fields ℝ and ℂ. For instance, the classical
theory of Fredholm integral operators goes back at least
to the early 1900s. Fredholm essentially proved (and D.
Hilbert perceived this “geometrical” background) that a
linear operator of the form 𝕀 + 𝔸, with compact 𝔸, has
index [𝑑𝑖𝑚 𝑘𝑒𝑟(𝔸) − 𝑑𝑖𝑚 𝑐𝑜𝑘𝑒𝑟(𝔸)] equal zero.

Special forms of index formulas were known even ear-
lier, for example, the Gauss–Bonnet theorem and its multi-
dimensional variants. Indeed, the precursors of the
index theorem were formulas for Euler characteristics—
alternating sums of dimensions of cohomology spaces.
Putting the even ones on one side and the odd ones on the
other and using Hodge theory, this could be seen in more
general terms as the difference between the dimensions of
the kernel and the cokernel of an elliptic operator.10 Sub-
sequently a number of generalizations of index formulas
were obtained for objects of a more complex nature.

The first “infinite-dimensional” observations, concern-
ed also with general fields, were made by O. Toeplitz [18].
As a rule, linear operators between infinite-dimensional
spaces are studied under the assumption that they are con-
tinuous with respect to certain topologies. Continuous lin-
ear operators that act in various classes of topological vec-
tor spaces, in the first place Banach and Hilbert spaces, are
the main object of study of linear functional analysis.

Historically, the work of Fritz Noether in analysis in
1921 exhibits already a case where the index is different
from zero. Noether gave a formula for the index in terms
of a winding number constructed from data defining the
operator. This result was generalized by G. Hellwig, I. N.
Vekua, and others.

Later Israel Gel’fand noticed in 1960 [14] that the in-
dex, the difference in these dimensions, is invariant under
homotopy. This suggested that the index of a general ellip-
tic operator should be expressible in terms of topological
data, and Gel’fand asked for a formula for it by means of
topological invariants. Gel’fand proposed that the index
of an elliptic differential operator (with suitable boundary
conditions in the presence of a boundary) should be ex-
pressible in terms of the coefficients of highest order part
(i.e., the principal symbol) of the operator, since the lower
order parts provide only compact perturbations that do

10In general, the dimensions of the cokernel and kernel of an elliptic op-
erator are extremely hard to evaluate individually—they even vary under
deformation—but the index theorem shows that we can usually at least evaluate
their difference. In applications, it is sometimes possible to show that the coker-
nel is zero, and then we have a formula for the dimension of the null space with-
out solving the equation explicitly.

not change the index. Indeed, a continuous, ellipticity-
preserving deformation of the symbol should not affect
the index,11 and so Gel’fand noted that the index should
depend only on a suitably defined homotopy class of the
principal symbol. The hope was that the index of an ellip-
tic operator could be computed by means of a formula in-
volving only the topology of the underlying domain (the
manifold), the bundles involved, and the symbol of the
operator.

In early 1962, Atiyah and I. M. Singer discovered the (el-
liptic) Dirac operator in the context of Riemannian
geometry, and they were concerned by the proof of the fact
that the ̂𝐴-genus of a spin manifold is the index of this
Dirac operator. They were concerned also by the geomet-
ric meaning of the ̂𝐴-genus. Hirzebruch, with Borel, had
proved that for a spin manifold the index was an integer.

[The index theory of elliptic operators] had its ori-
gins in my work on𝐾-theory with Hirzebruch and
the attempt to extend the Hirzebruch–Riemann–
Roch theorem into differential geometry [7,9]. We
had already shown that the integrality of the Todd
genus of an almost complex manifold and the ̂𝐴-
genus of a spin-manifold could be elegantly ex-
plained in terms of𝐾-theory. For an algebraic vari-
ety the Hirzebruch–Riemann–Roch theorem went
one step further and identified the Todd genus
with the arithmetic genus or Euler characteristic of
the sheaf cohomology. Also the 𝐿-genus of a dif-
ferential manifold, as proved by Hirzebruch, gave
the signature of the quadratic form of middle di-
mensional cohomology and, by Hodge theory,
this was the difference between the dimensions of
the relevant spaces of harmonic forms. As Hirze-
bruch himself had realized it was natural therefore
to look for a similar analytical interpretation of
the ̂𝐴-genus. The cohomological formula and the
associated character formula clearly indicated that
one should use the spin representations. ([1], Vol.
4)

It was Stephen Smale who turned their attention to
Gel’fand’s general program:

Once we had grasped the significance of spinors
and the Dirac equation it became evident that the
̂𝐴-genus had to be the difference of the dimen-

sions of positive and negative harmonic spinors.

11In some sense index theory is about regularization; more precisely, the index
quantifies the defect of an equation, an operator, or a geometric configuration
from being regular. Index theory is also about perturbation invariance; i.e., the
index is a meaningful quantity stable under certain deformations and apt to
store certain topological or geometric information. Most important for many
mathematicians, the index interlinks quite diverse mathematical fields, each
with its own very distinct research tradition.
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Proving this became our objective. By good for-
tune Smale passed through Oxford at this time
and, when we explained our ideas to him, he drew
our attention to a paper of Gel’fand on the general
problem of computing the index of elliptic opera-
tors. ([1], Vol. 4)

The generalization in 1962 of Hirzebruch’s proof of the
Hirzebruch–Riemann–Roch theorem [10] and the proof of
the desired index formula by Atiyah and Singer were based
in fact on work by Agranovic, Dynin, and other analysts,12

particularly those involving pseudo-differential operators.
In their first published proof13 [15] they used 𝐾-theory

instead of cohomology and replaced the cobordism14 the-
ory of the first proof with arguments akin to those of
Grothendieck. The proof is based on embedding a man-
ifold in Euclidean space and then transferring the prob-
lem to one on Euclidean space by a suitable direct image
construction. It worked purely in a 𝐾-theory context and
avoided rational cohomology. They used this then to give
proofs of various generalizations in their papers [15].

We can then verify that a general index function hav-
ing these properties is unique, subject to normalization.
To deduce the Atiyah–Singer index theorem (i.e., analytic
index = topological index), it then suffices to check that
the two indices are the same in the trivial case where the
base manifold is just a single point. In other words, the in-
dex problem concerns the computation of the (analytical)
index of 𝐷 using only its highest order term, the symbol.
The symbol defines a homomorphismbetween vector bun-
dles and naturally defines a class in 𝐾-theory. Topological
data derived from the symbol and the underlying mani-
fold defines a rational number, the topological index, and
we have the theorem [16]

The analytical index of 𝐷 is equal to its topological
index.

The key point is the fact that we can usually evaluate the
topological index explicitly, so this makes it possible to
evaluate the analytical index.

12By investigating the particular case of the Dirac operator, Atiyah and Singer
had an advantage over the analysts investigating the index problem and mostly
because they knew already what had to be the answer, namely, the ̂𝐴-genus.
In fact this case encompasses virtually all the global topological applications by
twisting with an appropriate vector bundle.
13The proof in [15] is based on the idea of the invariance of the index under
homotopy, which implies that the index (say, the analytic index) of an elliptic
operator is stable under continuous changes of its principal symbol while main-
taining ellipticity. Using this fact, one finds that the analytical index of an ellip-
tic operator transforms predictably under various global operations such as em-
bedding and extension. Using 𝐾-theory and Bott periodicity, we can construct,
from the symbol of the elliptic operator, a topological invariant (the topological
index) with the same transformation properties under these global operations.
14The details of this original proof involving cobordism actually first appeared
in [15].

Atiyah, Bott, and Patodi gave a second proof of the in-
dex theorem using the heat equation [17]. The heat kernel
method had its origins in the work of McKean in the late
1960s drawing on Minakshisundaram and Pleijel’s works
and was pioneered in the works of Patodi and Gilkey. The
method can also largely apply for more general elliptic
pseudodifferential operators.

In the heat kernel approach, the invariance of the index
under changes in the geometry of the operator is a conse-
quence of the index formula itself more than a means of
proof. Moreover, it can be argued that in some respects the
𝐾-theoretical embedding/cobordism methods are more
subtle and direct. For instance, in some circumstances the
index theorem involves torsion elements in 𝐾-theory that
are not detectable by cohomological means and hence are
not computable in terms of local densities produced by
heat asymptotics.

More importantly, the heat kernel approach exhibits the
index as just one of a whole sequence of spectral invariants
appearing as coefficients of terms of the asymptotic expan-
sion of the trace of the relevant heat kernel.

The third proof, in the early seventies, aimed for a more
direct transition between the analysis and characteristic
classes by expressing these as curvature integrals. This local
proof of the index theorem relies on a detailed asymptotic
analysis of the heat equation associated to a Dirac opera-
tor.

This is analogous to certain intrinsic proofs of the
Gauss–Bonnet theorem, but the argument doesn’t provide
the same kind of intuition that the 𝐾-theory argument
does. The basic strategy of the local argument is to invent
a symbolic calculus for the Dirac operator which reduces
the theorem to a computation with a specific example.

Many subsequent developments and applications have
appeared since then in the work of Widom. Getzler draws
on a version of the quantum-mechanical harmonic oscil-
lator operator and a coordinate calculation directly to pro-
duce the ̂𝐴-genus (the appropriate “right-hand side” of the
index theorem for the Dirac operator).

The more recent proofs of the index theorem which are
motivated by supersymmetry provide a rationale for the
role which functions like 𝑥/(1 − 𝑒−𝑥) and 𝑥/tanh𝑥 play
in sorting out the combinations of characteristic classes
which occur in the index formula.

In the first years the index theorem was applied in the
area of topology or number theory. A typical number theo-
retical application would involve taking a group action on
a manifold that was so well analyzed that both the analyt-
ical side and the topological side could be calculated inde-
pendently. The index theorem then produced an identity,
sometimes well known, at other times new.

Today the index theorem plays an essential role in par-
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tial differential equations, stochastic processes, Riemann-
ian geometry, algebraic geometry, algebraic topology, and
mathematical physics.

Since the appearance of the Atiyah–Singer index the-
orem, generalizations have been obtained encompassing
many new geometric situations. Among them some con-
structions involve non-Fredholmoperators and use in a de-
cisive way an extra ingredient consisting of von Neumann
algebras and theMurray–vonNeumann dimension theory.
While the numerical index of elliptic operators on non-
compact manifolds does not make much sense, some use-
ful assumptions can enable us to associate them to appro-
priate type II von Neumann algebras and to give a sense to
the Murray–von Neumann index, particularly in the case
of a manifold with an infinite fundamental group. The
use of von Neumann algebras was quite natural and led to
concrete nontrivial results.

Since I was not an expert on von Neumann alge-
bras I attempted in my presentation (at the meet-
ing in honour of Henri Cartan) to give a simple, el-
ementary and essentially self-contained treatment
of the results. Later on in the hands of Alain
Connes, the world expert on the subject, these sim-
ple ideas were enormously extended and devel-
oped into a whole theory of linear analysis for fo-
liations. ([1], Vol. 4 and [19])

The index theorem has had many variants, for example,
to the extension of Hodge theory on combinatorial and
Lipschitz manifolds and Atiyah–Singer’s signature opera-
tor to Lipschitz manifolds. For any quasi-conformal man-
ifold there exists a local construction of the Hirzebruch–
Thom characteristic classes [20]. This work [20] provides
local constructions for characteristic classes based on
higher-dimensional relatives of the measurable Riemann
mapping theorem in dimension two and the Yang–Mills
theory in dimension four. At the same time, they provide
also an effective construction of the rational Pontryagin
classes on topological manifolds. In 1985 Teleman pro-
vided in his paper a link between index theory and Thom’s
original construction of the rational Pontryagin classes.
From the Atiyah–Singer index theorem to noncommuta-
tive geometry. Besides topological 𝐾-theory, Michael
Atiyah made two discoveries that played a major role in
the elaboration of the fundamental paradigm of noncom-
mutative geometry (NCG). This theory is an extension of
Riemannian geometry to spaces whose coordinate algebra
𝒜 is no longer commutative. A geometric space is en-
coded spectrally by a representation of𝒜 as operators in a
Hilbert spaceℋ together with an unbounded self-adjoint
operator 𝐷. Consider an 𝑛-dimensional compact mani-
fold 𝑀 with Riemannian metric and spin structure. This

means that there is a Hilbert space ℋ of spinor fields 𝜓(𝑥)
on𝑀 (i.e., “sections of the spinor bundle”) on which both
the algebra of functions on𝑀15 and theDirac operator16𝐷
act. The “spectral triple” (𝒜,ℋ,𝐷) faithfully encodes the
original Riemannian geometry and opens the door to the
wide landscape of new geometries that cover leaf spaces of
foliations, the fine structure of space-time, and the infinite-
dimensional geometries of quantum field theory.

Behind this concept of spectral triple is the realization
by Atiyah [21] that the cycles in the homology theory,
called 𝐾-homology, which is dual to 𝐾-theory, are natu-
rally given by a Fredholm representation of the algebra
𝐴 = 𝐶(𝑋) of continuous functions on the compact space
𝑋. Moreover, one owes to Atiyah and Singer the identifica-
tion of the 𝐾𝑂-homology class of the Dirac operator of a
spin manifold as the fundamental cycle realizing Poincaré
duality in 𝐾𝑂-homology. This Poincaré duality had been
shown by Dennis Sullivan to be a key property of mani-
folds, much deeper than Poincaré duality in ordinary ho-
mology, since for instance this fundamental cycle deter-
mines the Pontryagin classes of the manifold. One conse-
quence of the duality is that it reduces the index problem
to the computation of the index of twisted Dirac opera-
tors.17 In this case and for any hermitian vector bundle 𝐸
over an even-dimensional compact spin manifold 𝑀, the
index formula is Ind(𝜕+

𝐸 ) = ⟨ch(𝐸) ̂𝐴(𝑀), [𝑀]⟩, where
𝜕+
𝐸 is the positive part of the self-adjoint Dirac operator

twisted by the bundle 𝐸, ch(𝐸) is the Chern character of
𝐸, and ̂𝐴(𝑀) is the ̂𝐴-polynomial of the tangent bundle
𝑇𝑀 of 𝑀. Treating this index as a pairing between 𝐸 and
the operator 𝜕 [21] defines the Chern character of the Dirac
operator as the homology class

ch(𝜕) = ̂𝐴(𝑀) ⋆ [𝑀]. (2)

From equation (2) we can interpret the index theorem
as a homological pairing

Ind(𝜕+
𝐸 ) = ⟨ch(𝐸), ch(𝜕)⟩. (3)

The key fact is that this pairing between 𝐾-theory and 𝐾-
homology makes sense in the general noncommutative
case and can be computed using a natural map from 𝐾-
homology to cyclic cohomology as well as a “Chern char-
acter” from 𝐾-theory to cyclic homology. Then pairing
these two elements from cyclic cohomology and homol-
ogy gives the same value as if we start from 𝐾-theory and
𝐾-homology.

15A function 𝑓(𝑥) acts by multiplication (𝑓.𝜓)(𝑥) ∶= 𝑓(𝑥)𝜓(𝑥) on spinors.
16In local coordinates 𝐷 = 𝑖𝛾𝜇𝜕𝑥𝜇, 𝛾𝜇 the Dirac 𝛾-matrices, which satisfy
the well-known condition 𝛾𝜇𝛾𝜈 +𝛾𝜈𝛾𝜇 = 2𝑔𝜇𝜈.
17Notice that a reduction is already worked out in [17]. The idea basically is
that the classical operators are sufficiently numerous to generate, in a certain
topological sense, all elliptic operators.
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Equation (3) represents the noncommutative geometry
point of view of the index theorem. To make the compu-
tation effective, the idea is to obtain a local index formula.
Given a spectral triple, the Connes–Moscovici local index
theorem18 is then a complete solution of this general in-
dex problem. The first highly nontrivial spectral triple is
the example that encodes the Diff-equivariant index the-
ory. The identification of the local terms appearing in the
index theorem for such a triple requires the definition of
an appropriate cyclic homology for Hopf algebras [20] en-
coding the characteristic numbers.

A New Era in Mathematical Physics
The “recent” interaction between physics and mathemat-
ics, and particularly geometry, ismainly due to the fact that
physicists started exploring complicated nonlinear models
of a geometrical character as possible explanations for fun-
damental physical processes. Differential geometry had
been closely associated with physics ever since the intro-
duction of Einstein’s theory of general relativity, but quan-
tum theory, the essential ingredient for the physics of ele-
mentary particles, had not impacted the type of geometry
involving global topological features.

One of the first occurrences of topology19 in physics was
Dirac’s famous argument for the quantization of electric
charge, and what we are now witnessing is essentially the
nonabelian outgrowth of Dirac’s initial idea.

This intimate relation between geometry and physics
has had beneficial consequences in both directions. Physi-

18The term local refers to the fact that in the classical situation the index for-
mula would involve integration and could be computed from local data. An-
other point of view is that “we are working in momentum space and local
means therefore asymptotic.”
19One of the earliest occurrences of some topological noteworthiness can be
found in Euler’s 1736 solution of the bridges of Königsberg problem. In solv-
ing one of the first problems in combinatorial topology, Euler gave birth to what
we now call graph theory. A close connection between physics and graph theory
occurs in the work of Kirchhoff in 1847 on his two famous laws for electric cir-
cuits.

In the nineteenth century we encounter more substantial examples of physi-
cal phenomena with topological content. In Gauss’s 1833 work on electromag-
netic theory, found in his Nachlass (estate), the topology concerned the link-
ing number of two curves. Another work was in the theory of vortex atoms pro-
posed by Lord Kelvin (alias W. H. Thomson) in 1867. Kelvin was influenced by
an earlier fundamental paper by Helmholtz (1858) on vortices and a long and
seminal paper of Riemann (1857) on abelian functions.

Maxwell on the state of the art in the nineteenth century:

It was the discovery by Gauss of this very integral, expressing the
work done on a magnetic pole while describing a closed curve in
presence of a closed electric current, and indicating the geometrical
connexion between the two closed curves, that led him to lament the
small progress made in the Geometry of Position since the time of
Leibnitz, Euler and Vandermonde. We have now some progress to
report, chiefly due to Riemann, Helmholtz, and Listing.

Poincaré’s work on the Analysis Situs enlivened considerably the topologi-
cal matters and its link to physics.

cists have been able to adopt and use sophisticated math-
ematical ideas and techniques without which the elabo-
ration of the physical theories would be greatly impeded.
Conversely, mathematicians have used the insights derived
from a physical interpretation to break new ground in ge-
ometry.

Atiyah has been influential in stressing the role of topol-
ogy in quantum field theory and in bringing the work of
theoretical physicists to the attention of the mathematical
community.

In his paper with Bott [17], they attempt to understand
the results of V. K. Patodi on the heat equation approach
to the index theorem, a topic which will be developed
later in connection with theoretical physics. In their work
on the Lefschetz formula for elliptic complexes they had
described the Zeta-function approach to the index theo-
rem. Singer and McKean took a step further, in the heat
equation version, by concentrating on the Riemannian ge-
ometry. They suggest the possibility of cancellations lead-
ing directly to the Gauss–Bonnet from the Euler character-
istic.20

Another topic that would have an impact on theoreti-
cal physics concerned Atiyah’s work on spectral asymmetry.
Aspects of spectral asymmetry appear in differential geom-
etry, topology, analysis, and number theory. These ap-
plications became popular, especially after Witten’s work
on global anomalies brought the 𝜂-invariant into promi-
nence. The 𝜂-invariant introduced in a joint paper with
Patodi and Singer was motivated, in part, by Hirzebruch’s
work on cusp singularities and in particular his result ex-
pressing the signature defect in terms of values of 𝐿-
functions of real quadratic fields.

In the 1970s and 1980s, methods gleaned from the in-
dex theorem unexpectedly played a role in the develop-
ment of theoretical physics. One of the earliest and most
important applications is ’t Hooft’s resolution of the𝑈(1)
problem [23]. This refers to the lack of a ninth pseudo-
Goldstone boson (like the pions and kaons) in QCD that
one would naively expect from chiral symmetry breaking.
There are two parts to the resolution. The first is the fact
that the chiral 𝑈(1) is anomalous. The second is the re-
alization that there are configurations of finite action (in-
stantons) that contribute to correlation functions involv-
ing the divergence of the 𝑈(1) axial current. The analysis
relies heavily on the index theorem for the Dirac opera-
tor coupled to the SU(3) gauge field of QCD, the main
remaining law in the theory of the strong interactions. Al-

20This was proved later by Patodi, who extended the result to deal with the
Riemann–Roch theorem on Kähler manifolds. On his side Gilkey produced an
alternative indirect approach depending on a simple characterization of the Pon-
tryagin forms of a Riemannian manifold. Later on, Atiyah, Bott, and Patodi re-
alized that Gilkey’s results were a consequence of the Bianchi identities.
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bert Schwarz showed that some of the ingredients in the so-
lution were best understood in terms of the Atiyah–Singer
index theorem. There were also important applications in
the 1990s to S-duality of 𝑁 = 4 Super Yang–Mills which
involve the index theorem for the Dirac operator onmono-
pole moduli spaces.

Describing all those activities and the first uses of the
index theorem in physics, Atiyah said:

From 1977 onwards my interests moved in the di-
rection of gauge theories and the interaction be-
tween geometry and physics. I had for many years
had a mild interest in theoretical physics, stimu-
lated on many occasions by lengthy discussions
with George Mackey. However, the stimulus in
1977 came from two other sources. On the one
hand Singer told me about the Yang–Mills equa-
tions, which through the influence of Yang were
just beginning to percolate into mathematical cir-
cles. During his stay inOxford in early 1977 Singer,
Hitchin and I took a serious look at the self-duality
equations. We found that a simple application of
the index theorem gave the formula for the num-
ber of instanton parameters.… At about the same
time A. S. Schwarz in the Soviet Union had inde-
pendently made the same discovery. From this pe-
riod the index theorem began to become increas-
ingly familiar to theoretical physicists, with far-
reaching consequences.

The second stimulus from theoretical physics
came from the presence in Oxford of Roger Pen-
rose and his group.…at that time I knew nothing
about twistors, but on Penrose’s arrival in Oxford
we had lengthy discussions which were mutually
educational. The geometry of twistors was of
course easy for me to understand, since it was the
old Klein correspondence for lines in 𝑃3 on which
I had been brought up. The physical motivation
and interpretation I had to learn. In those days
Penrose made great use of complex multiple inte-
grals and residues, but he was searching for some-
thing more natural and I realized that sheaf co-
homology groups provided the answer. He was
quickly converted and this made subsequent dia-
logue that much easier, since we now had a com-
mon framework. ([1], Vol. 5)

The theoretical physicists working with gauge theories
were interested in calculating the number of zero modes
of a differential operator in terms of the topological charge
of the gauge field. Translating the language, they wanted
the dimension of 𝑘𝑒𝑟𝐷 in terms of characteristic classes,
and this is precisely what the index theorem, coupled with

what mathematicians would call a vanishing theorem for
𝑐𝑜𝑘𝑒𝑟𝐷, provides. Naturally, the mathematical physicist
is more familiar with eigenvalues of operators and the heat
kernel than with characteristic classes, but once the realiza-
tion came that each side had something to learn from the
other, the most recent phase of index theory was formed.
A man of intuition. The term “gauge theory” refers to a
quite general class of quantum field theories used for the
description of elementary particles and their interactions.
These theories involve deep and interesting nonlinear dif-
ferential equations, in particular, the Yang–Mills equations,
which have turned out to be particularly fruitful for math-
ematicians.

Meanwhile I had been engrossed with the Yang–
Mills equations in dimension 4. I realized that
these questions were essentially trivial in dimen-
sion 2, but one day, walking across the University
Parks with Bott it occurred to me that one might
nevertheless be able to use the Yang–Mills equa-
tions to study the moduli spaces. The essential
point was the theorem of Narasimhan and
Seshadri stating that stable bundles arose fromuni-
tary representations of the fundamental group.
([1], Vol. 5)

Atiyah initiated much of the early work in this field, cul-
minated by Simon Donaldson’s work in four-dimensional
geometry. Indeed, Andreas Floer and Donaldson’s works
provided new insights into the topology of lower dimen-
sional manifolds. In three and four dimensions this was
Floer homology and theDonaldson polynomials based on
Yang–Mills theory.21

Donaldson’s work showed that, in contrast to other di-
mensions, there were some very subtle invariants in four
dimensions. These invariants were preserved under
smooth deformation but not under general continuous de-
formation [24]. Donaldson found his invariants by study-
ing special solutions of the Yang–Mills equations, the “in-
stantons.” These solutions are essentially localized to a
small region in space-time, thereby describing an approxi-
mately instantaneous process.

Donaldson’s work involved ideas from nonlinear
analysis of partial differential equations, differential and
algebraic geometry, and topology, and a little less physics.
Nevertheless, beside the influence of Atiyah–Hitchin–
Singer’s paper, the whole idea of studying a moduli space

21One can transpose the same ideas to maps from a surface into a symplec-
tic manifold and express the Floer homology of 𝑋 and the symplectic homol-
ogy of 𝑋/Σ, for a special class of Hamiltonians, in terms of absolute and rela-
tive Gromov–Witten invariants of the pair (𝑋,Σ) and some additional Morse-
theoretic information. The key point of the argument is a relation between so-
lutions of Floer’s equation and pseudoholomorphic curves, both defined on the
symplectization of a prequantization bundle over Σ.
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in this context (a space of connections up to gauge equiv-
alence) had a physics origin in some sense.

Witten later showed that Donaldson’s invariants could
be interpreted in terms of a quantum field theory and that
this would have profound consequences. Moreover, this
field theory was a close cousin of the standard theories
used by particle physicists, except that it had a “twist” that
produced topological invariants not dependent on the in-
tricate details of the underlying geometry of space-time.
Beside Seiberg’s previous work on dualities, this interpreta-
tion of Witten motivated Seiberg and Witten’s work. They
showed that the corresponding physical theory could
be solved in terms of a much simpler structure. Yang–
Mills theory is fundamentally based on a choice of non-
abelian Lie group, usually taken to be the group SU(2).
The noncommutativity of this symmetry group leads to the
nonlinearities of the associated partial differential equa-
tions. However, in physics it was known that in quan-
tum theories these nonabelian symmetries often manifest
themselves only at very short distance scales. At large dis-
tances the symmetry can be broken into a much simpler
abelian group. For example, in the case of SU(2) only
the circle group 𝑈(1) of electromagnetism would appear
together with possibly some charged matter particles [22]
([1], Vol. 7). As Witten writes:

In the spring of 1987 Atiyah visited the Institute
for Advanced Study and was more excited than I
could remember. What he was so excited about
was Floer theory which he felt should be inter-
preted as the Hamiltonian formulation of a quan-
tum field theory. Atiyah hoped that a quantum
field theory with Donaldson polynomials as the
correlation functions and Floer groups as the
Hilbert spaces could somehow be constructed by
physics methods.… I was skeptical and though the
idea was intriguing, I did not pursue it until I was
reminded of the question during another visit by
Atiyah to the Institute at the end of 1987. This
time I dropped some of my prejudices and had
the good luck to notice that a simple twisting of
𝑁 = 2 supersymmetric Yang–Mills theory would
give a theory with the properties that Atiyah had
wanted. [25]

Another topic that was developed following Atiyah’s
suggestions and indications was the connection with the
knot polynomial of Vaughan Jones.

The other problem that Atiyah recommended for
physicists in the years was to understand the Jones
knot polynomial via quantum field theory. It was
from him that I first heard of the Jones polyno-
mial. There followed other clues about the Jones

polynomial and physics. [25]

“In fact, the relation between knot invariants and parti-
cles goes to the very beginning of relativistic quantum field
theory as developed by Feynman and others in the 1940s.
The basic idea is that, if we think of a classical particle mov-
ing in space-time, it will move in the direction of increas-
ing time. However, within quantum theory the rules are
more flexible. Now a particle is allowed to travel back in
time. Such a particle going backwards in time can be inter-
preted as an antiparticle moving forwards in time. Once it
is allowed to turn around, the trajectory of a particle can
form, as it were, a complicated knot in space-time. The
rules of quantum theory will associate to each such trajec-
tory a probability amplitude that describes the likelihood
of this process actually taking place.

“In order to establish contact between this formulation
of particle physics and knot theory, Witten had to replace
the usual four dimensions of space-time with three dimen-
sions and work with a special type of gauge theory based
on the Chern–Simons topological invariant. The full the-
ory allowed for many choices, such as the gauge group, the
representation of the particles associated to the knot, and
coupling constants.

“Relating quantum field theory to knot invariants along
these lines had many advantages. First, it was fitted into
a general framework familiar to physicists. Second, it was
not restricted to knots in three-dimensional Euclidean
space and could be defined on general three-dimensional
manifolds. One could even dispense with the knot and get
an invariant of a closed three-dimensional manifold. Such
topological invariants are now called quantum invariants
and have been extensively studied” [22] ([1], Vol. 7).

Atiyah related all of this to Witten’s work on quantum
mechanics and Morse theory, arguing that there should
be a quantum field theory version of the story. This was
the birth of topological quantumfield theory (TQFT), with
Witten to work out a year later what the quantum field the-
ory conjectured by Atiyah actually was. Soon after the first
topological TQFT, Witten was to find a quantum theory
with observables the Jones polynomial, now often called
the Chern–Simons–Witten theory.

The theories of superspace and supergravity and the
string theory of fundamental particles, which involves the
theory of Riemann surfaces in novel and unexpected ways,
were all areas of theoretical physics that developed using
the ideas that Atiyah was introducing.

Concerning the interaction between new mathematics
and physics he said:

Mathematics and physics are more like Siamese
twins. A separation in their case usually leads
to death of at least one twin, so it should not be
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contemplated. Some people sometimes oversim-
plify by regarding mathematics and physics as sep-
arate organisms, and by implication that mathe-
maticians and physicists are different people. How
does one decide which of the great figures of his-
tory was a mathematician or a physicist: Archime-
des, Newton, Gauss, Hamilton, Maxwell, Rie-
mann, Poincaré, Weyl?

Before Dirac’s delta there was Heaviside (an en-
gineer). Spinors are really due to Hamilton (both
mathematician and physicist); Élie Cartan built on
Sophus Lie; fibre bundles and U(1) gauge theory
are due to Clifford. Grassmann usedMaxwell’s un-
derstanding of Hamilton’s quaternions. Maxwell
derived all the notation of div, grad and curl from
Hamilton, who first wrote down the equation

(𝑖 𝑑
𝑑𝑥 + 𝑗 𝑑

𝑑𝑦 + 𝑘 𝑑
𝑑𝑧)

2

= −Δ

and said that this must have deep physical mean-
ing. This was many decades before Dirac. The di-
alogues continue and we now have a better under-
standing of fermions, supersymmetry and Morse
theory. Also of topological quantum field theory
in three-dimensions and Jones knot invariants;
Donaldson invariants in four dimensions, and the
unique role of dimension four, both in physics
and geometry. Also moduli spaces in Yang–Mills
theory; monopoles and instantons; anomalies, co-
homology and index theory; holography and ge-
ometry, etc.

Understanding as a Way of Life
In recent years, Atiyah concerned himself with relating our
state of mind and interest in mathematics to some cogni-
tive notions like creativity, beauty, imagination, and
dreams [3,26].

For Atiyah creativity comes before any other act inmath-
ematics; it is the triggering element. It is deeply embedded
in our mind.

People think mathematics begins when you write
down a theorem followed by a proof. That’s not
the beginning, that’s the end. For me the creative
place inmathematics comes before you start to put
things down on paper, before you try to write a for-
mula. You picture various things, you turn them
over in your mind. You are trying to create, just
as a musician is trying to create music, or a poet.
There are no rules laid down. You have to do it
your own way. But at the end, just as a composer
has to put it down on paper, you have to write
things down. But the most important stage is un-

derstanding. A proof by itself doesn’t give you un-
derstanding. You can have a long proof and no
idea at the end of why it works. But to understand
why it works, you have to have a kind of gut reac-
tion to the thing. You have got to feel it.

As for the beauty, as Dirac and Einstein andmostlyWeyl
(his hero along with Maxwell), Atiyah places the “Beauty”
at the heart of what we can call the essence of mathematics.
It is not the kind of beauty that you can point to—it is
beauty in a much more abstract sense.

It’s been known for a long time that some part of
the brain lights up when you listen to nice music,
or read nice poetry, or look at nice pictures—and
all of those reactions happen in the same place.22

And the question was: Is the appreciation of math-
ematical beauty the same, or is it different? And
the conclusion was, it is the same. The same bit
of the brain that appreciates beauty in music, art
and poetry is also involved in the appreciation of
mathematical beauty. And that was a big discov-
ery. [3]

For Atiyah Euler’s equation 𝑒𝑖𝜋 +1 = 0 embodies this
beauty:

Euler’s equation involves 𝜋; the mathematical
constant Euler’s number 𝑒 (2.71828..); 𝑖, the imag-
inary unit; 1; and 0. It combines all the most
important things in mathematics in one formula,
and that formula is really quite deep. So every-
body agreed that was the most beautiful equation.
I used to say it was the mathematical equivalent of
Hamlet’s phrase “To be, or not to be”—very short,
very succinct, but at the same time very deep. Eu-
ler’s equation uses only five symbols, but it also
encapsulates beautifully deep ideas, and brevity is
an important part of beauty.

Concerning the place of dreams in mathematics where
“the ideas appear fast and furious, intuitive, imaginative,
vague and clumsy commodities”:

Dreams happen during the daytime, they happen
at night. You can call them a vision or intuition.
But basically they are a state of mind—without
words, pictures, formulas or statements. It is pre
all that. It’s pre-Plato. It is a very primordial feel-
ing. And again, if you try to grasp it, it always dies.
So when you wake up in the morning, some vague
residue lingers, the ghost of an idea. You try to re-
member what it was and you only get half of it
right, and maybe that is the best you can do. [3]

22The “emotional brain,” specifically the medial orbitofrontal cortex.
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In the “Déchiffreurs” published in theNotices of the AMS,
Atiyah wrote about the place of dreams in our life:

In the broad light of day mathematicians check
their equations and their proofs, leaving no stone
unturned in their search for rigour. But, at night,
under the fullmoon, they dream, they float among
the stars and wonder at the miracle of the heavens.
They are inspired. Without dreams there is no art,
no mathematics, no life.23

Atiyah was a man in a hurry, his mind crossed by an un-
interrupted flow of teeming reflections and new ideas. He
was a man who cogitates. Any exchange or discussion was
a good opportunity to bring out mathematics and mathe-
matical physical thinking. He enjoyed being around and
talking (even under the rain and for hours!) with col-
leagues and young researchers. He was a great conversa-
tionalist.

However, despite the tornado that could be released by
his presence and his willingness to communicate, interro-
gate, and especially to be heard, Atiyah was paradoxically
intrinsically a solitary man who loved to be surrounded.
Atiyah was a man for whom friendship mattered. He did
not have a superiority complex, but knew how to step back
and advance people who played a role in his mathematical
life.

Atiyah fondly acknowledged the place of his wife, Lily,
in his life and how she allowed him the luxury of realiz-
ing his journey. She was a mathematician and left the aca-
demic path so that he could go forward in his own career.

But if there is one word that describes his life well, a
constant feature of his story is to “understand.” Atiyah was
always guided by the desire to understand.

I alwayswant to try to understandwhy thingswork.
I’m not interested in getting a formula without
knowing what it means. I always try to dig behind
the scenes, so if I have a formula, I understandwhy
it’s there.

Atiyah was always a visionary and he was less interested
in the past than in new ideas about the future.
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23Atiyah MF. Les Déchiffreurs (2008), Notices of the AMS, 2010.
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MEMORIAL TRIBUTE

Ronald G. Douglas, pioneering researcher and scholar in 
the areas of operator algebras and operator theory as well 
as distinguished professor of mathematics and former ex-
ecutive vice president and provost of Texas A&M University, 
passed away February 27, 2018, at the age of 79.

Born in 1938 in Osgood, Indiana, Douglas earned his 
doctorate in mathematics at Louisiana State University in 
1962. He was a professor of mathematics at the Univer-
sity of Michigan until 1969, when he moved to the State 
University of New York at Stony Brook, where he was a 
professor of mathematics and later vice provost in 1990. 
Douglas remained at SUNY at Stony Brook until he came 
to Texas A&M in 1996 as executive vice president and 
provost and a tenured professor in mathematics. He was 
appointed as a distinguished professor of mathematics at 
Texas A&M in 1999 and remained active in research and 
graduate student mentorship until the time of his death. 
He also held visiting professor positions in Sweden, Israel, 
England, and Australia.

Ronald G. Douglas: 
A Master in the Art of 
Transcending Problems
Guoliang Yu, Roger Howe, and Shana Hutchins 

Guoliang Yu is a university distinguished professor of mathematics and 
inaugural holder of the Thomas W. Powell Chair in Mathematics at Texas 
A&M University. His email address is guoliangyu@math.tamu.edu.

Roger E. Howe is the Curtis D. Roberts Professor of Mathematics Educa-
tion in the Department of Teaching, Learning and Culture with a joint 
appointment in the Department of Mathematics at Texas A&M University. 
He is also a university distinguished professor and a Permanent Faculty 
Fellow in the Hagler Institute for Advanced Study. His email address is 
rogerhowe@tamu.edu.

Shana K. Hutchins is communications manager in the College of Science 
at Texas A&M University. Her email address is shutchins@tamu.edu.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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Figure 1. Douglas was appointed as a distinguished professor 
of mathematics, Texas A&M University’s highest faculty rank, 
in 1999.
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what came to be known as the calculus reform movement 
during the late 1980s. As then-chairman of the Depart-
ment of Mathematics at SUNY at Stony Brook, he began 
researching methods to change the way calculus was taught, 
given that as many as 40 percent of undergraduates taking 
introductory calculus at the time were failing it. In addition 
to organizing the Calculus for a New Century meeting 
held in Washington, DC, in 1987, Douglas served on a 
number of committees whose aim was to make calculus 
more relevant, particularly for non-mathematics majors, by 
creating introductory calculus courses more in line with the 
students’ needs. He led a National Research Council study 
of doctoral education in the mathematical sciences in 1991 

and also published a series of articles 
on mathematical education and its 
relationship to science education as 
a whole.

Douglas was honored in 2012 as 
an inaugural Fellow of the American 
Mathematical Society. In addition, 
he was a Fellow of the American 
Association for the Advancement 
of Science (1989), as well as a Na-
tional Research Council Fellow at 
Princeton University’s Institute for 
Advanced Study (1965–66), a Sloan 
Fellow (1968–74), and a Guggen-
heim Fellow (1980–81). He also was 
an invited speaker at the Interna-
tional Congress of Mathematicians 
1978 in Helsinki.

In December 2014, Texas A&M 
Mathematics honored Douglas by 
establishing the R. G. Douglas Lec-
tures, which each year brings to cam-
pus distinguished mathematicians 
who work in areas similar to those 

pioneered by Douglas. Fellow Texas A&M mathematicians 
and lifelong friends Carl Pearcy and Ciprian Foiaş made 
the lead gifts to create the lectureship, perhaps inspired 
by Douglas’s and Pearcy’s contributions which were in-
strumental in establishing the Foiaş Lectures earlier that 
same year.

This past year, Douglas was memorialized at the 2018 
International Workshop on Operator Theory and Applica-
tions (IWOTA), held July 23–27 on the North Zhongshan 
campus of East China Normal University in Shanghai. His 
mathematical descendants and influence span not only his 
son, Michael R. Douglas, but also generations across the 
globe, as evidenced by his impact in vast swaths of China 
and India, in addition to other countries, institutions, and 
cultures worldwide.

Douglas served as executive vice president and provost at 
Texas A&M from 1996 until 2002, establishing Texas A&M 
as a national leader in the number of doctorates awarded 
to minorities in mathematics, the physical sciences, and 
engineering. One of his main priorities as Texas A&M’s 
top academic officer was recruiting additional students to 
the university’s campuses in STEM-related areas, which he 
saw as vital to an increasingly technology-oriented global 
economy. Douglas’s global vision proved central to another 
of his crowning achievements as a provost: the creation of 
Texas A&M’s branch campus in Qatar, which opened its 
doors in the fall of 2003, offering four engineering degrees 
and featuring plans for two future research centers that 
would provide related opportunities for faculty and grad-
uate students. He also championed 
Texas A&M’s admission into the 
Association of American Universi-
ties, its authorization for a Phi Beta 
Kappa Chapter, and the creation of 
its Blinn Team Program, which has 
become widely respected through-
out public higher education as an 
innovative and unique way to en-
courage transfer students.

Douglas’s research, which fo-
cused primarily on operator theory 
and both Banach and C*-algebras, 
was nothing short of revolution-
ary. One of his major contribu-
tions to mathematics is the BDF 
theory of C*-algebra extensions, 
named in tribute to the researchers 
who collaborated with Douglas to 
develop it—Lawrence Brown and 
Peter Fillmore [1]. In addition to 
solving the long-standing problem 
of classifying essentially normal 
operators, the BDF theory created 
a novel concept of its own—a new 
K-homology theory that solved an open problem of Atiyah 
and has since become a cornerstone of a new mathematical 
area called noncommutative geometry. Apart from BDF 
theory, two other influential theories bear Douglas’s name: 
Douglas algebras and Cowen–Douglas operators. His four 
books—including Banach Algebra Techniques in Operator 
Theory [2]—are considered classics that have helped to 
define new paradigms in the field [2, 3]. Likewise, some 
of his seminal papers have spawned new areas of research 
actively pursued by current researchers, including dozens 
of graduate and doctoral students he mentored who are 
now leaders in their fields.

Beyond his considerable academic and administrative 
acumen, Douglas also was active on the national education 
policy and reform scene. He is considered the father of 

Figure 2. Douglas with his sister Marilyn in 1945.
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Over a long period of time, I have enjoyed many discus-
sions with Ron on a great variety of topics. When it came 
to politics, I would often come away from the conversation 
with the feeling that Ron’s opinions were moderate and 
reasonable and my opinions were on the far side. Ron was 
by nature a moderate. At a meeting in College Station in 
honor of Ron, I offered a toast, saying, “Ron Douglas is one 
of the best and most interesting people I have known on 
this planet.” I still feel this way.

Ray M. Bowen2

Dr. Ronald G. Douglas was a distinguished mathematician. 
Texas A&M University was fortunate when he agreed to be-
come our executive vice president and provost in 1996. His 
eminence as a mathematician is reflected in his recognition 
as a distinguished professor shortly after coming to Texas 
A&M University, where a faculty committee of existing 
distinguished professors selects their future membership. 
His selection, as an administrator, was a unique event for 
our university and a tribute to him.

Upon his arrival, we soon learned that his earlier ser-
vice as a departmental chairman, as a dean, and as a vice 
provost would serve him well as our provost. His impacts 
were significant. His academic reputation gave him instant 
credibility with our faculty. His experience as an academic 
administrator caused our academic deans and other admin-
istrators to quickly respond to his leadership.

He made significant long-term contributions to the 
academic quality of our university—contributions that 
contribute in a meaningful way to Texas A&M today. A few 
of the many examples are as follows:

 • A program with a nearby community college that 
created a hybrid form of dual enrollment as a path-
way into undergraduate enrollment at Texas A&M.

 • A commitment that led to the creation of the 
highly successful Texas A&M campus in Qatar.

 • A decision to create a Department of Performance 
Studies that gave visibility to important programs 
in music and theater.

 • Early decisions that established the direction of 
the then-new Bush School of Government and 
Public Service. Today, this still rather young school 
is recognized nationally and internationally for the 
quality of its programs.

• During his six years as executive vice president 
and provost, he identified and hired eight of our 
ten academic deans, deans who continued their 
contributions long after his service as provost.

It was during his time as executive vice president and 
provost that Texas A&M University achieved its long-term 

Paul Baum1

At the 1978 International Congress of Mathematics (ICM) 
in Helsinki, Ron gave a talk about the Brown–Douglas–Fill-
more work on K-homology. BDF had discovered how to 
define K-homology via functional analysis and had then 
used their result to solve the problem of when (modulo 
compact operators) essentially normal operators are uni-
tarily equivalent.

Meanwhile, I had been struggling for several years to find 
a definition of K-homology via topological ideas, such as 
bordism. After many attempts and a lot of nonsense, some-
where in 1978, I was convinced that I had a really good 
definition of K-homology as a group of geometric cycles. In 
the fall of 1978, letters between Ron and me crossed in the 
mail, and we began to work to reconcile the two definitions. 
Sometimes I would go to Stony Brook, and sometimes Ron 
would come to Providence. In retrospect, it seems obvious 
how to reconcile the two definitions. The Dirac operator of 
a Spin-c manifold determines a map from the geometric 
cycle group to the BDF group.

