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A WORD FROM...
Abigail Thompson, a Vice President of the AMS

This essay contains my opinions as an individual.
Mathematics has made progress over the past decades towards becoming a more wel-

coming, inclusive discipline. We should continue to do all we can to reduce barriers to 
participation in this most beautiful of fields. I am encouraged by the many mathematicians 
who are working to achieve this laudable aim. There are reasonable means to further this 
goal: encouraging students from all backgrounds to enter the mathematics pipeline, trying 
to ensure that talented mathematicians don’t leave the profession, creating family-friendly 
policies, and supporting junior faculty at the beginning of their careers, for example. There 
are also mistakes to avoid. Mandating diversity statements for job candidates is one such 
mistake, reminiscent of events of seventy years ago.

In 1950 the Regents of the University of California required all UC faculty to sign a 
statement asserting that “I am not a member of, nor do I support any party or organization 
that believes in, advocates, or teaches the overthrow of the United States Government, by 

force or by any illegal or unconstitutional means, that I am not a member of the Communist Party.” Eventually 
thirty-one faculty members were fired over their refusal to sign. Among them was David Saxon, an eminent phys-
icist who later became the president of the University of California. 

Faculty at universities across the country are facing an echo of the loyalty oath, a mandatory “Diversity Statement” 
for job applicants. The professed purpose is to identify candidates who have the skills and experience to advance 
institutional diversity and equity goals. In reality it’s a political test, and it’s a political test with teeth. 

What are the teeth? Nearly all University of California campuses require that job applicants submit a “contribu-
tions to diversity” statement as a part of their application. The campuses evaluate such statements using rubrics, a 
detailed scoring system. Several UC programs have used these diversity statements to screen out candidates early 
in the search process.

A typical rubric from UC Berkeley1 specifies that a statement that “describes only activities that are already the 
expectation of Berkeley faculty (mentoring, treating all students the same regardless of background, etc)” (italics mine) 
merits a score of 1–2 out of a possible 5 (1 worst and 5 best) in the second section of the rubric, the “track record 
for advancing diversity” category. 

The diversity “score” is becoming central in the hiring process. Hiring committees are being urged to start the 
review process by using officially provided rubrics to score the required diversity statements and to eliminate ap-
plicants who don’t achieve a scoring cut-off. 

Why is it a political test? Politics are a reflection of how you believe society should be organized. Classical 
liberals aspire to treat every person as a unique individual, not as a representative of their gender or their ethnic 
group. The sample rubric dictates that in order to get a high diversity score, a candidate must have actively engaged 
in promoting different identity groups as part of their professional life. The candidate should demonstrate “clear 
knowledge of, experience with, and interest in dimensions of diversity that result from different identities” and 
describe “multiple activities in depth.” Requiring candidates to believe that people should be treated differently 
according to their identity is indeed a political test.

The idea of using a political test as a screen for job applicants should send a shiver down our collective spine. 
Whatever our views on communism, most of us today are in agreement that the UC loyalty oaths of the 1950s 
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Abigail Thompson is a professor in and the chair of the Department of Mathematics at the University of California, Davis and a vice president of the AMS. 
Her email address is thompson@math.ucdavis.edu.
1ofew.berkeley.edu/sites/default/files/rubric_to_assess_candidate_contributions_to_diversity_equity_and_inclusion.pdf

http://ofew.berkeley.edu/sites/default/files/rubric_to_assess_candidate_contributions_to_diversity_equity_and_inclusion.pdf
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were wrong. Whatever our views on diversity and how it can be achieved, mandatory diversity statements are equally 
misguided. Mathematics is not immune from political pressures on campus. In addition to David Saxon, who eventually 
became the president of the University of California, three mathematicians were fired for refusing to sign the loyalty oath 
in 1950. Mathematics must be open and welcoming to everyone, to those who have traditionally been excluded, and to 
those holding unpopular viewpoints. Imposing a political litmus test is not the way to achieve excellence in mathematics 
or in the university. Not in 1950, and not today. 
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LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

candidates who had interviews in hotel rooms as recently 
as at the 2019 JMM in Baltimore.

This practice needs to change, and it needs to change 
now. Departments should not be allowed to hold inter-
views outside of public spaces. If the Employment Center 
is unaffordable, we encourage interviewers to consider 
making use of the networking tables in the convention 
center, or identifying nearby public spaces that suit their 
needs. Please note that bars, while public spaces, are also 
a poor choice as they may make some job candidates feel 
uncomfortable. Everyone registered for the conference 
should be sent a message reminding them that hotel room 
meetings or interviews are forbidden, and provided with 
a way to report these invitations. We look forward to a 
response from our professional societies, mirroring that of 
The American Economics Association,2 regarding
1. possible implementations of a ban,
2. public statements against such practices, and
3. policy changes with actionable repercussions that 

would prevent, or at least minimize, this terrible 
practice.

—Susan Crook
Loras College

susan.crook@loras.edu

—Pamela E. Harris
Williams College

peh2@williams.edu

—Alicia Prieto Langarica
Youngstown State University

aprietolangarica@ysu.edu

—Lola Thompson 
Oberlin College

lola.thompson@oberlin.edu

(Received September 6, 2019)

Response to Hanna Bennett’s review 
of the state of IBL
Hanna Bennett’s article, “Inquiry Based Learning” in the 
August 2019 issue of the Notices, is a good review of the 
subject except for one thing. In the second paragraph of the 

Ban on Hotel Room Interviews
In 2012, the four of us had a common experience: we 
were finishing our PhDs and attended the Joint Mathe-
matics Meetings in Boston. Eager to find employment, we 
applied to many jobs and even secured a few interviews. 
Unfortunately, some of our interviews took place in hotel 
rooms near the convention center. We went to these in-
terviews—uncomfortable with them being held in such 
places, but we needed jobs. In some cases, we called a 
trusted confidante beforehand to explain where we were 
going, instructing that, if they did not hear back from us 
within a predetermined amount of time, they needed to 
contact the police. Several of us considered cancelling our 
hotel room interviews in the moments before they began. 
Pacing back and forth in the hallway outside of the hotel 
room, we contemplated just leaving, telling ourselves that 
we would write an apology email afterwards to explain 
that we were too uncomfortable with the circumstances. It 
should be noted that we never considered reneging on any 
of our other JMM interviews that year.

No interview should require this level of safety mea-
sures, nor stress, especially when the conference provides 
an employment center. Of course, many departments will 
counter that the JMM Employment Center rates are outside 
of their budgets; a hotel room is much more affordable. We 
understand that many institutions are working under sig-
nificant financial constraints. At the same time, the safety, 
and emotional well-being, of all parties involved should be 
a high priority. How can hiring committees take interviews 
seriously when they are happening in a hotel room, often 
times with a bed in plain sight? How can interviewees focus 
on describing their research and teaching when they are 
on high alert and stressed beyond what is normal in such 
circumstances?

Many might read this letter and think that these events 
took place in a different era. After all, the AMS Council 
states that “the use of personal hotel rooms is particularly 
discouraged” and the MAA Board of Governors states that 
“[t]he MAA strongly discourages the use of personal hotel 
sleeping rooms as the site for professional interviews of 
prospective employees. This practice is intimidating for 
some job-seekers, particularly those who find the situation 
uncomfortable and possibly unsafe.”1 Yet we know of job 

1AMS Statements on interviewing at the JMM: https://bit.ly/2kwpv0d
2https://on.wsj.com/2kxeTy8

https://on.wsj.com/2kxeTy8
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“Some History” section, she mentions, “…Moore’s history 
of racism, sexism, and anti-Semitism.” The first of these 
three, regrettably, is correct, but possibly is understandable 
(not forgivable) given when and where he grew up, as he 
was born in 1882. Dr. Moore expressed his low opinion of 
the intelligence of black persons in the last class I ever took 
with him before receiving my doctorate; he never changed 
his opinion on this matter. However, the next two do not 
follow from the first, and should never be mentioned in 
connection with R. L. Moore.

I am Dr. Moore’s last PhD student and was in every class 
of his except for two. I had calculus under a then-graduate 
student, David Cook, because I began calculus in the spring 
semester. That course caused me to change my graduate 
major from microbiology to mathematics and begin study-
ing with the then “third-floor” mathematics department. 
I missed the final course in the sequence, numbered 690, 
because I received my PhD before I took that class. I never 
saw any evidence of anti-Semitism in any of the classes that 
I took. Regarding sexism, I was not the only woman student 
in the classes I took with Dr. Moore, and I never saw any 
evidence of any form of misogyny. If anything, Dr. Moore 
seemed to strongly encourage all of his women students.

One thing I would like to add to the article is the reason 
that Dr. Moore did not want his students to collaborate, 
as this may be misunderstood as an arbitrary preference. 
My understanding is that he didn’t want students either 
collaborating or going to the library to look something 
up, because he was fascinated with the mind of each of his 
students. When a student went to the blackboard to present 
a proof, Dr. Moore wanted to know that he was seeing that 
student’s work and no one else’s.

Sometimes Dr. Moore or one of the other students would 
ask a student at the blackboard a question about his pre-
sentation, and if the student couldn’t explain his reasoning 
then that would be the end of the presentation. But in my 
recollection this type of situation was always handled re-
spectfully. And I don’t remember any instance of a student 
succeeding where a previous one failed, bragging about his 
success. I think we all understood that everyone presenting 
deserved respect for doing so, even if they made a mistake. 
In fact, when a previously struggling student did make a 
successful presentation, I was thrilled and I think most 
of the class was equally enthusiastic about their progress, 
clapping or handing out compliments.

Under Dr. Moore, I learned how to think critically, not 
just about mathematics but about everything, and that 
ability has served me well for the rest of my life.

—Nell Stevenson Kroeger, nee Nell Elizabeth Stevenson

(Received September 12, 2019)

Evelyn Lamb, Freelance writer, Salt Lake City, UT

The AMS Page a Day Calendar is a collection of 
366 mathematical morsels. Each day features a 
fun math fact, a tidbit of math history, a piece 
of art made using mathematics, a mathemati-
cal puzzle or activity, or another mathematical 
delight. Topics range from the serious to the silly, 
from the abstract to the very real. The calendar 
features mathematics done by people from dif-
ferent races, genders, geographic locations, and 
time periods. Anyone interested in mathematics 
will learn something new and have their imag-
ination sparked by something they find in the 
calendar. It will be a mathematical companion 
for your year.
2019; 372 pages; Softcover; ISBN: 978-1-4704-4957-5; List 
US$24; AMS members US$19.20; MAA members US$21.60; 
Order code MBK/128

Learn more at
bookstore.ams.org/mbk-128

http://bookstore.ams.org/mbk-128


In Search of Stable
Geometric Structures

Tobias Holck Colding and William P. Minicozzi II
Form Finding
Frei Otto was one of the most emblematic architects and
engineers of the twentieth century, renowned for his re-
search in lightweight tensile structures. In his book Find-
ing Form, FreiOtto discussed the application of the optimal
form in architecture:

“Natural structures are optimized, having max-
imum strength for minimum materials.”

Natural forces tend toward stable structures like a soap
film that is pulled tight by the force of surface tension. The
soap film finds a stable equilibrium where it has the least
area of any nearby surface with the same boundary. The
nineteenth-century Belgian physicist Joseph Plateau stud-
ied this experimentally, and the existence problem became
known as the Plateau problem (see Figure 1):

Given a closed curve 𝛾, find the surface Γ bound-
ing 𝛾 with the least area.

The solution Γ is a minimal surface. The Plateau problem
was finally solved around 1930 by Douglas and Rado, who
worked independently. Douglas was one of twowinners of
the first Fields Medals for his solution in 1936.

The classical Plateau problem searches for the
minimum of the area on the space of mappings of the disk
with fixed boundary. The space of mappings is infinite-
dimensional, introducing serious difficulties, but one can

Tobias Holck Colding is Cecil and Ida Green Distinguished Professor of Math-
ematics at MIT. His email address is colding@math.mit.edu.
William P. Minicozzi II is Singer Professor of Mathematics at MIT. His email
address is minicozz@math.mit.edu.
The authors were partially supported by NSF grants DMS 1812142 and DMS
1707270.

Communicated by Notices Associate Editor Chikako Mese.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti1993

define the derivative (or first variation) of area and the no-
tion of a critical point. The critical points, known as min-
imal surfaces, were introduced by Euler and Lagrange in
the 1700s.

Finding Stable Structures
In mathematics, structural stability is a fundamental prop-
erty of a dynamical system that means that the qualitative
behavior of the trajectories is unaffected by small perturba-
tions. Given a smooth function 𝑓 on a finite-dimensional
space, the gradient ∇𝑓 points in the direction of steepest
ascent. The critical points of 𝑓 are the points where ∇𝑓
vanishes. If 𝑝 is a local minimum of 𝑓, then the second
derivative test tells us that the Hessian matrix of 𝑓 at 𝑝
is nonnegative. More generally, the number of negative
eigenvalues of the Hessian is called the index of the critical
point. A fundamental method to find theminimumof 𝑓 is
the method of gradient descent. Here, we make an initial
guess 𝑝0 and then iteratively move in the negative gradi-
ent direction, the direction of steepest descent, by setting
𝑝𝑖+1 = 𝑝𝑖 −∇𝑓(𝑝𝑖). This can also be done continuously
by defining a negative gradient flow:

𝑑𝑥
𝑑𝑡 = −∇𝑓(𝑥(𝑡)) . (1)

The function 𝑓(𝑥(𝑡)) decreases as efficiently as possible as
𝑥(𝑡) heads towards the minimum. The dynamics near a
nondegenerate critical point are determined by the index.
If the index is zero, then the critical point is attracting and
the entire neighborhood flows toward the critical point.
However, when the index is positive, a generic point will
flow out of the neighborhood, missing the critical point.

We will look for stable structures in four situations and
discuss what is known and unknown. Those four are: (1)
minimal hypersurfaces, (2)minimal submanifolds of high-
er codimension, (3) singularities that are stable or generic,
and cannot be perturbed away, for motion by mean cur-
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Figure 1. Top: Soap films minimize surface area for a fixed
boundary. Bottom: Soap bubbles minimize area for a fixed
enclosed volume.

vature of hypersurfaces, and, finally, (4) such singularities
for motion by mean curvature in higher codimension.

Minimal Surfaces
Let Σ𝑛 ⊂ 𝐑𝑁 be a smooth submanifold (possibly with
boundary). Given an infinitely differentiable (i.e.,
smooth), compactly supported, normal (orthogonal to Σ)
vector field 𝑉 on Σ, consider the one-parameter variation

Σ𝑠,𝑉 = {𝑥+ 𝑠𝑉(𝑥) | 𝑥 ∈ Σ} . (2)

This gives a path 𝑠 → Σ𝑠,𝑉 in the space of submanifolds
with Σ0,𝑉 = Σ. The so-called first variation formula of
area or volume is the equation (integration is with respect
to 𝑑 Vol)

𝑑
𝑑𝑠 𝑠=0

Vol(Σ𝑠,𝑉) = ∫
Σ
⟨𝑉,𝐇⟩ , (3)

where 𝐇 is the mean curvature vector. When Σ is a hyper-
surface, 𝐇 is the unit normal times the sum of the princi-

pal curvatures. In general, 𝐇 = −∑𝑖 𝐴(𝑒𝑖, 𝑒𝑖), where 𝐴
is the second fundamental form and 𝑒𝑖 is an orthonormal
frame for the tangent space ofΣ;𝐴(𝑒𝑖, 𝑒𝑗) = 𝐴𝑖𝑗 = ∇⟂

𝑒𝑖𝑒𝑗,
where ∇ is the Euclidean derivative and “⟂” is the compo-
nent orthogonal to the submanifold. When Σ is noncom-
pact, Σ𝑠,𝑉 is replaced by Γ𝑠,𝑉 = {𝑥 + 𝑠𝑉(𝑥) | 𝑥 ∈ Γ},
where Γ is a compact subset of Σ containing the support
of 𝑉.

The submanifold Σ is said to be a minimal if
𝑑
𝑑𝑠 𝑠=0

Vol(Σ𝑠,𝑉) = 0 for all 𝑉 (4)

or, equivalently, by (3), if 𝐇 is identically zero. Thus Σ is
minimal if and only if it is a critical point for the volume
functional. Since a critical point is not necessarily a mini-
mum, the term minimal is misleading but time-honored.
It is easy to see that being minimal is equivalent to all the
coordinate functions of 𝐑𝑁 restricted to the submanifold
being harmonic with respect to the Laplacian, ΔΣ, on the
submanifold. In higher codimension, theminimal surface
equation is a complicated system.

A computation shows that if Σ is minimal, then the sec-
ond derivative of volume is

𝑑2

𝑑𝑠2 𝑠=0
Vol(Σ𝑠,𝑉) = −∫

Σ
⟨𝑉, 𝐿𝑉⟩ , (5)

where 𝐿𝑉 = ΔΣ 𝑉 + ⟨𝐴𝑖𝑗, V⟩𝐴𝑖𝑗 is the so-called sec-
ond variational (or Jacobi) operator. This is an operator
on the normal bundle of Σ and is the Laplacian plus a
zeroth order term. When the submanifold is a hypersur-
face, this simplifies and becomes 𝐿𝑉 = ΔΣ 𝑉 + |𝐴|2 𝑉,
where |𝐴|2 is the sum of the squares of the principal cur-
vatures. It simplifies further if one identifies 𝑉 with its
projection 𝜙 = ⟨𝑉,𝐧⟩ onto the unit normal 𝐧. Then
𝐿𝜙 = ΔΣ 𝜙+ |𝐴|2 𝜙.

A minimal submanifold is stable if it passes the second
derivative test:

𝑑2

𝑑𝑠2 Vol(Σ𝑠,𝑉) ≥ 0 for all 𝑉 . (6)

Obviously, if a minimal surface is area or volume mini-
mizing among competitors with the same boundary, then
it is stable as well. However, stability is much more gen-
eral than being minimizing. Stability becomes a question
about whether the Jacobi operator 𝐿 is nonnegative or not.
The operator 𝐿 is much simpler for hypersurfaces, and, in
particular, it is easy to see that a minimal graph is stable
and, more generally, so are multivalued graphs. In higher
codimension, the question of stability becomes much
more complicated because of the vector-valued nature of
𝐿 and the curvature of the normal bundle. For example,
minimal graphs are not necessarily stable in higher codi-
mension.1

1By [M], Osserman’s minimal graphs 𝑥3 = 1
2 cos 𝑥2

2 (e𝑥1 − 3e−𝑥1) and
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Figure 2. Architect and structural engineer Frei Otto pioneered
the concept of “form finding.” In the top image he is
experimenting with stable structures. In the bottom image is
his famous Olympic stadium based on his experiments with
soap films.

A classical theorem of Bernstein from 1916 shows that
entire (that is, where the domain of definition is all of
𝐑2) minimal graphs in 𝐑3 are planes. Whether this is
true in higher dimensions became known as the Bernstein
problem. This problem played an important role in the
field for decades and is closely related to regularity for area
minimizers. In 1965 and 1966, De Giorgi and Almgren
proved the Bernstein theorem for graphs in 𝐑4 and 𝐑5. In
1968, Simons extended the Bernstein theorem to 𝐑6, 𝐑7,
and 𝐑8, which was shown to be sharp the next year by
Bombieri, De Giorgi, and Giusti. Simons’s influential pa-
per introduced the second variation operator and stability
to minimal surface theory. Stability of hypersurfaces was
studied by Schoen–Simon–Yau, who showed that as long
as the dimension of the hypersurface is at most six and the
volume of balls is up to a constant the same as Euclidean
balls of the same radius and dimension, then all stable
minimal hypersurfaces are planes. In 𝐑3 Fischer-Colbrie
and Schoen showed the same but without assuming area

𝑥4 = − 1
2 sin 𝑥2

2 (e𝑥1 − 3e−𝑥1) in 𝐑4 are not stable.

bounds. This was also proved independently byDoCarmo
and Peng. Schoen later showed a local version of this that
has had huge influence on the development of minimal
surfaces in three dimensions. See [CM2]–[CM4] and [P]
for more about minimal surfaces.

The situation is much more complicated in higher codi-
mension where there is no analog of the Bernstein the-
orem. A simple argument of Wirtinger from the 1930s,
using Stokes’s formula, shows that any complex submani-
fold of 𝐂𝑁 is volume minimizing among things with the
same boundary and, thus, is a stable minimal submani-
fold. This gives a plethora of area-minimizing, and thus
also stable, minimal submanifolds once the codimension
is at least two. Moreover, these examples can have arbitrar-
ily large areas. Remarkably, Micallef [M] proved a converse
in𝐑4. Namely, he showed that a stable oriented, parabolic
minimal surface in 𝐑4 is complex for some orthogonal
complex structure. Being parabolic is a conformal prop-
erty that holds, for instance, if the volume of balls grows
at most quadratically. Examples of Arezzo and Micallef
show that this converse does not hold for surfaces in codi-
mension larger than two.

Figure 3. Surface tension pulls the bubble toward the shape
that gives the minimum surface energy—the lowest ratio of
surface area to volume.

Motion by Mean Curvature
Surface tension is the tendency of fluid surfaces to shrink
into the minimum surface area possible. Mathematically,
the force of surface tension is described by the mean curva-
ture. A one-parameter family of 𝑛-dimensional submani-
folds 𝑀𝑡 ⊂ 𝐑𝑁 is said to move by motion by mean curva-
ture if the time derivative of the position vector 𝑥 moves
by minus the mean curvature. That is,

𝜕𝑥
𝜕𝑡 = −𝐇 . (7)

Coordinate functions of the ambient Euclidean space re-
stricted to the evolving submanifolds satisfy the heat equa-
tion

𝜕𝑥
𝜕𝑡 = Δ𝑀𝑡 𝑥 . (8)

This equation is nonlinear since the Laplacian Δ𝑀𝑡 de-
pends on 𝑀𝑡. Moreover, since the submanifolds are evolv-
ing, the induced metric is time-varying, so the Laplacian
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Figure 4. Helicoid: A minimal surface discovered by Meusnier
in 1776. The helicoid is a ruled surface. Part of a helicoid is
stable and can be obtained as a soap film.

Δ𝑀𝑡 is also time-varying. From the first variation formula
(3), it follows easily that mean curvature flow moves in the
direction where the volume decreases as fast as possible;
thus, mean curvature flow is the negative gradient flow of
volume. The motion is by surface tension. In higher codi-
mension (7) and (8) are complicated parabolic systems
where much less is known.

Since the coordinate functions on the evolving subman-
ifolds satisfy the heat equation, it follows from the para-
bolic maximum principle that the evolving submanifolds
remain inside the convex hull of the initial submanifold.
A straightforward computation shows that also the func-
tion |𝑥|2−2𝑛𝑡 satisfies the heat equation on the evolving
submanifolds. At the initial time 𝑡 = 0 this is nonnegative
and therefore, by the parabolic maximum principle, it re-
mains nonnegative as long as the flow exists. Since we have
already seen that max𝑀𝑡 |𝑥|2 remains bounded under the
evolution, it follows that the flow must become extinct in
finite time and, thus, singularities occur.

For a fixed constant 𝑐 > 0, rescaling the flow paraboli-
cally,

𝑡 → 𝑐𝑀𝑐−2 = 𝑀𝑐,𝑡 , (9)

gives a new solution to motion by mean curvature that has
the effect that the submanifolds are magnified by the con-
stant 𝑐. If we simultaneously with rescaling also repara-
metrize time, then we get a rescaled mean curvature flow.
It is easy to see that such a one-parameter family satisfies
the rescaled mean curvature flow equation

𝜕𝑥
𝜕𝑡 = 𝑥⟂

2 −𝐇 . (10)

The rescaled mean curvature flow turns out to be the nega-
tive gradient flow for the Gaussian surface area.

Figure 5. The catenoid, discovered by Euler in 1741: the only
minimal surface of revolution. Part of a catenoid is stable and
can be obtained as a soap film.

The Gaussian surface area 𝐹 of an 𝑛-dimensional sub-
manifold Σ𝑛 ⊂ 𝐑𝑁 is

𝐹(Σ) = (4𝜋)−
𝑛
2 ∫

Σ
e− |𝑥|2

4 . (11)

The constant (4𝜋)−
𝑛
2 is a normalization that makes the

Gaussian area one for an 𝑛-plane through the origin. Fol-
lowing [CM3], the entropy 𝜆 is the supremum of 𝐹 over
all translations and dilations

𝜆(Σ) = sup
𝑐,𝑥0

𝐹(𝑐Σ+ 𝑥0) . (12)

If 𝑉 is a normal vector field and Σ𝑠,𝑉, as before, is the
variation Σ𝑠,𝑉 = {𝑥+𝑠𝑉(𝑥) | 𝑥 ∈ Σ}, then an easy com-
putation shows that

𝑑
𝑑𝑠 𝑠=0

𝐹(Σ𝑠,𝑉) = (4𝜋)− 𝑛
2 ∫

Σ
⟨𝑉,𝐇− 𝑥⟂

2 ⟩ e− |𝑥|2
4 . (13)

It follows that the Gaussian surface area 𝐹 is monotone
nonincreasing under the rescaled mean curvature flow
and constant if and only if

𝐇 = 𝑥⟂

2 . (14)

This equation is the shrinker equation and is equivalent to
the rescaled flow being static, or, also equivalently, the evo-
lution under the mean curvature flow being by rescaling.
That is, a later time slice is exactly like an earlier one, just
scaled down. That Gaussian surface area is monotone un-
der the rescaled flow corresponds to Huisken’s celebrated
monotonicity formula [H]. From this, it follows also that
the entropy is a Lyapunov function for both the mean cur-
vature flow and the rescaled mean curvature flow.

FromHuisken’smonotonicity [H] andwork of Ilmanen
[I] and White [W], one knows that every sequence 𝑐𝑖 → ∞
has a subsequence (also denoted by 𝑐𝑖) so that 𝑀𝑐𝑖,𝑡 con-
verges to a shrinker 𝑀∞,𝑡 (so 𝑀∞,𝑡 = √−𝑡𝑀∞,−1) with
sup𝑡 𝜆(𝑀∞,𝑡) ≤ sup𝑡 𝜆(𝑀𝑡). Such a limit is said to be
a tangent flow at the origin. Similarly, one can magnify
(blow up) around any other point in space-time. If one
doesn’t fix the point around where one blows up, but still
looks at limits of a sequence of blowups, then the limiting
flows are not shrinkers, but even then the limiting flows
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will exist for all negative times and are said to be ancient
flows.

We have already seen that shrinkers are critical points
for the Gaussian area. When Σ is a shrinker, we therefore
look at the second derivative. A calculation (see [CM5])
gives

𝑑2

𝑑𝑠2 𝑠=0
𝐹(Σ𝑠,𝑉) = −(4𝜋)− 𝑛

2 ∫
Σ
⟨𝑉, 𝐿𝑉⟩ e− |𝑥|2

4 . (15)

Here 𝐿𝑉 = ℒ𝑉+⟨𝐴𝑖𝑗, 𝑉⟩𝐴𝑖𝑗 + 1
2 𝑉 is the Jacobi opera-

tor, andℒ𝑉 = ΔΣ 𝑉− 1
2∇

⟂
𝑥𝑇𝑉 is the Ornstein–Uhlenbeck

operator on the normal bundle. For hypersurfaces, there
is a simplification of the operator 𝐿 similar to what we saw
for the second derivative of volume.

Figure 6. A complex curve is a stable minimal surface in the
complex plane.

Translation of a submanifold in the direction𝐸 ∈ 𝐑𝑁 is
infinitesimally given by the normal part𝐸⟂ of𝐸. Similarly,

rescaling is given by the normal vector field 𝑥⟂

2 .
For any shrinker, translations and scaling give directions

where the Gaussian area decreases [CM5], so there are no
stable shrinkers in the usual sense. This corresponds to 𝐸⟂

(with 𝐸 ∈ 𝐑𝑁) and 𝐇 = 𝑥⟂

2 being eigenvectors of 𝐿 with

eigenvalues −1
2 and −1, respectively. Perturbing by either

translation or scaling has the effect of moving the same
singularity to a different point in space or time. However,
the singularity is not avoided; it just occurs at another time
or place for the flow. For this reason, we say [CM5] that a
shrinker is 𝐹-stable if

𝑑2

𝑑𝑠2 𝑠=0
𝐹(Σ𝑠,𝑉) ≥ 0 for all 𝑉 orthogonal to 𝐇

and to all 𝐸⟂ . (16)

Here orthogonal means with respect to the Gaussian inner

product on the space of normal vector fields. For noncom-
pact shrinkers, it turns out that the right notion of stability
is that of entropy stability; however, for compact singular-
ities those two notions of stability are the same [CM5]. A
shrinker is entropy-stable if it is a local minimum for the en-
tropy 𝜆. Entropy-unstable shrinkers are singularities that
can be perturbed away, whereas entropy-stable ones can-
not; see [CM5]. The paper [CIMW] showed that for hyper-
surfaces round spheres are the shrinkers with smallest en-
tropy. It is easy to see that spheres and planes are 𝐹-stable
in any codimension.

Figure 7. Surface tension is the
tendency of fluid surfaces to
shrink into the minimum
surface area possible.

Figure 8. Cylinders
shrinking homothetically
under mean curvature flow.
By [CM5], shrinking
cylinders and spheres are
the only stable
hypersurface singularities.

Even for hypersurfaces, examples show that singulari-
ties of mean curvature flow are too numerous to classify;
see Figures 9 and 11. The hope is that the generic ones
that cannot be perturbed away are much simpler. Indeed,
in all dimensions, generic singularities (that is, entropy-
stable shrinkers) of hypersurfaces moving by mean curva-
ture flow have been classified in [CM5]. These are round
generalized cylinders 𝐒𝑘

√2𝑘 ×𝐑𝑛−𝑘. The generic singulari-

ties in 𝐑3 are the sphere 𝐒2
2, cylinder 𝐒1

√2 ×𝐑, and plane

𝐑2. In contrast to the Bernstein theorems for minimal hy-
persurfaces, this classification of generic singularities holds
in every dimension.

For the mean curvature flow in higher codimension, we
search again for the stable singularities. Recall that sta-
ble singularities are those that are entropy stable, which is
equivalent to 𝐹-stable for closed shrinkers. When Σ is an
𝐹-stable shrinker diffeomorphic to a sphere, [CM6] shows
that

𝜆(Σ) < 4 = e𝜆(𝐒2
2) . (17)

The sharp constant is unknown, but (17) is at most off by
a factor of e. By [CM6], similar bounds also hold for other
closed shrinking surfaces of any finite index where the en-
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The shrinking cube. Half of the shrinking cube. 

A numerical example of Chopp, Exper. Math. 1994. 

Figure 9. A shrinker in 𝐑3 found numerically by Chopp. By
[CM5] it is unstable.

Figure 10. Minimal submanifolds of round spheres are
shrinkers. The illustration is a projection of the Clifford torus
(product torus) 𝐒1

√2 × 𝐒1
√2 that is minimal surface in the round

three sphere 𝐒3
2 of radius 2 and is thus a shrinker in 𝐑4.

tropy bound depends on the genus and index. By [CM6],
this implies that any such 𝐹-stable shrinker that a priori
lies in a high-dimensional Euclidean space in fact lies in a
linear subspace of some fixed small dimension. The sharp
bound for the dimension of the linear space is unknown,
though [CM6] provides sharp dimension bounds in vari-
ous other important situations.

There is no analog of (17) for minimal surfaces in 𝐑4.
Namely, viewing 𝐑4 as 𝐂2, one sees that the parametrized
complex submanifold 𝑧 → (𝑧, 𝑧𝑚) is a stable minimal va-
riety that is topologically a plane for each integer 𝑚. It
has Area(𝐵𝑟 ∩ Σ) ≥ 𝐶𝑚𝑟2 for 𝑟 ≥ 1. In contrast,
[CM6] implies that Area(𝐵𝑟 ∩ Σ) ≤ 𝐶(1 + 𝛾)𝑟2 for
a closed stable 2-dimensional shrinker Σ of genus 𝛾. Sim-
ilarly, there is no analog of the codimension bound for
minimal surfaces. Indeed, for each 𝑚, the parametrized
surface 𝑧 → (𝑧, 𝑧2, 𝑧3,… , 𝑧𝑚+1) is a stable minimal va-
riety that is topologically a plane. Its real codimension is
2𝑚 and it is not contained in a proper subspace.

Once one has the entropy bound in (17), to conclude

that stable singularities have low codimension, one needs
a result about the number of linearly independent coordi-
nate functions. The coordinate functions on a mean cur-
vature flow produce a linear space of caloric functions, i.e.,
solutions of the heat equation, that grow at most linearly.
The bound on the codimension is a consequence of amuch
more general result about polynomial growth caloric func-
tions on an ancient mean curvature flow that has a variety
of other useful applications.

Let 𝑀𝑛
𝑡 ⊂ 𝐑𝑁 be an ancient mean curvature flow of 𝑛-

dimensional submanifolds with entropies 𝜆(𝑀𝑡) ≤ 𝜆0 <
∞. Recall that ancient flows are solutions that exist for
all negative times. The space 𝒫𝑑 of polynomial growth
caloric functions consists of 𝑢(𝑥, 𝑡) on ⋃𝑡 𝑀𝑡 × {𝑡} so
that (𝜕𝑡 −Δ𝑀𝑡)𝑢 = 0 and there exists 𝐶 depending on 𝑢
with

|𝑢(𝑥, 𝑡)| ≤ 𝐶(1 + |𝑥|𝑑 + |𝑡| 𝑑
2 ) for all (𝑥, 𝑡)

with 𝑥 ∈ 𝑀𝑡, 𝑡 < 0 . (18)

The simplest example is when the flow consists of a static
(constant in time) hyperplane 𝐑𝑛. In this case, 𝒫𝑑(𝐑𝑛)
consists of polynomials in (𝑡, 𝑥1,… , 𝑥𝑛), known as the
caloric polynomials, and, using the special structure in this
case, it is easy to see that dim𝒫𝑑(𝐑𝑛) ≈ 𝑐𝑛 𝑑𝑛. The paper
[CM6] showed sharp bounds for dim𝒫𝑑 for all 𝑑 ≥ 1 for
an ancient flow with 𝜆(𝑀𝑡) ≤ 𝜆0:

dim𝒫𝑑 ≤ 𝐶𝑛 𝜆0 𝑑𝑛 . (19)

One remarkable consequence when 𝑑 = 1 is a bound for
the codimension. Namely, the flow sits inside a linear sub-
space of dimension atmost dim 𝒫1, since a linear relation
for coordinate functions specifies a hyperplane containing
the flow.

Figure 11. A shrinker in 𝐑3 shown to exist by Kapouleas,
Kleene, and Møller. Its existence had been conjectured by
Ilmanen using numerics. By [CM5] it is unstable.
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When the manifold 𝑀𝑛 is fixed (and does not vary
in time), there is a natural subspace of 𝒫𝑑 consisting of
the harmonic functions of polynomial growth of degree
at most 𝑑. The study of harmonic functions of polyno-
mial growth has a long history in geometry and analysis.
In 1974, S. T. Yau conjectured that these spaces were finite-
dimensional for manifolds with nonnegative Ricci curva-
ture; this was proven in [CM1]. See [CM7], [LZ] for results
about caloric functions of polynomial growth on such a
fixed manifold and the survey [CM8] for other results and
the history.
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Bridget Eileen Tenner and Gregory S. Warrington
Who won the election? How did it play out? When elec-
tion results are announced and analyzed, details matter. A
standard bar chart gets the job done for a plurality election,
but it falls short for instant-runoff voting (IRV) elections, in
which candidates are eliminated one by one according to
voters’ rankings. A single bar chart or table cannot capture
the multiple rounds of IRV tallying, thus obscuring and
perhaps undermining the public’s trust in IRV itself.

The media frequently report IRV results using multiple
tables or bar charts in a (not altogether successful) attempt
to communicate the full story of an election. While IRV
has been used for decades in state and local elections in the
US [4], the recent adoption of IRV by the state of Maine for
a number of state races, including the US Senate, marked
the first time that such an alternative to plurality voting
would be used in a US congressional election [3]. Figure 1
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illustrates a typical way in which the results of the 2018
election for Maine’s 2nd Congressional District were com-
municated.

Candidate Votes Ranked-Choice Votes

Golden (winner) 132,013 142,440
Poliquin 134,184 138,931
Bond 16,552 —
Hoar 6,875 —

Figure 1. Essential data conveyed by The New York Times [10]
andWikipedia [16] showing the 2018 election results from
Maine’s 2nd Congressional District. See also The Washington
Post and Politico [9,11], which omit the third column, and
Ballotpedia [12], which omits the second column. Different
media outlets reported different numerical values depending
on whether they used preliminary values or the final, certified
results. The above values are from the certified results [1].

Unfortunately, this represents the IRV election as a plu-
rality election plus some mysterious extra steps that were
invoked when no candidate won a majority of the valid
first-round votes, retaining little connection to the nature
and features of IRV.

One of the selling points of IRV is the ability of a voter,
without wasting a vote, to vote for a candidate who will
likely receive a small number of first-preference ballots:
such a candidate will be eliminated in an early round and

DECEMBER 2019 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1793



each ballot reallocated to the highest-ranked candidate
who is still in the running. The fact that IRV allows vot-
ers to rank candidates, and then processes those rankings,
has an indisputable effect on how people vote in an IRV
election.

We define a candidate’s coalition of support in an IRV
election as the collection of voters whose ballots are al-
located to that candidate during some round of IRV. The
first-round tally in IRV reflects an important part of voters’
preferences and candidates’ coalitions, but the results of
that first round do not tell the full story of the election—
particularly for a candidate who receives the most votes in
the first round but does not ultimately win the majority.
For example, as Wright claimed after his loss in the 2009
mayoral election in Burlington, Vermont (conducted un-
der IRV; see Figure 2), “under the plurality system, I would
have won tonight” [6]. That first-round tally is just one
facet of what the voters prefer. Moreover, the voters might
not have voted for those top choices if they had not been
casting ranked-choice votes at the time. The point of IRV is
that important data is contained in the lower-ranked votes
as well. Just as the first-lap leader of a race has no claim
on being the eventual winner, neither is the leader after the
first round of IRV tallying anything more than a temporary
front runner.

Besides avoiding this emphasis on first-round results,
we propose that an election graphic—whatever the elec-
tion framework—should, at a minimum, achieve the fol-
lowing (cf. [2]).

Objectives of an election graphic:
• Be easy to understand.
• Clearly indicate a winner.
• Reflect the methodology of the election pro-

cedure.
• Summarize the ballots that were cast.

The first objective is a precondition for any graphical de-
piction of data. Likewise, the point of holding an election
is to determine a winner, justifying the second objective.
Consumers of election results have different priorities, and
the last two objectives combine to serve those needs. For
example, a voter might be most interested in how the win-
ner was determined from the votes cast, whereas a can-
didate might be most interested in the coalitions of sup-
port that were demonstrated through those votes. These
issues are especially pertinent in an IRV election when not
all members of a candidate’s broadest coalition may have
ranked that candidate as their top choice.

The third and fourth objectives are nontrivial in the con-
text of IRV elections, where the winner is determined
by a multistep algorithm. As discussed above, while the
first round of this algorithm looks deceptively like a sim-
ple plurality election, its role in the IRV framework is dif-
ferent. Furthermore, the voters’ expressed preferences are

themselves complicated and hard to summarize. A list of
votes according to frequency quickly becomes unwieldy.
For example, there are 325 possible ranked-choice votes
on five candidates if a voter is not required to rank all five
options: there are 5!= 120 ways to rank all of the can-
didates, and 5! (1/1!+1/2!+1/3!+1/4! ) = 205 rank-
ings of between one and four candidates.

In this paper, we propose an accumulation chart for il-
lustrating the results of IRV elections. It can be read at a
glance, the winner is clearly indicated, it shows the impact
of each round of the instant-runoff procedure, and every
vote can be traced throughout the tallying. Moreover, can-
didates can use the accumulation chart to understand their
coalitions of support. These coalitions are displayed up
through a candidate’s last round of participation, with a
full description of the “pedigree” of all votes that were in-
cluded in the candidate’s final vote totals.

Our proposal is organized as follows. In the section
titled “Ranked-Choice and Instant-Runoff Voting,” we de-
fine instant-runoff voting and highlight its main features.
In “Examples of IRV Election Graphics,” we discuss how
the results of recent IRV elections have been reported in
the press and some of the questions left unanswered by
that reporting. In “Accumulation Charts,” we introduce
these tools, demonstrate their value using those same re-
cent IRV elections, and explore their benefits for different
constituencies of interested parties. We conclude with a
call to use accumulation charts more broadly.

Ranked-Choice and Instant-Runoff Voting
Instant-runoff voting considers not only each voter’s first-
choice candidate but, as necessary, the lower-ranked choic-
es as well. Whereas plurality (a.k.a. first-past-the-post or
winner-takes-all) elections require each voter to name at
most one preferred candidate, IRV involves a more com-
plicated vote.

Definition. A ranked-choice vote is a list of candidates, or-
dered from top choice to bottom.

Different methods have been proposed for identifying
a winner from a collection of ranked-choice votes. Our
focus is on the following procedure.

Definition. Instant-runoff voting (IRV) (also termed ranked-
choice voting and alternative voting [4, 5]) is a method for
tallying ranked-choice votes. It works, iteratively in rounds,
as follows:

Step 1: The top-ranked selection of each vote is
tallied.

Step 2: If there are two candidates, then the can-
didatewith themost votes is declared thewin-
ner.

Step 3: If there are more than two candidates,
then the candidate with the fewest votes is
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eliminated and that candidate’s name is
stricken from each vote, with lower-ranked
candidates advancing one position in that
vote’s ranking. The procedure now begins
again with a new round.

We present the following example as a demonstration.

Example. Irvtown is electing a mayor from three candi-
dates: Alf, Bugs, and Chester. The election is being con-
ducted under IRV. The 22 votes cast in the election are de-
scribed in the table below:

# votes 1st 2nd 3rd

1 Alf Bugs Chester
5 Alf Chester Bugs
3 Bugs Alf Chester
2 Bugs Chester —
4 Bugs Chester Alf
3 Chester Alf Bugs
4 Chester Bugs Alf

For example, two voters ranked Bugs as their top choice,
Chester as their second choice, and listed no one as their
third choice.

After the first round of IRV tallying, Alf receives six votes,
Bugs receives nine votes, and Chester receives seven votes.
Alf, with the fewest votes, is eliminated. In the second
round, one vote is reallocated from Alf to Bugs, and five
votes are reallocated from Alf to Chester. Thus, after the
second round of tallying, Bugs has received 10 votes and
Chester has received 12 votes. Of these two remaining can-
didates, Chester is declared the winner.

The iterative nature of IRV relies on something that does
not exist in plurality elections and which is, in fact, critical
to understanding a candidate’s coalition.

Definition. Suppose that Candidate A accumulates a par-
ticular ranked-choice vote in a round of IRV. The pedigree
of that accumulated vote is the ranked list of all candidates
who appeared on that particular ballot ahead of and in-
cluding Candidate A.

Thus, in the preceding example, the pedigrees of the
votes Chester accumulates by the final round record the
votes of voters who preferred Chester to all other candi-
dates, as well as voters who preferred Alf to all others but
thought Chester was preferable to Bugs.

IRV is frequently described with a Step 1.5: “If any can-
didate has received amajority of the votes tallied in a given
round, then that candidate is declared the winner.” In-
cluding this step might shorten the tallying process and it
does not change the eventual outcome of the election. In
practice, this rule appears to be frequently followed (e.g.,
[8, §4.2.A] and [14]). However, we choose to omit this
option to truncate the IRV procedure, because, in our view,

Step 1.5 shifts the emphasis of the IRV algorithm in an un-
welcome direction. It is valuable to know what occurs in
all rounds of the IRV algorithm, including the full pedi-
grees of all ballots.

Examples of IRV Election Graphics
Before introducing accumulation charts, we look at IRV
election results in the media. The Maine results shown
in Figure 1 give the candidates’ vote tallies after only two
of the rounds, suppressing earlier (including write-in can-
didates) and intermediate (after Hoar’s elimination) data.
The 2009 mayoral election in Burlington, Vermont, was
also conducted under IRV, and Figure 2 captures how the
results of that electionwere presented in the Burlington Free
Press [6] (see also [13] for analogous reporting of the re-
sults of Minneapolis’s 2017 mayoral election).

Figure 2. Essential data conveyed by Burlington Free Press [6]
from the 2009 mayoral election in Burlington, Vermont.

Faced with either of these examples, a reader might well
ask, which chart should I look at? Which graphic’s winner
is the election’s winner? Why did two candidates switch
positions between the first and second table? I ranked the
candidates A>B>C>D—where is my vote in this picture?
And so on. These graphics have suppressed so much infor-
mation that they barely reflect the IRV process, and they
give no sense of what votes were cast in the election. For ex-
ample, of the 767 (green) votes added to Wright’s tally in
Figure 2’s chart for Round 3, there is no way to distinguish
between votes that begin with the following rankings:

1. Montroll
2. Wright

1. Montroll
2. Smith
3. Wright

1. Smith
2. Montroll
3. Wright

Also, these graphics do a weak job of describing
candidates’ coalitions. The information gained becomes
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Figure 3. Accumulation chart for the 2018 election in Maine’s 2nd Congressional District using data from [1].

more vague with each successive round, and there is ambi-
guity about the coalitions forming support for the candi-
dates who make it to the final round. For example, Wright
might want to know the precise makeup of his support
in order to craft a subsequent campaign. Kiss, similarly,
might want to know what coalition put him over the top
and how best to represent them during his time in office.
Neither candidate would be able to find this information
from the data as currently depicted.

Accumulation Charts
Accumulation charts are motivated by the fact that in IRV
candidates can accumulate votes during each round of the
procedure. Illustrating that accumulation makes substan-
tial progress towards achieving the objectives outlined at
the beginning of this paper. We do this by modifying a
standard bar chart, noting that

• bar charts are familiar graphical tools,
• the longest bar can indicate the winner,
• each round of IRV can be depicted by a segment

of the candidates’ bars, and
• ranked-choice votes can be expressed by coloring

slices within those segments.

We introduce accumulation charts with a demonstra-
tion—this paper is about graphical tools, after all. This
example, shown in Figure 3, describes the results of the
2018 election for Maine’s 2nd Congressional District (cf.
Figure 1).

General accumulation charts are outlined below, and
we conclude this sectionwith a second demonstration (Fig-
ure 4), this time using the 2009mayoral race in Burlington,
Vermont.

In order to elucidate the vertical coloring within each
bar, we focus on the votes with a particular pedigree in
Figure 3. Using the coloring of Figure 3, the ranked-choice

vote

1. Hoar
2. Poliquin
3. Bond
4. Golden

would appear in Hoar’s first-round segment as the slice

in Poliquin’s second-round segment as the slice

not in Bond’s third-round segment (because Bond was
eliminated after Round 2), and in Golden’s fourth-round
segment (if a fourth round had been necessary in this elec-
tion) as the slice

The top-to-bottom coloring of a slice describes the ranked-
choice vote’s (initial) ranking. All slices in a candidate’s
accumulation bar have the same bottom color, because the
candidate accumulated each of those votes when he or she
was the votes’ highest noneliminated choice.

While some rounds contribute relatively skinny seg-
ments to the accumulation bars and might appear
crunched in a printed version of the chart, this is not a
concern if the chart is displayed electronically with zoom-
ing capability, providing both coarse and granular detail.
We have implemented such an electronic version of accu-
mulation charts in [15].
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Figure 4. Accumulation chart for the 2009 mayoral election in Burlington, Vermont, using ballot-level data from [7].

Accumulation charts
• An accumulation chart is a modified bar chart with one bar per candidate.
• A candidate’s bar consists of multiple segments, one for each IRV round that the

candidate participates in before elimination. We use long vertical lines to separate
segments—that is, to separate votes by the round in which they are accumulated.

• The length of a candidate’s Round X segment represents the number of (new) votes
accumulated by the candidate during Round X.

• The total length of a candidate’s bar represents the number of votes accumulated
by that candidate in all rounds through the candidate’s final round of participation
before elimination or victory.

• The pedigree of a vote is indicated by top-to-bottom coloring within the segment
in which it gets accumulated by the candidate. In each round, we group votes by
pedigree for ease of interpretation.

Note that the slices making up a given segment may not
all have the same number of colors. For example, in Fig-
ure 3, Golden’s Round 3 segment

shows two three-colored slices and one two-colored slice.
From left to right, these represent the 4835, 3027, and
1362 votes cast that began, respectively, as follows:

1. Bond
2. Golden

1. Bond
2. Hoar
3. Golden

1. Hoar
2. Bond
3. Golden

In each case, these votes are allotted to Golden during the
third round of IRV tallying (after Hoar’s elimination in
Round 1 and Bond’s elimination in Round 2), and so they
appear in the third-round segment of Golden’s bar in the
accumulation chart.

Figure 4 uses an accumulation chart to present the re-
sults of the 2009 mayoral election in Burlington, Vermont.
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A “cleaner” accumulation chart for that election could be
obtained by omitting Simpson and thewrite-in candidates,
each of whom garners relatively few votes, from the chart
entirely. At the other extreme, each write-in candidate
could be displayed individually. We have chosen the il-
lustrated compromise of grouping the write-in candidates
together, representing them by a single “mega-round” of
elimination. This demonstrates both how an accumula-
tion chart looks when there are more than four candidates
and how it looks when there are candidates who receive
few votes. The trade-offs of these choices can be explored
in the interactive accumulation charts found in [15].

Conclusion
Our focus in this article is on general-purpose IRV election
graphics—suitable for, say, a newspaper. While currently
there is no standard for reporting IRV results, prominent
outlets have tended to present a first-round tally followed
by the final tally, such as in Figure 1, which neglects perti-
nent information.

One option for such a general purpose graphic, which
has not often, to our knowledge, been used by the media
for election results, is the Sankey diagram (see its use by
the city of Minneapolis for its 2017 mayoral election re-
sults [13]). A Sankey diagram’s primary strength is its clear
depiction of how ballots are reallocated after each round.
Sankey diagrams, however, fail to meet the fourth objec-
tive listed above. Moreover, we find the bands’ thicknesses
hard to compare in this vertical arrangement, complicat-
ing the first two objectives, as well. As such we find them
less suited for the general-purpose usage we are seeking.
Nonetheless, they undoubtedly provide an illuminating
picture of an IRV election.

While we believe that accumulation charts successfully
address the deficiencies of commonly used graphics, one
must still be thoughtful about their use and analysis. For
example, candidates (and their bars) get eliminated in dif-
ferent rounds, so they are not directly comparable. How-
ever, given the correct interpretation—that bar length cor-
responds to the total number of votes accumulated before
elimination—this is not a concern. There are aspects of
the election results that might be better displayed through
other means (such as a Sankey diagram’s depiction of
vote flow), but again our goal here is for a general-purpose
graphic. Users of these charts might choose to limit the
number of rounds displayed, to order rounds from right
to left in the bars, or to extend these charts by adding in
information such as the number of exhausted ballots by
round.

We believe that accumulation charts achieve the objec-
tives of an election graphic. They are easy to understand at
a glance, with each candidate corresponding to a single bar
and bar lengths indicating overall support. Importantly,

accumulation charts allow a reader to follow the algorithm
as it narrows down the field, and the visible pedigrees give
a sense of each candidate’s coalition of support. As future
elections unfold, we hope that IRV election results can be
reported in such a data-rich way.
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Imaging with Waves
in Random Media

Liliana Borcea
Introduction
Wave-based imaging is an inverse problem for the wave
equation, with a broad spectrum of applications in nonde-
structive testing, ultrasound for medical diagnosis, radar,
underwater sonar, space surveillance, geophysical explo-
ration, etc. Any imaging system uses sensors that measure
sound, electromagnetic, or elastic waves generated by im-
pulsive sources or by ambient noise sources. These waves
carry information about the medium through which they
travel and their initial state, and the goal of imaging is
to extract this information from the sensor measurements,
a.k.a. the data.

The sensor configurations are application specific. The
illustrations in Figure 1 show sensors that are closely
spaced in a bounded set, so for imaging purposes they
can be treated as a collective entity called an array. The
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Figure 1. Top: In nondestructive testing an active array of
sensors probes a heterogeneous body with waves and
records the scattered returns. Bottom: A telescope (passive
array of sensors) records waves from astronomical sources.

1800 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 66, NUMBER 11



Figure 2. Top: In seismic imaging geophones (red triangles) at
the surface of the earth record waves due to an earthquake
(yellow star). Bottom: In synthetic aperture radar an antenna
mounted on an airplane emits waves and records the returns
from the ground.

sensors may act as both impulsive sources and receivers,
in which case the array is called active. If the sensors are
only receivers, the array is called passive. The configura-
tion shown in the top plot of Figure 2 is typical of seismic
imaging, where the sensors are widely spaced geophones
lying on the surface of the earth and the sources are uncon-
trolled, e.g., earthquakes or ambient seismic noise. The
configuration shown in the bottom plot of Figure 2 is used
in synthetic aperture radar, where the sensors are antennas
that emit and receive electromagnetic waves. There may be
a single sensor or a small array of sensors mounted on a
moving platform that defines a virtual (synthetic) aperture.

Conventional imagingmodalities use impulsive sources
and operate under the hypothesis that the medium has a
smooth and slowly varying wave speed 𝑐, with the possi-
ble exception of a few unknown localized anomalies, such
as large jump discontinuities corresponding to reflective
structures, modeled by a reflectivity function 𝜌. This hy-
pothesis is used in the forward model, which defines the
mapping from 𝜌 and the source 𝑆, if it is unknown, to
the wave at the sensors. The forward mapping is inverted
in some approximate sense by data processing, and the re-
sult is an imaging function, an image in short, which is
displayed over a search domain. The peaks of the image
are interpreted as points in the support of the unknown
𝜌 and 𝑆. The expected sharpness of the peaks is quanti-
fied by a resolution theory, which takes into account the
bandwidth 𝐵 and modulation frequency 𝜔𝑐 of the source
signal, the typical distance 𝐿 traveled by the waves, the

placement of the sensors, and the aperture1 𝑎. With the
above hypothesis standing, well-known resolution formu-
las [8, Chapter 8] predict image improvement with the in-
crease of𝜔𝑐, 𝐵, and the ratio 𝑎/𝐿. This has motivated, for
example, a new generation of high-frequency and broad-
band radar systems like the Space Fence program, which
operates in the S-band frequency range (2 to 4 GHz) and
even Ka-band (35 GHz) and W-band (95 GHz) radars.

Imaging gets quite complicated when the hypothesis of
slowly varying wave speed is inadequate. All media have
microstructures, which in most imaging applications can
be modeled by small amplitude fluctuations of the coeffi-
cients2 of the wave equation over short length scales com-
pared to 𝐿. Think of the turbulent atmosphere, complex
biological tissue, the earth’s crust, or heterogeneous mate-
rials like aging concrete. Low-frequency waves are insen-
sitive to such small and rapid fluctuations. They propa-
gate as in an effective medium with constant or slowly and
smoothly changing wave speed. However, high-frequency
waves interact with the microstructure, and the net effect,
called cumulative scattering, builds up over a long enough
distance 𝐿 to cause strong distortion of the wave (see Fig-
ure 3). Conventional imagingmethods do not account for
this distortion and, as a result, they produce unfocused
images with spurious peaks that are difficult to interpret.
Imaging with waves in random media is concerned with
developing methods that mitigate the wave distortion and
produce informative images. It is an interdisciplinary field
rooted in the physics of wave scattering, where ideas from
analysis, probability, scientific computing, experimental
science, signal processing, and statistics result in novel
imaging modalities.

Why random media? We image in one medium, which
typically does not change over the duration of the experi-
ment, so there is not a statistical ensemble of realizations.
The point is that the fluctuating coefficients of the wave
equation are not known, and it is impossible to estimate
them pointwise as part of imaging. In most cases it is not
even interesting to determine their small fluctuations. For
example, in nondestructive evaluation of a concrete wall,
the goal is to find strong reflecting structures, like cracks,
and not the pebbles (microstructure) in the concrete.

The random medium is a model of the uncertainty
of the fluctuations of the coefficients of the wave equa-
tion, whose solution, the wave, is a random field. It is
impossible to calculate its probability distribution be-
cause the mapping from the random coefficients to the so-
lution is complicated and nonlinear. The theory of wave
propagation in random media uses stochastic asymptotic

1In array imaging, the aperture is the diameter of the bounded set that supports
the sensors. In synthetic aperture imaging, it is the length of the path of the mov-
ing sensor.
2There may also be rough boundaries, which we do not address in this article.
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Figure 3. Left plots: Active array probes a medium with three reflectors by emitting a pulse from the central sensor. Right plots:
Amplitude of the wave received at the array vs. time on the abscissa, in units of the pulse width, and receiver location on the
ordinate, in units of central wavelength 𝜆𝑐. The echoes from the reflectors are clearly seen when the medium is homogeneous
(top right). The cumulative scattering effect of the fluctuations of 𝑐 (bottom left) causes wave distortion (bottom right). See
Acknowledgments section.

analysis to find approximate descriptions of the statistics
of the wave in various application-relevant regimes that are
defined by the strength of the random fluctuations and the
relations between the important length scales: the wave-
length, the correlation length of the fluctuations, and the
travel distance.

The study of waves in random media has a long history,
starting from the 1960s [16, 20]. A good overview of the
field and its early applications is in [15]. Lately, new con-
cepts driven by imaging in random media have emerged.
In this article we discuss two of them:

1. Statistical stability, which is a central concept in the
resolution theory of imaging in random media [4, 7].
It states that although the image is computed from
data gathered in one realization of the medium, with-
out ensemble averaging, it should depend only on the
statistics of the medium and not the realization. That
is to say, the image should be self-averaging.

2. Statistically stable images can be calculated from cross-
correlations of thewavesmeasured at the sensors, even
when the sources are uncontrolled, like ambient noise
sources.

To introduce these concepts, we consider scalar (sound)
waves modeled by the time 𝑡 and location x⃗ dependent
acoustic pressure 𝑃, the solution of the wave equation

1
𝑐2(x⃗)𝜕

2
𝑡𝑃(x⃗, 𝑡) − Δx⃗𝑃(x⃗, 𝑡) = 𝑆(x⃗, 𝑡),

𝑡 ∈ ℝ, x⃗ ∈ ℝ3,
(1)

with initial condition 𝑃(x⃗, 𝑡) ≡ 0 prior to the excitation
from the source 𝑆. We focus mostly on the problem of
imaging the source in the medium with wave speed

𝑐(x⃗) = 𝑐𝑜[1 + 𝜇(x⃗)]−
1
2 , (2)

where the background speed 𝑐𝑜 is a known constant and
𝜇 is a mean zero stationary random process with ergodic
properties. We also comment on the problem of imaging
a reflectivity 𝜌, where the variable coefficient in (1) is re-
placed by 𝜌 + 𝑐−2, with 𝑐 given in (2). Note that the
mapping 𝑆 ↦ 𝑃 is linear, whereas the mapping 𝜌 ↦ 𝑃
is nonlinear. Thus, it is easier to image sources than reflec-
tors. Nevertheless, both problems are complicated by the
nonlinear mapping 𝜇 → 𝑃 that models the distortion of
the wave.
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In some applications, like geophysical exploration, the
background speed 𝑐𝑜 is not constant but an unknown
smooth and slowly changing function that must be esti-
mated via so-called velocity analysis. This involves either
nonlinear optimization using large and often redundant
data sets or tomographicmethods based onmeasurements
of travel times of the wave transmitted through the
medium. Velocity analysis is outside the scope of this
article, but we discuss briefly how correlations and noisy
ambient sources can be used in this context.

The analysis of various imaging modalities requires the
calculation of statistical moments of 𝑃. The first moment
is the expectation 𝔼[𝑃], which models the coherent
(unscattered) wave. Conventional imaging assumes that
𝑃 has negligible fluctuations about the mean 𝔼[𝑃] and
furthermore that 𝔼[𝑃] is approximately the solution 𝑃𝑜 of
the wave equation with wave speed 𝑐𝑜. However, it is well
known that 𝔼[𝑃] decays at an exponential rate with the
travel distance, while the random fluctuations 𝑃 − 𝔼[𝑃]
gain strength [15].

Imaging with cross-correlations becomes interesting
when the waves travel deep enough in the medium so that
𝔼[𝑃] ≈ 0. The expectation of the cross-correlations is de-
termined by the second-order moments of 𝑃. These are re-
lated to the mean Wigner transform, which satisfies trans-
port equations that have been derived in a variety of
regimes in [1,2,13,19]. The analysis of the random fluctu-
ations of the cross-correlations involves fourth-order mo-
ments of 𝑃. It is not known how to compute these mo-
ments, except for a few wave-scattering regimes. One such
regime is described by geometrical optics, where the waves
travel along deterministic rays but the travel time has ran-
dom fluctuations [20, Chapter 6]. This weak scattering
regime is assumed in the adaptive optics imaging modal-
ity and has been used in [4] to study imaging with cross-
correlations. We consider another, stronger scattering
regime, called white-noise paraxial, which is relevant for
laser beam propagation in random media. Back-scattering
is negligible in this regime, and the wave is described by
the solution of an Itô–Schrödinger equation [13]. This
is an evolution problem along the direction of propaga-
tion, the axis of the laser, where Itô stochastic calculus
allows the closure of the hierarchy of equations for the
moments [11]. Still, without additional assumptions, the
fourth-order moments can only be approximated numeri-
cally [15, Section 20].

In the next section we describe imaging in the white
noise paraxial regime under some additional scaling as-
sumptions that allow explicit fourth-ordermoment formu-
las [14]. We use it to present the coherent interferometric
(CINT) approach for imaging in random media [7]. In the
section “Imaging withNoisy Sources” we discuss the use of
cross-correlations for imaging with noisy sources. We end

with some “Final Remarks.”

Coherent Interferometric Imaging
In this section we present imaging in random media in
a scattering regime where the wave generated by a pulsed
source 𝑆 propagates as a beam along the “range” direc-
tion 𝑥 (Figure 4). To write explicit formulas, we use a
Gaussian beam model [8, Chapter 4] described in the sys-
tem of coordinates x⃗ = (𝑥,x⟂) with origin at the center
of the source, where the “cross-range” vector x⟂ ∈ ℝ2 lies
in the plane orthogonal to the range (beam) axis 𝑥. The
source is localized at 𝑥 = 0, with Gaussian profile in the
cross-range plane

𝑆(x⃗, 𝑡) = 𝑓(𝑡)𝑒−𝑖𝜔𝑐𝑡 exp( − |x⟂|2
𝑟2
0

)𝛿(𝑥),

𝑓(𝑡) = exp( − 𝐵2𝑡2
2 ),

(3)

where 𝑟0 is the initial radius of the beam and 𝛿 denotes
the Dirac delta distribution. The emitted pulse has Gauss-
ian envelope 𝑓 and modulation frequency 𝜔𝑐. Its Fourier
transform

∫
ℝ
𝑑𝑡 𝑒𝑖𝜔𝑡𝑓(𝑡)𝑒−𝑖𝜔𝑐𝑡 = 𝑓(𝜔−𝜔𝑐)

= √2𝜋
𝐵 exp[ − (𝜔−𝜔𝑐)2

2𝐵2 ]
(4)

is large in the interval centered at𝜔𝑐 and of length of order
𝐵, which is why 𝜔𝑐 is called the central frequency and 𝐵
is the bandwidth. The duration of the pulse is inversely
proportional to 𝐵, and usually 𝐵 ≪ 𝜔𝑐.

For reference, we begin with a description of the beam
in the homogeneous medium, and then summarize the
white noise paraxial model of beam propagation in the
random medium. This gives the forward map from 𝑆 to
the data gathered at a remote array of receivers located at
distance (range) 𝐿 from the source. This forward map is
then used for imaging the source. We also give a brief dis-
cussion of imaging reflectors in the random medium.

