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A WORD FROM...
Catherine Roberts, Executive Director of the AMS1

Courtesy of Billy Durvin.

Women’s History Month brings focus to the accomplishments of women, many of which
are being celebrated in this issue of the Notices of the AMS. It is also an appropriate time to
reflect upon the barriers that women have faced, and continue to face, in our mathematics
discipline. Recent attention has focused on sexual harassment in our workplaces, amplified
by the #metoo movement initiated in late 2017. In 2018, the National Academies of Sciences, Engineering, and Medicine issued a consensus study report titled Sexual Harassment of
Women: Climate, Culture, and Consequences in Academic Sciences, Engineering, and Medicine.2
This report made a clear case for action. A National Academies overview of the study report
notes: “System-wide changes to the culture and climate in higher education are needed
to prevent and effectively respond to sexual harassment. There is no evidence that current
policies, procedures, and approaches—which often focus on symbolic compliance with the
law and on avoiding liability—have resulted in a significant reduction in sexual harassment.
Colleges and universities and federal agencies should move beyond basic legal compliance
to adopt holistic, evidence-based policies and practices to address and prevent all forms of
sexual harassment and to promote a culture of civility and respect.”3 This report prompted a National Academies
workshop, “Together We Can Do Better: A Convening of Leaders in Academia to Prevent Sexual Harassment,”4 as
well as a number of affiliated events by academic institutions and scientific professional societies.5
Two years ago, the American Mathematical Society (AMS) joined with the Association for Women in Mathematics, the American Statistical Association, the Mathematical Association of America, and the Society for Industrial
and Applied Mathematics, as well as more than one hundred other professional societies, to become inaugural
members of the Societies Consortium on Sexual Harassment in STEMM (science, technology, engineering, mathematics, and medicine). Together, we pooled our resources to accelerate the development of tools and resources
to help us build “communities actively intolerant of sexual and intersecting bases of harassment and building
bridges for collective efforts.”6
To effect change at the scale called for, we must address both our policies and our culture.
Policies are starting to change: In September 2018, the American Association for the Advancement of Science
(AAAS) announced a Fellow revocation policy.7 In June 2019, the U.S. National Academy of Sciences (NAS) voted
to allow expulsion of members for breaches of conduct, including sexual harassment.8 Up until then, no method
existed to revoke these lifetime honors at the AAAS or the NAS. The Consortium on Sexual Harassment in STEMM
has created a lawyer-vetted and customizable template for member societies to guide us in our efforts to develop
similar revocation policies.
Here at the AMS, our Council approved the establishment of a new Prize Oversight Committee whose inaugural
charge includes, among other things, recommending “policies and procedures for the revocation of an award or
Catherine Roberts is Executive Director of the AMS. Her email address is exdir@ams.org.
1The

opinions expressed here are not necessarily those of the Notices or the AMS.

2https://www.nap.edu/catalog/24994/sexual-harassment-of-women-climate-culture-and-consequences-in-academic
3https://www.nap.edu/resource/24994/Sexual%20Harassment%20of%20Women%20ReportHighlights.pdf
4https://sites.nationalacademies.org/shstudy/index.htm
5https://sites.nationalacademies.org/SHSTUDY/events/SHSTUDY_186859
6https://educationcounsel.com/societiesconsortium/
7https://www.aaas.org/programs/fellows/revocation-process
8https://www.sciencemag.org/news/2019/06/national-academy-sciences-allow-expulsion-harassers
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fellowship, consistent with best practices of other societies and academic institutions.”9 This committee plans to bring
a proposal forward to Council in 2020 to establish a policy for the revocation of AMS fellow status. Future work of this
committee may include a review of our existing Policy Statements and Guidelines,10 such as our Policy on a Welcoming
Environment,11 after the Consortium on Sexual Harassment in STEMM releases new guidance on best practices for code
of conduct policies.
As you know, the AMS is involved in a range of data-collection efforts that can help us understand the participation of
women and underrepresented minorities in our discipline. The Mathematical and Statistical Sciences Annual Survey,12 for
example, reports on information collected from departments at four-year colleges and universities in the United States.
This report includes gender and citizenship demographics on departmental hiring, faculty, course enrollments, degree
recipients, and graduate students. The AMS is also advancing important smaller-scale efforts. For example, in the AMS
Member Directory,13 we are inviting our members to consider sharing their personal demographic information. We explain, “This information helps us to ensure that participation in AMS programs, activities, governance, and volunteerism
is diverse and inclusive. In aggregate, it will also be used in reporting our success in this effort to such groups as the AMS
leadership and funding agencies.” Please consider logging into your AMS account to add any demographic information
you are comfortable sharing. Although the AMS has not directly sought to collect data on sexual harassment and climate
for women in mathematics, there is a growing body of data supporting its existence, including specifically in STEMM. For
now, the AMS has no plans to collect harassment data specific to mathematics—the National Academies have sufficient
data already demonstrating the problem.
Although we have further to go, I believe the climate for women in mathematics is improving. I am optimistic that as
we become more aware and more intentional in our actions, we will make progress toward ending barriers people encounter in mathematics. Clear evidence shows that serious and thoughtful efforts by many members of the mathematics
community have resulted in making the AMS and its programs more inclusive over time. Recently, the AMS Office of
the Secretary undertook an internal study to better understand the participation of women in several categories: Society
Leadership, the Editorial Boards Committee and the Nominating Committee, AMS Elections, Policy Committees, Editorial
Committees, and Invited Addresses at AMS meetings. This study found increasing participation of women in many aspects
of our governance and leadership, while also pointing out areas where we need to focus our energy. These statistics will
be shared with the mathematics community in future issues of the Notices of the AMS.
All of this work—happening around the world, across the United States, and in hundreds of STEMM professional
societies, including here at the AMS—speaks to a sincere effort to fundamentally change the culture of harassment. We
see increasing awareness. We have the data. We are working to put policies and structures in place. All of this will help
improve our culture—but it is not a panacea. Changing our culture will take tremendous effort and will take time. Working
together, we can accelerate this transformation.

9https://www.ams.org/about-us/governance/committees/comm-all.html
10https://www.ams.org/about-us/governance/policy-statements/sec-ams-policystatements
11https://www.ams.org/about-us/governance/policy-statements/welcoming-environment-policy
12https://www.ams.org/profession/data/annual-survey/annual-survey
13https://www.ams.org,

mArch 2020

log into the Member Directory, select My Account, and then select Demographics under Personal Information.

Notices of the AmericAN mAthemAticAl society

311

March 2020
Cover Credit: The image used in the cover design is by Steve Butler,
author of “The Mathematical Life of Fan Chung,” p. 327.

FEATURES
Sun-Yung Alice Chang and Geometric Analysis..........................318
Matthew J. Gursky and Yi Wang

The Mathematical Life of Fan Chung...........................................327
Steve Butler

A Template for Success: Celebrating the Work
of Judith Grabiner.........................................................................336
Della Dumbaugh and Adrian Rice

Olga Taussky-Todd........................................................................345
Judith R. Goodstein

A Word from... Catherine Roberts................................310

Bookshelf..................................................................... 390

Letters to the Editor..................................................... 315

AMS Bookshelf............................................................ 391

Early Career: Dealing with Challenging Issues.......... 354

Communication: Interview with Abel Laureate
Karen Uhlenbeck......................................................... 393

Promoting a Healthy Work Environment............. 354

Sarah Crown Rundell

Self-Doubt and Imposter Syndrome..................... 356
Brian Lehmann

When and How to Say NO.................................... 359

Bjørn Ian Dundas and Christian Skau

Communication: The International Mathematical
Union (IMU) at 100.................................................... 404

Judy Walker

Carlos E. Kenig

Harriet Pollatsek

Communication: African American Women
Honored with Congressional Gold Medals............... 408

BAD Teaching Evaluations—What Now?.............. 360
Handling Negative Student Evaluations............... 362
Deanna Haunsperger

What Do I Do When My Paper or Grant
Is Rejected?.............................................................. 364

Karen Saxe

Math Reviews News: Mathematics Subject

Classification 2020.......................................................410

Julia E. Bergner

Edward Dunne and Klaus Hulek

Karen Lange

Short Stories: Angenent’s Shrinking Doughnuts....... 412
Danny Calegari

“We Regret to Inform You…”: What to Do
If Your Paper or Grant Is Rejected.......................... 365
History: Shining a Light on a Hidden Figure:

Math Outside the Bubble: Your Favorite Field

Lily Khadjavi, Tanya Moore, Kimberly Weems, and Ulrica Wilson

Sophia D. Merow

History: The Ties That Bind:

News: Mathematics People......................................... 426

Dorothy Hoover.......................................................... 368

Olga Alexandrovna Ladyzhenskaya
and the 2022 ICM in St. Petersburg........................... 373

a Superpower?............................................................. 415

News: Community Updates....................................... 431

Della Dumbaugh, Panagiota Daskalopoulos, Anatoly Vershik,
Lev Kapitanski, Nicolai Reshetikhin, Darya Apushkinskaya,
and Alexander Nazarov

News: Mathematics Opportunities............................ 432

History: Dr. Shirley McBay.......................................... 382
Zerotti Woods

New Books Offered by the AMS................................. 436

Book Review: A Lady Mathematician

in this Strange Universe: Memoirs............................. 384

Reviewed by Lydia Bieri

Classified Advertising.................................................. 434
Meetings & Conferences of the AMS.......................... 439

INVITATIONS
FROM THE AMS

FROM THE
AMS SECRETARY
2019 Election: Election Results.................................... 418

2020 Class of Fellows of the AMS.............................. 421
Calls for Nominations.................................................. 424

Leroy P. Steele Prize for Lifetime Achievement..... 424
Leroy P. Steele Prize for
Mathematical Exposition....................................... 424
Leroy P. Steele Prize for
Seminal Contribution to Research........................ 424
Fellows of the American Mathematical Society.... 425

The 2020 AMS Einstein Public Lecture
in Mathematics...................................inside front cover
Fellows of the American Mathematical Society......... 420
AMS-Simons Travel Grants......................................... 438

Differential Equations:
Techniques, Theory, and
Applications
Barbara D. MacCluer, University of Virginia, Charlottesville, VA, Paul S.
Bourdon, University of Virginia, Charlottesville, VA, and Thomas L. Kriete,
University of Virginia, Charlottesville, VA
Differential Equations: Techniques, Theory, and Applications is designed for a
modern first course in differential equations either one or two semesters in
length. The organization of the book interweaves the three components in
the subtitle, with each building on and supporting the others. Techniques
include not just computational methods for producing solutions to differential equations, but also qualitative methods for extracting conceptual
information about differential equations and the systems modeled by them.
Applications are drawn from a wide variety of fields: those in physical science and engineering are prominent, of course, but models from biology,
medicine, ecology, economics, and sports are also featured.

= Textbook

The 1,400+ exercises are especially compelling. They range from routine
calculations to large-scale projects. The more difficult problems, both theoretical and applied, are typically presented in manageable steps.
An instructor’s manual for this title is available electronically to those
instructors who have adopted the textbook for classroom use. Please send
email to textbooks@ams.org for more information. A student solution
manual is also available for purchase.
2019; 874 pages; Hardcover; ISBN: 978-1-4704-4797-7; List US$125; AMS members US$100; MAA members US$112.50; Order code MBK/125

Notices
of the American Mathematical Society

CONTACTING THE NOTICES

EDITOR IN CHIEF
Erica Flapan

SUBSCRIPTION INFORMATION

ASSOCIATE EDITORS
Dorothy Buck			
Della Dumbaugh 			
Angela Gibney 			
Richard A. Levine			
William McCallum			
Antonio Montalbán		
Carla Savage, ex officio		

Daniela De Silva 		
Stephan Ramon Garcia
Daniel Krashen 		
Reza Malek-Madani
Chikako Mese		
Emilie Purvine		
Robin T. Wilson

SPECIAL PROJECTS EDITOR and NOTICES ASSISTANT
Sophia D. Merow

CONSULTANTS
		

David Jerison

Jill C. Pipher

Ken Ono

Kenneth A. Ribet

Abigail A. Thompson

MANAGING EDITOR
Meaghan Healy

Subscription prices for Volume 67 (2020) are US$720 list; US$576
institutional member; US$432 individual member; US$648 corporate member. (The subscription price for members is included in the
annual dues.) A late charge of 10% of the subscription price will be
imposed upon orders received from non-members after January 1 of
the subscription year. Add for postage: Domestic—US$6; International—
US$25. Surface delivery outside the US and India—US$27; in India—
US$40; expedited delivery to destinations in North America—US$35;
elsewhere—US$120. Subscriptions and orders for AMS publications
should be addressed to the American Mathematical Society, PO Box
845904, Boston, MA 02284-5904 USA. All orders must be prepaid.

ADVERTISING
Notices publishes situations wanted and classified advertising, and display advertising for publishers and academic or scientific organizations.
Advertising requests, materials, and/or questions should be sent to:
classads@ams.org (classified ads)
notices-ads@ams.org (display ads)

PERMISSIONS
All requests to reprint Notices articles should be sent to:
reprint-permission@ams.org.

ADVERTISING COORDINATOR
Anne Newcomb

REPRINT PERMISSIONS
Erin M. Buck

CONTRIBUTING WRITER
Elaine Kehoe

COMPOSITION, DESIGN, and EDITING
Brian Bartling
Anna Hattoy
John C. Paul
Deb Smith

John F. Brady
Lori Nero		
Courtney Rose
Mike Southern

Craig Dujon		
Dan Normand		
Benjamin Schmidt		
Peter Sykes

Supported by the AMS membership, most of this publication, including the opportunity to post comments, is freely available electronically through the AMS website, the Society’s resource for delivering
electronic products and services. Use the URL www.ams.org/notices/
to access the Notices on the website. The online version of the Notices
is the version of record, so it may occasionally differ slightly from the
print version.

SUBMISSIONS
The editor-in-chief should be contacted about articles for consideration after potential authors have reviewed the “For Authors” page at
www.ams.org/publications/journals/notices/noticesauthors.
The managing editor should be contacted for additions to our news
sections and for any questions or corrections. Contact the managing
editor at: notices@ams.org.
Letters to the editor should be sent to:
notices-letters@ams.org
To make suggestions for additions to other sections, and for full
contact information, see www.ams.org/publications/
journals/notices/noticescontact.

The print version is a privilege of Membership. Graduate students at
member institutions can opt to receive the print magazine by updating
their individual member profiles at www.ams.org/member-directory.
For questions regarding updating your profile, please call 800-321-4267.
For back issues see www.ams.org/backvols. Note: Single issues of the
Notices are not available after one calendar year.

[Notices of the American Mathematical Society (ISSN 0002-9920) is published monthly except bimonthly in June/July by the American Mathematical
Society at 201 Charles Street, Providence, RI 02904-2213 USA, GST No. 12189 2046 RT****. Periodicals postage paid at Providence, RI, and additional
mailing offices. POSTMASTER: Send address change notices to Notices of the American Mathematical Society, PO Box 6248, Providence, RI 029046248 USA.] Publication here of the Society’s street address and the other bracketed information is a technical requirement of the US Postal Service.

© Copyright 2020 by the American Mathematical Society.
All rights reserved.
Printed in the United States of America. The paper used in this journal is acid-free and
falls within the guidelines established to ensure permanence and durability.
Opinions expressed in signed Notices articles are those of the authors and do not necessarily
reflect opinions of the editors or policies of the American Mathematical Society.

LETTERS TO THE EDITOR
Still making invidious comparisons
In view of the Society’s recent efforts to increase the participation and recognition of women in our field, I was disheartened to read, in the opening sentence of the memorial
tribute to Jane Cronin Smiley Scanlon in the October Notices, the description of her as “one of the most prominent
female mathematicians of the twentieth century,” followed
later on by the section heading “Celebrating an Outstanding Woman Mathematician” and, in the final sentence of
the tribute, the phrase “a star in the constellation of female
mathematicians.” It is clear from her name that Professor
Scanlon was a woman, and the description in the tribute
of her accomplishments leaves no doubt about her stature
within the field. The qualifying adjectives “woman” and
“female” in the passages just cited thus serve no purpose
other than to diminish her achievements in comparison
with those of her male contemporaries. Perhaps that was
not intended by the author, but the editors should have
caught those invidious distinctions and removed them before publication, since the dead cannot defend themselves
from such posthumous slights.
—John W. Dawson, Jr.
Professor Emeritus of Mathematics
Penn State York
(Received November 11, 2019)

Response from Erica Flapan
Dear Professor Dawson,
Thank you for bringing this to my attention. The
memorial tribute for Professor Scanlon was meant as a
celebration of her life and work during a period when
women mathematicians often faced discrimination or
marginalization. The Notices did not intend to diminish
her accomplishments or in any way imply that expectations of female mathematicians are lower than those of
male mathematicians. We apologize to readers who may
have been offended by the article’s references to Professor
Scanlon’s gender.
—Erica Flapan
Editor in Chief
*We invite readers to submit letters to the editor at notices-letters
@ams.org.

March 2020

Response from Edward F. Aboufadel
Prof. Dawson is correct to note that STEM professional
organizations, including the Society, have embarked on
intentional efforts “to increase the participation and recognition of women.” For that reason, in writing the tribute to
my thesis advisor, I was deliberate in emphasizing her gender. Recent research [M] shows that one reason that young
women lose interest in STEM fields is due to an insufficient
number of female role models. Prof. Scanlon can serve
as a historic role model, having persisted in a time when
women in STEM faced “barriers to advanced training, bias
against women in hiring and promotion practices, and a
lack of recognition of women’s accomplishments” [Q]. Yes,
Scanlon was one of the great mathematicians of the 20th
century. Rather than diminishing her accomplishments,
it is fair to say that adding the adjectives “woman” and
“female” elevates them.
—Edward F. Aboufadel
Associate Vice President & Professor of Mathematics
Grand Valley State University
References

[M] S. CHONEY, Why do girls lose interest in STEM? New research has some answers—and what we can do about it, 13
March 2018. Available at https://news.microsoft.com
/features/why-do-girls-lose-interest-in-stem-new
-research-has-some-answers-and-what-we-can-do
-about-it/. Accessed 18 November 2019.

[Q] K. S. QUERTERMOUS, Women in Mathematics book review, Notices of the American Mathematical Society, 66
(3), 395–398, 2019. Available at https://www.ams.org
/journals/notices/201903/rnoti-p395.pdf. Accessed
18 November 2019.

Letter to the Editor, Notices of the
American Mathematical Society
Dear Editor,
I greatly enjoyed the excellent article “Maps with Least
Distortion Between Surfaces: From Geography to Brain
Warping” by Athanase Papadopoulos. However, it is a sad
fact that math, esp. math with applications, is becoming
more and more fragmented. Thus Professor Papadopoulos’s article deals with the study of warpings (i.e. diffeomorphisms) between shapes that minimize some supremum of some point-wise measure of distortion. A quite
different approach to the same problem is based on putting
a right-invariant Riemannian metric on the (infinite-dimensional) group of diffeomorphisms subject to various
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degrees of smoothness. This defines geodesics on the group
and one can ask for geodesics of shortest length connecting
the identity to a map warping of the first surface to the
second. Equivalently, the space of surfaces is a coset space
of the group of diffeomorphisms of R3 and one considers
geodesics with respect to the quotient metric. This approach
has been the object of a large body of research involving
mathematicians, computer scientists, statisticians, and engineers, including myself. Applied to the study of the human
body, it has also connected with medical researchers under
the acronym LDDMM (Large Deformation Diffeomorphic
Metric Mapping: see Wikipedia article with this title). The
purpose of this letter is to give readers some references to
this research as a supplement to the target article.
Our group started from inspiring ideas due to Ulf
Grenander in the US and to Robert Azencott in Paris.
Grenander wrote to some of us twenty years ago saying
“Hold onto your seat-belts” and proposed a major computational study of the whole human body and all its
components with templates for their mean shape (male
and female) and statistical models (unlikely to be normal)
for all healthy and diseased variations. While this is still
a dream, major progress, especially on the brain and its
hippocampus, has been made by Michael Miller and his
team (see Miller, Alain Trouvé, and Laurent Younes, Hamiltonian Systems and Optimal Control in Computational
Anatomy: 100 Years Since D’Arcy Thompson, Annual Review
of Biomedical Engineering, 2015 and multiple papers in the
journal Neuroimage, e.g. The diffeomorphometry of temporal lobe structures in preclinical Alzheimer’s disease, by
Miller, Laurent Younes, and their team at Johns Hopkins).
Proper mathematical foundations were provided by Peter
Michor, using his concept of “Convenient Calculus” for
infinite dimensional manifolds (The Convenient Setting of
Global Analysis, Michor and Andreas Kriegl, AMS, 1997).
Surveys of the approach are in (a) the book Shapes
and Diffeomorphisms by Laurent Younes, Springer, 2010,
(b) Overview of the Geometries of Shape Spaces and
Diffeomorphism Groups, by Bauer, Bruveris and Michor,
Journal of Mathematical Imaging and Vision, 2014 and (c)
the report Manifolds of mappings and shapes, by Michor,
arXiv:1505.02359, 2015. In many respects, Sobolev metrics on the group of diffeomorphisms are the key players.
These arise from the right-invariant extension of a metric
on vector fields v (the Lie algebra of the group of diffeomorphisms) given by ∫(v(x)Lv(x))dx where L is a positive
definite self-adjoint operator. Geodesic distance collapses
if too few derivatives are used but these are fine complete metrics when it is large enough. After Darryl Holm
joined our group, we learned the importance of using the
momentum of geodesics (see e.g. The Geometry of Image
Registration: The Diffeomorphism Group and Momentum
Maps, Bruveris and Holm, in the Springer book, The Legacy
of Jerry Marsden). If A is the Green’s function of L, then the
cotangent space for this metric is naturally identified with
316

co-vectors ω such that ∫(ω(x),Aω(x))dx is finite. For Sobolev
metrics of high enough degree, ω can have finite support,
giving us soliton-like solutions to the geodesic equation.
Following Prof. Papadopoulos’s lead, it is hard for me
to resist mentioning that we can warp maps too. I made a
study of a 12th century Chinese map known as the “Yu Ji
Tu” (map of the trails of the legendary emperor Yu). This
can be warped onto modern latitude and longitude using
a geodesic whose momentum is concentrated at a small set
of landmark points on the map whose modern locations
are clear. The result shows how stubbornly the Chinese
clung to a flat model of the earth, sacrificing fidelity to
their compasses and the North Star but ensuring that the
Cartesian scoring on the original stone was very nearly
equidistant (Georeferencing the Chinese Yujitu, Alexander
Akin and myself, Cartography and Geographic Information
Science, 2012, or www.dam.brown.edu/people/mumford
/beyond/papers/2012d--Yujitu-journal.pdf).
—David Mumford
Professor Emeritus of Applied Mathematics
Brown University
(Received November 19, 2019)

Security at ICM 2022
The 2022 International Congress of Mathematicians (ICM)
will meet July 6–14 in St. Petersburg, Russia. Have the
ICM 2022 Organizing Committee and the AMS obtained,
or attempted to obtain, assurances from the Russian government that Americans at the ICM will not be harassed?
The Russians have forced the closure of the American
Consulate in Saint Petersburg, so consular services are not
easily available.
Attention was brought to this issue by the article “Kremlin delayed departure of plane evacuating an ailing US
attaché” published in the New York Times on November
3, 2019, page A8. Quoting a former CIA station chief in
Moscow, the Times reported that “Russia’s internal security
service…wants foreign officials and their families to feel
like they’re on enemy soil inside Russia. They want officials
and their families to be under duress….”
Security issues were not discussed in Andrei Okounkov’s
article, “Plans for ICM 2022,” in the Notices in February
2019.
—Melvyn Nathanson
Lehman College (CUNY)
(Received November 3, 2019)

Response from Andrei Okounkov
Dear Professor Nathanson, Dear American Colleagues,
While traveling over 4000 miles away from home is
never worry-free, one thing you shouldn’t worry too much
about is your personal safety in Russia. Hospitality is a very
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important part of the Russian culture and you can count
on a warm welcome from your Russian colleagues and
ordinary Russians alike. By any measure, St. Petersburg is
at least several times safer than the Bronx, where Lehman
College makes its home (e.g. per capita 2019 year-to-date
robbery numbers for St. Petersburg are 7.62 times lower
than for the Bronx).
While some people may be afraid to be singled out from
our universal welcome, numbers show that xenophobia is
not a significant factor in today’s Russia. For instance, the
report https://www.sova-center.ru/en/xenophobia
/reports-analyses/2019/02/d40603/ by the SOVA
human-rights watchdog shows that the number of hatemotivated crimes in Russia has fallen more than 10-fold
over the last decade. Nearly a million people came to the
2018 World Cup in Russia, and not a single instance of
unwelcoming behavior has been reported. Please come
and see for yourselves, you will have a great time in St.
Petersburg!
The Notices of AMS is hardly the place to discuss the clear
anti-Russian bias of the New York Times, but we will post
a more detailed analysis regarding any actual or perceived
safety threats on the ICM website icm2022.org, including
tips on what to avoid in a big city like St. Petersburg.
In closing, I would like to personally invite Prof. Nathanson to the St. Petersburg ICM. You came to Russia during
the Cold War, and I believe you had a very productive stay
in Moscow. Please come visit again and see the dramatic
improvement in our congress, tourism, transportation,
and public safety infrastructure. It would be great to have
you there!

FEATURED TITLES FROM THE

EUROPEAN
MATHEMATICAL
SOCIETY

Gösta Mittag-Leffler
and Vito Volterra
40 Years of
Correspondence

Frédéric Jaëck, Ecole Normale
Supérieure, Paris, France, Laurent
Mazliak, Université Pierre et
Marie Curie, Paris, France,
Emma Sallent Del Colombo,
Universitat de Barcelona, Spain,
and Rossana Tazzioli, Université
Lille 1, Villeneuve-d’Ascq, France,
Editors
Volterra and Mittag-Leffler’s exchanges illustrate how general analysis, especially functional analysis, gained a dramatic
momentum during those years, and how Volterra became
one of the major leaders of the field, opening the path
for several fundamental developments over the following
decades.
Heritage of European Mathematics, Volume 12; 2019; 438
pages; Hardcover; ISBN: 978-3-03719-199-6; List US$98; AMS
members US$78.40; Order code EMSHEM/12

Microlocal Analysis
of Quantum
Fields on Curved
Spacetimes

—Andrei Okounkov,
on behalf of the ICM 2022 LOC

Response from Catherine Roberts
The AMS has policies encouraging welcoming, inclusive,
and safe environments for all mathematicians, and we will
do our part to help increase the level of comfort for all the
attendees of ICM 2022. The AMS will be starting a new
program for our own meetings in 2021 to provide trained
and easily identified on-site staff and volunteers who can
effectively address issues related to our welcoming environment policies. The AMS will work in partnership with
the ICM 2022 Local Organizing Committee to offer such
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Alice’s early work was in the field of classical harmonic analysis. Sarason had been interested in a question
posed by Douglas in the late 1960s about the boundary
behavior of bounded analytic functions on the unit disc,
which he called “The Douglas Problem.” One of Alice’s
first publications, “A characterization of Douglas subalgebras” [4], provided a key part of the solution, and combined with the work of Marshall [20] gave a complete resolution. Both papers appeared in Acta Mathematica in 1976,
and the combined result is now widely referred to as the
Chang–Marshall theorem. Over the next decade Alice continued making important contributions to the theory of
function algebras, including two papers that appeared in
the Annals of Mathematics: “Carleson measure on the bidisc” [5] and “On a continuous version of duality of 𝐻 1
with BMO on the bi-disc” [3], the latter coauthored with
Robert Fefferman.
In the mid-1980s her research went in a new direction,
and she was increasingly attracted to problems that were
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influenced by geometry. In this article we will give an overview of Alice’s contributions to geometric analysis, beginning with her work with Carleson on the critical case of
the classical Sobolev embedding theorem. This result, surprising in itself, anticipated several developments in her
subsequent research.

1. The Limiting Case of the Classical
Sobolev Inequalities

𝑛−𝑝

The classical Sobolev inequality states that for 1 < 𝑝 < 𝑛,
there is a constant 𝐶(𝑛, 𝑝) such that if 𝑢 ∈ 𝐶 ∞ (ℝ𝑛 ), then
𝑛−𝑝
𝑛

1,𝑝

were attained by some function 𝑣Ω ∈ 𝑊0 (Ω), then it is
not difficult to see that 𝑣Ω would be an extremal for the
inequality (1) as well. This would mean that 𝑣Ω would
be of the form (2), but these functions are not compactly
supported.
A natural question, which also turns out to have important geometric consequences, is what happens in the limit𝑛𝑝
ing case 𝑝 = 𝑛. Notice that as 𝑝 ↗ 𝑛,
↗ ∞. However,
it is easy to see that there are functions in 𝑊01,𝑛 (Ω) that are
1
not in 𝐿∞ (Ω): If 𝑥0 ∈ Ω, just take 𝑢(𝑥) = log log
(and
|𝑥−𝑥0 |

(1)

multiply by a cut-off function). Nevertheless, when 𝑝 = 𝑛
there is a beautiful inequality proved by Neil Trudinger in
1967 [22]:

The optimal constant in this inequality, which we will denote by 𝐶𝑛,𝑝 (ℝ𝑛 ), is called the Sobolev constant. If 𝑊 1,𝑝 (ℝ𝑛 )
is the Sobolev space of functions in 𝐿𝑝 (ℝ𝑛 ) with (distributional) derivative in 𝐿𝑝 , then (1) implies that for 1 < 𝑝 < 𝑛

Theorem 1.1. Let Ω ⊂ ℝ𝑛 . There are constants 𝛽 =
𝛽(𝑛), 𝐶0 = 𝐶0 (Ω) with the following property: If 𝑢 ∈ 𝑊01,𝑛 (Ω)
satisfies ∫Ω |∇𝑢|𝑛 𝑑𝑥 ≤ 1, then

( ∫ |𝑢|

𝑛𝑝
𝑛−𝑝

𝑑𝑥)

≤ 𝐶(𝑛, 𝑝) ∫ |∇𝑢|𝑝 𝑑𝑥.

ℝ𝑛

ℝ𝑛

𝑛𝑝

there is a continuous embedding 𝑊 1,𝑝 (ℝ𝑛 ) ↪ 𝐿𝑛−𝑝 (ℝ𝑛 ).
Moreover, the norm of the embedding is given by the Sobolev constant. When 𝑝 = 1 the embedding is still valid, and
the optimal constant is the isoperimetric constant.
The precise value of the Sobolev constant 𝐶𝑛,𝑝 (ℝ𝑛 ) was
determined by Aubin and Talenti, who also showed that
equality holds in (1) with 𝐶(𝑛, 𝑝) = 𝐶𝑛,𝑝 (ℝ𝑛 ) if and only
if 𝑢 is given by
𝑢𝑎,𝑏,𝑥0 (𝑥) = {𝑎 + 𝑏|𝑥 − 𝑥0 |𝑝/(𝑝−1) }

1−𝑛/𝑝

,

(2)

𝑛

where 𝑥0 ∈ ℝ and 𝑎, 𝑏 > 0 are constants.
Now suppose Ω ⊂ ℝ𝑛 is a bounded domain. We
can define the Sobolev space 𝑊 1,𝑝 (Ω) as we did for ℝ𝑛 ,
1,𝑝
and we also let 𝑊0 (Ω) denote the closure of 𝐶0∞ (Ω) in
𝑊 1,𝑝 (Ω). If 𝐶𝑛,𝑝 (Ω) denotes the optimal constant in (1) for
1,𝑝
all 𝑢 ∈ 𝑊0 (Ω), then it turns out that 𝐶𝑛,𝑝 (Ω) = 𝐶𝑛,𝑝 (ℝ𝑛 ).
It may seem surprising that 𝐶𝑛,𝑝 (Ω) is independent of Ω,
but this fact reflects an important property of the extremal
functions in (2). Namely, if we take 𝑥0 ∈ Ω, then as 𝑎 → 0
and 𝑏 → ∞, the function 𝑢𝑎,𝑏,𝑥0 (𝑥) will concentrate near
𝑥0 ; i.e., 𝑢𝑎,𝑏,𝑥0 (𝑥0 ) → ∞ while 𝑢𝑎,𝑏,𝑥0 (𝑥) → 0 for all 𝑥 ≠ 𝑥0 .
By multiplying by a cut-off function we can easily construct
functions 𝑢̃𝑎,𝑏 ∈ 𝐶0∞ (Ω) so that
𝑛𝑝

( ∫Ω |𝑢̃𝑎,𝑏 | 𝑛−𝑝 𝑑𝑥)
|𝑝

∫Ω |∇𝑢̃𝑎,𝑏 𝑑𝑥

Ω
𝑛

The proof involves expanding 𝑒𝛽|ᵆ| 𝑛−1 by its Taylor series, then applying the Sobolev inequality to each term.
Trudinger’s proof, however, did not give the optimal value
of the constant 𝛽𝑛 . This was later found by Moser [21] to be
1

𝛽𝑛 = 𝑛(𝜔𝑛−1 ) 𝑛−1 , where 𝜔𝑛−1 is the volume of the (𝑛 − 1)dimensional unit sphere in ℝ𝑛−1 .
In Alice’s joint work with Carleson [2], they proved a
very surprising result:
Theorem 1.2 ([2]). If Ω = 𝐵 ⊂ ℝ𝑛 is the unit ball, then
an extremal exists for the Moser–Trudinger inequality. That is,
there is a function 𝑢 ∈ 𝑊01,𝑛 (𝐵) with ‖∇𝑢‖𝐿𝑛 (𝐵) = 1 and
𝑛

𝑛

∫ 𝑒𝛽𝑛 |ᵆ| 𝑛−1 𝑑𝑥 =
𝐵

sup

∫ 𝑒𝛽𝑛 |𝑣| 𝑛−1 𝑑𝑥.

1,𝑛
{𝑣∈𝑊0 (𝐵)∶ ‖∇𝑣‖𝑛 ≤1} 𝐵

As we saw above, there are no extremals of the Sobolev
inequality for functions supported on the ball. Since the
Moser–Trudinger inequality follows from the Sobolev inequality (in some sense), the Carleson–Chang result was
quite unexpected.

2. First Digression: Bubbling

𝑛−𝑝
𝑛

→ 𝐶𝑛,𝑝 (ℝ𝑛 ),

as 𝑎 → 0, 𝑏 → ∞.
Another consequence of this construction is that there
are sequences of functions that are bounded in 𝑊 1,𝑝 (Ω),
𝑛𝑝

but which have no subsequence that converges in 𝐿𝑛−𝑝 (Ω)
—indeed, the functions 𝑢̃𝑎,𝑏 converge almost everywhere
to zero as 𝑎 → 0, 𝑏 → ∞. A related but less obvious fact
is that the optimal constant 𝐶𝑛,𝑝 (Ω) is not attained. If it
MARCH 2020

𝑛

∫ 𝑒𝛽|ᵆ| 𝑛−1 𝑑𝑥 < 𝐶0 .

Before continuing with our description of Alice’s early
work in geometric analysis, it will be helpful to provide
more mathematical context.
The Moser–Trudinger inequality has a counterpart for
functions defined on the unit sphere 𝑆 2 . Let (𝑆2 , 𝑔0 ) denote
the unit sphere with its standard Riemannian metric. In
this case the Moser–Trudinger inequality takes the form
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∫ 𝑒

̄ 2
4𝜋(𝑢−𝑢)
‖∇𝑢‖2
2

𝑑𝐴 ≤ 𝐶1 ,

(3)

𝑆2
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where 𝑑𝐴 is the area form with respect to 𝑔0 and 𝑢̄ denotes the mean value of 𝑢. This implies another inequality,
sometimes referred to as its “linearized” version:
1
1
∫ 𝑒2ᵆ 𝑑𝐴) ≤
∫ (|∇𝑢|2 + 2𝑢) 𝑑𝐴 + 𝐶0 (4)
log (
4𝜋 𝑆2
4𝜋 𝑆2
for some constant 𝐶0 that is independent of 𝑢.
Moser was interested in the sharp value of 𝛽𝑛 in part
because this version of the inequality arises in a question
posed by Louis Nirenberg: Given 𝐾 ∈ 𝐶 ∞ (𝑆 2 ), is there a
conformal metric 𝑔 = 𝑒2𝑤 𝑔0 such that the Gauss curvature
of 𝑔 is given by 𝐾? A standard calculation shows that this
question can be answered in the affirmative if and only if
one can find a solution of the PDE
Δ0 𝑤 + 𝐾𝑒2𝑤 = 1,

(5)

where Δ0 is the Laplace–Beltrami operator with respect to
𝑔0 .
There is an obvious necessary condition on the candidate function 𝐾 given by the Gauss–Bonnet formula
(equivalently, by integrating (5) over the sphere): 𝐾 must
be positive somewhere. Later, Kazdan and Warner proved
that a more subtle condition must hold. However, their
condition is implicit and involves not only the function 𝐾
but the putative solution 𝑤.
Moser used a variational approach to study this question, and considered the functional 𝐽 ∶ 𝐻 1,2 (𝑆 2 ) → ℝ given
by
𝐽𝐾 [𝑤] =

1
∫ (|∇𝑤|2 + 2𝑤) 𝑑𝐴
4𝜋 𝑆2
− log (

1
∫ 𝐾𝑒2𝑤 𝑑𝐴).
4𝜋 𝑆2

(6)

It is not difficult to see that 𝑤 is a critical point of 𝐽; i.e.,
𝑑
𝐽 [𝑤 + 𝑠𝜙]||
=0
𝑑𝑠 𝐾
𝑠=0
for all 𝜙 ∈ 𝑊 1,2 (𝑆 2 ) if and only if 𝑤 is a weak solution of
(5). In fact, using the Sobolev embedding theorem and
standard elliptic regularity, any critical point of 𝐽 is automatically smooth and therefore a classical solution of (5).
At this point it will be illuminating to explain one of the
fundamental difficulties of the Nirenberg problem, since
the same issue will appear in other contexts. To simplify,
consider the case where 𝐾 ≡ 1. The functional 𝐽1 enjoys
a natural invariance under the action of the conformal
group of 𝑆 2 . Namely, if 𝑓 ∶ 𝑆 2 → 𝑆 2 is a conformal transformation of 𝑆 2 , then 𝑓∗ 𝑔0 = 𝑒2𝜑𝑓 𝑔0 for some function
𝜑𝑓 ∈ 𝐶 ∞ (𝑆 2 ). Therefore, if 𝑔 = 𝑒2𝑤 𝑔0 , then 𝑓∗ 𝑔 = 𝑒2𝑤𝑓 𝑔0 ,
where 𝑤𝑓 = 𝑤 ∘ 𝑓 + 𝜑𝑓 . One can show that
𝐽1 [𝑤] = 𝐽1 [𝑤𝑓 ].
2

(7)

Since the conformal group of (𝑆 , 𝑔0 ) (indeed, the round
sphere of any dimension) is noncompact, this means that
𝐽1 is invariant under the action of a noncompact group. As
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a consequence, 𝐽1 fails to satisfy the Palais–Smale condition,
and many standard variational methods that are used to establish the existence of critical points are inapplicable. We
can see this very concretely through the following construction: If 𝑁 = (0, 0, 1) denotes the “north pole” of 𝑆 2 ⊂ ℝ3 ,
let 𝜎 ∶ 𝑆 2 ⧵ {𝑁} → ℝ2 be the stereographic projection map
(i.e., a point 𝑃 in 𝑆 2 is sent to the point in the plane determined by following the light ray from 𝑁 through 𝑃). One
can check by hand that 𝜎 is conformal: 𝜎∗ 𝑑𝑠2 = 𝑒2ᵆ0 𝑔0 for
some function 𝑢0 ∈ 𝐶 ∞ (𝑆2 ), where 𝑑𝑠2 is the Euclidean
metric. For 𝜆 > 0 let 𝛿𝜆 ∶ ℝ2 → ℝ2 denote dilation by 𝜆−1
(i.e., 𝑥 ↦ 𝜆−1 𝑥). Then the map 𝑓𝜆 = 𝜎−1 ∘ 𝛿𝜆 ∘ 𝜎 ∶ 𝑆 2 → 𝑆 2
is conformal: 𝑓𝜆∗ 𝑔0 = 𝑒2ᵆ𝜆 𝑔0 . Moreover, if we let 𝜆 → ∞,
then the family of conformal factors {𝑒2ᵆ𝜆 }𝜆 will “concentrate” (or “bubble”) at the north pole while converging to
zero at other points. Since these metrics arise from pulling
back the round metric, 𝐽1 [𝑢𝜆 ] = 0 for all 𝜆.
Bubbling appears in many geometric variational problems, from harmonic maps to Yang–Mills connections. In
many cases the fundamental issue is showing that the loss
of compactness can only arise from bubbling when the underlying manifold is the round sphere.

3. Prescribed Scalar Curvature
and the Isospectral Problem
Not long after her work with Carleson, Alice began what
would become a long collaboration with her husband,
Paul Yang. Their first joint paper, “Prescribing Gaussian
curvature on 𝑆 2 ,” was on the Nirenberg problem and appeared in 1987. For a positive function 𝐾 ∈ 𝐶 ∞ (𝑆2 ), they
gave two different necessary conditions for the existence
of a conformal metric 𝑔 with Gauss curvature 𝐾. The statements are somewhat technical, so we will state only one
of them:
Theorem 3.1 (Theorem II of [14]). Let 𝐾 be a positive
smooth function with only nondegenerate critical points, and
in addition assume that Δ0 𝐾(𝑝) ≠ 0, where 𝑝 is any critical
point. Suppose there are at least two local maximum points of
𝐾, and at all saddle points 𝑞 of 𝐾, 𝐾(𝑞) > 0. Then 𝐾 is the
Gauss curvature of some metric conformal to 𝑔0 .
The proof of this theorem is quite involved, but keeping in mind our explanation of the bubbling phenomenon we can give some indication of the strategy. Like the
work of Moser and others, their approach was variational:
that is, the goal is to show the existence of critical points
of the functional 𝐽𝐾 in (6) via a min-max scheme. As we
discussed above, due to the conformal invariance of the
problem, a sequence {𝑤𝑗 } produced by the min-max procedure may fail to be bounded in 𝑊 1,2 (𝑆 2 ). A key step in the
proof of the Chang–Yang result is showing that when this
happens, {𝑒2ᵆ𝑗 } must concentrate at a single point 𝑝 ∈ 𝑆 2
(which we can assume is the north pole), just like the
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isospectral metrics on a fixed manifold 𝑀 compact? One
way to approach these kinds of questions is to study geometric invariants that are built up from the spectrum.
One such invariant is the trace of the heat kernel, ℎ(𝑡) =
∑𝑗 𝑒−𝑡𝜆𝑗 , which has an expansion of the form
∞

ℎ(𝑡) ∼ 𝑡−𝑛/2 ∑ 𝛼𝑖 𝑡𝑖 ,
𝑖=0

Partners in life, and often in mathematics.

family of conformal factors {𝑒2ᵆ𝜆 } we constructed above.
In fact, they showed that there is a sequence of dilations
{𝜆𝑗 } such that for each 𝑗, 𝑒2ᵆ𝑗 is “close” to 𝑒2𝑤𝑗 . With this
information, they reduce the question of the behavior of
the sequence {𝑤𝑗 } to analyzing the behavior of the integral ∫ 𝐾𝑒2𝑤𝑗 𝑑𝐴 when 𝑒2𝑤𝑗 is highly concentrated, and conclude that this can only happen at a saddle point 𝑞 of 𝐾
with Δ0 𝐾(𝑞) < 0.
In subsequent papers Alice and Paul continued working
on the Nirenberg problem and the higher-dimensional version of prescribing the scalar curvature. At about the same
time they became interested in some questions in spectral
geometry with obvious connections to their work. Their
work on the isospectral problem and the regularized determinant, which began in the late 1980s, would continue for
almost two decades and lead in a number of unexpected
directions.
If (𝑀 𝑛 , 𝑔) is a closed, 𝑛-dimensional Riemannian manifold and Δ𝑔 = 𝑔𝑖𝑗 ∇𝑖 ∇𝑗 is the Laplace operator with respect
to 𝑔, then −Δ𝑔 has discrete spectrum
0 = 𝜆0 < 𝜆1 ≤ 𝜆2 ≤ ⋯ → ∞,
where by convention the eigenvalues are counted with
their multiplicities. Two Riemannian metrics are isospectral if their respective Laplace operators have the same
spectrum. One theme of spectral geometry is the extent
to which the spectrum of a Riemannian manifold determines the metric. For example, are two isospectral metrics
isometric? Milnor showed that this is not the case, but
one can still ask to what extent the spectrum influences
the geometry and vice versa. For example, is the set of
MARCH 2020

where 𝑛 = dim 𝑀. An isospectral set of metrics necessarily
has the same heat coefficients {𝛼𝑖 }, and the first few coefficients can be explicitly computed. One consequence of
these explicit formulas is that in three dimensions, a set of
isospectral metrics has a uniform bound on the 𝐿2 -norm of
their curvature tensors. This is fairly weak control, but by
imposing further constraints on the set or by using other
information derived from the spectrum, one might hope
to get a compactness result.
In work of Brooks–Perry–Yang, they showed that if
the isospectral metrics were in a fixed conformal class on
a three-dimensional manifold 𝑀 3 , and if the conformal
class admits a metric of negative scalar curvature, then the
family is compact in 𝐶 ∞ . In a series of three papers culminating in [17], Alice and Paul were able to remove all
assumptions on the conformal class and prove compactness modulo the conformal group. The qualifier is crucial:
if the isospectral set is in the conformal class of the standard sphere, then the conformal group acts on the set, and
once again bubbling can occur.

4. Second Digression:
Regularized Determinants
A spectral invariant that appears prominently in Alice’s
subsequent work in spectral geometry (both with Paul and
other collaborators) is the regularized or functional determinant. Again let (𝑀 𝑛 , 𝑔) be a closed, 𝑛-dimensional Riemannian manifold, and label the eigenvalues of −Δ𝑔 by
0 = 𝜆0 < 𝜆1 ≤ 𝜆2 ≤ ⋯ counting multiplicities. The spectral
zeta function of (𝑀 𝑛 , 𝑔) is
∞

𝜁(𝑠) = ∑ 𝜆𝑗−𝑠 .

(8)

𝑗=1

By Weyl’s asymptotic law, 𝜆𝑗 ∼ 𝑗2/𝑛 as 𝑗 → ∞. Consequently, (8) defines an analytic function for Re(𝑠) > 𝑛/2.
If we were to assume (8) is valid near 𝑠 = 0, then we could
formally differentiate to get
∞

𝜁′ (0) = − ∑ log 𝜆𝑗 = − log det(−Δ𝑔 ).

(9)

𝑗=1

On the other hand, Ray–Singer showed that it is possible to
meromorphically continue 𝜁, with 𝑠 = 0 as a regular point.
′
In view of (9), we therefore define det(−Δ𝑔 ) = 𝑒−𝜁 (0) .
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Since the determinant is obviously a global invariant, it
is all the more remarkable that Polyakov was able to write
a local formula for the ratio of the determinants for two
conformal metrics on a closed surface 𝑀 2 . Suppose 𝑔̂ =
𝑒2𝑤 𝑔. Then
log

det(−Δ𝑔̂ )
1
∫ (|∇𝑤|2 + 2𝐾𝑤) 𝑑𝐴,
=−
12𝜋 𝑀 2
det(−Δ𝑔 )

(10)

where 𝐾 = 𝐾𝑔 is the Gauss curvature of 𝑔. The right-hand
side of this formula should be familiar—it is the leading
order terms of the functional 𝐽1 we encountered when discussing Nirenberg’s problem and the Moser–Trudinger inequality! In fact, if 𝑔 = 𝑔0 is the round metric on 𝑆 2 and
we fix the area of 𝑔̂ to be 4𝜋, then the Moser–Trudinger
inequality (4) implies that
log

det(−Δ𝑔̂ )
≤ 𝐶1 .
det(−Δ0 )

(11)

Onofri showed that 𝐶1 = 0 and that equality occurs if and
only if 𝑔̂ = 𝑓∗ 𝑔0 for some conformal map 𝑓 ∶ 𝑆 2 → 𝑆 2 .
We therefore conclude that the round metric, and its images under the action of the conformal group, maximize
the determinant. This is a beautiful example of how the
spectrum of the Laplacian is intimately tied to the geometry.
For a general Riemann surface (𝑀, 𝑔) the formula (10)
defines an action on the space of unit volume conformal
metrics, and critical points are precisely those metrics of
constant Gauss curvature. In a series of papers, Osgood–
Phillips–Sarnak used the regularized determinant to study
the compactness of isospectral metrics on surfaces, and the
existence of extremals of the functional determinant in a
fixed conformal class. The latter result gave a spectral theoretic proof of the uniformization theorem.

In deriving (10) Polyakov exploited a crucial property of
the Laplacian in two dimensions, namely, its conformal
covariance: if 𝑔̂ = 𝑒2𝑤 𝑔, then
Δ𝑔̂ = 𝑒−2𝑤 Δ𝑔 .
In higher dimensions this property fails, but there are
other conformally covariant differential operators. For
example, the conformal Laplacian
(𝑛 − 2)
𝑅,
4(𝑛 − 1)

(12)

where 𝑅 is the scalar curvature, is conformally covariant in
the sense that
𝐿𝑒2𝑤 𝑔 𝜙 = 𝑒

−

𝑛+2
𝑤
2

𝐿𝑔 (𝑒

𝑛−2
𝑤
2

𝜙).

In four dimensions there is another example, and this
operator will play a significant role in what follows. The
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2
𝑃 = (−Δ)2 + 𝛿 ( 𝑅𝑔 − 2𝑅𝑖𝑐) ∘ ∇,
(13)
3
where 𝛿 is the divergence operator and the curvature term
2
𝑅𝑔 − 2𝑅𝑖𝑐 should be viewed as an endomorphism of the
3
tangent bundle, by acting on the gradient of a function.
The Paneitz operator is named for S. Paneitz, who wrote
it down in an unpublished preprint before his untimely
death. However, it was actually discovered earlier by physicists. The Paneitz operator is conformally convariant in the
sense that 𝑃𝑒2𝑤 𝑔 = 𝑒−4𝑤 𝑃𝑔 .
As we shall see, in ways beyond conformal covariance
this operator can be viewed as the natural generalization
of the Laplace operator to four-manifolds. For example,
as we saw when discussing the Nirenberg problem, the
Laplace operator arises in the formula (5) relating the
Gauss curvatures of conformally related metrics. In four
dimensions, there is a curvature quantity, which Branson
called the “𝑄-curvature,” defined by
1
𝑄=
(−Δ𝑅 + 𝑅2 − 3|𝑅𝑖𝑐|2 ).
(14)
12
Where does this strange quantity come from? One answer, which we will come to below, is topological: it appears naturally in the Chern–Gauss–Bonnet formula. But
the answer that is most relevant to the current discussion
is that it is the curvature quantity naturally associated to
the Paneitz operator. More precisely, given two conformal
metrics 𝑔̂ = 𝑒2𝑤 𝑔, their respective 𝑄-curvatures are related
by the formula
𝑃𝑤 + 2𝑄 = 2𝑄𝑔̂ 𝑒4𝑤 .

(15)

The parallel with (5) is obvious. Moreover, the total 𝑄curvature is a conformal invariant:
∫ 𝑄𝑔̂ 𝑑𝑉 ̂ = ∫ 𝑄𝑔 𝑑𝑉.

5. The Regularized Determinant
and 𝑄-curvature

𝐿 = −Δ +

Paneitz operator is defined by

(16)

In [1], Branson and Ørsted were able to generalize
Polyakov’s technique to conformally covariant operators
defined on a four-manifold 𝑀 4 . The resulting formula,
unfortunately, is much more complicated than its predecessor (10). Rather than writing it out explicitly, it may
be more illuminating to give a schematic description. To
this end, suppose 𝐴 = 𝐴𝑔 is a conformally covariant operator, let 𝑔̂ = 𝑒2𝑤 𝑔 be conformal metrics, and consider the
functional
det 𝐴𝑔̂
𝑔̂ ↦ log
.
det 𝐴𝑔
Since the determinant is not scale invariant, we add a normalizing term and consider a normalized version of the
functional 𝐹𝐴 , which satisfies 𝐹𝐴 [𝑤 + 𝑐] = 𝐹𝐴 [𝑤].
The first thing to note is that 𝐹𝐴 can always be expressed
as a linear combination of three universal (i.e., independent of the particular operator) terms. Different operators
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will result in different linear combinations of these three
terms. Alice and Paul introduced the convention of expressing the formula in the following way:
𝐹𝐴 [𝑤] = 𝛾1 (𝐴)𝐼[𝑤] + 𝛾2 (𝐴)𝐼𝐼[𝑤] + 𝛾3 (𝐴)𝐼𝐼𝐼[𝑤],

(17)

where (𝛾1 , 𝛾2 , 𝛾3 ) is a triple of real numbers, and 𝐼, 𝐼𝐼, 𝐼𝐼𝐼
are the three subfunctionals, each of which has a specific
geometric interpretation. The contribution of Branson–
Ørsted was not only the general formula (17) but the calculation of the coefficients for some specific operators. For
example, if 𝐴 = 𝐿, the conformal Laplacian, then 𝛾1 (𝐿) = 1,
𝛾2 (𝐿) = −4, and 𝛾3 (𝐿) = −2/3.
Alice and Paul showed that each of the functionals 𝐼, 𝐼𝐼,
and 𝐼𝐼𝐼 is the Lagrangian associated to a natural geometric
variational problem:
𝑔̂ = 𝑒2𝑤 𝑔 is a critical point of 𝐼 ⟺ |𝑊𝑔̂ |2 = const.,
where 𝑊 denotes the Weyl tensor;
𝑔̂ = 𝑒2𝑤 𝑔 is a critical point of 𝐼𝐼 ⟺ 𝑄𝑔̂ = const.;
𝑔̂ = 𝑒

2𝑤

𝑔 is a critical point of 𝐼𝐼𝐼 ⟺ Δ𝑔̂ 𝑅𝑔̂ = 0.

Note that critical points of 𝐼𝐼𝐼 correspond to metrics of constant scalar curvature and are therefore related to the Yamabe problem. Using these formulas, we see that a metric
𝑔̂ = 𝑒2𝑤 𝑔 is a critical point of 𝐹𝐴 if and only if the curvature
of 𝑔̂ satisfies
𝛾1 |𝑊𝑔̂ |2 + 𝛾2 𝑄𝑔̂ − 𝛾3 Δ𝑔̂ 𝑅𝑔̂ = const.

(18)

If we express this in terms of the conformal factor 𝑤, it is
a fourth-order semilinear PDE with leading term Δ2 𝑤.
In joint work with Branson, Alice and Paul studied 𝐹𝐴 in
the conformal class of the round sphere (𝑆 4 , 𝑔0 ) when 𝐴 =
𝐿, the conformal Laplacian. They showed that all three
functionals—𝐼, 𝐼𝐼, and 𝐼𝐼𝐼—are minimized by the round
metric, up to conformal transformations. In particular,
det 𝐿𝑔0 ≤ det 𝐿𝑔 for all conformal metrics 𝑔 = 𝑒2𝑤 𝑔0 .
After the work with Branson, Alice and Paul wrote a
seminal paper, “Extremal metrics of zeta function determinants on 4-manifolds,” which appeared in Annals of
Mathematics [15]. In addition to giving general existence
results for extremals of the determinant, it also was the
first paper to study the 𝑄-curvature equation and illustrate
the connection between the variational properties of the
functional 𝐼𝐼 and the kernel of the Paneitz operator. Subsequently, the first author of the current article observed
that some of the technical assumptions in [15] could be
dropped in certain cases, so to avoid introducing additional notation we will give a simplified version of one of the
main existence results in [15]:
Theorem 5.1. If the scalar curvature of (𝑀 4 , 𝑔) is positive,
then there is a metric 𝑔̂ = 𝑒2𝑤 𝑔 that extremizes det 𝐿, where 𝐿
is the conformal Laplacian. If 𝜒(𝑀 4 ) ≤ 0, then the extremal
metric is unique.
MARCH 2020

In the case of surfaces of higher genus the extremal
of the determinant of the Laplacian is also known to be
unique, so we have a beautiful parallel between the twoand four-dimensional pictures. However, it is also important to emphasize that the functional determinant is more
nonlinear in four dimensions, and there are phenomena
that have no parallel with the two-dimensional case. In
fact only recently has progress been made on the existence
of critical points of 𝐹𝐴 when the scalar curvature of (𝑀 4 , 𝑔)
is negative.
For the functional 𝐼𝐼, Chang–Yang gave the first general
existence result for metrics with constant 𝑄-curvature:
Theorem 5.2. If the total 𝑄-curvature ∫𝑀 4 𝑄𝑔 𝑑𝑉 is less than
that of the round sphere, and the Paneitz operator 𝑃𝑔 is positive with trivial kernel, then there is a conformal metric 𝑔̂ with
constant 𝑄-curvature.
The proof consisted of showing that the functional 𝐼𝐼
can be minimized. They also showed that the triviality of
the kernel was a necessary condition for 𝐼𝐼 to have a lower
bound.
Over the next several years Alice and Paul would continue working on the analytic and geometric aspects of the
𝑄-curvature. In [16] they proved Liouville-type theorems
for entire solutions. In beautiful work with J. Qing ([11],
[10]), they studied the total 𝑄-curvature of complete, locally conformally flat (LCF) four-manifolds.

6. Fully Nonlinear Equations
In the late 1990s two developments in conformal geometry would lead to Alice’s interest in fully nonlinear equations. The first arose from her work with Paul on the functional determinant. If the constants 𝛾𝑖 in (17) are chosen
so that 𝛾2 +12𝛾3 = 0, then it turns out that the highest-order
terms in the Euler equation (18) cancel, and the equation
becomes a second-order equation in the metric. If we further take 𝛾1 = 0 to eliminate the Weyl tensor, then (18)
simplifies to
−3|𝑅𝑖𝑐𝑔̂ |2 + 𝑅2𝑔̂ = 𝜅,

(19)

where 𝜅 is a constant. The significance of this is the following: if the constant 𝜅 > 0, and the scalar curvature of the
critical metric 𝑔̂ = 𝑒2𝑤 𝑔 is positive, then a simple calculation shows that the Ricci curvature of 𝑔̂ must be positive.
This suggests the idea of finding critical points of 𝐹𝐴 in order to construct metrics with positive Ricci curvature. This
was carried out by Alice in joint work with Paul and the
first author of this article in [8]. It will be easier to state
the main result of that paper if we first describe the concurrent development in conformal geometry.
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Given an 𝑛-dimensional Riemannian manifold (𝑀, 𝑔),
one can decompose the curvature tensor as 𝑅𝑖𝑒𝑚 = 𝑊 +
𝐴 ∧ 𝑔, where 𝐴 is the Schouten tensor,
𝐴=

1
1
𝑅𝑔),
(𝑅𝑖𝑐 −
𝑛−2
2(𝑛 − 1)

(20)

and ∧ is the exterior product extended to symmetric
2-tensors (viewed as 𝑇 ∗ 𝑀-valued one-forms and often referred to as the Kulkarni–Nomizu product). Since the Weyl
tensor is conformally invariant, the behavior of the curvature tensor under a conformal change of metric is determined by the Schouten tensor. In his thesis, Jeff Viaclovsky
initiated the study of the functionals
𝑔 ↦ ∫ 𝜎𝑘 (𝑔−1 𝐴𝑔 ) 𝑑𝑉,

(21)

restricted to the space of unit volume conformal metrics
[𝑔]1 = {𝑔̂ = 𝑒2𝑤 𝑔, 𝑉𝑜𝑙(𝑔)̂ = 1}. Here we are using the
𝑗
convention that (𝑔−1 𝐴)𝑖 = 𝑔𝑗𝑘 𝐴𝑖𝑘 . When 𝑘 = 1, up to
a multiple the functional (21) is just the total scalar curvature, and critical points are metrics with constant scalar
curvature. When 𝑘 > 1 the situation is more complicated.
If 𝑘 = 2 but 𝑛 ≠ 4, then the same holds: a metric 𝑔̂ ∈ [𝑔]1
is a critical point if and only if
𝜎2 (𝑔−1
̂ 𝐴𝑔̂ ) = const.

(22)

When 𝑘 = 2 and 𝑛 = 4 the integral in (21) is conformally
invariant. In fact, 𝜎2 is related to the 𝑄-curvature:
1
Δ𝑅 + 2𝜎2 (𝑔−1 𝐴),
(23)
12
so the total 𝑄-curvature (a conformal invariant) is just a
multiple of the total 𝜎2 -curvature.
When 𝑘 > 2 but 𝑘 ≠ 𝑛/2, and if we assume the conformal structure is locally conformally flat, then critical
points of (21) satisfy
𝑄=−

𝜎𝑘 (𝑔−1
̂ 𝐴𝑔̂ ) = const.

(24)

In fact, Branson and Gover showed that conformal flatness
is a necessary condition; otherwise additional terms will
appear in the Euler–Lagrange equation (21).
Viaclovsky proposed the problem of solving the equations (24) (whether they arise variationally or not) as a
generalization of the Yamabe problem. They are now referred to as the “𝜎𝑘 -curvature equations,” and the problem
of finding solutions as the 𝜎𝑘 -Yamabe problem. Since they
are fully nonlinear, one has to impose an ellipticity condition. Although there is now an extensive existence theory
for solutions, some basic questions (especially about regularity) remain unanswered.
The connection between the study of the functional
determinant in dimension four and the equations introduced by Viaclovsky is the following: the special case of the
Euler equation (19) is, up to a constant, the equation (22).
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Using the determinant functional, Chang–Gursky–Yang
proved
Theorem 6.1 ([8], [7]). Let (𝑀 4 , 𝑔) be a closed Riemannian
four-manifold with positive scalar curvature. If
∫ 𝜎2 (𝑔−1 𝐴𝑔 ) 𝑑𝑉 > 0,
𝑀4

then there is a smooth conformal metric 𝑔̂ = 𝑒2𝑤 𝑔 solving (22).
1
Moreover, the Ricci curvature of 𝑔̂ satisfies 0 < 𝑅𝑖𝑐𝑔̂ < 𝑅𝑔̂ 𝑔.̂
2

This was the first existence result for the 𝜎𝑘 -Yamabe
problem. Moreover, since the conditions are conformally
invariant, it is relatively easy to construct examples of manifolds satisfying the hypotheses. Later, Chang–Gursky–
Yang would use a version of the 𝜎2 -curvature equation in
which the right-hand side includes the norm of the Weyl
tensor in order to prove a conformally invariant sphere theorem.
When 𝑘 = 𝑛 the 𝜎𝑘 -curvature equation shares many features with a special case of the equations studied in the
theory of optimal transportation. In joint work of Alice
with the second author ([12], [13]), they proved quermassintegral inequalities for a large class of nonconvex domains.
In convex geometry, the quermassintegral inequalities
are a family of inequalities comparing the mixed volumes
𝑉𝑘 (Ω) of a convex body Ω ⊂ ℝ𝑛 . If Ω has a smooth boundary, then the mixed volumes are the intrinsic counterparts
of the functionals introduced by Viaclovsky:
𝑉𝑛−𝑘−1 (Ω) = 𝑐𝑘,𝑛 ∫ 𝜎𝑘 (𝐿) 𝑑𝜇,

(25)

𝜕Ω

where 𝐿 is the second fundamental form of 𝜕Ω. The quermassintegral inequalities can be derived as a consequence
of the classical Alexandrov–Fenchel inequalities. For a general nonconvex domain, one does not expect the quermassintegral (or Alexandrov–Fenchel) inequalities to hold.
Chang–Wang proved that (𝑘 + 1)-convex domains, which
contain a large class of nonconvex domains (for example,
“thin” tori) still satisfy the 𝑘th of quermassintegral inequality.

