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1. Introduction
The group of diffeomorphisms Diff(𝑀) of a compact manifold 𝑀 is known to be “large” in several senses. For example, it is relatively easy to show that if dim(𝑀) > 2,
then Diff(𝑀) acts transitively on 𝑘-tuples of points in 𝑀
for every 𝑘 > 0. This makes the group Diff(𝑀) seem relatively flexible, particularly in terms of the structure of its
0
subgroups. Let Diff (𝑀) be the connected component of
0
Diff(𝑀). A harder result to prove is that Diff (𝑀) is topologically simple; i.e., any proper, closed normal subgroup
is trivial [Ban]. This could be the beginning of a general structure theory of diffeomorphism groups, perhaps
in analogy with Cartan’s structure theory for simple Lie
groups, but surprisingly little is known. Here we chose to
explore Diff(𝑀) by asking the following simple question
about Diff(𝑀).
Question 1.1. Given a compact manifold 𝑀, what finitely
generated groups Γ admit faithful homomorphisms 𝜌 ∶
Γ → Diff(𝑀)?
Question 1.1 has been asked before in many forms. The
most classical topic here is the study of finite and, more
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generally, compact groups of diffeomorphisms. This theory yields a rich set of topological obstructions to finding a finite group 𝐹 as a subgroup of Diff(𝑀) or even of
the homeomorphism group Homeo(𝑀). In the area of
research under discussion, we tend to focus on the case
where Γ is torsion free in order to generate new insights. In
the broadest sense, the area is motivated by the idea that
“large” groups of diffeomorphisms of compact manifolds
should be of “geometric origin”; see particularly Gromov’s
article [Gro].
This article concerns a recent breakthrough due to
Aaron Brown, the author, and Sebastian Hurtado on a conjecture of Zimmer’s from 1983 [BFH1, BFH2, BFH3, Zim].
The conjecture concerns certain groups called higher rank
lattices, which are described below in subsection 2.3. The
conjecture predicts that these groups have no “interesting”
actions on low-dimensional manifolds. For the original
conjecture see [Zim, Conjecture II] and for a much more
detailed unpacking of the conjecture see [Can, section 2.4].
To illustrate our work and Question 1.1, we state a special
case of our results that proves a special case of the conjecture. This concerns the group SL(𝑛, ℤ), the group of 𝑛 by 𝑛
integer matrices of determinant one.
Theorem 1.2 (Brown, Fisher, Hurtado). Let 𝑀 be a compact
manifold and let 𝜌 ∶ SL(𝑛, ℤ) → Diff(𝑀) be a homomorphism.
Then:
1. if dim(𝑀) < 𝑛 − 1, the image of 𝜌 is finite;
2. if dim(𝑀) < 𝑛 and 𝜌(Γ) preserves a volume form on
𝑀, then the image of 𝜌 is finite.
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Theorem 1.2 strongly restricts the actions of the “large”
group SL(𝑛, ℤ) on manifolds of small dimension. We will
state a more general version below as Theorem 3.2, but do
not go into details of the general conjecture or our most
general results. The proofs of Theorems 1.2 and 3.2 bring
together ideas from four areas:
1.
2.
3.
4.

rigidity theory;
smooth dynamics, particularly hyperbolic dynamics;
homogeneous dynamics, particularly the study of invariant measures;
operator algebras, particularly Lafforgue’s strong property (𝑇).

The combination of ideas from diverse areas seems
quite likely to lead to further dramatic progress on a wide
variety of questions. Rigidity theory arises from the study
of the geometry of locally symmetric spaces, and an iconic
result is Mostow’s rigidity theorem, which plays a key
role in the study of topology of three-manifolds. Hyperbolic dynamics concerns dynamical systems where orbits
diverge and converge quickly, exhibiting chaotic behavior.
Homogeneous dynamics concerns special dynamical systems that are algebraically defined and frequently connect
to number theory. Operator algebras arise out of the study
of quantum mechanics, and the ideas used here arise from
the study of 𝐾-theory and index theorems.
In this article, we will put Theorem 1.2 and the general conjecture in a broader context, state a more general
case of our results formally, and then try to indicate how
ideas from the four areas above contributed to the solution.
First, we will describe a couple of key examples of actions
of large groups on compact manifolds, both of geometric origin, and also give more examples of “large” groups.
These examples help illustrate why Theorem 1.2 is natural.

2. Examples and Motivation
In this section, we provide examples and motivation. First
we describe some natural group actions, then we describe
some more general classes of “large” groups and state a
more general form of Theorem 1.2. Finally, we give a very
brief introduction to some classical results on rigidity of
large groups that motivated Zimmer to conjecture Theorem 1.2.
2.1. First examples of group actions. In this section, we
will describe two constructions of group actions. These
serve two purposes. First, they show that the dimension
bounds in Theorem 1.2 are sharp. Second, they illustrate
that natural group actions often have geometric origin.