The reader will note that this section containsmany scal-
ing assumptions defined by an asymptotic parameter that
describes the order relations between the wavelength, the
correlation length of the fluctuations, and the distance of
propagation, as well as the amplitude of the fluctuations.
These assumptions are rooted in the physics of the prob-
lem and are key ingredients of any analysis of wave propa-
gation and imaging, because there is no universal behavior
of waves in random media.
Gaussian beam in the homogeneous medium. Let𝑃𝑜 de-
note the wave due to the source (3) in the reference ho-
mogeneous medium. This wave is not observed at the
sensors, but we give its mathematical expression for the
purpose of comparison with the model of the measured
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Figure 4. Gaussian beam with initial radius 𝑟0 that increases
to 𝑟(𝑥) at range 𝑥 due to cumulative scattering. The
wavefront is also distorted.

wave. This expression is obtained using the assumptions
stated in “Scaling relations,” which ensure that 𝑃𝑜 propa-
gates as a beam.
Scaling relations. There are three length scales that in-
fluence the evolution of the reference wave 𝑃𝑜: the central
wavelength 𝜆𝑐 = 2𝜋𝑐𝑜/𝜔𝑐, the initial radius 𝑟0, and the
range offset 𝐿 between the receiver sensors and the source.
These scales are determined by the design of the imaging
system, and in a typical regime of high-frequency beam
propagation they satisfy

𝜆𝑐 ≪ 𝑟0 ≪ 𝐿. (5)

It is natural to use the scale separation relation (5) to
introduce the dimensionless parameter

𝜀 = 𝜆𝑐/𝐿 ≪ 1, (6)

so that we can analyze the wave in the asymptotic limit
𝜀 → 0. It remains to discuss the apparently many choices
of the initial radius 𝑟0 satisfying (5). To understand their
effect on the wave 𝑃𝑜, we turn to the theory of diffraction,
which states that

𝐿R/𝐿 ∼ 𝑟2
0 /(𝐿𝜆𝑐), (7)

where the symbol ∼ denotes throughout equal, up to an
order 1 constant factor, and 𝐿R is the Rayleigh length, the
range at which the beam cross-section doubles in area [8,
Chapter 8]. We conclude from (7) that in order for the
wave to propagate as a beam along the range axis 𝑥, in the
limit 𝜀 → 0, the initial radius must satisfy

𝑟0/𝐿 ∼ √𝜀, (8)

so that the ratio (7) is independent of 𝜀. If 𝑟0 is smaller,
then the source is point-like in the limit 𝜀 → 0 and emits a
spherical wave with no privileged direction of propagation.
If 𝑟0 is larger, then the sensors are in the near field of the
source as 𝜀 → 0.
The beam. The solution of (1), in the absence of the

fluctuations 𝜇, is approximated by

𝑃𝑜(x⃗, 𝑡) = ∫
ℝ

𝑑𝜔
2𝜋 𝑒−𝑖𝜔𝑡�̂�𝑜(x⃗,𝜔),

�̂�𝑜(x⃗,𝜔) ≈ 𝑖 exp[𝑖𝑘(𝜔)𝑥)]
2𝑘(𝜔) �̂�𝑜(𝑥,x⟂,𝜔),

(9)

with 𝑘(𝜔) = 𝜔/𝑐𝑜 the wavenumber at frequency 𝜔.
Here �̂�𝑜 is a monochromatic wave propagating along the
𝑥 axis, with envelope described in the limit 𝜀 → 0 by the
solution of the Schrödinger equation

2𝑖𝑘(𝜔)𝜕𝑥�̂�𝑜(𝑥,x⟂,𝜔) + Δx⟂ �̂�𝑜(𝑥,x⟂,𝜔) = 0,
𝑥 > 0, x⟂ ∈ ℝ2,

(10)
with initial condition

𝑢𝑜(0,x⟂,𝜔) = 𝑓(𝜔−𝜔𝑐) exp( − |x⟂|2
𝑟2
0

), (11)

where Δx⟂ is the Laplacian in the cross-range plane.
The explicit expression of �̂�𝑜 is known [8, Chapter 5],

and substituting it in (9) we obtain

𝑃𝑜(x⃗, 𝑡) ≈
𝑖𝑟0

4𝜋𝑟(𝑥) ∫ℝ
𝑑𝜔 𝑓(𝜔−𝜔𝑐)

𝑘(𝜔)
× exp{ − 𝑖𝜔[𝑡 − 𝜏(𝑥,x⟂)] −

|x⟂|2
𝑟2(𝑥) + 𝑖𝜙(𝑥,𝜔)}.

(12)
This is the Gaussian beam with radius

𝑟(𝑥) = 𝑟0 [1+ ( 𝑥
𝐿R(𝜔))

2
]

1
2

, 𝐿R(𝜔) = 𝑘(𝜔)𝑟2
0

2 ,
(13)

which grows with 𝑥 due to diffraction on the range scale
quantified by the Rayleigh length 𝐿R. The beam has the
travel time delay

𝜏(𝑥,x⟂) =
1
𝑐𝑜

[𝑥+ |x⟂|2
2𝑋 ] (14)

and so-called phase retardation

𝜙(𝑥,𝜔) = arc tan [−𝑥/𝐿R(𝜔)] ∈ [−𝜋,0]. (15)

The denominator 𝑋 in (14) is the range distance from the
source to the spherical wavefront passing through x⃗ =
(𝑥,x⟂). At large 𝑥 the wavefront is almost planar and
𝑋 ≈ 𝑥.
Gaussian beam in the random medium. We now con-
sider the random medium with fluctuations of the wave
speed (2) modeled by the stationary random process 𝜇
with strong mixing. This satisfies

𝔼[𝜇(x⃗)] = 0, 𝒞( x⃗ℓ) = 𝔼[𝜇(x⃗)𝜇(�⃗�)], (16)

where 𝔼 denotes the expectation. The covariance 𝒞 of the
process 𝜇 is assumed to be an integrable function, at least
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twice continuously differentiable, normalized by

∫
ℝ3

𝑑x⃗𝒞( x⃗ℓ) = 𝜎2ℓ3, 𝒞(�⃗�) ∼ 𝜎2. (17)

The positive, dimensionless parameter 𝜎 ≪ 1 quantifies
the small amplitude of the fluctuations, and ℓ is the corre-
lation length.

As in the previous section, we begin by stating the scal-
ing assumptions under which the wave generated by the
source (3) propagates through the random medium as a
beam. Then we give the white noise paraxial model of
beam propagation and describe the statistical moments of
the wave.
Scaling relations. The random fluctuations 𝜇 introduce
the additional length scale ℓ and the dimensionless am-
plitude factor 𝜎. These are fixed by the medium in which
the imaging takes place and cannot be adjusted like 𝐿, 𝑟0,
and 𝜆𝑐 in the design of the imaging system. The scaling re-
lations given here describe the design for which the wave
propagates as a beam in the random medium.

We could give the scaling in terms of the dimensionless
𝜎 ≪ 1, but in order to connect it to the relations in the
previous section we introduce the asymptotic parameter
𝜀 ≪ 1 by

𝜎 = 𝜀3/4𝜎0, (18)

where𝜎0 is an order1 constant, i.e., independent of 𝜀. The
cumulative scattering of the beam in the random medium
is strong when ℓ and 𝑟0 are of the same order in 𝜀. Recall-
ing (8), we choose the range scale

𝐿 ∼ ℓ
√𝜀 ∼ ℓ

𝜎2/3 . (19)

The central wavelength 𝜆𝑐 is related to 𝐿 as in (6), and we
let the initial radius of the beam satisfy

𝜋𝐿
𝐿R(𝜔𝑐)

= 𝜆𝑐𝐿
𝑟2
0

≪ 1 ≪ 𝜆𝑐𝐿
ℓ2 , (20)

where all the ratios are independent of 𝜀. This means that
we can neglect diffraction at the range 𝐿 of the array in
order to showcase the broadening of the beam due to cu-
mulative scattering in the random medium.

We will see that the coherent wave decays on the range
scale 𝒮 ∼ 𝜆2

𝑐/(ℓ𝜎2), called the scattering mean free path
[15]. The choice (18) of 𝜀 ensures that the random
medium affects the wave at the range 𝑥 = 𝐿 of the sen-
sors, because the ratio 𝐿/𝒮 is fixed as 𝜀 → 0.
The white noise paraxial model of the beam. It is proved
in [13] that under the assumptions (6)–(8) and (18)–(20),
the solution of (1) is

𝑃(x⃗, 𝑡) = ∫
ℝ

𝑑𝜔
2𝜋 𝑒−𝑖𝜔𝑡�̂�(x⃗,𝜔),

�̂�(x⃗,𝜔) = 𝑖 exp[𝑖𝑘(𝜔)𝑥)]
2𝑘(𝜔) �̂�𝜀(𝑥,x⟂,𝜔),

(21)

where �̂� is a monochromatic wave propagating along 𝑥,
with envelope �̂�𝜀. In the limit 𝜀 → 0, �̂�𝜀 converges in
distribution, in 𝐶([0,∞], 𝐿2(ℝ2)), to the solution �̂� of
the Itô–Schrödinger equation

𝑑𝑥�̂�(𝑥,x⟂,𝜔) = [ 𝑖
2𝑘(𝜔)Δx⟂ �̂�(𝑥,x⟂,𝜔)

− 𝑘2(𝜔)
8 ℛ(0)�̂�(𝑥,x⟂,𝜔)]𝑑𝑥

+ 𝑖𝑘(𝜔)
2 �̂�(𝑥,x⟂,𝜔)𝑑ℬ(𝑥,x⟂),

(22)
with initial condition (11),

�̂�(0,x⟂,𝜔) = �̂�𝑜(0,x⟂,𝜔). (23)

Here ℬ denotes a Brownian motion field, a Gaussian pro-
cess independent of 𝜔, satisfying

𝔼[ℬ(𝑥,x⟂)] = 0,
𝔼[ℬ(𝑥,x⟂)ℬ(𝑥′,x′

⟂)] = min{𝑥, 𝑥′}ℛ(x⟂ − x′
⟂),
(24)

with ℛ defined by the covariance of 𝜇,

ℛ(x⟂) = ∫
∞

−∞
𝑑𝑥𝒞((𝑥,x⟂)

ℓ ) ∼ ℓ𝜎2. (25)

The Itô–Schrödinger equation (22) is studied in [11],
and the statistical moments of (21) can be approximated
for a finite 𝜀 ≪ 1 using the moments of �̂�, which are
derived using Itô’s formula. The results are simpler for
isotropic statistics, so we henceforth letℛ depend on |x⟂|
instead of x⟂.
Coherent wave. Conventional imaging modalities ne-
glect the fluctuations of the wave speed and assume the
forward model, i.e., the mapping of the source to the wave
given by (9) and (12). We now show that the mean wave
envelope is not close to �̂�𝑜, so this forward model is inac-
curate and cannot be used even if we had an ensemble of
realizations of the medium, which we do not.

Taking the expectation in (22) and recalling equation
(10), we obtain the coherent wave

𝔼[�̂�(𝑥,x⟂,𝜔)] = �̂�𝑜(𝑥,x⟂,𝜔) exp[ − 𝑥
𝒮(𝜔)],

𝒮(𝜔) = 8
𝑘2(𝜔)ℛ(0),

(26)

which differs from �̂�𝑜 by the exponential decay on the
range scale 𝒮, the scattering mean free path. We are in-
terested in the scattering regime

𝐿 ≫ 𝒮(𝜔), (27)

where the coherent wave is negligible; i.e., the wave is ran-
domized by scattering.
Second moments. The Itô–Schrödinger equation con-
serves energy, so the decay in (26) means that the random
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fluctuations of �̂� gain strength. These fluctuations can be
studied using the Wigner transform

𝑊(𝑥,x⟂,K,𝜔) = ∫
ℝ2

𝑑x̃⟂ 𝑒−𝑖K⋅x̃⟂

× �̂�(𝑥,x⟂ + x̃⟂
2 ,𝜔)�̂�(𝑥,x⟂ − x̃⟂

2 ,𝜔), (28)

where the bar denotes throughout the complex conjugate
and K ∈ ℝ2 is the cross-range component of the wave
vector. Note that 𝑊 is real-valued and satisfies

∫
ℝ2

𝑑K
(2𝜋)2 𝑊(𝑥,x⟂,K,𝜔) = |�̂�(𝑥,x⟂,𝜔)|2, (29)

so we may think of it as a local energy density at (𝑥,x⟂),
resolved over directions in the cross-range plane. However,
𝑊 may take negative values.

One can obtain from equations (22), (28), and Itô’s for-
mula a stochastic evolution equation for 𝑊 [13,18], start-
ing from the initial condition

𝔼[𝑊(0,x⟂,K,𝜔)] = |𝑓(𝜔−𝜔𝑐)|22𝜋𝑟2
0

× exp[ − 2|x⟂|2
𝑟2
0

− |K|2𝑟2
0

2 ]. (30)

We are particularly interested in the expectation of 𝑊,
which defines the second-order moments of �̂� that are rele-
vant for imaging with cross-correlations. This expectation
satisfies a radiative transport equation [2, 13], which sim-
plifies in the long-range regime (27) to the Fokker–Planck
equation [17]

[𝜕𝑥 +
K ⋅ ∇x⟂

𝑘(𝜔) ]𝔼[𝑊(𝑥,x⟂,K,𝜔)]
= 𝑘2(𝜔)𝐷KΔK𝔼[𝑊(𝑥,x⟂,K,𝜔)],

𝑥 > 0,
(31)

with diffusion coefficient 𝐷K(𝜔) = |ℛ″(0)|/8, where
∇x⟂ is the gradient in x⟂ and ΔK is the Laplacian in K.
The diffusion in K describes the spread of energy over di-
rections due to cumulative scattering.

The Fokker–Plank equation can be solved explicitly by
taking the Fourier transform in x⟂ and K. Using its so-
lution in the expectation of (28), we obtain the second
moments

𝔼[�̂�(𝑥,x⟂ + x̃⟂
2 ,𝜔)�̂�(𝑥,x⟂ − x̃⟂

2 ,𝜔)]

= |𝑓(𝜔−𝜔𝑐)|2
𝑟2
0

𝑟2(𝑥) exp[ − 2|x⟂|2
𝑟2(𝑥)

− |x̃⟂|2
𝒳2(𝑥,𝜔) + 𝑖𝜙], (32)

where

𝑟(𝑥) = 𝑟0(1 + 8𝐷K𝑥3

3𝑟2
0

)
1
2 , (33)

𝒳(𝑥,𝜔) = 1
𝑘(𝜔)√𝑥𝐷K

(
1+ 8𝐷K𝑥3

3𝑟20
1 + 2𝐷K𝑥3

3𝑟20

)
1
2

, (34)

and 𝜙 is a phase written explicitly in [13,14].
Let us compare the modulus of the second moments

(32) with

|�̂�𝑜(𝑥,x⟂ + x̃⟂
2 ,𝜔)�̂�𝑜(𝑥,x⟂ − x̃⟂

2 ,𝜔)|

= |𝑓(𝜔−𝜔𝑐)|2 exp[ − 2|x⟂|2
𝑟2
0

− |x̃⟂|2
2𝑟2

0
],

(35)

obtained from (12) and the assumption (20). We note
that the radius (33) of the beam, the length scale of decay
in |x⟂| in (32), is larger than the radius 𝑟0 in the homo-
geneous medium. Cumulative scattering spreads the en-
ergy over directions in the cross-range plane, so it widens
the beam. The scale 𝒳 of decay of (32) in |x̃⟂| is called
the decoherence length. It models the statistical decorrela-
tion of the wave over cross-range offsets, and its definition
(34) shows that it is proportional to the wavelength and
decreases with 𝑥. At the range 𝑥 = 𝐿 of the array, we es-
timate from equations (8), (25), (27), and (33) that the
decoherence length is

𝒳(𝐿,𝜔) ∼ ℓ√𝒮(𝜔)/𝐿 ≪ ℓ ≪ 𝑟0. (36)

Two-frequency moments. The Wigner transform (28) is
useful for analyzing the energy resolved over directions. In
imaging we are also interested in the energy resolved over
time, so we use the two-frequency Wigner transform

𝒲(𝑥,x⟂,K,𝜔,𝑇)

= ∫
ℝ

𝑑�̃�
2𝜋 𝑒−𝑖�̃�𝑇 ∫

ℝ2
𝑑x̃⟂ 𝑒−𝑖K⋅x̃⟂

× �̂�(𝑥,x⟂ + x̃⟂
2 ,𝜔+ �̃�

2 )�̂�(𝑥,x⟂ − x̃⟂
2 ,𝜔− �̃�

2 ).
(37)

The two-frequency moments are given by the Fourier
transform of 𝔼[𝒲], calculated in [9]. Their expression
is complicated, but in our regime the net effect of the ran-
dom medium is, in addition to the diffusion over the wave
vectors K seen in the previous section, a diffusion
in the time variable 𝑇, with diffusion coefficient
𝐷𝑇 = ℛ(0)/(8𝑐2

𝑜).
The waves decorrelate over frequency offsets, and this

manifests as an exponential decay in |�̃�| of the second
moments on a frequency scale Ω called the decoherence
frequency [7]. At 𝑥 = 𝐿, this scale is

Ω(𝐿) ∼ 1
√𝐷𝑇𝐿

= 𝜔
√

𝒮(𝜔)
𝐿 ≪ 𝜔. (38)
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Smoothed Wigner transform. The Wigner transforms
(28) and (37) are not self-averaging, but they can be stabi-
lized statistically by convolution with an appropriate ker-
nel [1,4,18].

The fourth-order moments calculated recently in [14]
have facilitated the explicit analysis of statistical stability
of the smoothed Wigner transform

𝑊𝑠(𝑥,x⟂,K,𝜔) = ∫
ℝ2

𝑑x′
⟂ ∫

ℝ2
𝑑K′

×𝑊(𝑥,x⟂ − x′
⟂,K −K′,𝜔) exp[− |x′

⟂|2
𝑅2𝑠

−|K′|2
𝐾2𝑠

],
(39)

which satisfies [14]

std[Ws(x,x⟂,K,ω)]
𝔼[𝑊𝑠(𝑥,x⟂,K,𝜔)] ≈ [𝒳(𝑥,𝜔)𝐾𝑠]2 + 4

[𝒳(𝑥,𝜔)𝐾𝑠]2 + 4(𝑅𝑠𝐾𝑠)2
,

(40)
where “std” denotes the standard deviation. This shows
that 𝑊𝑠 can be approximated by its expectation when the
smoothing parameters satisfy 𝑅𝑠𝐾𝑠 ≫ 1. Similarly, we ex-
pect that the two-frequency Wigner transform is stabilized
by smoothing [18]. In particular, the smoothing parame-
ter 𝑇𝑠 in 𝑇 and the support 𝐵 in 𝜔 − 𝜔𝑐 should satisfy
𝐵𝑇𝑠 ≫ 1.
Imaging the source. The data for imaging the source𝑆 are
gathered by an array of receivers supported in 𝒜 ⊂ ℝ2 at
range 𝐿,

𝒟(x⟂, 𝑡) = {𝑃((𝐿,x⟂), 𝑡), x⟂ ∈ 𝒜, 𝑡 ∈ ℝ}. (41)

Although imaging can be done without knowing the pulse,
we assume for simplicity that we know it and estimate the
spatial profile of (3) by the solution of the linear least
squares problem

𝜌LS
𝑆 = argmin𝜌𝑆∈𝐿2(ℝ3)‖𝒟−ℒ𝜌𝑆‖2

𝐿2(𝒜×ℝ). (42)

Here ℒ ∶ 𝐿2(ℝ3) ↦ 𝐿2(𝒜×ℝ) is the forward map 𝜌𝑆 ↦
𝒟 defined for the guess (search) source

𝑆(𝑡) = 𝑓(𝑡)𝑒−𝑖𝜔𝑐𝑡𝜌𝑆(x⃗), (43)

using (21) and linear superposition

ℒ𝜌𝑆(x⟂, 𝑡) = ∫
ℝ

𝑑𝜔
2𝜋 𝑒−𝑖𝜔𝑡𝑓(𝜔−𝜔𝑐)

× ∫
ℝ3

𝑑y �̂�((𝐿,x⟂), y⃗,𝜔)𝜌𝑆(y⃗),

x⟂ ∈ 𝒜, 𝑡 ∈ ℝ,

(44)

where �̂� is the Green’s function of theHelmholtz equation
in the paraxial regime.

The minimizer in (42) satisfies the normal equations

ℒ⋆ℒ𝜌LS
𝑆 (y⃗) = ℒ⋆𝒟(y⃗), y⃗ = (𝑦,y⟂) ∈ ℝ3, (45)

where ℒ⋆ is the adjoint of ℒ,

ℒ⋆𝒟(y⃗) = ∫
ℝ

𝑑𝜔
2𝜋 𝑓(𝜔−𝜔𝑐)

× ∫
𝒜
𝑑x⟂ �̂�((𝐿,x⟂), y⃗,𝜔)𝒟(x⟂,𝜔).

(46)

The normal operator ℒ⋆ℒ is rarely computed in imaging
and it is not invertible, so problem (42) needs regulariza-
tion. However, a closer look reveals that

ℒ⋆ℒ𝜌𝑆(y⃗) = ∫
ℝ3

𝑑y⃗′ 𝒦(y⃗, y⃗′)𝜌𝑆(y⃗
′) (47)

has the kernel

𝒦(y⃗, y⃗′) = ∫
ℝ

𝑑𝜔
2𝜋 |𝑓(𝜔−𝜔𝑐)|2

×∫
𝒜
𝑑x⟂ �̂�((𝐿,x⟂), y⃗′,𝜔)�̂�((𝐿,x⟂), y⃗,𝜔),

(48)

which is peaked on the diagonal. This kernel is the mathe-
matical model of a famous experiment called time reversal
[10], where the wave from a point source at y⃗, emitting a
signal with Fourier transform |𝑓|2, is received at the array
in 𝒜, it is time reversed (hence the complex conjugation
in (48)), and it is sent back in the medium, where it is ob-
served at point y⃗′. We expect from the time reversibility of
the wave equation that 𝒦 should be peaked on the diago-
nal if the array captures most of the wave. This is indeed
what happens in homogeneous media. The amazing fact
demonstrated in [10] and analyzed in our regime in [18] is
that in random media𝒦 is highly peaked even if the array
has small aperture. Evenmore striking,𝒦 is self-averaging.
The implication is that we can replace the normal operator
ℒ⋆ℒ in (45) by the identity and obtain the time reversal
function

𝒥TR(y⃗) = ℒ⋆𝒟(y⃗), y⃗ ∈ ℝ3. (49)

This does not give a quantitative estimate of the source, but
it peaks at points y⃗ in its spatial support.
Reverse time migration. As nice as (49) is in theory, it
cannot be calculated using (46) because themedium is not
known. Conventional imaging calculates instead

𝒥mig(y⃗) = ℒ⋆
0𝒟(y⃗) = ∫

ℝ

𝑑𝜔
2𝜋 𝑓(𝜔−𝜔𝑐)

× ∫
𝒜
𝑑x⟂�̂�𝑜((𝐿,x⟂), y⃗,𝜔)𝒟(x⟂,𝜔), y⃗ = (𝑦,y⟂),

(50)
where the unknown �̂� in (46) is replaced by the Green’s
function �̂�𝑜 of theHelmholtz equationwith constantwave
speed 𝑐𝑜,

�̂�𝑜((𝐿,x⟂), y⃗,𝜔) ≈
exp[𝑖𝜔𝜏((𝐿,x⟂), y⃗)]

4𝜋(𝐿 − 𝑦) . (51)
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Here the approximation is for 𝐿−𝑦 ≫ |y⟂|, |x⟂|, and 𝜏
is the travel time in the paraxial regime

𝜏((𝐿,x⟂), y⃗) = 1
𝑐𝑜

[𝐿 − 𝑦+ |x⟂ − y⟂|2
2(𝐿 − 𝑦) ]

≈ |(𝐿,x⟂) − y⃗|
𝑐𝑜

.
(52)

The role of �̂�𝑜 in (50) is described as “back-propaga-
tion” or “migration” to y⃗ of the wave received at the ar-
ray, and 𝒥mig is called the “reverse time migration” image.
In our regime it amounts to convolving the data with the
time-reversed pulse

𝒟𝑓(x⟂, 𝑡) = [𝑓(−𝑡)𝑒𝑖𝜔𝑐𝑡] ⋆𝑡 𝒟(x⟂, 𝑡), (53)

superposing it over the aperture and evaluating the result
at 𝑡 = 𝜏:

𝒥mig(y⃗) ≈
1

4𝜋(𝐿− 𝑦) ∫𝒜
𝑑x⟂𝒟𝑓(x⟂, 𝜏((𝐿,x⟂), y⃗)).

(54)

The geometrical factor in front of the integral is usually
neglected in imaging.

The reverse-time migration method is used in many
imaging applications and gives good results if the coher-
ent wave reaching the array is strong. However, we know
from the section “Coherent wave” that in our regime this
wave is negligible, so the expectation of 𝒥mig is negligible.
Moreover, the standard deviation of 𝒥mig, which is deter-
mined by the second moments analyzed above, is finite.
This implies that 𝒥mig is not a good image because it has
large random fluctuations. In practice, these manifest as
spurious peaks (see middle plot in Figure 5) that change
unpredictably with the realization of the medium.
Coherent interferometric imaging. Consider the empir-
ical cross-correlations of 𝒟𝑓, back-propagated to y⃗ using
the travel time (52), and calculated in a time window Φ
of duration of order 1/Ω̃. We write them here using the
Fourier transform in 𝑡,

𝒞y⃗(x⟂,x′
⟂; Ω̃)

= ∫
ℝ

𝑑𝜔
2𝜋 ∫

ℝ

𝑑𝜔′

2𝜋 Φ̂(𝜔−𝜔′

Ω̃
)𝑓(𝜔−𝜔𝑐)

× 𝑓(𝜔′ −𝜔𝑐)𝒟(x⟂,𝜔)𝒟(x′
⟂,𝜔′)

× exp[ − 𝑖𝜔𝜏((𝐿,x⟂), y⃗) + 𝑖𝜔′𝜏((𝐿,x′
⟂), y⃗)],

(55)
where Φ̂ is the Fourier transform of the window function
Φ. As explained in “Two frequency moments,” the wave
components decorrelate statistically over frequency offsets,
so in (55) we use Φ̂ to keep |𝜔−𝜔′| ≤ Ω̃. We also know
that the wave decorrelates over cross-range offsets, so we
need another window Ψ to enforce |x⟂ − x′

⟂| ≤ �̃�. The

coherent interferometric (CINT) imaging function is

𝒥CINT(y⃗; �̃�, Ω̃) = ∫
𝒜
𝑑x⟂ ∫

𝒜
𝑑x′

⟂ Ψ(x′
⟂ − x⟂)

�̃�
)

× 𝒞y⃗(x⟂,x′
⟂; Ω̃), (56)

where the ideal threshold parameters are given by the de-
coherence length3 �̃� = 𝒳(𝐿,𝜔) and decoherence fre-
quency Ω̃ = Ω(𝐿) given in (34) and (38). Note that these
expressions of the decoherence parameters are model spe-
cific, so in practice it is best to estimate𝒳(𝐿,𝜔) andΩ(𝐿)
by either some statistical signal processing of the data or
adaptively during the formation of the image. The latter
was proposed in [7] and amounts to computing (56) with
guess values of �̃� and Ω̃ that can be adjusted by optimiza-
tion of some measure of quality of the image.

The window shapes Φ and Ψ can be arbitrary, but in
order to write an explicit expression of the CINT image,
we choose them as Gaussians. We also use the Gaussian
apodization

∫
𝒜
𝑑x⟂ ⇝ ∫

ℝ2
𝑑x⟂ exp(−|x⟂|2/𝑎2)

to avoid dealing with integrals over the bounded set 𝒜.
With these choices, using the pulse shape (4) and recalling
the definition (37) of the two-frequencyWigner transform,
we obtain after straightforward calculations that the CINT
image is

𝒥CINT(y⃗; �̃�, Ω̃) ∝ ∫
ℝ2

𝑑x⟂ ∫
ℝ2

𝑑K ∫
ℝ
𝑑𝜔∫

ℝ
𝑑𝑇

𝒲(𝐿,x⟂, 𝑘(𝜔)(x⟂ − y⟂)
(𝐿 − 𝑦) −K,𝜔, |x⟂ − y⟂|2

2𝑐𝑜(𝐿 − 𝑦) −𝑇)

×exp[−|x⟂|2
𝑎2 − (𝜔−𝜔𝑐)2

𝐵2 − |K|2
𝐾2𝑠

− 𝑇2

𝑇2𝑠
] . (57)

Here the symbol ∝ denotes equal, up to a constant inde-
pendent of y⃗, and

𝐾𝑠 =
2
�̃�

, 𝑇𝑠 =
2
Ω̃
(1 + Ω̃2

4𝐵2 )
1
2 . (58)

We obtained that the CINT image is given by the
smoothed Wigner transform, and the results in the section
“Smoothed Wigner transform” imply that it is
statistically stable when 𝑎𝐾𝑠 ≫ 1 and 𝐵𝑇𝑠 ≫ 1. Note
that for the optimal choice of the threshold parameters
�̃� = 𝒳(𝐿,𝜔) and Ω̃ = Ω(𝐿), we have statistical sta-
bility when 𝑎 ≫ 𝒳(𝐿,𝜔) and 𝐵 ≫ Ω(𝐿). This result is
intuitive, because in (57) we integrate overmany decorrela-
tion intervals, and the statistical stabilization is essentially
by the law of large numbers.

3The expression (56) is for a narrowband source. In the broadband case �̃�
should vary with the frequency, and the expression of 𝒥CINT is slightly more
complicated [7].
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𝒥mig 𝒥mig 𝒥CINT

Figure 5. Two-dimensional cross-section of images of three reflectors (black dots) in a homogeneous medium (left) and a
medium with microstructure (middle and right). Abscissa and ordinate are range and cross-range in units of 𝜆𝑐. See
Acknowledgments section.

When the statistical stability conditions hold, we can
approximate (57) by its expectation and use the second
moment formulas described above to analyze the focusing
and resolution of the image. This analysis is done in [4,7],
and it says that the image peaks in the spatial support of
the source (see right plot in Figure 5) and that there is a
trade-off between the statistical stability and resolution of
the image. The smaller the threshold parameters �̃� and Ω̃,
the larger 𝐾𝑠 and 𝑇𝑠 and the better the stability. However,
the resolution formulas are inverse proportional to �̃� and
Ω̃, so when these are too small, the images are quite blurry
due to oversmoothing in (57).
Inverse scattering. When imaging with an active array
(e.g., as in Figure 1) the source 𝑆 is known because it is
in the array. The inverse scattering problem is to deter-
mine reflectors in the medium, modeled by a reflectivity
𝜌 added to the coefficient 𝑐−2 in (1). Writing the wave
equation in the form

1
𝑐2(x⃗)𝜕

2
𝑡𝑃(x⃗, 𝑡)−Δx⃗𝑃(x⃗, 𝑡)=𝑆(x⃗, 𝑡)−𝜌(x⃗)𝜕2

𝑡𝑃(x⃗, 𝑡),

𝑡 ∈ ℝ, x⃗ ∈ ℝ3, (59)

we can view the 𝜌 term as an unknown fictitious source
and connect to the inverse source problemdiscussed above.
However, there are two complications: First, the mapping
𝜌 ↦ 𝒟 is nonlinear, because the fictitious source signal
depends on the wave 𝑃. Many imaging modalities neglect
this nonlinearity and replace 𝑃 in the right-hand side of
(59) by the wave in the empty medium, without the re-
flectivity. This is known as the single scattering or Born
approximation [8, Chapter 13], and its accuracy is not well
understood in random media. Second, the fictitious
source signal depends on the wave propagated forward
from the array to the reflectors, and after scattering at𝜌 this
wave propagates backward to the array in the same realiza-
tion of the random medium. The forward and backward
going waves are strongly correlated, and this makes the

analysis of the imaging function very complicated. One
needs to use stochastic invariant imbedding, which intro-
duces transmission and reflection operators in the random
medium, as explained in [13].

Nevertheless, CINT imaging has been used successfully
for inverse scattering in random media [4, 7]. The results
displayed in Figure 5 show images of the three reflectors
in Figure 3, using the data displayed there. The reverse
time migration image is excellent in the medium without
fluctuations, but in the random medium it has numerous
spurious peaks. The CINT image is nicely focused at the
reflectors, although its resolution is worse than that of mi-
gration in the homogeneous medium, due to the smooth-
ing for statistical stability. It is possible to improve the res-
olution using deblurring or other tricks, as discussed for
example in [6].

Imaging with Noisy Sources
Starting from the early 2000s, it has become clear that
imaging can be done not only with controlled impulsive
sources, which are difficult to come by in some applica-
tions (e.g., seismic imaging), but alsowith random sources
like ambient noise. Cross-correlations are essential in deal-
ing with such sources, as explained in depth in [12] and
the references therein. We describe briefly this topic and
the related virtual source imaging modality [12, Chapter
10] in random media.
Velocity estimation using noisy sources. In this section
only, let the wave speed 𝑐 in (1) be a smooth and slowly
varying unknown function, and suppose that 𝑆 is a noise
source, stationary in time and uncorrelated in space, satis-
fying

⟨𝑆(x⃗, 𝑡)⟩ = 0,

⟨𝑆(x⃗, 𝑡)𝑆(x⃗′, 𝑡′)⟩ = 𝜌𝑆(x⃗)𝛿(x⃗− x⃗
′)𝑓(𝑡 − 𝑡′).

(60)

Here ⟨⋅⟩ denotes the expectation with respect to the distri-
bution of 𝑆, 𝜌𝑆 models the strength and compact spatial
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support of the source, and 𝑓 is the time correlation.
The wave generated by𝑆 is measured by receiver sensors

at locations x⃗𝑟, for 𝑟 = 1,… ,𝑁. These locations may
be nearby or widely spaced. As in the previous section,
denote by 𝒟 the measurements (data). Their model is

𝒟(x⃗𝑟, 𝑡) = ∫
ℝ
𝑑𝑡′ ∫

ℝ3
𝑑y⃗ 𝑆(y⃗, 𝑡 − 𝑡′)𝐺(x⃗𝑟, y⃗, 𝑡′),

𝑟 = 1,… ,𝑁𝑟, 𝑡 ∈ [0,𝑇],
(61)

where 𝐺 is the causal Green’s function of equation (1).
These data look like noise, but they carry information
about the unknown medium. When the duration𝑇 of the
measurements is long enough, this information can be ex-
tracted from the empirical cross-correlations

𝒞𝑇(x⃗𝑟, x⃗𝑟′ , 𝑡) =
1
𝑇 ∫

𝑇

0
𝑑𝑡′ 𝒟(x⃗𝑟, 𝑡′)𝒟(x⃗𝑟′ , 𝑡′ + 𝑡),

𝑟, 𝑟′ = 1,… ,𝑁, (62)

which converge as 𝑇 → ∞, in probability, to the statistical
cross-correlations [12, Chapter 2]

𝒞𝑇(x⃗𝑟, x⃗𝑟′ , 𝑡)
𝑇→∞⟶ 𝒞(x⃗𝑟, x⃗𝑟′ , 𝑡)

= ∫
ℝ
𝑑𝑡′ ∫

ℝ
𝑑𝑡″ 𝑓(𝑡 + 𝑡′ − 𝑡″)

× ∫
ℝ3

𝑑y⃗𝜌𝑆(y⃗)𝐺(x⃗𝑟, y⃗, 𝑡′)𝐺(x⃗𝑟′ , y⃗, 𝑡″).

(63)

The result (63) is used in [12, Chapter 2] and the refer-
ences therein for a variety of source configurations. A par-
ticularly favorable one corresponds to a source density 𝜌𝑆

supported on a large sphere surrounding all the receivers.
With such 𝜌𝑆 and assuming that the wave speed equals
the constant 𝑐𝑜 outside this sphere, it follows from the
Helmholtz–Kirchhoff identity4 [12, Section 2.1.3] that

𝜕𝑡𝒞(x⃗𝑟, x⃗𝑟′ , 𝑡)=−𝑐𝑜
2 [𝐺𝑓(x⃗𝑟, x⃗𝑟′ , 𝑡)−𝐺𝑓(x⃗𝑟, x⃗𝑟′ ,−𝑡)],

where

𝐺𝑓(x⃗𝑟, x⃗𝑟′ , 𝑡) = 𝑓(𝑡) ⋆𝑡 𝐺(x⃗𝑟, x⃗𝑟′ , 𝑡), (64)

where we recall that⋆𝑡 denotes convolution in time. Thus,
the cross-correlations of the noise-like data (61) give the
smoothed Green’s function at x⃗𝑟, corresponding to a vir-
tual source at x⃗𝑟′ .

To showcase this remarkable result, consider the geo-
metrical optics approximation of the Green’s function,
which holds for sufficiently slowly varying wave speed 𝑐.
We have

𝐺(x⃗𝑟, x⃗𝑟′ , 𝑡) ≈ 𝛼(x⃗𝑟, x⃗𝑟′)𝛿(𝑡 − 𝜏(x⃗𝑟, x⃗𝑟′)),

𝜏(x⃗𝑟, x⃗𝑟′) = ∫
Γ(x⃗𝑟,x⃗𝑟′ )

𝑑𝑠
𝑐(x⃗(𝑠)) ,

(65)

4This is an application of Green’s second identity for the Helmholtz equation
and the Sommerfeld radiation condition.

where 𝜏(x⃗𝑟, x⃗𝑠) is the travel time from x⃗𝑟′ to x⃗𝑟, given by
the integral of 1/𝑐 along the ray Γ (characteristic of the
eikonal equation) with arc length denoted by 𝑠, and 𝛼
denoting the amplitude factor that accounts for geomet-
rical spreading. Since 𝑓(𝑡) is peaked at 𝑡 = 0, we ob-
tain from (64) that the cross-correlation of the data dis-
plays two peaks, at 𝑡 = ±𝜏(x⃗𝑟, x⃗𝑟′). Thus, the cross-
correlations allow the estimation of travel times, which
can then be used for the inverse tomographic problem of
estimating the wave speed 𝑐.

The idea of using ambient noise to obtain travel times
has been proposed for helioseismology and exploration
seismology since the late 1960s. The noise sources come,
for example, from the interaction of ocean waves with the
ocean bottom and the coast. These generate surface waves,
and geophysicsts have used equations like (64) to carry out
tomographic velocity estimations in the Southern Califor-
nia region, in Tibet, and in the Alps.
Virtual source imaging. The results in the previous sec-
tion extend to the problem of imaging reflectors in a medi-
um with known and slowly varying wave speed, using a
passive array of receiver sensors [12, Chapter 5] that mea-
sure the wave due to noisy sources. A good source config-
uration for this problem is known as “daylight illumina-
tion” [12, Section 5.3], where the noise sources lie on one
side of the array and the reflectors are on the opposite side.

Say for simplicity that there is a single, point-like
reflector at location y⃗⋆, which is at large distance from
the passive array compared to the aperture of the array
in 𝒜. Then, with the daylight illumination, the
cross-correlations (62) have four peaks, at time

𝑡 = ±𝜏(x⃗𝑟, x⃗𝑟′), 𝑡 = ±[𝜏(y⃗⋆, x⃗𝑟′) + 𝜏(x⃗𝑟, y⃗⋆)].
(66)

Because the first two peaks are near 𝑡 ≈ 0, they can be
muted by time windowing the cross-correlations, and the
result can be used to form the reverse time migration type
image (recall (54))

ℐdaylight(y⃗) = ∫
𝒜
𝑑𝑠x⃗ ∫

𝒜
𝑑𝑠x⃗′

×𝒞𝑇(x⃗, x⃗′, 𝜏(y⃗, x⃗′) + 𝜏(x⃗, y⃗)).
(67)

This image is large in the vicinity of y⃗⋆, because there we
superpose the cross-correlations at their peak.

The virtual source imagingmodality [12, Chapters 9,10]
is similar to daylight imaging, but there are no noise
sources. Instead, the illumination comes from an array of
controlled sources, and the wave passes through a strongly
scatteringmedium before it is measured at the receiver sen-
sors. An interesting application of this modality is the syn-
thetic aperture imaging of fast-moving objects (satellites
or energetic debris) orbiting the earth, where the sources
are powerful antennas on the ground and the receivers are
mounted on aircraft that fly over the turbulent atmosphere
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Figure 6. Illustration of a virtual source setup for imaging
objects orbiting the earth.

[3], as illustrated in Figure 6. We refer the reader to [12,
Chapter 10] for the analysis of the virtual source imaging
method using the paraxial theory of wave propagation in
randommedia summarized in the section “Gaussian beam
in the random medium” and to [3] for the analysis of the
imaging modality illustrated in Figure 6.

Final Remarks
The presentation in this article has focused mostly on the
paraxial regime in media with strongly mixing properties
of the fluctuations of the wave speed. Extensions of
the wave propagation theory to random media with
long-range properties have been obtained recently, and
they show that under certain scaling assumptions, thewave
can be described by a fractional Itô–Schrödinger equation.
Some progress has also been made in the analysis of beam
propagation in complicated random media like the turbu-
lent atmosphere, using the Kolmogorov scaling model for
the velocity fluctuations. Still, random media that cannot
be analyzed using stochastic asymptotic limits based on
assumptions of separation of scales remain poorly under-
stood.

Time dependence of random media has been largely
ignored because of technical difficulties. The usual argu-
ment for this neglect is that media change on a much
longer time scale than the duration of propagation of the
waves from the sources to the receivers. This is mostly
true for electromagnetic waves, but sound waves may be
affected by motion, especially in narrowband regimes.
The recent study [5] analyzes beam propagation in slowly
moving random media and shows that the motion has
at least two beneficial effects for imaging: First, cumula-
tive scattering causes transfer of energy over the frequen-
cies and thus widens the bandwidth of the probing sig-
nals. This in turn improves the range resolution of images.
Second, time changes give access to different realizations
of the random medium which can be used to obtain self-
averaging estimates of the Wigner transform, which is the
main tool for coherent imaging in random media.

In this article we considered coherent imaging modali-
ties, where both the amplitude and phase of the wave are
measured. It is not always possible to measure the phase,
and cumulative scattering in the random medium may be
so strong that the phase information is not useful. Thus,
imaging must be carried out with measurements of the in-
tensity of the wave. It turns out that there is a lot of in-
formation in the speckle patterns (fluctuations) of the in-
tensity [12, Chapter 11], and experimentalists have been
clever in extracting it. New imaging modalities are emerg-
ing, and mathematicians can play a key role in further de-
velopment of these methods, placing them in a rigorous
framework and endowing them with resolution theories
that take into account the uncertainty of the medium as
well as unconventional sources of waves.
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Machine Learning:
Mathematical Theory

and Scientific Applications

Weinan E
This is essentially the transcript of the Peter Henrici Prize
Lecture, given on July 15 at ICIAM 2019 in Valencia. The
talk was designed to give a broad overview of

• some of the current work on integrating machine
learning with scientific modeling (e.g. physics-
based modeling) to address some of the most
challenging problems in a variety of disciplines,
and

• some of the current work on building amathemat-
ical theory of machine learning.

There were two basic messages that I wanted to convey.
First, in theoretical and computational science and engi-
neering, a fundamental obstacle that we have encountered
is our limited ability to deal with problems in high dimen-
sion. Machine learning has now provided new tools for
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handling this problem. The integration of machine learn-
ing and scientific modeling will give us unprecedented
technical power and will likely change the way we do sci-
ence and engineering.

Secondly, even though until now machine learning has
not been the most popular area in applied mathematics,
the spirit of machine learning is very much aligned with
numerical analysis, except for the fact that machine learn-
ing has to be concerned with problems in very high di-
mension. To build the theoretical foundation of machine
learning, we need to develop high-dimensional numerical
analysis.

PDEs and Fundamental Laws of Physics
One of the most important roles of mathematics is that it
provides the language with which the fundamental laws of
physics are formulated. These laws are often expressed in
terms of partial differential equations (PDEs). Two of the
most important such PDEs are the Schrödinger equation
for quantum mechanics and the Navier–Stokes equations
for fluid mechanics. Other examples include the Boltz-
mann equation for kinetic theory, the linear and nonlin-
ear elasticity equations, and Maxwell’s equation for elec-
tromagnetism.
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Back in 1929 when quantum mechanics was just estab-
lished, Paul Dirac made the following observation [7]:

“The underlying physical laws necessary for the mathe-
matical theory of a large part of physics and the whole of
chemistry are thus completely known, and the difficulty is
only that the exact application of these laws leads to equa-
tions much too complicated to be soluble.”

Basically what Dirac was saying was that for most situa-
tions encountered in practice, the difficulty no longer lies
in the physical problem of finding the fundamental laws,
but in the mathematical problem of solving the PDEs that
express these laws.

Previous Successes and Failures
In the years immediately following the establishment of
these fundamental laws, efforts were focused on using an-
alytical methods to find either approximate models or ap-
proximate solutions. For example, density functional the-
ory (DFT), a much simplifiedmodel for quantummechan-
ics, was proposed in the same year by Fermi and Thomas
[13]. Many years later this theory was developed into a
workhorse for computational materials science and chem-
istry [13], and one of the main contributors, Walter Kohn,
was awarded the Nobel Prize in chemistry in 1998. Even
though they are heavily used in practice, many such ap-
proximate models are quite ad hoc and often involve un-
controlled approximations. In the applied mathematics
community, asymptotic methods were developed to find
approximate solutions, with mixed success [15].
Solving differential equations numerically. The first gen-
eral approach for solving these PDEs came during the
1950s after modern computers were born. During this pe-
riod and the time afterwards, numerical algorithms, par-
ticularly finite difference and finite elementmethods, were
developed, analyzed, and applied to a wide variety of prob-
lems. This has been a very successful activity, continuing
even to this day. These numerical methods are so pow-
erful that they have become standard tools in engineer-
ing and some disciplines in science. Many problems have
been essentially solved, including problems in gas dynam-
ics, structural analysis, radar, sonar, etc.

Yet many problems remain difficult. Examples of these
problems include: classical or quantum many-body prob-
lems, first principle-based drug and materials design, pro-
tein folding, turbulence, plasticity, and non-Newtonian
fluid. A common feature of these problems is that the solu-
tions depend onmany variables in an essential way. For ex-
ample, even though turbulence as described by theNavier–
Stokes equations is a three-dimensional problem, its solu-
tions contain many active scales, which means that many
degrees of freedom are involved. What makes these prob-
lems difficult is the curse of dimensionality: As the dimen-
sion (i.e., the number of variables or degrees of freedom)

grows, the complexity (or computational cost) grows ex-
ponentially. This has been an essential obstacle across a
wide spectrum of applications.
Multiscale modeling. The second important advance was
the development of multiscale, multiphysics algorithms.
Here what we are interested in is modeling some macro-
scale system, but we lack reliable physical models at that
scale. Instead, we have a reliable micro-scale model at a
finer scale that involves many more degrees of freedom.
The idea is to develop algorithms that are capable of mod-
eling macro-scale systems but using only micro-scale mod-
els. Notable examples of such methodologies include the
heterogeneous multiscale method (HMM), the equation-
free approach, and the quasi-continuum method [8].
HMM starts out with a prescribed form of a macro-scale
model involving unknown quantities and uses the micro-
scale model to estimate the values of these quantities “on
the fly” as the computation proceeds. For problems for
which there is a scale separation between the macro- and
micro-scale processes, this kind of approach has been quite
successful. However, success has been quite limited for
problems that lack scale separation.

It was already realized in the early days of HMM that the
difficulty was in the estimation of unknown quantities in
the macro-scale model using data from micro-scale simu-
lations, particularly for problems without scale separation.
Suppose we want to model the large scale dynamics of tur-
bulent flows and we use the large eddy simulation model
as our macro-scale model. The unknown quantities here
are the Leonard stresses, the contribution to the averaged
stress from the unresolved degrees of freedom, which have
to be estimated from the original Navier–Stokes equations.
The difficulty comes from the fact that the Leonard stress
depends on many degrees of freedom; therefore estimat-
ing this stress from the Navier–Stokes equations is a very
difficult task.

Integrating Machine Learning
with First-Principle-Based Modeling
The main source of difficulty in all these problems comes
from the curse of dimensionality, namely, our limited abil-
ity for dealing with functions of many variables. In recent
years, we have seen the success of machine learning, partic-
ularly deep learning, in attacking problems of this type in
computer vision and other artificial intelligence (AI) tasks.
It is natural to ask whether machine learning can be of
help in overcoming similar obstacles in the kinds of appli-
cations described above or, more generally, applications
outside the realm of traditional AI. In the following we
will describe some examples of initial successes in this di-
rection.

Before proceeding further, we should point out some
differences between machine learning tasks for the kinds
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of applications we are concerned with here and for tradi-
tional AI tasks. The first difference is that here we are inter-
ested in using machine learning to help come up with reli-
able and practical physical models. These models should
not violate the constraints from physics such as symmetry
and invariants. The second difference is that oftentimes
the data that we use to train the machine learning models
are generated by some (micro-scale) physical model. In
principle we can generate an infinite amount of data, but
in practice the process of generating data is typically quite
expensive. Therefore there is a need for algorithms that
can deliver an “optimal set of data”: the data set should
cover all practical situationswe are interested in but should
otherwise be as small as possible. This falls into the frame-
work of active learning. This can also be thought of as being
an adaptive algorithm in which the sampling of the data is
done adaptively. To developmachine learning-based phys-
ical models, we have to address these two general issues.
Molecular dynamics. The objective of molecular dynam-
ics is to model a molecular or a material system by follow-
ing the trajectory of all the atomic nuclei in the system.
To this end, it is a reasonable approximation to use classi-
cal Newtonian dynamics, with an interatomic potential de-
fined by the position of all of the participating nuclei and
the associated electronic structure. Modeling this inter-
atomic potential function, a function of many variables—
also known as the potential energy surface, or PES—is a
major difficulty in molecular modeling. There have been
two different approaches. One is to evaluate “on the fly”
this function using quantum mechanical models, usually
the DFT. This is known broadly as ab initio molecular dy-
namics (AIMD) (see [8]). The second is to construct this
function empirically using a guessed functional form and
some limited amount of experimental and numerical data.
The first approach is quite accurate but very expensive, lim-
iting the size of the systems that one can model to a few
hundred atoms. The second approach is much more effi-
cient but unreliable in terms of accuracy.

With the help of machine learning, one can envision a
new paradigm for molecular dynamics. In this new para-
digm, quantummechanicalmodels serve as a generator for
the data, from which machine learning is used to param-
etrize the PES. This new approach can potentially provide
a way for performing molecular dynamics with accuracy
comparable to AIMD but with complexity comparable to
that of the empirical approach.

Concerning the two general issues raised earlier, the im-
portant symmetries for this problem are the translational,
rotational, and permutational symmetries. The last refers
to the fact that if we relabel the atoms of the same species,
the system does not change; therefore the PES should also
remain unchanged.

To ensure invariance under these symmetries as well as
scalability, the following designing principles have been
proposed for the neural network structure [5,17]:

1. The full network is the superposition of subnetworks,
each of which corresponds to one nucleus in the sys-
tem. This ensures scalability. However, this kind of
structure is not suited for representing long-range in-
teractions.

2. Each subnetwork consists of an encoding network, fol-
lowed by a fitting network. The encoding network en-
sures that the data going into the fitting network sat-
isfy the symmetry constraints.

The active learning algorithmdeveloped in [18] consists
of three major components:

• exploration:
∘ macro: Sample the space of thermodynamic

variables, e.g., temperature and pressure.
∘ micro: For each fixed set of thermodynamic

variables, sample the corresponding canoni-
cal ensemble.

Both can be done by standard approaches.
• labeling:

∘ Decide whether a particular atomic configu-
ration should be labeled, using an error esti-
mator. One simple error estimator is given
as follows. Train an ensemble of neural net-
work models (for example, all with the same
network structure but trained with different
initialization), and use the variance of their
predictions as the error estimator. Large val-
ues of the error estimator imply that the cur-
rent network model is not accurate enough
for the configuration considered. Therefore
this configuration needs to be labeled and
put in the data set for retraining.

∘ For each configuration that needs to be la-
beled, evaluate its potential energy and the
forces on the nuclei using DFT, and then put
the results in the training data set.

• training: Update the network parameters by fit-
ting to the energies and forces in the data set.

Once the system of interest is specified, one can start out
with essentially no data, and the algorithm will keep im-
proving the model until satisfactory accuracy is achieved.
Examples can be found in [18]. It was found that only
about .01% of configurations explored need to be labeled.

By now this set of ideas has been applied to a wide va-
riety of systems, including small and big molecules, wa-
ter, semiconductors, surfacematerials, high-entropy alloys,
etc. In each case, one can obtain machine learning mod-
els with accuracy comparable to that of the DFT. A general
purpose software called DeePMD-kit has also been devel-
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oped and has already been used by a number of groups
worldwide [16].
Modeling gas dynamics. The dynamics of gases is mod-
eled by the Boltzmann equation that describes the evo-
lution of the one-particle phase space distribution func-
tion. For dense gases, the Boltzmann equation can be ap-
proximated accurately by Euler’s equation that describes
the evolution of density, momentum, and energy profiles
in space. A crucial quantity that controls this approxima-
tion is the Knudsen number, which is the ratio between
the mean-free-path of the gas and a typical length scale of
the system. Euler’s equation is an accurate approximation
when the Knudsen number is small. In this case the one-
particle distribution function stays close to the so-called
local Maxwellian, and Euler’s equation is obtained by pro-
jecting the Boltzmann equation onto its 0th, 1st, and the
trace of the 2nd order moments [2].

There has been a lot of effort devoted to extending the
validity of the Euler or Euler-like equations for larger val-
ues of the Knudsen number by including more moments
in the projection scheme. This effort has suffered two ma-
jor difficulties [6]:

1. The moment equations obtained are not well-posed.
For example, it is well known that Grad’s 13 moment
equations fail to be hyperbolic in certain regions of
the state space.

2. The closure problem: To obtain closed equations, one
needs to approximate the higher order moment terms
that appear in the projected system. For larger values
of the Knudsen number, one can no longer use the
local Maxwellian as an ansatz to close the system.

Machine learning offers some hope for constructing
(generalized) moment models that are uniformly accurate
over a wide range of Knudsen numbers, as has been
demonstrated in [12]. This is done in two steps:

1. Learn a set of generalized moments that best repre-
sent the distribution function. One way for doing this
is through an auto-encoder that minimizes the recon-
struction error for the distribution function.

2. Learn the dynamics for this set of generalized mo-
ments. The terms that appear in the dynamic equation
can all be expressed in terms of the distribution func-
tion. Approximations to these terms can be found
through supervised learning.

The main issues are again how to preserve physical sym-
metries and how to obtain the data set through the micro-
scopic model, here the Boltzmann equation. Compared
with the previous example, here we have a new dynamic
symmetry, the Galilean invariance. In fact, in terms of ma-
chine learning, the previous example is a more conven-
tional example of learning a function; the current exam-
ple is about learning a new dynamical system. Preliminary

tests have shown that this approach holds a lot of promise
[12]. This is also an example of multiscale modeling for
problems without scale separation.
High-dimensional partial differential equations. Solv-
ing PDEs in high dimensions is a classical example that
suffers from the curse of dimensionality. One exception is
found in linear parabolic PDEs. In this case, we can express
the solution as an expectation of a functional of the Brow-
nian path using the Feynman–Kac formula [14] and ap-
ply the Monte Carlo method to evaluate the solution. For
nonlinear parabolic PDEs, the analog of the Feynman–Kac
formula is expressed in terms of the backward stochastic
differential equations (BSDEs) [14]. This allows us to for-
mulate an algorithm for solving nonlinear parabolic equa-
tions in which the gradients of the solution at a discrete
set of time slices are approximated using neural networks.
The BSDE formula (actually its discrete version) is then
used to evaluate the solution at a prescribed space-time lo-
cation, and the discrepancy between the approximate solu-
tion and the given terminal (or initial) condition is used as
the loss function to train the network parameters [9]. This
algorithm has turned out to be highly successful and can
be used to solve a wide class of nonlinear parabolic PDEs
and BSDEs in rather high dimensions. One byproduct is
that the BSDE, an elegant mathematical tool for finance,
economics, stochastic control, and other applications, has
now become a powerful practical tool.

One application of these ideas has been found in non-
linear Black–Scholes equations for option pricing, saywith
default risks.
Mathematical principles of natural languages. The suc-
cess of machine learning has triggered some friction
between linguistics and natural language processing (NLP).
On one hand, the fact that NLP has achieved much more
impressive success in machine translation and other prac-
tical tasks has raised questions about the practical value
of linguistics. On the other hand, doubts have also been
raised about the efficiency of the machine learning ap-
proach since it requires a huge amount of training data,
far more than what is required by a human, so it seems.
Moreover, the black-box nature of NLP algorithms is also
a concern. It is therefore desirable to develop quantita-
tive structural models of natural languages that can help
to bridge the gap between linguistics and NLP.

Aside from this, a mathematical model of natural lan-
guages has its own value. For example, an important ques-
tion for both NLP and linguistics is the definition of se-
mantics. To address such questions, one eventually has to
turn to mathematical models.

Languages exhibit a number of scales such aswords, sen-
tences, and paragraphs. Different structural models are re-
quired at different scales. At smaller scales such as words
and sentences, different languages exhibit a wide variety of
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diversity and irregularity. However, at longer scales, differ-
ent languages exhibit remarkable universality. This univer-
sality is the basis for the fact that languages can be trans-
lated between each other [11].

A mathematically attractive definition of semantics is
that it is the invariant after translation. If we view trans-
lation as operators between different languages, the fact
that semantics is preserved after translationmeans that the
generators for different languages are all similar to one an-
other:

𝐏A𝐓A→B = 𝐓A→B𝐏B.
Here 𝐏A and 𝐏B are symbolically the generators for lan-
guages A and B, respectively, and 𝐓A→B is the translation
operator. Consequently the spectrum of 𝐏A and 𝐏B must
be the same.

The challenge is to convert these intuitively attractive
statements into mathematical models. An initial attempt
has been made in [11]. Besides confirming the invariance
properties described above, it also provided a quantitative
structural model that seems to be able to capture the dy-
namics at some intersentence scale. One byproduct is that
one can use this structural model to develop algorithms
for machine translation with state-of-the-art performance
but using much smaller training samples (see [11]).

Mathematical Theory of Machine Learning
We will focus on the problem of supervised learning for
which a reasonably clear mathematical picture is emerg-
ing. But we believe the philosophy discussed here should
be applicable to unsupervised learning and reinforcement
learning.

Simply stated, the problem of supervised learning is to
approximate a given target function using a finite sample
of function values. Denote the target function by 𝑓∗ ∶
ℝ𝑑 → ℝ1 and let {𝐱𝑗}𝑛𝑗=1 be a data set, independently

sampled from a distribution 𝜇 on ℝ𝑑. Let 𝑦𝑗 = 𝑓∗(𝐱𝑗),
𝑗 = 1,… ,𝑛. Since adding measurement noise typically
does not change the argument in any essential way, we will
neglect it for clarity of presentation. Our task is to approx-
imate 𝑓∗ using 𝑆 = {(𝐱𝑗, 𝑦𝑗)}𝑛𝑗=1. This is done through
the following steps:

1. Construct some “hypothesis space” (which is a set of
functions) ℋ𝑚 = {𝑓(⋅, 𝜃)}. Here 𝑚 is roughly the
dimension of ℋ𝑚, and 𝜃 denotes the parameters cor-
responding to a specific function in ℋ𝑚.

2. Minimize the “empirical risk” over the hypothesis
space:

ℛ̂𝑛(𝜃) =
1
𝑛 ∑

𝑗
(𝑓(𝐱𝑗, 𝜃) − 𝑦𝑗)2

= 1
𝑛 ∑

𝑗
(𝑓(𝐱𝑗, 𝜃) − 𝑓∗(𝐱𝑗))2.

Typical examples of the hypothesis space include:

• linear regression: 𝑓(𝐱,𝜃) = 𝛽 ⋅ 𝐱 + 𝛽0, 𝜃 =
(𝛽,𝛽0).

• generalized linear models: 𝑓(𝐱,𝜃)
= ∑𝑚

𝑘=1 𝑐𝑘𝜙𝑘(𝐱), 𝜃 = (𝑐1, 𝑐2,… , 𝑐𝑚), where
{𝜙𝑘} is a set of linearly independent functions.

• two-layer neural networks: 𝑓(𝐱,𝜃) =
∑𝑘 𝑎𝑘𝜎(𝒃𝑘 ⋅ 𝐱+𝑐𝑘), 𝜃 = {𝑎𝑘, 𝒃𝑘, 𝑐𝑘}, where 𝜎
is some nonlinear scalar function, e.g., 𝜎(𝑧) =
max(𝑧, 0).

• deep neural networks (DNN): compositions of
functions of the form above.

Approximating functions is a topic that has been very
well studied in classical numerical analysis and approxima-
tion theory. The standard line of attack there is as follows:

• Define a “well-posed” mathematical model. This
includes specifying the hypothesis space and the
loss function. For example, in the case of one-
dimensional cubic splines, the hypothesis space
consists of 𝐶1 piecewise cubic polynomials, and
the loss function is defined by

𝐼𝑛(𝑓) =
1
𝑛

𝑛
∑
𝑗=1

(𝑓(𝑥𝑗) − 𝑦𝑗)2 +𝜆∫|𝑓″(𝑥)|2𝑑𝑥.

• Identify the right function spaces, e.g., Sobolev/
Besov spaces. These comprise the space of func-
tions for which the direct and inverse approxima-
tion theorems (also known as the Bernstein and
Jackson type theorems) are valid; i.e., a function
is in a certain function space if and only if it can be
approximated by the given approximation scheme
with a specified order of accuracy.

• Derive optimal error estimates. There are two
kinds of error estimates. In a priori estimates, the
error bounds depend on the norms of the target
function. In a posteriori estimates, the error
bounds depend on the norms of the numerical
approximation. For example, for piecewise linear
finite elements, typical a priori and a posteriori es-
timates take the form (𝛼 = 1/𝑑, 𝑠 = 2):

‖𝑓𝑚 − 𝑓∗‖𝐻1 ≤ 𝐶𝑚−𝛼‖𝑓∗‖𝐻𝑠 ,
‖𝑓𝑚 − 𝑓∗‖𝐻1 ≤ 𝐶𝑚−𝛼‖𝑓𝑚‖ℎ.

Here ‖ ⋅ ‖𝐻𝑠 is the 𝑠th order Sobolev norm, and ‖ ⋅ ‖ℎ is
typically a mesh-dependent norm [1].

There are two major differences between this classical
setting and that of machine learning. The first is that in
machine learning, we have to deal with very high dimen-
sion. We can already see that the estimates above suffer
from the curse of dimensionality. We are interested in ma-
chine learning models that do not have this problem. The
second is that in machine learning, we have only a finite
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amount of data. Therefore we can work only with the em-
pirical risk. But what we are really interested in is the pop-
ulation risk:

ℛ(𝜃) = 𝔼(𝑓(𝐱,𝜃) − 𝑓∗(𝐱))2

= ∫
ℝ𝑑
(𝑓(𝐱,𝜃) − 𝑓∗(𝐱))2𝑑𝜇.

The difference between the two, sometimes referred to as
the generalization gap, is another key issue that we have to
deal with. It turns out that the issue of the curse of dimen-
sionality also arises here.

To appreciate these issues, let us examine a simple exam-
ple of generalized linearmodel. In this case the hypothesis
space is

𝑓(𝐱,𝜃) =
𝑚
∑
𝑘=1

𝑎𝑘𝜙𝑘(𝐱), 𝜃 = (𝑎1, 𝑎2,⋯ , 𝑎𝑚),

where {𝜙𝑘} is a set of linearly independent functions. Let
us look at the case when 𝑚 > 𝑛. In this case, to fit to data,
i.e., to reduce the empirical risk to 0, its global minimum
value, one only has to choose parameter 𝜃 that satisfies

𝐺𝜃𝑇 = 𝒚,
where 𝐺 = (𝜙𝑘(𝐱𝑗)),𝒚 = (𝑦1, 𝑦2,… ,𝑦𝑛)𝑇. This is a
linear system with more unknowns than equations. Un-
less𝐺 is degenerate, it has an infinite number of solutions.
Yet one can prove that if 𝜃 is chosen as the solution of the
above system with minimum Euclidean norm [4], then

sup
‖𝑓‖ℬ1≤1

inf
ℎ∈ℋ𝑚

‖𝑓 − ℎ‖𝐿2(𝐷0) ≥
𝐶

𝑑𝑚1/𝑑 ,

showing the curse of dimensionality. Here ℬ1 is the Bar-
ron space defined in [10]. In this case, even though the
empirical risk is 0, the population risk can still be quite
large.