7. Conformally Compact Einstein Manifolds
The final area of Alice’s oeuvre we will attempt to summarize includes some of her most recent work. If 𝑋 is a compact manifold of dimension 𝑛 + 1 with nonempty boundary 𝑀 = 𝜕𝑋, a metric 𝑔 defined in the interior of 𝑋 is called
conformally compact if there is a defining function for the
boundary (i.e., a function 𝜌 ∶ 𝑋 → ℝ such that 𝜌 > 0 in 𝑋,
𝜌 = 0 on 𝜕𝑋, and 𝑑𝜌 ≠ 0 on 𝜕𝑋) such that 𝜌2 𝑔 extends to a
Riemannian metric on 𝑋. If |𝑑𝑟|𝑔 = 1 on 𝜕𝑋, then one can
show that the sectional curvatures of (𝑋, 𝑔) tend to −1 at
infinity, and we say that (𝑋, 𝑔) is asymptotically hyperbolic.
If 𝑔 is an Einstein metric, then (𝑋, 𝑔) is a Poincaré–
Einstein manifold (or CCE manifold, for “conformally
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compact Einstein”). The canonical example of a CCE manifold is the Poincaré ball model of hyperbolic space: in
this case 𝑋 = 𝐵̄𝑛+1 is the unit ball in ℝ𝑛+1 , and 𝑔 =
4(1 − |𝑥|2 )−2 𝑑𝑥2 is the hyperbolic metric. Notice that we
can take 𝜌(𝑥) = (1 − |𝑥|2 )/2 as a defining function, and
𝜌2 𝑔 = 𝑑𝑥2 is the Euclidean metric. It is easy to see that
CCE metrics are asymptotically hyperbolic.
The defining function of a conformally compact metric is not unique, and the compactified metrics defined by
two different choices of defining function are conformal.
Therefore, one can associate to any conformally compact
metric 𝑔 defined in the interior of 𝑋 a conformal class of
metrics on the compact manifold 𝑋, and by restricting to
the boundary a conformal class of metrics [ℎ = 𝜌2 𝑔|𝑀 ] on
𝑀 = 𝜕𝑋. We call [ℎ] the conformal infinity of 𝑔. For example,
if (𝑋, 𝑔) is the hyperbolic metric as above, then the boundary conformal class defined in this way is the conformal
class of the Euclidean metric restricted to 𝑆 𝑛 = 𝜕𝐵(0, 1)𝑛+1 ,
i.e., the conformal class of the round metric.
CCE manifolds appear in the Fefferman–Graham theory of conformal invariants [18] and in the AdS/CFT correspondence in theoretical physics. They have sometimes
unexpected connections to other areas of mathematics, including some of the topics mentioned above. Alice’s first
results in the subject were joint with Paul and Jie Qing and
studied the connection between an important invariant of
CCE manifold (𝑋, 𝑔), known as the renormalized volume,
and the topology of 𝑋.
Given a CCE metric we can always construct a defining function 𝑟 for which |𝑑𝑟| ≡ 1 near 𝜕𝑋. Using the
Fefferman–Graham expansions, for 𝜖 > 0 the volume of
the region 𝑋𝜖 = {𝑥 ∈ 𝑋 ∶ 𝑟(𝑥) > 𝜖} has an expansion in
terms of 𝜖 depending on the parity of the dimension. If 𝑛
is odd, then
Vol(𝑋𝜖 ) = 𝑐0 𝜖−𝑛 + 𝑐2 𝜖−𝑛+2 + (odd powers)
+ 𝑐𝑛−1 𝜖−1 + 𝑉 + 𝑜(1),

(26)

where the 𝑐𝑖 ’s are given by integrals of polynomials in the
curvature of the induced metric ℎ = 𝑟2 𝑔|𝑀 on the boundary. If 𝑛 is even, a logarithmic term appears; to simplify
the exposition we will discuss only the odd-dimensional
case.
Remarkably, the constant term 𝑉 in the expansion (26)
is independent of the choice of defining function, and is
therefore a conformal invariant of the boundary (see [19]).
When 𝑛 = 3, in [9] Chang–Qing–Yang showed that if
𝑉>

8. Epilogue

1 4𝜋2
𝜒(𝑋),
3 3

then 𝑋 is homeomorphic to 𝐵 4 , up to a possible finite
cover. Moreover, if the constant on the right is improved
from 1/3 to 1/2, then 𝑋 is diffeomorphic to 𝐵 and 𝜕𝑋
is diffeomorphic to 𝑆 3 . Two of the ingredients of their
MARCH 2020

proof are the sphere theorem of Chang–Gursky–Yang mentioned above and a formula when 𝑛 = 3 due to Anderson
that relates 𝑉 to the Euler characteristic and the 𝐿2 -norm
of the Weyl tensor.
In subsequent work, Chang–Qing–Yang showed that
Anderson’s formula is actually a special case of a much
more general formula for 𝑛 odd that expresses the renormalized volume of a CCE manifold in terms of the Euler
characteristic and a conformally invariant integral. The integrand is a sum of contractions of the Weyl tensor and
its covariant derivatives; when 𝑛 = 5 they gave an explicit
formula.
In addition to the conformal Laplacian and Paneitz operator there are other examples of conformally covariant
operators. Graham–Zworksi used scattering theory methods on asymptotically hyperbolic manifolds to construct
families of conformally invariant operators 𝑃𝛾 with principal symbol the same as (−Δ)𝛾 for 𝛾 ∈ (0, 𝑛). When
𝛾 = 𝑘 ∈ (0, 𝑛/2) is an integer, 𝑃𝑘 corresponds to the operators found earlier by Graham–Jenne–Mason–Sparling, but
for noninteger values their construction gives examples of
conformally covariant nonlocal operators.
Fractional powers of the Laplacian also appear in various mathematical models of physical phenomena. On Euclidean space one can use the Fourier transform to define
(−Δ)𝛾 , but Caffarelli–Silvestre showed that for 𝛾 ∈ (0, 1)
one can construct these operators by solving a degenerate
elliptic extension problem on the upper half-space ℝ𝑛+1
+ ,
then restricting the solution to the boundary. In joint work
of Chang with Maria del Mar Gonzalez [6], they had the
beautiful insight that the Graham–Zworski construction
and the Caffarelli–Silvestre construction were really the
same idea in different guises: properly interpreted, the
Caffarelli–Silvestre extension problem was the scattering
operator on the upper half-space model of hyperbolic
space.
This realization allowed them to recast the
Caffarelli–Silvestre construction in the framework of CCE
manifolds and extend the construction to 𝛾 ∈ (0, 𝑛/2).
In subsequent work with Jeffrey Case they gave an alternate construction of the Graham–Zworski operators 𝑃𝛾 and
showed that under natural geometric conditions 𝑃𝛾 satisfies a strong maximum principle. The study of fractional
order problems in geometry and in applied mathematics
is a highly active area, and the Chang–Gonzalez paper provided a unified way of defining and understanding many
of the properties of these operators.

Among Alice’s many professional distinctions was her selection to deliver the Emmy Noether Lecture at the International Congress of Mathematicians in 2018. The citation
for the award includes a brief list of her honors: recipient of the Ruth Lyttle Satter Prize from the AMS in 1995;
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Fellow of the American Academy of Arts and Sciences since
2008; Member of the National Academy of Sciences of the
USA since 2009; Academician of the Academia Sinica, Republic of China, since 2012; Doctor Honoris Causa from
the Université Pierre et Marie Curie in 2013. Alice has also
served the profession in many roles, including a term as department chair at Princeton. But beyond her mathematical contributions, Alice has had a passionate commitment
to her students (as we can personally attest), and her influence goes beyond her mathematical progeny. “I can
personally testify to the importance of having role models and the companionship of other women colleagues,”
Alice wrote in her response to receiving the Satter Prize.
Throughout her distinguished career Alice has been such a
role model: a dedicated researcher, teacher, mentor, and
advocate for the profession.
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The Mathematical Life
of Fan Chung
Steve Butler

In 1971, Fan Chung was a promising graduate student at
the University of Pennsylvania who had earned the highest
marks on the qualifying exam. Her performance attracted
the attention of a faculty member who sought her out in
hopes of recruiting her as a student. He gave her a paper
in the area of Ramsey theory to read and an appointment
to meet a week later. At that appointment she pointed to
a result and declared that she could “do a little better.”
This was the start of a five-decade (and counting) career
in mathematics that has produced three books [9, 11, 14],

approximately three hundred publications,1 as well as
countless talks, awards, and honors.
Her research has covered a broad spectrum of topics in
combinatorics and graph theory. We will touch on several
of these areas, including Ramsey theory, universal structures, spectral graph theory, quasi-random graphs, and
general random graph theory. More recently, Fan Chung
has been involved with the mathematics of large networks
and PageRank. A nice survey about the basic results in this
direction has previously appeared in the Notices [8]; we refer the reader to this article for more information on these
topics.
Given her prodigious research career, which is still continuing, we will be able to discuss only a part of Fan
Chung’s mathematical results. One major theme that we
will see running through her research is dealing with very
large objects. In many cases, our intuition and understanding is well established for smaller objects and objects with
high degrees of symmetry. But the very large and more
jumbled objects are difficult to understand, and in many
cases even describing them requires nontrivial tools.
Most of the topics which we will touch on deal with
graph theory. A graph is a collection of objects (nodes
or vertices) together with connections between objects
(edges). Because of their flexibility, graphs can be used
to describe a wide variety of phenomena, from the purely
abstract (vertices are elements in a group; edges are produced by some set of generators) to the heavily applied
(vertices are webpages; edges correspond to links between
webpages). This flexibility makes graph theory a useful
tool but also one which can be unwieldy given the great
variety of graphs. We will restrict ourselves generally to
simple graphs and use standard terminology that can be
found in any introductory graph textbook.

1. Ramsey Theory
Steve Butler is the Barbara J. Janson Professor of Mathematics at Iowa State
University. His email address is butler@iastate.edu.
Communicated by Notices Associate Editor Emilie Purvine.
For permission to reprint this article, please contact:
reprint-permission@ams.org.

The professor that Fan Chung met with was Herb Wilf
(who would go on to become her advisor). The result that
she was able to improve upon would lead to her first publication [16] and become a part of her dissertation.
1
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Most of them available at her website http://math.ucsd.edu/~fan/, together with extensive additional materials.
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The basic tenet of Ramsey theory is that if you have a
large enough structure, then there must be some small part
that is well behaved. As a simple example, let us take the
complete graph on six vertices (all possible edges joining
six different vertices) and individually color the edges either red or blue. We claim that there is a triangle that
is either all red or all blue (by which we mean three vertices where the edges connecting them will be all the same
color). The proof proceeds by selecting a vertex and then
noting by the pigeonhole principle that at least three edges
out of that vertex have the same color, say red. If the triangle formed by the vertices to which the edges connect has
any red edge, then a red triangle is formed; if not, then all
edges are blue and a blue triangle is formed.
More generally, it is known that for any 𝑛1 , … , 𝑛𝑘 there
is a finite number, denoted 𝑟 ∶= 𝑟(𝑛1 , … , 𝑛𝑘 ), so that if the
edges of the complete graph on 𝑟 vertices are colored with
𝑘 colors, then for some 𝑖 with 1 ≤ 𝑖 ≤ 𝑘 there is a complete
graph on 𝑛𝑖 vertices with all edges of the 𝑖th color. This
can be established with combinations of the pigeonhole
principle and induction arguments. So existence of these
numbers can be established with simple tools; the challenge in Ramsey theory comes from determining (or even
just bounding) the value of 𝑟. To show that 𝑟 ≥ 𝑘, some
coloring of the complete graph on 𝑘 − 1 must be produced
avoiding all possible monochromatic copies of graphs of
the appropriate size. To show that 𝑟 ≤ ℓ, every coloring of
the complete graph on ℓ vertices must be shown to contain a monochromatic copy of a graph of an appropriate
size. The challenge is that the numbers for 𝑟 tend to grow
rapidly, and so the number of possible colorings to consider (for upper or lower bounds) far exceeds a computational search.
The problem with which Fan Chung was presented
dealt with 𝑟(3, 3, 3, 3). It was previously known that
𝑟(3, 3, 3) = 17, and she built on this result to show that
𝑟(3, 3, 3, 3) ≥ 51.
This result is still(!) the best-known lower bound (possibly because it is the correct value). By comparison the
best-known upper bound is 𝑟(3, 3, 3, 3) ≤ 62 [20]. Her
graduate work further explored multicolor Ramsey numbers, and her early career at Bell Labs continued to allow
her to work and interact with people working in Ramsey
theory. This led to additional work in the field, with an
emphasis on constructive lower bounds for Ramsey numbers and generalizations where the complete graphs were
replaced with other graphs.

2. Universal Structures
After graduate school, Fan Chung immediately started
working for Bell Labs (later Bellcore). At the time Bell
Labs had a large and vibrant mathematical research center
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Figure 1. Fan Chung shortly after graduating from the
University of Pennsylvania.

under the direction of Henry Pollak. The hallways were
lined with offices of mathematicians whose doors were always open. The environment led to a large culture of people sharing problems and doing collaborative work.
At the same time Bell Labs was very generous in giving
their scientists sufficient time to engage in basic research.
So while Fan Chung would work on problems of direct interest to telecommunications (for example, exploration of
Steiner trees that looks at the minimization of connections
of points in a space [5] or network robustness [1]), there
was also time to explore topics that were more theoretical
and less practical.
One of the directions that Fan Chung’s research took at
this time was into universal structures. Given a fixed family ℱ of objects, the goal is to create an object that contains
all elements of ℱ somewhere inside. As a simple example,
de Bruijn sequences pack all possible 0-1 patterns of length
𝑛 into a cyclic pattern of length 2𝑛 where any pattern can
be found in some 𝑛 consecutive terms (possibly with wrap
around). For example 0000111101100101 contains all binary patterns of length 4 as consecutive elements.
Fan Chung and her collaborators were primarily interested in the case when ℱ consists of families of graphs. Existence of these structures is usually straightforward; for example, a universal graph for a fixed family of graphs can
be found by taking the disjoint union of all the graphs in
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Fan Chung and Paul Erdős worked on fourteen papers
together.2 Among these was the topic of unavoidable
graphs [3], which in some sense is the complementary
problem to universal graphs. Now instead of looking for a
large graph that contains some set of small graphs, we find
small graphs that must be contained in every large graph.

Figure 2. Some members of the Mathematical Foundation of
Computing Group at Bell Labs. From the left, the back row –
Ed Coffman, David Johnson, Peter Shor, Mike Garey, Pravin
Vaidya, Karen Collins, Fan Chung; and the front row – Andrew
Odlyzko, Ron Graham, Robert Wilber.

the family. Additional constraints might be placed on the
structure; for example, you might want to have a tree that
contains all smaller trees of a certain size, but even in these
cases existence is usually straightforward. As an example
of a universal object involving graphs, the tree in Figure 3
contains all trees with 8 vertices as a subtree.
The challenge is to construct small universal graphs,
and Fan Chung and her collaborators were able to do this
for sparse graphs, planar graphs, and graphs with bounded
maximum degree. They also considered the problem
when the graphs were required to be induced [13].

Figure 3. A tree on 18 vertices which contains all trees on 8
vertices as a subtree.

During her time at Bell Labs and Bellcore, Fan Chung
had the opportunity to work with Paul Erdős on many
occasions, and Erdős was a frequent guest at her home.
Erdős was a unique mathematician (and house guest), and
Fan Chung described the experience of collaboration with
Erdős in the following way:
Working with Paul was like taking a walk in
the hills. Every time when I thought that we
had achieved our goal and deserved a rest, Paul
pointed to the top of another hill and off we would
go. [9]
MARCH 2020

Figure 4. Fan Chung and Paul Erdős at a conference in
Cambridge in 1988.

3. Spectral Graph Theory
In 1991, while at Bellcore, Fan Chung was able to arrange for the equivalent of a sabbatical at Harvard University. Given that there was not a strong combinatorics
presence at the time, this was not the most obvious decision. But upon arriving she soon formed many collaborations, including Shlomo Sternberg (collaborated on
the Buckyball), Persi Diaconis (collaborated on random
walks), David Mumford (collaborated on planar graphs),
and Shing-Tung Yau. Her collaboration with Shing-Tung
Yau would grow to include fifteen papers about spectral
graph theory (some of this collaborative work can be
found in her book on spectral graph theory [14]).
The idea of spectral graph theory is to take a graph and
associate it to a matrix with rows and columns indexed by
the vertices. From the matrix we then find the eigenvalues, or spectrum, of the graph. So given the graph, we can
find the spectrum, and the question becomes: From the
spectrum what can we learn about the graph? An apt analogy is how we are able to learn the chemical composition
of a distant star from its light spectrum. Of course, there
is significant information loss, and so only in a few cases
can we explicitly reconstruct the graph. Nevertheless, we
2

Another of their joint papers was published under the pseudonym “G. W. Peck”
[19], a collaboration of six mathematicians where each author involved was
given a letter. This is sometimes (jokingly) referred to in Erdős collaboration
circles as an imaginary coauthorship. Including this paper brings the count to
14 + 𝑖.
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are able to learn some useful information about the graph
from the spectrum.
A key decision in spectral graph theory is selecting the
matrix to be used. The most common matrices are the adjacency matrix, denoted 𝐴 (where 𝐴ᵆ,𝑣 is 1 if the vertices 𝑢
and 𝑣 are adjacent and 0 otherwise), or the Laplacian matrix, denoted 𝐿 (with 𝐿 = 𝐷 − 𝐴, where 𝐴 is the adjacency
matrix and 𝐷 is a diagonal matrix of degrees). Different
matrices are better at identifying different behavior in the
graph, so there is not a single best matrix.
Before going to Harvard University, Fan Chung had already worked in spectral graph theory. Some of her earlier
work at Bell Labs focused on expander graphs, which are
basic building blocks for robust communication networks.
With Noga Alon she had established a connection between
the eigenvalues of the adjacency matrix of a regular graph
and the placement of edges.
Lemma 1 (Expander Mixing Lemma (regular graphs)
([1])). Let 𝑒(𝑆, 𝑇) be the number of edges with one endpoint in
𝑆 and one endpoint in 𝑇 (the number of edges between 𝑆 and
𝑇; by convention edges in 𝑆 ∩ 𝑇 are double counted). Let 𝐺
be a 𝑑-regular graph with eigenvalues of the adjacency matrix
𝛼𝑛 ≤ ⋯ ≤ 𝛼2 ≤ 𝛼1 = 𝑑 and let 𝛼 = max{|𝛼𝑛 |, |𝛼2 |}. Then for
all 𝑆, 𝑇 ⊆ 𝑉,
𝑑
|
|
|𝑒(𝑆, 𝑇) − |𝑆||𝑇|| ≤ 𝛼√|𝑆||𝑇|.
|
|
𝑛

(1)

The left-hand side of (1) looks at the difference between
the number of edges between 𝑆 and 𝑇 and the expected
number of edges if they had been placed “randomly.” The
right-hand side indicates that this difference is bounded
by how well the nontrivial eigenvalues cluster around 0.
The matrix that Fan Chung and Shing-Tung Yau decided
to look at was termed the normalized Laplacian, denoted
ℒ. If we let deg(𝑢) denote the degree of a vertex 𝑢, then
this matrix is defined entrywise by

ℒᵆ,𝑣

⎧1
⎪
1
= −
⎨ √deg(𝑢)deg(𝑣)
⎪
⎩0

if 𝑢 = 𝑣 and deg(𝑢) > 0,
if 𝑢 and 𝑣 are adjacent,
otherwise.

When there are no isolated vertices this simplifies to ℒ =
𝐷−1/2 𝐿𝐷−1/2 . The motivation for this variation was that
it mirrors what happens in the continuous setting with
the Laplacian operator on a manifold and allows for a
(semi)clean translation of results from the continuous
to the discrete. Examples include Harnack inequalities,
Sobolev inequalities, and the Cheeger inequalities.
For a subset of vertices, 𝑆 ⊆ 𝑉, let the volume of the
subset be given by vol(𝑆) = ∑𝑣∈𝑆 deg(𝑣). (Roughly speaking, the volume is a measurement of the size of a subset of
vertices but now with emphasis placed on the edges.) The
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Cheeger constant for a connected graph is defined to be
ℎ(𝐺) = min

∅⊂𝑆⊂𝑉

𝑒(𝑆, 𝑉 ⧵ 𝑆)
.
min{vol(𝑆), vol(𝑉 ⧵ 𝑆)}

When there are a few edges that split the graph into two
large parts, then ℎ(𝐺) is small, so roughly speaking the
smaller the value of ℎ(𝐺) the more poorly connected the
graph. We have the following.
Theorem 1 (Cheeger inequality (Chung [14])). Let 0 =
𝜆0 < 𝜆1 ≤ ⋯ ≤ 𝜆𝑛−1 be the eigenvalues of the normalized
Laplacian for a connected graph 𝐺. Then
2
1
(ℎ(𝐺)) < 𝜆1 ≤ 2ℎ(𝐺).
2
Moreover, up to a constant the upper and lower bounds cannot
be improved.
This shows that the existence of a bottleneck in the
graph is heavily tied to the size of the first nontrivial eigenvalue of the normalized Laplacian.
The normalized Laplacian can be formed by taking the
probability transition matrix of a random walk (𝐷−1 𝐴),
symmetrizing it (𝐷−1/2 𝐴𝐷−1/2 ), and then negating and
shifting the eigenvalues (ℒ = 𝐼 − 𝐷−1/2 𝐴𝐷−1/2 ). As a
consequence there is a close connection to random walks
on graphs and the normalized Laplacian. Fan Chung has
strongly utilized this connection in her work on the normalized Laplacian.
From a combinatorial perspective the normalized Laplacian is not an obvious matrix to choose. The individual entries of the matrix are unwieldy, but even more problematic is that the eigenvalues tend to be poor at producing
quantitative measurements of the graph. As an example,
it is known that the number of edges cannot always be determined from the spectrum of the normalized Laplacian
of the graph. However, the normalized Laplacian tends
to be strong at qualitative measurements such as diffusion
and clustering. Through the work of Fan Chung the normalized Laplacian has been gaining traction in the spectral
graph theory community, especially for applications in optimization and computer vision.
One way to view what is happening with the normalization is that the importance of a vertex is now based on how
connected that vertex is to the rest of the graph. This perspective change is what is needed when dealing with nonregular graphs. For example, the Expander Mixing Lemma
was originally stated for regular graphs, but by transitioning to the normalized Laplacian and changing the perspective to connections (so for a subset of vertices the measure
is the sum of the degrees which is the volume) we have the
following.
Lemma 2 (Expander mixing (general graphs) ([14])). Let
𝑒(𝑆, 𝑇) be the number of edges with one endpoint in 𝑆 and
one endpoint in 𝑇 (the number of edges between 𝑆 and 𝑇; by
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convention edges in 𝑆 ∩𝑇 are double counted). Let 𝐺 be a graph
with eigenvalues of the normalized Laplacian matrix 0 = 𝜆0 ≤
𝜆1 ≤ ⋯ ≤ 𝜆𝑛−1 and let 𝜆 = max{|1 − 𝜆1 |, |1 − 𝜆𝑛−1 |}. Then
for all 𝑆, 𝑇 ⊆ 𝑉,
vol(𝑆) vol(𝑇) |
|
|𝑒(𝑆, 𝑇) −
| ≤ 𝛼√vol(𝑆) vol(𝑇).
|
vol(𝑉) |

(2)

Fan Chung has become a champion of spectral graph
theory and more particularly for the normalized Laplacian.
Her efforts in the field permeate through her research and
her collaborations (many of her academic descendants
continue to use the tools of spectral graph theory in their
research).

4. Quasi-random Graphs
Looking at either variation of the Expander Mixing Lemma
((1) or (2)) we can translate it roughly as “if the nontrivial eigenvalues of the adjacency (or normalized Laplacian)
matrix are close to 0 (or 1), then the edges of the graph are
behaving fairly randomly with respect to their placement.”
So we can think of the eigenvalues as giving a measurement of how well a graph behaves like a random graph.
In general, we know that random graphs (graphs generated by randomly deciding to include each individual
edge with some specified probability) are well behaved
and have nice properties. We even know that in some sense
almost all graphs behave like a random graph. The challenge is how do we know if a particular graph will behave
like a random graph (in general graphs generated by some
deterministic properties tend to have more structure than
a random graph would exhibit).3
Let 𝑞 = 4𝑘 + 1 be a prime power. We can construct the
Paley graph on 𝑞 vertices where the vertices are the residue
classes modulo 𝑞 and two residue classes are connected if
and only if their difference is a quadratic residue (so 𝑎 and
𝑏 are joined by an edge if and only if 𝑎 − 𝑏 ≡ 𝑡2 (mod 𝑞)
for some 𝑡). The Paley graph on 17 vertices is shown in
Figure 5. Does this graph behave like a random graph? (It
certainly does not look random, and the rules for forming
it involve a substantial amount of symmetry.)
Fan Chung, Ron Graham, and Richard Wilson [7] introduced the notion of quasi-random graphs or, more appropriately, quasi-random graph properties. These are a set
of graph properties that have the following two important
characteristics: (1) the properties are satisfied by a random
graph, and (2) if one property is satisfied up to some small
error, then any other property is satisfied up to some related small error where the errors both go to 0 together.
The original list of quasi-random graph properties included the following (it has expanded over time and
3This problem is similar to trying to find a needle in a needlestack, only to reach

in and discover that we had grabbed a piece of hay.
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Figure 5. The Paley graph on 17 vertices where vertices are
residue classes modulo 17 and two residue classes are
connected if their difference belongs to {±1, ±2, ±4, ±8}.

as more researchers have discovered the power of quasirandom graphs).
1.

2.

Let 𝑘 ≥ 4 be fixed. The number of copies of any graph
on 𝑘 vertices present in the graph as a labeled induced
−(𝑘)
subgraph is (1 + 𝑜(1))𝑛𝑘 2 2 .
The number of edges present in the graph is at least
1
( + 𝑜(1))𝑛2 , and the number of four-cycles is at most
4
1

3.

( + 𝑜(1))𝑛4 .
16
Let 𝛼𝑛 ≤ ⋯ ≤ 𝛼1 be the eigenvalues of the adjacency
matrix. The number of edges in the graph is at least
1
1
( + 𝑜(1))𝑛2 , 𝛼1 = ( + 𝑜(1))𝑛, 𝛼2 = 𝑜(𝑛).
4

4.

2

1

For any 𝑆 ⊆ 𝑉, we have 𝑒(𝑆, 𝑆) = |𝑆|2 + 𝑜(𝑛2 ).
2

The power comes from noting that some of these properties are easy to verify and others are useful to apply. For
example, the Paley graphs on 𝑞 vertices can be shown to
satisfy the second property on the list, and therefore they
satisfy them all. In particular, any small graph shows up
as an induced subgraph roughly the expected number of
times as the size of the Paley graph grows large. As with
random graphs, most graphs are quasi-random, but now
we have relatively small computational checks that can establish being quasi-random.
Fan Chung and Ron Graham have been able to extend
the notions of quasi-randomness to many additional topics, including hypergraphs, sparse graphs, graphs with expected degree sequences, subsets of ℤ𝑛 , tournaments, and
more.4

4Fan and Ron were so happy with the quasi-random results that at one point

they had a vehicle with the license plate that read QRANDOM. Fan’s current license plate reads THEOREM.
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5. General Random Graph Theory
In 1995, Fan Chung transitioned from industry into
academia, taking up a position at the University of Pennsylvania in both the mathematics and computer science
departments. A few years later she would move to UC San
Diego, where she remains to this day. As she entered into
academia, her research took on a new dimension as she
delved into the mathematics of complex networks and random graph models.
The most well-known and studied random graph model
is based on the work of Erdős and Rényi. In these graphs
we start with 𝑛 vertices, and for each edge we include it with
probability 𝑝 (e.g., by flipping a weighted coin). These
graphs have many wonderful properties, and many books
have been written on the subject.
One of the properties in the Erdős–Rényi model is that
the random graphs tend to be almost regular (all degrees
are roughly equal). This is an issue, because the graphs
that have arisen in network data (such as phone networks
and the internet graph), biological data, and social networks do not exhibit this regular behavior. At the same
time, given that they are formed from disparate processes,
they seem to share similar structures. For example, they
tend to be globally sparse (not many more edges than
there are vertices) and also exhibit the “small world phenomenon” (between any two vertices there is a short path).
In terms of the degree sequences, these tend to follow a
power law distribution; namely, the number of vertices of
degree 𝑘 is about 𝑘−𝛽 for some 𝛽.
To address this issue, Fan Chung worked with her student Linyuan (Lincoln) Lu to rigorously introduce a random graph model with a given degree sequence. The basic
idea is that instead of including each edge with the same
probability, we first assign a weight to each vertex, 𝑤ᵆ (interpreted as the expected degree), and the probability of
adding an edge is proportional to 𝑤ᵆ 𝑤𝑣 (so vertices with
high degrees are more likely connected, while vertices with
low degrees are less likely connected). Through careful
analysis they were able to analyze issues about connectivity, the sizes of the largest components, spectra for various
matrices, and more [11]. This model has since been widely
used in the community of network sciences and is a better
tool for studying power law graphs.
Fan Chung saw the importance of the rigorous mathematical analysis of large complex networks and so in 2003
founded the journal Internet Mathematics.

6. Additional Contributions
While we have hit on some of the larger themes of Fan
Chung’s work, there is still a significant number of topics that have not yet been mentioned, including algebraic
combinatorics, posets, combinatorial number theory, discrete geometry, bin packing, and even the mathematics of
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juggling (she holds the rare distinction of having written
more papers about the mathematics of juggling than the
number of balls she is able to juggle). These papers span
the length of her career and include some beautiful gems
of mathematics waiting for someone to pick them up and
push the results further.
6.1. Happy ending problem. In 1935 Paul Erdős and
George Szekeres [17] considered the problem of forming
convex hulls from a set of given points in the plane. In
particular, they showed that for any given 𝑘 if there are
sufficiently many points in general position (no three on
a line), then some 𝑘 of the points must form a convex 𝑘gon.5
More precisely, if we let 𝑓(𝑘) denote the minimum number of points needed to guarantee that any 𝑓(𝑘) points contain a convex 𝑘-gon, then Erdős and Szekeres showed that
2𝑛−2 + 1 ≤ 𝑓(𝑘) ≤ (

2𝑛 − 4
) + 1.
𝑛−2

It was widely believed that the lower bound was the correct answer. However, the upper bound, which has size
on the order of 4𝑛 , stubbornly refused to budge for over
sixty years. Fan Chung and Ron Graham [6] decided to revisit this problem and were able to make the first progress
on the bounds of 𝑓(𝑘) since the problem had appeared;
they got rid of the “+1” in the upper bound by exploiting
some symmetry. While this was a modest improvement,
it soon set off a flurry of activity in the community, and
the upper bound continued to drop. Recently Andrew Suk
[21] made a breakthrough in the problem and was able to
show that
𝑓(𝑘) = 2(1+𝑜(1))𝑛 .
This is one of several examples where Fan Chung was
able to help keep improving existing bounds on wellknown problems (others include the minimum number
of distinct distances for 𝑛 points in the plane [2, 15] and
the hypergraph Turan density problem [10]).
It should be noted that Fan Chung and Ron Graham,
who have been married since 1983, have had an extensive collaboration career with roughly one hundred joint
papers. Almost every time that they travel together they
pick a problem to work on, showing the old adage that for
a mathematician a vacation is a period of uninterrupted
work.6
6.2. Pebbling. For any (connected) graph 𝐺 we can play
a solitaire-like game on the graph that involves moving
pebbles (tokens) between vertices, starting from some initial distribution of pebbles in the graph. The “pebbling”
moves work by taking two pebbles from some vertex and
then adding one pebble to an adjacent vertex (so that there
5“The happy ending” coming from this work was the marriage of George Szek-

eres to Esther Klein, who had initially posed the problem.
6We wish them many happy years of traveling in the future.
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Figure 7. In pebbling we move pebbles around the graph by
selecting a vertex with two or more pebbles, removing two
pebbles from that vertex, and then adding a pebble at an
adjacent vertex. The conﬁguration shown here has eight
pebbles initially placed, and the goal is to get one pebble to
the yellow vertex.

Figure 6. Fan Chung and Ron Graham working on a different
type of collaboration.

is a cost of one pebble to move a pebble to an adjacent vertex). The question becomes, what is the fewest number of
pebbles needed, denoted 𝑝(𝐺), to guarantee that no matter
how the pebbles are initially distributed among the vertices, there is always a way to conduct a series of pebbling
moves to get at least one pebble to a specified vertex? As an
example, in Figure 7 there are eight pebbles spread among
the vertices of a 3-cube (the number in the vertex is the
current number of pebbles; unlabeled vertices have 0 pebbles). Is it possible to get one pebble to the vertex in yellow
using pebbling moves?
Fan Chung [12] showed that if the graph 𝐺 is the 𝑛-cube,
then 𝑝(𝐺) = 2𝑛 . This is best possible, since in general we
need at least the number of vertices. Otherwise, if we place
a single pebble at every vertex other than the specified vertex, then we cannot do a pebble move. The extreme cases
for the 𝑛-cube are easily verified. If each vertex gets a pebble, then it is trivial; if one vertex gets all the pebbles, then
since the diameter is 𝑛 and we can move the pebbles en
masse, losing half the pebbles at each move, we can get to
any specified vertex. Of course the more interesting cases
are when there is something in between, which she was
able to establish by a careful induction argument.
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The problem that the paper was based on was passed on
to her by Paul Erdős, who heard the problem from Jeffrey
Lagarias and Michael Saks. This is reflective of the culture
of combinatorics of sharing problems (heavily influenced
by Paul Erdős). She passed the result and paper on to Joe
Gallian, who took it to his REU, and there has now grown
to be an entire pebbling community with hundreds of papers and countless numbers of student projects involved
with pebbling on graphs.
One of the biggest open problems in the pebbling community originated in Fan Chung’s paper [12] and is known
as Graham’s conjecture: Show that 𝑝(𝐺 □ 𝐻) ≤ 𝑝(𝐺)𝑝(𝐻),
where 𝐺 □ 𝐻 is the Cartesian product of 𝐺 and 𝐻. Given
the recent success of the combinatorics community to find
the answers to long-standing open problems, perhaps we
will soon know the answer to Graham’s conjecture.
6.3. Boolean functions. The pebbling problem is only
one of many different problems on the 𝑛-cube that Fan
Chung has worked on over the years. This is because of her
extensive work in computer science that ties in to Boolean
functions.
We can associate the 2𝑛 vertices of the 𝑛-cube with {0, 1}𝑛
(or 0-1 strings of length 𝑛) with edges joining strings that
differ in a single entry. A function 𝐹 ∶ {0, 1}𝑛 → {0, 1} is
called a Boolean function and can be associated with dividing the vertices of the hypercubes into two disjoint sets
(𝐹 −1 (0) and 𝐹 −1 (1)).
Suppose that |𝐹 −1 (1)| > 2𝑛−1 and let us consider the
induced subgraph of the 𝑛-cube on the vertices of 𝐹 −1 (1);
call it 𝐻. Fan Chung et al. [4] showed that there must be
some vertex 𝑢 ∈ 𝑉(𝐻) with
1
1
deg𝐻 (𝑢) > log 𝑛 − log log 𝑛.
2
2
It is possible to have |𝐹 −1 (1)| = 2𝑛−1 and have the graph
𝐻 consist of isolated vertices (for example, pick all vertices
with an odd number of 1’s). So this shows that if we add
even one more vertex, our degree must go significantly up.
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It was believed that a stronger result was possible, and
this was recently established by Hao Huang [18], who was
able to show that there must be some vertex with degree
at least deg𝐻 (𝑢) ≥ √𝑛; this result is known as the sensitivity conjecture. This is best possible, as Fan Chung et al.
[4] showed that there exists a subset of the 𝑛-cube of size
2𝑛−1 + 1 where deg𝐻 (𝑢) ≤ √𝑛 + 1 for all vertices in the
corresponding graph of 𝐻.

7. Final Thoughts
The ordering of the major themes we presented is semichronological in terms of how the mathematical work of
Fan Chung developed. In the early days, her ability as a
strong problem solver was on display as she would solve
problems posed by others; as time went on, she started to
become a theory builder and became the one laying the
foundations of an area to help others to explore.
Fan Chung’s work is also highly collaborative. She
has said that “Coauthorship is a closer relationship than
friendship.” Many of her collaborations have turned into
long and deep friendships. (After all, collaboration “is
more fun.”)
Fan Chung’s mathematical experiences have made her
a highly versatile mathematician with an ability to understand and command an overview of the current state and
culture of mathematics. She has used these experiences to
mentor scores of colleagues and students, whom she cares
about greatly. Many of us who have worked with Fan have
benefited from her discerning taste in problems, her ability
to bring the right people and opportunities together, and
even her occasional reprimand.

Figure 8. Fan Chung, Ron Graham, and many of their former
PhD students (including ten of Fan Chung’s seventeen (and
counting) students). Taken at the conference Networked Life
in January 2016.

Given all of her mathematical output it should also be
noted that Fan Chung still finds time to engage in numerous activities outside of mathematics. Currently she finds
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time to paint, plays the guzheng, performs traditional Chinese dance, and likes working in her yard. Fan Chung
serves as a role model, to mathematicians of all types, for
what it means to be a successful mathematician.
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A Template for Success:
Celebrating the Work
of Judith Grabiner
Della Dumbaugh and Adrian Rice
Introduction
Judith Grabiner is a mathematician who specializes in the
history of mathematics. She is currently the Flora Sanborn
Pitzer Professor Emerita of Mathematics at Pitzer College,
one of the Claremont Colleges in Claremont, California.
She has authored more than forty articles, as well as three
books: The Origins of Cauchy’s Rigorous Calculus (1981), The
Calculus as Algebra: J.-L. Lagrange, 1736–1813 (1990), and
A Historian Looks Back: The Calculus as Algebra and Selected
Writings (2010), which won the Beckenbach Prize from the
Mathematical Association of America in 2014. She delivered an invited address titled “The Centrality of Mathematics in the History of Western Thought” at the International
Congress of Mathematicians (Berkeley) in 1986. She is the
only four-time winner—in 1984, 1998, 2005, and 2010—
of the Paul R. Halmos–Lester R. Ford Award for articles of
expository excellence published in the American Mathematical Monthly.1 She has also received the Carl B. Allendoerfer
Award for expository excellence in Mathematics Magazine
on three occasions: in 1984, 1988, and 1996. In 2003 she
was given the Mathematical Association of America’s Deborah and Franklin Tepper Haimo Award for Distinguished
College or University Teaching, and in 2013 she became
an inaugural Fellow of the American Mathematical Society. This article explores her professional life and her farreaching contributions to the mathematical community.
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In 1956 the strong mathematics program at the University
of Chicago attracted Judith Victor (later Grabiner) to enroll
as a first-year undergraduate. There she took “the world’s
greatest first-year calculus course,” where Saunders Mac
Lane lectured once a week on the foundations of the subject and an instructor met with the class at other times [4].
“It was an incredibly exciting way to learn calculus,” Grabiner later recalled. While at Chicago she also took a class
titled Organization, Methods and Principles of Knowledge,
1

The MAA changed the name of the Lester R. Ford Award to the Paul R.
Halmos–Lester R. Ford award in 2012. We have adopted the current award designation in this article.
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a special section of the University of Chicago’s great books
course designed for science students and taught by the
physicist Aaron Sayvetz. She read Isaac Newton and Christiaan Huygens under his guidance and gained insights into
logic as a philosophical idea. She took a physics class with
the biophysicist John R. Platt, whose interests included
the philosophy of science, vision, and perception. She
also found “the best teacher I ever had in my life” in Herman Sinaiko, who taught her Humanities 3 course. She
and her classmates referred to him as “Socrates”; from
him she learned that philosophy and literature could be
taught with the same rigor and robustness as mathematics. Humanities 3 served as a “turning point” for Grabiner. That experience helped her realize that her intellectual approach to the world after that would not only
include mathematics but also history, philosophy, and literature [20].
Fortunately for Grabiner, a friend had a copy of the Harvard catalogue, where she noticed a program in the History
of Science and Learning. George Sarton, regarded as the
father of the history of science in America, had started the
program in 1936, under which his student I. Bernard Cohen earned the first PhD in the history of science in America eleven years later. Cohen became Grabiner’s thesis advisor and the first chair of the Department of the History of
Science when it was formed at Harvard in 1966.2 He was
known for pursuing several projects at once and, in particular, a large project on Newton in the years preceding
and during Grabiner’s arrival at Harvard. She read Newton’s Principia in her first-year graduate seminar. Perhaps
not surprisingly, then, Grabiner turned her attention to the
history of calculus in her dissertation, writing, in particular, on the work of Lagrange. From Cohen she learned
“scholarship as a vocation.” As she expressed it to him on
the occasion of his retirement:
Listening to you in seminars, watching you as
your research assistant, reading your papers—all
together conveyed to me the meaning of scholarship as a vocation, so that when I read Max Weber’s “Wissenschaft als Berufung” in my first year
of graduate school I knew exactly what he was talking about. And—as I said in the preface to my
Cauchy book—you taught me to think like a historian. . . . I find it hard to believe that you are retiring, and impossible to imagine the teaching of the
history of science in the United States without you.
But of course, it won’t be without you. Every time
2

The Harvard faculty voted to start a graduate program in the history of science
in 1936. It was not immediately developed, however, in part because it would
be “unconscionable to prepare students for a field in which there was virtually no
hope of finding a position” [10, p. 19]. Following World War II, the launch of
Sputnik, and the general expansion of American college and university faculty
positions, the history of science gained momentum, and the department was officially formed in 1966.
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one of your former students lectures on Newton,
leads a discussion on Aristotle, thinks about the
way scientific thought has changed, you’re there.
[Grabiner to Cohen, Dec. 19, 1983, as quoted in
[10, footnote 89]]
She credits Dr. Uta C. Merzbach (1933–2017), an advanced graduate student in history of mathematics when
Grabiner came to Harvard and later the first curator of
mathematical instruments at the Smithsonian Institution
and author of, among other works, Dirichlet: A Mathematical Biography (Birkhaüser, 2018), as a strong female role
model, as well as being a mentor, intellectual guide, and
valued friend.
The influence of her second thesis advisor, Dirk J. Struik
of MIT, is also everywhere present in Grabiner’s work, particularly in her use of his quintessential Source Book in
Mathematics, 1200–1800, an oft-cited source in her publications. She admired his high standards and scholarly
expertise, his strong commitment to ethical and social concerns, and his observation “that a mathematician remains
a social being even when studying lines in hypercones in 7dimensional space” [3], and she vibrantly wove them into
the tapestry of her own work.
In her dissertation, “The Calculus as Algebra: J.-L. Lagrange, 1736–1813,” she explored the mathematical practices of Lagrange to understand the origins of the rigorous
analysis of the calculus by Augustin-Louis Cauchy, Bernhard Bolzano, and Karl Weierstrass. For Lagrange the calculus was not about rates of change, ratios of differentials,
or even what was then understood as a limit. For Lagrange
the calculus was about algebra, specifically about the algebraic analysis of finite quantities. He did not view derivatives in terms of deltas and epsilons but, rather, in terms
of what he thought of as the algebra of infinite series. In
particular, he defined the derivative of 𝑓(𝑥) as the coefficient of the linear term of the power-series expansion of
𝑓(𝑥 + ℎ). Consequently, Lagrange’s work was often seen
as a step backward in the development of calculus. Grabiner redirects this view by showing that this “older view
of Lagrange’s calculus is wrong” [13, p. 3]. Lagrange emphasized that the derivative is a function and used the algebra of inequalities to prove theorems about derivatives
and integrals. So Bolzano and Cauchy’s efforts to rigorize
the calculus both depended on Lagrange, a fact which, in
Grabiner’s words, “magnifies his importance” [13, p. 4].

Overview of Work
Within a decade of earning her PhD, in 1974 Grabiner
found herself at a special American Academy of Arts and
Sciences (Cambridge, MA) workshop with “leading contemporary experts” in mathematics and the history of
mathematics. The workshop participants included Garrett
Birkhoff, George Mackey, Alan Tucker, and Felix Browder
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among the mathematicians, and Bernard Cohen, Kenneth
May, Thomas Hawkins, Morris Kline, Albert Lewis, and
Carl Boyer among the historians. On this occasion, she
gave a talk titled “The Mathematician, the Historian and
the History of Mathematics.” With this distinguished audience of mathematicians and historians, she considered
the different questions they bring to the table when they
consider mathematics. In particular, she noted that mathematicians are often interested in “the past as part of the
present,” while historians of mathematics view the present
as laden with “many and diverse relics from the past and
as the end of long, complex processes” [16, p. 440].3 She
also underscored the value of the history of mathematics
for its contributions to human culture and its role in the
teaching and understanding of mathematics. This inextricable link between research in the history of mathematics
and its helpful presence in the classroom remained a constant in Grabiner’s work over the course of her career.
This observation leads naturally to four themes that
emerge when considering the whole of Grabiner’s work.
(1) First and foremost, there is her deep erudition,
founded on her training as a mathematician and as a historian of science, firmly embedded in a liberal arts tradition
that also encompasses the history of art, literature, and philosophy. For example, her celebrated paper asking “Why
did Lagrange ‘prove’ the parallel postulate?” features the
work of artists Piero della Francesca, Leonardo da Vinci,
and Raphael in her discussion of perspective. (2) Although
her name is most often associated with Cauchy, it is her
work on Lagrange, and the eighteenth century in particular, that forms the bedrock of her scholarship. With Lagrange as a focal point, she moved forward to Cauchy and
backwards to Colin Maclaurin and Leonhard Euler, giving
her a deep understanding of the creation of the calculus
over more than 150 years, which she shares in many publications and leverages in the classroom. (3) The concept
of change is everywhere present in her work as a scholar.
There is the obvious language of change in her studies of
the calculus, but we mean something much more than
3For a complete list of workshop participants and an overview of the workshop,

including who participated in the discussions following talks, see [7, pp. 16–
25]. In particular, following introductory remarks by the organizers, Grabiner
gave the first talk of the workshop, and Jean Dieudonné, J. P. Kahane, Alberto
Dou, Hilary Putnam, and George Mackey participated in the discussion. Grabiner’s published version of the talk, “The Mathematician, the Historian and
the History of Mathematics,” in Historia Mathematica 2 (1975), 439–447,
includes details of the discussion, particularly Dieudonné’s comments and Grabiner’s responses to them. The discussion of her paper also mentions that George
Mackey “expressed interest in history, but felt that because of the pressures of
his discipline, he could not be interested in too detailed a history” [p. 447]. For
more on Mackey, including some mini-histories of mathematics he offered in his
correspondence, see Della Dumbaugh, “Extensive cooperation with rugged individualism: George Mackey’s guide for practitioners of mathematics,” Notices
Amer. Math. Soc. 66 (June/July 2019), 883–891, https://www.ams.org
/journals/notices/201906/rnoti-p883.pdf.
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the mathematics of calculus. It is her understanding of
how viewpoints, including her own, change over time. She
regularly encourages her readers to put themselves in the
mindset of the scholars she discusses. When considering
the progress of calculus throughout the eighteenth century, for example, she reminds her readers that the guiding question was to produce mathematical results, not to
build a foundation for calculus. Consequently, it is “unfair” to criticize Euler and others for what more modern
mathematicians would call a “lack of rigor” [17, p. 187].
(4) Finally, she is a brilliant expositor. Her numerous
Halmos–Ford and Allendoerfer awards, combined with
her Beckenbach Book Prize, testify to her expository excellence. But these external validations are no substitute
for sitting down with one of her articles and reveling in
the compelling questions she motivates and poses at the
beginning, her plan for addressing them, the strategy she
follows to accomplish her goal, and the conclusion she
reaches that inevitably ties up the work with the equivalent of a beautiful bow. She is a master of her craft.
By way of an example, which, incidentally, is how Grabiner often guides her readers, let us consider her discussion of an eighteenth-century proof in her award-winning
“Who gave you the epsilon? Cauchy and the origins of rigorous calculus.” To illustrate how mathematicians made
important discoveries in their efforts to find results rather
than to explore rigorous foundations, she offers Euler’s
1734 solution to the famous “Basel problem” of finding the precise value of the sum of the reciprocals of the
squares of the natural numbers:
1+

1 1
1
+ + ⋯ + 2 + ⋯.
4 9
𝑘

Grabiner writes:
It clearly has a finite sum since it is bounded above
by the series
1+

1
1
1
1
+⋯
+
+
+⋯
1⋅2 2⋅3 3⋅4
(𝑘 − 1) ⋅ 𝑘

whose sum was known to be 2; Johann Bernoulli
1
1
1
had found this sum by treating
+
+
+⋯
1⋅2

as the difference between the series
1

1

1

1
1

2⋅3

1

3⋅4
1

2

3

+ + +⋯

and the series + + + ⋯, and observing that
2
3
4
this difference telescopes.
∞
1
Euler’s summation of ∑𝑘=1 2 makes use of a
𝑘
lemma from the theory of equations: given a polynomial equation whose constant term is one, the
coefficient of the linear term is the sum4 of the reciprocals of the roots with the signs changed. This
result was both discovered and demonstrated by
4The original article says “product” here [17, p. 187]. This typo is corrected in

[6, p. 6].
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considering the equation (𝑥 − 𝑎) (𝑥 − 𝑏) = 0, having roots a and b. Multiplying and then dividing
out ab, we obtain
1
1 1
( ) 𝑥2 − ( + ) 𝑥 + 1 = 0;
𝑎𝑏
𝑎 𝑏
the result is now obvious, as is the extension to
equations of higher degree.
Euler’s solution then considers the equation
sin x = 0.
Expanding this as an infinite series, Euler obtained
𝑥3 𝑥5
+
− ⋯ = 0.
𝑥−
3!
5!
Dividing by x yields

d’analyse (1821), how much more attention was given to
matters of convergence some eighty-seven years later. Starting with an expression
(𝑚 + 2)(𝑚 − 2)
1
1
1
+
=
+⋯+
4𝜋
2𝜋
2
2
(𝑚−2)𝜋
2
3!
sin
sin
sin

𝑢
𝑢2
+
− ⋯ = 0.
3!
5!
But Euler thought that power series could be manipulated just like polynomials. Thus, we now
have a polynomial equation in u, whose constant
term is one. Applying the lemma to it, the coefficient of the linear term with the sign changed is
1
1
= . The roots of the equation in u are the roots
3!

6

of sin x = 0 with the substitution 𝑢 = 𝑥2 , namely
𝜋2 , 4𝜋2 , 9𝜋2 , . . . . Thus the lemma implies
1
1
1
1
= 2 + 2 + 2 +⋯
6
𝜋
4𝜋
9𝜋
Multiplying by 𝜋2 yields the sum of the original
series
𝜋2
1 1 1
1
+ + +⋯+ 2 +⋯=
1 4 9
6
𝑘
[17, p. 187].
Following this presentation of Euler’s proof, Grabiner
seems to know the mind of her more modern reader. She
encourages a broader view of Euler’s result, one that takes
into account the priorities of the eighteenth century while
acknowledging current mathematical conventions. In particular, since for Euler and his contemporaries the emphasis was on obtaining mathematical results rather than
answering questions about foundations, she argues that
mathematicians were free to make these types of “important new discoveries” without the procedural strictures of
today’s more rigorous analysis.
As Grabiner noted, Cauchy would later prove the same
result by “calculating the difference between the nth par𝜋2

tial sum and
and showing that it was arbitrarily small”
6
[17, p. 193]. Let the present authors expand on Grabiner’s
brief remark so that the reader can see, by contrasting Euler’s proof with the detail provided by Cauchy in his Cours
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2𝑚

derived from standard trigonometric identities, where m
is a positive even integer, Cauchy multiplied through by
𝜋 2

( ) to obtain
𝑚

𝜋 2

2𝜋 2

3𝜋 2

( )
4
𝜋2
1 (𝑚)
1 (𝑚)
+
(1 − 2 ) = 𝑚2 𝜋 +
6
4 sin2 2𝜋
9 sin2 3𝜋
𝑚
sin
𝑚

𝑥2 𝑥4
1−
+
− ⋯ = 0.
3!
5!
Finally, substituting 𝑥2 = 𝑢 produces
1−

2𝑚

2𝑚

𝑚

(

1

+⋯+
(

𝑚
2

2

𝑚

(𝑚−2)𝜋

2

)

2𝑚
2 (𝑚−2)𝜋

− 1) sin

2𝑚

or
𝑘𝜋

2

𝑚

2

𝑘𝜋

−1
𝑛
2
1 (𝑚)
4
𝜋2
1 (𝑚)
∑
+
,
(1 − 2 ) = ∑ 2
6
𝑚
𝑘 sin2 𝑘𝜋 𝑘=𝑛+1 𝑘2 sin2 𝑘𝜋
𝑘=1
𝑚

(1)

𝑚

𝑚

where n is a positive integer less than . Cauchy claimed
2
that for any two collections of numbers, 𝑎, 𝑏, 𝑐, … , 𝑛 and
′
′
′
′
𝑎 , 𝑏 , 𝑐 , … , 𝑛 , there always exists a constant, denoted
𝑀 (𝑎, 𝑏, 𝑐, … , 𝑛),5 such that
′

′

′

′

𝑎 𝑎+𝑏 𝑏+𝑐 𝑐+⋯+𝑛 𝑛
′

′

′

= (𝑎 + 𝑏 + 𝑐 + ⋯ + 𝑛′ ) ⋅ 𝑀 (𝑎, 𝑏, 𝑐, … , 𝑛) ,
which, since
𝑥
1
<
,
sin 𝑥
cos 𝑥
allowed him to express the first sum on the right-hand side
of (1) as
1<

(1 +

1
1 1
1
+ + ⋯ + 2 ) ⋅ 𝑀 (1,
𝑛𝜋 ) .
4 9
𝑛
cos2
𝑚

Similarly, since for positive 𝑥 <

𝜋
2

,

1

𝑥
𝑥
1
1
1
< 21
<
<
1
1
sin 𝑥
2
cos2
sin 𝑥 cos 𝑥
cos 𝑥
2

2

2

𝜋

= 2,

4

every term in the second sum of (1) is strictly less than
leading to that sum being bounded by 0 and

2𝑚
𝑛2

4
𝑛2

,

. Cauchy

5Cauchy referred to this constant as “moyenne” even though, in general, it need

not be the arithmetic mean. [8, p. 14] translates “moyenne” as “average.” See
also [9, pp. 28–29].
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could thus rewrite equation (1) as
𝜋2
4
1 1
1
(1 − 2 ) = (1 + + + ⋯ + 2 )
6
4 9
𝑚
𝑛
⋅ 𝑀 (1,

1
2𝑚
⋅ 𝑀(0, 1)
𝑛𝜋 ) +
2
𝑛2
cos
𝑚

or, rearranging, as
1 1
1
+ +⋯+ 2
4 9
𝑛
𝜋2
4
2𝑚
𝑛𝜋
=
(1 − 2 ) ⋅ 𝑀 (1, cos2
) − 2 ⋅ 𝑀 (0, 1) . (2)
6
𝑚
𝑚
𝑛

1+

1

Remembering that 𝑚 > 𝑛, pushing 𝑛 to infinity produced
2
the required infinite series on the left-hand side while giving the limit of zero for 4/𝑚2 on the right. One final condition was needed to obtain limits for 𝑛𝜋/𝑚 and 2𝑚/𝑛2 ,
although Cauchy’s explanation is less than satisfactory by
modern standards: “It is easy to see that if we always take
1
for 𝑚 the smallest of the integers greater than 𝑛𝑎 (where 𝑎
2
denotes a number contained between 1 and 2), the ratios
𝑛
𝑚
and 2 converge together, for increasing values of 𝑛, to𝑚
𝑛
wards the limit zero” [8, p. 383]. Thus, Cauchy concluded,
the right-hand side of (2) converges to the limit of 𝜋2 /6.6
Grabiner was well aware of what happened in the intervening decades between these proofs of Euler and Cauchy.
She captured many of these ideas in her The Origins of
Cauchy’s Rigorous Calculus. Here, however, as elsewhere in
her work, we are reminded to take into consideration the
long journey of the calculus from Newton and Leibniz to
Cauchy, especially as it relates to the students in our calculus classrooms. As she put it in “The changing concept of
change: The derivative from Fermat to Weierstrass”:
The real historical development of mathematics—
the order of discovery—reveals the creative mathematician at work, and it is creation that makes
doing mathematics so exciting. The order of exposition, on the other hand, is what gives mathematics its characteristic logical structure and its
incomparable deductive certainty. Unfortunately,
once the classic exposition has been given, the order of discovery is often forgotten. The task of the
historian is to recapture the order of discovery: not
as we think it might have been, not as we think it
should have been, but as it really was. [15, p. 206]
This is to say that students benefit from understanding
the process of the development of mathematics and, in
this case, the calculus. Grabiner’s celebration of Euler’s
proof (and Lagrange’s approach in viewing calculus from
6These details are taken from [9, pp. 455–457, 556–559]. For an English

translation, see [8, pp. 381–383].
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an algebraic perspective, for that matter) encourages students to realize that they can understand the epsilon-delta
foundations of calculus simply by recognizing that they
don’t have to start there. They can start with Euler and be
in very good company.
We cannot leave this discussion of “Who gave you the
epsilon?” without calling attention to its brilliant conclusion. By the time readers reach the final pages of this work,
they may have lost track of the title. But not Grabiner. To
underscore her enduring point of considering the rigorous
form of calculus as a “completed whole” of the work of
many mathematicians over more than 150 years, she offers
the epsilon (literally!) as a tangible reminder. “In Cauchy’s
work,” she asserts, “one trace indeed was left of the origin
of rigorous calculus in approximation—the letter epsilon.
The 𝜖 corresponds to the initial letter in the word ‘erreur’
(or ‘error’), and Cauchy in fact used 𝜖 for ‘error’ in some
of his work on probability. It is both amusing and historically appropriate that the ‘𝜖,’ once used to designate the ‘error’ in approximations, has become transformed into the
characteristic symbol of precision and rigor in the calculus.
As Cauchy transformed the algebra of inequalities from a
tool of approximation to a tool of rigor, so he transformed
the calculus from a powerful method of generating results
to the rigorous subject we know today” [17, p. 193].
But Grabiner does not just encourage a “whole” view
of mathematics for the sake of the discipline: she also encourages a view of mathematics as part of the whole history of ideas. In her 1986 International Congress address
in Berkeley, California, Grabiner chose the topic “The Centrality of Mathematics in the History of Western Thought.”
She began with a student and a teaching experience, another reflection of the strong link between the history of
mathematics and teaching. In particular, she aimed to “recapture” the critical and beautiful moment when a student
read Euclid’s Elements of Geometry and exclaimed, “I never
realized mathematics was like this. Why, it’s like philosophy!” [14, p. 220]. She discussed “major developments
in the history of ideas” where mathematics played a key
role. Among them, she highlighted the role of Euclidean
thinking in the Declaration of Independence of the United
States. This foundational document
. . . is one more example of an argument whose authors tried to inspire faith in its certainty by using the Euclidean form. “We hold these truths
to be self-evident. . . ” not that all right angles are
equal, but “that all men are created equal.” These
self-evident truths include that if any government
does not obey these postulates, “it is the right of
the people to alter or abolish it.” The central section begins by saying that they will “prove” King
George’s government does not obey them. The
conclusion is, “We, therefore. . . declare, that these
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United Colonies are, and of right ought to be, free
and independent states.” [14, p. 221, Grabiner’s
emphasis]
Here, we find Grabiner at her best. She artfully reminds
us of the presence of mathematics in our everyday lives, in
this case with the very words and ideas that built America.
In the ICM paper Grabiner also highlighted René
Descartes’s outline for how to make discoveries. In his
1637 Discourse on Method, Descartes outlined his analytical approach: (1) analyze the whole into the correct “elements” from which truths could be later deduced, (2) divide each of the “difficulties” into as many parts as possible and as might be necessary for an easier solution, and
(3) start with the things that were simplest and easiest to
understand and move toward more complex knowledge
[14, p. 223]. In his 1776 Wealth of Nations, Adam Smith
drew from this philosophical work of Descartes to use the
concept of the division of labor to analyze the competitive
success of economic systems. Grabiner traces the influence
of Smith’s work on others, including Gaspard Francois de
Prony and his organization of people to carry out calculations according to a hierarchical structure, with planners reducing complex calculations to simple additions
and subtractions carried out by lower-level human “calculators.” Charles Babbage later “applied the Smith-Prony
analysis and embodied it in a machine” [14, p. 223].
But she also drew attention to the less favorable views of
mathematics, which she called “attacks” on the discipline,
since these form a part of the history of ideas as well. She
cites as an example Walt Whitman’s distaste for a lecture
on celestial distances as conveyed in his poem “When I
Heard the Learn’d Astronomer.” There, as Whitman put it,
he became “tired and sick” and went outside to look “up
in perfect silence at the stars” [14, p. 228]. She also refers
to the work of Charles Dickens, among others, and his use
of mathematics as a dehumanizing force in his 1854 novel
Hard Times.
Still, Grabiner argues, what matters is not whether the
mathematics is used for good or ill, but rather that mathematics has played an essential role in the history of ideas
and thought. She concluded this key lecture (and associated article) by advocating that those charged with teaching mathematics not only focus on quantitative or logical
reasoning but also on its proper role in fully understanding “the humanities, the sciences, the world of work, and
the world of man” [14, p. 229].
Teaching: Teleological showmanship. Grabiner learned
a great deal about teaching from her advisor at Harvard,
I. Bernard Cohen. In particular, while taking his survey
course as a graduate student, she came to realize that “good
teaching is teleological showmanship.” She also credited Cohen for inspiration about how “to make scientific
ideas live” and identified Cohen and his wife, Frances, as
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“exemplars of the way to treat students as people” [Grabiner to Cohen, December 19, 1983, as quoted in
[10, p. 32]]. What she meant by this is further explained
by one of her former students at Harvard:
Bernard and his wife Frances always welcomed
graduate students into their home, not just as
fledgling scholars but as independent thinkers in
their own right. Frances, as a former reporter
covering the Spanish Civil War, was tenacious in
grilling Bernard’s students at cocktails and dinner
parties on everything from ancient history to current politics. It was also a place where Bernard’s
students could meet, informally, noted figures of
the history of science like Marie Boas and A. Rupert Hall, D. T. Whiteside, and Bartel van der Waerden, for example, all of whom I recall meeting at
the Cohens’ at one time or another; Judy recently
told me that she too valued such encounters, in
particular having met Sir Eric Ashby through the
Cohens.
“Teleological showmanship” is another matter,
and that we all learned from Bernard in the classroom. There could have been no better example of that than his “last lecture” at Harvard on
the occasion of his retirement. It is a tradition
at Harvard that distinguished retiring faculty give
a “last lecture,” and in Bernard’s case, former students from all parts of the world returned to Cambridge to watch a spectacular performance, a lecture that ended with a string quartet playing the
“alchemical music” Michael Maier had included
in his seventeenth-century alchemical treatise, Atalanta Fugiens, while a thermite experiment was
conducted that ended with an appropriate explosion; one fully expected Bernard to exit the lecture
hall on a cart propelled with a fire extinguisher
that he (infamously) used in his Nat Sci 3 course
to demonstrate Newton’s third law of motion.
In Judy’s case, the teleology was omnipresent.
Whenever she spoke about history of science, including history of mathematics, she always had a
purpose in mind—to be engaging, to reveal the
true interest in whatever she was discussing, and to
make it relevant. That is the secret to good teaching that Bernard had embodied in his own teaching and that she had also mastered, par excellence.
Sometimes the teleology was combined with
her equally impressive concern for students
as people—especially beleaguered graduate students! I will always remember the many sessions
she spent with me and Wilbur Knorr, another graduate student in history of science whom Judy was
also preparing for our oral examinations in history
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of modern mathematics at the end of our second
year at Harvard. The day before my exam, I was
walking home from Widener Library with a pile of
books under my arm intending to review a few last
details, when the route I was taking happened to
pass by the Grabiners’ house, where Judy was on
the porch with their recently-born son David, enjoying the fading sun on a late balmy day in May.
“Where are you going with all those books?” she
asked—and no sooner had I explained where I was
headed than she insisted: “No you’re not—you
know more than enough for tomorrow, and those
books aren’t going to help.” She invited me onto
the porch, and soon her husband Sandy appeared
and offered me a cold beer, and we chatted for a
while until Judy suggested I go home, forget the
books, and get a good night’s sleep. That was probably the best advice before a qualifying exam that
any graduate student could possibly have been
given—along with the cold beer! [2]
While Cohen may have been a model of excellent teaching for Grabiner, she ultimately had to find her own style.
Grabiner’s research informed her teaching, and her teaching informed her research. It was not uncommon for Grabiner to motivate an article in the history of mathematics with a teaching anecdote. In “The changing concept of
change: The derivative from Fermat to Weierstrass,” for example, her opening paragraph grabs the reader’s attention:
Some years ago while teaching the history of mathematics, I asked my students to read a discussion of maxima and minima by the seventeenthcentury mathematician, Pierre Fermat. To start the
discussion, I asked them, “Would you please define a relative maximum?” They told me it was a
place where the derivative was zero. “If that’s so,”
I asked, “then what is the definition of a relative
minimum?” They told me, that’s a place where
the derivative is zero. “Well, in that case,” I asked,
“what is the difference between a maximum and a
minimum?” They replied that in the case of a maximum, the second derivative is negative. What can
we learn from this apparent victory of calculus over
common sense? [15, p. 195]
According to Grabiner, these sorts of teaching anecdotes
subsequently inspired her to reflect on aspects of her own
research, including the historical development of the calculus. She frequently ends her articles imploring educators
to remember the centuries involved in creating and codifying an idea and reflecting on what that means when students try to learn that idea in only a few minutes during
a single class meeting. She asks, “Why does this matter?”
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And she offers many answers, including ones generally related to teaching.
As early as her talk at the American Academy of Arts
and Sciences workshop in 1974, Grabiner emphasized the
pedagogical value of the history of mathematics. On that
occasion, she identified three ways the history of mathematics helps in teaching and understanding mathematics.
First, history helps teachers understand the “inherent difficulty” of a concept. Second, history helps students understand the genesis of an idea, and that often motivates
them. Finally, historical background helps students and
mathematicians understand how mathematics fits in with
the whole of human thought [16, pp. 442–443].7 One
Pitzer student underscored the far-reaching impact of Grabiner’s aims when she reflected on her experiences in Grabiner’s class: “I took History of Math from Judy my second
year at Pitzer....I absolutely loved History of Math. Everything that I learned in that class was new. Judy was passionate about her teaching, bringing her enthusiasm every
day to lecture. I greatly enjoyed her style of teaching, the
ease that she had with the students as well as the material.
I use what I learned in her class to this day with my own
students. I find that my high schoolers can get more out of
their classes once they know a little of the history behind
the concept/name/idea/etc. Thanks to Judy, I can share
this knowledge with them.”8
For Grabiner, the classroom offered an opportunity
for a shared experience, an exchange between individuals
rather than a one-way conversation. And it was hardly limited to the physical boundary of a classroom. In her famed
liberal arts courses on mathematics, “Mathematics, Philosophy, and the Real World” and “Mathematics in Many Cultures,” she encouraged her students to recognize the pervasive presence of mathematics and celebrate it with their
creativity and insights in their individual research projects.
And then she celebrated their research projects. In her
article “How to teach your own liberal arts mathematics
course,” she called attention to these projects born, as they
were, at the intersection of mathematics and her students’
interests. These students pursued projects on the misuse
of mathematics in movies, high-altitude cooking, baseball arbitration, and the Japanese Lottery, among other
7Sometimes that historical background leads to research in a new area. Leonard

Dickson undertook what became his monumental History of the Theory of
Numbers in order to understand the discipline. Dickson’s most distinguished
student, A. Adrian Albert, suggested that Dickson wrote his History of the Theory of Numbers to become more acquainted with number theory. “Dickson always said that mathematics is the queen of sciences,” Albert asserted, “and that
the theory of numbers is the queen of mathematics. He also stated that he had
always wished to work in the theory of numbers and that he wrote his monumental History of the Theory of Numbers so that he could know all of the work
which had been done in the subject” [5, p. 333].
8Quotation from a student, included in a private communication from David
Bachman, professor of mathematics at Pitzer College, July 17, 2019.
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compelling topics [12, pp. 108–109, 113–114]. When she
received the Deborah and Franklin Tepper Haimo Award
for Distinguished College or University Teaching in 2003,
in fact, Grabiner used the opportunity to thank these students in particular. As she put it, “I thank the students in
my classes at Pitzer College, especially those from ‘Mathematics in Many Cultures’ and from ‘Mathematics, Philosophy, and the Real World,’ for the inspiration and ideas
they have provided me. They’ve sustained my faith that everybody can understand and appreciate mathematics and
its infinite uses, and the honor belongs to them.”9 Her
colleagues also recognized her important contributions to
the institution. When Grabiner retired from Pitzer College in 2016, Gizem Karaali, professor of mathematics
at Pomona College, celebrated Grabiner’s influence and
noted her ability to reach “students who would otherwise
be unreachable, displaying effortlessly the impact of mathematics on the Western Civilization, and the human, the
cultural, the social, the historical, and the philosophical dimensions of our discipline along with its immense power.”
Even though Grabiner has officially retired, you can still
take her course “Mathematics, Philosophy, and the Real
World” through the Teaching Company.10

Concluding Thoughts
In 2010 the Mathematical Association of America awarded
Grabiner her fourth Halmos–Ford Award, this time for her
paper “Why did Lagrange ‘prove’ the parallel postulate?”
which appeared in the American Mathematical Monthly in
January 2009. In celebrating the award, the president
of Pitzer College, Laura Skandera Trombley, noted that
“[g]enerations of Pitzer students have been fortunate to be
a student of Professor Grabiner’s, and it is utterly fitting
that she be recognized for her excellence in scholarship.”11
Although Trombley limited this good fortune to Pitzer students, Grabiner’s influence has extended far beyond that
institution. In particular, at the very beginning of her career, Grabiner described the difficulties in store for any aspiring historian of mathematics. “The path for the historian of mathematics is difficult,” Grabiner observed, because one requires not only “the historian’s training, but
also needs to know a great deal of mathematics. The history of science is itself a young and relatively small profession; the number of historians of mathematics, because
of the types of knowledge needed, is even smaller. Still
the need for such people is apparent” [16, p. 443]. She
not only advocated for the profession with this template
for success, but she also embraced these ideals in her own
9For the citation for the award and Grabiner’s response, see https://www.maa
.org/sites/default/files/pdf/awards/2003-prizebook.pdf.
For details,
see https://www.thegreatcourses.com/courses
/mathematics-philosophy-and-the-real-world.html.
11
See
https://www.maa.org/news/math-news/judith-grabiner
-wins-maas-ford-award-for-the-fourth-time.
10
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work. In this way, through her scholarship, her teaching,
and her tireless coupling of the two, she has helped lead
the way for a generation of historians of mathematics to
follow.
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Olga Taussky-Todd
Judith R. Goodstein

Olga Taussky-Todd, Pasadena, 1960.

