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A WORD FROM...
Alexander Hoover and Alexander Wiedemann1

Board Members of Spectra, the Association for LGBT Mathematicians

During the month of June, communities all around the country are celebrating LGBTQ+ 
pride. In other years, the celebrations would range from citywide parades down wide bou-
levards to small community gatherings in public parks. With the covid-19 pandemic, this 
year’s celebrations are likely to involve virtual parades and gatherings, or even the simple 
act of raising a rainbow flag outside a window or on a front porch. Even in these sad and 
challenging times, many voices will still come together to form a diverse chorus with a 
message of celebrating one’s sexual identity and gender expression, one that reflects the 
palpable changes in society in the past fifty years. The LGBTQ+ community cuts across all 
demographics, and from this inherent diversity we find strength in supporting each other. 
At its core, LGBTQ+ pride is about celebrating the communities that allow us to be more 
authentic versions of ourselves.

For as long as there has been mathematics there have been LGBTQ+ mathematicians. 
You most likely have been taught by one, or at the very least attended a talk given by one. 
Almost certainly you have had LGBTQ+ students in your classes, and maybe even written 
letters of recommendation for some. Indeed, recent reports find 20% of undergraduates 
describing their sexuality as nonheterosexual and 2.3% describing their gender as some-
thing other than a cisgender man or woman (cisgender means having the same gender 
identity as the gender assigned at birth).2 If your mental inventory of LGBTQ+ students and 
colleagues comes back empty, know that many of us are reluctant to be out professionally 
as an act of self-preservation. Beyond the threat of physical harm, there is a mental calcu-
lus of potential pitfalls in being out due to the biases of those evaluating us. These biases 
can manifest at all stages of our career: a professor writing a reference letter, a potential 
graduate advisor, a member of a hiring committee, a student answering course reviews, or 
a colleague in our department.

Many LGBTQ+ mathematicians have to make these judgment calls and, first and 
foremost, should only do what they are comfortable with. However, the effect of these 
uncertain outcomes can result in a vacuum, as the lack of visible LGBTQ+ representation 
in mathematics informs and shapes our discipline. There should also be recognition of the 
privilege of being able to make this choice, since many members of the LGBTQ+ community 

do not have the luxury of “passing” as straight or cisgender. These members of our community are more likely to 
face the reality of discrimination and rejection that are constant fears in most of our minds.

These fears have unmistakable effects on our academic community. Recent studies found that 70% of first-year 
LGBTQ+ college students consider leaving school out of fear of being bullied or harassed.3 Furthermore, 73% of 
LGBTQ+ youth experience verbal threats due to their actual or perceived LGBTQ+ identity, only 13% hear positive 

Alexander Hoover (he/him/his) is an assistant professor of mathematics at the University of Akron. His email address is ahoover1@uakron.edu.

Alexander Wiedemann (he/him/his) is a visiting assistant professor of mathematics and computer science at Davidson College. His email address is  
alwiedemann@davidson.edu.
1The opinions expressed here are not necessarily those of the Notices or the AMS.
2American College Health Association et al., American College Health Association—National college health assessment II: Undergraduate student 
reference group data report, spring 2019, 2019. 
3Susan Rankin, W. J. Blumenfeld, G. N. Weber, and Somjen Frazer, State of higher education for LGBT people, Charlotte, NC: Campus Pride (2010).
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messages about the LGBTQ+ community at school, and only 26% always feel safe in the classroom.4 Undergraduates who 
identify as a sexual minority are 7% less likely to be retained in STEM majors than their heterosexual peers.5

LGBTQ+ faculty report experiencing hostile or unsupportive work climates and often decide to remain closeted in aca-
demia.6 A recent survey found that over 40% of LGBTQ+ members in STEM have not identified themselves as LGBTQ+ to 
colleagues even if they are out at home.7 At times, the only tangible LGBTQ+ community many LGBTQ+ mathematicians 
have is restricted to fortuitous personal relationships with others in their field or at the very few meetings with LGBTQ+ 
events, like those sponsored by Spectra, the Association for LGBTQ+ Mathematicians, at the Joint Mathematics Meetings. 
For more examples of the challenges LGBTQ+ mathematicians face we encourage you to look at the transcript of the 
AWM-Spectra Queer Families in Academia Panel later in this issue.

This Pride Month, we call on everyone in the mathematical community, both LGBTQ+ and not, to reflect on their role 
in fostering a safe and nurturing space for LGBTQ+ mathematicians. This call is especially directed at those who are in 
positions of institutional power and less likely to be negatively affected by pushback or backlash that could result when 
bringing up these issues in certain settings. Many of the most vulnerable members of our community need visible men-
tors and allies to support them in their journey. Stories of struggling transgender, nonbinary, and gender nonconforming 
mathematicians are not hard to find,8 and their vulnerability affects us all.

Part of this call is for mathematicians who are LGBTQ+ to actively “lean in” to their identity and to seek community. 
The importance of visible LGBTQ+ representation cannot be understated, and every LGBTQ+ faculty member holds more 
potential to create a sense of safety and belonging in their classroom and department than any chief diversity officer could 
hope to have. Key to this is finding a balance between being an “LGBTQ+ mathematician” and being a “mathematician 
who is LGBTQ+.” The former is a mathematician that actively engages with the LGBTQ+ academic community, while the 
latter is a person who identifies primarily as a mathematician and is also LGBTQ+. By no means are these roles exclusive, 
and finding a functional balance between the two will vary from person to person. This route may lead to learning how 
to be deliberate with your identity and unlearning some of the defense mechanisms that have shielded us.

There are many ways to be actively LGBTQ+ in mathematics: be out to students and colleagues; engage with LGBTQ+ 
student groups, STEM or otherwise; give a talk on your work and give an aside about your experience; engage and program 
events with other members of Spectra; organize or attend workshops and conferences that celebrate the duality of your 
identity as a LGBTQ+ mathematician; add yourself to the Outlist on Spectra’s website;9 use Twitter to connect with other 
members of the community and gain insights that would otherwise be inaccessible; know the issues affecting members 
of our community as a whole and fight for the most vulnerable.

We also call on non-LGBTQ+ mathematicians to recognize that LGBTQ+-blind atmospheres, even if well intentioned, 
serve to ignore the problem and implicitly reinforce heteronormative standards. Allyship means actively listening and 
taking well-informed action: send out pre-semester surveys that ask for preferred names and pronouns and include your 
own in the syllabus; add an inclusion statement to your syllabus and take time in class to discuss expected norms; know 
what resources are available on your campus, for students and faculty alike, and use them; add yourself to the Allylist on 

4Human Rights Campaign, 2018 LGBTQ youth report, 2018.
5Bryce E. Hughes, Coming out in STEM: Factors affecting retention of sexual minority STEM students, Science Advances 4 (2018), no. 3. 
6Diana Bilimoria and Abigail J. Stewart, “Don’t ask, don’t tell”: The academic climate for lesbian, gay, bisexual, and transgender faculty in science 
and engineering, NWSA Journal (2009), 85–103.
7Jeremy B. Yoder and Allison Mattheis, Queer in STEM: Workplace experiences reported in a national survey of LGBTQA individuals in science, 
technology, engineering, and mathematics careers, Journal of Homosexuality 63 (2016), no. 1, 1–27.
8Jo Boaler, Living proof: Stories of resilience along the mathematical journey, 2020.
9Spectra: The Association of LGBT Mathematicians, www.lgbtmath.org.
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Spectra’s site; complete Safe Space training. When in doubt, the best advice is to ask your students questions like “Do 
you feel respected/included?” and “What makes you feel respected/included?” on mid-course evaluations. The responses 
will not only grant insightful and course-specific feedback, but simply asking can make students feel like their identities 
are recognized and valued.

Mathematics is a discipline created, taught, and learned by people whose humanity should not be ignored, and our 
mathematical spaces are forged by the identities of those within them. This Pride Month, we ask that all members of the 
mathematical community reflect on their perspectives, and acknowledge that LGBTQ+ faculty and student experiences and 
identities cannot be dismissed without harm. We call for active, intentional efforts to create a mathematical community 
in which LGBTQ+ faculty and students feel safe, supported, and validated in all aspects of their identity.

ACKNOWLEDGMENTS. The authors would like to thank the other members of the Spectra board for input, comments, 
and suggestions during the writing of this article. Additional thanks are directed to Torin Greenwood and Luke Seaton 
for their input. We encourage other LGBTQ+ mathematicians to join the Spectra email list at www.lgbtmath.org.
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LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

To the Editor
Jana Gevertz and Joanna Wares illuminate the challenges 
that top mathematics departments face in diversifying their 
graduate student populations. However, increasing the 
number of applicants from historically under-represented 
groups cannot, by itself, fully meet these challenges. We 
must also expand the cohort of students who are prepared, 
both personally and academically, for graduate study, and 
increase the number of institutions that are able to meet 
the needs of a more diverse student body.

Postbaccalaureate programs can provide the necessary 
academic preparation and personal mentorship. We repre-
sent the Postbaccalaureate Certificate in Mathematics pro-
gram at Iowa State University and the Causeway Program 
at Northwestern University. By focusing on coursework, 
mentorship opportunities, and career orientation, our 
programs strengthen the foundations for graduate study 
and help students build confidence.

To make an impact, more institutions must join in these 
efforts by creating their own programs or by contributing 
to the sustainability of an existing program. In October 
the American Institute of Mathematics will host a confer-
ence on best practices for postbaccalaureate programs (see 
aimath.org/workshops/). Institutions can help sustain 
an existing program by joining the Causeway Consortium.

There is no silver bullet here. Lack of diversity in our 
graduate programs is persistent, severe, and a blight on our 
profession. Meeting this challenge requires a multifaceted 
approach that includes increasing numbers and improving 
preparedness—among both applicants and institutions.

Signed, 

John M. Alongi, Professor of Instruction  
of Mathematics, Northwestern University

Santiago Cañez, Associate Professor of Instruction 
of Mathematics, Northwestern University

Bryna Kra, Sarah Rebecca Roland Professor 
of Mathematics, Northwestern University

Bernard Lidicky, Associate Professor,  
Mathematics, Iowa State University

Onnie Rogers, Assistant Professor, Department of Psychology, 
Faculty Fellow, Institute for Policy Research,  

Northwestern University

Michael Young, Associate Professor, 
Department of Mathematics, Iowa State University

Letter to the Editor
I was thinking about a recent article in Notices and mem-
bership. I felt compelled to write a few thoughts down.

I am not a mathematician, or a professor, or in academia; 
I am an engineer with a bachelor’s degree. It was years ago 
that I decided to put the compulsive side of me to good 
use. I love to delve into things that seem trivial to most. 
Spending hours in libraries when I was younger. Now, 
in my home office, entertaining fanciful cerebration of 
complexities and simplicities. Most of which are in vain, 
however I persist.

It is the quiet gems in life that fascinate me. The ideal 
of things hidden to all but the initiated. The thoughts, the 
dreams, and the discovery of the schemes. It draws me 
to the American Mathematical Society. It takes me years, 
and sometimes never, to fully appreciate the complexities 
presented in just one article. The perspective of applying 
a discipline in new and imaginative ways that our future 
calls upon us to invest in. To venture out of the prescribed 
ways, I get a glimpse of wonderous thoughts.

The authors—the brave, the talented, the steadfast; how 
their work speaks to the definition of character. I am in 
awe of them. These people who think in silence, who work 
tirelessly to reveal hidden meaning to us. The surprises. Yes, 
every issue has them in so many ways. The latest—“Demo-
graphic Population Cycles in Infectious Salmon Anemia 
Models.” A fascinating tale. Broken down to concepts and 
yet leaves the reader to discover the numerous complexities 
of it all. It draws the curious to a place where we want to 
know more.

I thank you for providing a place where I am welcomed 
to gaze upon your world. A place where imagination is 
fostered. The humble and imaginative. The love of your 
chosen path outlined on pages. For what you believe in, 
requires you to invest. It is up to us, those willing to travel 
along with you, to care more and do more. I thank you for 
allowing me to be part of this noble endeavor. I will support 
AMS in whatever ways that I can.

—Dave Nowicki, AMS Member 
Denver, CO 

davidnowicki56@gmail.com

(Received February 5, 2020)
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Eric Zaslow, Professor and Chair, 
Mathematics, Northwestern University

(Received February 13, 2020)

The Elephant in the Room
We write in regard to “Reflections of a Mathematics 
Teacher Educator: Considerations for Mathematicians 
Who Teach Teachers,” February 2020 Notices. We, like Dr. 
Eubanks-Turner, share a profound concern for the edu-
cation of teachers, and we believe “[t]eachers need to see 
clear connections between the mathematics that they are 
learning and the mathematics that they will teach.” In fact, 
we agree with most of what she says; it is what is not said 
that raises our alarm. If we are to make serious progress in 
improving K12 mathematics education, we must acknowl-
edge The Elephant in the Room: nearly every prospective 
teacher learned a defective version of mathematics in 
primary and secondary school, and unless some action is 
taken to provide a correct version, the defects will be passed 
on to multiple generations of students and the cycle of 
non-learning will continue.

One might think that a university mathematics educa-
tion would be sufficient to give teachers the tools they need 
to repair their knowledge, but this is not the case. Prospec-
tive teachers need more than “clear connections”—they 
need to learn, for the first time, a coherent version of the 
mathematics that they will teach. Even a graduate degree 
in mathematics isn’t automatically sufficient—I (JFA) have 
been surprised at how many university faculty have claimed 
that students must learn fraction multiplication before 
fraction addition because multiplication is needed for the 
following “justification” of equivalent fractions:

The logic here is circular; 1 = c
c is assuming what is to be 

proved. In any case, the concept of equivalent fractions is 
so fundamental that it really needs to be learned almost 
immediately after fractions are defined.

Another example may be taken from JFA’s daughter’s 
fourth grade math text. Therein, students are encouraged 
to reduce 12

16 as follows:

This is problematic for several reasons. First, division isn’t 
introduced until several chapters later. Presumably they are 
supposed to write

The other problem is that, when they do learn fraction 
division, they will learn the invert-and-multiply rule, hence 
will be taught to write this:

which is totally unhelpful for reducing fractions. This is not 
mathematics. This is incoherent nonsense. And one of the 
authors of the text is a renowned mathematician.

A final example is taken from my (BLP’s) experience as a 
high school teacher. One year, my department identified a 
lack of “understanding” of percent among our students. We 
attempted to improve their understanding by “explaining” 
percent through examples and exploratory activities. At 
the end of the day, what students gained was the ability to 
recognize when they needed to move the decimal point one 
way or another, but not the understanding of the relation-
ship between moving a decimal point and multiplying by a 
power of ten. I see now that, had we given a clear definition 
of “N percent” as  N

100, we would have given students a real 
tool to move forward with. As passionate teachers, we were 
willing to go the distance to help students, but were not 
equipped with the tools to do so effectively. We should be 
encouraging students to ask “why?” but we must be ready 
with mathematically correct answers. I had never been taught 
anything more than “move the decimal point” nor had I 
ever thought to question why we did it. Ever since learn-
ing a coherent version of school mathematics, including a 
definition of percent, my eyes have been opened to the tragic 
ineffectiveness of education without such definitions.

We can do better than this. It is up to us in the pro-
fessional mathematics community to contribute. Dr. Eu-
banks-Turner mentions the issue of access: “Further, this 
helps dispel beliefs that mathematics is accessible only to 
certain people who are ‘smart enough to get it.’” Yes, we 
should change the culture, but a necessary step towards 
doing so is to change the curriculum. All evidence points 
to the great difficulty most students face in making sense 
of the disjointed, haphazard assortment of facts presented 
to them; it is understandable that many give up in the face 
of such a task. Common Core is an important step in the 
right direction, but teachers and parents misunderstand it, 
so there is much work left to be done.

One of the most crucial steps is to give precise, usable 
definitions of concepts, like “fraction.” Working with a 
well-formulated definition empowers the user in surprising 
ways, as has been borne out in professional mathematics 
since the mid-20th century. In reply to those who would 
argue that reasoning based on precise definitions is not 
appropriate for K12, we respond thus.
1. We as a discipline learned the hard way that reasoning 

from intuitive (but imprecise) formulations does not 
lead reliably to correct conclusions.

2. We cannot dismiss (1) in the K12 context just because 
we happen to know that we “got the correct answer 
this time.”

3. It is extraordinarily unjust to deny students access to 
the methodology that allows us to be confident in 
our conclusions. By so denying, we force them into 
rote learning.
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So by all means, do the things Dr. Eubanks-Turner rec-
ommends. But we must also teach future teachers a corrected 
version of the mathematics that they will have to teach. It is not 
fair to expect them to figure it out themselves.

We must acknowledge The Elephant in the Room.

Respectfully,

Jeremy F. Alm, Professor of Mathematics, 
Lamar University

Brandy L. Palmer, Instructor of Mathematics, 
Lamar University

(Received February 29, 2020)
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Enumerative Geometry
of Plane Curves

Lucia Caporaso
1. Spaces of Plane Curves
Counting problems are among the most basic in math-
ematics. Enumerative geometry studies these problems
when they concern geometric entities, but its interaction
with other areas has been overwhelming over the past three
decades. In this paper we focus on algebraic plane curves
and highlight the interplay between enumerative issues
and topics of a different type.

The classical ambient space for algebraic geometry is the
complex projective space,ℙ𝑟, viewed as a topological space
with the Zariski topology. The Zariski closed subsets are
defined as the the zero loci of a given collection of homoge-
neous polynomials in 𝑟+1 variables, with coefficients inℂ.
These closed sets are called “algebraic varieties” when con-
sidered with the algebraic structure induced by the polyno-
mials defining them.

Plane curves are a simple, yet quite interesting, type of
algebraic variety. As sets, they are defined as the zeroes in
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the plane, ℙ2, of a nonzero homogeneous polynomial in
three variables. A homogeneous polynomial of degree 𝑑
in three variables, 𝑥0, 𝑥1, 𝑥2, has the form

𝐺𝑑 = ∑
𝑖+𝑗+𝑘=𝑑
𝑖,𝑗,𝑘≥0

𝑎𝑖,𝑗,𝑘𝑥𝑖0𝑥
𝑗
1𝑥𝑘2 , (1)

where the coefficients 𝑎𝑖,𝑗,𝑘 are in ℂ. The set of all such

polynomials is a complex vector space of dimension (𝑑+2
2
)

and, by definition, two nonzero polynomials determine
the same curve if and only if they are multiples of one
another. Therefore the set of all plane curves of degree 𝑑
can be identified with the projective space of dimension
𝑐𝑑 ≔ (𝑑+2

2
) − 1 = 𝑑(𝑑 + 3)/2,

𝑃𝑑 ≔ space of plane curves of degree 𝑑 = ℙ𝑐𝑑 .
If 𝑑 is small, these spaces are well known. For 𝑑 = 1

we have the space of all lines, which is a ℙ2. For 𝑑 = 2
we have the space of all “conics,” a ℙ5. This is more in-
teresting as there are three different types of conics: (a)
smooth conics, corresponding to irreducible polynomials;
(b) unions of two distinct lines, corresponding to the prod-
uct of two polynomials of degree 1 with different zeroes;
and (c) double lines, corresponding to the square of a poly-
nomial of degree 1. Notice that conics of type (c) form a
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space of dimension 2 and conics of type (b) form a space
of dimension 4, as each of the two lines varies in ℙ2. Since
the family of all conics has dimension 5, we see that most
conics are smooth or, with a suggestive terminology, “the
general conic is smooth,” which is a shorthand for “the
set of smooth conics is dense and open in the space of all
conics.”

The assortment of types of curves gets larger as the de-
gree 𝑑 gets larger, but for any 𝑑 the general curve in 𝑃𝑑 is
smooth, i.e., given by a polynomial whose three partial
derivatives have no common zeroes.

So, smooth curves form a Zariski open dense subset in
𝑃𝑑. This claim is an instance of a remarkable phenomenon
in algebraic geometry. Indeed, let 𝑆𝑑 be the subset in 𝑃𝑑
parametrizing singular (i.e., nonsmooth) curves. By what
we said, 𝑆𝑑 is closed in 𝑃𝑑, hence the zero locus of some
polynomials; therefore 𝑆𝑑 is an algebraic variety. More-
over, as we shall see, the geometry of 𝑆𝑑 is all the more
interesting as it reflects some properties of the curves it
parametrizes. The phenomenon we are witnessing is the
fact that the sets parametrizing algebraic varieties of a cer-
tain type have themselves a natural structure of algebraic
variety; they are usually called “moduli spaces” and are a
central subject in current mathematics.

In this spirit, let us go back to plane curves and give an
interpretation to the dimension of the spaces of curves we
encountered so far. We introduced in (1) the general poly-
nomial, 𝐺𝑑, of degree 𝑑; now we consider the projective
space 𝑃𝑑 with homogeneous coordinates {𝑎𝑖,𝑗,𝑘, ∀𝑖, 𝑗, 𝑘 ≥
0 ∶ 𝑖+𝑗+𝑘 = 𝑑}, and the product 𝑃𝑑×ℙ2. The polynomial
𝐺𝑑 is bihomogeneous of degree 1 in the 𝑎𝑖,𝑗,𝑘, and 𝑑 in the
𝑥𝑖. Therefore the locus where 𝐺𝑑 vanishes is a well-defined
subset of 𝑃𝑑 × ℙ2, and it is an algebraic variety which we
denote by ℱ𝑑. We view ℱ𝑑 as a “universal family” of plane
curves of degree 𝑑. In fact we have the two projections,
written 𝜋1 and 𝜋2,

ℱ𝑑 ⊂ 𝑃𝑑 × ℙ2
𝜋1

zzttt
ttt

ttt
tt 𝜋2

%%J
JJ

JJ
JJ

JJ
J

𝑃𝑑 ℙ2

(2)

and the restriction of 𝜋1 to ℱ𝑑 expresses it as a family of
plane curves: the preimage in ℱ𝑑 of a point, [𝑋] ∈ 𝑃𝑑,
parametrizing a curve, 𝑋 ⊂ ℙ2, is isomorphic to 𝑋 , and
it is mapped to 𝑋 by the projection, 𝜋2, to ℙ2.

The fact that 𝑃𝑑 has dimension 𝑐𝑑 = 𝑑(𝑑 + 3)/2 tells
us that if we fix 𝑐𝑑 points in ℙ2 there will exist some
curve of degree 𝑑 passing through them, and the curve
will be unique for a general choice of points. In fact, fix
𝑝1, … , 𝑝𝑐𝑑 ∈ ℙ2; a curve passes through 𝑝𝑖 if the poly-
nomial defining it vanishes at 𝑝𝑖. Therefore the curves
passing through our points are determined by imposing
𝐺𝑑(𝑝𝑖) = 0 for all 𝑖 = 1, … , 𝑐𝑑. This gives the following

system of 𝑐𝑑 homogeneous linear equations in 1 + 𝑐𝑑 un-
knowns (the 𝑎𝑖,𝑗,𝑘):

𝐺𝑑(𝑝1) = ⋯ = 𝐺𝑑(𝑝𝑐𝑑 ) = 0.
The solutions of this system form a vector space of dimen-
sion at least 1, with equality if and only if the equations
are linearly independent, which will happen for general
points 𝑝1, … , 𝑝𝑐𝑑 . Since a one-dimensional vector space of
polynomials corresponds to a unique curve, we derive that
there exists at least one curve through our fixed points, and
the curve will be unique for a general choice of points. In
short

𝑐𝑑=max {𝑛∶any 𝑛 points in ℙ2 lie in a curve of degree 𝑑} ,
and we solved our first, however easy, enumerative prob-
lem by showing that the number of curves of degree 𝑑 pass-
ing through 𝑐𝑑 general points is equal to 1. The phrase
“general points” means that the 𝑐𝑑 points vary in a dense
open subset of (ℙ2)𝑐𝑑 .

Let us now focus on 𝑆𝑑, the space of singular plane
curves of degree 𝑑. It turns out that 𝑆𝑑 is a hypersur-
face in 𝑃𝑑, i.e., the set of zeroes of one polynomial, hence
dim𝑆𝑑 = 𝑐𝑑−1. Arguing as before, the dimension of 𝑆𝑑 can
be interpreted as the maximum number of points in the
plane which are always contained in some singular curve
of degree 𝑑.

For instance, four points always lie in some singular
conic, and it is easy to describe which. If the four points
are general (i.e., no three are collinear), there are exactly
six lines lines passing through two of them, and our con-
ics are given by all possible pairs of them. This gives a total
of three conics pictured in Figure 1.
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Figure 1. The three singular conics through four points.

If three of the fixed points are collinear, we take all
conics given by the union of the line through the three
points with any line through the fourth point; since the
set of lines through a point has dimension one, we get a
one-dimensional space of conics. If the four points are
collinear, we have the two-dimensional space of conics
given by the union of the line through the points with an
arbitrary line.

Summarizing, if (and only if) the four points are gen-
eral (i.e., no three are collinear), there exist finitely many
singular conics through them, and the number of such
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conics is always three, regardless of the choice of the four
points.

As easy as this is for conics, things get more complicated
already for 𝑑 = 3. Here dim𝑆3 = 8, and counting the
“cubics” through eight points is much harder.

The key is to give this number a different interpretation1

and identify it with another invariant of 𝑆𝑑, its degree as a
subvariety of 𝑃𝑑.

2. The Degree of the Severi Variety
The degree of a subvariety in projective space is the num-
ber of points of intersection with as many generically cho-
sen hyperplanes as its dimension. In 𝑃𝑑 there are hyper-
planes with a special geometric meaning, parametrizing
curves passing through a fixed point. Indeed, let 𝑝 be a
point in ℙ2, and let𝐻𝑝 be the locus in 𝑃𝑑 of curves through
𝑝:

𝐻𝑝 = {[𝑋] ∈ 𝑃𝑑 ∶ 𝑝 ∈ 𝑋}. (3)

Thus 𝐻𝑝 is the zero locus in 𝑃𝑑 of the homogeneous linear
polynomial 𝐺𝑑(𝑝), hence 𝐻𝑝 is a hyperplane. Therefore,
deg 𝑆𝑑, the degree of 𝑆𝑑, is the number of singular curves
passing through dim𝑆𝑑 general points, as claimed. Recall-
ing that dim𝑆𝑑 = 𝑐𝑑 − 1, we want to solve the following.

Problem 1. Compute the number of singular plane curves
of degree 𝑑 passing through 𝑐𝑑 − 1 general points. Equiva-
lently, compute the degree of 𝑆𝑑.

Since 𝑆𝑑 is a hypersurface, its degree is equal to the num-
ber of points of intersection with a general line. So, we fix
a general line, 𝐿, in 𝑃𝑑 and notice that 𝐿 corresponds to a
family of curves of degree 𝑑, a so-called “pencil of curves.”
More precisely, from diagram (2) we restrict the projection
ℱ𝑑 → 𝑃𝑑 over 𝐿 to get a map

𝜙 ∶ 𝒳 ⟶ 𝐿 ⊂ 𝑃𝑑
whose fiber over every point, ℓ ∈ 𝐿, is the plane curve
of degree 𝑑 corresponding to the curve parametrized by ℓ.
The word “pencil” indicates that the base of the family, 𝐿,
is a line.

We identify 𝐿 with ℙ1 and denote by 𝑡0, 𝑡1 its homoge-
neous coordinates. Then our pencil is given by the zeroes
in ℙ1𝑡0,𝑡1 × ℙ2𝑥0,𝑥1,𝑥2 of a polynomial

𝐹(𝑡0, 𝑡1; 𝑥0, 𝑥1, 𝑥2),
bihomogeneous of degree 1 in 𝑡0, 𝑡1 and 𝑑 in 𝑥0, 𝑥1, 𝑥2, so
that 𝒳 ⊂ ℙ1 × ℙ2 is set of zeroes of 𝐹. Since 𝐿 is a gen-
eral line in 𝑃𝑑, it intersects 𝑆𝑑 transversally in finitely many
points. These are the points of 𝐿 such that the fiber of 𝜙
is singular, and our goal is to count them. We first count
the singular points of the fibers of 𝜙, which are determined

1“Mathematics is the art of giving the same name to different things.”
—H. Poincaré

by the solutions of the following system, where 𝐹𝑥𝑖 is the
partial derivative with respect to 𝑥𝑖,

𝐹𝑥0 = 𝐹𝑥1 = 𝐹𝑥2 = 0. (4)

Since 𝐹 is bihomogeneous of bidegree (1, 𝑑), each 𝐹𝑥𝑖 is
bihomogenous of bidegree (1, 𝑑 − 1) and corresponds to a
hypersurface in ℙ1 ×ℙ2 of the same bidegree. The number
of solutions of the system (4) is thus the number of points
of intersection inℙ1×ℙ2 of three hypersurfaces of bidegree
(1, 𝑑 − 1).

We do know how to compute this number because we
can compute intersections in projective space.

We write 𝐻∗(ℙ𝑟) for the cohomology ring with ℤ-
coefficients of the projective space ℙ𝑟, whose cup product
can be interpreted as the intersection product. As a ring,
𝐻∗(ℙ𝑟) is isomorphic to ℤ[𝑥]/(𝑥𝑟+1), where 𝑥 is identified
with the cohomology class, ℎ𝑟 ∈ 𝐻2(ℙ𝑟), corresponding to
a hyperplane. Hence 𝑥𝑘 ∈ 𝐻2𝑘(ℙ𝑟) corresponds to a linear
subspace of complex dimension 𝑟 − 𝑘 and real codimen-
sion 2𝑘. The intersection product in ℙ𝑟 depends only on
the cohomology class, and the degree of the intersection
of 𝑟 hypersurfaces is the product of their degrees; in alge-
braic geometry, this is Bézout’s theorem. This degree is the
appropriate count for the number of points of intersection
of the 𝑟 hypersurfaces.

One usually identifies zero-dimensional classes, like the
class of the intersection of two curves in ℙ2, with their de-
gree. This amounts to identifying the top cohomology
group, 𝐻2𝑟(ℙ𝑟), with ℤ so that the class of a point corre-
sponds to 1.

The generator, ℎ1, for ℙ1 is the dual of a point, and the
generator, ℎ2, forℙ2 is the dual of a line, with ℎ21 = 0 and ℎ22
equal to the class of a point; with the above identification,
we write ℎ22 = 1.

What about ℙ1×ℙ2? It satisfies a Künneth type formula,
so that its cohomology ring is generated by the pullbacks
of the generators of the two factors. Let us denote by 𝔥𝑖 the
pullback of ℎ𝑖 for 𝑖 = 1, 2.

By what we said, the number of solutions of the system
(4) is the degree of the triple intersection of the class 𝔥1 +
(𝑑 − 1)𝔥2. The following basic relations are easily seen to
hold (again identifying the top cohomology group with
ℤ):

𝔥31 = 𝔥21𝔥2 = 𝔥32 = 0, 𝔥1𝔥22 = 1.
Hence

(𝔥1 + (𝑑 − 1)𝔥2)3 = 3(𝑑 − 1)2.
Therefore the number of singularities in the fibers of 𝜙 is
equal to 3(𝑑 − 1)2.

By the generality of the line 𝐿, every singular fiber has
exactly one singular point. Hence the number of singular
fibers of 𝜙 is 3(𝑑 − 1)2, and hence

deg 𝑆𝑑 = 3(𝑑 − 1)2 (5)
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is the answer to Problem 1. This confirms that there are
three singular conics through four general points, and it
tells us, for example, that there are twelve singular cubics
passing through eight general points. Notice that, differ-
ently from what happens with conics, if the eight points
are general (no three are collinear, no six on a conic), each
of these cubics will be irreducible, i.e., not the the union
of a line and a conic.

In answering Problem 1 we mentioned that the general
curve in 𝑆𝑑 has exactly one singular point. Moreover, this
point is a “node,” the simplest type of singularity a curve
can have, whose analytic local equation has the form 𝑥2 =
𝑦2.

We now consider curves with more singular points. We
denote by 𝑆𝑑,𝛿 the Severi variety of plane irreducible curves
of degree 𝑑 with at least 𝛿 nodes; see [14]. More precisely,
𝑆𝑑,𝛿 is defined as the closure in 𝑃𝑑 of the locus of irreducible
curves of degree 𝑑 with 𝛿 nodes:

𝑆𝑑,𝛿 ≔ {[𝑋] ∈ 𝑃𝑑 ∶ 𝑋 irreducible with 𝛿 nodes}.

If 𝛿 = 0, then 𝑆𝑑,0 = 𝑃𝑑; if 𝛿 = 1 and 𝑑 ≥ 3, we have
𝑆𝑑,1 = 𝑆𝑑.

It is clear that for 𝑆𝑑,𝛿 to be nonempty, 𝛿 cannot be too
big, for example it is easy to see that 𝛿 must be less than
(𝑑 − 1)2/2. Indeed, suppose we have an irreducible curve,
𝑋 , of degree 𝑑 ≥ 3 with at least (𝑑 − 1)2/2 nodes. Through
these nodes there certainly passes a curve, 𝑌 , of degree 𝑑−2,
because 𝑐𝑑−2 > (𝑑 − 1)2/2. Hence the degree of the inter-
section of 𝑋 and 𝑌 is at least 2(𝑑 − 1)2/2 = (𝑑 − 1)2, but
this contradicts Bézout’s theorem, according to which the
degree of the intersection of 𝑋 and 𝑌 is 𝑑(𝑑 − 2). A more
refined analysis gives (𝑑−1

2
) as a sharp upper bound on 𝛿,

and we have

Fact 2.1. If 𝛿 > (𝑑−1
2
), then 𝑆𝑑,𝛿 is empty. Assume 𝛿 ≤

(𝑑−1
2
), then

(a) 𝑆𝑑,𝛿 is irreducible of dimension 𝑐𝑑 − 𝛿;
(b) 𝑆𝑑,𝛿 is smooth at points parametrizing irreducible

curves with exactly 𝛿 nodes, and the locus of such
points is open and dense in 𝑆𝑑,𝛿.

The irreducibility of 𝑆𝑑,𝛿 is proved in [9]. The num-
ber (𝑑−1

2
) is the arithmetic genus of a plane curve of degree

𝑑. There are two types of genus for a curve: the geometric
genus and the arithmetic genus, which coincide if the curve
is smooth and irreducible.

The genus of a smooth curve is the topological genus
of the real surface underlying the curve. For example, a
smooth plane curve of degree 1 or 2 has genus 0 and its
underlying real surface is the sphere, 𝑆2. In degree 3, the
genus is 1 and the surface underlying a smooth cubic is a
torus.

contract loop

desingularize node

Figure 2. A singular specialization and its desingularization.

The geometric genus of an irreducible singular curve is
defined as the genus of its desingularization.

The arithmetic genus can be thought of as the total en-
ergy of the curve, with the geometric genus being the po-
tential energy. Just like the total energy of a system remains
constant, so does the arithmetic genus in a family of curves
of fixed degree. On the other hand the potential energy
can be converted, all or part of it, to a “less useful” energy,
and indeed the geometric genus of a curve can decrease in
a specialization, but never increase. In particular, a family
of curves of genus 0 specializes to a curve of genus 0, all of
whose irreducible components must have genus 0.

What about positive genus? Consider a family of
smooth curves of degree 𝑑 ≥ 3 specializing to an irre-
ducible curve with 𝛿 nodes. The underlying family of topo-
logical surfaces has, as general fiber, a surface of genus
𝑔 = (𝑑−1

2
), hence with 𝑔 handles; see Figure 2 for a pic-

ture with 𝑔 = 1 and 𝛿 = 1. In this family every node of
the specialization is generated by the contraction of a loop
around a handle of the general fiber. The surface underly-
ing the special curve is no longer a topological manifold at
the point where the loop got contracted, where the surface
looks locally like two disks with centers identified. Sep-
arating the two disks desingularizes the curve so that the
underlying surface has one fewer handle, hence its genus
goes down by 1.

This was an informal explanation for the fact that the
geometric genus of an irreducible curve of degree 𝑑 with 𝛿
nodes is equal to (𝑑−1

2
)−𝛿; hence if 𝛿 > (𝑑−1

2
) there exist no

such curves. We refer to [1] and [2] for the general theory
of curves.

Recapitulating, 𝑆𝑑,𝛿 can be defined as the the closure in
𝑃𝑑 of the locus of irreducible curves with geometric genus
𝑔 = (𝑑−1

2
) − 𝛿. A simple calculation gives a different

expression for its dimension:

dim𝑆𝑑,𝛿 = 3𝑑 + 𝑔 − 1.

The basic enumerative problem, generalizing Problem 1,
is the following.
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Problem 2. Compute the number of irreducible plane
curves of degree 𝑑 and genus 𝑔 passing through 3𝑑 + 𝑔 − 1
general points.

Or, compute the degree of 𝑆𝑑,𝛿. If 𝛿 = 0, then 𝑔 = (𝑑−1
2
),

and the answer is 1. If 𝛿 = 1, then 𝑔 = (𝑑−1
2
) − 1, and we

know the answer is 3(𝑑 − 1)2. For 𝛿 ≤ 8 the answer, given
in [10], is again a polynomial in 𝑑; see also [5] and [7]. For
bigger 𝛿 the first general solutions were discovered as recur-
sive, rather than closed, formulas, as we shall illustrate in
the rest of the paper.

3. Recursive Enumeration for Rational Curves
A rational curve is an irreducible curve of geometric genus
0. By what we said earlier, a family of rational curves can
specialize only to a curve all of whose irreducible compo-
nents are rational. This makes the enumeration problem
in genus 0 self-contained and solvable by a recursive for-
mula, which expresses the degree of the Severi variety in
degree 𝑑 and genus 0 in terms of the degrees of the Severi
varieties in lower degrees and genus, again, 0.

We denote by 𝑅𝑑 the Severi variety of rational curves of
degree 𝑑:

𝑅𝑑 ≔ 𝑆𝑑,(𝑑−12 ), 𝑟𝑑 ≔ dim𝑅𝑑 = 3𝑑−1, 𝑁𝑑 ≔ deg𝑅𝑑.
(6)

Of course, 𝑁1 = 1. In case 𝑔 = 0 the answer to Problem 2
is the following.

Theorem 3.1 (Kontsevich’s formula). For 𝑑 ≥ 2,

𝑁𝑑 = ∑
𝑑1+𝑑2=𝑑

𝑁𝑑1𝑁𝑑2𝑑1𝑑2 [(
3𝑑 − 4
3𝑑1 − 2)𝑑1𝑑2 − ( 3𝑑 − 4

3𝑑1 − 3)𝑑
2
2] .

As explained in [11], this formula was discovered in
a rather different context, and it came as a beautiful sur-
prise. While establishing the mathematical foundations
for Gromov–Witten theory (a theory largely inspired by
ideas from physics), Kontsevich and Manin gave an ax-
iomatic construction of the Gromov–Witten invariants
and of the quantum cohomology ring, a generalization of
the classical cohomology ring of a projective algebraic va-
riety. For ℙ2 the quantum product on the quantum coho-
mology ring was defined using our numbers 𝑁𝑑, which ap-
peared as Gromov–Witten invariants. The above formula
was found as the condition characterizing the associativity
of the quantum product.

The proof we shall illustrate was not among the first to
be given (for which we refer to [11] and [12], or to [13]),
but is close in spirit to our answer to Problem 1.

The shape of the formula indicates that we should use
splittings of the curve into a union of two components of
degrees 𝑑1 and 𝑑2 with 𝑑 = 𝑑1 + 𝑑2. We will do that via
a one-dimensional family of curves similar to the pencil

𝑋1

𝑋2

𝑋1

𝑋2
Figure 3. Reducible specializations of rational quartics.

we used to compute the degree of 𝑆𝑑, but with an oppo-
site point of view. In the previous case the unknown was
the number of special curves. Now the number of special
curves will be easy to compute and will be used to deter-
mine the unknown, 𝑁𝑑.

To get our one-dimensional family we intersect 𝑅𝑑 with
general hyperplanes until we get a curve. Since intersect-
ing with a general hyperplane decreases the dimension by
1, we need to intersect with 𝑟𝑑 − 1 hyperplanes. We use
hyperplanes of type 𝐻𝑝, defined in (3). So, fix 𝑞1, … , 𝑞𝑟𝑑−1
general points in ℙ2 and set

𝐶 = 𝑅𝑑 ∩ 𝐻𝑞1 ∩⋯ ∩𝐻𝑞𝑟𝑑−1 .
Now 𝐶 is the curve in 𝑃𝑑 parametrizing the family

of rational curves of degree 𝑑 through the basepoints
𝑞1, … , 𝑞𝑟𝑑−1, which we write as follows

𝐶 × ℙ2 ⊃ 𝒳 ⟶ 𝐶.
The basic idea is that our degree,𝑁𝑑, is equal to the num-

ber of points of intersection between 𝐶 and one more gen-
eral hyperplane𝐻𝑝, as this is equal to the number of curves
in 𝑅𝑑 passing through 𝑞1, … , 𝑞𝑟𝑑−1, 𝑝. To put this idea to
work, we need to study the geometry of the family 𝒳 → 𝐶.

By Fact 2.1 and Bertini’s theorems, 𝐶 is irreducible and
the subset of points parametrizing irreducible curves with
(𝑑−1

2
) nodes and no other singularities is open, dense, and

contained in the smooth locus of 𝐶. Let us look at the re-
ducible curves parametrized by 𝐶. There are finitely many
of them and, by what we said earlier, they must be unions
of two rational curves of smaller degrees.

Example 3.2. Let 𝑑 = 4, hence 𝛿 = 3 and 𝑟4 = 11. Our
𝐶 parametrizes quartics with three nodes passing through
ten points. The reducible curves parametrized by 𝐶, writ-
ten 𝑋1 ∪ 𝑋2, are of two types, drawn in Figure 3. First type:
for any partition of the basepoints into two subsets, 𝐵1 and
𝐵2, of five points, let 𝑋𝑖 be the conic through 𝐵𝑖 for 𝑖 = 1, 2
(drawn on the left in the picture). Second type: for any
partition of the basepoints into a subset, 𝐵1, of cardinal-
ity 2 and a subset, 𝐵2, of cardinality 8, let 𝑋1 be the line
through 𝐵1, and let 𝑋2 be one of the twelve nodal cubics
through 𝐵2.

We use the following notation: 𝑋1 ∪ 𝑋2 denotes a
reducible curve of our family, with 𝑋1 containing the
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basepoint 𝑞1. The degree of 𝑋1 will be 𝑑1, and 𝑋2 has de-
gree 𝑑2 = 𝑑−𝑑1. We say that such curves are of type (𝑑1, 𝑑2).
Let us count them; we have

𝑟𝑑1 + 𝑟𝑑2 = 𝑟𝑑 − 1,
which is the number of basepoints of our family. There-
fore for every partition of the basepoints into two subsets,
𝐵1 and 𝐵2, of respective cardinalities, 𝑟𝑑1 and 𝑟𝑑2 , there exist
𝑁𝑑𝑖 rational curves of degree 𝑑𝑖 passing through 𝐵𝑖. Since
we are assuming that the basepoint 𝑞1 lies on 𝑋1, the num-
ber of curves of type (𝑑1, 𝑑2) is equal to 𝑁𝑑1𝑁𝑑2 times the
number of partitions of the basepoints 𝑞2, … , 𝑞𝑟𝑑−1 into
two subsets of cardinalities 𝑟𝑑1 − 1 and 𝑟𝑑2 , hence equal to

𝑁𝑑1𝑁𝑑2(
𝑟𝑑 − 2
𝑟𝑑1 − 1). (7)

Now, is 𝐶 singular at such special points? As 𝐶 is a
general linear section of the Severi variety 𝑅𝑑, its singular-
ity at any point reflects the local geometry of 𝑅𝑑, which
depends on the singularities of the corresponding plane
curve. Let us count the singular points of a curve of type
(𝑑1, 𝑑2). This amounts to counting the nodes of each com-
ponent and the 𝑑1𝑑2 nodes in which the two components
intersect, which gives a total of

(𝑑1 − 1
2 ) + (𝑑2 − 1

2 ) + 𝑑1𝑑2 = (𝑑 − 1
2 ) + 1.

Now, when rational curves of degree 𝑑 specialize to a
curve of type (𝑑1, 𝑑2) each of the (𝑑−1

2
) nodes of the gen-

eral fiber specializes to a node of the special fiber. By the
above computation, there is exactly one node of the spe-
cialization which is not the limit of a “general” node. In
other words, the special curve has exactly one node that
gets “smoothed.” But can all the nodes of the special curve
be smoothed in this way? No, only the 𝑑1𝑑2 nodes lying
in the intersection of the two components can.

To see why, suppose we have a curve, 𝑋 = 𝑋1 ∪ 𝑋2, of
type (𝑑1, 𝑑2) occurring as the specialization of a family as
parametrized above by a smooth curve, 𝑈. Write 𝒵 → 𝑈
for this family, and let 𝑢0 ∈ 𝑈 be the point parametrizing
𝑋 . Up to shrinking𝑈 near 𝑢0, we can assume that all fibers
away from 𝑢0 are irreducible with (𝑑−1

2
) nodes. The surface

𝒵 is necessarily singular along the nodes of the irreducible
fibers, hence it has (𝑑−1

2
) singular curves, which we resolve

by desingularizing 𝒵. In Figure 4 we have the example of
rational quartics specializing to a reducible curve (see also
Figure 3 and Example 3.2); the dotted red curves represent
the singular curves of 𝒵. Denote by 𝒵′ the desingulariza-
tion of 𝒵 so that we have a chain of maps

𝜙 ∶ 𝒵′ ⟶𝒵⟶𝑈
whose composition is a new family of curves. This opera-
tion has the effect of desingularizing the general fibers, so

𝒵 𝒵′Desingularize

Figure 4. Reducible specialization and desingularization.

that 𝜙 ∶ 𝒵′ → 𝑈 is a family whose fibers away from 𝑢0 is a
smooth rational curve.

The curve 𝑋1∪𝑋2 will be desingularized at all nodes but
the onewhich is smoothed in𝒵 (i.e., the nodewhich is not
a limit of nodes, marked by a circle in Figure 4), hence the
fiber of 𝜙 over 𝑢0 is reducible with exactly one node. If, by
contradiction, all points in 𝑋1 ∩ 𝑋2 were limits of general
nodes, then they will all be desingularized when passing
to 𝒵′, and the fiber of 𝜙 over 𝑢0 will be disconnected. But
this contradicts the connectedness principle, as the fibers
of 𝜙 away from 𝑢0 are all connected.

In conclusion, the local geometry of 𝑅𝑑 at a curve, 𝑋 ,
of type (𝑑1, 𝑑2) reflects that in a general deformation there
is exactly one node of 𝑋 which gets smoothed, so that
𝑅𝑑 is the intersection of smooth branches, each of which
corresponds to the node of 𝑋 which gets smoothed along
that branch. By what we said, only the 𝑑1𝑑2 “intersection”
nodes can be smoothed, and the fact that all such nodes
are actually smoothable follows by a symmetry argument.
Concluding, 𝑅𝑑 is, locally at 𝑋 , the transverse intersection
of 𝑑1𝑑2 smooth branches. Hence the curve 𝐶 has an ordi-
nary 𝑑1𝑑2-fold point and, under 𝐵 → 𝐶, the preimage of a
point of type (𝑑1, 𝑑2) is made of 𝑑1𝑑2 distinct points.

We want to compute 𝑁𝑑 using, as for Problem 1, in-
tersection theory. We start from the family of curves
parametrized by 𝐶 and let 𝐵 → 𝐶 be its desingularization.
We pull back to 𝐵 the original family 𝒳 → 𝐶 but, as we
noted above, the so-obtained surface is singular along the
nodes of its irreducible fibers, hence we replace it by its
desingularization, 𝒴. We have a commutative diagram

𝒴 //

𝜋

((

𝜑
��

𝒳

��

� � // ℙ2 × 𝑅𝑑

��

// ℙ2

𝐵 // 𝐶 � � // 𝑅𝑑

where 𝜑 is a family of rational curves with finitely many
reducible fibers.

Our 𝒴 is a ruled surface, birational to ℙ1 × 𝐵, and its
intersection product is something we can handle. First, we
need a section of 𝜑. Every basepoint of the family deter-
mines such a section; let 𝑄 be the section corresponding
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to 𝑞1. Thus 𝑄 is the curve in 𝒴 intersecting each fiber of 𝜑
in one point and such that 𝜋(𝑄) = 𝑞1.

We denote by 𝑇 ⊂ 𝐵 the set of points over which the
fiber of 𝜑 is reducible. For every 𝑏 ∈ 𝑇, we denote its fiber
by 𝑍𝑏,1 ∪ 𝑍𝑏,2 with the convention that the map 𝜋 sends
𝑍𝑏,𝑖 to a plane curve of degree 𝑑𝑖, and the curve of degree 𝑑1
contains 𝑞1; so 𝑍𝑏,2 does not intersect𝑄. We write 𝑇(𝑑1, 𝑑2)
for the set of points parametrizing a curve of type (𝑑1, 𝑑2),
and 𝑡(𝑑1, 𝑑2) for its cardinality.

We computed in (7) the number of points in 𝐶
parametrizing curves of type (𝑑1, 𝑑2). Over each such point
there are 𝑑1𝑑2 points of 𝐵, hence

𝑡(𝑑1, 𝑑2) = 𝑑1𝑑2𝑁𝑑1𝑁𝑑2(
𝑟𝑑 − 2
𝑟𝑑1 − 1). (8)

As 𝒴 is a ruled surface, its intersection ring is generated
by the curves

{𝑄, 𝑌, 𝑍𝑏,2 ∀𝑏 ∈ 𝑇},
and we will use the same symbols for curves and their co-
homology classes. We have the obvious relations, for every
∀𝑏 ∈ 𝑇,

𝑄 ⋅ 𝑌 =1, 𝑄 ⋅ 𝑍𝑏,2=0, 𝑌 ⋅ 𝑍𝑏,2=0, 𝑌2=0, 𝑍2𝑏,2=−1,

identifying, as before, the top cohomology group of𝒴 with
ℤ. To complete the intersection table, we need 𝑄2. We
compute it using a second section from the basepoints, so
let 𝑄′ be the section corresponding to, say, 𝑞𝑟𝑑−1. We have
𝑄 ⋅ 𝑄′ = 0 and (𝑄′)2 = 𝑄2, therefore 𝑄2 = (𝑄 − 𝑄′)2/2.