At the time, however, it was not at all obvious. Each time 
I went to Stony Brook, Ron and I would work together 
all day, and in the evening we would go to the Napoleon 
restaurant in Port Jefferson to feast on rack of lamb. I 
remember quipping to Ron, “We are keeping this place 
in business.” Sure enough, when Ron and I completed 
our project and stopped working together, the Napoleon 
restaurant went out of business.

Decades later, Erik van Erp and I used the isomorphism 
of the geometric cycle group to the BDF group (what is 
now called the BDF theory) to solve the index problem 
for a naturally arising class of differential operators that 
are Fredholm but not elliptic.

Figure 3. Douglas (center) pictured with Guoliang  Yu (left) and 
Piotr Nowak (right) in Shanghai. Nowak, now a professor in 
Warsaw, is a former PhD student of  Yu, who himself is a former 
PhD student of Douglas.

1Paul Frank Baum is the Evan Pugh University Professor in Mathematics 
and a distinguished professor of mathematics at Pennsylvania State Uni-
versity. His email address is pxb6@psu.edu.

2Ray M. Bowen is a president emeritus, professor emeritus of mechanical 
engineering, and 1958 mechanical engineering graduate of Texas A&M 
University. His email address is rbowen@tamu.edu.
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and was happy to participate. The first bit of progress was to 
solve the case where X is a figure eight. Our first exposition 
of our results, in volume 345 of the Springer Lecture Notes, 
will probably give the interested reader a reasonably good 
description of the way further progress was obtained.

Lewis Coburn4

Ron got his PhD from Pasquale Porcelli at Louisiana State 
University in 1962 and came to the University of Michigan 
as a Hildebrandt Instructor that fall. I was a graduate stu-
dent at Michigan when Ron arrived. He wanted to teach a 
topics course on almost-periodic functions the following 
year and was actively recruiting students so that the course 
would run. I was a little curious, so I enrolled and learned 
a bit about the subject (as, I think, did Ron). A few years 
later, when we both were in the New York City area and 
had both done work in the periphery of the Atiyah-Singer 
theorem, we talked about doing an index theorem for 
Toeplitz operators with almost-periodic symbols on the real 
line as a possible interesting generalization of the known 
theory for continuous functions on the circle. The main 
difficulty was that the analogue of the winding number 
was the Bohr mean-motion, which takes on arbitrary real 
values. We learned from Izzy Singer about the (real-valued) 
Breuer index in a II1 factor and then, with Singer and Dave 
Schaeffer, we put together what was, I believe, the first gen-

ambition of being admitted to the Association of American 
Universities. This admission was not caused by a single 
person or a single decision. It was the cumulative result of 
years of growth of a good university. However, the presence 
of a distinguished mathematician as our academic leader 
made evident the university’s continuing commitment to 
and fulfillment of its academic goals. Dr. Douglas was a 
visible symbol of both.

While serving as executive vice president and provost, 
Dr. Douglas maintained an active program of research in 
his area of mathematics. Upon completion of his six years 
in the administration, he joined our mathematics faculty 
and increased an already significant research program. He 
especially enjoyed his time in the classroom, as well as his 
time working with his several PhD students. He continued 
this phase of his academic career until he passed away in 
February 2018.

Throughout his long academic career, Dr. Ronald 
Douglas made major scholarly contributions through his 
research; made Texas A&M University and other universi-
ties stronger; enhanced the careers of his students and his 
colleagues; and led an exemplary life as a husband, father, 
colleague, and friend. Texas A&M University is fortunate to 
have been a beneficiary of his distinguished career.

Larry Brown3

Ron was a mentor to me in more than one way early in my 
career. Working with Ron and Peter Fillmore was one of my 
best mathematical experiences. This joint work began when 
I arrived in Stony Brook in 1971, but Ron and Peter had 
already been working together before. The initial problem 
had been to classify bounded operators T on a Hilbert 
space, such that T*T – TT* is compact, up to compact per-
turbation and unitary equivalence. Ron and Peter already 
knew, inspired by an observation of Lew Coburn, that this 
was equivalent to classifying certain C*-algebra extensions, 
namely, those where the ideal is the set of compact opera-
tors and the quotient is C(X) for X a compact subset of the 
plane. They were also interested in the more general case 
where X is an arbitrary compact metric space, and our joint 
work eventually included a few results on still more general 
C*-algebra extensions. 

When I arrived in Stony Brook, the most advanced case 
already solved was the case where X is a circle. Ron knew 
that I had done some work on extensions of topological 
groups, using a version of group cohomology, and brought 
me to Stony Brook because he hoped that I could help with 
the project by using cohomological methods, but he started 
by leading me through the operator theoretic background 
that he needed. It turned out that my knowledge of topo-
logical group extensions didn’t help, but I liked the project 

Figure 4. Douglas in his John R. Blocker Building office at Texas 
A&M University. He remained active in research and graduate 
student mentorship until the time of his death.

3Larry Brown is a professor emeritus of mathematics at Purdue University. 
His email address is brownl@purdue.edu.

4Lewis A. Coburn is a professor of mathematics at State University of New 
York (SUNY) at Buffalo. His email address is lcoburn@buffalo.edu.
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I was little. This trip was also the very early seed of what 
would become a lifelong relationship with France. A year in 
1990 visiting Volodya Kazakov and Edouard Brezin at the 
Laboratoire de Physique Theorique of the ENS in Paris, my 
collaboration with Alain Connes and Albert Schwarz at the 
IHES, and my many visits there as the Louis Michel chair all 
were in some way fulfilling that early attraction to French 
and European culture, to physics, and to mathematics.

Although I was fascinated by mathematics, I chose to 
major in theoretical physics in college, in part just to avoid 
following too closely in my father’s footsteps. But my own 
research would turn out to have many points of contact 
with his, both by choice and by chance. After my early work 
on random matrix theory and the double scaling limit, my 
father suggested I talk to Dan Voiculescu, an old friend and 
colleague who had developed a framework called free prob-
ability theory. This contact led to a series of papers in the 
mid-1990s that introduced free probability into quantum 
field theory and condensed matter physics. But even more 
striking were the many mathematical developments that 
followed the famous work by the late Joe Polchinski on 
Dirichlet branes, including my collaboration with Connes 
and Schwarz, my work on Dirichlet branes and stability 
which led to Bridgeland stability, and most of my other 
work in the years around 2000. This could be the subject 
of an essay in itself, but for my purposes here, I will simply 
mention that Greg Moore pointed out at that time that 
there was a connection.

Another of the many mathematical ways to formalize 
the Dirichlet brane is that it is a class in the K-homology 
theory developed by Paul Baum and my father in 1982! 
So, I was destined to walk in his footsteps after all. Fortu-
nately, he had chosen some very fruitful directions to walk 
in, and I am eternally grateful for that and for all that we 
shared together.

uinely real-valued index theorem and a precursor to Alain 
Connes’ celebrated foliation index theorem.

Ron made a significant research impact on many aspects 
of operator theory. He was energetic and had a good sense 
of the interesting connections between operator theory 
and other areas of mathematics. On a personal note, I will 
miss his presence and express my sympathy to Bunny and 
his family.

Alain Connes5

My encounter with the work of Ron Douglas goes back to a 
meeting in Rome in the winter of 1975. Iz Singer was giving 
lectures on index theory and operators in Hilbert space 
and discussing its connections to the work of L. Brown, R. 
Douglas, and P. Fillmore on extension of C*-algebras and 
K-homology. This encounter is one of the very few in my 
mathematical trajectory that actually made me alter my 
route, since it gave me the key concept for my later work 
by exhibiting how purely operator theoretic constructions 
could make geometry emerge from the quantum. The BDF 
theory was, with Atiyah’s abstract elliptic operators, the 
birth of K-homology, which has played since then a vital 
role in the development of noncommutative geometry, 
leading to the concept of spectral geometry. Ron was a 
pioneer and fully deserves my admiration.

Michael R. Douglas6

As I reflect on my father’s life, I realize in how many ways I 
followed in his footsteps. We were three children growing 
up in Ann Arbor and then Stony Brook, and our father 
showed us how attractive the academic life could be, 
bringing back gifts and photos from conferences in exotic 
countries and hosting dinner parties for visiting friends and 
colleagues from around the world. Just as appealing were 
the simple things: his home office filled with books, some 
of which he had written, or his freedom to come home 
early from work when we needed him, say, to help with a 
difficult project for school.

We made several long family trips that had a huge 
influence on me, especially a sabbatical semester in New-
castle-upon-Tyne in 1973 and a summer in France in 1970 
that included a month in Les Houches. There, our mother 
would take us walking in the mountains while our father 
attended the well-known summer school that, that year, 
was on statistical mechanics and quantum field theory. 
Later as a young string theorist and mathematical physicist, 
I would often meet older colleagues, only to be told that it 
was not for the first time: They remembered me from when 

5Alain Connes is a professor of mathematics at the Collège de France, IHES, 
and a distinguished professor at Ohio State University. His email address 
is alain@connes.org.
6Michael R. Douglas is a professor of physics and member of the Simons 
Center for Geometry and Physics at Stony Brook University. His email 
address is mdouglas@scgp.stonybrook.edu.

Figure 5. Douglas (center) touring the Texas A&M University 
campus with then-President Dr. Ray M. Bowen (left) in 1996, 
shortly after arriving in College Station as provost and 
executive vice president.
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Operators at Stony Brook: 
Primordial Noncommutative Geometry
In the first year Ron was at Stony Brook, I don’t recall 
exactly what he was working on. I do remember learning 
a lot about Toeplitz operators and index arguments, and 
Ron being very happy when a homotopy argument was 
used. I was caught up in characterizing operators with a 
spectral representation on Sobolev spaces in the spirit of 
generalizing the usual spectral representation on L2-spaces.

Roger Howe also arrived that year. Though a group 
representor, operator-speak was no problem for Roger, 
and quickly Ron interested him in a new class of Toeplitz 
problems, Toeplitz operators on the quarter plane. Here 
the symbols are functions of two variables, very different 
from what people had been considering, and they wrote a 
seminal, far-reaching paper.

It was a little while before Ron converted Larry Brown 
to the cause. The question was close to one given by Hal-
mos in his list of 10 problems: classify operators M whose 
commutator with M* is a compact operator. Ron and Larry 
showed that W is unitarily equivalent to M plus some 
compact operator if and only if M and W have the same 
Fredholm index function. This required heavy estimates 
corresponding to chopped-up pieces of spectrum of M (as 
I recall). Ron in one talk showed examples of unpleasantly 
complicated Toeplitz spectra and was proud that the BDF 
theorem handled that.
The Yeshiva Seminar Reenters the Story
For one meeting, Ron, Larry, and a visitor (possibly Fill-
more) drove. I was not along. By the time they got back 
that night, they were no longer stuck with sets in the plane. 
They had good ideas of how their structure might generalize 
to higher dimensions, to lots of operators, and that serious 
homology was involved.

Life at Stony Brook was very exciting for the operator 
group on many counts. Roger and I became good friends as 
soon as he arrived in Stony Brook. He tried without much 
success to teach me some group representations, but after 
some time, in 1972–73, most of our time came to focus 
on formulas for traces of antisymmetrizations of operators 
(e.g., for two operators, commutators). He and I talked 
endlessly while playing horseshoes. This turned out to be 
the forerunner of cyclic-cohomology.

One moral of these stories is: Wasting time with your 
friends is not a waste of time.
Ron and Adversity
Ron was remarkably matter-of-fact in putting up with phys-
ical difficulties. The first snapshot I had of Ron’s pluck is 
on the streets of the Bronx around 1970, walking near our 
Yeshiva seminar. Ron would walk—quickly, of course—
down the street, and he would realize it was time for his eye 
drops (glaucoma even back then). He pulled them out of 
his coat pocket while still walking briskly, held them above 

Bill Helton7

In August of 1968, my wife Joanne and I drove from Palo 
Alto to take my first job as an assistant professor at Stony 
Brook. Jim Simons had just arrived as the new chair of the 
math department that was housed in a utilitarian build-
ing with glazed tiles going halfway up the wall (which 
reminded me of a worn version of my high school). In 
August 1969, life picked up dramatically with the arrival 
of Ron Douglas, freshly poached from Michigan. Also in 
1969, fresh out of grad school from Berkeley, came Roger 
Howe; then in 1971, a few years out of Harvard, came 
Larry Brown. Soon (I think) after Ron got to Stony Brook, 
he and Lew Coburn set up a seminar joint with Yeshiva 
University in the Bronx that met once every six weeks or 
so. I do not remember how often the New Yorkers came to 
Stony Brook, but traveling to the city was a formative event 
in my mathematical life because Ron was locked up with 
me on a train for several hours. I learned a huge amount of 
math from him on these trips, where I was immersed in his 
mathematical style. Here are a few observations about it:

 • He loved to ask questions and encouraged all of 
us to do likewise in numerous bull sessions he 
promoted.

 • He really liked simple conceptual proofs replacing 
complicated arguments. He had already had a 
lot of success with this in the subject of Toeplitz 
operators. It was not just that Ron wanted simple 
proofs—we all do—but Ron had huge faith that 
they existed for many topics.

 • Ron had great admiration for topology. He thought 
it lived on the highest peak of mathematics. This 
was an exceptional viewpoint in the context of the 
Halmos era of American operator theory with great 
emphasis on complex variable techniques and the 
invariant subspace problem.

These traits and perspectives shone through in many 
conversations as soon as Ron arrived at Stony Brook, long 
before BDF. Ron was my main mathematical mentor, and 
I was so lucky in that regard. At grad school at Stanford, 
somehow I wound up working in general operator theory, 
while my advisor and others around had only modest in-
terest in it; they loved mostly partial differential operators. 
Ron, on the other hand, was immersed in operator theory 
of all kinds and was an up-and-coming star. His enthusi-
asm, constant questions, and cogent explanations certainly 
propelled a beginner like me. Those were heady days at 
Stony Brook, on the ground floor of noncommutative 
geometry and several other subjects.

7J. William “Bill” Helton is a professor emeritus of mathematics at the Uni-
versity of California, San Diego. His email address is helton@ucsd.edu.
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then Bill Helton, and a little later Larry Brown. Although I 
thought of my main research path as group representation 
theory, the lack of a colleague to talk with about represen-
tations, coupled with the abundance of talent and interest 
in operator theory, drew me into that group. Another fac-
tor that promoted interaction was the assignment of the 
mathematics department to overflow space on the edge of 
campus—a one-story building with wide hallways, where 
everyone's office was a short stroll down the hall. This led 
to frequent, fertile conversations.

Ron was still studying Toeplitz operators, with emphasis 
on the structure of the algebra they generate. A key fact here 
is that the commutator of any two Toeplitz operators with 

continuous symbol is com-
pact, so that the C*-algebra 
Toep generated by the Toeplitz 
operators would form an ex-
tension

0 → K → Toep → C(T) → 0,

where K indicates the alge-
bra of all compact operators 
on a Hilbert space, and C(T) 
denotes the algebra of contin-
uous complex-valued func-
tions on the unit circle.

It was always fun to discuss 
mathematics with Ron. His 
way of doing math was to 
make connections, to clarify 
ideas, to identify key issues. 
He rarely if ever got bogged 
down in details. He knew a 

lot, but he was always asking questions and looking for 
new relationships. My first paper on operator theory was a 
joint paper with Ron, on the analogue of Toeplitz operators 
on the quarter-plane, and described the structure of the 
C*-algebra generated by such operators. It might be seen 
as an early signal of Ron’s continuing interest in multidi-
mensional operator theory.

The spring term of 1973 was especially memorable. Joel 
Pincus had been studying singular integral operators on the 
line, which are closely related to Toeplitz operators. He had 
defined a function, the principal function, that provided a 
complete unitary invariant for an appropriate class of such 
operators. Both types of operators provided examples of 
operators T for which the “self-commutator” [T, T*] (where 
T* indicates the Hilbert space adjoint of T) is trace class 
(and in many interesting examples, finite-dimensional). In 
1972–73, Bill Helton and I were stimulated by this work, 
and Bill had the idea that studying the bilinear form de-
fined by taking the trace of commutators in the *-algebra 
generated by the operator could produce interesting results. 

his head while still walking, and only stopped for a second 
as the drop hit. It was a real example to a squeamish guy 
who shuddered at eye drops every five years.

Another tale is Ron at the International Workshop on 
Operator Theory and its Applications (IWOTA) 2006 in 
Newcastle. While walking, he fell on the sidewalk and split 
the flesh on three fingers down to the bone. I was at my 
usual conference station, the coffee pot, when somebody 
came up and said Ron fell and is in the hospital. The fellow 
did not know Ron’s condition, since the hospital would 
not let him in. I walked to the hospital about three blocks 
from the meeting, puffed my chest out, and spoke in a 
deep voice, “I am the vice president of a nearby conference, 
and one of my participants is 
in your hospital.” They im-
mediately whipped me back 
to a bed with Bunny sitting 
next to it. She looked jittery 
and was happy to see me, 
but Ron was nonchalant and 
wondered why I had left the 
conference. At some point, 
the doc came and began sew-
ing Ron up while Ron yakked 
away, paying little attention 
to the whole thing. He kept 
telling me to quit bothering 
and head back to the confer-
ence, but I was not about to 
leave Bunny alone with this. 
Eventually the stitching was 
done, Bunny and I relaxed 
some, and, of course, Ron just 
kept on entertaining us.

All of us who knew Ron will miss him personally, but 
we will never forget his example.

Roger Howe
Looking back, I see that Ron Douglas was the dominant 
influence for my work in operator theory. He also was the 
central player in the most stimulating and enjoyable math-
ematical interaction I have enjoyed.

Ron introduced me to Toeplitz operators before we even 
met. When I was a graduate student at Berkeley, Ron gave 
a guest lecture in one of my courses. He spoke from his 
in-progress text/monograph (now classic) Banach Algebra 
Techniques in Operator Theory, where Toeplitz operators 
provide one of the main examples.

I next encountered, and truly met, Ron at Stony Brook, 
where we had both arrived by independent routes as part 
of the group Jim Simons assembled to put its mathematics 
department on the map.

The operator theory group at Stony Brook was remark-
ably strong, with Ron and Joel Pincus being the most senior, 

Figure 6. Douglas enjoying a candid moment with Dr. Jane 
Close Conoley, who he hired in 1996 as the fourth dean of  Texas 
A&M University College of Education and who currently serves 
as president of California State University, Long Beach.
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the BDF theory holds up forty-five years later. There were 
many other instances of connections like these which Ron 
initiated and developed. He had many students and post-
docs who went on to produce first-rate work in this spirit.

Ron and I started to collaborate at MSRI in a joint 
project with Steve Hurder. While the fact that the Atiyah–
Singer index theorem established a precise connection 
between analysis and topology was understood, whether 
that matchup extended to invariants more refined than 
the index (i.e., which depend on more than the principal 
symbol) was less clear. This type of question was behind 
our work relating cyclic cocycles and the eta invariant and 
was a theme that continued over the years in work involving 
families of self-adjoint elliptic operators and, in joint work 
with Xiang Tang, studying analytic versions of differential 
K-homology. Again, it was Ron’s ability to reason in various 
fields, sketch out a plan, and then go home and work it 
out that drove our work. I remember another collaborator 
of Ron’s who said that Ron would tell him things that 
sounded far-fetched but in virtually every case turned out 
to be correct. In general, I found that to be true also.

Ron was fairly serious and careful in life, so there aren’t 
really many ridiculous anecdotes to relate. But he did enjoy 
a good time. He and Bunny loved to go to bars with piano 
players. They did this in Stony Brook at the Three Village 
Inn and in College Station at Veritas. They always became 
good friends with the musicians.

Doing things with the Douglases usually involved a 
sequence of several events, any one of which would have 
taken us a whole day. Once he and Bunny took us around 
New York, which we didn’t know well. We went to the 
Metropolitan Museum, Nathan’s Hot Dogs, Sardi’s for a 
drink, a Broadway play, dinner in the Village, and then jazz 
in the Village. After this, ordinary excursions seemed trivial.

Ron believed strongly in institutions and their potential 
for improving society. He was a very talented administrator, 

Pursuing this approach, we soon understood that it gave 
rise in a natural way to Pincus’s principal function and, 
furthermore, had natural connections with homology and 
index theory.

At the same time, Ron and Larry Brown, also with 
Peter Fillmore of Dalhousie University, were pursuing the 
problem of finding extensions analogous to the Toeplitz 
operators, but with T replaced by an arbitrary compact 
subset of the plane. The four of us had almost daily dis-
cussions, sharing progress, which came quite rapidly with 
both projects. Ron was effectively our convener, providing 
background (Halmos’s program, Weyl’s result on compact 
perturbation of self-adjoint operators, Putnam’s results on 
hyponormal operators, Atiyah’s views on index theory) as 
well as his own insights.

Both projects resolved successfully in spring 1973, and 
the results were celebrated and disseminated with a con-
ference organized by Peter Fillmore at Dalhousie in April 
1973. I do not remember why, but I was unable to attend. 
I have always regretted missing it.

The Brown–Douglas–Fillmore paper had a major impact 
on the study of C*-algebras and essentially gave rise to new 
variants of K-theory and especially K-homology. Bill and 
I liked to think of our paper as a “differential geometry” 
version of the essentially topological BDF paper. Both pa-
pers apparently influenced Alain Connes, who cites them 
together in his 1985 Publications de l’I.H.E.S. paper that 
started the still active field of noncommutative geometry. 
Spring 1973 in Stony Brook, with its intensely interactive 
and collaborative atmosphere, presided over by Ron, re-
mains a high point in my mathematical life.

Jerry Kaminker8

My wife and I got to know Ron and Bunny well during the 
1984–85 year at MSRI, and they were among our closest 
friends ever since. We took many trips with them, often 
tied to math. Ron’s mathematical strengths and contribu-
tions were remarkable. Perhaps the most significant were 
his efforts to connect operator theory to other areas of 
mathematics, such as geometry, topology, and algebraic 
geometry. This would enrich both topics. Two striking 
examples are his work with Brown and Fillmore and his 
work with Baum and Taylor. Both of these led to a refined 
form of the Atiyah–Singer index theorem expressed in 
terms of K-homology and provided the foundations for the 
work of Kasparov and eventually Connes’s development of 
noncommutative geometry. A second direction was Ron’s 
work with Cowen classifying certain bounded operators 
in terms of the geometry of associated Hermitian complex 
vector bundles. This led in various ways to new approaches 
to operator theoretic problems. It’s remarkable how well 

8Jerry Kaminker is a professor emeritus of mathematical sciences at Indiana 
University-Purdue University Indianapolis (IUPUI). His email address is 
kaminker@iupui.edu.

Figure 7. As  Texas A&M’s provost and executive vice 
president, Douglas (left) helped vastly expand the university’s 
international presence, from hosting visiting presidents and 
dignitaries to founding a new branch campus in Qatar.
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methods support positive learning outcomes in various 
groups of students, with an especially striking difference, 
compared with non-IBL methods, for students who are not 
already high achievers in mathematics and for women [6].

Elected a trustee of EAF in 2008, Ron was instrumental 
in garnering support from funders and in promoting out-
reach programs for instructors. That year he suggested that 
an Academy of IBL could be a networking vehicle for inter-
ested practitioners. The idea was well received when it was 
floated at the EAF-sponsored 12th Annual Legacy of R. L. 
Moore Conference in 2008, and he helped to plot its initial 
structure. He was a regular attendee at these conferences, 
which, under the more general “IBL Conference” rubric, 
continue as a major gathering for introducing and discuss-
ing all aspects of active learning practices. Many of the same 
ideas that motivated the academy idea independently gave 
rise to the IBL Special Interest Group of the MAA, whose 
charter proposal was drafted by a younger generation of 
participants at the 18th Annual Conference in 2015.

Another issue he addressed was the need to critically 
compare the increasingly diverse range of possibilities open 
to a teacher as alternatives to supplement or replace the 
traditional lecture method. Ron organized a symposium 
in 2016, bringing together experts in education and eco-
nomics research methods with active learning mathematics 
practitioners and departmental leaders to review current 
evaluation efforts. The results of the symposium, supported 

and the organizations he worked with inevitably became 
stronger. His interest and involvement with education 
lasted his entire career. However, he always continued 
working on mathematics throughout these activities.

In all this, Ron’s priorities were, in order, his family, 
mathematics, and education. He was unique in his math-
ematical vision, and his ideas and work will continue to 
flourish.

Albert C. Lewis9

Ron joined a group put together by Harry Lucas Jr. and 
the Educational Advancement Foundation (EAF) in 2003 
to develop centers of inquiry-based learning (IBL) at five 
universities.  He agreed to be the coordinator of the project, 
whose first task at that point was to review the proposals 
submitted from Harvard University, University of Chicago, 
University of Michigan, University of Texas at Austin, and 
University of California at Santa Barbara. This likely re-
minded him of his work from 1990 as chair of the National 
Research Council committee preparing a report on doctoral 
study in mathematics [4] that similarly involved site visits 
and detailed analyses of programs at ten representative 
universities. Though pedagogy was one aspect of this earlier 
study, the focus of EAF on IBL would have appealed to Ron, 
given his own educational pedigree: 

A little more than 50 years ago, I entered a 
classroom at the Illinois Institute of Technol-
ogy (IIT), where I was a freshman, and had an 
experience that changed my life. The professor, 
Pasquale Porcelli, was teaching calculus using 
an inquiry-based approach I learned later was 
called the Moore Method. [5]

At the University of Texas at Austin, R. L. Moore and 
H. S. Wall, Porcelli’s professor there, inspired many stu-
dents in a similar way. Harry Lucas likewise did. Despite 
continuing in the family oil business instead of pursuing 
a career in mathematics, Lucas founded EAF with the goal 
in mind of insuring that the “Texas method” of teaching 
did not die out. At the time, a common response of out-
side potential funders was to ask what the evidence was 
showing that this method is really effective. In answer, a 
large-scale assessment project of many of the programs at 
the centers was sponsored, and Ron was the liaison between 
the foundation and the project. Run by the University of 
Colorado Ethnography & Evaluation Research group, the 
project started in 2007 and took four years to collect and 
evaluate data based on observations and records of IBL and 
non-IBL classes and is the largest one to date devoted to 
undergraduate teaching methods in mathematics classes. 
The final report is now a standard reference in the field and 
a primary source of evidence that, among other points, IBL 

Figure 8. Ron and Bunny Douglas at the 2013 Texas A&M 
University Institute for Advanced Study (TIAS) Gala.

9Albert C. Lewis is a consultant with The Legacy of R. L. Moore Project. 
His email address is alewis@edu-adv-foundation.org.
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As if to make up for the lack of our interaction when I 
was a graduate student, he invited me to join him in car-
rying forward his program on Hilbert modules described 
in the book [8]. After I returned to India in 1985, I made 
several trips to Stony Brook during the summers, starting 
from the summer of 1986, to work on this topic. It was a 
matter of great pride for me when he was able to visit India 
for the first time during the winter of 1996 just before mov-
ing to Texas A&M as the provost. Indeed, if I recall correctly, 
he came to Bangalore from Stony Brook but returned to 
College Station. This trip was followed by several others 
to India. During each one of these trips, he would lecture 
extensively and talk to a number of young students. The 
two of us had organized a special session on multivariate 
operator theory in the AMS-IMS annual meeting. This was 
held at the Indian Institute of Science, Bangalore, in De-
cember of 2003. In a postscript to the hugely influential 
paper [9] containing the main ingredients for what is called 
the Arveson–Douglas conjecture, he says, “This research 
was begun during a visit to India supported in part by the 
DST-NSF S&T Cooperation Program. During conferences 
in Chennai and Bangalore, the author had the opportu-
nity to speak with W. B. Arveson about his results. The 
author would like to acknowledge that these conversations 
prompted this work.”

He had an uncanny knack for asking what might appear 
to be simple questions that, more often than not, have 
resulted in deep and new insights. Let me give a couple 
examples.

The class introduced in [7] consists of operators acting 
on some Hilbert space H possessing an open set Ω ⊆ C of 
eigenvalues of (constant) multiplicity 1 and characterized 
by the existence of a holomorphic map γ : Ω → H such 
that γ(w) is an eigenvector with eigenvalue w ∈ Ω. One of 
the main features of the operator T in this class is that the 
curvature

KT (w) := − ∂∂log || γT (w) || 2

of the holomorphic Hermitian line bundle ET determined 
by the holomorphic map γT equipped with the Hermitian 
structure ||γT (w)||2 is a complete unitary invariant for the 
operator T. It is easy to see that if T is a contraction in the 
Cowen–Douglas class of the unit disc D, then KT(w) ≤ 
KS*(w), where S* is the backward unilateral shift acting on 
l2. Choosing a holomorphic frame γS*, say γS*(w) = (1, w, 
w2, . . .), it follows that ||γS*(w)||2 = (1 − |w|2)–1 and that 
KS*(w) = −(1 − |w|2)–2, w ∈ D. Thus the operator S* is an 
extremal operator in the class of all contractive Cowen–
Douglas operators. A very simple question that Ron asked 
many years ago was, if the curvature KT of a contraction T 
achieves equality in this inequality even at just one point, 
does it follow that T must be unitarily equivalent to S*? 
Once the question is raised it is easy to see that the answer 

by the Sloan Foundation, National Science Foundation, 
and EAF, were discussed at a follow-up session at the Joint 
Mathematics Meetings and are available in video and print 
at www.math.tamu.edu/~rdouglas/materials/index 
.html.

In 2017, Ron agreed to join the board of directors of a 
new foundation, the Initiative for Mathematics Learning 
by Inquiry (MLI). As a public charity, MLI is intended to 
nationally extend many of the programs initiated by the 
EAF, a private foundation. 

In all of his nonprofit roles, Ron contributed greatly to 
the huge growth in the interest of the mathematics research 
and teaching community in pedagogies of the kind that so 
influenced him.

Gadadhar Misra10

I still can’t believe that Ron is no more. I had first heard of 
him at Sambalpur University, in the year 1977, from one 
of his former students, Dr. Swadhin Pattanayk, who taught 
a topics course to our class from the book Banach Algebra 
Techniques in Operator Theory, written by R. G. Douglas [2]. 
This book was unlike any other book on functional anal-
ysis that we had seen at that time. In a way, it set the tone 
for several such books that appeared later. In spite of the 
advanced nature of the topics covered in this book, some of 
us found it very instructive, and my mind was made up to 
work with Professor Douglas if I should ever get a chance.

I first met Professor Douglas on September 13, 1979. He 
was the director of graduate studies in the mathematics de-
partment of SUNY, Stony Brook. I had just arrived to begin 
my work for a PhD. I remember telling him at the very first 
meeting, in a somewhat awkward manner, that I had come 
to work with him. He smiled and said, “You don’t have to 
worry about all that right now.” I didn’t quite understand 
what he meant at that time. Finally, when I was ready to 
begin research, he said, “I will have very little time for you. 
Maybe you should consider working with someone else.” 
Afraid that he may not take me as a student, I nervously 
assured him that I will not take much of his time. When 
he accepted me as a student, I was thrilled and filled with 
joy. Because of his several administrative duties, I did not 
get the opportunity to talk to him very much when I was 
in graduate school. Nonetheless, he did point me in the 
direction of finding inequalities for the curvature invari-
ant of a Fredholm operator possessing an open set Ω of 
eigenvalues and of index −1. Abstracting these properties, 
he, along with M. J. Cowen, had introduced the import-
ant class of operators Bn(Ω) earlier in the very substantial 
paper [7]. The operators in this class are now known as the 
Cowen–Douglas operators, and they have been studied 
continuously and vigorously to this date without showing 
any sign of slowing down.
10Gadadhar Misra is a professor of mathematics at the Indian Institute 
of Science in Bangalore. His email address is gm@math.iisc.ernet.in.
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having come to depend on him over the past several years, 
will take a very long time before I can find my feet again.

Emil Straube11

I first learned of Ron Douglas around 1980 as a PhD 
student at ETH Zurich through his wonderful books on 
Banach algebra techniques. I don’t recall the details, but 
presumably this contact arose through my writing of a mas-
ter’s thesis (Diplomarbeit) on certain Toeplitz operators on 
the half plane. I only met Ron in person many years later, 
after he came to Texas A&M as executive vice president and 
provost in 1996.

During this initial period, our contact was mostly 
through his graduate students, whom he would occasion-
ally send to me with a question. Already in my PhD thesis, 
I had started to work in several complex variables, but there 
is of course plenty of overlap, such as spaces of analytic 
functions on various classes of domains, or operators like 
the Bergman and Szegö projections, and, not least, Toeplitz 
and Hankel operators, as well as various algebras of opera-
tors in several variables. I remember being impressed with 
how Ron kept up his research throughout his administra-
tive appointments.

This impression was reinforced when Ron’s tenure as 
provost ended, and he came to the department. Clearly, he 
had not missed a beat. In the department, in addition to 
doing some of his best work, Ron quickly grew into the role 
of elder statesman. This became even more clear to me after 
I was appointed department head in 2011. For many years, 
Ron chaired the departmental Committee of Distinguished 
Professors, as well as the analogous committee at the col-
lege level. He was extremely helpful in both these roles, but 
also in many other ways, and I benefited greatly from his 
experience and wise counsel. Sometimes, Ron would stop 
by the office to discuss a question about this or that ideal of 
analytic functions in, say, a strictly pseudoconvex domain, 
thereby rescuing me from the doldrums of administration 
for an hour. I don’t recall being of much help, but I think 
we both enjoyed these conversations.

Apart from his mathematics and his administrative acu-
men, two things particularly impressed me about Ron. The 
first is his undaunted persistence in the face of adversity in 
his last years, when his health had started to decline. He 
simply would not give in until the end. The second is his 
sense of duty as a scholar. This included his commitment 
to his students. When I visited him a few days before he 
passed away, he was very concerned about his last graduate 
student, who was supposed to graduate that summer. Al-
though he could barely speak, and only with great difficulty, 

is no, in general. However, if T is homogeneous, namely, 
U℘TU℘ = ℘(T) for each biholomorphic automorphism ℘ 
of the unit disc and some unitary U℘, then the answer is yes. 
Of course, it is then natural to ask what are all the homoge-
neous operators. Finding these has been a very rewarding 
experience. In the process, one discovers many interesting 
relationships between complex geometry, representation 
theory of Lie groups, and operator theory. Also, it is natural 
to replace the unit disc by a more general domain either 
in C or even in Cn and make up similar questions. Finding 
answers to these is not entirely trivial and almost always 
involves adapting techniques from other related areas and 
having to find new ones.

Another topic, among many others, that was very close 
to his heart is the study of Hilbert modules, which he 
introduced in the mid-1980s, based on his lectures at 
Sichuan University. A Hilbert module is simply a Hilbert 
space together with an action of a function algebra. In all 
the familiar examples, one has a natural action, given by 
pointwise multiplication, of the ring of polynomials or 
the rational functions. What he called a Hilbert module 
required this action to be continuous in both variables. 
One of the first observations he made was that all the 
submodules of the Hardy module are isomorphic to the 
Hardy module; that is, there exists an intertwining unitary 
module map between them. This immediately gives an 
alternative proof of Beurling’s theorem, describing all the 
submodules of the Hardy module. The point of this new 
proof was to ask what happens in the multivariate case. 
For instance, if one considers the Hardy module over the 
polydisc algebra, the situation is much more complicated. 
This new approach, however, explains why attempts to 
prove a theorem like that of Beurling had failed in that case. 
Also, it becomes apparent that finding the moduli space 
for the isomorphism classes of submodules of a Hilbert 
module is a very interesting problem. What Ron had ob-
served is that the moduli space is a singleton for the Hardy 
module in one variable. It is surprising that while the study 
of isomorphism classes of quotient modules can be seen 
to be the familiar problem of the Sz–Nagy–Foiaş model 
theory, a similar question involving submodules had to 
wait for the notion of Hilbert modules to be introduced.

The last time I met Ron was at the Workshop on Analytic 
Hilbert Modules, held at the Yau Mathematical Sciences 
Center in May 2017. I was there along with several PhD 
students and young researchers from India. All of them 
were clearly very happy to have the opportunity to talk to 
Ron in person. I hardly imagined that it would be our last 
meeting. Now, all that is left is the memory of those few 
days that we spent together.

All of us here in India and others around the world who 
have benefited greatly from his lectures, books, and clear 
expositions will miss him very much in the years to come. 
I, for one, having had the chance to work with him and 

11Emil J. Straube is a professor of mathematics and former head of the 
Department of Mathematics (2011–2019) at Texas A&M University. His 
email address is straube@math.tamu.edu.
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the committee requested that Chern serve as the founding 
director of the MSRI, which turned out to be a great success.

Guoliang Yu
I first met Ron when he was giving a lecture series at Si-
chuan University in 1985 at the invitation of Professor 
Shunhua Sun. One day, I visited him at the International 
Guest House with several other students. I asked him 
the question of how one can define the Fredholm index 
intrinsically. He gave me a one-hour lesson on how you 
would do this, teaching me K-theory along the way. I was 
struck by his passion for mathematics and his generosity 
with students. He continued to share with me his bountiful 
knowledge and insights of mathematics when I became his 
PhD student in 1987 at Stony Brook. Ron was the dean of 
the College of Physical Sciences and Mathematics. Despite 
how busy he was with this, he still always made the time to 
meet me regularly. Each time we met, he would describe to 
me the big picture of the topic under discussion. I benefited 
enormously from his vision of mathematics and was always 
inspired by his insightful views. After I finished my PhD, I 
would still call him up to ask him for advice on my career 
options. In 2012, I took a position at Texas A&M. We met 
on a weekly basis to talk about mathematics, politics, and 
life in general. Ron had the special ability to look at things 
from a distance and see the essence. Ron was a wonderful 
teacher, mentor, and friend to me. I miss him dearly.
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he wanted to know that we made sure that she would be 
okay (she was, thanks to my colleague Guoliang Yu).

A few years ago, two of Ron’s friends and colleagues here 
at Texas A&M, Ciprian Foiaş and Carl Pearcy, suggested 
to the department that it was time to honor Ron with an 
annual lecture series named after him. Indeed, it was, and 
they made this easy with very generous donations to start 
an endowment. This spring, we concluded the fifth install-
ment of the Douglas Lectures with three presentations by 
Vaughan Jones. We still have to get used to Ron not being 
present at the lectures.

Ron Douglas was a true scholar, a wonderful colleague, 
and a good friend to many. We will miss him.

Xiang  Tang12

My collaboration with Ron Douglas started around the time 
Guoliang Yu moved to Texas A&M in 2012. At that time, 
Ron was thinking about the Arveson–Douglas conjecture. 
He talked to Guoliang and me about a very interesting 
index theory question regarding identifying the K-ho-
mology class associated to an essentially normal Hilbert 
module. The three of us worked together on this problem 
over the past five years. Ron liked discussion on the phone. 
During our many phone conversations, I was impressed by 
Ron’s broad knowledge and long vision of mathematics. 

As I was a PhD student at UC Berkeley and also an ac-
ademic grandson of Shiing-Sheng Chern, Ron once told 
me a story about an incident involving the Mathematical 
Sciences Research Institute and Chern. Ron co-chaired the 
National Science Foundation committee on selecting the 
location for MSRI. During his visit to Berkeley, Ron was par-
ticularly impressed by Chern as both a great mathematician 
and excellent administrator. As a part of the negotiation, 

12Xiang Tang is a professor of mathematics at the University of Washington, 
St. Louis. His email address is xtang@math.wustl.edu.

Figure 9. Douglas in Oberwolfach, 2014.
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the names of the participating schools until after the desig-
nations have been determined. In year 3 when the envelope 
was opened, we learned that one of the Outstanding teams 
was from the North Carolina School of Science and Mathe-
matics (NCSSM), which is a high school. There was a very 
heated discussion following this revelation, with several 
judges arguing that they were not eligible and should be 
disqualified. This may be the only time in my professional 
life that I acted in a Solomonic manner. I decided that high 
school was indeed under graduate and hence high schools 
were perfectly acceptable participants. In fact NCSSM has 
had more Outstanding teams over the years than any other 
institution, undergraduate or secondary school.

There is another anecdote about the NC team that year 
that is illustrative. The problem they worked on involved 
determining an optimal search pattern for a helicopter 
trying to locate a boat off the Florida coast that was sus-
pected of running drugs. The high school team was the 
only team that realized that you need not simply search 
for the boat, but you can look for the wake of the boat 
and follow it to the ship. This observation did not require 
any sophisticated mathematical technique, but it made a 
significant difference in the problem’s solution. In many 
ways this was important, because we have always tried to 
devise problems where it is more important to use sophisti-
cated mathematical reasoning than to employ an advanced 
mathematical method.

After the grant funding ran out, COMAP needed to 
charge a registration fee in order to support the contest. 
Modeling problems require graders with a good deal of 
experience. And as the contest grew in size we needed to 
add a triage phase where every paper is read by at least two 
people and then there is a weekend final grading session 
once the top papers have been identified. The contest 
itself has also expanded. In 1999 we added a set of inter-
disciplinary problems, i.e., problems in which significant 
knowledge of a non-mathematical discipline is necessary 

Background
Someone once said that there is no history, only memory. 
In order to set a historical context for this paper I need to 
take a trip down memory lane and talk about the begin-
ning of the Mathematical Contest in Modeling (MCMTM). 
In late 1984, Ben Fusaro came to me with the idea for a 
modeling competition. I no longer remember the original 
formulation of the idea, but the basics were there: a team 
competition for undergraduates who would work on an 
open-ended problem for an extended period of time and 
be allowed to use any inanimate resources, assuming they 
were appropriately cited. In other words, you just couldn’t 
ask a non-team member how to solve the problem.

COMAP succeeded in obtaining funding from the US 
Department of Education, which led to the first MCM, 
held in 1985. Ninety 3-person teams worked over a 4-day 
weekend, coming from seventy US colleges and universi-
ties. In those early years there were two contest problems, 
one of which was meant to be modeled by discrete math-
ematics and the other by continuous. As teams chose only 
one problem each, we in effect ran two separate contests. 
We decided from the beginning that we wouldn’t have 
straight ordinal ranking. Instead, teams were designated as 
Successful Participants, Honorable Mention, Meritorious, 
and Outstanding, with no predetermined percentages in 
any one category.

There are many anecdotal stories that influenced the 
way the contest has evolved over time. The first of these 
occurred during the third year of the contest. The grading 
of the contest is completely blind. None of the judges see 
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This question is beyond my area of expertise, and while 
I was happy to speculate, I wanted results from a respected 
mathematics education researcher. And so, last year I asked 
Prof. Jo Boaler of Stanford University if she and her team 
would undertake this project. Some of their main results 
are published in [1].

The purpose of this article is to further expand on some 
of the key results and think about ways we might use the 
information gathered to increase female participation in 
other valued mathematics activities.

There were two surveys sent out, one to students and 
one to faculty advisers. The student survey collected 1,327 
results from a pool of approximately 58,000 students. The 
faculty survey collected data from 37 US team advisers out 
of a little more than 400. Throughout the next sections, 
in order to better capture the flavor of the open response 
questions we will present a set of typical comments.

Student Survey
The first question asked students to explain why they 
participated in MCM/ICM. There were two typical types 
of responses:

a. This is an important, well-recognized international 
contest, and doing well in it will be good for my fu-
ture; e.g.:

The longer time frame and collaboration with 
teammates simulates real-world challenges 
that most students will face after graduation. I 
thought it was a great professional development 
experience that no other competition or event 
provided.

Its global aspect makes the competition more 
fierce. Therefore, if our team can receive a good 
result, it may be persuasive in proving our mod-
elling ability and team spirit.

Our college pays great attention to this com-
petition. If I can get a good award in this com-
petition, it will be very helpful for attending 
graduate school.

b. The problems are about the real world and working 
on them will help prepare me for future school and 
work; e.g.:

We really appreciate MCM for bringing us an 
international perspective. It provides us the 
chance to tackle comprehensive problems we 
have never thought about before and helps us 
to see the world from a completely different 
aspect. The contest is not just about math, but 
a combination of knowledge and vision.

to do the modeling. And so the Interdisciplinary Contest 
in Modeling (ICMTM) was born. This contest was quickly 
merged with the MCM, so that now we hold the MCM/ICM 
contest each year. Two years ago we added a data-based 
problem to MCM, so that MCM/ICM now consists of six 
problems (graded as six separate contests). MCM has a 
continuous, a discrete, and a data-based problem, while 
ICM has a network problem, an environmental problem, 
and a policy problem.

The contest has grown dramatically in participating 
teams as well. In the late 1990s, teams from China began 
to enter. In recent years Chinese participation has grown at 
an exponential rate. For example, in the past ten years the 
number of teams from mainland China has increased ten-
fold. The graph below shows those dramatic increases. The 
number of teams from the US and other countries/regions 
(around twenty) has grown to a little over a thousand in 
that same time.