For high-dimensional problems, an important bench-
mark is the integration problem. Suppose we want to eval-
uate approximately the integral

𝐼(𝑔) = ∫𝑔(𝐱)𝑑𝜇.

It is well known that quadrature rules such as Simpson’s
rule suffer from the curse of dimensionality. However, the
Monte Carlo method does not have this problem. Let
{𝐱𝑗, 𝑗 = 1,… ,𝑛} be a set of independent random vari-
ables sampled from 𝜇 and let

𝐼𝑛(𝑔) =
1
𝑛

𝑛
∑
𝑗=1

𝑔(𝐱𝑗).

Then we have the identity

𝔼(𝐼(𝑔) − 𝐼𝑛(𝑔))2 = 1
𝑛var(𝑔), (1)

where var(𝑔) = ∫𝑋 𝑔2(𝐱)𝑑𝜇 − (∫𝑋 𝑔(𝐱)𝑑𝜇)2. Note that
there is no 𝑑 dependence in the exponent of 𝑛. Of course
in typical applications, say, in statistical physics, var(𝑔)
can be very large in high dimension. For this reason, one
main focus in the field of Monte Carlomethods is variance
reduction.

Turning now to the generalization gap,

ℛ( ̂𝜃) − ℛ̂𝑛( ̂𝜃) = 𝐼(𝑔) − 𝐼𝑛(𝑔),
𝑔(𝐱) = (𝑓(𝐱, ̂𝜃) − 𝑓∗(𝐱))2,

where ̂𝜃 = argmin ℛ̂𝑛(𝜃). Note that in this case, the
function 𝑔 is highly correlated with the data; therefore the
identity (1) does not apply. One approach for bound-
ing the generalization gap is to estimate the supremum of
𝐼(𝑔)−𝐼𝑛(𝑔) over the hypothesis space. Naturally the scal-
ing of this quantity depends on the hypothesis space. For
example, we have:

• for Lipschitz functions (this is related to the
Wasserstein distance)

sup
‖ℎ‖𝐿𝑖𝑝≤1

|𝐼(ℎ) − 𝐼𝑛(ℎ)| ∼
1

𝑛1/𝑑 ,

• for functions in the Barron space, defined in [10],

sup
‖ℎ‖ℬ1≤1

|𝐼(ℎ) − 𝐼𝑛(ℎ)| ∼
1
√𝑛.

One can see that the curse of dimensionality manifests it-
self in a different form, namely, the size of the data set.

An important concept for estimating the generalization
gap is the Rademacher complexity [3]. Let ℋ be a set of
functions, and let 𝑆 = (𝐱1, 𝐱2, ..., 𝐱𝑛) be a set of data
points. Then, the Rademacher complexity of ℋ with re-
spect to 𝑆 is defined as

�̂�𝑆(ℋ) = 1
𝑛𝔼𝜉 [sup

ℎ∈ℋ

𝑛
∑
𝑖=1

𝜉𝑖ℎ(𝐱𝑖)] ,

where {𝜉𝑖}𝑛𝑖=1 are i.i.d. random variables taking values±1
with equal probability.

For example, we have

• if ℋ = unit ball in Lipschitz space: �̂�𝑆(ℋ) ∼
𝑂(1/𝑛1/𝑑)

• if ℋ = unit ball in 𝐶0, the space of continuous
functions: �̂�𝑆(ℋ) ∼ 𝑂(1)

• if ℋ = unit ball in the Barron space: �̂�𝑆(ℋ) ∼
𝑂(1/√𝑛).

The last one is the optimal scaling that one can expect for
the Rademacher complexity of a hypothesis space.

Rademacher complexity is important since it bounds
from above and below the supremum value we are inter-
ested in [3]: Given a function class ℋ, for any 𝛿 ∈ (0, 1),
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with probability at least 1 − 𝛿 over the random samples
𝑆 = (𝐱1,… ,𝐱𝑛), we have

sup
ℎ∈ℋ

|𝔼𝐱 [ℎ(𝐱)] −
1
𝑛

𝑛
∑
𝑖=1

ℎ(𝐱𝑖)|

≤ 2�̂�𝑆(ℋ)+ sup
ℎ∈ℋ

‖ℎ‖∞ √
log(2/𝛿)

2𝑛 ,

sup
ℎ∈ℋ

|𝔼𝐱 [ℎ(𝐱)] −
1
𝑛

𝑛
∑
𝑖=1

ℎ(𝐱𝑖)|

≥ 1
2�̂�𝑆(ℋ)− sup

ℎ∈ℋ
‖ℎ‖∞ √

log(2/𝛿)
2𝑛 .

With this background, we can now divide all machine
learning models into two classes.

1. Models that suffer from the curse of dimensionality:

generalization error ≥ 𝑂(𝑚−𝛼/𝑑) or 𝑂(𝑛−𝛽/𝑑).
The curse of dimensionality can come from either the
approximation error (the first term at the right-hand
side) or the generalization gap (the second term at
the right-hand side). Piecewise polynomial approxi-
mation and wavelets with fixed basis belong to this
class.

2. Models that do not suffer from the curse of dimension-
ality:

generalization error ≤ 𝑂(𝛾1(𝑓∗)/𝑚+𝛾2(𝑓∗)/√𝑛).
Three machine learning models have been identified in
this class:

• random feature models: Let {𝜙(⋅,𝜔),𝜔 ∈ Ω}
be a set of random “features” and denote by𝜋 the
probability distribution of the randomvariable𝜔.
Given any i.i.d. realization {𝜔𝑗}𝑚𝑗=1 of 𝜔,

ℋ𝑚({𝜔𝑗}) = {𝑓𝑚(𝐱,𝜃) = 1
𝑚

𝑚
∑
𝑗=1

𝑎𝑗𝜙(𝐱;𝜔𝑗)}.

• two-layer neural networks:

ℋ𝑚 = { 1
𝑚

𝑚
∑
𝑗=1

𝑎𝑗𝜎(𝒃𝑇
𝑗 𝐱+ 𝑐𝑗)}.

• residual neural networks: ℋ𝑚 = {𝑓(⋅, 𝜃) = 𝛼 ⋅
𝒛𝐿,𝐿(⋅)}:

𝒛𝑙+1,𝐿(𝐱) = 𝒛𝑙,𝐿(𝐱) +
1
𝐿𝑼𝑙𝜎∘ (𝑾𝑙𝒛𝑙,𝐿(𝐱)),

𝑙 = 0,… ,𝐿 − 1, 𝒛0,𝐿(𝐱) = 𝑽𝐱.
Here 𝐿 is the depth of the network.

To identify these models, one proceeds in the following
steps [10]:

1. Express the target function as an expectation through
some law of large numbers. This is straightforward for
the random feature model and the two-layer neural
network model. For residual network models, this is
the “compositional law of large numbers” established
in [10].

2. Establish the rate of convergence for the approxima-
tion error by proving the corresponding central limit
theorem. Again this is standard for the first two mod-
els, but requires some work for the residual network
model.

3. Estimate the Rademacher complexity. It turns out that
for all three models, the Rademacher complexity has
the optimal scaling as a function of the size of the
dataset.

In this process, one also identifies the right function spaces
for the corresponding machine learning model. For the
random feature model, this is the corresponding reproduc-
ing kernel Hilbert space. For the two-layer neural network
and residual network models, this is the Barron space and
compositional function space, respectively, defined in [10].

A consequence is that one can readily prove dimension-
independent (Monte Carlo-like) a priori error estimates
for the generalization error for suitably regularized ver-
sions of these models.

Much remains to be done in order to build a solidmath-
ematical foundation for machine learning. However, it is
clear that the issues are very much in the spirit of numeri-
cal analysis. The new twists are that the dimensionality is
high, and themodels can be overparametrized in the sense
that there are more parameters than data.

Conclusion
What I have touched upon is only the tip of a huge incom-
ing iceberg. We are on the verge of a new scientific revolu-
tion that will impact not only science but also
mathematics and applied mathematics in fundamental
ways. In particular,

• Integratingmachine learning (representing the Ke-
plerian paradigm) with first-principle-based phys-
ical modeling (representing the Newtonian par-
adigm) opens up a new and powerful paradigm
for scientific research. Applied mathematics is the
most natural platform for this integration.

• To build the theoretical foundation of machine
learning, one has to develop high-dimensional nu-
merical analysis.

If the evidence for these claims is not yet strong enough, it
continues to build at an amazing speed. It is hard to imag-
ine a better opportunity for applied mathematics than
what is lying in front of us.
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department would agree to volunteer to teach Math 104 
(Finite Math) or Math 106 (College Algebra) at the prison.

I had no idea that some prisons offered university-level 
classes, but my interest was piqued. As a kid, the elementary 
school I attended consisted of children from the nearby 
housing projects as well as children from middle-class 
families. I saw no difference between the kids who came 
from more affluent families and those who didn’t. Each kid 
was some unique combination of smart, funny, and kind. 
Still, despite all of us being the same as kids, many of the 
kids from the projects got caught in the crushing cycle of 
poverty, and some ended up spending some time in prison. 
Thinking about all of the potential that had been wasted as 
a result of structures in place in our society, I volunteered 
to teach Math 104.

A few months later, after having completed some back-
ground checks and training sessions as well as having my 
syllabus approved by the community college awarding 
the credits to students participating in UBB, I taught at 
the prison for the first time. The men filed in and came 
one-by-one to introduce themselves. That’s when it hit me 
that I was alone in a room with criminals. Obviously, I 
knew this would be the case, but I hadn’t fully appreciated 
that fact. For a few minutes I was literally speechless. I was 
unable to greet my students; ‘hi’ was too complicated a 
word to utter. They finally all sat down and looked up at 
me expectantly. I finally calmed down; I knew that excited 
and nervous look: it was the same one students gave me 
at the beginning of every semester. These men were my 
students. Any other part of their identity was irrelevant in 
that moment. With the weight of this realization sinking 
in, I was able to start teaching.

My first semester went better than I could have ever 
expected. The course was basically an introduction to 
discrete mathematics, a topic that is particularly appeal-
ing for students who might dislike—and sometimes even 
fear—mathematics because of courses they have previously 
taken. With discrete math, we can talk about love, solve fun 
puzzles, do magic, become better poker players, optimize 
our lives in many ways, and so much more. Most students 
were at first surprised that these things all related to math, 
but very quickly they started seeing every aspect of their 
lives more mathematically. My students had such a fierce 
passion and thirst for learning the material. The continu-
ous stream of questions during classes was a testament to 
their refusal to be satisfied by mere knowledge and to their 
incomparable commitment to achieve true understanding.
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Good Ideas
Teaching College-Level 
Mathematics in Prisons

Annie Raymond

Teaching inmates college-level mathematics has been one 
of the most important and rewarding experiences of my 
career so far. I started in 2016 when I was a postdoc at the 
University of Washington. The math department received 
an email from University Beyond Bars (UBB), a local non-
profit that offers college classes to inmates at the Monroe 
Correctional Complex. The email asked if anyone in the 

Annie Raymond is an assistant professor of mathematics at the Uni-
versity of Massachusetts, Amherst. Her email address is raymond@math 
.umass.edu.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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three instructors. Tutoring is also another good option that 
requires a smaller time commitment. It can also be a good 
option for peridoctoral students who want to volunteer 
and who do not meet the instructor requirements set by the 
institute granting the credits for the course. Many programs 
also offer noncredited classes to prepare the students for 
the credited courses. Those preparatory classes can often 
be taught by grad students.

Unfortunately, not every prison and jail has a program 
like UBB and PUP. This was the case of the local jails near 
me. As I arrived to start my tenure-track position at UMass, 
I still wanted to keep teaching math to inmates, but there 
was no such program nearby. A few college classes in dif-
ferent fields had been taught over the years, but nothing 
with much direction and never any classes in math. It took 
many months of emailing with the administration at the 
Hampshire County Jail before they agreed to even meet 
with me; they were dubious that any of their men would 
be interested in taking college-level math.

I eventually convinced them to let me run a Math Circle 
with biweekly meetings where we would focus on the pro-
cess of doing mathematics, solving mathematical problems, 
and exploring mathematics together instead of learning 
set rules. This would be a way of gauging students’ interest 
for a potential course. The Math Circle was a success. The 
students would talk about it for days after our meetings, and 
the number of students wanting to attend increased steadily 
throughout the semester. This convinced the administra-
tion that it would make sense to offer a college-level class 
the next semester.

I was thrilled, but I was also nervous about how I could 
raise funds to pay for the credits the students would obtain, 
something that organizations like UBB or PUP usually 
take care of. One option would have been to go through 
The Second Chance Pell program, a program of the US 
Department of Education that was launched under Obama 
and serves 12,000 inmates a year nationally. Otherwise, 
there is a ban on federal financial aid for inmates. If this 
ban were lifted, about 463,000 prisoners would be eligible 
for a regular Pell Grant. Information on how to start new 
sites can be found here: https://experimentalsites 
.ed.gov/exp/expectations.html. I was very lucky 
that I got help in acquiring an easier source of funding: 
my department chair, Nathaniel Whitaker, was also very 
interested in prison education and was able to help me to 
get UMass to lift the tuition fees for our students. My chair 
had never had the opportunity to teach inmates before, 
so we decided to coteach the class together. It was a great 
experience for all involved.

Being at a small local jail instead of at a big prison has 
both advantages and disadvantages. Let’s start with the neg-
atives. Small jails are less likely to have a higher education 
program, which results in more fundraising work for those 
who volunteer. Inmates stay in general in small jails for a 
shorter amount of time and might be spending a lot of their 

I won’t lie; that first semester, and every subsequent time 
I have taught in a prison, has brought its share of challenges 
too. The size of the board available would make any math-
ematician want to cry. The disparity in the students’ previ-
ous knowledge was much greater than in the most uneven 
freshman calculus class: some hadn’t taken a math class in 
several decades, while others had finished their GED while 
in prison. Many needed to be taught how to study. The 
classroom was loud: there was a rock band practicing in 
the next room, though my own students would sometimes 
give them a run for their money when arguing about how 
to solve some problem. I couldn’t hold office hours, and 
the students couldn’t email me to ask me for help. Most 
students had full-time jobs at the prison and no quiet place 
to study the rest of the time. The prison was far away, and 
I had to rely on carpools and buses that would tally up 
to a commute of three hours in total. Classes were three 
hours long and in the evening, which was challenging for 
the students and for me. I also had to deal with a few cor-
rectional officers who thought inmates did not deserve to 
have this chance and refused to treat them like students. But 
all of this was amply worth it because of how enthusiastic, 
dedicated, and grateful my students were.

That first course proved to be very effective in making 
students care about math: my students asked me if I could 
come back the next semester to teach them again even 
though the class they had just completed was the only 
math class required for the associate degree they were com-
pleting. I suggested a traditional route: calculus or linear 
algebra. They requested that I teach them an introduction to 
proofs instead; I had occasionally shown them some proofs 
during the semester, and they wanted more. Given that the 
community college that was granting the students credits 
did not offer such a class, we settled on a lecture series 
that would be offered just for fun. Let me emphasize this: 
inmates took advanced math just for fun. My first students 
publicized the series so much that it was standing-room 
only. It was amazing. After that class, we went back to a 
more traditional mathematical route, since many of them 
now wanted to get bachelors of science—even PhDs in 
some cases—instead of associate degrees, some of them 
in mathematics. A few of my first students have now been 
released and are on their way to achieving their dreams.

The next semester I went to MSRI for the Geometric and 
Topological Combinatorics program. My experience with 
UBB had been so positive that I wanted to find a way to 
keep teaching inmates. I found out there was a program 
similar to UBB called the Prison University Project (PUP), 
and I volunteered with them at the San Quentin State 
Prison. There are many such programs around the country 
that are always looking for more mathematicians to vol-
unteer: prisonstudiesproject.org lists many of them. 
For those who would like to volunteer but who might not 
have enough time to teach an extra three hours a week, 
most programs allow for classes to be cotaught by two or 

https://experimentalsites.ed.gov/exp/expectations.html
https://experimentalsites.ed.gov/exp/expectations.html
http://prisonstudiesproject.org
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Moreover, given that over 70 percent of state prisoners have 
not completed high school, it is clear that our social support 
systems, including our educational system, have failed so 
many of these men and women. Offering access to higher 
education in prisons is one way to attempt to break the 
cycle of crime and poverty that so many inmates are stuck 
in. In the words of UBB student Steve B., “UBB is an engine 
of change chugging within the junkyard. It is impossible to 
overstate the shift in thinking that takes place in a prisoner’s 
mind once he has been enriched with the potential found 
in higher learning. A real future has become conceivable, 
instead of just a dream for someone else.”

If you treat inmates like students, they will become stu-
dents—and often they will surprise you and even become 
scholars. They will become inspiring agents of change 
whom we want to see out in our society.

Credits
Author photo is courtesy of the author.

How to Organize 
a Graduate Workshop

Rohini Ramadas and Isabel Vogt
Introduction
In February 2018, we—Rohini Ramadas and Isabel Vogt—
organized a Graduate Workshop in Algebraic Geometry 
for Women and Mathematicians of Minority Genders.1 
It was an overwhelmingly positive experience for us and 
(we believe) for the speakers and participants. This is an 

time in and out of legal proceedings. So class sizes might be 
quite small, small enough that you might wonder whether 
this is worth the effort, because not only are there fewer 
inmates to begin with but also few can commit to a full 
semester of classes. It is even more unlikely that they will 
be there long enough to complete enough classes while in 
jail to earn an associate degree (that is, if sufficiently many 
classes are offered to do so).

On the flip side, this means you can spend more time 
with each student and help them at the critical time of their 
release when they need support to transition to your own 
institution or some other local university or community 
college. The fact that you teach only a few students also 
makes it more likely that you can convince your institution 
to lift tuition fees. The small number of students also makes 
such classes good candidates for inside-out classes: classes 
where half of the students are inmates, and the other half 
are students from your institution. For the latter, this offers 
the opportunity to meet people very different from them-
selves and change the way they view the world in general 
as well as their education. After observing how much work 
the inmates put toward their classes, many are inspired 
to follow their example to make the most of their college 
experience, which they also come to regard as an amazing 
opportunity. For the inmates, an inside-out class offers 
them a boost in confidence. They get to see that they truly 
are college students—in classes without outside students, 
the inmates often falsely believe that the classes are diluted 
because they are not good enough—and what is more, that 
they are successful college students. Another advantage 
of inside-out classes is that your institution might accept 
to count them as part of your teaching duties. Training 
for inside-out classes is offered by the Inside-Out Center 
at Temple University; more information can be found at 
https://www.insideoutcenter.org/training.html.

So why do all of this? I believe that offering college-level 
math courses in our prisons is more important than offer-
ing any other subject. According to “Community College 
Students Face a Very Long Road to Graduation” by Ginia 
Bellafante, among the general population, about 40 percent 
of students who start at a 2-year college never finish because 
they do not complete the one math class they have to take. 
Math is the roadblock stopping so many people in America 
from getting a degree. By teaching that class in prison, it 
gives students a better chance of completing an associate 
degree either while in prison or after their release.

Moreover, the impact on the students’ lives is huge. In 
the US, 70 percent of prisoners return to prison within three 
years. The single most effective way to reduce recidivism is 
education: inmates that participate in any correctional edu-
cation programs are 43 percent less likely to recidivate than 
those who do not according to https://www.rand.org 
/pubs/research_reports/RR266.html, and earning an 
associate or bachelor’s degree while in prison drops the rate 
of recidivism to 13.7 percent and 5.6 percent, respectively. 

Annie Raymond

Rohini Ramadas is a Tamarkin Assistant Professor of Mathematics at Brown 
University. Her email address is rohini_ramadas@brown.edu.
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speaker confirmations in July 2017 before we submitted our 
initial grant application. We decided to hold the workshop 
in February 2018, giving us approximately six months to 
plan after hearing back. Before choosing an exact date, 
we checked standard conference posting websites in our 
field (e.g., mathmeetings.net) to confirm that there were 
no conflicts.

Our Initial Vision
With modest funding, we decided to hold a weekend 
workshop in Boston centered around minicourses by four 
leading women researchers. Our experiences at the IAS 
program had taught us that networks are best built while 
actively working on math, so we decided on a format of 
morning lectures and afternoon problem sessions. Based 
on a positive experience at Women@AGNES at Brown, we 
also decided to have short participant talks over lunch to 
serve as mathematical introductions and encourage more 
communication. For funding reasons again, we decided 
to draw participants mainly from the Northeast of the US. 
We planned for lectures to be open to everyone and for 
problem sessions to be open only to registered participants. 
Registration was not restricted based on gender.

Advertising to a Wide Audience
Once we had official funding confirmation and had cho-
sen a date, we started advertising the workshop widely. We 
began by posting on all of the standard conference an-
nouncement sites in our field. We also emailed listservs for 
women in math (previous attendees of the WAM program 
at the IAS) and subject specific lists in adjacent fields (such 
as Women in Numbers and Women in Noncommutative 
Algebra and Representation Theory). However, all of these 
“standard” techniques only reach participants who are 
already tuned into networks of algebraic geometers; they 
are also prone to missing or excluding mathematicians 

account of how we came to organize GWAGWMMG and a 
suggestion that you could organize a similar event.

Why Hold Workshops for Mathematicians with 
Marginalized Identities?
We first met at the summer Women and Mathematics 
program at the IAS in 2015, when the topic was Aspects of 
Algebraic Geometry.2 This was a transformative event in 
each of our careers as algebraic geometers. We discovered 
firsthand how easy it can be to ask questions and be vocal 
when you are not one of the only women mathematicians 
in a room. We learned a lot of math and made several 
friends, including each other. The connections we built 
at this one event positively influenced our experiences at 
countless other conferences and events.

The Lead-Up
The IAS Program for Women and Mathematics takes place 
every year. It recently instituted an “Ambassador” pro-
gram, a grant of up to US$2000 to be used to organize a 
math conference or outreach event.3 During the summer 
of 2017 Isabel was a graduate student at MIT, and Rohini 
had just begun a postdoc at Harvard University. We applied 
together for the IAS Ambassador grant. Harvard and MIT 
both supported our application by pledging to each match 
the US$2000 from the IAS, provided we were awarded the 
grant.

We began planning the structure of the workshop, coor-
dinating with our department chairs, and getting tentative 

2Occurring every summer for the last twenty-six years, the Women and 
Mathematics program is organized around some research area and features 
minicourses by leading women, afternoon problem sessions, and a research 
seminar. More information can be found at https://www.math.ias 
.edu/wam.
3At least one organizer must have previously participated in the Women and 
Mathematics program at the IAS. For more information, see https://www 
.math.ias.edu/wam/about/ambassador.

Melody Chan during her lecture. Candace Bethea during her short participant talk.
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fund every applicant. We heard back very quickly—both 
applications were approved.

The workshop ended up being much larger than we had 
envisioned, with sixty-six people attending in total (for-
ty-seven of whom were graduate students), and forty-three 
out-of-town participants whose travel and/or accommoda-
tions we funded.

Timeline
Jul. 2017 Contacted speakers
 Got approval from departments
 Submitted initial Ambassador grant 
      proposal to the IAS

Aug. 2017 Received grant from IAS
 Confirmed dates with speakers

Sep. 2017 Opened applications
 Made conference poster and website
 Began advertising

Nov. 2017 Closed applications
 Funded initial set of participants

Dec. 2017 Applied (late) for funding from NSF 
      and NTF

Jan. 2018 Funded additional participants
 Arranged logistics (hotel, etc.) 

Feb. 16–18 2018 Conference weekend

Mar. 2018 Final deadline for reimbursements
 Closed accounts and wrote reports

The Workshop
We believe, based on anonymous feedback we received 
from participants, that the workshop was a great success. 
Participants mentioned that the environment was welcom-
ing and supportive, that they made connections with peers 
and mentors, and left with increased optimism about the 
prospect of being in algebraic geometry.

When we look back and try to identify the factors that 
made the workshop so successful, a few things stand out. 
Firstly, the lecturers pitched the minicourses well, making 
them accessible and interesting to a range of students, 
including those who had taken one graduate algebraic 
geometry class but had not yet begun doing research. 
Secondly, each of the lecturers came up with a set of prob-
lems—concrete and appropriately pitched—for students to 
work on in groups after lectures. The problem sessions were 
led by graduate student and postdoc TAs and were perhaps 
the most popular aspect of GWAGWMMG. Thirdly, meals 
were provided on location, which made it easier for people 
to make new friends.

Finally, while the short participant talks served as 
effective professional introductions, some participants 
mentioned that the lack of downtime made the weekend 
exhausting. Looking back, this is something we’re still 
conflicted about.

from marginalized groups. Our goal was to go deeper! 
So we made the effort to email announcements and mail 
posters to all schools in the northeastern United States with 
a graduate algebraic geometry class. While this consumed 
time and resources, it paid dividends in recruiting a diverse 
and enthusiastic cohort of participants!

Changing Our Vision
We convened in November 2017 to review applications for 
funding for travel and accommodations—we had about 
twice as many applications as we had expected and more 
than four times as many as we could afford to fund. On 
the other hand, several applicants mentioned that they 
felt mathematically isolated in their departments and 
emphasized how keen they were to attend. We wanted to 
fund everyone!

Rohini mentioned this conundrum to Michelle Manes 
(U. Hawaii), who said, “Just ask for more money—ask the 
NSF, ask the NTF (Number Theory Foundation).” Manes is 
currently a program officer at the NSF; we contacted her for 
this article, and she elaborated on the above advice: “Math 
workshop and conference proposals have ‘target dates,’ 
which are more flexible than what NSF calls ‘deadlines.’ 
If you apply for NSF funding for a workshop, you should 
try to submit on the schedule suggested by the major pro-
gram (Analysis, Algebra and Number Theory, etc.). But if 
you miss the window, just send an email to the Program 
Officer listed on the webpage and ask if you can submit 
off the regular schedule. It helps if you have a reason why 
you missed the target date (like being inundated with more 
applications than expected), if your request is not too big, 
and if you still give them enough lead time to review the 
proposal and process a recommendation.”

We submitted grant applications to the NSF (with the 
help of Bjorn Poonen, serving as the PI) and NTF, asking 
in total for exactly as much money as we would need to 

Rohini Ramadas and Svetlana Makarova during a problem 
session.
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people and as such need to be handled with care. For 
example, (1) give examples of pronouns while indicat-
ing these are not a complete list, and (2) be clear about 
with whom personal information will be shared and 
for what purpose.

4. Is your venue suitably equipped for such an event? 
Is it ADA accessible? Are there nearby gender-neutral 
bathrooms and lactation rooms? Does your schedule 
accommodate the outside needs of your participants?

Of course, this list is not exhaustive, and these were not 
perfectly or completely implemented at our workshop. Ask 
around to see what makes people feel welcome and com-
fortable at conferences. (These suggestions are influenced 
from conversations with Juliette Bruce.)

Positive Outcomes
There was an overwhelming feeling at the workshop that 
similar events should be organized in the future. Of the 
forty-two respondents to an anonymous survey, 100% 
indicated that they thought events like GWAGWMMG are 
important and that they would attend similar events in the 
future (all but two and one, respectively, gave this 5/5). 
Half expressed strong interest (5/5) in organizing similar 
events in the future!

Since then, workshops with similar models have been 
organized. Most notably, after attending GWAGWMMG 
last year, Juliette Bruce, together with Christine Berkesch 
and Patricia Klein, organized a similar Graduate Workshop 
in Commutative Algebra for Women and Mathematicians 
of Minority Genders in April 2019. The momentum from 
GWAGWMMG doesn’t stop at graduate workshops either: 
We, together with Melody Chan, Antonella Grassi, and Julie 
Rana, are organizing a collaborative research conference 
for women in algebraic geometry at ICERM in July 2020.

This article is also an invitation: if you would like to 
organize an event in your area for graduate students from 
underrepresented communities, here is one potential 

Anonymous Feedback from Participants
“This was the best algebraic geometry conference I have ever 
been to! Everyone was so encouraging, positive, kind, and 
supportive […] I found myself in an environment where 
I was completely unafraid of asking questions or looking 
stupid.”

“Initially I was worried about the problem sessions 
being too difficult, but in fact they were the best part of 
the workshop and I feel I learnt a lot.”

“It felt like there was such a low barrier to just getting 
some math done with other people, and it expanded my 
network of math people that I am excited about working 
with in the future, and who I can think about turning to 
when I have a question in some area.”

Challenges of Organizing Such a Workshop
Our goal was to create a welcoming environment where 
everyone felt valued and included. Here are some sugges-
tions. While we think the following are best practices at any 
conference, they are especially important at a workshop 
expressly for underrepresented communities.
1. Think carefully about using inclusive language (in 

promotional materials, at the start of the workshop, 
etc.) that sets the tone you want from the beginning. 
We recommend using language that clearly welcomes 
transgender and nonbinary mathematicians.

2. Whenever possible, give agency to participants to 
define their own identity. This is particularly import-
ant when it comes to registration forms and name 
badges. For example, when asking questions about 
gender, race, ethnicity, pronouns, and so on, avoid 
using multiple-choice questions and instead give your 
participants a place to answer these personal questions 
in their own words.

3. Recognize that topics related to identity (gender/race/
ethnicity/pronouns) can be extremely sensitive for 

Shiyue Li, Claudia  Yun, and Sarah Arpin during a problem 
session.

Amy Huang, Renee Bell, Wanlin Li, Allison Miller, Chi-Yun Hsu, 
and Maria Ines de Frutos Fernandez during a problem session.
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model. And if your experiences are like ours, it will be well 
worth your effort!

Credits
All article photos are by Rob Silversmith.
Photo of Rohini Ramadas is courtesy of Lori Nascimento.
Photo of Isabel Vogt is courtesy of Joe Rabinoff.

Organizing a 
Summer School

Ben Elias and Nicholas Proudfoot

Summer schools can be wonderful venues for graduate stu-
dents and postdocs to meet other people in the community 
and learn some interesting mathematics. We run an annual 
summer school called WARTHOG (Workshop on Algebra 
and Representation Theory, Held on Oregonian Grounds), 
which will celebrate its tenth anniversary in the summer of 
2019. Below we will describe some of the organizational 
details that have worked well for us, from the high level 
down to the nitty gritty, in the hope that you, our dear 

reader, can emulate the parts you like. You’ll have to find 
your own acronym, though.

Overview
Our workshops always have a relatively narrow focus. We 
start with the basics and aim to reach one specific new 
and exciting result by the end of the week while being 
exposed to various ideas of broad interest along the way. 
The school is led and “mathematically organized” by one1  
Main Speaker. The Main Speaker need not be the progeni-
tor of the result; this has been the case for only about half 
of our workshops. Our practice is to invite people whom 
we know to be excellent speakers and thoughtful planners 
and allow them to pick whatever topic they would like. We 
often have one or two assistants to give lectures and help 
with the exercise sessions. You can see a list of topics and 
speakers on either of our websites.

Perhaps one indication of the success of our summer 
school model is the number of students who return year 
after year, often to learn about subjects that are not directly 
related to their research. The first-named organizer (Ben) 
was a participant for three years, then was invited to lead his 
own workshop, and finally joined the faculty at the Univer-
sity of Oregon and became a coorganizer. (Disclaimer: Due 
to a shortfall in the Oregon state budget, not all repeat par-
ticipants of WARTHOG will be offered faculty positions.)

We have been fortunate to receive NSF support for 
WARTHOG in the form of two CAREER grants, but it is 
worth noting that summer schools can be run rather in-
expensively. We pay the airfare of the Main Speaker and 
the assistants. The Main Speaker usually stays in one of 
our houses. All of the other nonlocal participants stay in 
a dormitory, which we pay for directly. We expect most 
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Nicholas Proudfoot is a professor in the University of Oregon Math Depart-
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1The 2019 iteration of WARTHOG was our first experiment with having 
two Main Speakers who work closely together to develop the program.

DOI: https://dx.doi.org/10.1090/noti1982

2The first Talbot workshop was held at a farmhouse called Talbot House, 
and the name stuck.
3The first of these workshops was coorganized by Sam Payne, and the third 
by Hannah Markwig.

Figure 1. WARTHOGgers in their natural habitat.
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the more it reinforces the expectation that participants take 
them seriously. This applies not only to the students: the 
two of us always join the other participants in working on 
the exercises. We also discuss how important we feel the 
exercises are in our introductory spiel at the start of the 
workshop.

It takes serious thought to produce good exercises. An 
exercise that asks you to check the technical details of some 
argument can be a slog and is often unhelpful for under-
standing what comes next. This type of exercise might be 
appropriate for a semester-long course, but on the week-
long time scale it is much more important to work through 
examples. If the talk covers the first two examples, the third 
example can be an exercise. We consider it one of our main 
jobs as organizers to give advice to help the Main Speaker 
produce good exercises.

It is easy to assign too many exercises! Participants who 
receive a sheet of exercises are immediately overwhelmed, 
even if it is understood that they will only have time for a 
few. If instead only one exercise is assigned and the par-
ticipants complete it, they feel a sense of accomplishment 
and encouragement. Another advantage of assigning only 
one exercise is that the Main Speaker can reasonably as-
sume that all of the participants have worked on it. We 
recommend that each lecture be aimed at students who 
have thought deeply about the previous exercise without 
assuming that they have understood every detail of the 
previous lecture. This keeps the workshop going at a steady 
pace. It demands a high level of engagement from the par-
ticipants, but we have found them to be willing and able 
to rise to this challenge.

We also make available but do not emphasize a sup-
plementary sheet of exercises for each lecture. This can be 
helpful for the more advanced participants or for those 
who want to keep working through problems later over 
dinner or for people trying to learn the material at home 
(including people who have not attended the workshop). 
Another reason to have supplementary exercises is that 
the Main Speakers are usually enthusiastic and have lots 
of good problems in mind; this gives a place for them to 
vent their enthusiasm.

We avoid using a room with stadium seating or individ-
ual desks; instead, we work in a room with tables that can 
be configured into small clusters. It is fine to use a more 
traditional lecture room as long as you are able to shepherd 
students into a space more conducive to working in groups. 
We usually budget one hour for the main exercise (which 
we expect to take half an hour), skimming the supplemen-
tal exercises, and taking a break before the next lecture.

Why Only One?
It is of course possible to invite good speakers and hold 
exercise sessions at a more traditional summer school with 
multiple courses on different topics. However, we would 

participants to obtain travel funding from their advisors or 
departments. We pay for coffee and pastries in the mornings 
and a pizza party at a local park on Wednesday evening. 
This typically amounts to approximately $15,000. We use 
the remainder of our budget toward travel for participants 
who are unable to obtain outside support.

Antecedents
The original model for WARTHOG came from the MIT 
Talbot2 workshops (running every summer since 2004), 
as well as from a series of workshops at the University 
of Michigan organized by Renzo Cavalieri between 2006 
and 2008.3 Each of these workshops has been similarly 
framed around a single topic with the guidance of one or 
two experts in the subject, with the additional feature that 
nearly all of the talks are given by (typically nonexpert) 
participants. We used the same model for the first few 
years of WARTHOG, but we found it difficult to sustain. 
It turned out to be a huge amount of work for the Main 
Speaker (helping a nonexpert graduate student prepare a 
talk is much harder than preparing it yourself), and the 
participant talks often suffered from a lack of perspective. 
We have the utmost respect for the people who have run 
such successful workshops based on this model, but we de-
cided to steer WARTHOG in a different direction. In recent 
years the Main Speaker has given about half of the lectures 
and the assistants about a quarter, with the remaining few 
lectures scattered among a small number of more senior 
participants (usually including the two of us). This format 
is not so different from that of the MSRI summer schools, 
where the organizers work together to plan a coherent 
program of lectures.

Exercise(s)
As we moved away from the Talbot model, we still wanted 
to give the students a chance to participate actively, so we 
began to place a very strong emphasis on exercises. Rather 
than just having one set of exercises each day, we hold an 
exercise session after every lecture (with just one exercise). In 
addition to helping the participants to absorb the material 
from the lectures, this format gives the speaker immediate 
feedback on which ideas made it through and which did 
not. From time to time it becomes obvious that some key 
idea or technique was not sufficiently well explained, and 
the speaker gets the opportunity to rectify this during the 
next lecture. We have had so much success with this model 
that we want to advocate for it in strong terms.

It is readily apparent that the participants who stop 
doing the exercises quickly check out of the workshop, so 
encouraging them to do exercises is paramount. This is 
true for any workshop, so even if you are running a more 
traditional workshop with several minicourses, you should 
ensure that speakers produce exercises and that participants 
have ample time to work them. The more the exercise ses-
sions are clearly built into the structure of the workshop, 
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Credits
Figure 1 is by Greg Knapp.
Author photos are courtesy of the authors.

Organizing a Graduate 
Advising Workshop 
in Mathematics

Daniel J. Thompson

In June 2019 María Angélica Cueto, David Penneys, Krystal 
Taylor, and I organized a Graduate Advising Workshop 
(GAW) in Mathematics at Ohio State.1 This was the third 
iteration of what is becoming a regular biennial event. 
The first Graduate Advising Workshop took place at Tufts 
University in 2015, organized by Moon Duchin and Larry 
Guth. The second Graduate Advising Workshop took place 
at the University of Michigan in 2017, organized by Moon 
Duchin and Sarah Koch. This article describes how the 2019 
workshop was developed and the activities we undertook. 
It is also a call to the mathematical community to help us 
turn these workshops into an ongoing tradition.

The purpose of the workshop is to ease the transition 
into advising for early-career faculty who are starting out 
as advisors and those who expect to be advising soon. The 
idea is to collectively develop best mentoring practices 
and to dispel potential anxiety about becoming an advisor 
through sharing our experiences and through reflection 
and discussion on common challenges in advising. While 
many universities have programs to improve faculty ad-
vising skills, often these activities are aimed at lab-based 
scientists or attempt to span all disciplines at the university. 
We believe it is valuable to develop mentoring resources 
focused on the specific challenges and environment that 
we experience as mathematicians. The workshop took place 
over a weekend and was a mixture of group work activities 

like to highlight some of the ways in which having only 
one topic allows things to run more smoothly.

First, we find that there is a noticeable feeling that ev-
eryone has come together for a common purpose. We of 
course have participants with different levels of expertise 
and different areas of focus, but everyone has come in an 
effort to understand the same piece of mathematics, and 
this makes it easier to get people talking with each other 
and working together.

Second, it makes it easier for us to assume a little bit of 
background knowledge. We usually ask participants to read 
20–30 pages of material (carefully referenced on our web-
page) before they arrive, and we find that almost everyone 
comes prepared. This would be a much bigger ask if they 
had to do something comparable for multiple courses, not 
all of which held their interest to an equal extent.

Third, we are able to be very flexible with our schedule. 
If a talk goes long but the final words are crucial, we let it 
run over. If we need to take extra time at the beginning of 
a lecture to clarify a point that caused confusion during the 
exercise session, we do it. This is much more difficult when 
there are multiple courses competing for time.

One potential pitfall of going deep into a single topic 
comes from the fact that each lecture usually relies upon 
the previous ones, and it is easy to fall off the path. One 
cannot go too deep too quickly; it takes time to build layers 
of understanding. We work with the Main Speaker to try 
to spread out and diversify topics. Often the Main Speaker 
gives us a lecture plan in which Monday covers the first 
big idea, Tuesday the next, and so on: a vertical organiza-
tion. We may suggest a horizontal reorganization, where 
the second chunk of Monday is independent of the first 
chunk, but the big ideas from Monday are pursued further 
on Tuesday or Wednesday after they have had some time 
to be digested. This parallel branching is a very important 
aspect of schedule design, one that is built in to the mul-
tiple minicourse model but can also usually be adapted to 
a focused workshop.

Final Thoughts
We are always impressed with the energy that the Main 
Speaker devotes to planning a really great workshop and 
with the persistence that the participants show to keep 
with it for the whole week. You can really get somewhere 
from nowhere with this model. We hope you will join us 
next summer!

Daniel J. Thompson is an associate professor of mathematics at The Ohio 
State University. His email address is thompson.2455@osu.edu.
1 https://u.osu.edu/gaw2019

DOI: https://dx.doi.org/10.1090/noti1983
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these resources into a syllabus and 30-page workbook 
for the workshop with three themed sessions: Effective 
Communication, Aligning Expectations, and Fostering 
Independence & Professional Preparation.3

We started the workshop by establishing ground rules 
for discussion. An important rule to encourage open dis-
cussion while preserving anonymity was “Remember the 
story but not the storyteller.” As an icebreaker, we wrote on 
flashcards an example of how a mentor has influenced our 
practices and shuffled the cards to have others read it out.

For the group activities, for each one-hour session we 
divided into groups of five or six and covered three twen-
ty-minute activities from the workbooks. We discussed in 
our small groups before summarizing the discussion for all 
participants. The case studies naturally led to discussions 
of our own experiences as advisors and advisees.

The group activities were complemented by four panels 
consisting of visiting and local experienced participants. 
Two panels covered best practices in advising and mentor-
ing. One panel focused on diversity and inclusion. Another 
panel discussed advising students considering BIG careers. 
For each panel, we pre-prepared a few questions to start the 
discussion before opening questions to the participants. 
To encourage personal reflections, the first panel was 
opened with the question: “Tell us something you wish 
you knew when you started out as an advisor.” The wealth 
of experience and variety of perspectives provided by our 
expert panelists led to enriching and thought-provoking 
discussion. Social activity was provided by a Mediterranean 
dinner and campfire at Krystal Taylor’s house.

We hope that GAW will continue as a biennial tradition. 
This could be complemented by developing mathematics 
advisor training locally in interested departments (for 
example, running four or five one-hour activities over a 
semester). The previous organizers will be happy to share 
their experience and resources with people who are in-
terested in setting up this kind of program. The location 
for GAW 2021 should be decided in spring 2020. Please 
contact the previous organizers if you are interested in 
being involved.

To conclude this article, here is a Q & A from the final 
panel of the workshop:

Question: “Why should we want to be advisors anyway?”
Answers: “It’s fun!!!”, “It’s the most rewarding thing we 

do in this profession.”

Credits
Author photo is by Zoë Brigley.

and panels on various aspects of the mentor-mentee rela-
tionship. We invited four experienced advisors from other 
universities to anchor the panels. Most of the participants 
were tenure-track assistant professors and postdocs.

So, how did this come about? My involvement started on 
a visit to the University of Michigan to give a seminar talk. 
Sarah Koch asked me if I would be interested in organizing 
the next installment of GAW at Ohio State. Without much 
reflection, I uttered the words, “Sure, that sounds great.” A 
couple of weeks later the reality dawned on me that now 
there was a workshop to organize and there was going to 
be a steep learning curve, since this was not a standard 
math conference! The first step was to find some allies and 
coorganizers. Finding a strong collaborative organizing 
team was perhaps the most important step in running a 
successful workshop. Such a team was easy to find at Ohio 
State: Angie, Dave, and Krystal agreed with enthusiasm to 
be organizers, and they brought a wide range of relevant 
skills and their own professional networks to call upon.

Step two was to secure funding. This was not entirely 
straightforward. We found, however, that with some cre-
ativity and persistence, support for an advising workshop 
was out there! We made a start with some local funds from 
the Ohio State Mathematics Research Institute. Additional 
funding came from unexpected sources. A fortuitous meet-
ing with David Fisher at a workshop in Indianapolis led 
to additional funding for participant support from Indiana 
University Mathematics Journal. The Ohio State Erdős Insti-
tute, which supports connections between academia and 
industry, provided additional funds to support our panel 
on careers in business, industry, and government (BIG). Fi-
nally, the organizers contributed some participant support 
from their NSF grants.

Step three was to book our leading experienced partic-
ipants and advertise the conference. The organizers used 
their professional networks to spread the word and find 
suitable participants. By late 2018 we had things in place, 
and people were starting to register.

Step four was to design the content, which was divided 
into group activities and panels. Sarah Koch generously 
shared the resources she and Moon Duchin had developed 
for the previous workshop. We added new activities based 
on open-access mentoring resources that David Penneys 
had learned about from a mentor training workshop he 
had attended.2 These resources are available from the 
Center for the Improvement of Mentored Experiences in 
Research (CIMER). We decided to use these materials as 
a basis for many of the group activities. Angie and Dave 
worked through the available CIMER content and selected 
the most relevant material for mathematics. They turned 

Daniel J. Thompson

2NRMN-CAN Mentor Facilitator Training Workshops - Big Ten Academic 
Alliance.
3We can share the workbook on request. Source materials are available at 
https://cimerproject.org.

https://cimerproject.org


Early Career

December 2019  Notices of the AmericAN mAthemAticAl society   1831

easy to feel like you don’t belong when time and again 
you find yourself the “only one” of any minoritized group 
in a gathering of mathematicians. When we encounter es-
tablished mathematicians who look like us, regardless of 
their field of research, it creates a sense of belonging and 
validates our experiences. 

Mathematicians across different subfields and institu-
tions are rarely brought together into the same room. For 
example, we have three different fields of mathematics 
represented (i.e., geometric group theory, math bio, and 
number theory) among the authors from two different 
institutions. Although three of us are in the same depart-
ment, since we are all in different research areas, there is 
no natural space for us to interact mathematically (i.e., in 
seminars or classes) and discuss our shared (or divergent) 
experiences of our department and of the broader mathe-
matical community.

Mathematicians Are Also Teachers
There is a connection between issues that we see as teachers 
in mathematics classrooms and the experiences that we 
have as students in mathematics classrooms and partici-
pants in other mathematical spaces. In many ways, teach-
ing is a natural entry point for conversations about equity 
and inclusion in mathematics, because as mathematicians 
we spend so much of our time teaching mathematics (to 
students and to one another). Framing our thinking about 
how these issues impact our teaching provides a focus for 
the conversations, as well as a foundation for considering 
the ways these issues show up in broader contexts. The 
hope is that this has a ripple effect where thinking critically 
about how we teach our students who have had different 
mathematical experiences than us can positively impact 
how we interact with our colleagues, collaborators, and 
mentees who may also have different experiences of the 
mathematical community than we do.

Inspired by her experience at the 2016 Women and Math 
program at IAS,3 the fourth author sought an open space 
within her local mathematical community for people to 
share their stories in mathematics. The Horizons Seminar 
was founded at Brown University in fall 2016 as a result. 
Similarly, the Teaching & Diversity Seminar was founded 
in 2017 at the University of Illinois as a way to create a 
communal space to discuss the experiences of students, 
teachers, and researchers in mathematics.

Horizons Seminar
With an organizing committee of six in the first year,4 
the seminar was dedicated to three distinct but strongly 
connected goals:

Broadening the Horizons 
of Teaching and Diversity in 
Mathematics Departments

Marissa Kawehi Loving, 
Vanessa Rivera-Quiñones, 
Simone Sisneros-Thiry, 
and Yang (Sunny) Xiao

In recent years, there have been a wide variety of initiatives 
that have looked to change the culture of mathematics. 
From websites showcasing mathematicians from different 
backgrounds (e.g. Mathematically Gifted & Black and 
Lathisms) to blog posts highlighting the stories of LGBT 
mathematicians,1 the message is clear: our stories matter. 
Mathematics is often viewed as removed from the human 
experience; however, the experiences of those who do 
and are perceived as capable of doing mathematics play 
a fundamental role in shaping our community. As Evelyn 
Lamb mentions in “The danger of a single story,”2 “When 
there is a dominant narrative of who mathematicians are, 
people who don’t fit the mold feel like there is no place for 
them in mathematics.” The reality is that members from 
historically underrepresented groups may experience our 
mathematics community differently, and oftentimes spaces 
to share these experiences do not exist in our departments. 
The initiatives we will discuss are not a way of bringing 
sociopolitical issues into mathematics; they are a way of 
addressing the issues that are inherent in the way the math-
ematics community has been built.

The Power of Many Stories
All of the authors of this piece have been the only woman 
in a roomful of mathematicians. During the postdoc job 
search this past year, the first author often found herself 
delivering a seminar talk to a roomful of men. It is pretty 

Marissa Kawehi Loving is an NSF Postdoctoral Fellow at Georgia Tech. Her 
email address is mloving6@gatech.edu.

Vanessa Rivera-Quiñones recently obtained her PhD from the Univer-
sity of Illinois at Urbana-Champaign. Her email address is riveraq2 
@illinois.edu.

Simone Sisneros-Thiry is a PhD candidate at the University of Illinois at 
Urbana-Champaign. Her email address is thiry2@illinois.edu.

Yang (Sunny) Xiao is a sixth-year PhD student at Brown University. Her 
email address is yang_xiao@brown.edu.
1https://blogs.ams.org/inclusionexclusion/2017/06/28 
/love-simeq-love-a-celebration-of-lgbt-mathematicians

2https://blogs.scientificamerican.com/roots-of-unity/the 
-danger-of-a-single-story-in-mathematics

DOI: https://dx.doi.org/10.1090/noti1985

3The fourth author was particularly moved and motivated by Piper H’s 
speech “How to Become a Liberated Mathematician in 13 Years” at WAM 
2016.
4Founding organizers include two graduate students, three postdocs, one 
tenure-track faculty member, and the list continues to change every year.

https://blogs.ams.org/inclusionexclusion/2017/06/28/love-simeq-love-a-celebration-of-lgbt-mathematicians
https://blogs.ams.org/inclusionexclusion/2017/06/28/love-simeq-love-a-celebration-of-lgbt-mathematicians
https://blogs.scientificamerican.com/roots-of-unity/the-danger-of-a-single-story-in-mathematics
https://blogs.scientificamerican.com/roots-of-unity/the-danger-of-a-single-story-in-mathematics
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 • to provide a safe space for graduate students to 
bring their full identities to the mathematics 
community; and

• to promote self-reflection and conversations about 
the role of inclusion, equity, and justice in the 
classroom.

We developed our seminar under the umbrella of our 
department’s graduate AWM chapter because it allowed 
us to be supported by the structure of an established 
organization. By bringing people with expertise into this 
space it became more than just a space for us to be in 
community with one another; it was also a space for us to 
learn. We brought in speakers from within and outside our 
campus community to give talks on relevant topics such 
as “Rehumanizing mathematics: A vision for the future,” 
“Navigating culture in the classroom,” “Addressing equity 
and inclusion in mentoring relationships,” “Changing the 
‘face’ of mathematics,” and many more.7

The AWM Teaching and Diversity seminar receives fund-
ing to bring in outside speakers through our AWM Student 
Chapter’s departmental support.

Starting Your Own Seminar Series
1. Reach out to members of your department to form 

an organizing team (e.g., graduate students, postdocs, 
faculty, etc.).

2. Discuss the mission and vision for the seminar, choose 
a format (e.g., meeting time and frequency), and set 
goals to accomplish. 

3. Explore available funding opportunities for external 
speakers and refreshments.

4. Brainstorm a list of speakers to invite that are within 
your budget (ask colleagues for suggestions).

5. Extend an invitation to the speaker early and be as 
flexible as you can.

6. Promote, promote, promote! Advertise within and 
outside your department broadly.

Suggestions for Topics and Speakers
If you’re struggling to come up with a list of speakers for 
your seminar, there are many creative ways to add more 
names to your list. Take a look at some of the many blogs 
hosted by the AMS. For example, the AMS blog inclusion/
exclusion has articles written by many mathematicians who 
have thought a lot about creating inclusive math spaces. 
You can also find experts in math education who are 
skilled at interfacing with mathematicians by looking at 
the speaking list for conferences such as the annual Critical 
Issues in Mathematics Education workshop series at MSRI. 
You don’t need to start from scratch; there are successful 

 • to discuss issues of diversity and inclusion in STEM 
fields, 

 • to provide career advice to graduate students and 
young faculty, and

 • to promote the work of mathematicians from 
traditionally underrepresented groups.

All these goals center on shedding light and highlight-
ing the human side of mathematics—the side that is often 
underplayed, ignored, and even rejected in the dominant 
narrative. Through Horizons we hope to challenge this 
often oversimplified narrative and expose the many layers 
of truth beneath the identity of a mathematician.

We organized four to six lunch seminars every semes-
ter ranging over a large variety of topics. A sample list 
of past events include Making Mathematics Accessible 
for Students with Disabilities, The Lonely Reality of an 
Academic Dreamer (from an undocumented first-gener-
ation college student to a professor at Williams College), 
Gender Differences in Recognition for Group Work, etc.5 
In these seminars, our speakers shared their own journey 
in academia, talked about their experiences in mentoring 
students and developing curricula that meet students’ 
needs, presented their research on how diversity (or the 
lack thereof) affects the STEM community, and hosted 
discussions on why diversity and inclusion are essential to 
sustaining the development of mathematical community. 
Meanwhile, to provide more guidance, support, and out-
reach opportunities for young scholars, we also organized 
events like “How to create a website,” “Info session for 
graduate students,” “Meeting the new postdocs,” “What’s 
happening at ICERM,”6 etc.

Horizons receives funding from the Brown math depart-
ment, Brown University Faculty Lectureship Funds, ICERM, 
and faculty grants to run the seminar. These funds allow us 
to cover the speakers’ travel and accommodation expenses 
and provide free pizza and beverages at the seminar to 
attract more participants.

Teaching & Diversity Seminar
With an organizing committee of three graduate students 
(Vanessa, Marissa, and Simone), this seminar had similar 
goals to the Horizons seminar’s of discussing issues of 
diversity and inclusion while also promoting engagement 
with these issues through professional development related 
to teaching. We organized four seminars per semester with 
the following goals: 

 • to discuss issues of diversity and inclusion in STEM 
fields; 

5These talks were given by Tilak Ratnanather (Johns Hopkins University), 
Pamela Harris (Williams College), and Heather Sarsons (Harvard Uni-
versity), respectively.
6ICERM stands for The Institute for Computational and Experimental 
Mathematics, a research institute located in downtown Providence, RI.

7Dr. Rochelle Gutiérrez (College of Education, University of Illinois at 
Urbana-Champaign), graduate student and faculty panel, Dr. Daniel 
Wong (Director of Mentoring and Bridge Programs for Diversity, Equity & 
Inclusion), Dr. Candice Price (University of San Diego).
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programs whose missions align with your goals and whose 
organizers have lots of relevant experience to share. 

Remember, if you are inviting a speaker to discuss equity 
issues or share expertise outside their primary research 
area, make sure to give them the opportunity to share their 
scholarly work as well. This can be through speaking in an 
area seminar, giving a colloquium talk, or meeting with 
faculty who have similar research interests.

You don’t need to have funding for external speakers 
to run a seminar! Check out resources and organizations 
within your university (most universities have teaching cen-
ters, offices for diversity and inclusion, and campus-wide 
equity initiatives). We also encourage you to reach out 
to colleagues in other departments, including education, 
psychology, and the sciences, who are doing relevant work.  

Credits
Photo of Marissa Kawehi Loving is by Autumn Kent.
Photo of Vanessa Rivera-Quiñones is courtesy of Vanessa  

Rivera-Quiñones.
Photo of Simone Sisneros-Thiry is by Jesse Wallace.
Photo of Yang (Sunny) Xiao is courtesy of Sunny Xiao.
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Memories of Sir Michael Atiyah
Nigel Hitchin, Editor

Figure 1.

SirMichael Atiyah, a hugely influential figure inmathemat-
ics, died on January 11, 2019. A tribute appeared in the No-
vember 2019 issue of the Notices, but what follows is a col-

This is Part 2 of a two-part series on Sir Michael Atiyah. Part 1 was included 

in the November issue.

Communicated by Notices Associate Editor Chikako Mese.

For permission to reprint this article, please contact:

reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti1997

lection of more personal recollections—what it was like to
be his student, to work alongside him, to have avenues of
exploration pointed out, or to be inspired and energized
by his unique personality. The contributions cover a full
fifty years in which his interests moved from mathematics
to incursions into physics. They are arranged in chrono-
logical order.

Michael Atiyah and
Representation Theory

George Lusztig
I was very fortunate to have the opportunity to study with
Michael for two months in Oxford in 1968 and for two
years (1969–71) at the Institute for Advanced Study in
Princeton, where he arranged forme to be invited. Michael
Atiyah is famous for his work in algebraic geometry, alge-
braic topology, index theory, and, later, physics, but on
the side he had important contributions to representation
theory. I will try to explain some of them here.

Michael’s 1967 paper with Bott contains a proof of the
holomorphic Lefschetz fixed point formula that provides
a wonderfully simple explanation for Weyl’s character for-
mula for tr(𝑔,𝑉) (𝑔 is a regular semisimple element, and
𝑉 is an irreducible rational representation of a complex
semisimple group𝐺). The explanation was in terms of the
(finite) fixed point set of the automorphism defined by 𝑔
on the flag manifold of 𝐺. This was a model for me when
I later worked with Deligne on representation theory of
finite reductive groups, where the holomorphic Lefschetz
fixed point formula was replaced by a Lefschetz fixed point
formula in 𝑙-adic cohomology for certain automorphisms
of finite order of a flag manifold and certain subvarieties

George Lusztig is the Abdun Nor Professor of Mathematics at MIT. His email
address is gyuri@mit.edu.
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of it.
Michael’s 1968 paper “The index of elliptic operators,

III” with Singer contains an explicit formula (see 4.6) for
tr (𝑔,𝑉) in which 𝑔 ∈ 𝐺 is of finite order but not neces-
sarily regular. While tr(𝑔,𝑉) could in principle be deter-
mined from the analogous traces with 𝑔 regular semisim-
ple, this paper gives for the first time an explicit formula
for tr(𝑔,𝑉) as a sum of contributions of the connected
components of the fixed point set of 𝑔 on the flag mani-
fold of 𝐺. This is a very interesting complement to Weyl’s
character formula.

Michael’s 1977 paper with Schmid provides a new per-
spective on the discrete series of real semisimple groups
based on the 𝐿2-index theorem (a version of the index the-
orem for noncompact manifolds).

When I was Michael’s student I was mainly working on
problems in algebraic topology and index theory, but I
also learned many things in representation theory from
Michael, and eventually representation theory became my
main focus.

Around 1971, I attended a talk by Quillen at the IAS,
where he explained his solution of a conjecture of F. Adams
in algebraic topology, which surprisingly used the modu-
lar and complex representations of the finite group
GL𝑛(𝐅𝑞). After the talk I asked Michael whether the com-
plex irreducible representations of GL𝑛(𝐅𝑞) were known.
He told me that the characters were determined by J. A.
Green, but the representations themselves were not under-
stood. This seemed to be an interesting question, and thus
I became more and more involved in representation the-
ory (probably to the disappointment of Michael). My first
job after Princeton, which I got, I believe, with some help
from Michael, was at the University of Warwick, where J. A.
Green was teaching.

After going to Warwick, I often visited Michael in Ox-
ford, where he returned in 1972. On one of those visits he
toldme about a beautiful formula in which the 𝑘th Adams
operation𝜓𝑘(𝑉) applied to the standard representation𝑉
of GL𝑛(𝐂) is expressed as an explicit alternating sum of ir-
reducible representations of GL𝑛(𝐂). Understanding this
formula became one of the motivations for my work (in
1973) with Roger Carter on the modular representations
of GL𝑛. In our 1974 joint paper we give, among other
things, a refinement of Michael’s formula in which 𝐂 is
replaced by 𝐅𝑝, an algebraic closure of the field with 𝑝 ele-
ments, and 𝑘 = 𝑝. In this case 𝜓𝑘(𝑉) becomes the Frobe-
nius twist of 𝑉, and our refinement gave a resolution of
𝜓𝑘(𝑉) by Weyl modules (predicted by Michael’s formula)
that are linked with each other by an action of the affine
Weyl group. This paper gave me later some support for
stating a conjectural formula for the irreducible modular
representations of a reductive group over 𝐅𝑝 in terms of

Figure 2. Lusztig and Atiyah in Edinburgh, June 2018.

the affine Weyl group.
One of the things that I learned asMichael’s student was

to use topological 𝐾-theory and its equivariant version, a
theory very closely associated with Michael’s work. In the
early 1980s I used this in connection with an affine Hecke
algebra 𝐻 by realizing the principal series representations
of 𝐻 in terms of suitable equivariant 𝐾-theory of a flag
manifold in which the parameter 𝑞 of the Hecke algebra
becomes the standard generator of the representation ring
of the circle group. This ledme to a conjecture inwhich the
representations of 𝐻 are realized in terms of equivariant
𝐾-theory of certain Springer fibers. (This conjecture was
later proved by Kazhdan andme, thus establishing the part
of the local Langlands conjecture which involves 𝐻. Here
Michael’s equivariant 𝐾-homology played a key role.)

I last sawMichael in June 2018when, withmywife, I vis-
ited him at his apartment in Edinburgh. We had a wonder-
ful time. I told him that we were staying in a hotel next to
the statue of Maxwell (the existence of this statue is largely
due to Michael’s efforts). Michael told us about his ad-
miration for Maxwell, whom he put on the same level as
Newton and Einstein. He also explained some of his new
mathematical ideas.

George Lusztig
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Instantons and Monopoles

Nigel Hitchin
Atiyah’s most celebrated contribution to mathematics is
the index theorem. Indeed the papers occupy two whole
volumes of his collected works covering the twenty years
since the Bulletin of the AMS published the initial paper in
1963. Louis Nirenberg recalls one of the seminars Atiyah
gave at NYU at the time, which he began with the words:
“Whenever I come here I seem to talk about the index the-
orem. . . ,” whereupon Nirenberg replied, “. . . and you are
going to do it till you get it right!” (echoing the old story
about the young soprano wondering why she was asked
for so many encores). Yet, however powerful the index
theorem was, it would be wrong to think of him carrying
around this huge weapon and firing it at every opportunity.
In fact, in what was probably his final mathematical paper
[1], he deliberately avoided the more obvious application
of the Atiyah–Patodi–Singer version for a more direct ap-
proach.

His choice of mathematical problems was more a recog-
nition that they resonated with something he was familiar
with. This was apparent in the work on instantons and
monopoles in the 1970s and ’80s when I became less of
a witness to his mathematical output and more of a par-
ticipant. Singer brought the problem of solving the self-
dual Yang–Mills equations toOxford in 1977 fromhis con-
tact with physicists at MIT. The question was one of find-
ing, up to gauge equivalence, all connections on a princi-
pal SU(2)-bundle over 𝐑4 that minimize the 𝐿2 norm of
the curvature. With appropriate decay at infinity (which
was confirmed later by Uhlenbeck’s work) this became by
conformal invariance a problem on the 4-sphere, a com-
pact manifold where both manifold and bundle have non-
trivial characteristic classes.

The index theorem did then provide a starting point,
giving the local structure of themoduli space [2] and show-
ing that there were more solutions than the ones provided
to us by the physicists. But Michael’s real interest was in
using the ideas of Roger Penrose and his student Richard
Ward to find the solutions in concrete form. Here charac-
teristically he saw an opening into the type of geometry
that he had enjoyed since the beginning: both he and Pen-
rose had been exposed as undergraduates in Cambridge
to the classical geometry of describing the lines in com-
plex projective 3-space by the points in a four-dimensional
complex quadric, the Klein quadric. This was the corner-
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stone of Penrose’s twistor theory, trading differential ge-
ometry in four dimensions for algebraic geometry in three.
But everythingwas over the complex numbers, whereas the
Yang–Mills problem concerned the 4-sphere.