Introduction: The Arc of a Life
This article deals with the life and times of Olga Taussky-Todd, the first female professor of mathematics at the
California Institute of Technology, and her decades-long
quest in Europe and the United States for a permanent academic position. Born into a Jewish family in the Moravian
town of Olmütz, then part of the Austro-Hungarian Empire
(now Olomouc, in the Czech Republic), on August 30,
1906, she earned a PhD in algebraic number theory in 1930
at the University of Vienna, worked as an editor of Hilbert’s
collected works, and spent the 1934–35 academic year at
Bryn Mawr College near Philadelphia, with the world-class
German mathematician Emmy Noether. Oswald Veblen,
Judith R. Goodstein is university archivist, emeritus, at the California
Institute of Technology. Her email address is jrg@caltech.edu.
Communicated by Notices Associate Editor Della Dumbaugh.
For permission to reprint this article, please contact: reprint-permission

one of America’s leading differential geometers, noted in
1935, on Noether’s death, that Taussky had “some claims
on the female championship” [OV36]. She then spent
time at the University of Cambridge and the University of
London, where she met and married fellow mathematician
John (Jack) Todd.
In 1957, at the start of the space race between the United
States and the Soviet Union, Olga Taussky-Todd arrived
at Caltech as a research associate in mathematics. She
was fifty-one, a mathematician of considerable range and
accomplishment, whose long and winding Caltech career
would parallel the evolution of the school’s mathematics
department into a first-class research group in the 1950s
and 1960s. By the time she and Jack received offers from
Caltech, she had distinguished herself as a prolific and
influential mathematician in the field of matrix theory
and number theory and as a teacher and collaborator.
None of these accomplishments prompted Caltech’s math
department to hire her as a professor. That designation
was reserved for her husband. Olga, as his wife, became
a research associate, a hiring practice that, in the laconic
words of a colleague, “was usual at the time.”1 In a memoir
written in 1979 at the request of the Caltech Archives, Olga
Taussky-Todd said with exquisite understatement, “this
created a difficult situation for me” [OT-T85]—one that
persisted for nearly fifteen years.
Despite acknowledging her as “the leading living woman
mathematician in the world,” Caltech’s administration, as
well as some members of the university’s math department,
showed little interest in promoting Olga to the same professorial rank enjoyed by her husband, John Todd, a numerical
analyst at the Institute. A small private institution, with
a formidable reputation for doing cutting-edge science,
Caltech was slow to embrace women graduate students. It
did so beginning in 1953, and five years later employed
them as teaching assistants. Opposition to women undergraduates ended in 1970, with the admission of the first
co-ed class. A year later, Olga Taussky-Todd finally became
professor of mathematics. In 1977, having reached seventy,
then Caltech’s mandatory retirement age, she became professor emeritus.

Family Matters
Olga was the middle child of three daughters. Their peripatetic life began early. In 1909, Julius and Ida Taussky
moved with their young family—Olga’s older sister, Ilona,

@ams.org.

1Chandler Davis, Remembering Olga Taussky Todd, in: B. A. Case and
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age six; Olga just turning three—to Vienna, the capital city
of Austria-Hungary’s Emperor Franz Josef and a flourishing center of Jewish life and culture. There Olga’s younger
sister, Hertha, was born, at number 1 Adambergergasse, a
traditional Jewish neighborhood in the city’s Leopoldstadt
district. Julius Taussky (1860–1925) worked at multiple
jobs to support his growing household. A sometime journalist and the owner of a margarine factory in Moravia,
he was also a respected vinegar expert, having learned the
vinegar business from his father, Samuel Taussky, author of
a turn-of-the-century guide to vinegar production.
In the midst of World War I, he was offered the directorship of a vinegar factory in Linz, in upper Austria. Once
again on the move, the Taussky family packed up their
belongings and settled down in a house on the edge of the
city. Olga was happy to leave Vienna, where, she later wrote,
“we were often near starvation” [OT-T85]. A self-taught
industrial chemist—Olga remembered him as “a very
interesting man, very active, very creative”—Julius Taussky
had developed a number of chemical processes, including
a closely guarded formula that kept cooking oils from
turning rancid. Although he spent a great deal of time, before and after the war, on the road consulting with various
food-processing firms and selling them his secret formula,
he also found time to lavish attention on the education
of his daughters—private music lessons (“very arduous,”
Olga later recalled), an abundance of concerts, and many
hours of drawing classes. He dreamt of Olga and her sisters
choosing careers in the arts [OT-T85]. His daughters had
other ideas, however. Ilona, who sometimes accompanied
her father on his business trips, followed in his footsteps
and became a successful consulting chemist after graduating from the University of Vienna with a chemistry degree.
Hertha earned two degrees, including one in pharmacy in
London, and worked as a clinical biochemist in New York.
The girls’ mother, Ida Pollach (1875–1951), was born in
Holic, a town in West Slovakia, near the Moravian border.
She was “a country girl,” in Olga’s words, who had little
schooling. Olga noted in her memoir that Ida “compared
herself to a mother hen who had been made to hatch
duck eggs and then felt terrified on seeing her offspring
swimming in a pond.” But she came across as “intelligent
and practical,” and kept the household running smoothly
during her husband’s frequent business trips, insisting that
her daughters do their share of housework. Olga must have
disappointed: “I am by nature very clumsy and not practical” [OT-T85]. However, Ida saw no problem with Olga
accepting pay for tutoring other students in high school
(unlike Julius, who initially had forbade it). In 1940, fifteen
years after her husband’s death, Ida and Hertha would flee
Nazi Germany for England and then brave German submarine-infested waters to cross the Atlantic to New York, where
Ilona was already living. There, for the rest of her days, Ida
regaled friends in her newly acquired English with tales of
her remarkable offspring.
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Of the three children, Olga’s interests were, from her
parents’ standpoint, the most unorthodox. By the time
she was about fifteen, as she recalled, in one of several
unpublished biographical accounts, “thinking of scientific theories, even experiments, meant more to me than
anything one could read in a book.”2 In 1921 she entered
the Kőrnerschule Linz, a private girls’ Gymnasium, or high
school (and the only one in Linz open to females), whose
demanding classical curriculum included eight hours of
Latin a week. She found the mathematics taught there
boring, compared to her favorite subjects, poetry and Latin
grammar, but even they could not match the appeal of the
“little utterances about the real mathematics” she heard
on fleeting occasions in the classroom. “I would have
given a lot could I have interchanged eight hours per week
of Latin for the same amount of any branch of science or
mathematics,” she remembers [OT-T85]. Even the phrase
“number theory” piqued her imagination. Although she
had not gone looking for it, mathematics had found her.
The sense that her future had now been revealed (“I
saw this alone as a career, as my profession” [OT-T85])
brought with it a sense “of guilt and of disloyalty.”3 As she
explained in a draft of the memoir she wrote for the Caltech
Archives, “My upbringing had led me to believe that the
pursuit of some of the arts was the highest thing a human
being could contemplate.” Looking back, Olga recalls her
father challenging his daughters to excel in school and
at the same time imbuing them with “a profound sense
of duty all around” [OT-T85]. That deep “sense of duty,”
drilled into her as a child, remained her moral compass
well into her eighties and may account for her willingness
to take on so many commitments that she routinely felt
overworked. “I have so much to do,” runs a typical closing
line in a letter to one of her colleagues. If her life has one
enduring leitmotif, it is this sense that she is drowning in
work, with less and less time for anything else.
Julius Taussky once challenged the family’s aspiring
mathematician to calculate the proportions of water and
vinegar required to produce a barrel of vinegar with the
acidity level specified by law. Using, as she recalls, “a
Diophantine equation to be solved in positive integers,”
Olga presented her father with a “little table with colored
pencil entries” that he promptly tacked up on the factory
wall. After his death in 1925, she was offered a full-time
job as comptroller at the factory. But Olga worked there
only briefly, instead doubling her tutoring schedule and
enrolling that fall, as her older sister had, at the University
of Vienna. “I see myself then a worn-out looking young
woman, dressed shabbily,” she remembered, “but determined to make a go of it” [OT-T85]. (Ilona, by now a
self-employed chemist, would step in to help support both
her sisters’ university education.) On the opening page of
2Undated
3See

“Biography,” OT-T Papers, Caltech Archives, box 46.4–5.
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a small diary, dated August 13, 1925, Olga wrote, “mit
Gott” [with God], which testifies perhaps to the financial
obstacles she faced in enrolling at the university and the
career challenges yet to come.

Turmoil in Vienna
When Olga returned to postwar Vienna in 1925, Austria—
like its capital—had undergone a stunning transformation.
The Habsburg monarchy had ended, the country had become a republic, and Vienna’s city government, under the
leadership of the Social Democrats—the political party of
the moderate left—had introduced public housing, schools,
and hospitals, and other programs intended to improve
the lot of the city’s working class. In the predominantly
Catholic countryside, the right-leaning Christian Social
Party held sway. In Last Waltz in Vienna, his haunting
memoir of the Austrian capital between the wars, George
Clare describes the party as espousing “German Christian
values…anything that was not ‘Jewish-Bolshevik’” [GC07].
The mounting tensions between the two parties and their
respective private armies came to a bloody climax in July
1927, when a mob of city workers, outraged by a judicial
verdict they regarded as tainted and unjust, marched on
Vienna’s Palace of Justice and set it ablaze. The police fired
on the crowds, killing eighty workers. It was a portent of
greater troubles to come.

Furtwängler,
Olga Taussky,
and Class Field
Theory
In this tense environment Olga pursued
her studies, taking
classes in chemistry,
astronomy, and several areas of mathematics. No subject
spoke to her the way
number theory did.
When it came time
to choose a thesis
advisor, she readily
opted for the university’s sole number
theorist, the Ger man mathematician
Philipp Furtwängler.
He had serious moPhilipp Furtwängler (1869–1940).
bility issues, the result of encroaching
paralysis. He would arrive at the university by taxi, walk into
the lecture hall on the arms of two students, and lecture
from a wheelchair while an assistant—a role sometimes
filled by Olga—wrote the proofs on the blackboard. He
March 2020

excelled as a lecturer and apparently thrived on speaking to
a packed auditorium of hundreds of students. The logician
Kurt Gödel, who had entered the university in 1924 planning to major in physics, was so stimulated by Furtwängler’s
elegant lectures on class field theory that he switched fields
to mathematics.4
A Göttingen-trained mathematician, Furtwängler had
learned his number theory from Felix Klein, earned his
doctorate in 1895, and spent several years as a researcher
at the Geodetic Institute in Potsdam. He then held a series
of university teaching assignments in Aachen and Bonn,
culminating in his professorial appointment at Vienna in
1912. By then, he had become something of an expert on
David Hilbert’s magisterial Die Theorie der algebraischen
Zahlkörper (better known as the Zahlbericht), a report on
algebraic number fields commissioned by the German
Mathematical Society and issued in 1897. In his assessment of Hilbert’s mathematical works decades later, the
distinguished German mathematician Hermann Weyl, who
accepted Hilbert’s professorship at Göttingen after Hilbert
retired in 1930, commented that “a study of this book is
indispensable for anybody who wishes to master the theory of algebraic numbers. Filling the gaps by a number of
original investigations, Hilbert welded the theory into an
imposing unified body” [HW44]. The report also clarified
previous results in algebraic number theory, simplifying
the arguments in the process. In his preface, Hilbert wrote:
The most richly executed part of [the theory of
algebraic number fields], as it appears to me, is
the theory of Abelian fields which Kummer by
his work on the higher laws of reciprocity, and
Kronecker by his investigations on the complex multiplication of elliptic functions, have
opened up to us. The deep glimpses into the
theory which the work of these two mathematicians affords reveal at the same time that there
still lies an abundance of priceless treasures
hidden in this domain, beckoning as a rich
reward to the explorer who knows the value of
such treasures and with love pursues the art to
win them. [HW44]
Hilbert himself showed the way by publishing two papers. The first, in 1899, was a restatement of Carl Friedrich
Gauss’s first proof of the quadratic reciprocity law—a proof
that Gauss himself would go on to call the theorema aureum
(“the gem of arithmetic”). The second, three years later, was
entitled, “On the theory of relative abelian number fields.”
They are considered a prescient “conjectural anticipation
of most of the theorems of class field theory” [FL-NS98],
a term coined by the German algebraist and number theorist Heinrich Weber in 1891. It was Furtwängler who in
4John

W. Dawson Jr., Logical Dilemmas: The Life and Work of Kurt
Gödel, A. K. Peters, Wellesley, MA, 1997, p. 24.
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1907 proved, and in several instances disproved, Hilbert’s
conjectures in this field, although the two mathematicians
had apparently never interacted at Göttingen. Twenty years
later, Furtwängler would prove one more theorem,5 and in
the process uncover a thesis topic for Olga.
Olga’s introduction to Furtwängler came in her freshman
year, when she signed up for his one-semester introduction to number theory. She also took part in a seminar
on the philosophy of mathematics, under the direction of
the philosopher Moritz Schlick; her friendship with Kurt
Gödel, another member of the seminar, dates from this
period. Eventually, however, she quit that seminar as well
as her attendance in the Vienna Circle, Schlick’s exclusive
band of logical positivists. “Had I realized what Gödel
would achieve later [a proof of the existence of undecidable
mathematical statements],” she subsequently confessed, “I
would not have run away” [OT-T88]. In her second year,
Furtwängler offered a seminar in algebraic number theory; it met twice a week and, as she later reported, “even
included some of his work in class field theory” [OT-T85].
At the end of her sophomore year, Olga asked Furtwängler
if she could do a thesis in number theory under his supervision. Deeply invested in number theory himself,
Furtwängler told Olga without hesitation that her thesis
would instead be in class field theory. Although Olga did
not appreciate it at the time, Furtwängler launched her
career by leading her to a very interesting and deep field
of mathematics, instead of directing her to a topic in, say,
elementary number theory.
But instead of handing her a topic immediately, as
Olga had expected, Furtwängler made her wait. In her
Caltech memoir, Olga criticizes him for this; he was, she
felt, too secretive, and not supportive of her “need to enter
the job market as early as possible” [OT-T85]. However,
class field theory was a new branch of mathematics, not
yet fully understood by its practitioners. (The subject had
only started to emerge as a well-defined research area in
the wake of a fundamental paper that the Japanese mathematician Teiji Takagi published in 1920.) Years later, Olga
relents somewhat: “While elementary number theory
means something to a layman, I now felt led into a very
impressive and beautiful, but also rather strange subject,”6
she wrote in an unpublished biographical sketch. In her
eighties, then renowned as a world-class mathematician,
she echoed that sentiment, noting that “being introduced
to such a profound mountain of great beauty has lifted me
up forever” [OT-T89].
While Olga was grappling with the literature in the
math department’s library, the Hamburg mathematician

Emil Artin, building on Takagi’s
work, was solving
Hilbert’s problem
on a general law of
reciprocity,7 at that
time only a con jecture and a subject Furtwängler
himself had con tributed to. Artin
had used “a most
ingenious method
for translating one
of the then-still unsolved major problems, the principal
ideal theorem into
a statement on finite nonabelian
groups,” Olga later
wrote [OT-T85].
Artin transmit - At the Taussky home in Vienna: Kurt
Gödel and Olga Taussky, ca. 1930.
ted the news to
Furtwängler, who in turn told his anxious thesis student a
little about Artin’s work but offered no details. Furtwängler,
she soon learned, had good reason to play his cards close
to his chest.
In a 1987 article, “Some Noncommutative Methods in
Algebraic Number Theory,” commissioned by the American Mathematical Society, Olga relates how one year after
the 1927 publication of Artin’s general reciprocity law,
“Furtwängler announced that he had proved the principal
ideal theorem—via nonabelian p-group work” [OT-T89].
And, indeed, in late summer 1928, Furtwängler did prove
Artin’s group theoretic formulation of Hilbert’s principal
ideal theorem (the Hauptidealsatz) to be true8—a towering
achievement, although the mathematical community,
according to Olga, “was not very grateful, and considered
his proof as ugly” [OT-T85]. Furtwängler’s proof brought
to a close the classical theory of class fields.
Although her advisor now had plenty of thesis topics
available, Olga disliked the one he assigned to her. Fifty
years later, she still resented the problem Furtwängler had
7The

simplest case was the ubiquitous “quadratic reciprocity” of Gauss.

8The

5In this theorem, Furtwängler showed under certain conditions the 2-class
number of the 2-class field H2 is 1, leading to the question of what happens
to this if 2 is replaced by any other prime p.
6See
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most important achievement of Furtwängler was the settling of the
principal ideal theorem (PIT), conjectured by Hilbert. Emil Artin reduced
the proof to a nontrivial statement on group theory, which Furtwängler
established. PIT says that every ideal in an algebraic number field K, such
as Q√D, becomes principal (“capitulates”) in the maximal unramified
extension H of K, now called the Hilbert class field.
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her take on—“odd prime numbers”9—and his pedagogical
style.
The term “odd primes” owes its genesis to the fact that
while there are infinitely many primes, the number 2 is the
only even prime, being divisible by 2. All other primes are
therefore “odd.” Without telling Olga what he had done,
Furtwängler had shown the principal ideal theorem for the
prime 2. Only then did he ask Olga “to generalize this [the
principal ideal theorem] for odd p’s starting with p = 3.”
After considerable difficulty, Olga did prove the theorem
for 3 and then later for all odd primes. She writes: “In any
case, my results showed that the problem was not a very
attractive one” [OT-T85]. Earlier, when a junior member of
the department, the Privatdozent Walther Mayer, had asked
how her thesis was progressing, she replied that it wasn’t.
(Furtwängler shared his proof with her only after she had
completed her dissertation.) “Remember that you are not
married to Furtwängler,” Mayer said, perhaps thinking to
sign her up as one of his own thesis students [OT-T85].
However, Mayer, who was later to become Einstein’s
mathematical assistant, was a differential geometer, and
Olga was, as she would later put it, “married to number
theory.” But not necessarily class fields. Nevertheless, as
one of her Caltech postdocs, the Canadian number theorist
Hershy Kisilevsky, put it in his assessment of her mathematical legacy, “The prospect of contributing at the frontiers
of class field theory sparked in Olga a deep interest in this
problem which lasted her entire career” [HK97].

Campus Politics
Olga had made no bones about her interest in an academic
career after graduation. However, the challenges facing a
Jew and a woman aspiring to this in interwar Austria were
daunting. After successfully defending her thesis, Über eine
Verschärfung des Hauptidealsatz (“A tightening of the principal ideal theorem”), in March 1930, she continued to
tutor while also working without pay in the mathematics
department. But she apparently made no effort to earn
the title of Privatdozent (an unsalaried freelance lecturer),
although that would have been the first step in climbing
the university’s academic ladder. Perhaps she had quietly
taken note that, aside from the distinguished functional
analyst Hans Hahn, there were no Jewish professors in the
mathematics department in Vienna during her years at the
university, nor did this situation improve in the decade
before Hitler’s annexation of Austria in 1938. “The element
of rowdy student antisemitism was most virulent in Austria,
where it complemented the genteel Christian-conservative
variety of anti-Jewish discrimination practiced by the academic establishment,” Max Pinl and Lux Furtmüller note
in their pioneering work on mathematicians who suffered
9For

odd primes p, Furtwängler wanted Olga to generalize his result on
2-class numbers of 2-class fields to p-class numbers for p-class fields. She did
solve this first for p = 3 by a new method, which also recovered Furtwängler’s
result for p = 2 by a different argument.
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persecution under the Third Reich [MP-LF73]. The average
age (forty-eight) of the department’s three Privatdozents
might also have suggested to Olga the advantages of seeking
academic advancement elsewhere.
Her Caltech autobiography avoids discussing the turbulent and deteriorating political climate in Austria and
at the university between the world wars. At the university,
demonstrations, anti-Jewish leaflets, and instances of
right-wing students beating up left-wing and Jewish students were not uncommon, particularly at the schools of
medicine and law. Olga confines her observations on this
period to exactly one sentence that mentions “the terrible
political upheavals going on in Austria then” [OT-T85].

Göttingen
Olga’s thesis, per haps the first ever
submitted in class
field theory, was her
entrée to the University of Göttingen, a
destination for ambitious mathematicians since the time
of Gauss. In 1931,
at a meeting of the
German Mathematical Association at
Bad Elster, a town
known for its mineral springs, she
gave a talk about
class field theory, in
hopes of landing a
David Hilbert, Göttingen, 1912.
job. Hans Hahn, one
of her favorite professors, was in the audience and spoke highly of her abilities
to Richard Courant, the head of the new Mathematical
Institute in Göttingen. After meeting her, Courant sent her
a short note that October, asking if she would be prepared
to come to Göttingen “for the entire winter term...firstly
to work very intensively in a collaboration to complete the
number theory volume of Hilbert’s works, and secondly,
to possibly also help a little with routines and operations
of the Institute” [RC31]. One red flag appeared in the final
sentence of his letter, to wit: “The term starts on November
1. The Hilbert volume must be ready by mid-January.”
Hilbert played no role in the editing of his number theory papers. Olga’s coeditors on the project were Wilhelm
Magnus and Helmut Ulm, talented young mathematicians
but new to class field theory and without much experience
in proofreading, a skill that Olga had in abundance. Caught
between spotting “quite a number of technical errors of
various degree which [the three editors]…corrected without
consulting anybody” [OT-T77], and Courant rushing her
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to meet Hilbert’s seventieth birthday deadline in January,
Olga often worked into the early morning hours, catching
what sleep she could. (Courant had also put her in charge
of grading papers for his course in differential geometry,
effectively doubling her work assignment.) As word of her
project spread among mathematicians, she received many
letters. Some urged her to recast Hilbert’s number theory
report in abstract language; others contained corrections
of small errors that she easily incorporated into the book.
Furtwängler replied quickly to a letter she sent him asking
about several propositions in Hilbert’s 1899 paper, jotting
down several observations, such as this one: “If the group
theoretic proposition is incorrect, it doesn’t follow that
Hilbert’s claims are incorrect. One could then only refute
them with a counter-example” [PHF31].
Under the circumstances, it is hardly surprising that only
the page proofs were ready when Ferdinand Springer, the
publisher of Hilbert’s collected works, came in person to
Göttingen to present him with the first volume. Courant
was annoyed that the publication of volume 1 had been
delayed, and possibly Hilbert also. Olga, however, seems to
have had no misgivings about her work. In a lengthy letter
to Constance Reid in 1977, when plans for a new edition
of Reid’s biography of Hilbert were under way, she had
this to say: “I want you to understand that I was definitely
more than a young woman then trying to eliminate what
they used to call ‘schiefe i-Punkte’—this means correcting a
‘misaligned dot of an i into an i’ in a manuscript. And Hilbert’s errors were many times bigger than that anyhow; but
they did not spoil Hilbert’s fantastic influence on algebraic
number theory, and in particular class field theory, which
is still amazingly strong” [OT-T77].10
At Göttingen, one of the first to welcome Olga had been
Emmy Noether, the famed abstract algebraist. The daughter of Max Noether, a distinguished mathematician in his
own right, Noether’s career at Göttingen included serving
as Hilbert’s assistant beginning in 1916. Three years later
she began lecturing in her own name, teaching algebra,
for which she received a small income, and had students
of her own. Although she had held the rank of professor
when she taught in Moscow (1928–29), the level of her
academic career at Göttingen remained that of a nichtbeamteter ausserordentlicher Professor or professor without tenure.
Noether, who came from a Jewish family, was among the
first to be suspended by Hitler’s government, in April 1933.
She and Olga, who had offices in the same building, were
apparently the only women on the math faculty [DR89].
Noether “saw her frequently,” Olga later told Auguste
Dick, who had been a doctoral student of Hahn’s in the
1930s and now was writing a biography of Noether, “but
the difference in age and status was too big for a closer
10Olga

was perhaps sensitive to remarks made by the French number
theorist André Weil that Hilbert had not given adequate credit to Kummer
and by his dislike of Kummer’s p-adic methods, Hilbert had set back the
field by some years.
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Emmy Noether and a small group of “Noether’s boys” gather
for a meal in the countryside, near Göttingen, 1932. Emmy
is standing between Otto Shilling, one of her students,
and Olga Taussky. Other guests in the group include Hans
Schwerdtfeger, Emmy’s doctoral student (behind Olga), Ernst
Witt and Paul Bernays (fifth and sixth from left), and Paul
Alexandroff and Erna Bannow (first and second from right).

contact” [OT-T67]. However, Noether, who had been studying class field theory and was keen to “reprove the current
achievements in algebraic number theory using her own
tools of abstract algebra” [OT-T89], had organized a seminar on the subject and invited Olga to lecture. “My favorite
subject is number theory, and I like actual numbers,” Olga
reminded Dick, while “Emmy liked only abstract things
on the whole, and so she scolded me frequently when my
proofs for number theoretical facts were too computational” [OT-T67].

Bryn Mawr
These “scoldings” did not deter Olga from accepting a oneyear scholarship for the 1934–35 academic year at Bryn
Mawr College in Pennsylvania, where Noether, who taught
there, held a Rockefeller Fellowship. In her Caltech memoir,
Olga writes: “I held the so-called foreign women scholarship that year, so I was registered as a graduate student and
had to obey the rules of a student—register for classes and
pay the college back most of the money that was allocated
for me” [OT-T85]. In effect, the scholarship required Olga
to pay tuition, which must have been a bitter pill to swallow
for the ambitious young mathematician who had won her
doctorate four years earlier, but she faced limited options in
Germany and had been strongly advised by Courant not to
plan, in the current political climate, on an academic post
there. (As a Jew, Courant himself would be forced out of
Göttingen in 1933, following Hitler’s rise to power.) Olga
had apparently hoped a job with tenure might materialize
in the United States, a futile expectation as it turned out.

England, Ireland, and the War Years
After commencement at Bryn Mawr in spring 1935, Olga
returned to Europe, where she took up residence for two
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years as a fellow at Girton College in Cambridge, England.
In 1937, with the help of Cambridge number theorist G.
H. Hardy, she secured a junior-level teaching position at
Westfield College, a women’s college and part of the University of London. She met John (Jack) Todd, who taught
at King’s College London, at an intercollegiate seminar,
and they were married in London on September 29, 1938,
a day before Neville Chamberlain proclaimed “Peace for
our time,” following the signing of the Munich Agreement
with Hitler. More than fifty years later, Olga commented
to an interviewer, “My life and my career would have been
so different if my Irishman had not come along” [LM91].
When the European war broke out in 1939, John and
Olga, together with Ida and Hertha Taussky, moved in with
John’s parents in Belfast. Olga taught briefly at Queen’s
University in Belfast before taking on war work at the British
National Physical Laboratory in Teddington, near London.
After the war ended, she and Jack left for the United States,
spending several months at the Institute for Advanced Study
in Princeton and another six months in Los Angeles at the
Institute for Numerical Analysis of the US National Bureau
of Standards. They returned to England for the 1948–49
academic year before returning to the USNBS headquarters
in Washington, DC, and moving finally and permanently
to Pasadena, California, and Caltech in 1957.

Caltech
Jack Todd had much experience in the applied mathematics
field, knew his way around governmental agencies, and had
plenty of organizational skills. What he lacked, according
to Caltech mathematical physicist H. P. Robertson, who
rose to prominence as an American theoretician of general
relativity, was “general recognition in pure mathematical
circles” [ROB55]. A Princeton faculty member for a number of years, Robertson had met Olga and Jack more than
once when they were at the Institute for Advanced Study.
As his daughter, Marietta Fay, was later to recall, “My father
always said, ‘They [the Caltech mathematicians] wanted
Olga, but there was no way they were going to get Olga
without her husband, and they knew she wouldn’t come
without him.’”11
Natalie Cohen, the wife of Donald Cohen, for many
years professor of applied mathematics at Caltech, echoes
Fay’s remarks: “Don always used to say that she was brilliant. According to him, she was the best mathematician
in the entire department.”12
When the Todds arrived at Caltech in 1957, H. F.
Bohnenblust was chairman of the mathematics department, which was embedded in Caltech’s Division of
Physics, Mathematics, and Astronomy, headed by nuclear
physicist Robert Bacher, a veteran of the Manhattan Project.
Bacher had handled the hiring negotiations with the Todds
11Personal

communication.

12Ibid.
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Jack and Olga Todd, London, 1938.

in the spring of that year after some lobbying on Robertson’s part. Although Bohnenblust had begun to transform
the mathematics faculty from a largely service department
into a full-fledged research group, the growth of the school’s
computing center was given top billing when appointments
for Olga and John were presented to the Board of Trustees
at their April 1957 meeting. In addition to his extensive
background in the field of numerical analysis, John Todd
had played an important role in the development of highspeed computing machines. In Olga’s case, the minutes
of the board read: “Olga Taussky Todd is Professor John
Todd’s wife. She is considered the leading living woman
mathematician in the world. She would supplement and
strengthen the work in algebra and number theory at the Institute” [CIT57]. On the question of nepotism, Caltech “has
no fixed or stated policy,” the trustees were told, although
according to the board’s minutes there had been plenty
of discussion on this very point by the faculty. (To date,
no record of this particular faculty discussion has come to
light.) John Todd’s appointment came with tenure, but, as
the trustee minutes state, “there would be no tenure for Mrs.
Todd” [CIT57]. Olga’s starting salary as a research associate
was $9,000; John was offered, and accepted, $12,000.
Still largely an all-male school in 1957 (women had only
been admitted to graduate standing in 1953), Olga was the
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first woman to receive a formal Caltech teaching position.
The following year, at the board’s direction, teaching assistantships were awarded for the first time to women graduate
students. Eager to connect with math graduate students,
Olga began her teaching career at Caltech offering courses
in various advanced subjects including abstract algebra,
topics in numerical analysis, matrix theory, and algebraic
number theory. “While I was not required to teach [as a
research associate], I did,” Olga told a campus interviewer.
She added, “During my years here, I taught every year until
I had to retire” [LM91]. Of her fourteen PhD students, two
were women—one joined the faculty at Swarthmore, and
the other began teaching at CalState, Northridge. “It was
unfortunate,” she later wrote, “that I was not in positions
where I could have done more such work earlier in my
life.”13
At the start of her career, Olga recalled wanting to work
only on number theory. With time, as she writes in a 1979
memoir, she discovered that she “liked to nibble at all
subjects....[and] I developed rather early a great desire to
see the links between the various branches of mathematics” [OT-T85]. She continues, “This struck me with great
force when I drifted, on my own, into topological algebra,
a subject where one studies mathematical structures from
an algebraic and from a geometric point of view simultaneously. From this subject I developed a liking for sums of
squares, a subject where one observes strange links between
number theory, geometry, topology, partial differential
equations, Galois theory, and algebras.” Turning next to
her own research interests, Olga writes,
At present, these are commutativity and generalized commutativity of finite matrices, which
includes the difficult problems concerning
eigenvalues of sums and products of matrices
and, on the other hand, integral matrices…
These two subjects sound quite different, but
they have important intersections, a fact on
which I am working very hard, with some
success, interpreting facts in number theory via
facts in matrix theory, which involves non-commutativity. This is nothing new in principle,
but has not been exploited sufficiently until
recently. Some facts in modern number theory
have been better understood by considering
numbers as one-dimensional matrices, and
then generalizing to matrices of higher dimension, thus giving more meaning to the original
results. I became interested in these methods
as soon as I heard of them. Some go back to
Poincaré who had great ideas in more subjects
that people realize. I have gone my own way on
this kind of work.
13Undated
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draft of talk (?), OT-T Papers, 46.6.

In 1963, six years after she arrived, Olga was granted
tenure as a research associate in mathematics. Hers was
“a special case,” according to the trustee minutes for May
1963 [CIT63], and the board was told, yet again, that she
“is undoubtedly the leading living woman mathematician
in the world.” By the end of that year, the secret must have
leaked out, because the Los Angeles Times named Olga
Taussky-Todd one of its 1963 Women of the Year. Olga
Taussky-Todd waited fourteen years for her promotion
to professor of mathematics, which finally occurred in
1971.14 That same year, Olga’s article on sums of squares
in the Monthly gained the Ford Prize of the Mathematical
Association of America.
Four years later, she reached the mandatory age of retirement and was reduced to half-time. She was promoted
to professor of mathematics, emeritus, on July 1, 1977.

Summing Up
Olga Taussky-Todd died in her home in Pasadena, on October 7, 1995, at the age of eighty-nine. In the late 1960s,
mathematician and National Medal of Science winner
Cathleen Synge Morawetz had approached her about the
possibility of an interview centering on her career and
professional history. After some hesitation, Olga agreed to
a conversation, provided it remained off the record. “[It]
was an opportunity for her to put away her wonderful smile
and air her complaints,” Morawetz observed after Olga’s
death, when she no longer considered herself bound by her
informal nondisclosure agreement. “Her greatest difficulties had come from being Jewish and a woman.” And she
added, tellingly, “not having a regular position at Caltech
rankled within her. But her beloved work in mathematics
saved her” [CM68].
Olga was always suspicious of history, which she described as “a tricky unscientific subject,” noting that “even
a full-fledged biography is a function of its writer, however
honest he may be.”15 While Olga actively planned certain
parts of her career trajectory, many other episodes were
shaped by the practices and biases of the cultures and
institutions within which she worked. There is much left
unsaid in the memoir she wrote for the Caltech Archives,
whose epigraph reads: “The truth, nothing but the truth,
but not all the truth.” To put it bluntly, Olga intentionally
omitted certain details from her memoir. Despite her
reservations, when Constance Reid, Hilbert’s biographer,
proposed writing a biography of her, Olga readily agreed.
Unfortunately, Reid’s project never got off the ground. The
need for such a work remains.
14By the late 1960s, according to the website for the history of the Rutgers
mathematics department, women held under 1 percent of senior faculty
positions on average across the nation.
15P. Weingarnter and L. Schmetterer (eds.), Gődel Remembered, Princ-

eton, 1987, p. 31.
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EARLY CAREER
The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will
be jobs in business, industry, and government.
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Dealing with
Challenging
Issues
Promoting a Healthy
Work Environment
Sarah Crown Rundell
As the sexual misconduct allegations continue to surface in
our society, many colleges and universities across the country offer training programs to prevent sexual harassment
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and bullying in the workplace. Recently, the New York Times
published two articles titled “The #MeTooMoment: How
to be a Good Bystander” and “Sexual Harassment Training
Doesn’t Work. But Some Things Do.” Both articles examine
how being an active bystander can promote a healthy work
environment. While the articles are focused on the prevention of sexual harassment and bullying in the workplace,
I will explain how the ideas of the articles combined with
some of my own ideas can help to promote a healthier
work environment more generally.

Try to Remove the Person from the Situation
[NYT Article 1]
According to the New York Times article “How to be a
(Good) Bystander,” if you see a colleague being harassed
by another colleague or one colleague using their power
over another colleague, you should try to remove the person
being harassed or bullied from the situation by asking to
talk with him/her or by asking if he/she would like to grab
a coffee with you. I think this could be broadly applicable
in the workplace.
Perhaps you witness an exchange between two department members, and you notice that the exchange makes
you feel uncomfortable—maybe the exchange doesn’t rise
to the level of bullying or harassment, but you wonder if
one of the involved parties needs an “out” from the situation. You could provide an opening for the person by asking
him/her a question or by asking to talk to him/her about
something. For instance, you might say, “I’m giving an exam
tomorrow in my Calculus class. Would you mind taking a
look at the exam and providing me with your feedback?”
Whether or not you actually have a question about your
exam, the extra feedback is likely helpful, your request
shows that you value the other person’s insights, and you
have discreetly provided the person with a possible “out”
from a situation where he/she may feel uncomfortable.

Follow Up with the Person and See
How He/She Is Doing [NYT Article 1]
Coupled with removing the harassed or bullied person
from the situation, if you observe an uncomfortable situation between colleagues where one person has been placed
in a difficult situation, it can be helpful to follow up with
the person who was placed in the difficult situation to see
how he/she is doing. If you were able to remove him/her
from the situation, you may be able to follow up with him/
her immediately. Whether you were able to remove the
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person from the situation or not, it’s helpful to follow up
with the person at a later time to see how they’re doing,
as people process situations at different speeds. Following
up lets the person know you care and provides an opening
for them to talk about how they are feeling in light of the
situation. All of this being said, especially if the affected
person is a senior member of your department and you
are a junior faculty member, you may feel uncomfortable
following up with him/her, and so if you don’t feel comfortable following up, that is okay as well.

Talk to the Coworker(s) Who Instigated
the Difficult Situation [NYT Article 1]
It’s also important at some point to follow up with the
coworker(s) who instigated the situation. Depending on
the nature of the situation, you may need to wait until
the coworkers and/or you have calmed down, so that the
conversation can occur within an atmosphere of respect. If
your campus has a mediation program and depending on
the issues involved in the situation, you might find it helpful to enlist their help to mediate the conversation. Again,
if you are a junior faculty member of your department,
and the colleague who instigated the situation is a senior
member of the department, you may feel uncomfortable
approaching the instigator. Depending on the nature of the
incident and whether you feel comfortable talking to the
chair of your department, you might consider talking with
him/her. Your chair might then be able to follow up with
the instigator of the incident as well as the person who was
placed into the difficult situation.

Encourage an Atmosphere of Respect
[NYT Article 2]
In relationships with coworkers, make an effort to compliment and point out the successes of others within your
department and work environment and try to be open to
hearing others’ ideas and learning from others. This can
be done in a formal or informal way. Perhaps at the beginning of department meetings or while gathering near the
coffee and copy machines, you might congratulate another
member on a recent achievement. I believe it’s also helpful
to adopt an attitude that everyone in your department has
something to offer. At my institution, at one point, we
took time during a department meeting for each member
to share something that he/she had tried in his/her course
to both exchange ideas and provide a space for affirming
each other. Less formally, you might say to a colleague, “My
Calculus II class seems really well prepared; whatever you
did in Calculus I last semester really worked.”
You can also affirm your colleagues’ research and professional activities. For instance, if you notice a colleague
on the program for an upcoming meeting you might say
something like, “I saw that you are on the program for the
next MAA sectional meeting. You always give great talks!
I’m going to try to bring some of my students so that they
March 2020

can hear your talk.” Or, if you notice a colleague has posted
a new paper on the arXiv, you might say, “I was looking on
the arXiv and noticed that you posted a new paper recently.
Congratulations! It’s impressive how much research you
are able to get done while spending so much time with
students.” If you are familiar with the research area, you
might add a comment about the impact of the new result.
In my department, if someone notices an article about
someone in our department on the Denison University
website or another recent professional achievement, he/
she sometimes sends out an email to the department
highlighting the achievement. Making positive comments
to others “lifts them up,” and as you make an effort to be
a positive member of your department, people in your
department may start affirming one another as well. This
potentially could create a strong positive atmosphere in
your department where others feel not only respected but
also appreciated.
In meetings, both within your department and across
campus, encouraging an atmosphere of respect might also
include not interrupting others and not attempting to
multitask. Going beyond just encouraging an atmosphere
of respect, you can help to create an atmosphere where
people feel appreciated by pointing out where you do
agree with others, potentially even complimenting them
if you are able to do so, before adding your comments to
the discussion. For instance, if someone says, “We should
avoid giving low grades to our majors because it might
discourage them from going to grad school,” you could
respond with something like, “Your point that we don’t
want to do anything that would discourage our students
from going on in math is important. But maybe we could
brainstorm about other ways to encourage students to go
on in math apart from grades.”

Spotlight Contributions from People Who
Are Being Marginalized [NYT Article 2]
Perhaps you are in a situation where someone in your
workplace is being marginalized. For example, say you are
in a meeting where someone has raised an important point
that wasn’t acknowledged, and then someone else raises the
same point and it is acknowledged. You might speak up in
the moment and say something like, “I believe Ellie made
a similar point a moment ago. Ellie, could you tell us more
about your idea?” This allows for the people at the meeting
to realize, in a non-confrontational way, that they may have
marginalized someone, and perhaps this will help them to
not repeat the same behavior in the future.

Use Respectful Communication
If there is a situation in which you are upset and feel
frustrated or angry, express your discontent to the relevant
parties in terms of your personal feelings: “I felt ____, when
you ____.” Or, if a coworker raises an idea that you disagree
with, it’s best to challenge the idea that was raised—not
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the person. Both approaches tend to avoid putting the
other person on the defensive and instead foster an atmosphere for productive conversation. I believe that it is also
important that if you feel significant discontent that you
find a way to attempt to resolve the issue. Allowing feelings
of discontent to continue without resolution can lead to
resentment over time, which undermines the atmosphere
in your department. This being said, depending on the circumstances and involved parties, it may not be possible to
have an open conversation about the issue, and if this is the
case, I believe it’s important to acknowledge and manage
your feelings of discontent, perhaps by talking to a trusted
friend or colleague and taking time for yourself (the next
two points in this article).
I believe that it is also important to avoid labels. For
instance, rather than calling someone racist, homophobic,
etc., you might say, “I’m worried that saying that would
make students from underrepresented groups feel uncomfortable. Perhaps you could rephrase what you just said
as….” I believe that it’s best to give everyone the benefit
of the doubt in acknowledging that the members of your
department likely chose their position because of a love of
mathematics and a desire to share that love with others.
However, life circumstances change, and so there may
be periods of time when department members are able to
be more engaged and invested in their work than at other
points in time. Depending on your relationships with your
colleagues and what you know of what is going on in their
personal lives, you might foster an atmosphere of support
by reaching out to them. For instance, if a department
member loses a loved one, your department might send
flowers or offer to bring that person a home-cooked meal,
or perhaps if a colleague has a baby, you could offer to
bring over a meal or pick up groceries. I think it’s important to realize that there isn’t a time limit on grief, whether
that grief is tangible to others (e.g., death of a parent or
spouse) or less tangible to others (e.g., stillbirth, infertility, divorce—loss of hopes and dreams), and balancing a
career with a young family is challenging. It’s important
to be compassionate with colleagues, acknowledging that
there may be times when others are able to go “above and
beyond” and other times when they are “doing the best
that they can at the moment.”

Talk to aTrusted Friend or Colleague
If an incident has occurred with your coworkers that leaves
you feeling frustrated or unsure of how to proceed, you
might find it helpful to talk about the situation with a
trusted friend or colleague. Often talking about the situation provides you with a space to be able to unwind and
a space to be able to brainstorm next steps. If the incident
involves harassment or bullying though, you may be required to report it to your institution.
356

Take Some Time
If you are feeling particularly strong feelings in light of a
workplace incident, it might be helpful to take some time
to process your feelings and “cool off” before proceeding.
Often when emotions are running strong, it can be more
difficult to have a respectful conversation with someone.
If you find that a conversation is becoming particularly
heated, you might suggest a brief bathroom/water break
to provide a space for people to calm down for a moment.
One final suggestion is to take time to take care of
yourself on a regular basis, perhaps by exercising, getting
a healthy amount of sleep, meditating, eating well—whatever helps you to feel grounded. If you feel balanced and
grounded, then it’s easier to be a positive force in your department rather than getting “swept away” by the busyness
and daily stresses of work.
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Self-Doubt and
Imposter Syndrome
Brian Lehmann
Failure is part of life as a mathematician. Mathematical
research is genuinely hard—progress is accompanied by
false starts, dead ends, and months of effort. Teaching can
feel unrewarding, and its impact can be hard to assess. Taking into account the uncertainties of the academic career
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pathway and the competitiveness of the publishing and job
markets, it is little wonder that mathematicians often feel
stressed and discouraged.
At times these challenges can develop into a lack of confidence. In [Gro86, Introduction, Section 2] Grothendieck
reflects on his career:
Since then I’ve had the chance…to meet quite
a number of people, both among my “elders”
and among young people in my general age
group, who were much more brilliant, much
more “gifted” than I was. I admired the facility
with which they picked up, as if at play, new
ideas, juggling them as if familiar with them
from the cradle—while for myself I felt clumsy,
even oafish, wandering painfully up an arduous
track, like a dumb ox faced with an amorphous
mountain of things that I had to learn…
Grothendieck’s experience is quite common: mathematical difficulties can lead us to doubt our abilities and
to worry that we are somehow unsuited for a career in
academics.
In this article I will discuss self-doubt and imposter
syndrome. My hope is that readers struggling with a lack of
confidence will know that they are not alone and will feel
encouraged to reach out to others. It is worth emphasizing
that an article is no substitute for advice from a licensed
mental health professional—if you need help, please reach
out to a counseling service!

Self-Doubt in Mathematics
There are many types of self-doubt. Some mathematicians
become discouraged by repeated failures and fear that they
have hit an insurmountable mathematical wall. Some are
obsessed with “natural talent” and feel like they are at a
permanent disadvantage when compared to their peers.
Some fear they will run out of ideas; others are unwilling
to take on risky projects. It is also common for mathematicians to be concerned about looking foolish or vulnerable
in front of their peers.
Imposter syndrome is something a bit more specific. The
American Psychological Association Dictionary ([Ame15])
defines the “imposter phenomenon” as:
a situation in which highly accomplished,
successful individuals paradoxically believe
they are frauds who ultimately will fail and be
unmasked as incompetent.
In other words, mathematicians with imposter syndrome
will feel like failures despite all evidence to the contrary.
The syndrome is characterized by certain markers—a fear
of being “found out,” difficulty accepting positive feedback,
and anxiety about making mistakes. It can sap your motivation and energy, leading you to work less effectively and,
in turn, to doubt yourself even more.
March 2020

The pressures that cause imposter syndrome are particularly intense during the early stages of your career (although
imposter syndrome is by no means exclusive to this period).
In [GBGL08, VII.6.1], Atiyah writes:
The first year or two of research is the most difficult. There is so much to learn. One struggles
unsuccessfully with small problems and one has
serious doubts about one’s ability to prove anything interesting. I went through such a period
in my second year of research, and Jean-Pierre
Serre, perhaps the outstanding mathematician
of my generation, told me that he too had contemplated giving up at one stage.
Since there are many misconceptions about self-doubt
in mathematics, let’s start with a few facts:
Self-doubt is common. A couple of studies of graduate
students across different fields have found that approximately 30% experience some form of imposter syndrome
([JBL+15], [HES98]). It is quite likely that some of your
peers are struggling with self-doubt.
A lack of confidence does not equal a lack of ability.
Your confidence as a mathematician is as much a factor of
your personality as it is of your ability. In particular, selfdoubt is simply not an accurate gauge of whether you will
be able to “cut it” as a mathematician. If Atiyah and Grothendieck have felt unqualified for a career in academics,
you shouldn’t worry too much if you feel the same way.
Imposter syndrome is linked to discrimination. Negative stereotypes can contribute to imposter syndrome.
When your peers treat you as if you do not belong, it can
be hard not to internalize their incorrect assessment.

Strategies for Dealing with Self-Doubt
While self-doubt never entirely goes away, it is absolutely
possible to feel better about who you are and what you
have done. For some mathematicians this is a process that
happens naturally as they build up confidence and experience. For others, it takes deliberate effort. Here are several
concrete steps that may help.
Find community. The most pernicious effect of imposter
syndrome is that it encourages isolation. When you feel like
a fraud, it is natural to try to hide your flaws and to avoid
situations that might “expose” you.
Perhaps the best way to combat imposter syndrome is
to establish a support network of peers and mentors. Talk
through your feelings with people you trust and who can
relate with your situation. Find a mentor who can help give
perspective on your situation and keep you grounded. This
is particularly important if you are an underrepresented
minority—find peers who can counteract the negative bias
you receive.
Collaboration is another useful tool for overcoming
imposter syndrome. By working closely with others, you
can more easily see the value of your contributions. It is
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also very reassuring to have someone else who is heavily
invested in the success of your work. There are of course
many other benefits—collaboration widens your mathematical horizons and helps shore up the areas where your
understanding is lacking.
Separate fact and feeling. Failure is an integral part of
meaningful research. It is important to learn to separate
facts—“I have failed at this task”—from feelings—“I am a
failure.” Identify how you respond to mistakes; if you have
an unhealthy attitude, work on developing a new pattern
of responses.
Be honest with yourself. As you progress in your mathematical career, it is very important to develop a sense of
your own strengths and weaknesses. Part of being honest
with yourself is celebrating what you have done well. Don’t
sell yourself short! It is undoubtedly true that there is an
element of luck in your career—this is true for every mathematician. And there are undoubtedly many things you can
improve on. Nevertheless you should strive to recognize
and build upon your strengths.
Embrace humility. True humility is the ability to present
yourself honestly. (Note the contrast with being self-critical.) It takes courage to admit when you do not know
something. However, there is no better way to learn than
to ask someone for help. Don’t feel like you need to be an
expert on every topic, and be sure to acknowledge those
who know more than you do.
Evaluate feedback appropriately. One of the downsides
of being an academic is that there are not many opportunities for positive feedback. When you do receive positive
feedback, you have undoubtedly earned it—accept it with
gratitude. On the other hand, negative feedback can be
crushing! Try to separate valid criticism from the “noise”
coming from caustic seminar attendees or lazy journal
reviewers.
Value your own opinion. It is satisfying when your hard
work is recognized and rewarded. However, these opportunities are less frequent than you might think. There are
far fewer opportunities to reward excellent work than there
are excellent mathematicians, and you should make sure
to set your expectations accordingly.
Instead, you should try to identify success on your own
terms. Grothendieck placed a high value on mathematical
independence. He finishes the passage quoted earlier by
the following assessment of his “more brilliant peers”
([Gro86]):
From the perspective of 30 or 35 years, I can
state that their imprint upon the mathematics
of our time has not been very profound.… [T]o
have broken the bounds [of the past] they
would have had to rediscover in themselves that
capability which was their birth-right, as it was
mine: the capacity to be alone.
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In my opinion Grothendieck is overstating his case: the
most compelling mathematics will interact with the work
of others, and everyone should strive to find projects that
will interest their peers. Nevertheless it is worth cultivating
the ability to find contentment in your work independently
of how others evaluate it.
Understand your identity. It sometimes seems like
mathematicians impose a total ordering on their peers
based on a perception of the quality of their research. It
is tempting to “buy in” to this mental framework and to
judge your own value—and the value of others—based on
a few research accolades.
Please don’t fall into this trap! It is patently ridiculous
to judge yourself and your colleagues based on a few data
points. The truth is that most mathematics is interesting
and that all mathematicians have something to bring to
the table. Your value as a person and as a professional
extends far beyond the names of the journals that carry
your research.