Now, the intersection numbers of 𝑄 and 𝑄′ differ only
on the generators𝑍𝑏,2 for which the basepoint 𝑞𝑟𝑑−1 lies on
𝜋(𝑍𝑏,2), in which case we have𝑄′ ⋅𝑍𝑏,2 = 1. Write 𝑆 ⊂ 𝑇 for
the set of such points, so that 𝑄 − 𝑄′ and ∑𝑏∈𝑆 𝑍𝑏,2 have
the same class in the intersection ring of 𝒴. Hence

𝑄2 = 1
2(𝑄 − 𝑄′)2 = 1

2(∑𝑏∈𝑆
𝑍𝑏,2)2

= −#𝑆2 = −12 ∑
𝑑1+𝑑2=𝑑

𝑠(𝑑1, 𝑑2),

where 𝑠(𝑑1, 𝑑2) is the number of points in 𝑆 of curves of
type (𝑑1, 𝑑2). Arguing similarly as for 𝑡(𝑑1, 𝑑2), we obtain

𝑠(𝑑1, 𝑑2) = 𝑑1𝑑2𝑁𝑑1𝑁𝑑2(
𝑟𝑑 − 3
𝑟𝑑1 − 1).

Now, the preimage of a general point, 𝑝, in ℙ2 un-
der the map 𝜋 is the set of curves of our family passing
through 𝑝, whose cardinality is, of course, deg𝜋. Hence
deg𝜋 is the number of rational curves of degree 𝑑 passing
through 𝑞1, … , 𝑞𝑟𝑑−1, 𝑝, that is our unknown, 𝑁𝑑. On the
other hand, let ℎ2 be the class of a line in ℙ2, then deg𝜋
is equal to (𝜋∗ℎ2)2, an intersection number on 𝒴. Hence
computing 𝑁𝑑 is the same as computing (𝜋∗ℎ2)2. In the

intersection ring of 𝒴, we can write

𝜋∗ℎ2 = 𝑐𝑄𝑄 + 𝑐𝑌𝑌 + ∑
𝑏∈𝑇

𝑐𝑏𝑍𝑏,2 (9)

for some coefficients 𝑐𝑄, 𝑐𝑌 , 𝑐𝑏. We can compute these co-
efficients by intersecting both sides of (9) with the three
types of generators. We have

𝜋∗ℎ2 ⋅ 𝑄 = 0, 𝜋∗ℎ2 ⋅ 𝑌 = 𝑑, 𝜋∗ℎ2 ⋅ 𝑍𝑏,2 = 𝑑2
by construction. These give linear relations which, with
the intersection table, enable us to determine the coeffi-
cients and obtain

𝜋∗ℎ2 = 𝑑𝑄 − (𝑑𝑄2)𝑌 − ∑
𝑑1+𝑑2=𝑑

( ∑
𝑏∈𝑇(𝑑1,𝑑2)

𝑑2𝑍𝑏,2) .

Now, since (𝜋∗ℎ2)2 = 𝑁𝑑, we have

𝑁𝑑 = −𝑑2𝑄2 + ∑
𝑑1+𝑑2=𝑑

𝑏∈𝑇(𝑑1,𝑑2)

(𝑑2𝑍𝑏,2)2

= ∑
𝑑1+𝑑2=𝑑

[𝑑
2

2 𝑠(𝑑1, 𝑑2) − 𝑑22𝑡(𝑑1, 𝑑2)] .

Hence

𝑁𝑑 = ∑
𝑑1+𝑑2=𝑑

𝑁𝑑1𝑁𝑑2𝑑1𝑑2 [
𝑑2
2 (

𝑟𝑑 − 3
𝑟𝑑1 − 1) − 𝑑22(

𝑟𝑑 − 2
𝑟𝑑1 − 1)] .

To see that this formula gives Theorem 3.1, set 𝑛 = 𝑟𝑑−3 =
3𝑑 − 4 and 𝑘 = 𝑟𝑑1 − 1 = 3𝑑1 − 2. For the term in square
brackets we have

𝑑2
2 (

𝑛
𝑘) − 𝑑22(

𝑛 + 1
𝑘 )

= 𝑑21 + 𝑑22
2 (𝑛𝑘) + 𝑑1𝑑2(

𝑛
𝑘) − 𝑑22(

𝑛
𝑘) − 𝑑22(

𝑛
𝑘 − 1)

= 𝑑1𝑑2(
𝑛
𝑘) − 𝑑22(

𝑛
𝑘 − 1) −

𝑑22 − 𝑑21
2 (𝑛𝑘).

Summing up, for 𝑑1+𝑑2 = 𝑑 the third summand vanishes,
and we are done.

For details we refer to [3], where this technique is used
to obtain other recursions enumerating rational curves on
rational surfaces.

4. Curves of Positive Genus
We now look at Problem 2 for 𝑔 > 0. A complete answer is
provided by means of a recursion, the precise description
of which would require too many new technical details.
We thus limit ourselves to illustrating the main idea and
the comparison with the previous formulas.

If we consider, as we did for 𝑔 = 0, the family of curves
of degree 𝑑 with 𝛿 nodes passing through a number of
points equal to dim𝑆𝑑,𝛿−1, we will get a one-dimensional
family which, in contrast with the case of rational curves,
will parametrize no reducible curve, in general.
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Example 4.1. Let 𝑑 = 5 and 𝛿 = 2 so that the geometric
genus is 4 and dim𝑆5,2 = 18. Let 𝐶 be the linear section
of 𝑆5,2 parametrizing all quintics with two nodes passing
through seventeen points. There exists no reducible quin-
tic passing through seventeen general points, as 𝑐1 + 𝑐4 =
2+14 = 16 and 𝑐2+𝑐3 = 5+9 = 14. Hence 𝐶 parametrizes
only irreducible curves.

To set up a recursive approach we need some further
constraint to force reducible curves to appear. Ourmethod
is to impose that the basepoints lie all on a fixed line in
the plane. Since an irreducible curve cannot meet a line
in more points than its degree, imposing a high enough
number of basepoints on a line will certainly cause the oc-
currence of reducible curves.

For this idea to work, we must impose one basepoint
at a time, in order to be able to tell at which step re-
ducible curves appear, and to be able to describe them.
This will occur at various steps, and we will have to han-
dle sections of our Severi variety having arbitrary dimen-
sion. Therefore we cannot limit our study to families over
a one-dimensional base, as we did for the earlier formulas.

More precisely, the procedure starts by fixing fix a line, 𝐿,
in ℙ2 and a certain number of general points 𝑞1, 𝑞2, … , on
𝐿. Now we intersect the Severi variety with the hyperplane
𝐻𝑞1 , then with 𝐻𝑞2 , and so on, by keeping track of how
the intersection behaves at every step. After a certain num-
ber of steps the intersection splits into irreducible compo-
nents, some of which parametrize curves of type 𝐿 ∪ 𝑋 , so
that 𝑋 has lower degree and the recursion kicks in.

The price of this recursive method is that we must con-
sider a new version of Severi variety, where the novelty is
in the prescription of certain orders of contact with 𝐿 at
some of the basepoints 𝑞𝑖, and at arbitrary points. In other
words, we need to introduce the Severi variety parametriz-
ing plane curves of fixed (degree, genus, and) intersection
profile with the line 𝐿.

We set 𝛼 = (𝑎1, … , 𝑎𝑛) and 𝛽 = (𝑏1, … , 𝑏𝑚), with 𝑎𝑖 and
𝑏𝑖 nonnegative integers such that ∑𝑖𝑎𝑖 + ∑ 𝑖𝑏𝑖 = 𝑑. On
the line 𝐿 we fix ∑𝑎𝑖 general points, {𝑞𝑖,𝑗} with 𝑖 = 1, … , 𝑛
and 𝑗 = 1, … , 𝑎𝑖. We define 𝑆𝑑,𝛿(𝛼, 𝛽) to be the closure in
𝑃𝑑 of the locus of irreducible curves with 𝛿 nodes, having

(a) a point of contact of order 𝑖 with 𝐿 at 𝑞𝑖,𝑗 for every
𝑖 = 1, … , 𝑛 and 𝑗 = 1, … , 𝑎𝑖;

(b) 𝑏𝑖 points of contact of order 𝑖 with 𝐿 for every 𝑖 =
1, … ,𝑚, different from those in (a).

For 𝛼 = (0, … , 0) and 𝛽 = (𝑑, 0, … , 0) we recover the clas-
sical Severi variety 𝑆𝑑,𝛿.

One final point: in this setup it is natural to drop the
condition that the general curve be irreducible. So, next to
𝑆𝑑,𝛿(𝛼, 𝛽) we consider the generalized Severi variety, defined
as before but omitting the irreducibility requirement on
the general curve.

Example 4.2. Consider the generalized Severi variety with
𝑑 = 4 and 𝛿 = 3, defined as the closure in 𝑃4 of the
set of quartics with three nodes (so 𝛼 = (0, … , 0) and
𝛽 = (4, 0, … , 0)). This variety is the union of two irreducible
components, both of dimension 11. One component is
𝑆4,3, whose general point parametrizes irreducible ratio-
nal quartics (the same considered in Example 3.2). The
second component parametrizes reducible quartics given
by the union of a line and a cubic. Since 𝑐1 = 2 and 𝑐3 = 9,
this component has dimension 11.

The degree of the generalized Severi variety is computed
in [4] by a recursive formula from which the (more intri-
cate) recursion for the degree of 𝑆𝑑,𝛿(𝛼, 𝛽) follows. The
proof is based on a thorough analysis of the geometry
of the Severi variety, a subject of its own interest. More
recently, a different proof of the same formula has been
given in [6] using tropical geometry.

In [15] an approach similar to [4] is used to enumer-
ate curves of any genus in general rational surfaces. As for
the enumerative geometry of curves on different surfaces,
some results are known and some interesting conjectures
are under investigation bymeans of diverse techniques. As
we cannot, for lack of space, give here an exhaustive list of
references, we refer to [8] and to its bibliography.
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Hochschild Cohomology

Sarah Witherspoon
Introduction
At the end of the nineteenth century, Poincaré created
invariants to distinguish different topological spaces and
their features, foreshadowing the homology and cohomol-
ogy groups that would appear later. Towards the middle of
the twentieth century, these notions were imported from
topology to algebra: The subject of group homology and
cohomology was founded by Eilenberg andMac Lane, and
the subject of Hochschild homology and cohomology by
Hochschild. The uses of homological techniques contin-
ued to grow and spread, spilling out of algebra and topol-
ogy into many other fields.

In this article we will focus on Hochschild cohomol-
ogy, which now appears in the settings of algebraic geom-
etry, category theory, functional analysis, topology, and
beyond. There are strong connections to cyclic homology
and K-theory. Many mathematicians use Hochschild co-
homology in their research, andmany continue to develop
theoretical and computational techniques for better under-
standing. Hochschild cohomology is a broad and growing
field, with connections to diverse parts of mathematics.

Our scope here is exclusively Hochschild cohomology
for algebras, including Hochschild’s original design [3]
and just a few of the many important uses and recent de-
velopments in algebra. Some details and further references
may be found in [5,12,13].
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We will begin this story by setting the scene: We are in-
terested here in a ring 𝐴 that is also a vector space over a
field 𝑘 such as ℝ or ℂ. We require the multiplication map
on 𝐴 to be bilinear; that is, the map 𝐴 × 𝐴 → 𝐴 given by
(𝑎, 𝑏) ↦ 𝑎𝑏 for 𝑎, 𝑏 in 𝐴 is bilinear (over 𝑘). A ring with
this additional structure is called an algebra over 𝑘. Some
examples are polynomial rings 𝐴 = 𝑘[𝑥1, … , 𝑥𝑛], which are
commutative, and matrix rings 𝐴 = 𝑀𝑛(𝑘), which are non-
commutative when 𝑛 > 1.

Our focus will be on multilinear maps

𝐴 ×⋯× 𝐴 → 𝐴

and what they can tell us about the structure and the rep-
resentations, that is, modules, of 𝐴. Our story has two
threads: One starts with particular functions on 𝐴 called
derivations. The other starts with the center 𝑍(𝐴) of 𝐴, that
is, the subalgebra of all elements commuting with every
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element of 𝐴. Both are then viewed in a wider, multilinear
context. These two threads lead in the same direction and
combine in the theory of Hochschild cohomology and
in its two important binary operations, the Gerstenhaber
bracket and the cup product, as we will see.

Derivations
Every calculus student has seen the Leibniz rule (also
known as the product rule),

𝑑
𝑑𝑥(𝑓𝑔) =

𝑑
𝑑𝑥(𝑓)𝑔 + 𝑓 𝑑

𝑑𝑥(𝑔),

for differentiable functions 𝑓, 𝑔. The set of all differen-
tiable functions from ℝ to ℝ forms a ring 𝐴 that is also
a vector space over ℝ, and in fact is an algebra over ℝ.

Generalizing the Leibniz rule to other algebras over our
field 𝑘, we define a derivation on an algebra 𝐴 to be a 𝑘-
linear function 𝛿 ∶ 𝐴 → 𝐴 such that

𝛿(𝑎𝑏) = 𝛿(𝑎)𝑏 + 𝑎𝛿(𝑏)
for all 𝑎, 𝑏 in𝐴. We will be interested in the set of all deriva-
tions,

Der(𝐴) = {𝛿 ∶ 𝐴 → 𝐴 ∣ 𝛿 is a derivation},
which is itself a vector space under addition and scalarmul-
tiplication of functions.

As a small example, let 𝐴 = 𝑘[𝑥], that is, polynomials
in one indeterminate 𝑥 with coefficients in 𝑘. Define the
derivation

𝑑
𝑑𝑥

as usual, that is,

𝑑
𝑑𝑥(𝑥

𝑛) = 𝑛𝑥𝑛−1

for all 𝑛 ≥ 1 and
𝑑
𝑑𝑥
(1) = 0, and extend linearly so that

𝑑
𝑑𝑥
(𝑝) is defined for each polynomial 𝑝 = 𝑝(𝑥). A calcula-

tion shows that Der(𝐴) = 𝑘[𝑥] 𝑑
𝑑𝑥

; that is, the derivations

are precisely the 𝑘[𝑥]-multiples of
𝑑
𝑑𝑥

, where, for polyno-

mials 𝑝 and 𝑞, the function 𝑞 𝑑
𝑑𝑥

takes 𝑝 to 𝑞 times its de-

rivative
𝑑𝑝
𝑑𝑥

.
Is the space Der(𝐴) of derivations closed under compo-

sition of functions? The answer is no, and a counterexam-
ple is given by composing

𝑑
𝑑𝑥

with itself as a function on
𝑘[𝑥], resulting in a function that is not itself a derivation.
However, Der(𝐴) is closed under a commutator, or bracket:
Let

[𝛿, 𝛿′] = 𝛿 ∘ 𝛿′ − 𝛿′ ∘ 𝛿 (1)

for all 𝛿, 𝛿′ in Der(𝐴). Calculations show that [𝛿, 𝛿′] is in-
deed a derivation, that this commutator is bilinear in its
two arguments, and that it has the following additional
properties: [𝛿, 𝛿] = 0 and

[𝛿, [𝛿′, 𝛿″]] + [𝛿′, [𝛿″, 𝛿]] + [𝛿″, [𝛿, 𝛿′]] = 0

for all 𝛿, 𝛿′, 𝛿″ in Der(𝐴). That is, the bracket operation [ , ]
is alternating and the Jacobi identity holds. Put another way,
Der(𝐴) is a Lie algebra.

For example, Der(𝑀2(𝑘)) may be identified with the
Lie algebra 𝔰𝔩2(𝑘) of 2 × 2 matrices of trace 0, called the
special linear algebra, provided the characteristic is not 2.
Specifically, each matrix 𝑋 of trace 0 determines a deriva-
tion 𝛿𝑋 given by a commutator: For all 𝑌 in 𝑀2(𝑘), set
𝛿𝑋(𝑌) = 𝑋𝑌 − 𝑌𝑋 . All derivations are of the form 𝛿𝑋 for
some 𝑋 in 𝔰𝔩2(𝑘), and distinct matrices 𝑋, 𝑋 ′ in 𝔰𝔩2(𝑘) de-
termine distinct derivations 𝛿𝑋 , 𝛿𝑋′ .

From another vantage point, we see Lie algebras acting
on an algebra 𝐴 by derivations, that is, through Lie algebra
homomorphisms to Der(𝐴). Such actions are ubiquitous
and uncover important structural information about 𝐴.

Multilinear Functions
We wish to consider more generally multilinear functions

𝛿 ∶ 𝐴𝑛 → 𝐴

where 𝐴𝑛 = 𝐴 ×⋯ × 𝐴 (𝑛 factors). Are there useful multi-
linear analogs of derivations on 𝐴? The answer is yes, and
this is where we start to see the ideas of Hochschild from
the 1940s.

From now on we will use some homological terminol-
ogy: A derivation is also called a Hochschild 1-cocycle. Now
suppose 𝛿 ∶ 𝐴2 → 𝐴 is a bilinear function. It is aHochschild
2-cocycle if

𝛿(𝑎𝑏, 𝑐) − 𝛿(𝑎, 𝑏𝑐) = 𝑎𝛿(𝑏, 𝑐) − 𝛿(𝑎, 𝑏)𝑐

for all 𝑎, 𝑏, 𝑐 in 𝐴. More generally, suppose 𝛿 ∶ 𝐴𝑛 → 𝐴 is
an 𝑛-linear function. It is a Hochschild 𝑛-cocycle if

𝑛
∑
𝑖=1
(−1)𝑖𝛿(𝑎1, … , 𝑎𝑖𝑎𝑖+1, … , 𝑎𝑛+1)

= −𝑎1𝛿(𝑎2, … , 𝑎𝑛+1) + (−1)𝑛𝛿(𝑎1, … , 𝑎𝑛)𝑎𝑛+1

for all 𝑎1, … , 𝑎𝑛+1 ∈ 𝐴. Let 𝐶𝑛(𝐴) be the vector space of all
multilinear functions 𝛿 ∶ 𝐴𝑛 → 𝐴, and set

𝑍𝑛(𝐴) = {𝛿 ∈ 𝐶𝑛(𝐴) ∣ 𝛿 is a Hochschild 𝑛-cocycle},

so that 𝑍1(𝐴) = Der(𝐴) as before. These historical defini-
tions contain remnants of a template from algebraic topol-
ogy. We will see that these definitions are meaningful in
algebra in a number of ways.

We saw that 𝑍1(𝐴) = Der(𝐴) is a Lie algebra. More gen-
erally, is 𝑍𝑛(𝐴) a Lie algebra? The answer is no, at least not
in a meaningful way. (It is always possible to define the
bracket of two vector space elements to be 0, but we are
looking for more interesting answers.) Gerstenhaber [2]
had an insightful idea in the 1960s.
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Murray Gerstenhaber, 2017.

His idea was this: Consider all of the vector spaces
𝑍𝑛(𝐴) together, setting

𝑍∗(𝐴) =⨁
𝑛≥0

𝑍𝑛(𝐴),

with 𝑍0(𝐴) = 𝑍(𝐴) the center of the algebra 𝐴. Then 𝑍∗(𝐴)
is in fact a graded version of a Lie algebra for which the
bracket of two elements in 𝑍1(𝐴) is as before. If 𝛿 is in
𝑍𝑚(𝐴) and 𝛿′ is in 𝑍𝑛(𝐴), their bracket [𝛿, 𝛿′] is defined
similarly to the case 𝑚 = 1, 𝑛 = 1 as in equation (1),
but we replace composition of functions with a general-
ized version of composition. We illustrate for small values
of𝑚 and 𝑛: If 𝛿 is in 𝑍1(𝐴) and 𝛿′ is in 𝑍2(𝐴), define [𝛿, 𝛿′]
in 𝑍2(𝐴) by

[𝛿, 𝛿′](𝑎, 𝑏) = 𝛿(𝛿′(𝑎, 𝑏)) − 𝛿′(𝛿(𝑎), 𝑏) + 𝛿′(𝑎, 𝛿(𝑏)),

and if 𝛿, 𝛿′ are both in 𝑍2(𝐴), define [𝛿, 𝛿′] in 𝑍3(𝐴) by
(𝑎, 𝑏, 𝑐) = 𝛿(𝛿′(𝑎, 𝑏), 𝑐) − 𝛿(𝑎, 𝛿′(𝑏, 𝑐))

+ 𝛿′(𝛿(𝑎, 𝑏), 𝑐) − 𝛿′(𝑎, 𝛿(𝑏, 𝑐))

for all 𝑎, 𝑏, 𝑐 in 𝐴. These bracket operations can be visual-
ized with the aid of tree diagrams. For example, the four
terms on the right side of the last equation above corre-
spond to the four trees

𝛿

𝛿′

𝛿

𝛿′

𝛿′

𝛿

𝛿′

𝛿

Each tree indicates on which two arguments to evaluate 𝛿′
(respectively, 𝛿) first, then 𝛿 (respectively, 𝛿′) is evaluated
on that output together with the remaining argument. In

general, the bracket is a function

[ , ] ∶ 𝑍𝑚(𝐴) × 𝑍𝑛(𝐴) → 𝑍𝑚+𝑛−1(𝐴)
for all𝑚, 𝑛, called theGerstenhaber bracket, named in honor
of Gerstenhaber [2], who first defined it. It can be shown
that 𝑍∗(𝐴) is indeed a graded Lie algebra under [ , ]. That
is, it satisfies modified versions of the alternating property
and the Jacobi identity that include signs depending on
the degrees of elements.

Hochschild Cohomology Vector Space
We will define the Hochschild cohomology vector space
in degree 𝑛 as a quotient of the vector space 𝑍𝑛(𝐴) of
Hochschild 𝑛-cocycles as follows. Let 𝛿′ ∶ 𝐴𝑛−1 → 𝐴 be
any (𝑛 − 1)-linear function. Define 𝛿 ∶ 𝐴𝑛 → 𝐴 by

𝛿(𝑎1, … , 𝑎𝑛) = 𝑎1𝛿′(𝑎2, … , 𝑎𝑛)

+
𝑛−1
∑
𝑖=1

(−1)𝑖𝛿′(𝑎1, … , 𝑎𝑖𝑎𝑖+1, … , 𝑎𝑛)

+(−1)𝑛𝛿′(𝑎1, … , 𝑎𝑛−1)𝑎𝑛
for 𝑎1, … , 𝑎𝑛 in 𝐴. Call such a function 𝛿 a Hochschild 𝑛-
coboundary. Recall that 𝐶𝑛(𝐴) is the vector space of all mul-
tilinear functions from 𝐴𝑛 to 𝐴. Let

𝐵𝑛(𝐴)
= {𝛿 ∈ 𝐶𝑛(𝐴) ∣ 𝛿 is a Hochschild 𝑛-coboundary}

for 𝑛 > 0 and 𝐵0(𝐴) = 0. A calculation shows that 𝐵𝑛(𝐴)
is a subspace of 𝑍𝑛(𝐴) for each 𝑛. Now let

HH𝑛(𝐴) = 𝑍𝑛(𝐴)/𝐵𝑛(𝐴)
and HH∗(𝐴) = ⨁

𝑛≥0
HH𝑛(𝐴).

The latter is named the Hochschild cohomology vector space
of𝐴 in honor of Hochschild [3], who first defined it. It can
be shown that the Gerstenhaber bracket [ , ] as defined on
𝑍∗(𝐴) passes to this quotient, making HH∗(𝐴) a graded Lie
algebra.

There is an important dual notion, Hochschild homol-
ogy: Vector spaces HH𝑛(𝐴) are defined analogously as quo-
tients of subspaces of some spaces constructed from 𝑛
copies of 𝐴. There are also more general versions of both
Hochschild cohomology and homology, defined for 𝐴-
bimodules 𝑀, denoted HH∗(𝐴,𝑀) and HH∗(𝐴,𝑀). We
will not need the details of these constructions in this arti-
cle.

As a small Hochschild cohomology example, consider
HH𝑛(𝑘[𝑥]). This space turns out to be nonzero only when
𝑛 = 0 and 𝑛 = 1. When 𝑛 = 0, it is simply the algebra
𝑘[𝑥]. When 𝑛 = 1, it is essentially the space of derivations

𝑘[𝑥] 𝑑
𝑑𝑥

that we saw before since 𝐵1(𝑘[𝑥]) turns out to be 0.
Thus

HH∗(𝑘[𝑥]) = 𝑘[𝑥] ⊕ 𝑘[𝑥] 𝑑𝑑𝑥 .

782 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 67, NUMBER 6



As another small example, take a polynomial ring in two
indeterminates, 𝐴 = 𝑘[𝑥, 𝑦]. Then

HH∗(𝐴) = 𝐴 ⊕ (𝐴 𝜕
𝜕𝑥 ⊕ 𝐴 𝜕

𝜕𝑦) ⊕ 𝐴 𝜕
𝜕𝑥 ∧ 𝜕

𝜕𝑦 .

The two middle summands above constitute HH1(𝐴) and
together correspond to all 𝐴-linear combinations of the

standard derivations
𝜕
𝜕𝑥

and
𝜕
𝜕𝑦

. The first summand above

is HH0(𝐴), corresponding to the algebra 𝐴 itself. The
last summand above is HH2(𝐴), corresponding to all 𝐴-

multiples of the bilinear map
𝜕
𝜕𝑥

∧ 𝜕
𝜕𝑦

given by applying
𝜕
𝜕𝑥

and
𝜕
𝜕𝑦

to the first and second arguments, respectively,

then multiplying. The dual notion of Hochschild homol-
ogy, HH𝑛(𝐴), turns out to be the same vector space as
Hochschild cohomology HH𝑛(𝐴) in each degree 𝑛 for this
example as well as for the previous one.

These polynomial ring examples can be viewed as
special cases of the Hochschild–Kostant–Rosenberg the-
orem [4]. The theorem states that for a smooth finitely
generated commutative algebra 𝐴, the Hochschild coho-
mology vector space HH∗(𝐴) is isomorphic to the space
of polyvector fields, and there is a dual version for
Hochschild homology. The hypothesis that 𝐴 is smooth
and finitely generated translates in a precise way to the
statement that 𝐴 is a ring of functions on a space that is
smooth, that is, has no cusps or other singularities. The
cohomology isomorphism of the Hochschild–Kostant–
Rosenberg theorem is in fact an isomorphism of graded
Lie algebras, and even further of Gerstenhaber algebras.

Gerstenhaber Algebra Structure
The bracket operation on the Hochschild cohomology
space HH∗(𝐴)was Gerstenhaber’s idea, as described above.
It extends the Lie algebra structure on derivations of 𝐴 and
on HH1(𝐴), as we have seen. There is another, simpler,
binary operation on the Hochschild cohomology vector
space HH∗(𝐴) that instead extends the associative algebra
structure on the center 𝑍(𝐴) = 𝑍0(𝐴) = HH0(𝐴) of the alge-
bra𝐴. We turn to this structure, given by a cup product, next.
Letting 𝛿 be a Hochschild 𝑚-cocycle and 𝛿′ a Hochschild
𝑛-cocycle, define

(𝛿 ⌣ 𝛿′)(𝑎1, … , 𝑎𝑚+𝑛)
= (−1)𝑚𝑛𝛿(𝑎1, … , 𝑎𝑚)𝛿′(𝑎𝑚+1, … , 𝑎𝑚+𝑛)

for all 𝑎1, … , 𝑎𝑚+𝑛 in 𝐴. Then 𝛿 ⌣ 𝛿′ is a Hochschild
(𝑚+𝑛)-cocycle. This product can be visualized with a tree

diagram. For 𝑚 = 2, 𝑛 = 2, the tree is

𝜇

𝛿′𝛿

where 𝜇 is the multiplication map. This cup product on
cocycles induces an associative product

⌣∶ HH𝑚(𝐴) ×HH𝑛(𝐴) → HH𝑚+𝑛(𝐴).

It can be shown that HH∗(𝐴), under cup product, is a
graded commutative algebra, specifically,

̄𝛿 ⌣ ̄𝛿′ = (−1)𝑚𝑛 ̄𝛿′ ⌣ ̄𝛿,

where ̄𝛿, ̄𝛿′ are the images of 𝛿, 𝛿′ in HH𝑚(𝐴), HH𝑛(𝐴)
under the respective quotient maps.

The two binary operations on HH∗(𝐴), namely [ , ] and
⌣, can be seen to work well together in the sense that the
functions [ ̄𝛿, −] from HH∗(𝐴) to HH∗(𝐴) are themselves
graded derivations with respect to cup product, specifi-
cally,

[ ̄𝛿, ̄𝛿′ ⌣ ̄𝛿″] = [ ̄𝛿, ̄𝛿′] ⌣ ̄𝛿″ + (−1)𝑚(𝑝−1) ̄𝛿′ ⌣ [ ̄𝛿, ̄𝛿″]

for all ̄𝛿, ̄𝛿′, ̄𝛿″ in HH𝑚(𝐴), HH𝑛(𝐴), HH𝑝(𝐴), respectively.
We thus say that HH∗(𝐴) is a Gerstenhaber algebra in honor
of Gerstenhaber, who first discovered this structure.

Take as an example 𝐴 = 𝑘[𝑥, 𝑦]: The cup product is the
product on 𝐴 combined with that on the exterior algebra

on the derivations
𝜕
𝜕𝑥
, 𝜕
𝜕𝑦

, for example,

(𝑝 𝜕
𝜕𝑥) ⋅ (𝑞

𝜕
𝜕𝑦) = 𝑝𝑞 𝜕

𝜕𝑥 ∧ 𝜕
𝜕𝑦 ,

and the Gerstenhaber bracket is the Schouten bracket on
polyvector fields, for example,

[𝑝 𝜕
𝜕𝑥 , 𝑞

𝜕
𝜕𝑥 ∧ 𝜕

𝜕𝑦 ] = (𝑝 𝜕
𝜕𝑥(𝑞) − 𝑞 𝜕

𝜕𝑥(𝑝))
𝜕
𝜕𝑥 ∧ 𝜕

𝜕𝑦
for all 𝑝, 𝑞 in 𝑘[𝑥, 𝑦]. These structures extend to any poly-
nomial ring in finitely many indeterminates.

Appearances of Hochschild Cohomology
Hochschild cohomology has found many uses since its
inception. We mention here only a few places where
Hochschild cohomology appears in order to show how
widespread and diverse its uses can be.
Noncommutative geometry. There are many notions
from classical geometry that can be defined homologically,
and Hochschild cohomology plays a role. In classical
geometry, we glean information about geometric spaces
from commutative rings of functions on the spaces. For ex-
ample, the polynomial ring ℝ[𝑥, 𝑦] may be considered to
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be a ring of functions from the planeℝ2 toℝ, with 𝑥, 𝑦 cor-
responding to the coordinate functions. In noncommuta-
tive geometry, we replace such commutative rings of func-
tions by noncommutative rings and ask analogous ques-
tions about their structure. For example, the Weyl algebra
is an algebra that looks very much like a polynomial ring,
but we replace commutativity of indeterminates 𝑥 and 𝑦
with the relation 𝑥𝑦 = 𝑦𝑥−1. Notions such as dimension,
smoothness, and differential forms can be defined in the
setting of noncommutative geometry via Hochschild co-
homology of noncommutative algebras. Such definitions
may be viewed as generalizing those in commutative alge-
bra.
Algebraic deformation theory. Some algebras are re-
garded as deformations of simpler ones. For example, the
Weyl algebra is a deformation of a polynomial ring. A
deformation has associated to it a Hochschild 2-cocycle,
technically by first routing through formal power series
over the original algebra. For example, the cocycle for the

Weyl algebra is − 𝜕
𝜕𝑥
∧ 𝜕

𝜕𝑦
: Applying − 𝜕

𝜕𝑥
to 𝑥, 𝜕

𝜕𝑦
to 𝑦, and

multiplying yields −1, the scalar in the defining relation
𝑥𝑦 = 𝑦𝑥 − 1 of the Weyl algebra that distinguishes it from
the relation 𝑥𝑦 = 𝑦𝑥 of the polynomial ring. Conversely,
given a Hochschild 2-cocycle, in order for it to be associ-
ated to a deformation, other cocycles defined via the Ger-
stenhaber bracket [ , ] must be coboundaries. This con-
nection to Hochschild cohomology can be profitable. For
example, the classical Poincaré–Birkhoff–Witt theorem for
Lie algebras in this language states that the universal en-
veloping algebra of a Lie algebra is a deformation of a poly-
nomial ring, and one proof passes through Hochschild co-
homology. A notable special case of algebraic deforma-
tion is deformation quantization, that is, deformation of
a commutative algebra for which the Hochschild 2-cocycle
is a Poisson bracket.
Representation theory. Some techniques in representa-
tion theory rely on the graded commutative property of the
Hochschild cohomology ring under cup product that we
saw earlier. This property opens the door to commutative
algebraic and algebraic geometric techniques. Specifically,
each 𝐴-module𝑀 is associated to a module for the graded
commutative Hochschild cohomology ring HH∗(𝐴), and
this module itself is a cohomology ring H∗(𝑀) defined by
𝑀. Under some finiteness conditions, this yields an as-
signment of an algebraic variety, called a support variety, to
each 𝐴-module 𝑀, that is, the spectrum of the annihila-
tor in HH∗(𝐴) of H∗(𝑀). This assignment grants access to
geometric information encoding representation-theoretic
properties. For example, in some settings, the dimension
of the support variety of 𝑀 is equal to a measure of com-
plexity of 𝑀. This theory is both parallel to and more

James Stasheff, 2016.

general than the classical theory of support varieties for
modules of finite groups.

Towards Structural Understanding
Due to the many appearances of Hochschild cohomology
in mathematics, it is important to understand Hochschild
cohomology spaces well. One approach is to understand
first the precursor spaces 𝐶𝑛(𝐴) of multilinear functions
from 𝐴𝑛 to 𝐴, with the goal of understanding better their
subspaces 𝑍𝑛(𝐴) of Hochschild 𝑛-cocycles and the quo-
tients 𝑍𝑛(𝐴)/𝐵𝑛(𝐴) = HH𝑛(𝐴).

Identify the vector space 𝐶𝑛(𝐴) with that of all linear
functions from 𝐴⊗𝑛 = 𝐴⊗𝑘⋯⊗𝑘𝐴 (𝑛 tensor factors) to 𝐴.
Stasheff [8] considered some additional structure on the
graded vector space

𝑇(𝐴) =⨁
𝑛≥0

𝐴⊗𝑛,

namely that of a coalgebra. This structure is given by
deconcatenating tensor products in all possible ways and
summing. Stasheff showed that Hochschild cohomology
comes from the subspace of all coderivations on this coal-
gebra. He also initiated the study of highermultiplications
and comultiplications on

𝐶∗(𝐴) =⨁
𝑛≥0

𝐶𝑛(𝐴)

and on other spaces, thus founding the subject of 𝐴∞-
algebras and related structures. Deligne [1] conjectured
further structure on 𝐶∗(𝐴), that it is an algebra over an op-
erad of little discs, one version of which can be viewed as
existence of a particular infinity structure. The conjecture
was proven in different ways by different groups of mathe-
maticians around the turn of the millenium; see [6] for a
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discussion and references. Operads underlie other impor-
tant properties of 𝐶∗(𝐴) and thus of Hochschild cohomol-
ogy. See [6, 9] and references therein for an introduction
to operads.

For many questions involving Hochschild cohomology,
it can be helpful first to refine the vector space 𝐶∗(𝐴) itself,
since this space is quite large and can conceal important in-
formation. We look next at such an alternative approach.

Resolutions
We wish to place the Hochschild cohomology vector space
HH∗(𝐴) into a bigger picture by giving an equivalent def-
inition via an arbitrary resolution next. In fact, results
and examples mentioned earlier depend heavily on this
approach.

The algebra 𝐴 acts on itself by left and right multipli-
cation, making it into an 𝐴-bimodule. Equivalently, it is
a left module over the enveloping algebra 𝐴𝑒 = 𝐴 ⊗𝑘 𝐴𝑜𝑝
where 𝐴𝑜𝑝 is the opposite algebra (that is, 𝐴 with the op-
posite multiplication, 𝑎 ⋅𝑜𝑝 𝑏 = 𝑏𝑎 for all 𝑎 and 𝑏 in 𝐴).
The left 𝐴𝑒-module structure on 𝐴 is given by

(𝑎 ⊗𝑘 𝑏) ⋅ 𝑐 = 𝑎𝑐𝑏

for all 𝑎 and 𝑐 in 𝐴 and 𝑏 in 𝐴𝑜𝑝. Considering 𝐴 as an
𝐴𝑒-module in this way, we ask for a sequence of free 𝐴𝑒-
modules 𝐹𝑛 (that is, each 𝐹𝑛 must be a direct sum of copies
of 𝐴𝑒),

⋯ 𝑑3 // 𝐹2
𝑑2 // 𝐹1

𝑑1 // 𝐹0
𝜀 // 𝐴 // 0 (2)

with 𝐴𝑒-module homomorphisms 𝜀 ∶ 𝐹0 → 𝐴 and 𝑑𝑛 ∶
𝐹𝑛 → 𝐹𝑛−1 for all 𝑛 ≥ 1. We require im(𝑑1) = ker(𝜀) and
im(𝑑𝑛) = ker(𝑑𝑛−1) for all 𝑛 > 1; that is, the sequence (2)
is exact. Put another way, we say that the sequence (2), or
rather the collection of bimodules 𝐹𝑛 and maps 𝑑𝑛, is a
free resolution of the 𝐴𝑒-module 𝐴.1 An example is the bar
resolution of 𝐴 for which 𝐹𝑛 = 𝐴⊗𝑘⋯⊗𝑘 𝐴 (𝑛+ 2 factors),
𝜀(𝑎 ⊗𝑘 𝑏) = 𝑎𝑏, and

𝑑𝑛(𝑎0 ⊗𝑘 ⋯⊗𝑘 𝑎𝑛+1)

=
𝑛
∑
𝑖=0

(−1)𝑖𝑎0 ⊗𝑘 ⋯⊗𝑘 𝑎𝑖𝑎𝑖+1 ⊗𝑘 ⋯⊗𝑘 𝑎𝑛+1

for all 𝑎0, … , 𝑎𝑛+1 in 𝐴. A resemblance to simplices and
boundary maps in the theory of singular homology recalls
roots in algebraic topology.

In general, consider the vector space of all 𝐴𝑒-module
homomorphisms from 𝐹𝑛 to 𝐴, denoted Hom𝐴𝑒(𝐹𝑛, 𝐴) for
each 𝑛. Define the map

𝑑∗𝑛 ∶ Hom𝐴𝑒(𝐹𝑛−1, 𝐴) → Hom𝐴𝑒(𝐹𝑛, 𝐴)

1More generally, we may take each 𝐹𝑛 to be a projective 𝐴𝑒-module for a projec-
tive resolution.

to be a composition with 𝑑𝑛, that is, 𝑑∗𝑛(𝛿) = 𝛿 ∘ 𝑑𝑛, for all
𝑛 > 1, and define 𝑑∗0 to be the zero map. It turns out that
there is a vector space isomorphism for each 𝑛,

HH𝑛(𝐴) ≅ ker(𝑑∗𝑛+1)/im(𝑑∗𝑛),

where HH𝑛(𝐴) is the Hochschild cohomology space of
𝐴 in degree 𝑛, as defined earlier. The latter space above,
ker(𝑑∗𝑛+1)/im(𝑑∗𝑛), is also denoted Ext𝑛𝐴𝑒(𝐴, 𝐴), and is inde-
pendent of the choice of resolution (2) as a consequence
of existence of comparison maps between resolutions. If
we choose the bar resolution as described above, we return
to the definition of Hochschild cohomology we gave ear-
lier. If we take any other choice of free resolution of 𝐴, we
obtain a new (equivalent) definition of the Hochschild co-
homology spaces HH𝑛(𝐴). The resulting zoo of choices of
definitions of HH𝑛(𝐴) vastly expands our toolbox for han-
dling it.

In comparison, the dual notion of Hochschild homol-
ogy HH𝑛(𝐴) is given by Tor𝐴

𝑒
𝑛 (𝐴, 𝐴), and generally for any

𝐴-bimodule 𝑀 and 𝑛 ≥ 0,

HH𝑛(𝐴,𝑀) = Ext𝑛𝐴𝑒(𝐴,𝑀),
HH𝑛(𝐴,𝑀) = Tor𝐴

𝑒
𝑛 (𝑀,𝐴)

are the Hochschild cohomology and homology vector
spaces with coefficients in 𝑀. These spaces also have
further structure and uses that we will not discuss here.
See [5,12,13] for more information.

Cup Product Revisited
Cup products can be found on an arbitrary resolution by
using an algorithm analogous to a slide rule. In relation
to the sequence (2), let 𝛿 be an element of ker(𝑑∗𝑚+1)
and let 𝛿′ be an element of ker(𝑑∗𝑛+1), representing ele-
ments of HH𝑚(𝐴) and HH𝑛(𝐴), respectively. That is, 𝛿
is an 𝐴𝑒-module homomorphism from 𝐹𝑚 to 𝐴 for which
𝛿∘𝑑𝑚+1 = 0 and 𝛿′ is an 𝐴𝑒-module homomorphism from
𝐹𝑛 to 𝐴 for which 𝛿′ ∘𝑑𝑛+1 = 0. Consider two copies of the
sequence (2), one above the other:

⋯ // 𝐹𝑛 // ⋯ // 𝐹1 // 𝐹0 // 𝐴

⋯ // 𝐹𝑛 // ⋯ // 𝐹1 // 𝐹0 // 𝐴

Slide the top copy 𝑛 places to the right so that 𝐹𝑛 is now
above 𝐹0, called shifting the resolution. By virtue of being
free, the 𝐴𝑒-module 𝐹𝑛 may be mapped to 𝐹0 via an 𝐴𝑒-
module homomorphism 𝛿′0 in such a way that 𝛿′ = 𝜀 ∘ 𝛿′0,
as in the diagram below. Similarly, there are 𝐴𝑒-module
homomorphisms 𝛿′𝑖 ∶ 𝐹𝑛+𝑖 → 𝐹𝑖 for 1 ≤ 𝑖 ≤ 𝑚 for which
the diagram below commutes; that is, composing maps
along any two paths with the same start and end produces
the same result. We call the collection of such maps 𝛿′𝑖 a
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chain map:

𝐹𝑚+𝑛

𝛿′𝑚
��

𝑑𝑚+𝑛 // ⋯ 𝑑𝑛+2 // 𝐹𝑛+1
𝛿′1

��

𝑑𝑛+1 // 𝐹𝑛
𝛿′0

��

𝛿′

��>
>>

>>
>>

𝐹𝑚
𝑑𝑚 // ⋯ 𝑑2 // 𝐹1

𝑑1 // 𝐹0
𝜀 // 𝐴

Now define
𝛿 ⌣ 𝛿′ = 𝛿 ∘ 𝛿′𝑚,

an 𝐴𝑒-module homomorphism from 𝐹𝑚+𝑛 to 𝐴:

𝐹𝑚+𝑛

𝛿′𝑚
��

𝛿∘𝛿′𝑚

  

𝐹𝑚
𝛿
��
𝐴

Then 𝛿 ⌣ 𝛿′ indeed represents the cup product in the
Hochschild cohomology space HH𝑚+𝑛(𝐴). If we take the
bar resolution as described earlier, one choice of maps 𝛿′𝑖
leads to precisely the formula for cup product that we had
before.

This alternate definition of cup product, on an arbitrary
resolution, increases the versatility and therefore the use-
fulness of this operation. Often we choose a resolution
tailored specifically to a given type of algebra, aiding both
computation and theoretical understanding. The above
method of defining cup products is constructive and is
used in practice to compute them. There are yet other
equivalent definitions of cup product, also useful, that we
do not discuss here.

Gerstenhaber Bracket Revisited
Gerstenhaber brackets may be found on an arbitrary res-
olution by a similar technique to that described above
for cup products. Again, in relation to the sequence (2),
let 𝛿 be an element of ker(𝑑∗𝑚+1) and let 𝛿′ be an ele-
ment of ker(𝑑∗𝑛+1), representing elements of HH𝑚(𝐴) and
HH𝑛(𝐴), respectively. Again we line up two copies of the
sequence (2), but this time we slide the top copy 𝑛 − 1
places to the right, so that 𝐹𝑛−1 is above 𝐹0. We are inter-
ested in 𝐴𝑒-module homomorphisms 𝛿′[𝑖] ∶ 𝐹𝑖+𝑛−1 → 𝐹𝑖 as
in the diagram below:

𝐹𝑚+𝑛−1

𝛿′[𝑚]
��

// ⋯ // 𝐹𝑛
𝛿′[1]

��

// 𝐹𝑛−1
𝛿′[0]

��
𝐹𝑚 // ⋯ // 𝐹1 // 𝐹0

However instead of requiring that the diagram commute,
we require the homomorphisms 𝛿′[𝑖] to comprise a homo-
topy between two maps defined in terms of 𝛿′ and a chain
map from the sequence (2) to its tensor square over 𝐴.

Specifically, write 𝐹∗ for the truncation of sequence (2) in
which we have deleted the rightmost nonzero term 𝐴. Let
Δ be any chain map from 𝐹∗ to the tensor product 𝐹∗⊗𝐴 𝐹∗
that extends the canonical isomorphism 𝐴 ∼⟶ 𝐴 ⊗𝐴 𝐴.
We require the map 𝑑𝑖+1𝛿′[𝑖+1] + (−1)𝑛𝛿′[𝑖]𝑑𝑖+𝑛 to be equal
to the difference between (𝛿′⊗𝐴 1)Δ𝑖+𝑛 and (1⊗𝐴 𝛿′)Δ𝑖+𝑛
for all 𝑖, as well as requiring 𝛿′[0] to satisfy an initial condi-
tion. (Here we take the value of 𝛿′ to be 0 on all 𝐹𝑗 with
𝑗 ≠ 𝑛.) The collection of suchmaps 𝛿′[𝑖] is called a homotopy
lifting of 𝛿′ [11,13]. Now define

[𝛿, 𝛿′] = 𝛿 ∘ 𝛿′[𝑚] − (−1)(𝑚−1)(𝑛−1)𝛿′ ∘ 𝛿[𝑛],

an 𝐴𝑒-module homomorphism from 𝐹𝑚+𝑛−1 to 𝐴. Then
[𝛿, 𝛿′] represents the Gerstenhaber bracket in Hochschild
cohomology HH𝑚+𝑛−1(𝐴). If we take the bar resolution as
described earlier, one choice of maps 𝛿′[𝑖] produces exactly
the formula for the Gerstenhaber bracket that we had be-
fore.

This alternate definition of Gerstenhaber bracket, on an
arbitrary resolution 𝐹∗, is due to Volkov [11] in this gen-
eral form. The notion of homotopy lifting is directly re-
lated to Stasheff’s coderivations [8] in case 𝐹∗ is the bar
resolution. A method for finding homotopy liftings un-
der some additional conditions is in an earlier paper with
Negron [7]. In case 𝐹∗ is the bar resolution, homotopy lift-
ings of 1-cocycles are related to earlier, more general results
of Suárez–Álvarez [10]. All of these new techniques have
been used in further computational and theoretical work
on Gerstenhaber brackets for some classes of algebras, and
they promise to lead to yet further advances.
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Mathematics for the Modeling
of Defects in Materials

Claude Le Bris
Introduction
A famous quote1 says that “Crystals are like people, it is
the defects in them which tend to make them interesting.”
One of the best known examples of the importance of de-
fects in materials is perhaps the fact that crystals, and more
generally materials in an ordered phase (as opposed to
disordered or amorphous materials such as glasses), owe
their plasticity to the existence and motion of dislocations,
which are linear topological defects associatedwith an elas-
tic stress field—a line of miscoordinated atomic sites indi-
cating an irregularity within the periodic array of atoms
(see Figure 1). As the stress increases and exceeds a certain
threshold, the deformation is no longer reversible, as is
the case in the elastic regime. The displacement of disloca-
tions allows the material still to deform, but in a nonelas-
tic, nonreversible manner. The density, the topology, the
possible entanglements of these defects control this plastic
behavior, in sharp contrast with the reversible, elastic be-
havior that is ruled by the geometry of the underlying, ide-
alistically perfectly periodic, atomistic structure. Plasticity
explains why one is able to shape metallic materials and
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to manufacture tools. Without these mobile defects, ma-
terials would deform elastically until they suddenly break,
and bending even the thinnest metal bar would require a
large amount of energy. Likewise, in a different domain,
doped semiconductors, and therefore electronics, would
not exist without defects. Defects are useful for something!

Figure 1. Simple—called edge—dislocation at the microscopic
scale: an extra half-plane of atoms, the “defects,” is inserted
in the periodic lattice (2-dimensional cut of a structure
periodic in the perpendicular direction).

More generally, defects inmedia, not onlymaterials, play
a key practical role in several applications. One may have
in mind all applications of computer vision and imaging
that aim to detect an unusual feature within an image and,
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beyond, the many applications in inverse problems in the
engineering sciences—localization of an oil reservoir in
the underground, radars, sonars, etc. Interestingly, the in-
verse problem of detecting defects is also relevant in the
context ofmaterials, for instance for crack detection inmet-
als. However, before addressing the inverse problem, one
first needs to adequately formalize the direct problem: the
modeling and study of defects are already critical issues for
materials.

In a nutshell, one may see a defect as a presumably
rare anomaly within an otherwise well-understood and of-
ten homogeneous background. It would be impossible
to cover the huge variety of defects in materials science;
we refer to the many excellent monographs in mechanics-
related fields. The purpose of this mathematically oriented
presentation is to show a specific series of settings in ma-
terials science, and more precisely multi-scale materials sci-
ence, where mathematics plays a role in the modeling and
thus in the understanding and numerical approximation
of defects. Even though our study can be motivated by prac-
tical concerns such as the modeling of plasticity, which
we mentioned at the opening of this article, we mostly
consider here defects that are much simpler than disloca-
tions and we consider them as mathematical objects inde-
pendently of the meaning they can carry in a mechanical
context. Our purpose is also to present a set of theoretical
questions that, conversely, arise from this particular class
of applied problems. In the absence of defects, the math-
ematical problem is “nice and easy”—by the standards of
contemporary functional and differential equations analy-
sis. It derives from well-established techniques. It is also
expected to be simple computationally. The presence of a
defect breaks this nice mathematical setting. The mathe-
matical difficulty is due to the ensuing losses of finiteness,
boundedness, or compactness. Numerical difficulties sim-
ilarly follow. New tools are everywhere in order.