Projective actions. First consider the action of the projective
linear group PSL(𝑛, ℝ) on the projective space 𝑃(ℝ𝑛 ). For
our purposes one can also consider the action of a double cover of PSL(𝑛, ℝ) on the (𝑛 − 1)-sphere 𝑆 𝑛−1 . These
actions are obtained by letting any invertible matrix act
on lines or rays through the origin in ℝ𝑛 . The scalar
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matrices act trivially on lines, so this defines an action of
PSL(𝑛, ℝ) = GL(𝑛, ℝ)/𝐷 on 𝑃(ℝ𝑛 ) where 𝐷 is the group
of scalar matrices. If one wants the action on the sphere
and so considers the action on rays, only the positive scalar
matrices act trivially, and so one obtains an action of a
slightly larger group. It is also clear that any subgroup of
PSL(𝑛, ℝ) acts on 𝑃(ℝ𝑛 ). It will be slightly more convenient later on to think of this as an action of SL(𝑛, ℝ) and
its subgroups, in which case we can talk about the action
on either 𝑃(ℝ𝑛 ) or 𝑆 𝑛−1 . This therefore gives examples of
actions of SL(𝑛, ℤ) on manifolds of dimension 𝑛 − 1 and
shows that the first conclusion of Theorem 1.2 is sharp.
The action of SL(𝑛, ℝ) on either 𝑃(ℝ𝑛 ) or 𝑆 𝑛−1 preserves
the natural projective geometry on the space; i.e., it sends
(unparametrized) lines to (unparametrized) lines preserving incidence.
Affine actions. The second example is slightly more subtle.
We have a natural action of SL(𝑛, ℝ) on ℝ𝑛 , and if we restrict this to the integer matrices SL(𝑛, ℤ), then the action
preserves the integer lattice ℤ𝑛 < ℝ𝑛 . This allows us to
define an action of SL(𝑛, ℤ) on the 𝑛 torus 𝕋𝑛 = ℝ𝑛 /ℤ𝑛 .
This action is different from the action on 𝑃(ℝ𝑛 ) in two
regards: first, it doesn’t arise as the restriction of an action of SL(𝑛, ℝ), and second, it preserves the standard volume form on 𝕋𝑛 . As we will discuss at greater length later,
SL(𝑛, ℤ) is a lattice in SL(𝑛, ℝ). Both the group SL(𝑛, ℤ)
and this particular action have played an important role
in the history of this field. This action shows that the second conclusion of Theorem 1.2 is sharp. This action preserves the natural affine geometry on the torus; i.e., it sends
parametrized lines to parametrized lines preserving incidence.
Geometry of the actions. If we let Aff(𝕋𝑛 ) be the full group of
affine diffeomorphisms of the torus and Proj(𝑆𝑛−1 ) be the
group of projective transformations of the sphere, we see
another common element of these two actions. The action
of Aff(𝕋𝑛 ) is transitive on 𝕋𝑛 , and the action of Proj(𝑆𝑛−1 )
is transitive on 𝑆 𝑛−1 . This makes these manifolds into geometrically natural homogeneous spaces, and the actions
of SL(𝑛, ℤ) we define come as symmetries of these homogeneous geometric structures.
One can build many slightly more complicated variants
of these actions by taking subgroups of SL(𝑛, ℝ) and letting them act either on the manifolds described above or
on naturally defined submanifolds. In the next subsection
we will describe some natural subgroups arising geometrically.
2.2. Large groups and geometry. We first consider subgroups of SL(𝑛, ℝ) that are defined as stabilizers of natural geometric objects on ℝ𝑛 . For example, SL(𝑛, ℝ) is the
subgroup of matrices preserving the standard volume form.
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Some other natural examples of subgroups include:
• the symplectic group Sp(2𝑛, ℝ), which is the group
preserving the natural symplectic form;
• the orthogonal group 𝑂(𝑝, 𝑞), which is the subgroup preserving the standard quadratic form of
signature (𝑝, 𝑞) where 𝑝 + 𝑞 = 𝑛;
• the orthogonal group 𝑂(𝑛), which is the subgroup
preserving a positive definite inner product on ℝ𝑛 .
These groups are examples of a class known collectively
as semisimple Lie groups. While most modern accounts begin very differently, the description just given is very much
the classical one: semisimple Lie groups are the linear
groups that preserve some natural geometric structure on
ℝ𝑛 . This classical intuition holds for almost all semisimple Lie groups. There are finitely many exceptional groups
where the connection to geometry is perhaps a bit less natural.
The second class of subgroups of SL(𝑛, ℝ) that will interest us is the discrete subgroups. We will actually be most
interested in a special subclass of discrete subgroups, those
that are lattices in the semisimple Lie groups described
above. For now we will only say that the reader should
keep the group SL(𝑛, ℤ) in mind here.