What If I Really Am Failing?
It may be that after honestly evaluating your strengths and
weaknesses you decide that you are indeed failing to meet
the standards of your current position. Perhaps you are
unsure whether you will have success in taking the next
career step. If you are in this situation, don’t panic!
First, remember that your self-evaluation should not be
based solely on your current situation. Just because you
are currently struggling with math research doesn’t mean
you are incapable of doing good research. However, it is
also important not to overestimate your situation. If you
decide to pursue your current course you should anticipate
difficulties, and drastic changes may be needed.
Second, decide how committed you are to a career in
academics. Many graduate students and postdocs discover
that they do not particularly like the math research process.
This is an excellent outcome! If you feel unsure about your
future prospects and are willing to consider taking a job
outside of academics, this can greatly reduce your stress
level as you enter the job market. On the other hand, if you
can’t countenance doing a job outside of academics, then
it may make sense to stay the course.
Third, whatever you decide, take the initiative to pursue
your path wholeheartedly. If you don’t want to continue in
academics, take the first steps to prepare for your new career
pathway. Talk to some mathematicians who are working in
business, industry, or government and ask them about their
experiences. If you do want to continue in academics, give
it your best shot. Consult with a mentor to see what you
need to improve on. Work hard to fill in any background
you are missing. Look for unexpected job opportunities,
particularly if you are willing to compromise on certain
fronts. Note however that if you take a sequence of shortterm jobs the personal sacrifices required to continue in
academics will accumulate over time.
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When and How to Say NO
Judy Walker
Mathematicians are often compared to toddlers in that we
spend our professional lives asking why. Knowing that a
theorem is true isn’t enough for us: we must know why it
is true. This is the entire basis for the idea of mathematical
proof, and it’s the drive that keeps us going.
Unfortunately, mathematicians—like most academics—tend to be unlike toddlers in a different way: While
any parent of a toddler will tell you that the most common word they hear from their child is “No,” we find it
very difficult to use that word ourselves. This is especially
true of, and can be especially dangerous for, those early
in their careers. When we look at the particular case of
female faculty, or faculty from other groups traditionally
underrepresented in mathematics or in academia more
generally, the problem becomes even more acute: these
individuals tend to be asked to do an inordinate amount of
service by well-meaning colleagues and institutions who are
concerned about having diverse perspectives represented.
Adding in the informal and sometimes invisible work that
these individuals often take on in mentoring students from
minoritized groups can make the situation untenable. In
this short piece, I offer some advice, especially for earlycareer mathematicians, about saying “no.”
Sometimes it’s good to say “yes.” Saying “yes” to service
commitments can make you feel more connected to your
institution, allow you to meet peers from across campus,
and serve as a mechanism to get yourself known by people
who may eventually be reviewing your file for tenure and/
or promotion. Service work can also be interesting and
both personally and professionally rewarding. Getting
Judy Walker is Aaron Douglas Professor of Mathematics and associate vice
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involved in a project about which you feel passionate can
be an incredibly fulfilling experience.
But you should say “no” if the above conditions don’t
apply. Generally speaking, if the work you’re being asked
to do isn’t interesting to you, say “no.” If you don’t have
time to do the work, say “no.” And, especially, if you won’t
be rewarded for doing the work, say “no.”
Deciding whether work is interesting, how much time
it will take, and whether it will be viewed as valuable and
rewarded can be difficult for the brand-new faculty member, and high-quality mentoring is crucial here. Seek advice
from your department chair or another senior member of
the faculty, as these individuals ought to be able to offer
insights that will help you decide whether a particular
committee assignment will be interesting and/or timeconsuming. Most importantly, because they are the ones
who will be evaluating you, they will be able to tell you
whether the work will be valued.
Again, there are definitely situations in which saying
“yes” is absolutely the right move. In my own career, I said
“yes” as a second-year assistant professor to spearheading
an effort to nominate my department for the Presidential
Award for Excellence in Science, Mathematics, and Engineering Mentoring. We won that award, and it led to an
opportunity for me to say “yes” to cofounding the Nebraska
Conference for Undergraduate Women in Mathematics and
to speaking at various conferences and workshops about
our department’s successful track record in mentoring
female PhD students. Eventually I said “yes” to being the
lead PI on a large NSF mentoring grant; to being graduate
chair, and then department chair; and now to my current
upper-level academic leadership position. At the same
time, I was saying “yes” to research collaborations, and to
organizing research conferences, and to speaking at conferences and at other institutions. But I was also saying “no”
to opportunities that I didn’t find interesting, that I didn’t
sense would be valued, or, more often, that I simply didn’t
have time to do.
So let’s say that you’ve decided that the right answer to
a particular request is “no.” Actually saying “no” can be
very difficult, for a number of reasons: we don’t want to
disappoint people; we don’t want people to think we’re not
good colleagues; we don’t want to be seen as putting our
own self-interest above the interests of our department or
institution. Here are several strategies to help you say “no.”
Avoid giving a response on the spot. This is easy if the
request comes via email: simply resist the urge to respond
as soon as the email arrives and instead give yourself an
opportunity to think through the request. If the request is
made in person, respond with something like “Thank you
for thinking of me. Can I have a day to check my other
commitments and get back to you?” This will give you an
opportunity to think through the request rather than giving a gut-reaction “yes.” Ask yourself: Is it interesting? Do
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I have time to do it? Will it be rewarded? If the answers to
these questions are “yes,” say “yes.” Otherwise, say “no.”
Form an “N-Committee.” This idea, taken from the
National Center for Faculty Development & Diversity’s
“The Art of Saying ‘No’” Monday Motivator,1 suggests that
you be very deliberate about seeking mentorship specifically for the purpose of deciding what tasks to take on.
Your N-Committee might include your department chair,
a trusted senior colleague, or even peers who are at the
same stage of their careers as you are. If someone seems to
be telling you often that you’re saying “yes” too much, ask
them to be on your N-Committee. They will surely say “yes”
(see what I did there?). Once you have your N-Committee,
resolve to consult it before responding to any new requests.
Rely on your prior “yes” responses. You can’t say “no”
to everything, nor should you want to. Find something that
interests you, that you have time to do, and—most importantly for this particular purpose—that will be valued by
your colleagues and department/campus leadership, and
say “yes” to that. Then when you are asked to do something
that doesn’t interest you, that you don’t have time to do, or
that you are convinced won’t be valued, use your previous
“yes” as a rationale for saying “no”: “I’m very sorry that I
can’t take this on. I’m already doing ______.”
Think of your career as a book with many chapters.
This is another recommendation from the National Center
for Faculty Development & Diversity’s “The Art of Saying
‘No’” Monday Motivator, and adopting it can be incredibly
freeing. The idea is to take a long-term view of your career:
over the course of your career, you can do everything you
want to do, but you don’t have to do it all at once. Your
early-career years are the early chapters, and these chapters
should be focused on the work you need to do to secure
tenure and/or promotion. If you’re in a research-focused
position, then your early chapters will necessarily focus on
your research: proving and writing up results, submitting
grant proposals, and the like. You’ll almost surely also want
and need to pay some attention to teaching, but this may
not need to be your highest priority in this section of your
book. On the other hand, if you’re in a teaching-oriented
position, then your early chapters will necessarily focus
on your teaching and mentoring of students, and you may
need to postpone some of your research projects to a later
section of your book. Things like mentoring other faculty,
academic leadership, and serious committee work in most
cases will be reserved for your later chapters. Seek advice
from your department chair and senior colleagues about
how your book should be structured. This approach can
make saying “no” easier, because what you’re really saying
is “not right now.”
1The Monday Motivators are a members-only resource provided by the
National Center for Faculty Development & Diversity, https://www
.facultydiversity.org.
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Make “no” your default. This is another piece of advice from the National Center for Faculty Development &
Diversity, this time from the Monday Motivator “Just Say
No.” As an early-career faculty member, you’ve got a lot on
your plate already. When a new request comes in, search for
a good reason to say “yes.” If you can’t find one, channel
your inner toddler and just say “no.”

Judy Walker
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BAD Teaching Evaluations—
What Now?
Harriet Pollatsek
Love them or hate them, student evaluations of teaching
are part of academic life. When they are positive, we feel
better. When they are negative, we feel worse. But what can
we do about them?

Caveats
Student evaluations of teaching are deeply flawed tools.
Results can be improved by strategically administered chocolate or jokes. More troubling, results can reflect students’
gender, race, or age biases.2 Some evaluation forms only
elicit numerical rankings, while others give students the
opportunity to write in some depth about their reactions.
(If yours include some thoughtful written responses, you
are fortunate.)
Departments and institutions also differ in the additional means they use to assess teaching effectiveness, such
as classroom visits, syllabi, teaching portfolios, and letters
Harriet Pollatsek is professor emerita of mathematics at Mount Holyoke
College. Her email address is hpollats@mtholyoke.edu.
2My colleague Alanna Hoyer-Leitzel has put together a helpful webpage
about student evaluations of teaching (SET) for her students that addresses
this issue and encourages students to make constructive use of SET: www
.mtholyoke.edu/~ahoyerle/misc/SET.html.
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by current or former students. It is impossible to offer
detailed advice that fits such varying circumstances. Such
advice as is offered is based not on data but on my own
(many!) years as a teacher and as a reader of my own and
others’ evaluation forms.
Experienced teachers sometimes get bad evaluations too,
but this piece is not aimed at them.

What Can You Learn from the Bad Evaluations?
Most evaluation forms can point out relatively straightforward student concerns about your teaching skills, like
speaking too softly or writing illegibly on the board. To
learn about deeper issues, start by reminding yourself of
your goals for the students in this class—such as mastering
specific content, strengthening productive mathematical
“habits of mind,” fostering the desire to take another
course in the department, encouraging positive attitudes
toward mathematics. Before you read the evaluations, what
was your own sense of how close you came to your goals?
What was your own impression based on? Now, what can
you draw from the “bad evaluations” about what helped
or hindered the attainment of your goals? Can you relate
any student reactions to exam results or other evidence
you have from student work? Did you and your students
perhaps view the same information differently? Can you
recall office conversations with individual students that
cast any light?
It can be extremely valuable to ask a trusted colleague,
ideally someone who has taught the same course, to read
your evaluations and help you interpret them. Among
other advantages, a more experienced reader is likely to
know what kinds of responses are typical and how variable
student reactions tend to be.

How Can You Obtain More Useful Information?
My main recommendation is that you should proactively
gather your own information to help you improve your
teaching—in students’ eyes and also in terms of reaching
your own and your department’s goals.
Within-term evaluations. I especially recommend administering your own formal and/or informal evaluations
during the term. You can learn a lot from evaluations of various kinds administered at any point during the term, and
you can learn it in time to take immediate advantage of it.
When I used them, I placed a box near the classroom
door for students to drop their evaluations in as they left. If
you or your students are worried about confidentiality, you
could ask a colleague or even a trusted student to collect
the responses.
Not only can such evaluations provide valuable information, but also these efforts demonstrate to your students
that you care about their learning and their perceptions of
what helps them learn.
March 2020

You might informally query the effectiveness of a particular in-class activity in helping your students understand
a new concept:
•• You could ask students to write on one side of an
index card (1) What worked best for you in today’s
activity? and on the other (2) What was least successful for you in today’s activity?
Another possibility is distributing a short questionnaire
with one or a few multiple-choice questions, inviting
students to elaborate on their responses. Here are some
samples phrased to go with the response options 1 = agree
strongly, 2 = agree somewhat, 3 = neither agree nor disagree,
4 = disagree somewhat, 5 = disagree strongly. Some questions might have the additional benefit of making clearer
to students what your goals are for particular pedagogical
choices.
•• The instructor’s comments on my written work help me
see where I went wrong and offer useful advice.
•• Preparing to present material in class helps me understand it more fully.
•• Answering reading questions before a class helps me
get more out of that class.
Beyond evaluations. Two actions mentioned earlier
deserve emphasis. I recommend taking them in many ways
and at many times during the term, not just in connection
with within-term evaluations:
•• Demonstrate to your students that you care about
them. A good place to start is by listening to them.
•• Make clear to your students what your goals are
for particular pedagogical choices you have made,
especially for choosing to challenge them. This
gives them a framework for thinking about what
they are learning and how they are growing.
While mastering the “skills” of teaching can help move
us toward our goals, often the biggest impact on our students, especially in the longer term, comes from something
“softer”—showing them that we value them and their
learning.
Classroom visits. These can be of several kinds.
You can ask a colleague to observe a meeting of your class
and discuss it with you afterward. Ask them to notice not
only how you present information but also how you ask
questions, listen to students, and respond to them. Also ask
your colleague to pay attention to what individual students
do during the class period.
If your institution has some kind of center to improve
teaching, you can consult with them to arrange for someone to observe your teaching and offer advice. This has the
disadvantage that the observer may not be familiar with the
content of your class. But you may appreciate the greater
distance, as well as greater experience, that such an observer
brings to the task. (Such a center can also help you devise
and even administer within-term questionnaires for your
students.)
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If suitable facilities exist at your institution, you can
arrange to have your class videotaped, and then you can
observe yourself. If you haven’t done this before, brace
yourself; from personal experience I know that this can
be a shock.
Finally, you can ask permission to observe a colleague’s
class and discuss it with them afterwards. Watching someone else can give you ideas that you can adapt to your own
purposes in your classroom.

How Can You Minimize Harm toYour Career?
Efforts like those described here will not only help you
reach your teaching goals, they will demonstrate to your
colleagues that you are committed to becoming an effective
teacher and are taking steps to make that happen.

Harriet Pollatsek
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Handling Negative
Student Evaluations
Deanna Haunsperger
We put in hours preparing for what will be one hour of class
time, hours grading and making constructive comments on
homework and exams, hours working with students in our
offices. Yet a negative comment written by a student in one
minute on a midterm or end-of-term evaluation can feel
devastating. We want to feel that our work is appreciated;
we want our students to like us; and if you are tenure-track
or undergoing regular reviews, a small collection of negative
evaluations can have real consequences. What should you
do if you find yourself in that situation?

Get Ahead of the Problem
The best way to handle negative evaluations is to hear them
during the term while the class is still in session. It’s much
easier to address and resolve things that your students
Deanna Haunsperger is a professor of mathematics at Carleton College.
Her email address is dhaunspe@carleton.edu.
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believe are problems when you can still respond directly
in the class. For that reason, ask for feedback from your
students throughout the term. This can be as informal or
formal as you like: pass out quarter-sheets of paper at the
end of class with the words “Keep, Stop, Start”3 on them to
find out what they like about class, what they want you to
stop, and new ideas they have for improving their learning
experience; check their understanding of a certain topic
in class; inquire about the class dynamics; see if they feel
comfortable asking questions. Check in with your class
once a week or throughout the term as you find helpful,
but at least once in the middle to catch any problems that
are occurring while they can still be corrected. Students are
much less likely to give negative feedback after the course
is finished if they felt heard during the term.
Use what you learn to make adjustments to the class
and point out to the students that you’re making a change
because it was requested on the evaluations. Explain why
some adjustments are not feasible for your class, if that’s
the case. Students appreciate being heard, and that may
cause them to invest more into the class and to take more
ownership of the class.
If students complain about bad classroom dynamics,
like some students routinely interrupting other students
who are speaking, a problem often suffered by women in
a mathematics classroom, you can have a classroom discussion about the importance of building a safe community
in your classroom so that all students feel respected and
comfortable enough to speak up. If you’re not sure how to
deal with some particular classroom dynamic, ask a trusted
colleague to sit in on your class and give you feedback or
to help you figure out how to lead a discussion about the
issues.
If students are concerned about the workload of your
course, explain to them that their education is a full-time
job (if that’s the type of school you’re at), so they should
be spending 40 hours per week on their courses combined.
That means that on your course, they should be spending
approximately (40–n)/m hours on homework for your
class each night, where n is the total number of hours they
are in class each week for their regular academic classes,
and m is the number of regular academic classes they are
taking. If, on average, the class is spending much more
time than that, then you should adjust your expectations
for their workload. If an individual is spending much more
time than that, then you should discuss with that person
opportunities at your institution for individual tutoring or
study skills counseling. Just having a conversation about
your expectations for workload (best done on the first day
of the term) alleviates some disgruntlement about length
of homework assignments.
3This

idea came from a conversation with Rochelle Gutierrez recently; she
uses “Go, Stop, Start.”
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If large numbers of students complain that your exams
are too hard or that you ask questions that are too far afield
from their homework, take a look at your exams with fresh
eyes. Make sure that there are some questions on every
exam that a student who has been attending class and
putting in a reasonable effort on their homework can do.
If students are confused about your presentation of
some material in class, hold an extra, optional review of
the material or record yourself doing some examples—they
will appreciate the extra effort that you put in to help them
understand the concepts.

If the Reviews Come from a Class That’s Over
It’s more difficult to resolve issues that come from a class
that has already ended. Your senior colleagues will want to
know that you are aware of the issue and working to rectify
it or prevent it from happening in the future. You should
address it in your annual statement or your prospectus for
tenure. Acknowledge that the course didn’t go as you’d
hoped, and how you plan to address such issues in the
future. Explain who you’re consulting for advice or what
you’re reading/learning to know what to do if it happens
again. If you disagree with what the students said, don’t dig
your heels in and protest that the students were wrong; find
a kernel of truth in what they said and address how you’re
going to adjust the class the next time. Everyone’s teaching
evolves over time; you need to show that you are ready and
willing to learn from your mistakes.

Reviews about Your Ability to Teach the Class
If you’re a young professor (especially a young woman or
member of an underrepresented group), it’s quite common,
unfortunately, for students to call into question your ability
to teach the class. This is not appropriate, not to mention
unfair, but it happens, and you need to find ways to combat
this until your age or graying hair gives you the gravitas to
prevent it from happening. There’s no easy solution. People
I know choose to show their expertise through demonstrating difficult examples. When I was younger, I would talk
to my class about the culture of mathematics: What does it
mean to earn an advanced degree in mathematics? What’s
research like? How is knowledge shared among professionals? I would take that opportunity to explain more about
my own research, talks I’d given at conferences, papers I’d
written, etc.
Listen for ways that you undercut your own authority in
the classroom, and avoid them. A phrase like “I’m not sure
how to approach this problem; let’s try this way together”
may make you feel like you’re leading a team of adventurers
exploring a new area of math, but some students will hear
that you have no more knowledge or experience of the material than they do. If class starts late often because students
are talking with each other and you are happy that a community is forming amongst your students, some students
may think you’re not in charge of your classroom. Having
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good classroom management skills is something you may
need to be vigilant about until they just become a habit.
Although students need some agency in the class, some
control over their own education, they often feel more
comfortable when they know the structure that they are
working within. On the first day of class it’s good to set
up expectations for the classroom. There are likely some
expectations that are not negotiable: all students should
be treated with respect and treat each other with respect;
everyone should feel safe in the classroom; students should
act honestly and honorably. There are also some expectations that could be negotiated: the policy on arriving late,
eating during class, raising hands or not before asking
questions. By having these conversations, you’re setting up
standards for your classroom, and you’re also showing that
even though it’s going to be a community effort to learn
the material, you’re in charge. Have a clear beginning and
ending to your class. Good classroom management can
help ameliorate the “problem” of being young.

The Big Picture
Keep in mind that everyone, even the most experienced or
popular professor, gets negative feedback. After you read
your reviews, make a list of things you want to try the next
time you teach the class. Those ideas can go in a folder with
your notes for the class so that you see them when you next
teach it; more general ideas can be kept in a general folder
on teaching. These folders can also be useful when you are
writing to colleagues or the administration about things
you’ve learned about teaching for tenure or continuing
appointment reviews. Also, make sure you add some notes
to yourself about things your students liked in the class as
well so that the next time you teach it, you get the treat of
remembering what was successful.
If you aren’t sure how to interpret your evaluations, ask
a trusted colleague, departmental mentor, or friend to read
them and give you feedback. I sometimes ask a friend to
help me see the many good comments in the evaluations
because I’m too obsessed with the few negative ones.
Teaching well is like cooking well—you not only need to
make sure you have all the necessary ingredients and they
are fresh, but also need to make sure they are combined in
the right way. It’s not unusual to take a favorite recipe and
tweak it again and again, always looking to make it just a
little bit better.
Everyone makes mistakes. Everyone has bad days. Everyone gets negative reviews. It’s what you do with the
information that’s important.
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What Do I Do When My
Paper or Grant Is Rejected?
Julia E. Bergner
It can be a frustrating experience: you’ve worked for months
or years to write a paper that you’re proud of, only to have
it rejected when you submit it to a journal. Does this mean
that all is lost? Similarly, what about when you come up
with great ideas for a grant proposal only to have it not
funded? These experiences can be some of the most frustrating parts of being a mathematician, yet ones most of
us have to face. Thus, it is important to learn how to deal
with rejection and move forward without despairing about
your worth as a mathematician.
An unsurprising first reaction to the rejection of a paper
can be disappointment and even anger. Upon receiving
such news, I am sure that I’ve been misunderstood or that
the paper has been sent to an inordinately picky referee. Are
these things true? Perhaps, sometimes. But I also know from
experience that I am not thinking straight in that moment,
and I need time before I can respond more appropriately.
For a collaborative project, venting with a coauthor about
the mutual disappointment can be helpful, too.
So, how can you get a more productive view of what happened? A rejection of a paper often still comes with a referee
report, which can provide a useful source of constructive
feedback. Even if not, there are usually still at least a few
sentences from the editor about why the paper was rejected.
As with reading any referee report, positive or negative, I
often find it helpful to read through those comments, but
not work on addressing them right away. A criticism I might
initially find annoying I might later acknowledge to be a
good point that I had not considered, or I might realize
that the source of a misunderstanding was poor exposition
Julia Bergner is a professor of mathematics at the University of Virginia.
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on my part. For example, I once felt that one of my papers
had been rejected because the referee had completely misunderstood the point of the paper. But when I looked back
at how I’d written it, I had not sufficiently explained what I
was trying to do, and what I saw as the main theorem had
not been emphasized. So of course the referee had missed
the point! I revised both the introduction to the paper
and the build-up to and statement of the main theorem.
I resubmitted the paper to a similarly ranked journal, and
it was accepted.
Many journals now employ a “quick opinion” system, in
which someone is asked for an assessment of the suitability of the paper for the journal without doing a thorough
review. If this opinion is favorable, then the paper goes to
a referee for a more detailed review. The advantage of this
system is that if your paper is not deemed suitable, you get
that response quickly and can move on to trying elsewhere.
It can be incredibly frustrating to submit a paper, not hear
back for a year, and then get no more useful feedback than
that the paper is fine but just not up to the standards of
that journal. The disadvantage of this system, on the other
hand, is that your paper can be rejected without being
looked at carefully. In this system, again, it is all the more
important to have the goals and main results of the paper
stated clearly.
Here are some recommendations for following up on the
rejection of a paper. Read any referee reports or comments
that you received about the paper. Especially if you are
upset, let it go until you can think more rationally about
it. Then, go back and read the feedback again. If the paper
just wasn’t up to the standards for the journal, try to identify another one that might be a better fit. If you received
more detailed comments, take them seriously and revise
the paper accordingly, as seems appropriate. Be sure to
consider any suggestions made by this referee before submitting to another journal, just in case the same person is
asked to review the same paper again. All is not lost in this
case; a referee who thought that a paper was not suitable
for the previous journal might think that you made a more
appropriate choice this time.
Above all, do not give up. Your paper might need to be
improved in some way, whether in content or in writing
style, but it is still likely that it is publishable if the results
are correct. Good papers go unpublished because authors
get discouraged and quit trying, which is unfortunate.
Perhaps you have heard that if all your papers get accepted to the first place you send them, then you aren’t
being ambitious enough in choosing journals. After my first
several papers were all accepted to the first place I tried, I
took this advice to heart. I quickly got several rejections!
Nonetheless, over the years I have had papers accepted in
journals I might not have expected. It is, admittedly, much
harder to take such risks when you are applying for jobs or
being considered for a promotion in the near future and
want the paper accepted quickly.
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Handling the rejection of a grant proposal can be even
more frustrating, simply because often there are limited
options for where to apply. It can be easy to feel that if you
got rejected for an NSF grant, for example, that there is no
point in applying again for fear of the same result. If you
apply again to the same NSF program, is it likely that you
will be rejected again?
Maybe, but maybe not. There are a lot of factors involved
in deciding who gets awarded grants. Panelists evaluating
the proposals differ from year to year and hence may take
different views of your project ideas. The pool of proposals
can also vary wildly from year to year. In a given year, there
might be an unusually high number of very strong proposals, for example, but the following round could be different.
Some of the same advice that applies to rejected papers
applies here: read any reviews that you get on the proposal
and, after some time delay, assess what might be helpful for
future proposals. On one of my first attempts at applying
for an NSF grant, I had two main themes for projects. My
reviewers agreed that one of the projects was much more
interesting and promising than the other. The following
year, I chose to develop that direction in more detail. In
another unsuccessful proposal, a reviewer objected that the
project seemed only to be an incremental development of
my previous work. In a subsequent proposal, I was more
clear about the differences in the new work and how new
techniques were needed.
If you apply for a grant multiple times and continue
to be rejected, does it make sense to keep applying? This
question is, naturally, a delicate one. I would suggest not
giving up after only one or even two rejections. Consider
if there are themes that emerge from the feedback that you
receive from those different attempts and whether you can
improve upon them. Share a draft of your proposal with
someone who has been successful getting the same kind of
grant and is likely to have reviewed other proposals, and ask
for an honest assessment of it. Realistically, getting grants
can simply be difficult. Most mathematicians do not have
grants, and even many highly respected researchers have
had grant proposals turned down.
In any of these situations, it is important to keep some
perspective in mind. Most of us have had papers or proposals rejected at one time or another. Thus, while rejections
can be disappointing, they are part of the experience of
being a mathematician.

Julia E. Bergner
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“We Regret to Inform
You…”: What to Do If Your
Paper or Grant Is Rejected
Karen Lange
An email from the journal you submitted to months ago
appears in your inbox. Awash with hopeful anxiety, your
heart drops as you read the opening line—your paper has
been rejected. Receiving a negative decision on a paper
you’ve worked hard on for months or even years is disappointing, but how do you productively move forward upon
receiving such news? Here I outline some strategies that
have helped me make the most out of a rejection, whether
of a paper or a grant proposal.

Getting to a Receptive Place
You won’t be able to productively assess the feedback you’ve
received until you can view it with an open mind. If you
are feeling defeated by the news (or some comment in a
referee report particularly chafes), it’s worth taking a short
time to process your feelings. Remind yourself that the rejection is not of you but of the submission and that rejection
is a normal (and expected!) part of the peer review process.
(If you are never rejected, perhaps you are not aiming at
fancy enough journals or applying for large enough grants!)
Venting to an academic friend who can remind you of these
facts can be beneficial.

Understanding the Decision-Maker’s Perspective
Once you are in a more receptive place, you can begin
assessing any feedback you’ve received along with the rejection. As best you can, view your mission as understanding
the perspective of the editor, referee(s), and fellow researchers. The express purpose of peer review is to decide whether
Karen Lange is an associate professor of mathematics at Wellesley College.
Her email address is karen.lange@wellesley.edu.
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to publish a paper in a particular journal or fund a proposal
for a specific grant opportunity. This charge typically permeates all the feedback you receive. Your rejection may take
a range of forms, from a desk rejection (in which an editor
rejects the paper without a full referee report) to a rejection
with the possibility of resubmission. If you are lucky, you
may receive a referee or panel report with your rejection.
Such reports provide invaluable information about how
your work was perceived. I describe my process for analyzing such reports below, but later I’ll discuss what you can
do should you not be so fortunate as to receive a report.

Analyzing a Referee or Panel Report
I find it useful to write my own separate notes on the report
and to make a few passes over all the comments (since
it’s easy to misunderstand comments in a given reading).
After glancing at any easy-to-fix typos or grammar issues,
I categorize the more substantial comments according to
the questions below and write the referee’s reasoning in
my own words.
The referee’s take. Does the referee think:
1. (Value of the work) the results and line of inquiry are
interesting?
2. (Validity of proofs) the proofs are correct?
3. (Comprehensibility) the paper or proposal is well
written and comprehensible?
4. (Overall recommendation) the work is a good fit for
the journal or grant call?
After reading over the report a few times and compiling
my notes, I write down possible courses of action for each
category. Here are questions to ask yourself:
Value of the results. If the reviewer doesn’t find the results interesting, can you more clearly articulate why the
proofs are interesting? Are there possible generalizations
or applications that reinforce the value of your results? If
the reviewer believes the results are already known, verify
whether that’s the case. If so, is the proof essentially the
same or is this a different approach?
Validity of proofs. If the reviewer thinks the proof is
incorrect, determine whether there is an error or a misunderstanding. If the proof is wrong, can it be fixed? If it is
correct, how can you better explain the argument to clarify
the issue that the reviewer raised?
Comprehensibility. If the reviewer feels the proofs aren’t
clear, can you create a better framework to improve reader
understanding? For example, could you break a long proof
into a series of lemmas that highlight the structure of the
argument? Is there a definition that encapsulates some big
ideas? Could the addition of thoughtful examples or introductory remarks help with motivation? You should also
assess whether the introduction and background sections
and the overall paper structure support comprehension.
Perhaps the paper or proposal needs better copyediting
in general.
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Overall recommendation. Once you’ve had some time to
ponder the above questions, revisit the reviewer’s overall
recommendation. If they do not think the paper or proposal is a good fit, can you see where they are coming from?
Are there ways to address this fit issue, or can you find other
journals or grant opportunities that better match the paper/
proposal’s profile?
Your (and your allies’) take. Once you’ve processed the
referee report on your own, ask yourself how you want to
proceed. What changes seem doable and worthwhile to
make given the feedback? What comments are you ambivalent about (or do you strongly disagree with)? What seem
like reasonable next steps (based on the kind of rejection
this was)? At this point, especially if there are issues you
don’t know how to address, get feedback from a mentor
or friendly colleague in your field. Share with them the
unresolved issues and your take on them. One tricky issue
of a rejection is that, unless you are resubmitting to the
same journal, you are likely to have different reviewers in
the future. Professional allies can help you understand not
only this particular reviewer’s viewpoint but others’ as well.
Editors and grant officers can be good resources in certain
situations, although be respectful of their role, judgment,
and time. For example, suppose your NSF grant is not
funded, but two panelists disagree wildly on where the
value lies in your proposal. You could ask the grant officer
for their take on how you plan to revise your submission in
light of this feedback. However, be specific in such queries,
and avoid questions along the lines of “how should I revise
my proposal so that it will be accepted?”.
What if you don’t receive a report? A rejection with no
report at all can be especially frustrating. Advice from allies
is especially useful in these cases. You may also want to ask
the editor or grant officer for additional information. For
example, was the issue the choice of venue or the quality of
work? You may want to review your paper or proposal with
an eye towards the above issues. However, substantially
reworking the paper without more information first may
not be worthwhile. For example, if the editor indicates the
paper isn’t a good fit for their more general journal and it’s
the paper’s first rejection, you may want to simply resubmit
your paper to a more specialized journal.

Taking Action!
Once you’ve analyzed the feedback you’ve received and
have a sense of what revisions, if any, make sense, you need
to decide and enact your next steps.
If you received a rejection with the possibility of resubmission, you may want to try the same venue after making
substantial changes. The editor was open to the paper, or
they wouldn’t have allowed for a resubmission. Moreover,
your paper likely will be sent to the same reviewer, which
can make the reviewing process go faster. In this case, be
sure to send along a letter detailing your changes and explaining how you addressed the reviewer’s comments. You
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may disagree with the reviewer on some points. Be careful
to diplomatically express your point of view (making it
clear you’ve heard the feedback) and possibly make changes
that bolster your perspective.
In the case of an outright rejection, you will need to
choose where next to submit your work (if it makes sense
to do so). Again, ask for advice from mentors and trusted
colleagues about your options (different journals, grant opportunities, etc.). Keep in mind what you can change about
a draft and what you can’t (depending on how much work
you are willing to put in). Sometimes it may not be worth
the effort to revise and resubmit (e.g., when you find out
from the referee that your results are already known using
similar tools). While this is unfortunate, your time may be
better spent pursuing another line of research rather than
trying to find some way to publish this particular material.
The most likely scenario is that you will choose to revise
your work using all the information you’ve gleaned from
the process above. I would err on the side of making more
substantial changes before submitting your paper or proposal again rather than fewer. Although you are likely to
have new reviewers in the future, you may not, and it leaves
a bad impression when you don’t address past feedback. Be
sure to take into account the requirements of the particular
journal or grant opportunity you’ve decided to target. After
revising, read through your paper carefully for typos and
continuity errors. Once again, see whether an ally might
take a look at your revisions, and ask them specifically
about how they hold up to the feedback you received.
Although you want to be diligent about revisions, your
goal is to resubmit your paper or proposal. No work is
ever perfect, so send out your revision as soon as you feel
good about how the new version addresses the feedback
you’ve received.
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Concluding Words
Although no one enjoys getting a rejection, I hope that
you’ll find that a rejection can lead to substantially improved work and professional growth. Past rejections of
mine have led to better theorems, much clearer papers,
and new research questions. I am grateful to all those who
contribute to this progress, from mentors and friendly
colleagues to editors and anonymous referees.

Karen Lange

Credits

Author photo is courtesy of the author.
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Shining a Light on a Hidden
Figure: Dorothy Hoover
Lily Khadjavi, Tanya Moore, Kimberly Weems,
and Ulrica Wilson
It requires gumption to dream of a life path that is different from what is presented as possible. Too often when
we speak of women in mathematics, we focus on the data
highlighting underrepresentation and the obstacles they
face, rather than acknowledging the contributions women
have made to the field of mathematics and the courage their
participation often required. Learning about the contributions of role models can go a long way to combat isolation
and foster a sense of belonging within the challenging field
of mathematics.
The Infinite Possibilities Conference (IPC) was created,
in part, to highlight the role women of color have had
in mathematics because their personal and professional
journeys are inspirational and instructive and their history
is powerful. IPC aims to inspire, support, and empower
underrepresented minority women with a two- to threeday conference held biennially. Over the years, keynote
speakers and honorees have included trailblazers such as
Evelyn Boyd Granville, one of the first African American
women to receive a PhD in mathematics; Freda Porter, one
of the few Native American women with a PhD in applied
mathematics, who now leads her own company; and Ruth
Gonzalez, the first Latina to earn a doctorate in applied
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mathematics.1 These groundbreakers and the stories of
their journeys have existed all along, but if our historiographies fail to illuminate them, they remain unknown in
our collective memory, effectively hidden.
Little did the IPC organizers know, but a story about
African American female mathematicians would soon
go mainstream. Margot Lee Shetterly presents a detailed
picture of some of these women in her bestselling book,
Hidden Figures: The American Dream and the Untold Story of
the Black Women Mathematicians Who Helped Win the Space
Race [14]. Through the lively portrayal in the movie, we now
have a nascent awareness of this intersection of mathematics and the struggle for civil rights. Rich in historical detail,
the text gives us a deep look at the stories of four women
out of a larger group of African American women at NASA
who worked as “human computers” and whose lives and
work Shetterly revealed through her research. It is fair to say
that the early history of women mathematicians at NASA
was essentially unknown until the book was released.
Women contributed not only to the dramatic computations of the space race but to the field of aeronautics itself.
In an effort to bring these accomplishments to light at the
2017 Joint Math Meetings, IPC had a special opportunity
to coordinate a Hidden Figures-themed panel in partnership
with AWM, EDGE, and NAM and with support from the
AMS. The panel featured extended remarks by Shetterly,
reminiscences and perspectives from former NASA “computer” Christine Darden (who was featured in Shetterly’s
book), and, at the suggestion of Ms. Shetterly, an overview
of the life and work of Dorothy Hoover, presented by Ulrica Wilson of Morehouse College. Turnout for the panel
1See “The Infinite Possibilities Conference: Creating Moments of Belonging

for Underrepresented Minority Women in Mathematics” in the forthcoming
volume on Mathematical Communities edited by Della Dumbaugh and
Deanna Haunsperger for more about this conference.
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overwhelmed the room; at the last moment, an adjoining
room was opened to increase the capacity for the audience,
and even then, there was standing room only. In fact, in
his Retiring Presidential Address outgoing MAA President
Francis Su made reference to the wonderful reception for
this special panel presentation, “The Mathematics and
Mathematicians Behind Hidden Figures.”
The story of Dorothy Hoover has stayed with us, and in
honor of Women’s History Month we take a moment to
shine a light on her life.

Early Education and Career
Dorothy Hoover was an African American whose life was
noteworthy for her contributions to mathematics and
aeronautics during a time of significant barriers for women
and minorities in the United States. The granddaughter of
slaves, Dorothy Estheryne McFadden was born July 1, 1918
to William Matthew McFadden and Elizabeth Wilburn McFadden in Hope, Arkansas. She earned a bachelor’s degree
in mathematics from Arkansas AM&N College (now the
University of Arkansas at Pine Bluff) in 1938. Her college
was one of sixty-five Historically Black Colleges and Universities that participated in the Federal Engineering, Science,
Management and War Training (ESMWT) programs, and
Hoover was one of only two mathematics majors in her
class [11,13,14].
To put Hoover’s early life in context, she graduated from
college towards the end of the Great Depression, and her life
spanned years embedded in the era of Jim Crow, a time of
legalized racial segregation in the South. Two years after her
graduation, only 3.8 percent of all women over twenty-five
years of age in the US had completed four years of college
or more (it was 1.2 percent for African American women)
[18]. The 1940s and 1950s marked a time of educational
and economic contradictions for African Americans in the
United States. In 1943, Euphemia Lofton Haynes made
history at Catholic University when she became the first
African American woman to earn a PhD in mathematics at a time when many
institutions of higher education remained closed
altogether to women. (See
[8] for more on Haynes’s
life and the time period.)
The landmark ruling of
Brown v. Board of Edu cation, impacting public
grade schools and high
schools, didn’t take place
until 1954; even then a
long period of resistance to
Dorothy McFadden, 1938. The
desegregation continued. It
Lion Yearbook, University of
Arkansas at Pine Bluff (formerly was a chapter of remarkable
Arkansas AM&N College).
achievements and “firsts,”
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yet one in which segregation and societal norms explicitly limited educational and economic opportunities for
women and African Americans.
After college, Hoover taught in schools of the rural South
[6,11]. She then advanced her education, completing her
master of science degree in mathematics at Atlanta University (now Clark Atlanta University), the first graduate
school established for African Americans. Her 1943 MS
thesis, “Some Projectile Transformations and Their Applications,” serves as a prelude to her future work in aeronautics
[2]. Later that year, she was hired as a P-1 mathematician at
the National Advisory Committee for Aeronautics (NACA)
Langley Research Center (now NASA) where she joined
other black women mathematicians such as Dorothy
Vaughan, who had been hired following President Franklin Roosevelt’s executive order to desegregate the defense
industry and whose story is highlighted in Shetterly’s book.
While at Langley, Hoover’s career flourished. She became
a shift supervisor of the West Computing Unit comprised of
African American women mathematicians (“human computers”). Engineers from the Stability Analysis Division,
led by renowned aeronautical engineer Robert T. Jones,
modeled aerodynamic performance, and the “computers”
were responsible for numerical calculations [14]. At Jones’s
request, Hoover began to collaborate with him, and she
now had the opportunity and access to include her own
ideas about using swept-back wings on high-speed aircraft.
In 1951, she was promoted to aeronautical research scientist (GS-9) and coauthored two NACA technical reports. In
these reports, she and Frank Malvestuto derived approximations related to lift and pitch for thin swept-back, tapered
wings with streamwise tips and applied the results to a
range of supersonic speeds. Described by Shetterly as “exceptionally fluent in abstract mathematical concepts...with
an aptitude for complex math so strong that it exceeded the
ability of many of the engineers at the lab,” Hoover made
joint contributions on the aerodynamics of swept-back,
tapered wings which became the aircraft industry standard
[9,10,14].

Additional Education and Mid-Career Moves
Hoover worked at Langley for almost ten years before taking a break from the workforce to further her education.
In 1952, Hoover resigned from Langley and returned to
Arkansas. She earned a master’s degree in physics from the
University of Arkansas in 1954, and her thesis, “Estimates
of Error in Numerical Integration,” was published in the
Journal of the Arkansas Academy of Science [5].2 Here she
established a difference formula to get upper bounds for
the error in the trapezoidal rule and Simpson’s rule that do
not depend on obtaining derivatives of the integrand. As
2This

journal was previously called the Proceedings of the Arkansas
Academy of Science.
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one of only fifteen African American graduate students at
the University of Arkansas3 during that time [16], Hoover
is believed to be the first African American woman to earn
a physics degree from the university and the first African
American woman to earn two technical master’s degrees
[11,13].
Later in 1954, Hoover was awarded a John Hay Whitney
Foundation Opportunity Fellowship, a competitive grant
aimed at candidates with “evidence of special ability” and
“exceptional promise” who have “not had full opportunity
to develop his [sic] talents because of arbitrary barriers,
such as racial or cultural background or region of residence” [7]. She entered the PhD program in mathematics
at the University of Michigan, serving as a teaching fellow
and as an instructor of “school algebra” and trigonometry
[19]. At this time, only three African American women
had earned PhDs in mathematics—Haynes (Catholic
University, 1943), Granville (Yale, 1949), and Marjorie
Lee Browne (Michigan, 1950)—and over one-third of the
PhDs in mathematics earned by African Americans had
been awarded by the University of Michigan [20].4 Hoover
completed the typical coursework during her first three
semesters, taking classes in algebra, analysis, geometry, and
topology. She also passed language exams in French and
German. For reasons unknown, however, she resigned as
a teaching fellow in 1956 and subsequently left the PhD
program before completing her preliminary (qualifying)
examinations.
Hoover returned to the Washington, DC area, where she
served in a variety of government positions. From 1956
to 1959, she was a mathematician at the Joint Numerical
Weather Prediction Unit, a collaborative effort between
the US Weather Bureau, the Army, and the Navy, where
meteorologists, mathematicians, and other scientists used
atmospheric data to make real-time weather forecasts, a
significant achievement at that time [3]. For over a year on
a grid covering more than 24 billion acres of the earth’s
surface, this Unit worked on solving a formulation of the
balance equation

where f is the Coriolis parameter, ψ is the stream function,
and Ф is the pressure field. An October 1957 technical
report published in the Monthly Weather Review outlines
two methods this Unit used to numerically approximate a
solution to the balance equation and acknowledges Hoover
and four other mathematicians for their contributions to
this work [15].
In 1959, she returned to space research, working at
NASA Goddard and earning a promotion to the senior rank
of GS-13 mathematician in 1962. Given that the highest
General Schedule (GS) level for federal employees is 15,
this was an impressive accomplishment, particularly for an
African American woman in the 1960s. During her time
at Goddard, she coauthored the chapter “Nonseparable
Theory of Electron-Hydrogen Scattering,” which appeared
in the 1963 book titled Methods in Computational Physics
[17]. In this chapter, the authors presented a PDE with suitable boundary conditions used to model the scattering of
electrons from atomic hydrogen. Analytical and numerical
results along with FORTRAN code were given.

A Scholarly Life Beyond Mathematics
A gifted scholar, Hoover was a member of Pi Mu Epsilon
as well as the physics honor society Sigma Pi Sigma. In
addition, she gave back to her community through her
involvement with the NAACP and as an active member of
her church, where she participated in outreach ministries
[6,13].
While continuing her mathematics research in Goddard’s Theoretical Division, Hoover’s faith led her to begin
writing a book, A Layman Looks with Love at Her Church, that
chronicles the history of the African Methodist Episcopal
(AME) Church of the US [6]. This book provided an opportunity for her to reflect on her childhood in Arkansas and
the influence of her churchgoing parents. The attention to
detail as well as the careful study that made her a successful
mathematician revealed itself in this work. In the preface,
dated November 22, 1966, Hoover wrote the following:
When I began to gather material and delve into
it, I thought how rich a heritage!...It was total
involvement….Lunch hours, leisure, week-ends
[sic] would be full for many months; but, as
I lost myself in “a total involvement,” I again
knew a peace of mind I had lost and longed for.

3African American undergraduate students were not admitted to the University of Arkansas until 1955.
4There were still significant barriers for African American mathematicians

at prominent universities. William Waldron Schieffelin Claytor, who was
the third African American in the country to earn a PhD and whose work
appeared in the Annals of Mathematics, was a postdoc at the University
of Michigan in the 1930s but was thwarted when seeking faculty positions
at Michigan and elsewhere. He first taught at West Virginia State College,
an HBCU, and indeed Katherine Johnson, now famous for her work at
NASA and featured in Shetterly’s text, was one of his students there [12].
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...what I have done was not as a paid full-time
writer, but in response to the dictates of my own
will in what time I had left from my full-time
job at the Goddard Space Flight Center. I only
ask that my work be accepted in the spirit in
which it was done.
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Hoover’s book was published in 1970, two years after
she began working as an operations research analyst at
the Defense Communications Agency (now the Defense
Information Systems Agency), where she also served as a
program officer and received a twenty-year federal service
award [1].

Reflections
Hoover died February 7, 2000 in Washington, DC. She was
predeceased by her children: a daughter Viola Clementine
from her first marriage to Sylvanus Bowe Clarke and a
son Ricardo Allen with her second husband Richard Allen
Hoover [13].
The more we reached into her story, the more we realized that Hoover exemplifies courage, determination, and
resiliency. She remains a role model. As the mathematics
community seeks ways to broaden participation from
underrepresented groups, it is important to highlight the
outstanding contributions of those who excelled despite
inequities. What if every time a student learned about the
trapezoid rule, they learned of Hoover and her paper?
We wonder about her experiences as a PhD student
and why she left her program. Indeed, had she continued, Hoover likely would have become the fourth African
American woman to earn a PhD in mathematics. Yet, we
are aware that a sense of belonging in a doctoral mathematics program can be diminished in part by the reasons
outlined by Herzig [4]: a lack of role models, the need
to prove one’s worth, conflicting demands of family and
school obligations, and isolation. Though the details are
different, our journey to do mathematics and engage in the
community of mathematics is parallel to hers. We recognize
her and identify with her being the “first,” the “only one,”
or “one of few.”
Like many of us, Hoover searched for balance. When
asked to organize a new club at her church, she struggled
with whether she could complete this task given her demanding career:
I am a civil servant, a full-time mathematician.
I continue to debate how I could manage to…
organize material, in the meager time I had, for
the things I would want to do the way I would
want to do them. [6]
She possessed a sense of possibility in the midst of
legally and culturally sanctioned segregation and limited
access to education and jobs. In honoring her life, we are
reminded that our lives and contributions matter as well.
As Su noted in his moving plenary address, “I know
our community wants to be just. To set things right. If you
were at the Hidden Figures panel…you saw the turnout.
There were so many people, we had to open a second room
and even then, it was standing room only. So I know our
community wants to do better.” Recognizing and taking
March 2020

inspiration from this history is an integral part of our
development as a mathematics community. So let’s open
another room—and even break down the walls—as we
increase access and opportunities for participation.
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The Ties That Bind

Olga Alexandrovna Ladyzhenskaya
and the 2022 ICM in St. Petersburg

Della Dumbaugh, Panagiota Daskalopoulos,
Anatoly Vershik, Lev Kapitanski, Nicolai Reshetikhin,
Darya Apushkinskaya, and Alexander Nazarov
Della Dumbaugh
When the International Congress of Mathematicians (ICM)
convenes in St. Petersburg in 2022, it will not only bring
together mathematicians from all corners of the globe but
it will also provide an appropriate opportunity to celebrate
the 100th anniversary of the birth of Olga Alexandrovna
Ladyzhenskaya. A Russian mathematician who overcame
tremendous personal tragedy, Ladyzhenskaya built a legacy
through her work in partial differential equations and her
interactions with students, colleagues, and collaborators
during a challenging time in Soviet history. This meaningful
confluence of events is celebrated on the pages of the first
issue of the ICM News with a collection of essays “written
by renowned experts, people who either knew her well or
who were influenced by her in a transformative way.” Here,
we reprint those essays with this brief introduction to the
life of Ladyzhenskaya.
Born in 1922 in the tiny town of Kologriv, a picturesque area located about 300 miles northeast of Moscow,
Ladyzhenskaya began learning mathematics from her
father in the summer of 1930. A math and art teacher at
the local high school, Aleksandr Ivanovich Ladyzhensky
had descended from Russian nobility. After explaining the
fundamental principles of geometry to Olga and her two
sisters, he would formulate a theorem and ask his daughters
to prove it themselves. This environment allowed Olga’s
Della Dumbaugh is a professor of mathematics at the University of
Richmond and an associate editor of the Notices. Her email address is
ddumbaugh@richmond.edu.
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mathematical skills to come to the fore [Friedlander et al.,
p. 1322]. Despite the remote location of their home, Olga
and her sisters also gained a rich cultural awareness of the
world through the family’s extensive collection of books.
Her great uncle, Gennady Ladyzhensky, was one of Russia’s
celebrated water colorists. Olga maintained a lifelong interest in literature and the arts, perhaps cultivated early on
by these childhood influences.
In 1937, after advocating for his students whose parents
had been arrested by the NKVD (the predecessor of the
KGB), Olga’s father was arrested and executed without
trial. She was sixteen years old at the time. Although the
family struggled to survive after her father’s disappearance
and death, Olga finished high school in 1939 with high
marks. Now classified as a daughter of an “enemy of the
people,” however, Olga was forbidden to enroll at Leningrad State University.1 She was, however, permitted to
study at Pokrovski Teachers’ Training College in what was
then Leningrad. During the war, Olga initially moved to
Gorodets to teach at an orphanage and then returned to
Kologriv to teach at the high school she had attended and
at which her father had taught. Continuing her father’s
commitment to students, she taught anyone interested in
mathematics with no compensation required or expected.
This good deed ultimately led to an opportunity for her to
study mathematics at Moscow State University when the
mother of one of her students intervened on her behalf.
In Moscow, she began her mathematics training with
algebra and number theory and, later, turned her attention
1St.

Petersburg State University was founded in 1724 by Peter the Great.
During the Soviet period from 1922 to 1991, the institution was known
as Leningrad University.
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to differential equations. She was awarded a Stalin stipend
(the irony) and a ration card, both of which allowed her to
survive as a student. Even still, she was often hungry during
her time in Moscow and she sometimes slept on benches
in the auditorium with her books as a pillow. She would
later describe this sleeping arrangement as an opportunity
to learn by osmosis [Daskalopoulos et al., p. 12].
Her interest in partial differential equations grew out
of the influence of Ivan Petrovsky and the second volume
of Methods of Mathematical Physics by Courant and Hilbert,
which focused on partial differential equations.2 After
she graduated from Moscow State University in 1947, she
moved to Leningrad where she not only began graduate
school but also a longstanding friendship with Vladimir
Smirnov. She completed her thesis in 1951, with Sergei
Sobolev serving as the official advisor and Smirnov as
the advisor who actually oversaw her work on linear and
quasilinear hyperbolic systems of partial differential equations. She published her first book in 1953. She would go
on to publish six more monographs, some as long as 700
pages, along with more than 250 papers. In 1947, Olga
and Smirnov also started and co-led a weekly seminar on
mathematical physics that became known as the “Smirnov
Seminar.” She continued to run the seminar after his death
in 1974, and it still meets today. In his reflections below,
Lev Kapitanski chronicles the importance of this seminar in
his training. In particular, he notes that Olga would “often
ask questions, sometimes very basic, and these would be
the most revealing, the most teachable moments” [Daskalopoulos et al., p. 12].
Ladyzhenskaya and her collaborators, including her
students, extended the ideas of Ennio De Giorgi and John
Nash to offer a complete solution to Hilbert’s nineteenth
problem on the regularity of solutions of elliptic partial differential equations. She began working in fluid dynamics in
the mid-1950s and published her influential text The Mathematical Theory of Viscous Incompressible Flow in 1961. She
was particularly interested in the Navier–Stokes equations.
She taught mathematics throughout her life and, despite the
2In

his 1938 review of this Courant-Hilbert volume for the Bulletin of
the American Mathematical Society, Hermann Weyl called attention to
the political influences at play in its creation when he wrote, “[t]he two
volumes are a beautiful, lasting, and impressive monument of what Courant, inspired by the example of his great teacher Hilbert and supported by
numerous talented pupils, accomplished in Göttingen, both in research and
advanced instruction. Courant came to Göttingen at a time of enormous
political and economic difficulties for Germany, on a difficult inheritance,
with the day of the heroes, Klein, Hubert, and Minkowski drawing to a
close. But by research and teaching, by personal contacts, and by creating
and administering in an exemplary manner the new Mathematical Institute,
he did all that was humanly possible to propagate and develop Göttingen’s
old mathematical tradition. How his fatherland rewarded him is a known
story. The publication of the present volume seems to the reviewer a fitting
occasion for expressing the recognition his work has earned him in the rest
of the mathematical world” [Weyl, p. 602].
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tragedy of her
father’s death,
she remained
patriotic. In
particular, she
encouraged
Russian mathematicians to remain in Russia.
She received
a number of
awards and
honors in her
l i f e t i m e, i n cluding the
State Prize of
the USSR in
1969 and the
Great Gold
Lomonosov
Medal of the Figure 1. Olga Alexandrovna
Russian Acad - Ladyzhenskaya in 1959.
emy in 2002.
Ladyzhenskaya is also featured in an exhibition in the
Science Museum of Boston. There, “the names of the most
influential mathematicians of the 20th century are carved
on a large marble desk…and Olga Ladyzhenskaya is among
them” [Friedlander et al., p. 1321].
Even more, however, Ladyzhenskaya was a beloved
human being. “[H]er personal integrity and energy played
an especial role in her contribution to mathematics” [Friedlander et al., 1321]. She cared deeply for others, especially
those who suffered injustices. She loved the arts, travel, and
the outdoors. She was unafraid to express her viewpoint,
even in the face of a dangerous political climate. She died
in 2004.
Although Ladyzhenskaya is often compared with Sofia
Kovalevskaya, this timely opportunity to link her life with
the 2022 ICM provides an occasion to look more broadly
for shared connections with the lives of other mathematicians worldwide. Her vast output of mathematics, for example, calls to mind the American Leonard Dickson’s monumental publication record in algebra and number theory.
Her patriotism for Russia is reminiscent of Hua Luogeng’s
for China. Her love of travel and her vibrant energy that
inspired contributions to mathematics until the last days of
her life share an uncanny similarity with the Russian-born,
French-raised, and American-engineer-turned-topologist
Solomon Lefschetz. Her life born out of faith, including
her concern for the less fortunate and her teaching of children at an orphanage and in her small hometown, share
a common thread with the American statistician Gertrude
Cox. Thus when the ICM convenes in St. Petersburg in
2022, it will not only celebrate the centennial birthday of

Notices of the American Mathematical Society

Volume 67, Number 3

HISTORY
Olga Ladyzhenskaya and the mathematics of today, but it
will also honor a rich continuum of mathematics and the
ties that bind mathematicians together.
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Panagiota Daskalopoulos
As a high-school student in Greece with a passion for
mathematics, I was fascinated by the life and achievements
of the Russian mathematician Sofia Kovalevskaya. My
fascination was not limited to her deep contributions in
analysis and partial differential equations, but included
her inspiring life, which showed her continuous courage
in overcoming all obstacles in order to pursue what she
loved: mathematics.
It was a few years later, during my graduate school days
at the University of Chicago, that I became aware of another
great Russian female mathematician of remarkable intellect
and courage: Olga Aleksandrovna Ladyzhenskaya, one of
the leading figures in the development of partial differential
equations in the 20th century. I was given a thesis problem
related to quasilinear parabolic equations and needed to
study Olga Ladyzhenskaya’s monograph, written with her
students Nina Uraltseva and Vsevolod Solonnikov, on
linear and quasilinear equations of parabolic type. This
monograph of more than 700 pages, published in Russian
in 1967, contains important, mostly original work by the
authors on the solvability and regularity of parabolic quasilinear equations of second order. Previous fundamental
works by Olga Ladyzhenskaya with Nina Uraltseva on
elliptic quasilinear equations of second order were the
subject of an earlier monograph, published in Russian in
1964. Both monographs were later translated into English
by the American Mathematical Society. Many of us have
learned a lot from her two great books, which were the best
source on elliptic and parabolic partial differential equations available before the more recent books of GilbargTrudinger and Lieberman. Many of the results in these two
monographs are still very relevant today.
Olga Ladyzhenskaya started working on second order
elliptic boundary-value problems shortly after her thesis,
Panagiota Daskalopoulos is a professor of mathematics at Columbia University. Her email address is pdaskalo@math.columbia.edu.
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which she defended in 1949 and which was supervised
by the famous analyst Sergei Lvovich Sobolev. In 1951,
shortly after her thesis, she proved one of the most fundamental inequalities for second order elliptic operators L
with smooth coefficients, which states that any function
u ∈W 2,2 (Ω) satisfying one of the homogeneous classical
conditions on the boundary of the smooth domain Ω
satisfies the inequality
∥ u ∥W2,2 (Ω) ≤ C (Ω) (∥ Lu ∥ L2 (Ω)+∥ u ∥ L2 (Ω)).

This inequality has had a tremendous impact in the development of second-order PDE, and it is now contained in
any graduate text on the subject.
The 1950s was an exciting time for the development of
elliptic PDEs. Following S. N. Bernstein’s approach based
on a priori estimates for solutions, the fundamental works
by Leray and Schauder had reduced the classical solvability
of the Dirichlet problem to obtaining a priori estimates of
the solutions in C1,α norm. However, up to the mid-1950s
most of the important results were in two dimensions and
often under rather restrictive conditions. It was around
that time that the works by E. De Giorgi and by J. Nash
on Hölder regularity of solutions to linear parabolic and
elliptic equations in divergence form with bounded measurable coefficients came out. These results were to change
the field forever, and Ladyzhenskaya played a leading role
in this transformation. In a number of important works
with her students N. Uraltseva and later with V. Solonnikov
in the parabolic setting, she contributed many deep results
in the study of boundary-value problems for quasilinear elliptic and parabolic equations. They developed a complete
theory for the solvability and regularity of boundary-value
problems for elliptic and parabolic equations in divergence
form, greatly extending the techniques of De Giorgi, Nash,
and Moser. These results, which were included in her two
monographs mentioned above, remained at the forefront of
the field for many years. It was only much later, in the early
1980s, that the celebrated Krylov-Safonov Hölder regularity
result for solutions of elliptic and parabolic equations in
non-divergence form led to an equally complete theory for
equations in non-divergence form and opened new exciting
directions in the development of fully nonlinear PDEs.
In the mid 1950s Olga Ladyzhenskaya started working
in fluid mechanics. She became interested in the Navier-Stokes equations, a system of equations that is known for
its intriguing complexity despite its very simple form. Only
a few years after Olga Ladyzhenskaya entered the field she
established a breakthrough: her 1959 result on the global
unique solvability of the initial boundary value problem for
the 2D Navier-Stokes equations in domains with boundary.
She continued making important contributions in this area
during the rest of her career.
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J. Leray, in his seminal work from 1934, established the
global unique solvability for the Cauchy problem for the
Navier-Stokes equations in dimension two. However, for
more than 20 years after Leray’s work, the global unique
solvability of the 2D Navier-Stokes equations on domains
with boundary has been an open question. In domains
without boundary, to which Leray’s methods apply, one has
in dimension two an a priori bound for the vorticity, which
makes the equation sub-critical, in today’s terminology. This
bound does not work well near the boundary, and one can
work only with the energy estimate, for which the equation is critical in dimension two. In today’s terminology,
the Navier Stokes equation is critical when considered in
domains with boundaries. It was pointed out to the author
that Ladyzhenskaya’s work proving regularity of the solution in this situation was one of the first where a PDE with
a critical nonlinearity was successfully handled.3 To solve
the problem, Olga Ladyzhenskaya established another fundamental inequality, which now carries her name, namely
that for any u∈C 0∞ (R2), one has
∥ u ∥L4(R2) ≤C∥ u ∥ L2 (R2) ∥ ∇u ∥ L2 (R2)

where C is a universal constant. Inequalities of the above
type are often referred to as multiplicative inequalities and
have been extensively used since then. These and others of
her first important results on the Navier-Stokes equations
are included in her seminal monograph titled Mathematical
Theory of Viscous Incompressible Flows, which still remains
one of the most influential books in the field.
For the three-dimensional system of equations, the
global unique solvability of the Navier-Stokes equations
is still an open question and one of the Clay Foundation
Millennium problems. Despite the continuous effort
of many great mathematicians, there is still much to be
understood about this complex problem. Since very early
on, there has been a continuous debate as to whether the
initial value problem in three dimensions admits a smooth
solution for all time, and, if not, whether a generalized
solution is uniquely determined by the initial data. Olga
Ladyzhenskaya stayed at the forefront of this discussion,
contributing a continuous flow of ideas. She seemed to
believe that the class of Leray-Hopf solutions of the NavierStokes equations is so weak that one cannot expect that
uniqueness holds in this class. As a result, she proposed a
model of “modified Navier-Stokes equations,” and she proved
unique global solvability for this system. Her model, which
only differs from the original model in regions where the
velocity fluctuates rapidly, was presented at the International Congress of Mathematicians in Moscow in 1966. It
is now called the “Ladyzhenskaya model,” and it is widely
studied. In a work published in 1969, Olga Ladyzhenskaya
3The
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author thanks Vladimir Sverak for this comment.

constructs an example of non-uniqueness of weak Hopf
solutions in a non-standard time-dependent domain. In
this work she writes: “As regards the class of weak Hopf
solutions for the general three-dimensional case, it has
always seemed to me that it is too broad, i.e., that there is
missing in it a basic property of the initial-value problem,
viz. its determinacy (a uniqueness theorem) .... But I had
available only indirect reasons in support of this assertion
.... which had no formal demonstrative power. At this time
I am able to rigorously prove the validity of my opinions.”
Some of the late results by Ladyzhenskaya concern
attractors to 2D Navier-Stokes and the 3D modified Navier-Stokes equations, as well as to quasilinear parabolic
systems. In these works she developed new techniques that
are now widely used in many other situations.
There is so much more that could be said about the
mathematics of Olga Ladyzhenskaya and about her great
influence on the developments in partial differential equations and mathematical physics in the 20th century. Besides
her own research, her constant flow of ideas, support, and
encouragement towards her students and other members of
her school in St. Petersburg had a tremendous influence on
mathematics in the Soviet Union. In one of her last public
lectures, at a conference held in Madeira in June 2003,
Olga Ladyzhenskaya offered a spirited philosophical take
on her ideas on Navier-Stokes equations. It was her spirit,
deep and broad intellect, kind supportive character, and
courage that made her the distinguished mathematician
she was, and an inspiration for all of us.
There has recently been a lot of discussion among mathematicians in academia as to how to increase the influence
of women in mathematics. Olga Ladyzhenskaya represents
a role model for both the current and the future generations
of women in mathematics: deep important work, courage,
and a kind, supportive spirit.

Anatoly Vershik
Olga Alexandrovna (in these notes referred to as O. A., following the Russian convention of abbreviating the first and
patronymic names) is without doubt the most intriguing
figure in Russian mathematics of the second half of the
20th century. The obvious comparison with another brilliant figure of St. Petersburg and European mathematics,
Sofia Vasilievna Kovalevskaya (1850–1891), is a natural
and logical one. While the two lived in very different times,
and their lives followed two disparate trajectories, many
things unite them: the magnitude of their talent; their role
in science; both being the best representatives of the Russian intelligentsia, with its interest in poetry, literature, and
art; and, finally, a certain aura surrounding both of them.
S. V. Kovalevskaya was adored by many luminaries of her
Anatoly Vershik is principal researcher and head of laboratory, St. Petersburg
branch of the Mathematical Institute of the Russian Academy of Science.
His email address is avershik@gmail.com.
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time, K. F. Weierstrass, who could be considered one of her
teachers, among them. Similarly, O. A. was adored by her
teachers. The latter include I. G. Petrovsky (1901–1973),
president of Moscow State University and her teacher in
Moscow, as well as S. L. Sobolev (1908–1989) and V. I.
Smirnov (1887–1974), both members of the Academy of
Sciences, who taught O. A. in St. Petersburg.
Both Kovalevskaya and Ladyzhenskaya studied differential equations, a vast area of mathematics, where
well-known theorems are named after them. O. A. is particularly renowned for her achievements in the theory of
quasilinear equations and in mathematical hydrodynamics—she proved the solubility and local existence for the
Navier-Stokes equations.
And similarly, fate was unmerciful to both. S. V., despite
her extraordinary achievements, could not overcome the
inertia of the Russian academic bureaucracy and get a
professorship in Russia. Hardships in O. A.’s life were of a
different nature.
O. A. was born in a small modest Russian town—
Kologriv, not far from Kostroma, some 300 kilometers
from Moscow. Her father was a school math teacher, a
well-known and respected figure in the community. At
the height of Stalin’s repressions (1937/8) he advocated
on behalf of children whose parents were arrested. As a
result, he was himself arrested and shortly after executed.
O. A. was sixteen at the time. Many years later, O. A. made a
brief documentary about her father—a remarkable Russian
intellectual and officer and a connoisseur of poetry and
art. Leading universities were off-limits for a daughter of
an “enemy of the people,” so she applied to a second-rate
pedagogical university in Leningrad, where she studied for
two years until the advent of the war [in Russia the Second
World War began in June of 1941].
During the turbulent years of the war, she managed to
conceal this tragedy and to get accepted at Moscow State
University. After graduation she was confronted with the
problem of landing a job because in Moscow, Russia’s
“first” capital, people with such CVs could not get a decent research position—these were Stalin’s times after all.
Fortunately for her, and fortunately for many other people,
she was noticed by V. I. Smirnov (1887–1974), who still
had some influence at Leningrad University. A patriarch of
Leningrad mathematics and an authority in mathematical
physics, he immediately recognized her talent. Smirnov
combined the old, pre-revolutionary scientific traditions
with the best that appeared after the revolution; despite
much hardship, he didn’t suffer the merciless fate shared
by many scientists of the older generation during the Soviet
times. A. D. Alexandrov (1912–1999), a noted geometer
and later the president of the Leningrad University, became
another supporter and an older friend of O. A.
O. A. thrived as a professor in the physics department;
her brilliant papers and books are to this day among the
citation leaders. She stayed in close contact with Smirnov
March 2020

for the rest of his life; together they ran the famous Mathematical Physics Seminar at the university, which she
continued to run after his death. Among her students, N.
N. Uraltseva and V. A. Solonnikov are perhaps best known
and closest to O. A. in terms of field of study, but she was
also the first advisor of L. D. Faddeev (1934–2017) and the
one who supervised his first steps in mathematical physics.
Her achievements were internationally and broadly recognized, and her talks enjoyed success; she visited research
centers in many countries at a time when for obvious reasons most Soviet mathematicians couldn’t travel abroad.
Yet, after a certain point, she, too, was not allowed to travel.
Let me explain why.
In her sentiments, which she didn’t publicize, O. A. was
of course always siding with the oppressed, with those suffering from injustice or even persecution, of which there
were very many during the Soviet times. The authorities
had their suspicions and even information about this, but
O. A.’s mathematical accomplishments and prominence
curbed their appetite, but only up to a certain point. That
point was the meeting between O. A. and A. I. Solzhenitsyn.
Smirnov, who had a dacha in Komarovo, a town not far
from Leningrad, introduced O. A. to his neighbor Anna
Akhmatova and to other prominent authors and artists.
When Solzhenitsyn came to visit, Smirnov introduced O.
A. to him, as well. O. A. and Solzhenitsyn became friends
and she shared with him, in detail, the story of her father’s
execution. Solzhenitsyn described this episode, keeping
the original names, in his monumental Gulag Archipelago.
Naturally, being so frank with an enemy of the Soviet regime, an author of banned books, and someone soon to be
exiled, could not be endorsed by the authorities. As soon
as “Big Brother” learned about this, O. A. was punished by
being banned from traveling abroad. This ban was lifted
only during the early years of the Perestroika.
While mathematics and science were the primary and
principal passions of O. A., she was also fascinated by literature and the arts. She befriended and supported many
young Leningrad poets and artists, whom she helped as
much as she could. There was always a whirlpool of youth
around her, and she was in the very middle of it. She was
also athletic—an active traveler and backpacker.
We were friends and we had many mutual friends, outside of mathematics as well. At some time in the 1970s,
we worked together on something of interest to both of us
and published several joint papers. But her chief research
interests were far from mine.
I can always conjure up an image of her constant mathematical activity. A lot of people wanted to talk to her, tell
her about their work, and get her involved. But I also had
a chance to witness her continuous engagement in life
outside of mathematics.
Here is a typical story. There was a group of young authors called “Gorozhane,” or townspeople, comprised of
four members and one—younger—candidate: S. Dovlatov.
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They were far from the official mainstream and therefore
were never published. This group decided to hold a public
reading of their short stories. A. Volodin, a well-known
author of the older generation, agreed to be the moderator.
They were able to find a venue at the House of Cinema
(“Dom Kino”), reserved for three hours sharp. They invited young people, young scientists, and also O. A., who
knew some members of this group. What followed was
typical of those times and of the people involved. At the
scheduled time, and it was a Sunday, about sixty to seventy
people gathered at the entrance, which was…bolted shut.
Obviously, those who gave their permission for the reading
became anxious at the last moment about organizing a
“questionable” event, but didn’t inform anybody of their
decision to withdraw the permission.
General confusion, despair, and anger…. Suddenly, the
ringing voice of O. A.: “Let’s go to the Mathematical Institute! It is very close.” One has to appreciate the courage and
nontriviality of this proposal. The crowd followed O. A.,
and the reading successfully took place in the main seminar
hall of the Institute. We never had such “seminars” at the
Institute either before or after.