So Atiyah first showed how twistor theory could be
adapted to this situation by regarding complex projective
3-space as a real algebraic variety with no real points but
with real lines. With this viewpoint the projective space
fibered over the 4-sphere (and was even part of a more gen-
eral picture for even-dimensional spheres). He then used
themodernwork in algebraic geometry of Horrocks, Barth,
and others to give an explicit construction of the holomor-
phic vector bundles defining instantons. This followed
from studying the structure of amodule over a ring of poly-
nomials generated by some sheaf cohomology groups as-
sociated to the vector bundle. If a certain sheaf cohomol-
ogy group vanished, then the construction followed from
essentially a single matrix of linear forms. But this was
where the twistor theory came into play again, as it trans-
lated back to a simple question about a differential oper-
ator on the sphere. The fertile common ground between
algebraic geometry and differential geometry that was in
evidence here was dear to his own interests, not just clas-
sical algebraic geometry but also going back to his link-
ing of the Riemann–Roch theoremwith elliptic differential
operators—the birth of the index theorem.

Atiyah’s work on the related equations describing mag-
netic monopoles in 𝐑3 was rather different. These gauge-
theoretic equations, the Bogomolny equations, were
close cousins of the instantons but defined on𝐑3. They de-
scribe static configurations, and Atiyah’s engagement came
from discussions with the mathematical physicist Nick
Manton on the conjectural dynamics of slowly moving
monopoles. Arguing that slow motion could be approxi-
mated by geodesic motion on the space of static solutions
presented the question of finding the natural metric on
the moduli space. When I came back to Oxford from an
academic year in Stony Brook in 1984 I explained to him
how both well-known and new hyperkähler metrics could
be obtained by a quotient construction from flat space in-
volving an adaptation of the theory of moment maps, but,
spurred by his recall of the work with Bott on the Yang–
Mills equations on a Riemann surface, he insisted on treat-
ing the moduli space as an infinite-dimensional hyperkäh-
ler quotient and us working out the metric for two
monopoles.

Working extensively that summer, I managed to use
twistor theory to do this, but this was to Michael too com-
plicated, so he derived the formula it gave by essentially
elementary means, carefully marshalling known proper-
ties of the metric involving symmetry, spectral curves, and
Donaldson’s rational maps until the specific solution to
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the differential equation dropped out. We were then able
to analytically describe some geodesics and discuss the scat-
tering in detail, a project he pursued enthusiastically. He
even convinced researchers at IBM’s lab in the UK to test
the power of their processors by producing a video of this
phenomenon.

This ability to fashion proofs in an understandable form
was key to the appeal of many of his papers and also to his
lectures. In fact, the two topics above formed the basis of
his series of Fermi Lectures on Yang–Mills theory [3] and
the Porter Lectures on monopoles [4].
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Nigel Hitchin

Michael Atiyah and Physics

Edward Witten
Michael Atiyah played a major role, starting in the mid-
1970s, in redefining the relationship betweenmathematics
and physics.

By that time, theoretical physics had reached a major
turning point with the emergence of the Standard Model
of particle physics, based on nonabelian gauge theory or
Yang–Mills theory. In a sense, theory had caught up with
experiment, though it took a while for that to be clear. The

Edward Witten is a professor in the School of Natural Sciences at the Institute
for Advanced Study, Princeton. His email address is witten@ias.edu.

decades-long process that led to the Standard Model had
been largely driven by experiment and by considerations
of quantum theory that were rather far afield from the van-
tage point of most mathematicians. Conversely, during
this period the ideas of modern mathematics seemed
largely irrelevant to physicists grappling with elementary
particles. A physics graduate student of the period, for ex-
ample, would most probably never hear about a homol-
ogy group, let alone something more contemporary like
the Atiyah–Singer index theorem.

By the mid-1970s, the gauge theory revolution had cre-
ated for physicists a new situation that would call for
greater mathematical sophistication. But this was under-
stood only gradually. Michael Atiyah and other mathe-
maticians who became interested in what physicists were
doing in quantum gauge theory played an important role
in the process.

An early turning point came in 1976. A puzzle about
the Standard Model known as the U(1) problem, iden-
tified by Murray Gell-Mann and Steve Weinberg, among
others, was abruptly solved by Gerard ’t Hooft by studying
the Dirac equation in the field of a gauge theory instanton.
Soon, Albert Schwarz showed that the key facts were best
understood in the context of the Atiyah–Singer index the-
orem. Few physicists at the time knew what to make of
this.

I first met Atiyah when he visited MIT in the spring of
1977, invited by Roman Jackiw. At the time, he was ex-
plaining his work with Richard Ward, solving the instan-
ton equation on ℝ4 by use of the Penrose twistor
transform. His lectures had a big impact in the math and
physics communities in the Cambridge (Massachusetts)
area. Physicists at the time were very interested in solving
the instanton equations because of speculation by Alexan-
der Polyakov about the dynamics of gauge theories. How-
ever, the ingredients in the twistor transform of the instan-
ton equation—complex manifolds, sheaf cohomology,
fiber bundles—were quite unfamiliar tome andmost other
physicists.

By January 1978, when Atiyah invited me to visit Ox-
ford for a fewweeks, he was lecturing at theMaths Institute
about a more precise understanding of instantons—the
Atiyah–Drinfeld–Hitchin–Manin (ADHM) construction. I
can well remember my perplexity in this period. Clearly,
Atiyah and his colleagues were saying interesting and re-
markable things about the nonlinear classical equations
of nonabelian gauge theory. At the same time, it was very
hard to imagine how their results could be applied to the
questions of quantumdynamics thatmost interested physi-
cists. Physical applications of the ADHM construction
seemed far away.

Toward the end of my visit, Atiyah showed me two
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physics papers that I had not seen before. By this time,
it was known that nonabelian gauge theories can describe
magnetic monopoles as well as ordinary elementary parti-
cles. Ordinary particles arise by quantization of fields and
are in representations of the gauge group 𝐺; monopoles
are classified by topology. But Peter Goddard, Jean Nuyts,
and David Olive (GNO) had suggested that magnetic
charge can be interpreted as a weight of a “dual gauge
group” 𝐺∨, and Olive with Claus Montonen had gone on
to suggest a quantum duality between theories with gauge
groups 𝐺 and 𝐺∨. Atiyah told me that the GNO dual
gauge group was the same as the dual group introduced
by Robert Langlands in the Langlands program and that
he thought there was something very deep here. He urged
me to go to London to discuss the matter with Olive.

By the time I got to London, I was skeptical. Like other
physicists of the time, I had never heard of the Langlands
program and I had no idea what to make of Atiyah’s obser-
vation that the Langlands and GNO dual groups were the
same. But I could see that technically theMontonen–Olive
proposal was not correct if taken literally. However, by the
end of the day, Olive and I understood that the technical
objections to Montonen–Olive duality are absent in the
supersymmetric case, and we had formulated a number of
ideas that eventually (in the mid-1990s) were important
in understanding it more fully.

Atiyah’s deeper idea—that the Langlands program
should somehow be tied up with electric-magnetic dual-
ity in four-dimensional gauge theory—remained in limbo
for much longer. A concrete understanding depended on
many intervening developments in both math and physics
and only emerged in the mid-2000s. The full scope of this
relationship is probably still far out of sight.

I will mention just a few highlights of the following
decade. At the 1979 Cargése summer school, Atiyah and
Raoul Bott undertook to educate physicists about Morse
theory. I and most (or all?) of the physicists there had cer-
tainly never been exposed toMorse theory before. Another
highlight was a conference in Texas where Atiyah and Is
Singer began to elucidate the topological meaning of what
physicists know as perturbative anomalies in gauge theory.
This helped introduce physicists to a deeper understand-
ing of fermion path integrals. Two papers by Atiyah and
Bott in these years were ultimately influential for physi-
cists. Their 1983 paper “The Yang–Mills equations over
Riemann surfaces” introduced ideas that were important
later in understanding quantum gauge theories in two di-
mensions. Their 1984 paper “The moment map and equi-
variant cohomology” helped lead to the important tech-
nique of “localization” in supersymmetric quantum field
theory. Starting in the mid-1980s, the emergence of string
theory greatly widened the horizons of physicists and ex-

panded the scope of interaction between physicists and
mathematicians. Amongmany other things, this led to un-
expected applications of the ADHM construction in
physics. Unfortunately, to explain all that here would take
us too far afield.

In 1987, Atiyah twice visited the Institute for Advanced
Study, and he was more excited than I could remember.
What he was excited about was Floer theory (of symplec-
tic manifolds or of flat connections on a three-manifold),
which he thought should be interpreted as the Hamilton-
ian formulation of a quantum field theory. This quantum
field theory was supposed to be, in language that was in-
troduced later, a topological quantum field theory, which
would be related to Gromov invariants of a symplectic
manifold orDonaldson invariants of a four-manifold. The
idea of topological quantum field theory was mostly
Atiyah’s conception. Atiyah set for me the task of trying to
interpret what he was saying in the language of physicists.
At first, this was difficult, for a variety of technical reasons.
For example, the fermionic symmetry used by Floer had
spin 0, as opposed to the half-integral spin of spacetime
supersymmetries as studied by physicists. But eventually
I realized that a simple “twisting” of supersymmetric field
theories could give a theory with the properties that Atiyah
wanted. This gave, at a formal level, a reformulation of the
Gromov and Donaldson invariants in a language that was
natural to physicists.

The other problem that Atiyah recommended for physi-
cists in the years 1987–8 was to understand the Jones poly-
nomial of a knot via quantum field theory. I had never
heard of the Jones polynomial before Atiyah recommend-
ed this problem, and this certainly put me in the majority
among physicists. The challenge about the Jones polyno-
mial that Atiyah posed was specifically to find a descrip-
tion of it with manifest topological invariance. By 1987–8,
a number of constructions of the Jones polynomial were
known, but topological invariance was never manifest a
priori; it was always proved by checking generators and re-
lations.

The following year brought many new clues about the
Jones polynomial in work by, among others, Erik Verlinde,
GregMoore andNathan Seiberg, andAkihiro Tsuchiya and
Yukihiro Kanie. Eventually, at ameeting in Swansea, where
I had the benefit of further discussions with Atiyah and
with Graeme Segal, I had the good fortune to put some of
the pieces together and interpret the Jones polynomial in
terms of a three-dimensional gauge theory with the
Chern–Simons function as its action.

This answered some of the questions, but actually
Atiyah’s vision about the Jones polynomial had two im-
portant aspects that were vindicated only long afterwards.
First, Atiyah predicted that the argument 𝑞 of the Jones
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polynomial should ultimately be understood as a
parameter that counts instantons on a four-manifold. In
1988–9, this idea looked to me like a bridge too far, but
something along these lines was actually understood in
the last decade. Various things were needed first, includ-
ing the invention of a refinement of the Jones polynomial,
known as Khovanov homology, and a greatly enriched
understanding by physicists of the consequences of electric-
magnetic duality. Also, Atiyah advocated that a natural ex-
planation of the three-dimensional invariance of the Jones
polynomial should have an extension to explain the spec-
tral parameter of integrable systems and the associated
Yang–Baxter equation. Something along these lines was
understood only in the last few years in the work of Kevin
Costello.

Actually, one facet of Atiyah’s vision is still unclear as
of 2019. Atiyah was always extremely interested in the
spectral parameter that appears in the twistor transform
of instantons—as in the ADHM construction—and in the
construction of monopoles—as explored in a book that
he wrote with Nigel Hitchin. He often expressed a suspi-
cion that the monopole spectral parameter should be re-
lated to the spectral parameter of integrable spin systems
and integrable models of lattice statistical mechanics. As
of this writing, there is hope that something along these
lines will emerge in further developments from the work
of Costello.

Going back to Donaldson theory, after formulating it
in terms of a twisted version of supersymmetric gauge the-
ory, I thought that this would lead to immediate progress,
but that was not the case. In the period around 1990,
Atiyah probably understood better than I did the follow-
ing essential point: to contribute something new to Don-
aldson theory, physicists would need some sort of strong
coupling methods, since anything that could be said for
weak coupling would involve retracing the steps that math-
ematicians had already taken. Eventually, Seiberg and I
were able to apply strong coupling methods to this prob-
lem, leading to a relationship between Donaldson theory
and an abelian theory with monopoles (Seiberg–Witten
theory).

Michael Atiyah worked with physicists on many occa-
sions. I will describe the background to one of the papers
he wrote with physicists, “AnM-theory flop as a large𝑁 du-
ality,” written in the year 2000 with Juan Maldacena and
Cumrun Vafa. Early in his career, Atiyah had explored the
“small resolutions” of certain complex threefold singular-
ities. By themid-1990s, it was known that these small reso-
lutions are important in the physics of Calabi–Yau
manifolds, and it was also understood that nonperturba-
tive “dualities” can relate string theory on a Calabi–Yau
threefold to M-theory on a manifold of 𝐺2 holonomy.

Putting these two lines of thought together, Atiyah,
Maldacena, and Vafa explored the significance in M-theory
of isolated singularities of 𝐺2 manifolds and their resolu-
tions. This was new at the time but is now regarded as an
important direction. In the spring of 2001, Atiyah spent
several months at Caltech, where I was on sabbatical. We
had a memorable collaboration on this topic, leading to
our paper “M-theory dynamics on a manifold of 𝐺2 holo-
nomy.”

Atiyah, along with colleagues such as Raoul Bott and Is
Singer, played an enormous role in introducing new ideas
and encouraging and teaching physicists to study quan-
tum field theory from new points of view. It took many
twists and turns for these lessons to be really learned and
absorbed in the physics world. Atiyah always believed that
the study of quantum field theory as a tool in geometry
had to be integrated with the study of more “physical” as-
pects of quantum field theory. His vision and clairvoyance
have had a truly far-reaching influence.

Edward Witten

Recollections of Michael Atiyah

Simon Donaldson
My main interaction with Michael Atiyah fits neatly into
the decade of the 1980s, from the time when I arrived in
Oxford in 1980 as a new graduate student until his de-
parture in 1990 to take up the Mastership of Trinity Col-
lege, Cambridge. While we perhaps did not perceive so at
the time, it was an extraordinary decade. There were two
large groups in the Mathematical Institute in Oxford, one
led by Atiyah and the other by Penrose. These had come
together, a few years before, through the Penrose “twistor”
construction that had brought ideas from complex geom-
etry into mathematical physics. Atiyah’s interests centered
on Yang–Mills theory, a theme that he developed in
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many directions. One prominent achievement was the
Atiyah–Drinfeld–Hitchin–Manin (1978) description of all
finite-energy solutions of the Yang–Mills instanton equa-
tion on 𝐑4, built on the twistorial construction that trans-
lates the problem into one about holomorphic vector bun-
dles over CP3, thus connecting Yang–Mills theory to alge-
braic geometry. Another 1978 paper of Atiyah, Hitchin,
and Singer took a more differential geometric direction,
setting up the foundations for the theory of self-dual Rie-
mannian four-manifolds and the Yang–Mills instantons
over them. A third direction brought in topology: this was
represented by the 1982 paper of Atiyah and Bott on the
Yang–Mills equations over Riemann surfaces and a 1978
paper of Atiyah and Jones proposing a stabilization conjec-
ture for the homology of instanton moduli spaces, partly
motivated by an analogy with results of Segal on spaces of
rational maps.

Over that decade, Atiyah’s interests and activity moved
over a variety of other topics. One of his long-standing
interests was in the Bogomolny equation for monopoles
on 𝐑3; others involved moment maps for group actions
in symplectic geometry and equivariant cohomology, de-
veloping in part from the Atiyah–Bott paper mentioned
above. One exciting application of localization techniques
came in the influential proposal of Witten to prove the
Atiyah–Singer index theorem by applying (formally) local-
ization in the loop space of amanifold. Later in the decade
the Jones knot invariant and the general notion of a topo-
logical field theory came into prominence (the latter in-
fluenced particularly by ideas of Segal). The close of the
decade saw the arrival of “mirror symmetry” in geometry.
One of the highlights of each yearwas the June trip to Bonn
for the Arbeitstagung, where by tradition Atiyah gave the
opening lecture. His last lecture in this series (circa 1990)
discussed a paper of Candelas et al. involving mirror sym-
metry for Calabi–Yau hypersurfaces in weighted projective
space.

Some of my most vivid memories from that time come
from the wonderful seminars given by Atiyah, usually lead-
ing off his Monday afternoon seminar series with the first
seminar of the term. The topics moved over many fields.
In one example he discussed classical results on determi-
nantal representations of plane curves (i.e., equations
𝑑𝑒𝑡(𝐴0𝑧0 + 𝐴1𝑧1 + 𝐴2𝑧2) = 0) in connection with
Hitchin’s work from the early 1980s on Nahm’s equation
and spectral curves. In another lecture the topic was a
connection between the Dedekind 𝜂-function and the 𝜂-
invariant of Atiyah, Patodi, and Singer, emerging from
work of Witten, Quillen, Bismut, Freed, and others in the
mid-1980s. Another memorable seminar was based on
Atiyah’s paper “Convexity and commuting Hamiltonians.”
This began at a down-to-level level with Horn’s inequali-

ties for the eigenvalues of a Hermitian matrix, which were
soon embedded in symplectic geometry and a general the-
ory of convexity results for moment maps. The common
feature of all these talks was that they were immensely en-
joyable experiences for the audience, full of Atiyah’s excite-
ment, drawing together old and new mathematics in sur-
prising ways.

Atiyah occupied a large office with a fine view surveying
the area ofOxford around St. Giles church. In his company
one felt that one likewise surveyed with him the mathe-
matical scene, and he would pour out a continual stream
of ideas, suggestions, and observations. The fact that he
travelled widely and talked to everybody meant that he al-
ways had many strands of current thought in his hands,
which he would constantly weave into new patterns, seek-
ing connections between different developments. Just as
one example of a suggestion that was important to me, I
remember him tellingme about a variational point of view
on symplectic quotients that he had heard about during a
visit to Harvard. He suggested that perhaps there was some
similar functional in the problem of the existence of Her-
mitian Yang–Mills connections on stable vector bundles.
With this prompt it was not hard to find the functional,
which, with a number of variants, has been important in
complex differential geometry.

I met Michael regularly after 1990, and he remained an
inspiration and source of wise advice and support in count-
less ways. His 2001 paper with Witten is an important
reference for those of us attempting to understand seven-
dimensional manifolds with exceptional holonomy. I last
saw him in August 2018 at the ICM in Rio. He was frail but
otherwise as ever, overflowing with ideas and enthusiasm
for mathematics.

Simon Donaldson
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Moment Maps and Convexity:
Memories of Michael Atiyah

Frances Kirwan
In the early 1980s, when I was Michael Atiyah’s student,
moment maps, convexity, and their links with each other
and with algebraic and differential geometry and mathe-
matical physics formed an important focus of his interests
[2–5,7–9].

I first met Michael around Christmas 1980 when I was
in my final year as a Cambridge undergraduate wonder-
ing what to do next and whether I should apply for PhD
places. I had summoned up the courage to look up his
home phone number in the Oxford telephone directory
and ring him. I was horribly embarassed when he an-
swered the phone sounding very sleepy, although it was
close to lunch time, and I discovered that he had just re-
turned from the United States and I had woken him up.
Nonetheless he was very friendly and set up ameeting with
me at which he gave me much helpful advice and told me
to mention his name on my application if I decided to ap-
ply to Oxford. I did that and had the huge good fortune
to end up in the Mathematical Institute nine months later,
joining other students in the geometry group, including
Simon Donaldson, John Roe (who very tragically died a
year before his former supervisor), Michael Murray, and
Jacques Hurtubise.

Nobody who ever met Michael Atiyah will be surprised
to be told that he was a wonderful supervisor to have: al-
ways full of an exciting mix of ideas and enthusiasm. He
also had around him at the time a fantastic group of col-
leagues and visitors as well as students. Raoul and Phyl-
lis Bott spent the academic year 1981–2 in Oxford, and
Cliff Taubes (who had recently completed his PhD) also
visited. Michael and Raoul were writing their fundamen-
tal papers on the Yang–Mills equations over a Riemann
surface [7] (submitted March 1982, based on a prelim-
inary account [6] written in 1980) and on the moment
map and equivariant cohomology [8] (submitted Decem-
ber 1982). Michael had just completed his paper “Convex-
ity and commuting Hamiltonians” [2] (submitted March
1981); he had recently learnt that Victor Guillemin and
Shlomo Sternberg had discovered similar results indepen-
dently and essentially simultaneously [14]. He was also in-
trigued by the observation (made to him by Sternberg and
DavidMumford) of a relationship between moment maps

Frances Kirwan is the Savilian Professor of Geometry at the University of Oxford.
Her email address is kirwan@maths.ox.ac.uk.

and Mumford’s geometric invariant theory (GIT). I was
able to hear about all these ideas from Michael as soon as I
started as his student, and he immediately gave me a beau-
tiful problem to work on: to explore whether the same
sorts of results he and Raoul had found for the Yang–Mills
functional in an infinite-dimensional setting also hold for
the normsquare of a moment map in the situation of a
Hamiltonian action of a compact group 𝐾 on a compact
symplectic manifold 𝑀, suggesting that his convexity re-
sults for torus actions might be relevant to this, as indeed
they turned out to be.

A moment map for a Lie group 𝐺 acting on a symplec-
tic manifold (𝑋,𝜔) is a smooth map 𝜇 ∶ 𝑋 → 𝔤∗ that
is 𝐺-equivariant with respect to the coadjoint action of 𝐺
on the dual of its Lie algebra 𝔤 and is such that the compo-
nent 𝜇⋅𝑎 ∶ 𝑋 → ℝ of 𝜇 along any 𝑎 ∈ 𝔤 is a Hamiltonian
function for the infinitesimal action of 𝑎 on𝑋 (that is, the
1-form 𝑑(𝜇 ⋅ 𝑎) corresponds under the duality defined by
𝜔 to the vector field on 𝑋 determined by 𝑎). The restric-
tion of the symplectic form𝜔 to 𝜇−1(0) is degenerate pre-
cisely along the orbits of 𝐺, and the “symplectic quotient”
𝜇−1(0)/𝐺 inherits a (stratified) symplectic structure.

An infinite-dimensional moment map plays a crucial
role in the Atiyah–Bott paper [7] on the Yang–Mills equa-
tions over a Riemann surface, which was motivated by the-
oretical physics and brings together a wide range of dif-
ferent mathematical topics, including algebraic topology
and Morse theory, algebraic geometry and number theory,
gauge theory and analysis. The main object of study is the
moduli space 𝑀Σ(𝑛, 𝑑) of semistable holomorphic vector
bundles of rank 𝑛 and degree 𝑑 over a compact Riemann
surface Σ of genus 𝑔 ⩾ 2 (and more generally moduli
spaces of principal 𝐺-bundles for a compact Lie group 𝐺).
Here a holomorphic vector bundle𝐸 overΣ is (semi)stable
if it has no proper subbundle 𝐹 with slope 𝜇(𝐹) ∶=
degree(𝐹)/rank(𝐹) (strictly) greater than the slope 𝜇(𝐸)
= 𝑑/𝑛 of 𝐸. Any semistable bundle 𝐸 has a Jordan–
Hölder filtration

0 = 𝐸0 ⊂ 𝐸1 ⊂ ⋯ ⊂ 𝐸𝑚 = 𝐸
by subbundles of the same slope such that each subquo-
tient 𝐸𝑗/𝐸𝑗−1 is stable for 1 ⩽ 𝑗 ⩽ 𝑚, and the associated
graded bundle

gr(𝐸) =
𝑚
⨁
𝑗=1

𝐸𝑗/𝐸𝑗−1

is independent up to isomorphism of the choice of filtra-
tion. Two semistable bundles 𝐸 and 𝐸′ over Σ of rank 𝑛
and degree 𝑑 are said to be 𝑆-equivalent (after Seshadri)
and represent the same point in 𝑀Σ(𝑛, 𝑑) if and only if
gr(𝐸) ≅ gr(𝐸′). When 𝑛 and 𝑑 are coprime then semista-
bility is equivalent to stability and𝑀Σ(𝑛, 𝑑) is the moduli
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space of stable rank 𝑛 and degree 𝑑 bundles over Σ up to
isomorphism.

There are many different ways to think about the geom-
etry of the moduli space 𝑀Σ(𝑛, 𝑑). It is a complex pro-
jective variety of dimension 𝑛2(𝑔 − 1) + 1, and when
𝑛 and 𝑑 are coprime it is a compact Kähler manifold. It
can be constructed as an infinite-dimensional analogue
of a quotient in the sense of Mumford’s geometric invari-
ant theory of an infinite-dimensional complex affine space
𝒞(𝑛,𝑑) of unitary connections on a fixed 𝐶∞ hermitian
vector bundle ℰ0 of rank 𝑛 and degree 𝑑 by the action
of the complexified gauge group 𝒢ℂ(𝑛, 𝑑) of complex au-
tomorphisms of ℰ0. Atiyah and Bott observed that this
infinite-dimensional affine space 𝒞(𝑛,𝑑) has a natural
Kähler structure that is invariant under the gauge group
𝒢(𝑛,𝑑) of unitary automorphisms of ℰ0 and that asso-
ciating to a connection its curvature can be regarded as a
moment map for the action of 𝒢(𝑛,𝑑) on 𝒞(𝑛,𝑑). They
showed that adding a suitable central constant determined
by the topological invariants 𝑛 and 𝑑 gives a moment map

𝜇 ∶ 𝒞(𝑛,𝑑) → Lie𝒢(𝑛,𝑑)∗

whose corresponding symplectic quotient𝜇−1(0)/𝒢(𝑛,𝑑)
can be identified with the moduli space 𝑀Σ(𝑛, 𝑑) via the
theorem of Narasimhan and Seshadri relating (semi)sta-
bility of bundles to unitary representations of the funda-
mental group 𝜋1(Σ). The normsquare of this moment
map is (up to the addition of a constant) the Yang–Mills
functional for the group 𝐺 = 𝑈(𝑛) over Σ, and its crit-
ical points are the solutions to the Yang–Mills equations
whose analogues over Minkowski space and ℝ4 were well
known to be important in physics. The aim of [7] was to
apply Morse theory to the Yang–Mills functional to show
that it is equivariantly perfect (in the sense that it induces
𝒢(𝑛,𝑑)-equivariant Morse inequalities that are actually
equalities) and to use this to study the cohomology of the
quotient 𝑀Σ(𝑛, 𝑑) of its minimum by the gauge group
𝒢(𝑛,𝑑).

In fact, serious analytic difficulties arise with this pro-
gram, not only because of the infinite-dimensionality of
the picture but also because the Yang–Mills functional is
a long way from being a Morse function in the traditional
sense, or even aMorse–Bott function, as in general the con-
nected components of its critical locus have singularities.
The required analysis showing that Yang–Mills paths of
steepest descent converge appropriately to critical points
was later carried out by Daskalopoulos [12], but Atiyah
and Bott avoided its use by constructing directly the associ-
ated “Morse stratification” of the space 𝒞(𝑛,𝑑).
In complex dimension one the Newlander–Nirenberg
integrability condition for ̄𝜕-operators holds vacuously, so
the space 𝒞(𝑛,𝑑) of unitary connections of ℰ0 can be

identified with the space of holomorphic structures onℰ0,
and thus 𝒞(𝑛,𝑑) can be stratified using the Harder–
Narasimhan type of a holomorphic vector bundle defined
as follows. Any holomorphic vector bundle 𝐸 has a canon-
ical filtration (its Harder–Narasimhan filtration)

0 = 𝐸0 ⊂ 𝐸1 ⊂ ⋯ ⊂ 𝐸𝑠 = 𝐸
such that each subquotient 𝐸𝑗/𝐸𝑗−1 is semistable and
their slopes 𝜇(𝐸𝑗/𝐸𝑗−1) are strictly decreasing for 1 ⩽
𝑗 ⩽ 𝑠. The Harder–Narasimhan type of 𝐸 is then deter-
mined by the ranks and degrees of the semistable bundles
𝐸𝑗/𝐸𝑗−1. In order to describe how bundles of oneHarder–
Narasimhan type can degenerate to another (using work of
Shatz), Atiyah and Bott encode the type 𝜇 of 𝐸 as the vec-
tor (𝜇1,… ,𝜇𝑛) = (𝑑1/𝑛1,… ,𝑑𝑠/𝑛𝑠) in which the slope
𝑑𝑗/𝑛𝑗 of𝐸𝑗/𝐸𝑗−1 appears𝑛𝑗 = dim(𝐸𝑗/𝐸𝑗−1) successive
times or, equivalently, as the convex polygon 𝑃 with ver-
tices (0, 0), (rank𝐸1,degree𝐸1),… , (rank𝐸𝑠,degree𝐸𝑠) =
(𝑛,𝑑). The subset𝒞𝜇(𝑛, 𝑑) of𝒞(𝑛,𝑑) consisting of holo-
morphic structures on ℰ0 of Harder–Narasimhan type 𝜇
is a locally closed complex submanifold of 𝒞(𝑛,𝑑) with
finite codimension

𝑑𝜇 = ∑
𝜇𝑖>𝜇𝑗

(𝜇𝑖 −𝜇𝑗 +𝑔− 1),

and its closure is contained in the union of the strata la-
belled by 𝜇′ with 𝜇′ ⩾ 𝜇 in the sense that the polygon
𝑃′ associated to 𝜇′ lies above the polygon 𝑃. In particular,
when 𝜇 = (𝑑/𝑛,… ,𝑑/𝑛) then 𝒞𝜇(𝑛, 𝑑) = 𝒞𝑠𝑠(𝑛, 𝑑) is
the open subset of semistable holomorphic structures on
ℰ0.

An elegant argument (which has become known as the
Atiyah–Bott lemma) shows that the Thom–Gysin long ex-
act sequence

⋯ → 𝐻∗−2𝑑𝜇
𝒢(𝑛,𝑑) (𝒞𝜇(𝑛, 𝑑);ℚ)

→ 𝐻∗
𝒢(𝑛,𝑑)(𝒞\ ⋃

𝜇′>𝜇
𝒞𝜇′(𝑛, 𝑑);ℚ)

→ 𝐻∗
𝒢(𝑛,𝑑)(𝒞\ ⋃

𝜇′⩾𝜇
𝒞𝜇′(𝑛, 𝑑);ℚ) → ⋯

breaks up into short exact sequences by proving

that the composition of 𝐻∗−2𝑑𝜇
𝒢(𝑛,𝑑) (𝒞𝜇(𝑛, 𝑑);ℚ) →

𝐻∗
𝒢(𝑛,𝑑)(𝒞\⋃𝜇′>𝜇 𝒞𝜇′(𝑛, 𝑑);ℚ) with the restriction map

𝐻∗
𝒢(𝑛,𝑑)(𝒞\ ⋃

𝜇′>𝜇
𝒞𝜇′(𝑛, 𝑑);ℚ) → 𝐻∗

𝒢(𝑛,𝑑)(𝒞𝜇(𝑛, 𝑑);ℚ)

is injective. Indeed this composition is multiplication by
the equivariant Euler class

𝑒𝜇 ∈ 𝐻2𝑑𝜇
𝒢(𝑛,𝑑)(𝒞𝜇(𝑛, 𝑑);ℚ)

of the normal bundle to𝒞𝜇(𝑛, 𝑑) in𝒞(𝑛,𝑑), and so it suf-
fices to show that 𝑒𝜇 is not a zero divisor in
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𝐻∗
𝒢(𝑛,𝑑)(𝒞𝜇(𝑛, 𝑑);ℚ), which is isomorphic to

𝑠
⨂
𝑗=1

𝐻∗
𝒢(𝑛𝑗,𝑑𝑗)(𝒞

𝑠𝑠(𝑛, 𝑑);ℚ),

where 𝜇 = (𝑑1/𝑛1,… ,𝑑𝑠/𝑛𝑠). Since the central sub-
group 𝑆1 of 𝒢(𝑛𝑗, 𝑑𝑗) given by multiplication by scalars
acts trivially on 𝒞𝑠𝑠(𝑛𝑗, 𝑑𝑗), we have

𝐻∗
𝒢(𝑛𝑗,𝑑𝑗)(𝒞

𝑠𝑠(𝑛, 𝑑);ℚ)
≅ 𝐻∗(𝐵𝑆1;ℚ) ⊗𝐻∗

̄𝒢(𝑛𝑗,𝑑𝑗)(𝒞
𝑠𝑠(𝑛, 𝑑);ℚ),

where ̄𝒢(𝑛𝑗, 𝑑𝑗) = 𝒢(𝑛𝑗, 𝑑𝑗)/𝑆1 and the rational coho-
mology 𝐻∗(𝐵𝑆1;ℚ) of the classifying space of the circle
group 𝑆1 is a polynomial ring ℚ[𝑢𝑗] on one variable 𝑢𝑗
in degree 2. Atiyah and Bott show that the component of
the equivariant Euler class 𝑒𝜇 in

𝑠
⨂
𝑗=1

ℚ[𝑢𝑗] ⊗𝐻0
̄𝒢(𝑛𝑗,𝑑𝑗)(𝒞

𝑠𝑠(𝑛, 𝑑);ℚ) ≅ ℚ[𝑢1,… ,𝑢𝑠]

is a nonzero polynomial (the product of the weights of the
torus (𝑆1)𝑠 on the normal bundle to𝒞𝜇(𝑛, 𝑑) in𝒞(𝑛,𝑑))
and therefore that 𝑒𝜇 is not a zero divisor in
𝐻∗

𝒢(𝑛,𝑑)(𝒞𝜇(𝑛, 𝑑);ℚ), as required. Removing each stra-
tum 𝒞𝜇(𝑛, 𝑑) from 𝒞(𝑛,𝑑) one by one, leaving an open
subset of 𝒞(𝑛,𝑑) each time, and using the Atiyah–Bott
lemma give us the equivariant perfection of the stratifica-
tion:

dim𝐻𝑖
𝒢(𝑛,𝑑)(𝒞(𝑛,𝑑);ℚ)

= ∑
𝜇
dim𝐻𝑖−2𝑑𝜇

𝒢(𝑛,𝑑)(𝒞𝜇(𝑛, 𝑑);ℚ),

where

𝐻∗
𝒢(𝑛,𝑑)(𝒞𝜇(𝑛, 𝑑);ℚ) ≅

𝑠
⨂
𝑗=1

𝐻∗
𝒢(𝑛𝑗,𝑑𝑗)(𝒞

𝑠𝑠(𝑛, 𝑑);ℚ).

Since𝒞(𝑛,𝑑) is an affine space and so homotopically triv-
ial, we have

𝐻𝑖
𝒢(𝑛,𝑑)(𝒞(𝑛,𝑑);ℚ) ≅ 𝐻𝑖(𝐵𝒢(𝑛,𝑑);ℚ),

which Atiyah and Bott showed has dimension given by the
coefficient of 𝑡𝑖 in the Poincaré series

𝑃𝑡(𝐵𝒢(𝑛,𝑑))

=
𝑛
∏
𝑘=1

(1 + 𝑡2𝑘−1)2𝑔/(1 − 𝑡2𝑛)
𝑛−1
∏
𝑘=1

(1 − 𝑡2𝑘)2.

This gave them an inductive formula (later made explicit
by Zagier) for calculating the equivariant Betti numbers
dim𝐻𝑖

𝒢(𝑛,𝑑)(𝒞𝑠𝑠(𝑛, 𝑑);ℚ) for the semistable stratum
𝒞𝑠𝑠(𝑛, 𝑑). When 𝑛 and 𝑑 are coprime then 𝒞𝑠𝑠(𝑛, 𝑑) =

𝒞𝑠(𝑛, 𝑑), and the moduli space 𝑀Σ(𝑛, 𝑑) can be identi-
fied with the quotient 𝒞𝑠𝑠(𝑛, 𝑑)/ ̄𝒢ℂ(𝑛, 𝑑) where
̄𝒢ℂ(𝑛, 𝑑) = 𝒢ℂ(𝑛, 𝑑)/ℂ∗ acts freely on 𝒞𝑠𝑠(𝑛, 𝑑). This

means that

𝐻∗
𝒢(𝑛,𝑑)(𝒞𝑠𝑠(𝑛, 𝑑);ℚ)

≅ 𝐻∗(𝐵𝑆1;ℚ) ⊗𝐻∗(𝑀Σ(𝑛, 𝑑);ℚ),
and we obtain a formula for the Betti numbers of the mod-
uli space𝑀Σ(𝑛, 𝑑) of semistable holomorphic vector bun-
dles of rank 𝑛 and degree 𝑑 over Σ. We also obtain mul-
tiplicative generators for its rational cohomology, since by
equivariant perfection of the stratification the restriction
map

𝐻∗
𝒢(𝑛,𝑑)(𝒞(𝑛,𝑑);ℚ) → 𝐻∗

𝒢(𝑛,𝑑)(𝒞𝑠𝑠(𝑛, 𝑑);ℚ)

is surjective, and𝐻∗
𝒢(𝑛,𝑑)(𝒞(𝑛,𝑑);ℚ)≅𝐻∗(𝐵𝒢(𝑛,𝑑);ℚ)

has generators

𝑎𝑟 ∈ 𝐻2𝑟(𝐵𝒢(𝑛,𝑑);ℚ), 𝑏𝑗
𝑟 ∈ 𝐻2𝑟−1(𝐵𝒢(𝑛,𝑑);ℚ)

for 1 ⩽ 𝑗 ⩽ 2𝑔 and 𝑓𝑟 ∈ 𝐻2𝑟−2(𝐵𝒢(𝑛,𝑑);ℚ) (1)

given by decomposing the Chern classes of the universal
bundle over 𝐵𝒢(𝑛,𝑑)×Σ using the Künneth decomposi-
tion of 𝐻∗(𝐵𝒢(𝑛,𝑑) × Σ;ℚ).

Equivalent formulas for the Betti numbers of𝑀Σ(𝑛, 𝑑),
when 𝑛 and 𝑑 are coprime, had already been obtained
by Harder–Narasimhan and Desale–Ramanan using arith-
metic geometry and the Weil conjectures. Although the
methods used looked very different in some ways, Atiyah
and Bott observed that there was a formal correspondence
between them. Both methods are based on the stratifi-
cation by Harder–Narasimhan-type of the moduli stack
ℳΣ(𝑛, 𝑑) = [𝒞(𝑛,𝑑)/𝒢ℂ(𝑛, 𝑑)] of bundles over Σ (cf.
[1, 13, 15]), although Atiyah and Bott did not use the lan-
guage of stacks, together with inductive descriptions of the
unstable strata in terms of moduli of semistable bundles
of smaller rank, and the fact that when 𝑛 and 𝑑 are co-
prime the Betti numbers of the moduli space𝑀Σ(𝑛, 𝑑) are
given by the dimensions of the cohomology groups of the
semistable stratum of this stack. The methods are differ-
ent, however, in how they use the stratification to deduce
a version of the inductive formula

𝑃𝑡([𝒞𝑠𝑠(𝑛, 𝑑)/𝒢ℂ(𝑛, 𝑑)])=𝑃𝑡([𝒞(𝑛,𝑑)/𝒢ℂ(𝑛, 𝑑)])

− ∑
𝜇=(𝑑1/𝑛1,…,𝑑𝑠/𝑛𝑠)

≠(𝑑/𝑛,…𝑑/𝑛)

𝑡2𝑑𝜇
𝑠
∏
𝑗=1

𝑃𝑡([𝒞𝑠𝑠(𝑛𝑗, 𝑑𝑗)/𝒢ℂ(𝑛𝑗, 𝑑𝑗)])

(2)

for the Poincaré series of the moduli stack ℳ𝑠𝑠
Σ (𝑛, 𝑑) =

[𝒞𝑠𝑠(𝑛, 𝑑)/𝒢ℂ(𝑛, 𝑑)] of semistable holomorphic
bundles of rank 𝑛 and degree 𝑑 over Σ and to calculate
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the crucial ingredient given by the Poincaré series
𝑃𝑡([𝒞(𝑛,𝑑)/𝒢ℂ(𝑛, 𝑑)]) of themoduli stackℳΣ(𝑛, 𝑑) =
[𝒞(𝑛,𝑑)/𝒢ℂ(𝑛, 𝑑)] of all holomorphic bundles of rank
𝑛 and degree 𝑑 over Σ.

In the approach motivated by gauge theory, the Atiyah–
Bott lemma gives the equivariant perfection of the Morse
stratification of the Yang–Mills functional and thus
the inductive formula (2), while algebraic topology is
used to calculate the Poincaré series 𝑃𝑡(𝐵𝒢(𝑛,𝑑)) =
𝑃𝑡([𝒞(𝑛,𝑑)/𝒢ℂ(𝑛, 𝑑)]) of the classifying space of the
gauge group. The earlier arithmetic approach was based
on the Weil conjectures, which can be used to calculate
the Betti numbers of nonsingular complex projective vari-
eties (or more generally projective ind-varieties) by count-
ing points in associated varieties defined over finite fields.
From this viewpoint we need to assume (as we may by a
small perturbation) that the compact Riemann surface Σ
is a nonsingular complex projective curve defined over the
rationals, and indeed over ℤ, with good reduction modulo
𝑝 for all but finitely many primes 𝑝. Let 𝐶 be a nonsingu-
lar projective curve over a finite field 𝔽𝑞 of characteristic 𝑝.
Using his theory of matrix divisor classes, Weil constructed
a canonical bijection from the set of isomorphism classes
of vector bundles on 𝐶 defined over 𝔽𝑞 to a double coset
space

𝔎\GL𝑛(𝔸𝐾)/GL𝑛(𝐾),
where 𝐾 = 𝔽𝑞(𝐶) is the function field of 𝐶 and 𝔸𝐾 is
its adèle ring, while 𝔎 is a maximal compact subgroup of
GL𝑛(𝔸𝐾). It is more convenient to fix determinants; re-
placing GL𝑛 with SL𝑛, the double coset space

𝔎Λ\SL𝑛(𝔸𝐾)/SL𝑛(𝐾)
is in bijection with the set BunΛ

SL𝑛(𝔽𝑞) of isomorphism
classes of bundles 𝐸 on 𝐶 equipped with an isomorphism
det𝐸 ≅ Λ defined over 𝔽𝑞, where the maximal compact
subgroup 𝔎Λ of SL𝑛(𝔸𝑘) depends on the line bundle Λ.
Siegel’s mass formula gives us

𝜏(SL𝑛) = vol(𝔎Λ) ∑
ℰ∈BunΛ

SL𝑛 (𝔽𝑞)

1
|Aut(ℰ)| ,

where the Tamagawa number 𝜏(SL𝑛) is the total measure
of SL𝑛(𝔸𝐾)/SL𝑛(𝐾) with respect to a right invariant Haar
measure on SL𝑛(𝔸𝐾) and vol(𝔎Λ) is calculated with re-
spect to the same measure. We have

𝜏(SL𝑛) = 1, (3)

while vol(𝔎Λ) is given in terms of the zeta function 𝑍𝐶 of
𝐶 as

vol(𝔎Λ) = 𝑞−(𝑛2−1)(𝑔−1)/𝑍𝐶(𝑞−2)⋯𝑍𝐶(𝑞−𝑛). (4)

Partitioning BunΛ
SL𝑛(𝔽𝑞) by Harder–Narasimhan type into

subsets BunΛ,𝜇
SL𝑛 (𝔽𝑞) and combining Siegel’s mass formula

with (3) and (4) gives

𝑞(𝑛2−1)(𝑔−1)𝑍𝐶(𝑞−2)⋯𝑍𝐶(𝑞−𝑛)
− ∑

𝜇≠(𝑑/𝑛,…,𝑑/𝑛)
∑

ℰ∈BunΛ,𝜇
SL𝑛 (𝔽𝑞)

1/|Aut(ℰ)|

as the number of isomorphism classes defined over 𝔽𝑞 of
semistable bundles on𝐶with rank𝑛 and degree𝑑. The ob-
servation of Atiyah and Bott that these inductive methods
for obtaining the Betti numbers of 𝑀Σ(𝑛, 𝑑) (when 𝑛 and
𝑑 are coprime) are parallel, with the Siegel mass formula
(derived from the additivity of counting points over finite
fields) playing the role of the equivariant perfection of the
Yang–Mills functional (derived from the Atiyah–Bott
lemma) and (3) playing the role of the contractibility of
the infinite-dimensional affine space𝒞(𝑛,𝑑), has been ex-
plored further in the decades since (see e.g. [1,13] and the
references therein).

When I became Michael Atiyah’s student he told me
about these beautiful ideas and about his suspicion that
a vital ingredient in the Yang–Mills picture was that the
Yang–Mills functional can be regarded as the normsquare
of amomentmap for the action of the gauge group𝒢(𝑛,𝑑)
on the space 𝒞(𝑛,𝑑). His hope (which turned out to be
correct) was that a similar picture should emerge in finite-
dimensional situations when a compact Lie group 𝐾 acts
on a compact symplectic manifold (𝑋,𝜔) with moment
map 𝜇 ∶ 𝑋 → 𝔨∗ where 𝔨 = Lie𝐾. The arithmetic aspects
should apply (and a close link with Mumford’s geometric
invariant theory should exist) when (𝑋,𝜔) is a nonsin-
gular complex projective variety with Fubini–Study Käh-
ler form associated to a very ample vector bundle 𝐿 on 𝑋
and the complexification 𝐺 = 𝐾ℂ of 𝐾 acts linearly on
𝑋 with respect to 𝐿. An important piece of evidence for
this was the appearance of convexity in the Yang–Mills pic-
ture, together with his recent paper on convexity and com-
muting Hamiltonians. In this he studied the case when
𝐾 = 𝑇 ≅ (𝑆1)𝑟 is a compact torus acting on a compact
connected symplectic manifold 𝑋 preserving the symplec-
tic form 𝜔 and with a moment map 𝜇𝑇 ∶ 𝑋 → 𝔱∗ where
𝔱 = Lie𝑇. He showed that 𝜇𝑇(𝑋) is a convex polytope,
the convex hull in 𝔱∗ of the finite set 𝜇𝑇(𝑋𝑇), where 𝑋𝑇

is the set of 𝑇-fixed points in 𝑋. If moreover (𝑋,𝜔) is
Kähler, then the action of𝑇 extends to its complexification
𝑇ℂ ≅ (ℂ∗)𝑟, and for any 𝑥 ∈ 𝑋 the image𝜇𝑇(𝑇ℂ𝑥) of the
closure of the 𝑇ℂ-orbit of 𝑥 is the convex hull of the finite
set 𝜇𝑇(𝑇ℂ𝑥 ∩ 𝑋𝑇), with 𝜇𝑇(𝑇ℂ𝑥) = 𝜇𝑇(𝑋) for generic
𝑥 ∈ 𝑋. The application of this to the maximal torus of
an arbitrary compact Lie group with a Hamiltonian action
on a compact connected symplectic manifold allows us to
describe the Morse stratification of the normsquare of the
moment map and show that it is equivariantly perfect by
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applying the Atiyah–Bott lemma, thus obtaining results
similar to those of the Yang–Mills situation about the co-
homology of the symplectic quotient. Michael Atiyah and
Andrew Pressley also extended the convexity result in an
infinite-dimensional setting involving the loop group of
𝐾 [9].

Moment maps and equivariant cohomology provide
the title of another fundamental paper [8] by Atiyah and
Bott written around the same time as the Yang–Mills paper
[7]. This is closely related to independent work of Berline
and Vergne [10] and was motivated by the Duistermaat–
Heckman formula for the pushforward by a moment
map 𝜇𝑇 ∶ 𝑋 → 𝔱∗ for a torus action on a compact
connected symplectic manifold (𝑋,𝜔) of the symplectic
measure given by 𝜔𝑛/𝑛!. This pushforward is always
piecewise polynomial. Equivalently the stationary phase
approximation for its Fourier transform is exact, so that

∫
𝑋
𝑒−𝑖⟨𝜉,𝜇𝑇⟩𝜔𝑛/𝑛!= ∑

𝐹∈ℱ
𝑒−𝑖⟨𝜉,𝜇𝑇(𝐹)⟩ ∫

𝐹

𝜔dim𝐹

(dim𝐹)! 𝑒𝐹(𝑖𝜉)
(5)

for any 𝜉 ∈ 𝔱, where ⟨ , ⟩ is the canonical pairing between
𝔱 and 𝔱∗, while ℱ is the set of connected components of
the fixed point set 𝑋𝑇 for the 𝑇-action on 𝑋 (so that 𝜇𝑇|𝐹
is constant for each𝐹 ∈ ℱ) and 𝑒𝐹 is the equivariant Euler
class for the normal bundle to 𝐹 in 𝑋. If 𝐹 ∈ ℱ, then
𝑇 ≅ (𝑆1)𝑟 acts trivially on 𝐹, and so there is a canonical
isomorphism

𝐻∗
𝑇 (𝐹;ℂ) ≅ 𝐻∗(𝐹;ℂ) ⊗𝐻∗(𝐵𝑇;ℂ),

where 𝐻∗(𝐵𝑇;ℂ) = Sym(𝔱∗ℂ) ≅ ℂ[𝑢1,… ,𝑢𝑟] is a poly-
nomial ring on 𝑟 generators of degree 2. As in the proof of
the Atiyah–Bott lemma, the component of 𝑒𝐹 ∈ 𝐻∗

𝑇 (𝐹;ℂ)
in

𝐻0(𝐹;ℂ) ⊗𝐻∗(𝐵𝑇;ℂ) ≅ ℂ[𝑢1,… ,𝑢𝑟]
is nonzero, and hence 𝑒𝐹 is not a zero divisor in𝐻∗

𝑇 (𝐹;ℂ),
because terms of positive degree in 𝐻∗(𝐹) are nilpotent.
Thus 𝑒𝐹 is invertible in the localization 𝐻∗(𝐹;ℂ) ⊗
ℂ(𝑢1,… ,𝑢𝑟) of 𝐻∗

𝑇 (𝐹;ℂ). This enables us to interpret
∫𝐹 𝜔dim𝐹/(dim𝐹)! 𝑒𝐹(𝑖𝜉) as a rational function on 𝔱 and
make sense of the identity (5).

Atiyah and Bott observed that the formula (5) can be in-
terpreted as a consequence of well-known localization for-
mulas in equivariant cohomology. For a compact group𝐾
acting on a manifold 𝑋 they describe a de Rham version
of equivariant cohomology as the basic complex Ω∗

𝔨 (𝑋)
of Ω∗(𝑋) ⊗ 𝑊(𝔨), where Ω∗(𝑋) is the usual de Rham
complex, 𝑊(𝔨) = Λ𝔨∗ ⊗ Sym 𝔨∗ is the Weil algebra, and
elements𝜙 ofΩ∗(𝑋)⊗𝑊(𝔨) are basic if 𝜄(𝑎)𝜙 = 0 and
ℒ(𝑎)𝜙 = 0 for all 𝑎 ∈ 𝔨. Here 𝑊(𝔨) is graded by giv-
ing degree 1 to elements 𝜃 ∈ 𝔨∗ in Λ𝔨∗ and degree 2 to

𝑢 ∈ 𝔨∗ regarded as in Sym 𝔨∗. Then 𝑊(𝔨) is freely gener-
ated as a commutative graded algebra by a basis {𝜃𝛼} of
𝔨∗ in degree 1 and the same basis denoted {𝑢𝛼} regarded
as in degree 2. There is a differential operator 𝐷 on 𝑊(𝔨)
defined on the generators {𝜃𝛼} and {𝑢𝛼} in terms of the
structure constants for the Lie algebra 𝔨. When𝑋 is a point,
Ω∗

𝔨 (𝑋) is the basic subcomplex of 𝑊(𝔨), which is given
by polynomials on 𝔨 invariant under the adjoint action. A
symplectic form 𝜔 ∈ Ω2(𝑋) on 𝑋 is closed but is not
in general equivariantly closed for a compatible group ac-
tion on 𝑋. However, when a compact torus 𝑇 = (𝑆1)𝑟
acts on (𝑋,𝜔) with moment map 𝜇𝑇 ∶ 𝑋 → 𝔱∗ then
𝐷(𝜔− 𝜇𝑇) = 0, and so 𝜔− 𝜇𝑇 represents an equivari-
ant cohomology class.

Atiyah and Bott consider 𝐻∗
𝑇 (𝑋;ℂ) as a module over

𝐻∗(𝐵𝑇;ℂ) = ℂ[𝑢1,… ,𝑢𝑟] and show that the kernel and
cokernel of the restriction map

𝑖∗ ∶ 𝐻∗
𝑇 (𝑋;ℂ) → ⨁

𝐹∈ℱ
𝐻∗

𝑇 (𝐹;ℂ)

(with components 𝑖∗𝐹 for 𝐹 ∈ ℱ) and the pushforward
map

𝑖∗ ∶ ⨁
𝐹∈ℱ

𝐻∗
𝑇 (𝐹;ℂ) → 𝐻∗

𝑇 (𝑋;ℂ)

(with components 𝑖𝐹∗ for𝐹 ∈ ℱ) are torsionmodules over
𝐻∗(𝐵𝑇;ℂ), so their composition 𝑖∗𝑖∗ is an isomorphism
modulo torsion. Indeed 𝑖∗𝑖∗ is given on 𝐻∗

𝑇 (𝐹;ℂ) for
𝐹 ∈ ℱ by multiplication by the equivariant Euler class 𝑒𝐹
of the normal bundle to 𝐹 in 𝑋, and the component of 𝑒𝐹
in

𝐻0(𝐹;ℂ) ⊗𝐻∗(𝐵𝑇;ℂ) ≅ ℂ[𝑢1,… ,𝑢𝑟]
is

𝑒𝐹,0 =
codimℝ(𝐹)/2

∏
𝑗=1

(𝑎𝑗1𝑢1 +⋯+𝑎𝑗𝑟𝑢𝑟),

where the representation of 𝑇 = (𝑆1)𝑟 on the normal to
𝐹 in 𝑋 at any point of 𝐹 has weights given by 𝑎𝑗1𝑢1 +
⋯ + 𝑎𝑗𝑟𝑢𝑟 for 1 ⩽ 𝑗 ⩽ codimℝ(𝐹)/2. If we localize
with respect to the nonzero polynomial ∏𝐹∈ℱ 𝑒𝐹,0 in
ℂ[𝑢1,…𝑢𝑟], then it follows that

∑
𝐹∈ℱ

𝑖∗𝐹 /𝑒𝐹

is inverse to 𝑖∗, and that if 𝜙 ∈ 𝐻∗
𝑇 (𝑋;ℂ), then

𝜙 = ∑
𝐹∈ℱ

𝑖𝐹∗𝑖∗𝐹𝜙/𝑒𝐹.

Pushing forward to a point and replacing 𝜙 with 𝜙𝑒�̄�
where �̄� = 𝜔−𝜇𝑇 gives us the integration formula

∫
𝑋
𝜙𝑒�̄� = ∑

𝐹∈ℱ
∫
𝐹
𝑖∗𝐹 (𝜙𝑒�̄�)/𝑒𝐹
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with the Duistermaat–Heckman formula as the special
case when 𝜙 = 1.

Atiyah and Bott also related these ideas to (the second
half of) the paper [18] of Witten, who later produced a
nonabelian version of localization using the normsquare
||𝜇||2 of amomentmap for aHamiltonian action of a com-
pact group 𝐾 on 𝑋 to study the integrals

∫
𝜇−1(0)/𝐾

(𝜂𝑒�̄�)0

over a symplectic quotient 𝜇−1(0)/𝐾 by localizing near
the critical points of ||𝜇||2. Here we assume that 0 is a
regular value of 𝜇, and if 𝛼 ∈ 𝐻∗

𝐾(𝑋;ℂ), then 𝛼0 ∈
𝐻∗(𝜇−1(0)/𝐾;ℂ) ≅ 𝐻∗

𝐾(𝜇−1(0);ℂ) is its image under
the restriction map 𝐻∗

𝐾(𝑋;ℂ) → 𝐻∗
𝐾(𝜇−1(0);ℂ). Wit-

ten used these ideas applied to the Yang–Mills functional
to find formulas for the evaluation on the moduli space
𝑀Σ(𝑛, 𝑑) of any product of the generators

𝑎𝑟 ∈ 𝐻2𝑟(𝑀Σ(𝑛, 𝑑);ℂ), 𝑏𝑗
𝑟 ∈ 𝐻2𝑟−1(𝑀Σ(𝑛, 𝑑);ℂ)

for 1 ⩽ 𝑗 ⩽ 2𝑔 and 𝑓𝑟 ∈ 𝐻2𝑟−2(𝑀Σ(𝑛, 𝑑);ℂ)

for 𝐻∗(𝑀Σ(𝑛, 𝑑);ℂ) as at (1) above, and thus to extend
Atiyah and Bott’s description of the cohomology of
𝑀Σ(𝑛, 𝑑) to include a complete set of relations among
these generators (cf. [16,17,19]).
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Frances Kirwan

Recollections of Michael Atiyah

Peter Kronheimer
Somewhere among my files, I still have the short note that
Michael sent me in 1984. I had just completed my under-
graduate degree at Oxford, and he was writing to let me
know that he would be happy to accept me as a student,
beginning in the autumn.

Michael’s handwriting sloped upward across the page.
The speed and energy of those rising lines was a clear re-
flection of his personality, which was mirrored in all sorts
of other ways: a briefly raised brow as he talked; an abrupt
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clearing of the throat as he walked down the corridor at
the Mathematical Institute; or his forward-leaning stance
and searching look, under a slightly asymmetrical frown,
as he asked a question, putting a student or colleague on
the spot.

It was an exciting time to be working in the closely tied
areas of geometry and low-dimensional topology. On the
topological side, the three years during which I was a stu-
dent of Michael’s saw the development of Donaldson’s
polynomial invariants for smooth four-manifolds, Floer’s
instanton homology for three-manifolds, and the Jones
polynomial for knots. On the geometric side, the inter-
actions between Michael Atiyah and Roger Penrose had re-
cently opened up a new area. In particular, the twistor in-
terpretation of “instantons,” discovered by Richard Ward,
had led to the “ADHM” description of instantons on the
four-sphere, named after Atiyah, Drinfeld, Hitchin, and
Manin. By the time I was a student, Nigel Hitchin had
adapted Ward’s work to begin the study of the Bogomolny
equations in three-space, solutions of which are
Bogomolny monopoles.

The first research paper that Michael asked me to read
“in earnest” was Nigel’s earliest paper on monopoles, in
which he showed how to assign to each solution of the Bo-
gomolny equations a complex-algebraic curve lying on a
singular quadric surface. My first-year dissertation was in-
tended to extend part of this story to monopole solutions
having simple singularities at prescribed points in three-
space. This project introduced me to the rich connections
between gauge theory and hyper-Kähler geometry, and it
formed a starting point formy doctoral thesis, which estab-
lished the existence of hyper-Kähler Riemannian metrics
on the complex surfaces obtained as resolutions of the Du
Val singularities. There was no gauge theory visible on the
pages of my thesis, but the ADHM construction lay behind
it. My research interests soon swung more towards low-
dimensional topology, but the Du Val singularities have
never stopped appearing on my blackboard, a constant ref-
erence point.

I was fortunate to maintain a close connection with
Michael after my degree, first as a postdoc at the Institute
for Advanced Study, then as a colleague in Oxford, and
then as a regular visitor to Trinity. Meeting with Michael
always brought something special. If I parked my small
car in the spot marked “Reserved for the Master” and then
spent the morning talking mathematics, I knew that I
would return home with renewed energy for research and
a renewed appreciation for the connectedness of my field.

Peter Kronheimer

Recollections of Michael Atiyah

Ruth Lawrence-Naimark
Over the three years that I was Atiyah’s student, I came
for a one-hour meeting regularly once a week during term-
time (apart from the semester when he took a sabbatical
at IAS and I worked with Nigel Hitchin). To each meeting
I would bring a written summary of what I had achieved
since the last meeting and would explain it along with ob-
stacles to progress. Despite the fact that he didn’t seem to
check the details, he was always quick to spot any error. I
remember in my first year with him, I worked on a prob-
lem that he suggested, a local index theorem. For several
weeks, I would come back each week with essentially the
same calculation, but with different signs! Finally I got it
right, feeling rather embarrassed about the many changes
and resolved never to forget the lesson; he was very posi-
tive and encouraging, recalling the role of signs in his own
work many years earlier.

Atiyah would then usually launch into a private whirl-
wind tour expounding some relevant topic. Sometimes he
would intersperse it with anecdotes from his work with
Singer or Bott or his own supervisor, Hodge. One would
then feel especially privileged to be hearing about history
firsthand. He very rarely directly suggested reading in the
literature (although of course one was expected to do back-
ground reading); much more often he preferred to give
the basics directly and then expect (and recommend) that
you worked it out yourself, even if it was already in the
literature. Rarely, our discussions moved into areas (like
quantum groups) where he didn’t feel as comfortable, and
then he wouldn’t hesitate to suggest talking to an expert in
that area.

His Monday afternoon Geometry and Analysis seminar
functioned like a departmental colloquium, being the
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highlight of the week with often around one hundred at-
tending, some coming from far afield. It was a lecture in
this seminar in my second year, by Vaughan Jones, that
caught my interest and launched me away from index the-
ory and into knot theory, quantum groups, etc. The fol-
lowing semester Sir Michael was on sabbatical at the In-
stitute in Princeton, which was where Jones–Witten the-
ory was conceived. What is now called Witten–Chern–
Simons theory had its birth at a dinner at an International
Congress inMathematical Physics in Swansea in July 1988,
where Atiyah was pushing the idea of the Jones polyno-
mial arising from a topological quantum field theory, and
finally Witten realized that the action needed was precisely
Chern–Simons and how it all fit together. (I attended the
conference but not that dinner and heard about the event
the next day.) Atiyah devoted a whole eight-week term to
Jones–Witten theory in the Geometry and Analysis semi-
nar at the start of the following year, with lectures by Segal,
Hitchin, and him.

Anyone who has attended a lecture of his can attest to
hismastery of subject and audience and his ability to trans-
port you on a beautiful and magical tour of mathemat-
ics that would leave you walking out of the lecture feeling
that you now understood precisely the interrelations of all
these ideas, only to find half an hour later, upon trying to
reconstruct the same picture alone, that without his con-
tinuing magic touch, the pieces didn’t continue to fit so
neatly without a lot of extra work!

However, this elusive quality was not there in the per-
sonal lectures I had as a student. Sir Michael Atiyah was
very practical and down-to-earth, whether about mathe-
matics or logistics, and never left one feeling completely
at a loose end. Sure, there was work to be done and un-
known factors, but he was a masterful teacher and under-
stood exactly where you were and what you were capable
of doing. I remember once visiting Cambridge for a con-
ference, and despite havingmany demands on his time, he
checked that everything was fine with my accommodation
and even gaveme a private tour of Trinity College (this was
a short time before he became Master). He was especially
proud showing me the original manuscripts of Sir Isaac
Newton in the library.

For him, mathematics had to be unifying and beautiful.
I feel very privileged to have been his student and to have
had a peek into the view of the glory ofmathematics, some
fractional part of which I have carried ever since.

Ruth Lawrence-
Naimark

Memories of Professor
Michael Atiyah

Lisa Jeffrey
I was the last research student who completed the doctor-
ate under Professor Michael Atiyah’s supervision. One of
the earliest such students was Graeme Segal, who finished
in the sixties and retired more than fifteen years ago from
his position as an Oxford mathematics professor. In be-
tween, Professor Atiyah supervised more than twenty doc-
toral students to completion. Mostmembers of theOxford
mathematical community would agree with my belief that
if Professor Atiyah had chosen a different profession, many
parts of modern mathematics might not have developed.

In the late eighties, Professor Atiyah had encouraged Ed-
ward Witten to find an interpretation of the Jones polyno-
mial (an invariant of knots) in terms of quantum field the-
ory. In September 1988, Witten’s paper “Quantum field
theory and the Jones polynomial” appeared as an IAS pre-
print. It was published in Communications in Mathematical
Physics the following year. The Jones polynomial is associ-
ated to a knot in three-space, or in the three-dimensional
sphere or a three-dimensional manifold. Witten consid-
ered the Chern–Simons functional, which associates a real
number to a connection on a three-manifold. He used the
Chern–Simons functional as the Lagrangian in a quantum
field theory. When a knot in the manifold was specified,
one could define the “Wilson loop” (the integral of the
connection around the knot) and use this to define a path
integral over all connections on the three-manifold. This
construction provided the quantum field theory interpre-
tation of the Jones polynomial.