Groups of symmetries play an important part in many
areas of mathematics, with large groups of symmetries often indicating that objects have special properties. The
simple and semisimple Lie groups are often paradigmatic
examples of “large” symmetry groups. Closed connected
subgroups of these groups are well understood, but their
discrete subgroups remain more mysterious despite much
study. Here we want to relate these to other, less studied
“large” groups, like the group of diffeomorphisms Diff(𝑀)
of a compact manifold.
Just as we obtained subgroups of SL(𝑛, ℝ) by looking
at subgroups preserving natural geometric objects, we can
obtain subgroups of Diff(𝑀) by looking at subgroups preserving a natural geometric structure. For example:
• the subgroup of diffeomorphisms preserving a
volume form on 𝑀, the analogue of SL(𝑛, ℝ) <
GL(𝑛, ℝ);
• the subgroup of diffeomorphisms preserving a
symplectic form on 𝑀, the analogue of Sp(2𝑛, ℝ);
• the subgroup of diffeomorphisms preserving a
quadratic form of signature (𝑝, 𝑞) on 𝑀, i.e., the
isometries of a pseudo-Riemannian metric on 𝑀,
the analogue of 𝑂(𝑝, 𝑞);
• the subgroup of diffeomorphisms preserving a
nondegenerate, positive, symmetric form, i.e., the
isometries of a Riemannian metrc, the analogue
of 𝑂(𝑛).
We will refer to diffeomorphisms preserving any geometric structure like those listed above as isometries of the
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geometric structure. The last example is very special, since
the isometry group of a Riemannian metric on a compact
manifold is always a compact Lie group. For some types
of geometric structures, like a volume form or a symplectic form, the group of isometries remains infinite dimensional. For others, like a pseudo-Riemannian metric or an
affine or projective connection, it is automatically finite
dimensional. In this context, Gromov defined a notion
of rigid geometric structure to try to capture the class of all
geometric structures whose isometry groups are necessarily finite dimensional. A natural question raised independently and in slightly different forms by Gromov and Zimmer is whether any “large enough” subgroup of diffeomorphisms of a compact manifold necessarily preserves some
natural rigid geometric structure on the manifold.
2.3. Lattices and classical rigidity results. An important,
but somewhat indirect, impetus for the question of Gromov and Zimmer comes from the theory of discrete subgroups of Lie groups. A basic example of a discrete subgroup of a Lie group is the subgroup SL(𝑛, ℤ) in SL(𝑛, ℝ).
An interesting fact about this particular discrete subgroup
is that the quotient space SL(𝑛, ℝ)/ SL(𝑛, ℤ) has finite volume. Given a Lie group 𝐺, a discrete subgroup Γ < 𝐺 is a
lattice in 𝐺 if 𝐺/Γ has finite Haar measure. An even more
basic example, which already appeared above, is ℤ𝑛 < ℝ𝑛 .
The class of Lie groups most important for us here is simple
Lie groups of real rank at least 2, and we refer to lattices in
these groups as higher rank lattices. We do not define rank
formally here, but point out that it is exactly the class of
Lie groups whose lattices are known to have very strong
rigidity properties, many of which we will encounter below. Paradigmatic examples are SL(𝑛, ℝ) when 𝑛 > 2 and
SL(𝑛, ℤ) again when 𝑛 > 2. A key motivation for the assumption that 𝑛 > 2 is that there are lattices in SL(2, ℝ)
that are free groups, and for the purposes of the question
we study here, free groups do not appear to be “large.”
There are several senses in which a generic collection of 𝑘
diffeomorphisms of any compact manifold 𝑀 generates a
free group 𝐹𝑘 inside Diff(𝑀), and one cannot expect an invariant geometric structure of any kind this broadly. Free
groups also do not satisfy any of the rigidity properties we
will discuss below.
Two of the main rigidity properties of higher rank lattices are Margulis’s superrigidity theorem, which classifies the
linear representations of these groups, and Margulis’s arithmeticity theorem, which uses the superrigidity theorem to
classify the higher rank lattices. The arithmeticity theorem shows that all the lattices we consider here can be
constructed by more complicated arithmetic analogues of
taking the integer points of a group of matrices. The superrigidity theorem is harder to describe, so here we only
mention a corollary that is a linear analogue of Theorems
1.2 and 3.2 below.
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Corollary 2.1 (Margulis). Let Γ < SL(𝑛, ℝ) be a lattice with
𝑛 > 2. Any homomorphism 𝜌 ∶ Γ → GL(𝑛 − 1, ℂ) has finite
image.
While Margulis’s theorems sound algebraic in nature,
Margulis’s proof of his superrigidity theorem makes extensive use of dynamics and ergodic theory, providing a
general impetus to study rigidity properties of these same
groups in various dynamical settings. All known proofs of
Margulis’s superrigidity theorem use dynamical ideas in an
essential way. This remains true even if one only wants to
prove Corollary 2.1. If Γ < SL(𝑛, ℝ) is cocompact, then
one can give a proof using harmonic map techniques instead, but there is no robust proof of an algebraic nature.