Of course, this article cannot cover the many existing
mathematical studies, in various areas of mathematics,
that address the modeling of defects. It only presents an
expository review of our approach to the problem, in col-
laborationwith close colleagues and focused on the theory
of partial differential equations and related issues, along
with connections with some other works that we find par-
ticularly intimately related to ours.

Atomistic Models and Beyond
A simple atomistic model. To begin with, we consider
a simplistic, 1-dimensional model of a material—at zero
temperature, with only one atomic species—and we intro-
duce the notion of defect in an atomic lattice at an elemen-
tary level. A set of 2𝑁+1, eventually𝑁 = ∞, point particles
or atoms 𝑋𝑘, 𝑘 ∈ {−𝑁, … ,𝑁}, with the convention 𝑋−𝑁 ≤
𝑋−𝑁+1 ≤ ⋯ ≤ 𝑋𝑁 interact via a nearest-neighbor pair

interaction potential 𝑉 . By this we mean that a given parti-
cle in 𝑋𝑘 only interacts with the particles 𝑋𝑘−1 and 𝑋𝑘+1
(with the obvious adaptation when 𝑘 = −𝑁 or 𝑁).
When 𝑁 is finite, as in a finite size molecular system, the
energy of the system is the sum of all interactions:

𝐸𝑁 = ∑
−𝑁≤𝑘≤𝑁−1

𝑉(|𝑋𝑘+1 − 𝑋𝑘|). (1)

Suppose now that the particles are clamped at integer posi-
tions, 𝑋𝑘 = 𝑘, which is typically the case if the pair interac-
tion potential 𝑉(𝑟), which is assumed to vanish at infinity,
achieves its unique (negative) minimal value at 𝑟 = 1 and
one considers the equilibrium, lowest energy, configura-
tion of the set of 2𝑁 +1 particles. Next let 𝑁 grow to infin-
ity. The energy 𝐸𝑁 = 2𝑁 𝑉(1) clearly diverges. This is not
unexpected, since the energy is an extensive quantity that
scales linearly with respect to the amount of matter consid-
ered. Only the energy per particle admits a limit, namely

1
2𝑁 + 1𝐸𝑁 ⟶𝑉(1), (2)

as 𝑁 → +∞. The latter value defines the energy, in this
model, of the periodic system consisting of an infinity of
periodically arranged atoms 𝑋𝑘 = 𝑘, 𝑘 ∈ ℤ. Let us now
present two ways to perturb this ideal periodic system.

First, we may modify the positions of all particles. This
may be achieved assuming now that the 𝑘-th particle has
a random position 𝑋𝑘(𝜔) = 𝑘 + 𝑌𝑘(𝜔), slightly shifted
from 𝑘, where, say, all the random variables 𝑌𝑘, −𝑁 ≤
𝑘 ≤ 𝑁, are independent, identically distributed, and val-
ued in (−1/2, 1/2). A similar argument as above, this time
formalized by the law of large numbers, yields the expec-
tation value 𝔼(𝑉(1 + 𝑌1 − 𝑌0)) as the energy per particle of
the infinite systemwe have constructed. Wemay alsomod-
ify the positions of particles deterministically: for instance,
the system

𝑋𝑘 = { 𝑘 + 1/2 for (2𝑛)2 < |𝑘| ≤ (2𝑛 + 1)2,
𝑘 for (2𝑛 + 1)2 < |𝑘| ≤ (2𝑛 + 2)2, (3)

composed of periodic regions alternately shifted from 1/2
or not, clearly admits an energy per particle—which, in-
cidentally, is identical to that of the original periodic
system—even though the system is by no means periodic
and the support of the defects extends to infinity. In other
terms, the defect is global, as in the random case, although
entirely deterministic.

Another direction we may take is to leave all the parti-
cles unperturbed except only a few, say one, namely the
particle 𝑘 = 0, which we now clamp at 𝑋0 = 𝑎 ≠ 0. This
is now our notion of local defect. The energy of the finite
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system now reads as

𝐸defect𝑁 =
−2
∑

𝑘=−𝑁
𝑉(|𝑋𝑘+1 − 𝑋𝑘|)

+𝑉(|1 + 𝑎|) + 𝑉(|1 − 𝑎|)

+
𝑁−1
∑
𝑘=1

𝑉(|𝑋𝑘+1 − 𝑋𝑘|).

Of course,
1

2𝑁 + 1 𝐸
defect
𝑁 shares the same limit

as
1

2𝑁 + 1 𝐸𝑁 when 𝑁 grows to infinity. Our defect being

localized, it does not affect the energy per particle in the
limit of an infinite number of particles. In order to get a
nontrivial effect—and “detect” the defect simply because
the energy of the system differs from that of the periodic
system—we have to proceed otherwise. To model the en-
ergy of the perturbed system differently, we consider the
difference

𝐸defect𝑁 − 𝐸𝑁 = 𝑉(|1 + 𝑎|) + 𝑉(|1 − 𝑎|) − 2𝑉(1), (4)

which defines a quantity (the defect formation energy, in
some sense) that, contrary to either of the two terms of the
left-hand side taken separately, has a finite limit when𝑁 →
+∞. Clearly, this limit may be seen as the energy of the pe-
riodic system with a defect at zero, being understood that
this energy is counted with reference to the ideal periodic
system.
Beyond atomistics. The above simplistic model can be
made more sophisticated in several directions. One may
consider an analogous discrete system of infinitely many
atomic sites, in the ambiant 3-dimensional physical space,
all interacting with one another via a potential. Think
for instance of an interaction potential 𝑉 ∈ 𝐿1(ℝ𝑛) ∩
𝐶0(ℝ𝑛\{0}), and it is then an easy exercise to generalize the
formulae above and discover that the corresponding peri-
odic potential 𝑉per = ∑

𝑘∈ℤ𝑛
𝑉(⋅ − 𝑘) plays a key role. Such

discrete models offer many cases of specific interest.
On the theoretical and modeling fronts, they can serve

as a starting point for a change of scale and the deriva-
tion of models of continuum mechanics [9, 10]. Many
of the latter models are indeed phenomenological, not to
say ad hoc. Their mathematical study is a challenge, in
particular when the material has indeed defects. As an ex-
ample, one may think of the models of fracture and the
works by Gilles Francfort and his collaborators. The ab ini-
tio derivation of continuum models has been completed
for some models, for instance in elasticity, with various ap-
proaches and in particular Γ-limit techniques—works by
Andrea Braides and his collaborators; see [6] for a survey.
Large-scale limits of dislocation dynamics, sometimes us-
ing homogenization theory, have also been investigated.
The range of macroscopic models that can be justified by

such an ab initio derivation is however limited. In partic-
ular, in relation to our earlier discussion and in line with
several existing works, it would be ofmajor theoretical and
practical interest to better understand, from models of de-
fects at the atomistic scale, the often phenomenological
models of plasticity.

Figure 2. Computer simulation of a displacement cascade.

In numerical simulations, atomistic models, possibly
embedding defects, can be used to better simulate the be-
havior of real materials. An illustrative case is provided by
the context of nuclear engineering. The aging of materials
is studied by successively following in time (a) the evolu-
tion of irradiation defects in the periodic structure—the
displacement cascades of Figure 2, (b) the aggregation of de-
fects to form dislocations, (c) the evolution of dislocations,
and eventually (d) the effective dynamics of the density of
the different categories of dislocations. Each stage in this
string of modeling levels is a coarse-grained version of its
predecessor. The defects, originally treated as discrete mi-
croscopic objects, are monitored, at the macroscopic level,
as a density field of objects in interaction which move
and transform. These techniques belong to the vast cate-
gory of molecular dynamics techniques—the “molecule” be-
ing, in this instance, the defects—although a more accu-
rate characterization would be computational statistical me-
chanics techniques; see e.g. [17]. A range of stochastic nu-
merical techniques is employed to achieve this, which of
course concurrently raises a series of interestingmathemat-
ical questions. The simulation of metastable trajectories and
rare events are the centralmathematical problematics of the
field.

Atomistic models are also used in practice in compu-
tational multi-scale mechanics. Some approaches—an ex-
ample of which is the so-called quasi-continuum method—
indeed use different models, either continuous or discrete,
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Figure 3. Atomistic-to-Continuum simulation of a material.
Microcrack opening in a periodic lattice: at the vicinity of the
fracture, where defects may appear and propagate, the
description is atomistic. Elsewhere, it is based on the
continuum approximation. The two levels of description are
coupled seamlessly.

in different regions of the material. The former category
of models are—a priori or adaptively—selected in the re-
gions of the material where the strains and stresses are ex-
pected to vary smoothly at the atomistic scale, while the
latter category of models are restricted to pathological re-
gions, typically containing atomistic defects of the crys-
talline structure created by the large variations of stresses
and strains over atomistic distances; see Figure 3 for an il-
lustration. The issues discussed above lay the groundwork
for the numerical analysis of such simulation approaches.
The works of Mitchell Luskin, Christoph Ortner, and their
collaborators give more details on the mathematical un-
derstanding, the numerical analysis, and the latest devel-
opments of the approach; see [18].

An alternate direction—and eventually a complemen-
tary direction when all levels of modeling are combined
together—can be to consider the microscopic scale only,
but refine the atomistic model using a model that ac-
counts for the electronic structure of the material. Put dif-
ferently, classical mechanics is replaced by quantum me-
chanics. Models of the crystalline phase, used in prac-
tice in computational solid state physics, can typically
be obtained by a bulk limit process as above. Density
functional theory type models—Thomas-Fermi, orbital-
free, Kohn-Sham-type models; wave-functions models—
Hartree, Hartree-Fock type models; or even more sophis-
ticated models, can all be derived in this manner. Math-
ematically, the problem can be stated as identifying the
limit of the energy per unit volume, namely the analogous
quantity to (2) suitably rescaled. The energy 𝐸𝑁 is now
a minimization problem set on functions, e.g. the den-
sity 𝜌, describing the electronic state and parametrically

depending on the parameter 𝑁 that, up to mathematically
irrelevant technicalities, fixes the total nuclear charge of
the nuclei located at the points 𝑋𝑘 and the total electronic
charge:

𝐸𝑁 = inf {ℰ(𝜌, {𝑋𝑘}); 𝜌 ≥ 0 ∫
ℝ𝑛
𝜌 = 𝑁} .

The answer to this question is already challenging for pe-
riodic geometries in the absence of defects and may re-
quire subtracting the energy of a reference infinite system
tomake the limit finite, exactly as we did above for our sim-
plistic atomistic system. A typical reference system popular
in solid state physics is a jellium, that is, a homogeneously
charged background. Proving that models for finite-size
microscopic systems have a large size (𝑁 → +∞) limit
that coincides with models for the condensed phase is an
important mathematical endeavor, with several outstand-
ing contributions by Charles Fefferman, Elliott Lieb, Barry
Simon, etc. The question, known as the bulk or thermo-
dynamic limit problem, has been examined for models at
zero, or at positive temperature, for models that are either
classical or quantum in nature, etc. We refer to [16] for a
survey.

Understanding how defects affect this process, and ac-
counting for them, is an additional layer of difficulty,
which has only been attempted for some models, and for
which various techniques of renormalization are useful.
State-of-the-art works in this direction include works by
Eric Cancès [7], Jianfeng Lu, Mathieu Lewin, and their re-
spective collaborators.
The rationale. Although extremely, not to say overly, sim-
plified, the above elementary atomistic model allows us to
illustrate some key difficulties related to the modeling of
defects. In the absence of defects, we have a gentle situa-
tion, where a geometric assumption, here periodicity, fol-
lowed by a natural technique, here division of the energy
by the number of particles, allow us to model the infinite
system as a finite one. Put differently, a problem a pri-
ori set on the—noncompact—whole space “miraculously”
reduces to a problem on a unit cell. Formerly, possible
difficulties were expected to prove the existence of mini-
mizers, define the set of admissible functions—position,
displacement, etc.—depending on their decay at infinity.
In contrast, every manipulation is now expected to be sim-
ple, and a setting using only classical functional spaces and
compactness techniques is sufficient. This in turn allows
us to anticipate, on the applied front, the use of standard
discretization and numerical simulation techniques.

When a defect is inserted, this idealistic landscape van-
ishes, and we observe two phenomena. Firstly, depend-
ing on the nature of the defect—whether it is localized,
that is, in some vague sense integrable, or it is global—
there may be, or not, a nontrivial effect on the definition
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of the average—here, the energy per unit particle, say. In
any event, deciding whether there is or is not such an effect
requires us to a priori consider infinite systems that cannot
be reduced to finite size systems as before. Secondly, in the
case where there is no global effect, there might be a local
effect that can only be seen by zooming in locally, or by
subtracting the background, both techniques amounting
to eliminating the problem at infinity—far away from the
defect.

Note that the endeavor is subtle. On the one hand, let-
ting the number 𝑁 of particles go to infinity is a first step
in changing the scale at which materials are examined. In
doing so, only phenomena that repeat themselves are sup-
posed to survive. Small deviations from the average are
meant to disappear. The point of modeling at a given scale
is to keep from the finer scales only average information
and neglect everything else that does not percolate to the
scale under consideration. The reason is that most macro-
scopic phenomena are results of ensemble effects at a finer
scale, not individual effects. On the other hand, not all
macroscopic phenomena are ensemble or macroscopic ef-
fects. It is well known that the color of most gemstones
is due to electronic bound states carried by impurities, a
microscopic effect, which percolates throughout the scales
and never gets “averaged”. Likewise, we have seen that plas-
ticity originates from defects. In sharp contrast to ensem-
ble averaging, accounting for the presence of these small
scales or these defects precisely requires that we not omit
the details.

Periodic Homogenization
Our next step is to move from a discrete description of a
material to a continuous description while keeping our at-
tention focused on defects. Let us now change the setting
and consider partial differential equations. For simplicity
again, we begin our discussion with the diffusion equation

−div(𝑎𝜀∇𝑢𝜀) = 𝑓, (5)

which, set on a domain Ω ⊂ ℝ𝑛 and supplied with suit-
able boundary conditions on 𝜕Ω, models a large variety of
physical phenomena. For example, if the coefficient 𝑎𝜀 de-
notes the heat conductivity of the medium, and 𝑓 models
the heat source, then the solution 𝑢𝜀 is thought of as the
temperature field within the domainΩ. Equivalently, with
vector-valued solutions 𝑢𝜀 and loadings 𝑓, the same equa-
tion models the linear elasticity of a material that has elas-
ticity tensor 𝑎𝜀. In our notation, fields carry a subscript 𝜀 to
indicate that they presumably vary at a tiny lengthscale 𝜀
much smaller than the typical scale of the domain Ω. The
question, similar to that of considering 𝑁 → ∞ in the pre-
vious section, concerns the behavior of the solution 𝑢𝜀 in
the asymptotic limit 𝜀 → 0. Taking the limit aims at cap-
turing the average behavior of 𝑢𝜀, possibly within a certain

level of details—meaning in various functional spaces—
and characterizing it, exactly as the purpose of the limit
performed in the previous section is to obtain the bulk be-
havior of the system starting from its atomic description.
Homogenization theory formalizes this question. In the pro-
totypical and historical case where 𝑎𝜀 = 𝑎per(𝑥/𝜀)with 𝑎per
a periodic function at scale one, the limit 𝑢∗ of 𝑢𝜀 is the so-
lution of the homogenized equation

−div(𝐴∗∇𝑢∗) = 𝑓, (6)

where the homogenized coefficient 𝐴∗ can indeed be com-
puted. The approximation of 𝑢𝜀 by 𝑢∗ holds strongly in
the 𝐿2(Ω) sense and may be refined in the 𝐻1(Ω) norm
upon using a periodic corrector, which adds to 𝑢∗ the pro-
totypical oscillation of the original problem. This correc-
tor, or more precisely this 𝑛-tuple of correctors, is the solu-
tion to the periodic problem

−div(𝑎per(𝑒𝑖 + ∇𝑤𝑝𝑒𝑟,𝑖)) = 0 (7)

for 1 ≤ 𝑖 ≤ 𝑑 and 𝑒𝑖 the corresponding canonical basis vec-
tor of ℝ𝑛. It is enlightening to realize that equation (7),
set on the periodic cell of the periodic microstructure of
the material encoded in 𝑎per, is obtained from the orig-
inal equation (5) set on Ω by zooming in at the scale 𝜀
and looking at variations around linear responses. The un-
derstanding of how 𝑢𝜀 converges to 𝑢∗ in topologies other
than 𝐻1, like in all the Sobolev spaces 𝑊 𝑘,𝑝 or also in
Hölder spaces 𝐶𝑘,𝛼, is obtained by a careful analysis of
the Green functions associated to the differential opera-
tors −div(𝑎per∇.) and −div(𝐴∗∇.) at play in (5) and (6).
This was carried out in a series of seminal works [2] by
Marco Avellaneda and Fang-Hua Lin in the 1980s and re-
cent works by Carlos Kenig and collaborators. The ques-
tions are related to harmonic analysis and the theory of
Calderòn-Zygmund operators. All in all, the problem is
now well understood theoretically.

The reader familiar with computational science readily
understands that the approach provides a natural numeri-
cal approximation of 𝑢𝜀.

Homogenization of periodic problems goes far beyond
the simple diffusive linear setting described above; see
the two reference textbooks by major contributors to the
field: A. Bensoussan, J.-L. Lions, and G. Papanicolaou [4]
and V. V. Jikov, S. M. Kozlov, and O. A. Oleı̆nik [15]. A
large portfolio of linear partial differential equations and
systems of partial differential equations has been success-
fully addressed in homogenization problems, along with
the associated eigenproblems, time-dependent variants,
etc. Many nonlinear problems have also been addressed,
should the nonlinearity arise from the terms of the equa-
tion themselves or from the geometry of the domain on
which the equation is set: linear equation on a perforated
domain, on a domainwith an unknown ormoving bound-
ary, .... State-of-the-art results include elaborate equations
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Figure 4. Defects in a periodic structure. In the unperturbed
periodic environment, the inclusions are periodic. The
elimination of some of these inclusions are the defects
considered. The elimination may be deterministic or random.
One may also consider small probabilities of elimination and
construct the corresponding mathematical setting.

such as fully nonlinear equations, Hamilton-Jacobi type
equations, etc. Several important questions remain in the
periodic setting, in particular for hyperbolic equations, but
the challenges we wish to now return to concern settings
other than periodic.

Homogenization Problems with Defects
We return to the diffusion equation (5) but do not assume
any longer that 𝑎𝜀 is a rescaled periodic function 𝑎per(𝑥/𝜀).
Under quite general and mild assumptions on the (pos-
sibly matrix-valued) diffusion coefficient 𝑎𝜀, presumably
varying at the tiny scale 𝜀, the equation admits a homoge-
nized limit, which is indeed of the form (6). Celebrated
results along these lines are due to Ennio De Giorgi, Ser-
gio Spagnolo, and Luc Tartar and their respective collabo-
rators; see [1, Chapter 1], [20] for reviews. The correspond-
ing theories carry the names of Γ-limit, 𝐺-convergence, 𝐻-
convergence. The strength of such results is their generality.
They are essentially obtained by a compactness argument.
In essence, for our particular setting (5), the sequence of
inverse operators [−div(𝑎𝜀∇.)]

−1
is weakly compact in the

suitable topology, it converges, up to an extraction, and
its limit can be proven to be an operator of the same type,
namely [−div(𝐴∗∇.)]−1. On the other hand, and precisely
because of the generality, not much is known on the limit
when 𝑎𝜀 is generic. This contrasts with periodic homoge-
nization which is both explicit—the limit coefficient 𝐴∗ is
known by a formula, amenable to computation, as a func-
tion of the, also known, corrector—and precise—the rate
of convergence of 𝑢𝜀 to 𝑢∗ is known for a large variety of
norms. Besides their theoretical interest per se, the above

two ingredients together allow for envisioning a practical
numerical approach for the computation of the homoge-
nized limit that is certified by a numerical analysis.

The question arises to find sufficiently general settings
that still allow for the quality of results of the periodic set-
ting. This brings us back to our question of modeling de-
fects, if defects are seen as violations of periodicity. The re-
cent decade has witnessed several mathematical endeavors
in this direction. Definite progress along this line concerns
random homogenization. This setting has been originally ad-
dressed, in the linear case, in seminal works by George Pa-
panicolaou, Srinivasa Varadhan, and Sergei Kozlov, and,
in the nonlinear case, by Gianni Dal Maso and Luciano
Modica, and by Luis Caffarelli and Panagiotis Souganidis.
Remarkable progress has recently been made in a series of
significant works by Felix Otto, Antoine Gloria, Scott Arm-
strong, Charles Smart, Jean-Christophe Mourrat, and their
coworkers; see e.g. [13] for an example of such a contribu-
tion. The “partial differential equation” version of our ran-
dom defects 𝑋𝑘(𝜔) = 𝑘+𝑌𝑘(𝜔), and of much more general
random distributions of defects, is now well understood:

−div(𝑎(𝑥/𝜀, 𝜔)∇𝑢𝜀(𝑥, 𝜔)) = 𝑓, (8)

with 𝑎(., 𝜔) ergodic stationary. Most qualitative properties
of periodic homogenization are proven to survive in ran-
dom homogenization, with some differences though (the
nature and rates of convergences may be substantially dif-
ferent). Of course, an important point is that these prop-
erties are now established on average, that is, mathemati-
cally, in expectation, in law, or at best almost surely. Put dif-
ferently, nothing is known in full generality on a particular
realization of the randomdefects. On the other hand, stud-
ies regarding periodic settings perturbed by specific types
of defects, again in the spirit of our simple atomisticmodel
above, have been conducted by the author in collaboration
with Xavier Blanc and Pierre-Louis Lions [5]. We now give
one prototypical example of such a setting, where we illus-
trate what we believe is the novelty of the mathematical
questions involved.

Return to (5) and assume that 𝑎𝜀 = 𝑎(./𝜀) where the
coefficient 𝑎models a periodic material perturbed by a lo-
calized defect. This setting, mathematically, may be en-
coded in 𝑎 = 𝑎per + ̃𝑎 for ̃𝑎 ∈ 𝐿𝑝(ℝ𝑛) for some 𝑝 < +∞.
The presence of this defect does not affect the macroscopic
behavior, that is, the homogenized equation (6). The ho-
mogenized coefficient𝐴∗ remains the same, because it actu-
ally depends only on averages of 𝑎 over large volumes for
which the addition of a function such as ̃𝑎 does not mat-
ter. On the other hand, when it comes tomaking this limit
more precise, one intuitively realizes, zooming in locally
in the material, that the corrector equation that describes
the microscopic response of the material reads as

−div(𝑎(𝑒𝑖 + ∇𝑤𝑖)) = 0, (9)
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thus is different from (7). In sharp contrast with (7),
the equation (9) does not reduce to an equation set on a
bounded domain with periodic boundary conditions. In
essence, it is posed on the entire ambient space ℝ𝑛, a re-
flection of the fact that, at the microscopic scale, the de-
fect has broken the periodicity of the environment: the
local response is affected by the defect and depends on
the state of the whole material. A considerable mathe-
matical difficulty follows. The classical toolbox for the
study of thewell-posedness of—here linear—equations on
bounded domains, namely the Lax-Milgram lemma in the
elliptic case, the Fredholm alternative, etc., all techniques
that one way or another rely upon the boundedness of the
domain or the compactness of the setting, are now ineffec-
tive. Should 𝑎 be random, then equation (9) would ad-
mit an equivalent formulation on the abstract probability
space, and this would temporarily make up for compact-
ness, even though other significant complications indeed
arise. Here, the difficulty must be embraced. A related
difficulty is to define the set of admissible functions for
solutions, or the variational space in an energetic formu-
lation of the problem. The decay of these functions away
from the defect is key in the mathematical study. In that
respect, we recover here a classical difficulty in the more
general context of the modeling of defects. For instance,
works by John Ball and his collaborators underlined the
importance of the selection of the functional variational
space in all problems of the calculus of variation and in
particular when modeling defects in liquid crystals [3]. In
the specific case 𝑎 = 𝑎per + ̃𝑎 with ̃𝑎 ∈ 𝐿𝑝(ℝ𝑛), one seeks
the solution to (9) under the form 𝑤𝑖 = 𝑤𝑝𝑒𝑟,𝑖 + �̃�𝑖, that is,
with reference to the periodic solution 𝑤𝑝𝑒𝑟,𝑖 to (7)—a trick
that, since our first section, the reader is not a stranger to.
Equation (9) rewrites as

−div(𝑎∇�̃�𝑖) = div(𝑓)
where 𝑓 ∈ 𝐿𝑝(ℝ𝑛). This suggests that the suitable func-
tional space for ∇�̃� is 𝐿𝑝(ℝ𝑛). The question then reduces
to whether [∇] [div(𝑎∇ .)]−1 [div] operates continuously
in 𝐿𝑝(ℝ𝑛). In the above specific setting, this holds true for
all 1 < 𝑝 < +∞ (see [5]).

The procedure above is not restricted to the linear dif-
fusion problem (5). One may consider semilinear equa-
tions, quasi-linear equations, systems, etc. The study gets
all the more delicate as the complexity of the equation in-
creases. In order to show the extent of the complications,
we temporarily consider the homogenization of an equa-
tion not strictly related to materials, a viscous Hamilton–
Jacobi equation such as

−𝜀Δ𝑢𝜀 + 𝑢𝜀 + 𝐻 (∇𝑢𝜀) − 𝑉(𝑥/𝜀) = 0, (10)

which leads to a corrector problem of the form

−Δ𝑤 + 𝐻 (∇𝑤) − 𝑉(𝑥) = 𝐻, (11)

where for both equations the notion of solution is that of
viscosity solutions. For a periodic potential 𝑉 , the problem
is now standard, but introducing an additional local de-
fect makes it atypical. The historical contribution on the
periodic setting is a landmark article by P.-L. Lions, G. Pa-
panicolaou, and S. R. S. Varadhan, while the random set-
ting was first considered by Fraydoun Rezakhanlou and
James Tarver, and by Panagiotis Souganidis. Furthermore,
on equations such as (10), we see another feature arising.
Equation (5), as a diffusive equation, is in some loose
sense “forgiving”: a local microscopic defect is forgotten
at the macroscopic scale, that is, in the homogenization
limit (6). Diffusion smooths things over, and unless one
looks at things locally, as in the corrector problem (9), the
defect is harmless. In equations of the type (10), where
other types of phenomena, such as propagation of waves,
or fronts, can be dominant, this is no longer true: waves
see defects as obstacles in their propagation, and the so-
lution is modified. A local microscopic defect may affect
the macroscopic, homogenized limit. This may already be
seen upon considering simple 1-dimensional equations:
take 𝑢𝜀 + |(𝑢𝜀)′| = 𝑏(𝑥/𝜀) for 𝑏 smooth, compactly sup-
ported, nonpositive, and attaining its minimum 𝑏(0) = −1
at zero; interpret the right-hand side as a defect superim-
posed to the null function; and check that 𝑢𝜀 converges
to−exp(−|𝑥|), a functionmacroscopically different from the
null function, the unique (bounded) solution, in the vis-
cosity sense, to 𝑢 + |𝑢′| = 0.

Various other cases of defects may be considered for ho-
mogenization problems that are otherwise “simple.” They
may formally decay at infinity, like the “localized” func-
tions ̃𝑎manipulated above, or not. In the former case, the
problem at infinity (that is, the problem obtained upon
translating the equation far away from the defect) is iden-
tical to the underlying periodic problem. In the latter case,
the situation may sensitively depend upon what the prob-
lem “at infinity”—in the same sense as above—looks like.
There may even exist several such problems. This is the
case for our simple atomistic system (3) above. Whether
one sits close to an 𝑋𝑝2 for 𝑝 integer, or far away from such
points, one does not see the same environment asymptoti-
cally. Another prototypical example is related to the mod-
eling of grain boundaries in materials science: two differ-
ent, periodic structures are connected across an interface.
The defect is, say, the plane separating the two structures,
and at large distances from this interface, different peri-
odic structures are present, depending upon which side of
the interface is considered. The corresponding mathemat-
ical problem is theoretically interesting and practically rel-
evant. In all cases, the challenge is to identify the homog-
enized, macroscopic limit, while, in the meantime, retain-
ing some of the microscopic features that make the prob-
lem relevant.
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Related Problems
It is interesting to notice that the questions we discuss on
the corrector equations (7), (9), (11), although arising in
the specific context of homogenization, are genuine ques-
tions on partial differential equations and have their own
interest in the modeling of materials, for a large category
of equations set at one given scale. Localization of classical
or quantum waves in periodic materials owing to the pres-
ence of defects [19] requires the study of eigensystems of
the type

−div( 1
𝜀(𝑥) ∇𝑢) = 𝜆𝑢

or
−Δ𝑢 + 𝑉(𝑥)𝑢 = 𝜆𝑢,

respectively, for dielectric constants 𝜀(𝑥) or potentials 𝑉(𝑥)
that may bemodeled as the diffusion constants 𝑎(𝑥) above.
As is well known, the spectrum of a periodic operator has
a band structure and generalized eigenfunctions that are
periodic up to phases. Defects in the periodic background
may create eigenvalues associated with localized, nonperi-
odic, eigenfunctions. The understanding of such phenom-
ena is key for themodeling ofmaterial defects at themicro-
scopic scale. The famous problem of Anderson localization,
related to the presence of random defects, is yet another ex-
ample of the theoretical and practical importance of such
issues; see [19].

An example of a practically important application con-
sists of the modeling of waveguides, as in the studies con-
ducted by Patrick Joly, Sonia Fliss, and their collaborators;
see e.g. [12]. Such problems, and in particular the scatter-
ing properties of the device, are sensitive to the periodic
structure of the waveguide, and to the possible presence of
defects therein. The typical modeling equation reads as

−Δ𝑢 − 𝑛2(𝑥) 𝜔2 𝑢 = 𝑓,
where the refraction index 𝑛 encodes the nature of the ma-
terial and may be a perturbation by some defects of an oth-
erwise periodic matrix. Several of the options considered
above formodeling various categories of defects can be use-
ful in this particular framework.

In closing, we emphasize that the many options for
modeling defects, depending on their nature, geometry,
random character, etc., which we have approached above,
have a manyfold interest. They provide a selection of inter-
esting problems in the theory of partial differential equa-
tions which are all relevant practically and challenge our
mathematical understanding of the equations considered.
They allow us to explore how sensitively the properties of
a given equation depend on the nature of its coefficients.
Put formally, we indeed study the linear tangent operator
of the map associating the solution to a given coefficient
in the equation. There also is, of course, a practical and
numerical interest. Our study provides a toolbox that may

be useful for a large spectrum of problems in the engineer-
ing sciences and prepares the design, the analysis, and the
improvements of the numerical approaches. Multiscale
materials science is indeed a heavy user of various numer-
ical techniques: multiscale finite elements methods, het-
erogeneous multiscale method, and many others; see [11].
There is a definite interest in certifying these approaches
in a variety of situations, especially when materials have
defects. The theoretical analysis that has been overviewed
above may constitute a first step toward this goal.
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Discrete Painlevé Equations

Nalini Joshi
1. Introduction
This article is about a class of special functions that can-
not be expressed in terms of classical elementary functions.
Nevertheless, they arise in a wide range of applications and
have surprisingly rich mathematical properties.

In this article, we describe some of these properties,
which lie at the intersection of many directions in math-
ematics, including dynamical systems theory, differential
or difference Galois theory, and algebraic geometry. These
intersections are expanded in further detail in lectures de-
livered at UCLA, and interested readers may find it helpful
to view the videos of the lectures at https://www.math
.ucla.edu/dls/nalini-joshi.

100 1 2 3 4 5 6 7 8 9

0 1 2 3 4

100 1 2 3 4 5 6 7 8 9

0 1 2 3 4

Figure 1. The combined length of two adjacent horizontal
rulers is the sum of each individual ruler’s length.
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Imagine two rigid rulers, one placed next to the other
(see Figure 1). The length of the combined object is the
sum of the lengths of each individual ruler. This is an ex-
ample of a linear system.

But whether we are observing the heights of colliding
waves near a beach, the ebb and flow of infective cells in a
patient, or massive fluctuations in gravitational fields aris-
ing from colliding black holes, the corresponding mathe-
matical models turn out not to be linear—for example, the
sum of the heights of travelling waves near a beach before
collision is not necessarily their combined height at the
time of collision. This article is about transcendental func-
tions that solve nonlinear mathematical models arising in
such applications.

The history behind these functions starts, like mathe-
matics, with counting. Addition and subtraction of count-
ing numbers lead to the integers. Multiplication and divi-
sion lead to rational numbers. Solving polynomial equa-
tions with integer coefficients leads to algebraic numbers.
But there are numbers called transcendental numbers that
escape algebraic construction.

Transcendental numbers lie in places on the number
line that are like regions in old maps filled with drawings
of fabulous monsters. Although the name imbues them
with a mystical aura, they arise everywhere in real life, as
we know from the presence of the number 𝜋 in almost
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Figure 2. Number systems.
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Figure 3. Function classes.

every part of mathematics. This article is about functions
that play a similar role.

To get to such functions, imagine replacing counting
numbers with polynomials. Multiplication and division
of polynomials lead to rational functions. Solving poly-
nomials of more than one variable—for example, finding
solutions 𝑦(𝑥) of

𝑎𝑛(𝑥)𝑦𝑛 + 𝑎𝑛−1(𝑥)𝑦𝑛−1 +⋯+ 𝑎0(𝑥) = 0,
where 𝑎𝑘(𝑥) are polynomials of 𝑥 with inte-
ger coefficients—leads to algebraic functions. Functions
that are not algebraic are called transcendental functions.

Within this class, there are further levels of transcenden-
tality. At the base level sit familiar transcendental func-
tions, such as exponential, trigonometric, and logarithmic
functions. But there are functions that escape any algebraic
operations applied to these or their compositions.

The exploration of transcendental functions has a long
history, reaching back at least to Euler in 1755. One en-
during question is whether a newly discovered function
can be expressed in terms of earlier known transcendental
functions. As for transcendental numbers, the main ques-
tion here is to askwhether there exist algebraic relations be-
tween them. Derivatives or differences of transcendental

functions also play a crucial role in answering such ques-
tions.

Each new level of transcendentality aims to capture
functions that escape the previous steps. There is a hier-
archy of known cases, which arise as solutions of differen-
tial or difference equations. Functions in the hierarchy are
categorized according to whether or not they result from
operations called classical operations applied to functions at
a previous step.

This article focuses on currently known transcendental
functions that are furthest away from polynomials, in par-
ticular, those at the top of the known hierarchy of func-
tions solving polynomial differential or difference equa-
tions. They are solutions of certain nonlinear difference
or differential equations, called the discrete Painlevé equa-
tions or Painlevé equations [8,9].

To describe examples of such equations, we start with
basic notation. Difference equations act on the ring 𝑅 of
sequences (𝑤𝑛)𝑛∈ℕ in ℂ equipped with an iteration opera-
tor 𝜎 ∶ 𝑅 → 𝑅. For example, Euler’s Gamma function

Γ(𝑧) = ∫
∞

0
𝑡𝑧−1𝑒−𝑡𝑑𝑡

satisfies a difference equation, given by 𝜎(𝑤(𝑧)) = 𝑧𝑤(𝑧),
where 𝜎(𝑤(𝑧)) = 𝑤(𝑧 + 1).

Each application of the iteration operator 𝜎 corresponds
to a shift 𝑧 ↦ 𝑧 + 1 on a line. Given 𝑎 ∈ ℂ, more general
shifts 𝑧 ↦ 𝑧+𝑎 occur on a line, and we continue to de-
note the corresponding iteration by 𝜎(𝑤(𝑧)) = 𝑤(𝑧 + 𝑎).
But, there aremore complicated curves onwhich iterations
can also be defined. Two such types of curves and their as-
sociated iteration operators have led to extensions of the
Gamma function. One of these is 𝜎𝑞(𝑤(𝑧)) = 𝑤(𝑞𝑧), with
𝑞 ≠ 0, 1, 𝑞 ∈ ℂ, which iterates points on a spiral. The other
is 𝜎ell, which iterates points on a curve parametrized by el-
liptic functions, called an elliptic curve [2]. Given 𝑎, 𝑏 ∈ ℂ,
elliptic curves have a canonical cubic form 𝑦2=4𝑥3−𝑎𝑥−𝑏.

𝑧 − 𝑎
𝑧

𝑧 + 𝑎

(a) 𝜍.

𝑞𝑧

𝑧

𝑧/𝑞

(b) 𝜍𝑞.

𝑃0

𝑃2

𝑃1

(c) 𝜍ell.

Figure 4. Three types of curves—a line, a spiral, and an elliptic
curve—on which iterations are well defined.

Assume the curve is nonsingular, i.e., 𝑎3 ≠ 27𝑏2. On such
a curve, the iteration proceeds as follows: start with two
points 𝑃0, 𝑃1 on the curve. Then the line passing through
them intersects the curve again, producing a third point.
The iteration of 𝜎ell is the reflection of this third point
across the horizontal axis, given by 𝑃2 in Figure 4(c). (This
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action is also called the addition formula or group ac-
tion on the curve.) Difference equations with iteration
operator 𝜎𝑞 are called 𝑞-difference equations, while those
with iteration operator 𝜎ell are called elliptic difference equa-
tions.

All three iteration operators occur in the list of dis-
crete Painlevé equations. There are 22 classes of such
equations described by Sakai [17] through an algebro-
geometric study of dynamical systems. A concise list of
canonical cases can be found in [9, Appendix D]. Discrete
Painlevé equations have striking mathematical properties.
We illustrate them here for selected examples, which are
listed below.

For conciseness, we write 𝜎(𝑤) = 𝑤, 𝜎−1(𝑤) = 𝑤, for all
three types of iterations:

dPI ∶ 𝑤 (𝑤 + 𝑤 + 𝑤) = 𝑎𝑛 + 𝑏 + 𝑐𝑤, (1)

qPI ∶ 𝑤𝑤 = 1
𝑤 − 1

𝑎 𝑞𝑛𝑤2 , (2)

eRCG ∶
cn(𝛾𝑛)dn(𝛾𝑛)(1 − 𝑘2sn4(𝑧𝑛))𝑤𝑛(𝑤𝑛+1 + 𝑤𝑛−1)
− cn(𝑧𝑛)dn(𝑧𝑛)(1 − 𝑘2sn2(𝑧𝑛)sn2(𝛾𝑛))

⋅ (𝑤𝑛+1𝑤𝑛−1 + 𝑤𝑛
2)

+ (cn2(𝑧𝑛) − cn2(𝛾𝑛))cn(𝑧𝑛)dn(𝑧𝑛)
⋅ (1 + 𝑘2𝑤𝑛

2𝑤𝑛+1𝑤𝑛−1) = 0, (3)

where

𝑧𝑛 = (𝛾𝑒 + 𝛾𝑜)𝑛 + 𝜔, 𝛾𝑛 = {𝛾𝑒, for 𝑛 = 2𝑗,
𝛾𝑜, for 𝑛 = 2𝑗 + 1,

with 𝛾𝑒, 𝛾𝑜, 𝑎, 𝑏, 𝑐, 𝑑, 𝑞 being constants, with 𝑞 ≠ 0, 1, and
where cn, dn, sn denote Jacobi elliptic functions, i.e., dou-
bly periodic, meromorphic functions that parametrize bi-
quadratic curves.

Consider, for example, the autonomous case of qPI,
which arises in the limit |𝑞𝑛| → ∞:

𝑤𝑤𝑤 = 1. (4)

This equation has an invariant defined by

𝐾(𝑥, 𝑦) = 𝑥2 𝑦2 + 𝑥 + 𝑦
𝑥 𝑦 , (5)

which satisfies 𝐾(𝑤,𝑤) − 𝐾(𝑤,𝑤) = 0 when 𝑤 satisfies
equation (4). Given an initial value (𝑤0, 𝑤1), the solution
orbit, or trajectory, {𝑤𝑛}∞𝑛=0 lies on the curve defined by
𝐾(𝑥, 𝑦) = 𝜅 ≔ 𝐾(𝑤0, 𝑤1). This leads to a one-parameter
family of curves defined as the zero set of

𝑓(𝑥, 𝑦) = 𝑥2 𝑦2 + 𝑥 + 𝑦 − 𝜅 𝑥𝑦, (6)

which is called a pencil of curves [6]. Each curve in this
pencil can be mapped to an elliptic curve [2]. A two-
dimensional real slice of the pencil is illustrated in Figure
5.

Figure 5. Real contour lines of the function 𝐾(𝑥, 𝑦) defined in
equation (5). An initial value (𝑥, 𝑦) = (𝑤0, 𝑤1) lies on one of
these curves, and the corresponding solution of equation (4)
is iterated on that curve.

The function 𝐾 can be defined by equation (5) even
when 𝑧 = 𝑎𝑞𝑛 is not at infinity, but it is no longer invariant
on solution trajectories. Instead, we have

𝐾(𝑤,𝑤) − 𝐾(𝑤,𝑤) = − 1
𝑧
𝑤(𝑤 − 𝑤)
(𝑤 − 1/𝑧)

,

and so for arbitrarily large |𝑧| and bounded values of 𝑤, 𝑤,
𝑤, 𝐾 is slowly varying with 𝑧. A solution trajectory of qPI
then moves from a point on a contour shown in Figure 5
to a point on another contour as 𝑛 is iterated. Such tra-
jectories are like threads that link one contour diagram to
another, as shown in Figure 6.

Figure 6 is a local (real) snapshot of a well-known struc-
ture in mathematics called a foliated vector bundle. Each
slanted contour diagram in the figure is a fibre of a vector
bundle [10] and it fits alongside others locally like parallel
planes. Solution trajectories that intersect each fibre trans-
versely form a foliation of the vector bundle [11].

In the case of discrete Painlevé equations, each fibre of
this foliated vector bundle is an elliptic surface, because
the invariant contours of the corresponding autonomous
system are elliptic curves. Given an initial value, the cor-
responding solution follows a trajectory that pierces each
fibre. While such trajectories may be locally well defined,
this is not guaranteed everywhere.
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Figure 6. A real solution trajectory of qPI threading through
contour lines of 𝐾 defined in equation (5).

We illustrate this for the example of qPI, which in system
form1 is given by

(𝑥𝑦) = (
𝑧𝑥 − 1
𝑧𝑥2𝑦
𝑥

) , (7)

where 𝑥 = 𝑤, 𝑦 = 𝑤, and 𝑧 = 𝑎𝑞𝑛. When 𝑥 or 𝑦 is arbitrar-
ily small, its iterates become unbounded, but this can be
handled by embedding the system into two-dimensional
projective space ℙ1 × ℙ1. However, this is not sufficient
to handle all problematic initial values, such as the point
𝑏0 ∶ (𝑥, 𝑦) = (1/𝑧, 0), where the right side of equation (7)
becomes undefined.

For the autonomous case (4), this is a base point, i.e., a
point where all curves of the elliptic pencil (6) intersect.
An initial point on each such curve is transported along it
with constant speed, like a car travelling on a road. But
because all the curves intersect at the origin, there is a grid-
lock or traffic jam that prevents the cars on each line from
moving through this point. The operation of blow-up or
resolution, which was known to Newton [1], redefines the
roads through that impasse, so that each car can travel con-
tinuously through it on its journey. See Section 4 for fur-
ther details.

When all base points are resolved, the resulting space
is called a space of initial values. There is a way to char-
acterize this space uniquely for each Painlevé and discrete
Painlevé equation. To do so, we have to understand the
self-intersection numbers of lines. Each time a point is
blown up on a line, the self-intersection number of that

1We have written only the forward iteration here for conciseness, but to be com-
plete we need to consider both forward and backward iterations of (𝑥, 𝑦).

line decreases by 1. For example, a vertical line, denoted by
𝐻𝑥 (for constant 𝑥-value) does not intersect itself inℙ1×ℙ1.
However, when a base point lying on 𝐻𝑥 is blown up, the
self-intersection number of this line becomes −1. Two
separate blow-ups on 𝐻𝑥 would lead to a self-intersection
number of −2.

The resulting resolved initial-value space can be char-
acterized by a reflection group through an isomorphism
known as Duval correspondence or McKay correspondence.
Here lines of self-intersection number −2 play a special
role: they are mapped to simple roots of reflection groups,
with their intersections being mapped to inner products.
An example of reflection groups is given in Section 3 and
shown to give rise to dPI through a translation operator on
the lattice generated by such a group.

There are many more properties than we can cover in
this article. Each discrete Painlevé equation is a compat-
ibility condition for a pair of associated linear problems
(called Lax pairs), and Riemann–Hilbert-type methods ap-
plied to these linear problems provide information about
the solutions. And, as remarked above, their generic solu-
tions are “more trancendental” than any previously known
special functions. (See Section 5.) In the following, we
describe some of these distinctive properties, using the ex-
amples listed above for illustration. Further properties and
examples are discussed in detail in [9].

2. The Beginnings
In 1939, Shohat [18] discovered a curious relationship be-
tween equation (1) and orthogonal polynomials.

Consider themonic Hermite polynomialsΦ𝑛(𝑥), where
Φ0(𝑥) = 1, Φ1(𝑥) = 𝑥, Φ2(𝑥) = 𝑥2 − 1, …. From the orthog-
onality relations

∫
∞

−∞
Φ𝑛(𝑥)Φ𝑚(𝑥)𝑒−𝑥

2/2𝑑𝑥 = √2𝜋𝑛! 𝛿𝑛𝑚,

where 𝛿𝑛𝑚 is the Kronecker delta, we can deduce a differ-
ence equation for Φ𝑛(𝑥) (commonly known as a 3-term
recurrence relation)

Φ𝑛+1(𝑥) − 𝑥Φ𝑛(𝑥) + 𝑛Φ𝑛−1 = 0.
Shohat extended this class to include weight functions

of the form 𝑝(𝑥) = exp(−𝑥4/4) on ℝ and obtained the re-
currence relation

Φ𝑛(𝑥) − (𝑥 − 𝑐𝑛) Φ𝑛−1(𝑥) + 𝜆𝑛 Φ𝑛−2(𝑥) = 0, (8)

for 𝑛 ≥ 2, where 𝑐𝑛 are independent of 𝑥, and deduced a
nonlinear difference equation for 𝜆𝑛. Extending theweight
function further to 𝑝(𝑥) = exp(−𝑥4/4+ 𝑡𝑥2), this equation
for 𝜆𝑛 becomes

𝜆𝑛+2(𝜆𝑛+1 + 𝜆𝑛+2 + 𝜆𝑛+3) = 𝑛 + 2𝑡𝜆𝑛. (9)

This difference equation is a special case of the discrete
Painlevé equation (1) and is called the string equation in
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physics, due to its appearance in the Hermitian random
matrix model of quantum gravity. This is one instance
of many applications related to random matrix theory in
which solutions of the Painlevé and discrete Painlevé equa-
tions play critical roles [4].

Denote the solution of equation (9) as 𝜆𝑛(𝑡). We can
also deduce a differential equation for 𝜆𝑛(𝑡) as a function
of 𝑡. It turns out to be one of the classical Painlevé equa-
tions [8], which had an entirely different beginning.

In the late nineteenth century, Picard, Painlevé, and
other mathematicians were engaged in a search for new
functions with properties that generalized those of ellip-
tic functions. Their results led to six canonical classes
of second-order nonlinear ODEs now called the Painlevé
equations:

PI ∶ 𝑤″ = 6𝑤2 + 𝑡 ,
PII ∶ 𝑤″ = 2𝑤3 + 𝑡𝑤 + 𝛼 ,

PIII ∶ 𝑤″ = 𝑤′2

𝑤 − 𝑤
𝑡 +

1
𝑡 (𝛼𝑤

2 + 𝛽) + 𝛾𝑤3 + 𝛿
𝑤 ,

PIV ∶ 𝑤″ = 𝑤′2

2𝑤 + 3𝑤3

2 + 4𝑡𝑤2 + 2(𝑡2 − 𝛼)𝑤 − 𝛽2
2𝑤 ,

PV ∶ 𝑤″ = ( 1
2𝑤 + 1

𝑤 − 1)𝑤
′2

− 𝑤′

𝑡 + (𝑤 − 1)2
𝑡2𝑤 (𝛼𝑤2 + 𝛽) + 𝛾𝑤

𝑡
+ 𝛿𝑤(𝑤 + 1)

𝑤 − 1 ,

PVI ∶ 𝑤″ = 1
2(

1
𝑤 + 1

𝑤 − 1 +
1

𝑤 − 𝑡)𝑤
′2

− (1𝑡 +
1

𝑡 − 1 +
1

𝑤 − 𝑡)𝑤
′

+ 𝑤(𝑤 − 1)(𝑤 − 𝑡)
𝑡2(𝑡 − 1)2 ×

× (𝛼 + 𝛽𝑡
𝑤2 +

𝛾(𝑡 − 1)
(𝑤 − 1)2 +

𝛿𝑡(𝑡 − 1)
(𝑤 − 𝑡)2 ) ,

where 𝛼, 𝛽, 𝛾, 𝛿 are constants and 𝑤 is a function of 𝑡, with
primes denoting derivatives with respect to 𝑡.

The first difficulty in the search mounted by Painlevé
was to overcome possible obstructions to analytic continu-
ability created by movable singularities. To illustrate, con-
sider

𝑦′ + 𝑦2 = 0 ,
which has explicit solutions 𝑦(𝑥) = 1/(𝑥−𝑥0), for arbitrary
𝑥0. (It also has an identically zero solution.) Such poles
are said to be movable, because their locations are not fixed
by the coefficients of the differential equations they satisfy,
but instead they move as initial conditions change. To al-
low analytic continuation of all locally defined solutions,
Painlevé imposed a necessary condition that all solutions

should be single-valued around all movable singularities.
In themodern literature, this condition has been restricted
further to require that all movable singularities should be
poles, and the restricted definition is nowwidely called the
Painlevé property [9].