Over the last several years we began to notice another 
growth phenomenon, namely, the number of women who 
participate in the contest and the number of women on the 
Outstanding teams. Below is a graph depicting the gender 
data through 2018. In 2018 43 percent of the participants 
(both US and Chinese) were women, and the percentage 
of women members on the Outstanding teams was also 43 
percent. Considering how small similar percentages are in 
other mathematics competitions at both the college and 
high school levels, these numbers truly stand out. And so 
the natural question to ask is why. What is it about MCM/
ICM that makes it more attractive to female participation?
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team contest and why or why not. The answers get to the 
heart of the contest; e.g.:

I believe working with a team can surely make 
the work more effective. And teamwork should 
be a better experience than individual work 
because we participants may improve our math 
knowledge and skills through exchanging ideas 
with our teammates.

In my opinion, learning how to cooperate 
with partners is also a precious gift I got in this 
competition. And the power of brainstorm is 
very amazing!

I think the math competition is a good chance 
for me to mentor new participants and enjoy 
the math time with my new MCM/ICM friends. 
Actually, with this competition’s development, 
we developed too. In my opinion, participating 
in a competition is the quickest way to improve 
your ability.

Faculty Survey
While only a relatively small number of faculty returned 
the survey, the responses are instructive. When asked their 
opinion of the contests and why they felt it appears to ap-
peal more to women than other mathematics competitions, 
these were the typical responses:

I'm a woman in math, so I work hard to be a role 
model and personally connect with women in 
my class, and support them through outreach. I 
also find some students, but women more com-
monly, initially worry that they are not strong 
enough students for the contest. By emphasiz-
ing the teamwork aspect, the ways everyone can 
contribute, and working to have a final product, 
I can help assuage some of their concerns.

We have a huge group of math majors at my uni-
versity, and I think the gender proportions are 
quite balanced. I usually have the competition 
be advertised to all math majors; without fail, 
there will always be a lot more male students 
registering. I then contact individual female 
students and students from other underrepre-
sented groups who took/are taking my course 
and encourage them to participate. The female 
students I reach out to are usually excited to 
participate, and would form all-women or ma-
jority-women teams.

MCM is a more comprehensive competition 
than other competitions. As a participant, we 
need to do every kind of thing from collecting 
data to programming, just like solving a prob-
lem in our real lives.

Other math contests focus more on theoretical 
mathematics, such as calculate integral and so 
on. They made me feel that maths are very dif-
ficult. But the MCM/ICM taught me how to use 
maths to solve problems; it’s an unforgettable 
experience for me.

The second question asked about which aspects of the 
competition students found most valuable.

We note that comparison of answers from males and 
females show that while both groups highly value working 
collaboratively, women value this aspect of the contest 
significantly more.

The third and fourth questions asked about whether par-
ticipating in the contest had any positive effect on students 
taking more courses or changing career paths. While most 
of the students believed that they knew exactly what courses 
and careers were in their futures, there were a number of 
answers where students with an interest in a discipline 
such as economics or biology or chemistry stated that they 
would now study or work through a more computational 
approach to that discipline.

The fifth question asked students if they would have 
competed in MCM/ICM had it been an individual vs. a 
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believe that in order to continue to match these results, 
work in the mathematical sciences has to be valued more 
highly than is currently the case. Modeling, teamwork, and 
realistic open-ended problems are all extremely important. 
And incorporating them into our mathematics teaching 
at all levels will certainly help. But answers also lie in the 
rewards and respect we as a society give to all students who 
succeed in mathematics.
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First I believe the collaboration with a team is 
essential. This makes the competition partly so-
cial in nature. Secondly, there is a final product 
other than just a mathematical proof. Finally, 
the extended timeline alleviates the stress that 
other competitions impose.

MCM/ICM is a different kind of experience 
compared to math competitions like the Put-
nam. In my opinion, it is a more accurate reflec-
tion of what professional and academic math-
ematicians do (reading, writing, working in a 
team, exchanging mathematical ideas, attacking 
problems that are not initially well-defined, 
spending time on a problem instead of having a 
shorter time period, etc.). Among other reasons, 
I recommend this competition for students who 
want to get a taste of what math ‘research’ is 
like, and I recommend it to students who want 
to go to industry jobs directly after graduation.

Conclusions
What are the major takeaways from this research? One is 
that the participation and success of women is likely due 
to the collaborative and multidimensional nature of the 
challenges. The results of this study suggest that gender 
equity in mathematics competitions is related to the type 
of working environment offered by the competition.

We see that women value the collaborative nature of the 
MCM/ICM more than men, although both report a high 
level of enjoyment from the team experience. Interestingly, 
when one asks students about the best part of the modeling 
contest they will invariably mention the teamwork. When 
you ask them about the hardest part, they will also answer 
that it is the teamwork, which I would argue is exactly as 
it should be.

Of course, there is a question about whether the col-
laborative aspect of MCM/ICM is solely responsible for 
the relatively high percentage of women participants. I 
think that an honest answer is, not entirely. MCM/ICM 
has a great deal of prestige, especially in China, as does 
the study of mathematics. Students often commented on 
the importance of success in the contest to their future 
educational and career opportunities. In fact a number of 
students answered the question of why they thought such 
a high percentage of women entered the contest by saying 
things to the effect: “Math is important. Studying math will 
help me get a better job and a better life. This is something 
we believe.”

So, yes, I strongly believe in teaching mathematics 
through modeling, and, yes, I believe that if the mathe-
matics contests in the US had more of a team aspect they 
would attract a higher percentage of women. But I also 
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This volume, however, focuses mainly on the founda-
tions of physics. In recent decades fundamental physics 
has entered a winter of discontent. The great triumphs of 
the twentieth century—general relativity and the Standard 
Model of particle physics—continue to fit almost all data 
from terrestrial experiments, except perhaps some anoma-
lies here and there. On the other hand, nobody knows how 
to reconcile these theories, nor do we know if the Standard 
Model is mathematically consistent. Worse, these theories 
are insufficient to explain what we see in the heavens: for 
example, we need something new to account for the for-
mation and structure of galaxies.

But the problem is not that physics is unfinished: it 
has always been that way. The problem is that progress, 
extremely rapid during most of the twentieth century, has 
greatly slowed since the 1970s. While theories developed 
since then have yielded a huge harvest of exciting math-
ematics, their predictions have not been confirmed by 
experiment. The discovery of the Higgs boson, for example, 
merely confirms a theory that particle physicists proposed 
in the 1960s. So far the Large Hadron Collider has not 
found anything new.

Thus, it is fascinating to see Joseph Kouneiher’s attempt 
to bring together some of the best mathematicians and 
physicists and let them speak on what has happened in the 
last century. The result illustrates the frustrating situation 
in which fundamental physics finds itself now.

The elephant in the room is string theory. After the 
rise of the Standard Model, some of the best minds in 
physics turned to the project of unifying all particles and 

Foundations of Mathematics and 
Physics One Century After Hilbert 
New Perspectives 

Edited by Joseph Kouneiher

The title of this book recalls Hil-
bert’s attempts to provide founda-
tions for mathematics and physics 
and raises the question of how far 
we have come since then—and 
what we should do now. This is 
a good time to think about those 
questions.

The foundations of mathematics are growing happily. 
Higher category theory and homotopy type theory are 
boldly expanding the scope of traditional set-theoretic 
foundations. The connection between logic and compu-
tation is growing ever deeper, and significant proofs are 
starting to be fully formalized using software. There is a lot 
of ferment, but there are clear payoffs in sight and a clear 
strategy to achieve them, so the mood is optimistic.

Foundations of Mathematics 
and Physics One Century After 

Hilbert: New Perspectives
edited by Joseph Kouneiher

John C. Baez 
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Some other authors in this volume echo this sense of 
frustration. Roger Penrose gives a lucid and fascinating 
account of his work on twistors, an approach to physics 
based on complex projective geometry. This is one of the 
high points of the book. Twistor theory has led to many 
interesting ideas in geometry and representation theory, 
and starting around 2004 it has combined forces with string 
theory and produced some surprising new techniques for 
computing scattering amplitudes. However, it is still far 
from a theory of real-world physics. At the end of his paper, 
after sketching some new ideas, Penrose writes:

If all these procedures (or something like them) 
indeed work roughly as intended…then there 
could appear to be possible openings for twistor 
theory applicable to basic physics generally.… 
Yet, much work needs to be done to decide 
whether or not the ideas outlined here can really 
be made to hang together, and if they do not, 
then we need to know what might replace them.

The physicist Lee Smolin asks what we may be missing 
in our quest for a theory of quantum gravity and gives some 
answers. Pointedly, he notes:

Perhaps we might, for a moment, consider that 
the approaches so far pursued are not really 
theories, in the sense quantum mechanics, 
general relativity, and Newtonian mechanics are 
theories. For those are based on principles and 
perhaps we can agree that we don’t yet know 
the principles of quantum gravity.

The most optimistic of the papers in this volume are 
those by Alain Connes and his collaborator Ali Chamsed-
dine, who have been developing an approach to particle 
physics and more recently quantum gravity based on non-
commutative geometry. One interesting thing about this 
work is that it seeks to understand the details of particle 
physics as arising naturally from the geometry of spacetime, 
a kind of geometry that is noncommutative in certain direc-
tions. String theory also has its extra dimensions, but it has 
found a vast wilderness of possible theories, often called the 
“landscape,” without enough principles to choose among 
them. This is one reason for the current pessimism in parti-
cle physics. Chamseddine and Connes, on the other hand, 
are seeking elegant principles that lead to the Standard 
Model or closely connected theories [1,2]. It is too early 
to pass judgment on their attempt, but it is exciting to see 
work that takes the details of the Standard Model seriously 
and tries to explain them using deep mathematics.

I have mentioned only a few of the papers in this vol-
ume, those most engaged with current struggles in funda-
mental physics. There are also interesting papers on the 
history of general relativity, the work of Grothendieck, and 
other topics. Two drawbacks of the book are a plethora of 
typos and a paper by Michael Atiyah falsely claiming to 

forces, including gravity. After a variety of inconclusive 
attempts, by about 1986 they settled on string theory as 
the most promising candidate. The main new principles 
were supersymmetry and the use of higher-dimensional 
extended objects, notably strings, to model particles. The 
mathematical sophistication required to do string theory 
far exceeded previous standards in particle physics, and a 
new cast of characters came to the fore, the most prominent 
being Edward Witten. Around 1995 he and others found 
clues that all the various kinds of string theory were limits 
of a single 11-dimensional theory, now called M-theory, 
even though the precise formulation of this theory remains 
elusive. In the process, higher-dimensional membranes of 
various kinds became important in string theory. Still later, 
in 1997, Juan Maldacena found evidence for an interesting 
isomorphism or “duality” between certain supersymmetric 
gauge theories and string theories; this is called the AdS-
CFT correspondence.

These ideas and their many spinoffs have transformed 
mathematics in ways that could not have been imagined at 
the start. An intricate web of new connections has become 
visible. We now know, for example, that the Monster group 
(the largest sporadic finite simple group) is connected to 
the j-function (the most basic invariant of elliptic curves) 
via a quantum field theory built using the Leech lattice. 
Similarly, but still in its embryonic stages, there is now a 
promising line of thought that attempts to connect Kho-
vanov homology (a sophisticated knot invariant) to the 
geometric Langlands program (a Riemann surface analogue 
of the more famous program in number theory) using a 
mysterious quantum field theory in 6-dimensional space-
time. The almost psychedelic nature of these connections 
means that new surprises are bound to emerge as we dig 
deeper toward simple explanations of what we know so 
far. For example, higher categories are starting to play a 
significant role [4].

Given its remarkable impact on mathematics, it is 
natural to ask what string theory has achieved toward its 
original goal: becoming a true theory of physics, one that 
makes experimental predictions we can test. The volume 
under review does not address this. It does include a paper 
by Witten, titled “What every physicist should know about 
string theory.” This is clear and worth reading, but it could 
have been written decades ago, except for a sentence about 
dualities between gauge theory and gravity. It does not 
tackle the question of where string theory stands today. 
Elsewhere [3], Witten has said:

I actually believe that string / M-theory is on 
the right track toward a deeper explanation. 
But at a very fundamental level it’s not well 
understood. And I’m not even confident that 
we have a good concept of what sort of thing is 
missing or where to find it.
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prove a famous open conjecture, namely, that there exists 
no complex structure on the 6-sphere. Better editing and 
refereeing could have caught these problems.

References
[1] Chamseddine AH, Connes A, Noncommutative geometry 

as a framework for unification of all fundamental inter-
actions including gravity, Part I. Fortschr. Phys. 58 (2010), 
553–600. Available at arXiv:1004.0464. MR2674505 

[2] Connes A, Noncommutative geometry and the stan-
dard model with neutrino mixing, J. High Energy Phys. 
2006.11 (2006), 081. Available at arXiv:hep-th/0608226. 
MR2270385

[3] Farmelo G, The Universe Speaks in Numbers, interview 5, 
available at https://grahamfarmelo.com/the-universe 
-speaks-in-numbers-interview-5.

[4] Schreiber U, Shulman M, Quantum gauge field theory in 
cohesive homotopy type theory, Elec. Proc. Theoret. Comput. 
Sci. 158 (2014), 109–126. Available at arXiv:1408.0054.

Credits
Author photo is courtesy of the author.

John C. Baez

http://www.ams.org/mathscinet-getitem?mr=2674505
http://www.ams.org/mathscinet-getitem?mr=2270385
http://www.arxiv.org/abs/1004.0464
http://www.arxiv.org/abs/hep-th/0608226
https://grahamfarmelo.com/the-universe-speaks-in-numbers-interview-5
https://grahamfarmelo.com/the-universe-speaks-in-numbers-interview-5
http://www.arxiv.org/abs/1408.0054
http://www.ems-ph.org


http://londmathsoc.onlinelibrary.wiley.com


BOOKSHELF
New and Noteworthy Titles on our Bookshelf

November 2019

The Bookshelf is prepared monthly by Notices Associate Editor Stephan 
Ramon Garcia. 

Appearance of a book in the Notices Bookshelf does not represent an en-
dorsement by the Notices or by the AMS.

Suggestions for the Bookshelf can be sent to notices-booklist 
@ams.org. 

1694    Notices of the AmericAN mAthemAticAl society Volume 66, Number 10

Is That a Big Number?  
by Andrew C. A. Elliott 

This book aims to train the mo-
tivated layperson to comprehend 
and compare large quantities 
spread over many orders of mag-
nitude. 

Is That a Big Number? will make 
an excellent addition to the sylla-
bus for a basic numeracy course. 
Readers will come away from the 
book with the ability to come to 

grips with questions like “Is the claim that the Great Pyra-
mid of Giza contains 2.3 million stone blocks reasonable?” 
Students will learn how to make “back-of-the-envelope” 
computations that involve orders of magnitude. Readers 
who are already numerically inclined will delight in the 
endless stream of unexpected and obscure data that are 
presented from subjects ranging from economics and as-
tronomy to athletics, history, and electronics.

Millions, Billions, Zillions: 
Defending Yourself in a World of 
Too Many Numbers  
by Brian W. Kernighan

This book instructs “even die-
hard math phobes” how to inde-
pendently evaluate the credibility 
of numerical information with a 
combination of quick estimates, 
dimensional analysis, and back-
of-the-envelope computations. 
For example, the New York Times 

reported in 2014 that “every day 10,000 baby-boomers 
turn 65” and in 2016 that “8,000 baby-boomers turn 65 
every month.” How does one determine if either of these 
contradictory figures is trustworthy? Kernighan analyzes an 
endless supply of “facts” from popular information sources. 
The examples are often humorous and always enlightening.

Each chapter tackles a specific issue, fallacy, or frequent 
mistake one often encounters when consuming media in 
a numerically challenged world. Instructors of basic nu-
meracy courses will find this book both timely and useful. 

How to Integrate It: A Practical 
Guide to Finding Elementary 
Integrals  
by Seán M. Stewart 

This book is unapologetically 
about integration for its own 
sake, which makes it a rarity 
among new calculus-based re-
leases. Seán Stewart (not that 
Stewart) provides twenty-one 
short chapters and two appendi-
ces on the integration of real-val-

ued functions of a single real variable. Each chapter focuses 
on a narrow topic, usually a specific integration technique. 
Each technique is introduced with worked examples and 
complemented with an array of problems which are di-
vided into three categories: warm-ups, practice questions, 
and “extension questions and challenge problems.” The 
first two varieties are conventional and not so different from 
those that could be found in a typical calculus book. Ques-
tions of the third type involve clever applications of integra-
tion, such as the irrationality of π and e or the derivation 
of Wallis’s product. Others introduce obscure integration 
techniques, such as Gunther’s hyperbolic substitution and 
Ostrogradsky’s method, which may be new to most readers. 
Answers are provided in the back of the book for many, 
but not all, of the problems. Students who are studying 
for the mathematics subject GRE (where calculus, broadly 
construed, constitutes 50% of the questions) or who need 
to pick up a few extra tricks for mathematics competitions 
might benefit from the book, as will instructors of honors 
calculus classes who are in search of new problems. While 
this is not a suitable primary text for most purposes, it could 
be a valuable source-book for ideas and examples.
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101 Careers in Mathematics 
Fourth Edition 
Edited by Deanna Haunsperger 
and Robert Thompson

Kate Brady is the senior bicycle 
planner for the city of Colorado 
Springs; she uses her mathemat-
ics BA to figure out how to make 
the city friendlier to cyclists and 
make the citizens more likely 
to ride. Christine Papai is the 
deputy country director of In-
novations for Poverty Action in 
Ghana. Her MS in mathematics 

enables her to evaluate the effectiveness of a variety of  
anti-poverty initiatives in the country. Laurel Paget-Seekins, 
with a BA in math and a PhD in civil engineering, is the 
director of strategic initiatives for the Massachusetts Bay 
Transportation Authority. She helps design and implement 
fare and service structures for the fifth largest public transit 
agency in the country.

A college mathematics professor is often asked, “What 
will I do with a math major?” The typical college professor’s 
own life experience is that he or she used his or her math 
degree to learn more math. This is not usually the answer 
the student is looking for. 101 Careers in Mathematics will 
help that college professor provide an answer meaningful 
to the student asking the question. The book, in spite of 
the name, contains 125 short profiles of individuals who 
majored in mathematics and went on to build interesting 
lives and careers. There are, of course, many predictable 
outcomes: teachers, actuaries, college professors, quants, 
business analysts, and data scientists. But there is also a 
woman who founded a granola company, another who 
founded a video game company, a freelance Broadway 
producer, and a rear admiral in the US Navy. And there are 
a host of others in rewarding and interesting careers using 
mathematics to, as Kate Brady says of her job, “make the 
world a better place.”

We often tell our students they can do anything with 
a degree in mathematics. 101 Careers provides vivid and 
compelling evidence that this is true. Every department 
common room and every professor who has ever been 
asked what one can do with a math major should have a 
copy available to share with students.

Living Proof 
Stories of Resilience Along  
the Mathematical Journey 
Edited by Allison K. Henrich, 
Emille D. Lawrence, Matthew A. Pons, 
and David G. Taylor

It is comforting to think that 
mathematics is a meritocracy.  
It is comforting to think that 
all those who love and can con-
tribute to mathematics have a 
pathway to success. Thinking 
these things is comforting, but 
I believe it is mistaken. There 

are social structures and traditions and obstacles in our 
community that impede too many potential mathematics 
students. The stories in Living Proof: Stories of Resilience 
Along the Mathematical Journey give stark testimony to that. 
Forty-one successful mathematicians—MAA presidents, a 
Fields Medalist, graduate students, full professors—relate 
first-person tales of struggle from their mathematical jour-
neys. It is all too easy to imagine any, or all, of them being 
derailed by their experiences. It is all too easy to imagine 
the thousands of other mathematics students who were 
derailed by similar experiences.

The individual stories in this volume were collected so 
that they could serve as a source of inspiration and support 
for struggling students of mathematics. They will serve that 
purpose admirably. The stories celebrate the power of indi-
vidual persistence and resilience. But the cumulative impact 
of the entire collection reveals powerful truths about the 
barriers to access in our community. There are profound 
insights contained here about the value of mentorship and 
support and simple human compassion. And there are 
lessons about particularly pernicious customs and practices 
in our culture. We should learn those lessons and acquire 
those insights.

The book is published as a cooperative venture of the 
AMS and the MAA. Freely downloadable pdfs of the entire 
collection are available at the websites of each society—
just search for Living Proof. Print copies are available at the 
AMS bookstore: individual copies are priced modestly, 
and special bulk-order pricing is available to make wide 
distribution possible.

http://bookstore.ams.org
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A Tale of Two Integrals

Jonathan Novak
In this lecture I will describe my personal struggle—span-
ning eight years and log2 8 academic positions—to solve
an open problem in mathematics. The problem itself is
captivating: while of an ostensibly analytic nature, ideas
from combinatorics, geometry, probability, and represen-
tation theory are needed to break through to a solution.
So, I hope that my lecture will be appealing to those who
enjoy seeing interactions between different parts of mathe-
matics. But more than this, I will candidly discuss the ups
and downs, the successes and defeats encountered along
the path to a solution—experiences that, I believe, are uni-
versal among mathematicians and that ultimately make
our discipline so rewarding.

Here is the problem. Consider the integrals

𝐼𝑁 = ∫
U(𝑁)

𝑒𝑧𝑁Tr𝐴𝑈𝐵𝑈−1d𝑈

and

𝐽𝑁 = ∫
U(𝑁)

𝑒𝑧𝑁Tr(𝐴𝑈+𝐵𝑈−1)d𝑈.

These are not your garden-variety calculus integrals; rather,
they are integrals over the compact group of 𝑁 × 𝑁 uni-
tary matrices against unit mass Haar measure. Their in-
tegrands depend on a complex parameter, 𝑧, and a pair
of 𝑁 × 𝑁 complex matrices, 𝐴 and 𝐵. Unless you have
spent long periods of time thinking about matrix integrals,
you probably have no feeling for these objects and perhaps
see no reason why they should be of any interest. I as-
sure you that they are both interesting and important, suffi-
ciently so that they have names: 𝐼𝑁 is known as the Harish-
Chandra/Itzykson–Zuber integral, while its additive coun-
terpart 𝐽𝑁 is often referred to as the Brézin–Gross–Witten
integral.

As these names suggest, 𝐼𝑁 and 𝐽𝑁 have been consid-
ered by physicists. Indeed, they were first singled out for
focused study in a cluster of 1980 papers on lattice gauge
theory, a mathematical apparatus for modeling strong in-
teractions in particle physics. The authors of these works—
Claude Itzykson, Jean-Bernard Zuber, Édouard Brézin,
David Gross, EdwardWitten, and others—wanted to know
about the asymptotic behavior of 𝐼𝑁 and 𝐽𝑁 in order to

Jonathan Novak is an associate professor at University of California, San Diego.
His research is supported by NSF grant DMS-1812288. His email address is
jinovak@ucsd.edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.
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understand the large𝑁 behavior ofU(𝑁) lattice gauge the-
ory. The 𝑁 → ∞ asymptotic behavior of 𝐼𝑁 and 𝐽𝑁 has
remained a subject of perennial interest in various parts of
theoretical physics since the 1980s; see the survey [15].

Themainmathematical motivation for studying 𝐼𝑁 and
𝐽𝑁 comes from random matrix theory, one of the most
active topics in contemporary probability theory. The ba-
sic goal of random matrix theory is to understand the sta-
tistical features of eigenvalues of random matrices and to
identify the universal laws that govern them in the large di-
mension limit. This has been accomplished in the case of
a single random matrix, but the spectral analysis of mul-
tiple coupled random matrices is more difficult and less
fully developed. For a large family of multimatrix models,
a successful analysis of the joint spectrum hinges on under-
standing 𝐼𝑁, which emerges naturally when attempting to
diagonalize the model.

The intense interest in the asymptotics of 𝐼𝑁 and 𝐽𝑁
stemming from mathematical physics and random matrix
theory has produced many predictions and conjectures
over the years. In the early 2000s, these were codified into
precise mathematical statements by Benoît Collins [1, Sec-
tion 5.1] and Alice Guionnet [9, Section 4.3], leading to
the following conjecture.

Conjecture 1. There exists 𝜀 > 0 such that, for |𝑧| ≤ 𝜀 and
‖𝐴‖, ‖𝐵‖ ≤ 1, we have the 𝑁 → ∞ approximations

𝐼𝑁 = 𝑒𝑁2(𝐹𝑁+𝑜(1)) and 𝐽𝑁 = 𝑒𝑁2(𝐺𝑁+𝑜(1))

as 𝑁 → ∞, where the error term is uniform and

𝐹𝑁

=
∞
∑
𝑑=1

⎛
⎝

∑
𝛼,𝛽⊢𝑑

𝐹(𝛼,𝛽)𝑝𝛼(𝑎1,… ,𝑎𝑁)
𝑁ℓ(𝛼)

𝑝𝛽(𝑏1,… ,𝑏𝑁)
𝑁ℓ(𝛽)

⎞
⎠
𝑧𝑑

𝑑! ,

𝐺𝑁=
∞
∑
𝑑=1

⎛
⎝
∑
𝛽⊢𝑑

𝐺(𝛽)𝑝𝛽(𝑐1,… , 𝑐𝑁)
𝑁ℓ(𝛽)

⎞
⎠

𝑧2𝑑

𝑑!

are analytic functions of 𝑧, the eigenvalues𝑎1,… ,𝑎𝑁 of𝐴, the
eigenvalues 𝑏1,… , 𝑏𝑁 of 𝐵, and the eigenvalues 𝑐1,… , 𝑐𝑁
of 𝐶 = 𝐴𝐵. Moreover, the coefficients 𝐹(𝛼,𝛽), 𝐺(𝛽) are
integers.1

The existence of the “free energies” 𝐹𝑁 and 𝐺𝑁 is ten-
tatively assumed in the physics literature, where the focus
is on computing the numbers 𝐹(𝛼,𝛽) and 𝐺(𝛽), which
depend solely on 𝛼 and 𝛽. The belief that these universal
coefficients are integers is based on a fundamental prin-
ciple in quantum field theory due to Gerard ’t Hooft [14],
according to which𝐹(𝛼,𝛽) and𝐺(𝛽) ought to enumerate
some unspecified class of planar combinatorial structures.

1The notation𝛼 ⊢ 𝑑means that𝛼 is a Young diagram with 𝑑 cells. The quan-
tity ℓ(𝛼) is the number of rows in 𝛼, and 𝑝𝛼(𝑥1,… , 𝑥𝑁) is the power sum
symmetric polynomial in 𝑁 variables.
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A real variables version of Conjecture 1 was proved in
2009 by Benoît Collins, Alice Guionnet, and Édouard
Maurel-Segala [2]. Using a mathematically rigorous ver-
sion of the Schwinger–Dyson “loop” equations, these au-
thors were able to show that the asymptotic approxima-
tion of 𝐼𝑁 claimed by Conjecture 1 holds if 𝑧 is real and
𝐴,𝐵 are self-adjoint and that the asymptotic approxima-
tion of 𝐽𝑁 holds if 𝑧 is real and 𝐶 is self-adjoint. More-
over, they showed that the coefficients 𝐹(𝛼,𝛽) and 𝐺(𝛽)
enumerate certain complicated classes of planar maps. Al-
though the loop equations approach has been generalized
and refined by Alice Guionnet in collaborations with
Alessio Figalli [3] and myself [10], it remains unclear
whether it can be implemented in the complex case, i.e.,
when 𝐼𝑁 and 𝐽𝑁 are oscillatory integrals.

In the spring of 2011, Ian Goulden, Mathieu Guay-
Paquet, and I began to develop a new approach to Conjec-
ture 1 that we hoped would be robust enough to handle
complex parameters. This new approach was driven by a
crucial insight: the mysterious combinatorial structure un-
derlying Conjecture 1 is Hurwitz theory, a classical branch
of enumerative algebraic geometry concerned with count-
ing maps between Riemann surfaces. We realized that if
Conjecture 1 is true, then it must be the case that

𝐹(𝛼,𝛽) = (−1)ℓ(𝛼)+ℓ(𝛽)�⃗�0(𝛼,𝛽),
𝐺(𝛽) = (−1)𝑑+ℓ(𝛽)�⃗�0(1𝑑, 𝛽),

where �⃗�𝑔(𝛼,𝛽) is a newfangled “monotone” version of
the classical double Hurwitz number 𝐻𝑔(𝛼,𝛽). The dou-
ble Hurwitz numbers 𝐻𝑔(𝛼,𝛽), so-named by Andrei Ok-
ounkov [13], count degree 𝑑 maps from a compact con-
nected Riemann surface of genus 𝑔 to the Riemann sphere
that have ramification profiles 𝛼 and 𝛽 over two given
points on the sphere, with the remainder of the branch-
ing locus as simple as possible. These numbers are truly
remarkable: despite being relatively simple combinatorial
objects, they encode more than enough information to
yield the famous Kontsevich–Witten theorem relating in-
tersection theory in moduli spaces of curves to integrable
hierarchies of partial differential equations [11].

The realization that Conjecture 1 is linked to Hurwitz
theory opened up a whole new perspective on the prob-
lem and ultimately led to a solution—Conjecture 1 is now
a theorem. However, the path from problem to solution
was not an easy one; it took Ian, Mathieu, andme a total of
six papers to make the complete trek [4–8,12]. We got lost
several times along the way and at one particularly daunt-
ing precipice almost gave up, but eventually we reached
the summit. You are warmly invited to come to my lecture
and hear about our journey, which may well intersect with
your own.
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FALL SECTIONAL SAMPLER
Face Numbers:
Centrally Symmetric
Spheres versus
Centrally Symmetric
Polytopes

Isabella Novik
We start by introducing themain players. A polytope𝑃 is the
convex hull of a set of finitely many points in ℝ𝑑. For in-
stance, a (geometric) simplex is the convex hull of a set of
affinely independent points. We say that 𝑃 is centrally sym-
metric (cs, for short) if it is symmetric about the origin, that
is, if 𝑃 = −𝑃. An important example of a cs polytope is
the 𝑑-dimensional cross-polytope 𝐶∗

𝑑 = conv(±𝑒1,±𝑒2,
… ,±𝑒𝑑), where 𝑒1, 𝑒2,… , 𝑒𝑑 are the endpoints of the
standard basis in ℝ𝑑. The cross-polytope is a simplicial
polytope, meaning that all of its (proper) faces are geomet-
ric simplices.

Our other main player is a centrally symmetric (or cs) sim-
plicial complex. Recall first that a simplicial complex Δ on
a (finite) vertex set 𝑉 is a collection of subsets of 𝑉 that
is closed under inclusion. The elements of Δ are called
faces. The dimension of a face 𝐹 is one less than the size
of 𝐹, and the dimension of Δ is the maximum dimension
of its faces. The 𝑘-skeleton of Δ is the subcomplex of Δ
consisting of all faces of dimension ≤ 𝑘. We refer to 𝑖-
dimensional faces as 𝑖-faces; their number is usually de-
noted by 𝑓𝑖 and is called the 𝑖th face number.

Each simplicial complex Δ admits a geometric realiza-
tion |Δ| that contains a geometric 𝑖-simplex for each 𝑖-
face of Δ. This allows us to talk about simplicial spheres—
simplicial complexes whose geometric realizations are
homeomorphic to a sphere. For instance, if 𝑃 is a sim-
plicial polytope, then the empty set along with the col-
lection of vertex sets of proper faces of 𝑃 is a simplicial
sphere called the boundary complex of 𝑃. However, as
works of Kalai, and Pfeifle and Ziegler show, the boundary
complexes of simplicial polytopes of dimensions 𝑑 ≥ 4
form only a tiny fraction of (𝑑 − 1)-dimensional simpli-
cial spheres.

Isabella Novik is Robert R. & Elaine F. Phelps Professor of Mathematics at the
University of Washington. She is supported by NSF grant DMS-1664865. Her
email address is novik@math.washington.edu.
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A map 𝜙 ∶ 𝑉 → 𝑉 induces a simplicial map on Δ if
𝜙 takes faces to faces. A simplicial complex Δ is centrally
symmetric (cs) if it is equipped with an involution 𝜙 on
𝑉 that induces a free simplicial involution on Δ. In other
words, for every nonempty face𝐹 ofΔ the following holds:
𝜙(𝐹) is also a face of Δ, 𝜙(𝐹) ≠ 𝐹, but 𝜙(𝜙(𝐹)) = 𝐹.
For instance, the boundary complex of any cs simplicial
polytope 𝑃 is a cs simplicial sphere with the involution
induced by the map 𝜙(𝑣) = −𝑣 on the vertex set of 𝑃.

The celebratedUpper Bound TheoremofMcMullen (for
polytopes) and Stanley (for spheres) asserts that in the
class of all (𝑑 − 1)-dimensional simplicial spheres with
𝑛 vertices, the boundary complex of a certain polytope
(called the cyclic polytope) simultaneously maximizes all
the face numbers. One amazing property of the 𝑑-
dimensional cyclic polytope on 𝑛 vertices is that its [𝑑/2]-
skeleton coincides with that of an (𝑛 − 1)-dimensional
simplex (for all values of 𝑛 ≥ 𝑑 + 1). In particular, ev-
ery two vertices of the cyclic polytope of dimension 𝑑 ≥ 4
are connected by an edge! (Here and below by 𝑘-skeleton
of a simplicial polytope 𝑃 we mean the 𝑘-skeleton of the
boundary complex of 𝑃.)

The existence of cyclic polytopes and the statement of
the Upper Bound Theorem along with recently discovered
tantalizing connections (initiated by Donoho) between cs
polytopes with many faces and seemingly unrelated areas
of error-correcting codes and sparse signal reconstruction
motivate the following questions in the centrally symmet-
ric world. For a fixed 𝑑 ≥ 4 and𝑁 ≥ 𝑑, what is the largest
number of 𝑖-faces that a cs simplicial sphere of dimension
𝑑−1 with 2𝑁 vertices can have? What is the largest num-
ber of 𝑖-faces that a cs simplicial polytope of dimension
𝑑 with 2𝑁 vertices can have? Do there exist cs simplicial
spheres of dimension 𝑑−1 with 2𝑁 vertices (for arbitrar-
ily large 𝑁) whose [𝑑/2]-skeleton coincides with that of
the 𝑁-dimensional cross-polytope? What about cs simpli-
cial polytopes with the same parameters? Are the answers
for cs spheres and cs polytopes the same or (drastically)
different?

We will discuss these and other questions, summariz-
ing some of the surprising and fascinating developments
in this field over the last fifty years. Our discussion will in-
clude results from a very recent joint project with Hailun
Zheng of the University of Michigan.
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FALL SECTIONAL SAMPLER
Operator Integrals

in Theory and
Applications

Anna Skripka

ABSTRACT. Operator integration is a powerful tool en-
abling analysis of functions with noncommuting argu-
ments. Such functions arise, for example, in matrix
analysis, mathematical physics, noncommutative ge-
ometry, and statistical estimation. Over some seventy
years of its development, the theory underlying multi-
linear operator integration has accumulatedmany deep
results and important applications. We will discuss ma-
jor advancementsmade in recent years and their impact
on differentiation and approximation of operator func-
tions.

Introduction
“Multilinear operator integration” refers to methods and
techniques designed for treating noncommutativity and
obtaining properties of operator functions analogous to
those of scalar functions. Given self-adjoint matrices or,
more generally, infinite-dimensional operators 𝐴 and 𝐵
on a separable Hilbert space, a scalar function 𝑓, and the
operator function 𝑓(𝐴) defined by the functional calculus,
the inequalities

𝐴 ≤ 𝐵 ⇒ 𝑓(𝐴) ≤ 𝑓(𝐵), (1)

‖𝑓(𝐴)𝐵− 𝐵𝑓(𝐴)‖ < ∞, (2)

‖𝑓(𝐴) − 𝑓(𝐵) −
𝑛−1
∑
𝑘=1

1
𝑘!

𝑑𝑘

𝑑𝑡𝑘 𝑓(𝐵 + 𝑡(𝐴− 𝐵))|𝑡=0‖ (3)

≤ 𝑐𝑛 ‖𝑓[𝑛]‖‖𝐴− 𝐵‖𝑛,

where ‖⋅‖ stands for an appropriate norm and 𝑓[𝑛] for the
𝑛th divided difference of 𝑓, are products of the operator
integration approach. Indeed, under suitable assumptions
on 𝐴,𝐵, and 𝑓, we have the representations

𝑓(𝐴) − 𝑓(𝐵) = 𝑇𝐴,𝐵
𝑓[1] (𝐴− 𝐵), (4)
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𝑓(𝐴)𝐵− 𝐵𝑓(𝐴) = 𝑇𝐴,𝐴
𝑓[1] (𝐴𝐵− 𝐵𝐴), (5)

𝑓(𝐴) − 𝑓(𝐵) −
𝑛−1
∑
𝑘=1

1
𝑘!

𝑑𝑘

𝑑𝑡𝑘 𝑓(𝐵 + 𝑡(𝐴− 𝐵))|𝑡=0 (6)

= 𝑇𝐴,𝐵,…,𝐵
𝑓[𝑛] (𝐴− 𝐵,… ,𝐴− 𝐵),

where 𝑇𝐴1,𝐴2,…,𝐴𝑛+1
𝑓[𝑛] is an 𝑛-linear operator integral. Thus,

a proper analysis of the latter transformation ultimately
leads to (1)–(3).

The relation (4) was applied to derive (1) by K. Löwner
in his work on characterization of matrix monotone func-
tions in 1934. In that setting, 𝑇𝐴,𝐵

𝑓[1] is a Schur multiplier by

the matrix {𝑓[1](𝜆𝑗, 𝜇𝑘)}𝑑𝑗,𝑘=1, where 𝜆𝑗 and 𝜇𝑘 are the
eigenvalues of the self-adjoint matrices 𝐴 and 𝐵, respec-
tively. The relation (5) is useful for obtaining (2). When
𝐴 is a Dirac operator, 𝐵 is an operator of pointwise mul-
tiplication by a function 𝑔, and 𝑓 is a sign function, the
condition (2) means that the quantized derivative of 𝑔 is
summable in a certain sense. The relation (6) is essen-
tial for proving bounds like the one in (3), which arise
in approximation problems of operator functions. For in-
stance, to estimate the function 𝑓(𝐴) or the functional
Tr (𝑓(𝐴)) of an unknown covariance matrix 𝐴, one can
replace 𝐴 by the sample covariance matrix 𝐵 constructed
from collected data. Other examples arise in mathemati-
cal physics, where 𝐵 is a discrete Laplacian or differential
operator with known properties and 𝐴 is a perturbed op-
erator. In that context, one often considers the trace of the
Taylor remainder (6), which encodes information about
quantitative characteristics of the perturbation.

The proof of (6) requires both originality and technical
proficiency, especially in the case of infinite-dimensional
operators 𝐴 and 𝐵, even when one does not intend to in-
clude the most general functions 𝑓 and operators 𝐴,𝐵. In
particular, the proof utilizes the boundedness of the mul-
tilinear operator integral

𝑇𝐴1,𝐴2,…,𝐴𝑛+1
𝜑 ∶ 𝒳1 ×⋯×𝒳𝑛 → 𝒳 (7)

defined on the product of Banach spaces 𝒳1,… ,𝒳𝑛 with
values in the Banach space 𝒳. Proving existence of the

derivative 𝑑𝑘

𝑑𝑡𝑘 𝑓(𝐵 + 𝑡(𝐴 − 𝐵)) in a fairly general infinite-
dimensional setting is also a nontrivial task that depends
on efficient bounds for (7). Moreover, as suggested by the
examples (1)–(3), the boundedness of𝑇𝐴1,𝐴2,…,𝐴𝑛+1

𝜑 along
with the respective inequalities is an ultimate goal of the
operator integration. The investigation of this question
was initiated by Yu. L. Daletskii and S. G. Krein in 1956
and eventually led to a deep, comprehensive theory.

The existing norm bounds for the transformation (7)
depend on the norms of the domain and target spaces, on
the type of the symbol 𝜑, and sometimes on the opera-
tors𝐴1, 𝐴2,… ,𝐴𝑛+1. The best bound for (7) holds when
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𝒳1 = ⋯ = 𝒳𝑛 equals theHilbert–Schmidt ideal𝒮2. More
precisely, the results by B. S. Birman, M. Z. Solomyak, and
B. S. Pavlov in the 1960s provide

‖𝑇𝐴1,𝐴2,…,𝐴𝑛+1
𝜑 ∶ 𝒮2 ×⋯×𝒮2 → 𝒮2‖ ≤ ‖𝜑‖∞ (8)

for every Borel function 𝜑 ∶ ℝ𝑛+1 → ℂ. The second
best bound holds when 𝒳𝑗 equals the Schatten–von Neu-
mann ideal 𝒮𝑝𝑗 and 𝒳 = 𝒮𝑝, where 1 < 𝑝,𝑝𝑗 < ∞,
𝑗 = 1,… ,𝑛, and 1

𝑝 = 1
𝑝1

+⋯+ 1
𝑝𝑛

. Namely, D. Potapov,
A. Skripka, and F. Sukochev established in 2013 that

‖𝑇𝐴1,𝐴2,…,𝐴𝑛+1
𝑓[𝑛] ∶ 𝒮𝑝1 ×⋯×𝒮𝑝𝑛 → 𝒮𝑝‖ (9)

≤ 𝑐𝑝1,…,𝑝𝑛 ‖𝑓(𝑛)‖∞

for every 𝑛 times continuously differentiable function 𝑓.
When 𝒳1 = ⋯ = 𝒳𝑛 = 𝒳 equals the space ℬ(ℋ) of
bounded linear operators on a Hilbert space or, more gen-
erally, equals a symmetrically normed ideal ℐ of a semi-
finite von Neumann algebra with certain properties, we
have the bound

‖𝑇𝐴1,𝐴2,…,𝐴𝑛+1
𝑓[𝑛] ∶ ℐ ×⋯× ℐ → ℐ‖ ≤ ‖𝑓[𝑛]‖⊗ (10)

for 𝑓 in the Besov space 𝐵𝑛
∞1(ℝ), where ‖𝑓[𝑛]‖⊗ ≤

𝑐𝑛‖𝑓‖𝐵𝑛
∞1(ℝ) is the integral projective tensor product norm,

which is generally greater than the norm ‖𝑓(𝑛)‖∞. The
bound (10) for ℐ = ℬ(ℋ) was established by V. V. Peller
in 2006 and for a more general ideal ℐ by N. A. Azamov,
A. L. Carey, P. G. Dodds, and F. A. Sukochev independently
in 2009.

The methods leading to (8) and (9) benefit from spe-
cial features of the domain and target spaces. More specif-
ically, the bound (8) is a consequence of the Hilbert space
structure of 𝒮2, and (9) is based on harmonic analysis of
the UMD space 𝒮𝑝, 1 < 𝑝 < ∞. There are counterexam-
ples showing that (9) does not extend to the case of the
non-UMD space 𝒮1 (corresponding to 𝑝 = 1), and then
(10) works as a possible replacement of (9) for sufficiently
smooth functions 𝑓. The approach behind (10) relies on
existence of a factorization for the function 𝑓[𝑛](𝜆1,… ,
𝜆𝑛+1) separating the variables 𝜆1,… ,𝜆𝑛+1, which in-
evitably leads to a larger norm of the symbol 𝑓[𝑛] that
makes the bound ineffectual in certain situations. To com-
pare, the separation of variables is avoided in the deriva-
tion of (9), and instead an intricate recursive procedure
that essentially preserves the symbol 𝑓[𝑛] is applied.

To specify the parameters for which (3) holds, we need,
in particular, to summarize results on existence of the op-
erator derivatives. Differentiability of operator functions
with respect to the Schatten 𝒮𝑝-norms, 1 < 𝑝 < ∞, holds
under minimal assumptions on the respective scalar func-
tions. For instance, 𝑓 is 𝑛 times Fréchet 𝒮𝑝-differentiable
at every bounded self-adjoint operator 𝐴 if and only if
𝑓 ∈ 𝐶𝑛(ℝ). This result in the case 𝑛 = 1 was proved

by E. Kissin, D. Potapov, V. Shulman, and F. Sukochev in
2012 and in the case𝑛 ≥ 2 by C. LeMerdy and F. Sukochev
in 2019. Its proof utilizes (9) and, when 𝑛 ≥ 2, the re-
cent approach to the multilinear operator integration on
𝒮2 × ⋯ × 𝒮2 by C. Coine, C. Le Merdy, and F. Sukochev.
Using (10), V. V. Peller established differentiability of oper-
ator functions with respect to the operator norm for every
𝑓 ∈ 𝐵1

∞1(ℝ) ∩ 𝐵𝑛
∞1(ℝ) in 2006. Thus, (3) with norms

of the operators equal to the 𝒮𝑝-norm, 1 < 𝑝 < ∞, and
‖𝑓(𝑛)‖∞ standing for ‖𝑓[𝑛]‖ holds for 𝑓 ∈ 𝐶𝑛(ℝ) if 𝐴,𝐵
are bounded; (3) with norms of the operators equal to the
operator norm and ‖𝑓‖𝐵𝑛

∞1(ℝ) standing for ‖𝑓[𝑛]‖ holds
for 𝑓 ∈ 𝐵1

∞1(ℝ) ∩ 𝐵𝑛
∞1(ℝ).