Lev Kapitanski and Nicolai Reshetikhin
You know who the great mathematicians in your field are.
All the prizes, positions, titles, etc., tickle vanity and grant
official respect, but in the end are irrelevant. Everyone
knows who the greats are.
Olga Aleksandrovna Ladyzhenskaya was a great mathematician. The modern shape of her field, partial differential equations, was in large part set by her. From the basic
question “What is a solution to the boundary value or the
initial boundary value (“mixed”) problem?” to the subtle
properties of solutions (her “generalized solutions”) for
elliptic, parabolic, hyperbolic, the Navier-Stokes, and other
equations, her masterful brushstrokes, bold and precise,
brought new colors and shapes to the canvases of modern PDE theory. Her great-uncle, Gennady Ladyzhensky,
the father of Russian watercolor, and her beloved father,
Aleksandr Ivanovich Ladyzhensky, a mathematics and art
school teacher,4 would have been proud of her.
Lev Kapitanski is a professor of mathematics at University of Miami. His
email address is l.kapitanski@miami.edu.
Nicolai Reshetikhin is a professor of mathematics at UC Berkeley. His email
address is reshetik@math.berkeley.edu.
4In 1937, for the coming anniversary of the Great October Revolution, Alek-

sandr Ivanovich asked the pupils in his art class to paint decorative plates
with ornaments made of revolutionary symbols. As an example he showed
them his own ornament. In October 1937 Aleksandr Ivanovich was arrested
by the NKVD, the precursor of the KGB. The official reason was that in his
ornament he had used a hammer and a sickle but in different parts of the
plate, not together, which meant nothing less than that he was against the
alliance of the working class and peasantry—a capital crime. Shortly after
his arrest he was executed. In 1956 he was rehabilitated and exonerated.
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LK: O. A. told me on several occasions that when she
was a student she wanted to study the Einstein equations,
but thought she had first to understand the hyperbolic
equations and the equations of fluid mechanics, such as
the Navier-Stokes equations.
NR: As a graduate student, O. A. studied linear and quasilinear hyperbolic equations and systems. She had chosen
to build convergent finite-difference schemes to construct
solutions, and stayed with the plan, overcoming technical
difficulties as they appeared. In her PhD thesis (defended
in March, 1949), O. A. included her results on the Cauchy
problem for general linear and quasilinear hyperbolic
systems. But by that time she already knew much more.
Amazingly, it was through the finite differences analysis
that O. A. established powerful functional analytic methods
that she would use for the initial boundary value problems
for hyperbolic equations (her Doctor of Physico-Mathematical Sciences degree and the first book Mixed Problems for
Hyperbolic Equations, 1953; only in Russian), and then she
would move on to resolve the basic problems for elliptic,
parabolic, and Schrödinger type equations.
And then more intensive analysis followed for elliptic
equations (her book with Uraltseva) and parabolic equations (her book with Solonnikov and Uraltseva), and then
the Navier-Stokes equations (her book The Mathematical
Theory of Viscous Incompressible Flow, 1961), and then so
many new questions were unearthed that needed answers.
O. A. moved to Leningrad (St.-Petersburg) in the fall of
1947. She went to the Mathematics and Mechanics Department of Leningrad State University to inquire about
graduate school, and looked around the department, and
met a wonderful person, academician Vladimir Ivanovich
Smirnov.
LK: The story is that when V. I. Smirnov was nominated
for membership at the Academy in 1939, he found out that
S. L. Sobolev was the second nominee for the same position, and Smirnov withdrew his candidacy out of respect
for Sobolev, and out of innate modesty.
NR: Smirnov was the main force behind rebuilding
mathematics departments and reviving the mathematical
tradition in Leningrad after WWII. He took O. A. under his
wing, and they remained close mathematical and personal
friends until his last days. Incidentally, in the fall of 1947
Smirnov started a city seminar on mathematical physics (in
Russia, PDEs are considered a large part of mathematical
physics). From the beginning, O. A. was a co-chair and an
active participant of what became known for generations
of mathematicians as the Smirnov Seminar (“Smirnovskiy
Seminar”).
LK: I started attending the Smirnov Seminar after
Smirnov had already passed away. It was a weekly Monday night two-hour (with a ten-minute break) gathering
of mathematicians in the general area of mathematical
physics. O. A. was usually sitting in the front row together
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with Nina Nikolaevna Uraltseva, Mikhail Solomonovich
Birman, and a few other renowned mathematicians. O. A.
would invite speakers from all directions of mathematical physics, PDEs, spectral theory, analysis, topology. (V.
A. Rokhlin gave a talk (his last) at the Smirnov Seminar
shortly before he passed away.) In addition, O. A. ran a
weekly research seminar (also two hours in duration) at
the Laboratory of Mathematical Physics at LOMI. Those
two seminars were my school. All new results and new
trends were discussed, people from all over felt honored
to present their research. I remember sitting in the back
and trying to follow the speaker, and there would be questions often interrupting the talk. Often O. A. would ask
questions, sometimes very basic, and these would be the
most revealing, the most teachable moments. I’ve learned
to appreciate them more the older I become.
NR: During the war years 1941–1945, having to leave
Leningrad (because of exhaustion and illness due to hard
work digging trenches near Leningrad), O. A. taught school
math first at an orphanage in the town of Gorodets (fall
1941–fall 1942), and then at her childhood school in her
hometown of Kologriv. There she also gave free lessons
to pupils willing to learn more. A mother of one of her
students was so grateful that she managed to arrange an
invitation from Moscow State University (MGU) for Olga
to go study there and even have a Stalin’s stipend (without
which it would be impossible to survive).
LK: O. A. once told me that when she was a student in
Moscow she (like many others) was always hungry. And
sometimes she would sleep on a bench in the auditorium
(there are benches, not chairs; the benches where students
sit during the lectures have in front wooden panels with a
sill-like desk shelf. The panels would protect a person sleeping on the bench from being seen by somebody standing at
a lower level). For a pillow O. A. would use the textbooks
she was studying. And she told me that she thought she
even learned this way, by osmosis. And she practiced this
technique in her later years by putting a book or a paper she
wanted to understand under her pillow and sleeping over it.
NR: O. A. taught mathematics all her life. In Leningrad,
from 1949 on, she taught first in the mathematics department, and then in the physics department of Leningrad
State University (LGU). These were undergraduate classes,
mostly PDEs (at the present time, at a Western university,
those would be considered middle to senior graduate level),
but she would talk about the current state of the art in PDEs
and mention current open problems. Her textbook The
Boundary Value Problems of Mathematical Physics, Springer
edition, 1984, is an excellent exposition of her approach to
PDEs. It is based on the course she had taught since 1949.
(LK: I find this textbook still current and very useful and
use it in my teaching.)
NR: I first met O. A. when she was teaching boundary problems at the Mathematical Physics branch of the
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Physics Department of LGU. Students called her “Grandma”
Ladyzhenskaya, and she was one of our favorite professors.
We liked her style, honesty, accessibility, and the clarity of
her lectures, which were elegant, informative, and easy to
follow.
LK: Once, when we discussed something and realized
that the Egorov theorem would help on that particular
occasion, O. A. said, “Wouldn’t it be nice if theorems in
textbooks were printed in color? Then Egorov’s theorem
could be printed in gold.” “But Olga Aleksandrovna,” I
asked, “then what about the Newton-Leibniz formula?” I
knew that the Newton-Leibniz formula was her favorite.
“You are right, Lyova,” O. A. said, “the Newton-Leibniz formula should be in gold. And Egorov’s theorem—in silver.”
O. A. was curious about many topics in and around
mathematical physics. Sometimes, she would ask colleagues to make a presentation on the topic she was interested in at one of the seminars. Sometimes, she would ask
them to explain a question to her.
NR: O. A. was always interested in new developments in
mathematics and mathematical physics. On several occasions I had a chance to explain to her recent developments
in mathematical aspects of quantum theory. Then came
1989, and I left for the United States.
We had a very nice reunion in Berkeley. She was visiting
Stanford for two months at that time, and Craig Evans invited her to give a colloquium. She also was invited by the
Noetherian Ring to give a short talk at a seminar that they
frequently organized after the colloquium. When I drove
her back to Stanford after the colloquium dinner she said
that she was pleased to see this seminar and to talk to so
many young women mathematicians. After a pause she
added that those young people probably did not appreciate
enough the wonderful life they had.
During perestroika and after, all of a sudden Soviet/
Russian people were free to travel abroad. Many scientists
left for good, and that worried O. A. a lot. She was a patriot
and cared very much about Russian culture and science.
LK: When I told O. A. in 1990 that I was going to Princeton the following year, she looked concerned: “Who is
going to do math here? Please come back.” But on the
positive side, after a long ban on her travel to the West, O.
A. was allowed to travel. We kept in touch and would see
each other be it in Kansas, or Iowa, or New York, every time
O. A. was in the US. At the end of 2003, when I moved to
Miami, O. A. was planning to visit Max Gunzburger at Florida State University in Tallahassee. I was going to arrange
her visit to Miami. I talked to O. A. on the phone on January
11, 2004, the day before her departure. She was in good
spirits, though complained a little about her eyes: “I have
to use crayons for writing!” That night Olga Aleksandrovna
quietly passed away in her sleep.
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Darya Apushkinskaya and Alexander Nazarov
Olga Alexandrovna Ladyzhenskaya was born on March 7,
1922 in the tiny town of Kologriv in the Kostroma region,
five hundred kilometers northeast of Moscow. Early on
Olga showed an aptitude for mathematics. Her father, a
mathematics teacher and a former nobleman, was executed
in 1937. Because of that Olga was considered to be the
daughter of an “enemy of the people” and was not admitted
to Leningrad University, despite getting excellent grades on
the entrance exams. She studied at the Second Leningrad
Pedagogical Institute. In 1941, after the beginning of the
Great Patriotic War, Olga returned to Kologriv, where she
taught mathematics in a secondary school.
In 1943, Ladyzhenskaya was admitted to Moscow
University, and in 1947 she graduated with a diploma
with honors (her supervisor was I. G. Petrovsky). After her
marriage to A. A. Kiselev, she moved with him to Leningrad
and attended graduate school at Leningrad University (her
advisor was S. L. Sobolev). Ladyzhenskaya got her PhD in
1949. Soon afterwards, taking just two years, she wrote
her Habilitation thesis, The Mixed Problem for a Hyperbolic
Equation, where she justified the Fourier method for general
second-order hyperbolic equations in the multidimensional case. However, she could only defend the thesis after
Stalin’s death in 1953.
Starting in 1950, O. A. worked at Leningrad University,
where in 1955 she became a Full Professor. In 1954, she
was named a Fellow of the Leningrad Branch of Steklov
Institute (LOMI). In 1961, O. A. organized the Laboratory
of Mathematical Physics in LOMI; she led the Laboratory
until 1998.
Olga Alexandrovna Ladyzhenskaya published more than
250 articles and authored or coauthored seven monographs
and a textbook:
1. The Mixed Problem for a Hyperbolic Equation, GTTI, Moscow, 1953 [Russian].
2. The Mathematical Theory of Viscous Incompressible Flow,
Fizmatgiz, 1961 [Russian]; English transl., Gordon and
Breach, New York, 1963.
3. Linear and Quasilinear Elliptic Equations (with N. N.
Uraltseva), Nauka, Moscow, 1964 [Russian]; English
transl., Academic Press, New York, 1968.
4. Linear and Quasilinear Equations of Parabolic Type (with
V. A. Solonnikov and N. N. Uraltseva), Nauka, Moscow, 1967 [Russian]; English transl., Amer. Math. Soc.,
Providence, RI, 1968.
Darya Apushkinskaya is privat-dozentin at the Saarland University, Saarbruecken; professor of mathematics at the People’s Friendship University
of Russia (RUDN University); and Moscow Senior Researcher at the
Chebyshev Laboratory, St. Petersburg State University. Her email address
is darya@math.uni-sb.de.
Alexander Nazarov is leading researcher at the St. Petersburg Department
of Steklov Mathematical Institute and professor at the Mathematics and
Mechanics Faculty, St. Petersburg State University. His email address is
al.il.nazarov@gmail.com.
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5. Mathematical Problems of the Dynamics of Viscous Incompressible Fluids, 2nd ed., revised and enlarged, Nauka,
Moscow, 1970 [Russian].
6. Linear and Quasilinear Elliptic Equations (with N. N.
Uraltseva), 2nd revised edition, Nauka, Moscow, 1973
[Russian].
7. Attractors for Semigroups and Evolution Equations, Lezioni
Lincei, 1988; Cambridge Univ. Press, Cambridge, 1991.
8. The Boundary Value Problems of Mathematical Physics,
Nauka, Moscow, 1973 [Russian]; English transl., Applied Mathematical Sciences, 49, Springer, New York,
1985.
Ladyzhenskaya’s mathematical achievements were recognized in many ways: by the Leningrad University Prize
(twice, in 1954 and 1961), the Chebyshev Prize of the USSR
Academy of Sciences (1966), the State Prize of the USSR
(1969), the Kovalevskaya Prize of the Russian Academy
(1992), and the Ioffe Prize of the City of St. Petersburg
(2002). In 1981, she became a Corresponding Member
and, in 1990, a Full Member of the USSR Academy of
Sciences. In 2002, she was awarded the highest award of
the Russian Academy, the Great Gold Lomonosov Medal.
She was elected a foreign member to the oldest German
academy Leopoldina (1985), the Accademia Nazionale dei
Lincei (1989), and the American Academy of Arts and Sciences (2001). She was also awarded the degree of Doctoris
Honoris Causa by the University of Bonn (2002).
Her personal charm, her ability to spot talented students, her willingness to help beginners—all these qualities enabled Ladyzhenskaya to foster a whole pleiad of
brilliant scientists, leaders of the renowned St. Petersburg
school of partial differential equations and mathematical
physics. Among them were Ludvig Faddeev, Nina Uraltseva, Vsevolod Solonnikov, and many other prominent
mathematicians.
In 1947, together with V. I. Smirnov, O. A. organized
a weekly seminar on mathematical physics, which is still
meeting today. Almost all of the St. Petersburg experts on
partial differential equations were or are participants in
this seminar.
Ladyzhenskaya was a member of the St. Petersburg
Mathematical Society since its revival in 1959. For many
years she served as a board member, vice president, and
from 1990 till 1998, the president of the Society. In 1998,
she was elected an honorary member of the Society. In
2014, the Society established a scholarship named after O.
A. Ladyzhenskaya.
In the second half of the 20th century Ladyzhenskaya set
a new fashion in the theory of partial differential equations.
She was a real strategist in mathematics, and was not only
interested in solving problems, but, more importantly, in
stating new problems and developing new approaches. She
played an important role in developing the concept of a
generalized solution. Important pioneering results in the
spectral theory for differential operators, the diffraction
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theory, and the convergence of finite difference methods
are associated with the name of Ladyzhenskaya. In the
1960s Olga Alexandrovna, together with N. N. Uraltseva,
presented complete solutions to Hilbert’s 19th and 20th
problems for a wide class of second order PDEs.
It is not a secret that Olga Alexandrovna’s main mathematical love was the theory of fluid dynamics. Her very
influential book The Mathematical Theory of Viscous Incompressible Flow, published in 1961, was translated into many
languages and has become a classic in the field. Up to this
day, it continues to be an excellent introduction to the
mathematical foundations of hydrodynamics.
Some of Olga Alexandrovna’s achievements related to
the mathematical theory of the Navier-Stokes equations
will long be remembered. Among these is the great result on the global well-posedness for those equations in
dimension 2, proved in the 1950s. As was shown in her
joint work with A. A. Kiselev, a similar result is valid in
dimension 3 as well, but holds only on a finite interval
of time. It is worth mentioning that to this day the global
well-posedness for the three-dimensional problem remains
an open problem. Moreover, the issue of existence and
uniqueness of physically reasonable solutions to the NSEs
in three dimensions has been chosen as one of the seven
Millennium million-dollar prize problems by the Clay
Mathematics Institute.
Olga Alexandrovna also introduced the concept of
attractor for two-dimensional Navier-Stokes systems and
proved its existence. This opened a new chapter in the
theory of evolutionary PDE, namely, the theory of stability
in the large.
Olga Alexandrovna possessed a rare quality: the courage
to express one’s opinion. She reacted keenly to any injustice
and misfortunes of others. In particular, she advocated time
and again for the students who for political reasons had
problems with being admitted to graduate school.
O. A. Ladyzhenskaya was an extraordinary person,
deeply engaged in all aspects of life. She was an enthusiastic
traveler, a skillful storyteller, and a person well versed in
literature, arts, and music. Among her friends were famous
poets, writers, musicians, and painters, in particular, Anna
Akhmatova, Iosif Brodsky, Alexander Solzhenitsyn, and
Boris Tishchenko. She was mentioned by Solzhenitsyn in
his list of the 257 witnesses in the Gulag Archipelago, while
Akhmatova dedicated to O. A. the poem “In Vyborg.”
After visiting Leningrad, the French mathematician J.
Leray remarked that he saw the Hermitage, Peterhof, and
Ladyzhenskaya.
See p. 432 for an announcement of the Ladyzhenskaya
Medal in Mathematical Physics.

March 2020

Della Dumbaugh

Panagiota Daskalopoulos

Anatoly Vershik

Lev Kapitanski

Nicolai Reshetikhin

Darya Apushkinskaya

Alexander Nazarov

Credits

Figure 1 is courtesy of St. Petersburg Math Society.
Dumbaugh photo is used by permission of the University of
Richmond.
Daskalopoulos photo is by Scott Mead.
Vershik photo is by Rita Vershik.
Kapitanski photo is by Mary E. Donworth.
Reshetikhin photo is by Antonina Staros.
Apushkinskaya photo is courtesy of Darya Apushkinskaya.
Nazarov photo is by Sophia Nazarova.

Notices of the American Mathematical Society

381

HISTORY

Dr. Shirley McBay
Zerotti Woods
Take a second, close your eyes, and imagine what it was
like to be a woman in mathematics in 2018. Now imagine
what it was like to be a woman in mathematics in 1966.
Finish this exercise by imagining what it was like to be an
African American woman in mathematics in 1966. This was
the year that Dr. Shirley Mathis McBay graduated from the
University of Georgia with her PhD in mathematics. She
is the first African American to get a PhD from the University of Georgia in any field, and the first woman of any
race to receive a PhD in mathematics from the University
of Georgia. To put this into perspective, the University of
Georgia’s first PhD thesis in mathematics was in 1951. The
school desegregated in 1961 and McBay enrolled in 1964
and graduated with her PhD in 1966. McBay became an educator, department chair, and pioneer of the mathematics
department at Spelman College. She was a director at the
National Science Foundation, dean at the Massachusetts
Institute of Technology, and founder of an organization
designed to assist minorities in their pursuit of education
in STEM-related fields. I am astounded by her courage and
willingness to be a trailblazer for students such as myself.
I was recently afforded the opportunity to ask her a few
questions through her sons Michael and Ronald McBay. I
was also afforded the opportunity to visit her for an informal conversation. As a student who directly benefited from
her sacrifices, it is my distinct pleasure to highlight some
of her many accomplishments and give honor to such an
amazing scholar.
McBay was born in Bainbridge, Georgia on May 4, 1935.
According to [VH85], when McBay was ten years old, she
competed against high school students in a mathematics
competition—and won. Her mother knew that she was a
very gifted student at a really young age, and although she
Zerotti Woods is a research mathematician at Johns Hopkins Applied Physics
Laboratory. His email address is Zerotti.Woods@jhuapl.edu.
Communicated by Notices Associate Editor Daniel Krashen.
For permission to reprint this article, please contact: reprint-permission
@ams.org.
DOI: https://dx.doi.org/10.1090/noti2048
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was teased for being smart, her mother encouraged her to
continue to excel in her studies. She graduated high school
at the age of fifteen. Upon completion, she attended Paine
College in Augusta, Georgia, where she earned a bachelor
of arts in chemistry. She graduated summa cum laude at
the young age of nineteen. She began teaching at Spelman
College in Atlanta, Georgia upon graduation. While teaching at Spelman, she entered Atlanta University and earned a
master of science in chemistry (1957) and a master of arts
in mathematics (1958). It was at Atlanta University that she
met and married Dr. Henry McBay. Dr. Henry McBay was
a famous chemistry professor who taught at Morehouse
College. While obtaining her masters degrees, she had one
son (Michael). While she had a great interest in chemistry,
and it only intensified while at Atlanta University (especially having taken a class from her soon-to-be husband at
Morehouse), once she was a wife and had an infant son, she
realized that studying chemistry had become less practical
than studying mathematics. Chemistry meant spending
long hours in the lab while mathematics could be studied
anywhere, which meant that she could study at home while
being a wife and mother.
Four years after receiving her masters she gave birth to
her second son (Ronald) and was also accepted into the
PhD program in mathematics at the University of Chicago.
Her family was very instrumental in making it possible for
her to pursue her PhD. Her older son was sent with her
husband to live in Atlanta while her infant son was sent to
Texas to live with her mother-in-law.
One day when McBay was on break from school and
visiting Texas she noticed that her son was calling his
grandmother “Mama.” This did not sit well with McBay,
and she knew she had to make a change. According to
[War99], McBay received the United Negro College Fund
Fellowship sponsored by the IBM Corporation in 1964, and
transferred to the University of Georgia to complete her
PhD in mathematics. I asked McBay if she ever felt scared
on campus because of the hostile environment of a newly
integrated college in the South. Her response surprised me
because she told me that she does not have any recollection
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Pictured from left to right: Zerotti Woods, Dr. Shirley McBay,
Michael McBay.

of any major incidents. She could only recall a few small
things here and there. The stories of the first African Americans to ever enroll as undergraduates and the first African
American to ever graduate from the University of Georgia
were much different. Her son Ronald also said that she
did not spend much time on campus. This may have been
the reason that she did not get into many confrontations
with other students. Her son Michael has a direct memory
of visiting his mom in Athens. His recollection is that she
was an off-campus boarder with a very supportive African
American woman (Mrs. Appling) who lived nearby.
When asked about the relationship that she had with her
advisor, she answered that her advisor Dr. Thomas Brahana
was very supportive. In fact, she recalls that UGA was more
supportive than the University of Chicago. McBay finished
her PhD at UGA in 1966. Her thesis was titled “The Homology Theory of Metabelian Lie Algebras.”
McBay was offered a position at UGA to teach mathematics, but she declined [VH85]. Immediately after
earning her PhD, she returned to Spelman as an associate
professor of mathematics, and by 1970 she was also chair
of the mathematics department [War99]. Her colleague and
famous African American mathematician Dr. Etta Zuber
Falconer said that she, McBay, and Dr. Gladys Glass were
“the pioneers who built the mathematics department” at
Spelman [War99]. As a result of McBay’s leadership, in
1972, Spelman created the Division of Natural Sciences
with McBay as the chairman [War99].
In 1975, after over fifteen years at Spelman, McBay took
a position at the National Science Foundation and directed
two national programs designed to increase minority participation in science and engineering.
In 1980, McBay became dean for student affairs at the
Massachusetts Institute of Technology (MIT). While at MIT,
she served as director of the MIT-based Quality Education
for Minorities (QEM) Project for three years. The QEM
Project conducted a thirty-month study of the educational
problems of five underrepresented minority groups. The
study made fifty-eight specific recommendations [Ros90].
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In 1990, after ten years at MIT, McBay founded and became president of the QEM Network to replace the QEM
Project. In her own words, “the purpose of the network is
to implement the recommendations of the study.” During
her tenure as president, she served as the director of several
science- and engineering-focused projects. These included
several NSF-supported projects. “Today, QEM continues to
be the premier organization for improving the quality of
education for minorities, by providing technical assistance
to MSIs (Minority Serving Institutions), funding internship
opportunities for underrepresented students, and advocating for college and career readiness in STEM” [Net].
I asked McBay if she could have ever imagined that she
would have such a large impact on the STEM world. Her
answer was, “No. Some people have plans mapped out. I
didn’t. I just got the most out of whichever environment I
was in. I never thought about being ‘The First.’ I wasn’t one
to dwell on the negative of a situation.” This courage and
selflessness paved the way for countless students to get the
opportunities that she never had. Without trailblazers such
as McBay, I am confident that students such as myself—a
black kid from the inner city of Atlanta—would have never
even dreamed that we too could succeed in earning a PhD
in mathematics or any other STEM field. My final question
for McBay was, “What advice would you give to current
and future African Americans and women pursuing their
PhD in mathematics?” Her response was, “Lay out a plan
of action to have particular goals in mind. Do it in steps.”
Dr. McBay, thank you for your sacrifices and bravery. We still
have a long way to go, but because of people like you we
have come a long way and I am optimistic about the future.
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A Lady Mathematician in this
Strange Universe: Memoirs
Reviewed by Lydia Bieri
These are the memoirs of Yvonne
Choquet-Bruhat, a celebrated
mathematician and physicist,
who has made groundbreaking
contributions to general relativity. Not only has she pioneered
many aspects of mathematical
general relativity (GR), but she
has also been a role model for
women and has opened up new
avenues for women in science and
mathematics. In addition to her
results on Einstein’s equations,
Choquet-Bruhat has worked on general partial differential equations, geometry, and various aspects of physics.
Choquet-Bruhat became the first woman to be elected to
the French Academy of Sciences in 1979. She received the
Grand-croix de l’ordre national de la Légion d’honneur (Grand
Cross of the National Order of the Legion of Honor, the
highest recognition in France) in 2015, and she is also an
elected member of the American Academy of Arts and Sciences. In this book, Choquet-Bruhat writes in an upfront
and natural way about her life and work. Family and friends
have always been important to her, and she makes them
the main figures in her journey through mathematics and
physics—through history and also through spacetime. The
book cover reads “...At once reflective, enlightening and
bittersweet....” I agree and would add “fascinating” as well.
Lydia Bieri is associate professor of mathematics at the University of Michigan in Ann Arbor. Her email address is lbieri@umich.edu.
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Figure 1. Yvonne Choquet-Bruhat during a workshop in
Oberwolfach, 2006.

The book begins with a prologue, where the author
recounts an amusing scene from her childhood in which
she was reflecting on questions about the consciousness
of the self versus the surrounding world. Choquet-Bruhat
ties this memory to philosophical questions about whether
mathematics is a product of the human mind or exists independently from us. However, she immediately bypasses
this question (for which there does not exist a scientific answer) by suggesting that mathematics and the sciences are
the best means to understand the world. She then explains
her perspective on how human beings construct reality,
revealing her deep understanding of the dynamical aspects
of research as well as her passion for mathematics and science. She writes: “...I wished to understand something of
this strange universe in which we live, and what we human
beings do in it....” The means to do so are mathematics,
physics, and science in general.
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In the first chapters, we learn about her ancestors and
family. Yvonne Choquet-Bruhat was born as the second
of three children on December 29, 1923 in Lille, a city in
the very north of France. Her father was Georges Bruhat,
and her mother was Berthe Hubert. When Yvonne was two
years old, the family moved with their daughters Jeanne
and Yvonne to Paris. Her brother François came into the
world a few years later. Georges Bruhat worked as a physics
professor at the University of Lille, and later at the Sorbonne
in Paris. He became vice-director of the École Normale
Supérieure (ENS) in the mid-1930s. Georges Bruhat was a
loving father and family man. He was organized and structured his days in a way that maximized both the time spent
with his family and the time spent at work. Despite all his
duties, he always found time to sit down with his children
to study, do homework, or discuss science. Berthe Hubert
taught literature and philosophy at the high school level
and higher (Première Supérieure), first in Chambéry, then
in Poitiers, Lille, and Paris. She is characterized as a woman
who did not hide her thoughts and had a deep understanding of human problems. Both Yvonne’s parents cared well
for their children and supported them in their endeavors.
Georges Bruhat and Berthe Hubert provided their children with an intellectual family environment, which was
augmented by nannies, as well as relatives and friends of
the parents who would come to stay with them. They took
family vacations in the Alps and at the Mediterranean, and
spent time at their house in Dammartin (near Paris). This
comfortable lifestyle was quite different from how their
ancestors lived. Some of her father’s ancestors, including
her great-grandfather, worked breaking stones for roads.
To escape this hard life, the next generation had military
careers or became teachers. Her mother’s family members
were mainly farmers for several generations. Yvonne’s maternal grandfather became a teacher who was able to send
both of his children to universities.
Yvonne Choquet-Bruhat went through the rigorous
French school system. One has to remember that at the
time boys and girls were schooled separately. Teachers had
a lot of influence. Already as a girl, Yvonne cultivated an
independent mind and made friends for life. For a while,
life was good. The author describes pleasures and problems throughout those years and names a subchapter “The
Happy Years.” This happiness would end in 1939 with the
beginning of World War II and the German attack on France
on May 10, 1940. Paris fell in June of that year, and France
signed an armistice that left Paris in the occupied zone and
the southern part of France under the Vichy Regime.
Georges and Berthe tried to protect their children as
much as possible during this dark period, sending them
to stay with their uncle in Poitiers in 1939. Just before
the Germans invaded Paris, Georges Bruhat departed for
Bordeaux with his physics laboratory. Yvonne’s mother
and grandmother then joined the children in Poitiers and
they all headed for Bordeaux as well. It was a journey with
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interruptions, where at one point Yvonne found herself
separated from the others, but finally the family was reunited in Bordeaux. Later, Georges Bruhat decided to go
back to Paris and use his position of leadership at ENS
to protect not only his laboratory from the Germans, but
more importantly, to protect his students from the Nazis.
He ended up helping many Jews and members of the Resistance travel to unoccupied France, where he found refuge
for them. From there they could leave for Britain, where
many of them joined the Allies.
On June 6, 1944 (D-Day), the Allied forces landed in
Normandy. Paris was liberated in August 1944. It took almost another year until the war in Europe ended with Germany’s surrender on May 8, 1945. Worldwide, the war came
to an end on September 2, 1945. However, 1944 brought
a radical and brutal change to the Bruhats’ lives. The shock
for the Bruhat family came in the form of the Gestapo a few
days before the liberation of Paris. Upon refusing to help
find a student who was a member of the Resistance, Georges
Bruhat was deported to a concentration camp in Germany.
He was transferred to the camp in Sachsenhausen, where
he died at the beginning of 1945. The family tried to get
news of him and hoped that after the liberation he would
come back. They learned of the horrible loss in spring of
that year. Needless to say, things were difficult for them.
Especially Berthe Hubert had enormous trouble coping
with the situation.
Yvonne felt close to her father, who was able to give her
the kind of warmth that she often missed from her mother.
The deportation and tragic death of her father was a traumatic experience. The author discloses that even after all
these years it was still painful to write about it.
In spite of the tragic loss of Georges, life went on for
the Bruhat family. Yvonne studied at the École Normale
Supérieure de Jeunes Filles (the partner institution of the
ENS for women) and graduated in 1946. After that, she
became an assistant at the École Normale Supérieure, and
then in 1949 she became a research assistant at the Centre
National de la Recherche Scientifique (CNRS), the French
National Center for Scientific Research. André Lichnerowicz, a professor at the Sorbonne in Paris, invited Yvonne
to become his doctoral student after he saw her brilliant
performance on the exam for future high school teachers.
She writes: “Lichnerowicz asked me what I would like to
do in the future. I answered, ‘I would like to do a thesis
on theoretical physics but I don’t know if I am able to do
it.’ He said: ‘You will do one if you do as I say. I work on
General Relativity and I am interested in philosophy.’ I said,
‘It suits me very well.’” Thus, she began working in GR with
André Lichnerowicz, earning her doctoral degree in 1951.
In her memoir, Choquet-Bruhat writes about the difficult situation faced by women in mathematics and science
at the time. They could aim to obtain a teaching position.
However, it was basically impossible for a woman to obtain a research position. She had always been fascinated
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by the interplay of mathematics and physics, but she had
contemplated becoming a medical doctor for a while. It
was not clear for a long time what career Yvonne would
choose. The fortunate encounter with Lichnerowicz marked
the beginning of her career in mathematics and physics.
In addition to Lichnerowicz, the person who proved to
be most influential in Choquet-Bruhat’s career was Jean
Leray, whom she met in 1947, when she was a student in
one of his courses. “He was a pillar in my life, a master
and friend who supported me for more than fifty years.”
Leray suggested that she should work on a problem that
later became the main part of her thesis. Encouraged by
Jean Leray, Choquet-Bruhat solved in her dissertation the
Cauchy problem for Einstein’s equations in the nonanalytic
case. The main content of her thesis, which was published
[1] in 1952, became one of the most important results in
the history of general relativity. We will get back to this in
more detail later in this review.
In 1947, Choquet-Bruhat married Léonce Fourès, who
was also a mathematician, and together they moved into the
small apartment where her mother lived. It was a difficult
time for Yvonne. Her mother was suffering from the loss
of her husband and had become angry at the world, which
affected everyone around her. Also, Yvonne was struggling
with health problems. She felt very tired, lost weight, and
was exhausted by her teaching job, yet her doctor could not
find an explanation. Years later an X-ray revealed that she
in fact had tuberculosis, whose effects persisted for several
years. A happy event occurred for Choquet-Bruhat in 1950,
when her daughter Michelle was born. As for the couple,
however, the book explains how they diverged over the
years, and eventually divorced in 1960.
In 1961, Yvonne married Gustave Choquet, whom she
had met through Léonce. Gustave, too, was a mathematician and a climber, as was Léonce. Yvonne writes that
one of the things that she admired in Gustave was his
affectionate way of caring for his three children from a
previous marriage. Yvonne and Gustave had two children
together, a son Daniel, born in 1962, and a daughter

Figure 2. Yvonne Choquet-Bruhat and Gustave Choquet in
Berkeley, 1974.
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Geneviève, born in 1966. The couple was determined to
create a warm and loving environment for all of their children. They were a happy family, enjoying traveling together
as well as going camping in California after they had spent
a term in Berkeley. The photo in Figure 2 stems from their
time in California.
Choquet-Bruhat’s doctoral thesis [1] represented a
breakthrough in the Cauchy problem (initial value problem) for the Einstein equations. These equations lie at the
heart of GR, describing the physical laws of our universe by
its geometric properties. The universe itself, or the part of it
that we wish to study, is described as a spacetime manifold
with a metric whose curvature encodes the properties of
the gravitational field. Thereby, time, space, and matter or
energy are unified into this manifold, where the latter two
give it the curvature structure. Indeed, there is no “absolute” entity or frame as in Newtonian mechanics in which
objects move. Instead everything is part of the spacetime
itself contributing to its geometric structure.
A first glimpse at the Einstein equations may not give
the impression that they are so challenging. They couple
Ricci Rμv and scalar R curvature to a stress-energy tensor Tμv
that includes other physical fields (such as electromagnetic
Tμv with indices running
fields or a fluid), Rμv – 1_2 Rgμv = 8πG
c4
from 1 to 4. Extra equations are coupled to this system for
the matter-energy fields on the right-hand side. We aim to
find solutions to these equations for physical situations.
Thus, under assumptions given by the latter, the solution
spacetime is a four-dimensional, oriented, differentiable
manifold M with a Lorentzian metric tensor, g. (The trivial
example would be Minkowski spacetime of special relativity with the flat diagonal metric (–1,1,1,1).) To describe
cosmological phenomena, these equations take an extra
term involving a cosmological constant multiplied by the
metric. If no other sources are present, the above system
reduces to the Einstein vacuum equations Rμv = 0. Note that
solutions of the latter may contain black holes, domains
of spacetime with highly concentrated curvature such that
nothing can escape their boundaries.
There are immediate consequences of the Einstein
equations on various levels, including the bending of light
by gravitation. This led to Arthur Eddington’s successful
expedition in 1919, where he confirmed that the sun’s
gravitational field deflects light as predicted by GR. This was
a milestone. Several results were derived in the pioneering
years. Many exact solutions were found and studied for
their physical properties, though there was still much more
that one would like to know. Those solutions, for example,
cannot address dynamical properties of the gravitational
field. In order to understand dynamics and radiation, we
have to investigate large classes of spacetimes.
To gain more insight into these equations and to realize
the impact of Choquet-Bruhat’s PhD result, let us travel
back in time to 1915, when Einstein derived them [9], [10],
and try to imagine our reaction: If this geometric equation
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describes our world, then how do we make use of it? We
would like to understand the dynamics of the gravitational
field, know the evolution of systems like a galaxy or stars,
and more generally solve the initial value problem. However, the Einstein equation in its brief form cannot be used
right away to do so. It took many years, as well as many
mathematical steps by a number of contributors, until in
1952 Choquet-Bruhat [1] set up the Cauchy problem for
the Einstein equations in a general form and obtained a
local result. The main result from Choquet-Bruhat’s dissertation [1], published in 1952, proved a local existence
and uniqueness theorem for the Einstein equations and
has since been essential for further investigations of the
Cauchy problem. Her proof introduced a useful coordinate system, called wave coordinates, in which Einstein’s
vacuum equations appear clearly as a hyperbolic system
of nonlinear (quasilinear) partial differential equations.
Many people had worked on the problem that Yvonne
eventually solved in her thesis; G. Darmois studied the analytic case. We recall that real analytic functions are infinitely
differentiable and they are determined by their values in
an open set. Therefore, they cannot detect any propagation
phenomena or causality. One needs to generalize these
results in order to describe physics. Darmois noticed the
existence of constraints that initial data have to satisfy in
the analytic spacelike Cauchy problem, also pointing out
that these constraints propagate. A. Lichnerowicz extended
Darmois’ work. T. de Donder and C. Lanczos introduced
wave coordinates that Darmois later used. D. Hilbert, H.
Weyl, and many more people contributed. The big leap
forward was to go beyond the analytic case because of the
reasons above. Leray suggested that Yvonne should study
J. Schauder’s results to extend those ideas to GR. Choquet-Bruhat ended up studying the paper by Sergey Sobolev
where he had introduced a method to obtain nonanalytic
solutions for linear PDEs similar to the linearized Einstein
equations in wave coordinates. Choquet-Bruhat took these
ideas further to solve nonlinear PDEs in her thesis.
Not only is this the beginning of answering the crucial
questions raised above, but it is also the first proof establishing that for the nonlinear Einstein equations gravitational waves propagate at finite speed and that causality
holds. Rough ideas about causality had been mentioned
earlier by Hermann Weyl, but it had not been mathematically established for the Einstein equations. In 1916, Einstein looked at the linearized equations and found wave
solutions. However, he himself knew that linearization
can introduce artifacts that are not present in the general
case. We owe the first full gravitational wave result to Choquet-Bruhat. These waves were detected for the first time
in 2015 by the Laser Interferometer Gravitational-Wave
Observatory (LIGO) team, marking the beginning of a new
era, where they will be the messengers from parts of the
universe that telescopes cannot see.
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The 3 + 1 splitting of the four-dimensional spacetime
manifold into time and three-dimensional spacelike Riemannian hypersurfaces that results from Choquet-Bruhat’s
proof is called the “3 + 1 formalism.” It was introduced in
the analytic case by G. Darmois, generalized by A. Lichnerowicz, further generalized by Choquet-Bruhat (published
in 1948), and fully resolved by Choquet-Bruhat shortly
thereafter. In fact, she also showed that this holds for n + 1
dimensions. Note that the Einstein equations do not have
any such a priori structure, but the 3 + 1 (respectively, n + 1)
splitting relies on the choice of a time coordinate.
This formalism has had huge impacts in many directions. In the 1950s and 1960s it served as the foundation of
Hamiltonian formulations of GR by P. Dirac, R. Arnowitt,
S. Deser, and C. Misner. This is often called the ADM mechanism (referring to Arnowitt, Deser, and Misner), ignoring
the pioneering works of Choquet-Bruhat. The Einstein
equations decouple into a set of constraint equations that
initial data have to satisfy, and which propagate, and a set
of evolution equations for this data. In the 1970s, J. York
developed a general method, called the conformal method,
to solve these constraint equations. It was introduced by
Ch. Racine (a student of Darmois) and partially extended
by Lichnerowicz. Later, the Bowen–York data (which York
developed with J. Bowen) became very popular. A lot of
work in GR has been devoted to the constraint equations.
Again, the names for these methods did not include the
first contributors. In this book, Choquet-Bruhat expresses
her regrets about that, yet at the same time she does not
brood and instead stands above issues of this sort. Indeed,
it is a feature of her character that occurs in different moments throughout her professional as well as personal life,
in which she deals with difficulties through constructive
solutions rather than by holding grudges.
Later on, Choquet-Bruhat collaborated on these topics
with York and other relativists including J. Isenberg, D.
Pollack, P. Chruściel, and J. M. Martín-García [4], [7]; see
[2] for more details. Choquet-Bruhat’s work became a
crucial base for numerical relativity. H. Friedrich suggested
using generalized harmonic coordinates for numerical
simulations of the two-body problem (such as two black
holes spiraling in, merging, and sending out gravitational
waves). This was implemented by Frans Pretorius in 2005
to produce the first successful numerical code to model
gravitational radiation from binary mergers. That same year
and ever since, many groups have been successful using
different approaches.
In 1969, Choquet-Bruhat and Robert Geroch [6] proved
the global existence of a unique globally hyperbolic maximal development for every given initial data set for the
Einstein equations, constituting another breakthrough.
This meant that the maximal development of any Cauchy
data is unique up to a diffeomorphism that fixes the initial
hypersurface. From here, the following crucial questions
could be attacked: What happens for initial data of a
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physical system? Will these evolve under the Einstein
equations without singularities for all time or will black
holes form? The former was proven to be true by D. Christodoulou and S. Klainerman in 1993 for asymptotically flat,
suitably small (and nontrivial) initial data, namely, that
there exists a unique, causally geodesically complete and
globally hyperbolic solution to the Einstein equations that
itself is globally asymptotically flat. The latter was shown
by Christodoulou in 2008, namely, that highly concentrated gravitational waves form a closed trapped surface
and eventually a black hole. These areas of research have
become very popular, attracting many mathematicians to
work on them currently.
Choquet-Bruhat’s first journey to the United States in
1951 was an important experience. Initiated by J. Leray,
Yvonne and Léonce were offered positions at the Institute
for Advanced Study (IAS) in Princeton. Together with
their daughter Michelle, they embarked for New York.
Choquet-Bruhat writes: “Life in Princeton was, for me, a
happy time.” What a relief it was after the hardship of the
war not to worry about material life. She appreciated the
American vitality and the engaging academic environment
in Princeton. We learn that she made many friends and
especially liked the warm human relations. Among her
friends we find I. Segal (who also became a collaborator),
G. Mackey, and J. Tits. The latter coauthored an influential
work with Yvonne’s brother François, called the Bruhat–Tits
theory. While in Princeton, Choquet-Bruhat witnessed early
steps in computing after having met J. von Neumann, who
had designed the computer called the “IAS machine.” A
delightful part of the book explains how Choquet-Bruhat
met Einstein at IAS. During their first conversation Einstein
asked Choquet-Bruhat to explain her work to him. “…I
summarized, in French, my thesis on Einstein’s blackboard.
Einstein listened with interest, and congratulated me for
the results which gave rigorous proofs of properties he had
expected from the gravitational field. When I left, Einstein
told me I would be welcome in his office any time I felt
like knocking on his door.…”
After their stay at IAS, the couple accepted positions in
mathematics at the University of Marseille. In 1958, Choquet-Bruhat became a professor at the University in Reims,
where she stayed for only about a year. Then she was given
the chair of celestial mechanics at the Sorbonne in Paris.
In addition to describing Choquet-Bruhat’s life and
work, the book provides insights into the political and
social developments in the late 1960s at the Sorbonne and
in Paris from her point of view as a professor. She describes
meetings with students, sympathizing with them on issues
like the need for reforms in the educational system, but also
chaotic discussions that would not lead anywhere. We also
see how the universities in Paris were restructured, in particular how Paris 6 and 7 were established. Choquet-Bruhat
moved to Jussieu (Paris 6), which later was called Pierre et
Marie Curie, from which she retired in 1990. From 2003 on,
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Yvonne used office space at the Institut des Hautes Études
Scientifiques (IHES) that its director, J. P. Bourguignon,
had reserved for her. She has enjoyed working at IHES and
interacting with its members and visitors, in particular
with her friend T. Damour, who holds one of the very few
professorships.
In 1957, the famous Chapel Hill Congress, organized by
Bryce and Cécile DeWitt, hosted the main specialists in GR
at the time, including, of course, Choquet-Bruhat. It was
in Chapel Hill, North Carolina that the idea of creating
the General Relativity and Gravitation Society was born,
though it only took shape fourteen years later. Since then
the society has promoted research in this area via many
channels, including a major conference that is held triennially and two journals that have become highly influential.
Among relativists, the “Battelle Rencontres” meeting
between physicists and mathematicians of 1967 in Seattle marked a milestone, organized by J. A. Wheeler and
C. DeWitt. Cécile DeWitt was a good friend of Yvonne’s.
Interdisciplinary collaborations in GR pushed the field
forward. Among the participants in 1967 we find R. Bott,
S. Helgason, R. Penrose, R. Geroch, S. Hawking, and many
other players in these fields.
Choquet-Bruhat has continued to achieve amazing and
important results in GR and beyond, in mathematics as well
as in physics. It is impossible to do justice to this work in a
short review; instead we can only name a few. In solo work
and collaborations, she extended her original theorems
to the Einstein equations coupled to other fields. Yvonne
developed new methods to study nonlinear (hyperbolic)
PDEs (including Einstein’s equations). Many of these
methods provided solid foundations for several theories
in physics, such as relativistic hydrodynamics, magnetohydrodynamics, plasmas, nonabelian gauge theories, as well
as supergravity. Her results on relativistic fluids have been
most influential. Her studies of gravitational waves have
also generated major impacts. Choquet-Bruhat investigated
high-frequency gravitational waves for the nonlinear Einstein equations using an asymptotic expansion introduced
by Leray for linear systems. She constructed gravitational
waves where the perturbation and the background fields
contribute equally, showing that they propagate like light.
Her early methods and ideas have been taken further by
her and others to yield important results. With Christodoulou [3] she proved the existence of global solutions
of the Yang-Mills, Higgs, and spinor field equations. With
V. Moncrief [8] she established nonlinear stability of an
expanding universe with S1 symmetry group. H. Friedrich
and Choquet-Bruhat [5] worked on the motion of isolated
bodies. She authored and coauthored many books, including the 800-page-volume General Relativity and the Einstein
Equations [2], as well as her work with C. DeWitt, Analysis,
Manifolds and Physics, which may be the most popular ones.
Her publication list is too long to describe in detail here.
See [2] for more references and details on her work.
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With overwhelming power Choquet-Bruhat’s work has
pushed the limits of research in mathematics and physics,
thereby achieving the highest standards. She has been
decorated with many honors, a few of which I cited in the
first paragraph. Traveling is a passion that Yvonne has enjoyed a lot over the years in order to speak at conferences
or work at other institutions. She has traveled the world,
literally. The descriptions of certain trips under difficult
circumstances, interesting encounters, and events make
for an extra dimension to this book. For instance, Yvonne
describes a journey she took alone in 1975 that brought
her first to Teheran, then to Karachi, and from there to
several cities in India, eventually heading to Calcutta. She
recounts a scene while taking a local bus that left from Agra.
On that trip, she was the only tourist and made friends
with a couple who invited her to explore the stunning sites
together with them. Often, the whole family would voyage
together, either professionally or for leisure. She has made
friends all over the world.
Choquet-Bruhat is an inspiring researcher, teacher, and
person. In many ways she has broken professional as well as
social barriers for women and has opened doors for female
mathematicians to succeed in academia. Most of the obstacles that she had to overcome do not exist anymore thanks
to her persistence and that of other pioneers. She describes
her personal relations and professional environment as
mostly positive, even though she had to face unfair treatment as well as verbal attacks. Typically, she would counter
the latter with a smart remark, keeping a positive attitude.
These memoirs are frank, like its author, and span the
enormous spectrum of an exceedingly productive life. A
continuing theme is her pleasure in doing mathematics and
discussing this work with friends. She shows a lot of understanding as well as respect for the human being in front
of her, be it a colleague or a stranger in the street. She is
always ready to support a person or a cause. It is impressive
how Choquet-Bruhat has overcome all the hardships she
has faced along the way. As with almost everything in her
life, she would calmly work her way through any obstacles.
She has demonstrated this very same endurance while
proving theorems. When she writes about her research, she
naturally embeds it into her life with family, friends, and
colleagues. In many ways unusual, her memoir touches
almost every aspect of human existence.
All in all, Yvonne Choquet-Bruhat is a first-rate, exceptionally creative mathematician and physicist who has led
an exciting, active life. In other words, this is the story of a
fascinating person.

[2] Yvonne Choquet-Bruhat, General relativity and the Einstein equations, Oxford Mathematical Monographs, Oxford
University Press, Oxford, 2009. MR2473363
[3] Yvonne Choquet-Bruhat and Demetrios Christodoulou,
Existence of global solutions of the Yang-Mills, Higgs and spinor field equations in 3+1 dimensions, Ann. Sci. École Norm.
Sup. (4) 14 (1981), no. 4, 481–506 (1982). MR654209
[4] Y. Choquet-Bruhat, Piotr T. Chruściel, and José M. MartínGarcía, An existence theorem for the Cauchy problem on a
characteristic cone for the Einstein equations, Complex analysis and dynamical systems IV. Part 2, Contemp. Math., vol.
554, Amer. Math. Soc., Providence, RI, 2011, pp. 73–81,
DOI 10.1090/conm/554/10961. MR2884395
[5] Yvonne Choquet-Bruhat and Helmut Friedrich, Motion
of isolated bodies, Classical Quantum Gravity 23 (2006),
no. 20, 5941–5949, DOI 10.1088/0264-9381/23/20/015.
MR2270110
[6] Yvonne Choquet-Bruhat and Robert Geroch, Global aspects of the Cauchy problem in general relativity, Comm.
Math. Phys. 14 (1969), 329–335. MR250640
[7] Yvonne Choquet-Bruhat, James Isenberg, and Daniel Pollack, The constraint equations for the Einstein-scalar field system on compact manifolds, Classical Quantum
Gravity 24 (2007), no. 4, 809–828, DOI 10.1088/02649381/24/4/004. MR2297268
[8] Y. Choquet-Bruhat and V. Moncrief, Future global in time
Einsteinian spacetimes with U(1) isometry group, Ann. Henri Poincaré 2 (2001), no. 6, 1007–1064, DOI 10.1007/
s00023-001-8602-5. MR1877233
[9] A. Einstein, Zur Allgemeinen Relativitätstheorie, SAW (Sitzungsber. K. Preuss. Akad. Wiss. Berlin), 1915, pp. 778–786.
[10] A. Einstein, Die Feldgleichungen der Gravitation, SAW
(Sitzungsber. K. Preuss. Akad. Wiss. Berlin), 1915, pp.
844–847.

Lydia Bieri

Credits

Figure 1 is by Renate Schmid [CC BY-SA 2.0 de (https://
creativecommons.org/licenses/by-sa/2.0/de/deed
.en)].
Figure 2 is by George Bergman [GFDL (www.gnu.org/copy
left/fdl.html)].

Author photo is courtesy of the author.

References

[1] Y. Fourès-Bruhat, Théorème d’existence pour certains systèmes
d’équations aux dérivées partielles non linéaires (French), Acta
Math. 88 (1952), 141–225, DOI 10.1007/BF02392131.
MR53338

March 2020

Notices of the American Mathematical Society

389

BOOKSHELF
New and Noteworthy Titles on our Bookshelf
March 2020

and transistors, to contemporary digital computers. He also
provides what may be a sneak preview of the world that
is to come, in which quantum computation dominates.
Historical figures, such as Babbage, Lovelace, Shannon,
and Turing, take center stage, and enlightening excursions
into electrical engineering, physics, computer science, and
even materials science abound. Specialists in information
theory, quantum computing, signal processing, and related
fields may find this book too elementary for their tastes.
However, the typical mathematician will learn a great deal,
especially about aspects of computing that are not purely
mathematical in nature. For example, what are the physical
origins of analog noise? How does a semiconductor work
at the quantum level? Even old favorites, such as Nyquist’s
principle, Turing machines, and the P versus NP problem,
are given elegant and down-to-earth explanations that
should appeal to any scientifically curious layperson.

Newton the Alchemist:
Science, Enigma, and the Quest
for Nature’s “Secret Fire”

Princeton, 2019, 560 pages

by William R. Newman

Isaac Newton is rightly regarded
as one of the foremost scientists
in human history. It may come
as a shock to many readers that
he also produced extensive alchemical notes running to over a
million words. This hefty book,
written by a professor of history
and philosophy of science and medicine, provides a
detailed and fascinating view into the alchemical experiments conducted by this enigmatic genius. This is a work
of serious scholarship based upon a rigorous textual analysis and painstaking replications of Newton’s alchemical
experiments. It will be of interest to Newton fans and
historians of mathematics or science. Newton the Alchemist
is divided into twenty-two chapters, an epilogue, and four
appendices. It is copiously footnoted and adorned with
many photographs and illustrations.

BIG Jobs Guide:
Business, Industry, and Government Careers
for Mathematical Scientists, Statisticians,
and Operations Researchers

by Rachel Levy, Richard Laugesen,
Fadil Santosa

Why the World Became Digital

Princeton, 2019, 256 pages

by Ken Steiglitz

The world used to be dominated
by analog devices. For example,
telephones, television, radio, and
vinyl records once depended upon
the representation, transmission,
and processing of quantities that
could, in principle, assume a continuum of values. In this book,
Steiglitz chronicles the analog-to-digital revolution, taking
us from the mechanical world of Babbage, Lovelace, and
Jacquard, through the early modern era of vacuum tubes
The Bookshelf is prepared monthly by Notices Associate Editor Stephan
Ramon Garcia.
Appearance of a book in the Notices Bookshelf does not represent an endorsement by the Notices or by the AMS.
Suggestions for the Bookshelf can be sent to notices-booklist
@ams.org.
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SIAM, 2018, 141 pages

The Discrete Charm
of the Machine:

The enormous “BIG” in the title
of this slender volume refers not
to its size, but rather to Business,
Industry, and Government. The
BIG Math Network, an organization launched in 2016 by the AMS,
MAA, SIAM, ASA, and INFORMS,
developed the book to provide a succinct and readable
guide to mathematics-related jobs in the “real world.” The
BIG Jobs Guide, which is attractively printed in color, is
ideal for undergraduate students, graduate students, and
postdocs. Academics who wish to transition into the real
world or to better prepare students for BIG jobs are also
part of the target audience. The book covers a broad spectrum of important topics, such as “the elevator pitch” and
developing your “special sauce,” to how to write a résumé,
find career mentors, and negotiate. The BIG Jobs Guide is a
valuable source of practical information on an important
topic that many academics know little about. It is a mustread title for mathematics majors who are curious about
non-academic job options.
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Pioneering Women in American
Mathematics: The Pre-1940 PhDs
Judy Green and Jeanne LaDuke

The first woman officially granted
a PhD in mathematics in the US
was Winifred Edgerton Merrill in
1886 from Columbia. She was,
however, not the first woman
to earn a PhD in mathematics;
that was Christine Ladd Franklin at Johns Hopkins in 1882.
Franklin’s degree was not actually
granted in 1882 because at that
time Johns Hopkins did not grant PhDs to women. In 1926,
when Johns Hopkins offered Franklin an honorary degree
for her work on human vision as part of their semicentennial celebration, Franklin declined the honor and requested
instead the degree she had actually earned forty-four years
earlier. She got it.
To celebrate Women’s History Month we take the opportunity to remind you of this extraordinary 2009 publication. Two hundred and twenty-eight women earned
PhDs in mathematics between 1882 and 1940. Green and
LaDuke produced brief—roughly 750 words apiece—biographies of all of them. What an enormous work of research,
and an incredible resource for us and future historians of
mathematics, this is. In addition to revealing anecdotes, as
above, there are patterns and trends and extensive historical
analysis and commentary. As one might expect, women’s
colleges played an inordinate role both in awarding the
undergraduate degrees of these woman and in employing
them as faculty members. Just seven women‘s colleges
account for the undergraduate degrees of 63 of the 228.
There were similar concentrations of PhD awards by institution and thesis advisor. Chicago, Cornell, Bryn Mawr,
and Catholic together granted 100 of these PhDs. Leonard
Dickson at Chicago, Virgil Snyder at Cornell, and Aubrey
Landry at Catholic combined to supervise the theses of 45
of these women. The 228 PhDs that went to women are
14% of the total number awarded in this period. In the
The AMS Bookshelf is prepared bimonthly by AMS Acquisitions Specialist
for MAA Press titles Stephen Kennedy. His email address is skennedy
@amsbooks.org.
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1950s and 1960s the number of mathematics PhDs earned
by women dropped to 5–6%. In the most recent Annual
Survey that percentage was 29. The data about institutions
and advisors above attest to the ability of committed individuals to make a difference. But these percentages make
clear that social and institutional forces have a much greater
effect. This book is a treasure trove of information about
the individual women and about the social, cultural, and
mathematical milieus in which they lived and worked.
Nearly 140 years after Christine Ladd Franklin earned her
PhD we are still arguing about the ways to increase access
to and opportunity in mathematics. This book, by giving
us the chance to study our own history and learn from it,
could make that conversation more effective.
Optical Illusions in Rome:
A Mathematical Travel Guide
Kirsti Andersen, Translation
from Danish by Viktor Blåsjö

Kirsti Andersen is a prominent
Danish historian of mathematics with a special interest in the
history of the theory of perspective. On a trip to Rome about a
decade ago, she was fascinated
by the many uses of tricks of perspective in art and architecture,
and was motivated to write this short book. In it Andersen
explains instances of trompe l’oeil and anamorphosis
(image distortion that is resolved when viewed from a
particular spot, or with a particular lens) that one can
encounter in the streets and museums of Rome. If you are
planning a trip to Rome, it would be fun to take the book
along and retrace Andersen’s steps. If you happen to be
teaching geometry, or a liberal arts mathematics course, the
book would make a great resource for a unit on perspective.
(There are a modest number of exercises included.) The
ideal use, if you could pull it off, is to organize a course
on perspective in Roman art and take your students to
these sites! The translation from the Danish is by Viktor
Blåsjö, who has won multiple awards from the MAA for
expository writing. The exposition, as you might expect,
is clear and vivid.
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Interview with Abel Laureate
Karen Uhlenbeck
Bjørn Ian Dundas and Christian Skau
Karen Uhlenbeck is the recipient of the 2019 Abel Prize of the Norwegian Academy of Science and Letters.1 The following interview originally appeared in the September 2019 issue of the Newsletter of the European Mathematical Society2
and is reprinted here with permission of the EMS.
Dundas and Skau: Professor Uhlenbeck, firstly we want to
congratulate you on being awarded the Abel Prize 2019 for
your pioneering achievements in geometric partial differential
equations, gauge theory and integrable systems, and for the
fundamental impact of your work in analysis, geometry and
mathematical physics. You will receive the prize tomorrow from
His Majesty the King of Norway.
Uhlenbeck: I’m greatly honoured, thank you!
Dundas and Skau: You spent your childhood in New Jersey, and
you described yourself both as a tomboy and as a reader. That
sounds contradictory, but perhaps it isn’t?
Uhlenbeck: I don’t believe it is exactly. I think now you
would just say that I was interested in sports and the outdoors—“tomboy” is an old-fashioned word—and also,
everyone in my family read, so our favourite time during
the week was our trip to the library.
Figure 1. Karen Uhlenbeck, the Abel Prize Laureate 2019.
Bjørn Ian Dundas is a professor of mathematics at the University of Bergen,
Norway. His email address is Bjorn.Dundas@uib.no.
Christian Skau is a professor emeritus of mathematics at the Norwegian
University of Science and Technology, Trondheim, Norway. His email
address is csk@math.ntnu.no.
1See

the June–July 2019 Notices, https://www.ams.org/journals
/notices/201906/rnoti-p939.pdf.
2https://www.ems-ph.org/journals/newsletter/pdf/2019-09-113
.pdf#page=23.
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Dundas and Skau: Your mother was an artist, and your father
was an engineer?
Uhlenbeck: Yes.
Dundas and Skau: Were there strong expectations as to what
you and your siblings were to do later in your lives?
Uhlenbeck: Yes, there were strong expectations that we
should be able to support ourselves. My parents married
in the middle of the Great Depression, and the difficulties
with having enough money to live were very present to
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them. So they were mostly concerned that we would actually have jobs. And I think they had expectations of my
brother actually getting an engineering degree, engineering
being a good profession. As with me they didn’t care so
much what I did.
Dundas and Skau: You say that you were interested in everything, but you also mentioned that Latin was the only hard course
in high school. How did you then end up with mathematics? We
would have thought you would have chosen Latin then?

course in which I had an honours course in maths and an
honours course in physics and chemistry, and I just really
took to the mathematics right from the very beginning.
I enjoyed it and I was caught up in it, and I was actually
very good at it. And, you know, when you’re very good at a
subject, you’re also encouraged to go on studying it. I really
enjoyed playing with the ideas.
Dundas and Skau: Did you have an aha moment, where you
sort of got enthralled by mathematics? You mentioned something
about the derivative.