Painlevé devised an ingenious idea to drive the search
for ODEs that satisfy his eponymous property. This idea is
based on creating a transformation of variables for a given
ODE in the class

𝑦″ = 𝐹(𝑦′, 𝑦, 𝑡), (10)

where 𝐹 is rational in 𝑦′ and 𝑦 and analytic in a domain
in 𝑡. The transformation incorporates a parameter2 𝛼 ∈ ℂ
analytically in a domain around 𝛼 = 0. Necessary condi-
tions then arise from investigating the limiting case |𝛼| → 0
and identifying those cases that fail to have the Painlevé
property. Because the transformed equation is analytic in
𝛼, this necessarily implies that the full equation (10) also
fails to have the required property.

But Painlevé’s first attempt at classifying ODEs had gaps
that were identified and later filled by his student Gambier.
Gambier also pointed out that an ODE identified indepen-
dently by R. Fuchs was the most general case possible in
the classification. Painlevé also gave sufficient conditions
to prove that solutions of the ODEs in each class are glob-
ally analytically continuable.3

The proof that generic solutions are “new” transcenden-
tal functions is nontrivial. An essential step is to show
that they cannot be expressed as solutions of algebraic
equations with previously known functions as coefficients.
Painlevé tackled this step by showing that a solution 𝑦 and
its derivative 𝑦′ cannot satisfy an algebraic equation. We
explain these arguments in Section 5. But further steps
needed an extension of Galois theory for number fields to
function fields involving derivatives or differences. There
are now several proofs; see [19].

The geometric study of initial-value spaces of the
Painlevé equations began in the 1970s, in the French
school led by Raymond Gérard in Strasbourg. This culmi-
nated in Okamoto’s construction of the compactified and
resolved spaces of initial values [13] of the six Painlevé
equations. In 1992, researchers recognized a difference
equation arising in a model of quantum gravity as a dis-
crete Painlevé equation. This stimulated developments [9]
leading to Sakai’s geometric approach [17], resulting in
twenty-two classes of discrete Painlevé equations.

3. Affine Reflection Groups
In this section, we describe an algebraic view of discrete
Painlevé equations that provides a useful perspective of the
structure and dynamics of their solutions. For any given

2This is not necessarily a parameter in the Painlevé equations listed above.
3There are now differing opinions about the validity of his method of proof
[9, §1.2].
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differential (or difference) equation, an enduring question
in mathematics is to search for its symmetries, i.e., trans-
formations under which the equation remains invariant.
For the discrete Painlevé equations, symmetries are given
by affine reflection groups that are closely related to the
structure of their initial value spaces.

When a differential (or difference) equation includes
parameters, a symmetry has the following realization.
Given a solution corresponding to one choice of param-
eters, can it be transformed to a solution of another copy
of the equation with a different choice of parameters? We
illustrate this idea here for PIV.

Let {𝛼𝑛} and {𝛽𝑛} denote sequences of parameters and
𝑤𝑛 the corresponding solution of PIV. Classical results
show that there exist transformations

PIV(𝑤𝑛, 𝑡; 𝛼𝑛, 𝛽𝑛) ↦ PIV(𝑤𝑛±1, 𝑡; 𝛼𝑛±1, 𝛽𝑛±1) ,

where

𝛼𝑛 = − 𝑛
2 −

𝑐0
2 + 3

2𝑐1(−1)
𝑛 , (11a)

𝛽𝑛 = 𝑛 + 𝑐0 + 𝑐1(−1)𝑛 , (11b)

𝑐0, 𝑐1 are given constants, and the solutions are related by

2𝑤𝑛𝑤𝑛+1 = −𝑤′
𝑛 − 𝑤2

𝑛 − 2𝑡𝑤𝑛 + 𝛽𝑛 , (12a)

2𝑤𝑛𝑤𝑛−1 = 𝑤′
𝑛 − 𝑤2

𝑛 − 2𝑡𝑤𝑛 + 𝛽𝑛 . (12b)

Adding the two equations (12), we get

2𝑤𝑛(𝑤𝑛+1 + 𝑤𝑛 + 𝑤𝑛−1) = −4𝑡𝑤𝑛 + 2𝛽𝑛,

a generalization of dPI with 𝑐 = −2𝑡, 𝑎 = 1, and 𝑏 = 𝑐0.
Okamoto [14] showed that such transformations form an
affine reflection group of type 𝐴(1)2 , described below. More-
over, the iteration 𝑛 ↦ 𝑛±1 in equations (12) correspond
to translations on the 𝐴(1)2 root lattice, as indicated in Fig-
ure 7.

To see how affine reflection groups arise, consider a sym-
metric system equivalent to PIV [12]:

𝑓′0 = 𝑓0(𝑓1 − 𝑓2) + 𝛾0 ,
𝑓′1 = 𝑓1(𝑓2 − 𝑓0) + 𝛾1 ,
𝑓′2 = 𝑓2(𝑓0 − 𝑓1) + 𝛾2 ,

(13)

where 𝑓0+𝑓1+𝑓2 = 𝑡, 𝛾0+𝛾1+𝛾2 = 1, and primes indicate
differentiation in 𝑡. By eliminating 𝑓0, 𝑓2, it can be shown
that PIV holds for 𝑓1 with 𝑓1 = −𝑤/√2, 𝑡 ↦ √2𝑡, 𝛼 = 𝛾0−𝛾2,
and 𝛽 = ±𝛾1.

Define operations 𝑠0, 𝑠1, 𝑠2 and 𝜋 on equations (13) by

𝑠𝑖(𝛾𝑖) = −𝛾𝑖 , 𝑠𝑖(𝛾𝑗) = 𝛾𝑗 + 𝛾𝑖 , 𝑗 = 𝑖 ± 1 ,

𝑠𝑖(𝑓𝑖) = 𝑓𝑖 , 𝑠𝑖(𝑓𝑗) = 𝑓𝑗 ±
𝛾𝑖
𝑓𝑖
, 𝑗 = 𝑖 ± 1 ,

𝜋(𝛾𝑗) = 𝛾𝑗+1 , 𝜋(𝑓𝑗) = 𝑓𝑗+1 ,

𝑇

Figure 7. The arrow in the figure denotes the result of a
translation 𝑇 on a point (drawn in gray) in the triangular (𝐴(1)2 )
lattice. 𝑇 shifts each point in a triangle along a distinguished
direction (parallel to an edge of the triangle) by a fixed
distance (given by the spacing between two parallel lines).

for 𝑖, 𝑗 ∈ ℕ (mod 3). The operators 𝑠𝑖 satisfy the Coxeter
relations

𝑠2𝑖 = 1 , (𝑠𝑖𝑠𝑖+1)3 = 1 , 𝑖 ∈ ℤ/3ℤ,

which generate the affine reflection group 𝑊 = ⟨𝑠0, 𝑠1, 𝑠2⟩
= 𝐴(1)2 . Each 𝑠𝑗, 𝑗 ∈ ℤ/3ℤ, represents a reflection across a
line in the lattice shown in Figure 7. The operator 𝜋, called
a diagram automorphism, acts in the following way:

𝜋3 = 1 , 𝜋𝑠𝑖 = 𝑠𝑖+1𝜋 , 𝑖 = 0, 1, 2 .

Augmenting 𝑊 by 𝜋 leads to the extended group

𝑊 = ⟨𝑠0, 𝑠1, 𝑠2, 𝜋⟩ .

These transformations are collectively called Bäcklund
transformations of PIV.

Given a triangle in the triangular lattice, there are three
fundamental lines ℓ0, ℓ1, ℓ2 given by extending its edges.
Given a point in the lattice, let 𝛼𝑗 be given by the orthogo-
nal distance from that point to ℓ𝑗, 𝑗 = 0, 1, 2. This leads to
a natural coordinate system (𝛼0, 𝛼1, 𝛼2) for points on the
lattice.

The lines ℓ0, ℓ1, ℓ2 also provide directions along which
translations act. So there are three translations on the trian-
gular lattice in Figure 7. One of these is given by𝑇 = 𝜋 𝑠2 𝑠1.
The remaining translations are equivalent to this one un-
der conjugation by group operations.

The actions of 𝑠𝑖, 𝑖 = 0, 1, 2, and 𝜋 on the coordinates
(𝛼0, 𝛼1, 𝛼2) can be found explicitly by using Euclidean ge-
ometry. We find that

𝑇(𝛼0) = 𝛼0 + 1 , 𝑇(𝛼1) = 𝛼1 − 1 , 𝑇(𝛼2) = 𝛼2 ,

and

𝑇(𝑓1) = 𝑡 − 𝑓0 − 𝑓1 −
𝛼0
𝑓0

,

𝑇−1(𝑓0) = 𝑡 − 𝑓0 − 𝑓1 +
𝛼1
𝑓1
.

Setting 𝑥𝑛 = 𝑇𝑛(𝑓1), 𝑦𝑛 = 𝑇𝑛(𝑓0), we obtain a system of
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difference equations,

𝑥𝑛+1 = 𝑡 − 𝑦𝑛 − 𝑥𝑛 −
𝛼0 + 𝑛
𝑦𝑛

, (14)

𝑦𝑛−1 = 𝑡 − 𝑦𝑛 − 𝑥𝑛 +
𝛼1 + 𝑛
𝑥𝑛

, (15)

which contains dPI. This result illustrates a crucial point
in the construction of discrete Painlevé equations: their
iteration is given by translations on lattices generated by
affine reflection groups.

4. Initial-Value Spaces
Solutions of dynamical systems follow curves in the space
of all possible initial values. But the continuation of a
given trajectory is not always guaranteed. In particular, tra-
jectories can all intersect at problematic points called base
points (shown on the horizontal plane in Figure 8). We ex-
plain how to disentangle them by using a procedure called
blow-up or resolution in algebraic geometry.

𝑒

𝑦

𝑥
Figure 8. The lines in the horizontal (𝑥, 𝑦)-plane denote local
solution trajectories all intersecting at the origin. The vertical
axis represents the exceptional line 𝑒, which replaces the
origin after a resolution (i.e., after the transformation in
equation (16) is applied). The bold lines intersecting with the
vertical axis represent the resolution of the original solution
trajectories.

Metaphorically, the solution trajectories are like roads
that have a gridlock at the origin. Cars travelling on each
road are stuck at the base point because their equations of
motion are not defined at the intersection. The mathemat-
ical resolution of the gridlock acts by lifting each road to
a different vertical height on 𝑒, before returning the car to
the continuation of the road it was on originally.

Consider the case of trajectories on the horizontal plane
in Figure 8. This plane represents ℝ2 containing a one-
parameter family of lines intersecting at the origin. A

blow-up of the origin (𝑥, 𝑦) = (0, 0) is achieved by taking
new coordinates:

{
𝑥1 = 𝑥

𝑦
,

𝑦1 = 𝑦,
{
𝑥2 = 𝑥,
𝑦2 = 𝑦

𝑥
. (16)

The line 𝑒 = {𝑦1 = 0} ∪ {𝑥2 = 0} plays a distinguished role
and is called an exceptional line. It is given by the vertical
axis in Figure 8.

Take, for example, an autonomous version of the first
Painlevé equation, for a given constant 𝑔2, in the form 𝑦″ =
6𝑦2 − 𝑔2/2. Integration yields

𝑓(𝑥, 𝑦) = (𝑦′)2 − 4𝑦3 − 𝑔2𝑦 − 𝑔3, (17)

where 𝑔3 is an arbitrary constant. The zeroes of 𝑓 form a
Weierstrass cubic pencil, well known in the theory of ellip-
tic curves [2]. In homogeneous coordinates [𝑢 ∶ 𝑣 ∶ 𝑤] ∈
ℙ2, we have the homogeneous pencil

𝐹[𝑢, 𝑣, 𝑤; 𝑔3] = 𝑤𝑣2 − 4𝑢3 − 𝑔2𝑢𝑤2 − 𝑔3𝑤3 = 0,
where 𝑦 = 𝑢/𝑤, 𝑦′ = 𝑣/𝑤 are affine coordinates in the finite
domain. All curves in the pencil intersect at [𝑢, 𝑣, 𝑤] =
[0, 1, 0], which lies at infinity. Note that this is precisely
where the solution 𝑦(𝑡) has a pole.

For the Weierstrass pencil, nine blow-ups are needed to
regularize the space. Let the sequence of blow-ups be 𝜋𝑖 ∶
𝑋𝑖 → 𝑋𝑖−1 of 𝑝𝑖 ∈ 𝑋𝑖−1, with 𝑋 = 𝑋9 → 𝑋8 → ⋯ →
𝑋0 = ℙ2. Each blow-up 𝜋𝑖 replaces a base point 𝑝𝑖 with an
exceptional line 𝐿𝑖. At the end of the resolution procedure,
we are left with divisor classes 𝐿0, … , 𝐿9, which form a free
ℤ-module basis of the Picard group Pic(𝑋), equipped with
an intersection form.

A parallel construction can be carried out for the
Painlevé and discrete Painlevé equations. Each point in
the regularized space is given by initial values of the equa-
tion at some time: (𝑤,𝑤′) for the case of ODEs or (𝑤,𝑤)
for difference equations. For this reason, Okamoto [13]
called the resulting regularized space 𝑋 for the Painlevé
equations a space of initial values.

The case of PI leads to exceptional lines 𝐿0, … , 𝐿9 that
intersect pairwise as shown in Figure 9. Under the Du-
val or McKay correspondence, each 𝐿0, … , 𝐿8 in Figure 9
is mapped to a node, with an edge joining a pair of nodes
if the corresponding lines intersect. The resulting graph is
the Dynkin diagram of 𝐸(1)8 shown in Figure 10.

5. Ladder of Transcendentality
In this section, we describe some of the arguments that led
to a proof that solutions of Painlevé or discrete Painlevé
equations are indeed new transcendental functions, lead-
ing to their position at the top of a ladder of transcenden-
tality.

Earlier known transcendental functions that are used
widely in applied mathematics include the exponential,
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Figure 9. The intersection diagram of exceptional divisors
arising from resolutions of PI. The solid lines 𝐿0, … , 𝐿8 are
lines of self-intersection −2, while the dashed line 𝐿9 is a line
of self-intersection −1.

𝐿1 𝐿2 𝐿3 𝐿4 𝐿5 𝐿6 𝐿7

𝐿0

𝐿8
Figure 10. The Dynkin diagram of 𝐸(1)8 .

Airy, Bessel, parabolic cylinder, hypergeometric, or ellip-
tic functions. These are called classical special functions. El-
liptic functions also satisfy addition formulas (see Figure
4(c)), which are nonlinear difference equations, while the
Gamma function solves a linear difference equation. All
equations satisfied by such functions are polynomial in the
dependent variable and its derivatives or differences.

Such examples laid the foundations of the theory of dif-
ferential or difference polynomials. Consider any function
𝑦 ∈ 𝐶𝑛 for any positive integer 𝑛 > 2. An (𝑛 + 2)-variable
polynomial

𝑃(𝑥, 𝑦, 𝑦′, … , 𝑦(𝑛)) ,
where 𝑦(𝑘) is the 𝑘-th derivative of 𝑦, is called a differential
polynomial. The solutions of 𝑃 = 0 are said to be differen-
tiably algebraic. There is a natural extension to difference
polynomials

𝑃(𝑛, 𝑦𝑛, 𝑦𝑛+1, … , 𝑦𝑛+𝑘) ,
where 𝑦𝑛+𝑗 is the 𝑗-th iteration of 𝑦𝑛.

For example, 𝑦 ∶ 𝑥 ↦ 𝑒𝑥 is a root of the differential
polynomial 𝑃0(𝑥, 𝑦, 𝑦′) = 𝑦′ − 𝑦, and 𝑦 ∶ 𝑧 ↦ Γ(𝑧) is a
root of the difference polynomial 𝑃Γ(𝑧, 𝑦, 𝜎(𝑦)) = 𝜎(𝑦)−𝑧𝑦.
Weierstrass’ elliptic function 𝑦 = ℘(𝑥), with 𝑦′ = ℘′(𝑥), is
a root of the differential polynomial 𝑓 given in equation
(17).

Various approaches have been developed to extend Ga-
lois theory, used for number systems, to these settings. The

technical nature of these developments put them outside
the scope of this short article, but there are simpler heuris-
tic arguments to show why general solutions of discrete
Painlevé equations or Painlevé equations cannot be ratio-
nal, algebraic, or depend algebraically on classical tran-
scendental functions.

We outline such an argument for solutions of the first
Painlevé equation. Consider solutions 𝑤(𝑡) of PI as func-
tions of initial values. For any nonzero constant 𝑎, replace
𝑤 by 𝑢(𝑧) = 𝑎2𝑤(𝑡), where 𝑧 = 𝑎𝑡, to get

𝑢𝑧𝑧 = 6𝑢2 + 𝑎5𝑧 .
If 𝑤(𝑡) were rational in its initial values, then 𝑢 would also
be rational. But, in the limit 𝑎 → 0, the solution becomes
℘(𝑡 − 𝑡0, 0, 𝑔3), for arbitrary 𝑡0, which is not rational in 𝑡0
and 𝑔3. Therefore, 𝑤(𝑡) cannot be a rational function of its
initial values.

For the remainder of the argument, we need the fact that
solutions of PI are meromorphic functions. Consider the
possibility that PI admits a first integral, which is a polyno-
mial in 𝑤 and 𝑤′. In other words, we have a polynomial

𝑃 = 𝑤′𝑛 + 𝑄1(𝑡, 𝑤)𝑤′𝑛−1 +⋯+𝑄𝑛(𝑡, 𝑤) = 0 , (18)

where 𝑄𝑖, with 𝑖 = 1, … , 𝑛, are polynomial in 𝑤. This equa-
tion should hold in a neighborhood of each pole 𝑡0 of 𝑤,
and transforming to 𝑤 = 𝑈−1, 𝑤′ = −𝑈′/𝑈2 = −𝑉/𝑈2, in
a sufficiently small such domain, we find that the equation
becomes

𝑉𝑛 − 𝑈2𝑄1(𝑡, 𝑈−1)𝑉𝑛−1 +⋯
+(−1)𝑛𝑄𝑛(𝑡, 𝑈−1)𝑈2𝑛 = 0 .

The coefficients should be polynomial in 𝑈. This means
that deg𝑤𝑄𝑗(𝑡, 𝑤) should be at most 2𝑗.

On the other hand, replacing𝑤 and𝑤′ in equation (18)
by 𝑤 = 𝑎−2𝑢(𝑧), 𝑤′ = 𝑎−3𝑢𝑧(𝑧), where 𝑧 = 𝑧0 +𝑎𝑡 and 𝑎 is
a constant, we obtain an equation of the form

𝑃 = 𝑎−𝑘𝑃0(𝑢, 𝑢𝑧) + 𝒪(𝑎−𝑘+1),
for some integer 𝑘, where 𝑃0 is a first integral of the equa-
tion 𝑢𝑧𝑧 = 6𝑢2. Therefore, it must have the form

𝑃0 = 𝑏(𝑢𝑧2 − 4𝑢3)𝑑,
where 𝑏 and 𝑑 are constants. Putting this together with the
above scaling, we find that 𝑘 = 6𝑑 = 3𝑛.

The argument is completed by using the fact that the
solutions of PI have movable double poles. Substituting
the Laurent expansions of 𝑤 and 𝑤′ into 𝑃, we find a con-
tradiction to the requirement that 𝑃 be polynomial in 𝑤.
Therefore, 𝑃 cannot exist in the form assumed.

Now assume that 𝑤 is an algebraic function of 𝑡. Then
it can be expanded in a Puiseux series

𝑤 ∼
∞
∑
𝑛=0

𝑎𝑛𝑡𝜌−𝑛,
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for some sector in the domain |𝑡| ≫ 1. If 𝜌 ≤ 0, then 𝑤, 𝑤′,
𝑤″ would be finite at 𝑧 = ∞, which contradicts the fact that
𝑤 solves PI. On the other hand, if 𝜌 > 0, then it follows
from the equation PI that it must be integer, but the term
𝑤2 in the equation then introduces a larger term of order
𝒪(𝑧2𝜌), which is not balanced by any other term. So the
equation cannot be satisfied and, therefore, 𝑤 cannot be
algebraic.

Finally, consider the possibility that 𝑤 is a classical tran-
scendent, which satisfies an algebraic differential equation.
Then by further differentiation if necessary, we can elimi-
nate 𝑤″ and any higher derivatives to obtain a polynomial
equation

𝑃(𝑡, 𝑤, 𝑤′) = 0.
But this was shown to be impossible above. Therefore, 𝑤
cannot be a known transcendental function.
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EARLY CAREER
The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics 
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will 
be On the Path to Becoming a Mathematician: Perspectives from Living Proof.
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having been on the tenure-track job market four times in 
the last decade, with two successful searches. Furthermore, 
while I have not officially served on a tenure-track hiring 
committee, I have participated in many formal and infor-
mal faculty meetings where job candidates were discussed 
and debated. That being said, my experience is limited 
to the tenure-track job market in mathematics in North 
America, and some of the advice below might not transfer 
to the rest of the world, or to jobs in statistics!

Is This My Year?
The first step in preparing for the tenure-track job market 
is deciding if you actually want to apply. If you are a grad-
uating PhD student, then it is certainly possible to apply 
to tenure-track jobs, especially if you are mainly interested 
in smaller schools. But keep in mind that unless you are a 
truly exceptional case, most PhD-granting institutions (as 
well as an increasing number of research-focused non-PhD-
granting institutions) will not consider your application 
seriously until after you have some postdoctoral experience. 
If these are the institutions that interest you, you probably 
do not want to bother sending them tenure-track appli-
cations while you are still in graduate school. The rest of 
this column assumes that you are already in a post-PhD 
academic position.

Of course, if it’s your last year of a postdoc and you want 
to remain in academia, then you will be applying. But even 
if you have another year left, it may be worth it to do a se-
lective application process to a few particularly appealing 
schools. This gives you an extra chance at landing a great 
job, and even if you are not hired, it gives you a jump start 
on getting your job materials ready for a wider search the 
next year. There is a tradeoff—preparing job applications 
takes time! But overall, the benefits will often outweigh the 
drawbacks. If you have a fancy postdoc, many (but not all) 
departments will even let you defer your start date for a ten-
ure-track position for a year while you finish. Think about it 
from their perspective—they want you there, and you may 
be at their institution for thirty years or more. The sacrifice 
of waiting a year for you to come is comparatively minor.

Where Should I Apply?
Probably to a lot of places, including a number that do 
not terribly excite you. The marginal cost of sending out 
one more application is not very high. My advice is to ask 
yourself the question, “If this were the only job I was of-
fered, is there a reasonable chance I would take it?” Only 
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Travel Grants.1 Having a grant on your CV (and mentioned 
in your cover letter!) is a great way to get noticed, and even 
if you don’t get a grant, the act of having applied for one 
will make it much easier to write your research statement.

Second, for most departments, even research-focused 
ones, a good teaching record will be important to your 
case, usually more so than it would be for a postdoc. If your 
teaching record is lackluster, or if you have no experience 
at all, a hiring committee may worry about you being a 
long-term teaching liability. In light of this, if you are in 
a nonteaching position and were also never an instructor 
of record previously, you may want to search out an op-
portunity to gain teaching experience that shows indepen-
dence and leadership, even if it is not an “official” class. 
Can you give a lecture series for graduate students, run an 
independent study, or perhaps speak at a local high school 
or middle school?

What If I Already Have a Tenure-Track Job?
There are many reasons for going on the tenure-track 
market when you already have a tenure-track job, even if 
you are happy where you are. Are you trying to solve a two-
body problem? (I was!) Are you being actively recruited 
by a more appealing department? Do you have to go on 
the market because of a tenure denial? If your motivation 
is anything other than the latter, then your list of jobs to 
apply to will presumably be smaller than it was when 
you first went on the market, as it will consist mostly of 
opportunities that you might reasonably prefer to your 
current position.

Your cover letter is crucial in this situation, since you do 
not want the search committee to think that your motiva-
tion for applying is to extract a raise or other concession 
from your current department (even if it is)! When I was 
looking to move tenure-track jobs, I put my two-body 
problem front and center in my cover letter. This was a 
relatively easy decision for me, since my significant other 
is not an academic, and no school I was applying to would 
have had to do anything to accommodate her. On the other 
hand, if your significant other is also applying for a job at 
the same school, there may be reasons to wait until later in 
the process to broach this topic. Even so, it’s a good idea to 
include a credible statement in your cover letter about why 
you want to move if you can. This is even more important 
if the department you are applying to is generally viewed 
as less prestigious than your current department—they 
may wonder why you are applying and it’s good to have 
an answer!

Another important thing to consider if you already have 
a tenure-track job is how open you want to be about your 
search. For various reasons, you may not want your current 

if the answer is “no” would I recommend against applying. 
You don’t have to be sure you would take the job, and in 
any case you may not have enough information about 
the position to know what you would do. Keep in mind 
that a tenure-track position is not a lifetime commitment, 
but you are likely to spend more time there than in your 
current position.

When Should I Assemble My Application?
The good news about going on the tenure-track market is 
that you have already been through the job application 
process at least once, and the job materials are pretty much 
the same this time around. Most jobs will require a cover 
letter, CV, research statement, teaching statement, letters of 
reference, and occasionally a statement addressing diversity 
or inclusion.

Nowadays, some of these positions are posted very early 
on MathJobs.Org. I have seen positions advertised as early 
as May, although I have yet to see an application deadline 
earlier than October. Virtually every North American ten-
ure-track position posts a job advertisement on MathJobs, 
but an increasing number require your application to be 
submitted some other way. Some sort of spreadsheet is 
essential for organizing your job applications, keeping 
track of deadlines and submission procedures, and making 
sure you don’t forget to submit. You should start building 
the spreadsheet during the summer, which is also a good 
time to begin writing your research, teaching, and diversity 
statements. You also want to think about who is going to 
write your letters of recommendation, and to give them at 
least a month’s notice. Ideally, along with your request for 
a letter, you will give the recommender your completed job 
application statements. If applications are due in October, 
this means your statements should be finished in Septem-
ber. This comes up fast! Remember that you can still update 
your statements after this time.

If you are applying to 80–100 jobs, then writing cover 
letters will be time consuming. To lessen the pain, it can 
be a good idea to write your cover letter for a job as soon 
as you see the advertisement. Once you’ve written one for 
each type of position, the rest will be quick.

What Can I Do to Be a Stronger Applicant?
It is unfortunately not unusual for a tenure-track position 
to have more than 500 applicants. Every application will 
be looked at, but many applications may not get the time 
and attention they deserve. How can you make sure that 
yours is not ruled out? Giving serious advice on how to be 
a better researcher, teacher, networker, or statement writer is 
beyond the scope of this column, but I will mention a cou-
ple of pointers that are specific to tenure-track candidates.

First, if your school allows it, it is a great idea to apply 
for a grant before going on the tenure-track market. The 
biggie here is the NSF, but there are also many smaller 
grants geared to young researchers such as the AMS-Simons 

1For a great blog post on why it’s a good idea to apply for grants, even if 
you don’t get them, see https://blogs.ams.org/phdplus/2015/10/05 
/strike-one-for-the-pi/.

https://blogs.ams.org/phdplus/2015/10/05/strike-one-for-the-pi/
https://blogs.ams.org/phdplus/2015/10/05/strike-one-for-the-pi/
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Williams, Oberlin, Harvey Mudd, Mount Holyoke, etc., 
could be at R1 schools. However, there’s a wide range in 
the amount of scholarship liberal arts colleges expect, 
and you should adjust my advice if you want a position 
at a different kind of liberal arts school. I find it useful to 
consider the baseline expectation to be that faculty teach 
four or five courses per semester. Academic institutions with 
research expectations reduce your teaching accordingly. For 
instance, a teaching load of two courses per semester means 
you’re expected to spend about half your time on research. 
(To me, it seems most institutions expect service but have 
few metrics or incentives for performance or lack thereof.)

Finally, while the bulk of our work is with undergradu-
ates, there is a substantial amount of postgraduate work at 
many of the strongest liberal arts colleges in the country, 
including a PhD program in math at Wesleyan, a combined 
BA/MA option as well as a PhD program at Bryn Mawr, and 
the postbaccalaureate program at Smith (which admits 
women who have completed an undergraduate degree and 
want to continue to graduate school but are not adequately 
prepared). A much larger group of liberal arts schools of-
fers faculty the opportunity to supervise PhD candidates 
at an affiliated university.  We also generally send a higher 
percentage of our graduates to STEM PhD programs than 
research universities, and this is a valued part of our insti-
tutional mission. 

I’m going to give my advice backwards, starting where 
you’d like to end up (assessed favorably in your applica-
tion) and moving back in time through a postdoc and to 
grad school. 

The Application 
Schools like Smith get around 800 applications for each 
tenure-track job. There are tons of highly qualified can-
didates. My list of features that help an application stand 
out overlaps with advice from a recent panel discussion 
printed in the Notices [1], but is specifically geared towards 
applications to schools with high research expectations. 
Research Statement 
We want this to be well thought out, giving a clear indi-
cation of future work (and why it matters) in the context 
of a track record of past work. We also want it to be inde-
pendent, in the sense that the work could occur without 
our active supervision. In part, this is practical: liberal arts 
math departments are pretty small, and you likely won’t 
have colleagues in your field at your school. Many liberal 
arts colleges are in rural locations where you may not even 
have colleagues in your field within an hour’s drive.

As a corollary, your research statement is being read by 
mathematicians outside of your field. On the first page, give 
us a bird’s-eye view of why anyone should be interested 
in your field: how does it connect to other parts of math? 
what are its main questions? where does your research 
fit into this big picture? (This is good advice for any job 
applicant, honestly.) 

department to know that you are on the job market. This 
can complicate your search in several ways. First of all, you 
may not feel comfortable asking for letters of recommen-
dation from your department, which can rule out some of 
your best potential letter writers (especially for a teaching 
letter)! You should think over the summer about if there 
is someone in your department who will write for you and 
can keep a secret. Even if it’s just a “citizenship” letter, it 
can be helpful to assuage the worst fears a hiring commit-
tee might have about why you are leaving. You do need a 
teaching letter, though, and in the worst case scenario you 
can ask whoever wrote for you for your current position to 
resubmit the letter. If you have no letters from your depart-
ment, then definitely mention in your cover letter that you 
are keeping your search secret and for that reason you have 
not solicited any. This is also helpful to reduce the risk of 
someone who sees your application accidentally spilling 
the beans about the fact that you’re on the job market.

Overall, don’t worry too much—people switch ten-
ure-track jobs all the time, and you will not be blacklisted in 
the mathematics community or in any sensible department 
for attempting to do so.

Good luck in your search!

Credits
Author photo is courtesy of Stephen Hardy.

Preparing for a Career  
at a Liberal Arts College

Julianna Tymoczko

I was asked how to prepare for a career at a liberal arts col-
lege. I want to start with disclaimers. First, I’m just giving 
my own perspective—I speak neither on behalf of Smith 
College nor on behalf of comparable liberal arts colleges 
around the country.

Second, there are a lot of different types of liberal arts 
colleges. Most faculty who thrive at places like Smith, 
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Include all of this work in the scholarship section of your 
CV. If you feel you must break your research up into various 
topics (I’m not a fan), treat it with respect. If you devalue 
your own expository work, we may infer that you’ll devalue 
your colleagues’ expository work. Along these lines, all 
published research with students is research—if you want 
to highlight it, use asterisks or your research statement, not 
a “lesser work” section.
Diversity Statement 
This is not a part of every application package. If you write 
one, use the evaluation rubric from UCal Berkeley as a 
how-to guide [2]. As with the teaching statement, describe 
your plans concretely, using specific examples of your past 
work to make it sound plausible. In particular, this is not 
a place to wax poetic about how you first discovered your 
white privilege. 
Cover Letter 
Some people may advise you that hiring committees do not 
look at cover letters. This is completely untrue for liberal 
arts colleges.2 The main questions I want the cover letter to 
answer are: (1) Do you know what a liberal arts college is 
about? (2) Why do you want to be here in particular? In ad-
dition, give a thumbnail sketch of your accomplishments, 
even if they appear in other parts of the application. (This 
is also a place you can highlight your work towards a more 
inclusive mathematical community, especially if a diversity 
statement is not requested.)

Of course, you can knock it out of the park on every one 
of these points and still not get a Skype interview, because 
we don’t have the ability to interview everyone who knocks 
it out of the park. If you want to be here, though, apply 
again: apply even if you aren’t doing a broad job search, 
apply every year of your postdoc, apply even after you get 
another job—apply even if that job is at a different kind 
of institution. 

How to Prepare to Write this Application 
Working back from the application, what should you do to 
prepare for a job at a school like Smith? You can’t do every-
thing at once; things take time. Expect to complete one (or 
even two) postdocs. The vast majority of the people we’ve 
interviewed in the last eight years have completed a post-
doc. Every recent example I know where a peer institution 
hired straight out of grad school, the candidate deferred the 
start date to do a postdoc. That’s because a postdoc helps 
you develop the maturity, independence, perspective, and 
experience to thrive at our school.

Two clarifications: You don’t necessarily need a postdoc 
for a teaching-focused liberal arts college, but you’ll want to 
leave grad school able to independently produce a couple 
of papers for tenure, and fairly full-fledged as a teacher and 

One final comment: essentially every application now 
includes the line “plus I want to work with undergraduate 
students” in their research statement. This is not compelling 
unless it is convincing: for instance, include any experience 
with undergraduate research, explain how to break down 
your work into problems that are approachable by under-
graduates (literally list appropriate student problems!), 
and so on. 
Teaching Statement 
On some level, all good teaching has as its bedrock empa-
thy, engaging and exciting students, and wanting to facili-
tate deep learning rather than parroting. Your job is to say 
this in a way that individuates you and gives a sense of how 
you, personally, teach. Statements that we like tend to be 
thoughtful, to show through the use of examples, and to 
have an awareness of different student audiences. They also 
show that you view teaching as a part of your long-term 
scholarly career: for instance, that you have plans building 
off of previous experiences, or that you’ve modified your 
teaching in response to partially flawed experiments.

There are lots of pedagogical buzzwords. You don’t need 
to teach in all those ways, though it can help to be aware 
of them—among other things, they can help you concisely 
describe your teaching style!

Concrete evidence and anecdotes typically make your 
teaching statement more vivid. Give examples of how you 
used project-based learning, or how you partially flipped 
your classroom, or how you led other unusual or innovative 
pedagogical activities in class. Past teaching evaluations can 
be useful. Zillions of pages of supplemental material that 
ostensibly require careful reading cannot.

One difference between liberal arts colleges and research 
universities is that we don’t specialize much in our teaching. 
In part, this is because we generally don’t have too many 
faculty; but also, appreciating a broad view of human 
knowledge and accomplishment is at the heart of the liberal 
arts mission. Can you teach most of the courses we offer? 
Most liberal arts schools only have limited opportunities to 
propose new classes. (Every math department everywhere 
is understaffed and overenrolled.) You can include classes 
you’d like to teach but don’t go crazy. 
CV 
This can include more than people sometimes think! List 
your mentoring, your organizing, your committees, all of 
your work with student researchers, every piece of schol-
arship you’ve authored or coauthored. Show us you have 
a professional passion by telling us what you’ve done in 
service of that goal.

Use formatting and spacing to make it easy for readers to 
navigate and to draw attention to the things you consider 
important (boldface/italics, paragraph breaks, bullet points 
and other list environments, figures, etc.). I believe that 
all liberal arts colleges are more appreciative of a range of 
scholarly activities than universities, from your math blog 
to your math art to your introductory number theory text. 

2Several friends who gave me feedback on a draft of this essay said I could 
not overemphasize the importance of the cover letter.
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else is supervising before trying to lead research yourself.)  
Talk with more experienced faculty and look at books 
about student research before and during the process.3  
You may need guidance to decide whether the outcome 
is publishable, especially if you aren’t very familiar with 
journals oriented towards student research. You also may 
need guidance when writing a paper with undergraduates; 
it’s very different from working with other colleagues, even 
graduate students. Through this process, you will learn a 
lot, and some of what you learn will surprise you.

Teaching 
Right now, you have a golden opportunity to practice, learn 
about, and experiment with teaching: any failures won’t 
be on your “permanent record” for a tenure evaluation, 
and will give you interesting experiences for a teaching 
statement (along the lines of “this thing didn’t go well, 
and here’s how I adapted and changed”). You have a few 
opportunities that you may not have again:
1. You have a teaching and learning center staffed by 

people who specialize in pedagogy, and possibly even 
some faculty who specialize in calculus or mathematics 
education. 

2. Many graduate programs offer a teaching certificate 
or a graduate-school-wide course on teaching, and 
sometimes postdocs can participate. 

3. Some people have extra time and energy (or want to 
end up at a teaching-focused institution); in this case, 
you can send your name and CV to local community 
colleges and other schools, gaining more teaching 
experience with a wider range of students. 

To get a position at Smith, it’s sufficient to be the instructor 
of record on at least one course (including in a coordinated 
calculus setting) in graduate school, assuming you teach 
more as a postdoc.

Aside from that specific training and experience, here are 
some guiding principles to help you choose your activities 
and manage your time.

 • Learn about pedagogical best practices, even if you don’t do 
all of them. Remember not to bite off more than you can 
chew: I’ve heard that you shouldn’t change more than 
10% of a course in any one semester, which accurately 
captures how much time and energy it takes to make 
what seem in the summer like minor changes. It doesn’t 
seem an advantage on the job market to be a radical 
pedagogical experimenter—especially if your students 

helpful department colleague. Also, I’d say a multiyear vis-
iting position at a liberal arts college is a kind of postdoc, 
one that gives you experience in the culture and practice 
of work at a liberal arts college. For your best outcomes, 
the department should also limit your service obligations 
and mentor you in developing your professional portfolio.

At each step in this process, you’ll learn how to do more 
better. You’ll also learn how to do more worse: time man-
agement and abandoning perfectionism are two essential 
skills to develop before you get your job.

Research 
Become independent! And an acknowledged expert in 
something! There are people who are narrow specialists, 
but part of the fun of working at a liberal arts college is 
doing something wildly out of your field—or changing 
field—or collaborating with a colleague in another depart-
ment on something totally out of your expertise. In the big 
picture, you want some level of expertise and some level 
of flexibility.

You generally need roughly the same number of publi-
cations that you would to be hired at an R1 job (which the 
chair of a big midwestern school told me is roughly—many 
caveats depending on field; don’t hold me to this—around 
7–8 if you’ve had three years of postdoc, including thesis). 
For grad students: If I were to quantify it, I’d say you want to 
leave grad school with one publication (more is fine; it can 
be undergraduate research or a project from an REU that 
you assisted; it doesn’t need to be in your field), plus your 
thesis. Your first goal after getting your PhD is to turn your 
thesis into one or two papers. It helps to have some expe-
rience with the publication process before doing it alone. 

Here’s a dirty secret: unless one of us is in your field, we don’t 
know the good journals in your field. We know the difference 
between conference proceedings and peer-reviewed jour-
nals, and we usually know the top journals across most 
fields. Don’t stress about whether one journal or another 
is marginally better. Just publish!

Get involved with undergraduate research. This actually 
checks many boxes. First, any paper you’ve published with 
undergraduate coauthors is one more paper that you’ve 
published. Second, student-level projects are a way of ob-
taining and demonstrating some breadth. (They can also 
help give future you a roadmap for how to jump into a 
research project that’s not your specialty.) Third, it can be 
challenging to work with student researchers, and it helps 
to start while someone senior is holding at least some of 
the reins.

There are lots of options in addition to helping out in 
national or regional REUs. Your institution likely has some 
sort of REU and/or opportunities for term-time work with 
students (either for money or for credit); some of your stu-
dents have likely heard that research is good for them and 
are looking for it, even outside of an official program. (I’d 
tell grad students to get involved with an REU that someone 

3A Mathematician’s Practical Guide to Mentoring Undergraduate 
Research [3] gives an overview of the day-to-day challenges of supervising 
undergraduates. Directions for Mathematics Research Experience for 
Undergraduates [4] takes a more bird’s-eye view, including different 
structures for running undergraduate research. The books in Birkhauser’s 
series Foundations for Undergraduate Research in Mathematics introduce 
topics for undergraduate research, which can help you get a feel for the 
size, scope, and flavor of promising projects across a range of different 
mathematical fields.
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Service 
You want to work at a school that acknowledges it cares 
about students. (Of course this is true at universities, but 
it’s often framed differently and underacknowledged.) You 
can’t do everything and you should guard your time from 
service exploitation, but explore different activities to see 
what sorts of work resonates with you.

 • Find something that matters to you. I’m prefacing this 
advice by urging you not to do too much, in the follow-
ing sense. You don’t get much credit on the job market 
for service. It’s easy for this work to fall on a few people 
more than others (sometimes because they’ve already 
indicated they’re interested in certain activities, which 
makes some faculty assume they’re interested in all ac-
tivities; other times because of implicit or explicit bias 
on the part of people delegating service tasks). There’s 
also a certain kind of person who, when anxious about 
their own research or future, compensates by scrubbing 
the bathroom/organizing their closet/putting together 
the world’s best grad-student-recruitment-weekend. If 
you are learning and especially doing math, then spend 
some time exploring service. Graduate school is a time 
to do a few things in a junior capacity—co-organize an 
event, mentor an undergraduate, run/help run a single 
session of a math club, attend events teaching you how 
to do service activities, etc.—and to gain a sense of what 
things there are out there to do. After a postdoc, we’d 
expect you to have more leadership experience: you 
might co-organize conferences or seminars, lead an REU, 
work with students from underrepresented groups in 
mathematics, write about math for popular audiences, 
bring math into political advocacy, or whatever else 
matters to you. As with research, find your niche and 
start establishing yourself.

A postdoc is a great time to learn more about academic in-
stitutional structures. You may be allowed to attend depart-
ment and even college-wide faculty meetings; regardless, if 
asked, most faculty are willing to tell you how they think 
things run. It’s worthwhile to hear how the sausage is made, 
because at a liberal arts college (and at most small depart-
ments), you’ll be making the sausage soon after you arrive. 

Two other pieces of advice are more general: meet col-
leagues at liberal arts colleges. Collaborate with them. Go to 
conferences at liberal arts schools (including undergraduate 
conferences). Cold-call people to ask about their job, how 
they like it, and how they prepared. This is not to get a job 
but to learn the culture, to become a known quantity, to get 
opinions and advice from people who are not me.

Finally, and it cannot be repeated too often, practice time 
management and setting realistic expectations for yourself. 
Work with the National Center for Faculty Development 
and Diversity (NCFDD), read the various books on aca-
demic productivity, get yourself some accountability and 
writing groups, build a supportive network of colleagues 

hate you—though I don’t see evidence that it hurts, if 
you can otherwise demonstrate effective teaching with 
reasonably satisfied students.

 • Practice communicating to all sorts of audiences. Work 
on all sorts of communicating—writing, speaking, post-
ers, pictures, semaphore, you name it—and all sorts of 
audiences. You can give research talks to specialists, an 
entire department, graduate students, or undergraduates. 
Give expository talks or public lectures, run a math cir-
cle for fifth-graders, work with a group of high school 
girls in math. Part of communicating well is writing: 
don’t forget expository papers, blogs, opinion pieces, 
lecture notes, etc. Some opportunities may fall into 
your lap—seminar organizers invite you, or (if you’re 
a graduate student) your advisor makes it happen. You 
can also invite yourself to give talks. Reach out especially 
to liberal arts colleges (near your graduate school, your 
home, your grandmother’s home,...) and talk about 
something expository or some aspect of your research 
for an audience that (say) has no more background 
than linear algebra and multivariable calculus. You can 
repeat the same title/abstract multiple times; in fact, it’s 
very common, and revising your talk will improve your 
math and your communication. You don’t need to give 
a million talks in graduate school (5–10 over the course 
of your entire graduate career is great, especially if one 
is for undergraduates and you know it hits the mark). 
By the end of your postdoc, you should have an active 
record of public speaking in various venues.

 • Become broad. If you’re a theoretical mathematician, 
engage in a serious capacity with some aspect of sta-
tistics or applied math. You can be creative about how 
you do this—take a graduate-level course, help super-
vise an undergrad research project, work with students 
on the modeling competition, etc. (If you don’t have 
computing experience, get some.) Be someone who can 
teach an introductory stats course if no specialists are 
available. If you are an applied mathematician, current 
educational trends mean you’ll likely be swamped by 
students. Your goal is to have enough versatility so you 
don’t feel trapped teaching the same three courses in the 
curriculum (emphasis on trapped, as in “not happy with 
the situation”). To do this—and to give future you more 
options to refresh yourself or move in different math 
directions—develop your capacity to teach midlevel 
transition courses. Depending on your preferences, this 
might mean taking graduate courses in or teaching anal-
ysis, calculus on manifolds, probability, combinatorics, 
possibly algebra. If your research isn’t proof-oriented, 
consider TAing to establish your future credentials (in-
cluding TAing for graduate courses).

Of course, it doesn’t hurt to get teaching awards and high 
teaching evaluations.
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What to Expect at a Large 
Public Research University

David Jensen and Christopher Manon

A tenure-track position at an R1 public university will 
differ from other experiences in higher education in a few 
notable ways. Such positions typically have a greater focus 
on research productivity, and often have opportunities 
to integrate research into education. Teaching at a large 
public university also involves interacting with students 
from a wider range of educational backgrounds. We both 
have tenured positions at the University of Kentucky, and 
between us, we have attended and worked at several large, 
research-focused public universities, including the Univer-
sity of Texas, the University of Maryland, Stony Brook, and 
Berkeley. Departments at universities such as these share 
many commonalities.

Research
One of the major advantages of a research university is the 
existence of vertically integrated research communities. 
Our program has groups of graduate and undergraduate 
students, postdocs, and faculty at every stage of their career, 
all working in the same or related areas. All of these people 
interact mathematically to their mutual benefit. For exam-
ple, tenure-stream professors have the opportunity to de-
sign and teach graduate classes and mentor PhD students. 
While the educational benefits of such opportunities are 
clear for the student, they also broaden and strengthen the 
research programs of the faculty. Similarly, research groups 
often run a seminar, bringing in speakers from all over the 
mathematical community, providing both students and 
faculty with a chance to learn about advances in mathe-
matics beyond their own department. The give-and-take at 
seminars often leads to further developments and potential 
collaborations.

The central metric for evaluation, tenure, and promo-
tion at an R1 is research, and often research productivity 
plays a role in decisions about salaries or teaching load. 
In order to help faculty meet these expectations, course 
loads are typically lower than at more teaching-focused 
institutions. (If a prospective employer tells you that they 
value research but that your teaching load will be 4–4, they 
are not telling you the whole truth.) Tenure-stream faculty 
are also expected to apply for research grants. This means 
that in addition to doing mathematics research, writing 
papers, planning and teaching classes, and the usual bout 

and friends. Being an academic means being pulled in too 
many directions—by research, promotion requirements, 
student crises and successes, routine teaching, reports and 
memos and emails, perhaps even a personal life, and on 
top of it all, by your own enthusiasm and passion. The 
process of figuring out what matters and how to do it is 
lifelong and starts now.

There are no ruby slippers that will get you any one par-
ticular math job that you want. The steps I’ve outlined will 
get you a bunch of top ratings from our hiring committee—
after that, there’s a roll of cosmic dice. But the steps that I’ve 
outlined are also the process to a rewarding mathematical 
career: finding and doing the things that are meaningful 
to you, engaging deeply with students, and stretching your 
own intellectual limits.
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and the willingness to take time out of an already busy 
schedule. Our lab has had a positive community-building 
effect among the undergraduate mathematics majors. They 
have a place where they can ask questions and raise con-
cerns about their experiences at the university, and take the 
next steps of their careers.

The world of higher education is broad and can be 
difficult to navigate. There are many different ways to 
be a mathematician, and the tenure-stream position at a 
research-oriented public institution is but one of them. 
While we hope to have shed some light on this part of the 
mathematical world, we encourage you to talk to people 
and learn about other parts as well.

Credits
Author photos are courtesy of Kaelin Cook-Powell.

How to Prepare for a Career 
at a Teaching-Oriented 
Institution

Sarah Crown Rundell

Are you passionate about mathematics and interested in 
sharing your passion with undergraduates? Are you in-
terested in mentoring and advising undergraduates? Are 
you interested in close interactions with students in the 
classroom and outside the classroom at department and 
campus events? Are you dedicated to continually learning 
and trying new pedagogical techniques and reflecting on 
ways to improve your teaching? If you answered “yes,” 
perhaps you’re interested in preparing to teach at a teach-
ing-focused institution. In this article, my suggestions stem 
from my experiences as a student and faculty member at 
small liberal arts institutions, although I’ll try to make 
my suggestions apply more broadly to teaching-oriented 
institutions as a whole.

of service, a faculty member will devote a portion of their 
time to writing grant proposals.

Teaching
Research universities can be either public or private. While 
the distinction does not affect one’s life on a daily basis, it 
can have a large effect on the university’s priorities. Pub-
lic universities often have a more stable source of funds 
(though there are exceptions), but they are also subject to 
the political whims of the state government.

At public universities like the University of Kentucky, 
the undergraduate students tend to come from nearby 
geographical areas. Because they are more affordable, 
schools like ours typically serve students from a broader 
range of socioeconomic backgrounds. We often have stu-
dents who are very capable, but are coming from schools 
where they have not been challenged. As a result, they 
have not yet acquired the skills to “be a student.” For such 
students, college is the first time that they have struggled 
in a classroom, and they don’t know what the expectations 
are. Students also frequently have responsibilities outside 
of the classroom, such as regular family obligations or a 
job. In first-year classes like calculus, it is potentially more 
important to teach good study habits than it is to teach 
L’Hôpital’s rule. Public universities like the University of 
Kentucky also have students from competitive high schools 
with sophisticated STEM programs, who come to take ad-
vantage of the resources of a research-oriented department. 
These students may arrive prepared for sophomore- or 
junior-level mathematics courses, or even courses at the 
graduate level. Indeed, the existence of graduate courses is 
one of the potential draws for such students, giving them 
the opportunity to learn math at an advanced level and 
firsthand experience with the life of a graduate student.