The talk is based on [1] and will address the aforemen-
tioned and related results along with some open questions.
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In the United States, the planning effort was coordi-
nated by the American Institute of Mathematics (AIM). 
The program went international at the International Con-
gress of Mathematicians in 2010 (ICM 2010) and received 
the patronage of UNESCO in 2012. It became known as 
“MPE2013.” 1

After ICM 2010, word spread quickly, and the MPE logo 
(see Figure 1) could be seen around the world.

Many organizations joined the effort; eventually, 
MPE2013 involved fifteen long-term 
programs at mathematical research insti-
tutes, sixty workshops, dozens of special 
sessions at society meetings, two daily 
blogs (one in English, one in French), 
several public lecture series, summer 
and winter schools for graduate students, 
research experiences for undergraduates, 
open-source curriculum materials for 
all ages and grades,2 and a juried in-
ternational competition to produce an 
Open Source Exhibition. The exhibition 
is hosted by IMAGINARY3 and has been 
shown at many venues around the world. 
Anthologies of the French and English 
blog posts were published in [1] and [2], 

respectively.

MPE after 2013
At the end of 2013, MPE2013 morphed into MPE, which 
has been the brand name since then. The idea of integrat-
ing the mathematical sciences—including mathematics, 
statistics, operations research, and computational and 
data science—into the study of our planet, linking nature, 
science, and society, is now firmly embedded in the fabric 
of research and education.

The international year MPE2013 highlighted the role of the 
mathematical sciences in the study of Planet Earth. Since 
then, Mathematics of Planet Earth (MPE) has developed into 
a new area of research in our discipline. MPE aims to gain, 
through the mathematical sciences, a better understanding 
of the interdependence of nature, science, and society. MPE 
activities focus on the state of the planet, its life-supporting 
capability, and the impact of human activities on the envi-
ronment. MPE is more than a mathematical activity: MPE 
is a multidisciplinary activity par excellence 
for mathematical scientists. It is also an 
opportunity to revisit our ideas about 
education and training at all levels.

Following a brief summary of the ori-
gin and main themes of MPE, we present 
three case studies: a modeling activity to 
explain sea-level rise due to glacial melt-
ing, a study in progress to conceptualize 
the notion of resilience, and an ongoing 
effort to explore the effects of a changing 
climate on food security.

The Origin of MPE
The idea of MPE was conceived in 2009, 
when the North American mathematical 
research institutes were exploring options for long-term 
collaborations. Plans were made to organize a yearlong 
program of scientific activities, including workshops, con-
ferences, and educational and public outreach activities, 
to be launched in 2013. An introductory year was held in 
2010–11 called Climate Change and Sustainability.

Mathematics of Planet Earth
Hans G. Kaper and Christiane Rousseau
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3https://imaginary.org
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tidisciplinary collaborations; on the other hand, to inform 
the public, the media, and the educational establishments 
of the essential role that the mathematical sciences play in 
addressing planetary challenges. MPE2013 had no budget; 
it functioned on a global scale with some 140 partners 
worldwide (research institutes, scientific societies, univer-
sities, and foundations) who committed to organize inter-
national, national, and local activities with local funding.

Surely, a distinctive feature of MPE2013 was the extraor-
dinary and unprecedented level of global collaboration. It 
illustrated brilliantly that by joining forces we can achieve 
great things and hope for a significant impact.

The Themes of MPE
MPE activities are commonly grouped under four themes, 
considering Planet Earth as a physical system, as a system 
supporting life, as a system organized by humans, and as a 
system at risk. The boundaries are not sharp but provide 
an organizing principle for the many topics that fall under 
the MPE umbrella.

Planet Earth as a physical system encompasses topics 
like Earth’s climate system, weather and climate, natural 
resources, and sustainability. Planet Earth as a system 
supporting life includes the carbon cycle, population dy-
namics, the spread of infectious diseases, mathematical 
ecology, biodiversity, and evolution. Human activities are 
central to Planet Earth as a system organized by humans, 
covering topics from land use to urban infrastructure, en-
ergy, water, transportation, ecosystem services, food secu-
rity, and socio-economics. Lastly, a planet at risk includes 
statistics of extreme events, attribution of such events to 
climate change, issues of vulnerability and resilience, and 
risks associated with invasive species and natural disasters.

When nature and humans interact, a complex system 
results. Instead of natural laws and fundamental equa-
tions, we are dealing with collective behavior, feedback 
mechanisms, information flows, and human judgment 
calls. Much of the research is data-driven and motivated 
by decision-makers’ concerns. This is a new world for the 
mathematical sciences. Integrating these disparate elements 
into the language of mathematics is a major challenge for 
MPE.

What Makes MPE Interesting?
As a multidisciplinary activity, MPE reaches far beyond 
the boundaries of the mathematical sciences. It provides 
real opportunities to address some of the challenges facing 
our planet.

MPE covers a broad range of topics. Table 1 shows the 
titles of the chapters of a forthcoming book on MPE [3]; 
the list is representative but certainly not exhaustive. Topics 
such as population dynamics and the spread of infectious 
diseases are well established in the mathematical research 
community, but the simple models of old no longer match 

The DIMACS Center at Rutgers University, with support 
from the National Science Foundation, organized a series 
of 23 workshops over a period of five years (MPE2013+), 
some of which were in a cluster called “Education for the 
Planet Earth of Tomorrow” and all of which included ses-
sions on educational issues.4 The Society for Industrial and 
Applied Mathematics (SIAM) created a SIAM Activity Group 
on Mathematics of Planet Earth (SIAG/MPE). Its biennial 
meetings offer a forum for ongoing research and education 
projects in MPE.5 The SIAG/MPE Prize, which recognizes 
either significant scientific work in topic areas that are rel-
evant to MPE or sustained or seminal contributions to the 
scientific agenda of the SIAG/MPE, will be awarded for the 
first time at MPE20. The Engineering and Physical Sciences 
Research Council (EPSRC) in the UK funded a Center for 
Doctoral Training at Imperial College London and the Uni-
versity of Reading (MPE-CDT), with a new degree program 
in MPE.6 In the Netherlands, NWO (counterpart of the 
United States NSF) supports a research program in MPE as 
part of its Nonlinear Dynamics of Natural Systems cluster 
NDNS+.7  The Mathematics and Climate Research Network 
(MCRN) continues its research and training programs in 
the United States.8 Many groups and individual researchers 
around the world pursue research in informal settings on 
topics related to MPE.

The Success of MPE2013
Why was MPE2013 successful, and why did it spread like 
wildfire around the world? Certainly the idea was timely. 
Humanity faces major global challenges: adapting to a 
changing climate, protecting the environment, maintain-
ing biodiversity, feeding a rapidly increasing population, 
and encouraging sustainable development while ensuring 
equity for all are just a few among many. The younger gen-
eration, our students, see the urgency of these challenges, 
and they are pushing for action. MPE offers them an entry 
point to get involved.

MPE2013 demonstrated that MPE is a great way to show 
the relevance of the mathematical sciences. It stimulated 
interest in our discipline among scientists, in schools, and 
among the general public.

The model of MPE2013 was new. MPE2013 was a grass-
roots organization with clearly defined goals: on the one 
hand, to open up new areas of research in the mathematical 
sciences, to attract a new generation of scientists through 
education and training, and to stimulate a culture of mul-

4dimacs.rutgers.edu/programs/sf/mpe2013-plus
5https://www.siam.org/membership/Activity-Groups/detail 
/mathematics-of-planet-earth

6mpecdt.org
7https://www.nwo.nl/en/research-and-results/programmes 
/mathematics+clusters

8https://mcrn.hubzero.org

http://dimacs.rutgers.edu/programs/sf/mpe2013-plus
https://www.siam.org/membership/Activity-Groups/detail/mathematics-of-planet-earth
https://www.siam.org/membership/Activity-Groups/detail/mathematics-of-planet-earth
http://mpecdt.org
https://www.nwo.nl/en/research-and-results/programmes/mathematics+clusters
https://www.nwo.nl/en/research-and-results/programmes/mathematics+clusters
https://mcrn.hubzero.org
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the melting of the glaciers, thus leading to the decrease in 
Stockholm in parallel with a global increase of the quantity 
of ocean water. But there is more to the phenomenon. We 
are used to thinking of the earth as a solid, but the chap-
ter invites us to model it as a fluid (a very viscous fluid, 
of course) through the Navier–Stokes equations! In fact, 
again, this model is still too basic. Earth is viscoelastic. The 
weight of thick glaciers deforms the surface of the earth, 
and there is an elastic bounce when the weight disappears 
with the melting of the glacier.

Each ingredient comes from a different area of mathe-
matics. As is typical with MPE problems, there are many 
ingredients at play. The challenge is to understand which 
ones are the most relevant and to integrate them into a 
complex model. We invite you to read this chapter for 
more details.

Resilience in the Digital Age
Multidisciplinary collaborations need time to mature. 
There are language barriers and cultural differences, and 
progress can be slow. This is a challenge for MPE.

An exciting opportunity presented itself in 2017, when 
one of us (CR) met Amy Luers at the General Assembly of 
the International Council of Science (ICSU) in Taipei. Luers 
is the executive director of Future Earth and former assistant 
director for climate resilience and information at the White 
House Office of Science and Technology Policy (OSTP).

Future Earth is an international nonprofit organization 
with the mission to accelerate transformations to global 
sustainability through research and innovation.9 Luers, 
who has a PhD in environmental science, was interested in 
starting an interdisciplinary research network on Resilience 
in the Digital Age. The notion of resilience is intuitively 
clear: the ability of a system to recover from a disturbance. 
However, the concept needs to be made operational to be 
of practical value. The project seemed a good match and 
raised immediate enthusiasm in the MPE community. The 
international network of Future Earth brings expertise in 
economics and ecology to the collaboration; on the MPE 
side, we offer an international network of mathematical 
scientists with many years of experience in mathematical 
and statistical modeling and data science. The collabora-
tion brings MPE one step closer to decision-makers and 
strengthens our efforts to focus on societally relevant 
problems.

Together with Future Earth, DIMACS, and the Centre de 
Recherches Mathématiques (CRM), the MPE network has 
initiated an international collaboration to address funda-
mental questions, including (i) how to define resilience 
mathematically, (ii) how to measure resilience, and (iii) 
how to operationalize resilience for complex systems. In 
the initial phase, we are considering three particular sys-

the current trend toward data-driven modeling using arti-
ficial intelligence and machine-learning [3].

Mathematics of the Not-So-Solid Solid Earth
We use models to forecast the future. One way to test a 
model is to use it to reconstruct the past, for which we 
have data. The data show that sea levels have fluctuated 
significantly in the past. An explanation comes from the 
alternation of periods of glaciation and deglaciation. In a 
period of deglaciation, glaciers melt and water that is stored 
in them is added to that of the oceans. But data suggest 
that things are not so simple. In Amsterdam, the sea level 
increased nearly 200 mm in the period from 1700 to 1925, 
while in Stockholm it decreased almost 1000 mm. Why? 
The chapter shows how we need to include more and more 
ingredients into a model to explain the phenomenon.

The first ingredient is the definition of sea level. We are 
used to thinking of sea level as altitude zero and altitude as 
the distance of a point to the center of the earth. But the 
earth is not a sphere, only a flattened geoid. Geodesists de-
fine altitude zero through a mathematical concept, namely, 
as a level surface of the gravitational field. At the time of the 
last glaciation, there was a very thick mass of ice over the 
polar regions, much closer to Stockholm than to Amster-
dam. This ice mass exerted a gravitational attraction on the 
seawater; as a result, the level was higher in Stockholm than 
in Amsterdam. This gravitational pull disappeared with 

Table 1.

Chapter titles from [3].

1. Modeling the Dynamics of Glacial Cycles
2. Mathematics of the Not-So-Solid Solid Earth
3. Mathematical Challenges in Measuring 

Variability Patterns for Precipitation Analysis
4. Mathematics of Malaria and Climate Change
5. A Risk-Structured Mathematical Model 

of Buruli Ulcer Disease in Ghana
6. Data-Informed Modeling in the Health Sciences
7. Multistability in Ecosystems: Concerns and 

Opportunities for Ecosystem Function in 
Variable Environments

8. Measurement of Biodiversity: 
Richness and Evenness

9. The Mathematics of Extinction Across Scales: 
From Population to the Biosphere

10. Modeling Food Systems
11. Dynamic Optimization, Natural Capital, 

and Ecosystem Services
12. Qualitative Models for Infrastructure Restoration 

after Extreme Events: Network Optimization 
Meets Scheduling

13. The Internet of Things and Machine Learning 
Solutions for Urban Infrastructure Management

9www.futureearth.org/history

http://www.futureearth.org/history
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How to Get Involved in MPE
As scientists and informed citizens, we value evidence-based 
decision-making. We know that human activities and 
global change threaten our environment, if not in the 
immediate future, then certainly in the coming decades. 
We have a responsibility to get involved and apply the 
particular skills of our discipline to address the challenges 
facing our planet.

Fortunately, we are also in a position to choose how we 
wish to get involved. We may decide to pursue research 
questions and train the next generation of researchers, we 
may use MPE examples to enrich our teaching or as projects 
for students, we may get involved in informing the public 
and students about the role that the mathematical sciences 
can play in addressing some of the challenges facing our 
planet. No matter your choice, there is work to be done. 
We urge you to get involved!
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tems: namely, ecological systems, urban systems, and food 
systems. The goal is to come to a common understanding, 
develop a methodology for assessing resiliency, and, if 
possible, design a set of common standards.

Food Systems and Food Security
Food security is being recognized as a major issue in the 
not-too-distant future. The global population is expected 
to increase from close to seven billion people today to 
approximately ten billion people by 2050; an increasing 
fraction of the population will be living in urban environ-
ments, far from food-producing areas; the natural resources 
are finite; a changing climate affects where food can be 
grown; invasive species and diseases may increase the risk 
of crop failure. Can we use mathematical models and their 
predictive capabilities to explore options and assess future 
courses of action?

Food security prevails when all members of a community, 
at all times, have access to enough food for an active and 
healthy life; a food system is the means to achieve food se-
curity. A food system must be sustainable, equitable, and 
resilient to external disturbances.

A food system can be local, regional, or global and 
cover one or more food groups. Basically, it is a supply 
chain operating under biophysical, environmental, and 
socio-economic constraints. Its agents are producers, who 
grow foodstuffs, raise animals, etc.; food-chain actors, who 
process, ship, or sell food products; and consumers, who 
shop for food and prepare it for consumption. Waste occurs 
at all levels; some of it is preventable, much of it is not, 
unless additional energy is spent.

Food systems have traditionally been considered from 
the perspective of economics. But there is much more at 
play than economics, and this is where MPE comes in. 
For example, what would a mathematical model of a fair, 
equitable, and resilient food distribution system look like? 
Moving to sustainability will require significant changes in 
the food systems. Can we use mathematical techniques to 
guide the necessary transitions? How do we balance mon-
etary values, nutritional values, and consumer satisfaction 
with the need to feed the world’s population in ways that 
are sustainable, equitable, and resilient? Recurring periods 
of drought increase the likelihood of desertification—the 
transition from arable land to desert. What are the warning 
signs? Can we use ideas from the theory of dynamical sys-
tems to gain insight into critical points, where the system 
can experience drastic changes; or tipping points, where it 
can experience irreversible changes; or hysteresis, where it 
can experience reversible changes but the reversal requires 
significant resources? More generally, a warming climate 
and changing precipitation patterns will affect agricultural 
production. Can we express the connection through con-
ceptual models and explore future scenarios?

Christiane RousseauHans G. Kaper



The American Mathematical Society (AMS), in conjunction with the
American Association for the Advancement of Science (AAAS), will
sponsor a Congressional Fellow from September 2020 through August 2021.

The Fellow will spend the year working on the staff of a member of Congress or a
congressional committee, working as a special legislative assistant in legislative and
policy areas requiring scienti� c and technical input.  The program includes an
orientation on congressional and executive branch operations and a year-long
seminar series on issues involving science, technology, and public policy.

The Fellowship is designed to provide a unique public policy learning
experience, to demonstrate the value of science-government interaction, and
to bring a technical background and external perspective to the decision-
making process in Congress.

Prospective Fellows must demonstrate expertise in some area of the math-
ematical sciences; have a good scienti� c and technical background; be cognizant
of and demonstrate sensitivity toward political and social issues; and, most
importantly, have a strong interest and some experience in applying personal
knowledge toward the solution of societal problems.

Applications are invited from individuals in the mathematical sciences. Applicants must have a PhD or an equivalent doctoral-
level degree in mathematics by the application deadline (February 15, 2020). Applicants must be US citizens. Federal employees 
are not eligible.

An AMS Fellowship Committee will select the AMS Congressional Fellow. The Fellowship stipend is US$81,548 for the Fellowship 
period, with allowances for relocation and professional travel and a contribution towards health insurance.

Applicants must submit a statement expressing interest and quali� cations for the AMS Congressional Fellowship, as well as a
current curriculum vitae. Candidates should also arrange for three letters of recommendation to be sent to the AMS by the
February 15, 2020, deadline.

For more information and to apply, please go to http://bit.ly/AMSCongressionalFellowship.

Deadline for receipt of applications:  February 15, 2020

An Invitation to Apply for the 

AMS CONGRESSIONAL 
FELLOWSHIP

“As an AMS Congressional 
Fellow, I have had the opportunity 

to learn about our political system while 
contributing in-depth analysis, creativity, and 

scientifi c rationale to the legislative process. My 
expertise and experience as a mathematician 

and educator have allowed me to bring a unique 
perspective to policy development on topics 

ranging from education to health care, work-
force development, and data privacy.”

— James Ricci, 2018−2019 AMS 
Congressional Fellow

http://bit.ly/AMSCongressionalFellowship.

Learn more at the 
JMM session on the AMS 

Congressional Fellowship to 
be held Friday, January 17, 

2020 at 4:30 pm
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FROM THE AMS SECRETARY

Every two years, the Notices, as the Society’s journal of record, pub-

lishes an overview of AMS honors. In this section, we list the special 

lectures, prizes, awards, and fellowships; give brief descriptions of 

each; and provide links for further information, including past re-

cipients and lecturers.

The Society governance consists of the Officers (President, three 

Vice Presidents, Secretary, four Associate Secretaries, Treasurer, and 

Associate Treasurer), the Council, Executive Committee of the Coun-

cil, and Board of Trustees. You may find information about Society 

governance at www.ams.org/governance, which includes links to 

books that chronicle the history of the AMS: A Semicentennial History 

of the American Mathematical Society, 1888–1938, by Raymond Clare 

Archibald, and History of the Second Fifty Years, American Mathematical 

Society, 1939–1988, by Everett Pitcher. We begin with a list of past 

presidents, treasurers, and secretaries.

Carla D. Savage, AMS Secretary

Biennial Overview
of AMS Honors

DOI: https://dx.doi.org/10.1090/noti1941

https://dx.doi.org/10.1090/noti1941
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Presidents
2019–2020 Jill C. Pipher
2017–2018 Kenneth A. Ribet
2015–2016 Robert L. Bryant
2013–2014 David A. Vogan, Jr.
2011–2012 Eric M. Friedlander
2009–2010 George E. Andrews
2007–2008  James G. Glimm
2005–2006 James G. Arthur
2003–2004 David Eisenbud
2001–2002 Hyman Bass
1999–2000 Felix E. Browder
1997–1998  Arthur M. Jaffe
1995-1996 Cathleen Synge Morawetz
1993–1994 Ronald L. Graham
1991–1992 Michael Artin
1989–1990 William Browder
1987–1988 George Daniel Mostow
1985–1986 Irving Kaplansky
1983–1984 Julia Bowman Robinson
1981–1982 Andrew Mattel Gleason
1979–1980 Peter David Lax
1977–1978 R H Bing
1975–1976 Lipman Bers
1973–1974 Saunders Mac Lane
1971–1972 Nathan Jacobson
1969–1970 Oscar Zariski
1967–1968 Charles Bradfield
 Morrey, Jr.
1965–1966 Abraham Adrian Albert
1963–1964 Joseph Leo Doob
1961–1962 Deane Montgomery
1959–1960 Edward James McShane
1957–1958 Richard Dagobert Brauer
1955–1956 Raymond Louis Wilder
1953–1954 Gordon Thomas
 Whyburn
1951–1952 John von Neumann

1949–1950 Joseph Leonard Walsh
1947–1948 Einar Hille
1945–1946 Theophil Henry
 Hildebrandt
1943–1944 Marshall Harvey Stone
1941–1942 Harold Calvin
 Marston Morse
1939–1940 Griffith Conrad Evans
1937–1938 Robert Lee Moore
1935–1936 Solomon Lefschetz
1933–1934 Arthur Byron Coble
1931–1932 Luther Pfahler Eisenhart
1929–1930 Earle Raymond Hendrick
1927–1928 Virgil Snyder
1925–1926 George David Birkhoff
1923–1924 Oswald Veblen
1921–1922 Gilbert Ames Bliss
1919–1920 Frank Morley
1917–1918 Leonard Eugene Dickson 
1915–1916 Ernest William Brown
1913–1914 Edward Burr Van Vleck 
1911–1912 Henry Burchard Fine 
1909–1910 Maxime Bôcher 
1907–1908 Henry Seely White 
1905–1906 William Fogg Osgood 
1903–1904 Thomas Scott Fiske 
1901–1902 Eliakim Hastings Moore 
1899–1900 Robert Simpson
 Woodward
1897–1898 Simon Newcomb
1895–1896 George William Hill
1891–1894 John Emory McClintock 
1888–1890 John Howard Van 
 Amringe

Treasurers
2011–2021 Jane M. Hawkins
1999–2010 John M. Franks
1974–1998 Franklin P. Peterson
1965–1973 W. T. Martin
1949–1964 A. E. Meder, Jr.
1938–1948 B. P. Gill
1937 P. A. Smith
1930–1936 G. W. Mullins
1921–1929 W. B. Fite
1908–1920 J. H. Tanner
1900–1907 W. S. Dennett
1897–1899 Harold Jacoby
1895, 1896 R. S. Woodward
1892–1894 Harold Jacoby
1890, 1891 T. S. Fiske

Secretaries
2013–2021 Carla D. Savage
1999–2012 Robert J. Daverman
1989–1998 Robert M. Fossum
1967–1988 Everett Pitcher
1957–1966 J. W. Green
1951–1956 E. G. Begle
1941–1950 J. R. Kline
1921–1940 R. G. D. Richardson
1896–1920 F. N. Cole
1888–1895 T. S. Fiske

AMS Presidents: A Timeline
AMS presidents play a key role in leading the Society and representing the profession. 
Browse through the timeline to see each AMS president’s page, which includes the in-
stitution and date of his/her doctoral degree, a brief note about his/her academic career 
and honors, and links to more extensive biographical information.

www.ams.org/presidents
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mathematics students to stimulate their interest in mathe-
matics beyond the traditional classroom.

Joint Lectures
AMS–MAA–SIAM Gerald and Judith Porter Lectures
www.ams.org/porter-lect
The Porter Lecture on a mathematical topic accessible 
to the broader community is given each year at the Joint 
Mathematics Meetings.

AWM–AMS Noether Lectures
www.awm-math.org/noether-lectures
The Noether Lecture, given each year at the Joint Mathemat-
ics Meetings, honors women who have made fundamental 
and sustained contributions to the mathematical sciences.

AMS–MAA Joint Lectures at MathFests
www.ams.org/ams-mathfest
These joint addresses, delivered annually at MathFest, are 
historical or expository in character.

AMS–MAA Joint Lectures at the JMM
www.jointmathematicsmeetings.org/2217_invited.html
The AMS and MAA co-sponsor two lectures each year at 
the JMM. These are among the most popular events at the 
Meetings.

AMS-Sponsored Lectures at SIAM Meetings
www.ams.org/ams-siam-lect
AMS selects a lecturer to deliver an address at the SIAM 
Annual Meeting.

The AMS–NZMS Maclaurin Lectureship 
www.ams.org/maclaurin-lectures
This lectureship was a six-year reciprocal exchange between 
the New Zealand Mathematical Society and American 
Mathematical Society. 

The Current Events Bulletin
www.ams.org/current-events-bulletin
Organized by David Eisenbud, this JMM event features 
speakers surveying some of the most interesting current 
developments in mathematics, pure and applied.

mathematics students to stimulate their interest in mathe-
matics beyond the traditional classroom.

AMS Special Lectures
Colloquium Lectures
www.ams.org/meet-colloquium-lect
The Colloquium Lectures have a long and prestigious his-
tory. Maxime Bôcher and James Pierpont delivered the first 
sets of lectures in 1896. They continue today as a highlight 
of the Joint Mathematics Meetings.

Josiah Willard Gibbs Lectures
www.ams.org/meet-gibbs-lect
These invited lectures are of popular nature, directed at 
those who are not professional mathematicians. The Soci-
ety established the Gibbs Lectures in 1923.

NEW!    The Maryam Mirzakhani Lectures
www.ams.org/meet-mirzakhani-lect
The AMS Council established this 
Lecture in 2018 to honor Maryam 
Mirzakhani (1977–2017), the first 
woman and the first Iranian to win 
a Fields Medal. The inaugural Mir-
zakhani Lecture will be delivered by 
Tatiana Toro at the 2020 Joint Mathe-
matics Meetings in Denver, Colorado.

Erdős Memorial Lectures
www.ams.org/meet-erdos-lect
The Erdős Memorial Lecture is an invited address given 
annually since 1999 at one of the Society’s eight sectional 
meetings. The Lecture is named for the prolific mathema-
tician Paul Erdős (1913–1996).

Einstein Public Lectures in Mathematics
www.ams.org/meet-einstein-lect
The Einstein Lectures, created by the AMS in 2005 to 
celebrate the one-hundredth anniversary of Einstein’s 
annus mirabilis, are given annually at one of the Sectional 
Meetings.

Arnold Ross Lectures
www.ams.org/ross-lectures
Created by the AMS at the encouragement of Paul Sally, 
these annual lectures are aimed at talented high school 

In addition to the Invited Addresses at the Joint Mathematics Meetings and at the eight Sectional Meetings each year, the 
Society sponsors or co-sponsors several special lectures. In 2020, the first Maryam Mirzakhani Lecture will be presented 
at the Joint Mathematics Meetings.

Maryam Mirzakhani
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David P. Robbins Prize
www.ams.org/robbins-prize
For a paper on novel research in algebra, combinatorics, or 
discrete mathematics

Bertrand Russell Prize of the  AMS
www.ams.org/russell-prize
For research or service contributions of mathematicians 
or related professionals to promoting good in the world, 
recognizing the various ways that mathematics furthers 
human values

Chevalley Prize in Lie  Theory
www.ams.org/chevalley-prize
For notable work in Lie theory

Frank Nelson Cole Prize in Number  Theory
www.ams.org/cole-prize-number-theory
For a notable paper in number theory

Joseph L. Doob Prize
www.ams.org/doob-prize
For a single, relatively recent, outstanding research book

Ulf Grenander Prize in Stochastic Theory 
and Modeling
www.ams.org/grenander-prize
For theoretical and applied contributions in stochastic 
theory and modeling

Albert Leon Whiteman Memorial Prize
www.ams.org/whiteman-prize
For notable exposition and exceptional scholarship in the 
history of mathematics

Oswald  Veblen Prize in Geometry
www.ams.org/veblen-prize
For a notable research memoir in geometry or topology

Award for Distinguished Public Service 
www.ams.org/public-service-award
For a research mathematician who has made a distin-
guished contribution to the mathematics profession

Leroy P. Steele Prizes
www.ams.org/steele-prize

 • Lifetime Achievement
 • Mathematical Exposition
 • Seminal Contribution to Research

Bôcher Memorial Prize
www.ams.org/bocher-prize
For a notable paper in analysis

Frank Nelson Cole Prize in Algebra
www.ams.org/cole-prize-algebra
For a notable paper in algebra

Levi L. Conant Prize
www.ams.org/conant-prize
For an expository paper published in either the Notices of 
the AMS or the Bulletin of the AMS

NEW!
   The AMS Mary P. Dolciani Prize

                  for Excellence in Research
www.ams.org/dolciani-prize
Recognizes a mathematician from a department that does 
not grant a PhD who has an active research program in 
mathematics and distinguished record of scholarship

Ruth Lyttle Satter Prize in Mathematics
www.ams.org/satter-prize
For an outstanding contribution to mathematics research 
by a woman

Leonard Eisenbud Prize for Mathematics and Physics
www.ams.org/eisenbud-prize
For work that brings mathematics and physics closer to-
gether

E. H. Moore Research  Article Prize
www.ams.org/moore-prize
For a research article appearing in one of the AMS primary 
research journals

AMS Prizes
AMS Prizes recognize outstanding achievement in mathematics, exceptional public service in support of research and 
education in the mathematical sciences, and significant contributions to the public understanding of mathematics. The 
Society added a new prize in 2019: the Mary P. Dolciani Prize for Excellence in Research. The prizes below are awarded 
at the Prize Ceremony at the Joint Mathematics Meetings.



FROM THE AMS SECRETARY

1710    Notices of the AmericAN mAthemAticAl society volume 66, Number 10

AMS Awards and Fellowships
The Joan and Joseph Birman Fellowship 
for Women Scholars
www.ams.org/Birman-fellow
Seeks to address the paucity of women at the highest levels 
of research in mathematics by giving exceptionally talented 
women extra research support during their mid-career 
years.

Centennial Fellowship
www.ams.org/centennial-fellow
For outstanding mathematicians to help further their ca-
reers in research, with a focus on candidates who have not 
had extensive fellowship support in the past.

AMS Congressional Fellowship
www.ams.org/ams-aaas-congressional-fellowship
Selected Fellows spend a year working for a member of 
Congress or a congressional committee as a special leg-
islative assistant in policy areas requiring scientific and 
technical input.

AMS Mass Media Fellowship
www.ams.org/massmediafellow
In affiliation with the American Association for the Ad-
vancement of Science (AAAS), the AMS sponsors ten-week 
fellowships for graduate students in mathematics to work 
full time over the summer as reporters, researchers, and pro-
duction assistants in US mass media organizations—radio 
and TV stations, newspapers, and magazines.

Waldemar J. Trjitzinsky Memorial Awards
www.ams.org/trjitzinsky-award
Provides assistance to students who have declared a major 
in mathematics at a college or university that is an institu-
tional AMS member.

Award for Impact on the  Teaching 
and Learning of Mathematics
www.ams.org/impact
For mathematicians who have made significant contribu-
tions of lasting value to mathematics education.

Karl Menger Memorial Award
www.ams.org/menger-award
For mathematically oriented projects presented at the In-
ternational Science and Engineering Fair.

Mathematics Programs that Make a Difference Award
www.ams.org/make-a-diff-award
Aims to bring more persons from underrepresented back-
grounds into some portion of the pipeline beginning at 
the undergraduate level and leading to advanced degrees 

in mathematics and professional success, or retain them 
once in the pipeline.

Exemplary Program or Achievement 
in Mathematics Department Award
www.ams.org/department-award
For a department which has distinguished itself by under-
taking an unusual or particularly effective program of value 
to the mathematics community.

Epsilon Awards for  Young Scholars Programs
www.ams.org/epsilon-award
Supports existing summer programs for mathematically 
talented high school students.

Fellows of the American Mathematical Society
www.ams.org/ams-fellows
Recognizes members who have made outstanding con-
tributions to the creation, exposition, advancement, and 
utilization of mathematics.

Joint Prizes and Awards
George David Birkhoff Prize in Applied Mathematics
www.ams.org/birkhoff-prize
Given jointly with the Society for Industrial and Applied 
Mathematics for an outstanding contribution to applied 
mathematics in the highest and broadest sense.

Norbert Wiener Prize in Applied Mathematics
www.ams.org/wiener-prize
Given jointly with the Society for Industrial and Applied 
Mathematics for an outstanding contribution to applied 
mathematics in the highest and broadest sense.

Frank and Brennie Morgan Prize 
for Outstanding Research in Mathematics 
by an Undergraduate Student
www.ams.org/morgan-prize
Given jointly with the Mathematical Association of America 
and the Society for Industrial and Applied Mathematics for 
outstanding research in mathematics.

Delbert Ray Fulkerson Prize
www.ams.org/fulkerson-prize
Given jointly with the Mathematical Optimization 
Society for outstanding papers in the area of discrete  
mathematics.
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The Beal Prize, funded by D. Andrew Beal, is awarded for 
either a proof or a counterexample of the Beal Conjecture 
which is published in a refereed and respected mathematics 
journal.
www.ams.org/beal-prize

The Stefan Bergman Prize is awarded by the Bergman 
Trust in honor of his research in several complex variables, 
as well as the Bergman projection and the Bergman kernel 
function.
www.ams.org/bergman-prize

The Fredkin Foundation asked the AMS to take over admin-
istration of its Fredkin Foundation prizes in Automatic 
Theorem Proving in the mid-1980s. This prize is no 
longer awarded.
www.ams.org/atp-prizes

The Leonard M. and Eleanor B. Blumenthal Award for 
the Advancement of Research in Pure Mathematics
This prize was discontinued by the trust.
www.ams.org/blumenthal-award

AMS/ASA/ACM/IMS/MAA/SIAM 
Joint Science & Technology Fellowships
With support from the Alfred P. Sloan Foundation, this 
joint fellowship places PhD mathematicians and other data 
scientists in a federal agency or on the staff of a Congress 
member or on a congressional committee for one year.

JPBM Communications Award
www.ams.org/jpbm-comm-award
Given jointly with the Mathematical Association of Amer-
ica, the Society for Industrial and Applied Mathematics, 
and the American Statistical Association, to reward and 
encourage communicators who, on a sustained basis, bring 
mathematical ideas and information to non-mathematical 
audiences.

Mathematical Art Exhibition Award
www.ams.org/art-exhibit-prize
Given jointly with the Mathematical Association of America 
for aesthetically pleasing works that combine mathematics 
and art.

Other Prizes and Awards
NEW!    The Maryam Mirzakhani Prize in Mathematics 

(formerly The National Academy of Sciences Award in 
Mathematics)
Funding is currently being sought by the NAS to endow 
this award.  The inaugural Mirzakhani Prize is scheduled 
for presentation in 2020. It will be awarded biennially for 
exceptional contributions to the mathematical sciences by 
a mid-career mathematician.
www.ams.org/nas-award

The Award for Outstanding Pi Mu Epsilon Student 
Paper Presentation, made by the National Honorary 
Mathematics Society.
www.ams.org/pme-award

These two awards have not been given in recent years:

The Public Policy Award was established in 2007 by the 
AMS to recognize a public figure for sustained and excep-
tional contributions to public policies that foster support 
for research, education, and innovation. 
www.ams.org/profession/prizes-awards/ams-awards 
/public-policy-award

The Public Service Citation was created to provide en-
couragement and recognition for contributions to public 
service activities in support of mathematics. 
www.ams.org/public-service-citation



Each month, the Feature Column provides an 
online in-depth look at a mathematical topic. 
Subscribe to learn about exciting developments 
in mathematics. Written by:

WWW.AMS.ORG/FEATURECOLUMN
Subscribe to an RSS feed for each new essay 
at ams.org/featurecolumn.rss

THE FEATURE COLUMN
monthly essays on mathematical topics

Understanding Kepler

Non-negative Matrix Factorizations

Branko Grünbaum Remembered
—A Great Geometer!

Topology and Elementary Circuit Theory

Pretty as a Picture

Understanding Slums Using Topology

Getting in Sync

SUBSCRIBE TO 

DAVID AUSTIN, BILL CASSELMAN, JOE MALKEVITCH, 
TONY PHILLIPS, AND URSULA WHITCHER

WWW.AMS.ORG/FEATURECOLUMN

RECENT 
TOPICS

http://WWW.AMS.ORG/FEATURECOLUMN
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Backlog of Mathematics
Research Journals

The Backlog of Research Journals is reported each year in 
the November issue of the Notices. The journals covered in 
this report are representative of mathematics and are from 
publishers who have agreed to participate and who con-
tinue to provide backlog information. Publishers whose 
journals are not currently included can request that their 
journals be added. Such requests should be made in e-mail 
to Marcia Almeida, backlogreport@ams.org. To be con-
sidered for inclusion in the backlog report, a journal must 

be on the list of journals receiving cover-to-cover treatment 
in Mathematical Reviews (mathscinet.ams.org/msnhtml/
serials.pdf).

Once a publisher’s journals are accepted for inclusion, 
the publisher must designate a contact person or persons to 
supply data about the journals to the AMS. While the AMS 
makes every effort to obtain the data from the designated 
contacts, if data about a journal is not supplied, then that 
journal will not appear in the backlog report.

Acta Math. 4 800 11 4 4 15 14
Adv. in Appl. Math. 10 2190 8 1 0.9 8 8

Adv. Math. 18 16100 18 2 1.2 0 1
Algebr. Geom. Topol. 7 3750 9 8 7 16 15
Algebra Number Theory 10 2500 12 5 3 15 14
Amer. J. Math. 6 1728 NA NA NA 16–18 15–17
Anal. PDE 8 2000 10 5 4 14 13

Ann. Appl. Probab. 6 3900 9 9.5 9.5 16.5 16.5
Ann. Inst. H. Poincare Anal. Non 
Lineaire

7 2020 12 8 0.9 18 11

Ann. K-Theory 4 1000 10 7 6 16 15
Ann. of Math. (2) 6 2100 13.5 4 3 4 4
Ann. Polon. Math. 3 300 7 2 1 9 6
Ann. Probab. 6 4200 14 10 10 26 26
Ann. Pure Appl. Logic 12 1490 16 3 1.2 22 20
Ann. Statist. 6 3600 12 13 13 23 23
Appl. Anal. 16 2944 4.7 13.7 0.6 24 3
Appl. Comput. Harmon. Anal. 6 1540 12 18 0.4 27 11
Appl. Math. Comput. 24 11330 8 1 1 8 8
Ark. Mat. 2 400 6 12 12 15 14
Automatica J. IFAC 12 4720 3 2 2.1 12 12
Balkan J. Geom. Appl. 2 240 5 5 3 8 6
Bernoulli 4 4000 9.5 13 13 24 24
Bull. Aust. Math. Soc. 6 1056 0.6 6 3 8 4
Bull. Lond. Math. Soc. 6 1152 7.6 3.4 1 10.9 8.4
Bull. Sci. Math. 8 760 9 6 1.4 16 10

Journal (Print  
and Electronic)

Number 
issues  

per  Year

Approximate 
Number  
Pages  

per  Year

Current Estimate of  
Waiting Time between  

Submission and Publication  
(in Months)

2018 Median Time 
(in Months) from:

Submission  
to Final 

Acceptance

Acceptance 
to 

 Print

Acceptance 
to Electronic

Posting ElectronicPrint 

http://mathscinet.ams.org/msnhtml/serials.pdf
http://mathscinet.ams.org/msnhtml/serials.pdf
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and Electronic)
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 Print
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to Electronic
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Canad. J. Math. 6 1500 6 13 4 11 8
Canad. Math. Bull. 4 900 4 16 2 14.5 6.5
Combinatorica 6 1500 10 23 10 16 10
Commun. Appl. Math. Comput. Sci. 2 200 14 4 3 16 15
Commun. Pure Appl. Anal. 6 3000 5 2 1 8 6
Complex Var. Elliptic Equ. 12 2160 4.7 10.7 0.9 13 5
Compos. Math. 12 2400 9.5 6.2 4.9 16.4 15.4
Comput. Aided Geom. Design 9 1060 6 1 0.3 10 9
Comput. Geom. 9 1110 9 6 2.2 12 9
Comput. Math. Appl. 24 7370 6 3 0.9 11 7
Constr. Approx. 6 1100 8 10 2 9 15
Differential Geom. Appl. 6 1440 8 1 0.5 8 8
Discrete Appl. Math 18 4310 13 7 1.3 18 14
Discrete Comput. Geom. 8 2000 9 4 1 12 9.5
Discrete Contin. Dyn. Syst. 12 6500 6 2 1 8 7
Discrete Contin. Dyn. Syst. Ser. B 12 5000 6 2 1 8 7
Discrete Math. 12 3550 11 1 1 11 11
Discrete Optim. 4 640 13 5 1.1 17 12
Duke Math. J. 18 3600 15 5 4 23 21
Dyn. Syst. 4 736 7.7 10.7 1 7.5 3
Eur. J. Math. 4 1500 5.5 6 1 10 8
European J. Combin. 8 2060 11 1 0.9 12 12
Expo. Math. 4 440 5 6 0.4 8 6
Finite Fields Appl. 6 2190 8 1 0.5 8 8
Found. Comput. Math. 6 1500 12 12 2 24 14
Geom. Topol. 7 3750 13 9 8 22 21
Historia Math. 4 460 7 3 1.3 13 7
Homology Homotopy Appl. 2 800 5 10.1 4.1 14 10
Houston J. Math. 4 1400 3 18 17 21 20
Illinois J. Math. 4 600 6 3 3 6 6
Indag. Math. (N.S.) 6 1660 9 4 1 13 12
Indiana Univ. Math. J. 6 2200 6 20 20 26 26
Infor. Process. Lett. 12 890 13 1 0.3 12 12
Inform. and Comput. 6 1820 10 10 7 13 11
Involve 5 900 7 7 6 14 13
Israel J. Math. 6 4500 7.5 12 11 16 14
J. Algebra 24 13640 10 1 0.2 11 11
J. Algebraic Geom. 4 800 15 7 2 12 12
J. Amer. Math. Soc. 4 1200 18.4 6.1 1.6 32.6 28.4
J. Anal. Math. 3 2400 6 37 36 27 25
J. Approx. Theory 12 1130 12 1 0.4 16 12
J. Aust. Math. Soc. 6 860 9 14 4 21 12
J. Combin. Theory Ser. A 8 3420 14 1 0.6 14 13
J. Combin. Theory Ser. B 6 1500 26 5 0.9 25 20
J. Complexity 6 640 8 3 0.5 11 9
J. Comput. Appl. Math. 18 8670 10 2 0.5 13 11
J. Comput. System Sci. 8 1210 16 5 0.9 17 14
J. Convex Anal. 4 1400 8 9 2 13 7
J. Difference Equ. Appl. 12 2112 4.8 3.8 0.7 6 2.5
J. Differential Equations 24 14090 9 2 0.5 11 8
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J. Differential Geom. 9 1670 9 18 18 18 18
J. Eur. Math. Soc. (JEMS) 12 3600 7 24 18 24 18
J. Funct. Anal. 24 7190 8 3 0.3 13 9
J. Geom. Phys. 12 3860 6 1 0.6 9 9
J. Ind. Manag. Optim. 4 1800 6 2 1 8 7
J. Integral Equations  Appl. 4 600 10 12 10 11 9
J. Lie Theory 4 1200 9 7 1 13 10
J. Log. Algebr. Program. 8 1330 10 1 0.6 15 14
J. Lond. Math. Soc. (2) 6 2048 9 5.1 1 17.8 10.5
J. Math. Anal. Appl. 24 17400 6 1 0.2 8 7
J. Math. Ecom. 6 920 9 2 0.6 17 17
J. Math. Phys. 12 8000 5.5 1 0.7 8 7
J. Math. Pures Appl. (9) 12 3320 9 6 0.2 13 10
J. Math. Soc. Japan 4 1320 8 15 14 13 11
J. Mod. Dyn. 1* 400 7 2 1 9 8
J. Multivariate Anal. 8 1660 9 1 0.3 11 9
J. Nonlinear Math. Phys. 4 650 2.2 4.5 4.5 8 7
J. Number Theory 12 5400 7 3 0.4 10 8
J. Operator Theory 4 1000 6 8 4 8 7
J. Pure Appl. Algebra 12 4290 4 5 0.4 12 9
J. Statist. Plann. Inference 6 940 11 4 0.5 14 12
J. Symbolic Comput. 6 1250 8 9 3.9 7 10
J. Symbolic Logic 4 1744 9 7 6 15 9
J. Théor. Nombres Bordeaux 3 1000 8 19 18 18 17
J. Theoret. Probab. 4 2000 8.5 10.5 0.5 16 8
J. Topol. 4 1344 12.2 3.9 1.6 16 14
Kodai Math. J. 3 700 5 7 7 12 12
Kyoto J. Math. 4 900 7 20 18 21 20
Linear Algebra Appl. 24 7970 8 1 0.2 9 8
Linear Multilinear Algebra 12 2592 4.9 11 0.6 24 3
Math. Comp. 6 3000 9.6 15.3 7.6 22.9 14.8
Math. Oper. Res. 4 1400 14.7 13.4 7.5 21.3 12
Math. Res. Lett. 6 1300 7 10 10 10 10
Math. Scand. 4 640 7 17 16 22 21
Math. Social Sci. 6 610 11 3 0.5 11 10
Mathematika 4 1100 6.2 5.5 4.3 10.6 9.4
Mem. Amer. Math. Soc. 6 4600 13.1 29.4 NA 40.3 NA
Methods Appl. Anal. 4 400 6 6 5 8 8
Michigan Math. J. 4 896 9 13 11 12 10
Multiscale Model. Simul. 4 2000 9.7 4.5 3 14.2 12.7
Nagoya Math. J. 4 856 2 25 1 27 3
Nonlinear Anal. 12 3470 4 2 1.1 5 5
Nonlinear Anal. Hybrid Syst. 4 1340 11 1 0.8 11 11
Nonlinear Anal. Real World Appl. 6 3440 8 1 0.8 7 7
Notre Dame J. Form. Log. 4 700 10.5 29 27.5 12 11
Osaka J. Math. 4 900 7 16 16 22 22
Pacific J. Math. 12 3000 11 10 9 20 19
Proc. Amer. Math. Soc. 12 5240 4.9 8.5 5.1 12.6 10.5
Proc. Lond. Math. Soc. (3) 12 3300 10.6 5.6 1.3 17.4 12
Quantum Topol. 4 800 7 12 6 9 10
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Quart. Appl. Math. 4 800 3.1 7.4 1.6 13.7 10.3
Real Anal. Exchange 2 500 4 9 7 13 5
Rocky Mountain J. Math. 8 2800 9 24 22 18 16
Semigroup Forum 6 1250 12 11 1 18 19
SIAM J. Appl. Math. 6 3000 8.1 4 2.5 12.1 10.6
SIAM J. Comput. 6 2500 16.6 4.5 3 21.1 19.6
SIAM J. Control Optim. 6 4500 12.9 4.1 2.6 17 15.5
SIAM J. Discrete Math. 4 3000 12.2 4.4 2.9 16.6 15.1
SIAM J. Math. Anal. 6 6000 8.6 3.7 2.7 12.3 11.3
SIAM J. Matrix Anal. Appl. 4 1800 10.1 4.4 2.9 14.5 13
SIAM J. Numer. Anal. 6 3600 9.2 3.6 2.6 12.8 11.8
SIAM J. Optim. 4 3500 12.7 5.1 3.6 17.8 16.3
SIAM J. Sci. Comput. 6 6600 9.7 3.8 2.8 13.5 12.5
SIAM Rev. 4 800 9.3 11.5 10.8 20.8 20.1
Stochastic Process. Appl. 12 4360 13 9 0.6 23 14
Theoret. Comput. Sci. 48 5230 10 6 0.6 16 11
Topol. Methods Nonlinear Anal. 4 1500 7.2 9.5 9 11 9.5
Topology Appl. 18 3650 8 1 0.6 7 9
Trans. Amer. Math. Soc. 12 8880 7 19.2 14.4 24.8 20.5