In autumn 1988 the Oxford geometry seminar was de-
voted to theOxford seminar on Jones–Witten theory. Ruth
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Lawrence (at the time a student of Professor Atiyah, com-
pleting the final year of her doctorate) wrote notes of the
seminar. These were typed (by his extremely efficient secre-
tary, Jane Cox, using an electric typewriter) andmade avail-
able to participants. The first seminar was given by Pro-
fessor Atiyah, “An introduction to Jones–Witten theory.”
Seminar 3 (“Moduli spaces of vector bundles”) and Sem-
inar 6 (“The path integral formulation”) were also given
by Professor Atiyah. Two of the remaining seminars were
given by Graeme Segal (“The abelian theory” and “Fusion
rules and the Verlinde algebra”) and one by Nigel Hitchin
(“Reduction to the Abelian case”). Ruth Lawrence gave the
final seminar (“Computing the invariants”).

In his preface, Professor Atiyah wrote: “No serious at-
tempt has been made to integrate [the notes of the semi-
nars] or produce a coherent polished account. These notes
therefore have limited value and are mainly designed for
the audience who attended.” He is not doing himself jus-
tice here. All participants in this seminar felt that the sem-
inar was covering groundbreaking material. The Oxford
seminar notes roughly formed the basis for Professor
Atiyah’s book The Geometry and Physics of Knots (Lezioni
Lincee), which was published in 1990. The subject of
Jones–Witten theory has had spectacular importance over
the more than thirty intervening years, and Professor
Atiyah’s account has been particularly influential.

I beganmy doctorate inOxford in 1988 under Professor
Atiyah’s supervision. My generation of students was greatly
influenced by Professor Atiyah’s survey article “New invari-
ants of three- and four-dimensional manifolds,” which
was published in the proceedings of the 1987Durham con-
ference TheMathematicalHeritage ofHermannWeyl. This
article outlined the axioms for topological field theories,
which had been formulated by Professors Atiyah and Se-
gal.

It was natural for me to choose a doctoral thesis topic
about Jones–Witten theory and its asymptotics (as a per-
turbative theory with an asymptotic expansion as a sum
over contributions coming from flat connections on three-
manifolds). However, I was not the only student greatly in-
fluenced by the Jones–Witten theory seminar. Joergen An-
dersen, Andrew Dancer, Oscar Garcia-Prada, Ruth
Lawrence, and Michael Thaddeus had the directions of
their thesis work altered by this seminar. The research stu-
dents also spent time on the “junior geometry seminar” (a
learning seminar where research students were the speak-
ers) on topics related to the Jones–Witten seminar.

Inmynotes from an earlymeetingwith Professor Atiyah
in early October 1988, the topics covered included flag
manifolds, the Peter–Weyl theorem, the Bott–Borel–Weil
theorem, and Jones–Witten theory. A subsequent meeting
three weeks later covered complex polarization of a sym-

plectic manifold, the Grothendieck–Riemann–Roch theo-
rem, the Hirzebruch–Riemann–Roch theorem, derived
functors, anomalies, determinant line bundles, Ray–Singer
torsion, zeta function regularization, and stationary phase
approximation. All of this material was background for
the geometry seminar on Jones–Witten theory. My notes
for this last meeting filled about ten pages. Professor
Atiyah not only listed these topics, he explicated them.

After my first year, Professor Atiyah encouraged me to
attend conferences. He told me it might be easier for his
students to find an opportunity to talk with him at con-
ferences than back in Oxford, where he had so many re-
sponsibilities and preoccupations. I remember the Bonn
Arbeitstagung, where Professor Atiyah was always the first
speaker. I have a vivid memory of finding a gentian on a
German hillside with other mathematicians such as Nigel
Hitchin and Graeme Segal.

At one point in my first year I had told Professor Atiyah
that I was waiting for an idea to strike. He looked at me
rather sternly and told me that ideas do not strike. Per-
haps he was referring to Pasteur’s statement that chance
favors only the well-prepared mind. In any case, it was an
immense privilege to work under Professor Atiyah’s super-
vision. I cannot possibly repay the debt of gratitude that I
owe him.

Lisa Jeffrey

Michael Atiyah and Physics:
The Later Years

Bernd Schroers
The inadvertent and the intentional physicist. Michael
Atiyah frequently expressed surprise at the extent to which
his work on index theory and his early work in gauge the-
ory turned out to be important in physics. At the end of his
commentary in Volume 5 of his collected works he writes:
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“...I am really struck by the way most of the work which
Singer and I did in the 60s and 70s has become relevant
to physics.” Reading this work with hindsight one can
indeed only marvel at the contrast between the absence
of any physical motivation and the ultimate importance
in theoretical physics. It seems that, at least during the
first half of his mathematical career, Michael’s impact on
physics was entirely inadvertent. This is also borne out by
a remark in his 1998 lecture “The Dirac equation and ge-
ometry,” where he writes: “When Singer and I were inves-
tigating these questions we ‘rediscovered’ for ourselves the
Dirac operator. Had we been better educated in physics, or
had there been the kind of dialogue with physicists which
is now so common, wewould have got theremuch sooner.”

When Michael moved to Edinburgh in 1997, his own
physics education had benefited hugely from the dialogue
between mathematicians and physicists that he had done
so much to initiate and develop. He was now interested in
tackling fundamental questions in physics head-on, fully
aware of their importance and with the actual intention of
revolutionizing the foundations of physics. The inadver-
tent physicist had become an intentional physicist.

In this brief contribution I will collect some memories
and impressions from Michael’s second decade in Edin-
burgh, from about 2009 until his death in 2019. During
this time we met regularly, sometimes weekly, for discus-
sions related to the three main projects in physics that
Michael pursued: namely, his conjecture regarding the con-
figurations of points in three-dimensional Euclidean space,
the role of difference-differential equations in physics, and
geometric models of matter.

Our discussions had started because the difference-
differential equations that Michael had introduced in the
paper [1] with Greg Moore arise naturally in three-dimen-
sional quantum gravity, which I was working on at the
time. However, our focus soon shifted to geometric mod-
els of matter, which became the topic of two joint papers
[2,3] and a jointly held EPSRC research grant.1 I will focus
on the geometric models here, but my goal is to identify
general themes in Michael’s thinking about physics.
The inadequacy of conventional quantum mechanics.
Michael expressed his dislike of conventional quantum
mechanics on several occasions. He did not believe that
any linear theory could be truly fundamental, and he
shared Einstein’s dislike of the collapse of the wave func-
tion induced by observation. He felt that in their efforts
to go beyond quantum theory, physicists had tried many
avenues but had not critically questioned the paradigm of
initial value problems, i.e., the assumption that the future

1I believe this is Michael’s only EPSRC grant for personal research, i.e., not
counting the ones he held as director of the Isaac Newton Institute.

fields or wave functions can be computed from values on a
particular time slice. The difference-differential equation
in [1] abandons that assumption and introduces an ele-
ment of nonlocality. In his lectures on the subject, Michael
highlighted these features as important motivations.
The central role of the Dirac operator. The paper [1] pro-
vides an elegant solution to the problem of defining a fi-
nite time-shift operator that is also relativistic by exponen-
tiating the Dirac operator. The use of the Dirac operator
is no accident. As we already saw, Michael had “rediscov-
ered” this operator in a purely mathematical context, but
in his later thinking about physics it always played a cen-
tral role, often as a possible bridge between the nonlinear
world of geometry and the linear world of quantum me-
chanics. This was also true in the work on geometric mod-
els of matter that I discuss next.
The inadequacy of gauge theory and the importance of
four-dimensional geometry. Michael’s ideas for purely
geometric model of particles can be traced back to a 1989
paper with Nick Manton on the Skyrme model in nuclear
physics. The paper is based on the observation that one
can obtain three-dimensional Skyrme fields by comput-
ing the holonomy of instantons in four dimensions, i.e.,
by integrating along the fourth dimension. Fifteen years
later, work by Sakai and Sugimoto suggested that this ho-
lonomy can in fact be viewed as the constant term in a
Fourier series expansion of an instanton and that the other
terms in this expansion can be attributed to further three-
dimensional meson fields. The message was that three-
dimensional physics could be described by an SU(2)
gauge theory in four (Euclidean) dimensions.

Michael took this result as an invitation to go one step
further. He always felt that gauge theory, the mathemati-
cal language in which the standard model of elementary
particles is written, required too many arbitrary choices:
of a gauge group, of an associated vector bundle, of cou-
plings, and so on. His instinct was therefore to treat the
appearance of a fourth dimension as an indication that
static, three-dimensional particles could be modelled in
terms of the geometry of four-manifolds. Formulating this
in detail and studying examples took several years and led
to several publications, including [2–4]. The basic chal-
lenge, only partly met, was to interpret the (integer) quan-
tum numbers of particle and nuclear physics—like baryon
number, lepton number, and electric charge—in terms of
topological invariants of four-manifolds. The Dirac opera-
tor featured too, its kernel providing the linear space that
encodes a particle’s spin degrees of freedom.

There is no room here to discuss the geometric mod-
els of matter in any detail, but a few general observations
about Michael’s style of working during the collaboration
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on this topic may be of interest. Even when he was well
into his eighties, he worked hard, coming to his office in
the School of Mathematics at the University of Edinburgh
almost every day that he was not travelling and putting in
additional shifts at home. He generated new ideas at a
prodigious rate, announcing them with infectious enthu-
siasm, but abandoning them casually if a new and more
promising avenue presented itself. These ideas were es-
sentially mathematical even though the questions we dis-
cussed came fromphysics. Michael needed discussion part-
ners, or at least listeners, to develop his ideas, and he was
usually juggling several projects and associated conversa-
tions at any point in time. Remarkably, he always took a
personal interest in his discussion partners and created ad-
ditional connections where he could. For example, I was
travelling to Africa regularly during our collaboration to
teach at one of the African Institutes for Mathematical Sci-
ences (AIMS). Michael immediately offered his help and
joined the international advisory board for the AIMS cen-
ter in Ghana.
Division algebras and Bohmian mechanics. In our dis-
cussions, Michael frequently mentioned two other themes
that he wanted to incorporate in his description of matter,
namely, division algebras and Bohmian mechanics. They
never entered his published work on physics in any detail,
but I think they are worth recording. Michael felt that the
four division algebras—real and complex numbers, quater-
nions, and octonions—provided essentially the onlymath-
ematically natural way to account for the number of funda-
mental forces (four) or the number of generations (three)
in the Standard Model. However, he never settled on a
definite proposal of how this matching could work.

Michael liked David Bohm’s formulation of quantum
mechanics in terms of nonlocal classical variables that fol-
low trajectories determined by the wave function. He felt
they clarified some of the foundational issues in quantum
mechanics by making the nonlocality explicit, and he han-
kered after a role for them in his ideas about particles. We
discussed a possible use related to his configuration space
conjecture but never came up with a convincing proposal.
Passion and beauty. Anybody who interacted with
Michael soon noticed that he had a strong personal taste
in life and in science and that his instincts were not eas-
ily discouraged. Sometimes I felt Michael did not take
on board the painstaking work required to match a the-
oretical model in physics to the experimental data, and
occasionally our discussions would turn into arguments.
On one such occasion, having listened to Michael’s latest
ideas, I asked, “But this is just a gut feeling, right?” to
which Michael shot back, “Yes, but it is my gut!” Presum-
ably his awareness that his early work, motivated by strictly

mathematical considerations, had been so unexpectedly
and powerfully relevant to physics boosted his confidence,
but I should stress that I never discussed this with Michael.

Michael trusted his own instincts, but he also trusted
great minds. He had his heroes, and in physics these were,
above all, Maxwell, Einstein, and Dirac. He thought that
all their ideas would ultimately prove right in some sense.
With Einstein and Dirac he was aware that the work they
had done as youngmen was celebrated, whereas aspects of
their later work (e.g., Einstein on unified field theory and
Dirac on large numbers) were viewed critically. He felt this
was not justified and saw parallels in his own biography.

In an interview for the Newsletter of the European Math-
ematical Society in November 2018, the last one he gave,
Michael offered the following advice to young mathemati-
cians: “What you need is passion, persistence and risking
things for searching for the beauty.” He certainly lived that
advice. Michael’s courage to address fundamental ques-
tions in science head-on, to follow his own instincts and
dreams in seeking answers, and to use beauty as a guide
meant that discussions with him transcended the
humdrum of scientific activity. Michael sought and en-
couraged a similar ambition and independence of mind
in others, too. In doing so, he took a risk and sometimes
attracted criticism, particularly in later years. However, he
also created a space for both deep and lateral thinking that
is rare and that many treasured.
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George Boole on the Track of Knowledge 
George Boole was born in 1815, in Lincoln, England, into 
the family of a shoemaker with an original mind and a 
burning thirst for knowledge. Signs of George’s exceptional 
and diverse talents surfaced in his early childhood. Because 
his family’s economic situation was always precarious, he 
only received a very basic and brief formal education, but 
for his informal education, not even the sky was the limit. 
He studied English and elementary mathematics with his 
father and read every book that fell into his hands: history, 
biography, science, poetry, novels. Friends and public librar-
ies were the main sources of material.

Someone guided him on his first steps in Latin. He 
continued studying alone until he mastered Greek, French, 
German, and Italian. This language ability would later 
allow Boole to be au courant of mathematical developments 
in Europe. It also prompted him to reflect on the structure 
of sentences and arguments, reflections that would impact 
his ideas on logic. Like Ada Lovelace, Madame du Châtelet, 
and Maria Agnesi, he used his knowledge of languages to 
further his mathematical and philosophical understanding.

Focused on Mathematics 
George’s father devoted too much of his energy to building 
optical instruments and not enough to making shoes; this 
tendency turned out to be devastating for the Boole fami-
ly’s finances. The family business collapsed when George 
was sixteen years old, compelling him to start working as 
an assistant teacher to support his parents and siblings. 
About the same time, George’s vigorous intellectual efforts 
focused on mathematics. He read and mastered (in the 
original French version) Differential and Integral Calculus 
by Silvestre Lacroix. When asked how he managed to 
comprehend such a difficult book, he answered that he did 
not stop reading and rereading until he understood. This, 
while fully supporting his family and working on projects 
for the community.

Introduction
George Boole (1815–1864) was a professor of mathematics 
at the University of Cork when he married Mary Everest 
(1832–1916). Mary studied and wrote incessantly about 
many topics, including mathematics education. The middle 
of their five daughters, Alicia (1860–1940) (who was only 
four years old when her father died) made discoveries about 
four-dimensional Euclidean geometry. George Boole’s ideas 
impacted various areas of mathematics, most notably logic, 
where they became the foundation of the structures that 
underlie today’s computer technology. He is among the se-
lect group of mathematicians from whose surname an oft-
used adjective derives. Many of the facts mentioned in this 
article were found by performing Boolean searches on the 
Internet, illustrating the wide use of the adjective Boolean.

The main purpose of this article is to discuss the life and 
mathematical ideas of George Boole, Mary Everest Boole, 
and Alicia Boole Stott.

Charles Hinton, a friend (and later member by marriage) 
of the Boole family, taught Alicia basic ideas about the 
four-dimensional cube—or tesseract, as he had named it. 
A few years later Alicia edited a book he had written about 
these ideas. In this article it is conjectured that her work 
on the appendix of Hinton’s book was what motivated 
her study of regular four-dimensional analogues of the 
Platonic solids.

The remarkable life and intellectual production of other 
members of the Boole family will also be briefly discussed.

The Extraordinary Case 
of the Boole Family

Moira Chas 

Moira Chas is an associate professor of mathematics at Stony Brook Uni-
versity. Her email address is moira.chas@stonybrook.edu. The author 
was partially supported by NSF grant 1509280.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti1996



HISTORY

1854   Notices of the AmericAN mAthemAticAl society Volume 66, Number 11

A letter he wrote to a friend when he was nineteen years 
old reveals the germs of ideas related to logic: “...we are per-
mitted to employ symbols to represent whatever we choose 
that they should represent—things, operations, relations, 
etc., provided 1st, that we adhere to the signification once 
fixed, 2nd, that we employ the symbols in subjection to 
the laws of the things for which they stand.” 

Boole was not twenty years old when he founded his 
own school; he would work there until 1849, when he was 
appointed professor of mathematics at Queens College, 
Cork, Ireland.

First Mathematical Papers
In 1839 Duncan F. Gregory, the editor of the Cambridge 
Mathematical Journal, received a scientific paper submitted 
by George Boole. This first submission was the start of a 
friendly and stimulating correspondence which continued 
until Gregory’s untimely death in 1844. The men were close 
in age, but Gregory had greater academic experience; he 
was able to help Boole put his first texts in a more standard 
form. The Cambridge Mathematical Journal would publish 
more than twenty of Boole’s papers on a diverse array of 
topics, including differential equations, logic, probability, 
linear transformations, integration, and geometry.

One of Boole’s works published by Gregory, “Exposition 
of a general theory of linear transformations” [2], was the 
seed of what later became an important topic: invariant 
theory [15, p. 54]. The general quadratic form x2 + bxy + 
cy2 has b2 – 4ac as its discriminant. Boole was the first to 
formulate and describe geometrically the statement that 
after a linear change of variables the discriminant of the 
new form is equal to the discriminant of the original form 
multiplied by the square of the determinant of the change 
of variables.

Boole’s observation was soon picked up by Arthur Cay-
ley, who generalized it to forms of higher degree in two 
or more variables. The algebraic theory of invariants that 
followed is a subject that is still of interest today, as illus-
trated by the widely used work Geometric Invariant Theory 
by David Mumford, published in 1965. Boole and Cayley 
became friends and frequent correspondents.

Boole also corresponded with the mathematician Au-
gustus De Morgan, with whom he shared an interest in 
many topics, including mathematical logic, the writing of 
mathematical textbooks, astronomy, and the education of 
the working classes.

In 1843 Boole, still a schoolmaster managing his 
Boarding School for Young Gentlemen, finished a paper 
on differential equations, “On a general method of 
analysis” [3, p. 119], where he combined an exponen-
tial substitution and a variation of parameters with the 
method of separation of symbols. (The method was called 
separation of symbols because it abstracted the symbol d/dx 
from the symbol dy/dx.) Boole writes, “The position which 

Figure 1. BP/1/356 Mounted monochrome full-length portrait 
of Boole from The London School of Photography, 174 Regent 
Street, London.

Figure 2. BP/1/220 Letter from George Boole to Sir William 
Hamilton (1852).
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of digital switching circuits [17]. The consequences of these 
analyses underlie all of today’s computer technology.

Professor Boole, Finally
After fifteen years of tireless work, Boole, still a full-time 
schoolmaster, had a scholarly production comparable in 
quantity to that of many professors of mathematics of his 
time. One of his articles had won the Royal Society’s gold 
medal, and his knowledge of arts and sciences was broader 
and deeper than that of most, if not all, holders of uni-
versity diplomas. Although he had considered attending 
college more than once, his family’s economic dependence 
on him did not allow it. On the other hand, it is entirely 
possible that this lack of formal training, together with his 
exceptional mind and work ethic, could account in part for 
the deep originality of his work.

In 1846 Boole applied for the position of professor 
of mathematics at the newly opened Queen’s College in 
Cork. He presented testimonials (that is, recommendation 
letters) from some of the leading mathematicians of Great 
Britain—Arthur Cayley, Augustus De Morgan, Phillip Kel-
land, William Thomson (later Lord Kelvin), and Charles 
Graves—as well as letters from a student and various 
citizens of Lincoln. Thomson’s comment summarizes the 
sentiment: “His appointment to such a situation would be 
highly desirable for the sake of Science, to which a devoted 
cultivator would thus be secured” [15, p. 79].

Three years went by with no word from the authorities 
about the appointment. At some point, he even requested 
that his nomination be withdrawn, only to subsequently 
retract his request and keep waiting. Finally, the desired 
answer arrived, and Boole set out to Cork to take charge 
of his new duties.

Before his departure, the members of the Mechanics’ 
Institute, an establishment that provided adult education 
and where Boole had generously volunteered, raised a 
subscription to buy him a present. When he learned of 
this project, Boole insisted that the money be used to buy 
books for the library or a telescope for the institute, but in 
vain. The members’ appreciation was embodied in the Atlas 
of Physical Geography they presented to Boole.

Mary, the Lover of Algebra
In 1850 a young woman named Mary Everest visited her 
uncle, John Ryall, vice principal and professor of Greek at 
Queen’s College in Cork. A frequent guest of the house 
was another professor at the college, George Boole. Very 
soon they discovered their common passion for mathe-
matics, and George agreed to tutor Mary in person and by 
correspondence.

Mary was unlike any woman George had ever met. She 
had a mind of her own and had spent most years of her life 
putting it to work. Having spent a large portion of her child-
hood in France, she was bilingual (although she thought 

I am most anxious to establish is that any great advance 
in the higher analysis must be sought for in an increased 
attention to the laws of the combination of symbols” [3, 
p. 282]. This work contains possibly the first clear defini-
tion of operator and has the germ of an idea that will recur
in Boole’s work: an operator, D (for differentiation), is a
mathematical object, and so, for instance, polynomials in
D can be used as a tool to solve differential equations—an
adumbration of the modern theory of differential algebra
and “D-modules.”

“On a general method of analysis” was too long to be 
published in the Cambridge Mathematical Journal. Following 
Gregory and De Morgan’s advice, Boole dared to submit 
it to the Royal Society for publication in their prestigious 
Philosophical Transactions.

MacHale writes that although there is no definite proof, 
it is likely that Boole’s paper was very close to being rejected 
without even being read [15, p. 61]. In any case, intellectual 
reason prevailed and the paper was sent to two referees. 
One of them rejected it. The other one was Phillip Kelland, 
professor of mathematics at the University of Edinburgh, 
who would write a few years later, “The Royal Society did 
me the honour to refer the paper to me, and I had the good 
fortune at once to perceive its importance, and to recom-
mend the Society to bestow on it a mark of approbation” 
[15, p. 62].

The article of the unknown small town schoolmaster was 
eventually awarded the gold medal of the Royal Society for 
being the best paper.

Focused on Logic
During 1847 the echoes of a bitter controversy between 
De Morgan and the Scottish logician William Hamilton 
(whose name is almost identical to that of the Irish creator 
of quaternions) prompted Boole to revisit his past thoughts 
about the definition of a structure composed of symbols 
and of laws about how to operate with those symbols. His 
work on the topic culminated in the publication of two 
books: The Mathematical Analysis of Logic, Being an Essay 
towards a Calculus of Deductive Reasoning [4] in 1847 and 
An Investigation of the Laws of Thought [5] in 1854. As the 
titles suggest, and as he declared in [5, p. 1], his goal was 
“to investigate the fundamental laws of those operations of 
the mind by which reasoning is performed; to give expres-
sion to them in the symbolic language of a Calculus, and 
upon this foundation to establish the science of Logic and 
construct its method.” But he made the crucial observation 
that these structures are susceptible to other interpretations. 
Indeed, in the second book, he proposed an interpretation 
of his calculus of logic for the theory of probability.

Boole did not define Boolean algebras as we know them 
today, but his vision inspired the mathematical engineer 
Claude Shannon in 1939 to use these structures as models 
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Mary writes, “but he struggled. He hated pretension and 
selfishness but never was uncharitable to selfish or con-
ceited people; he loved meditation but was rarely idle; he 
loved seeing others cheerful and dreaded giving pain, but 
he was always truthful.” She recalls a description of George 
she once heard: “He is like—the sort of man to trust your 
daughter with.” He was always ready to have an interesting 
conversation if there was an appropriate interlocutor: Once 
he told Mary that he had “gone into a shop and found the 
mind behind the counter intelligent, so he had asked him 
to come and have some more talk about optics” [11, p. 31].

A sequence of five babies, five daughters, came into the 
Boole’s house in rapid succession. Mary Ellen, Margaret, 
Alicia, Lucy, and Ethel. George was a loving and unusual 
father: he never used baby language with them. Instead, he 
would kindly teach them how to pronounce words; he gave 
a great deal of thought to their acquisition of languages. He 
also had them help the servants in housework to teach them 
not to be selfish. Family peace was crucial for George, who 
studied the problem of domestic relations with the same 
intensity he put into the understanding of mathematics.

During their brief courtship, George had promised Mary 
that she would be able to help him in his research. For a few 
years they could not find how to proceed, until a publisher 
told her, “Why do you want to help your husband to make 
discoveries? He is perfectly well able to do that without you. 
The thing he can’t do is to bring down his discoveries to 
the level of those who want to understand them; suppose 
you try to help him make himself intelligible” [11, p. 28]. 
The suggestion was successfully implemented: A Treatise 
on Differential Equations [6], informally edited by Mary, 
was published in 1859. To help in the preparation, George 
suggested that Mary attend his lectures to the senior class, 
and she did so for a few weeks. In those days, higher educa-
tion for women was unthinkable. This was communicated 
to Mary, who, to save trouble, desisted. The senior class 
decided then to move the lectures to the Booles’ residence 
[11, p. 29].

The purpose of this book, he explains in the intro-
duction, is “to convey an account of the present state of 
knowledge on the subject of Differential Equations, as was 
consistent with the idea of a work intended, primarily, for 
elementary instruction. It was my object, first of all, to meet 
the wants of those who had no previous acquaintance with 
the subject, but I also desired not quite to disappoint others 
who might seek for more advanced information” [6, p. iii].

The text was adopted by Cambridge University, and its 
use spread through the decades to come. A year later Boole 
published A Treatise on the Calculus of Finite Differences [7], 
again with Mary as informal editor. This second textbook 
was very well received by the mathematical community, and 
it is still considered a classic in the field of finite differences. 
In fact, Boole was better known for these two books than 
for his work in logic [15, p. 222].

in French). Her father was ill and had moved the family to 
be near Samuel Hahnemann, the founder of homeopathy. 
Hahnemann had prescribed a draconian regime for Mary’s 
father, followed also by his family and their servants. This 
regime, Mary wrote, included ice cold baths, vigorous walks 
before breakfast, and a strict diet [11, p. 1507].

A fundamental influence in Mary’s childhood was her 
French tutor, Monsieur Deplace (first name lost in time), 
who appreciated and stimulated her singular mind. His 
teaching method made an indelible impression on her: 
M. Deplace would guide her train of thought with small
questions, whose answers she would write down, until the
solution of the problem she was looking for was in front
of her eyes, and she realized it was she who had found it
[11, p. 1515].

Algebra was among her favorite subjects. She once wrote, 
“I have often told myself that I know nothing about God 
except that he made Algebra, which I have always felt was 
quite sufficient reason for loving him with all my heart and 
soul, and doing, so far as I could, whatever I thought he 
wished. As for his loving, that was obvious to me always. He 
made me capable of understanding Algebra. I have always 
known that even Omnipotence could not have done that 
except by great love for me” [11, p. 1523].

This girl for whom algebra was reason enough to love 
God overheard her father regretting that she was a woman, 
given her interest and talent for mathematics. Had she been 
a man, Cambridge would have been her natural place. In 
Cambridge, “the home of Mathematics,” she would have 
found “a glorious being living there whose name was Bab-
bage, and who was the King or High Priest of Mathematics” 
[11, p. 1521]. This was a painful awakening: the doors of 
that wonderful place where people discussed math all day 
long were closed to women [11, p. 1521].

Mary and George corresponded for five years, devel-
oping a deep friendship that went beyond the discussion 
of science. She writes that on one occasion he visited her 
family to teach her and other youngsters mathematics “not 
as a lesson, but as a matter of interest” [11, p. 19]. Besides 
teaching mathematics, he would read Milton to them, and 
“discovered queer old books on the shelves that no one else 
ever looked at.” Mary added, “He was interested in so many 
things and so reverent over the smallest, that he puzzled us 
all a good deal.” It is likely that George thought of marrying 
her, but he saw the eighteen years of difference between 
them as an insurmountable obstacle. Moreover, his health 
was not optimal (nor was hers) and his salary was small. 
These were the opinions voiced by George’s friends [15, p. 
108]. Nevertheless, he proposed to Mary after her father’s 
death, and they were married in 1855.

Mary describes their nine years together as a “sunny 
dream” [11, p. 21]. Those pages show how she admires 
George’s genius without reserve and her appreciation for 
his unique character: “Some friends refer to him as a saint,’’ 
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Mary Spreads Her Wings in London
George’s untimely death changed his loving young wife 
into a penniless widow, responsible for five daughters rang-
ing from eight years old to six months. The small pension 
that De Morgan and other friends managed to obtain for 
her was not sufficient, and Mary was forced to move to 
London and take a job.

About her new job, Mary would write, “In 1865 I en-
tered, as Librarian, Queen’s College, Harley Street, the first 
Ladies’ College opened in England. At that time Cambridge 
and Oxford gave no degrees either to Jews or to women. 
Queen’s College had no degrees to confer; it was merely 
educational. The pupils were all women; the professors 
were all men; women were admitted on the teaching staff 
only as subordinate assistants” [11, p. 1091]. There are many 
indications that Mary was prepared for teaching and would 
have loved to do it, but once again her gender was an ob-
stacle. Instead, she tutored young children in mathematics 
and organized regular meetings with the students under 
the title Symbolical Methods of Study. A diverse selection 

An Abrupt End for the Sunny Dream
George had always worked long and intense hours. The 
administrative duties of his job were not small, and his 
teaching load was quite heavy (he had more students in his 
charge than any other professor). His health, never strong, 
deteriorated during 1864. One rainy day in November he 
walked the three miles from his house to the university. 
Always striving to perform his duties, he gave what would 
be his last lecture in wet clothes. Soon after, he showed a 
fever and other symptoms of illness that forced him to lie 
in bed. A letter of a friend of the Booles describes Mary’s 
anguish as she saw George’s health inexorably worsening 
despite all her efforts in following the instructions of the 
doctor that he had requested [15, p. 240].

During George’s illness, Mary would bring him their 
youngest daughter, Ethel, for a daily visit. On the eighth 
of December he requested to see the baby for a second 
time. “Meine Engelchen, sie ist eine Erscheinung” (My little 
angel; she is a vision), he exclaimed in German. He died 
not long after uttering those words [11, p. 47].

Figure 3. BP/1/352 Photograph of an illustration of Boole taken 
from The Illustrated London News, 21 Jan. 1865.

Figure 4. BP/1/361 Monochrome photograph of Mary Boole 
seated outdoors in a garden.
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ornaments or toys, so that the senses of sight and touch 
may actually develop in contact with true type-form” [11, 
p. 905]. “Lastly, —and this is probably the most important
preparation for future living comprehension of mathemati-
cal ideas—there is the cultivation of the geometric imagina-
tion. At the same age at which a child begins to realize that
a tadpole grows into a frog, a boy into a man, a seedling
into a flowering plant, let him have the opportunity of
watching also how one geometrical type-form grows out
of, or flows into, another. A common night-light placed in
the bottom of a deep round jar in a dark room throws on
a sheet of cardboard held over it patterns of conic sections,
which pass into each other as you change the position of
the cardboard. Children very early learn to love watching
figures thrown in light; and there is no age at which this
amusement can hurt them, provided that the motion is
slow, and that no one excites them by trying to explain
things” [11, p. 905].

A long-lasting pedagogical invention of Mary was the 
curve stitching method; it consists of using cards with small 
holes placed in specific patterns (for instance, regularly 
placed on the two sides of an angle as in Figure 6, left). 
Children would be instructed to string thread in long 
stitches as in Figure 6, right. Firstly, they can observe that 
straight lines appear naturally when the thread is tight. 
Secondly, from certain hole patterns a curve (the envelope 
of its strung tangents) emerges. There are patterns yielding 
curves of pursuit, parabolas, deltoids, cardioids, alone and 
in combinations that children are supposed to discover on 
their own. The process facilitates their grasp of geometrical 
patterns.

The importance of critical, independent thinking is em-
phasized in much of her writing. “For among all the habits 
which science requires us to form, none is more important 
than the habit of learning when there is no man to teach 
us, of profiting by our own past errors, of rising on step-
ping-stones of our mistaken selves to correcter judgments” 
[11, p. 898].

Mary followed her own advice to the very end and went 
wherever her mind took her, never afraid of going against 
what was accepted or approved by society. Her collected 
works comprise about fifteen hundred pages written in 

of topics was discussed, including the mathematical work 
of George Boole and Charles Babbage. Mary applied her 
pedagogical ideas to these meetings. Years afterward, a 
student would write, “I thought we were being amused, 
not taught. But after I left College I found you had given 
us a power. We can think for ourselves, and find out what 
we want to know” [11, p. 478].

The minutes of the Council of Queen’s College record 
that she took a leave of absence in 1874 due to illness; 
in the following year “her illness had assumed the form 
of temporary derangement,” and she resigned from her 
position [1, p. 18].

Now Mary was in her fifties, at a moment and place 
where the public life of women was supposed to end. 
Instead, she started giving lectures and writing articles 
and books at a surprising pace. Despite increasing health 
problems, she barely reduced the intensity of her intellec-
tual activity until her death at eighty-four. Her persistence 
reminds one of George’s, in the sense that both perceived 
obstacles not as insurmountable, but just as something to 
deal with.

Mary defined herself as a mathematical psychologist 
(see, for instance, the dedication of [11, p. 693]) and was 
at her best when writing about this area. She pondered 
the process of learning mathematics and the roles of the 
conscious and the unconscious mind. Many of her ideas 
are standard now but were considered eccentric or absurd 
in her day and had to be independently rediscovered [16].

She explained, for instance, that a child should discover 
a formula such as (n + 1)2 = n2 + 2n + 1 by computing a se-
quence of examples and by drawing or building shapes like 
those in Figure 5. Mary insisted, echoing her former tutor, 
M. Deplace, that “no explanation should be attempted”
[11, p. 873].

She reclaimed the value of geometric imagination and 
the use of what are now called manipulatives: “From the 
time when an infant begins to stroke the cat, to smell 
flowers, and to handle a spoon, have geometric solids as 

Figure 5. Figure from Mary’s book discussing teaching 
formulae related to (n + 1)2.

Figure 6. An example of curve stitching.
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with questions, aided by thread and cardboard and other 
materials she used to make ideas tangible.

According to Coxeter, “Mrs Boole’s friendship with 
James Hinton (...) brought to the house a continual stream 
of cranks. In their one sitting room, they talked endlessly 
about subjects that Alice, Lucy and Ethel were too young to 
understand but not too young to brood over” [13, p. 220].

One mathematical crank from the continual stream, 
Charles, son of James Hinton, brought to the small sitting 
room of the Booles an excruciatingly intricate system of 
squares and cubes he had created to get a better grasp of 
“the fourth dimension.” His reasons for the pursuit of this 
understanding included mysticism, a desire for absolute 
knowledge, and the belief that humans live in a four-di-
mensional space they could eventually perceive. The cubes 
were divided into two sets. Each of the eighty-one cubes 
of one set had its own Latin name (in Figure 8, right, one 
cube of this set is shown, with the name of its components). 
The other set contained twelve cubes, each of them distinc-
tively multicolored (Figure 8, left). Names and colors were 
relevant to the understanding of “the fourth dimension” 
and had to be memorized. There were various prescribed 
ways to arrange the cubes. One of these ways represented 
the four-dimensional cube or, as Charles christened it, the 
tesseract.

Charles explained the system to the three younger Boole 
sisters. Alicia, the only one who followed his explanations, 
kept pursuing the understanding of these ideas. She was 
between sixteen and eighteen years old, about the same age 
her father was when he focused the bulk of his intellectual 
efforts on math [13, p. 221]. (Hinton’s cubes outlived their 
creator, but Alicia seems to have been one of the few, if 
not the only one, to master them. Many tried, some with 
dire consequences, as described in the addendum of one 
of Martin Gardner’s columns for the Scientific American 
[12, p. 52].)

The story then becomes as colorful as the cubes. In 
1880 Charles married the oldest of the Boole sisters, 
Mary Ellen. Three years later and under a false name, he 

small font. It was hard for a topic to escape her pen: besides 
science and mathematics education, she wrote about child 
raising, logic, voting rights, theosophy, Judaism, anti-Sem-
itism, Indian mysticism, spirituality, animal rights, vegetar-
ianism, the occult, homeopathy.... She made it her mission 
to disseminate George’s work by adding to it occasional 
touches of psychology and mysticism, some of which may 
seem far-fetched to us.

Alicia Enters a Four-Dimensional Space
Most of the existing information about Alicia (or Alice, as 
the family called her) comes from H. S. M. Coxeter, with 
whom she established a close friendship and collaboration 
in the last decades of her life. (In Mary’s extensive Collected 
Works [11] there is only one brief mention of her daugh-
ters.) Coxeter tells us that the whole family lived in a very 
small, uncomfortable house in London [13, p. 220]. The 
five girls had to share a grim room; privacy and sunlight 
were luxuries they could not afford. He also recalls a telling 
fact about Mary’s mothering: to have music in the house 
she sold George’s Royal Society gold medal and bought a 
harmonium.

Alicia’s geometric background consisted of the first two 
books of Euclid [15, p. 261]. One can conjecture that Mary 
taught her daughters mathematics, helping them discover 
axioms and develop theorems naturally, guiding them 

Figure 7. Portrait photograph of Alicia Boole Stott.

Figure 8. Hinton cubes as they appeared in his book The Fourth 
Dimension, left. On the right, a cube with the names of its 
components, from A New Era of Thought [14].
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unaware of Schläfli’s work, discovered the regular polytopes 
on their own [10, p. 194]. Alicia was one of them.

Regular convex polytopes are the four-dimensional an-
alogues of the two-dimensional regular polygons and the 
three-dimensional Platonic solids. Following Coxeter [10, 
p. 128], one defines an n-dimensional polytope as a convex,
bounded region of Euclidean n-dimensional space, en-
closed by finitely many hyperplanes. A cell of a polytope P is 
the intersection of P with one of the bounding hyperplanes. 
An n-dimensional polytope P is regular if n = 2 and P is a
regular polygon or if n > 2 and its cells are regular (n – 1)-
dimensional polytopes, also regular at each vertex (V is a
regular vertex if the midpoints of all edges emanating from
V lie in one hyperplane, and these midpoints are themselves
the vertices of a regular (n – 1)-polytope).

There are infinitely many regular polytopes in dimen-
sion two and exactly five of them in dimension three (the 
tetrahedron, the octahedron, the icosahedron, the cube, 
and the dodecahedron). Three types of polytopes exist 
in all dimensions n larger than three: the (n + 1)-cell or 
n-simplex, the 2n-cell or n-cube, and the 2n-cell or ortho-
plex (note that n + 1, 2n, and 2n are the numbers of cells
of each polytope). The cells of the first and last are (n –
1)-simplices; the cells of the second are (n – 1)-cubes. If
n ≥ 5, those three are all the regular polytopes; in dimension 
four there are exactly three more: the 24-cell, the 120-cell,
and the 600-cell, whose cells are octahedra, dodecahedra,
and tetrahedra, respectively.

A section of a polytope P is the intersection of P with a 
hyperplane. (A k-principal section is one where the hyper-
plane is perpendicular to the line through the center of P 
and the center of a k-dimensional face of P. For instance, 
in a four-dimensional polytope, 3-principal sections are 
determined by hyperplanes perpendicular to a line from 
the center of P to the center of one of the three-dimensional 
Platonic solids bounding P.)

married another woman. Edward Thring, the headmaster 
at Uppingham, where Hinton worked, wrote in his diary, 
“What a piteous and strange thing, Hinton came in with his 
wife and his sister (I understand) to say he had committed 
bigamy and that they had persuaded him to give himself 
up to justice.” The scandal, picked up by many London 
newspapers, became the talk of the town. Hinton and his 
“first” family (Mary Ellen and four young children) moved 
to Japan.

In the 1880s Alicia and H. John Falk, a lawyer and ama-
teur mathematician, worked on the edition of a manuscript 
written by Charles Hinton, A New Era of Thought [14]. 
The book was published in 1888; its preface states: “The 
MSS which formed the basis of this book were committed 
to us by the author, on his leaving England for a distant 
appointment” [14, p. iii]. (Jorge Luis Borges wonders in 
the prologue to an anthology of Hinton’s stories whether 
this last sentence insinuates a suicide or an escape of “our 
fugitive friend” to that fourth dimension he had managed 
to glimpse with obstinate discipline.) The preface contin-
ues, “It was his wish that we should construct upon them 
a much more complete treatise than we have effected, and 
with that intention he asked us to make any changes or 
additions we thought desirable.” One of these additions 
was “Appendix H: Sections of the Tessaract.”

Regular Polytopes in All Dimensions
By the end of the nineteenth century, the time was ripe for 
the study of higher-dimensional objects. Riemann’s “Habil-
itationsschrift” lecture, published in 1867, had introduced 
the idea of manifolds of any dimension [19, p. 133]. The 
regular four-dimensional polytopes were first described by 
the Swiss mathematician Ludwig Schläfli in a manuscript 
he had produced by 1852; this work was rejected by the 
Akademie in Vienna for its length and was not published 
until 1901, six years after his death. Several mathematicians, 

Figure 9. 3-principal sections of the 16-cell. Illustrations from A New Era of Thought [14] (left top). Illustrations from Alicia Boole 
Stott’s paper [9] (right and left bottom).
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The Meeting of the Visual and Analytical Minds
Meanwhile, across the sea, the Dutch mathematician Pieter 
Schoute was computing central sections of four-dimen-
sional polytopes (central sections are those determined by 
a hyperplane passing through the center of the polytope). 
Possibly because of his interest in math—evidenced by 
the fact that he worked on editing George’s work—Walter 
learned about Schoute’s published work. When he told 
Alicia about it, she wrote to Schoute that she had arrived at 
the same results as his by very different methods. Figure 11 
illustrates one more instance of the simultaneous sprouting 
of the same mathematical ideas in two minds with no direct 
contact. In fact, she had computed all the principal sections 
of the regular four-dimensional polytopes. Clearly, after the 
publication of A New Era of Thought she continued with her 

Alicia Brings Models from the 
Four-Dimensional Space
An open question is how Alicia went from playing with 
Hinton’s cubes as a teenager to her deep understanding of 
the regular polytopes in four dimensions. We propose here 
the following hypothesis: her work on A New Era of Thought 
is the missing link. The appendix she wrote with Falk 
(although all evidence suggests that it is solely her work) 
discusses sections of three of the regular four-dimensional 
polytopes: the four-dimensional cube (rebaptized tessaract 
in this text), the 16-cell (referred to as tetra-tessaract), and 
the 24-cell (referred to as octa-tessaract). Alicia seems to have 
coined the words “tetra-tessaract” and “octa-tessaract” after 
rediscovering these objects.

The Appendix H of [14, p. 216] reads, “A few figures 
are given, which, if cut out and folded along the lines, will 
show some of the sections of a tessaract. But the reader 
is earnestly begged not to be content with looking at the 
shapes only. That will teach him nothing about a tessaract, 
or four-dimensional space, and will only tend to produce 
in his mind a feeling that ‘the fourth dimension’ is an un-
known and unthinkable region, in which any shapes may 
be right, as given sections of its figures, and of which any 
statement may be true. While, in fact, if it is the case that 
the laws of spaces of two and three dimensions may, with 
truth, be carried on into space of four dimensions; then the 
little our solidity (like the flatness of a plane-being) will 
allow us to learn of these shapes and relations, is no more 
a matter of doubt to us than what we learn of two- and 
three-dimensional shapes and relations.”

The figures (almost certainly drawn by her) of the sec-
tions of the tesseract illustrating the Appendix H of [14] are 
the natural ancestors of those in her paper [9]. For instance, 
the 3-principal sections of the 24-cell are in Figure 9: on 
the left top from [14], and on the right and left bottom we 
see the corresponding figures from [9].

The Appendix H describes the four principal sections of 
a regular four-dimensional polytope in the following way: 
“It is clear that there are four orders of sections of every 
four-dimensional figure; namely, those beginning with a 
solid, those beginning with a plane, those beginning with 
a line, and those beginning with a point.”

The explanations of the Appendix are their best when 
the complicated Latin names Hinton gave to each point, 
segment, cube, and four-dimensional cube are not used.

During the 1880s Alicia was living alone near Liverpool 
and doing secretarial work for Falk, with whom she had 
coedited Hinton’s book [13]. Walter Stott, an actuary, 
joined Alicia and Falk’s team to work on a new edition of 
George’s Laws of Thought. Alicia married Walter in 1891, and 
very soon the couple had two children, Mary and Leonard.

Figure 10. BP/1/363 Monochrome photograph taken outdoors 
of Professor Schoute; Alice Stott and her daughter, Mary; 
Margaret Taylor and her son, Geoffrey.

Figure 11. Representation of central sections of polytopes. The 
two models were made by Alicia Boole and the three drawings 
by Schoute. The first and second correspond to the central 
0-principal section of the 600-cell, the second and third to the
central 3-principal section of the 120-cell, and the fifth to the 
3-principal section of the 600-cell. Compare this section to the 
central drawings in each row of Figure 12. 
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away, the edges of the tetrahedron become thin rectangles 
and the vertices, small triangles; see Figure 9, bottom left. 
As the hyperplane keeps moving, the rectangles become 
squares and all the triangles become congruent. Then the 
process is reversed: the squares become rectangles (and 
the former longer pair of long sides becomes the shorter), 
and the triangles that were smaller become larger, until the 
hyperplane intersects the “last” tetrahedron, which contains 
the last attached cell. These sections are depicted in Figure 
9, bottom left. On the right, a few of the tetrahedra shar-
ing a vertex are shown (rotated so that all are in the first 
hyperplane), as well as the successive intersections with 
the hyperplane.

In 1914, a few months after Schoute’s death, Alicia re-
ceived an honorary doctorate from Groningen, Schoute’s 
university. Her comment when receiving the document in a 
cardboard cylinder was: “This will be a good place to keep 
sticks of macaroni!” [13, p. 223].

Aunt Alice Goes to Tea
There is no evidence of Alicia’s mathematical activity in the 
years after Schoute’s death in 1913. But in 1928, Geoffrey 
Ingram Taylor (the son of Alicia’s sister Margaret and a re-
markable mathematician and physicist) introduced Alicia 
to the geometer H. S. M. Coxeter, who was then a PhD 
student at Cambridge. As mentioned above, a stimulating, 
warm friendship grew between the geometer, then in his 
early twenties, and the almost seventy-year-old Aunt Alice, 
as Coxeter affectionately called her.

Coxeter’s advisor, Henry F. Baker, established Saturday 
afternoon research seminars called “tea parties.” Coxeter 
and Aunt Alice gave one of the lectures with the help of 
her sections of polytopes [20, p. 72].

Aunt Alice wrote to Coxeter in 1935, “I can’t tell you how 
thrilled I am at the thought of seeing your magic mirrors. It 
seems too wonderful for words and I am longing for next 

exploration of four-dimensional geometry, rediscovering 
the three regular polytopes that had not appeared in the 
Appendix, as well as studying and making cardboard mod-
els of the principal sections of all of them. Coxeter writes 
that Alicia sent Schoute photographs of a series of parallel 
sections of her models [13, p. 222].

Schoute answered enthusiastically, proposing a collab-
oration. Alicia and Schoute spent many summer holidays 
working together in England and published their results in 
a joint paper [9]. The photograph in Figure 10 was taken 
during one of those summers. Coxeter commented, “Mrs. 
Stott’s power of geometrical visualization supplemented 
Schoute’s more orthodox methods, so they were an ideal 
team.” Schoute also arranged for Alicia to publish her re-
sults. These papers, as well as the models (Figure 12) and 
drawings (Figure 9) she shared with Schoute, reflect her 
deep visual understanding of geometry.

Alicia’s first published paper [8] describes the principal 
sections of the six regular four-dimensional polytopes, de-
termined by a hyperplane perpendicular to the line from 
the center of the polytope to the center of one of its cells.

Consider, for example, the 16-cell S, one of its bounding 
cells C (a tetrahedron), and the 3-sections of S, that is, the 
sections determined by hyperplanes parallel to the one that 
contains C. In order to visualize these sections, Alicia “puts” 
one tetrahedron in each of the four faces of C, one in each 
of its six edges, and one in each of its four vertices. Thus 
there are in total fifteen tetrahedra. After identifying the 
pairs of appropriate faces (which includes all pairs of faces 
that share an edge), four faces remain free. By attaching a 
last tetrahedron to these four faces, the 16-cell is complete.

To find the sections one needs to “slide” the appropriate 
hyperplane across these layers. The “first” section, given 
by the hyperplane containing the first cell, is, of course, a 
tetrahedron. When the hyperplane moves slightly further 

Figure 12. Alicia’s drawings of 0-principal sections of the 120-cell (top), and 0- and 3-principal sections of the 600-cell (middle and 
bottom, respectively). The drawings are used with permission of the Special Collections Department of Groningen University 
Library (HS Add 394). The photographs of the drawings were taken by Dirk Fennema.
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Mary Ellen, the eldest, wrote a book of poems and gave 
lectures about modern poetry. A year after the sudden death 
of her husband, Charles Hinton, she committed suicide. 
Sometime before she had written, “Life is something that 
we have the privilege of ending when we choose. When 
life becomes a burden it is everybody’s right to exercise 
that privilege.” Hinton himself, after spending a few years 
in Japan, traveled to the US in 1893, where he worked for 
a few years as instructor of mathematics at Princeton Uni-
versity. There, he invented a baseball pitching machine that 
threw balls to batters (Figure 14). The invention made more 
noise than success. After a few jobs, he ended up working 
at the Patent Office in Washington. During his life, Hinton 
published quite a few obscure and attractive texts, including 
several “mathematical romances.” One of his obituaries, 
in the Courier-News (Bridgewater, New Jersey) datelined 
Washington, May 3, 1907, read, “One of the most erratic 
geniuses who ever graduated from Oxford and then came to 
the university life in this country, Charles Howard Hinton, 
second assistant examiner of the United States Patent Of-
fice, has just died in this city.” After his death, Hinton and 
his ideas appeared in many academic and fictional works.

Margaret studied painting and mothered Geoffrey In-
gram Taylor.

week to come. How you will wake up the stuffy mathema-
ticians on Saturday!!” [20, p. 79].

Coxeter moved to Toronto in 1936. In her good-bye 
letter, Aunt Alice wrote, “While I have been writing, my 
mind has gone back to the lovely world we have visited 
together, and which you have made so much your own. 
I wonder where you will get to in it! How I wish I could 
follow” [20, p. 116].

The Boole Genes 
The achievements of the descendants of Mary and George 
Boole can fill many, many pages. Some of them are listed 
below.

Each of the five Boole sisters—Mary Ellen, Margaret, 
Alice, Lucy, and Ethel—shined with a special, personal, 
unique light.

Figure 13. BP/1/362 Black and white copy of an earlier 
photograph of the Boole family showing Mary Boole, her five 
daughters and grandchildren, Julian and Geoffrey Taylor, Mary 
Leonard Stott, and George Hinton, grouped in a studio portrait. 
Names annotated.

Figure 14. Hinton Pitching Machine. Illustration from an article 
written by Hinton in Harper’s Magazine in 1897.

Figure 15. A page of the mysterious Voynich manuscript.

© UCC Library
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dating and studies of language patterns. Many have tried 
to decipher it; the hypotheses about its content vary from 
stating it is a treatise on nature, written in a Near Eastern or 
Asian language, to interpreting it as a scientific diary written 
by Roger Bacon with a substitution cipher. No hypothesis 
has held up, and the search for the meaning of the Voynich 
manuscript, as it is known, continues.

As mentioned before, among George and Mary’s grand-
children was the renowned scientist Geoffrey Ingram Taylor. 
He approached problems in applied mathematics, classical 
physics, and engineering science from a fresh point of 
view. Geoffrey was proud of his grandfather George and 
the amateur passion for mathematics of his Aunt Alice; he 
seemed to like to see himself as maintaining this family 
tradition [1, p. 5]. He was accessible and friendly, always 
ready to answer a question of a young scientist. Geoffrey 
was knighted in 1944 and appointed to the Order of Merit 
in 1969 [1, p. xv]. He also won the gold medal from the 
Royal Society, the “same” gold medal, as John Lienhard 
suggested, that his grandmother had once sold or, as Lien-
hard wrote, reinvested.

 Leonard Boole, Alicia’s son, invented a portable X-ray 
machine, an artificial pneumothorax apparatus, and a 
system of navigation based on spherical geometry. He was 
also a medical doctor, a pioneer in the treatment of tuber-
culosis [15, p. 264].

Documents from the Patent Office from the 1920s attri-
bute the invention of the Jungle Gym to another of George 
and Mary’s grandchildren: the lawyer Sebastian Hinton, 
one of the four sons of Charles and Mary Ellen. During their 
childhood in Japan, Charles had made in their backyard 
a multiple-cube bamboo framework so his children could 
get a better grasp of the three dimensions of the world we 
live in and eventually visualize a four-dimensional space. 
Sebastian married Carmelita Chase, who would later found 
the Putney School, a renowned progressive boarding school 
in Vermont; at some point, Coxeter was invited there and 
seriously contemplated staying.

Among George and Mary’s great-grandchildren one can 
find Howard Everest Hinton, a distinguished entomologist; 
William Hinton, a Marxist writer; and Joan Hinton. Joan 
was a nuclear physicist and one of the few women scien-
tists involved in the Manhattan Project in Los Alamos. She 
worked on the development of the first atomic bomb in 
Los Alamos and was one of the few eyewitnesses of the 
first atomic explosion. The devastating consequences of the 
bombing of Hiroshima converted her into an outspoken 
pacifist. In 1948 she gave up physics and went to live in 
Maoist China. She remained a strong believer in the Maoist 
cause until her death in 2010.

Two great-great-grandchildren are worthy of mention: 
Carma Hinton, who made award-winning documentaries, 
and Geoffrey Everest Hinton, who won the 2018 Turing 
Award for his pioneering work in Artificial Intelligence.

Lucy Everest Boole was a Lecturer in chemistry at the 
London School of Medicine for Women and the first 
woman elected a Fellow of the Institute of Chemistry. She 
was the first female coauthor to have a paper read before 
the London Pharmaceutical Society. She died at the age of 
forty-two [15, p. 265].

The youngest Boole sister, Ethel, influenced by read-
ings about the conditions of the suffering of the Russian 
people under tsarist rule, travelled to see it for herself. She 
became an activist, visited prisons, smuggled propaganda, 
and brought medical aid to isolated peasants. She also 
composed music and wrote four novels. The first of these, 
The Gadfly, was an immediate international success and 
was made into a film in the Soviet Union with music by 
Dmitri Shostakovich. She married the Polish exile Wilfrid 
Voynich, who shared her revolutionary ideas and was one 
of the world’s greatest experts on, and dealers in, rare books. 
At the beginning of the 1900s, Voynich bought at the Villa 
Mondragone in Italy a book (Figure 15 shows one of its 
pages) from medieval times, written in a language that no 
one has ever been able to decipher, the pages filled with text 
and strange creatures and plants interwoven in a dreamlike 
fashion. For some time it was believed the book was a hoax, 
but this hypothesis has been discarded thanks to carbon 
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Figure 16. Geoffrey Ingram Taylor (right) at age 69, in his 
laboratory with his assistant, Walter Thompson.
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Credits
Figures 1, 2, 3, 4, 10, and 13 are used by permission of The 

Papers of George Boole, F.R.S., © UCC Library, University 
College Cork, Ireland.

Figure 5 is from Mary Everest Boole Collected Works, 1931.

Epilogue
The story of the Boole family is one of original talent and 
persistence. It illustrates how important it is to keep one’s 
mind open to new ideas, even when these ideas come from 
unexpected sources. One wonders how much mathemati-
cal talent is lost because of nonmathematical barriers like 
gender or social status.

The probability that George Boole’s early academic work 
might have been overlooked is far from small, as it is that 
he might never have obtained an academic position. Pieter 
Schoute could easily have never bothered to answer Alicia’s 
first letter. H. S. M. Coxeter might never have exchanged 
ideas with Alicia or, later, might never have written about 
her. Despite or because of the laws of probability, as mod-
eled by George, all of these unfortunate events that could 
have easily taken place never happened, and, fortunately, 
intellectual contributions of the Booles are now part of 
our world.
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A Singular  
Mathematical Promenade
Reviewed by Rafe Jones 

this constraint on the relative positions of the graphs of four 
real polynomials, the author tries to understand all such 
constraints, then to place the problem in the more general 
context of singularities of real algebraic plane curves, that 
is, curves defined implicitly by equations of the form F(x,y) 
= 0 for some real polynomial F. See Figure 2 for an example 
studied by Newton, F(x,y) = y6−5xy5+x3y4−7x2y2+6x3+x4. 

The singularities of such curves have a rich structure, 
and if the promenade has a goal, it is to understand this 
structure. On the way, many mathematical vistas open, 
some that will be familiar to nearly all readers, and others 
that will be familiar to nearly none. The author warns us 
that we will get lost from 
time to time but gives 
these words of encour-
agement: “as d’Alembert 
said once, ‘go on…and 
faith will catch up to you!’ 
You may see every now 
and then a beautiful pan-
orama emerging from the 
mist…” (p. 3). To illus-
trate, in a way, he directs 
us to the gorgeous paint-
ing Wanderer Above the Sea 
of Fog, by Caspar David 
Friedrich, reproduced at 
the very beginning of the 
text (see Figure 3). 

Although its sui generis 
quality makes the book 
hard to describe precisely, 
one can easily say what it 
is not, as in this sentence 
from the back cover: “This 
is neither an elementary 

A Singular Mathematical 
Promenade 

By Étienne Ghys

After fifteen seconds with Étienne 
Ghys’s A Singular Mathematical 
Promenade, I knew that it was un-
like any other book I had read. My 
first casual flip-through revealed a 
kaleidoscope of photos, drawings, 
and diagrams on nearly every page, 
and yet this visual brilliance oc-

curred under chapter headings containing mathematical 
phrases from the deep trenches of graduate-level mathe-
matics, like “singular operads” and “resolution of singular-
ities.” I saw immediately the scale of the book’s ambition: 
to appeal to almost everyone in the mathematical world 
from the undergraduate level up while still presenting a 
rich tapestry of advanced mathematical ideas. In the end, 
it comes remarkably close to achieving this lofty vision.

The journey begins with polynomials. Stuck in a par-
ticularly boring meeting, the author’s colleague Maxim 
Kontsevich passes him a Parisian metro ticket with a scrib-
ble and the single word “impossible!” (see Figure 1). After 
some whispering, the author figures out that Kontsevich has 
shown that there cannot be four real polynomials satisfying 
P1(x) < P2(x) < P3(x) < P4(x) for small x < 0 and P2(x) < P4(x) 
< P1(x) < P3(x) for small x > 0. Yet there are no such “for-
bidden permutations” for three polynomials. Surprised by 

Figure 1. Kontsevich’s theorem 
on a metro ticket (p. 1).
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proof of the fundamental theorem of algebra, relying on 
the assertion that an algebraic curve cannot stop or retrace 
itself—in other words, if it enters a disc, it must get out. But 
Gauss neglected to prove this! The fascinating history of 
the search for a proof of this claim occupies an additional 
chapter, and further chapters complete the proof of New-
ton’s claims. This establishes that “a small circle around 
a singularity of a real algebraic plane curve intersects the 
curve in an even number of points and defines a chord 
diagram, i.e., 2n points cyclically ordered on a circle and 
grouped in pairs” (p. 6).

To go deeper into the topological structure of singular-
ities, one must blow them up. This algebraic technique is 
explosive only metaphorically—it is “a kind of microscope 
enabling us to look deeply into the singularity” (p. 6). 
The process transforms a neighborhood of a singularity 
into a Möbius band, and repeated applications lead to 
generalizations called Möbius necklaces. Blowing up plays 
a crucial role in the crowning chapters on chord diagrams 
and in particular in a result that certain chord diagrams 
cannot arise from singularities of plane curves. There is an 
extended, though very interesting, detour into the topo-
logical structure of singularities of complex algebraic plane 
curves; these are the chapters on the bottom of the roadmap 
picture. Just before the chapters on chord diagrams, the 
thread of separable permutations returns, leading into the 

introduction to the theory of singular-
ities, nor a specialized treatise contain-
ing many new theorems.” It is a series of 
mathematical-historical vignettes, each 
essentially self-contained but placed 
thoughtfully so as to resonate with 
those around it. The word “promenade” 
from the title is well chosen, as the book 
takes a roughly chronological path 
but freely explores side avenues when 
they arise. A highly useful “roadmap” 
(see Figure 4), superimposed on a six-
teenth-century Chinese landscape draw-
ing, gives a sense not only of the content 
of the book but of the progression and 
interconnectedness of the promenade.

Some chapters are detours, followed 
solely for their own interest (one exam-
ple is a delightful chapter on divergent 
series on p. 87). Others emerge from 
the mist, only to have their relevance 
become clear later on, such as a sudden 
chapter on the Möbius band (p. 111). 
Still others add texture and richness to 
the mathematical ideas, such as a chap-
ter on the local topology of singularities 
of complex algebraic curves (p. 157). 

The roadmap shows two main 
strands, both leading towards a de-
scription of a combinatorial structure 
called a chord diagram, which can 
be used to classify the essential fea-
tures of a singularity of a real algebraic 
plane curve. Starting from Kontsevich’s 
observation about polynomials, four 
chapters discuss which permutations 
are allowed—they have already been 
studied by combinatorists under the 

name “separable permutations”—and how to count them. 
An exercise from Donald Knuth’s The Art of Computer Pro-
gramming is the inspiration for one chapter, and the author 
traces the roots of the counting problem back 2000 years 
to Hipparchus. 

The next strand generalizes the problem from intersec-
tions of polynomial graphs to singularities of real algebraic 
plane curves. Newton gave us the first significant results in 
this vein, and two marvelous chapters take us through parts 
of the original manuscript where he introduced what are 
now known as Newton’s method and Newton polygons. 
Newton shows (without proof) that in a neighborhood of 
a singularity, a real algebraic plane curve may be decom-
posed into a finite number of branches, each of which is the 
“graph” of a formal power series with rational exponents. 
(You can see an illustration of this in Figure 2.) We then pay 
a visit to Gauss, who in his dissertation gave a topological 

Figure 2. Zooming 
in on a singularity 
(p. 57).

Figure 3. Caspar David Friedrich, Wanderer Above the 
Sea of Fog. The author proposes it as “a suggestion of the 
mathematical world” (p. ii).
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he preferred the pleasure of making himself admired rather 
than of instructing” (p. 67). Here I have translated the quo-
tation into English; this is one of a handful of unfortunate 
places where interesting quotations are left untranslated 
from the French. 

At other places history serves as a welcome digression. At 
the end of a reasonably demanding chapter on the Hopf fi-
bration, there comes a marvelous discussion about whether 
the universe in Dante’s Divine Comedy is homeomorphic to 
a 3-sphere (p. 155). The prominent role of history makes 
this book more of a narrative than many other math books 
and creates a personal feel that makes the abstract ideas 
seem more immediate. Nearly every chapter has some 
element of history, personal anecdote, or visual embel-
lishment. For example, in the chapter relating to Donald 
Knuth’s work, there is a sketch of Knuth (p. 17) and photos 
of old editions of The Art of Computer Programming (p. 19). 
Another example comes at the beginning of the chapter on 
Milnor’s fibration (p. 177): one finds a picture of Milnor, 
whose avuncular smile warms the page. 

The book makes use of the margins of each page in a 
positively magical way. The margins are home to photos, 
stories, quotes, diagrams, examples, jokes, and references. 
They function almost as a second text, an internal voice 
of the author that pipes up over and around the primary 
public voice found in the main text. They are at their best 
when you most need them—when you are a bit confused 
by the main text or you need a moment to work out a test 
case to make sure you understand a theorem. Then you will 
find an explanatory aside or precisely the test case that you 
need to solidify your intuition. 

There is a joy to this book that suffuses all of its aspects. 
There are jokes, quips, and winks in the text, in the images, 
and in the margins. There are flights of fancy, moments of 

theory of operads—a quite modern framework for under-
standing certain classes of operations like grafting trees or 
braids onto one another or perturbing polynomials with 
other polynomials. 