3. The Zimmer Program
In aiming to understand when large subgroups of diffeomorphism groups arose geometrically, Zimmer set the intermediate goal of trying to understand when higher rank
lattices and even higher rank simple Lie groups can act on
manifolds. Zimmer speculated that any action of these
groups on a compact manifold arises geometrically. The
collection of questions and results that arose from this goal
are often referred to as the Zimmer program. A key impetus for Zimmer’s speculation was his discovery of the cocycle superrigidity theorem, which showed that measurepreserving actions of these groups preserve certain kinds
of “measurable geometric structures.” We will not describe
this result in general but will state an analogue of Corollary
2.1 that we will need later.
Corollary 3.1 (Zimmer). Let Γ < SL(𝑛, ℝ) be a lattice, let
𝑛 > 2, and let 𝑀 be a compact manifold of dimension at most
𝑛 − 1. Let 𝜌 ∶ Γ → Diff(𝑀) be a homomorphism. For any Γ
invariant measure 𝜇, the group 𝜌(Γ) preserves a 𝜇-measurable
Riemannian metric 𝑔.
If one could prove that the Riemannian metric 𝑔 of
Corollary 3.1 is smooth, then Corollary 3.1 together with
a more precise form of Corollary 2.1 would imply Theorems 1.2 and 3.2. The point is that the isometry group of
a smooth Riemannain metric is a compact Lie group and
compact Lie groups are linear. The reader may then immediately wonder what a 𝜇-measurable Riemannian metric
is. The simplest answer is that while a Riemannian metric
is usually defined by a family {𝑔𝑖,𝑗 } of smooth functions
that define a positive definite inner product at all points,
here we relax that assumption to allow each 𝑔𝑖,𝑗 to be a 𝜇measurable function while still insisting that {𝑔𝑖,𝑗 } define
a positive definite inner product at 𝜇 almost every point.
Zimmer tended to emphasize the case where 𝜇 was volume
and the Γ action on 𝑀 was volume preserving, but the fact
that Corollary 3.1 holds for all Γ invariant measures is very
important to recent developments. Even in the case when
𝜇 is a volume form, 𝑔 need not define a distance function
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on 𝑀. It may be the case that all curves between all pairs
of points have infinite length! One might hope to find
a way to see that 𝑔 is integrable along a good family of
curves, but all known proofs of analogues of Corollary 3.1
produce metrics with either no or very weak integrability
properties. This oddity has to do with the nature of the
proof: it uses ideas from ergodic theory and makes almost
no use of the smooth structure on 𝑀. We use Corollary 3.1
in our work, but rather than trying to improve regularity of
𝑔, we use an even weaker consequence described below in
Corollary 4.2.
In some special cases Zimmer could prove that 𝑔 was
in fact smooth, and this led him to conjecture in 1983
that this was always the case. The conjecture was typically
phrased in terms of a classification of low-dimensional
actions, but the main impetus was the belief that 𝑔
was smooth. Brown, the author, and Hurtado have
proven many cases of this conjecture and made substantial progress in all cases. The general conjecture and the
full results with Brown and Hurtado require delving into
the structure of simple Lie groups, but a more general version of Theorem 1.2 is:
Theorem 3.2 (Brown, Fisher, Hurtado). Let Γ be a lattice
in SL(𝑛, ℝ), let 𝑀 be a compact manifold, and let 𝜌 ∶ Γ →
Diff(𝑀) be a homomorphism. Then:
1. if dim(𝑀) < 𝑛 − 1, the image of 𝜌 is finite;
2. if dim(𝑀) < 𝑛 and 𝜌(Γ) preserves a volume form on
𝑀, then the image of 𝜌 is finite.
This is more general than Theorem 1.2. Any finite index subgroup of SL(𝑛, ℤ) is also a lattice, and SL(𝑛, ℤ)
has many finite index subgroups. One can build them as
the kernels of a reduction mod 𝑝 map from SL(𝑛, ℤ) →
SL(𝑛, ℤ/𝑝ℤ). There are also many other constructions of
lattices in SL(𝑛, ℝ), producing a wide variety of groups with
no finite index subgroups in common.
While Theorem 3.2 says that the resulting group action
has to factor through a finite quotient of Γ, one should
notice that this implies there is an invariant smooth Riemannian metric. Simply take any smooth Riemannian
metric and average its translates under 𝜌(Γ). Really, the
proof passes through the existence of an invariant smooth
Riemannian metric for 𝜌(Γ) and so is very much along the
lines of showing that “large” symmetry groups of compact
manifolds preserve geometric structures.

4. Ideas in the Proof of Theorem 3.2
The major pivot point of the proof is establishing that
derivatives of the Γ action grow subexponentially. To begin
describing this, we start in the simpler setting of linear algebra and progress to dynamical settings with the linear
model in mind.