Abstr. Appl. Anal.  
www.hindawi.com/journals/aaa/

40 88 35 html, pdf, ps, dvi, tex, 
ePUB

Adv. Math. Commun.  
aimsciences.org/journal/1930-5346

48 90 21 html, pdf

Appl. Math. E-Notes  
www.math.nthu.edu.tw/~amen/

35 125 180  pdf

C. R. Math. Acad. Sci. Paris  
www.journals.elsevier.com/comptes-rendus-
mathematique

165 130 41 html, pdf

Conform. Geom. Dyn.  
www.ams.org/publications/journals/journalsframework/
ecgd

14 348 42  pdf

Differ. Geom. Dyn. Syst.  
www.mathem.pub.ro/dgds/

13 100 180  pdf

Differ. Uravn. Protsessy Upr.  
diffjournal/EN/about.html

27 35 20 html, pdf, tex, doc, docx

Discrete Math. Theor. Comput. Sci.  
dmtcs.episciences.org/

55 325 15  pdf

Electron. Commun. Probab.  
projecteuclid.org/info/euclid.ecp

102 185 27  pdf

Electron. J. Combin.  
www.combinatorics.org/

247 283 24  pdf

Electron. J. Differential Equations  
ejde.math.txstate.edu/

200 166 10  pdf, tex

Electron. J. Qual. Theory Differ. Equ.  
www.math.u-szeged.hu/ejqtde/

104 142 31  pdf

Electron. Res. Announc. Math. Sci.  
aimsciences.org/journal/1935-9179

10 30 14 html, pdf
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and Electronic)
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 Print
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to Electronic

Posting ElectronicPrint 
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of Articles 
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Electron. Trans. Numer. Anal.  
etna.math.uri.edu

29 271 63  pdf

ESAIM Control Optim. Calc. Var.  
www.esaim-cocv.org

65 203 273 html, pdf, tex

ESAIM Math. Model. Numer. Anal.  
www.esaim-m2an.org

70 195 170 html, pdf, tex

ESAIM Probab. Stat.  
www.esaim-ps.org/

15 170 194 html, pdf, tex

Int. J. Math. Math. Sci.  
www.hindawi.com/journals/ijmms/

47 85 36 html, pdf, ps, dvi, tex, 
ePUB

Integers  
integers-ejcnt.org

130 310 12  pdf

Inverse Probl. Imaging  
aimsciences.org/journal/1930-8337

60 90 21 html, pdf

J. Appl. Math.  
www.hindawi.com/journals/jam/

45 99 32 html, pdf, ps, dvi, tex, 
ePUB

J. Integer Seq.  
cs.uwaterloo.ca/journals/JIS/

72 152 18 html, pdf, ps, dvi, tex

Math. Biosci. Eng.  
www.aimspress.com/journal/MBE

60 45 7 html, pdf

Math. Mech. Complex Syst.  
msp.org/memocs/about/journal/about.html

18 120 120  pdf

Netw. Heterog. Media  
aimsciences.org/journal/1556-1801

32 120 21 html, pdf

Open Math.  
www.degruyter.com/view/j/math

136 170 55 html, pdf

Proc. Amer. Math. Soc. Ser. B  
www.ams.org/publications/journals/journalsframework/
bproc

8 156 117  pdf

Reliab. Comput.  
interval.louisiana.edu/reliable-computing-journal/

5 198 0  pdf

Represent. Theory  
www.ams.org/publications/journals/journalsframework/ert

9 363 45  pdf

Sém. Lothar. Combin.  
www.mat.univie.ac.at/~slc/

110 91 153  pdf, ps, dvi, tex

SIAM J. Appl. Algebra Geom.  
epubs.siam.org/journal/siaga

25 288 78  pdf

SIAM J. Appl. Dyn. Syst.  
epubs.siam.org/journal/siads/

87 230 84  pdf

SIAM J. Financial Math.  
epubs.siam.org/journal/sifin/

41 324 99  pdf

SIAM J. Imaging Sci.  
epubs.siam.org/journal/siims

87 189 78  pdf

SIAM/ASA J. Uncertain. Quantif.  
epubs.siam.org/journal/juq

63 318 75  pdf

Theory Appl. Categ.  
www.tac.mta.ca/tac/

42 346 5 html**, pdf

Theory Comput.  
theoryofcomputing.org/

22 375 308 html***, pdf, ps, tex

Trans. Amer. Math. Soc. Ser. B  
www.ams.org/publications/journals/journalsframework/btran

7 201 159  pdf

2018 Median Time  
(in days) from:

Submission  
to Final 

Acceptance

Acceptance 
to

PostingJournal (Electronic)

Number 
of Articles 
Posted in 

2018 Format(s)

NR means no response received. NA means not available or not applicable. 
*One volume in any year, no issues. 
**Abstracts only. 
***Applies to abstract, bibliography, author info, but not to full article.



Contact the AMS Development Of� ce
by phone: 401.455.4111

or email: development@ams.org

Connect international scholars 
to mathematical research.

Your donation enhances 
the research environment 

in over 40 countries.

www.ams.org/support 

Thank You

mathscinet.ams.orgAddis Ababa University in Ethiopia

National University of Laos

University of Montenegro

University of Malawi

University of Costa Rica

Some of the
supported institutions Support

MathSciNet
for Developing Countries

http://mathscinet.ams.org
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AMS Reciprocity Agreements

The  American  Mathematical  Society (AMS) has  reciprocity  agreements  with  a  number  of  mathematical  organi-
zations  around the world. A current list of the reciprocating societies appears here; for full details of the agreements, 
see www.ams.org/membership/individual/mem-reciprocity.

Ramanujan Mathematical Society
Romanian Mathematical Society
Romanian Society of Mathematicians
Royal Spanish Mathematical Society
Saudi Association for 

Mathematical Sciences
Singapore Mathematical Society
Sociedad Matemática de la 

Republica Dominicana
Sociedad Uruguaya de Matemática 

y Estadística
Société Mathématiques Appliquées 

et Industrielles
Society of Mathematicians, Physicists, 

and Astronomers of Slovenia
South African Mathematical Society
Southeast Asian Mathematical Society
Spanish Mathematical Society
Swedish Mathematical Society 
Swiss Mathematical Society
Tunisian Mathematical Society
Turkish Mathematical Society
Ukrainian Mathematical Society
Union of Bulgarian Mathematicians
Union of Czech Mathematicians 

and Physicists
Union of Slovak Mathematicians 

and Physicists
Vietnam Mathematical Society
Vijnana Parishad of India

Allahabad Mathematical Society
Argentina Mathematical Society
Australian Mathematical Society
Austrian Mathematical Society
Azerbaijan Mathematical Society
Balkan Society of Geometers
Bangladesh Mathematical Society
Belgian Mathematical Society
Berliner Mathematische Gessellschaft
Bharata Ganita Parisad
Brazilian Mathematical Society
Brazilian Society of Computational 

and Applied Mathematics
Calcutta Mathematical Society
Canadian Mathematical Society
Catalan Society of Mathematicians
Chilian Mathematical Society
Colombian Mathematical Society
Croatian Mathematical Society
Cyprus Mathematical Society
Danish Mathematical Society
Dutch Mathematical Society
Edinburgh Mathematical Society
Egyptian Mathematical Society
European Mathematical Society
Finnish Mathematical Society
German Mathematical Society
German Society for 

Applied Maths & Mechanics
Glasgow Mathematical Association
Hellenic Mathematical Society
Icelandic Mathematical Society

Indian Mathematical Society
Indonesian Mathematical Society
Iranian Mathematical Society
Irish Mathematical Society
Israel Mathematical Union
Italian Mathematical Union
János Bolyai Mathematical Society
Korean Mathematical Society
London Mathematical Society
Luxembourg Mathematical Society
Macedonian Society Association 

Mathematics/Computer Science
Malaysian Mathematical Society
Mathematical Society of France
Mathematical Society of Japan
Mathematical Society of 

the Philippines
Mathematical Society of 

the Republic of China
Mathematical Society of Serbia
Mexican Mathematical Society
Mongolian Mathematical Society
Nepal Mathematical Society
New Zealand Mathematical Society
Nigerian Mathematical Society
Norwegian Mathematical Society
Palestine Society for 

Mathematical Sciences
Parana’s Mathematical Society
Polish Mathematical Society
Portuguese Mathematical Society
Punjab Mathematical Society



Tuesday, January 14, 2020
8:00 am – 6:30 pm
Hyatt Regency Denver at the
Colorado Convention Center
What makes a chair different than any other
engaged faculty member in the department?
This workshop examines the chair’s role in
leading a department. The day will be structured
to include and encourage networking and
sharing of ideas amongst participants and will 
include four sessions:  

1. Modernizing mathematics and
mathematicians

2. Evaluating teaching

3. Dif� cult conversations

4. The “entrepreneurial” mathematics
department

Join mathematical sciences department chairs
and leaders for this annual one-day workshop.  

Registration fee: $200
Includes lunch and post-workshop reception.

If you are interested in attending, please
register online by December 18 at
www.ams.org/chairsworkshop2020.

Workshop leaders will be:
Luca Capogna
Worcester Polytechnic Institute

Kevin Knudson
University of Florida

Gloria Marí-Beffa
University of Wisconsin–Madison

Jennifer Zhao
University of Michigan–Dearborn

DEPARTMENT CHAIRS
WORKSHOP
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ANNUAL SURVEY

Mathematical and Statistical Sciences Annual Survey

Detailed information, including tables on which the 
graphics and commentary are based, is available on the 
AMS website at www.ams.org/annual-survey.

Department Chairs
The gender identity is known for all but 48 of the 1,509 
departments surveyed by the Annual Survey. Figures 1 and 
2 show the distribution of these department chairs. The 
ratio of women to men is 395:1066. Figure 2 shows the 
distribution of department chairs by department groupings 
excluding the unknowns. Seventy-six percent of all women 
chairs are in bachelors-granting departments.

This report presents a profile of mathematical sciences (MS) 
departments at four-year colleges and universities in the 
United States, as of fall 2017. The information presented 
includes the numbers of faculty in various categories, un-
dergraduate and graduate course enrollments, numbers of 
bachelors and masters degrees awarded during the preced-
ing year, and the number of graduate students. Definitions 
of categorized terms such as “Mathematical Sciences,” 
“Math,” and “Stats” along with a description of the faculty 
categories are provided at the end of this report.

Throughout this report the term doctoral faculty refers 
to faculty who hold a PhD.

Fall 2017 Departmental
Profile Report

Amanda L. Golbeck, Thomas H. Barr, and Colleen A. Rose

Amanda L. Golbeck is associate dean for academic affairs and professor of biostatistics in the Fay W. Boozman College of Public Health at University of 
Arkansas for Medical Sciences. Thomas H. Barr is AMS special projects officer. Colleen A. Rose is AMS survey analyst.
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Doctoral Faculty
The estimated number of full-time doctoral faculty in MS is 
21,901, of whom 19,662 (SE = 87) are in Math and 2,239 
(SE = 46) are in Stats. These values are, respectively, up by 
2% and down by 3% from the 2016 estimates. Figure F.2 
gives a further breakdown by departmental groupings.

Figures D.1, D.2, and D.3 give breakdowns by depart-
mental grouping of the numbers of doctoral faculty in MS 
by employment status, and Figure D.4 provides perspective 
on the distribution of full-time tenured doctoral faculty 
within the rank of full professor. 

Faculty Size
The estimated number of full-time faculty in MS for fall 
2017 is 25,632 (SE = 237). Figure F.1 gives a breakdown by 
department grouping. Of these, 23,254 (SE = 195) were in 
Math and 2,378 (SE = 55) were in Stats. Approximately 85% 
of these full-time MS faculty hold a doctorate, a percentage 
that has held the past five years.

In the five years following 2012, the full-time faculty 
count estimate has increased slightly by an average of about 
1% per year, with Math faculty growing on average at less 
than 1% a year and Stats faculty growing annually by about 
2% on average.

The estimated number of part-time faculty in Math is 
8,248, and in Stats this estimate is 255.

All Doctoral 
Math

242, 10% Stats
160, 6%

Masters
238, 9%

Bachelors
1882, 75%

Figure F.3. Full-time Faculty Teaching 
Courses Outside of the Mathematical 
Sciences

Total: 2,522*
*(30% teach only computer science courses)

Figure F.1. Full-time Faculty by 
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Here are a few other features of full-time doctoral 
faculty data: 
 • Of those tenured, 11,805 are in Math, and 1,104 are in 

Stats.
 • Among tenured faculty, 65% of those in Math and 72% 

of those in Stats hold the rank of full professor, and 
23% are women.

 • In the Doctoral Math Group, 2,850 (32%) are in non-
tenure-track positions. The breakdown is 1,328 post-
docs, 1,274 renewable, 220 fixed-term, and 28 other.

 • In the Stats Group, 676 faculty (30%) are in non-tenure-
track positions, which breaks down into 173 postdocs, 
464 renewable, 21 fixed-term, and 18 other.
The estimated count of 2,274 part-time doctoral faculty 

increased by 15% from 2016. Of these, 2,091 are in Math 
and 183 in Stats. Sixty-five percent of this total are in 
Masters and Bachelors departments, and 31% are women.

Figure D.5. Gender of Full-time Doctoral Faculty
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Figure D.4. Full-time Tenured Doctoral Full Professor Faculty
by Department Grouping
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Math, and 72 or 1% in Stats). Twenty-six percent of these 
individuals received benefits, and 46% are women.

Women Faculty
Women account for 31% (8,022) of all full-time faculty 
in MS. In Math, women made up 31% (7,224, SE = 83) of 
the full-time faculty; in Stats, women made up 34% (798, 
SE = 28) of full-time faculty. Figures FF.1, FF.2, FF.3, and 
FF.4, respectively, give detailed breakdowns of counts and 
percentages of full-time women faculty in the department 
groupings by employment status: tenured, tenure-eligible, 
rank of full professor, and non-tenure-eligible.

For the Doctoral Math departments, women composed 
17% of the combined doctoral tenured and tenure-eligible 
faculty and 28% of the doctoral non-tenure-track (includ-
ing postdocs) faculty in fall 2017. In the other groups these 
respective percentages are: 23% and 41% in Statistics, 31% 
and 51% in Biostatistics, 29% and 34% in Masters, and for 
Bachelors faculty they are 31% and 35%. Among the full-
time nondoctoral faculty in Math, women compose 57%. 
Women account for 42% of all part-time faculty in Math.
Features of full-time women faculty data:
• Women hold 15% of full-time tenured and 26% of 

full-time tenure-eligible positions in Doctoral Math 
departments.

 • 43% of all full-time women faculty are in the Bachelors 
departments.

 • Biostatistics departments reported the highest percent-
age of full-time women faculty (40%), followed by the 
Bachelors departments (37%), and Masters (35%). The 
Math Private Large Group reported the lowest (15%). 

 • The percentages of women holding postdocs in various 
department groupings ranged from a high of 41% in 
Bachelors to a low of 9% in Masters.

 • 85% of all women nondoctoral non-tenure-track faculty 
appointments (1,660) are renewable; 11% are fixed-
term, and 3% are other types of appointments.

Nondoctoral Faculty
The estimated number of full-time nondoctoral faculty in 
MS is 3,731, of which an estimated 3,592 are in Math and 
139 are in Stats. Figure ND.1 gives a more detailed break-
down. This count increased by about 2% over 2016, and 
it represents 15% of full-time faculty, a fraction that has 
held steady for the most recent five years. Approximately 
90% are non-tenure-track faculty, 75% are in Masters or 
Bachelors departments, and 57% are women. 

Approximately 276 faculty in this category are tenured 
(down from 309 in 2016), and fewer than 100 hold the rank 
of full professor. Essentially all are in the Bachelors Group. 
Of the non-tenure-track faculty in this category, 85% are 
in renewable appointments, and the rest are in fixed-term 
or other appointments.

Across the mathematical sciences, for the period in this 
report, there were approximately 6,229 part-time nondoc-
toral faculty, a 5% increase over 2016. Overwhelmingly, 
these faculty are in Math departments (6,157 or 99% in 

Figure FF.4. Full-time Non-tenure-track  Women Doctoral 
Faculty by Department Grouping
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Figure UE.2 shows undergraduate enrollments per full-
time faculty by grouping, sorted in descending order.

Graduate Course Enrollment
The estimated total number of graduate course enrollments 
for 2017 is 117,000 (SE = 5,000). In 2012, these enrollments 
were 106,000 (SE = 3,000), and in the intervening years 
the estimates have trended upward, suggesting overall 
average annual growth of about 2%. Figure GE.1 gives 
a breakdown for this total among the departments with 
graduate programs, and Figure GE.2 shows estimates for 
graduate enrollments per full-time tenured and tenure-
eligible faculty. 

Features of part-time women faculty data:
 • 61% of all part-time women faculty in Math are in 

Bachelors departments.
 • 80% of all part-time women faculty hold nondoctoral 

positions. Of these faculty, 24% receive benefits and less 
than 1% are phased retirements.

Undergraduate Course Enrollment
The 2017 estimate of total undergraduate enrollments in 
MS courses is 2,529,000 (SE = 29,000). Figure UE.1 gives a 
sorted breakdown of this number by department grouping. 
A 95% confidence interval based on this data is [2,472,160, 
2,585,840]. For 2016, the estimate was 2,487,000 but its SE 
was also large. At this confidence level, there is insufficient 
evidence in these data to conclude the enrollments have  
actually increased.

Figure UE.1. Undergraduate Course Enrollments (thousands) 
by Department Grouping, Fall 2017

Total Undergraduate Enrollments (thousands): 2,529

Figure GE.1. Graduate Course Enrollments (thousands) by 
Department Grouping, Fall 2017

Total Graduate Enrollments (thousands): 117

Figure GE.2. Graduate Course Enrollment per Full-time Tenured 
& Tenure-eligible Faculty Member, by Department Grouping, 
Fall 2017
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Figure UD.1 shows the distributions of undergraduate 
degrees awarded by major and department grouping, and 
Figure UD.2 gives a breakdown by gender. Figure UD.3 
provides a multi-year perspective.
Here are some further highlights:
 • All department groupings reported increases in the 

number of undergraduate degrees awarded, except Math 
Public Medium and Masters.

 • 39% (13,946) of all bachelors degrees, 55% (1,548) 
of mathematics education degrees, and 18% (556) of 
computer science degrees were earned by women.

 • Of all degrees in mathematics (24,848, 69% of all bach-
elors degrees awarded), 52% (12,969) were awarded in 
the Doctoral Math group; 39% of these degrees were 
awarded to women.

Undergraduate Degrees Awarded
For the period 2016–17, the estimated number of bachelors 
degrees awarded in MS departments is 35,840 (SE = 759), 
up 5% from the 2015–16 estimate of 34,219. Of these, 
13,946 were earned by women (39%), a 3% increase. In 
Math Departments, the 2016–17 estimated number of 
bachelors degrees awarded is 33,862, a count that includes 
24,802 Math degrees, 2,827 Math Ed degrees, 953 Statis-
tics-only degrees, 3,143 Computer Science-only degrees, 
and 2,137 other degrees. Approximately 13,052 of these 
degrees were earned by women. This figure represents a 6% 
increase from last year’s estimate of 12,800 degrees awarded 
by Math departments to women. 

Figure UD.1. Undergraduate Degrees Awarded by Major and Department Grouping (Degrees awarded between July 1, 2016
and June 30, 2017)
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 ○ 35% (8,670) were awarded in Bachelors depart-
ments, and 43% of these were to women.

 ○ 13% (3,163) were awarded in Masters depart-
ments, and 38% of these were to women. 

 • Of all degrees in statistics (2,756, or 8% of all bachelors 
degrees),

 ○ 65% (1,803) were awarded in departments of 
Statistics or Biostatistics

 ○ 43% (1,197) were awarded to women
 • Of degrees in Computer Science awarded in mathe-

matical sciences departments (3,143, 9% of bachelors 
awarded), 73% (2,306) were awarded in the Bachelors 
Group, and 18% of these were to women.

Masters Degrees Awarded
For the period 2016–2017, the estimated number of masters 
degrees awarded in MS departments is 7,246 (SE = 336), a 
decrease of 9% from the 2015–2016 estimate of 7,954. Of 
these, 2,944 or 41% were earned by women, a 8% decrease 
from the 2015–2016 estimate consisting of 3,203. In Math  
departments, the estimated number of masters degrees 
awarded is 4,669, a count estimate consisting of 3,174 Math 
degrees, 333 Math Ed degrees, 710 Statistics-only degrees, 
176 Computer Science-only degrees, and 276 other degrees. 
Approximately 1,768 of these are earned by women. This 
figure represents a 13% decrease from last year’s estimate 
of 5,360 masters degrees awarded by Math departments.

Figures MD.1 and MD.2 show distribution by major, 
department grouping, and gender. Figure MD.3 gives a 
longitudinal view of degree counts and percentages of 
women recipients.

Figure MD.2. Masters Degrees Awarded by Major and Gender 
(Degrees awarded between July 1, 2016 and June 30, 2017)
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Figure MD.1. Masters Degrees Awarded by Major and Department Grouping (Degrees awarded between July 1, 2016
and June 30, 2017)
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GS.2 provides insight into longer-term trends in graduate 
student environments and gender. 
Features of full-time graduate student data:
 • Women account for 36% of full-time graduate students  

and 40% of full-time first-year graduate students.
 • First-year graduate students decreased 6% to 6,982 from 

7,402. 
 • US citizen and permanent resident graduate students 

decreased 2% from 11,587 to 11,383. 88% of this de-
crease comes from the Statistics group which dropped 
14% from 1,732 to 1,497.

 • Underrepresented minorities accounted for 12% of US 
citizen and permanent resident graduate students and 
13% of first-year graduate students. Women compose 
38% and 39%, respectively, of these categories.

 • Underrepresented minorities decreased by 8% overall 
with only Math Private Large reporting an increase of 
6%; all groupings reported decreases or no change.

 • Non-US citizen full-time graduate students increased 
slightly from 12,226 to 12,288. All groups except Math 
Public Small, Math Public Medium, Math Public Large, 
and Masters reported more non-US citizen graduate 

Here are a few highlights regarding the masters 
degrees:
 • All department groupings reported decreases in the 

number of masters degrees awarded except Math Public 
Small, Applied Math, and Biostatistics which all showed 
increases of 18%.

 • 37% (2,680) of masters degrees were in statistics.
 • 21% (1,507) of masters degrees were awarded by Masters 

departments, 25% (1,822) by Statistics, and 12% by 
Math Public Small.

 • 41% of all masters degrees were awarded to women, with 
the lowest rates of 29% (51) in computer science-only 
followed by 30% (1,026) among math majors and the 
highest rate of 68% (226) among mathematics educa-
tion majors.

 • 46% (3,365) of masters degrees represented were 
awarded in mathematics.

 ○ 24% (824) of these were awarded by Masters 
departments.

 ○ 29% (237) of these were awarded to women.
 • 5% (333) of masters degrees were in mathematics ed-

ucation.
 ○ 60% (201) of these were awarded by Masters de-

partments.
 ○ Women earned 68% of all mathematics education 

degrees.
 • 10% (692) of masters degrees in mathematical sciences 

departments were in other degrees.
 ○ 48% (331) of Other masters were awarded by the 

Biostatistics Group; 64% of these went to women.

Graduate Students
In fall 2017, the total number of full-time graduate students 
is estimated at 23,671, with 16,285 in Math (essentially 
unchanged from 16,305 in fall 2016) and 7,386 in Stats. 
Figure GS.1 gives a breakdown by department grouping. 
The total number of full-time graduate students in Doc-
toral Math departments is 13,896 (from 13,702). Table 

Mathematical and Statistical Sciences Annual Survey
www.ams.org/annual-survey

2008 2009 2010 2011 2012 2013 2014 2015 2016 2017

Total full-t ime graduate students 10883 11286 13048 12514 12684 12961 13023 13431 13702 13896

Women 3193 3248 3839 3773 3771 3969 3925 4039 4146 4233

% Women 29% 29% 29% 30% 30% 31% 30% 30% 30% 30%

% US Citizen & Permanent Residents1 55% 56% 57% 56% 54% 53% 55% 53% 52% 52%

% Underrepresented minorities2 9% 9% 11% 8% 8% 9% 11% 15% 13% 13%

Total f irst -year graduate students 2924 3040 3313 3288 3394 3623 3551 3646 3704 3701

Women 870 904 1019 1077 1036 1205 1193 1188 1200 1279

% Women 30% 30% 31% 33% 31% 33% 34% 33% 32% 35%

% US Citizen & Permanent Residents1 56% 55% 51% 50% 54% 53% 55% 53% 52% 52%

% Underrepresented minorities2 10% 9% 9% 9% 7% 10% 13% 14% 12% 14%
 1 Starting with 2014 departments were asked to report US citizen and permanent resident counts together. All percentages prior to 2014 have been updated to allow for comparison with 
previous years data.

 2 Prior to 2014 these counts only included US Citizens.  Underrepresented minorities includes any person having origins within the categories American Indian or Alaska Native, Black or African 
American, Hispanic or Latino, and Native Hawaiian or Other Pacific Islander.

Table GS.2. Full-time Graduate Students in All Doctoral Math Groups Combined by Gender and Citizenship, Fall 2008–2017

1 Starting with 2014, departments were asked to report US citizen and permanent resident counts together; previously permanent residents were included in 
the non-US citizen counts. All percentages prior to 2014 have been updated to allow for comparison with previous years’ data.
2 Prior to 2014 these counts only included US Citizens. Underrepresented minorities include any person having origins within the categories American Indian or 
Alaskan Native, Black or African American, Hispanic or Latino, and Native Hawaiian or Other Pacific Islander.

Figure GS.1. Graduate Students by Department Grouping, 
Fall 2017
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Standard errors were calculated for some of the key es-
timates for the Doctoral Math Group (Math Public, Math 
Private, and Applied Math), and for the Masters, Bachelors, 
Statistics, and Biostatistics Groups. Standard errors are cal-
culated using the variability in the data and can be used to 
measure how close our estimate is to the true value for the 
population. As an example, the number of full-time faculty 
in the Masters Group is estimated at 4,343 with a standard 
error of 107. This means the actual number of full-time 
faculty in the Masters Group is most likely between 4,343 
plus or minus two standard errors, or between 4,129 and 
4,557. This is much more informative than simply giving 
the estimate of 4,343.

Estimates are also given for parameters that are totals 
from all groups, such as the total number of full-time fac-
ulty. For example, an estimate of the total number of full-
time faculty in all groups except Statistics and Biostatistics 
combined is 23,254, with a standard error of 195.

The careful reader will note that a row or column total 
may differ slightly from the sum of the individual entries. 
All table entries are the rounded values of the individual 
projections associated with each entry, and the differences 
are the result of this rounding (as the sum of rounded 
numbers is not always the same as the rounded sum).

Department Groupings
In this report, Mathematical and Statistical Sciences depart-
ments are those in four-year institutions in the US that 
refer to themselves with a name that incorporates (with 
a few exceptions) “Mathematics” or “Statistics” in some 
form.  For instance, the term includes, but is not limited to, 
departments of “Mathematics,” “Mathematical Sciences,” 
“Mathematics and Statistics,” “Mathematics and Computer 

students than US citizens. 39% of all non-US graduate 
students were reported by Stats. Women account 40% 
(4,933) of non-US citizen graduate students.

Features of part-time graduate student data:
 • The overall count held steady at 4,480. In most groups 

the number fell slightly, but an increase in Statistics 
from 352 in 2016 to 566 in 2017 helped to compensate. 

 • Underrepresented minorities account for 13% of these 
students, essentially the same percentage as in 2016. 

Faculty Categories 
The faculty categories used in this report are described 
below. Departments were asked to report any faculty mem-
ber who was considered to be full-time in the institution for 
the academic year and at least half-time in the department.  
Each faculty member was reported in exactly one of these 
categories.

Tenure-track faculty includes full-time faculty who 
hold tenured/tenure-eligible positions (i.e., only those 
individuals who are tenured full professors, other tenured 
and tenure-eligible faculty).

Postdoctoral faculty includes full-time faculty who have 
teaching and/or research responsibilities, but for a strictly 
limited term of employment (i.e., those individuals who 
hold a temporary position primarily intended to provide 
an opportunity to continue training or to further research 
experience).

Non-tenure-track faculty includes full-time faculty eligi-
ble for benefits and with an appointment that lasts at least 
one academic year. These faculty hold appointments that 
are renewable (potentially unlimited), fixed-term but not 
renewable, or temporary.  Typical titles for these positions 
are Lecturer, Senior Lecturer, Instructor, Senior Instructor, 
Associate/Assistant/Full Teaching Professor, Professor of 
the Practice, or Clinical Professor, and similar titles for 
research-only faculty.

Part-time faculty includes those individuals who are 
hired term-by-term, paid by the course, and/or those in 
phased retirement.

Remarks on Statistical Procedures
The questionnaire on which this report is based, “De-
partmental Profile,” is sent to all Doctoral, Masters, and 
Bachelors departments in the US.

Response rates vary substantially across the different 
department groups. For most of the data collected on the 
Departmental Profile form, the year-to-year changes in a 
given department’s data are small when compared to the 
variations among the departments within a given group. 
As a result of this, the most recent prior year’s response is 
used (imputed) if deemed suitable. After the inclusion of 
prior responses, standard adjustments for the remaining 
nonresponses are then made to arrive at the estimates 
reported for the entire grouping. 

A department is in 
Group...

...when its subject area, 
highest degree offered, and 

PhD production rate p

Math Public Large Math PhD, 7.0 ≤ p

Math Public Medium Math PhD, 3.9 ≤ p < 7.0

Math Public Small Math PhD, p < 3.9

Math Private Large Math PhD, 3.9 ≤ p

Math Private Small Math PhD, p < 3.9

Applied Math Applied mathematics, PhD

Statistics Statistics, PhD

Biostatistics Biostatistics, PhD

Masters Math, masters

Bachelors Math, bachelors

Doctoral Math
Math Public, Math Private, & 
Applied Math

Stats or Stat/Biostat Statistics & Biostatistics

Math All groups except Statistics & 
Biostatistics
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ANNUAL SURVEY

Math and Stat Sciences Annual Survey

Science,” “Applied Mathematics,” “Statistics,” and “Bio-
statistics.” Also, Mathematics (Math) refers to departments 
that (with exceptions) have “mathematics” in the name; 
Stats refers to departments that incorporate (again, with 
exceptions) “statistics” or “biostatistics” in the name but 
do not use “mathematics.” 

Listings of the actual departments that comprise 
these groups are available on the AMS website at  
www.ams.org/annual-survey/groupings.

Survey Response Rates by Grouping
Departmental Profile Department Response Rates

Group Number Percent Imputed1

Math Public Large 26 of 26 100%     8

Math Public Medium 38 of 40     95%     5

Math Public Small 62 of 68     91%     5

Math Private Large 21 of 24     88%     3

Math Private Small 26 of 28     93%    10

Applied Math 22 of 252     88%     4

Statistics 52 of 59     88%    20

Biostatistics 33 of 442     75%     9

Masters 107 of 174     61%    32

Bachelors 566 of 1,021     55% 186

Total 954 of 1,509     63% 288
1See paragraph two under ‘Remarks on Statistical Procedures.’
2The populations for Applied Math and Biostatistics are slightly less than 
for the Doctorates Granted Survey because some programs do not formally 
“house” faculty, teach undergraduate courses, or award undergraduate 
degrees.
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EUROPEAN 
MATHEMATICAL 
SOCIETY

FEATURED TITLE FROM THE

Explore more titles at
bookstore.ams.org.

Publications of the European Mathematical Society (EMS). 
Distributed within the Americas by

the American Mathematical Society.

Spectral 
Structures and 
Topological 
Methods in 
Mathematics
Michael Baake, Universität 
Bielefeld, Germany, Friedrich 
Götze, Universität Bielefeld, 
Germany, and Werner 
Hoffmann, Universität 
Bielefeld, Germany, Editors

This book is a collection of 
survey articles about spectral 

structures and the application of topological methods 
bridging different mathematical disciplines, from pure 
to applied. The topics are based on work done in the 
Collaborative Research Centre (SFB) 701.

Notable examples are non-crossing partitions, which 
connect representation theory, braid groups, non-com-
mutative probability, as well as spectral distributions of 
random matrices. The local distributions of such spectra 
are universal and also represent the local distribution of 
zeros of L-functions in number theory.

An overarching method is the use of zeta functions in 
the asymptotic counting of sublattices, group represen-
tations, etc. Further examples connecting probability, 
analysis, dynamical systems, and geometry are generating 
operators of deterministic or stochastic processes, sto-
chastic differential equations, and fractals, relating them 
to the local geometry of such spaces and the convergence 
to stable and semi-stable states.

EMS Series of Congress Reports, Volume 15; 2019; 433 
pages; Hardcover; ISBN: 978-3-03719-197-2; List US$108; 
AMS members US$86.40; Order code EMSSCR/15

Learn more at bookstore.ams.org/emsscr-15.

http://bookstore.ams.org/emsscr-15
http://bookstore.ams.org
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Speh Awarded 
Noether Lectureship

Birgit Speh of Cornell University has 
been named the 2020 Noether Lec-
turer by the Association for Women 
in Mathematics (AWM) and the AMS. 
She will deliver the prize lectures at 
the 2020 Joint Mathematics Meet-
ings. 

Speh is known for her work on the 
representation theory of reductive 
Lie groups and its relationship to 
automorphic forms and the coho-

mology of arithmetic groups. Her research has explored 
connections between unitary representations, automorphic 
forms, and the geometry of locally symmetric spaces. In 
recent work Speh has studied restrictions of representations 
of reductive groups to noncompact reductive subgroups. 
This work on “symmetry breaking” has led, in joint work 
with Kobayashi, to proofs of conjectures of Gross–Prasad 
for some pairs of orthogonal groups.

Speh received her PhD from the Massachusetts Institute 
of Technology in 1977 under the supervision of Bertram 
Kostant. In her thesis she classified the unitary representa-
tions of low-dimensional general linear groups and then 
introduced, in her early work, a special class of unitary rep-
resentations of general linear groups over the real numbers 
that now bears her name. She held postdoctoral positions 
at the University of Chicago and the University of Wup-
pertal before joining the faculty at Cornell University in 
1980. In 1983 she became the first woman to earn tenure 
in the Cornell University Department of Mathematics. She 
is currently the Goldwin Smith Professor of Mathematics 
at Cornell. Her honors include a Sloan Fellowship (1981) 
and a Humboldt Research Award (1996). She has been an 
invited speaker at the International Congress of Mathemati-
cians in Madrid (2006). She was a member of the inaugural 
class of Fellows of the AMS (2013).

The AWM established the Emmy Noether Lectures in 
1980 to honor women who have made fundamental and 
sustained contributions to the mathematical sciences.

—From an AWM announcement

Mann Receives 
Duszenko Award

Kathryn Mann of Cornell University 
has been awarded the 2019 Kamil 
Duszenko Award for her work in 
topology, geometry, geometric group 
theory, dynamics, and other areas 
of mathematics. Her work involves 
actions of infinite groups on mani-
folds and the moduli spaces of such 
actions: character varieties, spaces of 
flat bundles or foliations, and spaces 
of left-invariant orders on groups. 

Some of her work involves the relationship between the 
algebraic and topological structure of diffeomorphism and 
homeomorphism groups, the large-scale geometry of such 
groups (e.g. subgroup distortion and dynamical conse-
quences of this), and rigidity phenomena for group actions, 
often arising from some geometric structure. Mann received 
her PhD from the University of Chicago in 2014 under 
the supervision of Benson Farb. She has held positions at 
the University of California, Berkeley, the Mathematical 
Sciences Research Institute (MSRI), and Brown University, 
and a visiting position at the Institut de Mathématiques de 
Jussieu. Her honors include the Mary Ellen Rudin Young 
Researcher Award (2017), an NSF Postdoctoral Research 
Fellowship (2016–2019), an Alfred P. Sloan Fellowship 
(2019), an NSF Career Award (2019), and the AWM Bir-
man Research Prize in Topology and Geometry (2019). 
She enjoys spending time outdoors, particularly hiking, 
biking, and rowing. 

The Duszenko Award is given by the Wrocław Math-
ematicians Foundation (WMF) for outstanding work or 
research that has significantly contributed to the deepening 
of knowledge and further progress in the field of mathemat-
ics. It was founded in honor of Kamil Duszenko, a young 
mathematician who died of acute lymphoblastic leukemia 
at the age of twenty-eight. It is given at least every two years 
in the fields of mathematics and hematology.

—From a WMF announcement

Kathryn Mann Birgit Speh
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interface of probability, the theory of algorithms, and statis-
tical physics. He has made major advances in the fields of 
the stochastic block model, formalizations of the one-step 
replica symmetry-breaking heuristic, and sharp analysis of 
Glauber dynamics. Sly received his PhD in statistics from 
the University of California, Berkeley, in 2009 under the 
supervision of Elchanan Mossel. He was a postdoctoral 
fellow at Microsoft Research (2009–2011) and a member 
of the Berkeley statistics department (2011–2016). He has 
been on the faculty at Princeton since 2016. He received a 
Sloan Research Fellowship in 2012 and a MacArthur Fel-
lowship in 2018. The Loève Prize is awarded every two years 
to recognize outstanding contributions by researchers in 
probability who are under forty-five years of age. It carries 
a cash award of US$30,000.

—David Aldous

Caspers Awarded 
Zemánek Prize

Martijn Caspers of Delft University 
of Technology has been awarded 
the second Jaroslav and Barbara 
Zemánek Prize for his achievements 
in functional analysis, with special 
emphasis on operator theory. He 
received his PhD in 2012 at the Rad-
boud University Nijmegen under 
Erik Koelink. His research interests 
are in quantum groups, operator 
algebras, operator spaces and their 

approximation properties, noncommutative Lp-spaces, 
and harmonic analysis on noncommutative spaces. When 
he’s not working on mathematics, Caspers enjoys playing 
chamber music on the French horn.

The Zemánek Prize was founded by the Institute of 
Mathematics of the Polish Academy of Sciences (IMPAN) 
to encourage research in functional analysis, operator 
theory, and related topics. The prize recognizes the work 
of mathematicians under thirty-five years of age who have 
made important contributions to the field. The mone-
tary amount of the prize is 13,000 PLN (approximately 
US$3,300). More information about the prize is available 
at https://www.impan.pl/en/events/awards/b-and 
-j-zemanek-prize.

—From an IMPAN announcement

Sarnak Awarded 
Sylvester Medal

Peter Sarnak of the Institute for Ad-
vanced Study has been awarded the 
2019 Sylvester Medal of the Royal 
Society for “transformational contri-
butions across number theory, com-
binatorics, analysis and geometry.” 
According to the citation, Sarnak “is 
widely recognized internationally as 
one of the leading analytic number 
theorists of his generation. His early 
work on the existence of cusp forms 

led to the disproof of a conjecture of Selberg. He has ob-
tained the strongest known bounds towards the Ramanujan 
conjectures for sparse graphs, and he was one of the first 
to exploit connections between certain questions of theo-
retical physics and analytic number theory. There are fun-
damental contributions to arithmetical quantum chaos, a 
term which he introduced, and to the relationship between 
random matrix theory and the zeros of L-functions. His 
work on subconvexity for Rankin–Selberg L-functions led 
to the resolution of Hilbert’s eleventh problem.”

Sarnak received his PhD from Stanford University in 
1980. He has been associated with the Courant Institute of 
Mathematics of New York University, Stanford University, 
and Princeton University. His honors and awards include 
the SIAM Pólya Prize (1998), the Ostrowski Prize (2001), 
the AMS Levi L. Conant Prize (2003), the AMS Frank Nel-
son Cole Prize (2005), the MAA Lester Ford Prize (2012), 
and the Wolf Prize in Mathematics (2014). He is a member 
of the American Academy of Arts and Sciences, the Na-
tional Academy of Sciences of the USA, and the American 
Philosophical Society. He is a Fellow of the Royal Society.

The Sylvester Medal is awarded annually for an outstand-
ing researcher in the field of mathematics and carries a cash 
award of ₤2,000 (approximately US$2,400).

—From a Royal Society announcement

Sly Awarded Loève Prize
Allan Sly of Princeton University has 
been awarded the Loève Prize for his 
research in discrete probability the-
ory and its applications to problems 
from statistical physics, theoretical 
computer science, and theoretical 
statistics. He is best known for the 
use of deep probabilistic methods to 
solve long-standing problems at the 

Peter Sarnak

Allan Sly

Martijn Caspers

https://www.impan.pl/en/events/awards/b-and-j-zemanek-prize
https://www.impan.pl/en/events/awards/b-and-j-zemanek-prize
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cipients of the G. de B. Robinson Award for outstanding 
contributions to the Canadian Journal of Mathematics or the 
Canadian Mathematical Bulletin. They were honored for their 
paper “Stackings and the W-cycles Conjecture,” Canadian 
Mathematical Bulletin 60 (2017), no. 3.

Mikhail Karpukhin of the Uni-
versity of California, Irvine, has been 
awarded the 2019 Doctoral Prize. 
He works in the area of geometric 
spectral theory. According to the 
citation, “His thesis consists of a se-
ries of striking results among which 
[are] an isoperimetric inequality for 
the first Laplace eigenvalue on non- 
orientable surfaces extending cele-
brated results of Yang–Yau and Li–
Yau from the 80’s, new upper bounds 

on the Steklov eigenvalues of a manifold—best known 
result to date in the case of a surface of given genus and 
boundary components, and explicit upper bounds on all 
eigenvalues of the Dirichlet–Neumann map for differential 
forms on a manifold of arbitrary dimension.”