Uhlenbeck: Well, I don’t really know myself! It was only
lately I got the explanation for myself. But Latin was the
only hard subject I had. It was not something you could
do right away, you really had to work at translating Latin.
You know, to be in this tradition of years and years and
years of knowledge, and actually be reading something
that was written so long ago was exciting even when I was
a youngster. In my last year in high school I signed up
for the honours maths course which was calculus. It conflicted with the Latin course, so I signed up for something
like Spanish instead. However, after one or two classes in
Spanish I changed my mind and I went back to Latin and
took the regular maths course, which did not conflict with
the Latin course.

Uhlenbeck: That’s right! The first time I really saw a derivative, it was actually not with a professor, but with a
teaching assistant for the course, who was doing problem
sessions. We hadn’t got to taking derivatives in the class,
but he showed us how to take a derivative, and he showed
us how to take a difference quotient and take a limit. And I
still remember that I turned to my fellow student and said:
“Are you allowed to do that?” I was very excited to be able
to do that. Also, I still remember when I was understanding
the proof of the Heine–Borel theorem. I just remember, you
know, arguing by using little boxes and things like that. And
I was very excited by the experience.

Dundas and Skau: Then you enrolled at the university as a
physics major?

Uhlenbeck: Yes, I was a first year student there.

Uhlenbeck: That’s right. I had been turned on to physics.
My father was a very intellectual person even though it
had nothing to do with his job, and he got books out of
the library, and I remember particular books written by
Fred Hoyle. I read all those books and I think he also read
them. I have to confess that I didn’t do all the mathematics in them, but I saw all the mathematics in them. I also
remember books by George Gamow that I found in the
library. There weren’t many books on maths and science in
the library at all, so my resources were somewhat limited,
but I was fascinated by the physics. Of course, I didn’t even
know that you could be a mathematician, so I enrolled as
a physics major.
Dundas and Skau: So you had some experience with mathematics when you started at the university?
Uhlenbeck: Right. I tell the story all the time, this was
three years after the Sputnik3 went up, and so there were
programmes all over the country in integrated maths and
science, encouraging students to study maths and science.
So there were honours courses in maths. I took a unified
3The

first artificial satellite, launched on the 4th of October 1957 by the
Soviet Union.
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Dundas and Skau: This was at the University of Michigan?

Dundas and Skau: The experience at Michigan you describe as
sort of special. I suppose you could have gone to other places, but
you went to Michigan, and did that turn out to be a good choice?
Uhlenbeck: Yes, it turned out to be a very good choice. Well,
they had this honours programme. I also met the right
people and the right things happened to me. In my first
year at the University of Michigan I earned pocket money
by waitressing in the dining hall. I lived in New Jersey so I
didn’t go home for the break, and I was around. During one
of the breaks I was in an art museum. Well, my mother was
an artist and I had essentially been going to art museums
since I was in the womb; anyway, I was in the art museum,
and I bumped into a professor next to me, and it turned out
that he was a maths professor. His name was Dan Hughes.
He found out who I was and what I did and the first thing
I knew—I think it was the next semester, it might have been
my second semester, I can’t remember when it was—but
the first thing I knew was that I was grading linear algebra
without having ever taken it! So I was just taken in and,
you know, I didn’t think about it as anything special. To
me I was just somebody who didn’t know what was going
on and wanted to learn things. But I think I got very good
treatment by my maths professors.
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Dundas and Skau: So you were actually seen and you were
recognized?
Uhlenbeck: Yes. In fact, I think I took my first graduate
course when I was a sophomore. I took the graduate course
in algebra and I remember we did the Wedderburn lemmas.
I remember that I didn’t understand the course, but three
years later when I did come to study for the preliminary
exams I looked at the material, and I could actually pull it
up and understand it. It’s amazing what your brain actually
does—learning is not linear at all. Anyway, I was already
in advanced maths classes as a sophomore. Then I spent
my junior year abroad, in München, and I had beautiful
lectures. I took lectures from a Professor Rieger and a Professor Stein.
Dundas and Skau: Socially, was that a very different experience
than what you were used to from an American university?
Uhlenbeck: The programme that I was in was from the
Wayne State University, and there were students from all
over the US in that programme. And I remember realising
at the time how really good my education at Michigan was.
I can tell you, there were students from Princeton, Yale,
Columbia and so forth, and I was as well educated, or better educated. Certainly, my mathematical background was
much better than the few others in the programme with
maths majors. It was also interesting to have rubbed shoulders with American students from all different universities.
To your question, the life of a German student was nothing
like the life of an American student. You know, I went to
the opera, I became enamoured with the theatre when I
was there, I learned to ski, and of course I had a German
boyfriend at some point. We went for long walks in the
Englischer Garten, because it was romantic, and I learned
German. Well, I can’t say that I know it still but I was pretty
good at German at the time that I was there, even though
I don’t have an ear for language at all.
Dundas and Skau: After the University of Michigan you decided
to go on with a PhD-program in mathematics. You spent one
year at the Courant Institute in New York and then you moved
to Brandeis in Boston because your husband at that time was
accepted to Harvard University.
Uhlenbeck: He was a graduate student in biophysics accepted at Harvard, that’s right.
Dundas and Skau: But you decided on Brandeis University,
even though you may have got into both Harvard and MIT?
Uhlenbeck: I didn’t apply. I was already aware of the fact that
there were tensions around being a woman in mathematics.
And I really wasn’t interested in them. NYU (New York
March 2020

University) had a very special record for women. Lipman
Bers had been there and had trained a whole generation of
women students. So NYU had a very good reputation towards women. Brandeis hadn’t much of a reputation at all.
I had an NSF-postdoc and I probably would have got into
MIT and Harvard, but some inner radar said not to do that.
Dundas and Skau: You chose Richard Palais as your thesis
advisor. Can you tell us why you chose him, and what the theme
of your thesis was?
Uhlenbeck: I took a course from him in my first year there. I
was a second year student and I was already being noticed,
since I came in and passed my preliminary exams. I think
maybe only one of the students that had been there for a
year did so at the time, the rest all took longer. So whatever
feelings there were about having women students disappeared very rapidly at Brandeis. Richard Palais had given
this beautiful course on infinite-dimensional topology the
year before, but that year he taught a course on the calculus
of variations, which is the basis for his book on the calculus
of variations and global analysis. I was just excited by this
new field. I understood immediately what global analysis
was like, and Palais was a beautiful lecturer. I still remember
the day I went in and asked him about the heat equation,
and he told me everything I needed to know for four to
five years. I remember just making this conscious decision
I wanted to work in this new field instead of doing a special
case of some boundary value problem somewhere. I made
a conscious decision to jump in, so to speak.
Dundas and Skau: So the theme was calculus of variations?
Uhlenbeck: That’s right.
Dundas and Skau: So this was related to what is called global
analysis?
Uhlenbeck: That’s right. It was really calculus of variations
from the global analysis point of view.
Dundas and Skau: What is global analysis, can you describe
it to us?
Uhlenbeck: I think that global analysis was the change from
viewing an ordinary or partial differential equation as a
very complicated object with lots of indices and with lots
of formulas as simple equations in an infinite-dimensional
space or an infinite-dimensional manifold. Conceptually,
it simplifies what you’re doing tremendously. It was also
discovered that a whole lot of stuff that you could do in
finite dimensions you could do—under the right hypotheses—in infinite dimensions. The typical example would
be what the Abel Prize winners Atiyah and Singer did; the
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two actually proved a theorem at that time about partial
differential equations. Loosely speaking, it says that a partial differential equation of a certain type has a kernel and
a cokernel, like in finite dimensions, and the difference
between the kernel and the cokernel comes from topology.
This was a very exciting discovery, and it’s foundational to
the change in perspective towards these equations.
Dundas and Skau: Here is a quote from your article in the
Proceedings of the International Congress of Mathematicians in 1990 in Kyoto, where you gave a plenary talk: “In the
1960s, an ambitious subject called ‘Global Analysis’ developed
with the explicit goal of solving non-linear problems via methods
from infinite-dimensional differential topology… The optimism
of the era of global analysis has ultimately been justified, but
this did not happen immediately. The problem is essentially as
follows: in order to discover properties of solutions of ordinary or
partially differential equations which have global significance,
it is essential to make estimates.” Could you expand on that?
Uhlenbeck: Let me use something that I have thought of
since I started doing interviews. It’s a little bit like the
question of the large and the small. When you paint a picture you have to have an overall perspective and an overall
design and an overall point of view, but the whole thing
will fall apart if you can’t do the details. Saying “that’s a
person” is not the same thing as actually making a person
out of it carefully with all the skill and background and
all the teaching that you have. So the inequalities are the
fundamental thing that the global picture is made out of,
but in order to know exactly the right ones to do you need
the global picture.

satisfies the Palais–Smale condition, and Morse theory is
true. Now you look at the solutions of that equation and
you let the perturbation go to zero, and then you can see
what is happening to those solutions. What happens is
that those solutions approach a solution, which could be
trivial. But there’s a place in the surface that you’re studying
where, as the perturbation goes to zero, all the information
collects over that point. So if you take a microscope and
look around that point, and you make the area around that
point bigger and bigger and bigger, in the limit, you can
actually get a solution on the whole plane. And you, lo and
behold, notice this in fact solves the whole problem for you
because the point at infinity can be added; that’s a technical theorem. The point at infinity can be added and you
suddenly have found your minimal sphere. You certainly
discover that not all the solutions persist, but enough of
them persist so you can say something about the problem.
Dundas and Skau: John Nash, who shared the Abel Prize with
Louis Nirenberg in 2015, intimated to us in the interview that
we had with him that his paper titled “Continuity of solutions
of parabolic and elliptic equations” from 1957–58 might have
been decisive in him getting the Fields Medal in 1958, except
for the fact that De Giorgi, an Italian mathematician, had
independently proved that same result at about the same time.

Dundas and Skau: An example of that would be to find minimal
surfaces in higher dimensions?
Uhlenbeck: That’s right. Well, in that case the problem of
minimal surfaces turns out to be what you call a borderline case. In my thesis, I actually wrote down quite a few
problems in the calculus of variations that satisfied a topological condition in Morse theory called the Palais–Smale
Condition. The techniques of manifold theory go through
for analysing the gradient flows, and so forth. But the
problem is, those are made-up problems. So what happens
when you come down to a problem that you really want to
solve? In the case of geodesics, the Palais–Smale condition
and all the infinite-dimensional stuff go over beautifully
just like that, like clockwork. But, of course, we knew how
to do geodesics: we just approximated it by broken curves,
and reduced it to a finite-dimensional problem. So, the
question is, what good is it if it doesn’t solve the problem
we want to solve? My observation was that if you took
the equation that you need to minimize to get a minimal
sphere, and you add a small term to it, then it suddenly
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In 1977 you published a paper in Acta Mathematica—a prestigious math journal—with the title “Regularity for a class of
non-linear elliptic systems.” In the introduction you say that the
results in that paper are an extension of the De Giorgi–Nash–
Moser result. Could you tell us about this paper and its genesis?
Also, the mathematical community took notice of you when
your paper appeared. Do you consider this paper to be your first
great paper?
Uhlenbeck: Yes, and I still consider it to be my best paper.
In fact, it’s a very difficult paper and I wonder how easy
it would be for me to understand it now. It’s a long time
ago, it’s more than 40 years ago. But the fact is that I had
found some calculus of variations problems in my thesis
that satisfied Morse theory, so they had a lot of critical
points. But the problem is that the geometrically simple
cases of them led to integrals that were of a not completely
standard sort. It turns out that you could find minima, but
these minima were not necessarily smooth; these minima
could have singularities. I faced the fact that I needed to
show that these minima were actually regular, real solutions, not just what they called weak solutions. I learned
enough about the background of the theory when I was
a graduate student to be able to show that the derivatives
were bounded, but on the other hand I couldn’t carry it
any further. I worked and fussed with this problem for a
long time. In fact, if it had just been one function that you
minimized, the De Giorgi–Nash–Moser result would have
given that the solutions were regular. By the way, Moser’s
name has been tacked on to the De Giorgi–Nash theorem
since he simplified their proofs. But I had a system, that
is many functions, and those techniques didn’t a priori
carry over. I had actually met Jürgen Moser and he sent me
some of his reprints, which I read very carefully. At some
point I was able to use his Harnack inequalities to actually
prove the fact that those solutions are regular. Actually,
they have critical points where the derivative of the function vanishes, but I was able to see that the functions were
smooth enough, as smooth as you would expect of them.
I remember S.-T. Yau having me come to California to see
him and talk to him about that paper. There I also met Leon
Simon and Richard Schoen.
Dundas and Skau: This particular paper was on partial differential equations and had very little to do with geometry, right?
Uhlenbeck: Actually, it had nothing to do with geometry.
Dundas and Skau: The techniques you developed in this paper,
were they important for you when you wrote papers later?
Uhlenbeck: Actually, no! Well, I’m afraid that’s a little bit of
the story of my mathematical career. I could have pursued
it and made extensions of it and carried it further. There
March 2020

were some non-trivial points about putting more variables
in there, and I kind of figured out how to do it. I saw you
could do it but I didn’t know if it was going to be useful,
and I still don’t know whether that problem is useful. So
I didn’t pursue it, but someone else did—Martin Fuchs
did, actually.
Dundas and Skau: But then we are entering a different phase
in the beginning of the 1980s, where you published a series of
highly influential papers. Those must have been amazing years?
What were the conditions that made this possible?
Uhlenbeck: I don’t really know, because I was getting a
divorce. I moved from the University of Illinois at UrbanaChampaign to the University of Illinois in Chicago. I got
together with a new boyfriend, and I taught at the University of Illinois in Chicago. I taught two courses a term for
three terms, three quarters a year, and I think I travelled a
lot. So, how I did this I have no idea! I find it amazing!
Dundas and Skau: They sound like horrible conditions!
Uhlenbeck: I like to tell this, because young people really
think that you have to be at Oxford or some other prestigious place to actually do good work, and I think there’s
no evidence that that’s really true.
Dundas and Skau: One of the first papers in this remarkable
series is co-authored with Jonathan Sacks and is titled: “The
existence of minimal immersions of the 2-spheres.” There you
develop a series of techniques, both with respect to regularity and
with respect to compactness. We couldn’t find the term in the
paper, but is it here the “bubbling” idea starts?
Uhlenbeck: Well, I asked Jonathan Sacks about where that
idea comes from, and he thinks that I actually used it in
some talks I gave about the theorem. The technique is in
the paper but we didn’t call it anything, and I think I only
used it in talks. But the name caught on.
Dundas and Skau: And there you’re studying immersed
2-spheres modulo the action of the fundamental group, and
you’re saying that you can represent them by particularly nice
immersed spheres. There were certain technical things there that
you encountered that gave rise to these bubbling effects, right?
Uhlenbeck: Yes, right. The idea is that you add on a small
term—you can do this to most problems actually—and
then it satisfies the Palais–Smale condition. It allows you
to construct a Morse theory. And that gives you lots of
solutions, lots of minima, lots of saddle points. But now
you really want solutions to the original problem, not to
the approximate problem, so you want to take the perturbation away. Now this works best in the scale invariant case,
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meaning that the problem does not really see scales. So
what happens is that you take the limit and get a solution.
But the solution might actually be trivial, it might just be a
map to a point. But you go back and see what happens to
the solution and it actually converges everywhere, except
at a finite number of points. And around these points
what happens is a scaling invariant problem. So the little
region around the point thinks it’s just as good as the big
plane. And so you have the description of a solution as a
“bubble,” a sphere, actually happening around a little tiny
point. And by looking at it with a microscope, a magnifying
glass, and blowing it up—I think I used the term “blowing
it up” at this time—you see the bubble that happens at that
point and you get a solution on a plane. Then you prove
that can put the point at infinity in. That’s a regularity
thing, namely that you can put the point at infinity in. So
that way you could actually construct quite a few of these
immersed spheres.
Dundas and Skau: Indeed, it’s a generating set for π2, is it not?
Uhlenbeck: I think someone else proved that. Actually, this
is one of the things we saw we could do but we didn’t do it.
Dundas and Skau: These bubbles that occur, how do you control
that there aren’t infinitely many of them?
Uhlenbeck: That’s an estimate. Well, actually, the answer
is: each bubble needs a certain amount of energy, and you
have only a finite energy. If you want you could even make
an estimate of how many you can have at most.
Dundas and Skau: It is hard to choose, but many people hold
your two papers from 1982 titled, respectively, “Removable singularities in Yang–Mills fields” and “Connections with Lp bounds
on curvature” in particularly high esteem. Could you give us a
brief overview? Specifically, why are the Yang–Mills equations
important, and why is gauge invariance important?
Uhlenbeck: Well, the Yang–Mills equations are important
because high energy theoretical physicists told us they were
important! Mathematicians could very well have done the
whole theory, they just didn’t think of doing it. So, it’s one
of these pieces of evidence that pure mathematics really
needs input from outside of itself. Sometimes it’s even another branch of mathematics that can give valuable input,
but this is an example of ideas outside mathematics that
turn out to be important in mathematics. Physicists actually
got very excited about mathematics, probably because this
was an application of the Atiyah–Singer index theorem to
tell you what the dimension of the space of the solutions
was.
It’s a topological invariant, and it needed ideas from the
nascent field of global analysis. They, i.e. the physicists, had
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explicit solutions of a certain type on the four-dimensional
sphere, solutions that they could explicitly write down. And
they had some more complicated ones that they could write
down. However, they knew they didn’t know all the solutions of the more complicated sort by the Atiyah–Singer
index theorem, and so it becomes a question about what
the spaces of solutions of such things look like. And the
removable singularity theorem from the first paper comes
from the fact that if you take a sequence of these solutions,
and if it doesn’t converge to a solution, you know that it
converges to a solution off a particular point. And at that
point the bubbling phenomena happens. So, my first theorem about removable singularity was proving that you
can put in that point where the solutions fail to converge.
The second paper is a little bit different. The Yang–Mills
equations themselves are not elliptic equations, basically
due to the presence of a large symmetry group. They have a
coordinate invariance. It’s like you’re looking at a plane and
you’re not using Cartesian coordinates, but you’re using any
arbitrary set of coordinates you want to write down. You
still have a plane, but you have all these ways to describe
it. So what happens in gauge theory is that you have these
physical objects called connections. I think they call them
fields in physics; mathematicians call them connections.
They have this gauge invariance, which means that they
have coordinates that are free. And there are way too many
of them—they correspond to a symmetry group—and you
have to divide out by them. The problem is that you have
to do something rigid, like constructing Euclidean coordinates on them. And what I did, I showed under what
circumstances you can actually construct these coordinates.
Once you have the right coordinate system you just treat it
from standard PDE methods. That’s described in the book
Instantons and Four-Manifolds that I wrote with Daniel Freed,
but you need the second variate equation. Someone had to
do it. I have to say this is one example of if I hadn’t done it,
someone else would have done it. I mean it had to be done.
Dundas and Skau: We are now talking about the Yang–Mills
equations and gauge theory, which first popped up in physics,
but had tremendous influence on mathematics. Many of us are
familiar with the article from 1960 by the physicist and the 1963
Nobel Prize recipient, Eugene Wigner, with the intriguing title
“The unreasonable effectiveness of mathematics in the natural
sciences.” Considering what has happened in global analysis we
could perhaps turn this on its head and say: “The unreasonable
effect that physics has had on mathematics”?
Uhlenbeck: No! Well, I don’t know about the Greeks, but
certainly there was actually no difference between maths
and physics with for example Isaac Newton. In fact, the real
division between maths and physics occurred in the 19th
century, where people like Weierstrass started putting all
sorts of holes in the arguments that people were making.
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They were saying: “Okay, you take a sequence of things,
how do you know that there is a minimum, maybe there
isn’t any minimum, you physicists are assuming there is.”
So you get a real division. Mathematics kind of separated
itself because it needed the foundation of rigour. I mean,
you can see this happening with infinite-dimensional
vector spaces becoming very important. In the theory of
calculus of variations the most important space is called
a Hilbert space, so that would date that for you. And they
are absolutely essential in quantum mechanics. Physicists
were the ones who introduced Dirac’s deltas and so forth.
But mathematics had to separate and make all this rigorous
before you could actually have a mathematical subject.
So you see a real division occurring between maths and
physics at this point. Maths kind of separated itself and
made things robust and rigorous. The physicists weren’t
really interested in this, and actually the mathematicians
stopped being interested in physics, too. And then I think
it came back together at some point.
Dundas and Skau: The example you mention is very interesting.
Weierstrass pointed out that Riemann did not have a rigorous
proof that the so-called Dirichlet problem had a solution. In
fact, Riemann’s defective proof relied on a kind of minimizing
procedure that he called the Dirichlet principle.
Uhlenbeck: That’s right!
Dundas and Skau: Also, Riemann was certainly a more physics-inclined mathematician than Weierstrass was.
Uhlenbeck: I see. I didn’t actually realise that. I don’t really
know so much about that part of the history.
Dundas and Skau: But then, of course, your results from these
two papers are taken further. At this time you’re an established
mathematician, and you’re seeing that people like Taubes, Freedman, and Donaldson are grabbing hold of the things you are
doing and proving remarkable things about four manifolds. We
really don’t see the connections with what the physicists were
originally thinking about. Could you elaborate on that?
Uhlenbeck: Well, Taubes’ PhD thesis is in physics, and as
a graduate student he wrote a book called Vortices and
Monopoles with his advisor Arthur Jaffe. Some of that is
motivated by the connections with physics and, in fact,
one of the hot topics in that subject right now is Higgs
bundles. A physicist at my department at the University
of Texas, Andrew Neitzke, is studying them just as hard as
any mathematician would have done, so I don’t know how
much they are separated. But certainly they started to have
a life of their own in mathematics.
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Dundas and Skau: A quite spectacular life at that. Could you
give a short outline of the dramatic developments in four manifold theory that ensued and in what parts your contributions
were particularly important?
Uhlenbeck: Donaldson’s classification of simply connected
four manifolds with definite intersection form is based on
the construction of the boundary of the moduli space of
solutions to the self dual Yang–Mills equations. There are
a number of ingredients in this construction. First of all,
my theory on bubbling occurring in limits of solutions to
the Yang–Mills equations shows that the boundary consists of lower-dimensional solution spaces with bubbles
attached. Cliff Taubes shows which of these configurations
occur as limits of smooth solutions. In the simplest case,
the boundary consists of the four manifold itself, and the
moduli space provides a cobordism of the manifold with a
neighbourhood of the singular points of the moduli space.
Hence, not all the continuous four manifolds constructed
by Freedman can be given smooth structures. In fact, none
of the exotic examples can be smoothed.
Dundas and Skau: With R. Schoen you prove that any minimizing map from a Riemannian manifold to a compact Riemannian
manifold is smooth outside a closed bounded set of codimension
three. Could you tell us about this result and why the singular
set grows with the dimension?
Uhlenbeck: The work of Schoen and myself on harmonics
maps, and in fact all the theorems of this type, is based
on monotonicity, which estimates energy in small balls
in terms of energy in larger balls. We show that when the
scaled energy is sufficiently small, the solution is smooth.
So singularities need a certain amount of energy. A counting
argument shows that the singularities can only form on a set
of Hausdorff codimension two (it is four for Yang–Mills).
It can be tricky to actually get this down to codimension
three, but the argument depends on both monotonicity
and an approximation to the blow-up of the singularity,
which is a harmonic map from Sn-1 into the target manifold.
Dundas and Skau: The conventional picture is often that a good
mathematician is a person with really outstanding intellectual
power, who solves the problem through his or her superior genius,
and the solution comes as a kind of bolt of lightning. We know
of course that this is not the typical case…
Uhlenbeck: Well, there’s a lot of luck involved. There’s a lot
of knowledge of how to take advantage of luck!
Dundas and Skau: Right! However, for most of us the most
important quality—besides of course a good intellectual capacity—is perseverance and the capacity of concentration. Could you
expand on this and, also, have you had moments of epiphanies,
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where in a flash you saw solutions to problems you had been
struggling with?

mathematical results that he likes and getting other people
involved in them.

Uhlenbeck: Let me answer your last question first, and the
answer is yes. You struggle with a problem, it can be over a
period of years, and you suddenly get some insight. You’re
suddenly seeing it from a different point of view and you
say: “My goodness, it has to be like that.” You may think
all along that it has to be like that, but you don’t see why,
and then suddenly at some moment you see why it is true.
It could also be a very simple idea that suddenly hits you.
I don’t remember where I was and what I was doing when
I had those moments, but I still remember those moments.

Dundas and Skau: In 1985 you published a paper together
with Yau titled “On the existence of Hermitian–Yang–Mills
connections in stable vector bundles.” This work had a profound
impact on the field of complex geometry as well as in physics.
Edward Witten declared that the Hermitian–Yang–Mills is one
of the major building blocks of supersymmetric string theory,
and it provides a very elegant existence theorem by reducing to
a criterion in terms of purely algebraic geometry. How did this
work with Yau come about?

Dundas and Skau: But in all these cases we are talking about
a moment, like a bolt of lightning?
Uhlenbeck: There is a moment when you suddenly realise
that you see how to do it. And that of course comes after all
the struggle you had. Struggle isn’t the right word, because
you wouldn’t do it if it wasn’t also a lot of fun, all the time
you spent thinking about this problem. Then, of course, you
get the problem that is even worse: you have to write it up!
But there is this moment right in between when it’s really
great. I remember these moments, but I have to tell you,
suddenly when everything fits together you keep going back
and checking if it’s right. In fact, I had a similar moment
a year or so ago about a problem I’d started working on,
and I kept on going back and checking it to be sure that it
was right. As to the first part of your question, I think you
can’t do mathematics without the ability to concentrate.
But also, that’s where the fun is, the rest of the world fades
away and it’s you and the mathematics. And I think there
isn’t any other way to do mathematics.
Dundas and Skau: And, of course, that’s one of the reasons
that there are so few mathematicians. It’s a very special endeavour appealing to a small minority whose minds are wired in a
special way.

Uhlenbeck: I knew from the late 1970s that Yau admired my
mathematics. Also, Richard Schoen and Yau, and Jonathan
Sacks and I, published essentially the same paper about
minimal immersions of Riemann surfaces. These are minimal objects of different shapes like a 2-sphere, a torus, a
two-holed torus or something. Anyway, Yau approached me
and told me the problem. I didn’t know anything about the
field at all. One of the problems was to find out what the
stability condition means. There is also a different formulation in terms of complex geometry than in real geometry. I
was able to absorb this and my contribution was like what
I’d done before: I added an epsilon and a term that made
the problem solvable. You solved that problem, and then
you took the perturbation away and looked at limits. And
again you are faced with the same problem as before: you
have to know what the limits look like. And that was the
hard part of the paper, actually.
Dundas and Skau: After 1989 you produced a series of papers
about harmonic maps into symmetric spaces where the action
of the loop group features prominently. Could you tell us about
this project and also about your later collaboration with L. Terng
and L. M. and R. J. Siebner?
Uhlenbeck: I can’t really go into the work with Terng in less
than ten pages. It is somewhat accidental that this example

Uhlenbeck: Well, I also think society doesn’t have the will
to support too many mathematicians. You mentioned
perseverance, but you know, it’s also an escape! Some of
us really see it as an escape.
Dundas and Skau: But there are two sides to this. The community is important. We promised to come back to Yau, who was
one of the mathematicians that really believed in you. That kind
of recognition can be crucial as well.
Uhlenbeck: Yes, the community is very important. Yau
is a brilliant mathematician, but he is also good at inspiring students and other people. He is good at finding
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has to do with harmonic maps, as our work is on a number
of different equations: KdV, non-linear Schrödinger and
Sine–Gordon equations. I also don’t really want to describe
the work with Siebner and Siebner. It is based on a mountain pass lemma, and a loop in the space of connections
which is not contractible, but which does not have enough
energy to allow bubbling under gradient descent.
Dundas and Skau: You coined the expression “linear thinking
versus sloppy thinking” to describe two types of mathematicians.
One type thinks linearly, step by step, while the other is a more
intuitive type of mathematician. One type tends to be a theory
builder, while the other tends to be a problem solver. You count
yourself as a problem solver, right?
Uhlenbeck: Yes, I definitely belong to the problem solvers.
I’m really not much of a theory builder at all. In fact, I don’t
even read papers that way, I don’t read papers from start
to finish. I look at the beginning, I look at the end, I look
at the references, I try to find the main theorems, I try to
find the definitions, and then I try to find the key lemmas.
Then I try to prove the key lemmas, and when I get stuck
on the key lemmas I go back and look at the paper. That’s
a typical scenario for the way I read a paper. So that might
give you some idea why I do not build theories!
Dundas and Skau: You have said, and we quote: “I have an
addiction to intellectual excitement, and as a consequence I find
that I am bored with anything I understand.” Could you expand
on that? Specifically, does this have as an effect that you have
shied away from conventional problems, so to speak, and rather
focused on problems arising in new and unchartered territory?
Uhlenbeck: I had the privilege of working in several fields
(eigenvalue problems, harmonics maps, gauge theory,
integrable systems) when very basic ideas were being developed. I know from going to seminars that these subjects
have developed a great deal, with many more examples and
details worked out. I find I am not interested or excited by
the new results as I was when the subjects were new and
basic ideas were being worked out. I regard this as an intellectual failing, and as far as I can identify my thoughts
on my career, it is the one single regret I have. Some of my
students have suffered, as I gave new problems in new fields
to many of them, but then did not help advertise their work
among my colleagues or help them develop their ideas as I
might have. In an alternative life I might have contributed
more to the development of mathematics instead of always
looking for new directions and different approaches.
Dundas and Skau: Hilbert in his talk at the ICM congress in
1900 in Paris, where he presented his famous 23 problems, said
the following: “As long as a branch of science offers an abundance
of problems, so long is it alive; a lack of problems foreshadows
March 2020

Figure 4. From left to right: Bjørn Ian Dundas, Christian Skau,
and Karen Uhlenbeck.

extinction.” How does global analysis, in particular gauge theory, fare with respect to Hilbert’s statement? Are there still big
problems around?
Uhlenbeck: Well, a lot of the areas in which you really
would like to understand the problems are very difficult
to access and one is quite stuck. For example, there are
lots of problems which have to do with complex gauge
groups. The gauge theory that I was talking about all had
to do with things like unitary groups and special unitary
groups. You can actually look at special linear groups, so
there is an imaginary part of the connection which accesses
the Higgs field. Clifford Taubes spent a lot of time trying to
understand those problems. The two-dimensional case of
Higgs bundles has actually been a very hot area of research
over the last five or six years. It’s a big open problem how to
think of these things, because the limits of solutions have
singularities, and it is always very difficult to understand
singularities. So that’s a big open problem. My answer to
you about what the big open problems are is that we would
all be there if we knew what they were! I haven’t been that
active mathematically the past decade, so I don’t know if
I’m the right person to ask. These days I count on other
people bringing me good problems.
Dundas and Skau: But in 1988 you did make some predictions.
Uhlenbeck: Oh dear!
Dundas and Skau: In “Instantons and their relatives” you list
five key points that you were thinking mathematics was moving
towards. One was “Simplicity through complexity.” We think
that was about moduli?
Uhlenbeck: Yes, that’s right!
Dundas and Skau: Do you feel that mathematics has gone in
that direction?
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Uhlenbeck: Yeah, I think so. There are a lot of topological
invariants that are constructed using models that were originally a gauge group and an associated Higgs bundle. They
are very complicated because there are a lot of fields and
a lot of different terms. But when you actually write down
the equations you are trying to solve and look at the space
of solutions, the moduli space is actually very simple. So I
think it’s fair to answer yes to your question.
Dundas and Skau: And you asked, just as a question: “And
after theoretical physics?”, indicating that you think that in the
future inspiration will come not only from physics, but also from
other sciences.
Uhlenbeck: Well, I’m thinking it ought to be, because certainly the field of mathematical biology has grown, and
the field of computer science has a lot of interesting aspects
that must have mathematical connotation, and so forth.
Dundas and Skau: You say another interesting thing: “I hope
that no comments on the place of women in mathematics are
even relevant by 2038.”
Uhlenbeck: Yes, right, I really hope that.
Dundas and Skau: Continuing in that vein for a short moment:
reflecting on your own experience, you say in an interview with
the New Yorker: “I figure, if I had been five years older, I could
not have become a mathematician because disapproval would
be so strong.” Could you expand on that?
Uhlenbeck: I became a mathematician in the wake of the
second wave of feminism; actually as a result of Sputnik
and the second wave of feminism. The point is that Betty
Friedan’s book The Feminine Mystique opened up people’s
eyes to the fact that a lot of life was not open to women.
So this is in the early 1960s and I was already at school
at this time. By the time that I got into graduate school,
and then looked for a job, the fact that women might do
something else was actually in discussion. Five years before
it probably wasn’t really in discussion that women might be
doing something like this. And I feel that the combination
of Sputnik and the second feminist movement really paved
the way and opened the doors for me. Five years earlier I
would have missed that.
Dundas and Skau: You have said that you were respected by your
immediate mathematical colleagues, who recognized the brilliant
mathematics you were doing. But the broader community was
less accepting, some being very sceptical. Do we see a parallel
here to how your most famous female predecessor, Emmy Noether
(1882–1935), was treated way earlier?

402

Uhlenbeck: Well, something changed, but it changed in the
1960s. Success for women in traditionally male fields is a
complex issue.
Dundas and Skau: Emmy Noether was one of the great mathematicians of the 20th century, and she is arguably the greatest
female mathematician of all time. She gave a plenary talk at the
ICM (International Congress of Mathematicians) meeting in
Zürich in 1932. The next time a woman was invited to give a
plenary talk at an ICM meeting was in Kyoto in 1990, and that
woman was you. You are also the first woman to be a recipient of
the Abel Prize—altogether there are now 20 recipients. In 2014
Maryam Mirzakhani became the first woman to get the Fields
Medal—60 Fields Medals have been awarded so far. What this
dramatically illustrates is that mathematics has been dominated
by men. The topic women and mathematics is a many-faced issue
involving cultural factors, stereotypes, prejudice and much more,
and we will not get into that. However, we would like you to
respond and confront directly those beliefs and viewpoints that
still linger, and which can be summarized as follows: the reason
mathematics is so dominated by men is for a large part due to
the fact that men are predisposed to abstract thinking, and, in
particular, to mathematics.
Uhlenbeck: Absolutely not! I don’t believe that at all.
Among other things, it’s not even clear what you need to be
a good mathematician. The more diverse population you
have doing something like mathematics the better it is. So
I think that is a completely misguided viewpoint. The fact
that there were no women mathematicians was because
they couldn’t study, they couldn’t get jobs, and they had
a hard time getting respect from all but their immediate
colleagues. On top of that, the other women didn’t accept
them, we even had to struggle with that. That changed over
a period of years and there’s no question in my mind that
things have really improved, at least in the United States.
My understanding from talking to people is that it has not
improved everywhere. And it’s still true that women in
their 50s have a tough time. But the younger women seem
to have found acceptance and openness. The community
has changed. The younger women are more visible, they
are more talkative, and they are more involved in the community. I like to think that things have really changed, but
many people don’t realise what it was like in the 1960s.
Dundas and Skau: So you think that the glass ceiling has been
broken?
Uhlenbeck: Well, yes… yes and no. I wouldn’t say that there
aren’t problems, it’s just a lot better than it was.
Dundas and Skau: You voice concern for minorities in mathematics, as well, and you did that again when you were told that
you were going to get the Abel Prize. Is that something you have

Notices of the American Mathematical Society

Volume 67, Number 3

COMMUNICATION
been concerned about for a long time? Is that related to other
initiatives that you’ve undertaken?
Uhlenbeck: Actually, quite a few people are concerned about
it. The fact is that—perhaps not when I was younger, but
by the 1990s when I started to help women—I became
aware of the difficulties that under-represented minority
students have. I also knew Elisa Armendariz very well, who
was our chairman at the University of Texas for many years,
and who is Hispanic. Many people are concerned about
the difficulties that minority mathematicians have. The
question is what you can do about it. The problem is, one
doesn’t know what to do about it.
Dundas and Skau: But you had initiatives like the Park City
Mathematics Institute.
Uhlenbeck: The story of Park City is tied up with how I got
involved with the women’s programme. When I founded it,
I thought, this is great, we’ll have Park City and there will be
a handful of women mathematicians showing up, and we
will all get together and know each other. The problem was
that there weren’t even a handful of women that showed
up, it was so predominantly male. So that was when I became involved with women. And basically I got involved
because the Institute for Advanced Study gave me money,
secretarial support, and the prestige to actually try to start
a programme. And I had Chun-Lian Terng as collaborator,
and we could do maths—or we thought we could do maths
at the same time that we did this organisation—and we
actually did a little maths throughout this. So, you know,
when I see an opportunity, then I’ll try to do something.

Advanced Study and two thirds of it will go to the EDGE
foundation, which gives scholarships to minority students.
The Institute for Advanced Study has already matched the
money that I’ll be giving them for this purpose, so I’m very
pleased about that.
Dundas and Skau: That’s splendid. We end this interview by
asking what interests and hobbies you have outside mathematics?
Uhlenbeck: Walking in the mountains would be at the top
of the list. I’ve started to paint a little bit. Actually, I was
not so well for a while, and I started to play the recorder
again, and I started doing some painting. At this age I have
to keep up my exercise programme and keep up with my
friends. I find that life is already very full.
Dundas and Skau: On behalf of the Norwegian and European
Mathematical Societies, and the two of us, we thank you for this
very interesting interview. And again, congratulations on being
awarded the Abel Prize.
Uhlenbeck: Thank you. I am deeply honoured.

Bjørn Ian Dundas

Dundas and Skau: Could we ask you what you plan to do with
the prize money?
Uhlenbeck: When I learned that I had got the prize I was of
course amazed, overwhelmed, and so forth. But the very
next day, before it was even publicly announced, somebody
said: what are you going to do with the money? And I said:
money? I hadn’t thought about that yet. But I thought
about it and I realised that I wanted to do something for
under-represented minorities. And I wanted to do something that is going to work! I don’t want to just go out there
and do anything. So I called up my friend Rhonda Hughes,
who I knew from the women’s programme. She has been
running an EDGE-programme (EDGE stands for Enhancing
Diversity in Graduate Education). She and Sylvia Bozeman
from Spelman College have been running a programme for
graduate students who are just starting out, half of which
are minority women, and they share excellent ties with the
minority maths community. I called her up and talked to
her, and I made the decision that I’ll give half of the prize
money away. One third of it will go to the Institute for
March 2020
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The International Mathematical
Union (IMU) at 100
Carlos E. Kenig
The main objectives of the IMU are to promote international cooperation in mathematics and to encourage
and support international activities that contribute to the
development of the mathematical sciences in all their
aspects—pure, applied, or educational. In addition, the
IMU determines the location and the scientific program
of the International Congress of Mathematicians (ICM)
and acknowledges outstanding research contributions
to mathematics by awarding scientific prizes. Although
many mathematicians think of the IMU strictly in terms
of its connection with the ICM, this article highlights a
more comprehensive view of the programs and activities
that come under its purview. In particular, the IMU is
deeply involved in initiatives that support mathematics
and mathematics education in the developing world, and
in worldwide efforts aimed at achieving gender balance
and equality for underrepresented groups in the sciences.

1. A Snapshot of the Work of the IMU Today
A precursor of the current IMU was founded in Strasbourg,
France, in 1920. Thus the year 2020 brings the centenary
celebration of the IMU. The original incarnation of the IMU
was dissolved in 1932. After the disruption caused by World
War II, at a convention in New York in 1950, the current
version of the IMU was created based on the principle of
unrestricted internationalism, namely, “mathematics without borders.” In 1950, the ICMs also resumed, every four
years. For an in-depth history of the IMU and the ICMs,
see Mathematics without borders, a history of the International
Mathematical Union by O. Lehto, Springer 1998 and Mathematicians of the world unite! The International Congress of
Carlos E. Kenig is a professor of mathematics at the University of Chicago
and president of the International Mathematical Union, 2019–2022. His
email address is cek@math.uchicago.edu.

Mathematicians—A Human Endeavor by G. Curbera, Taylor
and Francis 2009.1
Today, the work of the IMU is very complex, involving a
number of components, which take the form of commissions and committees. The IMU has eighty-nine member
countries and organizes activities all over the world. This
structure has been greatly facilitated by the creation of a
permanent Secretariat for the IMU, in the heart of Berlin,
Germany. The Secretariat was established in 2011 on a trial
basis, and made permanent in 2019, thanks to the generous
support of the German Government and the State of Berlin.
The Secretariat runs the IMU’s day-to-day business and
provides administrative support for many IMU operations.
The IMU Secretary General heads the work of the IMU
Secretariat. The IMU’s archive is housed in the Secretariat,
ensuring its preservation for posterity.
The IMU is administered by an Executive Committee
(EC), which conducts the business of the union, assisted
by the IMU Secretariat. The EC is responsible for all policy
matters and for tasks such as choosing the members of various committees of the IMU. The members of the IMU are
countries, represented through an Adhering Organization.
The dues paid by the Adhering Organizations finance the
bulk of the activities of the IMU. Every four years, the IMU
members gather in a General Assembly (held just before
the ICM). The major decisions of the IMU are made at the
General Assembly, by vote.

2. The Work of the Commissions
and Committees of the IMU
2.1. International Commission on
Mathematical Instruction (ICMI)
https://www.mathunion.org/icmi

The IMU keeps in close contact with mathematics education through the ICMI, the oldest Commission in the IMU.

For permission to reprint this article, please contact: reprint-permission
@ams.org.

1Both

DOI: https://dx.doi.org/10.1090/noti2050

/organization/imu-history.

404

books are freely available from https://www.mathunion.org

Notices of the American Mathematical Society

Volume 67, Number 3

COMMUNICATION
The ICMI was established in 1908 at the International
Congress of Mathematicians in Rome and thus precedes the
IMU. The founding President of the ICMI was the German
mathematician Felix Klein. After interruptions of activity
around the two world wars, the ICMI was reconstituted in
1952 and then became an official Commission of the IMU.
The ICMI offers a forum to disseminate ideas related to the
teaching and learning of mathematics, from the primary to
the tertiary level. An important objective of the ICMI is to
connect mathematics educators, teachers of mathematics,
mathematicians, educational researchers, curriculum designers, and others interested in mathematical education
at all levels, around the world, to improve the teaching of
mathematics. Thus, the ICMI deals with the full spectrum
of mathematics education, from theoretical research in
mathematics education to the practice of mathematical
education, for all ages.
The ICMI’s activities cover three main series of conferences organized on a regular basis. They are the Studies
Conferences (the Studies are conducted by an international
team of leading scholars and practitioners, to address topics
of particular significance in contemporary mathematical
education; more than twenty Studies volumes have been
published); the Regional Conferences, taking place in
regions all over the world; and the International Congress
on Mathematical Education, a major responsibility for the
ICMI, which is held every four years, and whose attendance
and impact in the mathematical education community are
comparable to the ICMs in the mathematical community
(see https://www.icme14.org).
The ICMI recognizes outstanding achievements in mathematics education research through two biannual prizes,
the Felix Klein Award (for lifetime achievement) and the
Hans Freudenthal Award (for a major cumulative program
of research). The ICMI recognizes outstanding achievements in the practice of mathematics education through
the quadrennial Emma Castelnuovo Award.
The ICMI and the IMU cooperate on a number of projects. One of them, the Klein Project, was inspired by Klein’s
book Elementary Mathematics from an Advanced Standpoint.
It is dedicated to supporting mathematics teachers as they
connect the mathematics they teach to contemporary research in the mathematical sciences. The associated blog
(blog.kleinproject.org) includes short articles styled
as “vignettes” on interesting applications of mathematics
such as “How Google works: Markov chains and eigenvalues” and “What is the way of packing oranges? Kepler’s
conjecture on the packing of spheres.”
2.2. Commission for Developing Countries (CDC)
https://www.mathunion.org/cdc

The activities of the IMU in developing countries are run by
the CDC, created in 2010. The CDC and its partners manage to have a very high impact with very limited resources.
Among the important programs that the CDC runs are
March 2020

graduate scholarships, grants for mathematicians to lecture
and mentor in developing countries, and educational and
local capacity building programs. For instance, the IMU
Breakout Graduate Fellowship Program,2 which is run by
the CDC through generous and ongoing donations by
winners of the Breakthrough Prizes in Mathematics, is a
fellowship program to support excellent students in developing countries to carry out postgraduate studies leading to
a PhD degree in the mathematical sciences. The Graduate
Assistantships in Developing Countries program provides
funds for graduate research assistantships to the most
talented graduate students in emerging research groups
working in a developing country. The research group has
to have an ongoing collaboration with an international
mathematician working in a different country, who then
acts as a partner in the training of the students. The CDC
also provides partial support for mathematicians to attend
conferences in the mathematical sciences organized in developing countries. In a few cases, international conferences
in developed countries are supported by the CDC in order
to invite mathematicians from developing countries.
The CDC manages a Volunteer Lecturer Program for
developing countries. The program offers universities in
developing countries the economic support to host volunteer lecturers for intensive 3–4 week courses in mathematics. The course given by the volunteer is part of a regular
undergraduate or master’s degree program at the host
institution. The CDC maintains a database of volunteer
lecturers, who then get matched to requests. The program
is partially funded by the AMS and the Niels Henrik Abel
Board, the entity that oversees Norway’s funds for the Abel
Prize. The Abel Visiting Scholar Program (supported by
the Abel Board) supports mathematicians professionally
based in developing countries to visit an international
collaborator for a period of one month. The IMU-Simons
African Fellowship Program, supported by the Simons
Foundation, supports sabbaticals for mathematicians from
African developing countries to travel to an internationally
known mathematical center of excellence for collaborative
research.
The CDC partners with the ICMI on the Capacity and
Networking Project to develop the educational capacity of
those responsible for the education of mathematics teachers in regions of the developing world. This project is in
response to UNESCO’s 2011 Current Challenges in Basic
Mathematics Education. Since this project reaches teachers at all levels (from elementary schools onwards) this
program has great transformative potential. The Capacity
and Networking Project workshops have been held in the
Francophone Sub-Saharan Region, in Central America and
2For

further information on the CDC and the Breakout Graduate Fellowships, see the recent Notices article by Della Dumbaugh, https://
www.ams.org/journals/notices/201908/rnoti-p1294.pdf, and the
editorial in IMU-Net 93: January 2019 by Terence Tao and Richard Taylor.
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the Caribbean, in Southeast Asia, and in the Andean Region
of South America and Paraguay.
2.3. International Commission for
the History of Mathematics (ICHM)
https://www.mathunion.org/ichm

The ICHM is an inter-union commission, joining the IMU
and the Division of the History of Science of the International Union for the History and Philosophy of Science and
Technology. The aim of the ICHM is to encourage the study
of the history of mathematics and to promote a high level
of historically and mathematically sophisticated scholarship in the field. The IMU appoints two representatives as
members of the ICHM Executive Committee. The ICHM
sponsors and/or cosponsors symposia at the International
Congresses of the History of Science and of Mathematics,
and celebrates excellence in the history of mathematics
through the awarding of the Kenneth O. May Medal and
the Montucla Prize.
2.4. Committee on Electronic Information
and Communication (CEIC)
https://www.mathunion.org/ceic

The CEIC is a standing committee of the Executive Committee. Its mandate is to advise the EC on matters concerning
information and communication. This includes advising
on standards and best practices for mathematical journals
and on issues pertaining to electronic publishing and open
access. The CEIC endorses and advises the EC regarding
the Digital Mathematics Library, the project to make the
entirety of past mathematics scholarship available online,
at a reasonable cost, in a digital collection, developed and
curated by a network of institutions.
2.5. Committee for Women in Mathematics (CWM)
https://www.mathunion.org/cwm

In 2015, the EC approved the creation of the CWM, to promote international contacts between national and regional
organizations for women and mathematics. The CWM has
been extraordinarily active and successful, putting forward
a number of initiatives and always supporting the ideal of
gender equality in the mathematical sciences. The CWM
helps establish and foster networks of women mathematicians in Asia, Latin America, and Africa. The CWM also
supports schools for women mathematicians, especially
in the developing world. In 2018, the CWM organized the
(WM)2 World Meeting for Women in Mathematics as a
satellite meeting of ICM2018 in Rio de Janeiro, Brazil, the
day before the inauguration of ICM2018. A CWM tribute to
Maryam Mirzakhani (1977–2017, Fields Medalist in 2014)
was inaugurated at (WM)2 and remained open during
ICM2018. It is expected that the next edition of (WM)2 will
take place in Saint Petersburg, Russia, on July 5, 2022, the
day before the inauguration of ICM2022.
The IMU, through the CWM, was chosen by the International Science Council to be one of two lead partners in
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its funded project “A Global Approach to the Gender Gap
in Mathematical, Computing and Natural Sciences: How
to Measure It, How to Reduce It?” The final meeting of the
project took place in November 2019 at the International
Center for Theoretical Physics in Trieste, Italy. A report on
the project, as well as the tools produced to carry out the
project and its recommendations, were unveiled at this
meeting.

3. The International Congress of Mathematicians
and the IMU Awards
3.1. International Congress of Mathematicians (ICM)
Although the IMU today does much more than sponsoring
an International Congress of Mathematicians, the ICM
remains the flagship activity of the IMU. The next ICM
will be held on July 6–14, 2022 in Saint Petersburg, Russia
(https://icm2022.org).
The ICM is widely regarded as the premier international
gathering of mathematicians. Meeting every four years,
the Congress plays a unique role in mathematics, both by
recognizing exemplary recent research achievements in
all the various subfields of mathematics and by giving the
broader community of mathematicians the opportunity to
learn about the latest mathematical research developments
and to interact with leaders in the field. This latter aspect
of the Congress is particularly valuable for early career
mathematicians and for mathematicians from developing
countries who might otherwise have only limited ways to
interact with such leaders. The IMU is responsible for the
scientific program of the Congress. All other organizational
tasks are the domain of the host country. Up to 2018, the
entire scientific program of the Congress, from the choice
and size of its sections, to the selection of individual speakers, was the responsibility of the Program Committee (PC).
3.2. New developments at the ICM
The tightness of the PC’s schedule and its large mandate
made it very difficult for the PC to be able to make substantial changes to the scientific structure of the Congress. Over
time there has been growing concern that the division of
mathematics into sections has evolved very slowly. Moreover, it is generally recognized that the Congress caters more
to the “pure” subdisciplines of mathematics rather than
to the “applied” ones. Since, in principle, the ICM offers
a uniquely promising opportunity for pure and applied
mathematicians to come together and learn about the latest
exciting developments at the interface between these two
mathematical disciplines, and since there are currently so
many exciting developments in novel applications of mathematics, it is time for a change. With this background, the
2018 General Assembly approved the formation of a new
committee, the Structure Committee (SC), whose membership is chosen by the EC and whose charge is to decide the
scientific structure of the Congress, thus relieving the PC of
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this part of its enormous task. The full membership of the
SC is publicly known and available at the IMU’s website. In
contrast, only the chair of the PC is known. The remaining
members will be revealed at ICM2022. The SC is to remain
a standing committee (with rotating membership), charged
with continuously evaluating and revising the scientific
structure of the Congress, to keep it constantly current.
3.3. The IMU awards
The IMU awards the following prizes for mathematical
achievement every four years at the Opening Ceremony
of the ICM.
Fields Medal: This award recognizes outstanding mathematical achievement for existing work, and for the promise
of future achievement, by mathematicians under forty years
of age. Two to four awards are made at each ICM. It was
first awarded in 1936.
Rolf Nevanlinna Prize: This award recognizes outstanding contributions to the mathematical aspects of information science. It was first awarded in 1982. The prize was
discontinued by vote of the General Assembly in 2018, to
be replaced from now on by the IMU Abacus Medal, with
identical statutes.
Carl Friedrich Gauss Prize: This award recognizes outstanding mathematical contributions that have found significant applications outside of mathematics. It is awarded
jointly by the IMU and the Deutsche MathematikerVereinigung (DMV). It was first awarded in 2006.
Chern Medal Award: This award celebrates an individual
whose accomplishments warrant the highest recognition
for outstanding achievements in the field of mathematics.
It is awarded jointly by the IMU and the Chern Medal
Foundation. It was first awarded in 2010.
The Leelavati Prize is awarded at the Closing Ceremony
of the ICM every four years and recognizes outstanding
public outreach work for mathematics. It was first awarded
in 2010, and since 2014 it has been sponsored by Infosys.
The IMU recognizes the work of women who have made
fundamental and sustained contributions to the mathematical sciences through a special ICM plenary lecture, the ICM
Emmy Noether Lecture.
The IMU Executive Committee appoints, for each of
its awards, a Selection Committee. Only the names of
the chairs of the committees are made public before the
ICM. Nominations, observing the specific prize statutes,
are encouraged. They should be sent to the chair of the
relevant committee. For the names and addresses of the
chairs, please consult the IMU’s website, https://www
.mathunion.org.

subscribe to it by sending an email to imu-net-request
@mathunion.org with the subject line: subscribe.
The International Mathematical Union is involved in a
whole host of activities that promote international cooperation in mathematics. These activities range from support
for the research and practice of mathematics education, to
helping unleash the full potential of the developing world
in the mathematical sciences, to supporting the elimination of the gender gap in the sciences. The Committee
on Electronic Information and Communication helps
the international mathematical community navigate the
transition in publishing brought on by electronic forms
of communication and supports the Digital Mathematics
Library project, which is a great aspiration of the world’s
mathematical community. The IMU continues to provide
the most determined support for research in the mathematical sciences in many ways with its International Congresses
of Mathematicians and associated awards.
All of this would be impossible without the tireless
work of many volunteers from the worldwide mathematical community. Please give your help to this enterprise
by joining these volunteers! The IMU is funded through
the dues paid by the Adhering Organizations and through
generous donations. Some of these contributions are large,
like the ones from the German Government and the State
of Berlin, which fund the Secretariat, and the ones from the
Breakthrough Prize winners, which fund the IMU Graduate
Breakout Fellowship Program to support graduate studies
in developing countries. Some are small, like the ones AMS
members make ($8) when they tick a box in their AMS
membership renewal form. Small or large, these donations
add up to support a fully functioning IMU. Please consider
supporting the IMU and its programs as we begin our next
century of work together.
ACKNOWLEDGMENTS. The author thanks the two
anonymous referees for their very careful reading of the
first version of this article and for their many excellent
detailed suggestions and comments that have greatly
improved the presentation. The author would also like
to thank Helge Holden, Secretary General of the IMU,
for his helpful comments on the first draft of this article.
Credits
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4. Final Remarks
The IMU website contains extensive information about
the activities of the organization. The IMU also publishes
an electronic bimonthly newsletter, the IMU-Net. You can
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African American Women
Honored with Congressional
Gold Medals
Karen Saxe
On November 8, 2019, the president signed into law the
Hidden Figures Congressional Gold Medal Act.1 Congressional Gold Medals will go to Katherine Johnson and Dr.
Christine Darden, and posthumously to Dorothy Vaughan
and Mary Jackson. The law also awards “a Congressional
Gold Medal to honor all of the women who contributed
to the success of the National Aeronautics and Space Administration during the Space Race.” More precisely, the
law requires the presentation of
•• one Congressional Gold Medal to Katherine Johnson, in recognition of her service to the United
States as a mathematician;
•• one Congressional Gold Medal to Dr. Christine
Darden, for her service to the United States as an
aeronautical engineer;
•• two Congressional Gold Medals in commemoration of the lives of Dorothy Vaughan and Mary
Jackson, in recognition of their service to the
United States during the Space Race; and
•• one Congressional Gold Medal in recognition of
all the women who served as computers, mathematicians, and engineers at the National Advisory
Committee for Aeronautics and the National Aeronautics and Space Administration (NASA) between
the 1930s and the 1970s.
Karen Saxe is associate executive director of the AMS and director of the
Office of Government Relations. Her email address is kxs@ams.org.

They “were integral to the success of the early space program,” serving as the first “computer pool” at the Langley
Memorial Aeronautical Laboratory.2 Their mathematical
achievements include calculating the trajectory for Alan
Shepard’s 1961 Freedom 7 mission, improving designs to
minimize the effects of sonic booms, and researching the
boundary layer of air around aircraft.
These women, the subject of the movie Hidden Figures,
adapted from Margot Lee Shetterly’s book of the same
name, were engineers and mathematicians who broke
down barriers and paved the way for women of color in
STEM. Shetterly has participated twice at the Joint Mathematics Meetings, once in 20173 and again in 20194 when
she was awarded the Joint Policy Board for Mathematics
Communications Award.5 Dr. Darden also attended JMM
2017.
The Congressional Gold Medal is the highest civilian
award in the United States. George Washington received the
first Congressional Gold Medal in 1776. Since then there
have been roughly 150 given—some to individuals, some
to groups (e.g., in 2016 there was one given to “Filipino
Veterans of World War II”). To give a sense of scale—in 2017
one was awarded, and in 2018 there were four (but only two
to individuals). Scientists are among awardees, and include:
•• Wilbur and Orville Wright (1909), who were the
first aeronautical or space pioneers to receive a
gold medal, for their achievements in demonstrating to the world the potential of aerial navigation.
2https://www.congress.gov/116/crec/2019/09/19/modified/CREC

/1396

-2019-09-19-pt1-PgH7812.htm
3https://blogs.ams.org/jmm2017/2017/01/05/the-mathematics

For permission to reprint this article, please contact: reprint-permission
@ams.org.

-and-mathematicians-of-hidden-figures/
4https://www.ams.org/journals/notices/201906/rnoti-p923.pdf
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5https://www.ams.org/journals/notices/201904/rnoti-p620.pdf

1https://www.congress.gov/bill/116th-congress/house-bill
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•• Lincoln Ellsworth (1928), the first explorer honored, for his polar flight in 1925 and transpolar
flight in 1926.
•• Major Walter Reed and his associates (1929), who
were the first scientists honored, for discovering
the cause and means of transmission of yellow
fever in 1921.
Overall, there are not many scientists recognized with this
award, and Katherine Johnson is the first to receive it in
recognition of service as a mathematician.
It is hard to pass laws. Indeed, only sixty-eight laws have
been passed in the 116th Congress thus far (as of this writing, November 13, 2019).6 Special rules apply for passing
this particular type of legislation—all Congressional Gold
Medal legislation must be cosponsored by at least twothirds (290) of the members of the House and by at least
sixty-seven senators. Senator Chris Coons from Delaware
and Congresswoman Eddie Bernice Johnson from Texas
introduced the Hidden Figures Act in Congress. After the
introduction, the next step was to get the requisite number
of cosponsors.
The AMS Office of Government Relations (AMS OGR)
talked to many members of Congress, urging them to support the bill that would finally recognize these trailblazers.
Mathematicians responded to the Call to Action (posted
on the AMS OGR website) and wrote their congressional
delegations—informing them about the importance of the
work of these women as computers, mathematicians, and
engineers at the National Advisory Committee for Aeronautics and the National Aeronautics and Space Administration between the 1930s and the 1970s—requesting that
they cosponsor the bill. A sufficient number of cosponsors
stepped up, and the bill was brought to the floor in each
chamber for final votes. It passed the House by voice vote,
and passed in the Senate without amendment and by
unanimous consent.7
The first female to be recognized with a Congressional Gold Medal was Anna Bouligny (1938). Since then,
only about a dozen other women have been individually
recognized. This new batch of awardees, therefore, adds
significantly to the list of female Congressional Gold
Medal recipients and is worth celebrating especially during
Women’s History Month.

Karen Saxe

Credits

Author photo is courtesy of Macalester College/David Turner.
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MATH REVIEWS NEWS

Mathematics Subject
Classification 2020
Edward Dunne and Klaus Hulek

The latest revision of the Mathematics Subject Classification
(MSC) has been published, replacing the 2010 Mathematics
Subject Classification (referred to as MSC2010). Searchable
versions are available from the zbMATH site (https://
zbmath.org/classification/) and the MathSciNet site
(https://mathscinet.ams.org/mathscinet/searchMSC
.html).
Mathematical Reviews (MR) and zbMATH collaborate
on maintaining the Mathematics Subject Classification,
which is used by these reviewing services, publishers,
funding agencies, and others to categorize items in the
mathematical sciences literature. It is a taxonomy created
by and for mathematical researchers. Every ten years, the
two editorial groups solicit input from the mathematics
community. For the current revision, we received more
than 350 comments and suggestions from more than 100
Edward Dunne is the executive editor of Mathematical Reviews. His email
address is egd@ams.org.
Klaus Hulek is the editor-in-chief of zbMATH. His email address is hulek
@math.uni-hannover.de.