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Given an 𝑛 × 𝑛 matrix 𝐴 and a vector 𝑣, it is easy to see
that the norm of 𝐴𝑛 𝑣 grows more slowly than 𝜆𝑛 where
𝜆 = ‖𝐴‖ is the largest absolute value of an eigenvalue of
𝐴, provided 𝜆 > 1. If all eigenvalues are of unit modulus, then the norm of 𝐴𝑛 𝑣 grows polynomially in 𝑛. The
exponential growth is typically called hyperbolic behavior,
while the polynomial growth is called parabolic behavior.
The analogues of these notions in the setting of diffeomorphisms of manifolds are much more complicated. If
𝑓 ∶ 𝑀 → 𝑀 is a diffeomorphism and 𝑣𝑥 is a vector at a
point 𝑥, then 𝐷(𝑓𝑛 )𝑥 𝑣𝑥 is, by the chain rule, a composition
of matrices defined by taking derivatives of 𝑓 along the 𝑓
orbit of 𝑥. In some special cases, this can be modelled well
as a product of random matrices. Random models typically
show nice behavior generically. However, the information
provided by random models is often insufficient to solve
dynamical problems.
In the context of Theorem 3.2, it follows from Corollary 3.1 that the action is almost parabolic generically. By
this we mean that the norms of derivatives grow subexponentially at random points. The bulk of the work
in our proof of Theorem 3.2 is improving the sense in
which derivatives grow subexponentially, from a random
or generic sense to a uniform sense. Once we can show that
derivatives grow subexponentially, the rest of our proof is
mainly an application of Lafforgue’s strong property (𝑇)
combined with some ideas on averaging Riemannian metrics originating in the author’s work with Margulis [FM].
4.1. From random estimates to deterministic estimates.
To make the above discussion precise requires some definitions. The following is an ad hoc variant of a standard definition in the theory of dynamical systems. We first note
that lattices in SL(𝑛, ℝ) are finitely generated and so admit
a word length, which we write as 𝑙 ∶ Γ → ℕ. The probabilistic or generic subexponential growth referred to above
is captured in the following definition.
Definition 4.1. Let 𝜌 ∶ Γ → Diff(𝑀) be an action of a
finitely generated group on a compact manifold. Let 𝜇 be
a measure on 𝑀. We say 𝜌 has zero first Lyapunov exponent
for 𝜇 if
ln ‖𝐷𝜌(𝛾)(𝑥)‖
lim
=0
𝑙(𝛾)
𝑙(𝛾)→∞
for 𝜇 almost every 𝑥 in 𝑀.
The reader may be slightly unsure why we refer to this as
a probabilistic definition but should note that the measure
𝜇 plays a key role. The estimate holds only for almost every
point of 𝜇, and the rate at which the limit converges is also
essentially random both in 𝑥 and Γ. This is a very weak
form of subexponential growth, happening only almost
everywhere for some measure and at a rate that can depend
on both the point in 𝑀 and the sequence of elements going
to infinity in Γ. We now state a consequence of Corollary
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3.1 that shows this slow rate of growth holds for any Γ
invariant measure 𝜇 in the context of Theorem 3.2.
Corollary 4.2 (Zimmer). Let Γ < SL(𝑛, ℝ) be a lattice, let
𝑛 > 2, and let 𝑀 be a compact manifold of dimension at most
𝑛 − 1. Let 𝜌 ∶ Γ → Diff(𝑀) be a homomorphism. Then 𝜌 has
zero first Lyapunov exponent for any 𝜌(Γ) invariant measure 𝜇.
A major difficulty occurs at this point in the proof in
that it is a priori completely unclear that there are any invariant measures for the Γ action on 𝑀. Nevo and Zimmer
had previously proved that either an invariant measure exists or the action had a measurable projective factor [NZ]. This
condition for the existence of an invariant measure was
essentially uncheckable in practice. A different approach
taken by Brown, Rodriguez Hertz, and Wang produced an
invariant measure for the Γ action exactly in the low dimensions relevant to Theorem 3.2 or Corollary 3.1, and
techniques from their proof provide a key ingredient in
ours [BRHW]. To describe the next key step in our work requires another definition. Recall that 𝑙 is a length function
on Γ given by word length.
Definition 4.3. Let 𝜌 ∶ Γ → Diff(𝑀) be an action of a
finitely generated group Γ on a compact manifold 𝑀. We
say 𝜌 has subexponential growth of derivatives if for every 𝜖 > 0
there exists 𝐶 > 0 such that
sup ‖𝐷𝜌(𝛾)𝑥 ‖ < 𝐶𝑒𝜖𝑙(𝛾) .

𝑥∈𝑀

This definition says that the norm of the derivative of
𝜌 grows slower than any exponential function. It is most
important for us here that the estimate is uniform over the
entire manifold and does not depend in any way on the
basepoint or an invariant measure. The reader should note
that this statement is still much weaker than saying derivatives grow at a polynomial rate, but it turns out to be sufficient for our purposes due to deep results of Lafforgue,
which are discussed below.