Service
Every department has a fixed amount of work that needs 
to get done outside of the classroom. Someone needs to 
do graduate admissions, someone needs to coordinate 
outreach programs, someone needs to supervise teaching 
assistants, someone needs to revisit the core curriculum, 
and so on and so forth. One of the benefits of a larger 
department is that faculty have more space to choose the 
service that appeals to them.

For example, we both have an active hand in the Univer-
sity of Kentucky Math Lab, with Chris as director and Dave 
as a frequent research mentor. The UK Math Lab has been 
running since the spring of 2018, with an average of four 
research groups per semester making use of it. The math 
lab gives undergraduates a year-round research experience, 
where they work closely with professors, graduate students, 
and postdocs on an open problem. For a participating fac-
ulty member, this requires coming up with a research prob-
lem that is both within reach of a bright undergraduate and 
a means to teach some interesting piece of mathematics,  

David Jensen Christopher Manon
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Think of Possibilities for Undergraduate 
Research Projects
At many teaching-oriented institutions, faculty are expected 
to provide experiences for students to do undergraduate 
research projects. These projects may be during the sum-
mer and/or during the academic year. If you’re interested 
in working at a teaching-oriented institution, I would 
encourage you to reflect on how you might engage with 
undergraduates on research projects. Are there ways that an 
undergraduate could be involved in your current research 
projects? Are there other problems within your field that 
would be reasonable undergraduate research projects? For 
instance, I might not be able to have a student do a project 
in my area of topological combinatorics, but I could find a 
reasonable undergraduate project in combinatorics, where 
the student could jump into the project with a minimal 
amount of coursework (or no related coursework, other 
than a certain level of mathematical maturity). There are 
also programs, such as REUF (Research Experiences for 
Undergraduate Faculty) sponsored by AIM (American 
Institute of Mathematics), where faculty from across the 
country can come together over the summer to learn about 
a new research field, work together with other faculty on a 
research project, and then be able to mentor undergraduate 
research projects in that field.

Openness and Willingness to Teach a Variety  
of Math Courses
Often at teaching-oriented institutions, you will be ex-
pected to teach a variety of mathematics courses, even some 
that you may not have taken when you were a student. 
When applying for a job at a teaching-oriented institution, 
I think it’s important to look at the course offerings for that 
institution and think of how you might be able to support 
the program. What classes would you be particularly inter-
ested in teaching? Are there offerings that you could teach 
that aren't currently being offered? In the job description, 
did the institution say that they’re looking for someone in 
a particular field or who could teach particular courses? If 
those courses are currently outside of your expertise, are 
you willing to learn the material to teach those courses? I 
believe demonstrating knowledge of the program, showing 
enthusiasm for the ways you could support and enhance 
the program, and openness to learning and teaching any 
course in the curriculum will strengthen your application. 
These qualities demonstrate that you have passion and 
enthusiasm for mathematics as a whole, that you’ll be 
flexible and open when it comes to teaching assignments, 
and that you’re motivated to support and help the depart-
ment to grow.

Think of Ways to Contribute to the Department 
and the Institution
If you’re interested in applying for jobs at small liberal 
arts colleges, you will likely be expected to be committed 

Obtain Teaching Experience
Many institutions that place an emphasis on teaching are 
particularly interested in job applicants that have some 
prior teaching experience. If you are a graduate student, you 
may have the opportunity to be a TA for a course, and this 
experience can be a good starting place. Some institutions 
allow graduate students to be the primary instructor for a 
course, which would be ideal if you are interested in being 
at a teaching-oriented institution as it will likely provide 
you with the opportunity to write your own lesson plans 
and get student evaluations based on your own teaching. 
If you are a graduate student and are not able to be the 
primary instructor of a course, you might be able to par-
ticipate in other programs that would provide you with 
teaching experience, such as teaching at a math camp for 
high schoolers.

Be Able to Explain Your Research to Nonexperts
Depending on the size of the department in which you end 
up working, you may be the only person in your particular 
research area, and your institution may expect you to be 
able to explain your research to other faculty members 
across the college and to undergraduates in your depart-
ment. As part of your job interview, you may be asked to 
give a research talk to faculty and undergraduate majors in 
the department. It's thus important to reflect on how you 
might go about explaining your research to nonexperts 
in your field and perhaps to someone who isn’t a mathe-
matician. You should be able to explain your area within 
mathematics and give intuitive examples that someone 
outside the field could understand. Depending on the sit-
uation and context, you may need to eventually be more 
precise and rigorous with your explanation, but I think it’s 
best to consider your audience and gear most of your talk 
or explanation to that audience level. For instance, I teach 
in a joint mathematics and computer science department, 
where each faculty member is in a different research field. 
So when I prepared for my phone interview, I thought of a 
short description of my research geared toward that audi-
ence. When I gave my research talk during my interview, at 
the beginning I provided the necessary background, along 
with examples for definitions and key background results, 
and before stating my results, I motivated the results with 
examples.

It was only near the end of the talk that I moved into 
stating my results as I might have done to a group of re-
searchers in my field. As a faculty member at Denison Uni-
versity, I often am asked by undergraduate students what 
my research is about, and during formal reviews, I need to 
be able to explain my research to colleagues in different 
disciplines across the campus. So it’s been important for 
me to be able to explain my research in a nontechnical way.
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that help faculty learn about a new field of research and 
network with others.

At a teaching-oriented institution, it can be difficult to 
maintain a research program during the semester in the 
midst of teaching obligations and service obligations to the 
college. In addition to trying to attend a seminar in your 
field at a nearby location, some faculty at teaching insti-
tutions find it helpful to block off a weekly time to talk to 
collaborators via an online meeting platform. Setting aside 
a regular time can help make doing research a priority and 
keep your research moving forward, even if you're only 
able to spend a small amount of time preparing for these 
meetings with collaborators.

Consider Applying for a Postdoctoral Position
Depending on your experience with teaching as a graduate 
student and on the type of teaching-oriented institution 
that you are interested in, you may find it helpful to con-
sider applying for a postdoctoral position. There are even 
some teaching postdocs that are specifically focused on 
preparing you for a position at a teaching-oriented institu-
tion. Also, some of the highly selective liberal arts colleges 
expect applicants to be accomplished in their research as 
well as being dedicated, passionate, and excellent teachers. 
So it may make you a more competitive applicant to have 
more teaching experience and a more developed research 
program obtained through a postdoc position.

Credits
Author photo is courtesy of the author.

to service activities within your department and to the 
college as a whole. As you prepare to apply for a particu-
lar job, I think it's important to consider how you might 
support the department. For instance, are there particular 
committees within the department that sound interesting 
to you that you would like to be involved with if you get 
the job at that institution? Are there other initiatives that 
you could start that might work well in the department? For 
instance, does the institution offer a math club? Do they 
offer a women in math club? Does the department need 
support in creating a newsletter? Does the department need 
support in helping students learn about job opportunities 
after graduation and/or about study abroad opportunities? 
Do they need support in taking undergraduates to math 
conferences? Showing enthusiasm for getting involved in 
the life of the department and a knowledge of the offerings 
within the department I believe is viewed very positively 
when applying for a position.

When applying for a job at a small liberal arts college, 
especially for a tenure-track position, you should consider 
how you might become involved in the larger campus 
community. You should think about how to get involved 
in campus service in ways that are meaningful to you. For 
instance, I realized early on in my career that I was passion-
ate about academic integrity, mentoring students, and my 
spiritual life, so I have tried to find ways of being involved 
at my institution that are related to these interests and sup-
port the broader campus community. You may not be able
to be involved with some faculty committees immediately 
or until you have tenure, but there may be other ways to 
start to get involved. For instance, at Denison University 
there is a seminar series for faculty in the natural sciences, 
and so a new faculty member might be encouraged to try 
to participate in organizing the series. Once you begin to 
meet faculty outside of your department and learn what 
programs and initiatives are happening on campus, it will 
be easier to see how you might become involved at the 
college level.

Maintaining a Research Program
At a teaching-oriented institution where you don’t have any 
colleagues in your field and you don’t have much time for 
research, it will be more difficult to maintain a research 
program. So you should be prepared to answer questions 
about these challenges on your job interviews.

In terms of staying active in research, you could deter-
mine if there are colleges or universities near the institu-
tions that you’re applying to which have researchers and 
seminars in your field. You could also see whether the 
institutions that you’re applying to have travel support for 
conferences, and what sorts of external funding you might 
be able to apply for. If it looks like it may be difficult to 
maintain a research program in your field, you might 
consider looking into summer programs and workshops 

Sarah Crown Rundell
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over the map. Some positions expect that you only stay 
in touch with the literature and attend conferences, while 
others require a solid publishing record very close to what 
is expected of research-focused professors. It is import-
ant that you think about where you want your scholarly 
activity to go in the short term and the long term. Also 
consider whether you would like to do research in math, 
education, or other areas. If you are interested in pursuing 
interdisciplinary research, for example, you want to ensure 
that you are at an institution that will support this type of 
scholarship and recognize it.

Do You Want the Opportunity to Design 
Courses? Or, Are You Focused on Delivery?
If you want to do a significant amount of course design you 
will want to find a job where you are not only permitted 
to propose and design your own courses but where the 
culture of the department and institution will support this 
type of work.

What Do You Want Your Daily, Weekly,  
and Yearly Schedules to Look Like?
The total number of courses that you teach over the course 
of the year is one metric to consider. The impact of your 
teaching on family, research, and vacation plans will de-
pend on how your teaching is distributed. Faculty members 
who do all of their teaching in one semester will have very 
different work lives than those who teach through every 
single semester. Likewise, the flow of your life will depend 
on the weeks in an academic semester, the break between 
semesters, how classes are scheduled throughout the week, 
and the length of a typical class period.

What Part Do You Want to Play in Your 
Department or Institution as a Whole?
At teaching-focused institutions faculty are often at the 
very heart of the student experience, leading undergraduate 
research projects, carrying out administrative activities, and 
leading a plethora of other initiatives. When I was at Quest I 
had the opportunity to lead university-level initiatives, even 
though I was at the very beginning of my career. At other 
institutions, some people still see faculty who have chosen 
a teaching-focused career as “lesser” than research-focused 
faculty. This attitude might prevent you from taking on 
leadership roles at any point in your career. 

How do you tell what role you might play in an institu-
tion? In addition to speaking with current faculty members 
you can look for evidence of institutional attitudes: What 
is offered in terms of research grants, salary and benefits? 
Are they profiled in news releases and on websites? Is there 
the same level of job security?

Teaching-Focused Jobs—
How to Find What 
Suits You Best

Sarah Mayes-Tang

You have decided that you would like a career focused on 
teaching. Congratulations! It’s an engaging, fun, and re-
warding career, but finding a position that is right for you 
can be a challenge.

I know firsthand how different teaching-focused posi-
tions can be. For the first four years of my career I was a 
continuing faculty member at Quest University Canada, a 
young liberal arts institution with less than 700 students.  
After four years at Quest, I accepted a job as an assistant 
professor (teaching stream) at the University of Toronto, 
a large research institution where I oversee courses with 
thousands of students. Teaching positions vary more than 
research positions, and many institutions are changing how 
they hire, promote, and retain new teaching staff. My cur-
rent institution, for example, introduced teaching stream 
professorial ranks only in 2015.

There is no one “best” teaching position: different posi-
tions are right for different people at different times. This 
column is framed around questions that can help you figure 
out what is best for you.

What Level and Type of Students  
Do You Want to Teach?
When I began my teaching career, I knew that I wanted 
to work with students who—if given the choice—would 
never take a math course. One of the reasons that I sought 
a position at Quest is because about half of my courses 
would be distribution requirements. In other positions, 
you might teach only math and science majors with strong 
math backgrounds. Also consider what level of math you 
want to teach: will you be satisfied in a career where you 
teach only introductory-level courses? While most teaching 
positions do not include graduate-level course teaching, 
you may work with graduate students who are training to 
be instructors or teaching assistants.

How Much Research Do You Want to Do? 
What Type of Research Do You Want to Do?
Many teaching-focused positions maintain some expec-
tation of “scholarly activity,” but the amount and type of 
work that is required, supported, and rewarded can be all 
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people who enter the process? Is there support for prepar-
ing your applications? You should also consider potential 
life changes: while you might be confident in your ability 
to pour your entire self into your job now, you might feel 
differently when care responsibilities increase or when your 
energy level changes.

What Else?
Finally, you should make the usual job considerations, 
including salary, flexibility, work culture, and location. 
While the application processes and considerations can 
be overwhelming, staying focused on what you need to be 
successful and why you are choosing a teaching-focused 
career will allow you to navigate this time with confidence 
and excitement for the opportunities that lie ahead!

Credits
Author photo is courtesy of the author.

Non-Tenure-Track  
Teaching Faculty in  
Research Departments

Hanna Bennett and Rebecca Swanson

Non-tenure-track positions are becoming increasingly com-
mon in academia. The American Association of University 
Professors states that in 2016, 73% of instructional posi-
tions in academia were off the tenure track [1]. In a 2017 
Chronicle article that provided an analysis of a study done by 
the Government Accountability Office on these positions, 
one of the takeaways was that “freshly minted academics 
are apt to wind up with jobs off the tenure track” [2]. Both 

Do You Want to Teach Large Classes or Small 
Classes? Do You Have the Skills to Coordinate 
Large Teaching Teams?
While many people would instantly say small classes are 
best, I have found large and small class teaching equally 
satisfying and each has its own benefits. I have found that 
the pedagogical and course design skills required are both 
quite similar for large and small class teaching. It is the less 
discussed skills—administrative skills to teach huge classes 
and the emotional support skills in small classes—that 
really distinguish these two experiences.

While beginning teaching assignments are usually clear, 
you should also ask about future opportunities and expec-
tations. At some institutions, you will be hired to teach or 
coordinate a single course for the foreseeable future, or you 
will be asked to teach only introductory courses. At others 
you might teach one section of six different courses, with 
little continuity from year to year.

What Support Will You Need  
for Professional Activities?
You should consider the costs of maintaining a research 
program and staying in touch with your mathematical 
communities. You will likely require more financial support 
than you first expect. I found that when I went from a grad-
uate program at a large research university to a small and 
somewhat isolated setting I needed to travel much more to 
keep in touch with the broader mathematical world. Also, 
registration costs for conferences were high, and I was often 
paying a full “professor” rate for many conferences instead 
of the “postdoctoral scholar” rate that many other early 
career colleagues paid, not to mention the US-Canadian 
exchange rate. The location of your institution matters too: 
costs will depend on whether you are near a central air 
hub or if there are many professional activities occurring. 
While travel is often the most expensive item, computer 
equipment and books should also factor into this.

Consider library resources available. Smaller institutions 
often have access to fewer books and papers than research 
institutions. Interlibrary loan programs can help you gain 
access to additional materials, but a wait of even a few days 
can stall your research. 

You might also consider access to students (undergrad-
uate or graduate) to help further your scholarship. Many 
universities support student research by offering research 
assistantship funding, but sometimes teaching-focused 
faculty do not have access to these programs.

How Much Stability Do You Need?
Historically, teaching-focused jobs have often not had 
the stability of tenure. You should consider your level of 
comfort with the contract length and contract renewal 
process. When looking at particular positions, find out as 
much as you can about how contract renewals or tenure 
review processes are handled. What is the success rate of 
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the team that trains 40–60 new graduate student and post-
doc instructors in our week-long professional development 
program every fall; I coordinate one of the Intro Program 
courses, which involves creating homework and exams, 
running the exams and grading sessions, running meetings 
for instructors, and dealing with the myriad unusual situa-
tions that arise in a course with hundreds of students and 
dozens of instructors; and I observe and provide feedback 
to new instructors, and generally provide teaching-related 
advice and support to department members. As a course 
coordinator, I am able to develop a valuable mentoring 
relationship with graduate students who teach for my 
course, which can extend beyond teaching support to help-
ing them navigate life as a graduate student. In addition to 
the courses I’m coordinating, I’ve also taught courses for 
future teachers and honors courses. I am now one of the 
codirectors of the Introductory Program, and play a greater 
role in overseeing the program as a whole.

I work closely with a small group of faculty, and love the 
sense of community we have built within this group. Our 
tenure-stream colleagues understand that we have special-
ized expertise and play a valuable role in the department, 
and they treat us with respect. We have quite a bit of au-
tonomy to run the program as we see fit—we are currently 
working on making substantial changes to the assessment 
and grading structure of one of the courses—and we are 
consulted in other departmental teaching issues. We are full 
citizens within the department: we serve on committees, 
advise undergraduates, participate in outreach programs, 
and vote in everything except personnel decisions. While 
scholarship is not a requirement of the job, some of my col-
leagues remain active in research. Ultimately I’ve been able 
to build a career I love, working with fantastic people, and 
feel like I’m playing an important role in my department 
and the mathematics community as a whole.

Becky’s Story
After attending a small liberal arts college (SLAC), I at-
tended graduate school in mathematics with the goal of 
returning to a SLAC as a professor. I achieved that goal, but 
there was a problem.  In particular, it was a two-body prob-
lem. My (now) husband and I were living in different states 
halfway across the country from one another and wanted 
to find jobs in the same geographic area. We didn’t think 
we would necessarily end up at the same institution, as he 
was much more interested in research, whereas I wanted to 
focus more of my time on teaching. When my husband was 
invited for an interview at the Colorado School of Mines, 
a medium-sized engineering university in Golden, CO, he 
was informed that the math department had just received 
approval to open a search for a non-tenure-track teaching 
associate professor (TAP). I was intrigued, applied, and was 
eventually offered the position.

CSM certainly isn’t a SLAC, but there are many aspects 
of the TAP position that are similar to my former SLAC job.  

of the authors of this article work as non-tenure-track fac-
ulty at research institutions. While exploitative contingent 
faculty positions are a major problem in academia, we offer 
our own experiences here to demonstrate that non-tenure-
track faculty positions do not have to be exploitative.

Many mathematicians are familiar with the standard 
expectations of a tenure-track position related to teaching, 
research, and service, but the expectations of non-tenure-
track positions have much greater variance. Our goal here is 
to provide the reader with information about non-tenure-
track positions in research institutions by sharing our own 
individual stories as well as advice that we have for those 
interested in such positions.

Hanna’s Story
When I was finishing graduate school, I applied primarily 
to postdocs. I knew I ultimately wanted to have a job where 
teaching played a major role, but I also wanted to keep as 
many options open as possible awhile longer, and a post-
doc seemed like the best way to do that. But by the third 
year of my postdoc at the University of Michigan, I was sure 
I wanted a career with a focus on teaching. I’d attended 
a small liberal arts college, and had originally assumed 
that’s where I would end up. But I found I really loved the 
atmosphere of a large research department, and when un-
dergraduate students told me I was the only instructor they 
had that semester who took the time to learn their names, 
I found myself thinking, don’t these students deserve to have 
instructors who make teaching a priority? I also have a long 
history of struggling with anxiety, and had concerns that the 
tenure process would likely be bad for my mental health, 
making a position that didn’t require it more attractive.

After my postdoc, I spent three years as a lecturer at the 
University of Texas at Austin, where I primarily taught, but 
also had opportunities to do things like designing curric-
ulum for new courses. Ultimately, I decided I wanted to 
return to Michigan for personal reasons, and was fortunate 
that Michigan was hiring long-term lecturer positions at 
that time for its Introductory Program, which consists of 
Calculus I, Calculus II, and a course called Data, Functions 
and Graphs (the course before calculus). All three courses 
have uniform exams but are taught in very small sections, 
using active learning, with graduate students and postdocs 
serving as the instructor of record for most sections. UM was 
in the process of reducing the size of these sections from 
32 to 18, and they were hiring lecturers to help with the 
increase in administrative work that came with this change. 

There are essentially two levels of lecturers at UM. The 
Lecturer I/II positions are intended primarily for teaching, 
and these lecturers teach three courses per semester. My po-
sition, as a Lecturer III (and now IV), comes with multiyear 
contracts and the expectation that I will be involved in ad-
ministrative work. This reduces my teaching load; I typically 
teach one or two courses per semester. My administrative 
work comes with a number of responsibilities. I am part of 



Early Career

820    notices of the AmericAn mAthemAticAl society Volume 67, number 6

unexpected benefit is related to our department size. My 
department has ten teaching faculty members, as well as 
teaching postdoctoral fellows and adjunct faculty that are 
passionate about teaching. This means we have the critical 
mass to meet regularly to have discussions about teaching 
and learning. Although my original goal was to work at 
a SLAC, being a teaching faculty member in a research 
institution ended up being a wonderful fit for me, and I 
recommend others to consider such positions.

Our Advice
Our experiences and conversations with colleagues else-
where have taught us a lot about teaching positions in 
research departments. If you are thinking about applying 
to or accepting one of these positions, the following list 
contains some questions you may want to consider. They 
are listed alphabetically by topic; you should think about 
which of these matter most (or at all!) to you.

 • Culture: Do teaching faculty interact with nonteaching 
faculty? Are teaching faculty valued by the department? 
By the institution? How big is the department? What 
proportion of the department is teaching faculty? What 
is the breakdown in the numbers of teaching faculty 
versus tenure-line faculty?

 • Duties: What sort of control do you have over your time? 
What are the department’s expectations? Is this vision 
reasonable? How many classes will you teach? How 
many preps should you expect at a time? What duties 
do you have outside of teaching? How much input do 
you have in shaping your position?

 • Governance: Are you allowed and welcome in faculty 
meetings? Will you have a vote in departmental/insti-
tutional decisions? Will you serve on departmental or 
institutional committees? Are you represented in the 
faculty senate?

 • Position Title: Teaching positions at research institutions 
go by many names. You might see them advertised as 
Lecturer, Instructor, Teaching Professor, Professor of 
Practice, etc. Does the title matter to you?

 • Promotion: Is there potential for promotion? What are 
the expectations for promotion? Are these expectations 
reasonable?

 • Salary/Benefits: Is the salary and benefits package rea-
sonable for you? Is there a union? What expectations 
should you have for raises?

 • Scholarship: Is publishing valued? Required? Looked 
down upon? Are certain types of scholarship valued over 
others? (Maybe teaching-related scholarship is valued, 
but subject-area scholarship is not.)

 • Security: Does the job seem secure? Are there contracts? 
How long are contracts? Are there rules about how much 
advance notice you would receive in the case your posi-
tion was terminated?

The focus for both is on teaching. Service expectations are 
also comparable. Scholarship was part of my SLAC posi-
tion, but those expectations were minimal, whereas CSM 
has no scholarship expectations for teaching professors. 
(Scholarship is, however, valued in the promotion process.)  
I had other concerns, though. First, I wanted my job to be 
secure. My position is not on the tenure track, but I have 
been at CSM for eight years now, and I am not concerned 
that the position will end. Second, it was important to me 
that I be an equal member of my department, that I have 
a voice and say in decisions that are made, and that the 
environment is collegial. At CSM, teaching professors have 
full voting rights and play roles in both departmental and 
university governance. Additionally, due to the existence of 
qualified and dedicated teaching professors, a symbiotic 
relationship exists among teaching faculty and tenure-line 
faculty. The tenure-line faculty get to focus their time and 
efforts on the graduate program, while the teaching faculty 
are in large part the face of the department to the under-
graduate students. Different members of the department 
appreciate and value one another. Next, I wanted to have a 
say in my teaching duties. At CSM my wishes are taken into 
account when classes are scheduled. It was also important 
for me to continue to be an active member of the greater 
mathematics community. I was happy to find that each 
faculty member in my department, regardless of stature, re-
ceives the same annual travel support, in addition to funds 
available at the institutional level, and teaching faculty are 
provided start-up funds. Finally, the pay and benefits of the 
TAP position were comparable or better, when adjusting for 
cost of living, to those at my SLAC position.

After eight years, I can say that I am very happy in my 
position. I teach 18 credits each year, and I regularly coor-
dinate a course, which involves creating assignments and 
exams, supporting other faculty in teaching the course, and 
populating online homework and our learning manage-
ment system. Since we are on semesters, this translates to a 
3–3 or 3–2 teaching load depending upon which classes I 
teach. I spend much of my service time working in the same 
way I did at my SLAC position. I advise student groups, such 
as our Putnam Team and our AWM chapter, serve on de-
partmental and university committees, and serve the greater 
mathematical community at both the regional and national 
level. Free from the stress of publication expectations to get 
tenure, I am able to align my scholarship with my passion 
for teaching, and I now work in the Scholarship of Teaching 
and Learning (SoTL). There are additional benefits that I 
didn’t anticipate. Due to the value CSM has placed upon 
teaching and teaching faculty, the institution has provided 
additional resources that did not exist when I accepted my 
position. There is now a sabbatical program for teaching 
faculty, as well as a teaching and learning center that has 
been incredibly supportive in helping faculty adopt and im-
plement innovative teaching methods. Recently, multiyear 
contracts were approved by our board of trustees. Another 
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 • Support: Do teaching faculty have access to travel funds? 
Is there a sabbatical program? Do you get start-up funds? 
Is there paid parental leave?
If you are on the job market, you should think carefully 

about what aspects of a potential job are really important to 
you. There isn’t a single perfect job for everyone, and there 
are many ways to be a good mathematician and academic 
outside of the traditional tenure-line positions.
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Graduation: an intersection of who 
you are and who you will become.

Graduate Student Members: Is this your big year? If 
you are graduating this year, take advantage of your 
discounted AMS Introductory Membership rate next 
year! This rate is available for five continuous years 
as you transition through your early career. For more 
information, watch for your 2021 membership renewal 
coming this August and receive 25 AMS “points”* 
when you renew as an Intro member!

* Apply points toward the purchase of AMS products, including book 
purchases, and even as a partial payment toward your next membership.purchases, and even as a partial payment toward your next membership.

The AMS will continue to 
support you on your journey!
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Harry Kesten (1931–2019): A
Personal and Scientific Tribute
Geoffrey R. Grimmett and Gregory F. Lawler

Figure 1. Harry Kesten in White Hall, Cornell University,
around 1980.

The mathematical achievements of Harry Kesten since the
mid-1950s have revolutionized probability theory as a
subject in its own right and in its associations with as-
pects of algebra, analysis, geometry, and statistical physics.
Through his personality and scientific ability, he has
framed the modern subject to a degree exceeded by no
other.

Harry inspired high standards of honesty, modesty, and
informality, and he played a central part in the creation of
a lively and open community of researchers.
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Biographical Notes
Early life. Harry Kesten’s early life was far from tran-
quil. His already migrant father migrated once again from
Germany following Hitler’s appointment as chancellor in
1933. Harry survived the war under the protection of a
non-Jewish family in the Netherlands. His parents died
naturally during and immediately following the war. In
1952, he recognized his likely future as a mathematician.

Harry was born in Duisburg, Germany, on 19 No-
vember 1931 to Michael and Elise Kesten. “Hamborn
(Hochfeld)” is listed as his place of birth in both a German
and a Polish document. Harry had Polish citizenship from
birth via his father, and he retained this until his American
naturalization in 1962.

He was the only child of Michael Kesten (born in
Podołowoczyska, [5], then in Galicia and now Ukraine, 22
November 1890) and Elise Abrahamovich (born in Char-
lottenburg, Berlin, 4 October 1905). The Kesten family
name featured prominently in the affairs of the substan-
tial Jewish population of Podołowoczyska in the late nine-
teenth century. Michael moved from Galicia to Berlin,
where he and Elise were married in Charlottenburg on 23
May 1928. Amos Elon has written eloquently in [4] of
the Jewish community in Berlin up to 1933, the year in
which the Kesten family moved to Amsterdam, perhaps as
a member of a group of Jewish families.

German military forces attacked and invaded the
Netherlands in May 1940. Shortly afterwards, Harry was
offered protection by a non-Jewish Dutch family resid-
ing in Driebergen near Utrecht, with whom he lived un-
til the Dutch liberation in May 1945. His father was hid-
den in the same village, and they could be in occasional
contact throughout the occupation. During that period
Harry attended school in a normal way ([3]). Elise died of
leukemia in Amsterdam on 11 February 1941, andMichael
died in October 1945, probably in Groningen of cancer.
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Later in life, Harry kept in touch with his Dutch family,
and would visit them whenever he was in the Netherlands.

Harry moved back to Amsterdam at the end of the war
to live with an older married cousin who had been born
a Kesten, and who had survived the war in Switzerland. It
was during the period between 1945 and graduation from
high school in 1949 that his attachment to Orthodox Ju-
daism developed, and this was to remain with him for the
rest of his life.

The earliest surviving indication of Harry’s scientific
ability is found in his school report on graduation from the
General Secondary High School in 1949. His six grades in
the six given scientific topics (including mathematics) are
recorded as five 10s and one 9. In languages, they were
7 (Dutch), 7 (French), 8 (English), 10 (German). There
were three subjects in which his mark was a mere 6 (“sat-
isfactory”), including handwriting and physical education.
In later life, Harry was very active physically, and was keen
to run, swim, hike, and to ski cross-country, usually with
friends and colleagues.

Figure 2. Harry Kesten, cross-country skiing with Rob and
Margriet van den Berg, Ithaca, 1991.

Following his uncle’s advice to become a chemical engi-
neer, Harry entered the University of Amsterdam in 1949
to study chemistry ([3]). This was not altogether success-
ful, and Harry took a particular dislike to laboratory work.
He moved briefly to theoretical physics before settling on
mathematics. From 1952 to 1956 he had a half-time assist-
antship in the statistical department of the Mathematical
Centre (now the CWI), Amsterdam, under the supervision
of David van Dantzig (known for his theory of collective
marks) and Jan Hemelrijk. He shared an office with fellow
student Theo (J. Th.) Runnenburg, with whom he wrote
his first papers on topics in renewal theory and queueing
theory. The pair of papers [20] are notable, since they are

probably related to the master’s (almost, in a sense, doc-
toral) thesis that Harry wrote in 1956.

It was around this time that he met his wife-to-be, Do-
raline Wabeke, who worked in the Mathematical Centre
Library while studying interior design at evening school.
Middle years. Mark Kac visited Holland in 1955, and
Harry had the opportunity to meet him at the Mathemati-
cal Centre. He wrote to Kac in January 1956 to enquire of
a graduate fellowship at Cornell University to study prob-
ability theory, perhaps for one year. Van Dantzig wrote to
Kac in support, “. . . I have not the slightest doubt that, if
you grant him a fellowship, you will consider the money
well spent afterwards.”

A Junior Graduate Fellowship was duly arranged with a
stipend of $1,400 plus fees, and Harry joined the mathe-
matics graduate program at Cornell that summer, traveling
on a passport issued by the International Refugee Organi-
zation. His fellowship was extended to the next academic
year 1957–58 with support from Mark Kac: “Mr. Kesten
is. . . the best student we have had here in the last twenty
years.. . . one of these days we will indeed be proud of hav-
ing helped to educate an outstanding mathematician.”

He defended his PhD thesis at the end of that year, on
the (then) highly novel topic of random walks on groups.
This area of Harry’s creation remains an active and fruitful
area of research at the time of this memoir.

Doraline followed Harry to the USA in 1957 under the
auspices of “The Experiment of International Living,” and
took a position in Oswego, NY, about seventy-five miles
north of Ithaca on Lake Ontario. As a result of the At-
lantic crossing she became averse to long boat journeys,
and never traveled thus again. She studied and converted
to Judaism with a rabbi in Syracuse, and the couple was
married in 1958.

Harry and Doraline moved to Princeton in 1958, where
Harry held a (one-year) instructorship in the company of
Hillel Furstenberg. For the following academic year, he ac-
cepted a position at the Hebrew University of Jerusalem.
Harry was interested in settling in Israel, and wanted to try
it out, but there were competing pressures from Cornell,
who wished to attract him back to Ithaca, and from Dora-
line’s concerns about practical matters. They postponed a
decision on the offer of an assistant professorship at Cor-
nell (with a standard nine hours/week teaching load), opt-
ing instead to return for the year 1961–62 on a one-year
basis.

It was during that year that Harry and Doraline decided
to make Ithaca their home. Harry was promoted to the
rank of associate professor in 1962, and in 1965Harry and
Doraline celebrated both his promotion to full professor
and the birth of their only child, Michael. Harry stayed at
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Cornell for his entire career, becoming emeritus professor
in 2002.

Harry, Doraline, and Michael lived for many years with
their cats at 35 Turkey Hill Road, where visitors would be
welcomed for parties and walks.

Unsurprisingly, many invitations arrived, and he would
invariably try to oblige. Harry traveled widely, and paid
many extended visits to universities and research centers in
the USA and abroad, frequently accompanied by Doraline,
and in earlier years by Michael.

For some years the principal events in Cornell proba-
bility included the biweekly five-mile runs of Harry with
Frank Spitzer, and able-bodied visitors were always wel-
come. WhenHarry’s knees showed their age, he spent time
swimming lengths in Cornell’s Teagle pool, usually in the
now passé men-only sessions. He worked on his problems
while swimming.

Figure 3. Harry Kesten with Geoffrey Grimmett in Kendal at
Ithaca, 2011.

Later years. Harry maintained his research activities and
collaborations beyond his retirement from active duty in
2002. He spoke at the Beijing ICM that year on the sub-
ject of percolation, finishing with a slide listing individu-
als who had been imprisoned in China for the crime of
expressing dissent ([18]).

He was awarded an honorary doctorate at the Univer-
sité de Paris-Sud in 2007, shortly following his diagnosis of
Parkinson’s disease. Harry and Doraline sold their house
and moved in 2008 into the Kendal retirement home, a

“home away fromhome” for numerous retired Cornell aca-
demics. Doraline developed Alzheimer’s disease and died
at Kendal on 2 March 2016, followed by Harry from com-
plications of Parkinson’s disease on 29 March 2019. A vol-
ume on percolation remained on his bedside table until
the end.
Awards of distinction. From among the awards made to
Harry Kesten, mention is made here of the Alfred P. Sloan
Fellowship (1963), the Guggenheim Fellowship (1972),
the Brouwer Medal (1981), the SIAM George Pólya Prize
(1994), and the AMS Leroy P. Steele Prize for Lifetime
Achievement (2001). Harry delivered the Wald Memo-
rial Lectures of the IMS (1986), and was elected a Corre-
spondent of the Royal Netherlands Academy of Arts and
Sciences (1980), a Member of the National Academy of
Sciences (1983), and of the American Academy of Arts
and Sciences (1999). He was elected an Overseas Fel-
low of Churchill College, Cambridge (1993), and was
awarded an Honorary Doctorate of the Université de Paris-
Sud (2007).

He was an invited lecturer at three ICMs—Nice (1970),
Warsaw (1983), and Beijing (2002)—and he spoke at the
Hyderabad ICM (2012) on the work of Fields Medalist
Stanislav Smirnov. Hewas amember of the inaugural class
of Fellows of the AMS in 2013.

Personality and Influence
Probability theory gained great momentum in the second
half of the twentieth century. Exciting and beautiful prob-
lems were formulated and solved, and connections with
other fields of mathematics and science, both physical and
socio-economic, were established. The general area at-
tracted a large number of distinguished scientists, and it
grew in maturity and visibility. Harry was at the epicenter
of the mathematical aspects of this development. He con-
tributed new and often startling results at the leading edge
of almost every branch of probability theory.

Despite an occasionally serious aspect, he was a very
sociable person who enjoyed his many scientific collabo-
rations and was a popular correspondent. His archive of
papers (now held by Cornell University) reveals a wealth
of letters exchanged with many individuals worldwide,
and every serious letter received a serious reply, frequently
proposing solutions to the problems posed. He was espe-
cially keen to discuss and collaborate with younger people,
and he played a key role through his achievements and per-
sonality in bringing them into the field.

Harry commanded enormous respect and affection
amongst those who knew him well. He displayed an un-
compromising honesty, tempered by humanity, in both
personal and professional matters. This was never clearer
than in his opposition to oppression, and in his public
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Figure 4. Harry Kesten and Frank Spitzer in 1970.

support for individuals deprived of their positions, or even
liberty, for expressing their beliefs or needs.

Harry loved hard problems. Supported by an extraordi-
nary technical ability and a total lack of fear, he gained a
just reputation as a fearsome problem solver. His work
often exceeded the greatest current expectations, and it
could be years before the community caught up with him.
When the going became too tough for the rest of us, he
would simply refuse to give in. The outcome is 196 works
listed on MathSciNet, almost every one of which contains
some new idea of substance. An excellent sense of Harry
as a mathematician may be gained by reading the first two
pages of Rick Durrett’s appreciation [2], published in 1999
to mark 40+ years of Harry’s mathematics.

Scientific Work
Most areas of probability theory have been steered, even
moulded, by Harry, and it is not uncommon to attend con-
ferences in which a majority of speakers refer to his work
as fundamental to their particular topics. In this memoir,
we do not aim at a comprehensive survey but, instead, to
select and describe some high points. Our selection is per-
sonal by necessity, and readers desirous of a more compre-
hensive account are referred to [2,7].
Random walks on groups. Harry’s PhD work was on the
topic of random walks on groups. So-called “simple ran-
dom walk” takes random jumps of size ±1 about the line
ℤ. The domain ℤmay be replaced by either ℤ𝑑 or ℝ𝑑, and
the unit moves replaced by a general family of indepen-
dent and identically distributed displacements. Harry’s
space was algebraic rather than Euclidean. He considered
a countable group 𝐺, a symmetric (𝑝(𝑥) = 𝑝(𝑥−1)) prob-
ability distribution on a generating set of 𝐺, and defined
random walk on 𝐺 as the process that moves at each step
from 𝑦 to 𝑦𝑥 with probability 𝑝(𝑥). Let 𝑞2𝑛 denote the

probability that the random walk returns to its starting
point after 2𝑛 steps. For example, the usual random walk
on ℤ𝑑 has 𝑞2𝑛 ∼ 𝑐𝑑𝑛−𝑑/2, while for the free group on two

generators we have 𝑞2𝑛 ≈ ( 3
4
)
𝑛
.

Harry showed for a general countably infinite group 𝐺
that the quantity

Λ(𝐺, 𝑝) ∶= lim
𝑛→∞

𝑞1/2𝑛2𝑛

equals both the spectral radius and the maximal value of
the spectrum of the associated operator on 𝐿2(𝐺) given by
the random walk. He proved that the equality Λ(𝐺, 𝑝) = 1
is a property of the group𝐺 and not of the particulars of the
transition probabilities 𝑝, and if it holds wewriteΛ(𝐺) = 1.
The so-called “Kesten criterion for amenability” states that
Λ(𝐺) = 1 if and only if 𝐺 is amenable.1 This remarkable
characterization of amenability may be viewed as a fairly
early contribution to the currently important area of geo-
metric group theory (see [1]).
Products of random matrices. One of the earliest papers
in the now important field of random matrices is [6] by
Furstenberg and Kesten, written by two Princeton instruc-
tors in 1958–59. They were motivated by the 1954 work
of Bellman, studying the asymptotic behavior of the prod-
uct of 𝑛 independent, random 2 × 2matrices, and they de-
rived substantial extensions of Bellman’s results. This now
classical paper [6] has been very influential and is much
cited, despite having proved unwelcome at the authors’
first choice of journal. It deals with products of random
matrices, in contrast to most of the modern theory which
is directed towards spectral properties.

Consider a stationary sequence 𝑋1, 𝑋2, … of random 𝑘×
𝑘 matrices, and let

𝑌𝑛 = (𝑦𝑛𝑖𝑗) = 𝑋𝑛𝑋𝑛−1⋯𝑋1.
In an analysis termed by Bellman “difficult and ingenious,”
Furstenberg and Kesten proved a law of large numbers and
a central limit theorem. Firstly, if 𝑋 is ergodic, the limit
𝐸 ∶= lim𝑛→∞ 𝑛−1 log ‖𝑌𝑛‖1 exists a.s. Secondly, subject
to certain conditions, the limit of 𝑛−1𝔼(log 𝑦𝑛𝑖𝑗) exists, and
𝑛−1/2(log 𝑦𝑛𝑖𝑗 − 𝔼(log 𝑦𝑛𝑖𝑗)) is asymptotically normally dis-
tributed.

Although they used subadditivity in the proofs, they did
not anticipate the forthcoming theory of subadditive sto-
chastic processes, initiated in 1965 by Hammersley and
Welsh to study first-passage percolation, which would one
day provide a neat proof of some of their results.

Harry returned in 1973 to a study of products of ran-
dom matrices arising in stochastic recurrence relations. In

1Of the various equivalent definitions of amenability, the reader is reminded
that a discrete group 𝐺 is amenable if there exists a sequence 𝐹𝑛 of finite subsets
such that, for 𝑔 ∈ 𝐺, |(𝑔𝐹𝑛)△𝐹𝑛|/|𝐹𝑛| → 0 as 𝑛 → ∞.
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the one-dimensional case, it was important to understand
the tail behavior of a random variable 𝑌 satisfying a sto-

chastic equation of the form 𝑌 𝑑= 𝑀𝑌 + 𝑄; that is, for ran-
dom variables 𝑀 and 𝑄 with given distributions, 𝑌 and
𝑀𝑌+𝑄 have the same distribution. He proved in [11] that
such 𝑌 are generally heavy-tailed in that ℙ(𝑌 > 𝑦) decays
as a power law as 𝑦 → ∞. This work has generated a very
considerable amount of interest since in probability, sta-
tistics, and mathematical finance.
Random walks and Lévy processes. Harry’s early years at
Cornell marked a heyday for the theory of random walk.
His colleague Frank Spitzer hadwritten his Springermono-
graph Principles of Random Walk, and, together, they and
their collaborators did much to further the field. The clas-
sical definition of random walk is as a sum 𝑆𝑛 = 𝑥 + 𝑋1 +
⋯+ 𝑋𝑛 where 𝑥 is an initial position and 𝑋1, 𝑋2, … are in-
dependent and identically distributed. When the distribu-
tions are nice, the theory parallels that of the continuous
potential theory of the Laplacian. When the hypotheses on
distributions are weakened, some but not all such proper-
ties persist.

In an early sequence of papers, Harry proved a family
of ratio limit theorems for probabilities associated with
random walks on ℤ𝑑. Here are two examples, taken from
joint work with Spitzer and Ornstein. Let 𝑇 denote the
first return time of 𝑋 to its starting point. Then ℙ0(𝑇 >
𝑛 + 1)/ℙ0(𝑇 > 𝑛) → 1 as 𝑛 → ∞, and this may be used to
show that the limit

𝑎(𝑥) = lim
𝑛→∞

ℙ𝑥(𝑇 > 𝑛)
ℙ0(𝑇 > 𝑛)

exists and equals the potential kernel (fundamental solu-
tion of the corresponding discrete Laplacian) at 𝑥, that is,

𝑎(𝑥) =
∞
∑
𝑛=0

[ℙ0(𝑋𝑛 = 0) − ℙ𝑥(𝑋𝑛 = 0)], 𝑥 ≠ 0.

This result requires no further assumptions on the random
walk. (The subscript 𝑥 on ℙ𝑥 denotes the starting point.)

A Lévy process is a random process in continuous time
with stationary independent increments. Let 𝑋 be a Lévy
process on ℝ𝑑. The fundamental question arose through
work of Neveu, Chung, Meyer, and McKean of deciding
when the hitting probability ℎ(𝑟) by 𝑋 of a point 𝑟 ∈ ℝ𝑑

satisfies ℎ(𝑟) > 0. Harry solved this problem in his extra-
ordinary AMS Memoir of 1969, [10]. The situation is sim-
plest when 𝑑 = 1, for which case Harry showed that (apart
from special cases) ℎ(𝑟) > 0 if and only if the so-called
characteristic exponent of 𝑋 satisfies a certain integral con-
dition.

The expression “random walk” is sometimes used
loosely in the context of interesting and challenging
problems, arising for instance in physical and biological

models, which lack the full assumptions of independence
and identical distribution of jumps. Harry responded
to the challenge to attack many of these difficult prob-
lems for which the current machinery was not sufficient.
He combined his mastery of classical techniques with his
“problem-solving” ability to develop new ideas for such
novel topics.

A significant variant of the classical random walk is the
“random walk in random environment” (RWRE). In the
one-dimensional case, this is given by (i) sampling ran-
dom variables for each site that prescribe the transition
probabilities when one reaches the site, and (ii) perform-
ing a random walk (or more precisely a Markov chain)
with those transition probabilities. RWRE is a Markov
chain given the environment, but it is not itself Markovian
because, in observing the process, one accrues information
about the underlying random environment.

One of the first RWRE cases considered was a near-
est neighbor, one-dimensional walk, sometimes called a
birth-death chain on ℤ. Let 𝛼𝑥 denote the probability that
the random walk moves one step rightward when at po-
sition 𝑥 (so that 𝛽𝑥 = 1 − 𝛼𝑥 is the probability of moving
one step leftward). We assume the 𝛼𝑥 are independent and
identically distributed. In the deterministic environment
with, say, 𝛽𝑥 = 𝛽 < 1

2
for all 𝑥, as 𝑛 → ∞, 𝑋𝑛/𝑛 → 1 − 2𝛽;

when 𝛽 = 1
2
, the walk returns to the origin infinitely often.

For the RWRE (with random 𝛼𝑥), the distributional proper-
ties of the ratio 𝛽0/𝛼0 are pivotal for determining whether
or not 𝑋𝑛 →∞; a straightforward birth-death argument in-
dicates that 𝑋𝑛 →∞ if 𝔼[log(𝛽0/𝛼0)] < 0. The regime with
𝔼[log(𝛽0/𝛼0)] < 0 and 𝔼[𝛽0/𝛼0] > 1 turns out to be interest-
ing. It was already known for this regime that 𝑋𝑛 →∞ but
𝑋𝑛/𝑛 → 0. With Kozlov and Spitzer [19], Harry showed in
this case that the rate of growth of 𝑋𝑡 is essentially deter-
mined by the value of the parameter 𝜅 defined by

𝔼 [(𝛽0/𝛼0)𝜅] = 1.

In particular, if 𝜅 < 1, then 𝑋𝑛 has order 𝑛𝜅. It turns out
that the limit distribution of 𝑛−𝜅𝑋𝑛 may be expressed in
terms of a stable law with index 𝜅. This result answered a
question of Kolmogorov.

The above is an early contribution to the broad area
of RWRE, and to the related area of homogenization of
differential operators with random coefficients. The one-
dimensional case is special (roughly speaking, because the
walk cannot avoid the exceptional regions in the environ-
ment), and rather precise results are now available, includ-
ing Sinai’s proof that 𝑋𝑛/(log 𝑛)2 converges weakly (to a
distribution calculated later by Harry). RWRE in higher di-
mensions poses a very challenging problem. This process
is more diffusive than its one-dimensional cousin, and its
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study requires different techniques. Major progress has
been made on it by Bricmont, Kupiainen, and others.
Self-avoiding walk. A self-avoiding walk (or SAW) on the 𝑑-
dimensional hypercubic lattice ℤ𝑑 is a path that visits no
vertex more than once. SAWs may be viewed as a simple
model for long-chain polymers, and the SAW problem is
of importance in physics as well as in mathematics.

Let 𝜒𝑛 be the number of 𝑛-step SAWs starting at the
origin. The principal SAW problems are to establish the
asymptotics of 𝜒𝑛 as 𝑛 → ∞, and to determine the typi-
cal radius of a SAW of length 𝑛. Hammersley and Morton
proved in 1954 that there exists a “connective constant”
𝜅 such that 𝜒𝑛 = 𝜅𝑛(1+o(1)) as 𝑛 → ∞. The finer asymp-
totics of 𝜒𝑛 have proved elusive, especially in dimensions
𝑑 = 2, 3.

Harry’s ten-page paper [9] from 1963 contains a the-
orem and a technique; the theorem is essentially unim-
proved, and the technique has frequently been key to the
work of others since. His main result is the ratio limit the-
orem that 𝜒𝑛+2/𝜒𝑛 → 𝜅2 as 𝑛 → ∞. It remains an open
problem to prove that𝜒𝑛+1/𝜒𝑛 → 𝜅. His technique is an ar-
gument now referred to as “Kesten’s pattern theorem.” To
paraphrase Frank Spitzer from Mathematical Reviews, the
idea is that any configuration of 𝑘 steps which can occur
more than once in an 𝑛-step SAW has to occur at least 𝑎𝑛
times, for some 𝑎 > 0, in all but “very few” such SAWs.

The pattern theorem is proved using a type of path
surgery that has been useful in numerous other contexts
since. The proof is centered around an “exponential esti-
mate” of a general type that made powerful appearances
in various different settings in Harry’s later work.

One of the most prominent current conjectures in SAW
theory is that SAW in two dimensions converges, in an
appropriate limit, to a certain Schramm–Loewner evolu-
tion (namely, SLE8/3). If one could show that the limit
exists and exhibits conformal invariance, then it would
be known that the limit must be SLE8/3. Although the
behavior of this SLE is now understood fairly precisely
([22]), and the analogues of the finite asymptotics of 𝜒𝑛
and the typical length of a SAW are known for the contin-
uous model, the problems of establishing that the discrete
SAW has a limit, and showing that the limit is conformally
invariant, remain wide open.
Diffusion limited aggregation. Diffusion limited aggre-
gation (DLA) is a growth model introduced by Witten and
Sander. The model may be defined in general dimensions
𝑑, but we concentrate here on the case 𝑑 = 2.

Let𝐴0 be the origin of the square latticeℤ2. Conditional
on the set𝐴𝑛, the set𝐴𝑛+1 is obtained by starting a random
walk “at infinity” and stopping it when it reaches a point
that is adjacent to 𝐴𝑛, and then adding that new point to

Figure 5. A simulation of diffusion limited aggregation in two
dimensions.

the existing 𝐴𝑛. The concept of random walk from infin-
ity can be made precise using harmonic measure, and the
hard problem is then to describe the evolution of the ran-
dom sets 𝐴𝑛. Computer simulations suggest a random,
somewhat tree-like, fractal structure for 𝐴𝑛 as 𝑛 → ∞. In-
deed, assigning a “fractal dimension” to such a set is a sub-
tle issue, but a start is made by trying to find the exponent
𝛼 such that the diameter of 𝐴𝑛 grows like 𝑛𝛼. Since 𝐴𝑛 is
a connected set of 𝑛+ 1 points, we have the trivial bounds
1
2
≤ 𝛼 ≤ 1.
Harry wrote a short paper [15] containing a beautiful

argument showing that 𝛼 ≤ 2
3
. For many readers, this

seemed a good start to the problem, andmuch subsequent
effort has been invested in seeking improved estimates.
Unfortunately, no one has yet made a substantial rigorous
improvement to Harry’s bound. There are a number of pla-
nar models with diffusive limited growth, and it is open
whether they are in the same universality class. On the
other hand, “Kesten’s bound” is one property they have in
common.