Author Étienne Ghys, a CNRS senior researcher at the 
École Normale Superiéure de Lyon, lists on his website 
research interests in “Geometry, Topology, Dynamical 
Systems, mathematics in general.” After reading this book, 
one can only conclude the last phrase is not an overstate-
ment. This sentence from the back cover aptly captures the 
dazzling mathematical breadth of his Promenade: “We play 
with a bit of algebra, topology, geometry, complex analysis, 
combinatorics, and computer science.”

Equally dazzling is the wealth of mathematical history 
woven into the exposition. Its breadth is breathtaking. This 
history comes not in sidebars but rather as an essential part 
of the mathematical narrative. For instance, the chapter 
on Newton’s method introduces its mathematical ideas 
by explicating several very clear reproductions of pages 
from Newton’s 1671 unpublished De Methodis Serierum et  
Fluxionium, as well as a few from a 1736 English transla-
tion (see Figure 5 for an example). We see reformulations 
of these originals into modern mathematical language, 
thereby connecting the old ideas to ones that most readers 
will have encountered in courses. These primary texts show-
case both Newton’s brilliance and (perhaps) laziness—he 
eschewed formal proof and contented himself with work-
ing out examples as illustrations of his general method.  

Two chapters later we learn that Cramer read Newton’s 
work and furnished complete proofs in his 1750 book  
Introduction à l’Analyse des Lignes Courbes Algébriques. How-
ever, Cramer was not pleased about this, writing in the 
preface: “It is regrettable that Mr. Newton was content to 
parade his discoveries without including proofs, and that 

Figure 4. Landscape of the Four Seasons (Eight Views of the Xiao and Xiang Rivers), by Soami, early 16th century (pp. 8–9). Colors 
give an idea of the difficulty of each chapter; in increasing order of difficulty: green, blue, red, and black.
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will enjoy its freewheel-
ing yet mathematically 
substantial approach 
and are almost certain 
to learn new mathemat-
ics and new historical 
contexts for mathemat-
ics they already know. 
They will be dazzled by 
the lovely images and 
illustrations as much 
as a calculus student, 
and the latter’s curios-
ity may be piqued by 
the chapter on Newton’s 
method. If a reader en-
joys mathematics and 
has a modicum of ex-
perience with it, she will 
find something to enjoy 
in this book. Few read-
ers will be drawn into 
every last detail, but all 
will gain some appreci-
ation of the beauty and 
interconnectedness of 

the mathematical universe.  
A PDF of the book is available for free on the author’s 

website, though it is certainly a joy to hold the physical 
volume, which qualifies as a work of art independent of 
the mathematical meaning of its contents. The pictures and 
diagrams appear in outstanding resolution, with crisp and 
vibrant colors, and the page width is pleasingly wider than 
a typical book—helping to give the margins and their mag-
nificent contents their due. It makes a fabulous addition to 
a mathematical library.

Credits
Figures 1, 2, and 4 are courtesy of Étienne Ghys.
Figure 3 is by Caspar David Friedrich [Public domain], via 

Wikimedia Commons.
Figure 5 is from the John Adams Library (call number 

2310187), Rare Books & Manuscripts Department, Boston 
Public Library.

Author photo is by Laura Chihara.

high artistry, and sheer excitement leaping off the page. One 
example is the previously mentioned opening story of the 
book: of Kontsevich scrawling a theorem on a metro ticket 
during a boring meeting and passing it to the author. At 
another moment, the reader is ordered to go read Euler’s 
papers (p. 109). During a strenuous chapter on singularities 
of complex curves, the margin shows road signs indicating 
increasing grades. When defining an operad, the author 
writes that he will not “write down the formulas expressing 
these axioms since I would be unable myself to read the 
formulas that I wrote. I prefer to give first an example.…” 
The book begins and ends with reproductions of lush, 
contemplative paintings by Caspar David Friedrich, the first 
the already mentioned Wanderer Above the Sea of Fog and 
the second a sunset painting called Tree of Crows. The book 
is alive with imagination, feeling, and humor. 

While reading the book, I wondered at many junctures 
who the target audience is. The mathematical level fluc-
tuates enormously over the course of the book, ranging 
from elementary and likely familiar (e.g., separable per-
mutations, Newton’s method) to quite advanced and likely 
unfamiliar (e.g., the chapter on Stasheff’s loop spaces). 
Some chapters are complex enough that even mathemati-
cal veterans must frequently pause with pencil and paper 
to work through the arguments. The author addresses the 
question of audience directly in the preface, but in a way I 
found somewhat unsatisfying: “I wrote this ‘petit livre’ with 
one specific reader in mind: myself, when I was an under-
graduate…” (p. 3). Yet the narrow audience implied by this 
statement sells the book short. Seasoned mathematicians 

Figure 5. A page from Colson’s 1736 translation of Newton’s De Methodis Serierum et Fluxionum. In it, 
we see the application of what is now known as Newton’s method to approximate the root of x3 − 2x − 5 
that is close to 2. For a striking image of the original in Newton’s handwriting, see p. 48 of the book.

Rafe Jones 
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Finding Fibonacci 
The Quest to Rediscover the Forgotten 
Mathematical Genius Who Changed 
the World 

by Keith Devlin

This book is an informal, 
first-person account of Devlin’s 
quest to learn about the influen-
tial mathematician and author 
Leonardo Pisano (Leonardo of 
Pisa), commonly known as Fi-
bonacci. Finding Fibonacci is not 
a scholarly work of mathematical 
history, nor does it claim to be. 
It is readable by anyone with a 

passing interest in mathematics or its history, or indeed by 
anyone who enjoys a pleasant tale of academic detective 
work.

Leonardo’s influential book Liber Abbaci (1202) popu-
larized Hindu-Arabic numerals and basic problem-solving 
skills among the Italian commercial class (the Fibonacci 
sequence, as we now call it, appeared in an exercise about 
rabbits). Devlin makes a compelling argument that Liber 
Abbaci set the stage for the quantitative revolution that 
changed the commercial and scientific worlds in the fol-
lowing centuries.

Among the main focal points of Devlin’s account is his 
fateful 2001 encounter with an Italian historian of medieval 
mathematics. This conversation ignited Devlin’s long quest 
to read firsthand from extant early copies of Fibonacci’s 
Liber Abbaci. The author’s occasional misadventures in Ital-
ian libraries add some humor to the tale. Another seminal 
event in Devlin’s story is due to Laurence Sigler, the math-
ematics professor from Bucknell University who produced 
the first English translation of Liber Abbaci. The unusual 
circumstances under which the translation was produced 
and finally published are an intriguing tale that we shall not 
spoil here. One final theme concerns the findings of a Yale 
finance professor who, in 2004, published a paper based 
upon the Liber Abbaci translation that purports to show, 
as Devlin puts it, that “essentially all present-day financial 
instruments have early counterparts there.” Thus, Devlin 
argues that the modern financial world traces its roots back 
to Leonardo Pisano.

Introduction to 
Experimental Mathematics 

by Søren Eilers & Rune Johansen

Modern computers and special 
software readily permit math-
ematicians to formulate novel 
conjectures, study new exam-
ples, and, sometimes, prove re-
sults. Introduction to Experimental 
Mathematics claims to be the first 
textbook devoted to this experi-
mental approach to mathematics, 

which the authors describe as the use of computers for 
the “systematic investigation of concrete examples of a 
mathematical structure in the search for conjectures about 
its properties.”

The book is aimed at beginning graduate students and 
advanced undergraduate students in mathematics. It pro-
vides enough material for a one-semester exploration of 
experimental mathematics designed to provide students the 
background and experience necessary to study and develop 
mathematical theory through experimental computation. 
The subject matter is largely drawn from elementary num-
ber theory, combinatorics, graph theory, linear algebra, and 
calculus, rendering the book suitable for a wide audience. 
Introduction to Experimental Mathematics contains fewer 
theorems and proofs than a traditional book. Instead it 
features copious examples and associated Maple code. 
Readers familiar with Maple will be able to hit the ground 
running; a chapter devoted to basic programming in Maple 
will help others get up to speed.

Each of this book’s eight chapters comes with many 
exercises. These are divided into three classes: “warmup,” 
“homework,” and “projects and group work.” Particularly 
difficult exercises are underlined; some of the underlined 
exercises in the third category are open problems.
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role. This allows for elegant challenges where, in the most 
advanced versions, the solution is uniquely determined 
even without specifying initial entries.

The puzzles do not require any mathematical knowledge 
beyond an elementary school level. However, the rules of 
the puzzles lead you naturally to think logically and de-
velop clever adaptive strategies. In this way the puzzles go 
beyond being a simple spin-off of a popular puzzle type.  
They also serve as great practice for logical thinking and 
abstract mathematical problem solving.

AMS Page a Day 
Calendar 
By Evelyn Lamb

With this tear-off cal-
endar you can start off 
each morning with a 
mathematical tidbit. 
One day it could be a 

piece of history, stories of mathematicians from ancient 
times to the present representing a diversity of genders, 
civilizations, and cultures; on another it could be a funny 
poem or “math joke”; and on a third you might learn an 
interesting slice of mathematics and something new about 
the person who discovered it.

The entry on World Braille Day will introduce you to 
Bernard Morin, a sight-impaired mathematician who was 
one of the first to demonstrate explicit sphere eversions. On 
Swiss Cheese Day, you learn that Alice Roth, a Swiss high 
school teacher, gave the first example of a compact space on 
which not every continuous function can be approximated 
by rational functions.

If hands-on activity appeals, you can learn to trisect 
an angle by paper folding, and build a cube out of three 
slanted pyramids.

Taken as a whole, this calendar opens views into the 
multiple facets of mathematics, not forgetting that while 
abstract, mathematics is also a very human endeavor.

A Mathematical Gallery 
by Lisl Gaal

During a long and il-
lustrious mathematical 
career, Lisl Gaal took 
the time to share the 
whimsical side of her 
mathematical vision 

with her children and grandchildren through fanciful and 
appealing illustrations. This side of Lisl Gaal’s work has, 
through the efforts of her children, been collected into 
a book with commentaries reflecting the author/artist’s 
unique take on math and its relation to the simple joys of 
everyday life.

This book is not geared toward a particular age group 
and ranges in topics from counting to calculus to Gaussian 
primes and Markov processes, and much more. A child 
of 3–5 years may appreciate the familiar family-oriented 
scenes that have a little extra to make them curious. An 
older child may enjoy the challenges and puzzles that are 
contained in the scenes. Those learning algebra, geometry, 
and calculus in school may find it amusing to see the way 
Gaal depicts these subjects as part of the landscape, and no 
matter how mathematically sophisticated you are, it may 
be hard not to smile at her wit and charm.

Math-Infused Sudoku 
Puzzle Variants at All Levels of Difficulty 

By David Nacin

This book contains sudoku puz-
zles with a twist. Each chapter 
of this book presents a variation 
on the standard sudoku puz-
zle, adding a constraint on how 
adjacent numbers are related.  
Suddenly, the numbers are not 
just interchangeable digits; their 
distinctive properties and rela-
tions to each other play a crucial 
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The American Mathematical Society welcomes applications for the 2020

Andrea O'Hearne Photography

Week 1a: May 31–June 6, 2020  

Dynamics of Infectious Diseases: 
Ecological Models across Multiple Scales

Julie Blackwood, Williams College
Lauren Childs, Virginia Tech
Suzanne Lenhart, University of Tennessee, Knoxville
Olivia Prosper, University of Tennessee, Knoxville

Week 2a: June 7–13, 2020 

Analysis in Metric Spaces

Mario Bonk, University of California at Los Angeles
Luca Capogna, Worcester Polytechnic Institute
Piotr Hajlasz, University of Pittsburgh
Nageswari Shanmugalingam, University of Cincinnati
Jeremy Tyson, University of Illinois at Urbana-Champaign

Week 3: June 14–20, 2020 

Finding Needles in Haystacks: Approaches to Inverse 
Problems Using Combinatorics and Linear Algebra

Shaun Fallat, University of Regina
H. Tracy Hall, NewVistas LLC
Leslie Hogben, Iowa State University and the American 
Institute of Mathematics
Bryan Shader, University of Wyoming
Michael Young, Iowa State University
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Week 1b: May 31–June 6, 2020  

Combinatorial Applications of Computational 
Geometry and Algebraic Topology

Stephen Melczer, University of Pennsylvania
Marni Mishna, Simon Fraser University
Robin Pemantle, University of Pennsylvania

Week 2b: June 7–13, 2020 

New Problems in Several Complex Variables

Dusty Grundmeier, Harvard University
Loredana Lanzani, Syracuse University
Yunus Zeytuncu, University of Michigan–Dearborn
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The Mathematics Research Communities program helps early-career mathematicians 
develop long-lasting cohorts for collaborative research projects in many areas of mathe-
matics. The program includes:

• Intensive one-week, hands-on research conference in the summer
(see the 2020 research topics below)

• Special Sessions at the AMS-MAA Joint Mathematics Meetings
• Guidance in career building
• Follow-up small-group collaborations
• Longer-term opportunities for collaboration

Over time, the participants are expected to provide feedback about career development
and the impact of the MRC program.

The 2019 summer conferences of the Mathematical Research Communities were held at the
Whispering Pines Conference Center in West Greenwich, Rhode Island, where participants enjoyed the
natural beauty and a collegial atmosphere. Check the website for 2020 location details. Women and
underrepresented minorities are especially encouraged to apply.

The application deadline for summer 2020 is February 15, 2020.

This program is supported by the AMS and by a grant from the National Science Foundation.

LEARN MORE AT: WWW.AMS.ORG/MRC

TOPICS FOR 2020



Alexander Smith Wins
the First David Goss Prize

in Number Theory
Dorian Goldfeld and Simone Munao

David Goss
David Goss, who was the former editor-in-chief of the Jour-
nal of Number Theory (JNT), passed away in 2017. With
David’s passing, the mathematical community lost one of
its most distinguished members, whose outstanding work
had a profound influence on the way we see number the-
ory today.

David received his PhD in 1977 from Harvard Univer-
sity under the supervision of Barry Mazur. He held posi-
tions at Princeton, Berkeley, and Brandeis before joining
The Ohio State University in 1982, from where he retired
in 2013 and became professor emeritus. David was the ad-
visor for three doctoral students. Generous with his time
and knowledge and full of enthusiasm, David was always
available with support for his colleagues, especially junior
researchers in number theory. He was viewed by many as
a mentor and a friend: his broad and deep knowledge, as
well as his kindness and warmth, will be missed by many.

David’s research was centered on algebraic number the-
ory and algebraic geometry, where he made extensive con-
tributions to the arithmetic theory of function fields, pub-
lishing some forty papers. He also authored the book Ba-
sic Structures of Function Field Arithmetic [Gos96], which is
widely viewed as one of the standard and most accessible
references in the field.

Dorian Goldfeld is editor-in-chief of JNT and a professor of mathematics at
Columbia University. His email address is goldfeld@columbia.edu.
Simone Munao is the Elsevier publisher for seventeen mathematics journals.
His email address is s.munao@elsevier.com.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti1991

Figure 1. David Goss.

Starting with his Harvard thesis, David introduced his
novel and revolutionary theory of modular forms and
Eisenstein series in the function field setting. As all the
functions here have characteristic 𝑝 values, the theory is
distinct from the ones developed by Weil, Harder, and
Langlands. In 1979, while at Princeton, he achieved an-
other great milestone by defining what are now known as
Goss zeta functions [Gos79]. In this seminal work, he also
introduced the character group, and the analogs of analytic
continuation, the values at negative integers, the trivial ze-
roes, and other important structures which have inspired
so many mathematicians. He later continued developing
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his theory of zeta and L-functions, following the path of
Euler and Riemann. With unlimited energy, he inspired
and encouraged research in these and other topics in num-
ber theory.

David Goss became an editor of the Journal of Number
Theory in 1988 and then served as its editor-in-chief for
over fifteen years. He led the journal through difficult
times with his strength and his devotion and was deeply
appreciated by all the editors and the Elsevier staff.

The David Goss Prize
Elsevier has decided to establish the Goss prize (US$10K),
to be awarded every two years to celebrate and recognize
the efforts of David Goss on behalf of the journal. The
prize, to be awarded to a mathematician under the age of
thirty-five for outstanding contributions to number theory,
was established in 2018 and paired with the new series of
JNT Biennial Conferences, whose aim is to disseminate re-
cent advances and breakthroughs in all areas of number
theory.

The first David Goss Prize in Number Theory was award-
ed in July 2019 in Cetraro, Italy, at the first JNT Biennial
Conference. The enthusiasm and support shown by the
Goss family is very much appreciated.

David’s daughter Alyssa, sonNoah, andwife Rita Eppler-
Goss attended the conference and the ceremony for the
Goss Prize, which was awarded unanimously to Alexander
Smith by the selection committee, consisting of Dorian
Goldfeld (Columbia University), Philippe Michel (École
Polytechnique, Lausanne), Dipendra Prasad (Tata Insti-
tute), Emmanuel Ullmo (IHES), Umberto Zannier (Scuola
Normale de Pisa), and Shou-Wu Zhang (Princeton Univer-
sity).

Alexander Smith
Alexander Smith was awarded the 2019 David Goss Prize
for his stunning work [Smi17] on class groups of number
fields and Selmer groups of elliptic curves. He showed that
the 2∞-class groups of imaginary quadratic fields are dis-
tributed according to the Cohen–Lenstra heuristic [CL84].
Smith also proved that the 2∞-Selmer groups of quadratic
twists of elliptic curves 𝐸/ℚ, with full rational 2-torsion
and no rational cyclic subgroup of order four, satisfy the
Delaunay heuristic [Del01] and Goldfeld’s conjecture
[Gol79]. The prize also recognizes his outstanding under-
graduate thesis on the congruent number problem (see the
revised version [Smi16]) following work of Heath–Brown
[HB94], Monsky [Mon96], and Tian–Yuan–Zhang
[TYZ17].

Alexander Smith was born on March 4, 1993, in Mas-
sachusetts, USA, and is currently a fourth-year graduate
student at Harvard University. Smith’s amazing research

Figure 2. Alexander Smith.

achievements began with his undergraduate senior thesis
at Princeton written under the supervision of Shou-Wu
Zhang. A congruent number is a positive integer which
is the area of a right triangle, all of whose sides have ratio-
nal number length. The congruent number problem, dat-
ing back to antiquity, asks if there is an algorithm to deter-
mine if a positive integer 𝑛 is a congruent number. Smith
[Smi16] proved that at least 55.9% of all square-free posi-
tive integers 𝑛 ≡ 5, 6, 7 (mod 8) are congruent numbers.
This was the first such positive density result ever obtained.

An anonymous Arabic manuscript, written before the
year 972, asks the following question (original version of
the congruent number problem). Given an integer 𝑛, find
a rational square 𝛼2 such that 𝛼2 ± 𝑛 are also squares of
rational numbers (see [Dic66], p. 462). Tunnell [Tun83]
showed that the congruent number problem can be solved
for a positive integer𝑛 if the Birch–Swinnerton-Dyer (BSD)
conjecture holds for the CM elliptic curve 𝑦2 = 𝑥3 −𝑛2𝑥.
It was known before Tunnell’s work [Ste75] that if a weak
form of BSDwere proved for elliptic curves𝑦2 = 𝑥3−𝑛2𝑥,
then all positive integers 𝑛 ≡ 5, 6, 7 (mod 8) would be
congruent numbers. In [Smi16] Smith also proves that
the BSD conjecture holds for at least 55.9% of such el-
liptic curves with square-free positive integers 𝑛 ≡ 5, 6, 7
(mod 8).

Goldfeld’s fifty-fifty conjecture [Gol79] states that given
an elliptic curve 𝐸 over𝐐, 50% of the quadratic twists of 𝐸
have analytic rank 0 and 50% have analytic rank 1, while
0% have higher analytic rank. Smith [Smi17] proves the
following theorem and corollary.
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Theorem. Let 𝐸/𝐐 be an elliptic curve with full rational 2-
torsion. Assume that 𝐸 has no rational cyclic subgroup of order
four. Then, if the Birch and Swinnerton-Dyer conjecture holds
for the set of twists of 𝐸, Goldfeld’s conjecture holds for 𝐸.

Smith actually proves that the number of quadratic
twists 𝑑 ≤ 𝑥 of 𝐸 (in the above theorem) which have rank
> 1 is at most 𝑥/(log log log𝑥)𝑐 for some constant 𝑐 > 0
as 𝑥 → ∞. This is stronger than proving that the number
of quadratic twists of 𝐸 that have rank > 1 is 0%.

Corollary. Among positive square-free integers 𝑛 ≡ 1, 2, 3
(mod 8), 100% are noncongruent numbers.

We quote from Smith’s paper [Smi17]: “From global
root number calculations, we know that 50% of the twists
will have even 𝐙2-Selmer corank, and 50% have odd 𝐙2
corank. In light of this we have the above corollary.”

The fact that 1 is not a congruent number has a very
interesting history. Leonardo Pisano (better known as Fi-
bonacci) stated in Liber Quadratorum (published in the year
1225) that 1 is not a congruent number. The proof was first
found by Fermat more than four hundred years later. In
fact, Fermat proved (by hismethod of infinite descent) that
there is no right triangle with rational length sides whose
area is a square. Andre Weil [Wei07] quotes from Fermat’s
letter to Huygens in 1659: “If the area of such a triangle
were a square, then there would also be a smaller one with
the same property, and so on, which is impossible,” and
adds that “to explain why would make his discourse too
long, as the whole mystery of his method lies there.”

Weil tops it off by saying, “Fortunately, just this once,
Fermat had found room for this mystery in the margin of
the very last proposition of Diophantus.”

In our modern formulation, Fermat’s descent argument
establishes that the elliptic curve𝑦2 = 𝑥3−𝑥 has rank zero
overℚ. In the early twentieth century, Mordell generalized
this argument to apply to other elliptic curves, proving that
every elliptic curve over the rationals has finite rank. This
would later lead to the development of Selmer groups of el-
liptic curves, effectively computable abelian groups whose
rank gives an upper bound for the rank of the elliptic curve.

The 2∞ Selmer rank of 𝐸 is defined as the limit
(as 𝑘 → ∞) of

𝑟𝑘(𝐸) = rank𝐅2(2𝑘−1Sel2𝑘 (𝐸)/ (2𝑘−1𝐸[2])),

where Sel(𝐸) denotes the Selmer group of 𝐸. Note that
𝑟1(𝐸) ≥ 𝑟2(𝐸) ≥ ⋯ ≥ rank(𝐸). Smith proved that
the distribution of 𝑟𝑘 follows a Markov chain behavior:
given 𝑟𝑘 for 𝑘 = 1, 2,… ,𝑚, the distribution of 𝑟𝑚+1 de-
pends only on 𝑟𝑚 and is predicted by the Delaunay heuris-
tic [Del01]. Smith finds that the distribution of the groups

2Cl(ℚ(√−𝑑)) [2∞] is as predicted by Gerth [Ger84],

following Cohen-Lenstra [CL84].
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(WM)2 in 2018. After being approved by hundreds of 
attendees at the meeting, the “May 12 Initiative,” often 
referred to simply as “May 12,” rose to a global and inclu-
sive call to action, uniting several national and continental 
women-in-mathematics organizations worldwide. The fact 
that the original idea sparked an overwhelming response, 
resulting in more than one hundred events being organized 
in its inaugural year, showcases that the initiative fulfills a 
strong need.

For centuries women were disregarded as mathemati-
cians, and the gender gap in mathematics remains very 
real. Celebratory events such as the ones supported by the 
May 12 Initiative bring about a crucial sense of belonging 
amongst women mathematicians and raise awareness 
throughout the entire mathematics community. The au-
thors of this note belong to the coordinating group of the 
May 12 Initiative and tell the story of this international 
cooperation. We hope that next year you will join!

The Shining Light of Maryam Mirzakhani
On May 12, 1977, Maryam Mirzakhani was born in Tehran, 
Iran. Thirty-seven years later, on August 13, 2014, she made 
history as the first woman to win the Fields Medal, the most 
coveted award in mathematics.

The main auditorium of the 28th International Congress 
of Mathematicians (ICM) in Seoul, South Korea, was filled 
with excitement when Maryam Mirzakhani’s name was offi-
cially announced. At that historical moment it became true 
that, for the first time after twenty-seven International Con-
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The idea of celebrating women in mathematics on 
Maryam Mirzakhani’s birthday, May 12, was proposed 
by the Women’s Committee of the Iranian Mathematical 
Society at the World Meeting for Women in Mathematics 



COMMUNICATION

1880    Notices of the AmericAN mAthemAticAl society Volume 66, Number 11

tragic death at the early age of forty, on July 14, 2017, as a 
result of metastatic breast cancer. The first World Meeting 
for Women in Mathematics2–(WM)2, held in Rio de Janeiro 
as a satellite event of ICM 2018, included a Maryam Mir-
zakhani Memorial in its program in tribute to her memory 
and her incredible mathematics.

Maryam Mirzakhani has left us far too soon. But the 
extraordinary gift of her mathematical inheritance and her 
impact will live on for the thousands of women she has 
inspired to pursue mathematics.

The May 12 Initiative
A wave of hands went up in the large lecture hall at the 
(WM)2 in Rio de Janeiro on July 31, 2018, as the crowd 
voted to establish May 12 as a global and inclusive Cele-
bration of Women in Mathematics.

While this vote inaugurated the May 12 Initiative, the 
actual call for affiliated events did not go out until March 
12, 2019, with the launch of the initiative’s website.3 Two 
months later celebrations were in full swing with more than 
one hundred events4 taking place in Argentina, Australia, 
Belgium, Bénin, Brazil, Canada, Chile, Congo, Denmark, 
Egypt, Ethiopia, France, Germany, India, Indonesia, Iran, 
Israel, Italy, Mexico, Nepal, Panama, Peru, Philippines, 
Portugal, Russia, Senegal, Slovakia, South Africa, Spain, 
Sweden, Thailand, Tunisia, Turkey, UK, Ukraine, and the 
USA. The majority of these events had between 20 and 100 
participants, but several brought together more than 200 
people. Moreover, a good number of additional events took 
place worldwide that were not recorded on the May 12 
website. The response to the May 12 call was massive and 
enthusiastic. How was this initiative devised, organized, 
and made possible?

gresses of Math-
ematicians since 
1897, a woman 
had received the 
Fields Medal.

The  c i ta t ion 
by the Interna-
tional Mathemat-
ical Union Fields 
Medal Commit-
tee was “for her 
outstanding con-
tributions to the 
d y n a m i c s  a n d 
geometry of Rie-
mann sur faces 
and their moduli 
spaces.” The short 
film 2014 Fields 
Medalist: Maryam 
Mirzakhani1 shown 
at the opening cer-
emony of the ICM 

2014 in Seoul afforded the audience a glimpse at her 
brilliance, her passion for mathematics, and her unique 
trajectory. Maryam Mirzakhani came a long way since her 
years at the Tehran Farzanegan School, a highly regarded 
school for girls. In the film, she mentions that she was not 
always interested in mathematics. As a child, she liked to 
read novels and aspired to become a writer. After being 
charmed by the challenges of mathematics, she won two 
gold medals representing her country at the International 
Mathematical Olympiad in 1994 and 1995. Upon grad-
uating from Sharif University in Tehran, she left for the 
United States, where she obtained her PhD at Harvard 
University under the supervision of Curtis McMullen, a 
fellow Fields Medal winner. She subsequently spent three 
years at Princeton, from where she moved to Stanford as a 
full professor in 2008. In 2011, she and her husband, Jan 
Vondrák, welcomed their daughter Anahita into their fam-
ily. In her home in Palo Alto, California, kneeling with a felt 
tip pen in her hand on vast white sheets of paper covering 
the floor, she captured the inner beauty of moduli spaces, 
Teichmüller theory, hyperbolic geometry, ergodic theory, 
and symplectic geometry.

Maryam Mirzakhani was, and to this day is, a great 
source of inspiration for women mathematicians all over 
the world. The creation of the Women’s Committee of the 
Iranian Mathematical Society in 2014 was motivated and 
initiated in large part by her winning of the Fields Medal. 
The entire mathematical community was devastated by her 

1https://www.youtube.com/watch?v=8Nl8drJyeDc
2https://www.worldwomeninmaths.org

Figure 1. Maryam Mirzakhani at work. 
A piece from the exhibition Remember 
Maryam Mirzakhani.

Figure 2. Vote to approve the May 12 initiative at (WM)2 
in Rio de Janeiro.

3https://may12.womeninmaths.org
4See https://may12.womeninmaths.org/#events

https://may12.womeninmaths.org
https://may12.womeninmaths.org/#events
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Another suggestion was to host sessions that engage the 
audience, for example, a mathematical fair.7 Some of these 
recommendations were implemented as described on the 
website, and many original ideas emanated from the local 
organizers themselves. The programs of May 12 worldwide 
incorporated a broad variety of activities: talks on the life 
and mathematics of Maryam Mirzakhani, discussions of the 
gender gap in mathematics or on the social role of women 
in mathematics, presentations about renowned women 
mathematicians, mathematical talks by young women in 
mathematics, films, exhibitions, and much more.

The fact that the original idea, coming from Iran, of 
celebrating May 12 grew so successful within just a few 
months showcases first the need to celebrate women in 
mathematics worldwide and second the power of the 
network of women in mathematics around the globe. In 
its inaugural year 2019, mathematicians across the world 
joined forces and together succeeded in creating a global 
and inclusive initiative that will hopefully become an es-
tablished annual event.

The First Celebration of May 12 in Iran
On May 12, 2019, more than 200 people gathered at Shahid 
Beheshti University in Tehran, Iran, to celebrate what was 
called the First Women in Mathematics Day. Amongst the 
guests were the president and other senior executives of 
the Iranian Mathematical Society, some of Maryam Mir-
zakhani’s high school teachers and university professors, a 
number of her friends, mathematicians from all over Iran, 
students, members of the Maryam Mirzakhani Founda-
tion,8 as well as government officials from the Department 
of Women and Family Affairs, the president of the Iran Na-
tional Science Foundation (INSF), and members of an INSF 
working group to promote the status of women in research.

The main thread that connected all of the parts of this 
event was honoring and celebrating the life and work of 
Maryam Mirzakhani. Talks about her scientific work and 

The original idea to celebrate women in mathematics 
on Maryam Mirzakhani’s birthday came from the Women’s 
Committee of the Iranian Mathematical Society. A quick 
email message in June of 2018 describing the idea to cel-
ebrate women in mathematics on May 12 turned into an 
expanded proposal and the subsequent vote at the (WM)2.

An international collaboration of the regional organi-
zations of women mathematicians allowed this project to 
take shape, with the active participation of the European 
Women in Mathematics, the Association for Women in 
Mathematics, the African Women in Mathematics Associ-
ation, Indian Women and Mathematics, Colectivo de Mu-
jeres Matemáticas de Chile, and the Women’s Committee 
of the Iranian Mathematical Society.

Finally, local organizers across borders and cultures 
devoted time, energy, and enthusiasm to make the events 
happen. May 12 wouldn’t exist without their dedicated in-
volvement, even with the support of the many international 
organizations. Most of the local organizers were women 
mathematicians at various stages of their careers.

The May 12 website was instrumental in supporting 
local event organizers, since it provided various ideas for 
a diverse set of activities. Suggestions included hosting 
a screening of the short film Journeys of Women in Math-
ematics5 and hosting the Remember Maryam Mirzakhani 
exhibition.6

5This movie tells several stories of women mathematicians in Latin Amer-
ica. It was created by the International Mathematical Union’s Committee 
for Women in Mathematics (CWM) and was made possible by a grant 
from the Simons Foundation. See https://www.mathunion.org/cwm 
/slider-item/14407.
6This exhibition was initiated by CWM (curator: Thais Jordao, designer: Ra-
fael Meireles Barroso) with its eighteen original posters, inaugurated at (WM)2 
and ICM 2018. See https://www.mathunion.org/cwm/initiatives 
/cwm-initiatives for more details.

Figure 3. Map of events on the May 12 website.

Figure 4. The movie Journeys of Women in Mathematics.

7A mathematical fair works as follows: anyone who comes to the seminar 
can bring with them a short mathematical story, an object, or a theorem—
anything to share in (strictly) under five minutes. This format encourages 
sharing the mathematics one loves in a concise and clear manner. The 
original idea was contributed by Marie Lhuissier.
8mmirzakhani.com/foundation

https://www.mathunion.org/cwm/slider-item/14407
https://www.mathunion.org/cwm/slider-item/14407
http://mmirzakhani.com/foundation
https://www.mathunion.org/cwm/initiatives/cwm-initiatives
https://www.mathunion.org/cwm/initiatives/cwm-initiatives
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diaspora in France, Italy, and the USA, as well as one male 
professor from Bénin, discussed reasons for the dearth 
of women in the mathematical sciences. Questions and 
comments from the audience soon guided the conversation 
towards concerns surrounding the balance between career 
and family. In particular, the fear that local cultural con-
straints create difficulties for women who wish to both pur-
sue a scientific career as well as have a family was discussed.

Along with the event in Bénin, celebrations of May 12 
were organized in seven countries in Africa, some of which 
were initiated by representatives of the African Women in 
Mathematics Association. Some events were also aimed 
at a more general audience to popularize mathematics. 
In supporting the strong women who put together events 
such as these, people around the world can help decrease 
the gender gap in the sciences and mathematics, which is 
even more real in Africa than elsewhere.

May 12 in Asia
May 12 was celebrated with a total of thirteen events in Asia, 
spanning the countries of India (three separate events), 
Indonesia, Iran, Israel, Nepal, the Philippines, Turkey (four 
separate events), and Thailand.

reminiscences of her life were accompanied by discussions 
of the gender gap in the sciences in Iran. Of particular 
importance was a panel discussion centered on ways to 
increase the presence and influence of women mathemati-
cians in the Iranian mathematics community. Furthermore, 
a prize was awarded to Sara Saeedi Madani, an assistant 
professor at Amirkabir University of  Technology in Tehran, 
for her outstanding research. A musical concert and an ex-
hibition in memory of Maryam Mirzakhani’s life rounded 
out the celebration.

May 12 in Africa
“How do you maintain a balance between career and fam-
ily?” Many women mathematicians around the world have 
grappled with this very complex issue. This problem was 
central to a panel discussion “How to reduce the gender 
gap in mathematical sciences,” organized at the Institut 
de Mathématiques et de Sciences Physiques in Dangbo, 
Bénin,9 as part of their May 12 celebration. In front of a 
highly engaged audience of around eighty scientists and 
students, women panelists from Bénin, Nigeria, the African 

Figure 5. Celebration of May 12, 2019, at Shahid Beheshti 
University in  Tehran.

Figure 6. May 12 celebration in Ethiopia.

9www.ceasma-benin.org/htdocs/actualites/?lire=56-Commemor 
ation-of-the-women-in-mathematics-day

Figure 7. Remembering Maryam Mirzakhani exhibition at Nesin 
Village in Turkey.

http://www.ceasma-benin.org/htdocs/actualites/?lire=56-Commemoration-of-the-women-in-mathematics-day
http://www.ceasma-benin.org/htdocs/actualites/?lire=56-Commemoration-of-the-women-in-mathematics-day
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The workshop “Women in Biom-
etry and Biometry for Women”14 at 
Vita-Salute San Raffaele University 
in Milan (Italy) was devoted to the 
importance of women researchers 
in biometry as well as of biometry 
in research on women’s health.15

At the Accademia Nazionale dei 
Lincei (Italy), in the magnificent 
Sala delle Scienze Fisiche of Palazzo 
Corsini in front of an audience of 
professors, students, and the Ira-
nian ambassador in Rome, Corinna 
Ulcigrai delivered a beautiful talk 
“Billiards, Flat Surfaces and the 
Magic Wand Theorem.”16 The pre-
sentation focused on applications 
of Maryam Mirzakhani’s monu-
mental work with Alex Eskin and 
Amir Muhammadi.

At the University of Düsseldorf 
(Germany), students took matters 
into their own hands, as reported 
by the organizers of their “Women 

in Maths Get-Together”17:

We had planned for a panel discussion and film 
projection, but the students were so enthusias-
tic having discussions, that we, as organizers, 
decided not to interrupt the flow of the dis-
cussions and simply give them the space they 
needed to talk to the faculty members. It was 
also an opportunity for PhD students working 
in different groups to get to know each other. 
It was the first time such an event took place 
at the University of Düsseldorf, and since the 
reception was very good, the possibility to make 
this a regular event is being discussed.

In total, twenty-nine separate celebrations were orga-
nized in Europe, with one event each in Belgium, Portugal, 
Russia, Slovakia, Spain, and the Ukraine; two events each 
in Denmark and Germany; three events in Sweden; four in 
the UK; and six each in France and Italy.

The largest gathering by far oc-
curred at Galatasaray University in 
Istanbul, Turkey, with more than 
1,000 participants attending the 
two-day mathematics festival Istan-
bul Matematic Festivali.10 Equally 
impressive was the daylong event 
“Journey of Women in Mathemat-
ics from Hypatia to Mirzakhani”11 
at Central University of Kashmir 
(India) with more than 200 partic-
ipants. In a keynote address at this 
event, Amin Sofi stressed the role 
of women in mathematics, while 
Fozia Qazi, in a talk “Gender in 
Mathematics Culture,” emphasized 
that gender bias in mathematics 
prevails across the world even at 
top institutions. Several sessions 
on women in mathematics, their 
work as well as challenges they 
face, together with poster sessions, 
rounded out the scientific program. 
Color was added to the celebra-
tion with music, dance, skits, and 
poems.

May 12 in Europe
“Tell me Maryam Mirzakhani,”12 an evening devoted to 
twelve short stories inspired by Maryam Mirzakhani, or-
ganized by Résonance Art et Science in Nantes (France), 
was one of the many creative ways in which women in 
mathematics were celebrated in Europe.

History gives many examples of women who 
have distinguished themselves in art, science, 
literature and medicine. They are almost al-
ways stories of struggles and commitment that 
deserve to be remembered. Maria Gaetana 
Agnesi, author of the first book in Italian ded-
icated to teaching mathematics, and Maryam 
Mirzakhani, the first woman to win the Fields 
Medal for research in Geometry and Dynamical 
Systems, have made the difference.

This is the opening paragraph of the announcement 
of the international conference “Faces of Geometry. From 
Agnesi to Mirzakhani”13 in Milano (Italy).

10math.gsu.edu.tr/festival2019
11https://www.greaterkashmir.com/news/kashmir/cuk 
-observes-intl-women-in-mathematics-day

12www.mathom.fr/JIFM
13https://www.eventi.polimi.it/events/faces-of-geometry 
-from-agnesi-to-mirzahani/?lang=en

Figure 8. A Tribute to Maryam Mirzakhani in Rome.

14ibs-italy.org/wp-content/uploads/2019/05/women-in-biometry 
-10-May-1.pdf

15Talks such as “Timing of hospital admission in labour: latent versus active 
phase, mode of birth and intrapartum interventions. A correlational study” 
(Elisabetta Colciago) were part of this event.
16https://www.dinamici.org/?p=1218
17reh.math.uni-duesseldorf.de/~stoch/RojasMolina/WiM_HHU 
.html

http://math.gsu.edu.tr/festival2019
https://www.greaterkashmir.com/news/kashmir/cuk-observes-intl-women-in-mathematics-day
https://www.greaterkashmir.com/news/kashmir/cuk-observes-intl-women-in-mathematics-day
http://www.mathom.fr/JIFM
http://ibs-italy.org/wp-content/uploads/2019/05/women-in-biometry-10-May-1.pdf
http://ibs-italy.org/wp-content/uploads/2019/05/women-in-biometry-10-May-1.pdf
http://reh.math.uni-duesseldorf.de/~stoch/RojasMolina/WiM_HHU.html
http://reh.math.uni-duesseldorf.de/~stoch/RojasMolina/WiM_HHU.html
https://www.eventi.polimi.it/events/faces-of-geometry-from-agnesi-to-mirzahani/?lang=en
https://www.eventi.polimi.it/events/faces-of-geometry-from-agnesi-to-mirzahani/?lang=en
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Throughout Latin America, May 12 was celebrated with 
a total of twenty-nine events, most of which were hosted 
in university spaces and attended by faculty and students 
alike. Two of these took place in Argentina, twelve in Brazil, 
seven in Chile, five in Mexico, and one each in Panama, 
Peru, and Uruguay.

May 12 in the USA and Canada
On May 13, around 40 people gathered at the Mathematical 
Sciences Research Institute (MSRI) in Berkeley, California, 
for an afternoon dedicated to women in mathematics19 and 
to the memory of Maryam Mirzakhani. Participants were 
mostly women from MSRI’s active programs and the Uni-
versity of California at Berkeley, but also included women 
mathematicians from other Bay Area institutions. In honor 
of the occasion, the eighteen posters of the Remember 
Maryam Mirzakhani Exhibition20 were displayed at MSRI’s 
Simons Auditorium, enlivening the room with new colors 
and light. After the acting director of MSRI, Hélène Barcelo, 
welcomed the guests, Sarah Koch (University of Michigan) 
elucidated some of Maryam Mirzakhani’s mathematical 
achievements with a beautiful presentation. The lecture was 
followed by a number of small group discussions and work-
shops aimed at supporting women mathematicians. These 
included an Ally Skills Workshop for male participants to 
support women in their workplaces and communities and 
a training session on how to overcome Impostor Syndrome. 
Both were based on the Ada Initiative’s21 freely available 
materials. MSRI’s Celebration of Women in Mathematics 
closed with the screening of a preview of the documentary 

May 12 in Latin America
Children and adults of all ages enjoyed folding origami, 
solving geometric puzzles, and discovering the universe 
of recreational mathematics during Panama’s creative 
celebration of “The Math Carnival in honor of the Day 
for Women in Mathematics” at its Biomuseum.18 Three 
women Panamanian mathematicians shared their stories, 
from how they joined the world of mathematics despite 
the obstacles they faced along the way, all the way to the 
lessons learned through their personal and professional 
experiences. The inspiring informal setting attracted more 
than 200 attendees, who also learned about the life and 
legacy of Maryam Mirzakhani via a handout prepared by 
the local organizers.

18www.biomuseopanama.org/en

Figure 9. Some of the activities of the May 12 celebration in 
Chile.

19www.msri.org/general_events/24219
20https://www.mathunion.org/cwm/news-and-events/2018-10-30 
/hosting-remember-maryam-mirzakhani-exhibition

21https://adainitiative.org
22www.zalafilms.com/secrets
23jointmathematicsmeetings.org/meetings/national/jmm2020 
/2245_intro

Figure 10. Sarah Koch’s lecture during the Celebration of 
Women in Mathematics at MSRI.

http://www.biomuseopanama.org/en
http://www.msri.org/general_events/24219
https://adainitiative.org
http://www.zalafilms.com/secrets
https://www.mathunion.org/cwm/news-and-events/2018-10-30/hosting-remember-maryam-mirzakhani-exhibition
https://www.mathunion.org/cwm/news-and-events/2018-10-30/hosting-remember-maryam-mirzakhani-exhibition
http://jointmathematicsmeetings.org/meetings/national/jmm2020/2245_intro
http://jointmathematicsmeetings.org/meetings/national/jmm2020/2245_intro
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At the University of Adelaide, around ninety mostly 
women participants gathered for their own celebration of 
Women in Maths Day South Australia26 with a program of 
keynote lectures on diversity in mathematics, networking 
sessions, connections to industry, and several panel dis-
cussions. Topics included such relevant questions as how 
to successfully put your mathematics career on hold (for 
example, for child rearing purposes) and what types of 
mathematical careers one could pursue.

Altogether, a total of sixteen events were organized in 
Australia to honor women in mathematics.

The Future
The overwhelming success of the May 12 Initiative in 2019 
demands its continuation into future years. Indeed, we 
hope and expect that the initiative will not simply continue 
but in fact grow and expand in years to come. Not only do 
we wish for the total number of celebrations to increase but 
in addition for the initiative’s geographic reach to expand. 
By spreading the word and organizing May 12 events in 
2020 at their respective institutions, readers can contrib-
ute to the success and jointly help the initiative flourish. 
Encouraging and celebrating underrepresented groups in 
the pursuit of their careers is valuable and meaningful in 
order to create a just and free society. We hope for many 
mathematicians to join our movement, regardless of gender 
identity. Please go to https://may12.womeninmaths.org 
to register your May 12 celebration event.

As a happy coincidence, May 12, 2020, will mark the 
200th birthday of Florence Nightingale, the founder of 
modern nursing but also a social reformer and statisti-
cian. She pioneered infographics and invented a graphical 
representation of statistical data akin to a modern circular 
histogram in order to illustrate complex statistical data in-
volving mortality causes in the army in clear and persuasive 
ways. Such diagrams have become known as Nightingale’s 
“Rose Diagrams.”

Secrets of the Surface: The mathematical vision of Maryam Mir-
zakhani.22 The film, produced by MSRI and George Csicsery, 
is scheduled to premiere at the Joint Mathematics Meetings 
to take place in Denver in January 2020.23

Including the celebration at MSRI, women in math-
ematics were recognized with a total of six events in the 
United States and eight in Canada with a variety of diverse 
activities. Of particular impact was the commitment of the 
Department of Mathematics and Statistics at the University 
of Alberta to work on the design of permanent modifica-
tions to their vintage poster “Men of Modern Mathematics.” 
Temporary modifications had already been put in place for 
the department’s celebration of International Women’s Day 
(March 8, 2019), but in honor of May 12 the poster will be 
permanently redesigned. The outdated poster, which can 
still be found in many mathematics departments, displays 
a 12-foot timeline highlighting the contributions of male 
mathematicians through the ages without recognizing the 
equally significant contributions of women mathemati-
cians. The printing and distribution to schools across the 
USA and Canada of the original poster “Men of Modern 
Mathematics” was sponsored by IBM in 1966. For the cel-
ebration of International Women’s Day in 2019, the poster 
at the University of Alberta was updated to also reflect 
the significant contributions of women mathematicians, 
and the poster’s title was changed to “Women and Men of 
Modern Mathematics.”24

May 12 in Oceania

The past century has seen dramatic changes in 
mathematics and the role of women in math-
ematics. In this presentation we explore these 
changes, walking in the shoes of our forebears 
and talking about some of the really cool things 
that modern day female mathematicians and 
statisticians are achieving. We will also acknowl-
edge the challenges that are being faced by our 
women colleagues around the world and here 
in Oz. We will also peek into the future to see 
what lies ahead for our daughters. It’s a great 
time to be a woman in mathematical sciences!

This is the abstract of Kerrie Mengersen’s special lecture 
“The Mathematics of Change: Viewing the World’s Oldest 
Discipline through a Female Lens,” which opened the Cele-
bration of Women in Mathematics25 at Monash University 
in Melbourne, Australia.

Figure 11. Golnoosh Tajadod’s talk at Deakin University, 
Australia.

24https://www.ualberta.ca/science/science-news/2019/march 
/international-womens-day

25https://acems.org.au/events/monash-women-maths-day
26https://www.adelaide.edu.au/aiml/events/list/2019/05/women 
-in-maths-day-sa

https://may12.womeninmaths.org
https://www.ualberta.ca/science/science-news/2019/march/international-womens-day
https://www.ualberta.ca/science/science-news/2019/march/international-womens-day
https://acems.org.au/events/monash-women-maths-day
https://www.adelaide.edu.au/aiml/events/list/2019/05/women-in-maths-day-sa
https://www.adelaide.edu.au/aiml/events/list/2019/05/women-in-maths-day-sa
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What other discoveries have women scientists made in 
the past, on May 12 or on any other day of the year? What 
discoveries will they make in the future? The May 12 Initia-
tive Celebrating Women in Mathematics honors all of these 
discoveries, past and future, with joy and hope.
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Figure 1 is copyright IMU.
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WASHINGTON UPDATE

Introduction 
I write regularly (mostly in my blog https://blogs.ams 
.org/capitalcurrents) about annual appropriations 
for the National Science Foundation (NSF) and about NSF 
policies that might affect you. But, what is the NSF? When 
did it come to be? Why? What makes it different from all 
other federal agencies? Is it possible for a mathematician 
to get a position working at the NSF? If so, how?

A Brief History of the 
National Science Foundation
The NSF is the major source of federal funding for math-
ematics research done at colleges and universities in the 
United States. Overall, the NSF funds about 24 percent of 
all federally funded basic research done at colleges and uni-
versities; it is over 64 percent in the mathematical sciences. 
The Department of Defense, National Institutes of Health, 
and Department of Energy are other significant funders 
of mathematics research.1 Money (“appropriations”) for 

these agencies is allocated each year, and making the case 
for our country’s continued and strengthened investment 
in basic research is part of the advocacy work of the AMS.2

The NSF is only one of several executive branch agencies 
that funds scientific research. The NSF is unique, as it is the 
only agency of the federal government that is

 • devoted to supporting basic research and educa-
tion across all scientific and engineering fields 
without a mission guiding its choices of projects 
to fund, and

 • without any “in-house” labs.
In other words, the NSF program officers determine 

which proposals to fund based on potential, and there are 
no scientists employed doing research at the NSF.

Though the NSF is relatively young, the importance of 
investment in science has been recognized as long as our 
country has existed. On January 8, 1790, President Wash-
ington, in his first Annual Message to Congress (now the 
State of the Union Address), asserted “… there is nothing 
which can better deserve your patronage, than the pro-
motion of Science and Literature. Knowledge is in every 
country the surest basis of publick happiness.”3

Activities of the Office
of Government Relations
Karen Saxe 

Karen Saxe is associate executive director of the AMS and director of the 
Office of Government Relations. Her email address is kxs@ams.org.
1https://www.ams.org/journals/notices/201904/rnoti-p576.pdf

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti1988

This quarterly column offers information on different facets of the American Mathematical Society Office of Govern-
ment Relations (OGR) portfolio and activities.

2https://www.ams.org/government/dc-budgetprimer
3https://www.mountvernon.org/education/primary-sources 
/state-of-the-union-address

https://blogs.ams.org/capitalcurrents
https://blogs.ams.org/capitalcurrents
https://www.mountvernon.org/education/primary-sources/state-of-the-union-address
https://www.mountvernon.org/education/primary-sources/state-of-the-union-address
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sion is regularly under scrutiny in Congress. Supporting 
mathematics was in the original law, which required that 
four divisions be set up, including one in “mathematical, 
physical, and engineering sciences.”

This has been a very brief version of the complex history 
of how the federal government supports science (e.g., the 
Morrill Act) and how science supports the government (e.g., 
weather information used for military purposes).6

The NSF Today
The NSF is a relatively small—in terms of the size of its 
budget—federal agency. However, it is very important in 
advancing scientific research and education in the broadest 
terms. Today, the NSF

 • has an annual budget of $8.1 billion (FY 2019);
 • distributes 93 percent of this money to researchers 

across the country;
 • supports “disciplinary” research through seven 

directorates;7 and
 • supports further research through interdisciplinary 

programs, including the “Big Ideas.”8

The NSF funds research in all fifty states at about 2,000 
academic and other private and public institutions across 
the United States, supporting the research of 386,000 
individuals. In 2018 the NSF received more than 48,000 
research proposals; the overall success rate was about twen-
ty-five percent that year. It funds a wide range of programs 
and projects, including oceanographic research vessels, 
the Louis Stokes Alliances for Minority Participation, the 
world’s largest and highest power magnet lab, and the 
Mathematical Sciences Institutes.

Congress requires that the NSF keep the public apprised 
of the United States and international science and engineer-
ing enterprise. It collects data and publishes the Science & 
Engineering Indicators.9 These reports give interesting sta-
tistics on education, research and development, the global 
marketplace, and public attitudes toward science. “The State 
of US Science and Engineering,” summarizing indicators, 
will be released on January 15, 2020. In the meantime, 
you can look at thematic reports (on a particular topic), 
examine state comparisons, and lots more.

You Too Can Spend a Year or 
Two Working at the NSF
Of the roughly 2,100 employees, about 200 are “rotators” 
(there temporarily, typically on leave from an academic 
institution). The director of the NSF, currently Dr. France 
Córdova, is appointed by the president and confirmed by 

He spoke about several science-related topics in that 
address (e.g., establishing a standard for weights). At his 
request, Congress passed an act in 1790 that led to our cur-
rent Patent and Trademark Office. This can be considered 
the first congressional action on science policy.

Prior to the Civil War, public health, agriculture, and 
geography were the central scientific interests of politicians. 
As just one example, President Jefferson commissioned 
Lewis and Clark’s famous expedition. In 1862 President 
Lincoln’s Morrill Act established the land-grant university 
system focusing on agricultural research. Military concerns 
rose in importance during the Civil War. Concerns about 
food safety, public health, and environmental conservation 
re-emerged with increased interest in the early twentieth 
century.

In 1884 the Senate took up the question of how the 
federal government might interact with science (should 
they fund it, get advice from scientists, etc.). The Allison 
Commission (named for Senator William Boyd Allison of 
Iowa, who led this examination) considered establishing 
a federal department of science (and a national university, 
which had also been suggested by President Washington 
in that very first State of the Union Address4), but this 
department did not come to be. However, several science 
agencies were established between the Civil War and World 
War I. For example, the Weather Bureau (now called the 
National Weather Service) was established in a law signed 
by President Grant in 1870, and in 1906 President Theo-
dore Roosevelt signed into law the Pure Food and Drug 
Act, establishing what we now call the Food and Drug 
Administration.

During the 1940s the Senate continued to discuss the 
role of the federal government in science and vice versa. 
During this period, President Franklin Roosevelt commis-
sioned a report by his science advisor, Vannevar Bush. This 
now famous report—Science, the Endless Frontier—gave 
a vision for how the federal government might interact 
with science and technology and led directly to the NSF’s 
establishment.5 The report came out in 1945, and after five 
more years of congressional visioning and compromise, 
President Truman signed the law establishing the NSF on 
May 10, 1950.

That law directs the NSF “to initiate and support basic 
scientific research in the mathematical, physical, medical, 
biological, engineering, and other sciences, by making 
contracts or other arrangements (including grants, loans, 
and other forms of assistance).” The point about what 
fields would be funded was part of the debate during the 
five years of congressional discussion just alluded to. In 
particular, the question of whether or not to fund social 
sciences was discussed but not resolved at that time. Social 
science investments are now permitted, but their inclu-

4https://www.mountvernon.org/education/primary-sources 
/state-of-the-union-address

5https://www.nsf.gov/od/lpa/nsf50/vbush1945.htm

6The NSF has its own history page: https://www.nsf.gov/about 
/history

7https://www.nsf.gov/about/research_areas.jsp
8https://blogs.ams.org/capitalcurrents/mathematical-sciences 
-and-the-nsf-big-ideas

9The most recent report was published in 2018 and appears here: https://
nsf.gov/statistics/2018/nsb20181

https://www.mountvernon.org/education/primary-sources/state-of-the-union-address
https://www.mountvernon.org/education/primary-sources/state-of-the-union-address
https://www.nsf.gov/about/history
https://www.nsf.gov/about/history
https://blogs.ams.org/capitalcurrents/mathematical-sciences-and-the-nsf-big-ideas
https://blogs.ams.org/capitalcurrents/mathematical-sciences-and-the-nsf-big-ideas


Washington Update

1890    Notices of the AmericAN mAthemAticAl society Volume 66, Number 11

with work in your own area and, as well, see a breadth of 
topics and thus expand your mathematical knowledge. 
Rotators are expected to function effectively both within 
specific programs and as a member of crosscutting and 
interactive teams. 

For rotator positions in DMS, there is no deadline or for-
mal application process, and DMS is constantly recruiting 
rotators. If you or someone you know might be interested, 
you/they can contact a DMS program director or the di-
vision director (DD) communicating your/their interest.

If you want to do some online reading, you should know 
that the proper title for a rotator is “(temporary) program 
director.”

Information about rotators at NSF: https://www.nsf 
.gov/careers/rotator.

Most recent job posting for rotators in DMS: https:// 
www.nsf.gov/pubs/2018/dms18001/dms18001.jsp.

To view all open program director positions in all direc-
torates: https://www.nsf.gov/careers/openings 
/index.jsp?org=NSF&archived=false&pub_sub_type 
=ScienceEngineering&x=9&y=5.

Closing Words
The NSF will celebrate its seventieth anniversary in 2020, 
and planning for celebratory activities is underway. Happy 
70th, NSF!

Credits
Author photo is courtesy of Macalester College/David Turner.

the United States Senate. March 18, 2020, will be the last 
day of Dr. Córdova’s six-year term. The president also ap-
points the deputy director and the twenty-four members of 
the National Science Board (NSB)10; Senate confirmation 
is required for the director and deputy director. 

Most mathematicians who work at the NSF work in the 
Division of Mathematical Sciences (DMS).11 Some work in 
the Education and Human Resources Directorate (EHR)12 
and, occasionally, in the Computer and Information Sci-
ence and Engineering (CISE) Directorate, particularly in 
the Computing and Communication Foundations (CCF) 
Division. In addition to the above divisions and director-
ates, statisticians are employed in the NSF National Center 
for Science and Engineering Statistics (this is the group that 
publishes the Indicator reports described at the end of the 
last section).13

You can spend a year or two at the NSF as a “rotator.”
“Rotator” is not a technical term; it is slang for an NSF 

employee in a non-permanent position. A rotator is a 
mathematician (or other scientist, engineer, or educator) 
who typically spends one or two years at the NSF and then 
returns to their home institution. Rotators make recom-
mendations about which proposals to fund; influence new 
directions in the fields of science, engineering, and educa-
tion; and support cutting-edge interdisciplinary research. 

As a rotator living in the Washington, DC, area, you will 
learn about the rich and fascinating landscape of science 
funding. You will be able to interact with scientists from 
all fields, from all over the country, and engage in exciting 
events in the area, scientific and otherwise. This is a great 
way to serve the mathematics community and learn about 
the breadth of activities going on at the NSF.

To become a rotator in DMS, you need to have a PhD or 
equivalent training in a field of the mathematical sciences 
plus six years of successful post-PhD research.14 Normally, 
rotators are of the academic rank of associate professor or 
higher, visit the NSF on unpaid leave from their home insti-
tution, and are paid by the NSF. Time is allotted to focus on 
their own research, and travel funds are available. Rotators 
have shared their experiences in the Notices and in SIAM 
News.15 John B. Conway, in the Notices article, talks about 
how this experience is very good background for becoming 
a department head. He also points to the fact that in read-
ing many research proposals, you become more familiar 

Karen Saxe 

10https://www.nsf.gov/nsb
11Current staff list for DMS: https://www.nsf.gov/staff/staff_list 
.jsp?org=DMS&from_org=DMS

12Current staff list for EHR: https://www.nsf.gov/staff/staff_list 
.jsp?org=EHR&from_org=EHR

13https://www.nsf.gov/statistics
14Qualifications to work in other divisions at the NSF are similar, but 
may vary a bit.
15See http://www.ams.org/notices/200506/comm-conway.pdf 
and https://sinews.siam.org/About-the-Author/ready-for-the 
-bigger-picture-become-a-program-director-at-nsf

The AMS Office of Government Relations writes a 
biweekly blog: https://blogs.ams.org/capital 
currents.

Posts include timely information on activities in 
Congress that affect mathematicians and the broader 
science community, historical tidbits on federal science 
policy, and opportunities for engaging with Congress 
and other policymakers.
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MATH OUTSIDE THE BUBBLE

Until 2019, math was a syllable seldom shouted. Then serial 
entrepreneur Andrew Yang put the four-letter word at the 
center of his long-shot bid for the Democratic presidential 
nomination, and math’s rise to unforeseen prominence on 
the political stage began—with an applause line.

Yang launched his White House run in November 2017, 
but the declaration that has since appeared in nearly every 
account of his candidacy didn’t get traction until the first 
quarter of 2019, after his breakout February appearance on 
the popular podcast The Joe Rogan Experience. “The opposite 
of Donald Trump,” Yang announced during interviews and 
at rallies, “is an Asian man who likes math.”

No one disputes the “Asian man” part of Yang’s self-char-
acterization; the 44-year-old father of two is the son of 
Taiwanese immigrants.1 The proclaimed fondness for math, 
though, is more puzzling. Yang’s résumé—his economics 
major, his law degree, his stints with healthcare software 
and GMAT test prep startups, his creation of the nonprofit 
fellowship program Venture for America—contains nothing 
suggestive of an appreciation for mathematics per se. Yang 
likes to say he “did the math” and gives statistics-laden 
stump speeches that sound at times like TED talks or  

Is MATH the New MAGA?
Sophia D. Merow 

Sophia D. Merow is Special Projects Editor and Notices assistant. Her 
email address is merow.notices@gmail.com.
1 Some have noted, with varying levels of (dis)approval, that Yang’s state-
ment plays into the “model minority myth” that pegs Asian Americans as 
high achievers, particularly in subjects like math. Yang is mindful of the 
stereotype, he told the New York Times (https://nyti.ms/2T1U5vF), 
but is just being true to himself. “It would be unfortunate if you say, ‘I’m 
an Asian guy who likes math, thus, all Asian guys like math,’” he said.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
DOI: https://dx.doi.org/10.1090/noti1989

Figure 1. Yang supporter and Blockchain developer  Tyler Hunter 
sports a MATH hat.
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Math Outside the Bubble

Although Yang 2020’s assortment of MATH swag had ex-
panded by August to include shirts, buttons, stickers, and 
a bandana (adorned with area, perimeter, and volume for-
mulae; trig identities; a trapezoid inscribed inside a circle; 
and general quadratics in standard and slightly nonstandard 
form), the jury was still out on the wisdom of Yang’s strategy. 

Doubters tended to focus on (1) widespread aversion to 
mathematics5 and (2) the advisability of appealing to voters’ 
hearts rather than their heads. “The word ‘math’ is not one 
that any sane political consultant would pick to resonate 
with voters,” said East Carolina University political scientist 
Jody Baumgartner.

Others argued that the MATH messaging worked pre-
cisely because it telegraphed the candidate’s predilection for 
the rational over the emotional. “Everyone is tired of all of 
the emotional drama,” Yang volunteer (and mathematical 
neuroscience PhD) Tami Joy Schlichter told The Christian 
Science Monitor (https://bit.ly/2X2oMVZ). “We just 
want someone that’s going to pay attention to an issue, do 
the research, and solve it according to what the data says.” 
Supporters also offered anecdotal evidence that the elector-
ate may be less math-averse than often assumed. They called 
the MATH hat “a conversation starter,” a “stealthy way to 
gain goodwill with strangers,” a “chick magnet” even.

Ken Cosgrove, who studies political marketing at Suffolk 
University in Boston, likewise pushed back against this 
author’s description of math as “a word with which many 
Americans have a negative association.” “The other way one 
could look at MATH is as being the ultimate truth of the 
matter,” Cosgrove wrote to me in July. “Politicians will tell 
us lots of stories, but the question is if they do the math 
on the story does it add up to what they’re claiming. Yang’s 
inviting Americans to do the math and see for themselves.”

Credits
Figure 1 is courtesy of Tyler Hunter, @TylerHunter06.
Author photo is by David Gabel.

economics lectures, but he does not seem to share fellow 
lawyer and presidential candidate Abraham Lincoln’s incli-
nation to pore over Euclid’s Elements. 

And then there’s the question of whether Yang and Trump 
are sufficiently antonymous.2 When former George W. Bush 
adviser Mark McKinnon discussed with college students at 
the Yale Politics Initiative which of the Democratic contend-
ers offered the clearest contrast to Trump, they identified 
not Yang but Pete Buttigieg (https://cnn.it/2YGsP6Q). 
Even Daily Show host Trevor Noah challenged Yang’s claim. 
“The opposite of Donald Trump isn’t an Asian man who 
likes math,” he quipped. “It’s a Mexican lady who likes her 
children. Come on now.”3 

The “opposite of Donald Trump” line reliably elicited cheers 
and chuckles, but not screams. To cement math’s place as the 
so-called Yang Gang’s rallying cry, it took merch.

On March 19, the Yang team gauged supporters’ affinity 
for math by stocking the campaign’s online store with a 
limited first edition print of a navy blue baseball cap with 
“MATH” emblazoned on the front, “Yang 2020” on the 
back, and Yang’s signature on the tag. “It will make you 
better at long division,” promised a post on the Andrew 
Yang for President 2020 Facebook page. All 500 sold out 
in 22 minutes. 