—From CMS announcements

MAA Awards Presented
The Mathematical Association of America (MAA) awarded 
prizes for the best mathematics writing published in MAA 
journals at its MathFest meeting in August 2019 in Cincin-
nati, Ohio.

The Carl B. Allendoerfer Awards for excellent mathemat-
ical writing published in Mathematics Magazine were pre-
sented to William Dunham, Bryn Mawr College, for “The 
Early (and Peculiar) History of the Möbius Function” and 
to Jordan Bell, University of Toronto, and Viktor Blaåsjö, 
Utrecht University, for their joint paper “Pietro Mengoli’s 
1650 Proof That the Harmonic Series Diverges.”

The Trevor Evans Award for excellent writing for an 
undergraduate audience published in Math Horizons was 
given to Stan Wagon of Macalester College for his article 
“Resolving the Fuel Economy Singularity.”

The Paul R. Halmos–Lester R. Ford Award recognizes 
exceptional writing published in the American Mathematical 
Monthly. The recipients are Adrian Rice, Randolph-Macon 
College, “Partnership, Partition, and Proof: The Path to 
the Hardy–Ramanujan Partition Formula”; Jonathan M. 
Borwein, University of Newcastle, and Robert M. Cor-
less, Western University, “Gamma and Factorial in the 
Monthly”; Andrew Granville, Université de Montréal, 
“Using Dynamical Systems to Construct Infinitely Many 
Primes”; and Kenneth S. Williams, Carleton University, 

2019 AIM Alexanderson 
Award
Paul Bruillard of Expedia Group, Siu-Hung Ng of Louisi-
ana State University, Eric Rowell of Texas A&M University, 
and Zhenghan Wang of the University of California, Santa 
Barbara, have been awarded the 2019 Gerald Alexanderson 
Award of the American Institute of Mathematics (AIM) for 
their paper “Rank-finiteness for modular categories,” Jour-
nal of the American Mathematical Society 29 (2016), no. 3. 
The work began at an AIM workshop “Classifying Fusion 
Categories” in 2012. The award recognizes outstanding 
research articles arising from AIM research activities that 
have been published within the past three years.

—From an AIM announcement

Prizes of the Canadian 
Mathematical Society
The Canadian Mathematical Society (CMS) has awarded a 
number of prizes for 2019.

Tiina Hohn of MacEwan University has been awarded 
the 2019 Adrien Pouliot Award for her outstanding contri-
butions to mathematics education. According to the award 
citation, “her love of teaching and passion for mathematics 
have been her principal drives since 1983. In addition 
to teaching undergraduate courses at MacEwan, she has 
also been involved with many outreach activities in local 
schools.” The award recognizes individuals who have made 
significant and sustained contributions to mathematics 
education in Canada.

Karl Dilcher of Dalhousie Univer-
sity has been named the recipient of 
the 2019 Graham Wright Award for 
Distinguished Service. He has been 
a dedicated member of a variety of 
committees and editorial boards of 
CMS and has served on its board 
of directors. He has been a member 
of various committees and panels 
at Dalhousie, is involved with the 
Fibonacci Association and The Fi-
bonacci Quarterly, and is a Fellow of 

the CMS. He has developed a special recycling program for 
the reuse of mathematics books. The award is presented 
to individuals who have made sustained and significant 
contributions to the Canadian mathematics community, 
particularly through their involvement with CMS.

Lars Louder of University College London and Henry 
Wilton of the University of Cambridge are the 2019 re-

Karl Dilcher

Mikhail Karpukhin
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SIAM Prizes Awarded
The Society for Industrial and Applied Mathematics (SIAM) 
has awarded a number of prizes for 2019. 

Andrea L. Bertozzi of the University of California, Los 
Angeles, has been awarded the Ralph E. Kleinman Prize 
for her “groundbreaking research in partial differential 
equations, image processing, numerical analysis, scientific 
computing, mathematical data science, and the application 
of mathematics to problems in the physical, life, and social 
sciences.” Bertozzi received her PhD from Princeton Uni-
versity and was on the faculty at Duke University before 
joining UCLA. She received the AWM-SIAM Sonia Kovalev-
sky Lecture Prize in 2009. She is an elected member of the 
American Academy of Arts and Sciences and of the National 
Academy of Sciences of the United States. She is a Fellow of 
the AMS, the American Physical Society, and SIAM.

Weinan E of Princeton University was awarded the 
2019 Peter Henrici Prize for “breakthrough contributions 
in various fields of applied mathematics and scientific 
computing, particularly nonlinear stochastic (partial) 
differential equations (PDEs), computational fluid dy-
namics, computational chemistry, and machine learning.” 
He received his PhD from the University of California, Los 
Angeles, and has held positions at New York University, 
the Institute for Advanced Study, and the Courant Institute 
for Mathematical Sciences. His honors include the Collatz 
Prize (2003), the Ralph E. Kleinman Prize (2009), and the 
Theodore von Kármán Prize (2014). He is a Fellow of the 
Institute of Physics, SIAM, and the AMS.

Maria J. Esteban of Université Paris–Dauphine received 
the SIAM Prize for Distinguished Service to the Profession. 
She was honored for her “outstanding contributions to 
bringing together the mathematics communities in France, 
Europe, and the rest of the world and helping to bridge the 
gaps between theoretical mathematics and applications, 
including applications in industry.” She received her PhD 
from Université Pierre et Marie Curie in 1981 and is senior 
researcher at Centre National de Recherche Scientifique 
along with her position at Université Paris–Dauphine. She 
has served as an associate editor of the SIAM Journal on 
Mathematical Analysis and is a Fellow of SIAM.

Steven Strogatz of Cornell University has been awarded 
the George Pólya Prize for Mathematical Exposition for 
his “extensive and brilliant works conveying the fascina-
tion and the impact of mathematics to the general public 
through numerous books, newspaper and magazine arti-
cles, and radio, television, web, and video appearances, and 
for his important and influential textbook on nonlinear 
dynamics and chaos.” Strogatz has blogged about math 
for The New Yorker and The New York Times and has often 
guested on radio shows. He is the author of several books, 
including Infinite Powers: How Calculus Reveals the Secrets 
of the Universe. 

“Everything You Wanted to Know about ax2+by2+cz2+dt2 
but Were Afraid to Ask.”

The George Pólya Awards recognize exceptional papers 
published in the College Mathematics Journal. The recipients 
are Stanley R. Huddy, Fairleigh Dickinson University, and 
Michael A. Jones, Mathematical Reviews, “The Calculus 
Behind Generic Drug Equivalence”; and Peter McGrath, 
University of Pennsylvania, “Newton’s Shell Theorem via 
Archimedes’ Hat Box and Single-Variable Calculus.”

The Merten M. Hasse Prize honors authors for a note-
worthy expository paper appearing in an Association pub-
lication, at least one of whose authors is a younger mathe-
matician, generally under the age of forty. David Treeby of 
Monash University was honored for “Further Thoughts on 
a Paradoxical Tower” in the American Mathematical Monthly.

In addition, the MAA awarded prizes for teaching and 
service. The newly formed MAA Award for Inclusivity rec-
ognizes a person who has performed significant, sustained 
work to broaden access to mathematics. Sylvia Trimble 
Bozeman of Spelman College received the inaugural award 
for her four decades of teaching, supervising, and men-
toring countless students. She has shown an unwavering 
commitment to bringing more African Americans—as well 
as women and individuals from other underrepresented 
groups—into the field of mathematics.

The Henry L. Alder Awards honor beginning college or 
university faculty members whose teaching has been highly 
effective and successful in undergraduate mathematics. 
The awardees for 2019 are P. J. Couch, Lamar University; 
Pamela Harris, Williams College; and Alicia Prieto Lan-
garica, Youngstown University.

The Mary P. Dolciani Award honors the combination of 
excellence in both mathematical research and mathematics 
education. This year’s awardee is Joseph Gallian of the 
University of Minnesota Duluth.

The Daniel Solow Author’s Award recognizes authors 
of undergraduate mathematics teaching materials. Tim 
Chartier of Davidson College is honored for his ability to 
engage readers through his enthusiasm for mathematics 
and his writings that demonstrate his extraordinary ability 
to reach a wide range of audiences.

The Certificate of Meritorious Service is presented for 
service at the national level or for service to a section of the 
Association. This year’s honorees are John Thoo, Yuba Col-
lege; Richard Alan (Rick) Gillman, Valparaiso University; 
John Travis, Mississippi College; Martha Abell, Georgia 
Southern University; Dave Skoug, University of Nebraska–
Lincoln; Muriel Skoug, Nebraska Wesleyan University; and 
Christopher Swanson, Ashland University.

—From MAA announcements
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US Team Ties for First 
in International 
Mathematical Olympiad

The US team tied for first place with the team from China 
at the 60th International Mathematical Olympiad (IMO), 
held in Bath, United Kingdom, July 11–22, 2019. The team 
members were Vincent Huang, Luke Robitaille, Colin 
Tang, Edward Wan, Brandon Wang, and Daniel Zhu. All 
six members received gold medals for their individual high 
scores. Huang is a returning team member from 2017 and 
2018. The team leader was Po-Shen Loh, associate professor 
of mathematics at Carnegie Mellon University; the deputy 
team leader was Yang Liu, a graduate student at Stanford 
University. The winning US team score was 227 out of a 
possible 252 points.

This year 643 students competed in the IMO, which 
brings together the top math students from more than 110 
countries and territories.

—From an MAA announcement

NSF Postdoctoral Research 
Fellowships Awarded
The Mathematical Sciences Postdoctoral Research Fel-
lowship Program of the Division of Mathematical Sci-
ences (DMS) of the National Science Foundation (NSF) 
awards fellowships each year for postdoctoral research in 
pure mathematics, applied mathematics and operations 
research, and statistics. Following are the names of the 
fellowship recipients for 2019, together with their PhD 
institutions (in parentheses) and the institutions at which 
they will use their fellowships.

Houman Owhadi of the California Institute of Tech-
nology was awarded the Germund Dahlquist Prize for his 
“varied, original, and deep work in areas of computational 
mathematics that include homogenization, stochastic 
differential equations, game theoretic approaches to nu-
merical analysis, stochastic variational integrators, and 
uncertainty quantification.” His work has had great impact 
in such fields as scientific computing, practical numerical 
methods, and machine learning. Owhadi received his 
PhD from the École Polytechnique Fédérale de Lausanne 
in 2001. After doing postdoctoral work at Technion-Israel 
Institute of Technology, he joined CNRS. In 2004 he joined 
the faculty at Cal Tech. He is an associate editor of a num-
ber of journals, including the SIAM Journal on Numerical 
Analysis.

Elina Robeva of the Massachusetts Institute of Technol-
ogy was awarded the SIAM Activity Group on Algebraic 
Geometry Early Career Prize for her “highly innovative 
contributions to the analysis of tensors, especially for 
major advances in the theory of orthogonally decompos-
able tensors.” She received her PhD from the University of 
California, Berkeley, under Bernd Sturmfels. Her research 
is focused on studying statistical models that depict com-
plex interactions between random variables and uses tools 
from algebraic geometry and combinatorics to answer 
statistical and optimization questions such as inference, 
model selection, model equivalence, and nonparametric 
density estimation.

Thomas Bothner of King’s College London received the 
Gábor Szegö Prize for his “truly brilliant contributions to 
the recent advances in Riemann–Hilbert techniques at the 
boundary between the theory of special functions and ap-
plications to mathematical physics.” The prize recognizes 
an early-career mathematician “for outstanding research 
contributions in the area of orthogonal polynomials and 
special functions.” Bothner received his PhD from Purdue 
University in 2013. He joined King’s College as a lecturer 
in analysis in 2018.

The 2019 SIAM Student Paper Prizes were awarded to the 
following individuals. Joseph L. Hart of Sandia National 
Laboratories was honored for his paper “Efficient Compu-
tation of Sobol’ Indices for Stochastic Models,” coauthored 
with Alen Alexanderian and Pierre A. Gremaud, published 
in the SIAM Journal on Scientific Computing in 2017. Mi-
chael Lindsey of the Courant Institute of Mathematical 
Sciences was honored for his paper “Optimal Transport 
via a Monge–Ampère Optimization Problem,” coauthored 
with Yanir A. Rubinstein, published in the SIAM Journal on 
Mathematical Analysis in 2017. Daniel Massatt of the Uni-
versity of Chicago was honored for his paper “Electronic 
Density of States for Incommensurate Layers,” coauthored 
with Mitchell Luskin and Christoph Ortner, published in 
Multiscale Modeling and Simulation: A SIAM Interdisciplinary 
Journal in 2017.

Photo (left to right): Edward Wan, Daniel Zhu, Brandon Wang, 
Colin  Tang, Luke Robitaille, and Vincent Huang. 
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 • Guillaume Remy (École Normale Supérieure–Paris), 
Columbia University

 • Marino Romero (University of California, San Diego), 
University of Pennsylvania

 • Samuel Rudy (University of Washington), Massachu-
setts Institute of Technology

 • Benjamin Seeger (University of Chicago), Collège de 
France

 • Philip Tosteson (University of Michigan), University 
of Chicago

 • Saraswathi Venkatesh (Columbia University), Stanford 
University

 • Isabel Vogt (Massachusetts Institute of Technology), 
Stanford University

 • Robert Walker (University of Michigan), University of 
Wisconsin–Madison

 • Jasper Weinburd (University of Minnesota, Twin Cities), 
Harvey Mudd College

 • Dylan Wilson (Northwestern University), Harvard 
University

 • Lynnelle Ye (Harvard University), Stanford University
 • Zihui Zhao (University of Washington), University of 

Chicago

—NSF announcement

Credits
Photo of Kathryn Mann is courtesy of J. Paleczny.
Photo of Peter Sarnak is courtesy of the Institute for Advanced 

Study/Andrea Kane.
Photo of Allan Sly is courtesy of the John D. and Catherine T. 

MacArthur Foundation.
Photo of Martijn Caspers is courtesy of Tim Dikland.
Photo of Karl Dilcher is courtesy of Nick Pearce, Dalhousie 

University.
Photo of the US Mathematical Olympiad team is courtesy of 

the Mathematical Association of America.

 • Noah Arbesfeld (Columbia University), Imperial Col-
lege

 • Ana Balibanu (University of Chicago), Harvard Uni-
versity

 • Erik Bates (Stanford University), University of Califor-
nia, Berkeley

 • Daniel Bragg (University of Washington, Seattle), Uni-
versity of California, Berkeley

 • Stephen Cameron (University of Chicago), Courant 
Institute, New York University 

 • Joshua Cape (Johns Hopkins University), University 
of Michigan

 • Iain Carmichael (University of North Carolina, Chapel 
Hill), University of Washington

 • Irving Dai (Princeton University), Massachusetts Insti-
tute of Technology

 • James Farre (University of Utah), Yale University
 • Tony Feng (Stanford University), Massachusetts Institute 

of Technology
 • Benjamin Filippenko (University of California, Berke-

ley), Stanford University
 • Nir Gadish (University of Chicago), Massachusetts In-

stitute of Technology
 • Gabriel Goldberg (Harvard University), University of 

California, Berkeley
 • Kira Goldner (University of Washington), Columbia 

University
 • Felix Gotti (University of California, Berkeley), Univer-

sity of Florida
 • Winston Leslie (Boston College), Duke University
 • Ethan Levien (University of Utah), Harvard University
 • Zane Li (University of California, Los Angeles), Indiana 

University, Bloomington
 • Michael Lindsey (University of California, Berkeley), 

Courant Institute, New York University
 • Marissa Loving (University of Illinois, Urbana-Cham-

paign), Georgia Institute of Technology
 • Ruth Luo (University of Illinois, Urbana-Champaign), 

University of California, San Diego
 • Nicholas Marshall (Yale University), Princeton Uni-

versity
 • Taylor McAdam (University of California, San Diego), 

Yale University
 • Allison Miller (University of Texas, Austin), Rice Uni-

versity
 • Lucia Mocz (Princeton University), University of Chi-

cago
 • Takumi Murayama (University of Michigan), Princeton 

University
 • Alice Nadeau (University of Minnesota), University of 

Auckland
 • Sarah Peluse (Stanford University), University of Oxford
 • Lisa Piccirillo (University of Texas at Austin), Brandeis 

University



INTRODUCING AN AMS MEMBER 

Member Type: Affi liate 
AMS Member Since: 2007
Undergraduate Institution: University of Notre Dame
Favorite Food: Pasta!!!
Favorite Non-Math Hobby: Travel
PhD-Granting Institution: Texas A&M University

The most important service, product, program, or meeting 
that the AMS offers the mathematical community is… 
The opportunity to network and connect with other amazing 
mathematicians.
Favorite Memory From an AMS Conference or Event: 
Running into my PhD thesis advisor and being able to 
catch up on life with her.
What does AMS membership mean to you? 
Feeling of belonging to a larger international community 
of mathematicians.

Describe the situation when you fi rst fell in love with mathematics. 
When I won the Gold Medal at the National Math Olympics of the Republic of Panama when I was 
in high school.  I had the opportunity to train to represent my country in international competitions.  
My days were so much fun because I did math ALL DAY LONG and I was so happy!  That is when I 
realized I loved math.

Who inspired you to study mathematics? 
My dad has always had a passion for math and I inherited his love for math.  I was lucky to have had 
great mentors in my mathematical career who have believed in me and in all the great things I could 
accomplish, like my PhD advisor, Dr. Sarah Witherspoon.

How would you describe to a non-math person that mathematics 
(or at least your area of specialty) is beautiful? 
Math is fun.  You can fi nd math in magic, music, sports, mime, nature, art.  Math is all around us and 
has interesting applications in everything that we do.  Like Dr. Tim Chartier always says, “If you don’t 
like math, it’s probably because you haven’t found the area of math that fi ts better with the way you 
think.”  So I encourage everyone to keep exploring the world of mathematics.

Dr. Jeanette Shakalli 
Government of the Republic of Panama
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information to help make the most of your AMS member-
ship experience.

—AMS Membership Department

Deaths of AMS Members
rAlph W. bAll, of Woodburn, Oregon, died on August 

2, 2012. Born on October 14, 1925, he was a member of 
the Society for 48 years.

edWArd K. blum, professor, University of Southern Cal-
ifornia, died on February 25, 2014. Born on December 1, 
1923, he was a member of the Society for 66 years.

Joseph W. corbett, of Champaign, Illinois, died on 
August 16, 2014. Born on November 1, 1933, he was a 
member of the Society for 54 years.

AllAN l. edelsoN, professor, University of California 
Davis, died on May 25, 2014. Born on January 1, 1940, he 
was a member of the Society for 49 years.

liNcolN ellsWorth brAgg, of Alexandria, Virginia, died 
on May 17, 2013. Born on January 25, 1936, he was a 
member of the Society for 43 years.

chArles g. fAiN, of Largo, Florida, died on November 4, 
2014. Born on September 13, 1932, he was a member of 
the Society for 51 years. 

Amy c. KiNg, of Lexington, Kentucky, died on June 7, 
2014. Born on December 30, 1928, she was a member of 
the Society for 46 years.

mArioN e. moore, professor, University of Texas at Ar-
lington, died on December 10, 2010. Born on May 22, 1934, 
he was a member of the Society for 46 years.

george W. morgeNthAler, of Boulder, Colorado, died on 
September 4, 2014. Born on December 16, 1926, he was a 
member of the Society for 62 years.

rAy phillip steiNer, of Bowling Green, Ohio, died on 
February 13, 2014. Born on April 28, 1941, he was a mem-
ber of the Society for 45 years.

d. suNdArArAmAN, of Princeton Junction, New Jersey, 
died on July 17, 2014. Born on March 5, 1937, he was a 
member of the Society for 45 years.

hoWArd h. WicKe, of Athens, Ohio, died on June 6, 
2011. Born on August 29, 1924, he was a member of the 
Society for 60 years.

From the AMS 
Public Awareness Office

Mathematical 
Moments
Topics for the 2019 
Mathematical Moments 
are: how math was/is 
used against HIV and 
malaria, using math 
to fight deepfakes, the 
Equal Earth Map Projec-
tion, math and music, 
math’s role in creating 
the first image of a black 
hole, figuring out how 
shortfin mako sharks 
can swim so fast, and 

a mathematical analysis of the “legs” on a wine glass. 
See those Moments and more than 140 others, hear pod-
casts with researchers who apply math, and read trans-
lations of many of the Moments at https://www.ams 
.org/mathmoments.

—Annette Emerson and Mike Breen
AMS Public Awareness Officers

paoffice@ams.org

From the AMS 
Membership Department
AMS Members: The online AMS Member Profile, located 
on https://www.ams.org/account, is not only where 
you provide your contact preferences but also where you 
may share your fields of interest or AMS committee volun-
teerism interests and review past purchases, Mathematical 
Reviews® (MR) reviewer submissions, your AMS Points 
balance, and much more. The Member Profile is your AMS 
membership home. We encourage you to maintain your 

https://www.ams.org/mathmoments
https://www.ams.org/mathmoments
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Deadline: The deadline for receipt of applications is De-
cember 1, 2019. The award recipient will be announced in 
February 2020 or earlier, if possible.

Application information: Find Centennial application 
information at https://www.ams.org/emp-centflyer. 
For questions, contact the Professional Programs Depart-
ment, American Mathematical Society, 201 Charles Street, 
Providence, RI 02904-2213; prof-serv@ams.org; 401-
455-4096.

—AMS Professional Programs Department

Call for Proposals: Organizing 
the 2021 AMS Short Courses

The AMS Short Course Subcommittee invites expressions 
of interest and proposals to organize the Society’s Short 
Course to be offered January 4–5, 2021, in coordination 
with the 2021 Joint Mathematics Meetings (JMM) in 
Washington, DC. The members of the subcommittee are 
Jennifer S. Balakrishnan, Boston University; Gregory Bard, 
University of Wisconsin–Stout; Andrew J. Bernoff, Harvey 
Mudd College; Andrew J. Blumberg, University of Texas 
at Austin; Rene Carmona, Princeton University (chair); 
Keenan Crane, Carnegie Mellon University; and Thaleia 
Zariphopoulou, University of Texas at Austin.

The Short Course provides an unparalleled opportunity 
to introduce an exciting current area of applied mathemat-
ics to a broad audience of students, faculty, researchers, 
and other practitioners. It is also anticipated that the pro-
ceedings of the Short Course will be published in the AMS 
series Proceedings of Symposia in Applied Mathematics.

Typically incorporating a sequence of survey lectures 
and other activities focused on a single theme of applied 
mathematics, the course takes place during the two days 
immediately preceding the JMM. The course’s theme may 
be cutting edge or more established, and its goal is to pro-
vide professional and in-training mathematicians with an 
introduction that can:

 • satisfy the curiosity of those who are new to the
topic

American Mathematical Society 
Centennial Fellowship

Invitation for Applications for Awards for 2020–2021
Deadline December 1, 2019

Description: The AMS Centennial Research Fellowship 
Program makes awards annually to outstanding math-
ematicians to help further their careers in research. The 
number of fellowships to be awarded is small and depends 
on the amount of money contributed to the program. The 
Society supplements contributions as needed. At least one 
fellowship will be awarded for the 2020–2021 academic 
year. A list of previous fellowship winners can be found at 
https://www.ams.org/centennial-fellow. 

Eligibility: The eligibility rules are as follows: The primary 
selection criterion for the Centennial Fellowship is the 
excellence of the candidate’s research. Preference will be 
given to candidates who have not had extensive fellowship 
support in the past. Recipients may not hold the Centennial 
Fellowship concurrently with another research fellowship 
such as a Sloan or NSF Postdoctoral Fellowship. Under 
normal circumstances, the fellowship cannot be deferred. 
A recipient of the fellowship shall have held his or her doc-
toral degree for at least three years and not more than twelve 
years at the inception of the award (that is, must be received 
between September 1, 2008, and September 1, 2017). Ap-
plications will be accepted from those currently holding 
a tenured, tenure-track, postdoctoral, or comparable (at 
the discretion of the selection committee) position at an 
institution in North America. Applications should include 
a cogent plan indicating how the fellowship will be used. 
The plan should include travel to at least one other insti-
tution and should demonstrate that the fellowship will be 
used for more than reduction of teaching at the candidate’s 
home institution. The selection committee will consider the 
plan, in addition to the quality of the candidate's research, 
and will try to award the fellowship to those for whom the 
award would make a real difference in the development 
of their research careers. Work in all areas of mathematics, 
including interdisciplinary work, is eligible.
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AMS Congressional Fellowship

The American Mathematical Society (AMS) will sponsor a 
Congressional Fellow from September 2020 through Au-
gust 2021. The Fellow will spend the year working on the 
staff of a member of Congress or a congressional committee 
as a special legislative assistant in legislative and policy 
areas requiring scientific and technical input.

The AMS Congressional Fellowship is part of the AAAS 
Science and Technology Policy Fellowship (STPF) program. 
It is designed to provide a unique public policy learning ex-
perience, to demonstrate the value of science–government 
interaction, and to bring a technical background and exter-
nal perspective to the decision-making process in Congress.

An AMS Fellowship Committee will select the AMS 
Congressional Fellow. The fellowship stipend is US$81,548 
for the fellowship period, with allowances for relocation 
and professional travel and a contribution toward health 
insurance. Applicants must have a PhD or an equivalent 
doctoral-level degree in mathematics by the application 
deadline.

For information and to apply, go to http://bit.ly 
/AMSCongressionalFellowship. The deadline for appli-
cations is February 15, 2020.

—AMS Office of Government Relations

AMS Mass Media 
Fellowship Program

The American Mathematical Society (AMS) provides sup-
port each year for a graduate student in the mathematical 
sciences to participate in the American Association for the 
Advancement of Science (AAAS) Mass Media Science and 
Engineering Fellows Program. This summer fellowship 
program pairs graduate students with major media outlets 
nationwide, where they will research, write, and report on 
science news and use their skills to bring technical subjects 
to the general public.

The principal goal of the program is to increase the pub-
lic’s understanding of science and technology by strength-
ening the connection between scientists and journalists to 
improve coverage of science-related issues in the media. 
Past AMS-sponsored fellows have held positions at Na-
tional Public Radio, Scientific American, Voice of America, 
Raleigh News & Observer, The Oregonian, NOVA, the Chicago 
Tribune, and the Milwaukee Journal Sentinel.

Fellows receive a weekly stipend of US$600, plus travel 
expenses to and from AAAS and media outlets, to work for 
ten weeks during the summer as reporters, researchers, and 
production assistants in newsrooms across the country. 
They observe and participate in the process by which events 
and ideas become news, improve their ability to communi-

 • provide an entrée to a new research topic
 • inspire new methods of problem solving
 • be part of the participants’ professional develop-

ment and continuing education
The venue presents the organizers with a time frame long 

enough for newcomers to a topic in applied mathematics 
to reach insights about the state of the art but at the same 
time short enough to fit the typical participant’s schedule 
and attention.

The Short Course Subcommittee is also interested in 
proposals that may extend the traditional course in subject 
matter or methodology. For instance, proposers may focus 
on a topic with relevance to business, entrepreneurship, 
industry, government, and nonprofits. Or they might wish 
to describe a way of offering the course in a webinar format 
to allow for additional, offsite participants.

For 2021 the committee is exploring the possibility of 
offering a Short Course on an applied mathematics topic 
that features an accelerated approach to programming in 
a current, widely used language (e.g., R or Python). The 
target audience would be those who do not have significant 
prior experience with the programming language. Conse-
quently the mathematical topic might be one that is more 
established to allow participants to focus on programming 
methodology. The committee welcomes expressions of 
interest and creative proposals that will have wide appeal.

An expression of interest may be as short as one page. 
Members of the community are also encouraged to 
nominate organizer–topic pairs. More detailed guidance 
is available in the Short Course Manual: https://www 
.ams.org/2020_Short_Course_Manual.pdf. Expres-
sions of interest, nominations, and proposals should be 
sent to the AMS associate executive director (aed-mps 
@ams.org) with a cc to Robin Hagan Aguiar (rha@ams 
.org). For full consideration, proposals should be submit-
ted by December 18, 2019.

Audience and Topical Focus
The mathematical background, knowledge, and experi-

ence of the participants vary greatly: from novice to special-
ist, from graduate student (or even undergraduate or high 
school student) to senior professor, from college (two-year 
or four-year) teacher to researcher or industrial practitioner. 
That said, a Short Course targeted to individuals with a 
solid background in undergraduate mathematics is most 
likely to draw interest and satisfy participants. Lectures 
overall should be coherent in terms of theme, terminology, 
and notation; the speakers need to keep in mind that their 
audience consists of nonspecialists, and each talk should 
begin with ideas that are readily accessible to everyone. 
Ideally, lectures lead to an indication of the “state of the art” 
but in a way that acknowledges challenging aspects without 
placing too many technical or conceptual roadblocks in the 
way of the participants.

—AMS Short Course Subcommittee

https://www.ams.org/2020_Short_Course_Manual.pdf
https://www.ams.org/2020_Short_Course_Manual.pdf
http://www.bit.ly/AMSCongressionalFellowship
http://www.bit.ly/AMSCongressionalFellowship
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information, email jsf@nas.edu or see http://sites 
.nationalacademies.org/PGA/Jefferson/index.htm.

—From a National Academies announcement

AAUW Educational Foundation 
Fellowships and Grants 

The American Association of University Women (AAUW) 
has programs supporting women students and scholars 
at various stages of their careers. American Fellowships 
support women in full-time study to complete disserta-
tions, conduct postdoctoral research, or prepare research 
for publication. Selected Professions Fellowships support 
women students in areas in which women's participation 
has traditionally been low, including computer/infor-
mation sciences and mathematics/statistics. For further 
information about the fellowships, application procedures, 
and deadlines, visit the website http://www.aauw.org 
/what-we-do/educational-funding-and-awards.

—From AAUW website

AWM Essay Contest

The Association for Women in Mathematics (AWM) and 
Math for America cosponsor an annual essay contest for 
biographies of contemporary women mathematicians 
and statisticians in academic, industrial, and government 
careers. This contest is open to students in grades 6–8, 
grades 9–12, and college undergraduates. The deadline for 
the 2019 AWM Essay Contest is February 1, 2020. AWM 
is also currently seeking women mathematicians to vol-
unteer as the subjects of these essays. See https://sites 
.google.com/site/awmmath/programs/essay 
-contest for complete information.

—AWM announcement

MSRI Summer Research for Women 
in Mathematics

The Mathematical Sciences Research Institute (MSRI) pro-
vides space and funds to groups of women mathematicians 
to work on research projects at MSRI. Research projects 
can arise from work initiated at a women’s conference 
or can be freestanding activities. Visits must take place 
between June 15, 2020, and August 7, 2020. The deadline 
for applications is November 1, 2019. For more 
details, see http://www.msri.org/web/msri/
scientific/summer-research-in-mathematics.

—From an MSRI announcement

cate about complex technical subjects in a manner under-
standable to the public, and increase their understanding 
of editorial decision making and of how information is 
effectively disseminated. Each fellow attends an orientation 
and evaluation session in Washington, DC, and begins the 
internship in mid-June.  Fellows submit interim and final 
reports to AAAS. A wrap-up session is held at the end of 
the summer.

Mathematical sciences faculty members are urged to 
make their graduate students aware of this program. For 
more information about the fellowship program, see 
https://www.ams.org/massmediafellow or https://
www.aaas.org/programs/mass-media-fellowship. 
Email amsdc@ams.org with any questions. The deadline 
for applications is January 1, 2020.

—AMS Office of Government Relations

NSF Graduate Research Fellowships

The National Science Foundation’s Graduate Research Fel-
lowship Program supports outstanding graduate students 
in NSF-supported science, technology, engineering, and 
mathematics disciplines who are pursuing research-based 
master’s and doctoral degrees at US institutions. The NSF 
welcomes applications from all qualified students and 
strongly encourages underrepresented populations, includ-
ing women, underrepresented racial and ethnic minorities, 
and persons with disabilities, to apply. Fellows receive a 
three-year annual stipend of US$34,000 and opportunities 
for international research and professional development. 
Fellowships may be used to support graduate research at 
any accredited US institution. The deadline for the math-
ematical sciences is October 25, 2019. For further infor-
mation, visit http://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=6201.

—From NSF announcements

Jefferson Science Fellows Program

The Jefferson Science Fellows program at the US Depart-
ment of State involves the American academic science, 
technology, and engineering communities in the for-
mulation and implementation of US foreign policy. The 
deadline for applications is October 31, 2019. For further 

The most up-to-date listing of NSF funding opportunities from 
the Division of Mathematical Sciences can be found online at 
www.nsf.gov/dms  and for the Directorate of Education and 
Human Resources at www.nsf.gov/dir/index.jsp?org=ehr.   
To receive periodic updates, subscribe to the DMSNEWS listserv by following 
the directions at www.nsf.gov/mps/dms/about.jsp. 

http://sites.nationalacademies.org/PGA/Jefferson/index.htm
http://sites.nationalacademies.org/PGA/Jefferson/index.htm
https://www.aaas.org/programs/mass-media-fellowship
https://www.aaas.org/programs/mass-media-fellowship
http://www.aauw.org/what-we-do/educational-funding-and-awards
http://www.aauw.org/what-we-do/educational-funding-and-awards
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=6201
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=6201
http://www.msri.org/web/msri/scientific/summer-research-for-women-in-mathematics
http://www.msri.org/web/msri/scientific/summer-research-for-women-in-mathematics
https://sites.google.com/site/awmmath/programs/essay-contest
https://sites.google.com/site/awmmath/programs/essay-contest
https://sites.google.com/site/awmmath/programs/essay-contest
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STaR Fellowship Program

The Service, Teaching, and Research (STaR) Program of the 
Association of Mathematics Teacher Educators (AMTE) 
supports the development of early-career mathematics 
educators, including their induction into the professional 
community of university-based teacher educators and re-
searchers in mathematics education. Senior and mid-career 
mathematics education faculty organize and facilitate STaR 
events, serving as mentors to fellows. Applications are due 
December 1, 2019; see https://www.amte.net/star 
/apply.

—From an AMTE announcement

News from MSRI

The Mathematical Sciences Research Institute (MSRI) will 
hold a Symposium in Honor of Julia Robinson’s 100th 
Birthday on December 9, 2019. See the website www.msri 
.org/workshops/955 for details.

Julia Robinson (1919–1985) was a leading mathemat-
ical logician of the twentieth century and notably a first 
in many ways, including the first woman president of 
the American Mathematical Society and the first woman 
mathematician elected to membership in the National 
Academy of Sciences. Her most famous work, together with 
Martin Davis and Hilary Putnam, led to Yuri Matiyasev-
ich’s solution in the negative of Hilbert’s Tenth Problem, 
showing that there is no general algorithmic solution for 
Diophantine equations. She contributed in other topics as 
well. Her 1948 thesis linked the undecidability of the field 
of rational numbers to Godel’s proof of undecidability of 
the ring of integers. 

Confirmed participants in this day-long celebration of 
her work and of current mathematics inspired by her re-
search include Lenore Blum, who will give a public lecture, 
Lou van den Dries, Martin Davis, Kirsten Eisentrager, and 
(provisionally) Yuri Matiyasevich.

MSRI has been supported from its origins by the Na-
tional Science Foundation, now joined by the National 
Security Agency, over one hundred academic sponsor 
departments, by a range of private foundations, and by 
generous and farsighted individuals.

—MSRI announcement

https://www.amte.net/star/apply
https://www.amte.net/star/apply
http://www.msri.org/workshops/955
http://www.msri.org/workshops/955
http://www.facultyaffairs.ethz.ch
http://www.math.ethz.ch
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The University of California, Davis, is an affirmative 
action/equal opportunity employer with a strong institu-
tional commitment to the achievement of diversity among 
its faculty and staff.

*Note: the salary amount is tied to the ladder-rank salary 
scale and is likely to change due to the announced update to the 
salary scale. We will advertise the figure that is current at the 
time when the advertisement is sent out.

26

University of California, Davis 
Faculty Position in Mathematics 

JPF02958

The Department of Mathematics at the University of Cali-
fornia, Davis invites applications for one Assistant Professor 
(tenure-track) faculty position starting July 1, 2020. This 
position is in the area of the mathematics of data science.

Minimum qualifications for the position include a 
PhD or its equivalent in the Mathematical Sciences or a 
related field and demonstrated potential for performance 
in teaching and research. The PhD should be obtained by 
the beginning of Fall quarter. Duties include mathematical 
research, undergraduate and graduate teaching, and depart-
mental, university and professional service.

Applications include: Cover Letter, CV, Research State-
ment, Teaching Statement, Letters of Reference and a State-
ment of Contributions to Diversity.

Additional information about the Department may be 
found at www.math.ucdavis.edu.

CALIFORNIA

University of California, Davis 
Arthur J. Krener Assistant Professor 

Positions in Mathematics 
JPF02950

The Department of Mathematics at the University of Cal-
ifornia, Davis is soliciting applications for one or more 
Arthur J. Krener Assistant Professor positions starting July 
1, 2020.

The Department seeks applicants with excellent research 
potential in areas of faculty interest and effective teaching 
skills. Applicants are required to have completed their PhD 
by the time of their appointment, but no earlier than July 
1, 2016. The annual salary is $66,000.* The teaching load 
is 4 quarter-long courses. Krener appointments are renew-
able for a total of up to three years, upon demonstration of 
satisfactory performance in research and teaching.

Applications include: Cover Letter, CV, Research State-
ment, Teaching Statement, Letters of Reference including a 
letter which addresses teaching, and an optional Statement 
of Contributions to Diversity.

Additional information about the Department may be 
found at www.math.ucdavis.edu.

Applications will be accepted until the position is filled. 
To guarantee full consideration, the application should be 
received by November 30, 2019. The application is avail-
able through UCRecruit at https://recruit.ucdavis 
.edu/JPF02950.

https://recruit.ucdavis.edu/JPF02950
https://recruit.ucdavis.edu/JPF02950
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Complete applications consist of (a) a cover letter, (b) 
a curriculum vitae, (c) three or more letters of reference, 
at least one of which addresses teaching ability, (d) a de-
scription of previous research and plans for future mathe-
matical research and (e) a teaching statement. Applicants 
are strongly encouraged to include additional information 
related to their teaching experience, such as evaluations 
from courses previously taught, as well as an AMS cover 
sheet. If you have applied for an NSF Mathematical Sciences 
Postdoctoral Fellowship, please include that information in 
your application, and let us know how you plan to use it if 
awarded. Applications must be submitted online through 
https://www.mathjobs.org/jobs/jobs/14211. Ques-
tions may be directed to apptsec@math.uchicago.edu. 
We will begin screening applications on November 1, 
2019. Screening will continue until all available positions 
are filled.

The University of Chicago is an Affirmative Action/Equal 
Opportunity/Disabled/Veterans Employer and does not 
discriminate on the basis of race, color, religion, sex, sexual 
orientation, gender identity, national or ethnic origin, age, 
status as an individual with a disability, protected veteran 
status, genetic information, or other protected classes 
under the law. For additional information please see the 
University’s Notice of Nondiscrimination at https:// 
www.uchicago.edu/about/non_discrimination 
_statement.

Job seekers in need of a reasonable accommodation 
to complete the application process should call 773-702-
1032 or email equalopportunity@uchicago.edu with 
their request.

28

University of Chicago 
L.E. Dickson Instructor

The University of Chicago Department of Mathematics 
invites applications for the position of L.E. Dickson Instruc-
tor. This is open to mathematicians who have recently com-
pleted or will soon complete a doctorate in mathematics or 
a closely related field, and whose work shows remarkable 
promise in mathematical research. The initial appointment 
is for a term of up to three years. The teaching obligation is 
generally four one-quarter courses per year. If you are two 
or more years post PhD, we encourage you to apply for 
our Assistant Professor position as well at https://apply 
.interfolio.com/66365.

Complete applications consist of (a) a cover letter, (b) 
a curriculum vitae, (c) three or more letters of reference, 
at least one of which addresses teaching ability, (d) a de-
scription of previous research and plans for future mathe-
matical research and (e) a teaching statement. Applicants 
are strongly encouraged to include additional information 
related to their teaching experience, such as evaluations 
from courses previously taught, as well as an AMS cover 

Applications will be accepted until the position is filled. 
To guarantee full consideration, the application should be 
received by November 15, 2019. The application is avail-
able through UCRecruit @ https://recruit.ucdavis 
.edu/JPF02958.

The University of California, Davis, is an affirmative 
action/equal opportunity employer with a strong institu-
tional commitment to the achievement of diversity among 
its faculty and staff.

24

University of California, Davis 
Faculty Position in Mathematics 

JPF02947

The Department of Mathematics at the University of Cali-
fornia, Davis invites applications for one Assistant Professor 
(tenure-track) faculty position starting July 1, 2020. This 
position is open to any area of mathematics.

Minimum qualifications for the position include a 
PhD or its equivalent in the Mathematical Sciences or a 
related field and demonstrated potential for performance 
in teaching and research. The PhD needs to be obtained 
before the beginning of Fall quarter. Duties include math-
ematical research, undergraduate and graduate teaching, 
and departmental, university and professional service. Ad-
ditional information about the Department may be found 
at http://www.math.ucdavis.edu/JPF02947.

Applications include: Cover Letter, CV, Research State-
ment, Teaching Statement, Letters of Reference and a State-
ment of Contributions to Diversity.

Applications will be accepted until the position is filled. 
To guarantee full consideration, the application should be 
received by November 15, 2019. The application is available 
through UCRecruit @ https://recruit.ucdavis.edu.

The University of California, Davis, is an affirmative 
action/equal opportunity employer with a strong institu-
tional commitment to the achievement of diversity among 
its faculty and staff.

25

ILLINOIS

University of Chicago 
Assistant Professor

The University of Chicago Department of Mathematics 
invites applications for the position of Assistant Professor.  
Successful candidates are typically two to four years past 
the PhD. These positions are intended for mathemati-
cians whose work has been of outstandingly high caliber. 
Appointees are expected to have the potential to become 
leading figures in their fields. The appointment is generally 
for three years, with the possibility for renewal. The teach-
ing obligation is up to three one-quarter courses per year.

https://recruit.ucdavis.edu/JPF02598
https://recruit.ucdavis.edu/JPF02598
https://www.uchicago.edu/about/non_discrimination_statement
https://www.uchicago.edu/about/non_discrimination_statement
https://www.uchicago.edu/about/non_discrimination_statement
https://apply.interfolio.com/66365
https://apply.interfolio.com/66365
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research program. PhD in Mathematics or related field 
required by employment start date.

For more information and to apply, please visit www 
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2019. MIT is an Equal Op-
portunity, Affirmative Action Employer.

15

NEW JERSEY

Rutgers University 
New Brunswick 

Mathematics Department

The Mathematics Department of Rutgers University, New 
Brunswick invites applications for the following positions 
which may be available September 2020.
TENURE-TRACK ASSISTANT/TENURED ASSOCIATE/
TENURED FULL PROFESSORSHIP:

Subject to availability of funding, the Department ex-
pects two openings at the level of Tenure Track Assistant 
Professor. In exceptional cases, appointments at a higher 
level are possible. Candidates must have a PhD and have 
a strong record of research accomplishments in mathe-
matics as well as effective teaching. The Department has a 
hiring priority in Applied Mathematics, but will consider 
outstanding candidates in any field of mathematics. The 
normal teaching load for research-active faculty is 2–1. 
Review of applications begins November 1, 2019; appli-
cations after that date may be considered if the positions 
have not been filled.
HILL AND OTHER ASSISTANT PROFESSORSHIPS:

The Hill Assistant Professorship is a three-year non-
tenure-track, nonrenewable, Post-Doctoral appointment. 
These positions carry a reduced teaching load of 2–1 for 
research. Other postdoctoral positions of varying duration 
and teaching loads may also be available. Candidates 
should have received a PhD and show outstanding promise 
of research ability in pure or applied mathematics as well 
as a capacity for effective teaching. Review of applications 
begins December 1, 2019.
TEACHING FACULTY:

Teaching Instructor or Assistant/Associate Teaching 
Professor in Mathematics. Subject to availability of funding 
the Department of Mathematics at Rutgers University-New 
Brunswick expects to have one or more renewable non-
tenure-track teaching positions at the level of Teaching 
Instructor with the possibility of appointment at a higher 
level (Assistant or Associate Teaching Professor) for excep-
tionally well-qualified candidates.

This position has a teaching load of 4–4 (four under-
graduate courses in each of the fall and spring semesters), 
with possible teaching reductions for administrative, 
advising or other departmental duties. Applicants should 

sheet. If you have applied for an NSF Mathematical Sciences 
Postdoctoral Fellowship, please include that information in 
your application, and let us know how you plan to use it if 
awarded. Applications must be submitted online through 
https://www.mathjobs.org/jobs/jobs/14210. Ques-
tions may be directed to apptsec@math.uchicago.edu. 
We will begin screening applications on November 1, 
2019. Screening will continue until all available positions 
are filled.