Harry’s argument is simple, but in order to complete
it, he needed a separate lemma ([17]) about planar ran-
dom walks which is a discrete analogue of a theorem from
complex variables due to Beurling. Kesten’s lemma has
itself proved an extremely useful tool over the last thirty
years in the development of the theory of conformally in-
variant limits of two-dimensional randomwalks and other
processes. Although the original theorem of Beurling was
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phrased in terms of complex analysis, both the continu-
ous version of Beurling and the discrete lemma of Kesten
becomemost important in probabilistic approaches to prob-
lems. While Kesten figured out what the right answer
should be in his discrete version, hewas fortunate to have a
colleague, Clifford Earle, who knew Beurling’s result and
could refer Harry to a proof that proved to be adaptable
(with work!) to the discrete case.
Branching processes. The branching process (sometimes
called the Galton–Watson process) is arguably the most
fundamental stochastic model for population growth. In-
dividuals produce a random number of offspring. The
offspring produce offspring similarly, and so on, with dif-
ferent family-sizes being independent and identically dis-
tributed. The first question is whether or not the popu-
lation survives forever. A basic fact taught in elementary
courses on stochastic processes states that the population
dies out with probability 1 if and only if 𝜇 ≤ 1, where 𝜇
is the mean number of offspring per individual. (There
is a trivial deterministic exception to this, in which each
individual produces exactly one offspring.)

One of Harry’s best known results is the Kesten–Stigum
theorem [21] for the supercritical case 𝜇 > 1; it was proved
in the more general situation with more than one type of
individual, but we discuss here the situation with only one
population type. If 𝑋𝑛 denotes the population size of the
𝑛th generation, we have 𝔼[𝑋𝑛] = 𝜇𝑛𝑋0, and with some
(computable) probability 𝑞 > 0, the population survives
forever. One might expect that, for large 𝑛, 𝑋𝑛 ∼ 𝐾∞𝜇𝑛
with 𝐾∞ a random variable determined by the growth of
the early generations. In other words, once the popula-
tion has become large, we should be able to approximate
its growth by the deterministic dynamics 𝑋𝑛+1 ∼ 𝜇𝑋𝑛. If
this were true, we would write 𝐾∞ = lim𝑛→∞ 𝐾𝑛 where
𝐾𝑛 = 𝑋𝑛/𝜇𝑛. The process 𝐾𝑛 is a martingale, and the mar-
tingale convergence theorem implies that 𝐾𝑛 converges al-
most surely to some limit 𝐾∞. However, it turns out to be
possible that 𝐾∞ = 0 a.s., even though the process survives
forever with a strictly positive probability.

Let 𝐿 be a random variable with the family-size distri-
bution, so that 𝜇 = 𝔼[𝐿]. It was a problem of some impor-
tance to identify a necessary and sufficient moment condi-
tion for the statement that 𝔼[𝐾∞] = 𝑋0. Kesten and Stigum
showed that this condition is that 𝔼[𝐿 log+ 𝐿] < ∞.

Harry was inevitably attracted by the critical branching
process (with 𝜇 = 1). Amongst his numerous results
are the well-known necessary and sufficient conditions
(proved with Ney and Spitzer) for the so-called Yaglom
and Kolmogorov laws,

ℙ(𝑋𝑛 > 0) ∼ 𝑐
𝑛 , ℙ(𝑋𝑛 > 𝑛𝑥 | 𝑋𝑛 > 0) → 𝑒−𝑐′𝑥.

Figure 6. A simulation of bond percolation on ℤ2 with 𝑝 = 0.51.

We return later to his work on random walk on the critical
family tree conditioned on non-extinction.
Percolation. The percolation model for a disordered
medium was pioneered by Hammersley in the 1950s/60s,
and it has since become one of the principal objects in
probability theory. In its simplest form, each edge of the
square lattice is declared open with probability 𝑝 and oth-
erwise closed, different edges having independent states.
How does the geometry of the open graph vary as 𝑝 in-
creases, and in particular for what 𝑝 does there exist an
infinite open cluster?

It turns out that there exists a critical probability 𝑝c such
that an infinite open cluster exists if and only if 𝑝 > 𝑝c. The
so-called “phase transition” at 𝑝c is emblematic of phase
transitions in mathematical physics. Percolation theory is
frequently used directly in the study of other systems, and
it has led to the development of a number of powerful in-
sights and techniques.

As Harry wrote in the preface of his 1982 book [13],

Quite apart from the fact that percolation theory
had its origin in an honest applied problem… , it is
a source of fascinating problems of the best kind a
mathematician can wish for: problems which are
easy to state with a minimum of preparation, but
whose solutions are (apparently) difficult and re-
quire new methods. At the same time many of the
problems are of interest to or proposed by statisti-
cal physicists and not dreamt upmerely to demon-
strate ingenuity.

They certainly require ingenuity to solve, as demonstrated
in Harry’s celebrated proof that 𝑝c =

1
2
for the square lat-

tice problem, published in 1980 ([12], see Figure 6). Harry
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Figure 7. Harry Kesten, Rudolf Peierls, and Roland Dobrushin
in New College, Oxford, 1993.

proved that 𝑝c ≤
1
2
, thereby complementing Harris’s ear-

lier proof that 𝑝c ≥
1
2
. His paper, and the book [13] that

followed, resolved this notorious open problem, and in-
vigorated an area that many considered almost impossibly
mysterious.

Harry’s book [13] was a fairly formidable work contain-
ing many new results for percolation in two dimensions,
set in quite a general context. He was never frightened by
technical difficulty or complication, and entertained simi-
lar standards of the reader. This project led in a natural way
to his important and far-sighted work [16] on scaling rela-
tions and so-called “arms” at and near the critical point,
which was to prove relevant in the highly original study
initiated by Schramm and developed by Smirnov and oth-
ers on conformal invariance in percolation.

Write 𝐶 for the open cluster containing the origin. Ac-
cording to scaling theory, macroscopic functions, such
as the percolation probability 𝜃 and mean cluster size 𝜒,
given by

𝜃(𝑝) = ℙ𝑝(|𝐶| = ∞), 𝜒(𝑝) = 𝔼𝑝|𝐶|,

have singularities at 𝑝c of the form |𝑝 − 𝑝c| raised to an
appropriate power called a “critical exponent.” In similar
fashion, when 𝑝 = 𝑝c, several random variables associated
with the open cluster at the origin have power-law tail be-
haviors of the form 𝑛−𝛿 as 𝑛 → ∞, for suitable critical
exponents 𝛿. The set of critical exponents describes the na-
ture of the singularity and they are characteristics of the
model. They are not, however, independent variables, in
that they satisfy the “scaling relations” of statistical physics.
It is an open problem to prove almost any of the above in
general dimensions.

In the special case of two dimensions, the proof of
existence of critical exponents had to wait beyond the

Figure 8. Site percolation on the triangular lattice 𝕋. The red
path is a black/white interface. Smirnov proved Cardy’s
formula, which states in this context that the hitting point of
the interface on the bottom side is asymptotically uniformly
distributed.

invention of SLE by Schramm around 2000, and the proof
of Cardy’s formula by Smirnov in 2001 (illustrated in Fig-
ure 8), and is the work of several individuals including
Lawler and Werner. In a precursor [16] of that, Harry
proved amongst other things that, conditional on the ex-
istence of certain exponents, certain others must also exist
and a variety of scaling relations ensue. In this work, he
introduced a number of techniques that have been at the
heart of understanding the problem of conformal invari-
ance.

Correlation inequalities are central to the theory of dis-
ordered systems in mathematics and physics. The highly
novel BK (van den Berg/Kesten) inequality plays a key role
in systems subjected to a product measure such as perco-
lation. Proved in 1985, this inequality is a form of nega-
tive association, based around the notion of the “disjoint
occurrence” of two events. It is a delicate and tantalizing
result.

When 𝑝 > 𝑝c, there exists a.s. at least one infinite open
cluster, but how many? This uniqueness problem was an-
swered by Harry in joint work with Aizenman and New-
man. He tended to downplay his part in this work, but his
friends knew him better than to take such protestations at
face value. Their paper was soon superseded by the elegant
argument of Burton and Keane, but it remains important
as a source of quantitative estimates.

Under the title “ant in a labyrinth,” de Gennes
proposed the use of a random walk to explore the
geometry of an open cluster. In a beautiful piece of work
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[14], Harry showed the existence of a measure known as
the “incipient infinite cluster,” obtained effectively by con-
ditioning on critical percolation possessing an infinite clus-
ter at the origin. He then proved that random walk 𝑋𝑛 on
this cluster is subdiffusive in that there exists 𝜖 > 0 such

that 𝑋𝑛/𝑛
1
2−𝜖 → 0. This is in contrast to the situation on

ℤ𝑑 for which 𝑋𝑛 has order 𝑛
1
2 . This “slowing down” oc-

curs because the walk spends time in blind alleys of the
incipient infinite cluster.

Whereas it was not possible to obtain exact results for
critical percolation, Harry gave a precise solution to the
corresponding problem on the family tree 𝑇 of a critical
branching process, conditioned on non-extinction. Here
also there are blind alleys, but it is possible to estimate the
time spent in them. It turns out that the displacement 𝑋𝑛
of the walk has order 𝑛

1
3 and, moreover, Harry computed

the limit distribution of 𝑋𝑛/𝑛
1
3 .

In joint work with Grimmett and Zhang on supercritical
percolation, he showed that random walk on the infinite
cluster in 𝑑 ≥ 2 dimensions is recurrent if and only if 𝑑 = 2.
This basic result stimulated others to derive precise heat
kernel estimates for random walks on percolation clusters
and other random networks.

We mention one further result for classical percolation
on ℤ𝑑. When 𝑝 < 𝑝c, the tail of |𝐶| decays exponentially to
0, in that ℙ𝑝(|𝐶| = 𝑛) ≤ 𝑒−𝛼𝑛 for some 𝛼(𝑝) > 0. Matters
are more complicated when 𝑝 > 𝑝c, since large clusters
“prefer” to be infinite. It turns out that the interior of a
large cluster (of size 𝑛, say) typically resembles that of the
infinite cluster, and its finiteness is controlled by its bound-
ary (of order 𝑛(𝑑−1)/𝑑). As a result, |𝐶| should have a tail
of order exp{−𝑐𝑛(𝑑−1)/𝑑}. There was a proof by Aizenman,
Delyon, and Souillard that

ℙ𝑝(|𝐶| = 𝑛) ≥ exp{−𝛽𝑛(𝑑−1)/𝑑}
for 𝛽(𝑝) > 0. Kesten and Zhang showed, by a block argu-
ment, the complementary inequality

ℙ𝑝(|𝐶| = 𝑛) ≤ exp{−𝛾𝑛(𝑑−1)/𝑑}
for some 𝛾(𝑝) > 0. When 𝑑 ≥ 3, they were in fact only
able to show this for 𝑝 exceeding a certain value 𝑝slab, but
the conclusion for 𝑝 > 𝑝c followed once Grimmett and
Marstrand had proved the slab limit 𝑝c = 𝑝slab. Sharp
asymptotics were established later by Alexander, Chayes,
and Chayes when 𝑑 = 2, and by Cerf in the more challeng-
ing situation of 𝑑 = 3, in their work on the Wulff construc-
tion for percolation.

First-passage percolation was introduced by Hammers-
ley and Welsh in 1965 as an extension of classical percola-
tion in which each edge has a random “passage time,” and
one studies the set of vertices reached from the origin along

Figure 9. Harry Kesten with John Hammersley, Oxford, 1993.

paths of length not exceeding a given value. This is where
the notion of a subadditive stochastic process was intro-
duced, and an ergodic theorem first proved. The theory of
subadditivity was useful throughout Harry’s work on dis-
ordered networks, and indeed he noted that it provided an
“elegant” proof of his 1960 theorem with Furstenberg on
products of random matrices.

Harry turned towards first-passage percolation around
1979, and he resolved a number of open problems, and
posed others, in a series of papers spanning nearly ten
years. He established fundamental properties of the time
constant, including positivity under a natural condition,
and continuity as a function of the underlying distribution
(with Cox), together with a large deviation theorem for
passage times (with Grimmett). Perhaps his most notable
contribution was a theory of duality in three dimensions
akin to Whitney duality of two dimensions, as expounded
in his Saint-Flour notes [8]. The dual process is upon pla-
quettes, and dual surfaces occupy the role of dual paths in
two dimensions. This leads to some tricky geometrical is-
sues concerning the combinatorics and topology of dual
surfaces which have been largely answered since by Zhang,
Rossignol, Théret, Cerf, and others.

Percolation and its cousins provide the environment for
a number of related processes to which Harry contributed
substantial results. He was an enthusiastic contributor to
too many collaborative ventures to be described in full
here. As a sample wemention word percolation (with Ben-
jamini, Sidoravicius, Zhang), 𝜌-percolation (with Su), ran-
dom lattice animals (with Cox, Gandolfi, Griffin), and uni-
form spanning trees (with Benjamini, Peres, Schramm).

Postscript
This memoir describes only a sample of Harry Kesten’s
impact within the probability and statistical physics com-
munities. Those seeking more may read Rick Durrett’s
account [2] or the recent article [7]. The latter includes
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summaries of Harry’s work in other areas, such as quasi-
stationary distributions of Markov chains and bounded re-
mainder sets in Euclidean dynamics.
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In Memoriam: Andrei Suslin

Eric M. Friedlander
and Alexander Merkurjev
We present a collection of reminiscences about the life and
mathematical contributions of our friend Andrei Suslin,
who died in July 2018 at the age of sixty-seven. Andrei was
an exceptionally gifted mathematician and a very special
person. Unlikemost outstanding Russianmathematicians,
Andrei attended an English language school (in Leningrad,
now St. Petersburg) rather than a specialized mathematics
school. At the age of thirteen, he was awarded first prize at
the Leningrad Math Olympiad and continued to win first
prize at this student competition for several more years.
At the age of seventeen, Andrei received a gold medal at
the International Math Olympiad. That year, 1968, An-
drei was diagnosed with diabetes, ending his successful
gymnastics career and his participation in summer sports
camps. At Leningrad State University, Andrei was formally
a student of Mark Bashmakov, although Andrei studied in-
dependently by reading Bourbaki as well as works by J.-P.
Serre. Andrei’s individualism was reflected by his avoid-
ance of politics during those Soviet times. For example, as
the youngest doctor of sciences in the Soviet Union, An-
drei was offered membership in the Central Committee of
the Young Communist League (Comsomol), which he de-
clined despite the accompanying offer of an apartment of
his own.

Every summer during his early career as a student and
then as a faculty member, Andrei led a team of friends (in-
cluding other mathematicians) who built houses (dachas)
outside of the city of Leningrad. This was an activity he
enjoyed. He was a skilled carpenter, and the houses built
by his team were in considerable demand. Nevertheless,
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Figure 1. Suslin after defense of second doctoral thesis.
Leningrad, 1977.

when local residents learned that Andrei was a professor
of mathematics, they lowered his salary.

Andrei burst onto the international mathematical scene
with his proof of Serre’s conjecture in 1976. This result,
the most famous conjecture at the time in commutative
algebra, affirmed that every projective module over a ring
𝑅 is a free module, provided the ring 𝑅 is a polynomial
ring over a field. This led to Andrei’s first invited lecture
at the International Congress of Mathematicians (ICM) at
Helsinki in 1978.

Unfortunately, Andrei was not permitted to travel to the
United States to give his second ICM talk, a plenary talk
at the ICM at Berkeley in 1986. Instead, Eric Friedlander
presented Andrei’s work based upon Andrei’s manuscript
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Figure 2. At the Friedlanders’ house, with his graduate
students Seva Joukhovitski and Serge Yagunov, 2004.

with theorem after theorem about the algebraic 𝐾-theory
of commutative rings, especially the algebraic 𝐾-theory
of fields. These results include techniques, computations,
and a general vision which have guided the subject. The
most dramatic of these results was the theorem of Merkur-
jev and Suslin relating algebraic 𝐾2 to étale cohomology
(extended to 𝐾3 modulo 2), the subject of Merkurjev’s in-
vited talk at the same Berkeley ICM. Another highlight was
Andrei’s proof of the Quillen–Lichtenbaum conjecture for
algebraically closed fields, which introduced transfers for
correspondences. Another was Andrei’s theorem relating
Milnor 𝐾-theory to algebraic 𝐾-theory.

Andrei provided definitive results concerning many
well-known problems, including his proof with Wodzicki
of the Karoubi Problem on excision in the 𝐾-theory of 𝐶∗

algebras.
His many results about homological stability, central

simple algebras, and Severi–Brauer varieties have paved
the way to much new research.

Andrei gave his third invited ICM talk at Zurich in 1994.
This lecture focused on motivic cohomology, a theory de-
veloped by Suslin and Voevodsky which has significantly
influenced current research in algebraic geometry. Begin-
ning with the Suslin complex, Andrei, in collaboration
with Voevodsky, established the foundations of this theory,
which has its origins in 𝐾-theory and étale cohomology.

Four years later, Friedlander gave an invited ICM talk
in Berlin about joint work with Andrei concerning finite
group schemes, work that once again led to many inter-
esting developments (this time in representation theory).
In particular, not only did Andrei play the major role
in proving finite generation of cohomology, he also in-
troduced strict polynomial functors and the geometry of

1-parameter subgroups. In 2000, Andrei received the AMS
Cole Prize for his achievements.

It seems fair to say that Andrei’s ability to confront
and solve long-standing problems in algebra using inge-
nious techniques and difficult computations had no equal.
Those of us who worked with Andrei and many others
whose work intersected with Andrei’s all appreciated his
generosity, valued his guidance, and sought his seal of ap-
proval. In his quiet way, Andrei led the many successful ef-
forts to understand the web of relationships between alge-
braic geometry, algebraic 𝐾-theory, algebraic number the-
ory, and cohomology of groups.

What follows are personal reflections about Andrei’s ca-
reer as one of the most influential algebraists of the late
twentieth century. The interested reader can consult our re-
cent article in the AMS Bulletin giving an overview of some
of Andrei Suslin’s mathematical achievements.

Eric M. Friedlander Alexander
Merkurjev

Alexander Beilinson
In the 1980s Andrei used to come to Moscow from time
to time. Listening to his talks at seminars one kept feel-
ing that Andrei’s way of thought comes from a different di-
mension, his arguments being called on by amagic whistle
from the land where all perfect proofs live. I especially re-
member Andrei’s explanation thatMilnor’s𝐾-theory is nat-
urally a quotient of Quillen’s 𝐾-theory, the amazing rigid-
ity argument he used to compute 𝐾-theory with finite coef-
ficients of an algebraically closed field, and, of course, the
majestic Merkurjev–Suslin theorem. And there was a talk
where Andrei introduced the notion of finite correspon-
dence and defined Suslin’s homology. It was so clear that
these were the right concepts to see the motivic cohomol-
ogy; the only essential obstacle to overcome was to under-
stand the compatibility with Zariski’s localization. At the
moment I had little doubt that Andrei would find a solu-
tion in a short while—but it came only in about nine years
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with Voevodsky bringing the Nisnevich topology into the
game.

Looking back at these years I feel howhappy theywere—
and Andrei’s wonderful gift and his artist’s freedom being
a part of that luminous joy.

In the middle of the 1990s the motivic dreams became
a reality due mostly to the effort of Volodya and Andrei. I
learned the subject mostly from Andrei’s great lectures at
Northwestern around 2000. The first half of the course cov-
ered the formalism of Voevodsky’s triangulated category of
motives (skipping the proof of compatibility of the Nis-
nevich and 𝔸1-homotopy localizations); the second half
treated Voevodsky’s proof of the Milnor conjecture. The
clarity and elegance of Andrei’s exposition matched per-
fectly the beauty of mathematics he was explaining to us.

I miss you, Andrei.

Alexander
Beilinson

Eric M. Friedlander
Andrei Suslin was a great mathematician. He was also my
closest mathematical friend, someone I admired tremen-
dously.

I was very fortunate to share mathematics with An-
drei. What Andrei sought were explicit, difficult problems
which could challenge him. Time and again, I was con-
fronted by such a problem and Andrei alone could find a
solution.

We usually worked in parallel: one common method
of collaboration was for me to stare at the blackboard in
my office at some mathematics I did not understand while
Andrei paced outside, smoking cigarettes. Andrei never
seemed to make mistakes, always seemed to fully under-
stand all mathematics he encountered. Of course he was
a powerful mathematician, but in addition to his evident
talent he had amazing insights and an ability to totally fo-
cus.

For me, Andrei was much more than a brilliant math-
ematician with whom I participated in a small portion
of his remarkable mathematical achievements. We were
close friends, first meeting in the 1970s and colleagues for
more than twenty years. There remain good memories of

time together in Paris and in Evanston, dinners and drink-
ing, skiing and talking. Despite our completely different
backgrounds, we could communicate easily, often without
words.

Andrei’s mathematics will be eternal. His direct, gener-
ous, and kind personality will be treasured by his family
and his friends.

Christian Haesemeyer
My first contact with Andrei Suslin was through a piece
of his mathematics. While an undergraduate student in
Bonn (itmust have been in 1997), fascinated by both arith-
metic algebraic geometry and algebraic topology, I came
across his beautiful 1996 paper with V. Voevodsky on “Sin-
gular homology of abstract algebraic varieties”—here was
a unificiation of these two themes! I was unaware at the
time that Andrei had then already contributed revolution-
ary work in algebra and algebraic 𝐾-theory for thirty years.
(There is no need to repeat his many brilliant achieve-
ments here, but Andrei’s contribution is towering. It is dif-
ficult to come across major work in 𝐾-theory, for example,
that hasn’t been influenced by him—listing all the papers
featuring a sentence like “our argument follows in its basic
outlines that of Suslin in. . . ” would take a lot of space in it-
self.) Learning more about algebraic cycles, motivic coho-
mology, and algebraic 𝐾-theory, I decided I wanted to do
my PhD at Northwestern University, then home of Andrei
Suslin, Vladimir Voevodsky, and Eric Friedlander. In the
two years between my coming across that paper and my
arrival at Northwestern, Andrei completed several more
major pieces of work, both in the theory of motivic coho-
mology (including his massively influential paper with Vo-
evodsky on the “Bloch-Kato conjecture and motivic coho-
mology with finite coefficients” in 1998) and in the study
of group schemes and their cohomology (his joint work
with Friedlander proving finite generation of cohomology
for finite group schemes as well as his work with C. Ben-
del and Friedlander on infinitesimal group schemes and
their support varieties all appeared in 1997). Further ma-
jor pieces of work include his foundational book on the
theory of cycles and their cohomology with Friedlander
and Voevodsky in 2000 and his papers on themotivic spec-
tral sequence with Friedlander in 2002 and his singly au-
thored sequel in 2003.

I joined the PhD program at Northwestern University in
the fall of 1999, and Andrei was gracious enough to accept
me as a student almost immediately—I had the enormous
privilege of advice from and discussion with both him and
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Eric Friedlander. Andrei’s dedication to sharingmathemat-
ics was indeed one of his most outstanding qualities. For
example, I remember that soon after he was scheduled to
teach a course in homological algebra, and since about
half the students enrolled already had a background in the
basics of the subject, he decided he would simply teach
two versions of it—the basic and advanced versions, thus
doubling his teaching duties. He was equally free with his
time in a one-on-one setting. While we didn’t have the
weekly student-advisor meetings typical of US PhD super-
vision (partly due to our rather different schedules, me be-
ing more of a morning person), our somewhat less regu-
lar meetings would usually go on for many hours, Andrei
patiently listening to what I realized later—mostly just af-
ter the meetings ended—was often pretty much nonsense,
while giving hints as to what path might be more promis-
ing. In addition to mathematics, I learned from Andrei
how much can be explained in a one-hour lecture by a
lecturer who has a really deep understanding of the ma-
terial. Notes from any of his lectures or courses are some-
thing to be treasured; I have preserved mine through half a
dozen moves. While famously not particularly interested
in the “professional” parts of our profession, I also learned
one crucial professional lesson from Andrei, grounded I
believe in his experiences in the Soviet Union: that one
should put the person before the institution.

Christian
Haesemeyer

Marc Levine
Besides being a fantastic mathematician, I remember An-
drei Suslin’s wonderful warm-heartedness and generosity.
At some early point in my career, I had twice proven re-
sults which I had really struggled with to bring to comple-
tion and was really proud of. Both times, Andrei came out
with much more elegant solutions to the same problem at
roughly the same time. This was before the fall of the So-
viet Union, and sometime later, when I finally got to meet
Andrei, I mentioned this to him, and his reply has stuck
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Figure 3. Antelope Valley, 2005.

with me to this day: “It’s not a problem; you proved it first
in the West, and I proved it first in the East.”

I loved attending his lectures. Andrei had such a con-
cise way of lecturing, with every sentence completely clear
and packed with meaning, moving the lecture forward in
striking leaps. It made for a strenuous journey on the part
of the listener, but the reward was always worth the effort.

Marc Levine

Alexander Merkurjev
I firstmet Andrei Suslin in 1970. Hewas a third-year under-
graduate student at the university, and at the same time he
was my teacher at the high school which I attended. This
Mathematics Boarding School #45 was a unique, special
place. It collected talented pupils in the northwest region
of the Soviet Union. It was the only way into mathematics
for many people living outside of big cities. Suslin taught
at this school for three years. His style had a tremendous
impact on me unlike any other experience. Needless to say
that already at that time I decided to study algebra.

Andrei’s passion for mathematics and his systematic
approach were a model for us. We saw him reading
algebra books like Bourbaki’s commutative algebra in a
bus or metro. During short breaks between lessons he
would draw complicated diagrams. That time Andrei was
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Figure 4. At the 2010 POMI, St. Petersburg conference in
honor of Suslin.

working on a problem in finite geometry and combina-
torics. I guess that work was not successful, and at the be-
ginning of his senior year Andrei realized that he had noth-
ing yet done for the diploma work which was supposed
to be completed in nine months. That is how he turned
to Serre’s conjecture concerning modules over polynomial
rings. His initial work was so successful that immediately
after his graduation, Andrei was hired as an assistant pro-
fessor at the university (he was therefore never a graduate
student). Soon after, he solved Serre’s conjecture.

Andrei was a problem solver. During boring meetings
we had to sit through, Andrei would ask me to give him
problems to solve from recent mathematical Olympiads,
and often my list ended before the meeting was over.
Andrei was a winner of the International Mathematical
Olympiad in 1967.

His “Olympiad spirit” had an interesting consequence:
Andrei considered every mathematical problem as a per-
sonal challenge. That is why there are not so many con-
jectures of Suslin’s: by making a conjecture Andrei would
have admitted that he failed to prove it himself.

Andrei’s impact on mathematicians has been tremen-
dous, not only on his own graduate students but on many
others fortunate to be around him. I remember his spon-
taneous seminars, lasting for many hours. Andrei would
start when people spontaneously would get together in
his room at the Math Institute. I remember his talks on
the foundations of motivic cohomology in the late 1980s,
which were rather more like improvisations at the board
than lectures. During these seminars Andrei generously
shared his ideas.

We miss Andrei.

Figure 5. Suslin’s talk at the same conference.

Ivan Panin
Suslin was my scientific advisor since my junior year at the
university. Then he was my thesis advisor (1981–1984) at
Steklov Mathematical Institute in Leningrad (now Sankt-
Petersburg). But most importantly for me he was my men-
tor all my life. In this remembrance I simply want to recall
a few episodes that most vividly characterize Suslin as a
mathematician and a person.

In the 1990s I used to come to Suslin’s office (room 306,
Steklov Mathematical Institute) and ask him what he was
working on. Suslin used to take a cup of tea and tell me
what he was interested in. Then he started to explain his
approach to the problem on the blackboard.

If something went wrong he took a cigarette or another
cup of tea and after a short break offered another approach.
Each time, before doing calculations, he formulated ex-
pected intermediate results and a scheme of the argument.
And only after that he started to calculate, say, the first non-
trivial case.

If something went wrong (this often happened), he
again took a break, and all that repeated several times.
Such discussion (I was mainly a listener) lasted for one,
two, three hours. Several times they lasted for 4–5 hours
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with some breaks whenwe drank tea with doughnuts. Due
to such communications I learned a method that Suslin
never explicitly formulated, but I am sure he systematically
used it.

Let me explain this method since I think this is themost
important thing that I learned from him (aside from the
technicalities). First, using all previous experience, one for-
mulates the statement to be proven. Then one needs to
believe strongly that the statement is correct. And only
after that one needs to look for a possible approach. As
we know, in the course of solving difficult problems there
arise technical (or substantial) complications so that we
give up and lose interest in the problem.

We need to know a priori that the expected result is cor-
rect. I learned from Suslin this principle. Probably this is
the most important method I learned from him.

Purely from a human point of view, because of Suslin, I
was accepted into a wide circle of great mathematicians.
The main principle of human relations I learned from
Suslin was not to offend anyone. And he succeeded in do-
ing so very well.

Now I would like to recall a particular interaction il-
lustrating Suslin’s taste in problems. We were drinking
wine in his apartment in Evanston. “Vanya,” asked Suslin,
“what problem would you like to work on?” I gave some
answer. Suslin said, “That is boring. Let’s prove the Hodge
conjecture or Grothendieck’s standard conjecture.” This
was all Suslin. It was no fun for him to lift a stone, even a
big one. A genuine challenge for him was to move a boul-
der.

For me this episode illustrates how he tried to solve very
important problems.

In 1984 Suslin returned from IHES and happily said,
“Vanya, I proved the Quillen–Lichtenbaum conjecture one
night before my talk at IHES. Just after my talk, Gabber
generalized my argument, and in a few days, using his gen-
eralization, I proved that 𝐾𝑄

𝑖 (ℂ; ℤ/𝑛) = 𝐾𝑡𝑜𝑝
𝑖 (𝑝𝑡; ℤ/𝑛) =

ℤ/𝑛 if 𝑖 ≥ 0 is even and 0 otherwise. The stable ver-
sion of the Milnor–Friedlander conjecture comes up as a
corollary. Namely, 𝐻∗(GL(ℂ); ℤ/𝑛) is a polynomial ring
ℤ/𝑛[𝑐1, 𝑐2, 𝑐3, … ]. In other words, cohomology with finite
coefficients of the classifying space of the group GL(ℂ),
viewed as a discrete group, is the same as cohomology
of the classifying space of the group GL(ℂ), viewed as a
Lie group.” After this introduction, Suslin in half an hour
sketched a proof of his celebrated rigidity theorem.

In 1999 at MPI in Bonn Suslin asked me and Serge Ya-
gunov, “What are you working on now?” We answered
that we wanted to move the rigidity theorem in 𝐾-theory
to the Voevodsky cobordisms. To our surprise, Suslin be-
came excited and discussed the problem with us for three
days. On the third day he came and said, “All you need to

prove is the following three properties of the Gysin homo-
morphisms:

(1) the base change property,
(2) covariant functoriality,
(3) normalization.

Having all these three properties, you will prove the rigid-
ity.” This episode vividly illustrates Suslin’s style in math-
ematics.

In January of 1994, Suslin entered his office handling
a preprint. “This is a brilliant work,” he said. It was a
handwritten copy of a celebrated preprint of Voevodsky on
presheaves with transfers. Suslin immediately started to
explain the paper and overall gave four lectures four hours
each. This preprint formed the basis of Voevodsky’s trian-
gulated category of motives that finally led to the proof of
Milnor’s conjecture.

Sometime in 1995 I asked Suslin to explain Quillen’s
trick to me, which Quillen invented in the proof of Ger-
sten’s conjecture. Within five minutes Suslin spelled it
out for me and formulated the following principle: in
such problems one always needs to start with the closed
fiber. The same holds for Voevodsky’s first trick. In the
twenty years that followed, my coauthors and I used this
fundamental principle in the solution of many problems.
During the following evening with Suslin, we proved the
Grothendieck–Serre conjecture for the group SL1,𝐴 where
𝐴 is an Azumaya algebra. Since then I started to work
hard on the Grothendieck–Serre conjecture, and Suslin re-
turned to the study of motivic cohomology with Voevod-
sky.

Let me stop here and simply say: I offer this in loving
memory of my great teacher and of the great mathemati-
cian Andrei Suslin.

Ivan Panin

Raman Parimala
When I joined the Tata Institute (TIFR) in Mumbai in
the early 1970s as a young researcher, the most exciting
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conversations one could overhear in the corridors of the
third floor were on Serre’s question on projective mod-
ules, namely, whether projective modules over polyno-
mial rings 𝑘[𝑥1, 𝑥2, … , 𝑥𝑛] for a field 𝑘 are actually free.
When Serre’s question was answered in the affirmative by
Quillen and Suslin independently in 1976, there were lit-
erally celebrations on the third floor of the institute by the
jubilant algebraists!

It was at the 1978 ICM held in Helsinki, Finland, that
I first met Andrei Suslin in person. I was a postdoc at the
ETH Zurich at that time. He had just given his spectacular
invited address on the cancellation problem for projective
modules. Amidst the congratulatory messages pouring in
from eminent well-wishers and friends, I managed to in-
troduce myself to him. He quietly turned towards me say-
ing, “I have something that might be of interest to you,
Parimala” and produced a LOMI preprint of his work with
V. I. Kopeiko on the quadratic analogue of Serre’s ques-
tion, namely, whether quadratic spaces on the affine 𝑛-
space over a field of characteristic not 2 are pullbacks of
spaces from the field. I still remember the thrill that I felt
on hearing that he had read my work! Indeed, Suslin’s
solution of Serre’s question and further work on stability
results for projective modules were a source of great inspi-
ration and influence for the algebraists at Tata, heralding
an era of beautiful work in this area of research.

I remember with delight a memorable series of lectures
given by Suslin in 1981 when he was visiting TIFR on the
famous Merkurjev–Suslin norm residue isomorphism the-
orem. This result established an isomorphismbetween the
group 𝐾2(𝑘)/𝑛𝐾2(𝑘), from the world of 𝐾-theory, and the
group𝐻2(𝑘, 𝜇𝑛), from the world of Galois cohomology. In
fact, the manuscript of the paper of Merkurjev–Suslin was
typeset at themathematics office of the TIFR, and a copy of
the typescript was for a long time my source of reference to
this article! While I enjoyed the startlingly beautiful alge-
bra being presented, the true depth and significance of the
result only dawned on me more than a decade later when
I started working on a conjecture of Serre (Conjecture II)
along with Eva Bayer. The conjecture for groups of inner
type 𝐴𝑛 translates to the surjectivity of reduced norm for
central division algebras over a perfect field of cohomolog-
ical dimension 2. Merkurjev and Suslin prove the conjec-
ture for this case. In fact, they gave a characterization of
fields of cohomological dimension 2 in terms of reduced
norm surjectivity for all finite extensions of the field—a key
ingredient being the norm residue isomorphism theorem.

Apart from mathematics, during his visit to TIFR, Suslin
had a penchant for playing volleyball during the thick
Mumbaimonsoon rains. Onewould typically find him en-
joying the endless rain while hard at play at a game on the
TIFR grounds. I also remember how he boldly embraced

Figure 6. At Eric Friedlander’s house, 2011.

the local cuisine and audaciously frequented the East Can-
teen known for its lavishness when it came to using Indian
spices, while more cautious colleagues dined at the West
Canteen, which was deemed more suitable for the non-
Indian palate.

Another interaction with Suslin that stands out in my
memory was at a very pleasant conference titled Algebra
and Applications that took place in IIT Delhi (also in ’81),
where I was also scheduled to give a talk. It saw huge partic-
ipation from mathematicians from all over India and also
from overseas. Unfortunately, the speaker right before me
overshot his time andwas sternly reprimanded by the chair
of his session, which unnervedme a little. Suslin, who was
sitting besideme smilingly assuredme, “Don’t worry. I am
the chair for your session. You can speak for a couple of
hours and I won’t interrupt!”

I have had the pleasure of listening to Suslin’s talks at
various conferences and workshops. Each and every lec-
ture of his left me with the greatest admiration for his clar-
ity and elegance of thought, the clean and sharp precision
of his words, and the beautiful and inspirational world of
mathematics that he created.

Raman Parimala
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Christophe Soulé
The first time I met Andrej Suslin was in 1983, when he
visited the University Paris 7, invited by Max Karoubi. He
made me think of A. Wajda’s hero the “iron man.” And
indeed there was some reason for him to look so strong:
since he was a student he had been practicing a painful
sport, the building of wooden dachas in the vicinity of
Leningrad. He and his team were so well trained that they
were able to construct such a dacha in two weeks only!

Suslin had been staying in Paris a couple of months
when he made a marvelous discovery: the 𝐾-theory with
coefficients gets unchanged when going from an alge-
braically closed field to a larger algebraically closed field.
To understand why this result was so impressive, one has
first to consider the length of its proof: one page only. One
has also to consider that till then algebraic 𝐾-theory was
only known for a few rings or for small index (the best be-
ing the comparison, due to Merkurjev and Suslin, of 𝐾2
of a field with the second Galois cohomology group of
this field). No result was known till Suslin’s breakthrough,
which involved general fields and all degrees. This “light-
ning in the night” gave the hope that𝐾-theory and étale co-
homology would get compared some day in full generality.
And indeed, the notion of “sheaf with transfers,” which is
used in further work of Suslin and Voevodsky, looks like a
grandson of the main argument in Suslin’s 1983 paper.

I believe Suslin was very happy during his visit to Paris,
both mathematically and privately.

We used to ask him quite often the same question: Do
you think that the regime in your countrywill change some
day? And he always answered: This is impossible. Why?
Because, for it to change, too many things would have to
change.

And again he was right: many things did change.

Christophe Soulé
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Figure 7. Suslin with his granddaughter, 2011.

Charles Weibel
Andrei Suslin has been one of the world’s most respected
mathematicians for the past forty-five years. Luckily for
me, his career intersected with mine in many ways, over
many decades. I have arranged my memories by decade,
since they roughly correspond to the stages of his career.
The 1970s: Serre’s conjecture. For much of this decade,
the biggest open problem in 𝐾-theory was called “Serre’s
conjecture”; it states that all projective modules over a
polynomial ring 𝐹[𝑥1, ..., 𝑥𝑛] are free, where 𝐹 is a field. At
Chicago, where I was a graduate student, any progress was
posted on our department’s cork bulletin board; Suslin’s
1974 thesis (verifying the result for 𝑛 = 3, 4) was an-
nounced in this way. In January 1976, we heard that
Quillen had established Serre’s conjecture in full general-
ity. Because of sporadic communication, we only heard
much later that Suslin had also established the result.

I first met Andrei Suslin at the Helsinki ICM in 1978,
where he gave an invited lecture about the Serre conjecture.
We discovered that he was six weeks younger than I, and
that we were both former gymnasts. Sadly, there was no
opportunity to talk about math at that time.
The 1980s: Milnor 𝐾-theory. In March 1980, Leonid
Vaserstein mentioned off-handedly that the Milnor 𝐾-
theory of a field, 𝐾𝑀

𝑛 (𝐹), injects into Quillen’s 𝐾-theory
𝐾𝑛(𝐹)modulo torsion, and that Suslin had proven it. This
was a complete surprise! That June, there was a 𝐾-theory
conference in Oberwolfach, and Suslin was there, along
with Vaserstein, Kato, and many others. One evening, I sat
down with Vaserstein and Suslin, and asked Suslin about
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this surprising assertion. After some discussion between
Vaserstein and Suslin, it became clear that Suslin had not
proven it, but did have ideas along these lines. The next
morning, Andrei came to me with blood-shot eyes, hav-
ing stayed up all night, and proudly announced: “This
theorem—I have proven it!”

In fall 1982, while he was visiting the University of
Paris, Suslin amazed us again, settling a special case of
the Quillen–Lichtenbaum conjecture by calculating the
𝐾-theory of algebraically closed fields (with finite coeffi-
cients). This became known as “Suslin’s rigidity theorem,”
and was to play a key role in the flood of rapid advances
that followed, leading to the first steps towards motivic co-
homology for example. Of course, it is easier to prove a
theorem once you know it is true; within hours of our hear-
ing this announcement (by word of mouth), I watched as
Gillet and Thomason found a slightly different proof over
a post-seminar lunch in Princeton.
The 1990s: The Suslin–Voevodsky collaboration. Like
many other Russian mathematicians, Suslin came to the
US in the early 1990s. I met him briefly in 1991 at the Uni-
versity of Chicago and started receiving email from him in
summer 1992, as he began working with a new Harvard
PhD named Vladimir Voevodsky. The Suslin–Voevodsky
collaboration produced a series of foundational papers on
motivic cohomology. Many of us e-collaborated for years
in order to digest this material.

I have a vivid memory of Suslin working with a young
Voevodsky in 1994 at a Summer School in Hotel Villa
Madruzzo, near Trento in Italy. Between Suslin’s lectures,
they could be spotted at the Villa’s fountain, working hard
at their mysterious project. It turned out to be a proof
that the Bloch–Kato conjecture was equivalent to a con-
jecture of Beilinson and Lichtenbaum about motivic co-
homology.

After Andrei accepted a position at Northwestern Uni-
versity in 1994, I found it hard to contact him; he never
used his regular email account and didn’t reply to letters.
Taking advantage of the fact that my parents lived nearby,
I was able to visit him about once a year after that. Since
Andrei worked at home and only came in when his classes
met, I learned to meet him right after his classes.
The 2000s. By the late 1990s, there were several construc-
tions of a spectral sequence converging frommotivic coho-
mology to the algebraic𝐾-theory of a field. InMarch 1998,
at a Great Lakes 𝐾-theory conference in Notre Dame, An-
drei came up to several of us and casually announced that
these spectral sequences could be extended from fields to
varieties. This observation has been very useful in my sub-
sequent research.

Figure 8. In Paris around 2005.

In 2004–05, Suslin and Rost were at the Institute for
Advanced Study in Princeton as part of a special year
organized by Voevodsky. Voevodsky had just released
a preprint claiming to prove the Bloch–Kato/Beilinson–
Lichtenbaum conjectures, modulo the existence of certain
varieties, now called Rost varieties. Suslin’s lectures in fall
2004, and those of Markus Rost in the spring, gave a proof
that these varieties existed. This proof was carefully written
and published by Haesemeyer and me in 2007.

By 2007–08, Andrei told me that he was looking for a
new problem to solve. I last saw Andrei in 2013 at a con-
ference at USC. After that, I believe he spent most of his
summers in St. Petersburg with his family; my main com-
munication with him was through Eric Friedlander. He
last taught at Northwestern in spring 2017.

I will miss him, and I’m sure I’m not alone in that.

Charles Weibel

Serge Yagunov
As the first student of Andrei at Northwestern University
as well as his graduate student in St. Petersburg, I had the
amazing opportunity to communicate with him both in
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St. Petersburg and in Evanston. For several years our paths
intersected in different countries, and the conversations
and chats we had at that time left a deep mark on my pro-
fessional life and in my heart.

The first time I met Andrei Suslin was in Peterhof in Feb-
ruary 1988, where Andrei was running a seminar on com-
mutative algebra. Prior to the seminar, the students had
already heard a lot about him. Andrei was well known as
an International Mathematical Olympiad gold medal win-
ner, one of the strongest mathematicians in St. Petersburg,
the youngest doctor of sciences1 in the USSR, and finally
as a plenary speaker at the ICM 86 in Berkeley who could
not attend the Congress for political reasons. Certainly, it
was a very exciting opportunity to meet him in person.

Andrei employed a very informal and charming style
of lecturing in the seminar. His explanations seemed very
clear—they only required translation into the standard lan-
guage of mathematics. However, this last step was abso-
lutely not easy, insofar as it required a strong mathemat-
ical background from the seminar attendees. The exams
for the class felt like a conversation among colleagues dis-
cussing a problem.

In 1993, Andrei became my thesis advisor despite his
frequent travels abroad. At times when he would return
to St. Petersburg, Andrei would generously share with me
his ideas and approaches to problems. Soon after I joined
Andrei at Northwestern in the fall of 1994, I made a math-
ematical breakthrough. Andrei’s comment “Oh, it is beau-
tiful” is praise I shall always value.

The local algebraic activity in St. Petersburg was also gal-
vanized by Andrei’s presence. This mostly took the form
of long evening discussions at Steklov Institute. These usu-
ally started at about 5 or 6 pm and often continued un-
til the porter came to close the institute for the night. Be-
sides Andrei, the participants included Alexander Merkur-
jev, Ivan Panin, and Oleg Izhbolodin (who prematurely
died in 2000). The topics discussed at that time mostly
were higher Chow groups and étale cohomology. This,
probably, was an introductory step to Andrei’s joint work
with Vladimir Voevodsky on the Milnor conjecture. These
evening conversations played an important role in creating
the current St. Petersburg school of algebraic geometry and
𝐾-theory. Now almost every algebraist in St. Petersburg
who is younger than sixty is either a coauthor of Andrei, his
former student, or one of his mathematical descendents.

1A degree beyond the PhD similar to the German Habilitation.

I vividly remember Andrei smoking on the porch of
Lunt Hall—the only place where smoking was allowed by
university regulations. I always tried to catch him there,
since it was a good chance to discuss mathematics or just
chat without disturbing him too much in his office.

Thank you, Andrei!

Serge Yagunov
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Knowing and Teaching
Elementary Mathematics—
How Are We Doing?
Roger Howe

Knowing and Teaching Elementary Mathematics (KTEM) by
Liping Ma [10], based on a comparative study of the math-
ematical understanding of US and Chinese elementary
mathematics teachers, was published in 1999. It landed
in the US mathematics education community like a bomb-
shell. It also attracted substantial interest internationally—
it has been translated into Chinese, Korean, Spanish, and
Czech.

For much of the second half of the twentieth century,
US mathematics educators had been debating the role of
themathematical knowledge of teachers in fosteringmath-
ematics learning. Some studies [5] had indicated that
the correlation between the amount of college mathemat-
ics training of teachers and the achievement of their stu-
dents was very weak, and perhaps even negative. In [19],
Lee Shulman proposed that perhaps content knowledge
of teachers needed to be thought about differently, and
that there is content knowledge that is specific to teaching,
different in nature from the knowledge that engineers, sci-
entists, and mathematicians need to ply their crafts. Tak-
ing a cue from Shulman, Deborah Ball [1–3] started in-
vestigating what might be the nature of that knowledge,
which she later [4] called Mathematical Knowledge for
Teaching (MKT). With some colleagues at the National Re-
search Center for Teacher Education (NCRTE) at Michigan

Roger Howe is William R. Kenan, Jr., Professor Emeritus of Mathematics at Yale
University, and Curtis D. Roberts Endowed Chair in Mathematics Education
at Texas A&M University. His email address is roger.howe@yale.edu.

Communicated by Notices Associate Editor William McCallum.
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DOI: https://doi.org/10.1090/noti2102

State University, she developed a set of interview questions
for gauging knowledge that plausibly could contribute to
MKT and which could only be correctly answered with
a good understanding of several key ideas of elementary
math: the reasons behind the computational algorithms
for subtraction and multiplication, the meaning of divi-
sion by fractions, and the relationship between area and
perimeter. See [9].

Liping Ma took these four questions, translated them
into Chinese, and went to China to pose them to a group
of Chinese teachers. The teachers were not randomly se-
lected, but did represent several types of teaching situa-
tions: different grade levels, urban and rural, etc. She com-
pared the results of her interviews to those of a group of
US teachers who had been interviewed with the NCRTE
questions. These teachers had been described as “better
than average” in the US by an expert who had worked with
them.

The results from the two sets of interviews were strik-
ingly different: the Chinese teachers provided dramati-
cally superior responses, especially to the more challeng-
ing questions. The group of Chinese teachers collectively
showed a level of expertise in elementarymathematics that
was off the charts relative to US experience.

Dramatic as these results were, KTEMwent considerably
beyond a simple report of comparative performance. Ma
formulated a concept of “profound understanding of fun-
damental mathematics” (PUFM) that captured the knowl-
edge level of the best of the Chinese teachers, and she inves-
tigated how these teachers arrived at this level. This further
work made clear that, in some sense, it was not fair to com-
pare American teachers to their Chinese counterparts. Al-
though the Chinese teachers benefited from good training
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in K–12 and college, their approach to and achievement
of PUFM involved continued learning over their years of
teaching, and this learning was enabled by their work con-
ditions, conditions which were drastically different from
those of US teachers, especially with respect to supporting
professional growth.

For one thing, even at the elementary level, most of the
Chinese teachers were specialists who were only responsi-
ble for learning mathematics and could concentrate on it.
For another, many of the Chinese teachers had “taught in
rounds”, following the same class through several years, so
that they had a perspective on how mathematics learning
develops over a range of years. Third, at the expense of
running larger classes (more like 40+ than 30-), the Chi-
nese teachers were required to be in the classroom only
half or less of each school day. The rest of the day they
could spend grading, working with students who needed
extra attention, studying the teaching materials (mainly
textbooks, officially produced and highly focused on the
mathematical issues of each lesson; and also the Chinese
mathematics standards). Most saliently, they had time
and opportunity to talk with colleagues about teaching is-
sues. These discussions were facilitated by the fact that usu-
ally the math teachers had a common office where they
would go to work when not teaching.

Thus, the Chinese elementary mathematics teachers en-
joyed a workday that promoted continual learning, and
over the years, this helped many of them to achieve an im-
pressive grasp of the key issues of their elementary mathe-
matics curriculum. At the time that KTEM was published,
it was not possible to evaluate directly how this superior
teacher knowledge translated into student achievement
(although Ma did present evidence that it did). However,
when Shanghai was ranked #1 in the world when it first
(2012) participated in the Program for International Stu-
dent Assessment (PISA) [15, p. 46], the relationship was
substantiated in a more official way.