This article will also appear in the March 2020 edition of the EMS Newsletter.
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DOI: https://dx.doi.org/10.1090/noti2052

410

different people. MR and zbMATH carefully considered this
input from the community and used it in the preparation
of our joint revision of the classification.
As anticipated, there are no changes at the two-digit
level, but several at the three-digit level, and hundreds at
the five-digit level. Nine new three-digit classes were added:
18M Monoidal categories and operads, 18N Higher categories and homotopical algebra, 53E Geometric evolution
equations, 57K Low-dimensional topology in specific dimensions, 57Z Relations of manifolds and cell complexes
with science and engineering, 60L Rough analysis, 62R
Statistics on algebraic and topological structures, 68V
Computer science support for mathematical research and
practice, and 82M Basic methods in statistical mechanics.
For five-digit classes, 113 classes were retired and 486 new
classes were introduced. The new MSC contains 63 twodigit classifications, 529 three-digit classifications, and
6,006 five-digit classifications.
There were some general changes. Descriptions of classes
were changed to be more useful when searching online or
via database interfaces. Previous descriptions assumed the
user was looking at a full list of the classifications, which
would provide context. An example of the limitation is a
search of MSC2010 for “optimization,” which returns 18
matches, not counting essentially every class in 49 Calculus of variations and optimal control; optimization. There
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were three classes named “Flow control and optimization”:
76B75, 76D55, and 76N25. The three different contexts
were incompressible inviscid fluids, incompressible viscous
fluids, and compressible fluids and gas dynamics. Now,
they have descriptions with more detail, as in 76B75 Flow
control and optimization for incompressible inviscid fluids. There were three classes just named “Optimization”
in the areas 74P Mechanics of deformable solids, 78M50
Optics, electromagnetic theory, and 80M50 Classical thermodynamics, heat transfer. Now they have descriptions that
include the context, as in 78M50 Optimization problems
in optics and electromagnetic theory.
In previous versions of the MSC, there were some
“hyphen classes” of the form XX–00 General reference
works, XX–01 Introductory expositions, XX–02 Research
exposition, XX–03 History, XX–04 Software, and XX–06
Proceedings, conferences, collections, etc., along with
scattered other hyphen classes. The use of hyphen classes
has been made more uniform across the MSC, so that most
two-digit classes now have these five subclasses. Some
hyphen classes would be redundant and are omitted, such
as the nonexistent class 01-03, since the two-digit class for
“History of mathematics and mathematicians” does not
need a subclass for history. The classes -08 for Computational methods for problems from the parent class, -10 for
Mathematical modeling or simulation for problems from
the parent class, and -11 for Research data for problems
from the parent class have been added where appropriate.
For example, there is now the class 20-08 Computational
methods for problems from group theory, and the class
20-11 Research data for problems from group theory. An
example of an omission of one of these new hyphen classes
for reasons of redundancy is 65 Numerical analysis, which
does not need the -08 class for computational methods.
Also, some classes have alternatives to -08 with more
detail, such as the eight five-digit classes in the three-digit
class 14Q Computational aspects in algebraic geometry.
The hyphen classes -10 mostly occur for applied classes,
namely MSCs 70 through 94, as in 70-10 Mathematical
modeling or simulation for problems from mechanics of
particles and systems.
The influences of data and computation on the mathematical sciences are reflected in the classes. In addition to
the -08 classes, and not including classes from 03 Mathematical logic and foundations or 68 Computer science,
there are 58 classes referring to computations, computational methods, or computers. For instance, for MSC2020,
two new classes, 14Q25 Computational algebraic geometry
over arithmetic ground fields and 14Q30 Computational
real algebraic geometry, have been added to the three-digit
class 14Q Computational aspects in algebraic geometry,
which had been added to the MSC in 1991. Similarly,
two new classes were added under 37M Approximation
methods and numerical treatment of dynamical systems:
37M21 Computational methods for invariant manifolds of
March 2020

dynamical systems and 37M22 Computational methods for
attractors of dynamical systems. For the -11 classes, examples of the types of data envisioned include statistical data,
mathematical tables, collections of mathematical objects
and their properties, such as integer sequences (as found in
the OEIS, for instance), or databases of modular forms or
Calabi–Yau varieties. In addition to the -11 classes, there are
31 classes with specific instances of data, including the new
classes 62R10 Functional data analysis, 62R40 Topological
data analysis, and 68P27 Privacy of data.
Mathematical Reviews and zbMATH are now using
MSC2020 as their classification schemes. We welcome and
encourage the community also to adopt the MSC2020. It is
available from msc2020.org in PDF or TeX. A SKOS version
will be available later.
The classification is jointly published by the two organizations under a Creative Commons CC-BY-NC-SA
license. Corrections to possible errors in the new system
can be submitted by email to feedback@msc2020.org.
All information about MSC2020 is jointly shared by MR
and zbMATH.
The editors and staffs at Mathematical Reviews and zbMATH express their gratitude to the numerous members of
the community for their assistance in this lengthy revision
process.

Edward Dunne

Klaus Hulek
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Angenent’s Shrinking
Doughnuts
Danny Calegari
Take a smooth surface 𝐹 in ℝ3 . There’s a best linear approximation at every point—the tangent plane. If the surface
is 𝐶 2 we can do better. Translate and rotate the surface so
that the given point is at the origin and the tangent plane
is horizontal. Then, near the origin, the surface looks (to
second order) like the graph of a quadratic form. The mean
curvature vector 𝐻 is 𝜈 times the trace of this quadratic form,
where 𝜈 is the unit positive normal. For example, if 𝐹 is the
boundary of a convex region, the mean curvature 𝐻 points
always to the interior where it doesn’t vanish.
Positive (resp., negative) eigenvalues of the quadratic
form are directions in which the surface curves up (resp.,
down). When the trace is positive, the positive normals focus more than they spread apart, so if we move the surface
infinitesimally in the normal direction the area decreases
to first order, and in fact −𝐻 ⋅ 𝜈 can be interpreted as the
derivative of the area form. A critical point for area—i.e., a
surface with 𝐻 = 0 everywhere—is called a minimal surface,
and the gradient flow for area in the space of all surfaces is
achieved by deforming the surface by the vector field 𝐻.
This gradient flow is called the mean curvature flow (hereafter MCF), and we say that a family 𝐹(𝑡) of surfaces evolves
by MCF if it satisfies 𝜕𝑡 𝐹 = 𝐻. If we don’t care about the
Danny Calegari is a professor of mathematics at the University of Chicago. His
email address is dannyc@math.uchicago.edu.
For permission to reprint this article, please contact:
reprint-permission@ams.org.
DOI: https://doi.org/10.1090/noti2053
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parameterization of the evolving surfaces, we can consider
more generally 𝜕𝑡 𝐹 = 𝐻 + 𝑋, where at each time 𝑡 the vector field 𝑋(𝑡) is tangent to 𝐹(𝑡). Scaling a surface by 𝜆 multiplies the mean curvature by 1/𝜆 so the rescaled surface
evolves by MCF proportionally to the original at a rate in
which time has been rescaled by 𝜆2 ; this is called parabolic
rescaling of MCF.
The simplest example of MCF is a family of shrinking
concentric round spheres. A sphere of radius 𝑟 has mean
curvature of length 2/𝑟 pointing radially to the interior.
Thus when a round sphere evolves by MCF, the radius
evolves by 𝑟′ = −2/𝑟 so that 𝑟(𝑡) = (𝑟(0)2 − 4𝑡)1/2 . Another example is a family of shrinking round cylinders. A
cylinder of radius 𝑟 has constant mean curvature 1/𝑟 so it
shrinks like 𝑟(𝑡) = (𝑟(0)2 − 2𝑡)1/2 . These are examples of
self-shrinkers: the surface 𝐹(𝑡) is the same shape as 𝐹(0),
just smaller. It continues to shrink, maintaining its overall
shape, until it becomes singular. By translation and parabolic rescaling, any self-shrinker can be “normalized” to
satisfy 𝐹(𝑡) = √1 − 𝑡 𝐹(0). The round sphere of radius 2
centered at the origin is normalized, as is the round cylinder of radius √2.
An embedded surface evolving by MCF stays embedded,
at least until it becomes singular. There’s also a maximum
principle for MCF: two disjoint surfaces evolving simultaneously stay disjoint. So every closed surface 𝐹 must become singular in finite time. To see this, put 𝐹 inside a
round ball and apply MCF. By the maximum principle, 𝐹
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must become singular before the boundary of the ball (a
round sphere) shrinks to a point.
A surface is mean convex if 𝐻 always points into the interior where it doesn’t vanish. The property of being mean
convex is preserved by MCF. Let’s see why. Start with a surface 𝐹(0) that is mean convex, and evolve it by the flow. 𝐻
points into the interior, so 𝐹(𝑡) starts to foliate some collar neighborhood of the interior of 𝐹(0). Suppose beyond
some first time 𝑡0 we stop being mean convex, and 𝐻 starts
to point to the exterior. Then 𝐹(𝑡) for 𝑡 > 𝑡0 starts to move
“outward” at that point and will bump into 𝐹(𝑠) for 𝑠 < 𝑡0 ,
contradicting the maximum principle.
A more subtle theorem, due to Huisken, is that MCF preserves convexity. A strictly convex surface is topologically a
sphere. Huisken shows that under MCF, a convex surface
shrinks to a “round point” in finite time. This means that
if one takes the evolving surface and rescales it homothetically for each 𝑡 to have constant area, the rescaled surfaces
converge smoothly to a round sphere.
A surface that is not convex might become singular
somewhere while staying smooth elsewhere. Here’s an
example. A dumbell is two round spheres (the “bells”)
joined by a narrow neck. If the neck is thin enough, the
mean curvature of the neck will be much bigger than that
of the spheres, so it will pinch off before the spheres collapse (we’ll see a rigorous proof of this soon). See Figure 1.

Figure 1. A shrinking dumbell pinches off a neck.

To analyze a singularity we perform parabolic rescalings
of the MCF 𝐹(𝑡) by bigger and bigger amounts to get a sequence of MCFs that look like the result of “zooming in”
on 𝐹(𝑡) near the singularity. It turns out that this sequence
of MCFs has some subsequence that converges to a limiting MCF, and this limit is always a self-shrinker. This is
rather analogous to zooming in at a point on a smooth surface to obtain a scale-invariant object: the tangent space.
And in fact a limit of rescalings of an MCF is called a tangent
flow. Thus, understanding and classifying self-shrinkers is
a crucial part of understanding singularities of MCF.
The tangent flow of a convex MCF at the final singularity
is a shrinking round sphere, and the tangent flow of the
dumbell singularity is a shrinking round cylinder. If the
initial surface is mean convex, it turns out that these are
the only tangent flows that can arise at singularities.
But for more general initial 𝐹(0) other singularities are
possible. Even the topology of a self-shrinker can be complicated (actually, the topology has to be complicated:
MARCH 2020

Simon Brendle recently showed that the only properly
embedded genus zero self-shrinkers in three dimensions
are the sphere, the cylinder, and the plane). We now
give a rather surprising example due to Sigurd Angenent
of a smooth torus whose evolution under MCF is a selfshrinker: a shrinking doughnut.
First of all, it’s possible to give a variational characterization of being a self-shrinker. Let’s look for a normalized self-shrinker, i.e., a surface 𝐹 in ℝ3 satisfying 𝐹(𝑡) =
√1 − 𝑡 𝐹(0). Since 𝜕𝑡 𝐹 = 𝐻 + 𝑋 with 𝑋 tangent to 𝐹, the
surface 𝐹(0) is a normalized self-shrinker if and only if it
satisfies the equation ⟨𝐻 + 𝐹/2, 𝜈⟩ = 0.
For any function 𝜙 on ℝ3 there is an associated functional 𝑆 on surfaces in ℝ3 defined by 𝑆(𝐹) ∶= ∫𝐹 𝜙 𝑑area.
If we vary 𝐹 by moving it infinitesimally in the normal direction by 𝑓𝜈 for some smooth function 𝑓, then
𝛿𝑆 = ∫ 𝛿𝜙 𝑑area + ∫ 𝜙 𝛿𝑑area
𝐹

𝐹

= ∫ ⟨𝑓𝜈, ∇𝜙⟩ + 𝜙⟨𝑓𝜈, −𝐻⟩𝑑area.
𝐹
2 |/4

The function 𝜙(𝑥) = 𝑒−|𝑥
so for such a 𝜙,

has gradient ∇𝜙(𝑥) = −(𝑥/2)𝜙,

𝛿𝑆 = ∫ 𝜙⟨𝑓𝜈, −𝑥/2 − 𝐻⟩𝑑area,
𝐹

which vanishes identically for all 𝑓 if and only if 𝐹 is a selfshrinker. Another way to say this is that (normalized) selfshrinkers are minimal surfaces for the conformally rescaled
2
metric 𝑒−|𝑥 |/4 𝑑𝑥2 on ℝ3 .
Now for some doughnuts. To narrow the search let’s
look for a doughnut of revolution, obtained by taking a
circle 𝛾 in the 𝑥𝑧 half-plane 𝑧 > 0 and rotating it about the
2
𝑥-axis. For 𝐹 to be critical for area for the metric 𝑒−|𝑥 |/4 𝑑𝑥2
on ℝ3 is for 𝛾 to be critical for length in the 𝑥𝑧 half-plane
2
2
for the metric 𝑑𝑠2 = 𝑧2 𝑒−(𝑥 +𝑧 )/4 (𝑑𝑥2 + 𝑑𝑧2 )—i.e., for it to
be a geodesic in this metric.
This metric is conformally Euclidean and incomplete.
Its curvature is positive everywhere and blows up along
the 𝑥-axis. There’s a “bubble” where the curvature is relatively small, centered around (0, 2). A geodesic will tend
to “bounce” off a region of high curvature, and we can try
to look for a suitable 𝛾 trapped in the bubble.
Since we only care about the image of the geodesic and
not its parameterization, we can consider the geodesic flow
in this metric with time reparameterized to give a flow on
the (usual) unit tangent bundle of ℝ2 with coordinates
(𝑥, 𝑧, 𝜃). The equations for the flow can be computed from
the metric by Liouville’s formula; in this case we have
𝑥
1 𝑧
𝑥̇ = cos 𝜃, 𝑧 ̇ = sin 𝜃, 𝜃 ̇ = sin 𝜃 + ( − ) cos 𝜃.
2
𝑧 2
Take an initial value 𝛾(0) = (0, 𝜌, 0) and evolve by the reparameterized geodesic flow until the first time 𝑡0 ∶= 𝑡0 (𝜌)
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runs back into the 𝑧-axis (if it ever does) at (0, 𝑧(𝑡0 ), 𝜃(𝑡0 )).
Some trajectories (computed numerically) for initial values 𝜌 between 1 and 4 are illustrated in Figure 2. Note that
the initial value 𝜌 = 2 (in blue) traces out an arc of a round
circle perpendicular to the 𝑥-axis; the associated surface of
revolution is the round sphere of radius 2. Likewise, the
initial value 𝜌 = √2 (in green) traces out a horizontal segment, which rotates to give the round cylinder of radius
√2.

Author’s Note: Angenent shrinks his doughnuts in
“Shrinking Doughnuts,” in Nonlinear Diffusion Equations
and Their Equilibrium States, 3 (Gregynog, 1989), Progr.
Nonlinear Differential Equations Appl., 7, Birkhäuser,
Boston, MA, pp. 21–38. MR1167827

Danny Calegari
Credits

Figures 1 and 2 were created by the author.
Author photo is courtesy of the author.

Figure 2. Geodesic segments in the metric
2
2
𝑑𝑠2 = 𝑧2 𝑒−(𝑥 +𝑧 )/4 (𝑑𝑥2 + 𝑑𝑧2 ) that start perpendicular to the
𝑧-axis.

If 𝜃(𝑡0 ) = −𝜋 and 𝛾 is simple on [0, 𝑡0 ] we get an embedded segment perpendicular to the 𝑧-axis at its endpoints.
Since the metric is invariant under 𝑥 → −𝑥, reflecting
this segment in the 𝑧-axis gives a simple closed geodesic,
which can be revolved around the 𝑥-axis to produce a selfshrinking doughnut.
Some numerical experimentation gives 𝑡0 (3.31) ∼
−3.14924 and 𝑡0 (3.32) ∼ −3.13434, and there is a suitable
intermediate value 𝜌 ∼ 3.3151 (in red in the figure) that
does the trick.
Now here’s Angenent’s proof that the dumbell pinches
a neck. The proof is an application of the maximum principle. In each of the two “bells” we can put shrinking round
spheres. These give a lower bound on the time before the
entire surface can collapse. Around the neck we can put
an Angenent doughnut as a collar, which gives an upper
bound on the time before the first singularity. Therefore
if the neck is thin enough, it must pinch before the entire
surface can collapse.
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MATH OUTSIDE THE BUBBLE

Your Favorite Field
a Superpower?
Sophia D. Merow
In S. L. Huang’s sci-fi thriller Zero Sum Game, narrator
Cas Russell wastes little time showing off her superpower.
When, within the first 25 pages, the retrieval-specialist-for-hire1 needs to unobtrusively overhear the men in
dark suits searching a client’s cottage, she surveys her surroundings and, building off the near-conic curvature of a
stone wall, tweaks the street space to amplify the sound
waves of interest. She kicks a trashcan, closes a gate, upends
a water bowl, reorients a bird feeder. Then, positioned at the
focus of her “manufactured acoustic puzzle,” Russell opens
an umbrella she has nabbed from a nearby car—and listens.
This credulity-stretching ability to create on the fly an
acoustic phenomenon usually achieved only through laborious engineering is trademark Cas—not so much impossible as just really really unlikely. “I try to make everything
my protagonist does realistic if highly improbable,” explains
Huang. “I want it to be something that could actually happen, but that no human would be able to do intentionally
without a lot of equipment.”
The idea for Cas’s character grew out of Huang’s own
daydreams of putting her mathematical knowhow to realworld use. A weapons expert and sometime Hollywood
stuntwoman with a BS in math from MIT, Huang has long
Sophia D. Merow is special projects editor and Notices assistant. Her email
address is merow.notices@gmail.com.
1“I do retrieval,” Russell tells a woman she has just extracted from a drug
cartel’s compound. “It means I get things back for people. That’s my job.”

For permission to reprint this article, please contact: reprint-permission
@ams.org.
DOI: https://dx.doi.org/10.1090/noti2054
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wished that computational facility entailed physical ability—to do backflips, hit home runs, hang picture frames
straight on the first try. “It never seemed fair that I could do
the exact equations necessary to figure out the right force
or angles but couldn’t actually make any of it happen,”
Huang told SyFy (see https://bit.ly/2PdaRrB). “If a
person could make her reality match calculation, what kind
of powers would that give her?” The Cas Russell series (see
Figure 1) is Huang’s answer to that question.
Huang’s study of pure mathematics did not equip her to
script the exploits of her math-genius mercenary, of course.
(“I didn’t, for example, take classes in the mathematics of
exploding buildings or how blood spatters when someone
is murdered,” she told Maria Alexander; see https://bit
.ly/2JdyD2Q.) So before drafting a scene in which, for
instance, Russell shoots a grenade out of the air, Huang
does enough reading and scratch-paper scribbling to have
a solid grasp of the computations Cas is performing at
lightning speed. She also admits to slipping in nods to
friends’ research when possible: “I can’t describe the thrill
of having a professor friend say, ‘I can’t believe you put
computability of subshifts in your books!’”
While Huang’s self-described “eccentric mathematical
superhero fiction” certainly contains details and allusions
to tickle the math-savvy reader—Huang talks about “having
mathiness seep out the pores” of the work—readers need
not satisfy a quantitative prerequisite to engage with it. Indeed, if Huang has a math-related goal for the Cas Russell
novels, it’s more about representation than representation
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Figure 1.The first two books in the Cas Russell series, as published by Tor. To inform the cover art, Huang provided the designer with
a 16-page LaTeX document titled “Aesthetically Pleasing Math Equations: An Incomplete Reference List.”

theory. Huang cast a woman of color as her (anti)hero,
an intentional choice calculated to impress upon young
women the potential power of mathematics in female
hands. Sure, the math portrayed in Zero Sum Game and its
sequel Null Set is not the sort one learns in college or makes
a living doing, but the books do, in their sci-fi way, normalize the conjunction of “math” and “woman.” “No one
piece of media can be everything that’s needed to represent
a better gender spectrum in mathematics,” Huang says, but
bit by bit television shows and movies and graphic novels2 and biographies can chip away at the narrow-minded
popular conception of what a mathematician looks like.
“I consider myself only one drop in the effort to push back
on those assumptions.”
2Asked for notable examples of pop-culture mathematicians, Huang cites
David Krumholtz as Charlie Epps in CBS’s Numb3rs; Jeff Goldblum’s
Ian Malcolm in Jurassic Park; and the fictionalized, steampunk version of
Ada Lovelace in Sydney Padua’s The Thrilling Adventures of Lovelace
and Babbage (reviewed in the May 2017 Notices; see https://bit
.ly/36fCTcd). “One of my favorite fictional mathematicians ever,” says
Huang, “is Kel Cheris in Yoon Ha Lee’s Machineries of Empire.”
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Huang describes the math community’s reaction to her
writing as “overwhelmingly positive.” Math enthusiasts
have recommended her own books to her (not realizing
she authored them), and worries that she would get “hate
mail from mathematicians who found a mistake somewhere” have so far proven unfounded. “Instead, I’ve gotten
a fair number of messages from math people who…were
thrilled seeing their favorite field become a superpower,”
Huang reports.
Huang does have her critics, however. College of Charleston mathematician and cataloger/reviewer of math fiction
Alex Kasman, for one, did not come away from Zero Sum
Game appreciating Huang’s behind-the-scenes scratch work.
“Mathematical terminology is tossed around without any
explanation or even very much thought,” Kasman writes
(see https://bit.ly/31DwZhi), comparing Huang’s use
of math lingo to the “techno-babble” about anti-matter
and higher dimensions typical of much science fiction. “I
guess what I’m saying is that the math seemed gratuitous.”
Kasman does concede, though, that “it is nice that an author
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thought math was interesting enough to be included in a
work of fiction in the same way sex and violence sometimes
are, and even nicer that a publisher agreed.”
Kasman wanted to see meatier math in the Cas Russell
series, and he got some satisfaction when mathematical
proof—rather than just supercharged computation—figured into Null Set (see https://bit.ly/2Jw2HqM). Huang
stresses that the mathematics is secondary to the narrative
and the characters in her fiction—“I’m trying to tell a good
story—while having mathematical fun along the way,” she
says—but she does promise to reward readers with richer
mathematical content as the series progresses. While the
third book—Critical Point, out in April—is on the lighter
side mathematically, a later book has a proof-centric plot
(!) and explores the difference between computational skill
and aptitude for research. “It also features several more
realistic mathematicians, who intentionally contrast with
my main character’s fantastical brand of using math to kill
people creatively,” says Huang. “It’s going to be the most
math-heavy book in the series and, perhaps not coincidentally, my favorite!”

Excerpts from Zero Sum Game:
Cas Russell uses math on the job, yes:
(p. 87) Eighty-seven photos had matched his search,
and I took a good minute to scroll through them all,
even though I didn’t need that long. After all, bone
structures are only measurements, and measurements
are only math. None of the eigenvectors of the feature
sets were even close to Dawna’s, but I compared the
isometric invariants anyway, delaying the conclusion I
already knew was true.
(p. 108) I looked down at the two-story drop below
me, equations unspooling in my head, the acceleration
of gravity tumbling through every incarnation of every
possible assignment of variables, and I flattened my
arm against the cinder blocks, forcing friction to delay
me the slightest touch. Vector diagrams of normal force
and gravitational pull and kinetic friction roared through
my senses.
Math is the stuff of Russell’s witty banter…
(p. 176) “Everything go smooth?”
“So smooth. Infinite differentiability, in fact,” I assured him, maybe just to be a little funny.
He cackled. “I knew I liked you.”

Sophia D. Merow

Credits

Book covers are courtesy of S. L. Huang.
Author photo is by David Gabel.

…and how she busies her mind (to foil a psychic—
read the book!):
(p. 187) …I’d filled my brain with unending computations of the nontrivial zeros of the Riemann zeta function. If that ceased to occupy my full concentration, I
threw in constructing a succinct circuit and calculated
a Hamiltonian path in it at the same time, and also
tried to keep up a run factoring a string of two- and
three-hundred-digit numbers, one after the other. It was
math—but it was normal, uninteresting math, heavy
computations…
Even in a post-gunshot haze, Cas’s brain teems with
the mathematical:
(pp. 225–6) Time seemed slippery, too much effort to
hold on to. Half the time I thought I was awake but
then realized reality wasn’t Hausdorff, and what kind of
topology was I in anyway if Twinkies were allowed? And
the totient function was a rainbow, a beautiful rainbow
and the greatest mathematical discovery of all time, but
if you put a Möbius strip in the fourth dimension could
a rabbit still hop down the side?
Used with permission from Tor Books, an imprint of Tom Doherty Associates.
Copyright (c) 2018 S. L. Huang.
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FROM THE AMS SECRETARY

2019 Election
Election Results

In the elections of 2019, the Society elected a president, a vice president, a trustee, five members at large of the Council,
three members of the Nominating Committee, and two members of the Editorial Boards Committee.

President
Photo is courtesy of Michael Lovett.

Ruth Charney
Brandeis University
President Elect (February 1, 2020–January 31, 2021);
President (February 1, 2021–January 31, 2023);
Immediate Past President (February 1, 2023–January
31, 2024).

Vice President
Photo is courtesy of Francis Su.

Francis Su
Harvey Mudd College
Term is three years (February 1, 2020–January 31,
2023).

Photo is courtesy of Joseph H. Silverman.

Board of Trustees
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Joseph H. Silverman
Brown University
Term is five years (February 1, 2020–January 31, 2025).
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Members at Large of the Council

Stephan
Ramon Garcia
Pomona College

Rosa C. Orellana

Dylan P.
Thurston

Dartmouth College

Photo is courtesy of Dorothée Brand.

Photo is courtesy of Maggy Tomova.

Photo is courtesy of Dylan P. Thurston.

Photo is courtesy of Gael Popescu.

Photo is courtesy of Stephan Ramon Garcia.

Terms are three years (February 1, 2020–January 31, 2023).

Maggy Tomova

Bianca Viray

University of Iowa

University of
Washington

Indiana University,
Bloomington

Nominating Committee

Photo is courtesy of Harvey Mudd College.

Photo is courtesy of Tatiana Toro.

Photo is courtesy of Kristin E. Lauter.

Terms are three years (January 1, 2020–December 31, 2022).

Kristin E. Lauter

Tatiana Toro

Talithia Williams

Microsoft Research

University of
Washington

Harvey Mudd College

Editorial Boards Committee

Photo is courtesy of Jane Epstein.

Photo is courtesy of Tamar Ziegler.

Terms are three years (February 1, 2020–January 31, 2023).
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Charles L. Epstein

Tamar Ziegler

University of
Pennsylvania

Hebrew University
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FELLOWS
of the

The nomination period is
February 1st through March 31st.
Learn how to make or support a nomination
in the Requirements and Nominations Guide at:
www.ams.org/ams-fellows
Questions:
Contact AMS staff at 800.321.4267, ext. 4096
or by email at amsfellows@ams.org

FROM THE AMS SECRETARY

2020 Class of
Fellows of the AMS

Fifty-two mathematical scientists from around the world have been named Fellows of the American Mathematical Society
(AMS) for 2020.
The Fellows of the American Mathematical Society program recognizes members who have made outstanding contributions to the creation, exposition, advancement, communication, and utilization of mathematics. Among the goals
of the program are to create an enlarged class of mathematicians recognized by their peers as distinguished for their
contributions to the profession and to honor excellence.
The 2020 Class of Fellows was honored at a dessert reception held during the Joint Mathematics Meetings in Denver,
Colorado. Names of the individuals who are in this year’s class, their institutions, and citations appear below.
The nomination period for Fellows is open each year from February 1 to March 31. For additional information about the
Fellows program, as well as instructions for making nominations, visit the web page https://www.ams.org/ams-fellows.
Pramod N. Achar, Louisiana State University, Baton Rouge
For contributions to geometric and modular representation
theory.
Mark Adler, Brandeis University
For contributions to integrable systems and random matrix
theory.
Anar Akhmedov, University of Minnesota–Twin Cities
For contributions to core problems in topology.

Tara E. Brendle, University of Glasgow
For contributions to topology and geometry, for expository lectures, and for service to the profession aimed at the full participation of women in mathematics.
Ken A. Brown, University of Glasgow
For contributions to noncommutative algebra and service to the
mathematical community.

Kate Awtrey, Atlanta Convention Photography.

Michael Bennett, University of British Columbia
For contributions to Diophantine equations and Diophantine
approximations, and for service to the mathematical community.

Paul Bourgade, New York University, Courant Institute
For contributions to the study of random matrices and connections to statistical physics, in particular for work on the universality of the statistics of gaps in the spectra of random matrices.

Members of the 2020 Class of Fellows of the AMS with AMS President Jill Pipher at the Fellows’ Reception, January 17, 2020.
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Suncica Canic, University of California, Berkeley
For contributions to partial differential equations, and for
mathematical modeling of fluid-structure interactions that has
influenced the design of medical devices.

Davar Khoshnevisan, University of Utah
For contributions to probability theory, in particular to probabilistic potential theory, random fields, random fractals, and
stochastic partial differential equations.

Ana Caraiani, Imperial College
For contributions to arithmetic geometry and number theory, in
particular the p-adic Langlands program.

Daniel Kral, Masaryk University
For contributions to extremal combinatorics and graph theory,
and for service to the profession.

Anthony Carbery, University of Edinburgh
For contributions to real and harmonic analysis.

Thomas G. Kurtz, University of Wisconsin, Madison
For research in probability and its applications, especially for
contributions to the study of Markov processes.

Thomas Chen, University of Texas at Austin
For contributions to mathematical physics and partial differential
equations, bridging between these two areas.
Ovidiu Costin, Ohio State University, Columbus
For contributions to asymptotic analysis and mathematical physics, in particular to resurgence theory, exponential asymptotics,
and generalized Borel summability.
Qiang Du, Columbia University
For contributions to applied and computational mathematics
with applications in materials science, computational geometry,
and biology.
Kenneth J. Dykema, Texas A&M University
For contributions to the study of free probability and operator
algebras.
Lisa J. Fauci, Tulane University
For contributions to computational fluid dynamics and applications, and for service to the applied mathematics community.
Viktor L. Ginzburg, University of California, Santa Cruz
For contributions to Hamiltonian dynamical systems and symplectic topology and in particular studies into the existence and
nonexistence of periodic orbits.
Steven M. Gonek, University of Rochester
For contributions to the study of the Riemann zeta function, and
for service to the mathematical community.
Eleny-Nicoleta Ionel, Stanford University
For contributions to symplectic geometry and the geometric
analysis approach to Gromov–Witten theory.
Panayotis G. Kevrekidis, University of Massachusetts,
Amherst
For contributions in applied mathematics, especially in the theory
and applications of nonlinear waves.
Olga Kharlampovich, The City University of New York,
Hunter College and The Graduate Center
For contributions to algorithmic and geometric group theory,
algebra, and logic.
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Aaron D. Lauda, University of Southern California
For contributions to higher representation theory and link homology, in particular on the categorification of quantum groups.
Martin Liebeck, Imperial College
For contributions to group theory, particularly the subgroup
structure and representation theory of simple groups and probabilistic group theory.
Lek-Heng Lim, University of Chicago
For contributions to applied mathematics, particularly numerical
linear algebra.
Robert P. Lipton, Louisiana State University, Baton Rouge
For contributions to the theory of multi scale simulation, modeling, and the analysis of media with microstructure, and for
service to the applied mathematics community.
Terry A. Loring, University of New Mexico
For contributions to K-theory for operator algebras, for applications in theoretical physics, and for interdisciplinary work
involving computer science, quantum chemistry, and condensed
matter physics.
James McKernan, University of California, San Diego
For contributions to algebraic geometry, in particular his proof of
the finite generation of the canonical ring, the existence of flips,
and the boundedness of varieties of log general type.
Chikako Mese, Johns Hopkins University, Baltimore
For contributions to the theory of harmonic maps and their
applications, and for service to the mathematical community.
Bojan Mohar, Simon Fraser University
For contributions to topological graph theory, including the theory
of graph embedding algorithms, graph coloring, and crossing
numbers, and for service to the profession.
Dhruv Mubayi, University of Illinois at Chicago
For contributions to extremal and probabilistic combinatorics,
and for service to the profession.
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Thomas Nevins, University of Illinois, Urbana-Champaign
For contributions to noncommutative algebra, representation
theory, and algebraic and symplectic geometry.

Steve Shkoller, University of California, Davis
For contributions to nonlinear partial differential equations, fluid
dynamics, and free-boundary problems.

Helena J. Nussenzveig Lopes, Federal University, Rio de
Janeiro
For contributions to the analysis of weak solutions of incompressible Euler equations and for advancing applied mathematics in
Brazil and internationally.

Alexei N. Skorobogatov, Imperial College
For contributions to the Diophantine geometry of surfaces and
higher dimensional varieties.

Matthew Papanikolas, Texas A&M University
For contributions to transcendence theory over function fields,
and for service to the mathematical community.
Peter Petersen, University of California, Los Angeles
For contributions to Riemannian geometry and geometric
analysis.
Christian Rosendal, University of Illinois at Chicago
For contributions to the theory of topological groups, the geometry
of Banach spaces, and the complexity analysis of classification
problems.

Jan Trlifaj, Charles University
For contributions to homological algebra and tilting theory for
nonfinitely generated modules.
Julianna Tymoczko, Smith College
For contributions to algebraic geometry and combinatorics, and
for outreach and mentorship.
Mariel Vazquez, University of California, Davis
For contributions in research and outreach at the interface of
topology and molecular biology, and for service to the mathematical community, in particular to underrepresented groups.

Jean-Claude Saut, Université Paris-Sud (Paris XI)
For contributions to the theory of partial differential equations.

Marie A. Vitulli, University of Oregon
For contributions to commutative algebra, and for service to the
mathematical community particularly in support of women in
mathematics.

Hal Schenck, Auburn University and Iowa State University
For contributions to research and exposition in applications of
algebraic geometry, and for service to the profession.

Mark E. Walker, University of Nebraska–Lincoln
For developing novel applications of K-theory and using them to
prove longstanding conjectures.

Jeffrey Hudson Schenker, Michigan State University
For contributions to mathematical physics, in particular disorder effects in quantum systems and broader impacts of random
motion, and for service to the profession.

Jang-Mei Wu, University of Illinois, Urbana-Champaign
For contributions to conformal and quasiconformal mapping
theory and potential theory.

Robert Seiringer, Institute of Science and Technology,
Austria
For contributions to mathematical physics and analysis in
many-body quantum physics, and for service to the mathematical
community.
Romyar T. Sharifi, University of California, Los Angeles
For contributions to number theory and service to the mathematical community, particularly graduate education.
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Chenyang Xu, Massachusetts Institute of Technology
For contributions to algebraic geometry, in particular the minimal model program and the K-stability of Fano varieties.
Sai-Kee Yeung, Purdue University
For contributions to complex differential geometry, combining
differential-geometric, complex-analytic, and algebro-geometric
techniques.
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AMS Prizes & Awards

Nomination Deadline: March 31, 2020

Leroy P. Steele Prize
for Lifetime Achievement

-prize

About the Prize
The Steele Prize for Lifetime Achievement is awarded for
the cumulative influence of the total mathematical work
of the recipient, high level of research over a period of
time, particular influence on the development of a field,
and influence on mathematics through PhD students. The
amount of this prize is US$10,000.

Nomination Procedure: https://www.ams.org/steele
Nominations can be submitted between February 1 and
March 31. Nominations for the Steele Prize for Mathematical Exposition should include a letter of nomination, a
complete bibliographic citation for the work being nominated, and a brief citation to be used in the event that the
nomination is successful. Nominations will remain active
and receive consideration for three consecutive years.

Nomination Deadline: March 31, 2020

Leroy P. Steele Prize
for Seminal Contribution
to Research

Nomination Procedure: https://www.ams.org/steele

About the Prize

-prize

The Steele Prize for Seminal Contribution to Research is
awarded for a paper, whether recent or not, that has proved
to be of fundamental or lasting importance in its field, or
a model of important research.
Special Note: The Steele Prize for Seminal Contribution
to Research is awarded according to the following six-year
rotation of subject areas:
1. Open (2025)
2. Analysis/Probability (2026)
3. Algebra/Number Theory (2021)
4. Applied Mathematics (2022)
5. Geometry/Topology (2023)
6. Discrete Mathematics/Logic (2024)

Next Prize: January 2021

Nominations can be submitted between February 1 and
March 31. Nominations for the Steele Prize for Lifetime
Achievement should include a letter of nomination, the
nominee’s CV, and a short citation to be used in the event
that the nomination is successful. Nominations will remain
active and receive consideration for three consecutive years.

Leroy P. Steele Prize
for Mathematical Exposition
About the Prize

Next Prize: January 2021

The Steele Prize for Mathematical Exposition is awarded for
a book or substantial survey or expository research paper.
The amount of this prize is US$5,000.

Nomination Deadline: March 31, 2020

Next Prize: January 2021

-prize
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Nominations can be submitted between February 1 and
March 31. Nominations for the Steele Prize for Seminal
Contribution to Research should include a letter of nomination, a complete bibliographic citation for the work
being nominated, and a brief citation to be used in the
event that the nomination is successful.

JOIN THE AMS...
or renew your membership today

Fellows of the American
Mathematical Society
The Fellows of the American Mathematical Society program recognizes members who have made outstanding
contributions to the creation, exposition, advancement,
communication, and utilization of mathematics.
AMS members may be nominated for this honor during
the nomination period which occurs in February and March
each year. Selection of new Fellows (from among those
nominated) is managed by the AMS’s Selection Committee,
comprised of twelve members of the AMS who are also
Fellows. Those selected are subsequently invited to become
Fellows, and the new class of Fellows is publicly announced
each year on November 1.
Learn more about the qualifications and process for
nomination at https://www.ams.org/profession
/ams-fellows.

MEMBER BENEFITS:
• Individual AMS members receive
free standard shipping on orders
delivered to addresses in the
United States (including Puerto
Rico) and Canada
• Discounts on AMS publications
including MAA Press books
• Subscriptions to Notices
and Bulletin
• Discounted registration
for world-class meetings
and conferences
• Access to online AMS
Member Directory
, Atla
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Learn more and join online at

www.ams.org/membership.
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Mathematics People
Tao Receives Inaugural
Riemann Prize
Terence Tao of the University of
California, Los Angeles, has been
awarded the inaugural Riemann Prize
of the Riemann International School
of Mathematics (RISM). His work
focuses on harmonic analysis, partial differential equations, geometric
combinatorics, arithmetic combi natorics, analytic number theory,
compressed sensing, and algebraic
Terence Tao
combinatorics.
Tao was born in Adelaide, Australia, in 1975 and received
his PhD from Princeton University in 1996 under the direction of Elias Stein. He joined the faculty at UCLA in 1996
and was appointed full professor in 1999, the youngest
person to attain that rank at the University. With Ben Green,
he proved the Green–Tao theorem in 2004. He was awarded
a Fields Medal in 2006. His many other awards and honors
include: the Salem Prize (2000), the Bôcher Memorial Prize
(2002), the Clay Research Award (2003), the Australian
Mathematical Society Medal (2005), the Ostrowski Prize
(2005), the AMS Conant Prize (2005), MacArthur and
Sloan Fellowships (2006), the SASTRA Ramanujan Prize
(2006), the Alan T. Waterman Award (2008), the Onsager
Medal (2008), the Nemmers Prize in Mathematics (2010),
the King Faisal International Prize (2010), the Pólya Prize
(2010), the Crafoord Prize (2012), the Joseph I. Lieberman
Award (2013), the Royal Medal of the Royal Society (2014),
and the Breakthrough Prize in Mathematics (2015). He was
chosen as a Simons Investigator in 2012. He is a Fellow of
the Royal Society (2007) and a member of the American
Academy of Arts and Sciences (2009), and he was elected to
the inaugural class of AMS Fellows in 2013. He is a foreign
associate of the National Academy of Sciences and a corresponding member of the Australian Academy of Science.
The Riemann Prize was established in 2019 to mark
the tenth anniversary of RISM. It will be awarded every
three years by an international committee to outstanding
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mathematicians ages forty to sixty-five who have reached
breakthrough achievements.
—From a RISM announcement

Sulem Awarded 2020
CRM-Fields-PIMS Prize
Catherine Sulem of the University of
Toronto has been awarded the CRMFields-PIMS Prize for outstanding
achievement in the mathematical
sciences “for her numerous and influential contributions to the study
of nonlinear partial differential
equations.” The prize citation reads:
“Her deep results on the nonlinear
Schrödinger equation resolved multiCatherine Sulem
ple questions that had resisted analysis for years. In particular, her work is
central to the understanding of self-focusing singularities
to this equation. Her analysis of water waves introduced
powerful new probabilistic ideas to that field.” She is a
Fellow of the AMS and of the Royal Society of Canada.
Her honors include the 1998 Krieger–Nelson Prize of the
Canadian Mathematical Society and the 2019 AWM–SIAM
Sonia Kovalevsky Lectureship. She has been the recipient
of a Simons Foundation Fellowship and a Killam Research
Fellowship of the Canada Council for the Arts. She is also
an accomplished violinist.
The CRM-Fields-PIMS Prize is awarded jointly by the
Centre de Recherches Mathématiques (CRM), the Fields
Institute, and the Pacific Institute for the Mathematical Sciences (PIMS). It is the premier Canadian award for research
achievements in the mathematical sciences.
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Megginson Receives
SACNAS Award

Prizes of the New Zealand
Mathematical Society

Robert E. Megginson of the University of Michigan received the 2019
SACNAS Distinguished Mentor
Award at the 2019 Society for Advancement of Chicanos/Hispanics
and Native Americans in Science
(SACNAS) National Diversity in
STEM Conference. He was recognized for his achievements in helping
Robert E. Megginson to engage more minorities in mathematics. Megginson received his PhD
in mathematics in 1984 from the University of Illinois and
was a member of the faculty of Eastern Illinois University
before joining the University of Michigan in 1992. From
2002 to 2004 he was deputy director of the Mathematical
Sciences Research Institute (MSRI). His research interests
include functional analysis, problems related to rotundity
and smoothness in Banach spaces, and the mathematics
of climate science. His honors include the US Presidential
Award for Excellence in Science, Mathematics, and Engineering Mentoring and the Mathematical Association of
America’s Distinguished Service Award. He is a Sequoyah
Fellow of the American Indian Science and Engineering
Society and has been a recipient of that society’s Ely Parker
Award. He has been active in conducting summer mathematics enrichment programs for Native American students
at various sites, including the Turtle Mountain Chippewa
reservation in North Dakota. He is a Fellow of the AMS
and of the American Association for the Advancement of
Science (AAAS). He has a passion for mountain climbing
and tells the Notices: “As a Native American, I respect my
ancestors’ belief that high places are sacred to the Creator,
and one should leave tobacco, one of our sacred herbs, in
such places when climbing up to them. So far I have done
so on the summits of thirty-six of Colorado’s fifty-three
‘Fourteeners,’ the mountains in Colorado with summit
elevations over 14,000 feet, and in many cases on multiple
visits to those mountaintops.”

David Simpson of Massey University has received the 2019 Research
Award of the New Zealand Mathematical Society (NZMS) “for combining algebra, analysis, combinatorics
and traditional dynamical systems
to make fundamental advances in
the bifurcation theory of piecewise
smooth differential equations and
maps.” He received his PhD in 2008
David Simpson
from the University of Colorado at
Boulder, held a postdoctoral fellowship at the University
of British Columbia from 2009 to 2012, and is currently a
senior lecturer at Massey University. He has received early
career awards from Massey University and from the NZMS
and was a Simons Visiting Researcher in Barcelona in 2016.
He was an invited lecturer in the Summer Program on Dynamics of Complex Systems at the International Centre for
Theoretical Sciences in Bangalore, India, in June 2018. He
created a daily crossword puzzle for the New York Times that
appeared on April 29, 2010, and contained only words with
an odd number of letters. He says, “Perhaps amusingly, it’s
my most read publication, by far.”
Alexander Melnikov of Massey
University was awarded the NZMS
2019 Kalman Prize for Best Paper
for his paper, coauthored with Keng
Meng Ng, “Computable Torsion Abelian Groups,” Advances in Mathematics
325 (2018), 864–907. He received
his PhD in 2013 from the University
of Auckland and did postdoctoral
research with Antonio Montalban at
Alexander Melnikov
the University of California, Berkeley,
before joining the faculty at Massey.
He has been the recipient of the Early Career Award from
the NZMS (2008) and the Massey University Early Career
Research Excellence Medal (2017).
Martin Bachraty of the University of Auckland was
awarded the 2019 NZMS Aitken Prize for Best Talk by a
Student for his talk at the New Zealand Mathematics Colloquium titled “Skew Morphisms of Finite Groups.”

—From a SACNAS announcement

—From NZMS announcements
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IEEE Awards Announced
The Institute of Electrical and Electronics Engineers (IEEE) has honored
two researchers whose work involves
the mathematical sciences. Michael
I. Jordan of the University of California, Berkeley, has been awarded
the John von Neumann Medal “for
contributions to machine learning
and statistics.” Jordan received his
PhD in cognitive science from the
Michael I. Jordan
University of California, San Diego,
in 1985. He was a member of the
faculty at the Massachusetts Institute of Technology from
1988 to 1998 before joining the faculty at Berkeley. His
honors include the Allen Newell Award of the Association
for Computing Machinery and the Association for the Advancement of Artificial Intelligence (2009), the David E.
Rumelhart Prize of the Cognitive Science Society (2015),
and the International Journal of Artificial Intelligence Research
Excellence Award (2016). He was a plenary lecturer at the
International Congress of Mathematicians in 2018, is a
member of the National Academy of Sciences, the National
Academy of Engineering, and the American Academy of Arts
and Sciences, and is a Fellow of the American Association
for the Advancement of Science. He has been awarded the
Medallion Lectureship (2004) and the Neyman Lectureship
(2011) of the Institute of Mathematical Statistics. He speaks
four languages fluently and has played drums in a number
of bands, including faculty bands named The Positive Eigenvalues and Errors in Bars.
Anders Lindquist of Shanghai
Jiao Tong University received the
2020 Control Systems Award “for
contributions to optimal filtering,
stochastic control, stochastic realization theory, and system identification.” Lindquist was born in Lund,
Sweden, and received his PhD from
the Royal Institute of Technology
(KTH) under the direction of Lars
Anders Lindquist
Erik Zachrisson. After holding several visiting positions, he joined the
faculty at the University of Kentucky. In 1983 he returned
to KTH. Between 1989 and 2009 he was also an affiliate
professor at Washington University in St. Louis. He is
currently Zhiyuan Chair Professor and a Qian Ren Scholar
at the Shanghai Jiao Tong University. He was awarded the
2003 George S. Axelby Outstanding Paper Award of the
IEEE Control Systems Society (CSS) and the 2009 W. T. and
Idalia Reid Prize in Mathematics of the Society for Industrial and Applied Mathematics (SIAM). He is a member of
428

the Royal Swedish Academy of Engineering Sciences and a
foreign member of the Chinese Academy of Sciences and of
the Russian Academy of Natural Sciences, a Life Fellow of
the IEEE, and a Fellow of SIAM and the International Federation of Automatic Control. He is a Knight Commander
with Star of the Order of the Holy Sepulchre.
—Elaine Kehoe

Rosenthal Prize Awarded
The National Museum of Mathematics has awarded its 2019
Rosenthal Prize for Innovation and Inspiration in Math
Teaching to Nat Banting of the University of Saskatoon for
his lesson “Dice Auction: Putting Outcomes of the Dice Up
for Sale.” Banting is also a high school mathematics teacher,
and in the lesson he created, students test their intuitive
probabilistic reasoning of dice throws with a dynamic
“outcomes auction.” Reality—and mathematics—then
provide feedback. Banting was the recipient of the 2019
Margaret Sinclair Memorial Award of the Fields Institute
in recognition of innovation and excellence in Canadian
mathematics education. The Rosenthal Prize carries a cash
award of US$25,000. Matt Roscoe of the University of
Montana was named runner-up for his lesson “Building
the City of Numbers: An Exploration of Unique Prime
Factorization.” He received a cash award of US$15,000.
—From a National Museum of Mathematics announcement

Wallenberg Fellowships
Awarded
Three mathematical scientists have been awarded fellowships by the Wallenberg Academy for 2019. Wushi Goldring
of Stockholm University was selected for a project investigating the role that group theory plays in mathematics and,
more specifically, determining the extent to which groups
give rise to geometry. Klas Modin of Chalmers University of
Technology received support for work on the mathematics
of shapes. He has developed mathematics that can calculate
distances in a more abstract world and that can be used to
analyze complicated shapes, such as that of a protein or
organ. Sara Zahedi of KTH Royal Institute of Technology
works on improving tools for computer simulations and
is developing a new generation of computational models
that will better simulate processes in which multiple objects
have changeable shapes.
The Wallenberg Fellows program was established by
the Knut and Alice Wallenberg Foundation in close cooperation with five learned academies and sixteen Swedish
universities to give the most promising young researchers a
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work situation that enables them to focus on their projects
and address difficult research questions over an extended
period of time.
—From a Wallenberg Academy announcement

AAAS Fellows Elected
The American Association for the Advancement of Science
(AAAS) has elected its new Fellows for 2019.
The new Fellows of the Section on Mathematics are:
• David M. Bressoud, Macalester College
• Lisa J. Fauci, Tulane University
• John S. Lowengrub, University of California, Irvine
• Michael J. Miksis, Northwestern University
• Kavita Ramanan, Brown University
• Jinchao Xu, Pennsylvania State University
• Kevin Zumbrun, Indiana University
The new Fellows of the Section on Statistics are:
• F. DuBois Bowman, University of Michigan
• Ronald D. Fricker, Jr., Virginia Tech
• Jiming Jiang, University of California, Davis
• Nandini Kannan, Indo-US Science and Technology
Forum (IUSSTF)
• J. Jack Lee, University of Texas
• Kathryn Roeder, Carnegie Mellon University
• Susan M. Shortreed, Kaiser Permanente Washington
Health Research Institute
—From an AAAS announcement

Rhodes Scholars Announced
The Rhodes Trust has announced the names of the American scholars chosen as Rhodes Scholars for 2020. Following
are the names and brief biographies of the scholars whose
work involves the mathematical sciences.
Neil B. Band of Omaha, Nebraska, is a Harvard senior
majoring in computer science. His academic research in
quantitative biomedicine applies economics frameworks
and artificial intelligence techniques to improve drug
discovery and organ donation. He is a campus leader on
issues of technology and entrepreneurship and serves as the
founding technology chair of the Harvard Undergraduate
Blockchain Group. He is the cofounder of multiple social
ventures, including the development of a cryptocurrency
that aims to improve payment security in the world’s largest
Syrian refugee camp. He is also an accomplished dancer
with Harvard College Bhangra and has choreographed
original dances for competition performance. At Oxford,
March 2020

he will do an MSc in computer science and an MSc in
pharmacology.
Anna C. Esenther of Ashland, Massachusetts, graduated
from Michigan State University in May with degrees in
economics, education, statistics, psychology, and history.
She completed honors theses in psychology and history.
She is currently a first-grade teacher at Inca Elementary in
Buckeye, Arizona. Her work and research at the intersection
of economics and education provides a powerful toolkit to
improve education on a broad scale. She is also passionate
about challenging the field of economics to become more
inclusive, changing the perception of what economics is
and who economists are. At Oxford, she will pursue an
MPhil in economics.
Prathm Juneja of Edison, New Jersey, is a senior at the
University of Notre Dame, graduating in December with
majors in political science and computer science. Through
his undergraduate studies and his work, he grapples with
how technology and policy can work together to make government more equitable. His undergraduate thesis statistically analyzes the Interstate Voter Registration Crosscheck
Program and its impact on voter turnout rates. He worked
as a Legislative and Innovation Intern for the South Bend
Mayor’s Office. He is a Truman Scholar. At Oxford, Juneja
will pursue an MSc in social data science, as well as the
master of public policy.
Luke G. Melas-Kyriazi of New York City is a Harvard
senior pursuing a BA in mathematics and an MS in computer science. His research agenda on machine learning
has included work analyzing demographic diversity and
blood laboratory data in order to improve clinical decision
making. As treasurer of the Harvard Student Agencies, the
largest student-run company in the world, he manages
a $1.2 million reserve fund to support educational and
business opportunities for students. He also organizes
hackathons for computer science undergraduates across
the United States and Canada. At Oxford, he will do the
DPhil in computer science.
Francisca Vasconcelos of San Diego, California, is a
senior at the Massachusetts Institute of Technology majoring in physics and electrical engineering and computer
science. She researches and publishes at the intersection of
computer science, quantum physics, and quantum information theory. Her creative and groundbreaking research
endeavors to improve computer vision by mimicking the
human visual system through preprocessing visual inputs.
She serves as technology chair of the MIT Society of Women
Engineers and is a member of the MIT Women’s Club Soccer. At Oxford, she will pursue an MSc in mathematics and
foundation of computer science and an MSc in statistical
science.
Vilhelm L. Andersen Woltz of Logan, Ohio, is a senior
at the Massachusetts Institute of Technology, where he is
pursuing majors in physics and electrical engineering and

Notices of the American Mathematical Society

429

Mathematics People

NEWS
computer science. His research focuses on the challenge
of building larger quantum processors. He is an advocate
for expanding access to science and technology education
and founded a computer science camp for students at his
former high school in rural southeastern Ohio. An Eagle
Scout, he is also captain of the varsity track and field and
cross-country team at MIT. He plans a career that will allow
him to apply his technical knowledge of quantum computing in advising policymakers on science and technology
issues. At Oxford, he will do the BA in philosophy, politics,
and economics.
Megan A. Yamoah of Davis, California, is a senior at the
Massachusetts Institute of Technology majoring in physics
and electrical engineering. Megan’s research expertise is in
quantum computing, for which she has received competitive funding awards. She serves on the executive board of
MIT Undergraduate Women in Physics and as the president
of the MIT Society of Physics Students. The daughter of immigrants, she is passionate about connecting entrepreneurs
from around the world with the resources required to scale
their ideas to impact. At Oxford, she will pursue an MPhil
in economics to study how innovation can positively affect
emerging economies.

mathematics
LANGUAGE OF THE SCIENCES

—From a Rhodes Trust announcement
Credits

Photo of Terence Tao is courtesy of Reed Hutchinson/UCLA.
Photo of Robert E. Megginson is courtesy of George Csicsery.
Photo of Alexander Melnikov is courtesy of Massey University.
Photo of Michael I. Jordan is courtesy of Justin Bettman.
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Community Updates
From the AMS Public
Awareness Office
International Day of Mathematics, March 14, 2020
The AMS Public Awareness Office will recognize this day
being celebrated around the world on the theme of “Mathematics Is Everywhere” (https://www.idm314.org/).
Our Who Wants to Be a Mathematician game is being
held in Providence, Rhode Island (the city where AMS is
headquartered), and we invite all our global mathematics
community and the general public to browse through our
Mathematical Moments, in English and thirteen other languages, to learn about the role mathematics plays in science,
nature, technology, and human culture (https://www
.ams.org/mathmoments).

ICERM Illustrating Mathematics Gallery
See images of works of art in various media that were
on exhibit during ICERM’s fall 2019 Illustrating Mathematics Semester program on AMS Mathematical Imagery
(https://www.ams.org/math-imagery/icerm).

AMS Prizes and Awards Presented at JMM 2020
Prizes and awards for research, publications, and service
were presented at the annual Joint Mathematics Meetings
Prizes and Awards Session. See all the recipients at joint
mathematicsmeetings.org/2245_prizes-all.
—Annette Emerson and Mike Breen
AMS Public Awareness Officers
paoffice@ams.org

Deaths of AMS Members
George Biriuk, of Canoga Park, California, died on
March 1, 2017. Born on April 1, 1928, he was a member
of the Society for 60 years.
Dennison R. Brown, of Houston, Texas, died on November 19, 2016. Born on May 17, 1934, he was a member of
the Society for 53 years.
March 2020

Paul Robert Chernoff, professor, University of California Berkeley, died on January 17, 2017. Born on June 21,
1942, he was a member of the Society for 51 years.
David K. Cohoon, of Memphis, Tennessee, died on
March 22, 2017. Born on June 4, 1940, he was a member
of the Society for 52 years.
Paolo de Bartolomeis, professor, University Degli Studi,
died on November 29, 2016. Born on January 16, 1952, he
was a member of the Society for 37 years.
William P. Eames, professor, Lakehead University, died
on March 7, 2017. Born on September 21, 1929, he was a
member of the Society for 61 years.
Ernst Gorlich, of Germany, died on December 15, 2014.
Born on January 14, 1940, he was a member of the Society
for 42 years.
David Goss, professor, Ohio State University, died on
April 4, 2017. Born on April 20, 1952, he was a member
of the Society for 42 years.
Philip Hartman, of Carmel, California, died on August
28, 2015. Born on May 16, 1915, he was a member of the
Society for 78 years.
Heinz-Otto Kreiss, professor, University of California
Los Angeles, died on December 16, 2015. Born on September 14, 1930, he was a member of the Society for 57 years.
George Daniel Mostow, of Hamden, Connecticut, died
on April 4, 2017. Born on July 4, 1923, he was a member
of the Society for 73 years.
Kazumi Nakano, of Detroit, Michigan, died on February
4, 2017. Born on June 21, 1937, she was a member of the
Society for 51 years.
Maido Rahula, of Estonia, died on April 2, 2017. Born on
May 20, 1936, he was a member of the Society for 24 years.
W aldyr A lves R odrigues J r ., professor, IMECCUNICAMP, died on April 3, 2017. Born on March 14, 1946,
he was a member of the Society for 21 years.
D. Sarason, professor, University of California Berkeley,
died on April 8, 2017. Born on January 26, 1933, he was a
member of the Society for 56 years.
Robert J. Wernick, of San Francisco, California, died on
April 7, 2017. Born on June 19, 1928, he was a member of
the Society for 62 years.
Karl-Josef Witsch, of Germany, died on March 21, 2017.
Born on December 12, 1947, he was a member of the Society for 32 years.
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Mathematics Opportunities
Listings for upcoming mathematics opportunities to appear in Notices may be submitted to notices@ams.org.

Ladyzhenskaya Medal in
Mathematical Physics
Olga Alexandrovna Ladyzhenskaya (1922–2004) occupies
a very special place in the history of mathematics and mathematical physics in St. Petersburg, Russia, and worldwide.
Her theorems shaped the modern theory of partial differential equations of mathematical physics. Through her
lectures, seminars, and students, she inspired extraordinary
advances in many other branches of mathematical physics,
including quantum field theory and statistical physics.
2022, the year of the St. Petersburg ICM, will mark the
100th birthday of Olga Alexandrovna. The National Committee of Mathematicians of Russia, St. Petersburg State
University, and, for the inaugural prize, the Organizing
Committee of the ICM establish a new prize in honor of
Ladyzhenskaya to be awarded for the first time at a special
event dedicated to the Ladyzhenskaya Centennial during
ICM 2022.
The Ladyzhenskaya Medal in Mathematical Physics will
be awarded every four years to recognize revolutionary results in or with applications to mathematical physics. This
includes any existing or future area of research in mathematical physics and neighboring fields of mathematics.
The winner receives a medal and a cash award of 1 million rubles. If the main work is joint among several people,
the Committee may consider a shared prize. Full statutes
of the prize may be found at icm2022.org.
Nominations should be submitted to the chair of the
2022 Prize Committee, Professor Giovanni Felder, at
giovanni.felder@math.ethz.ch . Each nomination
should contain a detailed description of the work of the
candidate and where it fits in the overall development of the
field, including references. Nominations are confidential,
and must not be disclosed to the candidate. The deadline
for nominations is December 1, 2021.
In its decisions, the Prize Committee will be guided
by the pursuit of excellence as well as attention to the diversity of both the field of mathematical physics and the

people who work in it. The winner(s) of the prize will be
announced during ICM 2022.
The organizers of the prize invite proposals for the design of the award insignia. Proposals should be submitted
to loc@icm.org. The best proposal will receive an invitation to the OAL Centennial and a modest cash award.
Early Career Opportunity

2021 Breakthrough Prize,
New Horizons Prizes,
and Mirzakhani Prize
The 2021 Breakthrough Prize will be awarded to an individual who has made outstanding contributions to the field of
mathematics. The Prize carries a cash award of US$3 million. Nominations are also open for the New Horizons in
Mathematics Prize, which will include up to three awards of
US$100,000 for early-career researchers who have already
produced important work in their fields.
In addition, the first Maryam Mirzakhani New Frontiers
Prize will be awarded. This prize carries a cash award of
US$50,000 and can be shared among one or more mathematicians.
The deadline for nominations for all prizes is April 1,
2020. For more information and a nomination form, see
https://breakthroughprize.org/.
—From Breakthrough Prize Foundation announcements

Call for Nominations for
Graham Wright Award
The Graham Wright Award for Distinguished Service of
the Canadian Mathematical Society (CMS) recognizes
individuals who have made sustained and significant contributions to the Canadian mathematical community and,
in particular, to the CMS. The deadline for nominations
is March 31, 2020. See cms.math.ca/Prizes/dis-nom.
—From a CMS announcement
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Early Career Opportunity

Call for Nominations
for Aisenstadt Prize
The Centre de Recherches Mathématiques (CRM) seeks
nominations for the André Aisenstadt Mathematics Prize,
which recognizes outstanding research by a young Canadian mathematician. The deadline for nominations is
March 1, 2020. See www.crm.umontreal.ca/prix/prix
AndreAisenstadt/prix_attributionAA_an.shtml.

LEARN ABOUT
AMS
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eBOOKS

—From a CRM announcement
Early Career Opportunity

NSF CAREER Awards
The National Science Foundation (NSF) Faculty Early Career Development (CAREER) Program supports early-career
faculty members who have the potential to serve as academic role models in research and education and to lead
advances in the missions of their departments or organizations. Activities pursued by early-career faculty members
should build a firm foundation for a lifetime of leadership
in integrating education and research. The deadline for
proposals is July 27, 2020. See the website https://www
.nsf.gov/funding/pgm_summ.jsp?pims_id=503214.
—NSF announcement
Early Career Opportunity

Project NExT 2020–2021
MAA Project NExT (New Experiences in Teaching) is
a year-long professional development program of the
Mathematical Association of America (MAA) for new or
recent PhDs in the mathematical sciences. The program
is designed to connect new faculty members with master
teachers and leaders in the mathematics community and
to address the three main aspects of an academic career:
teaching, research, and service. The program welcomes and
encourages applications from new and recent PhDs in postdoctoral, tenure-track, and visiting positions. Applicants
who will be starting new academic positions in the fall
of 2020 should apply by April 15, 2020. For applications
and further information, see www.maa.org/programs
/faculty-and-departments/project-next.

Did you know that most
of our titles are now
available in eBook form?

Browse both our print
and electronic titles at
bookstore.ams.org.

—MAA announcement
*The most up-to-date listing of NSF funding opportunities from the Division of Mathematical Sciences can be found online at www.nsf.gov/dms
and for the Directorate of Education and Human Resources at www.nsf
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe to
the DMSNEWS listserv by following the directions at www.nsf.gov/mps
/dms/about.jsp.
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Classified Advertising
Employment Opportunities
KANSAS

LOUISIANA

University of Kansas
Department of Mathematics

Loyola University New Orleans
Mathematics Instructor

The Department of Mathematics, University of Kansas
invites applications for an Assistant Teaching Professor in
calculus expected to begin August 18, 2020. PhD in Mathematics or Mathematical Sciences; record of excellence in
teaching college-level mathematics; excellent organizational and leadership skills; ability to work well with students, faculty, and administrators; demonstrated oral and
written communication skills. For a complete announcement and to apply online go to https://employment
.ku.edu/academic/15557BR. In addition, three recommendation letters addressing the required qualifications
should be submitted to MathJobs.org at https://www
.mathjobs.org/jobs/jobs/14489. Review of applications begins January 20, 2020. KU is an EO/AAE. All qualified applicants will receive consideration for employment
without regard to race, color, religion, sex (including pregnancy), age, national origin, disability, genetic information
or protected Veteran status.