The most difficult step in the proof of Theorem 3.2 is
the following result.
Theorem 4.4 (Brown-Fisher-Hurtado). Let Γ be a lattice
in SL(𝑛, ℝ), let 𝑀 be a compact manifold, and let 𝜌 ∶ Γ →
Diff(𝑀) be a homomorphism.
1. If dim(𝑀) < 𝑛 − 1, then 𝜌 has subexponential growth
of derivatives.
2. If dim(𝑀) < 𝑛 and 𝜌(Γ) preserves a volume form on
𝑀, then 𝜌 has subexponential growth of derivatives.
We motivate the connection between Theorem 4.4 and
Corollary 4.2 by the following classical proposition.
Proposition 4.5. Let 𝑀 be a compact manifold and let 𝜌 ∶
ℤ → Diff(𝑀) be the action generated by a single diffeomorphism 𝑓. Then 𝜌 has subexponential growth of derivatives if
and only if 𝜌 has zero first Lyapunov exponent for every 𝑓 invariant measure 𝜇.
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The proof of this proposition is quite easy and involves
a simple construction of invariant measures. If one has a
diffeomorphism 𝑓 one can look at averages of Dirac measures over 𝑓 orbits, i.e.,
𝑛

𝜇𝑛,𝑥 =

1
∑𝛿 𝑖 .
𝑛 + 1 𝑖=0 𝑓 (𝑥)

Measures of this kind are often referred to in the literature
as empirical measures. Any collection {𝜇𝑛,𝑥𝑛 } has weak-∗
limits by compactness of 𝑀, and it is easy to check that the
limiting measure is 𝑓 invariant. The point is that 𝑓∗ 𝜇𝑛,𝑥
differs from 𝜇𝑛,𝑥 only by its values at “the boundary” of
the interval [0, 𝑛 + 1], i.e., only at the points 0 and 𝑛 + 1,
and each of these points has mass going to zero with 𝑛.
To show that any action that fails to have subexponential
growth of derivatives has an invariant measure that doesn’t
have zero first Lyapunov exponent, one constructs empirical measures based at points that witness the exponential growth of derivatives. Any weak-∗ limit of a sequence
of such measures can be shown to have positive first Lyapunov exponent.
The difficulty in mimicking this proof for a group like
SL(𝑛, ℤ) or SL(𝑛, ℝ) comes at the step of producing limits of empirical measures. One might think that one can
define analogues of the 𝜇𝑛,𝑥 by, say, averaging Dirac measures against larger and larger balls in any finitely generated group Γ. While one can define such measures and
take their weak-∗ limits, it turns out that these are Γ invariant if and only if Γ is amenable, i.e., only if one can find a
sequence of larger and larger sets in Γ whose boundary is
“relatively small.” In fact, von Neumann originally defined
amenable groups to be groups for which any action on a
compact space had an invariant measure. It is well known
that higher rank simple groups and their lattices are not
amenable.
Overcoming this difficulty is possible but requires a
large detour in the proof of Theorem 4.4, and the bulk
of the work in [BFH1] occurs here. In particular the
proof of Theorem 4.4 mixes techniques and ideas from
nonuniformly hyperbolic dynamics, homogeneous dynamics, and classical rigidity theory. This combination
of ideas seems promising for pursuing myriad other questions related to group actions on manifolds. I will give a
brief overview of the proof of Theorem 4.4, only to point
to various ingredients and where they come from.
4.2. Induced actions and proof outline for Theorem 4.4.
The first step in the proof of Theorem 4.4 uses the notion
of an induced action, a variant of induced representations
due to Mackey. This notion is also similar to the construction of flat bundles. If Γ acts on a manifold 𝑀 via a homomorphism 𝜌 ∶ Γ → Diff(𝑀), then we can build a 𝐺
action on a manifold (𝐺 × 𝑀)/Γ. This can be specified just
by specifying commuting 𝐺 and Γ actions on 𝐺 × 𝑀. We
APRIL 2020

do this by the formula
𝑔(𝑔0 , 𝑚)𝛾 = (𝑔𝑔0 𝛾−1 , 𝜌(𝛾)𝑚).
Note that there is a 𝐺 equivariant map 𝜋 ∶ (𝐺 × 𝑀)/Γ →
𝐺/Γ, and this map exhibits (𝐺 × 𝑀)/Γ as a fiber bundle
over 𝐺/Γ with fiber 𝑀. Also note that the tangent bundle
to (𝐺 × 𝑀)/Γ admits a 𝐺 invariant subbundle consisting of
directions tangent to fibers of the projection 𝜋, i.e., (𝐺 ×
𝑇𝑀)/Γ ⊂ 𝑇(𝐺 × 𝑀)/Γ.