At about the time of publication of KTEM, the National
Academies of Science was asked to review and summarize
the research on mathematics education, and to make rec-
ommendations for improving it. The report resulting from
the study was Adding It Up, published in 2001 [13]. Two
(of the five) recommendations in the report recognized the
need for systematic, long-term effort to become a profi-
cient mathematics teacher, and called for structures to ad-
dress this need:
• Teachers’ professional development should be high

quality, sustained, and systematically designed to help
all students develop mathematical proficiency. Schools
should support, as a central part of teachers’ work, engage-
ment in sustained efforts to improve their mathematics

instruction. This support requires the provision of time
and resources.
• The coordination of curriculum, instructional mate-

rials, assessment, instruction, professional development,
and school organization around the development ofmath-
ematical proficiency should drive school improvement ef-
forts.

Somewhat later, NRC work also showed that there are
even more systematic structures in place in the Chinese
school system to support teacher learning. In 2009, ten
years after publication of KTEM, the US National Com-
mission for Mathematics Instruction (USNCMI) held a
joint US-China workshop exploring the career structure
of mathematics teachers in the two countries [14]. This
workshop revealed a substantial infrastructure supporting
teacher learning in China. In general, a Chinese teacher’s
career is more structured, and offers more opportunities
for advancement, than is the case in the US. A standard
teaching career moves through three ranks: second rank
teacher, first rank teacher, and senior or master teacher.
The movement from one rank to the next involves vari-
ous formal requirements, including a substantial amount
of continuing education, and for the master rank, publica-
tion of research, often on effective methods for teaching
specific topics. Novice teachers are assigned senior men-
tors, who give advice on lesson plans and attend and give
feedback on lessons taught by the novice teachers, who in
turn will visit the classroom of their mentor teacher to ob-
serve and absorb effective teaching moves.

Further, beyond the normal three ranks, there are op-
portunities to become a “super-rank” teacher. The rules
governing these higher ranks are not uniform across China,
but in a city like Shanghai (which has a population larger
than New York State), the super-rank structure is quite sys-
tematic, and super-rank teachers form a specified (rather
small, under 1%) portion of all teachers. To become a
super-rank teacher, one must publish on good teaching
techniques for selected topics, and also compete in teach-
ing contests. Besides teaching students, the job of super-
rank teachers involves running professional development
for their normal rank colleagues. In this way, knowledge of
effective teaching techniques and responsibility for propa-
gating them is embodied in the teaching corps itself.

Consistent with the existence of the master and super
ranks for teachers, with responsibility for professional de-
velopment, there is a substantial system of continual pro-
fessional development in place. Teachers participate in re-
search groups in their schools or districts, and many re-
search groups work on new teacher induction, preparing
for rising to master teacher level, and discussion of effec-
tive teaching of various specific topics. The strong sup-
port for helping teachers improve highlighted in the 2009
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USNCMI workshop is also documented in a World Bank
report [21].

The US has nothing comparable to this level of support
for continued learning. Teachers who are determined to
make the effort to improve are mainly left to their own
devices. Moreover, there are few mechanisms for sharing
anything that is learned.

One might have hoped that these structural deficits in
the organization of US mathematics education, pointed to
so clearly by Liping Ma and further reinforced by Adding It
Up and then again by USNCMI, would have gotten the at-
tention of US educational policymakers, and resulted in
widespread reforms. Unfortunately for our teachers and
their students, this has not happened. For example, when
the Common Core State Standards for Mathematics (CC-
SSM) was rolled out around 2010, it was formally adopted
by most states, but little to nothing was done to enable
teachers to teach in the ways advocated by the CCSSM.
New York did commission a project to create a text consis-
tent with CCSSM, which resulted in Eureka Math (aka En-
gage New York) [8]. This has a lot of good points, includ-
ing teacher editions with extensive discussions of the rele-
vant mathematical ideas; but these teacher editionsmostly
run between 1,000 and 2,000 pages per grade. They clearly
require intensive study, but arrangements to promote that
study are mostly lacking.

The lack of support for teacher improvement in US edu-
cation is more or less unchanged in the two decades since
LipingMa showed us the dramatic deficits of teacher math-
ematics expertise that results from it, and international ex-
aminations such as TIMSS and PISA have shown us that
this translates into deficits in student learning. US ed-
ucation policymakers have not learned from this cross-
cultural research; they have preferred a top-down scheme
of standardized tests, with punishments for submandated
performance. So it should come as no surprise that, as
recorded in the latest PISA (2018) results [18], our chil-
dren continue not to learn mathematics very well.

Some might argue that these kinds of deficits are cultur-
ally determined, so that there is no possibility of match-
ing Chinese levels of performance. However, there are ex-
amples closer to home of school systems that achieve bet-
ter results in mathematics. In particular, Canada has con-
sistently done better in international comparisons than
the US [17]. Even more relevant for us is the experi-
ence of Massachusetts, which in the early 1990s had math-
ematics achievement that was fairly typical of the US,
but which decided that that was not good enough, and
embarked on a long-term effort to improve. The Mas-
sachusetts Education Reform Act of 1993 provided for in-
creased funding to make opportunities to learn more eq-
uitable, substantial professional development, and higher

mathematics requirements for teacher certification (thus
impacting teacher preparation programs) [6]. It worked.
Massachusetts now, considered as a separate country, has
test scores significantly above the US average [20], [16],
[11], [7]. Massachusetts also comes out at the top in the
National Assessment of Educational Progress (NAEP), the
US’s own instrument for assessing student achievement.
For example, in the 2019 edition of NAEP, Massachusetts
eighth-graders had the highest overall average of any state,
and perhaps more significantly, 48% of them scored at the
proficient or advanced level [12]. Only two other states
had over 40% at these levels. The rest of the country
should take some lessons.
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Registration will open in July 2020 at 

www.ams.org/coeminiconference

The AMS Committee on Education invites you to attend the
THIRD ANNUAL MINI-CONFERENCE ON EDUCATION

Current issues: What can we do to 
support math majors and graduate 
students in the time of pandemic?
This mini-conference will be held virtually on Friday, October 23, and 

Saturday, October 24. Program details coming soon.

There has been a lot of rethinking of mathematics education in the age of coronavirus, 

particularly for entering students and those in introductory classes.  However, many of our 

math majors and graduate students face specific challenges in the current environment.  In 

particular, they are often confronting the crisis as both learners and educators.

• What innovative programs exist that support our students?  

• What have we learned from what did not work?  

• What are some best practices that can or should be implemented? 

• How can our community provide leadership to ensure all of our students—particularly 

those most vulnerable—have the highest-quality educational experiences possible? 

As the crisis unfolds over the coming months, we will further target topics for this mini-conference 
to address timely issues. 
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In preparation for his presentation at the AMS Committee 
on Education’s second annual Mini-conference on Edu-
cation in October 2019, Mark Green (UCLA) completed 
an exercise one meeting attendee admiringly called “kind 
of pedantic”: He examined all of UCLA’s 135 majors and 
94 minors to determine the state of quantitative play on 
campus. Which majors require math? Stat? Math and stat? 
Which majors have computational components? Which 
departments teach quantitative courses, and what is the 
nature of these offerings?

The conclusion of Green’s deep dive into the UCLA 
course catalog? “The role of math has changed,” Green 
told the 100 thronging the DC Marriott meeting room. 
More disciplines use math in more ways today than they 
did in decades past, Green said, and to provide students 
with an education optimized for this new reality, the math 
community will need to adapt to the changed—and rap-
idly changing—landscape. “The more gray hair you have,” 
the emeritus professor quipped, “the more adaptation is 
probably necessary.”

Titled “Mathematics Departments and the Explosive 
Growth of Computational and Quantitative Offerings 
in Higher Education,” the daylong conference Green 
headlined portrayed a proliferation of computational and 
quantitative majors, minors, specializations, and certifi-
cates as a challenge for mathematics faculty, yes, but also 
an opportunity.

Being a math professor can be a relatively cushy gig. Clear 
the tenure hurdle and one can complacently communicate 
the same uncontroversial (if demanding) material semester 
after semester. Both Green and fellow presenter Michael 
Dorff (BYU), however, emphasized the imperative of math-
ematicians venturing into an instructional space where 

Don’t Miss the Boat,  
Mini-Conference  

Presenters Urge
Sophia D. Merow

Sophia D. Merow is a freelance writer and editor. Her email address is 
sdmerow@gmail.com.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
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Figure 1. Mark Green addresses attendees at October 2019’s 
Mini-conference on Education.
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an actuary.” But with the goal in mind—“We want to help 
students, and that’s why we do this”—and an adventurous 
spirit, preparing undergrads for careers outside academia 
is possible. “You can’t do this if you want to just feel safe 
doing what you’ve always done,” Dorff said. “But if you’re 
willing to get out of your comfort zone and think outside 
the box, then you can do this.”

As mathematicians either do as Dorff urges—get up to 
speed with twenty-first-century uses of mathematics and 
reassert the math department’s centrality to quantitative 
education—or fail to, much is at stake, Dorff and Green 
intimated. And time is of the essence.

Mathematicians risk, for one thing, forgoing a once-in-
a-lifetime opportunity to get in early on something big. “If 
you ever feel like ‘gee, I wish I’d been around when elliptic 
curves were getting started’ or put your favorite field there,” 
Green said, “well here’s something that is getting started 
and you are around.”

And then there’s the interdisciplinary tussle for primary 
custody of data science. Is data science statistics? Computer 
science? What about at universities where the most robust 
data science offerings are in the business school? Having 
heard someone at an AAAS meeting claim that data sci-
ence falls under biology, Dorff exhorted mini-conference 
attendees not to “miss the boat.” “If we keep hiding our 
heads in the math department,” he said, “data science will 
go to other groups.”

Green, for his part, believes that mathematicians are 
uniquely positioned to rise to today’s Big Data occasion, 
and suspects that slow-to-respond colleagues will rue their 
inertia eventually. “You’re going to regret this,” he warned, 
channeling Bogart in Casablanca, “not now but soon and 
for the rest of your life.”

answers are less definitive than they’re used to, professorial 
authority less absolute. “When you teach calculus, a stu-
dent is not going to say, ‘Wait a minute, I don’t believe the 
fundamental theorem of calculus,’” explained Green. “You 
feel like we’ve got it nailed down.” But start talking about, 
say, how an Ohio town should be divided into police beats 
to equitably reflect population distribution, and suddenly 
differences of opinion can legitimately arise.

The police beats example comes from Dorff’s overview 
of the Mathematical Association of America’s NSF-funded 
Preparation for Industrial Careers in Mathematical Sciences 
(PIC Math) program, which trains professors to teach 
an undergraduate course based on real-world problems 
sourced from partners in business, industry, or government 
(see https://bit.ly/351z34H). Dorff knows how daunt-
ing such a prospect can be for mathematicians accustomed 
to assigning familiar, precisely formulated exercises from 
within a circumscribed subfield. “You’re going to actually 
have to work on a problem that you don’t know how to 
solve and that your students don’t know how to solve, and 
you have to be okay with that,” he said. In industry, Dorff 
stressed, problems don’t fall neatly into one classification 
or another. When today’s math major lands a job in indus-
try after graduation, no supervisor is “going to say, ‘Here’s a 
problem that we want you to solve for our company and we 
want you to use linear programming to do it,’” Dorff said. 
“They’re just going to say, ‘Here’s the problem. Good luck.’”

Dorff spoke in the afternoon, when conference-goers 
had already heard presenters detail impressive data science 
initiatives underway at Smith, Johns Hopkins, and Maca-
lester, and he explicitly addressed listeners’ likely doubts 
about successfully implementing comparably ambitious 
programs at their own institutions, their probable feelings 
of relative ignorance. “I was at the same stage lots of you 
are at twenty years ago,” he confessed. “I didn’t know any-
thing about careers in math except for that you could be 

Figure 2. Both Green (left) and Dorff (right) urged attendees to leave their comfort zones.

https://bit.ly/351z34H
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Green was, of course, preaching to the choir. Those who 
came to DC for the mini-conference did so because they 
recognize the change afoot and appreciate that the math 
community must evolve accordingly. “You know it needs 
to happen,” Green told them. “But those who are not here 
don’t always know that.”

Conference-goers left encouraged to be curious about 
what people do with math nowadays and proactive about 
goading their home departments into reevaluating course 
content, sequencing, and requirements in light of these 
realities. If a colleague of yours attended the meeting, per-
haps she returned keen to start a speaker series to expose 
students to professionals using mathematics beyond the 
ivory tower or adamant about reconsidering whether Calc 
II should really be a prerequisite for Linear Algebra. Maybe 
he came back raving about opencasestudies.github.io  
or vowing to undertake a Green-style analysis of the course 
catalog. Or urging you to attend the third annual Mini- 
conference on Education to be held virtually on October 
23, 2020. The theme is “Current issues: What can we do 
to support math majors and graduate students in the time 
of pandemic,” and registration opens in July 2020. See 
https://www.ams.org/coeminiconference for details.

In the meantime, slides from the 2019 mini-conference 
are available at https://bit.ly/2MwtjsY.

Sophia D. Merow
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an AMS Member
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a Minuscule Representation?
Richard M. Green

A minuscule representation is a particular type of high-
est weight representation. Highest weight representations
play a key role in the representation theory of several
classes of algebraic objects occurring in Lie theory, includ-
ing Lie algebras, Lie groups, algebraic groups, Chevalley
groups, and quantized enveloping algebras.

A highest weight representation is calledminuscule if the
associated Weyl group acts transitively on the weights. The
highest weight of a minuscule representation is known as
a minuscule weight, which is a translation of Bourbaki’s
term poids minuscule [1, VIII, §7.3]. The French word
“minuscule” can mean “lower case” instead of “tiny”. Al-
though minuscule representations can have large dimen-
sions, their structure is in some sense more basic than that
of representations in general, so they can be thought of as
“lower case representations”.

For our purposes, we will regard minuscule representa-
tions as representations of finite-dimensional simple Lie
algebras over the complex numbers. The representation
theory of these algebras is described in detail in the books
by Erdmann and Wildon [3], Carter [2], and Kac [5]. The
aim of this article is to explain how minuscule representa-
tions can be used to construct almost all of these simple
Lie algebras, by using combinatorial methods and with
relatively little theory. The framework we discuss here is
described in the 𝐴𝐷𝐸 case in Wildberger’s paper [7], but
that paper does not include all the proofs. For a detailed
development of the ideas in this article, including proofs
and comprehensive references, the reader is referred to the
author’s book [4].

Richard M. Green is a professor of mathematics at the University of Colorado
Boulder. His email address is rmg@euclid.colorado.edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2097

A significant advantage of minuscule representations is
that they can be easier to construct than the Lie algebras
themselves. When a simple Lie algebra over ℂ has a mi-
nuscule representation, it is possible to construct the alge-
bra in terms of its action on the corresponding minuscule
module. The good news is that minuscule representations
exist in almost all cases, and one way to construct them is
by using certain linear operators associated to a combina-
torial structure called a “heap”.
Heaps and linear operators. A heap is a certain labeled
partially ordered set (or poset for short) where the labels
themselves are the vertices of a certain graph. Figure 1
shows the heap of the unique minuscule representation
of the simple Lie algebra of type 𝐸7. In this case, the un-
derlying graph is the Dynkin diagram of type 𝐸7, which
is shown in Figure 2. Because of its shape, this particular
heap has been variously nicknamed “the swallow” or “the
bat”.

Rather than give the axiomatic definition of heaps, we
will work with reference to this particular example. An im-
portant property of a heap is that the set of all elements
of the heap that have a particular label (for example, the
label “4”) forms a chain, meaning a totally ordered subset.
Another important property along these lines is that if we
choose a pair of labels that are adjacent in the graph, for
example “3” and “7”, then the set of all elements of the
heap having labels in the set {3, 7} also forms a chain.

The heaps associated to minuscule representations are
required to satisfy some additional combinatorial rules.
We will not go into full details here, but an example of
one such rule that applies to this case is that the interval
between any two consecutive elements with label 𝑝 is re-
quired to contain precisely two elements having labels that
are adjacent (in the underlying graph) to 𝑝. For example,
we can check by inspecting the heap in Figure 1 that be-
tween any two consecutive occurrences of the label 4 there
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Figure 1. The heap of the unique minuscule representation in
type 𝐸7, together with one of the ideals of the heap.
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Figure 2. The Dynkin diagram of type 𝐸7.

are either two elements with label 3, or an element with
label 3 and an element with label 5.

An ideal of a partially ordered set 𝐸 is a subset 𝐼 of 𝐸
that is downward-closed; in other words, whenever 𝑦 is an
element of 𝐼 and 𝑥 ∈ 𝐸 satisfies 𝑥 ≤ 𝑦, then we must also
have 𝑥 ∈ 𝐼. The set of ideals of a partially ordered set 𝐸
is denoted by 𝐽(𝐸), which in turn becomes a partially or-
dered set under the “subset” relation. (Note that ∅ and 𝐸
are both elements of 𝐽(𝐸).) Another example of an ideal
of the heap in Figure 1 consists of all the elements below
the given dashed line. This particular heap has 56 ideals in
total, which is the same as the dimension of the represen-
tation it is encoding.

The underlying posets of the heaps of minuscule repre-
sentations can be characterized concisely by the following
theorem. Recall that if 𝐸1 and 𝐸2 are posets, then 𝐸1×𝐸2 be-
comes a poset by stipulating that (𝑥1, 𝑦1) ≤ (𝑥2, 𝑦2) if and
only if both 𝑥1 ≤ 𝑥2 and 𝑦1 ≤ 𝑦2. Let [𝑘] denote a chain
with 𝑘 elements, and let 𝐽𝑟 denote the result of applying
the 𝐽 operator 𝑟 times.

Theorem. The only posets that occur as the underlying poset
of the heap of a minuscule representation are the following:

[𝑠] × [𝑡] (𝑠, 𝑡 ≥ 1),
𝐽([2] × [𝑡]) (𝑡 ≥ 1),
𝐽𝑘([2] × [2]) (𝑘 ≥ 0),
𝐽2([2] × [3]) and

𝐽3([2] × [3]).
Proof. This is proved in [4, Theorem 11.2.8 (iv)]. □

Despite its somewhat intricate appearance, the partially
ordered set in Figure 1 can be simply described as 𝐽3([2] ×
[3]).

The posets in the theorem above appear as the answer
to various combinatorial problems; for example, they are
the only known examples of connected Gaussian posets,
in the sense of Stanley [6, Exercise 4.25].

The reason that heaps such as the one in Figure 1 are
useful in representation theory is that one can use their
combinatorial properties to define linear operators on cer-
tain vector spaces.

If 𝐸 is the heap of a minuscule representation, we de-
fine 𝑉𝐸 to be the ℂ-vector space with basis {𝑣𝐼 ∶ 𝐼 ∈ 𝐽(𝐸)}.
Whenever 𝑝 is the label of an element of the heap 𝐸, we
can define linear operators 𝑋𝑝 and 𝑌𝑝 on 𝑉𝐸 by their effect
on basis elements as follows:

𝑋𝑝(𝑣𝐼) = { 𝑣𝐾 if 𝐾\𝐼 is a singleton with label 𝑝,
0 otherwise;

𝑌𝑝(𝑣𝐼) = { 𝑣𝐿 if 𝐼\𝐿 is a singleton with label 𝑝,
0 otherwise.

(The ideals 𝐾 and 𝐿 given above are necessarily unique if
they exist.)

Example. Consider the ideal 𝐼 of the heap 𝐸 that is given
by the dashed line in Figure 1. Since 𝐼 has a maximal ele-
ment 𝑥 with label 6, it follows that 𝑌6(𝑣𝐼) = 𝑣𝐿, where 𝐿 is
the ideal given by 𝐼\{𝑥}. On the other hand, 𝐸\𝐼 has a mini-
mal element 𝑦 with label 4, which means that 𝑋4(𝑣𝐼) = 𝑣𝐾 ,
where 𝐾 = 𝐼 ∪ {𝑦}. Similar arguments show that 𝑋7(𝑣𝐼) ≠ 0
and 𝑌3(𝑣𝐼) ≠ 0. However, 𝑋5(𝑣𝐼) is equal to zero, because
𝐸\𝐼 has no minimal element with a label of 5.

There are also operators 𝐻𝑝 and 𝑆𝑝 on 𝑉𝐸 . These can be
defined in terms of the operators 𝑋𝑝 and 𝑌𝑝 as follows:

𝐻𝑝(𝑣𝐼) = {
−𝑣𝐼 if 𝑋𝑝(𝑣𝐼) ≠ 0,
𝑣𝐼 if 𝑌𝑝(𝑣𝐼) ≠ 0,
0 otherwise;

𝑆𝑝(𝑣𝐼) = {
𝑋𝑝(𝑣𝐼) if 𝑋𝑝(𝑣𝐼) ≠ 0,
𝑌𝑝(𝑣𝐼) if 𝑌𝑝(𝑣𝐼) ≠ 0,
𝑣𝐼 otherwise.

It is not immediately clear that the various cases above are
exclusive, but this can be proved from the combinatorial
properties of the heap in question.
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Representations of Lie algebras overℂ. The operators𝑋𝑝,
𝑌𝑝, and 𝐻𝑝 defined in the previous section give a represen-
tation of a particular simple Lie algebra. Recall that a rep-
resentation of a Lie algebra 𝔤 is a homomorphism of Lie
algebras 𝜌 ∶ 𝔤⟶𝔤𝔩𝑛(ℂ), where 𝔤𝔩𝑛(ℂ) is regarded as a
Lie algebra with the bracket [𝐴, 𝐵] ∶= 𝐴𝐵 − 𝐵𝐴. A simple
Lie algebra 𝔤 is one for which [𝔤, 𝔤] is nonzero and 𝔤 has
no ideals other than itself and the zero ideal.

The following theoremuses the linear operators defined
above to construct all minuscule representations of simple
Lie algebras overℂ. This procedure also constructs the sim-
ple Lie algebras themselves and their Weyl groups.

Theorem. For every minuscule representation of a simple Lie
algebra 𝔤 over ℂ, there exists a heap 𝐸 with set of labels Γ,
satisfying the following properties.

(i) The subalgebra of 𝔤𝔩(𝑉𝐸) generated by the operators
{𝑋𝑝, 𝑌𝑝, 𝐻𝑝 ∶ 𝑝 ∈ Γ} is isomorphic to the Lie algebra
𝔤. This construction endows 𝑉𝐸 with the structure of
a 𝔤-module affording the minuscule representation in
question.

(ii) The operators {𝑆𝑝 ∶ 𝑝 ∈ Γ} give permutations of 𝐽(𝐸)
of order 2. The group generated by these permutations
is isomorphic to the Weyl group, 𝑊 , of 𝔤.

The generators 𝑋𝑖, 𝑌𝑖, and 𝐻𝑖 for 𝔤 that are given in the
theorem agree with the usual Serre generators 𝑒𝑖, 𝑓𝑖, and ℎ𝑖
for 𝔤. Similarly, the generators 𝑆𝑖 for 𝑊 agree with the
usual Coxeter generators 𝑠𝑖 for 𝑊 .
Weights. Recall that a representation is called minuscule
if the Weyl group acts transitively on the weights. The
weights of a minuscule representation are particularly easy
to workwith, because they can be identifiedwith the ideals
𝐼 of the associated heap 𝐸.

An important property of the basis elements 𝑣𝐼 is that
they are simultaneous eigenvectors for the operators 𝐻𝑝.
The weight associated to 𝑣𝐼 can be identified as the formal
linear combination ∑𝑝∈Γ 𝑐𝑝𝜔𝑝, where 𝑐𝑝 is the eigenvalue
of 𝐻𝑝 acting on 𝑣𝐼 .
Example. Consider the ideal 𝐼 of the heap 𝐸 given in Fig-
ure 1. A direct check using the definitions shows that 𝐻4
and 𝐻7 act on 𝑣𝐼 with the eigenvalue −1, 𝐻3 and 𝐻6 act
on 𝑣𝐼 with the eigenvalue 1, and the other 𝐻𝑖 act on 𝑣𝐼
with the eigenvalue zero. It follows that the weight of 𝑣𝐼 is
𝜆 = 𝜔3 − 𝜔4 + 𝜔6 − 𝜔7.

In fact, the operators {𝐻𝑝 ∶ 𝑝 ∈ Γ} are a basis for the
Cartan subalgebra, and {𝜔𝑝 ∶ 𝑝 ∈ Γ} is the associated dual
basis.

The weights of a highest weight representation can be
made into a partially ordered set in a natural way, and this
corresponds to the natural order on ideals given by the sub-
set relation. It follows from this that the ideals 𝐸 and ∅ are
the highest and lowest weights, respectively, of the corre-
sponding minuscule representation. Since any ideal of 𝐸

may be transformed to the empty ideal by successive re-
moval of maximal elements, it follows that the action of
the Weyl group on the ideals of 𝐸 (and therefore on the
weights of the representation) is transitive.

By inspection of the heap shown in the diagram, we see
that the minuscule representation in type 𝐸7 has highest
weight 𝜔6 and lowest weight −𝜔6. Because this particular
heap has symmetry about a horizontal axis, it follows that
the weights of the corresponding representation are closed
under negation.

Every minuscule module 𝑉𝐸 whose weights are closed
under negation can be endowed with a bilinear form 𝑝 ∶
𝑉𝐸 ⊗ℂ 𝑉𝐸⟶ℂ given by its effect on basis elements as fol-
lows:

𝑝(𝑣𝐼 , 𝑣𝐾) = { (−1)|𝐼| if wt(𝑣𝐼) = −wt(𝑣𝐾),
0 otherwise.

Theorem. Let 𝐸 be the heap of a minuscule module 𝑉𝐸 that
has the property that the weights are closed under negation, and
let 𝑝 be the bilinear form defined above.

(i) The form 𝑝 is nondegenerate, and it is invariant in the
sense that for every 𝑥 ∈ 𝔤 and every 𝑣 ∈ 𝑉𝐸, we have
𝑝(𝑥.𝑣, 𝑣) + 𝑝(𝑣, 𝑥.𝑣) = 0.

(ii) If the heap 𝐸 has an even number of elements, then 𝑝 is
orthogonal, meaning that we always have 𝑝(𝑣1, 𝑣2) =
𝑝(𝑣2, 𝑣1).

(ii) If the heap 𝐸 has an odd number of elements, then 𝑝 is
symplectic, meaning that we always have 𝑝(𝑣1, 𝑣2) =
−𝑝(𝑣2, 𝑣1).

Proof. This is proved in [4, Theorem 5.6.4]. This result is
true in a more general context than minuscule representa-
tions, as proved by Bourbaki [1, VIII, Chapter 7, Proposi-
tion 12]. □
When do minuscule representations exist? The finite-
dimensional simple Lie algebras over ℂ were classified by
W. Killing and E. Cartan in the late nineteenth century. It
turns out that there are four infinite families, known as 𝐴𝑛,
𝐵𝑛, 𝐶𝑛, and𝐷𝑛, together with five exceptional cases, known
as 𝐸6, 𝐸7, 𝐸8, 𝐹4, and 𝐺2. The number of (isomorphism
classes of) minuscule representations of each simple Lie
algebra is given in Table 1.

In more detail, the minuscule representations are as fol-
lows. In type 𝐴𝑛, there is an 𝑛 + 1-dimensional minus-
cule representaiton arising from the realization of the Lie
algebra as 𝔰𝔩𝑛+1(ℂ). The other minuscule representations
come from the exterior powers of this representation; they
have dimensions (𝑛+1

𝑘
) for 1 ≤ 𝑘 ≤ 𝑛. The minuscule rep-

resentation in type 𝐵𝑛 is the spin representation of dimen-
sion 2𝑛, and the minuscule representation in type 𝐶𝑛 is the
natural representation of dimension 2𝑛. In type 𝐷𝑛, the
three minuscule representations are the natural represen-
tation of dimension 2𝑛, and the two half spin representa-
tions of dimension 2𝑛−1. Finally, there are two minuscule
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Type Number of
minuscule

representations
𝐴𝑛 𝑛
𝐵𝑛 1
𝐶𝑛 1
𝐷𝑛 3
𝐸6 2
𝐸7 1
𝐸8 0
𝐹2 0
𝐺2 0

Table 1

representations in type 𝐸6, both of dimension 27, and one
minuscule representation in type 𝐸7, of dimension 56.

The correspondence between posets and minuscule rep-
resentations works as follows. The posets [𝑠] × [𝑡] give
rise to the minuscule representations in types 𝐴𝑛. The
heaps for type 𝐶𝑛 are chains, which corresponds to the spe-
cial case 𝑡 = 1. The posets 𝐽([2] × [𝑡]) give the spin and
half spin representations in types 𝐵𝑛 and 𝐷𝑛. The posets
𝐽𝑘([2] × [2]) give the natural representations in type 𝐷𝑛.
The poset 𝐽2([2] × [3]) gives the two 27-dimensional rep-
resentations in type 𝐸6, and the poset 𝐽3([2]×[3]) gives the
56-dimensional representation in type 𝐸7.
Remark. If we define𝑁 to be the number of minuscule rep-
resentations of the simple Lie algebra 𝔤 over ℂ, then there
are several interesting Lie-theoretic interpretations of the
number 𝑁 + 1. For example, 𝑁 + 1 is equal to (a) the de-
terminant of the Cartan matrix of 𝔤; (b) the index of the
root lattice of 𝔤 in the weight lattice of 𝔤; and (c) the ra-
tio |𝐺|/|𝐺|, where 𝐺 and 𝐺 are the automorphism groups
of the Dynkin diagram of 𝔤 and of the corresponding un-
twisted affine Dynkin diagram, respectively.

Connections with geometry. It turns out that there is a
natural way to identify weights of a minuscule representa-
tion with points in Euclidean space to form a highly sym-
metric polytope on which the Weyl group 𝑊 acts by or-
thogonal transformations [4, §8.4]. In particular, one can
obtain the simplex, the hypercube, and the hyperoctahe-
dron from the weights of suitable minuscule representa-
tions in type 𝐴𝑛, 𝐵𝑛, and 𝐶𝑛, respectively. Given an ar-
bitrary minuscule representation, it can be shown that if
(𝜆1, 𝜆2) and (𝜇1, 𝜇2) are two pairs of weights, then there ex-
ists an element 𝑤 ∈ 𝑊 satisfying (𝑤.𝜆1, 𝑤.𝜆2) = (𝜇1, 𝜇2) if
and only if the Euclidean distances 𝑑(𝜆1, 𝜆2) and 𝑑(𝜇1, 𝜇2)
are equal. This observation provides a more detailed view
of the transitive action of the Weyl group on the weights of
a minuscule representation; in particular, this can be used
to calculate the rank of the Weyl group as a permutation
group [4, Theorem 8.2.22].

The 56-dimensional minuscule representation in type

𝐸7 has a geometric interpretation in terms of the del Pezzo
surface that arises from blowing up seven points in gen-
eral position in the complex projective plane. (Here, “gen-
eral position”means that no three points are collinear, and
no six lie on a conic.) This gives rise to 56 curves of self-
intersection −1 that can be identified with the weights of
the representation in a way that is naturally compatible
with the action of the Weyl group. By pairing up these
56 curves in a canonical way, we obtain the action of the
Weyl group of type 𝐸7 on the 28 bitangents to a plane quar-
tic curve. This action has many interesting combinatorial
properties, which are the subject of [4, §9].

The 27-dimensional minuscule representations in type
𝐸6 are another very interesting case that arises from blow-
ing up six points in general position. Here, the 27 weights
correspond to a famous configuration of 27 lines on a cu-
bic surface [4, §10.1]. The Euclidean distances between
the weights then determine whether a pair of these lines is
incident or skew.
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control, or mathematical finance, can be found in the 
popular graduate text by Øksendal [1].

In the context of stochastic control, one single agent 
controls the coefficients (the drift and eventually the vola-
tility) of a diffusion process (as described above), in order 
to optimize an objective function.

The theory and applications of stochastic control for dif-
fusion processes and the relation with nonlinear second-or-
der parabolic partial differential equations have been vastly 
studied and now form a classical topic in probability theory 
(see the book by Fleming and Soner [2]).

The situation with N-player stochastic differential games 
is quite different. As opposed to the case of stochastic con-
trol with one agent, typically, the dynamics of the states of 
the N agents are given by a coupled system of stochastic 
differential equations of the Itô type driven by Brownian 
motions possibly correlated as in the case with a common 
noise. Each player, through her action affecting drift and 
possibly volatility terms, tries to minimize/maximize her 
objective function made of running and terminal costs/
rewards. The information structure of the set of actions/
strategies needs to be carefully defined (open-loop, closed-
loop, …) in order to specify the problem. There are several 
notions of equilibria, each of them lacking uniqueness in 
general and difficult to compute in particular when N is 
large. 

The books under review are concerned with Nash equi-
libria. A Nash equilibrium is a set of strategies such that if 
any player tries to change her action, the others being fixed, 
then, she cannot be strictly better off. This equilibrium can 
also be understood as a best-response of the system (see 
Chapter 5 of the book by Carmona [3]).

In 2006, Lasry and Lions (see [4]) proposed a method-
ology to obtain approximate Nash equilibria for stochas-
tic differential games between a large number of players 

Probabilistic Theory of Mean Field Games with Applications: 
Volume I, Mean Field FBSDEs, Control, and Games;  
Volume II, Mean Field Games with Common Noise  
and Master Equations 
By René Carmona and François Delarue

Systems evolving in continuous time (t in R+) and in con-
tinuous space (x in Rd) that are subject to noise are modeled 
by diffusion processes which are obtained as solutions 
of stochastic differential equations of Itô type. These are 
differential equations containing a stochastic integral with 
respect to the celebrated Brownian motion (or Wiener pro-
cess Wt) which models the noise whose time increments 
are commonly called white noise. In differential form, they 
are written as dXt = b(t,Xt)dt + a(t,Xt)dWt , where b(t,x) is 
the drift and a(t,x) the diffusion coefficient (or volatility 
in financial mathematics). The pillars of Itô’s theory are 
stochastic integrals, with respect to the Brownian motion 
which is not of bounded variations, and the chain rule (Itô’s 
formula) involving a second-order derivative term. The 
solution of an Itô’s stochastic differential equation (SDE) is 
a continuous Markov process associated to a semigroup and 
an infinitesimal generator which is a second-order linear 
differential operator. The evolution of the density of the 
process is described by the forward Fokker–Planck–Kolm-
ogorov equation involving the adjoint of the infinitesimal 
generator. A nice introduction to these objects and various 
applications, such as filtering, optimal stopping, stochastic  

Probabilistic Theory of Mean 
Field Games, Volumes I & II
Reviewed by Jean-Pierre Fouque
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strategies; 2) a fixed point problem whose solution guar-
antees the consistency of the best responses identified in 
the first step. The original PDE approach to the search for 
Nash equilibria for MFGs encapsulated these two steps in a 
system of nonlinear PDEs, an HJB equation coupled with a 
form of an FPK equation, involving both directions of time. 
The perfect parallel in the probabilistic approach is a for-
ward-backward stochastic differential equation (FBSDE) of 
the McKean–Vlasov type. The search for the best responses 
leads to an FBSDE while the fixed point step forces the dis-
tributions of the processes to be injected into the FBSDE, 
giving it its McKean–Vlasov character. While the probabi-
listic theory of standard FBSDEs was well developed, the 
analysis of this new type of forward-backward equations 
suggested by this approach was suspiciously ignored, and 
the first volume fills that gap (among other things).

The systematic development of the theory of optimal 
control of stochastic dynamics of McKean–Vlasov type is 
another new line of research triggered by the probabilistic 
approach to MFGs. It is called mean field control (MFC) 
to offer a parallel terminology to MFG. The special case 
of potential games was the subject of early investigations 
with PDE techniques. Its analysis was underpinned by the 
known fact from classical game theory that the search for 
Nash equilibria for potential games reduces to a single 
optimization problem. Building on this, the probabilistic 
approach identified this optimization as an optimal con-
trol problem of the McKean–Vlasov type, calling for the 
systematic development of its own theory. The 100 pages 
of Chapter 6 of Volume I give a self-contained account of 
this new theory of FBSDEs of McKean–Vlasov type. In this 
formulation, commonalities and differences with MFGs 
can easily be identified and better understood. In particular, 
the parallel between these theories and their treatments 
sheds new light on the differences between centralized and 
decentralized decision making, and opens up new avenues 
of research pointing toward progress in reinforcement 
learning for large populations of agents.

As for the second question, adding common noise to 
MFG and MFC models is needed in many applications. 
This common noise models the presence of a systematic 
noise affecting all the agents as opposed to individual 
noises. Unfortunately, but not surprisingly, it increases 
dramatically the levels of technicality and difficulty. These 
models are the object of Volume II, in which many of 
the ideas and tools introduced in Volume I are expanded 
to cover the new models. The natural extension of the 
PDE approach involves a system of stochastic partial 
differential equations (SPDEs) generalizing the HJB and 
the FPK equations. This already sets the challenges in 
the probabilistic framework, and it is possibly the rea-
son why Lions introduced the master equation, which 
can capture models with common noise, still with pure 
PDE methods (see [10]). The notions of master field 
and master equation, including remarkable convergence  

interacting in a symmetric way such that a given player is 
influenced by the others through the empirical distribution 
of their states. In the vast statistical physics literature, this 
type of interaction is known as mean field interaction. In 
the limit of infinite number of particles, the law of large 
numbers takes place, and particles become independent (a 
phenomenon known as propagation of chaos), and one 
given particle interacts with its own distribution leading to 
nonlinear Fokker–Planck equations called McKean–Vlasov 
equations (see the book by Sznitman [5]). 

Lasry and Lions’s analytical approach, named mean 
field games (MFG), consists in solving a system of cou-
pled nonlinear partial differential equations (PDEs): one 
forward in time, the Fokker–Planck–Kolmogorov (FPK) 
PDE, describing the evolution of the distribution of the 
state of one agent; and the other backward in time, the 
Hamilton–Jacobi–Bellman (HJB) PDE, characterizing the 
value function of this single agent in interaction with its 
own distribution. Simultaneously, Caines, Huang, and Mal-
hamé (see [6]) proposed a similar approach to large games 
under the name of Nash certainty equivalence principle. 

During the last decade, René Carmona and François 
Delarue have developed a probabilistic approach to MFGs 
which they present in these two impressive volumes based 
on their papers, lecture notes, and numerous results that 
are published here for the first time. I would like to state up 
front that they did a remarkable job in providing motivat-
ing examples, guiding the reader through a huge amount 
of complicated mathematical concepts and analyses, and 
providing timely applications, particularly in the area of 
financial mathematics. We will come back to these in 
more detail, but, given the size of this contribution (1440 
pages!), it is legitimate to ask first the following general 
questions:
1. What does the probabilistic approach bring to the table 

when compared to the PDE approach?
2. Why should the presence of a common noise affecting 

all the players justify a second volume?
The first question can be answered by noting that the 

probabilistic approach to MFGs has been developed as an 
alternative to the PDE original approach in the spirit of the 
time-honored dual PDE-probability approach to problems 
like the solution of the heat equation and more general 
second-order linear PDEs for which Itô’s calculus and the 
martingale theory of diffusion processes have provided an 
alternative (see the book by Stroock and Varadhan [7]), or 
control theory for which backward stochastic differential 
equations (BSDEs) offered a substitute to HJB equations 
(see [8] and [9]). Historically, this dual (PDE-probability) 
approach has proven to enhance the understanding of 
these models, so the extension to stochastic differential 
games is natural.

The search for Nash equilibria has two clearly delineated 
steps: 1) an optimization problem whose solution provides 
the “best response” of a given player to the other players’ 
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Schauder’s fixed point theorem, probabilistic representa-
tion of the value function, and stochastic Pontryagin prin-
ciple. A new type of MFGs, called extended MFGs, is also 
introduced. These are quite interesting, arising naturally 
in many applications where the interaction is through the 
empirical distribution of the controls, and they are the 
subject of ongoing research.

Part II of Volume I is devoted to spaces of probability 
measures (Chapter 5) and to optimal control of MKV SDEs 
(Chapter 6). Differential calculus over spaces of proba-
bility measures plays an essential role in the treatment of 
stochastic control of MKV dynamics (Chapter 6) and for 
the concept of the master equation in Part II of Volume II. 

The analytic approach to MFGs relies heavily on a form 
of differential calculus on the Wasserstein space P2(Rd) 
of probability measures of order 2 on Rd as developed in 
the theory of optimal transportation. In his lectures at the 
Collège de France, Pierre-Louis Lions offered an original 
alternative to this calculus by lifting probability measures 
to random variables in an L2 space. This form of calculus 
was tailor-made for functions of empirical measures as they 
appear in game models with mean field interactions. It is 
also particularly well suited to the control of the limit when 
the number of players or agents grows without bound and 
to the introduction of the master equation. The latter is a 
PDE on the product of the state space of the model and 
the space of probability measures on the state space. This 
PDE, typically in infinite dimensions, was touted by Lions 
as the proper tool to characterize equilibria. 

This differential calculus is the object of Chapter 5 of 
Volume I, where the notion of differentiability based on 
liftings is called L-differentiability, short for Lions-differen-
tiability. Chapter 5 offers a self-contained introduction to 
the topology of spaces of probability measures equipped 
with a Wasserstein distance, to the definition and properties 
of L-derivatives of functions of probability measures and 
to L-convexity and monotonicity. Section 5.6 provides a 
chain rule for differentiation along a flow of probability 
measures. This section explains very well the two possi-
ble approaches to derive such an Itô formula: either the 
classical approach of applying Taylor’s formula on small 
time intervals or by approximating the flow of probability 
measures by a flow of empirical distributions of finite-di-
mensional systems and applying the classical Itô formula. 
The point that the second approach requires less regularity 
is well made. 

Chapter 6 is about the new problem of optimal control 
of stochastic MKV dynamics or MFC as called by the authors 
who introduced it. Of course, the reader will wonder about 
the difference between MFGs and MFCs. The answer is given 
in Section 6.1. The starting point is the N-player differen-
tial game. For MFGs, one first optimizes to obtain a Nash 
equilibrium for the N players, and then passes to the limit 
as N goes to infinity to introduce the corresponding MFG. 
Alternatively, one can first pass to the limit using a fixed 

results as the number of players goes to infinity, are covered 
in detail in the second part of the second volume.

It is noteworthy that for the models with common noise, 
a good number of results have been obtained within the 
probabilistic approach, but so far they were not given a 
PDE analogue.

Now we come back to the books. Each chapter ends 
with a very helpful section of notes and references. In this 
review, we chose not to discuss bibliographic and author-
ship considerations. 

Chapter 1 of Volume I offers 
a variety of motivating examples 
for the MFG paradigm. They come 
from different domains including 
finance, macroeconomics, biol-
ogy, and social science. They are 
revisited and eventually solved 
throughout the book. Of course, 
in this review we cannot go over 
all these examples and their de-
tails, but as personal advice, I rec-
ommend following the example 
of a toy model of systemic risk 

introduced in this first chapter. This is not only because I 
contributed to it (!) in [11], but also because it can be solved 
explicitly, and it helps to illustrate the concepts introduced 
in the general theory, which can be technically involved at 
times. It is a simple linear-quadratic (LQ) model of a finite 
number of agents represented by continuous-time diffu-
sions where the drift of one component is controlled by 
the corresponding agent (its rate of borrowing and lending 
for instance), and the noises are independent Brownian 
motions (without a common noise to start with). Each 
agent tries to minimize her objective function comprising 
quadratic running and terminal costs so that the agent tries 
to stay close to the ensemble average (empirical mean). 
This example is solved in Chapter 2, that is Nash equilibria 
(open-loop and closed-loop) are computed using the sto-
chastic maximum principle, an essential tool throughout 
the book. Markovian Nash equilibria are also obtained by 
PDE methods. 

In my opinion, Chapter 3 is crucial for understanding 
the probabilistic approach to MFGs. It introduces the prob-
lem, the various ways to approach it, the different sets of 
strategies depending on the information structure leading 
to eventually different Nash equilibria, and the types of 
FBSDEs characterizing them, in particular the FBSDEs of 
McKean–Vlasov (MKV) type, which play a central role in the 
books. The stochastic maximum principle for this type of 
FBSDE is introduced as well as the notions of Lasry–Lions 
monotonicity and L-monotonicity crucial for uniqueness.

Chapter 4 goes into the details of FBSDEs and solutions 
to MFGs. In particular it introduces the fundamental con-
cepts of a decoupling field for an FBSDE and of a master 
field for a MKV FBSDE. Several approaches are presented: 
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problem is now the solution of a stochastic HJB equation. 
Alternatively, the probabilistic approach leads to revisiting 
the Pontryagin stochastic maximum principle in the frame-
work of random environment.

Then, the probabilistic framework developed in Chapter 
1 is applied to MFGs with a common noise in Chapter 2. 
This starts with N-player differential games with a com-
mon noise represented by a Brownian motion W0 inde-
pendent of the (independent) idiosyncratic noises Wi, i = 
1,…,N. Using the “naïve” idea of conditioning on W0, but 
equipped with the tools developed in Chapter 1, the MKV 
theory is extended to a conditional MKV theory associated 
to conditional MKV SDEs and to the corresponding non-
linear stochastic FPK equations describing the evolution of 
the conditional limiting distribution. Conditional propa-
gation of chaos is derived as well. Then, turning to control 
problems, strong  and weak solutions to MFG problems are 
identified as well as a form of a Yamada–Watanabe theo-
rem. A formulation in terms of systems of forward-back-
ward SPDEs is also given.

Existence of weak solutions to MFGs with a common 
noise is treated in Chapter 3. Extending the fixed-point 
argument based on Schauder’s theorem to the case with a 
common noise is tempting but intractable due to the fact 
that equilibria are now stochastic, making compactness 
much more difficult to establish than in the determinis-
tic case without common noise. The strategy is to use an 
adequate topology to deal with compactness. This is very 
technical and is performed with admirable care.

Strong uniqueness under the Lasry–Lions monotonicity 
condition on the cost functions and interesting examples 
are presented, showing that the common noise may have 
a regularizing effect by restoring strong uniqueness for 
models where it fails in the absence of a common noise.

Part II of Volume II is about the master equation and 
approximations of N-player games equilibria. The notion 
of master field presented at the beginning of Chapter 4 
is intuitively the generalization of the decoupling field 
introduced in Chapter 3 of Volume I in the case without 
common noise. Since we are now in a random environment 
produced by the common noise, the master field will be 
a function of time, the state variable, and the conditional 
law of the state given the common noise. Still, it is expected 
to “decouple” the equations in the FBSDEs in the random 
environment. It is also expected that the optimal control 
will be the gradient with respect to the state variable of the 
master field. In order to derive an equation for the master 
field, an Itô formula along flows of conditional probabil-
ity measures is established. The master equation satisfied 
by the master field now involves a second derivative with 
respect to the probability measure as expected due to the 
diffusion term created by the common noise. In that sense, 
the equation is of second order in contrast with the case 
without common noise, as seen in Volume I where the 
master equation was of first order in the measure. To be 

point argument, and then optimize to obtain controlled 
MKV dynamics (MFC). However, the N large limit and the 
optimization steps do not commute in general, and the 
authors analyze carefully the subtle differences in this chap-
ter. We reproduce their illuminating diagram in Figure 1.

This new problem calls for revisiting its probabilistic 
and analytic formulations, and in particular the stochastic 
Pontryagin maximum principle. Existence and uniqueness 
of the corresponding FBSDE are obtained under suitable as-
sumptions, in particular joint convexity in the state, its law, 
and the control. Then, several types of master equations are 
naturally introduced. It is very important to understand if 
one deals with a master equation for the value function or 
for its derivative. It is also interesting to observe that only 
first derivatives with respect to the probability distribu-
tion are involved in the case without common noise, as 
we differentiate along a deterministic flow of probability 
measures. This will be a major difference with the case with 
common noise studied in Volume II.

The first part of Volume II is 
devoted to games with a common 
noise. Typically, for an N-player 
differential game with a common 
noise, a common Brownian mo-
tion W0 will appear in the dy-
namics of the states of each player. 
Intuitively, this common noise 
will not be averaged in the limiting 
empirical distribution, and it will 
also appear in the limiting con-
trolled dynamics. Well, naively, 
one could say, let’s condition on 

this Brownian motion and repeat the analysis carried out 
in Volume I. This is in fact the right idea except that there 
are many difficult technical problems. They are resolved by 
the authors and presented in book form here for the first 
time. For the probabilistic approach to MFGs, the MKV 
FBSDEs to be solved now depend on this common noise 
which can be seen as a random environment where the 
flow of probability measures is now stochastic.

The first three sections of Chapter 1 provide an in-
depth analysis of the new concept of a forward-backward 
system in a random environment. This is rather technical 
but necessary, and the authors should be thanked for the 
considerable effort they put into it. These tools are then 
used to address stochastic control problems in a random 
environment. The value function of the optimization 

Figure 1.

SDE State Dynamics
for N players

Optimization−−−−−−−→ Nash Equilibrium
for N players

⏐⏐� Fixed Point
limN→∞

⏐⏐� Fixed Point
limN→∞

McKean-Vlasov
Dynamics

Optimization−−−−−−−→ Mean Field Game?
Controlled McKean-Vlasov SDE?
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rigorous, one needs to specify in which sense the master 
field is a solution of the master equation. This is done by 
a careful extension of the notion of viscosity solution to 
this type of (infinite-dimensional) equations. Existence 
and uniqueness for the master equation is then obtained 
under the conditions presented in Chapter 3. Examples 
presented at the beginning of Volume I are revisited from 
the point of view of the master equation. In particular, our 
favorite LQ toy model of systemic risk leads to an explicit 
solution of the master equation and a convergence result 
(as the number of players goes to infinity) which follows 
directly from explicit formulas. 