Please see our ad at: finance.loyno.edu/human
-resources/faculty-employment-opportunities.

05

04

MINNESOTA
University of Minnesota
School of Mathematics

The School of Mathematics of the University of Minnesota is
seeking outstanding candidates for up to 3 TENURE-TRACK
or TENURED faculty positions starting fall semester 2020.
Candidates should have a PhD or equivalent degree in
mathematics or a closely related field and excellent records
in both research and teaching. Applications and all supporting materials must be submitted electronically through:
www.mathjobs.org. No paper submission is needed unless
the candidate is unable to submit electronically, in which
case letters should be sent to the following address: Peter
J. Olver, Professor and Head School of Mathematics, University of Minnesota, 127 Vincent Hall, 206 Church Street
S.E. Minneapolis, MN 55455. Applicants must include the
following: Cover letter, curriculum vitae, at least 4 letters of
recommendation, one of which should address teaching
ability, and a research and teaching statement. Reference
letter writers should be asked to submit their letters on line

The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing
not in keeping with the Society's standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertisers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based
on classified advertisements.
The 2020 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: May 2020—February 19, 2020; June/July 2020—April 17, 2020; August 2020—May 15, 2020;
September 2020—June 17, 2020; October 2020—July 17, 2020; November 2020—August 19, 2020; December 2020—September 16, 2020.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to
US laws.
Submission: Send email to classads@ams.org.
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through www.mathjobs.org. You are also required to submit your CV on line on the University of Minnesota Human
Resource system website, https://humanresources.umn
.edu/find-job/using-job-app-system. Please enter
Requisition # 331311 for Assistant Professor, 331339 for
Associate Professor and 331333 for Full Professor
Any offer of employment will be contingent on a successful criminal background check.
The University of Minnesota is an equal opportunity
Employer/Educator.
06

CHINA
Tianjin University, China
Tenured/Tenure-Track/Postdoctoral Positions at
the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently
founded Center for Applied Mathematics, Tianjin University, China. We welcome applicants with backgrounds in
pure mathematics, applied mathematics, statistics, computer science, bioinformatics, and other related fields. We
also welcome applicants who are interested in practical
projects with industries. Despite its name attached with
an accent of applied mathematics, we also aim to create a
strong presence of pure mathematics.
Light or no teaching load, adequate facilities, spacious
office environment and strong research support. We are
prepared to make quick and competitive offers to self-motivated hard workers, and to potential stars, rising stars, as
well as shining stars.
The Center for Applied Mathematics, also known as the
Tianjin Center for Applied Mathematics (TCAM), located
by a lake in the central campus in a building protected as
historical architecture, is jointly sponsored by the Tianjin
municipal government and the university. The initiative
to establish this center was taken by Professor S. S. Chern.
Professor Molin Ge is the Honorary Director, Professor
Zhiming Ma is the Director of the Advisory Board. Professor
William Y. C. Chen serves as the Director.
TCAM plans to fill in fifty or more permanent faculty
positions in the next few years. In addition, there are a
number of temporary and visiting positions. We look forward to receiving your application or inquiry at any time.
There are no deadlines.
Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or
contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone:
86-22-2740-6039.

REPUBLIC OF KOREA
Korea Institute for Advanced Study (KIAS)
Assistant Professor & Research Fellow
in Pure and Applied Mathematics

The School of Mathematics at the Korea Institute for Advanced Study (KIAS) invites applicants for the positions
at the level of KIAS Assistant Professor and Postdoctoral
Research Fellow in pure and applied mathematics. KIAS,
founded in 1996, is committed to the excellence of research
in basic sciences (mathematics, theoretical physics, and
computational sciences) through high-quality research programs and a strong faculty body consisting of distinguished
scientists and visiting scholars.
Applicants are expected to have demonstrated exceptional research potential, including major contributions
beyond or through the doctoral dissertation. The annual
salary starts from 50,500,000 Korean Won (approximately
US$43,380 at current exchange rate) for Research Fellows,
and 57,500,000 Korean Won for KIAS Assistant Professors, respectively. In addition, individual research funds
of 10,000,000 ~ 13,000,000 Korean Won are available
per year. The initial appointment for the position is for
two years and is renewable for up to two additional years,
depending on research performance and the needs of the
research program at KIAS.
Applications will be reviewed twice a year, May 20 and
November 20, and selected applicants will be notified in a
month after the review. In exceptional cases, applications
can be reviewed other times based on the availability of
positions. Further information on our latest call for applications is available in the following page. www.kias
.re.kr/sub01/sub01_08_02.jsp.
The starting date of the appointment is negotiable.
Application materials must include a standard cover sheet
which is posted on the website, a cover letter, a curriculum
vitae including a list of publications, a research plan, and
three letters of recommendation. All documents, prepared
in English, should be submitted by e-mail or post to:
Ms. Sojung Bae (mathkias@kias.re.kr)
School of Mathematics
Korea Institute for Advanced Study (KIAS)
85 Hoegiro, Dongdaemun-gu,
Seoul 02455, Republic of Korea
07
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NEW BOOKS

New Books Offered by the AMS
Analysis
Fourier Series,
Fourier Transforms,
and Function Spaces

Algebra and
Algebraic Geometry
Applications of
Polynomial Systems

A Second Course in Analysis
Tim Hsu, San José State University, CA
Fourier Series, Fourier Transforms,
and Function Spaces is designed
as a textbook for a second course
or capstone course in analysis
for advanced undergraduate or
beginning graduate students.
By assuming the existence and properties of the Lebesgue
integral, this book makes it possible for students who have
previously taken only one course in real analysis to learn
Fourier analysis in terms of Hilbert spaces, allowing for
both a deeper and more elegant approach. This approach
also allows junior and senior undergraduates to study topics like PDEs, quantum mechanics, and signal processing
in a rigorous manner.
Students interested in statistics (time series), machine
learning (kernel methods), mathematical physics (quantum mechanics), or electrical engineering (signal processing) will find this book useful. With 400 problems, many of
which guide readers in developing key theoretical concepts
themselves, this text can also be adapted to self-study or an
inquiry-based approach. Finally, of course, this text can also
serve as motivation and preparation for students going on
to further study in analysis.
AMS/MAA Textbooks, Volume 59
March 2020, 354 pages, Hardcover, ISBN: 978-1-47045145-5, LC 2019040897, 2010 Mathematics Subject Classification: 26–01, 42–01, List US$79, AMS Individual member
US$59.25, AMS Institutional member US$63.20, MAA
members US$59.25, Order code TEXT/59
bookstore.ams.org/text-59
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David A. Cox, Amherst College,
MA
with contributions by Carlos
D’Andrea, Alicia Dickenstein,
Jonathan Hauenstein, Hal
Schenck, and Jessica Sidman.
Systems of polynomial equations can be used to model an astonishing variety of phenomena.
This book explores the geometry
and algebra of such systems and includes numerous applications. The book begins with elimination theory from
Newton to the twenty-first century and then discusses the
interaction between algebraic geometry and numerical
computations, a subject now called numerical algebraic
geometry. The final three chapters discuss applications to
geometric modeling, rigidity theory, and chemical reaction
networks in detail. Each chapter ends with a section written
by a leading expert.
Examples in the book include oil wells, HIV infection,
phylogenetic models, four-bar mechanisms, border rank,
font design, Stewart-Gough platforms, rigidity of edge
graphs, Gaussian graphical models, geometric constraint
systems, and enzymatic cascades. The reader will encounter
geometric objects such as Bézier patches, Cayley-Menger
varieties, and toric varieties; and algebraic objects such
as resultants, Rees algebras, approximation complexes,
matroids, and toric ideals. Two important subthemes that
appear in multiple chapters are toric varieties and algebraic
statistics. The book also discusses the history of elimination
theory, including its near elimination in the middle of the
twentieth century.
The main goal is to inspire the reader to learn about the
topics covered in the book. With this in mind, the book
has an extensive bibliography containing over 350 books
and papers.
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This item will also be of interest to those working in applications.
CBMS Regional Conference Series in Mathematics,
Number 134
March 2020, 260 pages, Softcover, ISBN: 978-1-4704-51370, 2010 Mathematics Subject Classification: 13P15, 13P25,
14Q99; 14M25, 52C25, 62H99, 65H20, 68U07, 92C42,
List US$59, AMS members US$47.20, MAA members
US$53.10, Order code CBMS/134
bookstore.ams.org/cbms-134

New in Contemporary
Mathematics

operators acting on them, as well as on applications in
physics and engineering, which arise from pure topics like
interpolation and sampling. Many of these connections are
discussed in articles included in this book.
Contemporary Mathematics, Volume 743
March 2020, approximately 282 pages, Softcover, ISBN:
978-1-4704-4692-5, 2010 Mathematics Subject Classification:
30Cxx, 30Exx, 30Hxx, 30Dxx, 44Axx, 46Fxx, 46Jxx, 47Axx,
47Bxx, 47Dxx, List US$120, AMS members US$96, MAA
members US$108, Order code CONM/743
bookstore.ams.org/conm-743

Geometry and Topology

Analysis

Dynamics: Topology
and Numbers
Pieter Moree, Max Planck Institute for Mathematics, Bonn,
Germany, Anke Pohl, University
of Bremen, Germany, L’ubomír
Snoha, Matej Bel University,
Banská Bystrica, Slovakia, and
Tom Ward, University of Leeds,
United Kingdom, Editors

Complex Analysis
and Spectral Theory
H. Garth Dales, Lancaster University, United Kingdom, Dmitry
Khavinson, University of South
Florida, Tampa, FL, and Javad
Mashreghi, Laval University, Québec, QC, Canada, Editors
This volume contains the proceedings of the Conference on
Complex Analysis and Spectral
Theory, in celebration of Thomas
Ransford’s 60th birthday, held from May 21–25, 2018, at
Laval University, Québec, Canada.
Spectral theory is the branch of mathematics devoted to
the study of matrices and their eigenvalues, as well as their
infinite-dimensional counterparts, linear operators and
their spectra. Spectral theory is ubiquitous in science and
engineering because so many physical phenomena, being
essentially linear in nature, can be modelled using linear
operators. On the other hand, complex analysis is the calculus of functions of a complex variable. They are widely used
in mathematics, physics, and in engineering. Both topics
are related to numerous other domains in mathematics
as well as other branches of science and engineering. The
list includes, but is not restricted to, analytical mechanics,
physics, astronomy (celestial mechanics), geology (weather
modeling), chemistry (reaction rates), biology, population
modeling, economics (stock trends, interest rates and the
market equilibrium price changes).
There are many other connections, and in recent years
there has been a tremendous amount of work on reproducing kernel Hilbert spaces of analytic functions, on the
March 2020

This volume contains the proceedings of the conference Dynamics: Topology and Numbers, held from July 2–6,
2018, at the Max Planck Institute for Mathematics, Bonn,
Germany.
The papers cover diverse fields of mathematics with a
unifying theme of relation to dynamical systems. These
include arithmetic geometry, flat geometry, complex dynamics, graph theory, relations to number theory, and
topological dynamics.
The volume is dedicated to the memory of Sergiy
Kolyada and also contains some personal accounts of his
life and mathematics.
This item will also be of interest to those working in number
theory.
Contemporary Mathematics, Volume 744
March 2020, 347 pages, Softcover, ISBN: 978-1-4704-51004, LC 2019040097, 2010 Mathematics Subject Classification:
11J70, 20F65, 22D40, 30E05, 37A15, 37A20, 37A30,
37B05, 54H20, 60B15, List US$120, AMS members
US$96, MAA members US$108, Order code CONM/744
bookstore.ams.org/conm-744
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AMS-SIMONS
TRAVEL
TRAVEL GRANTS
GRANTS

Beginning each February 1st, the AMS will accept applications for
the AMS-Simons Travel Grants program. Each grant provides an
early-career mathematician with $2,000 per year for two years
to reimburse travel expenses related to research. Individuals
who are not more than four years past the completion of
their PhD are eligible. The department of the awardee
will also receive a small amount of funding to help
enhance its research atmosphere.

The deadline for applications is
March 31st of each year.
Applicants must be located in the United
States or be US citizens. For complete
details of eligibility and application
instructions, visit:

www.ams.org/AMS-SimonsTG

Meetings & Conferences of the AMS
March Table of Contents
The Meetings and Conferences section of the Notices gives
information on all AMS meetings and conferences approved by press time for this issue. Please refer to the page
numbers cited on this page for more detailed information
on each event.
Invited Speakers and Special Sessions are listed as soon
as they are approved by the cognizant program committee;
the codes listed are needed for electronic abstract submission. For some meetings the list may be incomplete.
Information in this issue may be dated.
The most up-to-date meeting and conference information can be found online at www.ams.org/meetings.
Important Information About AMS Meetings: Potential organizers, speakers, and hosts should refer to page
110 in the January 2020 issue of the Notices for general
information regarding participation in AMS meetings and
conferences.
Abstracts: Speakers should submit abstracts on the
easy-to-use interactive Web form. No knowledge of LATEX
is necessary to submit an electronic form, although those
who use LATEX may submit abstracts with such coding, and
all math displays and similarly coded material (such as
accent marks in text) must be typeset in LATEX. Visit www.ams
.org/cgi-bin/abstracts/abstract.pl . Questions
about abstracts may be sent to abs-info@ams.org. Close
attention should be paid to specified deadlines in this issue.
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wisconsin–Madison, Department of Mathematics, 480 Lincoln
Drive, Madison, WI 53706-1388; email: benkart@math
.wisc.edu; telephone: 608-263-4283.
Eastern Section: Steven H. Weintraub, Department of
Mathematics, Lehigh University, Bethlehem, PA 180153174; email: steve.weintraub@lehigh.edu; telephone:
610-758-3717.
Southeastern Section: Brian D. Boe, Department of Mathematics, University of Georgia, 220 D W Brooks Drive,
Athens, GA 30602-7403; email: brian@math.uga.edu;
telephone: 706-542-2547.
Western Section: Michel L. Lapidus, Department of Mathematics, University of California, Surge Bldg., Riverside, CA
92521-0135; email: lapidus@math.ucr.edu; telephone:
951-827-5910.
March 2020

Meetings in this Issue
2020
March 13–15
March 21–22
April 4–5
May 2–3
September 12–13
October 3–4
October 10–11
October 24–25

Charlottesville, Virginia
Medford, Massachusetts
West Lafayette, Indiana
Fresno, California
El Paso, Texas
State College, PA
Chattanooga, Tennessee
Salt Lake City, Utah

p. 440
p. 442
p. 443
p. 445
p. 451
p. 452
p. 452
p. 453

2021
January 6–9
March 13–14
March 20–21
April 17–18
May 1–2
July 5–9
July 19–23
September 18–19
October 9–10
October 23–24

Washington, DC
Atlanta, Georgia
Providence, Rhode Island
Cincinnati, Ohio
San Francisco, California
Grenoble, France
Buenos Aires, Argentina
Buffalo, New York
Omaha, Nebraska
Albuquerque, NM

p. 453
p. 454
p. 454
p. 454
p. 455
p. 455
p. 455
p. 455
p. 456
p. 456

2022
January 5–8

Seattle, Washington

p. 456

2023
January 4–7

Boston, Massachusetts

p. 456

See www.ams.org/meetings for the most up-to-date
information on the meetings and conferences that we offer.
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Meetings & Conferences
of the AMS
IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print
version of the Notices. However, comprehensive and continually updated meeting and program information with links
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings.
Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

Charlottesville, Virginia
University of Virginia
March 13–15, 2020
Friday – Sunday

Meeting #1155
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: January 2020
Program first available on AMS website: February 4, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, How we divide ourselves up to vote, and why it matters (Einstein Public Lecture in Mathematics).
Laura Ann Miller, University of North Carolina, The fluid dynamics of nutrient exchange in organs and organisms at the
mesoscale.
Betsy Stovall, University of Wisconsin-Madison, An inverse problems approach to some questions arising in harmonic analysis.
Yusu Wang, Ohio State University, Topological and geometric methods for graph analysis.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications, Muhammad Islam
and Youssef Raffoul, University of Dayton.
Advances in High and Infinite Dimensional Stochastic Analysis, Juraj Foldes, University of Virginia, Nathan Glatt-Holtz,
Tulane University, and Mouhamadou Sy, University of Virginia.
Advances in Infectious Disease Modeling: From Cells to Populations, Lauren Childs, Stanca Ciupe, and Omar Saucedo,
Virginia Tech.
Advances in Operator Algebras, Ben Hayes and David Sherman, University of Virginia.
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Algebraic Groups: Arithmetic and Geometry, Raman Parimala, Emory University, Andrei Rapinchuk, University of Virginia,
and Igor Rapinchuk, Michigan State University.
Categorical Representation Theory and Beyond, You Qi and Liron Speyer, University of Virginia, and Joshua Sussan,
CUNY Medgar Evers (AMS-AAAS).
Celebrating Diversity in Mathematics, Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, and Rebecca
R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory, Tarik Aougab, Haverford College, Marrissa Loving, Georgia Institute
of Technology, Priyam Patel, University of Utah, and Sunny Xiao, Brown University.
Combinatorics Related to Geometry and Representation Theory, Heather M Russell, University of Richmond, and Rebecca
Goldin, George Mason University.
Commutative Algebra, Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clemson University.
Convexity and Probability in High Dimensions, Steven Hoehner, Longwood University, and Mark Meckes and Elisabeth
Werner, Case Western Reserve University.
Curves, Jacobians, and Abelian Varieties, Andrew Obus, Baruch College (CUNY), Tony Shaska, Oakland University, and
Padmavathi Srinivasan, Georgia Institute of Technology.
Cyber Defense and Cryptography in Undergraduate Education, Lubjana Beshaj, West Point Military Academy, and Tony
Shaska, Oakland University.
Homotopy Theory, Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability, Leonid Petrov, University of Virginia, and Axel Saenz.
Knots and Links in Low-Dimensional Topology, Thomas Mark, University of Virginia, Allison Moore, University of California Davis, and Ziva Myer, Duke University.
Knot Theory and its Applications, Hugh Howards and Jason Parsley, Wake Forest University, and Eric Rawdon, St.
Thomas University.
Mathematical Modeling of Problems in Biological Fluid Dynamics, Laura Miller, University of North Carolina at Chapel
Hill, and Nick Battista, The College of New Jersey.
Mathematical String Theory, Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, and Diana Vaman,
University of Virginia (AMS-AAAS).
Motivic Aspects of Topology and Geometry, Kirsten Wickelgren, Duke University, and Inna Zakharevich, Cornell University.
Nonlocal PDEs and Applications, Siming He, Duke University, and Changhui Tan, University of South Carolina.
Numerical Methods for Partial Differential Equations: A Session in Honor of Slimane Adjerid’s 65th Birthday, Mahboub
Baccouch, University of Nebraska at Omaha.
Probabilistic Methods in Geometry and Analysis, Fabrice Baudoin and Li Chen, University of Connecticut.
Quantum Algebra and Geometry, Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph College,
and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Recent Advances in Graph Theory and Combinatorics, Neal Bushaw, Virginia Commonwealth University, and Martin
Rolek and Gexin Yu, College of William and Mary (AMS-AAAS).
Recent Advances in Harmonic Analysis, Amalia Culiuc, Amherst College, Yen Do, University of Virginia, and Eyvindur
Ari Palsson, Virginia Tech.
Recent Advances in Mathematical Biology, Junping Shi, College of William & Mary, Zhisheng Shuai, University of Central
Florida, and Yixiang Wu, Middle Tennessee State University.
Recent Combinatorial Advances In Representation Theory and Algebraic Geometry, Jennifer Morse, University of Virginia,
and Sarah Mason, Wake Forest University.
Recent Progress on Singular and Oscillatory Integrals, Betsy Stovall and Joris Roos, University of Wisconsin-Madison.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS),
Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Special Sets of Integers in Modern Number Theory, Cristina Ballantine, College of the Holy Cross, and Hester Graves,
Center for the Computing Sciences.
Tensors and Complexity, Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of Toronto.
The Mathematics of Redistricting, Marion Campisi, San Jose State University, Thomas Ratliff, Wheaton College, and
Ellen Veomett, Saint Mary’s College of California.
Trends in Teichmüller Theory, Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe Martone, University of Michigan.
Youth and Enthusiasm in Arithmetic Geometry and Number Theory, Evangelia Gazaki and Ken Ono, University of Virginia.
March 2020
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Medford, Massachusetts
Tufts University
March 21–22, 2020

Announcement issue of Notices: January 2020
Program first available on AMS website: February 11, 2020
Issue of Abstracts: Volume 41, Issue 2

Saturday – Sunday

Meeting #1156
Eastern Section
Associate secretary: Steven H. Weintraub

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Daniela De Silva, Columbia University, A viscosity approach to the regularity of variational problems.
Enrique R Pujals, Graduate Center, CUNY, Fifty years of the stability conjecture.
Christopher T Woodward, Rutgers University, New Brunswick, Lagrangian Floer theory in the tropics.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Algebraic Geometry in Dynamics, Nguyen-Bac Dang, Stony Brook University, and Nicole Looper and Rohini Ramadas,
Brown University.
Analysis on Homogeneous Spaces, Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, México, and
Fulton Gonzalez, Tufts University.
Anomalous Diffusion Processes, Christoph Borgers, Tufts University, and Claude Greengard, New York University and
Foss Hill Partners.
Applied Combinatorics, Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and Caroline Klivans,
Brown University.
Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics, S. Allen Broughton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.
Current Trends in Combinatorial Commutative Algebra, Kuei-Nuan Lin, Pennsylvania State University, Greater Allegheny,
and Augustine O’Keefe, Connecticut College.
Discrete and Convex Geometry, Undine Leopold and Egon Schulte, Northeastern University, and Pablo Soberón, Baruch College, CUNY.
Equivariant Cohomology, Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Geometric Dynamics and Billiards, Boris Hasselblatt and Eunice Kim, Tufts University, Kathryn Lindsey, Boston College,
and Zbigniew Nitecki, Tufts University.
Homological Methods in Commutative Algebra, Janet Striuli, Fairfield University and National Science Foundation, and
Oana Veliche, Northeastern University.
Inverse Problems and Their Applications, Youssef Qranfal, Wentworth Institute of Technology.
Linear Algebraic Groups: their Structure, Representations, and Geometry, George McNinch, Tufts University, and Eric Sommers, University of Massachusetts.
Mathematical Methods for Ecology and Evolution in Structured Populations, Olivia Chu, Daniel Cooney, and Chadi SaadRoy, Princeton University.
Mathematics of Data Science, Vasileios Maroulas, University of Tennessee Knoxville, and James M. Murphy, Tufts
University.
Mirror Symmetry and Enumerative Geometry, Mandy Cheung, Harvard University, and Siu-Cheong Lau and Yu-Shen
Lin, Boston University.
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Modeling and Analysis of Partial Differential Equations in Fluid Dynamics and Related Fields: Geometric and Probabilistic
Methods, Geng Chen, University of Kansas, Siran Li, Rice University and Centre de Recherches Mathématiques, Université
de Montréal, and Kun Zhao, Tulane University.
Moduli of Curves, Hilbert Schemes, and Tropical Geometry, Ignacio Barros, Northeastern University, Noah Giansiracusa,
Bentley University, and Rob Silversmith, Northeastern University.
Probability in Dynamical Systems of Physical Origin, Alex Blumenthal, University of Maryland, and Peter Nandori, Yeshiva University.
Quantum Probability, Orthogonal Polynomials, and Special Functions, Maxim Derevyagin and Ambar Sengupta, University
of Connecticut.
Random Discrete Structures, Xavier Pérez-Giménez, University of Nebraska, and Lutz P Warnke, Georgia Institute of
Technology.
Recent Advances in Schubert Calculus and Related Topics, Christian Lenart and Changlong Zhong, State University of
New York at Albany.
Subgroups in Nonpositive Curvature, Robert Kropholler, Kim Ruane, and Genevieve Walsh, Tufts University.
Symmetries of Polytopes, Maps, and Graphs, Gabe Cunningham, University of Massachusetts Boston, and Mark Mixer,
Wentworth Institute of Technology.
The Combinatorics and Geometry of Jordan Type and Commuting Varieties, Peter Crooks and Anthony Iarrobino, Northeastern University, and Leila Khatami, Union College.

West Lafayette, Indiana
Purdue University
April 4–5, 2020
Saturday – Sunday

Meeting #1157
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: February 2020
Program first available on AMS website: February 18, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin–Madison, Atlases in analysis.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advances in Mathematical Modeling, Analysis and Numerical Simulation of Particulate Suspensions and Related Multiphase
Flows, Abhinandan Chowdhury, Savannah State University, and Ivan Christov, Purdue University.
Analysis and Probability in Sub-Riemannian Geometry, Jeremy Tyson, University of Illinois Urbana-Champaign, and Jing
Wang, Purdue University.
Analysis of PDE in Fluid Dynamics: Theory and Numerics, Theodore Drivas, Princeton University, Michael Jolly, Indiana
University, and Huy Q. Nguyen, Brown University.
Coding and Cryptography, Ryann Cartor, Clemson University, Neville Fogarty, Christopher Newport University, and
Gretchen Matthews and Dane Skabelund, Virginia Tech.
Combinatorial Algebra and Geometry, Christine Berkesch, University of Minnesota, and Laura Matusevich and Aleksandra Sobieska, Texas A&M University.
March 2020
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Combinatorial Techniques in Commutative Algebra, Giulio Caviglia, Purdue University, and Jay Schweig, Oklahoma State
University.
Commutative Algebra and Connections with Algebraic Geometry, Claudia Polini, University of Notre Dame, and Bernd
Ulrich, Purdue University.
Complex Geometry, Laszlo Lempert, Chi Li, and Sai-Kee Yeung, Purdue University, and Yuan Yuan, Syracuse University.
Computational Aspects of Symplectic Topology, Olguta Buse, Indiana University-Purdue University Indianapolis, Richard
Hind, University of Notre Dame, and Jun Li, University of Michigan.
Contemporary Applications of Gradient Flows and Variational Methods, Tao Luo and Nung Kwan (Aaron) Yip, Purdue
University.
Gaussian and non-Gaussian Stochastic Analysis, Cheng Ouyang, University of Illinois at Chicago, and Takashi Owada
and Samy Tindel, Purdue University.
Geometric Topology in the Middle Dimensions, James F. Davis, Indiana University, and Mark Powell, Durham University.
Group Theory and Logic, Meng-Che (Turbo) He, Purdue University, Julia F. Knight, University of Notre Dame, and D.B.
McReynolds and Thomas Sinclair, Purdue University.
Harmonic Analysis, Brian Street and Shaoming Guo, University of Wisconsin-Madison.
Higher Structures in Topology, Geometry and Physics, Ralph Kaufmann, Purdue University, Martin Markl, Institute of
Mathematics of the Czech Academy of Sciences, and Sasha Voronov, University of Minnesota.
Integrability, Symmetry and Physics, E. Birgit Kaufmann, Purdue University, and Oleksandr Tsymbaliuk, Yale University.
Knots and Links in 3-Manifolds, Micah Chrisman and Sujoy Mukherjee, The Ohio State University, and Robert Todd,
Mount Mercy University.
Low-dimensional Topology, Matthew Hedden, Katherine Raoux, and Lev Tovstopyat-Nelip, Michigan State University.
Mathematical Finance and Actuarial Sciences, Kiseop Lee and Jianxi Su, Purdue University, and Jose Figueora-Lopez,
Washington University, St. Louis.
Mathematical Methods for Inverse Problems, Isaac Harris and Peijun Li, Purdue University.
Modeling, Analysis and Simulation of Complex Fluid Systems in Physics and Biology, Carme Calderer, University of Minnesota, Chun Liu, Illinois Institute of Technology, and Pei Liu, University of Minnesota.
Model Theory and its Applications, Saugata Basu, Purdue University, Philipp Hieronymi, University of Illinois at Urbana-Champaign, and Margaret E.M. Thomas, Purdue University.
Multiplicative Ideal Theory in honor of the career of William Heinzer, Evan Houston, University of North Carolina, Charlotte, and Alan Loper, Ohio State University.
Network Science, Nicole Eikmeier, Grinnell College, and David F. Gleich, Purdue University.
Nonlinear Partial Differential Equations from Variational Problems and Fluid Equations, Tao Huang, Wayne State University,
and Changyou Wang, Purdue University.
Numerical Linear Algebra, Jianlin Xia and Xuefeng Xu, Purdue University.
Optimization and Algebraic Geometry, Jonathan Hauenstein, University of Notre Dame, and Ali Mohammad Nezhad,
Purdue University.
Optimization for Discrete Geometry, Mark Magsino and Hans Parshall, The Ohio State University.
p-adic Galois Representations, Modularity, and Related Topics, Patrick Allen, University of Illinois at Urbana-Champaign,
Andrei Jorza, University of Notre Dame, and Tong Liu, Purdue University.
Quantum Algebra and Quantum Topology, Shawn Cui, Purdue University, Julia Plavnik, Indiana University, and Tian
Yang, Texas A&M University.
Recent Advances in Adaptive Mesh Refinement and A Posteriori Error Estimation, Shuhao Cao, University of California,
Irvine, and Zhiqiang Cai, Purdue University.
Recent Advances in Modeling, Computational Methods and Simulations of Physical/Biological Systems, Suchuan Steven Dong,
Jie Shen, and Zhiguo Yang, Purdue University.
Recent Developments in Automorphic Forms and Representations of p-adic Groups, David Goldberg, Baiying Liu, and Freydoon Shahidi, Purdue University.
Recent Developments in Commutative Algebra, Jennifer Kenkel, University of Kentucky, and Liquan Ma and Uli Walther,
Purdue University.
Recent Developments in High Order Numerical Methods for Partial Differential Equations, Zheng Sun, The Ohio State University, and Xiangxiong Zhang, Purdue University.
Rigidity Theory, Distance Geometry and Applications, Mireille Boutin, Purdue University, Gregor Kemper, Technische
Universität München, and Jessica Sidman, Mount Holyoke College.
Scientific Machine Learning, Tong Qin and Dongbin Xiu, The Ohio State University.
444

Notices of the American Mathematical Society

Volume 67, Number 3

MEETINGS & CONFERENCES
Sharp Eigenvalue Estimates for Partial Differential Operators, Mark Ashbaugh, University of Missouri, and Richard Laugesen, University of Illinois.
Stability in Topology, Arithmetic, and Representation Theory, Jeremy Miller and Peter Patzt, Purdue University, and Andrew
Putman, University of Notre Dame.
Stochastic Processes in Random Environments, Jonathon Peterson, Purdue University, and Atilla Yilmaz, Temple University.
Structure Preserving Numerical Methods for Hyperbolic and Kinetic Equations, Jingwei Hu, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory, Theresa Anderson, Purdue University, Robert Lemke
Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.
Theory and Algorithms for Data Science, Tingran Gao, University of Chicago, and Haizhao Yang, Purdue University.

Fresno, California
California State University, Fresno
May 2–3, 2020
Saturday – Sunday

Meeting #1158
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: March 2020
Program first available on AMS website: March 19, 2020
Issue of Abstracts: Volume 41, Issue 2

Deadlines
For organizers: Expired
For abstracts: March 3, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Sami Assaf, University of Southern California, Los Angeles, Combinatorics of Schubert Calculus.
Natalia Komarova, University of California, Irvine, Title to be announced.
Joseph Teran, University of Southern California, Los Angeles, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East
Bay, Mario Banuelos, California State University, Fresno, Jessica De Silva, California State University, Stanislaus, and
John Rock, California Polytechnic University, Pomona.
Advances in Functional Analysis and Operator Theory (Code: SS 6A), Yuri Latushkin, University of Missouri, Columbia,
Marat Markin, California State University, Fresno, Igor Nikolaev, St. John’s University, and Ilya Spitkovsky, New York
University, Abu Dhabi.
Algebraic geometry in statistics and machine learning (Code: SS 25A), Robert Krone, University of California, Jose Rodriguez, University of Wisconsin, and Tingting Tang, Notre Dame University.
Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson,
Claremont McKenna College.
Algorithms in the study of hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III, Oklahoma State University, and
Maria Trnkova, University of California, Davis.
Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Sambandham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.
Artin-Schelter regular algebras and related topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James
Zhang, University of Washington.
Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf,
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski,
University of Southern California.
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Combinatorics of Reduced Decompositions of eEements of Coxeter Groups and Related Topics (Code: SS 17A), Samantha
Dahlberg and Jennifer Elder, Arizona State University.
Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric
Sedgwick, DePaul University.
Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano
Zambom, California State University, Northridge.
DG Methods in Commutative Algebra and Representation Theory (Code: SS 2A), Benjamin Briggs, Janina Letz, and Josh
Pollitz, University of Utah.
Discrete Geometry and Combinatorial Structures (Code: SS 23A), Morgan Rodgers, California State University, and Oscar
Vega.
How to Solve It? Heuristics and Inquiry Based Learning (Code: SS 18A), Mario Banuelos, California State University, Fresno,
Andrew G. Benedek, Research Centre for the Humanities, Hungary, and Agnes Tuska, California State University, Fresno.
Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.
Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin, Adnan Sabuwala, and Agnes
Tuska, California State University, Fresno.
Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Kamarova) (Code: SS 1A),
Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California,
Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Numerical Semigroups and Applications (Code: SS 3A), Elie Alhajjar, West Point Military Academy, and Christopher
O’Neill, San Diego State University.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech University, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang
Tran, California State University, Fresno.
Research in Mathematics Education (Code: SS 15A), Ravi Somayajulu and Jenna Tague, Clovis Community College.
Scientific Computing (Code: SS 19A), Changho Kim and Roummel Marcia, University of California, Merced.
Special Functions in Number Theory (Code: SS 24A), Cezar Lupu and Dermot McCarthy, Texas Tech University.
Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University,
Fresno.
Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

Accommodations
Participants should make their own arrangements directly with the hotel of their choice. Special discounted rates were
negotiated with the hotels listed below. Rates quoted do not include state and local taxes (12% occupancy tax, 1.5% convention/tourism tax, 0.2% CA tourism assessment, various local cities and towns) and hotel fees may apply. Participants
must state that they are with the American Mathematical Society’s (AMS) Western Sectional Meeting to receive the discounted rate or use code provided. The AMS is not responsible for rate changes or for the quality of the accommodations.
Hotels have varying cancellation and early check-out penalties; be sure to ask for details.
Homewood Suites, 6820 North Fresno Street, Fresno, CA 93710; (559) 440-0801; www.hilton.com/en/hotels
/fathwhw-homewood-suites-fresno. Rate is US$149 per night for a room with standard king bed. To reserve a room
at this rate please contact the hotel by phone directly or at 1-800-760-7718. Please use the group name American Mathematical Society - AMS when calling and CHW-AMS when using the webpage. Group rate supersedes any other discounts
and/or promotions. A cancellation policy of 48 hours prior to the day of arrival exists, please ask for details when reserving
a room. Amenities at this property include complimentary full hot breakfast buffet; complimentary Wi-Fi access; pool;
fitness facility; business center; billiard room; basketball court; and complimentary self-parking. Walking distance to CVS
and restaurants. Check-in is at 3:00 pm, check-out is at 12:00 pm. Cancellation and early check-out policies vary and
penalties may exist at this property; be sure to check when you make your reservation. This property is located approximately 3.2 miles from campus. The deadline for reservations at this rate is April 2, 2020.
Courtyard Fresno, 140 East Shaw Avenue, Fresno, CA 93710; (559) 221-6000; www.marriott.com/hotels
/hotel-rooms/fatch-courtyard-fresno. Rate is US$119 per night for a double room and US$99 for a single room. To
make a reservation at this rate please call the hotel directly or call toll-free global reservations at 1-888-236-2427. Please
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identify yourself as a part of the American Mathematical Society. A major credit card or advance deposit is required to
guarantee all individual reservations. Amenities at this property include complimentary wireless Internet; indoor pool,
open 6:00 am–11:00 pm; fitness center; The Bistro serving breakfast, dinner, room service, and cocktails; local restaurant
dinner delivery; and complimentary parking. Check-in is at 3:00 pm, check-out is at 11:00 am. Cancellation and early
check-out policies vary and penalties exist at this property; be sure to check when you make your reservation. This property
is located 2.5 miles from campus. The deadline for reservations at this rate is April 3, 2020.
Residence Inn, 5322 North Diana Avenue, Fresno, CA 93710; (559) 222-8900; www.marriott.com/hotels
/hotel-rooms/fatri-residence-inn-fresno. Rate is US$115 per night for a one-bedroom suite. To reserve a room
at this rate individuals may call the hotel directly at (559) 222-8900. This property is pet-friendly with a non-refundable
fee of $100.00. Please contact hotel for details. Amenities at this property include complimentary wireless Internet access;
coffee in lobby; grocery shopping service; local restaurant dinner delivery; outdoor pool; TV with cable access; fitness
center, open 6:00 am–10:00 pm; and complimentary full American breakfast. Check-in is at 3:00 pm, check-out is at
12:00 pm. Cancellation and early check-out policies vary and penalties may exist at this property; be sure to check when
you make your reservation. This property is located approximately 1.9 miles from campus. The deadline for reservations
at this rate is April 3, 2020.

Housing Warning
Please beware of aggressive housing bureaus that target potential attendees of a meeting. They are sometimes called
“room poachers” or “room-block pirates” and these companies generally position themselves as a meeting’s housing
bureau, convincing attendees to unknowingly book outside the official room block. They call people who they think will
more likely than not attend a meeting and lure them with room rates that are significantly less than the published group
rate—for a limited time only. And people who find this offer tempting may hand over their credit card data, believing
they have scored a great rate and their housing is a done deal. Unfortunately, this often turns out to be the start of a long,
costly nightmare.
Note that some of these room poachers create fake websites on which they represent themselves as the organizers of
the meeting and include links to book rooms, etc. The only official website for this meeting is ams.org and one that has
the official AMS logo.
These housing bureaus are not affiliated with the American Mathematical Society or any of its meetings, in any way.
The AMS would never call anyone to solicit reservations for a meeting. The only way to book a room at a rate negotiated
for an AMS Sectional Meeting is via a listing on AMS Sectional Meetings pages or Notices of the AMS. The AMS cannot be
responsible for any damages incurred as a result of hotel bookings made with unofficial housing bureaus.

Food Services
At the time of the publication of this announcement, the University anticipates that a variety of dining options will be
available on campus.
There are many dining options on the University of California, Fresno campus and throughout the city of Fresno
offering a variety of cuisines. For more information about dining on campus please visit www.auxiliary.com
/diningservices/oncampus/index.html.
Some dining options in the area include:
•• Farm Fresh Bowls Fresno, 3042 East Campus Pointe Drive, Fresno, CA 93710; (559) 326-7141; www.farmfresh
bowls.com. Local artisan fare. Featuring gluten-free and vegan options. Monday–Friday, 7:00 am–3:30 pm, Sunday,
7:00 am–2:00 pm, 1 mile from campus.
•• Dog House Grill, 12789 East Shaw Avenue, Fresno, CA 93710; (559) 294-9920; www.firestonegrill.com
/locations/dog-house-grill-fresno. Serving hamburgers, sandwiches, and BBQ. Friday–Saturday, 11:00 am–11:00
pm, Sunday–Thursday, 11:00 am–10:00 pm, 0.7 miles from campus.
•• Bonchon - Campus Pointe, 3039 East Campus Pointe Drive, Fresno, CA 93710; (559) 207-3717; www.bonchon
.com. Serving Korean-influenced, Asian fusion dishes. Monday–Tuesday, 11:00 am–10:00 pm, Wednesday, 4:00 pm–
10:00 pm, Thursday, 11:00 am–10:00 pm, Friday–Saturday, 11:00 am–11:00 pm, Sunday, 11:00 am–10:00 pm, 0.8
miles from campus.
•• Heirloom, 8398 North Fresno Street, Suite 101, Fresno, CA 93720; (559) 228-9735; www.heirloom-eats.com. Serving
farm to table meals made with local, seasonal produce. Monday–Saturday, 11:00 am–9:00 pm, Sunday, 11:00 am–8:00
pm, 2.1 miles from campus.
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•• Colton’s Social House, 1150 Shaw Avenue, Clovis, CA 93612; (559) 721-6655; www.coltonssocialhouse.com.
Serving pub fare for lunch and dinner. Also offering Sunday brunch. Monday–Saturday, 11:00 am–12:00 am, Sunday,
10:00 am–12:00 am, 2.7 miles from campus.
•• Uncle Harry’s New York Bagelry & Coffeehouse, 4950 N Cedar Avenue, Fresno, CA 93726; (559) 490-0140; www
.facebook.com/Uncle-Harrys-New-York-Bagelry-and-Coffeehouse-MARKS-SHAW-109581752410204. Serving
coffee and tea, New York-style bagels, and sandwiches for breakfast, lunch, and brunch. Monday–Friday, 6:00 am–2:00
pm, Saturday–Sunday, 6:30 am–1:30 pm, 0.6 miles from campus.

Registration and Meeting Information
Advance Registration: Advance registration for this meeting will open on January 22, 2020. Advance registration fees
will be US$71 for AMS members, US$115 for nonmembers, US$13 for students and unemployed mathematicians, and
US$15 for emeritus members. Fees will be payable by credit card. Participants may cancel registrations made in advance
by emailing mmsb@ams.org. 100% refunds will be issued for any advance registrations canceled by the first day of the
meeting. After this date, no refunds will be issued.
On-site Information and Registration: Registration and the book exhibit will be held in the Science II Building
Rotunda. The Invited Address lectures will be located in the McLane Building, Room 121. The Special Sessions and Contributed Paper Sessions will be held in the Science I Building, the Science II Building, the Peters Business Building, and
the Engineering East Building on campus. Please look for additional information about specific session room locations
on the web and in the printed program. For further information on building locations, a campus map is available at www
.fresnostate.edu/map.
The registration desk will be open on Saturday, May 2 from 7:30 am to 4:00 pm and on Sunday, May 3 from 8:00 am
to 12:00 pm. The same fees listed above apply for on-site registration and are payable with cash, check, or credit card.

Program Books
In order to keep registration fees as low as possible, save on printing costs, and make the meetings more environmentally
friendly, a small fee will be charged for receiving a program book.
If you want to receive a program book, please complete the section entitled “Printed Program” on the registration form
and pay a nominal fee of US$3 for each copy. If you do not want to receive a program book, please skip that section and
click “Next.” All purchased program books will be distributed at the registration desk at the meeting. No program books
will be mailed before the meeting. A small quantity of program books may be available for purchase on-site at meetings,
however supplies will be limited.
For your convenience, the following changes have been made to the website to make the program more accessible
and mobile-friendly.
1. Online Timetable: The sectional meetings now have an online timetable display. It will provide a quick reference to
where the sessions and rooms are located.
2. Print-friendly Pages: The pages of the program now have a “Print” button in the top right-hand corner. It is black
and is depicted by a little printer. If you cannot see it, please maximize your window. The printer icon is sometimes
bundled into the generic “share” icon when the window is resized. If you click the printer button, it will print the text
of the page without additional webpage elements. If you go to the page of a Special Session and click the print icon,
you will get a schedule of all the parts of that session. This can also be printed to pdf if you have a pdf printer installed.
3. Room Locations: The room locations are now more conspicuous in the web program when the program is scheduled.

Other Activities
Book Sales: Stop by the on-site AMS bookstore to review the newest publications and take advantage of exhibit discounts
and free shipping on all on-site orders! AMS and MAA members receive 40% off list price. Nonmembers receive a 25%
discount. Not a member? Ask a representative about the benefits of AMS membership.
AMS Editorial Activity: An acquisitions editor from the AMS book program will be present to speak with prospective
authors. If you have a book project that you wish to discuss with the AMS, please stop by the book exhibit.
Membership Activities: During the meeting, stop by the AMS Membership Exhibit to learn about the benefits of AMS
membership. Members receive free shipping on purchases all year long and additional discounts on books purchased at
meetings, subscriptions to Notices and Bulletin, discounted registration for world-class meetings and conferences, and more!
Complimentary refreshments will be served courtesy in part of the AMS Membership Department.
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Child Care Grants
The AMS will provide a limited number of reimbursement grants of US$125 per family to help with the cost of child
care for registered participants at the meeting. The funds may be used for any form of child care that frees a parent to
participate more fully in the meeting. Grants will be awarded on a first-come, first-served basis, one per family, and one
per season (i.e., Spring or Fall), the latter depending on the amount of grants available. Registration for the meeting as
well as membership in the AMS is required to apply for this program.
Information about applying for child care grants will be available prior to the opening of advance registration in January;
watch the meeting website for details and instructions. Applications will be on Mathprograms.org and will be accepted
on a first-come, first-served basis until February 4, 2020. Final decisions on recipients will be made on or before April 3,
2020. All grant funds will be provided in the form of a check which will be issued at the meeting.

Special Needs
It is the goal of the AMS to ensure that its conferences are accessible to all, regardless of disability. The AMS will strive,
unless it is not practicable, to choose venues that are fully accessible to the physically handicapped.
If special needs accommodations are necessary in order for you to participate in an AMS Sectional Meeting, please
communicate your needs in advance to the AMS Meetings Department by:
•• Registering early for the meeting,
•• Checking the appropriate box on the registration form, and
•• Sending an email request to the AMS Meetings Department at mmsb@ams.org or meet@ams.org.

AMS Policy on a Welcoming Environment
The AMS strives to ensure that participants in its activities enjoy a welcoming environment. In all its activities, the AMS
seeks to foster an atmosphere that encourages the free expression and exchange of ideas. The AMS supports equality of
opportunity and treatment for all participants, regardless of gender, gender identity or expression, race, color, national or
ethnic origin, religion or religious belief, age, marital status, sexual orientation, disabilities, or veteran status.
Harassment is a form of misconduct that undermines the integrity of AMS activities and mission.
The AMS will make every effort to maintain an environment that is free of harassment, even though it does not control
the behavior of third parties. A commitment to a welcoming environment is expected of all attendees at AMS activities,
including mathematicians, students, guests, staff, contractors and exhibitors, and participants in scientific sessions and
social events. To this end, the AMS will include a statement concerning its expectations towards maintaining a welcoming
environment in registration materials for all its meetings, and has put in place a mechanism for reporting violations.
Violations may be reported confidentially and anonymously to 855-282-5703 or at www.mathsociety.ethicspoint
.com. The reporting mechanism ensures the respect of privacy while alerting the AMS to the situation. Violations may
also be brought to the attention of the coordinator for the meeting (who is usually at the meeting registration desk), and
that person can provide advice about how to proceed.
For AMS policy statements concerning discrimination and harassment, see the AMS Anti-Harassment Policy at https://
www.ams.org/anti-harassment-policy.
Questions about this welcoming environment policy should be directed to the AMS Secretary at https://www.ams
.org/sec-contact.

Local Information and Maps
This meeting will take place on the campus of California State University, Fresno, located at 5241 North Maple Avenue,
Fresno, CA 93740. A campus map can be found at www.fresnostate.edu/map. Information about the California State
University, Fresno Mathematics Department can be found at www.fresnostate.edu/csm/math. Please visit the University
website www.fresnostate.edu/ for additional information on the campus.
For information on gender neutral restrooms on campus please visit www.fresnostate.edu/studentaffairs/ccgc
/gender-inclusive-restrooms.html. Fresno State will make accommodations available to nursing persons as required
by federal or state law, and will provide nursing persons access to a reasonable number of lactation stations across its
campus. For information on lactation stations on campus please visit www.fresnostate.edu/adminserv/title-ix
/lactation-stations.html. Please contact Heather Butler at hpb@ams.org to make arrangements to access these rooms.
Please watch the AMS website at https://www.ams.org/sectional.html for additional information on this meeting.
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Parking
Parking is available for visitors to campus. The closest areas to the meeting spaces are parking structure J on Barker Avenue
and parking structure P on Maple Avenue. Parking is free on weekends. For more information about parking on campus
please visit www.fresnostate.edu/adminserv/police/traffic/visitor/index.html.

Travel
California State University, Fresno is located 226 miles from Los Angeles, 192 miles from San Francisco, and 156 miles
from San Jose. Fresno Yosemite International Airport (FAT) is the closest airport to the University. FAT is approximately
5.8 miles from campus. The most common types of transportation used from the airport are rental cars, ride share, and
shuttle services.
By Air:
Fresno Yosemite International Airport (FAT) is the closest airport to the California State University, Fresno campus. FAT
is located approximately 5.8 miles from the University.
By Train:
The Fresno region is served by Amtrak. Reservations can be made on Amtrak at www.amtrak.com/stations/fno. If traveling by rail, you will arrive at 2650 Tulare Street, Fresno, CA 93721-1325. The train station, called the Santa Fe Passenger
Depot, is located 7.9 miles from campus.
By Bus:
The Fresno Area Express (FAX) offers access around the city of Fresno, the home of California State University. The meeting
will be held on the California State University, Fresno campus. This campus is accessible by bus services; a one-ride card
costs US$1.25. For additional information about bus fares and schedules please call (559) 621-RIDE(7433) or visit www
.fresno.gov/transportation/fax/routes.
By Car:
All directions will direct drivers to a final destination of the Science II Building at California State University, Fresno.
When using a GPS please be certain to enter 648–662 East San Ramon Avenue, Fresno, CA 93710 as the final destination for the Science II Building which is near parking structure J. For information about electric vehicle charging stations
please visit fresnostate.edu/adminserv/police/transportation/ev/index.html.

Local Transportation
Bus and Subway Service:
The Fresno Area Express (FAX) offers access around the city of Fresno, the home of California State University. The meeting
will be held on the California State University, Fresno campus. This campus is accessible by bus services; a one-ride card
costs US$1.25. For additional information about bus fares and schedules please call (559) 621-RIDE(7433) or visit www
.fresno.gov/transportation/fax/routes.
Taxi Service:
Licensed, metered taxis serve the area. Local taxi service is available from several vendors. Please visit www.fresnostate
.edu/studentaffairs/alcohol/documents/fresnocabs.pdf for a list of local taxi companies. Both Lyft and Uber
also operate in Fresno.

Weather
The average high temperature in Fresno for May is in the mid-80s Fahrenheit, and the average low is in the mid-50s
Fahrenheit. Visitors should be prepared for warm weather. Participants are advised to check local weather forecasts in
advance of their arrival.

Social Networking
Attendees and speakers are encouraged to tweet about the meeting using the hashtag #AMSmtg.

Information for International Participants
Visa regulations are continually changing for travel to the United States. Visa applications may take from three to four
months to process and require a personal interview, as well as specific personal information. International participants
should view the important information about traveling to the US found at travel.state.gov/content/travel
/en.html. If you need a preliminary conference invitation in order to secure a visa, please send your request to hpb
@ams.org.
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If you discover you do need a visa, the National Academies website (see above) provides these tips for successful visa
applications:
* Visa applicants are expected to provide evidence that they are intending to return to their country of residence.
Therefore, applicants should provide proof of “binding” or sufficient ties to their home country or permanent residence
abroad. This may include documentation of the following:
•• family ties in home country or country of legal permanent residence
•• property ownership
•• bank accounts
•• employment contract or statement from employer stating that the position will continue when the employee
returns;
* Visa applications are more likely to be successful if done in a visitor’s home country than in a third country;
* Applicants should present their entire trip itinerary, including travel to any countries other than the United States,
at the time of their visa application;
* Include a letter of invitation from the meeting organizer or the US host, specifying the subject, location, and dates
of the activity, and how travel and local expenses will be covered;
* If travel plans will depend on early approval of the visa application, specify this at the time of the application;
* Provide proof of professional scientific and/or educational status (students should provide a university transcript).
This list is not to be considered complete. Please visit the websites above for the most up-to-date information.

El Paso, Texas
University of Texas at El Paso
September 12–13, 2020
Saturday – Sunday

Meeting #1159
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: June 2020
Program first available on AMS website: July 28, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: February 20, 2020
For abstracts: July 14, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Algebraic, geometric and topological combinatorics, Art Duval, University of Texas at El Paso, Caroline Klivans, Brown
University, and Jeremy Martin, University of Kansas.
Algebraic structures in topology, logic, and arithmetic, John Harding, New Mexico State University, and Emil Schwab, The
University of Texas at El Paso.
Fixed point theory and its applications, Monther R. Alfuraidan, King Fahd University of Petroleum & Minerals, KSA,
Mohamed A. Khamsi, The University of Texas at El Paso, Poom Kumam, King Mongkut’s University of Technology,
Thonburi, Thailand, and Osvaldo Mendez, The University of Texas at El Paso.
High-Frequency data analysis and applications, Maria Christina Mariani and Michael Pokojovy, University of Texas at El
Paso, and Ambar Sengupta, University of Connecticut.
Leibniz Algebras and related topics, Guy Biyogmam, Georgia College and State University, and Jerry Lodder, New Mexico
State University.
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Low-dimensional topology and knot theory, Mohamed Ait Nouh and Luis Valdez-Sanchez, University of Texas at El Paso.
Methods and applications in data Science, Sangjin Kim, Ming-Ying Leung, Xiaogang Su, and Amy Wagler, The University
of Texas at El Paso.
Nonlinear analysis and optimization, Behzad Djafari-Rouhani, University of Texas at El Paso, and Akhtar A. Khan,
Rochester Institute of Technology.
Numerical partial differential equations and applications, Son-Young Yi and Xianyi Zeng, The University of Texas at El Paso.
Recent advances in scientific computing and applications, Natasha Sharma, University of Texas at El Paso, and Annalisa
Quaini, University of Houston.
Statistical methodology and applications, Ori Rosen and Suneel Chatla, University of Texas at El Paso.

State College, Pennsylvania
Pennsylvania State University, University Park Campus
October 3–4, 2020

Announcement issue of Notices: August 2020
Program first available on AMS website: August 25, 2020
Issue of Abstracts: Volume 41, Issue 3

Saturday – Sunday

Meeting #1160
Eastern Section
Associate secretary: Steven H. Weintraub

Deadlines
For organizers: March 3, 2020
For abstracts: August 11, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Chattanooga, Tennessee
University of Tennessee at Chattanooga
October 10–11, 2020
Saturday – Sunday

Meeting #1161
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: August 2020
Program first available on AMS website: September 1, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: March 10, 2020
For abstracts: August 18, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Advances in Graph Theory, Xiaofeng Gu, University of West Georgia, and Dong Ye, Middle Tennessee State University.
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Applied Knot Theory, Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee at Chattanooga,
and Eric Rawdon, University of St Thomas.
Boundary Value Problems for Differential, Difference, and Fractional Equations, John R Graef and Lingju Kong, University
of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.
Commutative Algebra, Simplice Tchamna, Georgia College, and Lokendra Paudel, University of South Carolina, Salkehatchie.
Structural and Extremal Graph Theory, Hao Huang, Emory University, and Xingxing Yu, Georgia Institute of Technology.

Salt Lake City, Utah
University of Utah
October 24–25, 2020

Announcement issue of Notices: August 2020
Program first available on AMS website: September 17, 2020
Issue of Abstracts: Volume 41, Issue 4

Saturday – Sunday

Meeting #1162

Deadlines

Western Section
Associate secretary: Michel L. Lapidus

For organizers: March 24, 2020
For abstracts: September 1, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Invited Addresses
Bhargav Bhatt, University of Michigan, Ann Arbor, Title to be announced.
Jonathan Brundan, University of Oregon, Eugene, Title to be announced.
Andrei Okounkov, Columbia University, Title to be announced (Erdo
ős Memorial Lecture).
Mariel Vazquez, University of California, Davis, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Vira Babenko, Drake University, and Akil Narayan, University of Utah.
Extremal Graph Theory, József Balogh, University of Illinois, and Bernard Lidický, Iowa State University.
Monoidal Categories in Representation Theory (associated with the Invited Address by Jon Brudan), Jonathan Brundan, Ben
Elias, and Victor Ostrik, University of Oregon.

Washington, District of Columbia
Walter E. Washington Convention Center
January 6–9, 2021

Associate secretary: Brian D. Boe

Wednesday – Saturday

Announcement issue of Notices: October 2020
Program first available on AMS website: November 1, 2020

Meeting #1163
Joint Mathematics Meetings, including the 127th Annual
Meeting of the AMS, 104th Annual Meeting of the Mathematical Association of America (MAA), annual meetings of
the Association for Women in Mathematics (AWM) and the
National Association of Mathematicians (NAM), and the winter meeting of the Association of Symbolic Logic (ASL), with
sessions contributed by the Society for Industrial and Applied
Mathematics (SIAM).
March 2020

Issue of Abstracts: To be announced

Deadlines
For organizers: April 2, 2020
For abstracts: To be announced
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Atlanta, Georgia
Georgia Institute of Technology
March 13–14, 2021

Announcement issue of Notices: To be announced
Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Saturday – Sunday

Meeting #1164

Deadlines

Southeastern Section
Associate secretary: Brian D. Boe

For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Differential Graded Methods in Commutative Algebra, Saeed Nasseh, Georgia Southern University, and Adela Vraciu,
University of South Carolina, Columbia.

Providence, Rhode Island
Brown University
March 20–21, 2021

Announcement issue of Notices: To be announced
Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Saturday – Sunday

Meeting #1165
Eastern Section
Associate secretary: Steven H. Weintraub

Deadlines
For organizers: To be announced
For abstracts: To be announced

Cincinnati, Ohio
University of Cincinnati
April 17–18, 2021
Saturday – Sunday

Meeting #1166
Central Section
Associate secretary: Georgia Benkart
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Announcement issue of Notices: To be announced
Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Deadlines
For organizers: To be announced
For abstracts: To be announced
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San Francisco, California
San Francisco State University
May 1–2, 2021

Announcement issue of Notices: To be announced
Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Saturday – Sunday

Meeting #1167

Deadlines

Western Section
Associate secretary: Michel L. Lapidus

For organizers: To be announced
For abstracts: To be announced

Grenoble, France
Université de Grenoble-Alpes
July 5–9, 2021

Program first available on AMS website: To be announced
Program issue of electronic Notices: To be announced
Issue of Abstracts: To be announced

Monday – Friday

Meeting #1168

Deadlines

Associate secretary: Michel L. Lapidus

For organizers: To be announced
For abstracts: To be announced

Announcement issue of Notices: To be announced

Buenos Aires, Argentina
The University of Buenos Aires
July 19–23, 2021
Monday – Friday

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Meeting #1169

Deadlines

Associate secretary: Steven H. Weintraub

For organizers: To be announced
For abstracts: To be announced

Announcement issue of Notices: To be announced

Buffalo, New York
University at Buffalo (SUNY)
September 18–19, 2021
Saturday – Sunday
Eastern Section
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: To be announced

March 2020

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Omaha, Nebraska
Creighton University
October 9–10, 2021

Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Saturday – Sunday
Central Section
Associate secretary: Georgia Benkart

Deadlines

Announcement issue of Notices: To be announced

For organizers: To be announced
For abstracts: To be announced

Albuquerque, New Mexico
University of New Mexico
October 23–24, 2021

Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus

Deadlines

Announcement issue of Notices: To be announced

For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University of New Mexico.

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel
January 5–8, 2022

Issue of Abstracts: To be announced

Wednesday – Saturday
Associate secretary: Georgia Benkart

Deadlines

Announcement issue of Notices: October 2021
Program first available on AMS website: To be announced

For organizers: To be announced
For abstracts: To be announced

Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel
January 4–7, 2023

Issue of Abstracts: To be announced

Wednesday – Saturday
Associate secretary: Steven H. Weintraub

Deadlines

Announcement issue of Notices: October 2022
Program first available on AMS website: To be announced
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AMS Membership for EarlyCareer Mathematicians
The AMS supports early-career mathematicians with
opportunities for career development, access to information
and job listings, connections with prospective employers,
and valuable member benefits, including:
Individual AMS members receive free standard shipping on orders delivered to addresses
in the United States (including Puerto Rico) and Canada
Discounts on AMS/MAA Press titles
Reduced registration at the Joint Mathematics Meetings and AMS Sectional Meetings

Ph

Free subscriptions to the Notices of the AMS and Bulletin of the AMS
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Discounted dues rates for early-career
mathematicians are available for 2020:
Graduate/Undergraduate Student Rate Introductory Rate*

$51 $77
*Applies per year to the first five consecutive
years of regular membership. Eligibility begins
with the first year of membership in any category
other than Student, Graduate Student, or Affiliate.

Photo courtesy of AMS Chapter of Brown University

Join OR Renew
your AMS membership today by visiting:
www.ams.org/membership

American Mathematical Society
Distribution Center
35 Monticello Place,
Pawtucket, RI 02861 USA

NEW RELEASES
from the AMS

= Textbook

Fundamentals of Graph Theory

Meeting under the Integral Sign?

Allan Bickle, Pennsylvania State University Altoona
The goal of this textbook is to present the fundamentals of
graph theory to a wide range of readers. The book contains
many significant recent results in graph theory presented
using up-to-date notation. The author included the shortest,
most elegant, most intuitive proofs for modern and classic
results while frequently presenting them in new ways.

The Oslo Congress of Mathematicians on
the Eve of the Second World War
Christopher D. Hollings, Mathematical Institute and Queen’s
College, University of Oxford, UK, and Reinhard SiegmundSchultze, University of Agder, Kristiansand, Norway
This book examines the historically unique conditions
under which the International Congress of Mathematicians
took place in Oslo in 1936. Relying heavily on unpublished
archival sources, the authors consider the different goals of
the various participants in the Congress, most notably those
of the Norwegian organizers and the Nazi-led German delegation. They also investigate the reasons for the absence of
the proposed Soviet and Italian delegations.

Pure and Applied Undergraduate Texts, Volume 43; 2020; 336 pages;
Hardcover; ISBN: 978-1-4704-5342-8; List US$85; AMS members US$68;
MAA members US$76.50; Order code AMSTEXT/43

AMS / MAA Press

A Cornucopia of Quadrilaterals
Claudi Alsina, Universitat Politècnica de Catalunya, Barcelona,
Spain, and Roger B. Nelsen, Lewis & Clark College, Portland, OR
A Cornucopia of Quadrilaterals collects and organizes hundreds of beautiful and surprising results about four-sided
figures. There are results dating back to Euclid: the sidelengths of a pentagon, a hexagon, and a decagon inscribed
in a circle can be assembled into a right triangle (the proof
uses a quadrilateral and circumscribing circle); and results
dating to Erdős: from any point in a triangle the sum of the
distances to the vertices is at least twice as large as the sum
of the distances to the sides.
Dolciani Mathematical Expositions, Volume 55; 2020; 304 pages;
Hardcover; ISBN: 978-1-4704-5312-1; List US$59; AMS members
US$44.25; MAA members US$44.25; Order code DOL/55

History of Mathematics, Volume 44; 2020; 362 pages; Hardcover; ISBN:
978-1-4704-4353-5; List US$120; AMS members US$96; MAA members
US$108; Order code HMATH/44

Discover more titles at
bookstore.ams.org

facebook.com/amermathsoc
@amermathsoc