We then define fiberwise zero first Lyapunov exponent and
fiberwise subexponential growth of derivatives for the 𝐺 action
on (𝐺 ×𝑀)/Γ by restricting all derivatives in the definitions
to the invariant subbundle (𝐺 × 𝑇𝑀)/Γ ⊂ 𝑇(𝐺 × 𝑀)/Γ. It
is a relatively easy exercise to see that if Γ < 𝐺 is cocompact, then subexponential growth of derivatives for the Γ
action is equivalent to fiberwise subexponential growth of
derivatives for the 𝐺 action on (𝐺 × 𝑀)/Γ. The situation
when 𝐺/Γ has finite volume but is not compact is considerably more complicated, and we do not discuss it here. At
this point, the structure of Lie groups begins to play an important role. It turns out that 𝐺 can always be written as
a product 𝐾𝐴𝐾 where 𝐾 is compact and 𝐴 is abelian. For
SL(𝑛, ℝ), these groups are 𝐾 = SO(𝑛) and 𝐴 is the group of
diagonal matrices of determinant one. Since 𝐾 is compact,
we can average any Riemannian metric on (𝐺 × 𝑀)/Γ over
the 𝐾 action and obtain a 𝐾 invariant metric. This means
that for the action of 𝐺 any growth of derivatives that we
see comes entirely from the action of 𝐴. Modifying the
proof of Proposition 4.5 and retaining the notation and
terminology above, we prove the following.
Lemma 4.6. Given 𝜌 ∶ Γ → Diff(𝑀) either 𝜌 has subexponential growth of derivatives or there is an 𝐴 invariant measure
𝜇 on (𝐺 × 𝑀)/Γ without fiberwise zero first Lyapunov exponent
for some element 𝑎 in 𝐴.
If 𝜇 were in fact 𝐺 invariant, then this could be seen
to contradict Corollary 4.2. The key point that makes it
possible to prove Lemma 4.6 is that 𝐴 is abelian and so
amenable. This amenability is just the familiar fact that
the surface area of a sphere grows more slowly than the
volume of the ball it encloses.
We proceed by proving that 𝜇 can be replaced by a measure that is in fact 𝐺 invariant. This is done in two steps.
First we average the measure over certain subgroups of 𝐺
to produce a measure 𝜇′ whose projection 𝜋∗ 𝜇′ to 𝐺/Γ is
Haar measure. The difficulty here is to do the averaging
while retaining that 𝜇′ is 𝐴 invariant and that some 𝑎 in
𝐴 has positive first Lyapunov exponent for 𝜇′ . After this
step, we can use a result of Brown, Rodriguez Hertz, and
Wang together with some algebraic computations to show
that 𝜇′ is in fact 𝐺 invariant [BRHW]. This contradiction
shows that 𝜌 does in fact have subexponential growth of
derivatives.
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The step of averaging the measure 𝜇 to produce 𝜇′
makes extensive use of homogeneous dynamics and, in
particular, work of Ratner and Shah [Rat1, Rat2, Sha]. The
work of Brown, Rodriguez Hertz, and Wang pivots on relations between invariant measures and entropy and in particular on an extension of the important work of Ledrappier and Young [LY]. A key ingredient in both parts is the
theory of Lyapunov exponents and particularly the fact
that for actions of an abelian group 𝐴, Lyapunov exponents give rise to linear functionals on 𝐴.
4.3. Strong property (𝑇) and invariant metrics. Once we
have established Theorem 4.4, the remaining step in the
proof of Theorem 3.2 is to use Lafforgue’s strong property
(T) to find a Γ invariant metric. This is quite surprising, as
Lafforgue introduced this property to study deep conjectures concerning 𝐾-theory of operator algebras. The other
applications of the property to date have concerned geometry of Banach spaces and theory of computation.
It is known by results of Lafforgue, de Laat, and de la
Salle that strong property (𝑇) holds for all higher rank lattices in the sense of this article [Laf, dLdlS, dlS]. Therefore
Theorem 4.4 combined with Theorem 4.7 below immediately gives an invariant smooth Riemannian metric in the
context of Theorem 3.2. The definition of strong property
(𝑇) is already quite involved and uses either several quantifiers or the introduction of certain operator algebraic notions, so we do not give it here. Instead we mention that it
is a strengthening of Kazhdan’s property (𝑇). The simplest
definition of property (𝑇) is that a group Γ has property
(𝑇) if every isometric action of Γ on a Hilbert space fixes a
point. This means that all isometric actions are conjugate
to unitary representations.
We summarize this step in the proof of Theorem 3.2 in
the following theorem.
Theorem 4.7 (Brown, Fisher, Hurtado). Let Γ be a group
with the strong property (𝑇) of Lafforgue. Let 𝑀 be a compact
manifold and let 𝜌 ∶ Γ → Diff(𝑀) be an action of Γ that
has subexponential growth of derivatives. Then 𝜌(Γ) preserves
a smooth Riemannian metric on 𝑀.