The University of Chicago is an Affirmative Action/Equal 
Opportunity/Disabled/Veterans Employer and does not 
discriminate on the basis of race, color, religion, sex, sexual 
orientation, gender identity, national or ethnic origin, age, 
status as an individual with a disability, protected veteran 
status, genetic information, or other protected classes 
under the law. For additional information please see the 
University’s Notice of Nondiscrimination at https:// 
www.uchicago.edu/about/non_discrimination 
_statement.

Job seekers in need of a reasonable accommodation 
to complete the application process should call 773-702-
1032 or email equalopportunity@uchicago.edu with 
their request.

29

MASSACHUSETTS

Massachusetts Institute of Technology 
Cambridge, MA

The Mathematics Department at MIT is seeking to fill 
positions in Pure and Applied Mathematics at the level 
of Assistant Professor or higher beginning July 2020 (for 
the 2020–2021 academic year, or as soon thereafter as 
possible). Appointments are based primarily on excep-
tional research qualifications. Appointees will be required 
to fulfill teaching duties and pursue their own research 
program. PhD in Mathematics or related field required by 
employment start date.

For more information and to apply, please visit www 
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2019. MIT is an Equal Op-
portunity, Affirmative Action Employer.

14

Massachusetts Institute of Technology 
Cambridge, MA

The Mathematics Department at MIT is seeking to fill posi-
tions in Pure and Applied Mathematics, and Statistics at the 
level of Instructor beginning July 2020 (for the 2020–2021 
academic year). Appointments are based primarily on 
exceptional research qualifications. Appointees will be 
expected to fulfill teaching duties and pursue their own 

http://www.mathjobs.org
http://www.mathjobs.org
http://www.mathjobs.org
http://www.mathjobs.org
https://www.uchicago.edu/about/non_discrimination_statement
https://www.uchicago.edu/about/non_discrimination_statement
www.uchicago.edu/about/non_discrimination
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These areas reflect our strong research reputation 
in scientific visualization, image analysis, and 
interdisciplinary scientific computing within the 
SCI Institute.

 • Full-time career-line, non-tenure-track, appoint-
ments at the level of Assistant Professor (Lecturer), 
Associate Professor (Lecturer), or Professor (Lec-
turer).

 • Three-year Burgess, Kollár, Tucker, and Wylie Assis-
tant Professor (Lecturer) [postdoctoral] positions.

 • Three-year Instructor (Lecturer) [teaching postdoc-
toral] positions. 

All applicants must have earned a PhD in Mathematics 
or a closely-related field. However, those interested in ca-
reer-line, non-tenure-track Assistant, Associate, or Professor 
Lecturer positions must have either a Masters’ degree, or 
PhD, in Mathematics or a closely-related field, as well as 
demonstrated evidence in successful teaching at a post-sec-
ondary level and related professional accomplishments.

Salt Lake City is not only home to a beautiful mountain 
range that provides endless adventure, but is also filled 
with arts, culture, shopping, professional sports, and so 
much more. Enjoy year-round farmers markets, live concert 
venues (both indoor and outdoor), amazing restaurants 
unique to Salt Lake City, world-class shopping, and a di-
verse array of community events. With one of the lowest 
unemployment rates and more affordable housing, living 
your best life will only come naturally in Salt Lake City.

Please see our website at www.math.utah.edu 
/positions for information regarding available positions 
and application requirements. Applications must be com-
pleted through www.mathjobs.org/jobs/Utah. Review 
of complete applications for tenure-track positions will 
begin on October 7, 2019, and will continue until the po-
sitions are filled. Completed applications for postdoctoral 
positions received before January 1, 2020, will receive full 
consideration.

The University of Utah is an Equal Opportunity/Affirmative 
Action employer and educator. Minorities, women, veterans, 
and those with disabilities are strongly encouraged to apply. 
Veterans’ preference is extended to qualified veterans. Reasonable 
disability accommodations will be provided with adequate notice. 
For additional information about the University’s commitment 
to equal opportunity and access see: http://www.utah.edu 
/nondiscrimination/.

12

AUSTRIA

IST Austria 
Assistant Professor (tenure-track) 

and Professor positions in mathematics

IST Austria (www.ist.ac.at) invites applications in all 
areas of mathematics for several open positions.

normally have received a PhD and show outstanding evi-
dence of teaching at the undergraduate level. 
APPLICATION PROCEDURE:

The three positions are listed at mathjobs.org under 
Rutgers-New Brunswick with the codes TT19, PD19, and 
TF19. An applicant should complete the application at 
mathjobs.org. In addition to the mathjobs application, 
for each position for which you apply, you must complete a 
basic employment application on the Rutgers employment 
website. The mathjobs listing for each position includes a 
link to this basic application form.

Rutgers, the State University of New Jersey, is an Equal 
Opportunity / Affirmative Action Employer. Qualified ap-
plicants will be considered for employment without regard 
to race, creed, color, religion, sex, sexual orientation, gender 
identity or expression, national origin, disability status, 
genetic information, protected veteran status, military 
service or any other category protected by law. As an insti-
tution, we value diversity of background and opinion, and 
prohibit discrimination or harassment on the basis of any 
legally protected class in the areas of hiring, recruitment, 
promotion, transfer, demotion, training, compensation, 
pay, fringe benefits, layoff, termination or any other terms 
and conditions of employment.

23

UTAH

University of Utah 
Department of Mathematics

The Department of Mathematics at the University of Utah 
invites applications for the following positions:

 • Full-time tenure-track or tenured appointments at 
the level of Assistant Professor, Associate Professor, 
or Professor in all areas of mathematics.

 • Full-time tenure-track or tenured appointments 
at the level of Assistant Professor, Associate Pro-
fessor, or Professor in all areas of statistics. These 
positions are part of a University-wide cluster 
hiring effort in statistics, with particular emphasis 
in mathematics, computer science, and bioengi-
neering. Successful candidates will have strong 
interdisciplinary interests.

 • The University of Utah’s Department of Mathemat-
ics, in conjunction with the Scientific Computing 
and Imaging (SCI) Institute, is seeking to hire 
outstanding tenure-track faculty members at the 
Assistant Professor, Associate Professor, or Profes-
sor level in the area of computational and applied 
mathematics. We are particularly interested in 
candidates with expertise and an excellent re-
search record in scientific computing, uncertainty 
quantification, and/or mathematical data science. 

http://www.math.utah.edu/positions
http://www.math.utah.edu/positions
http://www.utah.edu/nondiscrimination/
http://www.utah.edu/nondiscrimination/
http://mathjobs.org
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Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or 

contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone: 
86-22-2740-6039.

01

SINGAPORE

National University of Singapore (NUS) 
Department of Mathematics

The Department of Mathematics at the National University 
of Singapore (NUS) invites applications for the following 
positions beginning in August 2020. NUS is a leading 
global university centred in Asia.

The Department of Mathematics has about 60 faculty 
members and teaching staff whose expertise cover major 
areas of contemporary mathematical research.

1) Tenured/tenure-track faculty positions at all levels 
2) Peng Tsu Ann Assistant Professorship
    (non-tenure track)

1) Tenured/tenure-track faculty positions at all levels 
We seek promising scholars and established mathema-

ticians with outstanding track records in any field of pure 
and applied mathematics. The Department, housed in a 
spacious building equipped with state-of-the-art facilities, 
offers internationally competitive salary with start-up re-
search grants, as well as an environment conducive to active 
research, and ample opportunities for career development.  
The teaching load for junior faculty is kept especially light.

The Department is particularly interested in, but not 
restricted to, considering applicants specializing in any of 
the following areas:

 • Optimization/machine learning, imaging science, 
network modelling/discrete mathematics, with 
strong emphasis in data related research.

Female researchers are strongly encouraged to apply.
We offer:

 • Highly international and interdisciplinary research 
environment

 • Competitive start-up package and salary
 • Guaranteed annual base funding
 • Support for acquiring third-party funds
 • Light teaching load, entirely at the level of graduate 

students
 • Wide portfolio of career support
 • Child-care facilities and support on campus

IST Austria is an international institute dedicated to basic 
research and graduate education in the natural, mathemat-
ical, and computational sciences. The Institute fosters an 
interactive, collegial, and supportive atmosphere, sharing 
space and resources between research groups whenever 
possible, and facilitating cross-disciplinary collaborations. 
Our PhD program involves a multi-disciplinary course 
schedule and rotations in research groups. We hire scholars 
from diverse international backgrounds and our working 
language is English. The campus of IST Austria is located 
close to Vienna, one of the most livable cities in the world.

Assistant professors receive independent group-leader 
positions with an initial contract of six years, at the end 
of which they are reviewed by international peers. If the 
evaluation is positive, an assistant professor is promoted 
to a tenured professor.

Candidates for tenured positions are distinguished sci-
entists in their respective research fields and have at least 
six years of experience in leading a research group.

Please apply online at: www.ist.ac.at/jobs/ 
faculty/.

The closing date for our call is October 31, 2019.
Please note that we also accept late applications.
IST Austria values diversity and is committed to equal 

opportunity.

22

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics. Chinese citizenship 
is not required.

http://www.ist.ac.at/jobs/faculty/
http://www.ist.ac.at/jobs/faculty/
http://math.epfl.ch
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first-class infrastructure, including high performance 
computing.

As a technical university covering essentially the entire 
palette of engineering and science, EPFL offers a fertile 
environment for research cooperation between different 
disciplines. The EPFL environment is multi-lingual and 
multi-cultural, with English often serving as a common 
interface.

Applications should include a cover letter, a CV with a 
list of publications, a concise statement of research (max-
imum 3 pages) and teaching interests (one page), and the 
names and addresses (including e-mail) of at least three 
references.

Applications should be uploaded (as PDFs) by Novem-
ber 1st, 2019 to

https://facultyrecruiting.epfl.ch 
/position/18186242
Enquiries may be addressed to:
Prof. Victor Panaretos
Chair of the Search Committee
E-mail: mathematics2019@epfl.ch

For additional information, please consult www.epfl 
.ch, sb.epfl.ch, math.epfl.ch.

EPFL is an equal opportunity employer and family 
friendly university. It is committed to increasing the diver-
sity of its faculty. It strongly encourages women to apply.

21

FOR SALE

Pacific Tie

Need a Gift for the Integral Person in your Life?

Pacific Tie Company. Not Your Average Tie.
www.etsy.com/shop/PacificTieCompany

20

 • Algebraic/arithmetic geometry; Homogeneous 
dynamics 

 • Analysis and PDE
Please submit your application at https://www.math 

jobs.org/jobs/jobs/14180.
2) Peng Tsu Ann Assistant Professorship
    (non-tenure track)

The Department of Mathematics and the Institute for 
Mathematical Sciences at the National University of Singa-
pore (NUS) invite applications for the position of Peng Tsu 
Ann Assistant Professorship (non-tenure track) beginning 
in August 2020. We seek promising young scholars (fresh or 
recent PhD’s) whose research programmes synergize with 
research thrusts of our senior faculty members.

The position is for a two-year duration with the possi-
bility of a one-year renewal, and it comes with subsidized 
university housing. The teaching load of this appointment 
is especially light.

Please submit your application at https://www.math 
jobs.org/jobs/jobs/14181.

Review process will begin on 15 October, and will con-
tinue until positions are filled. Enquiries may be sent to 
matsearch@nus.edu.sg.

For further information about the department, please 
visit www.math.nus.edu.sg.

27

SWITZERLAND

Ecole polytechnique fédérale de Lausanne (EPFL) 
Faculty Position in Mathematics

The School of Basic Sciences (Physics, Chemistry and Math-
ematics) at EPFL seeks to appoint a Tenure-Track Assistant 
Professor of Mathematics. We seek outstanding candidates 
with research interests in analysis and/or geometry, broadly 
construed. Areas of interest include differential geometry, 
dynamical systems, geometric analysis, geometric flows, 
kinetic theory, multiscale analysis and homogenization, 
(stochastic) PDE.

We expect candidates to establish leadership and 
strengthen the EPFL’s profile in the field. Priority will be 
given to the overall originality and promise of the candi-
date’s work over any particular specialization area.

Candidates should hold a PhD and have an excellent re-
cord of scientific accomplishments in the field. In addition, 
commitment to teaching at the undergraduate, master and 
doctoral levels is expected. Proficiency in French teaching 
is not required, but willingness to learn the language ex-
pected.

EPFL, with its main campus located in Lausanne, Swit-
zerland, on the shores of lake Geneva, is a dynamically 
growing and well-funded institution fostering excellence 
and diversity. It has a highly international campus with 

https://www.mathjobs.org/jobs/jobs/14180
https://www.mathjobs.org/jobs/jobs/14180
https://www.mathjobs.org/jobs/jobs/14181
https://www.mathjobs.org/jobs/jobs/14181
https://facultyrecruiting.epfl.ch/position/18186242
https://facultyrecruiting.epfl.ch/position/18186242
http://www.epfl.ch
http://www.epfl.ch
http://sb.epfl.ch
http://math.epfl.ch
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NEW BOOKS

New Books Offered by the AMS

Random Matrices
Alexei Borodin, Massachusetts 
Institute of Technology, Cambridge, 
MA, Ivan Corwin, Columbia Uni-
versity, New York, NY, and Alice 
Guionnet, CNRS, ENS Lyon, 
France, Editors

Random matrix theory has many 
roots and branches in mathemat-
ics, statistics, physics, computer 
science, data science, numerical 
analysis, biology, ecology, en-

gineering, and operations research. This book provides a 
snippet of this vast domain of study, with a particular focus 
on the notations of universality and integrability. It is ap-
propriate for graduate students and researchers interested 
in learning techniques and results in random matrix theory 
from different perspectives and viewpoints.

This item will also be of interest to those working in applications, 
discrete mathematics and combinatorics, mathematical physics, 
number theory, and probability and statistics.

Titles in this series are co-published with the Institute for Advanced Study/
Park City Mathematics Institute.

IAS/Park City Mathematics Series, Volume 26
November 2019, approximately 506 pages, Hardcover, 
ISBN: 978-1-4704-5280-3, LC 2019017274, 2010 Mathe-
matics Subject Classification: 15B52, 60B20, 82C22, 60H25, 
82B44, 35Q53, 46L54, List US$104, AMS members 
US$83.20, MAA members US$93.60, Order code PCMS/26

bookstore.ams.org/pcms-26

Analysis

Jordan Triple Systems in 
Complex and Functional 
Analysis
José M. Isidro, University of San-
tiago de Compostela, Santiago de 
Compostela, Galicia, Spain

This book is a systematic account 
of the impressive developments 
in the theory of symmetric man-
ifolds achieved over the past 50 
years. It contains detailed and 
friendly, but rigorous, proofs of 

the key results in the theory.

This item will also be of interest to those working in algebra and 
algebraic geometry.

Mathematical Surveys and Monographs, Volume 243
December 2019, approximately 461 pages, Hardcover, 
ISBN: 978-1-4704-5083-0, LC 2019019109, 2010 Mathe-
matics Subject Classification: 46G20, 58B12, 53C35, 32M15, 
17C65, 57S20, 22E65, 17B65, 46B20, 58B25, List US$129, 
AMS members US$103.20, MAA members US$116.10, 
Order code SURV/243

bookstore.ams.org/surv-243

 Mathematical
Surveys

and 
Monographs

Volume 243

Jordan Triple Systems 
in Complex and 
Functional Analysis

José M. Isidro

http://bookstore.ams.org/surv-243
http://bookstore.ams.org/pcms-26
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The text supports many different styles of pedagogy from 
traditional lecture to a flipped classroom model. The avail-
ability of a computer algebra system is not assumed, but 
there are many opportunities to incorporate the use of one.

November 2019, 874 pages, Hardcover, ISBN: 978-1-4704-
4797-7, LC 2019019108, 2010 Mathematics Subject Classifi-
cation: 34–01, 35–01; 97M10, List US$125, AMS members 
US$100, MAA members US$112.50, Order code MBK/125

bookstore.ams.org/mbk-125

General Interest

101 Careers in 
Mathematics
Fourth Edition
Deanna Haunsperger, Carleton 
College, Northfield, MN, and Rob-
ert Thompson, Carleton College, 
Northfield, MN, Editors

This book addresses the ques-
tion “What can you do with a 
degree in math?” with 125 career 
profiles. With job titles ranging 
from sports analyst to science 

writer to inventory specialist to CEO, the volume provides 
ample evidence that one really can do nearly anything with 
a degree in mathematics.

Classroom Resource Materials, Volume 64
November 2019, 282 pages, Softcover, ISBN: 978-1-4704-
5085-4, 2010 Mathematics Subject Classification: 00–XX, 
01–XX, 97–XX, List US$55, AMS Individual member 
US$41.25, AMS Institutional member US$44, MAA mem-
bers US$41.25, Order code CLRM/64

bookstore.ams.org/clrm-64

Introduction to Complex 
Analysis
Michael E. Taylor, University of 
North Carolina, Chapel Hill, NC

In this text, the reader will learn 
that all the basic functions that 
arise in calculus—such as powers 
and fractional powers, expo-
nentials and logs, trigonometric 
functions and their inverses, as 
well as many new functions that 
the reader will meet—are nat-

urally defined for complex arguments. Furthermore, this 
expanded setting leads to a much richer understanding of 
such functions than one could glean by merely considering 
them in the real domain. This book could serve for either a 
one-semester course or a two-semester course in complex 
analysis for beginning graduate students or for well-pre-
pared undergraduates whose background includes mul-
tivariable calculus, linear algebra, and advanced calculus.

Graduate Studies in Mathematics, Volume 202
November 2019, 480 pages, Hardcover, ISBN: 978-1-4704-
5286-5, LC 2019019267, 2010 Mathematics Subject Classi-
fication: 30–01, List US$85, AMS members US$68, MAA 
members US$76.50, Order code GSM/202

bookstore.ams.org/gsm-202

Differential Equations
Differential Equations: 
Techniques, Theory, and 
Applications
Barbara D. MacCluer, University 
of Virginia, Charlottesville, VA, 
Paul S. Bourdon, University of 
Virginia, Charlottesville, VA, and 
Thomas L. Kriete, University of 
Virginia, Charlottesville, VA

In this reader-friendly text, in-
tended for a one- or two-semes-
ter-long first course in differen-

tial equations, techniques, theory, and applications are 
given equal importance and are tied together by means of 
several unifying themes. Applications are chosen from a 
wide range of disciplines, from standard ones in physics 
and engineering to those in the life sciences, where math-
ematics is playing an increasingly important role. The 
exposition itself is exceptionally readable, rigorous yet con-
versational. Students will find it inviting and approachable. 

 

Michael E. Taylor

Introduction to 
Complex Analysis

GRADUATE STUDIES
IN MATHEMATICS 202

http://bookstore.ams.org/mbk-125
http://bookstore.ams.org/gsm-202
http://bookstore.ams.org/clrm-64
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New AMS-Distributed 
Publications
Algebra and Algebraic 
Geometry

Heat Kernel Asymptotics, 
Local Index Theorem and 
Trace Integrals for Cauchy-
Riemann Manifolds with 
S1 Action
Jih-Hsin Cheng, Institute of 
Mathematics, Academia Sinica, 
Taiwan, and National Center 
for Theoretical Sciences, Taiwan, 
Chin-Yu Hsiao, Institute of Math-
ematics, Academia Sinica, Taiwan, 
and I-Hsun Tsai, National Taiwan 
University, Taiwan

Among the transversally elliptic operators initiated by 
Atiyah and Singer, Kohn’s b operator on CR manifolds 
with S1 action is a natural one of geometric significance 
for complex analysts.

The authors’ first main result establishes an asymptotic 
expansion for the heat kernel of such an operator with val-
ues in its Fourier components, which involves a contribu-
tion in terms of a distance function from lower dimensional 
strata of the S1-action. The second main result computes 
a local index density, in terms of tangential characteristic 
forms, on such manifolds as Sasakian manifolds (of inter-
est in string theory), by showing that certain non-trivial 
contributions from strata in the heat kernel expansion will 
eventually cancel out by applying Getzler’s rescaling tech-
nique to off-diagonal estimates. This leads to a local result 
which can be thought of as a type of local index theorem 
on these CR manifolds.

The authors give examples of these CR manifolds, 
some of which arise from Brieskorn manifolds. Moreover, 
in some cases, the authors reinterpret Kawasaki’s Hirze-
bruch-Riemann-Roch formula for a complex orbifold 
equipped with an orbifold holomorphic line bundle as an 
index theorem obtained by a single integral over a smooth 
CR manifold. They achieve this without the use of equiva-
riant cohomology methods.

This item will also be of interest to those working in analysis.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the U.S., Canada, and Mexico. Orders from 

New in Contemporary 
Mathematics
Analysis

Dynamical Systems and 
Random Processes
Jane Hawkins, University of 
North Carolina, Chapel Hill, NC, 
Rachel L. Rossetti, Agnes Scott 
College, Decatur, GA, and Jim 
Wiseman, Agnes Scott College, 
Decatur, GA, Editors

This volume contains the pro-
ceedings of the 16th Carolina 
Dynamics Symposium, held 
from April 13–15, 2018, at Agnes 

Scott College, Decatur, Georgia.
The papers cover various topics in dynamics and ran-

domness, including complex dynamics, ergodic theory, 
topological dynamics, celestial mechanics, symbolic dy-
namics, computational topology, random processes, and 
regular languages.

The intent is to provide a glimpse of the richness of 
the field and of the common threads that tie the different 
specialties together.

This item will also be of interest to those working in probability 
and statistics.

Contemporary Mathematics, Volume 736
October 2019, 265 pages, Softcover, ISBN: 978-1-4704-
4831-8, LC 2019011700, 2010 Mathematics Subject Classifi-
cation: 37D40, 37F10, 37B10, 34A99, 35J47, 37B20, 37B25, 
55–04, 37A50, List US$117, AMS members US$93.60, 
MAA members US$105.30, Order code CONM/736

bookstore.ams.org/conm-736

ONTEMPORARY
ATHEMATICS

C
M

736

Dynamical Systems 
and Random Processes

Jane Hawkins
Rachel L. Rossetti

Jim Wiseman
Editors

http://bookstore.ams.org/conm-736
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other countries should be sent to the SMF. Members of the SMF receive 
a 30% discount from list.

Mémoires de la Société Mathématique de France,  
Number 162
June 2019, 140 pages, Softcover, ISBN: 978-2-85629-908-
1, 2010 Mathematics Subject Classification: 32V20, 32V05, 
58J35, 58J20, List US$52, AMS members US$41.60, Order 
code SMFMEM/162

bookstore.ams.org/smfmem-162

Renormalization in 
Quantum Field Theory 
(after R. Borcherds)
Estanislao Herscovich, Insti-
tut Fourier, Université Grenoble, 
France

The aim of this book is to pro-
vide a complete and precise for-
mulation of the renormalization 
picture for perturbative Quan-
tum Field Theory (pQFT) on 
general curved spacetimes intro-

duced by R. Borcherds in “Renormalization and Quantum 
Field Theory”, Algebra Number Theory 5 (2011), 627–658.

The author gives a full proof of the free and transitive ac-
tion of the group of renormalizations on the set of Feynman 
measures associated with a local precut propagator and 
proof that such a set is nonempty if the propagator is further 
assumed to be manageable and of cut type. Even though 
the author follows the general principles established earlier 
by Borcherds, the author has, in many cases, proceeded 
differently to prove his claims and has also added some 
hypotheses to help prove the corresponding statements.

This item will also be of interest to those working in number 
theory.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the U.S., Canada, and Mexico. Orders from 
other countries should be sent to the SMF. Members of the SMF receive 
a 30% discount from list.

Astérisque, Number 412
July 2019, 188 pages, Softcover, ISBN: 978-2-85629-910-
4, 2010 Mathematics Subject Classification: 16T10, 46N50, 
46T30, 58D30, 81T15, 81T20, List US$68, AMS members 
US$54.40, Order code AST/412

bookstore.ams.org/ast-412

Discrete Mathematics and 
Combinatorics

Discrete Geometry and 
Isotropic Surfaces
François Jauberteau, Labora-
toire Jean Leray, Université de 
Nantes, Yann Rollin, Laboratoire 
Jean Leray, Université de Nantes, 
and Samuel Tapie, Laboratoire 

Jean Leray, Université de Nantes

The authors consider smooth 
isotropic immersions from the 
2-dimensional torus into R2n, 
for n≥2. When n=2 the image 

of such a map is an immersed Lagrangian torus of R4. 
The authors prove that such isotropic immersions can be 
approximated by arbitrarily C0-close piecewise linear iso-
tropic maps. If n≥3 the piecewise linear isotropic maps 
can be chosen so that they are piecewise linear isotropic 
immersions as well.

The proofs are obtained using analogies with an infinite 
dimensional moment map geometry due to Donaldson. As 
a byproduct of these considerations, the authors introduce 
a numerical flow in finite dimension, whose limits pro-
vide, from an experimental perspective, many examples of 
piecewise linear Lagrangian tori in R4. The DMMF program, 
which is freely available, is based on the Euler method and 
shows the evolution equation of discrete surfaces in real 
time, as a movie.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the U.S., Canada, and Mexico. Orders from 
other countries should be sent to the SMF. Members of the SMF receive 
a 30% discount from list.

Mémoires de la Société Mathématique de France,  
Number 161
June 2019, 100 pages, Softcover, ISBN: 978-2-85629-905-
0, 2010 Mathematics Subject Classification: 52–XX, 53D12, 
39A14, 39A70, 47B39, 53D50, 53D20, 53D30, List US$52, 
AMS members US$41.60, Order code SMFMEM/161

bookstore.ams.org/smfmem-161

http://bookstore.ams.org/smfmem-162
http://bookstore.ams.org/smfmem-161
http://bookstore.ams.org/ast-412
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JMM CHILD CARE GRANTS

JMM Child Care Grants help early career scholars attend 
the Joint Mathematics Meetings at a critical time in their 

professional lives. These modest grants give mathematicians 
� exibility in arranging care for their children.

To learn more or give online: 
www.ams.org/child-care-grants
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Meetings & Conferences of the AMS
November Table of Contents

Meetings in this Issue

  2019  
November 2–3 Gainesville, Florida p. 1757
November 9–10 Riverside, California p. 1758

  2020  
January 15–18 Denver, Colorado p. 1760
March 13–15 Charlottesville, Virginia p. 1765
March 21–22 Medford, Massachusetts p. 1766
April 4–5 West Lafayette, Indiana p. 1768
May 2–3 Fresno, California p. 1770
September 12–13 El Paso, Texas p. 1771
October 3–4 State College, PA p. 1771
October 10–11 Chattanooga, Tennessee  p. 1772
October 24–25 Salt Lake City, Utah p. 1772

  2021  
January 6–9 Washington, DC p. 1773
March 20–21 Providence, Rhode Island p. 1773
May 1–2 San Francisco, California p. 1773
July 5–9 Grenoble, France p. 1773
July 19–23 Buenos Aires, Argentina p. 1774
October 9–10 Omaha, Nebraska p. 1774
October 23–24 Albuquerque, NM p. 1774

  2022  
January 5–8 Seattle, Washington p. 1774 

  2023  
January 4–7 Boston, Massachusetts p. 1774

See www.ams.org/meetings for the  
most up-to-date information on the meetings and  

conferences that we offer.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. 

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at: www.ams.org/meetings.

Important Information About AMS Meetings: Poten-
tial organizers, speakers, and hosts should refer to page 
127 in the January 2019 issue of the Notices for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as ac-
cent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; tele-
phone: 610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, 
CA 92521-0135; email: lapidus@math.ucr.edu; tele-
phone: 951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl


November 2019  Notices of the AmericAN mAthemAticAl society   1757

Meetings & Conferences 
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MEETINGS & CONFERENCES

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

Gainesville, Florida
University of Florida

November 2–3, 2019
Saturday – Sunday

Meeting #1152
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: September 2019
Program first available on AMS website: September 19, 2019
Issue of Abstracts: Volume 40, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://ww.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Jonathan C. Mattingly, Duke University, Quantifying Gerrymandering.
Isabella Novik, University of Washington, Face numbers: centrally symmetric spheres vs centrally symmetric polytopes.
Eduardo V. Teixeira, University of Central Florida, Geometric regularity theory for diffusive processes and their intrinsic free 

boundaries.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebras, Analysis and Physics, Craig A. Nolder, Florida State University, Carmen Judith Vanegas Espinoza, Technical 
University of Manabi (Ecuador), and Soren Krausshar, Universitat Erfurt (Germany).

Analysis of Geometric and Evolutionary PDEs, Yi Hu, Yongki Lee, Yuanzhen Shao, and Shijun Zheng, Georgia Southern 
University.

Applications of Differential Equations in Mathematical Biology, Nehal Shukla, Columbus State University.
Applied Topology: Theory and Applications, Peter Bubenik, University of Florida, and Nataša Jonoska, University of South 

Florida.
Čech-Stone Compactification of Semigroups: Algebra, Topology, Dynamics, and Combinatorics, Dana Bartošová and Jindřich 

Zapletal, University of Florida.
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Combinatorial Lie Theory, Erik Insko, Florida Gulf Coast University, Martha Precup, Washington University in St. Louis, 
and Edward Richmond, Oklahoma State University.

Crystallographic and Highly Symmetric Structures, Milé Krajčevski and Gregory McColm, University of South Florida.
Effective Equations of Quantum Physics, Israel Michael Sigal, University of Toronto, and Avy Soffer, Rutgers University.
Experimental Mathematics in Number Theory and Combinatorics, Hannah Burson, University of Illinois at Urbana-Cham-

paign, Tim Huber, University of Texas, Rio Grande Valley, and Armin Straub, University of South Alabama.
Extremal and Probabilistic Combinatorics, Linyuan Lu, University of South Carolina, and Yi Zhao, Georgia State University.
Fractal Geometry and Dynamical Systems, Mrinal Kanti Roychowdhury, University of Texas Rio Grande Valley.
Geometric and Topological Combinatorics, Bruno Benedetti, University of Miami, Steve Klee, Seattle University, and 

Isabella Novik, University of Washington.
Geometric Structures on Manifolds, Sam Ballas, Florida State University, Luca Di Cerbo, University of Florida, and Kate 

Petersen, Florida State University.
Geometry of Gauge Theoretic Moduli Spaces, Chris Kottke, New College of Florida, and Ákos Nagy, Duke University.
Homological Methods in Algebra, Luigi Ferraro and W. Frank Moore, Wake Forest University.
New Developments in Mathematical Biology, Maia Martcheva, University of Florida, Necibe Tuncer, Florida Atlantic 

University, and Libin Rong, University of Florida.
Nonlinear Elliptic Partial Differential Equations, Mark Allen, Brigham Young University, and Eduardo V. Teixeira, Uni-

versity of Central Florida.
Nonlinear PDEs in Fluid Dynamics, Ming Chen, University of Pittsburgh, Aseel Farhat, Florida State University, and 

Cheng Yu, University of Florida.
Nonlinear Solvers and Acceleration Methods, Sara Pollock, University of Florida, and Leo Rebholz, Clemson University.
Partition Theory and Related Topics, Dennis Eichhorn, University of California, Irvine, Frank Garvan, University of 

Florida, and Brandt Kronholm, University of Texas, Rio Grande Valley.
Patterns in Permutations, Miklós Bóna and Vince Vatter, University of Florida.
Probabilistic and Geometric Tools in High-Dimension, Arnaud Marsiglietti, University of Florida, and Artem Zvavitch, 

Kent State University.
Recent Progress in Operator Theory, Mike Jury, Scott McCullough, and James Pascoe, University of Florida.
Recent Trends in Extremal Graph Theory, Theodore Molla and Brendan Nagle, University of South Florida.
Topological Complexity and Related Topics, Daniel C. Cohen, Louisiana State University, and Alexander Dranishnikov 

and Yuli B. Rudyak, University of Florida.

Riverside, California
University of California, Riverside

November 9–10, 2019

Saturday – Sunday

Meeting #1153

Western Section

Associate secretary: Michel L. Lapidus

Announcement issue of Notices: September 2019
Program first available on AMS website: September 12, 2019
Issue of Abstracts: Volume 40, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Robert Boltje, University of California Santa Cruz, Global-local conjectures in the representation theory of finite groups.
Jonathan Novak, University of California, San Diego, A Tale of Two (Matrix) Integrals.
Anna Skripka, University of New Mexico, Operator integrals in theory and applications.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Functional Analysis, Marat Markin, California State University, Fresno, and Yunied Puig De Dios, University 
of California, Riverside.

Advances in Operator Algebras, Scott Atkinson, Vanderbilt University, Rolando de Santiago, UCLA, and Feng Xu, Uni-
versity of California, Riverside.

Algebraic and Combinatorial Structures in Knot Theory, Jieon Kim, Pusan National University, and Sam Nelson, Clare-
mont McKenna College.

Analysis of Nonlinear Partial Differential Equations and Applications, Nam Q. Le, Indiana University, Bloomington, and 
Connor Mooney, University of California, Irvine.

Applied Category Theory, John Baez and Joe Moeller, University of California, Riverside.
Applied Partial Differential Equations and Optimization, Yat Tin Chow and Amir Moradifam, University of California, 

Riverside.
Arithmetic Geometry in Finite Characteristic, Nathan Kaplan and Vlad Matei, University of California Irvine.
AWM, with Emphasis on Geometry and Dynamics, Weitao Chen, Savanna Gee, Paige Helms, and Qixuan Wang, Uni-

versity of California, Riverside.
Canonical Bases, Cluster Structures and Non-commutative Birational Geometry, Arkady Berenstein, University of Oregon, 

Eugene, Jacob Greenstein, University of California, Riverside, and Vladimir Retakh, Rutgers University.
Celebrating MM Rao’s Many Mathematical Contributions as he Turns 90 Years Old, Jerome Goldstein, University of Memphis, 

and Michael Green, Alan Krinik, Randall J. Swift, and Jennifer Switkes, California State Polytechnic University, Pomona.
Computational Methods in Hyperbolic Geometry, Brian Benson, University of California, Riverside, and Jeffrey S. Meyer, 

California State University, San Bernardino.
Data Science, Shuheng Zhou, University of California, Riverside.
Differential Equation, Differential Geometry and Mathematical General Relativity, Po-Ning Chen and Michael McNulty, 

University of California, Riverside.
Dynamical Systems and Ergodic Theory, Nicolai Haydn, University of Southern California, Huyi Hu, Michigan State 

University, and Zhenghe Zhang, University of California, Riverside.
Fluid Dynamics: from Theory to Numerics, James P Kelliher, University of California, Riverside, and Ali Pakzad, Indiana 

University, Bloomington.
Fractal Geometry, Dynamical Systems, and Related Topics, Tim Cobler, Fullerton College, Therese Landry, University 

of California, Riverside, Erin Pearse, California Polytechnic State University, San Luis Obispo, and Goran Radunovic, 
University of Zagreb.

Geometric Methods in Representation Theory, Mee Seong Im, United States Military Academy, West Point, Neal Livesay, 
University of California, Riverside, and Daniel Sage, Lousiana State University.

Geometric Partial Differential Equations and Variational Methods, Longzhi Lin, University of California, Santa Cruz, Xian-
gwen Zhang, University of California, Irvine, and Xin Zhou, University of California, Santa Barbara.

Geometry and Representation Theory of Quantum Algebras and Related Topics, Mee Seong Im, United States Military 
Academy, West Point, Bach Nguyen, Temple University, Hans Nordstrom, University of Portland, and Karl Schmidt, 
University of California, Riverside.

Graph Theory, Zhanar Berikkyzy and Mei-Chu Chang, University of California, Riverside.
Integrating Forward and Inverse Modeling: Machine Learning and Multiscale, Multiphysics Challenges, Mark Alber, University 

of California, Riverside, and William Cannon, Pacific Northwest National Laboratory.
Interactions between geometric group theory and Teichmüller theory, Matthew Durham, University of California, Riverside, 

and Thomas Koberda, University of Virginia.
Invariants of Knots and Spatial Graphs, Alissa Crans, Blake Mellor, and Patrick Shanahan, Loyola Marymount University.
Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University of New Mexico, 

Albuquerque and University of New Mexico, Los Alamos.
Mathematical Biology: Multi-Scale Modeling of Complex Biological Systems, Suzanne Sindi and Mikahl Banwarth-Kuhn, 

University of California, Merced.
Mathematical Modeling in Developmental Biology, Weitao Chen and Qixuan Wang, University of California, Riverside.
Random Matrices and Related Structures, Jonathan Novak, University of California, San Diego, and Karl Liechty, De 

Paul University.
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Representations of Finite Groups and Related Topics, Robert Boltje, University of California at Santa Cruz, Klaus Lux, 
University of Arizona at Tucson, and Amanda Schaeffer Fry, Metropolitan State University of Denver.

Research in Mathematics by Early Career Graduate Students, Marat Markin and Khang Tran, California State University, 
Fresno.

Several Complex Variables and Complex Dynamics, Xin Dong, University of California, Irvine, and Sara Lapan and Bun 
Wong, University of California, Riverside.

Symplectic and Low Dimensional Topology, Nur Saglam, Virginia Tech.
Topics in Algebraic Geometry, Jose Gonzalez, Ziv Ran, and Zhixian Zhu, University of California, Riverside.
Topics in Extremal and Structural Graph Theory, Andre Kundgen, California State University San Marcos, and Craig 

Timmons, California State University Sacramento.
Topics in Global Geometric Analysis, Fred Whilhelm and Qi Zhang, University of California, Riverside.
Topics in Operator Theory, Anna Skripka and Maxim Zinchenko, University of New Mexico.
Undergraduate Research in Mathematics: Presentations on Research and Mentorship, David Weisbart, University of Cali-

fornia, Riverside.

Denver, Colorado
Colorado Convention Center

January 15–18, 2020
Wednesday – Saturday

Meeting #1154
Joint Mathematics Meetings, including the 126th Annual 
Meeting of the AMS, 103rd Annual Meeting of the Mathe-
matical Association of America (MAA), annual meetings of 
the Association for Women in Mathematics (AWM) and the 
National Association of Mathematicians (NAM), and the win-
ter meeting of the Association of Symbolic Logic (ASL), with 
sessions contributed by the Society for Industrial and Applied 
Mathematics (SIAM)

Associate secretary: Michel L. Lapidus
Announcement issue of Notices: October 2019

Program first available on AMS website: November 1, 2019

Issue of Abstracts: Volume 41, Issue 1

Deadlines
For organizers: Expired

For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Skip Garibaldi, IDA Center for Communications Research, La Jolla, Uncovering lottery shenanigans (AMS-MAA Invited 

Address).
Karen M. Lange, Wellesley College, Different problems, common threads: Computing the difficulty of mathematical problems 

(AMS-MAA Invited Address).
Rajiv Maheswaran, Second Spectrum, The fantastic intersection of math and sports: Where no one is afraid of a decimal point 

(MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).
Birgit Speh, Cornell University, Branching laws for representations of a non compact orthogonal group (AWM-AMS Noether 

Lecture).

AMS Invited Addresses
Bonnie Berger, Massachusetts Institute of Technology, Biomedical data sharing and analysis at scale.
Ingrid Daubechies, Duke University, Mathematical Frameworks for Signal and Image Analysis (AMS Colloquium Lec-

tures I–III).
Gregory W Moore, Rutgers University, Smooth Invariants Of Four-Dimensional Manifolds and Quantum Field Theory.
Nancy Reid, University of Toronto, Statistical theory and practice (AMS Josiah Willard Gibbs Lecture).
Kenneth A. Ribet, University of California, Berkeley, A 2020 view of Fermat’s Last Theorem (AMS Retiring Presidential 

Address).
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Tatiana Toro, University of Washington, Differential operators and the geometry of domains in Euclidean space (AMS 
Maryam Mirzakhani Lecture).

Anthony Várilly-Alvarado, Rice University, The geometric disposition of Diophantine Equations.

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of each 
listing, where applicable.

Advances in Multivariable Operator Theory: Connections with Algebraic Geometry, Free Analysis, and Free Probability, Joseph 
A. Ball, Virginia Tech, and Paul S. Muhly, University of Iowa.

Advances in Operator Algebras, Ian Charlesworth, University of California, Berkeley, Brent Nelson, Vanderbilt University, 
Sarah Reznikoff, Kansas State University, and Lauren Ruth, Vanderbilt University.

Algebraic Cycles in Arithmetic and Geometry, Jeff Achter, Colorado State University, and Sebastian Casalaina-Martin, 
University of Colorado Boulder.

Algebras and Algorithms, Keith A. Kearnes, Peter Mayr, and Agnes Szendrei, University of Colorado, Boulder.
Algorithms, Analysis, and Applications of Numerical PDEs, Xiaoming He, Missouri University of Science and Technology, 

and Jiangguo (James) Liu, Colorado State University.
Algorithms, Experimentation, and Applications in Number Theory, Beth Malmskog, Colorado College, and Christopher 

Rasmussen, Wesleyan University.
Analysis and Differential Equations at Undergraduate Institutions, William Green, Rose-Hulman Institute of Technology, 

and Katharine Ott, Bates College.
Analysis of Nonlocal Models, Giacomo Capodaglio, Florida State University, Marta D’Elia, Center for Computing Re-

search, Sandia National Laboratories, and Max Gunzburger, Florida State University.
Analytic and Probabilistic Combinatorics, Miklós Bóna, University of Florida, and Jay Pantone, Marquette University.
Analytic Theory of Automorphic Forms and L-Functions, Amanda Folsom, Amherst College, Michael Griffin, Brigham 

Young University, Larry Rolen, Vanderbilt University, and Jesse Thorner, University of Florida.
Applications and Computations in Knot Theory, Harrison Chapman, Colorado State University, Heather A. Dye, McKen-

dree University, and Jesse S.F. Levitt, University of Southern California.
Applied Topology, Henry Adams, Colorado State University, and Mikael Vejdemo-Johansson, CUNY College of Staten 

Island.
Arithmetic Dynamics, I (Associated with AMS Retiring Presidential Address Kenneth A. Ribet), Rafe Jones, Carleton College, 

Nicole R. Looper, Cambridge University and Brown University, and Joseph H. Silverman, Brown University.
Arithmetic Galois Actions, Ozlem Ejder, Colorado State University, Jamie Juul, University of British Columbia, and 

Rachel Pries, Colorado State University.
Aspects and Applications of Algebraic Combinatorics, William J. Martin, Worcester Polytechnic Institute, and Jason Wil-

liford, University of Wyoming.
C*-Algebras, Dynamical Systems and Applications, Robin Deeley, University of Colorado Boulder, and Zhuang Niu and 

Ping Zhong, University of Wyoming.
Choiceless Set Theory and Related Areas, Paul Larson, Miami University, and Jindrich Zapletal, University of Florida 

(AMS-ASL).
Coding Theory and Applications, Allison Beemer, Arizona State University, Ian F. Blake, University of British Columbia, 

Christine A. Kelley, University of Nebraska-Lincoln, and Felice Manganiello, Clemson University.
Cohomological Field Theories and Wall Crossing, Yefeng Shen, University of Oregon, and Mark Shoemaker, Colorado 

State University.
Combinatorial Structures and Integrable Systems, Maxim Arnold and Nathan Williams, University of Texas at Dallas.
Commutative Algebra, Patricia Klein, University of Kentucky, and Haydee Lindo, Williams College.
Computational and Categorical Methods in Homotopy Theory, Agnes Beaudry, University of Colorado Boulder, and Julie 

Bergner, University of Virginia.
Computational Biomedicine, Nek Valous and Niels Halama, National Center for Tumor Diseases Heidelberg, German 

Cancer Research Center.
Current Areas of Interest in the Mathematical Sciences of Medieval Islam, Emelie A. Kenney and Mohammad Javaheri, 

Siena College, and Mohammad K. Azarian, University of Evansville.
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Differential and Difference Equations in Biological Dynamics, Xiang-Sheng Wang and Aijun Zhang, University of Loui-
siana at Lafayette.

Differential Geometry and Global Analysis, I, Honoring the Memory of Tadashi Nagano (1930-2017), Bang-Yen Chen, Mich-
igan State University, Nicholas D. Brubaker and Thomas Murphy, California State University, Fullerton, Takashi Sakai, 
Tokyo Metropolitan University, Makiko Sumi Tanaka, Tokyo University of Sciences, Bogdan D. Suceava, California State 
University, Fullerton, and Mihaela B. Vajiac, Chapman University.