By Tax Day, when Yang held a rally at the Lincoln Memo-
rial, the math-centric messaging was both seen and heard. 
In a piece for The American Conservative (https://bit 
.ly/2YH0spc), Remso W. Martinez described the assem-
blage as “a large crowd of people wearing hats and holding 
signs that said ‘math.’” According to Business Insider’s account 
of the event (https://bit.ly/2MEjQRl), each of the 
many times Yang said “math” or “I looked at the numbers,” 
supporters raised their signs and shouted in unison: “math!”

All-caps typography can signify yelling, sure, but it can 
also indicate an acronym afoot. “Turns out MATH can stand 
for a few things,” Yang tweeted on May 5. Move Amer-
ica Towards Humanity, he proposed, or Make American  
Truckers Hopeful.4 “Make A Thousand Happen” submitted 
an apparent fan of Yang’s signature plan to give each Ameri-
can adult a “Freedom Dividend” of 1,000 dollars per month. 
Before long, though, the definitive interpretation emerged. 
As Yang explained to SupertutorTV’s Brooke Hanson in June 
(https://bit.ly/2LX5VXc), “It stands for ‘make America 
think harder,’ which is what we have to do.” 

Sophia D. Merow 

5“As a math-challenged American, I felt personally victimized by this strange 
slogan,” wrote the aforementioned Martinez.

2 Even Yang initially phrased the opposition differently: An August 2018 
tweet read, “Someone said that the opposite of Donald Trump is a smart 
Asian guy who likes facts…” 
3Stephen Colbert offered his own formulation in his post-debate commen-
tary in late July: “The opposite of Donald Trump is a black woman who 
has spellcheck.”
4Yang predicts that automation will put long-haul truckers out of work and 
proposes a version of universal basic income to ease their transition into 
other lines of work.

NOTE. The Yang campaign did not respond to any of 
multiple requests for comment.



#AMSMember THE 
NEXT GENERATION 
OF MATHEMATICS

Early-Career AMS Members Take
a Moment to Share a Little 

about Themselves:

Jasper
Weinburd
What is the best 
piece of advice you 
received that helped 

you get through 
graduate school? 

 Focus more on completion, 
less on perfection.

It is 25 years from now: describe 
your professional position and 
accomplishments. Professor at liberal 
arts college. Students are diverse, enter 
a wide variety of career paths.
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Aaron Michael
Yeager
What was/is your
favorite course in
graduate school?
Functional Analysis
taught by the late great
Nigel Kalton.

It is 25 years from now: describe 
your professional position and 
accomplishments. Tenured for 20 years, 
over 40 publications/invited talks given, 
and considered a great mentor by 
students.
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Stephanie Dodson
What is the one 
mathematics book 
you could not give up? 
Nonlinear Dynamics 
and Chaos by Steven 

Strogatz.

What do you or will you miss 
most about graduate school? Learning from 
my mentors, advisor, and research group.
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Soumyadip
Das
What was/is
your favorite
course in
graduate school?
Algebraic Geometry.

What is the one mathematics 
book you could not give up? 
Local Fields by J. P. Serre.

What is the best piece of advice 
you received that helped you 
get through graduate school?
“It takes all kinds (of people) 
to do mathematics.”—my PhD 
advisor.
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Ahmad Barhoumi
What is the best piece of advice you received that
helped you get through graduate school? Our
graduate adviser once said “When you’re stuck,
compute something.”

It is 25 years from now: describe your professional
position and accomplishments. Professor at a
university near mountains. I have climbed the toughest
boulders, fi gured out non-Hermitian orthogonal polynomials,
and became the best adviser in my school.
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Tiffany N. 
Jones
What is 
the one 
mathematics 

book you could
not give up? Based 

on wear, coffee stains and all, I 
have to choose A First Course in the 
Numerical Analysis of Differential 
Equations by Arieh Iserles.

What is the best piece of advice 
you received that helped you get 
through graduate school? Self-care 
of your mind and body is important 
for overall happiness and vital in 
producing sustainable results.

Photo courtesy of T
iffa

n
y

 N
. Jo

n
es

Dan Han
What is the best piece 
of advice you received 
that helped you get 
through graduate 
school? Be persistent.

 It is 25 years from now:
describe your professional 

position and accomplishments. I will start
my tenure track assistant professor in
August this year. I want to be a full
professor after 25 years from now. I hope I 
can make contributions to mathematics
like my advisor Dr. Molchanov and his 
advisor Dr. Dynkin did.

Photo courtesy o
f K

a
th

e
rin

e K
irchner

Celeste Vallejo
What do you or will you
miss most about
graduate school? The
thing I miss most about
graduate school is the
fl exibility. You really have the
time to work on whatever,
whenever you want. As you 
get further in your career, the 
obligations pile up.

It is 25 years from now: describe 
your professional position and 
accomplishments. Since I want to 
go into industry, 25 years from now 
I hope to be working at a company 
where I am making signifi cant 
contributions to eliminating or 
controlling diseases.
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The AMS is dedicated to advancing research and connecting the diverse global 
mathematical community through our publications, meetings and conferences, 
MathSciNet®, professional services, advocacy, and awareness programs. Early 
career members have many valuable benefi ts and services available to them as 
they progress in the profession. Visit www.ams.org/membership today for more 
information about benefi ts and services.

Sherilyn Tamagawa
What is the one mathematics book you could not 
give up? Quandles: An Introduction to the Algebra of 
Knots by Mohamed Elhamdadi and Sam Nelson.

What is the best piece of advice you received that 
helped you get through graduate school? Choose 

your advisor thoughtfully, but don’t let them be your 
only mentor.
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Heather Zinn Brooks
What is the one 
mathematics book 
you could not give up? 
“Nonlinear Dynamics and 

Chaos” by Steven Strogatz. 
It’s the book that really 

made me want to become a 
mathematician as an undergrad. 

Now I get to teach from that book, and I still fi nd 
it just as inspiring. 

What do you or will you miss most about 
graduate school? The people. I was fortunate to 
be part of a fantastic cohort of grad students, and 
I made some lasting and important friendships 
during those years.
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Xavier Ramos Olivé
What is the best piece of advice you received that
helped you get through graduate school? It’s ok to
work on challenging subjects, don’t let anybody
discourage you (but listen to your advisor!).

What do you or will you miss most about graduate
school? The feeling of community among graduate
students at UC Riverside.
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Chloe Urbanski
Wawrzyniak
What was/is your favorite
course in graduate school?
Complex Analysis. It was a
tough course, but the material
clicked and I learned a lot.

What is the one mathematics book you 
could not give up? Letters to a Young 
Mathematician. It’s my inspiration.

What is the best piece of advice you received 
that helped you get through graduate 
school? Have a vice/hobby. Grad school is 
demanding; you need something that’s just 
for you.
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Alexander
Diaz-Lopez
What is 
the biggest 

difference 
between 

being a faculty 
member and being 

a graduate student? As a graduate 
student, I mostly focused on doing 
mathematics. As a faculty, there 
are many other axes of my life that 
I enjoy: family, teaching, services, 
consulting.

What do you or will you miss most 
about graduate school? The freedom 
to spend full days working just on 
mathematics.

Photo courtesy of Villanova U
n

iv
e

rsity O
ffi ce of External Relations and C

om
m

un
ic

at
io

n
s

Hwayeon Ryu
What is the one math-
ematics book you could
not give up? Mathemat-
ical Physiology I: Cellular
Physiology; II: Systems
Physiology, edited by James
Keener and James Sneyd. This was the 
book that introduced a lot of modeling 
approaches for variety of biological systems.

What is the biggest difference between 
being a faculty member and being a 
graduate student? As a faculty member at a 
liberal arts school, I feel obligated
to provide well-refi ned
directions for students when
it comes to problem-solving
in class or supervising a
research project, whereas as
a graduate student I
remember I often felt I need
some directions from an
advisor to follow.
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Souvik Dhara
What is the biggest 
difference between 
being a faculty 
member and being 
a graduate student? 

My biggest challenge 
has been to learn how

 to decompose a long-term 
research agenda into multiple short-term 
projects.

What do you or will you miss most about 
graduate school? A constant guidance 
from my supervisor, who have always led 
with a brilliant example and showed me 
the highest standard for research.
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Brooke
Ogrodnik
What is the one
mathematics book you could 
not give up? Analytic Number 
Theory by Iwaniec and 
Kolawski.

What is the best piece of 
advice you received that helped 
you get through graduate 
school? Getting through grad 
school is mostly about being 
stubborn and not giving up.
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Matthew
James
Spong
What is the best
piece of advice you
received that helped you
get through graduate school? 
Practice talking to people about 
mathematics.

What do you or will you miss 
most about graduate school? 
The free pizza. It is 25 years from 
now: describe your professional 
position and accomplishments. If 
I am fortunate, maybe a professor 
of mathematics with about 30 
published articles.

Photo

 c
ou

rt
es

y 
o

f 
E

la
in

e 
Le

e



NEWS

Mathematics People

1896    Notices of the AmericAN mAthemAticAl society Volume 66, Number 11

the Riemann hypothesis by estimating the rate of decrease 
of discrepancies of weighted Farey fractions.” 

The prize is given biannually by the International So-
ciety of Global Optimization to an individual or a group 
for “fundamental contributions to theory, algorithms, and 
applications of global optimization.”

—From Carathéodory Prize announcements

2019 Computer-Aided 
Verification Award

Jean-Christophe Filliâtre of the 
Centre National de Recherche Sci-
entifique (CNRS) and K. Rustan M. 
Leino of Amazon Web Services have 
been named the recipients of the 
2019 Computer-Aided Verification 
(CAV) Award “for the design and de-
velopment of reusable intermediate 
verification languages that have sig-
nificantly simplified and accelerated 
the construction of practical auto-
mated deductive verifiers.” Filliâtre 
received his PhD in 1999 from the 
University Paris-Sud under the super-
vision of Christine Paulin-Mohring. 
In 2001, he designed a tool, Why3, to 
be used as an intermediate language 
for program verification. It is used 
today to verify programs in various 
programming languages (C, Java, 
OCaml, Ada), to make an interface 
with theorem provers, to verify al-
gorithms, or to teach program veri-

fication. He enjoys woodworking, playing the drums, and 
playing soccer. Leino received his PhD from the California 
Institute of  Technology in 1995. He has been technical lead 
in the Windows NT group, as well as principal researcher, at 
Microsoft Corporation, a researcher at DEC-Compaq SRC, 
and a visiting professor at Imperial College London. He is 
currently senior principal engineer in the automated rea-
soning group at Amazon Web Services. He has taught step 

Nagurney and Zhigljavsky 
Receive Carathéodory Prize

Anna Nagurney of the University of 
Massachusetts, Amherst, and Anatoly 
Zhigljavsky of Cardiff University 
have been awarded the 2019 Con-
stantin Carathéodory Prize.

Nagurney’s chief research focus is 
the applied and theoretical aspects 
of network systems, particularly in 
the areas of transportation and lo-
gistics, critical infrastructure, and 
economics and finance. She received 
her PhD from Brown University and 
was the first woman appointed to an 
endowed professorship in the Uni-
versity of Massachusetts system. She 
is a Fellow of INFORMS, the Regional 
Science Association International, 
and the Network Science Society. 
Nagurney tells the Notices that she 
is “honored that, according to the 
Mathematical Genealogy project, 
[my] academic ancestors include: 

Maxwell, Newton, and Galileo! A poster hangs in [my] 
office to inspire students that they are standing on ‘the 
shoulders of giants.’”

Zhigljavsky’s research concentrates on statistical mod-
eling in market research, multivariate statistical analysis, 
stochastic global optimization, probabilistic methods in 
search and number theory, time series analysis, and dy-
namical systems approaches for studying convergence of 
search algorithms. He received his PhD in 1981 and his Ha-
bilitation in 1987 from the University of St. Petersburg. He 
tells the Notices: “The best piece of luck I had in my life was 
finding my profession. Being a professional mathematician 
helped me to continuously enjoy my work, to stay creative 
and optimistic all my life, to meet many interesting people 
all around the world, and to advance in life regardless of 
political perturbations and economic difficulties in my 
native country, which was the Soviet Union.” His major 
hobbies are tennis and sailing, and his dream is “to prove 

Anna Nagurney

Anatoly Zhigljavsky

Jean-Christophe 
Filliâtre

K. Rustan M. Leino
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the most prestigious prizes awarded 
by the MSJ to its members. The Au-
tumn Prize is awarded without age 
restriction to people who have made 
exceptional contributions in their 
fields of research.

The Analysis Prizes were awarded 
to Fumio Hiroshima of Kyushu Uni-
versity for the application of func-
tional integration in mathematical 
quantum field theory; Hidetaka 

Sakai of the University of Tokyo for research on Pain-
levé-type equations; and Hiroki Sumi of Kyoto University 
for studies on semigroups and random dynamics of ratio-
nal functions of one complex variable.

The Geometry Prizes were awarded to Kei Irie of the 
University of Tokyo for studies on contact, symplectic 
topology, and string topology and to Masaki Tsukamoto 
of Kyushu University for studies on mean dimension in 
dynamical systems.

The Takebe Katahiro Prizes were awarded to the fol-
lowing individuals: Kenta Hayano of Keio University for 
studies on smooth mappings on 4-manifolds based on 
mapping class groups of surfaces; Tomoyuki Hisamoto 
of Nagoya University for studies on the stability and ex-
istence of special Kähler metrics on polarized manifolds; 
Shinnosuke Okawa of Osaka University for studies on 
noncommutative algebraic geometry; and Keisuke Takasao 
of Kyoto University for studies on weak solutions to  
volume-preserving mean curvature flow.

The Takebe Katahiro Prizes for Encouragement of Young 
Researchers were awarded to the following individuals: 
Kenta Hashizume of the University of Tokyo for a new ap-
proach to the minimal model program; Masao Oi of Kyoto 
University for explicit description and depth-preserving 
property of the local Langlands correspondence for classi-
cal groups; Yuhei Suzuki of Nagoya University for studies 
on operator algebras arising from topological dynamical 
systems; Shota Tateyama of Waseda University and the 
University of  Tokyo for studies on qualitative properties of 
Lp-viscosity solutions to fully nonlinear partial differential 
equations; and Hiroyuki Tsurumi of Waseda University 
for work on well- and ill-posedness of the Navier–Stokes 
equations in Besov spaces.

—From an MSJ announcement

2019 Davidson Fellows
Several high school students whose projects involved the 
mathematical sciences have been named 2019 Davidson 
Fellows.

aerobics at the YMCA, is a multi-instrumentalist, and enjoys 
dancing and cooking. The CAV award is given annually for 
fundamental contributions to the field of computer-aided 
verification. The award carries a cash prize of US$10,000 
shared equally among recipients.

—From a CAV announcement

Williamson Awarded 
Christopher Heyde Medal

Geordie Williamson of the Univer-
sity of Sydney has been awarded the 
2019 Christopher Heyde Medal of 
the Australian Academy of Science. 
The citation reads: “Professor Wil-
liamson is a world leader in the field 
of geometric representation theory. 
Among his many breakthrough con-
tributions are his proof, together 
with Ben Elias, of Soergel’s conjec-
ture—resulting in a proof of the  

Kazhdan–Lusztig positivity conjecture from 1979; his 
entirely unexpected discovery of counter-examples to the 
Lusztig and James conjectures; and his new algebraic proof 
of the Jantzen conjectures.” Williamson received his PhD 
from Albert-Ludwigs-Universität Freiburg in 2008 under 
Wolfgang Soergel. He was awarded the Chevalley Prize in 
Lie Theory of the AMS in 2016. His honors also include 
the European Mathematical Society Prize (2016), a Clay 
Research Award (2016), the 2017 New Horizons in Math-
ematics Prize (with Ben Elias), and the Australian Mathe-
matical Society Medal (2018). He is currently director of 
the University of Sydney Mathematical Research Institute 
and will be Distinguished Visiting Professor at the Institute 
for Advanced Study in 2020–2021. The Heyde Medal recog-
nizes distinguished research in the mathematical sciences 
by researchers up to ten years after receipt of the PhD who 
are normally resident in Australia.

—From a University of Sydney announcement

Prizes of the Mathematical 
Society of Japan
The Mathematical Society of Japan (MSJ) has awarded a 
number of prizes for the fall of 2019.

Takayoshi Ogawa of Tohoku University was awarded 
the 2019 Autumn Prize for his outstanding contributions 
to studies on the critical structure in nonlinear evolution 
equations. The Spring Prize and the Autumn Prize are 

Geordie Williamson

Takayoshi Ogawa
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Huijing Du, University of Nebraska–Lincoln; David 
Duncan, James Madison University; Punit Gandhi, Vir-
ginia Commonwealth University; Hiram Lopez Valdez, 
Cleveland State University; and Elizabeth Matson, Alfred 
University.

—Project NExT announcement

Royal Society of 
Canada Elections

The Royal Society of Canada (RSC) has elected its new 
Fellows for 2019. Juncheng Wei of the University of British 
Columbia and Phelim Boyle of Wilfrid Laurier University 
have been elected Fellows in the Division of Mathematical 
and Physical Sciences. Wei’s work involves nonlinear partial 
differential equations, including a counterexample to the 
DeGiorgi Conjecture. Boyle uses mathematical methods to 
solve problems in the fields of finance and insurance and 
to make pioneering contributions to quantitative finance. 
Raouf Boutaba of the University of Waterloo was elected 
in the Division of Applied Sciences and Engineering. He is 
a leading researcher in the management of communication 
networks.

—From an RSC announcement

NDSEG Graduate 
Fellowships Awarded
The National Defense Science and Engineering Graduate 
Fellowships program has awarded its fellowships for 2019. 
The fellows in the mathematical sciences follow, with their 
current institutions (in parentheses), their planned grad-
uate institutions, and the agency granting the fellowships.

Mathematics:
 • Paolo Bertolotti (Columbia University), Massa-

chusetts Institute of Technology, Air Force Office 
of Scientific Research (AFOSR)

 • Sinho Chewi (University of California, Berkeley), 
Massachusetts Institute of Technology, Army Re-
search Office (ARO)

 • John Cobb (College of Charleston), University of 
Wisconsin–Madison, AFOSR

 • Carlynn Fagnant (Austin College), Rice University, 
AFOSR

 • Cailan Li (University of California, Berkeley), 
Columbia University, AFOSR

 • Kevin Miller (Brigham Young University), North-
western University, AFOSR

 • Austin Stromme (University of Washington, Seat-
tle), Massachusetts Institute of Technology, ARO

A scholarship in mathematics 
worth US$25,000 was awarded to 
Aayush Karan of Muskego, Wiscon-
sin, for his project “Generating Set for 
Nonzero Determinant Links under 
Skein Relation.” Karan was a finalist 
in the 2019 Regeneron Science Talent 
Search and received a Second Award 
at the International Science and En-
gineering Fair. He plans to study 
mathematics at Harvard University. 

He says: “I absolutely love the piano, which I have been 
playing for the last fourteen years. Although I tried out the 
violin and the guitar when I was younger, something about 
the watery tone that the piano produces drew me towards 
this instrument above the others.” He also loves watching 
sports, especially basketball and football, and volunteers 
at the Red Cross.

A scholarship worth US$10,000 
was awarded to Daniel Zhu of Poto-
mac, Maryland, for his project “On 
the Okounkov-Olshanski Formula 
for the Number of Skew Shapes.” 
Zhu plans to study mathematics and 
possibly physics at the Massachusetts 
Institute of Technology. He enjoys 
playing the violin, solving puzzles, 
and participating in cybersecurity 
competitions.

Merrick Cai of Kings Park, New York, received an hon-
orable mention.

The Davidson Fellows program, a project of the David-
son Institute for Talent Development, awards scholarships 
to students eighteen years of age or younger who have cre-
ated significant projects that have the potential to benefit 
society in the fields of science, technology, mathematics, 
literature, music, and philosophy

—From a Davidson Fellows announcement

Project NExT Fellows 
Chosen
Project NExT (New Experiences in Teaching) of the Mathe-
matical Association of America (MAA) offers new or recent 
PhDs in the mathematical sciences year-long fellowships 
to allow them to connect with master teachers and lead-
ers in the mathematics community and address the three 
main aspects of an academic career: teaching, research, and 
service. The AMS sponsors a number of these fellowships 
each year. For 2019, the new fellows sponsored by the AMS 
are: Heather Brooks, University of California, Los Angeles;  

Aayush Karan

Daniel Zhu
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conjunction with the Mathematical Association of America 
(MAA) Summer MathFest. Each student honoree receives a 
cash award of US$150. The AMS provides partial support 
for these awards.

The names of the honorees, their institutions, and the 
titles of their talks follow.

 • Haley Colgate, Colorado College, “Measuring 
Gerrymandering: Flaws in Traditional Measures”

 • Maria Cummings, Randolph-Macon College, 
“Investigations into the Discrete Arithmetic- 
Geometric Mean”

 • Amanda Cusimano, Xavier University, “3-Cy-
clic Bandwidth and 3-Cyclic Bandwidth Critical 
Graphs”

 • Niyousha Davachi, University of Texas at Arling-
ton, “Equations of Mathematical Physics and 
Lagrangians”

 • Anthony Dickson, Youngstown State University, 
“On Inverse Semigroups Associated with Markov 
Subshifts”

 • Jonathan Feigert, Youngstown State University, 
“Presentations of Common Groups”

 • Martha Hartt, Randolph-Macon College, “A Proof 
of Bertrand’s Postulate”

 • Xiaomin Li, University of Illinois at Urbana-Cham-
paign, “Almost Beatty Partitions and Optimal 
Scheduling Problems”

 • Janelle Nelson, Howard University, “The Statis-
tical Physics of Intrinsically Disordered Proteins 
(IDPs)”

 • Marco Pettinato, Lewis University, “Predictive 
Modeling and Analysis of Softball Using Linear 
Algebra-Based Ranking Systems”

 • Ryan Wartenberg, Washington College, “Triangu-
lations and Tamari Lattices”

 • Isaac Weiss, College of Wooster, “Measuring  
Compactness of Legislative Districts”

 • Everett Yang, Texas A&M University, “A General Al-
gorithm for Constrained Robot Motion Planning”

—Pi Mu Epsilon announcement

Credits
Photo of Jean-Christophe Filliâtre is courtesy of Andrei 

Paskevich, University Paris-Sud.
Photo of Geordie Williamson is courtesy of the University 

of Sydney.
Photo of Takayoshi Ogawa is courtesy of Senjo Shimizu.
Photo of Aayush Karan is courtesy of the Davidson Institute 

for Talent Development.
Photo of Daniel Zhu is courtesy of the Davidson Institute for 

Talent Development.

Computer and Computation Sciences:
 • David Brandfonbrener (Yale University), New 

York University, ARO
 • Shyamal Buch (Stanford University), Stanford 

University, Office of Naval Research (ONR)
 • Elijah Christensen (University of Washington), 

University of Colorado, ONR
 • Maggie Collier (University of Alabama, Birming-

ham), University of California, Santa Barbara, 
ONR

 • Charles Eckert (Binghamton University, State 
University of New York), University of Michigan, 
Ann Arbor, AFOSR

 • Scott Fleming (Stanford University), Stanford 
University, ONR

 • Daniel Fu (Harvard University), Stanford Univer-
sity, ARO

 • Victor Gonzalez (Rice University), University of 
Illinois at Urbana-Champaign, AFOSR

 • Brian Hie (Stanford University), Massachusetts 
Institute of  Technology, ONR

 • Keane Lucas (US Air Force Academy), Carnegie 
Mellon University, ONR

 • Michela Meister (Stanford University), Cornell 
University, ARO

 • Christopher Miller (Pennsylvania State Univer-
sity), University of California, Los Angeles, ONR

 • Karl Otness (Harvard University), New York Uni-
versity, ARO

 • Michael Rosenberg (University of Michigan), 
University of Maryland, AFOSR

 • Gabriel Ryan (Swarthmore College), Columbia 
University, ONR

 • Nicholay Topin (University of Maryland, Balti-
more County), Carnegie Mellon University, ONR

 • Kai Xiao (Massachusetts Institute of Technology), 
Massachusetts Institute of Technology, AFOSR

 • Sang Xie (Stanford University), Stanford Univer-
sity, ONR

 • Drew Zagieboylo (University of California, Berke-
ley), Cornell University, AFOSR

 • Aaron Zhang (Brown University), University of 
Chicago, ARO

—NDSEG announcement

Pi Mu Epsilon Student 
Paper Awards
The Pi Mu Epsilon National Mathematics Honor Society 
makes awards to student members who give outstanding 
talks at the Pi Mu Epsilon National Conference, held in 
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lmportant: To streamline this year’s process for all in-
volved, we ask that you notify T. Christine Stevens at the 
AMS (postdoc-deadline@ams.org) if and only if:
1. your department is not listed and you would like to be 

listed as part of the agreement; or
2. your department is listed and you would like to with-

draw from the agreement and be removed from the list.
Please feel free to email us with questions and concerns. 

Thank you for consideration of the proposal.

—Catherine A. Roberts
AMS Executive Director

 —T. Christine Stevens 
AMS Associate Executive Director

AMS Department 
Chairs Workshop
The annual workshop for department chairs and leaders 
will be held a day before the start of the Joint Mathematics 
Meetings in Denver, Colorado, on Tuesday, January 14, 
2020, from 8:00 am to 6:30 pm at the Hyatt Regency Denver 
at Colorado Convention Center.

Workshop leaders will be Luca Capogna, Head, De-
partment of Mathematical Sciences, Worcester Polytechnic 
Institute; Kevin Knudson, Chair, Department of Mathe-
matics, University of Florida; Gloria Marí-Beffa, Associate 
Dean for the Natural, Physical, and Mathematical Sciences, 
University of Wisconsin–Madison; and Jennifer Zhao, As-
sociate Dean for the College of Arts, Sciences and Letters, 
University of Michigan–Dearborn.

What makes a chair different from any other engaged 
faculty member in the department? This workshop exam-
ines the chair’s role in leading a department. The day will 
be structured to include and encourage networking and 
sharing of ideas among participants. There will be four 
sessions:

 • Modernizing mathematics and mathematicians
 • Evaluating teaching 
 • Difficult conversations  
 • The “entrepreneurial” mathematics department 

Departments Coordinate 
Job Offer Deadlines
For the past twenty years, the American Mathematical So-
ciety has led the effort to gain broad endorsement for the 
following proposal:

That mathematics departments and institutes agree not 
to require a response prior to a certain date (usually around 
February 1 of a given year) to an offer of a postdoctoral 
position that begins in the fall of that year.

This proposal is linked to an agreement made by the 
National Science Foundation (NSF) that the recipients of 
the NSF Mathematical Sciences Postdoctoral Fellowships 
would be notified of their awards, at the latest, by the end 
of January.

This agreement ensures that our young colleagues enter-
ing the postdoctoral job market have as much information 
as possible about their options before making a decision. It 
also allows departmental hiring committees adequate time 
to review application files and make informed decisions. 
From our perspective, this agreement has worked well and 
has made the process more orderly. There have been very 
few negative comments. Last year, more than 180 mathe-
matics and applied mathematics departments and institutes 
endorsed the agreement.

Therefore, we propose that mathematics departments 
again collectively enter into the same agreement for the 
upcoming cycle of recruiting, with the deadline set for 
Monday, February 3, 2020. The NSF’s Division of Math-
ematical Sciences has already agreed that it will complete 
its review of applications and notify all applicants no later 
than Friday, January 24, 2020.

The American Mathematical Society facilitated the pro-
cess by sending an email message to all doctoral-granting 
mathematics and applied mathematics departments and 
mathematics institutes. The list of departments and in-
stitutes endorsing this agreement was widely announced 
on the AMS website beginning November 1, 2019, and is 
updated weekly until mid-January.

We ask that you view this year's formal agreement at 
https://www.ams.org/employment/postdoc-offers 
.html along with this year’s list of adhering departments.

https://www.ams.org/employment/postdoc-offers.html
https://www.ams.org/employment/postdoc-offers.html
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Join mathematical sciences department chairs and lead-
ers for this annual one-day workshop.

There is a registration fee of US$200 to help offset work-
shop costs, which is in addition to and separate from the 
Joint Meetings registration. See the full agenda, learn more, 
and register at http://bit.ly/ChairsWorkshop2020 by 
December 18, 2019. For further information, please contact 
the AMS at 202-588-1100 or alb@ams.org.

—Anita L. Benjamin
AMS Office of Government Relations

From the AMS Public 
Awareness Office

Ursula Whitcher, associate editor at 
Mathematical Reviews, has become a 
regular Feature Column author. See 
her first column, “Topological Quan-
tum Field Theory for Vampires,” as 
well as “Puppies, Kittens, and the 
Golden Ratio,” by David Austin; 
“Understanding Kepler III—Prede-
cessors,” by Bill Casselman; “Pretty as 
a Picture (Part II),” by Joe Malkevitch; 
and “Topology and Elementary Elec-

tric Circuit Theory, II: Duality,” by Tony Phillips. Those are 
just some of the columns in this rich repository of fascinat-
ing illustrated essays, which can be explored at https://
www.ams.org/featurecolumn.

Patterns in Islamic 
Ornamenta t ion—A 
New Gallery of Works 
by B Lynn Bodner on 
Mathematical Imagery. 
“My primary interest 
involves the examina-
tion and analysis of the 
patterns and symmetry 
evident in geometric 
Islamic ornamenta-
tion found during var-
ious time periods and 
in different regions of 
the Islamic world.” See 
several examples of 
patterns in this gallery 
at https://www.ams
.org/bodner.

—Annette Emerson and Mike Breen
AMS Public Awareness Officers

pao@ams.org

Ursula Whitcher

“Curved Sixteen-Star with Linear 
Twelve- and Seven-Stars,” by 
B Lynn Bodner (Monmouth 
University, West Long Branch, NJ, 
professor emerita)

Deaths of AMS Members
JUliUs s. beNDAt, of Los Angeles, California, died on 

December 8, 2016. Born on October 26, 1923, he was a 
member of the Society for 62 years.

WAlter beNZ, professor, University of Hamburg, died on 
January 13, 2017. Born on May 2, 1931, he was a member 
of the Society for 47 years.

rANKo boJANic, professor, Ohio State University, died on 
February 21, 2017. Born on November 12, 1924, he was a 
member of the Society for 56 years.

roberto DoiiJANNi, of Pittstown, New Jersey, died on 
February 23, 2017. Born on May 17, 1954, he was a member 
of the Society for 38 years.

Uri fiXmAN, of Canada, died on March 8, 2017. Born on 
May 27, 1931, he was a member of the Society for 56 years.

Peter m. GrUber, professor, Vienna University of Tech-
nology, died on March 7, 2017. Born on August 28, 1941, 
he was a member of the Society for 26 years.

roGer h. homer, of Iowa City, Iowa, died on February 
24, 2017. Born on December 3, 1924, he was a member of 
the Society for 60 years.

Violet hAchmeister lArNey, of Mesa, Arizona, died on 
February 26, 2016. Born on May 19, 1920, she was a mem-
ber of the Society for 70 years. 

eDWiN r. lAssettre, of Redmond, Washington, died on 
November 1, 2015. Born on January 16, 1934, he was a 
member of the Society for 52 years.

JorGe mUJicA, professor, IMECC-UNICAMP, died on  
February 24, 2017. Born on January 5, 1946, he was a 
member of the Society for 27 years.

richArD r. otter, of Notre Dame, Indiana, died on 
March 6, 2017. Born on May 17, 1920, he was a member 
of the Society for 68 years.

e. m. PAlmer, of Portland, Oregon, died on April 17, 
2015. Born on May 17, 1934, he was a member of the 
Society for 50 years. 

Uri srebro, of Tel Aviv, Israel, died on May 29, 2016. 
Born on December 16, 1936, he was a member of the 
Society for 47 years.

lAWreNce J. WAlleN, of Tucson, Arizona, died on Sep-
tember 4, 2019. Born on April 19, 1933, he was a member 
of the Society for 51 years.

rUric e. Wheeler, professor, Samford University, died 
on July 26, 2016. Born on November 30, 1923, he was a 
member of the Society for 52 years.

JArolAV ZemANeK, professor, Polish Academy of Sciences, 
died on February 18, 2017. Born on September 3, 1946, he 
was a member of the Society for 38 years.

PAUl f. ZWeifel, of Blacksburg, Virginia, died on February 
12, 2017. Born on June 21, 1929, he was a member of the 
Society for 42 years.

https://www.ams.org/bodner
https://www.ams.org/bodner
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on a topic with relevance to business, entrepreneurship, 
industry, government, and nonprofits. Or they might wish 
to describe a way of offering the course in a webinar format 
to allow for additional, off-site participants.

For 2021, the committee is exploring the possibility of 
offering a Short Course on an applied mathematics topic 
that features an accelerated approach to programming in 
a current, widely used language (e.g., R or Python). The 
target audience would be those who do not have significant 
prior experience with the programming language. Conse-
quently, the mathematical topic might be one that is more 
established to allow participants to focus on programming 
methodology. The committee welcomes expressions of 
interest and creative proposals that will have wide appeal.

An expression of interest may be as short as one page. 
Members of the community are also encouraged to 
nominate organizer–topic pairs. More detailed guidance 
is available in the Short Course Manual: https://www 
.ams.org/2020_Short_Course_Manual.pdf. Expres-
sions of interest, nominations, and proposals should be 
sent to the AMS Associate Executive Director (aed-mps@
ams.org) with a cc to Robin Hagan Aguiar (rha@ams.org). 
For full consideration, proposals should be submitted by 
December 18, 2019.

Audience and Topical Focus
The mathematical background, knowledge, and experi-

ence of the participants vary greatly: from novice to special-
ist, from graduate student (or even undergraduate or high 
school student) to senior professor, from college (two-year 
or four-year) teacher to researcher or industrial practitioner. 
That said, a Short Course targeted to individuals with a 
solid background in undergraduate mathematics is most 
likely to draw interest and satisfy participants. Lectures 
overall should be coherent in terms of theme, terminology, 
and notation; the speakers need to keep in mind that their 
audience consists of nonspecialists, and each talk should 
begin with ideas that are readily accessible to everyone. 
Ideally, lectures lead to an indication of the “state of the art” 
but in a way that acknowledges challenging aspects without 
placing too many technical or conceptual roadblocks in the 
way of the participants.

—AMS Short Course Subcommittee

Call for Proposals: Organizing 
the 2021 AMS Short Course

The AMS Short Course Subcommittee invites expressions 
of interest and proposals to organize the Society’s Short 
Course to be offered January 4–5, 2021, in coordination 
with the 2021 Joint Mathematics Meetings (JMM) in 
Washington, DC. The members of the subcommittee are 
Jennifer S. Balakrishnan, Boston University; Gregory Bard, 
University of Wisconsin–Stout; Andrew J. Bernoff, Harvey 
Mudd College; Andrew J. Blumberg, University of Texas 
at Austin; Rene Carmona, Princeton University (chair); 
Keenan Crane, Carnegie Mellon University; and Thaleia 
Zariphopoulou, University of Texas at Austin.

The Short Course provides an unparalleled opportunity 
to introduce an exciting, current area of applied mathemat-
ics to a broad audience of students, faculty, researchers, 
and other practitioners. It is also anticipated that the pro-
ceedings of the Short Course will be published in the AMS 
series Proceedings of Symposia in Applied Mathematics.

Typically incorporating a sequence of survey lectures 
and other activities focused on a single theme of applied 
mathematics, the course takes place during the two days 
immediately preceding JMM. The course’s theme may be 
cutting edge or more established, and its goal is to provide 
professional and in-training mathematicians with an intro-
duction that can:

 • Satisfy the curiosity of those who are new to the 
topic

 • Provide an entrée to a new research topic
 • Inspire new methods of problem solving
 • Be part of the participants’ professional develop-

ment and continuing education
The venue presents the organizers with a time frame long 

enough for newcomers to a topic in applied mathematics 
to reach insights about the state of the art but at the same 
time short enough to fit the typical participant’s schedule 
and attention.

The Short Course Committee is also interested in pro-
posals that may extend the traditional course in subject 
matter or methodology. For instance, proposers may focus 

https://www.ams.org/2020_Short_Course_Manual.pdf
https://www.ams.org/2020_Short_Course_Manual.pdf
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Early Career Opportunity

Project NExT 2020–2021

MAA Project NExT (New Experiences in Teaching) is a year-
long professional development program of the Mathemat-
ical Association of America (MAA) for new or recent PhDs 
in the mathematical sciences. The program is designed to 
connect new faculty with master teachers and leaders in 
the mathematics community and to address the three main 
aspects of an academic career: teaching, research, and ser-
vice. The program welcomes and encourages applications 
from new and recent PhDs in postdoctoral, tenure-track, 
and visiting positions. Applicants who will be starting new 
academic positions in the fall of 2020 should apply by 
April 15, 2020. For applications and further information, 
see www.maa.org/programs/faculty-and-departments 
/project-next.

—From an MAA announcement

The Karen EDGE 
Fellowship Program

The EDGE Foundation, with a generous gift from Abel 
Prize laureate Karen Uhlenbeck, has established the Karen 
EDGE Fellowship Program for mid-career mathematicians 
employed in full-time positions in the United States. Ap-
plicants must be US citizens or permanent residents with 
a PhD or equivalent who are underrepresented minorities. 
Mathematicians of any gender identity are eligible. The 
award consists of US$8,000 per year for three years, includ-
ing funds to support one trip per year to the Institute for 
Advanced Study in Princeton. The deadline for applications 
is February 1, 2020. See https://www.mathprograms 
.org/db/programs/843.

—From an EDGE Foundation announcement

Call for Proposals for NSF Program 
in Computational Mathematics

The National Science Foundation Program in Computa-
tional Mathematics supports mathematical research in 
areas of science in which computation plays a central and 
essential role, emphasizing analysis, development and im-
plementation of numerical methods and algorithms, and 
symbolic methods. The deadline for proposals is December 
2, 2019. See https://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5390&org=NSF&sel_org=NSF&from 
=fund.

NSF Major Research 
Instrumentation Program

The National Science Foundation (NSF) Major Research 
Instrumentation (MRI) Program serves to increase access 
to multiuser scientific and engineering instrumentation for 
research and research training in US institutions of higher 
education and not-for-profit scientific/engineering research 
organizations. The deadline for proposals is January 21, 
2020. See https://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5260&org=MPS&sel_org=MPS&from 
=fund.

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 

Spend smart.

Search better.

Stay informed.

bookstore.ams.org

When was the last time you visited the  
AMS Bookstore?

https://www.mathprograms.org/db/programs/843
https://www.mathprograms.org/db/programs/843
http://www.maa.org/programs/faculty-and-departments/project-next
http://www.maa.org/programs/faculty-and-departments/project-next
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5390&org=NSF&sel_org=NSF&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5390&org=NSF&sel_org=NSF&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5390&org=NSF&sel_org=NSF&from=fund
https://www.nsf.gov/funding?pgm_summ.jsp?pims_id=5260&org=MPS&sel_org=MPS&from=fund
https://www.nsf.gov/funding?pgm_summ.jsp?pims_id=5260&org=MPS&sel_org=MPS&from=fund
https://www.nsf.gov/funding?pgm_summ.jsp?pims_id=5260&org=MPS&sel_org=MPS&from=fund
http://bookstore.ams.org
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/mps/dms/about.jsp
http://www.nsf.gov/mps/dms/about.jsp
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UTAH

University of Utah 
Department of Mathematics

The Department of Mathematics at the University of Utah 
invites applications for the following positions:

 • Full-time tenure-track or tenured appointments at the 
level of Assistant Professor, Associate Professor, or Pro-
fessor in all areas of mathematics.

 • Full-time tenure-track or tenured appointments at the 
level of Assistant Professor, Associate Professor, or Pro-
fessor in all areas of statistics. These positions are part of 
a University-wide cluster hiring effort in statistics, with 
particular emphasis in mathematics, computer science, 
and bioengineering. Successful candidates will have 
strong interdisciplinary interests.

 • The University of Utah’s Department of Mathematics, 
in conjunction with the Scientific Computing and 
Imaging (SCI) Institute, is seeking to hire outstanding 
tenure-track faculty members at the Assistant Professor, 
Associate Professor, or Professor level in the area of com-
putational and applied mathematics. We are particularly 
interested in candidates with expertise and an excellent 
research record in scientific computing, uncertainty 
quantification, and/or mathematical data science. These 
areas reflect our strong research reputation in scientific 
visualization, image analysis, and interdisciplinary sci-
entific computing within the SCI Institute.

 • Full-time career-line, non-tenure-track, appointments 
at the level of Assistant Professor (Lecturer), Associate 

KANSAS

University of Kansas 
Department of Mathematics

The Department of Mathematics, University of Kansas 
invites applications for an Assistant Teaching Professor in 
calculus expected to begin January 1, 2020. PhD in Math-
ematics or Mathematical Sciences; record of excellence in 
teaching college-level mathematics; excellent organiza-
tional and leadership skills; ability to work well with stu-
dents, faculty, and administrators; demonstrated oral and 
written communication skills. For a complete announce-
ment and to apply online go to https://employment 
.ku.edu/academic/15557BR. In addition, three recom-
mendation letters addressing the required qualifications 
should be submitted to MathJobs.org at https://www 
.mathjobs.org/jobs/jobs/14489. Review of applica-
tions will begin October 10, 2019 and continues as needed 
to ensure a large, high quality, and diverse applicant pool. 
KU is an EO/AAE. All qualified applicants will receive con-
sideration for employment without regard to race, color, 
religion, sex (including pregnancy), age, national origin, 
disability, genetic information or protected Veteran status.

30

https://employment.ku.edu/academic/15557BR
https://employment.ku.edu/academic/15557BR
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CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics. Chinese citizenship 
is not required.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or 

contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone: 
86-22-2740-6039.

01

Professor (Lecturer), Professor (Lecturer) or Instructor 
(Lecturer). This is a 3-year renewable contract pending 
review and the needs of the department.

 • Three-year Burgess, Kollár, Tucker, and Wylie Assistant 
Professor (Lecturer) [postdoctoral] positions.

 • Three-year Instructor (Lecturer) [teaching postdoctoral] 
positions.
All applicants must have earned a PhD in Mathematics 

or a closely-related field. However, those interested in ca-
reer-line, non-tenure-track Assistant, Associate, Professor or 
Instructor (Lecturer) positions must have either a Masters’ 
degree, or PhD, in Mathematics or a closely-related field, 
as well as demonstrated evidence of successful teaching 
at a post-secondary level and related professional accom-
plishments.

The Carnegie Foundation has placed the University of 
Utah in their “highest research activity,” and the University 
of Utah is the flagship institution of the Utah System of 
Higher Education. The University is located in Salt Lake 
City at the foot of the Wasatch Mountains. This location 
offers unparalleled opportunities for outdoor recreation, 
with ten world-class ski resorts and five national parks 
within hours of the city. Salt Lake City is the center of a 
metropolitan area with a population of approximately one 
million residents, has extensive arts and cultural activities, 
and has a major international airport with a Delta Airlines 
hub and direct flights to most US cities and direct inter-
national flights to Paris, London, Amsterdam, and Mexico 
City. The area has received international recognition for its 
new light rail system, foodie culture, downtown renewal, 
and increasing diversity. In 2017, US News and World 
report ranked Salt Lake City as the 10th best place to live 
in the nation.

Please see our website at www.math.utah.edu/positions 
for information regarding available positions and appli-
cation requirements. Applications must be completed 
through www.mathjobs.org/jobs/Utah. Review of com-
plete applications for tenure-track positions will begin on 
October 7, 2019, and will continue until the positions are 
filled. Completed applications for postdoctoral positions 
received before January 1, 2020, will receive full consid-
eration.

The University of Utah is an Equal Opportunity/
Affirmative Action employer and educator. Minorities, 
women, veterans, and those with disabilities are strongly 
encouraged to apply. Veterans’ preference is www.utah.edu 
/nondiscrimination.

12

http://cam.tju.edu.cn
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NEW BOOKS

New Books Offered by the AMS

Analysis

A Passage to 
Modern Analysis
William J. Terrell, Virginia Com-
monwealth University, Richmond, 
VA

A Passage to Modern Analysis is 
an extremely well-written and 
reader-friendly invitation to real 
analysis. An introductory text for 
students of mathematics and 
its applications at the advanced 
undergraduate and beginning 
graduate level, it strikes an espe-

cially good balance between depth of coverage and acces-
sible exposition. The examples, problems, and exposition 
open up a student’s intuition but still provide coverage of 
deep areas of real analysis. A yearlong course from this text 
provides a solid foundation for further study or application 
of real analysis at the graduate level.

A Passage to Modern Analysis is grounded solidly in the 
analysis of R and Rn , but at appropriate points it introduces 
and discusses the more general settings of inner product 
spaces, normed spaces, and metric spaces. The last five 
chapters offer a bridge to fundamental topics in advanced 
areas such as ordinary differential equations, Fourier series 
and partial differential equations, Lebesgue measure and 
the Lebesgue integral, and Hilbert space. Thus, the book 
introduces interesting and useful developments beyond 
Euclidean space where the concepts of analysis play im-
portant roles, and it prepares readers for further study of 
those developments.

Pure and Applied Undergraduate Texts, Volume 41
November 2019, 607 pages, Hardcover, ISBN: 978-1-4704-
5135-6, 2010 Mathematics Subject Classification: 26–01, 
54C30, 28–01, List US$109, AMS members US$87.20, 
MAA members US$98.10, Order code AMSTEXT/41

bookstore.ams.org/amstext-41

Algebra and 
Algebraic Geometry

Linear Algebra for the 
Young Mathematician
Steven H. Weintraub, Lehigh 
University, Bethlehem, PA

Linear Algebra for the Young Math-
ematician is a careful, thorough, 
and rigorous introduction to 
linear algebra. It adopts a con-
ceptual point of view, focusing 
on the notions of vector spaces 
and linear transformations, and 
it takes pains to provide proofs 
that bring out the essential ideas 

of the subject. It begins at the beginning, assuming no 
prior knowledge of the subject, but goes quite far, and it 
includes many topics not usually treated in introductory 
linear algebra texts, such as Jordan canonical form and the 
spectral theorem. While it concentrates on the finite-di-
mensional case, it treats the infinite-dimensional case as 
well. The book illustrates the centrality of linear algebra 
by providing numerous examples of its application within 
mathematics. It contains a wide variety of both conceptual 
and computational exercises at all levels, from the relatively 
straightforward to the quite challenging.

Readers of this book will not only come away with the 
knowledge that the results of linear algebra are true, but 
also with a deep understanding of why they are true.

Pure and Applied Undergraduate Texts, Volume 42
December 2019, 368 pages, Hardcover, ISBN: 978-1-4704-
5084-7, 2010 Mathematics Subject Classification: 15–01, 
List US$89, AMS members US$71.20, MAA members 
US$80.10, Order code AMSTEXT/42

bookstore.ams.org/amstext-42

http://bookstore.ams.org/amstext-42
http://bookstore.ams.org/amstext-41


NEW BOOKS

1910    Notices of the AmericAN mAthemAticAl society Volume 66, Number 11

General Interest

Optical Illusions in Rome
A Mathematical Travel Guide
Kirsti Andersen, Aarhus Univer-
sity, Denmark
Translated by Viktor Blåsjö

Optical Illusions in Rome is a beau-
tifully written and richly illus-
trated guide that takes the reader 
on a tour through ingenious uses 
of geometry to create illusory 
impressions of space and gran-
deur in Italian Renaissance art 

and architecture in the Eternal City. The book takes us to 
some of the most striking and historically important uses of 
optical illusion and includes works of Peruzzi, Borromini, 
and Pozzo. The artworks are analyzed geometrically and 
placed in their historical context. The notes on visiting the 
art described make the volume the perfect companion for 
a study trip to Rome. A chapter on the principles of per-
spective geometry and a collection of exercises make the 
book a wonderful resource for a module on perspective in 
a geometry or art history course. The mathematical discus-
sion is kept at a level accessible to a reader with a familiarity 
with high school geometry.

Spectrum, Volume 99
December 2019, approximately 78 pages, Softcover, ISBN: 
978-1-4704-5267-4, LC 2019022967, 2010 Mathematics 
Subject Classification: 01A40, 00A66, 00A67; 51–03, List 
US$50, AMS Individual member US$37.50, AMS Institu-
tional member US$40, MAA members US$37.50, Order 
code SPEC/99

bookstore.ams.org/spec-99

AMS Page a Day Calendar
Evelyn Lamb, Freelance writer, 
Salt Lake City, UT

The AMS Page a Day Calendar is 
a collection of 366 mathematical 
morsels. Each day features a fun 

math fact, a tidbit of math history, a piece of art made using 
mathematics, a mathematical puzzle or activity, or another 
mathematical delight. Topics range from the serious to the 
silly, from the abstract to the very real. The calendar features 
mathematics done by people from different races, genders, 
geographic locations, and time periods. Anyone interested 
in mathematics will learn something new and have their 
imagination sparked by something they find in the calen-
dar. It will be a mathematical companion for your year.

Applications

Mathematical 
Interest Theory
Third Edition
Leslie Jane Federer Vaaler, 
Shinko Kojima Harper, The 
University of Texas at Austin, TX, 
and James W. Daniel

Mathematical Interest Theory pro-
vides an introduction to how 
investments grow over time. This 
is done in a mathematically pre-
cise manner. The emphasis is 

on practical applications that give the reader a concrete 
understanding of why the various relationships should be 
true. Among the modern financial topics introduced are: 
arbitrage, options, futures, and swaps. Mathematical Interest 
Theory is written for anyone who has a strong high-school 
algebra background and is interested in being an informed 
borrower or investor. The book is suitable for a mid-level 
or upper-level undergraduate course or a beginning grad-
uate course.

The content of the book, along with an understanding 
of probability, will provide a solid foundation for readers 
embarking on actuarial careers. The text has been suggested 
by the Society of Actuaries for people preparing for the 
Financial Mathematics exam. To that end, Mathematical 
Interest Theory includes more than 260 carefully worked 
examples. There are over 475 problems, and numerical 
answers are included in an appendix. A companion student 
solution manual has detailed solutions to the odd-num-
bered problems. Most of the examples involve computa-
tion, and detailed instruction is provided on how to use 
the Texas Instruments BA II Plus and BA II Plus Professional 
calculators to efficiently solve the problems. This Third Edi-
tion updates the previous edition to cover the material in 
the SOA study notes FM-24-17, FM-25-17, and FM-26-17.

AMS/MAA Textbooks, Volume 57
December 2019, approximately 590 pages, Hardcover, 
ISBN: 978-1-4704-4393-1, LC 2019018629, 2010 Mathemat-
ics Subject Classification: 62P05, 97M30, List US$105, AMS 
Individual member US$78.75, AMS Institutional member 
US$84, MAA members US$78.75, Order code TEXT/57

bookstore.ams.org/text-57

http://bookstore.ams.org/text-57
http://bookstore.ams.org/spec-99


NEW BOOKS

December 2019  Notices of the AmericAN mAthemAticAl society   1911

What’s Happening in the 
Mathematical Sciences, 
Volume 11
Dana Mackenzie

This new volume of What’s Hap-
pening in the Mathematical Sci-
ences features a rich selection of 
articles about recent topics in 
pure and applied mathematics.

“Expanding Horizons” and 
“Needles in an Infinite Haystack” 
explain new developments in the 
theory of expander graphs and 

in number theory (asymptotic Fermat’s last theorem), re-
spectively. “The Set® Game Has Met Its Match” presents a 
solution of the so-called Cap Set Conjecture, a statement 
about arithmetic progressions in finite vector spaces, which 
resulted from the mathematical analysis of the popular 
game “Set”.

“The Shape of Data” and “Quantum Computers and 
Golden Gates” present recent advances in theoretical 
computer science and related areas of data science. The 
mathematical aspects of one of the most fascinating recent 
developments in general relativity, the discovery of gravita-
tional waves, is discussed in “When Black Holes Collide”.
Three articles talk about applications of mathematical 
methods in various aspects of everyday life: bike-sharing 
systems and ride-sharing services (like Lyft and Uber) in 
“The Mathematics of Commuting”, weight control in “The 
Calculus of Calories”, and an analysis of various partisan 
election practices in “Gerrymandering: Mathematics on 
Trial.”

We anticipate that many readers will find an interesting 
topic to read about and, hopefully, more than one.

What’s Happening in the Mathematical Sciences, Volume 
11
November 2019, 136 pages, Softcover, ISBN: 978-1-4704-
4163-0, 2010 Mathematics Subject Classification: 00A06, List 
US$25, AMS members US$20, MAA members US$22.50, 
Order code HAPPENING/11

bookstore.ams.org/happening-11

November 2019, 372 pages, Softcover, ISBN: 978-1-4704-
4957-5, 2010 Mathematics Subject Classification: 00A05, 
00A08, 00A09, 01A99, 97A20, List US$24, AMS members 
US$19.20, MAA members US$21.60, Order code MBK/128

bookstore.ams.org/mbk-128

Living Proof: Stories of 
Resilience Along the 
Mathematical Journey
Allison K. Henrich, Seattle Uni-
versity, WA, Emille D. Lawrence, 
University of San Francisco, CA, 
Matthew A. Pons, North Cen-
tral College, Naperville, IL, and 
David G. Taylor, Roanoke College, 
Salem, VA, Editors

Wow! This is a powerful book that 
addresses a long-standing elephant 

in the mathematics room. Many people learning math ask “Why 
is math so hard for me while everyone else understands it?” and 
“Am I good enough to succeed in math?” In answering these 
questions the book shares personal stories from many now-accom-
plished mathematicians affirming that “You are not alone; math 
is hard for everyone” and “Yes; you are good enough.” Along the 
way the book addresses other issues such as biases and prejudices 
that mathematicians encounter, and it provides inspiration and 
emotional support for mathematicians ranging from the experi-
enced professor to the struggling mathematics student.

—Michael Dorff, MAA President

This book is a remarkable collection of personal reflections on 
what it means to be, and to become, a mathematician. Each 
story reveals a unique and refreshing understanding of the bar-
riers erected by our cultural focus on “math is hard.” Indeed, 
mathematics is hard, and so are many other things—as Stephen 
Kennedy points out in his cogent introduction. This collection 
of essays offers inspiration to students of mathematics and to 
mathematicians at every career stage.

—Jill Pipher, AMS President

June 2019, 136 pages, Softcover, ISBN: 978-1-4704-5281-0, 
2010 Mathematics Subject Classification: 01A70, 01A80, List 
US$20, AMS Institutional member US$16, All Individuals 
US$15, Order code LVNGPROOF

bookstore.ams.org/lvngproof

http://bookstore.ams.org/mbk-128
http://bookstore.ams.org/happening-11
http://bookstore.ams.org/lvngproof
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including applications to topological data analysis, com-
binatorics, and computer science.

This book, the first one devoted solely to discrete Morse 
theory, serves as an introduction to the subject. Since the 
book restricts the study of discrete Morse theory to abstract 
simplicial complexes, a course in mathematical proof writ-
ing is the only prerequisite needed. Topics covered include 
simplicial complexes, simple homotopy, collapsibility, gra-
dient vector fields, Hasse diagrams, simplicial homology, 
persistent homology, discrete Morse inequalities, the Morse 
complex, discrete Morse homology, and strong discrete 
Morse functions. Students of computer science will also 
find the book beneficial as it includes topics such as Bool-
ean functions, evasiveness, and has a chapter devoted to 
some computational aspects of discrete Morse theory. The 
book is appropriate for a course in discrete Morse theory, 
a supplemental text to a course in algebraic topology or 
topological combinatorics, or an independent study.

This item will also be of interest to those working in algebra and 
algebraic geometry.

Student Mathematical Library, Volume 90
November 2019, 273 pages, Softcover, ISBN: 978-1-4704-
5298-8, 2010 Mathematics Subject Classification: 55U05, 
58E05, 57Q05, 57Q10, List US$55, AMS members US$44, 
MAA members US$44, Order code STML/90

bookstore.ams.org/stml-90

Number Theory

Number Theory Revealed: 
An Introduction
Andrew Granville, University of 
Montreal, Quebec, Canada, Uni-
versity College London, England, 
and (formerly) University of Geor-
gia, Athens, GA

Number Theory Revealed: An In-
troduction acquaints undergrad-
uates with the “Queen of Math-
ematics”. The text offers a fresh 
take on congruences, power resi-
dues, quadratic residues, primes, 

and Diophantine equations and presents hot topics like 
cryptography, factoring, and primality testing. Students are 
also introduced to beautiful enlightening questions like the 
structure of Pascal’s triangle mod p  and modern twists on 
traditional questions like the values represented by binary 
quadratic forms and large solutions of equations. Each 
chapter includes an “elective appendix” with additional 
reading, projects, and references.

Geometry and Topology

Topology Through Inquiry
Michael Starbird, University of 
Texas at Austin, TX, and Francis 
Su, Harvey Mudd College, Clare-
mont, CA

Topology Through Inquiry is a 
comprehensive introduction to 
point-set, algebraic, and geo-
metric topology, designed to 
support inquiry-based learning 
(IBL) courses for upper-divi-
sion undergraduate or beginning 
graduate students. The book 

presents an enormous amount of topology, allowing an 
instructor to choose which topics to treat. The point-set 
material contains many interesting topics well beyond the 
basic core, including continua and metrizability. Geometric 
and algebraic topology topics include the classification of 
2-manifolds, the fundamental group, covering spaces, and 
homology (simplicial and singular). A unique feature of the 
introduction to homology is to convey a clear geometric 
motivation by starting with mod 2 coefficients.

The authors are acknowledged masters of IBL-style 
teaching. This book gives students joy-filled, manageable 
challenges that incrementally develop their knowledge and 
skills. The exposition includes insightful framing of fruitful 
points of view as well as advice on effective thinking and 
learning. The text presumes only a modest level of math-
ematical maturity to begin, but students who work their 
way through this text will grow from mathematics students 
into mathematicians.

AMS/MAA Textbooks, Volume 58
December 2019, approximately 310 pages, Hardcover, ISBN: 
978-1-4704-5276-6, LC 2019023830, 2010 Mathematics 
Subject Classification: 54–01, 55–01, List US$69, AMS In-
dividual member US$51.75, AMS Institutional member 
US$55.20, MAA members US$51.75, Order code TEXT/58

bookstore.ams.org/text-58

Discrete Morse Theory
Nicholas A. Scoville, Ursinus 
College, Collegeville, PA

Discrete Morse theory is a power-
ful tool combining ideas in both 
topology and combinatorics. 
Invented by Robin Forman in the 
mid 1990s, discrete Morse theory 
is a combinatorial analogue of 
Marston Morse’s classical Morse 
theory. Its applications are vast, 

http://bookstore.ams.org/stml-90
http://bookstore.ams.org/text-58
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New in Contemporary 
Mathematics
Algebra and 
Algebraic Geometry

Contributions in Algebra 
and Algebraic Geometry
Shrikrishna G. Dani, Univer-
sity of Mumbai, Kalina, Mumbai, 
India, Surender K. Jain, Ohio 
University, Athens, OH, Jugal K. 
Verma, Indian Institute of Tech-
nology, Bombay, Powai, Mumbai, 
India, and Meenakshi P. Wasa-
dikar, Dr. Babasaheb Ambedkar 
Marathwada University, Aurang-
abad, India, Editors

This volume contains the proceedings of the International 
Conference on Algebra, Discrete Mathematics and Appli-
cations, held from December 9–11, 2017, at Dr. Babasaheb 
Ambedkar Marathwada University, Aurangabad (Maha-
rashtra), India.

Contemporary topics of research in algebra and its 
applications to algebraic geometry, Lie groups, algebraic 
combinatorics, and representation theory are covered.

The articles are devoted to Leavitt path algebras, roots 
of elements in Lie groups, Hilbert’s Nullstellensatz, mixed 
multiplicities of ideals, singular matrices, rings of inte-
gers, injective hulls of modules, representations of linear, 
symmetric groups and Lie algebras, the algebra of generic 
matrices, and almost injective modules.

Contemporary Mathematics, Volume 738
November 2019, 147 pages, Softcover, ISBN: 978-1-4704-
4735-9, LC 2019019104, 2010 Mathematics Subject Classifi-
cation: 13–XX, 14–XX, 15–XX, 16–XX, List US$117, AMS 
members US$93.60, MAA members US$105.30, Order 
code CONM/738

bookstore.ams.org/conm-738

An expanded edition, Number Theory Revealed: A Master-
class, offers a more comprehensive approach to these core 
topics and adds additional material in further chapters and 
appendices, allowing instructors to create an individualized 
course tailored to their own (and their students’) interests.

January 2020, approximately 279 pages, Hardcover, ISBN: 
978-1-4704-4157-9, 2010 Mathematics Subject Classification: 
11–01, 11A05, 11A07, 11A15, 11A41, 11A51, 11B39, 11D04, 
11D07, List US$69, AMS members US$55.20, MAA mem-
bers US$62.10, Order code MBK/126

bookstore.ams.org/mbk-126

Number Theory Revealed: 
A Masterclass
Andrew Granville, University of 
Montreal, Quebec, Canada, Uni-
versity College London, England, 
and (formerly) University of Geor-
gia, Athens, GA

Number Theory Revealed: A Mas-
terclass acquaints enthusiastic 
students with the “Queen of 
Mathematics”. The text offers 
a fresh take on congruences, 
power residues, quadratic resi-

dues, primes, and Diophantine equations and presents hot 
topics like cryptography, factoring, and primality testing. 
Students are also introduced to beautiful enlightening 
questions like the structure of Pascal’s triangle mod p  and 
modern twists on traditional questions like the values 
represented by binary quadratic forms, the anatomy of 
integers, and elliptic curves.

This Masterclass edition contains many additional chap-
ters and appendices not found in Number Theory Revealed: 
An Introduction, highlighting beautiful developments and 
inspiring other subjects in mathematics (like algebra). This 
allows instructors to tailor a course suited to their own 
(and their students’) interests. There are new yet accessible 
topics like the curvature of circles in a tiling of a circle by 
circles, the latest discoveries on gaps between primes, a new 
proof of Mordell’s Theorem for congruent elliptic curves, 
and a discussion of the abc -conjecture including its proof 
for polynomials.

January 2020, approximately 607 pages, Hardcover, ISBN: 
978-1-4704-4158-6, 2010 Mathematics Subject Classification: 
11–01, 11A55, 11B30, 11B39, 11D09, 11D25, 11N05, 11N25, 
List US$99, AMS members US$79.20, MAA members 
US$89.10, Order code MBK/127

bookstore.ams.org/mbk-127

http://bookstore.ams.org/mbk-126
http://bookstore.ams.org/conm-738
http://bookstore.ams.org/mbk-127
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New in Memoirs 
of the AMS
Algebra and 
Algebraic Geometry

Automorphisms of Fusion Systems 
of Finite Simple Groups of Lie  Type
Carles Broto, Universitat Autónoma de Barcelona, Bellaterra, 
Spain, Jesper M. Møller, Matematisk Institut, København, 
Denmark, and Bob Oliver, Université Paris 13, Villetaneuse, 
France

Memoirs of the American Mathematical Society, Volume 
262, Number 1267
December 2019, 115 pages, Softcover, ISBN: 978-1-4704-
3772-5, 2010 Mathematics Subject Classification: 20D06; 
20D20, 20D45, 20E42, 55R35, List US$81, AMS Individual 
member US$48.60, AMS Institutional member US$64.80, 
MAA members US$72.90, Order code MEMO/262/1267

bookstore.ams.org/memo-262-1267

Compact Quotients of Cahen-Wallach Spaces
Ines Kath, Universität Greifswald, Germany, and Martin 
Olbrich, Université du Luxembourg

Memoirs of the American Mathematical Society, Volume 
262, Number 1264
December 2019, 84 pages, Softcover, ISBN: 978-1-4704-
4103-6, 2010 Mathematics Subject Classification: 22E40, 
53C50; 53C35, 57S30, List US$81, AMS Individual mem-
ber US$48.60, AMS Institutional member US$64.80, MAA 
members US$72.90, Order code MEMO/262/1264

bookstore.ams.org/memo-262-1264

Hodge Ideals
Mircea Mustaţă, University of Michigan, Ann Arbor, and 
Mihnea Popa, Northwestern University, Evanston, IL

Memoirs of the American Mathematical Society, Volume 
262, Number 1268
December 2019, 78 pages, Softcover, ISBN: 978-1-4704-
3781-7, 2010 Mathematics Subject Classification: 14J17, 
32S25, 14D07, 14F17, List US$81, AMS Individual mem-
ber US$48.60, AMS Institutional member US$64.80, MAA 
members US$72.90, Order code MEMO/262/1268

bookstore.ams.org/memo-262-1268

Analysis

Recent  Trends in Operator 
Theory and Applications
Fernanda Botelho, University of 
Memphis, TN, Editor

This volume contains the pro-
ceedings of the workshop on 
Recent Trends in Operator The-
ory and Applications (RTOTA 
2018), held from May 3–5, 2018, 
at the University of Memphis, 
Memphis, Tennessee.