We indicate the ideas in the proof of Theorem 4.7 and
the importance of strong property (𝑇) by contrasting the
theorem with an earlier result of the author and Margulis
[FM].
Theorem 4.8 (Fisher, Margulis). Let Γ be a group with property (𝑇) of Kazhdan, let 𝑀 be a compact manifold, and let
𝜌 ∶ Γ → Isom(𝑀) be an isometric action. Then any action
𝜌′ ∶ Γ → Diff(𝑀) close enough to 𝜌 also preserves a smooth
Riemannian metric.
In fact, the author and Margulis prove the stronger result that 𝜌′ is conjugate to 𝜌, but the proof of this weaker
result is closer to the proof of Theorem 4.7. We now
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sketch the common outline of the proofs of Theorems
4.7 and 4.8. Choose a finitely supported measure 𝜇 on
1
Γ, say 𝜇 =
∑𝑠∈𝑆 𝛿𝑠 , for some finite generating set 𝑆
|𝑆|

of Γ. Choose a smooth metric 𝑔0 on 𝑀 and consider
𝑔𝑛 = ∫Γ 𝜌(𝑠)∗ 𝑔𝑛−1 𝑑𝜇(𝑠), the sequence of metrics given by
repeated averaging of 𝑔0 with respect to 𝜇 and 𝜌. One then
uses either property (𝑇) or strong property (𝑇) together
with some dynamical estimates and some Sobolev theory
to prove that 𝑔𝑛 converge to a smooth metric 𝑔∞ that is Γ
invariant.
A key difference between the proofs of Theorems 4.7
and 4.8 is in the control on derivatives given by the hypothesis. The hypotheses of Theorem 4.8 imply that there
is an 𝜖 (depending on how close 𝜌′ is to 𝜌) such that
sup ‖𝐷𝜌(𝛾)‖ ≤ 𝑒𝜖𝑙(𝛾) .
𝑥∈𝑀

In other words, the assumption implies immediate slow
exponential growth of derivatives. The presence of the
constant 𝐶 in Definition 4.3 means that our definition of
subexponential growth of derivatives is really about eventual slow exponential growth of derivatives, meaning in
particular that the derivatives can have very large norm for
small elements of Γ.

5. Concluding Remarks
While Theorem 3.2 is a major breakthrough in the Zimmer
program, many interesting questions remain open. While
Theorem 3.2 is sharp for lattices in SL(𝑛, ℝ) and the proof
also provides sharp results for Sp(2𝑛, ℝ), for all other simple groups 𝐺, the results we prove are not sharp. In some
sense our results are worse for the finite collection of exceptional simple groups and worst for the largest one, 𝐸8 .
But the larger question that remains broadly open, even for
lattices Γ < SL(𝑛, ℝ), is classifying actions in dimensions
greater than those understood by Theorem 3.2. A number
of striking results have been proven where the dimension
is arbitrary but always with some additional geometric or
dynamical restriction on the action. The proof of Theorem
3.2 gives hope that unrestricted results might begin to be
accessible in higher dimensions as well.
To close, we describe a key obstruction to further
progress in the Zimmer program. There are examples of
𝑛-dimensional manifolds whose symmetry group is a lattice in SL(𝑛, ℝ) but which do not admit a rigid geometric structure. The simplest example is obtained by taking
the SL(𝑛, ℤ) action on 𝕋𝑛 and blowing up the origin in the
standard algebro-geometric sense. This example was first
pointed out by Katok and Lewis, and the fact that it does
not admit a rigid geometric structure was proven by Benveniste and the author [KL, BF]. Benveniste and the author do introduce a different type of geometric structure
that is preserved. The techniques used to prove Zimmer’s
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conjecture point to various approaches to classifying actions of SL(𝑛, ℤ) on manifolds in dimension 𝑛, but all
require something new to deal with the issues raised by
exactly these examples. Very recently, the author has discovered some new and distinct constructions of actions of
both SL(𝑛, ℝ) and SL(𝑛, ℤ) on manifolds in dimension 𝑛.
All of these exhibit structure similar to the Katok–Lewis
examples in that they are formed by taking connected
sums over invariant sets and the interior of the “pieces”
are all homogeneous spaces with natural geometric structures. These geometric structures appear to degenerate in
a manner similar to the examples of Katok and Lewis.
Remark. We add some suggestions for further reading here,
where the interested reader can find more detailed bibliographies. For a fairly gentle and detailed overview of
the Zimmer program from 2011, see [Fis1]. In particular, [Fis1] points to numerous other problems and directions of research not touched on here. For a more technical update focusing on the developments leading up to
the results described here, see [Fis2]. For a more detailed
introduction to some aspects of our proofs, see [Bro] or
[Can]. For a full account of proofs, see the original articles
[BFH1, BFH2, BFH3].
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