Evolution, Chris McCarthy and Johannes Familton, Borough of Manhattan Community College CUNY.
Experimental and Computer Assisted Mathematics, Shashank Kanade, University of Denver, Matthew Russell, Rutgers 

University, and Ali Kemal Uncu, Research Institute for Symbolic Computation, Johannes Kepler University Linz.
Explicit Methods in Arithmetic Geometry in Characteristic p , I (a Mathematics Research Communities Session), Vaidehee Thatte, 

Binghamton University, Sarah Arpin, University of Colorado Boulder, and Nicholas Triantafillou, University of Georgia.
Extremal and Probabilistic Combinatorics, Sean English and Emily Heath, University of Illinois Urbana Champaign, and 

Michael Tait, Villanova University.
Fractal Geometry, Dynamical Systems, and Applications, Andrea Arauza Rivera, California State University, East Bay, Robert 

Niemeyer, Metropolitan State University, and John Rock, California State Polytechnic University, Pomona.
Frames, Designs, and Optimal Spherical Configurations, Xuemei Chen, New Mexico State University, Alexey Glazyrin, 

University of Texas Rio Grande Valley, Kasso Okoudjou, University of Maryland, College Park, and Oleksandr Vlasiuk, 
Florida State University.

From STEM to STEAMS (Science, Technology, Engineering, AI, Mathematics, Statistics), Charles Chen, Applied Materials, 
and Mason Chen, Stanford OHS.

Future Directions in Theory & Applications of Nonlinear Reaction-Diffusion Equations, Jerome Goddard, II, Auburn University 
at Montgomery, Nsoki Mavinga, Swarthmore College, and Quinn Morris, Appalachian State University.

Geometric Representation Theory and Equivariant Elliptic Cohomology, I (a Mathematics Research Communities Session), 
Anne Dranowski, University of Toronto, Noah Arbesfeld, Imperial College London, and Dominic Culver, University 
of Illinois Urbana-Champaign.

Geometry of Differential Equations, Jeanne Clelland and Yuhao Hu, University of Colorado Boulder, and George Wilkens, 
University of Hawai‘i.

Getting Started in Undergraduate Research: Topics, Tools and Open Problems, Hannah Highlander, University of Portland, 
Pamela E. Harris, Williams College, Erik Insko, Florida Gulf Coast University, and Aaron Wootton, University of Port-
land (AMS-MAA).

Group Actions in Harmonic Analysis, Keri Kornelson, University of Oklahoma, and Emily J. King, University of Bremen.
Groups and Topological Dynamics, Constantine Medynets, United States Naval Academy, Volodymyr Nekrashevych, 

Texas A&M University, and Dmytro Savchuk, University of South Florida.
Hamiltonian Systems, Sean Gasiorek, University of California Santa Cruz, Gabriel Martins, University of California 

Berkeley, and Andres Perico, University of California Santa Cruz.
Harmonic Analysis, Taryn C. Flock, Macalester College, and Betsy Stovall, University of Wisconsin–Madison.
Highly Accurate and Structure-Preserving Numerical Methods for Nonlinear Partial Differential Equations, Qin Sheng, Baylor 

University, Jorge E. Macias-Diaz, Universidad Autonoma de Aguascalientes, and Joshua L. Padgett, Texas Tech University.
History of Mathematics, Jemma Lorenat, Pitzer College, Sloan Despeaux, Western Carolina University, Daniel Otero, 

Xavier University, and Adrian Rice, Randolph-Macon College (AMS-MAA).
How to Discover and Train Gifted Students, Scott Annin, California State University, Fullerton, Cezar Lupu, Texas Tech 

University, Shoo Seto, University of California, Irvine, and Bogdan D. Suceava, California State University, Fullerton.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences, David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Interactions Among Partitions, Basic Hypergeometric Series, and Modular Forms, Chris Jennings-Shaffer, University of 

Denver, and Frank Garvan, University of Florida.
Interactions between Combinatorics, Representation Theory, and Coding Theory, Manabu Hagiwara, Chiba University, and 

Richard Green, University of Colorado Boulder.
Interactions of Inverse Problems, Computational Harmonic Analysis, and Imaging, M. Zuhair Nashed, University of Central 

Florida, Willi Freeden, University of Kaiserslautern, and Otmar Scherzer, University of Vienna.
Interfaces Between PDEs and Geometric Measure Theory, I (Associated with AMS Maryam Mirzakhani Invited Address Tatiana 

Toro), Robin Neumayer and Zihui Zhao, Institute for Advanced Study.
International Research Experience for Students (IRES), Asuman G. Aksoy, Claremont McKenna College, and Zair Ibragi-

mov, California State University, Fullerton.
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Iterative Methods for Large-Scale Data Analysis, Jamie Haddock, University of California Los Angeles, and Anna Ma, 
University of California San Diego.

Logic Facing Outward, I (Associated with Joint AMS-MAA Invited Address Karen Lange), Karen Lange, Wellesley College, 
and Russell Miller, Queens College & Graduate Center CUNY (AMS-ASL).

Markov Models and Matrix Properties, Alan Krinik and Randall J. Swift, California Polytechnic Pomona.
Mathematical Analysis in Data Science, I (Associated with AMS Colloquium Lectures Ingrid Daubechies), Radu Balan, 

University of Maryland, Tingran Gao, University of Chicago, Sinan Gunturk, New York University, and Ozgur Yilmaz, 
University of British Columbia.

Mathematical and Computational Research in Data Science, Linda Ness, DIMACS, Rutgers University, and F. Patricia 
Medina, Yeshiva University (AMS-AWM).

Mathematical Aspects of Conformal Field Theory, Shashank Kanade and Andrew Linshaw, University of Denver, and 
Robert McRae, Vanderbilt University.

Mathematical Information in the Digital Age of Science, Patrick Ion, IMKT & University of Michigan, Olaf Teschke, zb-
Math, and Stephen Watt, University of Waterloo.

Mathematical Physics, Some Open Problems for the 21st Century, Michael Maroun.
Mathematical Programming and Combinatorial Optimization, Steffen Borgwardt, University of Colorado Denver, and 

Tamon Stephen, Simon Fraser University.
Mathematics and Motherhood, Della Dumbaugh, University of Richmond, Carrie Diaz Eaton, Bates College, and Emille 

Lawrence, University of San Francisco.
Matrices and Graphs, Leslie Hogben, Iowa State University and American Institute of Mathematics, and Bryan L. Shader, 

University of Wyoming.
Mean Field Games: Theory and Applications, François Delarue, University of Nice Sophia Antipolis.
Modeling Natural Resources, Shandelle M. Henson, Andrews University, and Julie Blackwood, Williams College.
Noncommutative Geometry and Applications, Frederic Latremoliere, University of Denver.
Novel Teaching Practices in Mathematics, David Weisbart, University of California, Riverside.
Outreach Strategies for Reaching Underrepresented Students at the Pre-College Level, Jacob Castaneda, The Art of Problem 

Solving/Bridge to Enter Advanced Mathematics (BEAM), Cory Colbert, Washington & Lee University, Li-Mei Lim, Boston 
University/PROMYS, Max Warshauer, Texas State University at San Marcos, and Daniel Zaharopol, The Art of Problem 
Solving Initative/Bridge to Enter Advanced Mathematics (BEAM).

Partition Theory and q-Series, Madeline Locus Dawsey, The University of Texas at Tyler, Marie Jameson, University of 
Tennessee, Knoxville, and James Sellers, Pennsylvania State University.

Pedagogical Innovations That Lead to Successful Mathematics, Michael A. Radin, Rochester Institute of Technology, Natali 
Hritonenko, Prairie View A&M University, and Ellina Grigorieva, Texas Women’s University.

Quantization for Probability Distributions and Dynamical Systems, Mrinal Kanti Roychowdhury, University of Texas Rio 
Grande Valley.

Quantum Theory of Matter Meets Noncommutative Geometry and Topology, Masoud Khalkhali, University of Western 
Ontario, and Markus Pflaum, University of Colorado, Boulder.

Random Combinatorial Structures, Complex Analysis and Integrable Systems, Virgil U. Pierce, University of Northern Col-
orado, and Nicholas M. Ercolani, University of Arizona.

Random Matrices and Integrable Systems, Ken McLaughlin, Colorado State University, and Sean O’Rourke, University 
of Colorado Boulder.

Rational Points on Algebraic Varieties: Theory and Computation, I (Associated with AMS Invited Address Anthony Varilly-Al-
varado), Brendan Hassett, Brown/ICERM, Andrew Sutherland, MIT, and Anthony Varilly-Alvardo, Rice University.

Recent Advances in Function and Operator Theory, Kelly Bickel, Bucknell University, Alberto Condori, Florida Gulf Coast 
University, William Ross, University of Richmond, and Alan Sola, Stockholm University.

Recent Advances in Time-Stepping Methods for Ocean Modeling, Sara Calandrini, Konstantin Pieper, and Max Gunz-
burger, Florida State University.

Recent Advances of Mathematical Modeling on Ecology and Epidemiology, Xi Huo, University of Miami, and Rongsong 
Liu, University of Wyoming.

Recent Developments in Numerical Methods for PDEs, Valeria Barra, University of Colorado Boulder, and Oana Marin, 
Argonne National Laboratory.

Recent Trends in Semigroup Theory, Michael Kinyon, University of Denver, and Ben Steinberg, City College of New York.
Representations of Finite Groups and Related Structures, Mandi Schaeffer Fry, Metropolitan State University of Denver, 

and Nat Thiem, University of Colorado Boulder.
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Representation Theory Inspired by the Langlands Conjectures, I (Associated with Joint AWM-AMS Noether Lecture Birgit Speh), 
Birgit Speh, Cornell University, and Peter Trapa, University of Utah (AMS-AWM).

Research from the Rocky Mountain-Great Plains Graduate Research Workshop in Combinatorics, Steve Butler, Iowa State 
University, Michael Ferrara, University of Colorado Denver, Jeremy Martin, University of Kansas, Tyrrell McAllister, 
University of Wyoming, and Jamie Radcliffe, University of Nebraska-Lincoln.

Research in Graph Theory and Combinatorics by Research Experience for Undergraduate Faculty (REUF) Alumni and Their 
Students, Katie Anders and Kassie Archer, University of Texas at Tyler, and Briana Foster-Greenwood, California State 
Polytechnic University-Pomona.

Research in Mathematics by Early Career Graduate Students, Marat Markin, Morgan Rodgers, and Khang Tran, California 
State University Fresno.

Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, Darren A. Narayan, Rochester 
Institute of Technology, Khang Tran, California State University Fresno, Mark David Ward, Purdue University, and John 
Wierman, The Johns Hopkins University (AMS-MAA-SIAM).

Riemannian Foliations and Applications, Igor Prokhorenkov and Ken Richardson, Texas Christian University.
Self-Distributive Structures, Knot Theory, and the Yang-Baxter Equation, Mohamed Elhamdadi, University of South Florida, 

Petr Vojtechovsky, University of Denver, and David Stanovsky, Charles University in Prague.
Sequences, Words, and Automata, Eric Rowland and Manon Stipulanti, Hofstra University.
Set-Valued and Fuzzy-Valued Analysis with Applications, Vira Babenko, Drake University.
Singularities and Characteristic Classes, Paolo Aluffi, Florida State University, and Leonardo Mihalcea, Virginia Tech.
Spectral and Transport Properties of Disordered Systems, Peter D. Hislop, University of Kentucky, and Jeffrey Schenker, 

Michigan State University.
Stochastic Analysis and Applications in Finance, Actuarial Science and Related Fields, Julius N. Esunge, University of Mary 

Washington, See Keong Lee, Universiti Sains Malaysia, and Aurel I. Stan, The Ohio State University.
Stochastic Differential Equations and Application of Mathematical Biology, Jianjun Paul Tian, New Mexico State University, 

Hai-Dang Nguyen, University of Alabama, Xianyi Zeng, University of Texas at El Paso, and Robert Smits, New Mexico 
State University.

Stochastic Spatial Models (a Mathematics Research Communities Session), Tobias Johnson, College of Staten Island, Erin 
Beckman, Duke University, and Katelynn Kochalski, SUNY Geneseo.

Symbolic Dynamics, Ronnie Pavlov, University of Denver, and Scott Schmieding, Northwestern University.
The Geometry of Complex Polynomials and Rational Functions, Trevor Richards, Monmouth College, and Malik Younsi, 

University of Hawai‘i.
The Kaczmarz Algorithm with Applications in Harmonic Analysis and Data Science, Xuemei Chen, New Mexico State Uni-

versity, Palle E.T. Jorgensen, University of Iowa, and Eric Weber, Iowa State University.
The Mathematics of Social Justice, Andrea Arauza Rivera, California State University, East Bay, Paige Helms, University 

of Washington, Ryan Moruzzi, Ithaca College, and Robin Wilson, California Poly Pomona.
Topological Measures of Complexity: Inverse Limits, Entropy, and Structure of Attractors, Lori Alvin, Furman University, Jan P. 

Boronski, National Supercomputing Centre IT4innovations, Joanna Furno, University of Houston, and Piotr Oprocha, 
AGH University of Science and Technology.

Utilizing Mathematical Models to Understand Tumor Heterogeneity and Drug Resistance, James Greene, Clarkson University, 
Hwayeon Ryu, Elon University, and Kamila Larripa, Humboldt State University.

Vietoris-Borsuk-Rips Homotopy, Danuta Kolodziejczyk, Warsaw University of Technology, and Krystyna Kuperberg, 
Auburn University.

Wall to Wall Modeling Activities in Differential Equations Courses, Janet Fierson, La Salle University, Therese Shelton, 
Southwestern University, and Brian Winkel, SIMIODE.

Women in Mathematical Biology, Christina Edholm, University of Tennessee, Amanda Laubmeier, University of Ne-
braska-Lincoln, Katharine Gurski, Howard University, and Heather Zinn Brooks, University of California Los Angeles 
(AMS-AWM).

Women in Symplectic and Contact Geometry, Morgan Weiler, Rice University, Catherine Cannizzo, Simons Center for 
Geometry and Physics, and Melissa Zhang, University of Georgia (AMS-AWM).

Women in Topology, Jocelyn Bell, Hobart and William Smith Colleges, Rochy Flint, Columbia University Teachers 
College, Candice Price, Smith College, and Arunima Ray, Max Planck Institute for Mathematics (AMS-AWM).
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Charlottesville, Virginia
University of Virginia

March 13–15, 2020
Friday – Sunday

Meeting #1155
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: January 2020
Program first available on AMS website: February 4, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 21, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura Ann Miller, University of North Carolina, Title to be announced.
Betsy Stovall, University of Wisconsin–Madison, Title to be announced.
Yusu Wang, Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 2A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in High and Infinite Dimensional Stochastic Analysis (Code: SS 36A), Juraj Foldes, University of Virginia, Nathan 
Glatt-Holtz, Tulane University, and Mouhamadou Sy, University of Virginia.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 4A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 22A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 10A), Raman Parimala, Emory University, Andrei Rapinchuk, 

University of Virginia, and Igor Rapinchuk, Michigan State University.
Categorical Representation Theory and Beyond (Code: SS 11A), You Qi and Liron Speyer, University of Virginia, and 

Joshua Sussan, CUNY Medgar Evers (AMS-AAAS).
Celebrating Diversity in Mathematics (Code: SS 20A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 26A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, Priyam Patel, University of Utah, and Sunny Xiao, Brown University.
Combinatorics Related to Geometry and Representation Theory (Code: SS 34A), Heather M Russell, University of Richmond, 

and Rebecca Goldin, George Mason University.
Commutative Algebra (Code: SS 28A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, 

Clemson University.
Convexity and Probability in High Dimensions (Code: SS 31A), Steven Hoehner, Longwood University, and Mark Meckes 

and Elisabeth Werner, Case Western Reserve University.
Curves, Jacobians, and Abelian Varieties (Code: SS 1A), Andrew Obus, Baruch College (CUNY), Tony Shaska, Oakland 

University, and Padmavathi Srinivasan, Georgia Institute of Technology.
Cyber Defense and Cryptography in Undergraduate Education (Code: SS 23A), Lubjana Beshaj, West Point Military Acad-

emy, and Tony Shaska, Oakland University.
Homotopy Theory (Code: SS 15A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 27A), Leonid Petrov, University of Virginia, and Axel Saenz.
Knots and Links in Low-Dimensional Topology (Code: SS 5A), Thomas Mark, University of Virginia, Allison Moore, Uni-

versity of California Davis, and Ziva Myer, Duke University.
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Knot Theory and its Applications (Code: SS 25A), Hugh Howards and Jason Parsley, Wake Forest University, and Eric 
Rawdon, St. Thomas University.

Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 30A), Laura Miller, University of North Car-
olina at Chapel Hill, and Nick Battista, The College of New Jersey.

Mathematical String Theory (Code: SS 9A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 
and Diana Vaman, University of Virginia (AMS-AAAS).

Motivic Aspects of Topology and Geometry (Code: SS 16A), Kirsten Wickelgren, Duke University, and Inna Zakharevich, 
Cornell University.

Nonlocal PDEs and Applications (Code: SS 33A), Siming He, Duke University, and Changhui Tan, University of South 
Carolina.

Numerical Methods for Partial Differential Equations: A Session in Honor of Slimane Adjerid’s 65th Birthday (Code: SS 3A), 
Mahboub Baccouch, University of Nebraska at Omaha.

Probabilistic Methods in Geometry and Analysis (Code: SS 19A), Fabrice Baudoin and Li Chen, University of Connecticut.
Quantum Algebra and Geometry (Code: SS 24A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Ran-

dolph College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Recent Advances in Graph Theory and Combinatorics (Code: SS 8A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary (AMS-AAAS).
Recent Advances in Harmonic Analysis (Code: SS 7A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Advances in Mathematical Biology (Code: SS 32A), Junping Shi, College of William & Mary, Zhisheng Shuai, 

University of Central Florida, and Yixiang Wu, Middle Tennessee State University.
Recent Combinatorial Advances In Representation Theory and Algebraic Geometry (Code: SS 29A), Jennifer Morse, University 

of Virginia, and Sarah Mason, Wake Forest University.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 35A), Betsy Stovall and Joris Roos, University of Wiscon-

sin–Madison.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 13A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Special Sets of Integers in Modern Number Theory (Code: SS 14A), Cristina Ballantine, College of the Holy Cross, and 

Hester Graves, Center for the Computing Sciences.
Tensors and Complexity (Code: SS 17A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 

Toronto.
The Mathematics of Redistricting (Code: SS 18A), Marion Campisi, San Jose State University, Thomas Ratliff, Wheaton 

College, and Ellen Veomett, Saint Mary’s College of California.
Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 

Martone, University of Michigan.
Youth and Enthusiasm in Arithmetic Geometry and Number Theory. (Code: SS 12A), Evangelia Gazaki and Ken Ono, 

University of Virginia.

Medford, Massachusetts
Tufts University

March 21–22, 2020
Saturday – Sunday

Meeting #1156
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: January 2020
Program first available on AMS website: February 11, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 28, 2020
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Columbia University, Title to be announced.
Enrique Pujals, City University of New York, Title to be announced.
Chris W. Woodward, Rutgers, The State University of New Jersey, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry in Dynamics (Code: SS 15A), Nguyen-Bac Dang, Stony Brook University, and Nicole Looper and 
Rohini Ramadas, Brown University.

Analysis on Homogeneous Spaces (Code: SS 6A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Anomalous Diffusion Processes (Code: SS 3A), Christoph Borgers, Tufts University, and Claude Greengard, New York 
University and Foss Hill Partners.

Applied Combinatorics (Code: SS 21A), Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and 
Caroline Klivans, Brown University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 10A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Current Trends in Combinatorial Commutative Algebra (Code: SS 7A), Kuei-Nuan Lin, Pennsylvania State University, 
Greater Allegheny, and Augustine O’Keefe, Connecticut College.

Equivariant Cohomology (Code: SS 9A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Geometric Dynamics and Billiards (Code: SS 4A), Boris Hasselblatt and Eunice Kim, Tufts University, Kathryn Lindsey, 

Boston College, and Zbigniew Nitecki, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 12A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 19A), Youssef Qranfal, Wentworth Institute of Technology.
Linear Algebraic Groups: their Structure, Representations, and Geometry (Code: SS 23A), George McNinch, Tufts University, 

and Eric Sommers, University of Massachusetts.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 24A), Olivia Chu, Daniel Cooney, 

and Chadi Saad-Roy, Princeton University.
Mathematics of Data Science (Code: SS 5A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 

Murphy, Tufts University.
Mirror Symmetry and Enumerative Geometry (Code: SS 20A), Mandy Cheung, Harvard University, and Siu-Cheong Lau 

and Yu-Shen Lin, Boston University.
Modeling and Analysis of Partial Differential Equations in Fluid Dynamics and Related Fields: Geometric and Probabilistic 

Methods (Code: SS 1A), Geng Chen, University of Kansas, Siran Li, Rice University and Centre de Recherches Mathéma-
tiques, Université de Montréal, and Kun Zhao, Tulane University.

Moduli of Curves, Hilbert Schemes, and Tropical Geometry (Code: SS 17A), Ignacio Barros and Rob Silversmith, North-
eastern University.

Probability in Dynamical Systems of Physical Origin (Code: SS 13A), Alex Blumenthal, University of Maryland, and Peter 
Nandori, Yeshiva University.

Quantum Probability, Orthogonal Polynomials, and Special Functions (Code: SS 11A), Maxim Derevyagin and Ambar 
Sengupta, University of Connecticut.

Random Discrete Structures (Code: SS 22A), Xavier Pérez-Giménez, University of Nebraska, and Lutz P Warnke, Georgia 
Institute of Technology.

Recent Advances in Schubert Calculus and Related Topics (Code: SS 2A), Christian Lenart and Changlong Zhong, State 
University of New York at Albany.

Subgroups in Nonpositive Curvature (Code: SS 8A), Robert Kropholler, Kim Ruane, and Genevieve Walsh, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 16A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.
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The Combinatorics and Geometry of Jordan Type and Commuting Varieties (Code: SS 14A), Peter Crooks and Anthony 
Iarrobino, Northeastern University, and Leila Khatami, Union College.

West Lafayette, Indiana
Purdue University

April 4–5, 2020
Saturday – Sunday

Meeting #1157
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: February 2020
Program first available on AMS website: February 18, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: February 4, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Mathematical Modeling, Analysis and Numerical Simulation of Particulate Suspensions and Related Multiphase 
Flows (Code: SS 32A), Abhinandan Chowdhury, Savannah State University, and Ivan Christov, Purdue University.

Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois Urbana-Cham-
paign, and Jing Wang, Purdue University.

Analysis of PDE in Fluid Dynamics: Theory and Numerics (Code: SS 35A), Theodore Drivas, Princeton University, Michael 
Jolly, Indiana University, and Huy Q. Nguyen, Brown University.

Coding and Cryptography (Code: SS 34A), Ryann Cartor, Clemson University, Neville Fogarty, Christopher Newport 
University, and Gretchen Matthews and Dane Skabelund, Virginia Tech.

Combinatorial Algebra and Geometry (Code: SS 22A), Christine Berkesch, University of Minnesota, and Laura Matuse-
vich and Aleksandra Sobieska, Texas A&M University.

Combinatorial Techniques in Commutative Algebra (Code: SS 42A), Giulio Caviglia, Purdue University, and Jay Schweig, 
Oklahoma State University.

Commutative Algebra and Connections with Algebraic Geometry (Code: SS 36A), Claudia Polini, University of Notre Dame, 
and Bernd Ulrich, Purdue University.

Complex Geometry (Code: SS 29A), Laszlo Lempert, Chi Li, and Sai-Kee Yeung, Purdue University, and Yuan Yuan, 
Syracuse University.

Computational Aspects of Symplectic Topology (Code: SS 30A), Olguta Buse, Indiana University-Purdue University Indi-
anapolis, Richard Hind, University of Notre Dame, and Jun Li, University of Michigan.

Contemporary Applications of Gradient Flows and Variational Methods (Code: SS 12A), Tao Luo and Nung Kwan (Aaron) 
Yip, Purdue University.

Gaussian and non-Gaussian Stochastic Analysis (Code: SS 16A), Cheng Ouyang, University of Illinois at Chicago, and 
Takashi Owada and Samy Tindel, Purdue University.

Geometric Topology in the Middle Dimensions (Code: SS 43A), James F. Davis, Indiana University, and Mark Powell, 
Durham University.

Group Theory and Logic (Code: SS 13A), Meng-Che (Turbo) He, Purdue University, Julia F. Knight, University of Notre 
Dame, and D.B. McReynolds and Thomas Sinclair, Purdue University.

Harmonic Analysis (Code: SS 2A), Brian Street and Shaoming Guo, University of Wisconsin–Madison.
Higher Structures in Topology, Geometry and Physics (Code: SS 24A), Ralph Kaufmann, Purdue University, Martin Markl, 

Institute of Mathematics of the Czech Academy of Sciences, and Sasha Voronov, University of Minnesota.
Integrability, Symmetry and Physics (Code: SS 26A), E. Birgit Kaufmann, Purdue University, and Oleksandr Tsymbaliuk, 

Yale University.
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Knot and Links in 3-Manifolds (Code: SS 31A), Micah Chrisman and Sujoy Mukherjee, The Ohio State University, and 
Robert Todd, Mount Mercy University.

Low-dimensional Topology (Code: SS 4A), Matthew Hedden, Katherine Raoux, and Lev Tovstopyat-Nelip, Michigan 
State University.

Mathematical Finance and Actuarial Sciences (Code: SS 11A), Kiseop Lee and Jianxi Su, Purdue University, and Jose 
Figueora-Lopez, Washington University, St. Louis.

Mathematical Methods for Inverse Problems (Code: SS 3A), Isaac Harris and Peijun Li, Purdue University.
Modeling, Analysis and Simulation of Complex Fluid Systems in Physics and Biology (Code: SS 33A), Carme Calderer, Uni-

versity of Minnesota, Chun Liu, Illinois Institute of Technology, and Pei Liu, University of Minnesota.
Model Theory and its Applications (Code: SS 41A), Saugata Basu, Purdue University, Philipp Hieronymi, University of 

Illinois at Urbana-Champaign, and Margaret E.M. Thomas, Purdue University.
Multiplicative Ideal Theory in honor of the career of William Heinzer (Code: SS 8A), Evan Houston, University of North 

Carolina, Charlotte, and Alan Loper, Ohio State University.
Network Science (Code: SS 20A), Nicole Eikmeier, Grinnell College, and David F. Gleich, Purdue University.
Nonlinear Partial Differential Equations from Variational Problems and Fluid Equations (Code: SS 9A), Tao Huang, Wayne 

State University, and Changyou Wang, Purdue University.
Numerical Linear Algebra (Code: SS 18A), Jianlin Xia and Xuefeng Xu, Purdue University.
Optimization and Algebraic Geometry (Code: SS 40A), Jonathan Hauenstein, University of Notre Dame, and Ali Mo-

hammad Nezhad, Purdue University.
Optimization for Discrete Geometry (Code: SS 19A), Mark Magsino and Hans Parshall, The Ohio State University.
p-adic Galois Representations, Modularity, and Related Topics (Code: SS 39A), Patrick Allen, University of Illinois at Urba-

na-Champaign, Andrei Jorza, University of Notre Dame, and Tong Liu, Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 10A), Shawn Cui, Purdue University, Julia Plavnik, Indiana Univer-

sity, and Tian Yang, Texas A&M University.
Recent Advances in Adaptive Mesh Refinement and A Posteriori Error Estimation (Code: SS 38A), Shuhao Cao, University 

of California, Irvine, and Zhiqiang Cai, Purdue University.
Recent Advances in Modeling, Computational Methods and Simulations of Physical/Biological Systems (Code: SS 27A), Such-

uan Steven Dong, Jie Shen, and Zhiguo Yang, Purdue University.
Recent Developments in Automorphic Forms and Representations of p-adic Groups (Code: SS 7A), David Goldberg, Baiying 

Liu, and Freydoon Shahidi, Purdue University.
Recent Developments in Commutative Algebra (Code: SS 6A), Jennifer Kenkel, University of Kentucky, and Liquan Ma 

and Uli Walther, Purdue University.
Recent Developments in High Order Numerical Methods for Partial Differential Equations (Code: SS 21A), Zheng Sun, The 

Ohio State University, and Xiangxiong Zhang, Purdue University.
Rigidity Theory, Distance Geometry and Applications (Code: SS 17A), Mireille Boutin, Purdue University, Gregor Kemper, 

Technische Universität München, and Jessica Sidman, Mount Holyoke College.
Scientific Machine Learning (Code: SS 23A), Tong Qin and Dongbin Xiu, The Ohio State University.
Sharp Eigenvalue Estimates for Partial Differential Operators (Code: SS 15A), Mark Ashbaugh, University of Missouri, and 

Richard Laugesen, University of Illinois.
Stability in Topology, Arithmetic, and Representation Theory (Code: SS 37A), Jeremy Miller and Peter Patzt, Purdue Uni-

versity, and Andrew Putman, University of Notre Dame.
Stochastic Processes in Random Environments (Code: SS 14A), Jonathon Peterson, Purdue University, and Atilla Yilmaz, 

Temple University.
Structure Preserving Numerical Methods for Hyperbolic and Kinetic Equations (Code: SS 28A), Jingwei Hu, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 1A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.
Theory and Algorithms for Data Science (Code: SS 25A), Tingran Gao, University of Chicago, and Haizhao Yang, Purdue 

University.
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Fresno, California
California State University, Fresno

May 2–3, 2020
Saturday – Sunday

Meeting #1158
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: March 2020
Program first available on AMS website: March 19, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: March 3, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sami Assaf, University of Southern California, Los Angeles, Title to be announced.
Natalia Komarova, University of California, Irvine, Title to be announced.
Joseph Teran, University of Southern California, Los Angeles, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Yuri Latushkin, University of Missouri, Columbia, 
Marat Markin, California State University, Fresno, Igor Nikolaev, St. John’s University, and Ilya Spitkovsky, New York 
University, Abu Dhabi.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

DG Methods in Commutative Algebra and Representation Theory (Code: SS 2A), Benjamin Briggs, Janina Letz, and Josh 
Pollitz, University of Utah.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin, Adnan Sabuwala, and Agnes 
Tuska, California State University, Fresno.

Mathematical Methods in Evolution and Medicine (Code: SS 1A), Natalia Komarova and Jesse Kreger, University of 
California, Irvine.

Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 
Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.

Numerical Semigroups and Applications (Code: SS 3A), Elie Alhajjar, West Point Military Academy, and Christopher 
O’Neill, San Diego State University.

Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-
versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.

Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 
Tran, California State University, Fresno.

Research in Mathematics Education (Code: SS 15A), Ravi Somayajulu and Jenna Tague, Clovis Community College.
Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 

Fresno.
Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.
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El Paso, Texas
University of Texas at El Paso

September 12–13, 2020
Saturday – Sunday

Meeting #1159
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: June 2020
Program first available on AMS website: July 28, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: February 20, 2020
For abstracts: July 14, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic, Geometric and Topological Combinatorics (Code: SS 6A), Art Duval, University of Texas at El Paso, Caroline 
Klivans, Brown University, and Jeremy Martin, University of Kansas.

Algebraic Structures in Topology, Logic, and Arithmetic (Code: SS 3A), John Harding, New Mexico State University, and 
Emil Schwab, The University of Texas at El Paso.

Fixed Point Theory and its Applications (Code: SS 5A), Monther R. Alfuraidan, King Fahd University of Petroleum & 
Minerals, KSA, Mohamed A. Khamsi, The University of Texas at El Paso, Poom Kumam, King Mongkut’s University of 
Technology, Thonburi, Thailand, and Osvaldo Mendez, The University of Texas at El Paso.

High-Frequency Data Analysis and Applications (Code: SS 1A), Maria Christina Mariani and Michael Pokojovy, University 
of Texas at El Paso, and Ambar Sengupta, University of Connecticut.

Low-dimensional Topology and Knot Theory (Code: SS 4A), Mohamed Ait Nouh and Luis Valdez-Sanchez, University of 
Texas at El Paso.

Nonlinear Analysis and Optimization (Code: SS 2A), Behzad Djafari-Rouhani, University of Texas at El Paso, and Akhtar 
A. Khan, Rochester Institute of Technology.

State College, Pennsylvania
Pennsylvania State University, University Park Campus

October 3–4, 2020
Saturday – Sunday

Meeting #1160
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: August 2020
Program first available on AMS website: August 25, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: March 3, 2020
For abstracts: August 11, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.
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Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 10–11, 2020

Saturday – Sunday

Meeting #1161

Southeastern Section

Associate secretary: Brian D. Boe

Announcement issue of Notices: August 2020
Program first available on AMS website: September 1, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: March 10, 2020
For abstracts: August 18, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 2A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Commutative Algebra (Code: SS 1A), Simplice Tchamna, Georgia College, and Lokendra Paudel, University of South 
Carolina, Salkehatchie.

Salt Lake City, Utah
University of Utah

October 24–25, 2020

Saturday – Sunday

Meeting #1162

Western Section

Associate secretary: Michel L. Lapidus

Announcement issue of Notices: August 2020
Program first available on AMS website: September 17, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: March 24, 2020
For abstracts: September 1, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Bhargav Bhatt, University of Michigan, Ann Arbor, Title to be announced.
Jonathan Brundan, University of Oregon, Eugene, Title to be announced.
Mariel Vazquez, University of California, Davis, Title to be announced.
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Washington, District of Columbia
Walter E. Washington Convention Center

January 6–9, 2021
Wednesday – Saturday
Joint Mathematics Meetings, including the 127th Annual 
Meeting of the AMS, 104th Annual Meeting of the Mathe-
matical Association of America (MAA), annual meetings of 
the Association for Women in Mathematics (AWM) and the 
National Association of Mathematicians (NAM), and the win-
ter meeting of the Association of Symbolic Logic (ASL), with 
sessions contributed by the Society for Industrial and Applied 
Mathematics (SIAM).

Associate secretary: Brian D. Boe

Announcement issue of Notices: October 2020

Program first available on AMS website: November 1, 2020

Issue of Abstracts: To be announced

Deadlines

For organizers: April 1, 2020

For abstracts: To be announced

Providence, Rhode Island
Brown University

March 20–21, 2021

Saturday – Sunday

Eastern Section

Associate secretary: Steven H. Weintraub
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 1–2, 2021

Saturday – Sunday

Western Section

Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Grenoble, France
Université de Grenoble-Alpes

July 5–9, 2021
Monday – Friday
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced
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Buenos Aires, Argentina
The University of Buenos Aires

July 19–23, 2021
Monday – Friday
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced

Omaha, Nebraska
Creighton University

October 9–10, 2021
Saturday – Sunday
Central Section
Associate secretary: Georgia Benkart
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Albuquerque, New Mexico
University of New Mexico

October 23–24, 2021
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel

January 5–8, 2022
Wednesday – Saturday
Associate secretary: Georgia Benkart
Announcement issue of Notices: October 2021
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced

Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023

Wednesday – Saturday

Associate secretary: Steven H. Weintraub
Announcement issue of Notices: October 2022

Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



Registration Fees
Membership please P all that apply.  First row is eligible to register as a member.
For undergraduate students, membership in PME and KME also applies.
o AMS & MAA  o AMS but not MAA  o MAA but not AMS   o ASL   o CMS o SIAM
Undergraduate Students Only:  o PME   o KME
Other Societies: o AWM o NAM  o YMN  o AMATYC  

Joint Meetings  by  Dec 26     at mtg   Subtotal
o Member AMS, MAA, ASL, CMS, or SIAM US$  360 US$ 473
o Nonmember US$  570 US$  727
o Graduate Student Member (AMS, MAA
       ASL, CMS, or SIAM) US$ 90 US$  104
o Graduate Student (Nonmember) US$  140 US$  152
o Undergraduate Student (Member AMS, 
       ASL, CMS, MAA, PME, KME, or SIAM) US$ 80 US$    94
o Undergraduate Student (Nonmember) US$  130 US$  142
o High School Student US$ 10 US$    20
o Unemployed US$ 80 US$    94
o Temporarily Employed US$ 292 US$  335
o Developing Countries Special Rate US$ 80 US$    94
o Emeritus Member of AMS or MAA US$ 292 US$  335
o High School Teacher US$ 80 US$    94
o Librarian US$ 80 US$    94
o Press US$ 0 US$ 0
o Exhibitor (Commercial) US$ 0 US$ 0
o Artist Exhibitor (work-JMM Art Exhibit only) US$ 0 US$ 0
o Nonmathematician Guest 
       of registered mathematician US$ 25 US$ 25

                  $
AMS Short Course: Mean Field Games (1/13-1/14)
o Member of AMS US$  151  US$ 185
o Nonmember US$  232  US$ 275
o Student, Unemployed, Emeritus US$    84  US$ 105
                 $
MAA Minicourses (see listing in text)
 I would like to attend:   o One Minicourse  o Two Minicourses
 Please enroll me in MAA Minicourse(s)   #______  and   #______ 
 Price: US$ 100 for each minicourse. 
 (For more than 2 minicourses, call or email the MMSB.)         $

Graduate School Fair Table    
o Graduate Program Table    US$  130   US$ 130
       (includes table, posterboard & electricity)                        
Dept. or Program to be represented (write below or email the MMSB)
                  $
Receptions & Banquets
o Graduate Student/First-Time Attendee Reception (1/15)  (no charge) 

o NAM Banquet (1/17) 
 #____Chicken      #____Vegetarian          US$    65
 #____Kosher  (Additional fees apply for Kosher Meals.)    US$   98   
                                Total for NAM Banquet     $
o AMS Social (1/18)  Regular Price      #____US$ 75
         Student Price      #____US$ 35
                                     Total for AMS Social      $

Printed Meeting Program (PLEASE CHOOSE)
o Meeting Program (pick up at mtg only)      US$  5
o Meeting Program mailed (U.S. residents only)             US$   10 
       Registration must be received by Nov. 20 to be eligible. 
o I do not want a printed program.
                      Total for Meeting Program/Shipping    $ 
          
Total for Registrations and Events      $

Other Information

Mathematical Reviews primary field of interest #                          

o Are you willing to serve as a judge for the MAA Undergraduate Student 
Poster Session?  (Please P this box.

o If you are an undergraduate, are you interested in participating in the 
Radical Dash, a multi-day scavenger hunt sponsored by the MAA?  (Please 
P this box.)

o Please P  this box if you have a disability requiring special services.

To respect your privacy and to better serve you, please indicate your 
preferences for the following:

o Please include my name and affiliation on the JMM Participant List. 
 
o Please include my name and postal address on promotional mailing lists.

 
Registration for the Joint Meetings is not required for the short course but it is required for     
the minicourses and the Employment Center. To register for the Employment Center, go to 
www.ams.org/profession/employment-services. For questions, email emp-info@ams.org.   

Payment
Registration & Events Total (total from column on left          $

Hotel Deposit (only if paying by check)            $
If you send a hotel deposit check, the 
deadline for this form is December 1.

Total Amount To Be Paid             $ 

Method of Payment
o Check.  Make checks payable to the AMS.  For all check payments, 
please keep a copy of this form for your records.
o Credit Card.  All major credit cards accepted.  For your security, we 
do not accept credit card numbers by email, fax, or postal mail. If the MMSB 
receives your registration form by any of these methods, it will contact you at 
the phone number provided on this form.  

Signature:

o Purchase Order #                                       (please enclose copy)

Mailing Address/Contact:
Mathematics Meetings Service Bureau (MMSB)
201 Charles Street
Providence, RI  02904-2213 Fax: 401-455-4004; Email: mmsb@ams.org    
Telephone: 401-455-4144 or 1-800-321-4267 x4144 or x4137 

Registration Deadlines  
To be eligible for the complimentary hotel room lottery: Oct. 30, 2019
In time to receive a program in the mail: Nov.  20, 2019
Hotel reservations with check deposit: Dec.   1, 2019
Hotel reservations and changes/cancellations 
  through the JMM website:   Dec.  18, 2019
Advance registration for the Joint Meetings, short 
 course, minicourses, and dinner tickets: Dec. 26, 2019
Cancel in time to receive 50% refund on advance 
 registration, banquets, minicourses, and short course: Jan.  8, 2020*
*no refunds issued after this date.

2020 Joint Mathematics Meetings Advance Registration/Housing Form
Name 

Mailing Address

Telephone          Fax:

In case you have an emergency at the meeting:    Day #:                                         Evening #:  

Email Address       Additional email address for receipt
  

Affiliation for badge                       Nonmathematician guest badge name:

PLEASE NOTE THAT BADGES WILL NOT BE MAILED IN ADVANCE FOR THIS MEETING. YOU MAY OPT TO HAVE YOUR PROGRAM MAILED ON DEC. 12 (SEE BELOW).

Acknowledgment of this registration and any hotel reservations will be sent to the email address(es) given here.     Check this box to receive a copy by U.S. Mail:   

(please print your name as you would like it to appear on your badge)

(company/university)                      (Note fee of US$ 25)
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THE 2020 AMS 
EMPLOYMENT CENTER

AT THE JOINT MATHEMATICS MEETINGS, MILE HIGH BALLROOM 1, 2, 3
Colorado Convention Center 

Denver, Colorado
January 15–17, 2020

OPEN 
HOURS: 

WEDNESDAY, JANUARY 15 
8:00 AM – 5:30 PM

THURSDAY, JANUARY 16 
8:00 AM – 5:30 PM
FRIDAY, JANUARY 17 
8:00 AM – 5:30 PM

Visit www.ams.org/emp-reg
for registration instructions.
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American Mathematical Society  
Distribution Center

35 Monticello Place,  
Pawtucket, RI 02861 USA

facebook.com/amermathsoc
@amermathsoc

101 Careers in Mathematics
Fourth Edition
Deanna Haunsperger and Robert Thompson,
both of Carleton College, Northfield, MN, Editors
What can you do with a degree in math? This book addresses this 
important question with 125 career profiles written by people with 
degrees and backgrounds in mathematics with job titles ranging 
from sports analyst to science writer to inventory specialist to CEO.
Classroom Resource Materials, Volume 64; 2019; 282 pages; Softcover; ISBN: 978-
1-4704-5085-4; List US$55; AMS members US$41.25; MAA members US$41.25; 
Order code CLRM/64

Introduction to Complex Analysis  
Michael E. Taylor, University of North Carolina, Chapel Hill
In this text, the reader will learn that all the basic functions that 
arise in calculus—such as powers and fractional powers, exponen-
tials and logs, trigonometric functions and their inverses, as well 
as many new functions that the reader will meet—are naturally 
defined for complex arguments.
Graduate Studies in Mathematics, Volume 202; 2019; 480 pages; Hardcover; ISBN: 
978-1-4704-5286-5; List US$85; AMS members US$68; MAA members US$76.50; 
Order code GSM/202

Differential Equations: Techniques, Theory,
and Applications  
Barbara D. MacCluer, Paul S. Bourdon, and Thomas L. Kriete,
all of University of Virginia, Charlottesville
In this reader-friendly text, intended for a first course in differential 
equations, techniques, theory, and applications are given equal 
importance and are tied together by means of several unifying 
themes that are often obscured in competing texts. 
2019; 874 pages; Hardcover; ISBN: 978-1-4704-4797-7; List US$125; AMS members 
US$100; MAA members US$112.50; Order code MBK/125

Random Matrices  

white -->

Alexei Borodin, Massachusetts Institute of Technology, Cambridge, Ivan 
Corwin, Columbia University, New York, NY, and Alice Guionnet, CNRS, 
ENS Lyon, France, Editors
Random matrix theory has many roots and branches in mathemat-
ics, statistics, physics, computer science, data science, numerical 
analysis, biology, ecology, engineering, and operations research. 
This book provides a snippet of this vast domain of study, with a 
particular focus on the notations of universality and integrability.
Titles in this series are co-published with the Institute for Advanced Study/Park 
City Mathematics Institute.

IAS/Park City Mathematics Series, Volume 26; 2019; approximately 506 pages; 
Hardcover; ISBN: 978-1-4704-5280-3; List US$104; AMS members US$83.20; MAA 
members US$93.60; Order code PCMS/26

Jordan Triple Systems in Complex
and Functional Analysis
José M. Isidro, University of Santiago de Compostela, Galicia, Spain
This book is a systematic account of the impressive developments in 
the theory of symmetric manifolds achieved over the past 50 years.
Mathematical Surveys and Monographs, Volume 243; 2019; approximately 
461 pages; Hardcover; ISBN: 978-1-4704-5083-0; List US$129; AMS members 
US$103.20; MAA members US$116.10; Order code SURV/243

NEW RELEASES 
from the AMS

 

Michael E. Taylor

Introduction to 
Complex Analysis

GRADUATE STUDIES
IN MATHEMATICS 202

Volume 26

Random Matrices

Alexei Borodin
Ivan Corwin

Alice Guionnet
Editors

Discover more titles at
bookstore.ams.org

= Textbook
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= Applied Mathematics
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and 
Monographs

Volume 243

Jordan Triple Systems 
in Complex and 
Functional Analysis

José M. Isidro
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