The articles introduce topics 
from operator theory to graduate students and early career 
researchers. Each such article provides insightful references, 
a selection of results with articulation to modern research, 
and recent advances in the area.

Topics addressed in this volume include: generalized nu-
merical ranges and their application to study perturbation 
of operators, and connections to quantum error correction; 
a survey of results on Toeplitz operators, and applications of 
Toeplitz operators to the study of reproducing kernel func-
tions; results on the 2-local reflexivity problem of a set of 
operators; topics from the theory of preservers; and recent 
trends in the study of quotients of tensor product spaces 
and tensor operators. It also includes research articles that 
present overviews of state-of-the-art techniques from oper-
ator theory as well as applications to recent research trends 
and open questions. A goal of all articles is to introduce 
topics within operator theory to the general public.

Contemporary Mathematics, Volume 737
November 2019, 183 pages, Softcover, ISBN: 978-1-
4704-4895-0, LC 2019015108, 2010 Mathematics Subject 
Classification: 47Bxx, 47Axx, 47L05, 46Bxx, 46Jxx, 41Axx, 
26A15, 46E15, 46Lxx, 40G15, List US$117, AMS mem-
bers US$93.60, MAA members US$105.30, Order code 
CONM/737

bookstore.ams.org/conm-737

http://bookstore.ams.org/conm-737
http://bookstore.ams.org/memo-262-1264
http://bookstore.ams.org/memo-262-1268
http://bookstore.ams.org/memo-262-1267
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US$81, AMS Individual member US$48.60, AMS Institu-
tional member US$64.80, MAA members US$72.90, Order 
code MEMO/262/1269

bookstore.ams.org/memo-262-1269

New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Lifting the Cartier 
Transform of Ogus-
Vologodsky Modulo p n 

Daxin Xu, California Institute of 
Technology, Pasadena

Let W be the ring of the Witt 
vectors of a perfect field of char-
acteristic p , X a smooth for-
mal scheme over W, Xʹ  the base 
change of X by the Frobenius 
morphism of W, X ́2   the reduc-
tion modulo p 2  of Xʹ,  and X  the 

special fiber of X.
The author lifts the Cartier transform of Ogus-Volo-

godsky defined by X  ́2  modulo p n . More precisely, the 
author constructs a functor from the category of p n -torsion 
OXʹ-modules with integrable p -connection to the category 
of p n -torsion OX -modules with integrable connection, each 
subject to suitable nilpotence conditions. The author’s con-
struction is based on Oyama’s reformulation of the Cartier 
transform of Ogus-Vologodsky in characteristic p .

If there exists a lifting F  :  X →  Xʹ  of the relative Frobenius 
morphism of X , the author’s functor is compatible with 
a functor constructed by Shiho from F . As an application, 
the author gives a new interpretation of Faltings’ relative 
Fontaine modules and of the computation of their coho-
mology.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Mémoires de la Société Mathématique de France, Num-
ber 163
July 2019, 138 pages, Softcover, ISBN: 978-2-85629-
909-8, 2010 Mathematics Subject Classification: 14F30, 
14F10, List US$52, AMS members US$41.60, Order code  
SMFMEM/163

bookstore.ams.org/smfmem-163

Analysis

Nonlinear Diffusion Equations and Curvature 
Conditions in Metric Measure Spaces
Luigi Ambrosio, Scuola Normale Superiore, Pisa, Italy, 
Andrea Mondino, University of Warwick, Coventry, United 
Kingdom, and Giuseppe Savaré, Università di Pavia, Italy

Memoirs of the American Mathematical Society, Volume 
262, Number 1270
December 2019, 121 pages, Softcover, ISBN: 978-1-4704-
3913-2, List US$81, AMS Individual member US$48.60, 
AMS Institutional member US$64.80, MAA members 
US$72.90, Order code MEMO/262/1270

bookstore.ams.org/memo-262-1270

WAP Systems and Labeled Subshifts
Ethan Akin, The City College, New York, NY, and Eli Glasner, 
Tel-Aviv University, Ramat Aviv, Israel

Memoirs of the American Mathematical Society, Volume 
262, Number 1265
December 2019, 117 pages, Softcover, ISBN: 978-1-4704-
3761-9, 2010 Mathematics Subject Classification: 37Bxx, 
37B10, 54H20, 54H15, List US$81, AMS Individual mem-
ber US$48.60, AMS Institutional member US$64.80, MAA 
members US$72.90, Order code MEMO/262/1265

bookstore.ams.org/memo-262-1265

Geometry and Topology

Cornered Heegaard Floer Homology
Christopher L Douglas, University of Oxford, United King-
dom, Robert Lipshitz, University of North Carolina, Chapel 
Hill, and Ciprian Manolescu, University of California, Los 
Angeles

Memoirs of the American Mathematical Society, Volume 
262, Number 1266
December 2019, 113 pages, Softcover, ISBN: 978-1-4704-
3771-8, List US$81, AMS Individual member US$48.60, 
AMS Institutional member US$64.80, MAA members 
US$72.90, Order code MEMO/262/1266

bookstore.ams.org/memo-262-1266

Stable Stems
Daniel C. Isaksen, Wayne State University, Detroit, MI

Memoirs of the American Mathematical Society, Volume 
262, Number 1269
December 2019, 161 pages, Softcover, ISBN: 978-1-4704-
3788-6, 2010 Mathematics Subject Classification: 14F42, 
55Q45, 55S10, 55T15; 16T05, 55P42, 55Q10, 55S30, List 

http://bookstore.ams.org/memo-262-1269
http://bookstore.ams.org/memo-262-1270
http://bookstore.ams.org/memo-262-1265
http://bookstore.ams.org/memo-262-1266
http://bookstore.ams.org/smfmem-163


THE 2020 AMS 
EMPLOYMENT CENTER

AT THE JOINT MATHEMATICS MEETINGS, MILE HIGH BALLROOM 1, 2, 3
Colorado Convention Center 

Denver, Colorado
January 15–17, 2020

OPEN 
HOURS: 

WEDNESDAY, JANUARY 15 
8:00 AM – 5:30 PM

THURSDAY, JANUARY 16 
8:00 AM – 5:30 PM
FRIDAY, JANUARY 17 
8:00 AM – 5:30 PM

Visit www.ams.org/emp-reg
for registration instructions.
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Meetings & Conferences of the AMS
December Table of Contents

Meetings in this Issue

  2020  
January 15–18 Denver, Colorado p. 1918
March 13–15 Charlottesville, Virginia p. 1923
March 21–22 Medford, Massachusetts p. 1924
April 4–5 West Lafayette, Indiana p. 1926
May 2–3 Fresno, California p. 1928
September 12–13 El Paso, Texas p. 1929
October 3–4 State College, PA p. 1930
October 10–11 Chattanooga, Tennessee  p. 1930
October 24–25 Salt Lake City, Utah p. 1931

  2021  
January 6–9 Washington, DC p. 1931
March 20–21 Providence, Rhode Island p. 1932
May 1–2 San Francisco, California p. 1932
July 5–9 Grenoble, France p. 1932
July 19–23 Buenos Aires, Argentina p. 1932
October 9–10 Omaha, Nebraska p. 1932
October 23–24 Albuquerque, NM p. 1933

  2022  
January 5–8 Seattle, Washington p. 1933 

  2023  
January 4–7 Boston, Massachusetts p. 1933

See www.ams.org/meetings for the  
most up-to-date information on the meetings and  

conferences that we offer.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. 

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at: www.ams.org/meetings.

Important Information About AMS Meetings: Poten-
tial organizers, speakers, and hosts should refer to page 
127 in the January 2019 issue of the Notices for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as ac-
cent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; tele-
phone: 610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, 
CA 92521-0135; email: lapidus@math.ucr.edu; tele-
phone: 951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
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IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

Denver, Colorado
Colorado Convention Center

January 15–18, 2020
Wednesday – Saturday

Meeting #1154
Joint Mathematics Meetings, including the 126th Annual 
Meeting of the AMS, 103rd Annual Meeting of the Mathe-
matical Association of America (MAA), annual meetings of 
the Association for Women in Mathematics (AWM) and the 
National Association of Mathematicians (NAM), and the win-
ter meeting of the Association of Symbolic Logic (ASL), with 
sessions contributed by the Society for Industrial and Applied 
Mathematics (SIAM)

Associate secretary: Michel L. Lapidus
Announcement issue of Notices: October 2019

Program first available on AMS website: November 1, 2019

Issue of Abstracts: Volume 41, Issue 1

Deadlines
For organizers: Expired

For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Skip Garibaldi, IDA Center for Communications Research, La Jolla, Uncovering lottery shenanigans (AMS-MAA Invited 

Address).
Karen M. Lange, Wellesley College, Different problems, common threads: Computing the difficulty of mathematical problems 

(AMS-MAA Invited Address).
Rajiv Maheswaran, Second Spectrum, The fantastic intersection of math and sports: Where no one is afraid of a decimal point 

(MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).
Birgit Speh, Cornell University, Branching laws for representations of a non compact orthogonal group (AWM-AMS Noether 

Lecture).

AMS Invited Addresses
Bonnie Berger, Massachusetts Institute of Technology, Biomedical data sharing and analysis at scale.
Ingrid Daubechies, Duke University, Mathematical Frameworks for Signal and Image Analysis.
Gregory W Moore, Rutgers University, Smooth Invariants Of Four-Dimensional Manifolds and Quantum Field Theory.
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Nancy Reid, University of Toronto, In praise of small data: statistical and data science (AMS Josiah Willard Gibbs Lecture).
Kenneth A. Ribet, University of California, Berkeley, A 2020 view of Fermat’s Last Theorem (AMS Retiring Presidential 

Address).
Tatiana Toro, University of Washington, Differential operators and the geometry of domains in Euclidean space (AMS 

Maryam Mirzakhani Lecture).
Anthony Várilly-Alvarado, Rice University, The geometric disposition of Diophantine Equations.

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at http://jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of 
each listing, where applicable.

Advances in Multivariable Operator Theory: Connections with Algebraic Geometry, Free Analysis, and Free Probability, Joseph 
A. Ball, Virginia Tech, and Paul S. Muhly, University of Iowa.

Advances in Operator Algebras, Ian Charlesworth, University of California, Berkeley, Brent Nelson, Michigan State 
University, Sarah Reznikoff, Kansas State University, and Lauren Ruth, Vanderbilt University.

Algebraic Cycles in Arithmetic and Geometry, Jeff Achter, Colorado State University, and Sebastian Casalaina-Martin, 
University of Colorado Boulder.

Algebras and Algorithms, Keith A. Kearnes, Peter Mayr, and Agnes Szendrei, University of Colorado, Boulder.
Algorithms, Analysis, and Applications of Numerical PDEs, Xiaoming He, Missouri University of Science and Technology, 

and Jiangguo (James) Liu, Colorado State University.
Algorithms, Experimentation, and Applications in Number Theory, Beth Malmskog, Colorado College, and Christopher 

Rasmussen, Wesleyan University.
Analysis and Differential Equations at Undergraduate Institutions, William Green, Rose-Hulman Institute of Technology, 

and Katharine Ott, Bates College.
Analysis of Nonlocal Models, Giacomo Capodaglio, Florida State University, Marta D’Elia, Center for Computing Re-

search, Sandia National Laboratories, and Max Gunzburger, Florida State University.
Analytic and Probabilistic Combinatorics, Miklós Bóna, University of Florida, and Jay Pantone, Marquette University.
Analytic Theory of Automorphic Forms and L-Functions, Amanda Folsom, Amherst College, Michael Griffin, Brigham 

Young University, Larry Rolen, Vanderbilt University, and Jesse Thorner, University of Florida.
Applications and Computations in Knot Theory, Harrison Chapman, Colorado State University, Heather A. Dye, McKen-

dree University, and Jesse S.F. Levitt, University of Southern California.
Applied Topology, Henry Adams, Colorado State University, and Mikael Vejdemo-Johansson, CUNY College of Staten 

Island.
Arithmetic Dynamics, I (Associated with AMS Retiring Presidential Address Kenneth A. Ribet), Rafe Jones, Carleton College, 

Nicole R. Looper, Cambridge University and Brown University, and Joseph H. Silverman, Brown University.
Arithmetic Galois Actions, Ozlem Ejder, Colorado State University, Jamie Juul, University of British Columbia, and 

Rachel Pries, Colorado State University.
Aspects and Applications of Algebraic Combinatorics, William J. Martin, Worcester Polytechnic Institute, and Jason Wil-

liford, University of Wyoming.
C*-Algebras, Dynamical Systems and Applications, Robin Deeley, University of Colorado Boulder, and Zhuang Niu and 

Ping Zhong, University of Wyoming.
Choiceless Set Theory and Related Areas, Paul Larson, Miami University, and Jindrich Zapletal, University of Florida 

(AMS-ASL).
Coding Theory and Applications, Allison Beemer, New Jersey Institute of Technology, Ian F. Blake, University of British 

Columbia, Christine A. Kelley, University of Nebraska-Lincoln, and Felice Manganiello, Clemson University.
Cohomological Field Theories and Wall Crossing, Yefeng Shen, University of Oregon, and Mark Shoemaker, Colorado 

State University.
Combinatorial Structures and Integrable Systems, Maxim Arnold and Nathan Williams, University of Texas at Dallas.
Commutative Algebra, Patricia Klein, University of Kentucky, and Haydee Lindo, Williams College.
Computational and Categorical Methods in Homotopy Theory, Agnes Beaudry, University of Colorado Boulder, and Julie 

Bergner, University of Virginia.
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Computational Biomedicine, Nek Valous and Niels Halama, National Center for Tumor Diseases Heidelberg, German 
Cancer Research Center.

Current Areas of Interest in the Mathematical Sciences of Medieval Islam, Emelie A. Kenney and Mohammad Javaheri, 
Siena College, and Mohammad K. Azarian, University of Evansville.

Differential and Difference Equations in Biological Dynamics, Xiang-Sheng Wang and Aijun Zhang, University of Loui-
siana at Lafayette.

Differential Geometry and Global Analysis, I, Honoring the Memory of Tadashi Nagano (1930–2017), Bang-Yen Chen, Mich-
igan State University, Nicholas D. Brubaker and Thomas Murphy, California State University, Fullerton, Takashi Sakai, 
Tokyo Metropolitan University, Makiko Sumi Tanaka, Tokyo University of Sciences, Bogdan D. Suceava, California State 
University, Fullerton, and Mihaela B. Vajiac, Chapman University.

Evolution, Chris McCarthy and Johannes Familton, Borough of Manhattan Community College CUNY.
Experimental and Computer Assisted Mathematics, Shashank Kanade, University of Denver, Matthew Russell, Rutgers 

University, and Ali Kemal Uncu, Research Institute for Symbolic Computation, Johannes Kepler University Linz.
Explicit Methods in Arithmetic Geometry in Characteristic p , I (a Mathematics Research Communities Session), Vaidehee Thatte, 

Binghamton University, Sarah Arpin, University of Colorado Boulder, and Nicholas Triantafillou, University of Georgia.
Extremal and Probabilistic Combinatorics, Sean English and Emily Heath, University of Illinois Urbana Champaign, and 

Michael Tait, Villanova University.
Fractal Geometry, Dynamical Systems, and Applications, Andrea Arauza Rivera, California State University, East Bay, Robert 

Niemeyer, Metropolitan State University, and John Rock, California State Polytechnic University, Pomona.
Frames, Designs, and Optimal Spherical Configurations, Xuemei Chen, New Mexico State University, Alexey Glazyrin, 

University of Texas Rio Grande Valley, Kasso Okoudjou, University of Maryland, College Park, and Oleksandr Vlasiuk, 
Florida State University.

From STEM to STEAMS (Science, Technology, Engineering, AI, Mathematics, Statistics), Charles Chen, Applied Materials, 
and Mason Chen, Stanford OHS.

Future Directions in Theory & Applications of Nonlinear Reaction-Diffusion Equations, Jerome Goddard, II, Auburn University 
at Montgomery, Nsoki Mavinga, Swarthmore College, and Quinn Morris, Appalachian State University.

Geometric Representation Theory and Equivariant Elliptic Cohomology, I (a Mathematics Research Communities Session), 
Anne Dranowski, University of Toronto, Noah Arbesfeld, Imperial College London, and Dominic Culver, University 
of Illinois Urbana-Champaign.

Geometry of Differential Equations, Jeanne Clelland and Yuhao Hu, University of Colorado Boulder, and George Wilkens, 
University of Hawaii.

Getting Started in Undergraduate Research: Topics, Tools and Open Problems, Hannah Highlander, University of Portland, 
Pamela E. Harris, Williams College, Erik Insko, Florida Gulf Coast University, and Aaron Wootton, University of Port-
land (AMS-MAA).

Group Actions in Harmonic Analysis, Keri Kornelson, University of Oklahoma, and Emily J. King, University of Bremen.
Groups and Topological Dynamics, Constantine Medynets, United States Naval Academy, Volodymyr Nekrashevych, 

Texas A&M University, and Dmytro Savchuk, University of South Florida.
Hamiltonian Systems, Sean Gasiorek, University of Sydney, Gabriel Martins, California State University Sacramento, 

and Andres Perico, University of California Santa Cruz.
Harmonic Analysis, Taryn C. Flock, Macalester College, and Betsy Stovall, University of Wisconsin-Madison.
Highly Accurate and Structure-Preserving Numerical Methods for Nonlinear Partial Differential Equations, Qin Sheng, Baylor 

University, Jorge E. Macias-Diaz, Universidad Autonoma de Aguascalientes, and Joshua L. Padgett, Texas Tech University.
History of Mathematics, Jemma Lorenat, Pitzer College, Sloan Despeaux, Western Carolina University, Daniel Otero, 

Xavier University, and Adrian Rice, Randolph-Macon College (AMS-MAA).
How to Discover and Train Gifted Students, Scott Annin, California State University, Fullerton, Cezar Lupu, Texas Tech 

University, Shoo Seto, University of California, Irvine, and Bogdan D. Suceava, California State University, Fullerton.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences, David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Interactions Among Partitions, Basic Hypergeometric Series, and Modular Forms, Chris Jennings-Shaffer, University of 

Denver, and Frank Garvan, University of Florida.
Interactions between Combinatorics, Representation Theory, and Coding Theory, Manabu Hagiwara, Chiba University, and 

Richard Green, University of Colorado Boulder.
Interactions of Inverse Problems, Computational Harmonic Analysis, and Imaging, M. Zuhair Nashed, University of Central 

Florida, Willi Freeden, University of Kaiserslautern, and Otmar Scherzer, University of Vienna.
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Interfaces Between PDEs and Geometric Measure Theory, I (Associated with AMS Maryam Mirzakhani Invited Address Tatiana 
Toro), Robin Neumayer and Zihui Zhao, Institute for Advanced Study.

International Research Experience for Students (IRES), Asuman G. Aksoy, Claremont McKenna College, and Zair Ibragi-
mov, California State University, Fullerton.

Iterative Methods for Large-Scale Data Analysis, Jamie Haddock, University of California Los Angeles, and Anna Ma, 
University of California San Diego.

Logic Facing Outward, I (Associated with Joint AMS-MAA Invited Address Karen Lange), Karen Lange, Wellesley College, 
and Russell Miller, Queens College & Graduate Center CUNY (AMS-ASL).

Markov Models and Matrix Properties, Alan Krinik and Randall J. Swift, California Polytechnic Pomona.
Mathematical Analysis in Data Science, I (Associated with AMS Colloquium Lectures Ingrid Daubechies), Radu Balan, 

University of Maryland, Tingran Gao, University of Chicago, Sinan Gunturk, New York University, and Ozgur Yilmaz, 
University of British Columbia.

Mathematical and Computational Research in Data Science, Linda Ness, DIMACS, Rutgers University, F. Patricia Medina, 
Yeshiva University, and Kathryn Leonard, Occidental College (AMS-AWM).

Mathematical Aspects of Conformal Field Theory, Shashank Kanade and Andrew Linshaw, University of Denver, and 
Robert McRae, Vanderbilt University.

Mathematical Information in the Digital Age of Science, Patrick Ion, IMKT & University of Michigan, Olaf Teschke, zb-
Math, and Stephen Watt, University of Waterloo.

Mathematical Physics, Some Open Problems for the 21st Century, Michael Maroun.
Mathematical Programming and Combinatorial Optimization, Steffen Borgwardt, University of Colorado Denver, and 

Tamon Stephen, Simon Fraser University.
Mathematics and Motherhood, Della Dumbaugh, University of Richmond, Carrie Diaz Eaton, Bates College, and Emille 

Lawrence, University of San Francisco.
Matrices and Graphs, Leslie Hogben, Iowa State University and American Institute of Mathematics, and Bryan L. Shader, 

University of Wyoming.
Mean Field Games: Theory and Applications, François Delarue, University of Nice Sophia Antipolis.
Modeling Natural Resources, Shandelle M. Henson, Andrews University, and Julie Blackwood, Williams College.
Noncommutative Geometry and Applications, Frederic Latremoliere, University of Denver.
Novel Teaching Practices in Mathematics, David Weisbart, University of California, Riverside.
Outreach Strategies for Reaching Underrepresented Students at the Pre-College Level, Jacob Castaneda, The Art of Problem 

Solving/Bridge to Enter Advanced Mathematics (BEAM), Cory Colbert, Washington & Lee University, Li-Mei Lim, Boston 
University/PROMYS, Max Warshauer, Texas State University at San Marcos, and Daniel Zaharopol, The Art of Problem 
Solving Initiative/Bridge to Enter Advanced Mathematics (BEAM).

Partition Theory and q-Series, Madeline Locus Dawsey, The University of Texas at Tyler, Marie Jameson, University of 
Tennessee, Knoxville, and James Sellers, Pennsylvania State University.

Pedagogical Innovations That Lead to Successful Mathematics, Michael A. Radin, Rochester Institute of Technology, Natali 
Hritonenko, Prairie View A&M University, and Ellina Grigorieva, Texas Women’s University.

Quantization for Probability Distributions and Dynamical Systems, Mrinal Kanti Roychowdhury, University of Texas Rio 
Grande Valley.

Quantum Theory of Matter Meets Noncommutative Geometry and Topology, Masoud Khalkhali, University of Western 
Ontario, and Markus Pflaum, University of Colorado, Boulder.

Random Combinatorial Structures, Complex Analysis and Integrable Systems, Virgil U. Pierce, University of Northern Col-
orado, and Nicholas M. Ercolani, University of Arizona.

Random Matrices and Integrable Systems, I (a joint session with the SIAM Minisymposium on the same topic), Ken McLaughlin, 
Colorado State University, and Sean O’Rourke, University of Colorado Boulder (AMS-SIAM).

Rational Points on Algebraic Varieties: Theory and Computation, I (Associated with AMS Invited Address Anthony Varilly-Al-
varado), Brendan Hassett, Brown/ICERM, Andrew Sutherland, MIT, and Anthony Varilly-Alvardo, Rice University.

Recent Advances in Function and Operator Theory, Kelly Bickel, Bucknell University, Alberto Condori, Florida Gulf Coast 
University, William Ross, University of Richmond, and Alan Sola, Stockholm University.

Recent Advances in Time-Stepping Methods for Ocean Modeling, Sara Calandrini, Konstantin Pieper, and Max Gunz-
burger, Florida State University.

Recent Advances of Mathematical Modeling on Ecology and Epidemiology, Xi Huo, University of Miami, and Rongsong 
Liu, University of Wyoming.
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Recent Developments in Numerical Methods for PDEs, Valeria Barra, University of Colorado Boulder, and Oana Marin, 
Argonne National Laboratory.

Recent Trends in Semigroup Theory, Michael Kinyon, University of Denver, and Ben Steinberg, City College of New York.
Representations of Finite Groups and Related Structures, Mandi Schaeffer Fry, Metropolitan State University of Denver, 

and Nat Thiem, University of Colorado Boulder.
Representation Theory Inspired by the Langlands Conjectures, I (Associated with Joint AWM-AMS Noether Lecture Birgit Speh), 

Birgit Speh, Cornell University, and Peter Trapa, University of Utah (AMS-AWM).
Research from the Rocky Mountain-Great Plains Graduate Research Workshop in Combinatorics, Steve Butler, Iowa State 

University, Michael Ferrara, University of Colorado Denver, Jeremy Martin, University of Kansas, Tyrrell McAllister, 
University of Wyoming, and Jamie Radcliffe, University of Nebraska-Lincoln.

Research in Graph Theory and Combinatorics by Research Experience for Undergraduate Faculty (REUF) Alumni and Their 
Students, Katie Anders and Kassie Archer, University of Texas at Tyler, and Briana Foster-Greenwood, California State 
Polytechnic University-Pomona.

Research in Mathematics by Early Career Graduate Students, Marat Markin, Morgan Rodgers, and Khang Tran, California 
State University Fresno.

Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, Darren A. Narayan, Rochester 
Institute of Technology, Khang Tran, California State University Fresno, Mark David Ward, Purdue University, and John 
Wierman, The Johns Hopkins University (AMS-MAA-SIAM).

Riemannian Foliations and Applications, Igor Prokhorenkov and Ken Richardson, Texas Christian University.
Self-Distributive Structures, Knot Theory, and the Yang-Baxter Equation, Mohamed Elhamdadi, University of South Florida, 

Petr Vojtechovsky, University of Denver, and David Stanovsky, Charles University in Prague.
Sequences, Words, and Automata, Eric Rowland and Manon Stipulanti, Hofstra University.
Set-Valued and Fuzzy-Valued Analysis with Applications, Vira Babenko, Drake University.
Singularities and Characteristic Classes, Paolo Aluffi, Florida State University, and Leonardo Mihalcea, Virginia Tech.
Spectral and Transport Properties of Disordered Systems, Peter D. Hislop, University of Kentucky, and Jeffrey Schenker, 

Michigan State University.
Stochastic Analysis and Applications in Finance, Actuarial Science and Related Fields, Julius N. Esunge, University of Mary 

Washington, See Keong Lee, Universiti Sains Malaysia, and Aurel I. Stan, The Ohio State University.
Stochastic Differential Equations and Application of Mathematical Biology, Jianjun Paul Tian, New Mexico State University, 

Hai-Dang Nguyen, University of Alabama, Xianyi Zeng, University of Texas at El Paso, and Robert Smits, New Mexico 
State University.

Stochastic Spatial Models (a Mathematics Research Communities Session), Tobias Johnson, College of Staten Island, Erin 
Beckman, Duke University, and Katelynn Kochalski, SUNY Geneseo.

Symbolic Dynamics, Ronnie Pavlov, University of Denver, and Scott Schmieding, Northwestern University.
The Geometry of Complex Polynomials and Rational Functions, Trevor Richards, Monmouth College, and Malik Younsi, 

University of Hawaii.
The Kaczmarz Algorithm with Applications in Harmonic Analysis and Data Science, Xuemei Chen, New Mexico State Uni-

versity, Palle E.T. Jorgensen, University of Iowa, and Eric Weber, Iowa State University.
The Mathematics of Social Justice, Andrea Arauza Rivera, California State University, East Bay, Paige Helms, University 

of Washington, Ryan Moruzzi, Ithaca College, and Robin Wilson, California Poly Pomona.
Topological Measures of Complexity: Inverse Limits, Entropy, and Structure of Attractors, Lori Alvin, Furman University, Jan P. 

Boronski, National Supercomputing Centre IT4innovations, Joanna Furno, University of Houston, and Piotr Oprocha, 
AGH University of Science and Technology.

Utilizing Mathematical Models to Understand Tumor Heterogeneity and Drug Resistance, James Greene, Clarkson University, 
Hwayeon Ryu, Elon University, and Kamila Larripa, Humboldt State University.

Vietoris-Borsuk-Rips Homotopy, Danuta Kolodziejczyk, Warsaw University of Technology, and Krystyna Kuperberg, 
Auburn University.

Wall to Wall Modeling Activities in Differential Equations Courses, Janet Fierson, La Salle University, Therese Shelton, 
Southwestern University, and Brian Winkel, SIMIODE.

Women in Mathematical Biology, Christina Edholm, University of Tennessee, Amanda Laubmeier, University of Ne-
braska-Lincoln, Katharine Gurski, Howard University, and Heather Zinn Brooks, University of California Los Angeles 
(AMS-AWM).

Women in Symplectic and Contact Geometry, Morgan Weiler, Rice University, Catherine Cannizzo, Simons Center for 
Geometry and Physics, and Melissa Zhang, University of Georgia (AMS-AWM).
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Women in Topology, Jocelyn Bell, Hobart and William Smith Colleges, Rochy Flint, Columbia University Teachers 
College, Candice Price, Smith College, and Arunima Ray, Max Planck Institute for Mathematics (AMS-AWM).

Charlottesville, Virginia
University of Virginia

March 13–15, 2020
Friday – Sunday

Meeting #1155
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: January 2020
Program first available on AMS website: February 4, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 21, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura Ann Miller, University of North Carolina, The fluid dynamics of nutrient exchange in organs and organisms at the 

mesoscale.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 2A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in High and Infinite Dimensional Stochastic Analysis (Code: SS 36A), Juraj Foldes, University of Virginia, Nathan 
Glatt-Holtz, Tulane University, and Mouhamadou Sy, University of Virginia.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 4A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 22A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 10A), Raman Parimala, Emory University, Andrei Rapinchuk, 

University of Virginia, and Igor Rapinchuk, Michigan State University.
Categorical Representation Theory and Beyond (Code: SS 11A), You Qi and Liron Speyer, University of Virginia, and 

Joshua Sussan, CUNY Medgar Evers (AMS-AAAS).
Celebrating Diversity in Mathematics (Code: SS 20A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 26A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, Priyam Patel, University of Utah, and Sunny Xiao, Brown University.
Combinatorics Related to Geometry and Representation Theory (Code: SS 34A), Heather M Russell, University of Richmond, 

and Rebecca Goldin, George Mason University.
Commutative Algebra (Code: SS 28A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, 

Clemson University.
Convexity and Probability in High Dimensions (Code: SS 31A), Steven Hoehner, Longwood University, and Mark Meckes 

and Elisabeth Werner, Case Western Reserve University.
Curves, Jacobians, and Abelian Varieties (Code: SS 1A), Andrew Obus, Baruch College (CUNY), Tony Shaska, Oakland 

University, and Padmavathi Srinivasan, Georgia Institute of Technology.
Cyber Defense and Cryptography in Undergraduate Education (Code: SS 23A), Lubjana Beshaj, West Point Military Acad-

emy, and Tony Shaska, Oakland University.
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Homotopy Theory (Code: SS 15A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 27A), Leonid Petrov, University of Virginia, and Axel Saenz.
Knots and Links in Low-Dimensional Topology (Code: SS 5A), Thomas Mark, University of Virginia, Allison Moore, Uni-

versity of California Davis, and Ziva Myer, Duke University.
Knot Theory and its Applications (Code: SS 25A), Hugh Howards and Jason Parsley, Wake Forest University, and Eric 

Rawdon, St. Thomas University.
Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 30A), Laura Miller, University of North Car-

olina at Chapel Hill, and Nick Battista, The College of New Jersey.
Mathematical String Theory (Code: SS 9A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia (AMS-AAAS).
Motivic Aspects of Topology and Geometry (Code: SS 16A), Kirsten Wickelgren, Duke University, and Inna Zakharevich, 

Cornell University.
Nonlocal PDEs and Applications (Code: SS 33A), Siming He, Duke University, and Changhui Tan, University of South 

Carolina.
Numerical Methods for Partial Differential Equations: A Session in Honor of Slimane Adjerid’s 65th Birthday (Code: SS 3A), 

Mahboub Baccouch, University of Nebraska at Omaha.
Probabilistic Methods in Geometry and Analysis (Code: SS 19A), Fabrice Baudoin and Li Chen, University of Connecticut.
Quantum Algebra and Geometry (Code: SS 24A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Ran-

dolph College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Recent Advances in Graph Theory and Combinatorics (Code: SS 8A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary (AMS-AAAS).
Recent Advances in Harmonic Analysis (Code: SS 7A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Advances in Mathematical Biology (Code: SS 32A), Junping Shi, College of William & Mary, Zhisheng Shuai, 

University of Central Florida, and Yixiang Wu, Middle Tennessee State University.
Recent Combinatorial Advances In Representation Theory and Algebraic Geometry (Code: SS 29A), Jennifer Morse, University 

of Virginia, and Sarah Mason, Wake Forest University.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 35A), Betsy Stovall and Joris Roos, University of Wiscon-

sin-Madison.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 13A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Special Sets of Integers in Modern Number Theory (Code: SS 14A), Cristina Ballantine, College of the Holy Cross, and 

Hester Graves, Center for the Computing Sciences.
Tensors and Complexity (Code: SS 17A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 

Toronto.
The Mathematics of Redistricting (Code: SS 18A), Marion Campisi, San Jose State University, Thomas Ratliff, Wheaton 

College, and Ellen Veomett, Saint Mary’s College of California.
Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 

Martone, University of Michigan.
Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 12A), Evangelia Gazaki and Ken Ono, 

University of Virginia.

Medford, Massachusetts
Tufts University

March 21–22, 2020
Saturday – Sunday

Meeting #1156
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: January 2020
Program first available on AMS website: February 11, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: January 28, 2020
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Columbia University, A viscosity approach to the regularity of variational problems.
Enrique Pujals, City University of New York, Fifty years of the stability conjecture.
Chris W. Woodward, Rutgers, The State University of New Jersey, Lagrangian Floer homology and its tropical limit.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry in Dynamics (Code: SS 15A), Nguyen-Bac Dang, Stony Brook University, and Nicole Looper and 
Rohini Ramadas, Brown University.

Analysis on Homogeneous Spaces (Code: SS 6A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Anomalous Diffusion Processes (Code: SS 3A), Christoph Borgers, Tufts University, and Claude Greengard, New York 
University and Foss Hill Partners.

Applied Combinatorics (Code: SS 21A), Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and 
Caroline Klivans, Brown University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 10A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Current Trends in Combinatorial Commutative Algebra (Code: SS 7A), Kuei-Nuan Lin, Pennsylvania State University, 
Greater Allegheny, and Augustine O’Keefe, Connecticut College.

Equivariant Cohomology (Code: SS 9A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Geometric Dynamics and Billiards (Code: SS 4A), Boris Hasselblatt and Eunice Kim, Tufts University, Kathryn Lindsey, 

Boston College, and Zbigniew Nitecki, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 12A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 19A), Youssef Qranfal, Wentworth Institute of Technology.
Linear Algebraic Groups: their Structure, Representations, and Geometry (Code: SS 23A), George McNinch, Tufts University, 

and Eric Sommers, University of Massachusetts.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 24A), Olivia Chu, Daniel Cooney, 

and Chadi Saad-Roy, Princeton University.
Mathematics of Data Science (Code: SS 5A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 

Murphy, Tufts University.
Mirror Symmetry and Enumerative Geometry (Code: SS 20A), Mandy Cheung, Harvard University, and Siu-Cheong Lau 

and Yu-Shen Lin, Boston University.
Modeling and Analysis of Partial Differential Equations in Fluid Dynamics and Related Fields: Geometric and Probabilistic 

Methods (Code: SS 1A), Geng Chen, University of Kansas, Siran Li, Rice University and Centre de Recherches Mathéma-
tiques, Université de Montréal, and Kun Zhao, Tulane University.

Moduli of Curves, Hilbert Schemes, and Tropical Geometry (Code: SS 17A), Ignacio Barros, Northeastern University, Noah 
Giansiracusa, Bentley University, and Rob Silversmith, Northeastern University.

Probability in Dynamical Systems of Physical Origin (Code: SS 13A), Alex Blumenthal, University of Maryland, and Peter 
Nandori, Yeshiva University.

Quantum Probability, Orthogonal Polynomials, and Special Functions (Code: SS 11A), Maxim Derevyagin and Ambar 
Sengupta, University of Connecticut.

Random Discrete Structures (Code: SS 22A), Xavier Pérez-Giménez, University of Nebraska, and Lutz P Warnke, Georgia 
Institute of Technology.

Recent Advances in Schubert Calculus and Related Topics (Code: SS 2A), Christian Lenart and Changlong Zhong, State 
University of New York at Albany.

Subgroups in Nonpositive Curvature (Code: SS 8A), Robert Kropholler, Kim Ruane, and Genevieve Walsh, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 16A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.
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The Combinatorics and Geometry of Jordan Type and Commuting Varieties (Code: SS 14A), Peter Crooks and Anthony 
Iarrobino, Northeastern University, and Leila Khatami, Union College.

West Lafayette, Indiana
Purdue University

April 4–5, 2020
Saturday – Sunday

Meeting #1157
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: February 2020
Program first available on AMS website: February 18, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: February 4, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin–Madison, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Mathematical Modeling, Analysis and Numerical Simulation of Particulate Suspensions and Related Multiphase 
Flows (Code: SS 32A), Abhinandan Chowdhury, Savannah State University, and Ivan Christov, Purdue University.

Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois Urbana-Cham-
paign, and Jing Wang, Purdue University.

Analysis of PDE in Fluid Dynamics: Theory and Numerics (Code: SS 35A), Theodore Drivas, Princeton University, Michael 
Jolly, Indiana University, and Huy Q. Nguyen, Brown University.

Coding and Cryptography (Code: SS 34A), Ryann Cartor, Clemson University, Neville Fogarty, Christopher Newport 
University, and Gretchen Matthews and Dane Skabelund, Virginia Tech.

Combinatorial Algebra and Geometry (Code: SS 22A), Christine Berkesch, University of Minnesota, and Laura Matuse-
vich and Aleksandra Sobieska, Texas A&M University.

Combinatorial Techniques in Commutative Algebra (Code: SS 42A), Giulio Caviglia, Purdue University, and Jay Schweig, 
Oklahoma State University.

Commutative Algebra and Connections with Algebraic Geometry (Code: SS 36A), Claudia Polini, University of Notre Dame, 
and Bernd Ulrich, Purdue University.

Complex Geometry (Code: SS 29A), Laszlo Lempert, Chi Li, and Sai-Kee Yeung, Purdue University, and Yuan Yuan, 
Syracuse University.

Computational Aspects of Symplectic Topology (Code: SS 30A), Olguta Buse, Indiana University-Purdue University Indi-
anapolis, Richard Hind, University of Notre Dame, and Jun Li, University of Michigan.

Contemporary Applications of Gradient Flows and Variational Methods (Code: SS 12A), Tao Luo and Nung Kwan (Aaron) 
Yip, Purdue University.

Gaussian and non-Gaussian Stochastic Analysis (Code: SS 16A), Cheng Ouyang, University of Illinois at Chicago, and 
Takashi Owada and Samy Tindel, Purdue University.

Geometric Topology in the Middle Dimensions (Code: SS 43A), James F. Davis, Indiana University, and Mark Powell, 
Durham University.

Group Theory and Logic (Code: SS 13A), Meng-Che (Turbo) He, Purdue University, Julia F. Knight, University of Notre 
Dame, and D.B. McReynolds and Thomas Sinclair, Purdue University.

Harmonic Analysis (Code: SS 2A), Brian Street and Shaoming Guo, University of Wisconsin-Madison.
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Higher Structures in Topology, Geometry and Physics (Code: SS 24A), Ralph Kaufmann, Purdue University, Martin Markl, 
Institute of Mathematics of the Czech Academy of Sciences, and Sasha Voronov, University of Minnesota.

Integrability, Symmetry and Physics (Code: SS 26A), E. Birgit Kaufmann, Purdue University, and Oleksandr Tsymbaliuk, 
Yale University.

Knots and Links in 3-Manifolds (Code: SS 31A), Micah Chrisman and Sujoy Mukherjee, The Ohio State University, and 
Robert Todd, Mount Mercy University.

Low-dimensional Topology (Code: SS 4A), Matthew Hedden, Katherine Raoux, and Lev Tovstopyat-Nelip, Michigan 
State University.

Mathematical Finance and Actuarial Sciences (Code: SS 11A), Kiseop Lee and Jianxi Su, Purdue University, and Jose 
Figueora-Lopez, Washington University, St. Louis.

Mathematical Methods for Inverse Problems (Code: SS 3A), Isaac Harris and Peijun Li, Purdue University.
Modeling, Analysis and Simulation of Complex Fluid Systems in Physics and Biology (Code: SS 33A), Carme Calderer, Uni-

versity of Minnesota, Chun Liu, Illinois Institute of Technology, and Pei Liu, University of Minnesota.
Model Theory and its Applications (Code: SS 41A), Saugata Basu, Purdue University, Philipp Hieronymi, University of 

Illinois at Urbana-Champaign, and Margaret E.M. Thomas, Purdue University.
Multiplicative Ideal Theory in honor of the career of William Heinzer (Code: SS 8A), Evan Houston, University of North 

Carolina, Charlotte, and Alan Loper, Ohio State University.
Network Science (Code: SS 20A), Nicole Eikmeier, Grinnell College, and David F. Gleich, Purdue University.
Nonlinear Partial Differential Equations from Variational Problems and Fluid Equations (Code: SS 9A), Tao Huang, Wayne 

State University, and Changyou Wang, Purdue University.
Numerical Linear Algebra (Code: SS 18A), Jianlin Xia and Xuefeng Xu, Purdue University.
Optimization and Algebraic Geometry (Code: SS 40A), Jonathan Hauenstein, University of Notre Dame, and Ali Mo-

hammad Nezhad, Purdue University.
Optimization for Discrete Geometry (Code: SS 19A), Mark Magsino and Hans Parshall, The Ohio State University.
p-adic Galois Representations, Modularity, and Related Topics (Code: SS 39A), Patrick Allen, University of Illinois at Urba-

na-Champaign, Andrei Jorza, University of Notre Dame, and Tong Liu, Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 10A), Shawn Cui, Purdue University, Julia Plavnik, Indiana Univer-

sity, and Tian Yang, Texas A&M University.
Recent Advances in Adaptive Mesh Refinement and A Posteriori Error Estimation (Code: SS 38A), Shuhao Cao, University 

of California, Irvine, and Zhiqiang Cai, Purdue University.
Recent Advances in Modeling, Computational Methods and Simulations of Physical/Biological Systems (Code: SS 27A), Such-

uan Steven Dong, Jie Shen, and Zhiguo Yang, Purdue University.
Recent Developments in Automorphic Forms and Representations of p-adic Groups (Code: SS 7A), David Goldberg, Baiying 

Liu, and Freydoon Shahidi, Purdue University.
Recent Developments in Commutative Algebra (Code: SS 6A), Jennifer Kenkel, University of Kentucky, and Liquan Ma 

and Uli Walther, Purdue University.
Recent Developments in High Order Numerical Methods for Partial Differential Equations (Code: SS 21A), Zheng Sun, The 

Ohio State University, and Xiangxiong Zhang, Purdue University.
Rigidity Theory, Distance Geometry and Applications (Code: SS 17A), Mireille Boutin, Purdue University, Gregor Kemper, 

Technische Universität München, and Jessica Sidman, Mount Holyoke College.
Scientific Machine Learning (Code: SS 23A), Tong Qin and Dongbin Xiu, The Ohio State University.
Sharp Eigenvalue Estimates for Partial Differential Operators (Code: SS 15A), Mark Ashbaugh, University of Missouri, and 

Richard Laugesen, University of Illinois.
Stability in Topology, Arithmetic, and Representation Theory (Code: SS 37A), Jeremy Miller and Peter Patzt, Purdue Uni-

versity, and Andrew Putman, University of Notre Dame.
Stochastic Processes in Random Environments (Code: SS 14A), Jonathon Peterson, Purdue University, and Atilla Yilmaz, 

Temple University.
Structure Preserving Numerical Methods for Hyperbolic and Kinetic Equations (Code: SS 28A), Jingwei Hu, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 1A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.
Theory and Algorithms for Data Science (Code: SS 25A), Tingran Gao, University of Chicago, and Haizhao Yang, Purdue 

University.
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Fresno, California
California State University, Fresno

May 2–3, 2020
Saturday – Sunday

Meeting #1158
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: March 2020

Program first available on AMS website: March 19, 2020
Program issue of electronic Notices: To be announced
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: March 3, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sami Assaf, University of Southern California, Los Angeles, Combinatorics of Schubert Calculus.
Natalia Komarova, University of California, Irvine, Title to be announced.
Joseph Teran, University of Southern California, Los Angeles, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, Jessica De Silva, California State University, Stanislaus, and 
John Rock, California Polytechnic University, Pomona.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Yuri Latushkin, University of Missouri, Columbia, 
Marat Markin, California State University, Fresno, Igor Nikolaev, St. John’s University, and Ilya Spitkovsky, New York 
University, Abu Dhabi.

Algebraic Geometry in Statistics and Machine Learning (Code: SS 25A), Robert Krone, University of California, Jose Ro-
driguez, University of Wisconsin, and Tingting Tang, Notre Dame University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Combinatorics of Reduced Decompositions of eEements of Coxeter Groups and Related Topics (Code: SS 17A), Samantha 
Dahlberg and Jennifer Elder, Arizona State University.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

DG Methods in Commutative Algebra and Representation Theory (Code: SS 2A), Benjamin Briggs, Janina Letz, and Josh 
Pollitz, University of Utah.

Discrete Geometry and Combinatorial Structures (Code: SS 23A), Morgan Rodgers, California State University, and Oscar 
Vega.

How to Solve It? Heuristics and Inquiry Based Learning (Code: SS 18A), Mario Banuelos, California State University, Fresno, 
Andrew G. Benedek, Research Centre for the Humanities, Hungary, and Agnes Tuska, California State University, Fresno.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.
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Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin, Adnan Sabuwala, and Agnes 
Tuska, California State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Kamarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Numerical Semigroups and Applications (Code: SS 3A), Elie Alhajjar, West Point Military Academy, and Christopher 

O’Neill, San Diego State University.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Research in Mathematics Education (Code: SS 15A), Ravi Somayajulu and Jenna Tague, Clovis Community College.
Scientific Computing (Code: SS 19A), Changho Kim and Roummel Marcia, University of California, Merced.
Special Functions in Number Theory (Code: SS 24A), Cezar Lupu and Dermot McCarthy, Texas Tech University.
Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 

Fresno.
Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

El Paso, Texas
University of Texas at El Paso

September 12–13, 2020
Saturday – Sunday

Meeting #1159
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: June 2020
Program first available on AMS website: July 28, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: February 20, 2020
For abstracts: July 14, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic, Geometric and Topological Combinatorics (Code: SS 6A), Art Duval, University of Texas at El Paso, Caroline 
Klivans, Brown University, and Jeremy Martin, University of Kansas.

Algebraic Structures in Topology, Logic, and Arithmetic (Code: SS 3A), John Harding, New Mexico State University, and 
Emil Schwab, The University of Texas at El Paso.

Fixed Point Theory and its Applications (Code: SS 5A), Monther R. Alfuraidan, King Fahd University of Petroleum & 
Minerals, KSA, Mohamed A. Khamsi, The University of Texas at El Paso, Poom Kumam, King Mongkut’s University of 
Technology, Thonburi, Thailand, and Osvaldo Mendez, The University of Texas at El Paso.

High-Frequency Data Analysis and Applications (Code: SS 1A), Maria Christina Mariani and Michael Pokojovy, University 
of Texas at El Paso, and Ambar Sengupta, University of Connecticut.
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Leibniz Algebras and Related Topics (Code: SS 7A), Guy Biyogmam, Georgia College and State University, and Jerry 
Lodder, New Mexico State University.

Low-dimensional Topology and Knot Theory (Code: SS 4A), Mohamed Ait Nouh and Luis Valdez-Sanchez, University of 
Texas at El Paso.

Nonlinear Analysis and Optimization (Code: SS 2A), Behzad Djafari-Rouhani, University of Texas at El Paso, and Akhtar 
A. Khan, Rochester Institute of Technology.

Statistical Methodology and Applications (Code: SS 8A), Ori Rosen and Suneel Chatla, University of Texas at El Paso.

State College, Pennsylvania
Pennsylvania State University, University Park Campus

October 3–4, 2020
Saturday – Sunday

Meeting #1160
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: August 2020
Program first available on AMS website: August 25, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: March 3, 2020
For abstracts: August 11, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 10–11, 2020
Saturday – Sunday

Meeting #1161
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: August 2020

Program first available on AMS website: September 1, 2020
Program issue of electronic Notices: To be announced
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: March 10, 2020
For abstracts: August 18, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Applied Knot Theory (Code: SS 4A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.
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Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 2A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Commutative Algebra (Code: SS 1A), Simplice Tchamna, Georgia College, and Lokendra Paudel, University of South 
Carolina, Salkehatchie.

Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 
of Technology.

Salt Lake City, Utah
University of Utah

October 24–25, 2020
Saturday – Sunday

Meeting #1162
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: August 2020
Program first available on AMS website: September 17, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: March 24, 2020
For abstracts: September 1, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Bhargav Bhatt, University of Michigan, Ann Arbor, Title to be announced.
Jonathan Brundan, University of Oregon, Eugene, Title to be announced.
Andrei Okounkov, Columbia University, Title to be announced (Erdős Memorial Lecture).
Mariel Vazquez, University of California, Davis, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Extremal Graph Theory (Code: SS 1A), József Balogh, University of Illinois, and Bernard Lidický, Iowa State University.
Monoidal Categories in Representation Theory (associated with the Invited Address by Jon Brudan) (Code: SS 2A), Jonathan 

Brundan, Ben Elias, and Victor Ostrik, University of Oregon.

Washington, District of Columbia
Walter E. Washington Convention Center

January 6–9, 2021
Wednesday – Saturday

Meeting #1163
Joint Mathematics Meetings, including the 127th Annual 
Meeting of the AMS, 104th Annual Meeting of the Mathe-
matical Association of America (MAA), annual meetings of 
the Association for Women in Mathematics (AWM) and the 
National Association of Mathematicians (NAM), and the win-
ter meeting of the Association of Symbolic Logic (ASL), with 
sessions contributed by the Society for Industrial and Applied 
Mathematics (SIAM).

Associate secretary: Brian D. Boe
Announcement issue of Notices: October 2020
Program first available on AMS website: November 1, 2020
Issue of Abstracts: To be announced

Deadlines
For organizers: April 1, 2020
For abstracts: To be announced
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Providence, Rhode Island
Brown University

March 20–21, 2021
Saturday – Sunday

Eastern Section
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 1–2, 2021
Saturday – Sunday

Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Grenoble, France
Université de Grenoble-Alpes

July 5–9, 2021
Monday – Friday
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced

Buenos Aires, Argentina
The University of Buenos Aires

July 19–23, 2021
Monday – Friday
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced

Omaha, Nebraska
Creighton University

October 9–10, 2021

Saturday – Sunday

Central Section

Associate secretary: Georgia Benkart
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Albuquerque, New Mexico
University of New Mexico

October 23–24, 2021
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel

January 5–8, 2022
Wednesday – Saturday
Associate secretary: Georgia Benkart
Announcement issue of Notices: October 2021
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: October 2022

Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



Thursday, January 16, 2020
8:00–11:30 am

Hyatt Regency Denver
Quartz Room – 3rd Floor

This pilot course is designed for mathematics 
department administrators, regardless of title,
who oversee and/or manage some or all of 
the functions listed below (the target audi-
ence is departmental staff, not faculty):
•  Academic Programs and Activities
•  Admissions
•  Budgets and Grants
•  Diversity Efforts
•  Faculty/Scholar Recruitment,
   Hiring, and On-Boarding
•  Faculty/Scholar and
   Student Support
•  Marketing and Publicity
•  Staff Supervision

•  Title IX Referrals and Support
•  Visitor Resources

Attend this workshop to collaborate with other 
professionals who have similar responsibilities. 

Share best practices and build connections with 
other math administrators.

To register for this event, please complete the required
information at www.ams.org/adminsworkshop.

In addition to providing your information here,
non-mathematician attendees must purchase a JMM 2020

special guest registration at $25. After completing the
required details, please email mmsb@ams.org

to arrange this special registration.

Registrations will not be complete without a
corresponding JMM 2020 registration.

SPEAKERS
Kathleen Applegate

Department Manager,
Department of Mathematics,

Princeton University

Nicole Maldonado
Administrative Offi cer,
School of Mathematics,

Institute for Advanced Study

WORKSHOP FOR MATH ADMINISTRATORS:
EXPLORING THE CHALLENGES OF OPERATING A

DEPARTMENT’S DAILY MANAGERIAL RESPONSIBILITIES



Registration Fees
Membership please P all that apply.  First row is eligible to register as a member.
For undergraduate students, membership in PME and KME also applies.
o AMS & MAA  o AMS but not MAA  o MAA but not AMS   o ASL   o CMS o SIAM
Undergraduate Students Only:  o PME   o KME
Other Societies: o AWM o NAM  o YMN  o AMATYC  

Joint Meetings  by  Dec 26     at mtg   Subtotal
o Member AMS, MAA, ASL, CMS, or SIAM US$  360 US$ 473
o Nonmember US$  570 US$  727
o Graduate Student Member (AMS, MAA
       ASL, CMS, or SIAM) US$ 90 US$  104
o Graduate Student (Nonmember) US$  140 US$  152
o Undergraduate Student (Member AMS, 
       ASL, CMS, MAA, PME, KME, or SIAM) US$ 80 US$    94
o Undergraduate Student (Nonmember) US$  130 US$  142
o High School Student US$ 10 US$    20
o Unemployed US$ 80 US$    94
o Temporarily Employed US$ 292 US$  335
o Developing Countries Special Rate US$ 80 US$    94
o Emeritus Member of AMS or MAA US$ 292 US$  335
o High School Teacher US$ 80 US$    94
o Librarian US$ 80 US$    94
o Press US$ 0 US$ 0
o Exhibitor (Commercial) US$ 0 US$ 0
o Artist Exhibitor (work-JMM Art Exhibit only) US$ 0 US$ 0
o Nonmathematician Guest 
       of registered mathematician US$ 25 US$ 25

                  $
AMS Short Course: Mean Field Games (1/13-1/14)
o Member of AMS US$  151  US$ 185
o Nonmember US$  232  US$ 275
o Student, Unemployed, Emeritus US$    84  US$ 105
                 $
MAA Minicourses (see listing in text)
 I would like to attend:   o One Minicourse  o Two Minicourses
 Please enroll me in MAA Minicourse(s)   #______  and   #______ 
 Price: US$ 100 for each minicourse. 
 (For more than 2 minicourses, call or email the MMSB.)         $

Graduate School Fair Table    
o Graduate Program Table    US$  130   US$ 130
       (includes table, posterboard & electricity)                        
Dept. or Program to be represented (write below or email the MMSB)
                  $
Receptions & Banquets
o Graduate Student/First-Time Attendee Reception (1/15)  (no charge) 

o NAM Banquet (1/17) 
 #____Chicken      #____Vegetarian          US$    65
 #____Kosher  (Additional fees apply for Kosher Meals.)    US$   98   
                                Total for NAM Banquet     $
o AMS Social (1/18)  Regular Price      #____US$ 75
         Student Price      #____US$ 35
                                     Total for AMS Social      $

Printed Meeting Program (PLEASE CHOOSE)
o Meeting Program (pick up at mtg only)      US$  5
o Meeting Program mailed (U.S. residents only)             US$   10 
       Registration must be received by Nov. 20 to be eligible. 
o I do not want a printed program.
                      Total for Meeting Program/Shipping    $ 
          
Total for Registrations and Events      $

Other Information

Mathematical Reviews primary field of interest #                          

o Are you willing to serve as a judge for the MAA Undergraduate Student 
Poster Session?  (Please P this box.

o If you are an undergraduate, are you interested in participating in the 
Radical Dash, a multi-day scavenger hunt sponsored by the MAA?  (Please 
P this box.)

o Please P  this box if you have a disability requiring special services.

To respect your privacy and to better serve you, please indicate your 
preferences for the following:

o Please include my name and affiliation on the JMM Participant List. 
 
o Please include my name and postal address on promotional mailing lists.

 
Registration for the Joint Meetings is not required for the short course but it is required for     
the minicourses and the Employment Center. To register for the Employment Center, go to 
www.ams.org/profession/employment-services. For questions, email emp-info@ams.org.   

Payment
Registration & Events Total (total from column on left          $

Hotel Deposit (only if paying by check)            $
If you send a hotel deposit check, the 
deadline for this form is December 1.

Total Amount To Be Paid             $ 

Method of Payment
o Check.  Make checks payable to the AMS.  For all check payments, 
please keep a copy of this form for your records.
o Credit Card.  All major credit cards accepted.  For your security, we 
do not accept credit card numbers by email, fax, or postal mail. If the MMSB 
receives your registration form by any of these methods, it will contact you at 
the phone number provided on this form.  

Signature:

o Purchase Order #                                       (please enclose copy)

Mailing Address/Contact:
Mathematics Meetings Service Bureau (MMSB)
201 Charles Street
Providence, RI  02904-2213 Fax: 401-455-4004; Email: mmsb@ams.org    
Telephone: 401-455-4144 or 1-800-321-4267 x4144 or x4137 

Registration Deadlines  
To be eligible for the complimentary hotel room lottery: Oct. 30, 2019
In time to receive a program in the mail: Nov.  20, 2019
Hotel reservations with check deposit: Dec.   1, 2019
Hotel reservations and changes/cancellations 
  through the JMM website:   Dec.  18, 2019
Advance registration for the Joint Meetings, short 
 course, minicourses, and dinner tickets: Dec. 26, 2019
Cancel in time to receive 50% refund on advance 
 registration, banquets, minicourses, and short course: Jan.  8, 2020*
*no refunds issued after this date.

2020 Joint Mathematics Meetings Advance Registration/Housing Form
Name 

Mailing Address

Telephone          Fax:

In case you have an emergency at the meeting:    Day #:                                         Evening #:  

Email Address       Additional email address for receipt
  

Affiliation for badge                       Nonmathematician guest badge name:

PLEASE NOTE THAT BADGES WILL NOT BE MAILED IN ADVANCE FOR THIS MEETING. YOU MAY OPT TO HAVE YOUR PROGRAM MAILED ON DEC. 12 (SEE BELOW).

Acknowledgment of this registration and any hotel reservations will be sent to the email address(es) given here.     Check this box to receive a copy by U.S. Mail:   

(please print your name as you would like it to appear on your badge)

(company/university)                      (Note fee of US$ 25)
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Mean Field Games: 
Agent Based Models 
to Nash Equilibria
AMS Short Course, January 13–14, 2020
In Conjunction with the Joint Mathematics Meetings

Learn more and register:

www.ams.org/short-course

In 2020, the Short Course focuses on models for large 
systems of interacting agents. Ideas from statistical 
physics permit approximations of Nash equilibria for 
stochastic dynamic games with many players. Diverse 
branches of mathematics converge in this subject area—
control and game theory, partial differential equations, 
probability, scientifi c computing and optimal transport. 
The course faculty provide participants an entrée to theo-
retical issues, numerical challenges, and applications in 
such areas as economics and fi nancial markets, crowd 
motion, power systems, and cyber network security.

 0

 1

 2

 3

Course Organizer: 
François Delarue, University of Nice

Other Speakers:
Christy Graves, Princeton University
Daniel Lacker, Columbia University
Mathieu Laurière, Princeton University
Roland Malhamé, École Polytechnique de Montréal
Kavita Ramanan, Brown University
Ronnie Sircar, Princeton University

The American Mathematical Society’s Short Courses connect math-
ematicians and students to emergent areas of applied mathematics 
through survey lectures and other activities. Short Courses are 
designed to introduce individuals to new topics—fueling the partici-
pants‘ curiosity, discovery, or research.



American Mathematical Society  
Distribution Center

35 Monticello Place,  
Pawtucket, RI 02861 USA

facebook.com/amermathsoc
@amermathsoc

A Passage to Modern Analysis  
William J. Terrell, Virginia Commonwealth University, Richmond, VA
Pure and Applied Undergraduate Texts, Volume 41; 2019; 607 pages; Hardcover; 
ISBN: 978-1-4704-5135-6; List US$109; AMS members US$87.20; MAA members 
US$98.10; Order code AMSTEXT/41

Linear Algebra for the Young Mathematician  
Steven H. Weintraub, Lehigh University, Bethlehem, PA
Pure and Applied Undergraduate Texts, Volume 42; 2019; 389 pages; Hardcover; 
ISBN: 978-1-4704-5084-7; List US$89; AMS members US$71.20; MAA members 
US$80.10; Order code AMSTEXT/42

What’s Happening in the Mathematical 
Sciences, Volume 11
Dana Mackenzie
What’s Happening in the Mathematical Sciences, Volume 11; 2019; 136 pages; 
Softcover; ISBN: 978-1-4704-4163-0; List US$25; AMS members US$20; MAA 
members US$22.50; Order code HAPPENING/11

Living Proof: Stories of Resilience Along the 
Mathematical Journey
Allison K. Henrich, Seattle University, WA, Emille D. Lawrence, 
University of San Francisco, CA, Matthew A. Pons, North Central College, 
Naperville, IL, and David G. Taylor, Roanoke College, Salem, VA, Editors
2019; 136 pages; Softcover; ISBN: 978-1-4704-5281-0; List US$20; All individuals 
US$15; Order code LVNGPROOF

NEW RELEASES 
from the AMS

Discover more titles at bookstore.ams.org
= Textbook

white -->

= Applied Mathematics bookstore.ams.org

Optical Illusions in Rome
A Mathematical Travel Guide
Kirsti Andersen, Aarhus University, Denmark
Translated by Viktor Blåsjö
Spectrum, Volume 99; 2019; 78 pages; Softcover; ISBN: 978-1-4704-5267-4; List US$50; 
AMS members US$37.50; MAA members US$37.50; Order code SPEC/99

Discrete Morse Theory   

white -->

Nicholas A. Scoville, Ursinus College, Collegeville, PA
Student Mathematical Library, Volume 90; 2019; 273 pages; Softcover; ISBN: 978-
1-4704-5298-8; List US$55; AMS members US$44; MAA members US$44; Order 
code STML/90

AMS / MAA Press 
Mathematical Interest Theory
Third Edition
Leslie Jane Federer Vaaler, Shinko Kojima Harper, The University of 
Texas at Austin, TX, and James W. Daniel
AMS/MAA Textbooks, Volume 57; 2019; approximately 590 pages; Hardcover; 
ISBN: 978-1-4704-4393-1; List US$105; AMS members  US$78.75; MAA members 
US$78.75; Order code TEXT/57

AMS / MAA Press 
Topology Through Inquiry  
Michael Starbird, University of Texas at Austin, TX, and Francis Su, 
Harvey Mudd College, Claremont, CA
AMS/MAA Textbooks, Volume 58; 2019; approximately 311 pages; Hardcover; 
ISBN: 978-1-4704-5276-6; List US$69; AMS members US$51.75; MAA members 
US$51.75; Order code TEXT/58

AMS Page a Day Calendar
Evelyn Lamb, Freelance writer, Salt Lake City, UT
2019; 372 pages; Softcover; ISBN: 978-1-4704-4957-5; 
List US$24; AMS members US$19.20; MAA members 
US$21.60; Order code MBK/128

http://bookstore.ams.org
http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc
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