One of the great achievements of the master equation 
is that it provides approximations to the corresponding 
finite-player game Nash equilibria. Start with the case 
without common noise and look for a closed-loop Mar-
kovian Nash equilibrium. The value functions (one for 
each player) satisfy a system of HJB equations which can 
be difficult to solve, in particular in high dimension. It can 
be approximated by injecting the state variables and the 
empirical distribution of the other states in the solution 
of the corresponding master equation (assuming existence 
and uniqueness of a classical solution), and the error of 
approximation can be shown to be of order 1/N. Alterna-
tively, one can consider the optimal path where the drift 
for player i involves the derivative with respect to the state 
variable xi of the ith value function (for simplicity think 
about constant volatilities). This system of SDEs can be 
compared to the McKean–Vlasov system obtained by using 
in the drift the gradient of the solution to the correspond-
ing master equation evaluated at the state of the ith player 
and at the empirical distribution of the states of the other 
players. This type of convergence is in the regime of the 
Law of Large Numbers and very recent remarkable results 
by Lacker, Delarue, and Ramanan show that the master 
equation is also key to handle central limit theorem, large 
deviations, and concentration inequalities.

The book ends with some extensions of the theory in 
Chapter 7. They include MFGs with major and minor play-
ers and MFGs of timing, both being very active domains 
of research.

In conclusion, the probabilistic approach to MFGs 
with and without a common noise has generated many 
interesting and challenging new problems requiring the 
development of new sophisticated tools. The authors have 
done a fantastic job in arranging all of them in these two 
volumes, which will stay as a major reference for genera-
tions of graduate students in stochastic analysis entering 
the subject of mean field games. 

Well done René et François!

Jean-Pierre Fouque

René Carmona and François Delarue received the 
2020 Joseph L. Doob Prize for these volumes. See 
the prize announcement at https://www.ams.org 
/news?news_id=5596. 
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Math Art  
Truth, Beauty, and Equations  

by Stephen Ornes

In this book, which is 
approximately square in 
format (9 x 9.5 inches) 
and printed in full color, 
Ornes has assembled an 
impressive survey of mod-
ern mathematical art that 
should delight mathema-
ticians of all stripes and 

levels. Although one might consider it a small coffee table 
book for the mathematically inclined, Math Art successfully 
conveys the excitement and beauty of mathematics in a 
visual and nontechnical manner that is accessible to a wide 
audience. For example, Math Art could be an attractive sup-
plement or sourcebook for instructors of general education 
mathematics courses.

In the introduction, Ornes declares the three guiding 
principles that informed his selection of featured artists. 
First, he focuses on art with mathematical substance, art 
that “wouldn’t exist if someone with a working knowledge 
of some mathematical idea—be it common or arcane—
hadn’t gotten some mental lightning strike about how to 
turn that idea into art.” Second, Ornes presents pieces that 
go beyond mere visualization and embraces the aesthetic 
possibilities inherent in the mathematics. Finally, Ornes 
focuses primarily on work by living mathematical artists. 
Although this rules out familiar names like M. C. Escher, 
this choice keeps the book fresh and focused on contem-
porary pieces. Some of the works profiled have even been 
displayed at the Joint Mathematics Meetings in recent years.

Math Art is divided into four major parts, each of which 
is split into four or five chapters which are devoted to the 
work of a particular mathematical artist. Nineteen math-
ematical artists are profiled in all. The first part, “Making 

Sense of the Universe,” explores themes such as π and 
infinity through the artwork of John Sims, John Edmark, 
Crockett Johnson, Dorothea Rockburne, and George Hart. 
The second part, “Stranger Shapes,” delves into fractals and 
related topics via the work of Bathsheba Grossman, Hela-
man Ferguson, Robert Fathauer, and Melinda Green. The 
third part, “Journeys,” surveys algorithms and projections 
and profiles work of Robert Bosch, Anita Chowdry, Roman 
Verostko, and Henry Segerman. The final part, “(Near) 
Impossibilities,” studies tilings and algebraically inspired 
works of Daina Taimina, Frank Farris, Carlo Séquin, Bjarne 
Jespersen, and Eva Knoll.

Anxiety and the Equation 
Understanding Boltzmann’s Entropy  

by Eric Johnson

Anxiety and the Equation is a read-
able biography of Ludwig Boltz-
mann (1844–1906) coupled 
with a layperson’s introduction 
to entropy. Although this book is 
ostensibly a biography of a phys-
icist written by a chemist, math-
ematicians will recognize that 
Boltzmann’s work set the stage 

for many future mathematical discoveries. For example, 
without Boltzmann, there would be no ergodic theory 
(he coined the term ergodic) and no information theory 
(the notion of Shannon entropy is a direct descendant of 
thermodynamic entropy).

The book is divided into twenty-five short chapters 
which proceed at a brisk pace. The author’s style is witty and 
irreverent, which makes Anxiety and the Equation an engag-
ing read. To grab the reader’s attention, Johnson starts with 
Boltzmann’s suicide at the age of sixty-two before tracing 
the path that led the young genius through early triumphs, 
bitter disputes (Ernst Mach was an implacable foe), and 
mental decline. This fast-paced biography of Boltzmann is 
interwoven with chapters that develop Boltzmann’s entropy 
equation. The mathematics is elementary and presented at 
a level that calculus students should have no trouble with.
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The Math Behind the Magic 
By Ehrhard Behrends

Did you ever want to try your 
hand at card magic, but felt too 
clumsy to learn slight-of-hand? 
Here is your opportunity! This 
book will teach you how to wow 
your friends and family with 
magic tricks based on the power 
of math rather than dexterous 
card manipulation. For example: 
when playing cards we random-

ize them by standard shuffling techniques, so how can it 
be possible that after a volunteer shuffles the cards, you 
are able to predict where certain cards will lie in the deck? 
What if you take a seemingly randomly arranged sequence 
of cards and ask a volunteer to remove a card when you are 
not looking? If you’ve set up the cards correctly in advance, 
you will immediately be able to identify the card and mys-
tify your audience. 

But in addition to the great tricks, what adds to the 
magic of this particular book is the way the author sneaks 
in a lot of abstract mathematical ideas, even if it might go 
over the heads of children who just want to learn the tricks 
and be entertained. The multitude of potential games and 
tricks (and mathematics!) contained in cards is inherent 
in their brilliant composition. Consider the vast number 
of ways to permute them balanced against the potential 
patterns that can form. Add to this the physical size and 
malleability of cards that make shuffling and dealing the 
way we do in games like solitaire, blackjack, and bridge so 
easy. This book explains how to exploit these and come 
up with striking card tricks, and in the process experience 
chance and certainty, patterns and invariants of group ac-
tions, and elements of number theory and coding theory 
in an immediate and kinesthetic way.

The book is an easy and fun read at a variety of differ-
ent levels. There are plenty of colorful illustrations, and 
explanations are down-to-earth and accessible. This book 
is highly recommended for family entertainment and is 
aimed at middle-schoolers and above.

A Dingo Ate My Math Book  
Mathematics from Down Under 
By Burkard Polster and Marty Ross

A Dingo Ate My Math Book is 
a collection of short self-con-
tained mathematical vignettes 
that will make you laugh as it 
edifies you. Each page contains 
colorful illustrations and equally 
colorful titles that draw you into 
a broad range of two- to three-
page mathematical tidbits aris-

ing in the context of everyday life. Each story ends with a 
brief puzzler (solutions can be found in the back of the 
book).

Polster and Ross write with a distinctive sense of humor, 
playful irreverence, and plentiful references to things Aus-
tralian. The stories start with something typically seen and 
barely noticed and then move on to unexpected and in-
triguing observations that invite exploration. In one, Polster 
and Ross, the “math masters,” enter an Italian restaurant 
in Melbourne and notice that the innocuous-looking tile 
pattern covering the floor actually provides a visual proof 
of the Pythagorean theorem. In another, they discuss the 
oft-heard lament over the difficulties Australia’s World Cup 
soccer team has in getting past the first round and ponder 
what it really means to be in the “group of death.” 

Perhaps the strongest current running through the topics 
in the book arises from the authors’ wry observations of the 
silliness that can be found in our daily lives. This ranges 
from the consequential to the seemingly arbitrary. What 
is the minimum proportion of votes required to win an 
election under an electorate system? When any calculus 
student knows the optimal shape of cylindrical tin cans, 
why are they designed in such a variety of shapes? 

This book is full of such questions and is a fun conver-
sation piece for get-togethers with families and friends.
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COMMUNICATION

tenure-track job to my current job. But my wife was in the 
picture at that point.

May Mei (MM) (she/her/hers)
Denison University—Dynamical Systems  
and Mathematical Physics
Family: When I was on the market, I had a second body. 
We weren’t married because that wasn’t legal yet, but that 
person was definitely coming with me.

Chikako (Chika) Mese (CM) (she/her/hers)
Johns Hopkins University—Geometric Analysis
Family: I have a wife. When I first came to Johns Hopkins 
we weren’t married, but after marriage was legalized we 
got married. We have two twin girls, and they’re currently 
in eighth grade.

Dylan Thurston (DT) (he/him/his)
Indiana University—Topology, Geometry,  
and Complex Dynamics 
Family: At the time I was searching for jobs, I was searching 
with my ex, Ken. He is also an academic, but is in computer 
science. We went through two job searches, one in Indiana 
and before that one in the New York area.

Matt Voigt (MV) (he/him/his) 
San Diego State University—Mathematics Education 
Family: I’m a math education researcher. Currently, I’m 
a doctoral candidate on the job market, and my family 
includes myself and my partner of five years.

For mathematicians in academia who identify as part of 
the LGBTQ community, there are certain choices that they 
need to consider when making career decisions which their 
heterosexual and cisgender colleagues will never have to 
face. These can include everything from how to comfortably 
introduce their partners at social gatherings, judiciously 
timing their choice to come out as queer1 while going 
through the tenure-track interview process, and signaling 
to queer students that they hope to be a resource regarding 
LGBTQ-related topics. 

The January 15th panel Queer Families and Mathemat-
ical Careers held at the 2020 Joint Mathematics Meetings 
in Denver, CO, organized by Corrin Clarkson, Alex Hoover, 
and Alice Mark, discussed these and many other topics 
pertaining to queer mathematicians.2 The panel included 
five speakers:

Amanda Folsom (AF) (she/her/hers)
Amherst College—Number Theory 
Family: I have been with my wife for about ten years, 
although we’ve been married for about half of that time. 
We also have a daughter who is almost three, so my 
daughter was not around when I was moving from my first  

Queer Families and 
Mathematical Careers
Corrin Clarkson

Corrin Clarkson (she/her/hers) is a clinical assistant professor at the Cou-
rant Institute of Mathematics, New York University. Her email address is 
clarkson@nyu.edu. 
1The LGBTQ community includes people with a wide variety of sexual and 
gender identities. In recent years, the term “queer” has been used as an 
inclusive descriptor of members of this community. 
2AWM-SPECTRA Panel: Queer Families and Mathematical Careers, 
organized by Corrin Clarkson, Alex Hoover, Alice Mark; 2020 Joint Math-
ematics Meetings, January 15–18, in Denver. Panel time slot Wednesday, 
January 15, 2:15–3:40 pm. 

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2093

The following transcript has been edited for both clarity 
and brevity, and is printed here with the permission of 
the panelists. Every effort was made to preserve both the 
meaning and tone of all comments.
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issues. I met my partner and knew them for several years 
before we started dating, which was a week before they 
left the area. They only moved back later. It’s tricky, people 
move away—like many academics you may well end up 
in a long-distance relationship for some amount of time. 

Corrin Clarkson: I want to add that when you’re on the 
job market and you’re considering various locations and 
researching the policies of an institution and the political 
climate of the state, it’s also perfectly legitimate to get on 
a dating app and look at what the dating scene is going to 
be like. Because if you’re going to look for a partner there, 
you might as well check it out ahead of time.

DT: Another thing to keep in mind is that academic insti-
tutions tend to be in more accepting places than the rest of 
the state. Bloomington, for instance, is a little blue bubble 
in a red state. And Bloomington itself is quite open. For 
instance, there’s a large trans population there. 

When might you want to out yourself during an interview 
process? (And how can you make it less awkward if/when you 
choose to do so?)

CM: When I was looking for jobs and I went for interviews, 
I wasn’t publicly telling them I’m gay. But once they offered 
me a job that’s when you’re in the driver’s seat. So that’s 
when I said, ‘My partner blah blah blah,’ and I was very 
clear about my status.

MM: My wife and I were together all throughout graduate 
school, so I never felt like there was a specific moment when 
I had to out myself, since everyone just knew we were a 
couple. So I was talking with the supervisor at my summer 
VAP position, and it was the first time I had to—I didn’t 
know how to say it. I had flown and my wife was driving 
the car with all of our stuff across the country, and somehow 
it just came out as, ‘My car will be here next week.’ I hadn’t 
really thought concretely about what words I was going to 
use, and that was just how it came out. 

How do you usually come out to your colleagues? How do you 
introduce your family to them? 

MM: It’s much easier to out yourself if you’re in a rela-
tionship and you can just say, ‘Here’s my wife.’ It’s much 
more delicate if you were going to try to do that without a 
concrete person to point to.

DT: Our department has lots of social events involving 
families, often dessert parties for seminar speakers. It’s a 
very friendly affair with many people’s spouses, including 
my own when they have time to make it. I’ve never felt at 
all awkward about bringing my spouse with me. 

How can you determine whether the colleges and universities 
where you are applying to teach are likely to be accepting of 
LGBTQ staff? 

MM: Marriage wasn’t legal yet when I was on the market, 
but that gave me a really good litmus test. I would look at 
same-sex benefits, or domestic partnership benefits…. Also, 
I’m childless and intend to stay so, but schools with good 
parental policies tend to be accepting. If they have people 
who advocate for these kinds of policies that’s probably 
positive. 

DT: Different schools do differ. I would try to talk to current 
graduate students at places you’re applying to in order to 
try to gauge the climate at the individual schools.

Note: The Spectra Out and Ally Lists (http://lgbtmath 
.org/People.html) are useful resources for learning about 
the culture at a particular institution.

What are the family leave policies at your institutions? 

MM: At [Denison University], if you’ve taught there for 
more than a year, you get a full semester of leave at pay or 
a full year at half-pay. That’s for both having children by 
birth and by adoption. 

CM: My current job [at Johns Hopkins] started in 2004, 
but even back then they had fairly liberal policies regard-
ing partnership benefits. In fact, we used to have domestic 
partnership benefits. Once marriage got legalized, they got 
rid of that. And they had very generous financial help for 
adoptions. I’m not a biological mother, so they helped me 
adopt my children.

AF: At Amherst College, they’re open with respect to birth 
or adoption—whether you are the biological parent or not. 
We have a few options that we can pick from. 

When you are considering potential tenure-track positions, how 
do you figure out whether a school is located in an area that 
will be accepting of LGBTQ individuals? How does moving 
for an academic position affect your ability to find and sustain 
romantic relationships?

MV: When I started my graduate program I moved from 
Minnesota to California with my current husband of ten 
years. And that presented challenges in and of itself, even 
being in a stable relationship. Moving led to different 
emotional tolls.

DT: I’m in a long-term relationship now, but I met my 
current partner while I’ve been at Indiana. Bloomington, 
Indiana, is not a very large town, which has its own sort of 
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AF: We have a lot of social time in my department, so for 
me logistically how it happened was I showed up to the 
first event shortly after I was hired with my wife, and that 
was the end of it. 

MV: I worked in industry for five years as a computer scien-
tist. I think it was easier to come out in industry than it has 
been in academia. In industry, there’s more of a personal 
feel, so it doesn’t feel as irrelevant to talk about your partner 
or to bring them to things. Whereas in academia, I feel like 
there are these minimizing pressures of ‘You’re an academic, 
who you are doesn’t matter. It’s all about your work and 
what you can produce.’

DT: I would add that different departments have very dif-
ferent feels in terms of how it feels to bring up your family. 
When I was at Barnard College or Columbia, people talked 
much less about their families and their life in general out-
side of mathematics than they do at Indiana. 

If you choose to be in an open relationship, how can you smoothly 
introduce multiple partners to your coworkers at social events? 

MV: So mine was only in graduate school, so that was easier 
to navigate. I was in a younger crowd and brought multiple 
partners to different social events or my office. I don’t know 
what that will look like in a more department setting.

DT: I am in a polyamorous relationship. I haven’t really had 
to navigate it with the department because it’s been a little 
theoretical. There isn’t someone else besides my partner who 
I would want to bring to these events yet.

Are you out to your students? How can you signal to students 
that you want to be a resource for them to talk to about their 
LGBTQ-related life experiences? 

AF: I don’t stand up on the first day of class and make an 
announcement, but I have some things posted on the bul-
letin board outside my office that might indicate this if it’s 
otherwise not obvious. I do things like I bring my daughter 
in to pass out our leftover Halloween candy, and that in-
volves my wife coming in with my daughter. So I introduce 
them both to the class. 

MV: I do come out to my students on the very first day and 
introduce them to who I am, my pronouns, my family, be-
cause I think that the representation is important. But also 
I have the privilege of being a gay man. I have privileges to 
be able to come out in those spaces that I think other queer 
people who maybe don’t identify as a man may not.

DT: I also take a—well, a more low-key approach than you 
do—but along the lines of the ally signs and introducing 

myself with pronouns on the first day of class. Or maybe 
wearing certain t-shirts. But I do think that queer students 
are very attuned to these kinds of signals. 

MV: Also, my research in math education is on queer stu-
dents and their sense of belonging and inclusion in calculus. 
And role models and representation are one of the number 
one things that queer students talk about not having. When 
instructors have ally signs around or say things like, ‘I have 
an antiharassment policy,’ or ‘I don’t tolerate any discrim-
ination,’ students know that the instructor is going to be 
accepting. So even if we don’t come out or don’t feel com-
fortable, there’s ways in which you can provide messaging 
to your students without it being out. 

How can individuals and mathematics departments as a whole 
do a better job of supporting transexual, agendered, and other 
non-cisgendered undergraduate and graduate students? 

MV: There are some examples of networking with O-STEM 
(Out and STEM), which is an undergraduate organization. I 
think that departments having partnerships with those tend 
to signal that they’re going to be more accepting and try to 
understand that. And I also think professional development 
of faculty going through ally training as a department, as far 
as language use and pronoun use, can help.

DT: One thing that I’ve encountered is just getting my fellow 
faculty to correctly use pronouns. As I know you know, it’s 
hard because they’re older, they’ve used pronouns a certain 
way, and then things change. But, well, they’re still smart 
people and they can still learn. And so we work on it. I wish 
it were faster. 

MM: I think these programs are for you, so the question is, 
what do you want your administrator to do for you?

Note: There was also another relevant panel at the Joint Math-
ematics Meetings: Supporting Transgender and Non-binary 
Students. The January 18, 2020, panel was organized by Juliette 
Bruce, Christopher Goff, and Greg McCarthy. 

How was the LG&TBQ conference3 last June different from a 
typical math conference? 

DT: It made me realize how little I had talked about personal 
life with some of the other mathematicians. Many of the 
people there were senior people that I had no idea were in 
that kind of community. In the mathematical talks, I felt like 

3The LG&TBQ conference was organized by Harrison Bray and Autumn 
Kent. It was held June 10–14, 2019, at the University of Michigan. More 
information at www.math.wisc.edu/~kent/LG&TBQ.html.
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people were making a better effort to reach out beyond their 
individual little area within that conference. 

MM: There’s this myth that we are brains in jars when we 
do math, that we’re kind of disembodied and highly imper-
sonal because we’re on some sort of platonic frame where 
we’re not people, when in fact that’s totally false; we are 
people. That sounds stupid, but no, we are not theorems; 
we are people doing theorems. And that just became very 
clear in that space. 

DT: Maybe it’s related to being queer and trying to express 
yourself. I felt like the speakers were unusually good, and 
it just felt more connected than I usually feel at a math 
conference. 

When applying to graduate schools as a female mathematician, 
what if you’re afraid to come out for fear of being judged by con-
servative peers and facing additional harassment? 

AF: It’s true that there aren’t as many women in math as 
men, and it’s true that there are fewer queer people in gen-
eral, but there are absolutely queer women in math. We have 
four of us up here on the stage. And so, I think just know that 
while it may very well be the case that certain institutions 
are maybe less supportive, or open, or tolerant, many are. 
There are lots of different kinds of schools and programs. 
Some advice that I give to my students when they’re think-
ing about graduate programs—of course you’re thinking 
about the math and things like that. But you can also think 
about things that are on the personal side. There are a lot. 
And talk to people if you can. If you have mentors at your 
institution now that you feel comfortable talking with, talk 
to them. Talk more with us. We can try to offer some more 
specific advice. And once you’re at a place, there are lots of 
groups and organizations and people that I imagine you’ll 
be able to find and connect with at a lot of places. There 
absolutely is community. It may take a little bit to find it or 
find yourself at the right place, but it is there. 

MM: You have to navigate it how you want to navigate it. 
I’m not going to be here and be like, ‘No! You do you! Leave 
those pins on!’ You are doing you. You probably have a good 
sense of how out you want to be, what identities you want 
to present in which spaces—I’d say go with that. You don’t 
have to perform any identity in any space that you don’t 
want to. So if that’s how you want to play it, then that’s how 
you’re going to play it. That’s going to be fine. It’s so deeply, 
deeply personal that you’re just going to do whatever it is 
that you think is the right thing to do. And that’s the closest 
metric to the right thing to do that there is. There is just no 
overarching guideline as to how you should play it.

MV: We need to start viewing queerness as a strength. We 
are amazing people and see the world differently, and we 

can leverage that in our research and our mathematics; we 
have so much more value that we see the world differently, 
and so I think, ‘Go us.’ 

Thanks to all five panelists for sharing positive stories 
of being included in the social life of their departments. 
These stories are important, because they show that many 
mathematicans are welcoming their LGBTQ colleagues 
with open arms. It is however also important to note that 
not everyone’s story is positive. One participant who has 
a partner and small children and is a full professor at her 
university also spoke about department gatherings at her 
school. “People will get together with their kids and some-
times we’re not invited, because there are several super 
conservative colleagues, so if they host something we are 
not invited. In my case, I definitely feel treated differently.” 
The fear of being treated differently is the source of most 
of the questions discussed above, and unfortunately that 
fear is rooted in reality. 

For many young queer mathematicians, there is often 
a great deal of anxiety around navigating the intersection 
of their identity as a mathematician and their identity as a 
queer person. This panel aimed to address these issues by 
giving queer mathematicians a space to share their stories 
and to recognize that they are not alone. But there are many 
more stories to be told and issues to be discussed. The or-
ganizers hope that this panel serves as part of a larger con-
versation that will be continued at future events for LGBTQ 
mathematicians. If you are interested in learning about such 
events, you are encouraged to join the Spectra mailing list 
at lgbtmath.org.

While LGBTQ events help to build safer spaces for queer 
mathematicians to learn from one another, it is also essen-
tial for the mathematics community as a whole to welcome 
and support its LGBTQ members. The work of building a 
welcoming and supporting community is too expansive to 
properly address here. One piece of that work is building 
awareness of the concerns faced by LGBTQ mathematicians. 
This article aims to do just that. Another piece of that work 
involves individuals acting as sources of information and 
support. Those who wish to make themselves available to 
LGBTQ mathematicans seeking support and guidance are 
encouraged to join the Spectra Out and Ally Lists (http://
lgbtmath.org/People.html). 

Credits
Author photo is by Laurie DeWitt, 
Pure Light Images. 

Corrin Clarkson
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Reliability Analysis
in Telecommunications

Veena B. Mendiratta

Introduction
Reliability modeling and analysis of telecom networks and
systems is a broad subject and includes many techniques,
ranging from reliability block diagrams and other combi-
natorial methods at one end to Markov models, Petri nets,
Stochastic Activity Networks (SANs), etc., for more com-
plex models. Both analytical and numerical methods are
used. In this paper our goal is to provide a characteriza-
tion of telecom systems with respect to reliability and to
present a few case studies to illustrate the types of mathe-
matical modeling and analyses that are done in an indus-
trial setting in the process of building a reliable telecom
system. The analyses are presented in terms of the types of
models that are developed in different phases of the prod-
uct realization process. We discuss telecommunications
reliability modeling from a systems perspective to include
both hardware and software components.

As telecommunications systems are considered a critical
infrastructure they have stringent requirements, typically
an availability of 99.999%, often referred to as 5-Nines. In
this context, reliability modeling is an important part of
the development process, starting from the design of the
architecture where models are used to evaluate alternative
architectures to predicting the expected field reliability at
the end of the testing phase based on the lab testing results.

Very broadly, a telecommunications network system is
an arrangement of computing and telecommunications
assets—a group of nodes and links—that is capable of car-
rying audio, visual, and data communications. The main

Veena B. Mendiratta is an applied researcher in network reliability and ana-
lytics at Nokia Bell Labs. Her email address is veena.mendiratta@nokia
-bell-labs.com.
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function of such a network is to provide for the efficient
transmission of information from a point of origin to a
point of termination. Figure 1 shows a high-level telecom
network reference architecture where CDN refers to Con-
tent Distribution Network.

CDN

Access

User
Public

Internet

User

Access

Core Network

Voice
Services

Figure 1. Telecom network example reference architecture.

In the following section we present an overview of the
different types of reliability models developed in the tele-
com domain followed by a few selected example case stud-
ies.

Reliability Modeling
In an industrial setting, the type of reliability model devel-
oped depends on the phase of the product realization pro-
cess for which themodel is used, namely: concept/explore;
architecture/design; post-development, pre-testing; test-
ing; and operational phase. Figure 2 illustrates the differ-
ent types of models that can be developed in the various
phases of the product realization process.

In the concept and explore phases, the results from sim-
ple reliability models can be used to compare architecture
alternatives. In the architecture and design phases, the
models are used to predict system reliability and perform
sensitivity analysis with respect to model parameters (the
model on clustered systems in the next section is an ex-
ample). The model can also be used, if given a system
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Update 
models

Figure 2. Reliability modeling in the product realization process.

reliability objective, to determine the values of parameters
such as error detection and recovery time, which can then
be used as design goals. As the system is developed, model
parameters can be measured and the reliability model can
be updated with these values. After field deployment, the
model can be validated with field failure data, which can
also be used for modeling future releases of the product
and for modeling the reliability of similar products. The
example on availability in the next section discusses how
field outage data can be interpreted, and used to compare
the outage characteristics against the design specs. With
the emergence of sensor networks and advances in network
telemetry, large volumes of data are available, often in near
real-time, during the operational phase. Using machine
learning (ML) approaches (discussed in the next section),
this data can be used for anomaly detection and prediction
to proactively mitigate reliability issues. When problems
do occur, ML approaches can be applied for log analysis
to determine root cause as well as create failure signatures.

The basic inputs for a reliability model are the follow-
ing: hardware failure rate, software failure rate, fault recov-
ery coverage factor, and error detection and error recovery
duration. Of these inputs, the most difficult to predict
is the software failure rate, and it is the focus of much
of the work in software reliability modeling. The mod-
eling techniques appropriate for 5-Nines telecommunica-
tion systems are availability models for repairable systems
with the following assumptions: constant failure rate; the
availability of each component is independent; and redun-
dant structures are designed for online repair where the re-
pair of a failed unit does not impact the operation of the
working units.

The exponential distribution is most commonly used
in reliability models to represent the failure rate. For hard-
ware systems, the failure rate 𝜆 is usually assumed to be a
constant greater than zero, though, strictly speaking, it is a
function of time, as shown in the bathtub-shaped curve [21]
in Figure 3.

The failure rate is high during early life and is re-
ferred to as infant mortality due to the failure of weaker
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Figure 3. Bathtub curve for hardware failure rate.

components typically introduced in the manufacturing
process. Once these defects are eliminated the failure rate
is approximately constant and typically represents the sta-
ble operational phase of the system. Most systems spend
the major part of their lifetimes operating in this flat
portion of the bathtub curve. The failure rate starts in-
creasing at the end of the operational life as the system
enters the wear-out phase; this occurs as materials wear
out and degradation failures occur at an ever increasing
rate. Telecommunication systems are usually deployed
only during the stable phase, and, therefore, in reliability
modeling a constant failure rate assumption is made. If a
time-varying failure rate assumption is made, the Wiebull
distribution is commonly used to represent the failure rate
where the shape factor of the distribution directly influ-
ences the failure rate [21].

Several reliability modeling techniques are used for
telecommunication systems depending on the project
phase, and also on the inputs available for the models. We
classify the modeling techniques in three broad categories,
namely:

• Classic (and simpler) techniques such as reliabil-
ity block diagrams, fault trees, and Markov mod-
els, typically assuming exponential failure and re-
pair rates.

• Advanced (and some newer) techniques such as
nonexponential models, stochastic Petri nets, and
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Bayesian belief networks.
• Machine learning (ML)-based techniques used

when there is a large volume of data available such
as from automated testing, or from telemetry data
and log data for deployed systems.

In the early phases, for evaluation of alternatives, sim-
pler models may be adequate, as typically the model in-
puts are less precise in this phase—the focus ismore on the
comparison of alternatives rather than the absolute model
results. Markov models are a good choice for architecture-
based reliability models, the results from which can pro-
vide insights into system failure and recovery behavior.
The advanced techniques can be applied in the later phases
of the project whenmore detailed inputs (architecture, fail-
ure and recovery behavior, parameter values based on lab
measurements) are available. ML techniques can be ap-
plied to testing data as well to field data for deployed sys-
tems.

There are no books that are specific to telecommunica-
tions system reliability modeling; however, there are some
classic books that are essential for reliability modeling.
The book by Trivedi [21] is a classic text for system reli-
ability modeling and provides a comprehensive guide to
the analysis, modeling, and evaluation of the reliability of
computer and communication systems along with the the-
oretical concepts of probability, stochastic processes, and
statistics required for the analysis. The more recent book
by Trivedi et al. [20] covers the advanced and newer tech-
niques as well as evaluating the various approaches for re-
liability modeling. The survey article by Ahmad et al. [2]
provides a detailed survey of the application of various re-
liability modeling and analysis techniques for telecommu-
nications networks.

Hardware reliability modeling is a well-established dis-
cipline, and many textbooks, for example Tobias et al.
[19], provide a good introduction to the subject. Software
reliability modeling, on the other hand, is a (relatively)
newer field and, to some extent, is more art than science.
The text by Musa et al. [15] is a classic text for software
reliability modeling. The handbook by Lyu [12] is a com-
prehensive collection of articles on various aspects of soft-
ware reliability modeling. Software reliability models de-
veloped in the architecture and design phase are used for
prediction and to identify software modules that are likely
to be error-prone. The survey paper by Rathore et al. [18]
provides an extensive survey of the software fault predic-
tion techniques aimed at identifying fault-prone modules.
Models developed in the testing phase, namely, software
reliability growth (SRG) models, are based on the parame-
ters estimated from system test data and are used to predict
the residual faults in the system and to determine when to

stop testing. The models on software reliability in the next
section are examples of models used in the testing phase.

Modeling Examples: Case Studies
A few selected example case studies are presented in this
section.
Availability. Availability is the commonly used measure
and requirement in the telecommunications industry.
Consequently, the models developed typically predict the
expected availability or, equivalently, the expected down-
time in minutes per year. When a system is said to have a
reliability of 5-Nines what is meant is that the availability
of the system is 0.99999. What does 0.99999 availability
mean? Mathematically it means that, on average, a sys-
tem is down for less than 5 minutes per year. For systems
in the field, the average downtime per year is calculated
as the cumulative downtime of all the deployed systems
over a year divided by the number of deployed systems.
The average value is skewed by the large duration outages,
since very few systems fail at all in any given year for a
high-availability system. The few systems that do fail are
typically down for the duration of the time to repair. The
Mean-Time-To-Repair (MTTR), for modeling purposes, is
generally assumed to be two to four hours; however, in
practice, it can vary significantly based on the outage event.

Figure 4. Pareto plot of field outage data.

For this reason, the Pareto plot [1] is a useful method to
track a product’s field availability performance over time.
The cumulative distribution function (𝑐𝑑𝑓), 𝐹(𝑑) of the
outage duration 𝑑 can be defined as

𝐹(𝑑) = 𝑃𝑟(𝐷 ≤ 𝑑)
where 𝐷 is a random variable of 𝑑. Using data from
a widely deployed telecom product, normalized to have
𝜆 = 100 outage events per year and unitless time dimen-
sion, we compute the empirical 𝑐𝑑𝑓, 𝜆(1 − ̂𝐹(𝑑)), which is
plotted against 𝑑 to obtain the plot shown in Figure 4 [9],
where the x-axis is in a log scale. From the graph we see
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that one can expect ten events greater than 100 time units
annually and one annual event greater than 300 time units.
On the original scale, the area under the curve is approx-
imately proportional to the product’s availability. How-
ever, unlike themeasured availability, which can be greatly
influenced by a single large outage event, this graph gives a
view of the true availability experienced over time. Further,
we find that the graphs are very stable over time in the sense
that the duration 𝑐𝑑𝑓 is fairly unchanging once the product
is designed, and improvements in availability are achieved
via reduced frequency of outages modulo extreme outage
duration events. Note that systems with lower successful
recovery rates will have duration 𝑐𝑑𝑓 plots similar to Fig-
ure 4 that are more spread out, that is, involve more long
outage events. The designer can estimate this graph based
on an understanding of the recovery mechanisms imple-
mented and their expected parameters.
Clustered systems reliability modeling. A cluster is a col-
lection of processing nodes in which any member of the
cluster is capable of supporting the processing functions of
any other member configured in a redundant 𝑛+𝑘 config-
uration, where 𝑛 processing nodes are actively processing
the application and 𝑘 processing nodes are in a standby
state, serving as spares for the 𝑛 active nodes. In the event
of a failure of an active node, the application that was run-
ning on the previously active node is failed over to one of
the standby nodes. The simplest redundant configuration
is active/standby, in which one node is actively processing
the application and the other node is in a standby state.
In a configuration with 𝑛 active nodes, the applications
which were running on a failed processing node are redis-
tributed among the other active nodes. The clustered sys-
tem is modeled as an irreducible Markov chain with work-
ing and failed states and intermediate recovery states [14];
see Figure 5.

Figure 5. Cluster failure model.

The state transitions represent processor failures repre-
sented by failure rate 𝜆, recovery and repair rates repre-
sented by 𝜇, and the probabilities of state transitions rep-
resented by the fault recovery coverage factor 𝑐, where 𝜇
and 𝑐 take on different values depending on the type of

recovery and repair. The coverage factor is the condi-
tional probability, given that an error has occurred, that
the system recovers automatically within the designed re-
covery interval. From a practical perspective, the cover-
age factor may be computed as a product of the terms
Prob(successful error detection) and Prob(successful error recov-
ery). The key point to note here is that coverage is never
perfect; it is always less than one. For a high reliability 5-
Nines system, most errors that do occur are recovered with
the lowest level of recovery, for example, task restart. It is
difficult and costly to test for coverage. Furthermore, for re-
dundant systems the coverage factor is the single most im-
portant factor impacting the availability of the system. The
example on testing later in this section describes a model
for estimating the number of tests required to achieve a
specified coverage level.

The model in Figure 5 includes only two working states:
𝑁𝑤𝑜𝑟𝑘𝑖𝑛𝑔 and (𝑁 − 1)𝑤𝑜𝑟𝑘𝑖𝑛𝑔. Several other working
states such as (𝑁−2)𝑤𝑜𝑟𝑘𝑖𝑛𝑔, (𝑁−3)𝑤𝑜𝑟𝑘𝑖𝑛𝑔, etc., could be
included in the model. However, given the high processor
recovery and repair rates relative to the processor failure
rates, the probability of the system entering these states is
small, and the exclusion of these states has minimal im-
pact on the model results. Since the goal here is to model
the failure and recovery behavior of a processor, the failure
rate 𝜆 represents the hardware and software failures for a
single processor. The system failure rate is 𝑁𝜆, where 𝑁 is
the number of processors.

When an error is detected in the processor, typically
the software is programmed to try a sequence of recovery
actions—from least severe, such as process restart, to most
severe, such as processor restart after data reload from
disk—until recovery is successful. The general principle is
to try the lowest-level recovery first to minimize service im-
pact and continue escalation to the next higher-level (more
severe) recovery if the lower-level recovery does not work,
and models of this type are often referred to as escalating
recovery models. The recovery sequence specified in the
model shown in Figure 5 is hardware switchover and, if
that is not successful, then processor restart. The model is
run with representative values for the input parameters—𝜆,
𝜇, and 𝑐—to obtain the expected frequency and duration
of recoveries and outages for a single processor in the clus-
ter and for the entire clustered system.

In field operation, there is considerable variation in the
duration of outages for such systems, and the distribution
of downtime duration, therefore, provides a good char-
acterization of the failure behavior of the system. This
was also illustrated above in the discussion of the avail-
ability example and the related figure (Figure 4). Figure
6, based on model results, shows a plot of the normal-
ized frequency versus outage duration distributions for the
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processor where both axes are in a log scale. The plots in
the figure are interpreted as follows. If the fault recovery
coverage factor is 0.90—𝑐1 = 0.90, 𝑐2 = 0.90, 𝑐3 = 0.90—
then 10% of the outages are expected to be greater than 5
minutes and 90% are less than 5 minutes; 1% of the out-
ages are greater than 20 minutes and 99% are less than 20
minutes; and so forth. 𝑐1, 𝑐2, and 𝑐3 are the probabilities
of successful recoveries from the states switchover, processor
restart, and processor restart with reload, respectively, in Fig-
ure 5. The plots for coverage factor values of 0.99, 0.75,
and 0.50 can be interpreted similarly. Note that as the
fault recovery coverage factor is decreased from 0.99 to 0.5
the plot flattens out—the slope decreases. This means that
more of the recoveries escalate to longer duration recov-
eries. A steep slope of the plot represents a system where
most of the outages are very short and even the recoveries
that escalate to higher levels are of short duration; it is the
preferred system behavior. Results from the model can be
used in various ways—the single processor view provides
the information necessary for evaluatingwhether the archi-
tecture provides the required reliability for particular appli-
cations; the cluster view provides the reliability predictions
for the system. And, given an availability requirement, the
designer can evaluate the sensitivity to various parameters
to gain insights into the design changes needed to meet
the given requirement.

Figure 6. Processor outage duration distribution.

Software reliability modeling.
Learning from software failure data. Failure detection

and fault correction are vital to ensure high-quality soft-
ware. During the development and deployment phases
detected failures are commonly classified by severity and
tracked to meet quality and reliability requirements. Be-
sides tracking failures, this data can be analyzed and used

to qualify the software and to control the development and
maintenance process. This example is focused on failure
data collected during the development phase, in particular
during the testing phase, and explores what we can learn
by analyzing this data [4].

Change management systems log the failures detected
during testing and the code fixes made to correct the un-
derlying software defects. By applying software reliability
models and statistical techniques to this defect data, we
can address questions such as the following.

• Is themaintenance process increasing the software
reliability?

• Is the maintenance process under control?
• How many failures are expected to occur in the

field?
• What is the expected time remaining to meet the

reliability requirement?

The methodology is based on trend analysis, control
charts, and software reliability growth models. A time pe-
riod for failure analysis is defined and trend analysis ap-
plied to detect reliability growth or decay. When reliabil-
ity decay is observed, standard control chart techniques are
used to detect the occurrence of assignable causes of pro-
cess shifts to take necessary corrective actions. In the case
of reliability growth, software reliability growthmodels are
applied to predict the number of residual failures and the
failure intensity. The following tools and techniques are
used:

• For quality process control—control charts (u
chart) and reliability growth trend analysis
(Laplace trend).

• For reliability modeling and forecasting—reliabil-
ity growth models (exponential and S-shaped
models).

Control charts. A process displays variation when mea-
sured over time or over a set of items. Control charts quan-
titatively categorize the sources of variation into two cat-
egories: variation due to phenomena that are natural to
the process and out-of-control variations that have assign-
able causes that could be prevented. The goal is to iden-
tify critical periods representing out-of-control variations
in the number of software defects detected. Let 𝑛(𝑖) be the
number of defects detected in day 𝑖 with system utilization
measure 𝜌(𝑖), and the average number of defects is 𝑛(𝑖)/𝜌(𝑖).
Consider that 𝑛(𝑖) is a Poisson variable. The parameters of
the control chart are

𝑈𝐶𝐿𝑖(𝐿𝐶𝐿𝑖) = 𝜇 ± 3
√

𝜇
𝜌(𝑖) ,

𝐶𝐿𝑖 = 𝜇 = Σ𝑛(𝑖)
Σ𝜌(𝑖) ,
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where 𝐶𝐿 is the center line, and 𝑈𝐶𝐿 and 𝐿𝐶𝐿 are the up-
per and lower control limits, respectively.

The observations 𝑛(𝑖)/𝜌(𝑖) are plotted on a timeline
against the control limits, and observations that are out-
side the limits are considered to be out of control. If the
process is in control the center line value can be used as an
estimate of the failure intensity (an estimate of the long-
term process mean). The 𝜇 chart is appropriate to deal
with rate measures like the daily failure intensity, consid-
ering that generally the system utilization is not uniform.
When the system utilization is uniform, 𝜌(𝑖) = 1, 𝑖 =
1, ..., 𝑚. In Figure 7, based on real data, the time periods
19 to 37 and 185 are considered out of control, and would
be flagged for further investigation to determine the cause
of the problem.
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Figure 7. Control chart: Daily failure rate.

Laplace trend test. If the failure detection and fault cor-
rection process is not under control it is not possible to
forecast the number of remaining defects in the software.
The Laplace trend test [6] is a powerful statistical tool to
monitor the reliability growth trend both over specific in-
tervals (local trend) and over the total period of interest.
The following trend regions, which correspond to a confi-
dence level of 95%, are used: [−2, +2] suggests no particu-
lar trend; [> 2] suggests a reliability decay in the observed
time period; and [< –2] suggests reliability growth in the
observed time period. The identification of local trends
is important, as they correspond to inflection points in
the cumulative number of failures. The chart in Figure 8,
based on real data, shows a system where, after a period of
no local trend, the system exhibits a local reliability growth
trend by period 22 and a clear reliability growth trend after
period 34.

Software reliability growth (SRG) models. Since the
test and deployment phases have strict schedules and qual-
ity goals there is a need to predict reliability metrics such
as faults remaining and the failure intensity. The basic ap-
proach is to calibrate an SRG model using the failure data
collected during the testing phase. The calibrated model is
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Figure 8. Laplace trend test showing reliability growth.

then used to predict the future reliability of the software,
and to determine when to stop testing. SRG models can
be used once the system exhibits reliability growth. These
models typically assume that software failures display the
behavior of a nonhomogeneous Poisson process (NHPP)
where the instantaneous failure intensity of the software is
time dependent.

The system represented in Figure 8, based on real data,
starts exhibiting local reliability growth by period 22, so
the failure data collected up to this period can be used for
prediction. Figure 9 shows the predicted cumulative soft-
ware failures based on an S-shaped nonhomogeneous Pois-
son process (NHPP) model [15] given by𝐻(𝑡) = 𝑎[1−(1+
𝑏𝑡)𝑒−𝑏𝑡], where𝐻(𝑡) is the cumulative number of faults de-
tected by time 𝑡, 𝑎 is the random variable representing the
initial number of faults in the software, and 𝑏 is the fault
rate (failure occurrence rate per fault or the rate at which
the individual faultsmanifest themselves as failures during
testing). The model has two parameters, 𝑎 and 𝑏, which
are estimated from the test failure data. The supposition
underlying the models is that the fault rate tends asymp-
totically to a constant value 𝑏. The objective of the model
is to predict failure intensity for each new system release
with the expectation that the software failure intensity de-
creases with time as faults are discovered (through testing)
and repaired.

For comparison, Figure 9 also shows the prediction us-
ing the failure data up to period 14, when the system does
not exhibit reliability growth; note that the prediction de-
viates significantly from the observed data. The prediction
using data up to period 22 fits quite well with the observed
failures. Here, trend analysis to detect the period of local
reliability growth was sufficient to provide a good estimate
of the prediction period. However, this is not always the
case, and discussions with developers and testers can help
with determining if the observed trend is sustainable to
properly select the detection period.
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This methodology provides a well-structured qual-
ity/reliability framework to analyze software failure data,
and can be used to certify the system in its capability to
fulfill the reliability requirements.
Testing for high reliability. It can be difficult to deter-
mine whether a system meets its reliability requirements
after some level of successful lab testing. In fact, the valida-
tion of ultra-high reliability in systems relying on complex
software is often not possible, because the dependability
requirements may lie near the limit of the current state of
the art, or beyond, in terms not only of the ability to satisfy
them, but also, and more often, of the ability to demon-
strate that they are satisfied in the individual operational
products (validation) [11].

As the model for clustered systems described above
showed, the coverage factor is an important factor in deter-
mining system availability. Consequently, based on mod-
eling, there are requirements on the minimum value of
the coverage factor to meet the system availability require-
ments. Fault injection testing can be used to obtain esti-
mates of the coverage factor. In this section we present an
approach based on hypothesis testing that allows us to esti-
mate the reliability of a system with a specified confidence
level based on the number of tests run successfully.

Given a requirement that the coverage factor 𝑐 ≥ 𝐶, the
obvious question is the following: how can we determine
in the lab if the system has the specified coverage factor?
The approach used is to run a series of random tests. If
a test fails, that is, the fault recovery was ineffective, the
error is fixed and random testing is started again. The test-
ing should continue until the data collected is sufficient
to show that the coverage factor is above the minimum
requirement. Since only a small fraction of the possible
tests can be actually executed, we cannot be absolutely cer-
tain that the coverage factor is adequate. What can be cal-
culated, however, is the probability that a system without

the minimum required coverage factor would have passed
the proposed system test. If 𝑁 randomly selected tests are
conducted, the probability that there will be no failure en-
countered in the testing is given by 𝑃𝑛𝑓 = 𝐶𝑁 , where 𝐶
is the system coverage factor or the probability of success-
ful automatic recovery on a test and 𝑁 is the number of
randomly selected tests. The tests are chosen, with replace-
ment, from a distribution that is representative of the ac-
tual usage of the program. Therefore, if the coverage factor
is required to be at least equal to 𝐶, and 𝑁 tests were run
without failure, then the probability that an unacceptable
product would pass the test is no higher than 𝑃𝑛𝑓. The
objective is to continue testing, without failure, until 𝑁 is
large enough to make 𝑃𝑛𝑓 acceptably low. As an illustra-
tion, a plot of 𝑃𝑛𝑓 = 𝐶𝑁 versus 𝑁, ranging from 0 to 1, for
three values of 𝐶 is shown in Figure 10.

Figure 10. Probability of automatic recovery for N tests.

From Figure 10, we observe, for example, that if the cov-
erage factor requirement is≥ 0.994, running 700 randomly
selected tests without failure indicates that the probability
of an unacceptable product passing the test is about 1.5%,
and for 400 tests the corresponding value is 9%. If the
coverage factor objective is ≥ 0.99, a less stringent require-
ment, then only 400 tests are required so that the probabil-
ity of an unacceptable product passing the test is less than
2%, while for a coverage factor requirement of ≥ 0.999, a
very stringent requirement, the number of tests needed is
4,000 for a comparable confidence level. This methodol-
ogy provides a framework for testing as well as guidelines
for the number of tests that should be run for a required
level of confidence in the results. For example, given 𝑐 and
𝑃𝑛𝑓, the number of test runs required can be calculated.

The procedure begins with a fully operational, non-
faulty machine. Testing is continued repeatedly until the
required number of tests has been run and tests have
passed consecutively, where the objective is to continue
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testing, without failure, until𝑁 is large enough tomake 𝑃𝑛𝑓
acceptably low. It is emphasized that the validity of this ap-
proach depends strictly on the distribution of the test set
being representative of the distribution of the events that
will be encountered in the field.
Machine learning approaches. Data-centric approaches
for reliability modeling are gaining traction given the in-
creasing volume and diversity of data availability from sen-
sors, telemetry, and system log data. This topic spans wide
areas of machine learning, and there is a large volume of
work in this area; it is beyond the scope of this paper to
cover the area comprehensively. To this end, in this sec-
tion, we provide a few examples and links to survey pa-
pers for readers wishing to get more information on work
in this area. We believe that the greatest potential for using
ML approaches for reliability modeling are in the testing
and operational phases.

Some of the early work on applying ML methods in re-
liability modeling focused primarily on the testing phase.
Examples include the paper by Gokhale et al. [7], where
the authors apply regression tree models to predict the
number of faults by software module based on the soft-
ware complexity metrics. Also, Ma et al. [13] present a
methodology for predicting fault-prone modules using a
modified random forest algorithm. These types of models
are developed prior to the testing phase, and the outputs
are used to direct testing efforts to modules that are pre-
dicted to be more error prone; such models are especially
valuable for testing of large-scale systems. Durelli et al. [5]
review the state-of-the-art of how ML has been applied to
automate and streamline software testing. Their results
highlight that ML algorithms have been used mainly for
test case generation, refinement, and evaluation where the
issues were formulated and solved as supervised or semi-
supervised learning problems.

In the operational phase, the application of ML tech-
niques for reliability modeling most commonly includes:

• anomaly detection—find undesired patterns in
the data;

• root cause analysis—investigate what caused the
anomalous behavior;

• failure prediction—monitor metrics to predict
failures based on knowledge of abnormal patterns
and their causes; and

• preventive maintenance—prevent failures before
they occur based on predictions.

The specific techniques used can depend on the types of
data available. System logs provide a rich source of data for
anomaly detection and prediction and root cause analysis
where supervised, unsupervised, and reinforcement learn-
ing methods are used. Increasingly, data from automated

smart sensors is used for preventive maintenance and, cou-
pled with log data, can be used for root cause analysis. It
is pertinent to note that since telecommunication systems
are designed for high reliability, failures are infrequent and
often may be subtle rather than catastrophic. And, as the
systems are characteristically complex, detecting and diag-
nosing anomalous behavior can be challenging.

In recent work Kim et al. [10] developed an anomaly
detection algorithm using log data from a 4G telecommu-
nications network. The techniques usedwere: multivariate
unsupervised learning with Principal Component Analysis
(PCA) for anomaly detection, and finite state machines for
root cause analyses. PCA was used for dimensionality re-
duction, as the feature space was large. PCA was applied
on the normal data to find the subspace where the varia-
tion of the normal data was small. By characterizing the
variation of the normal data in the subspace, they derived
a boundary of the normal data, and developed an anomaly
detection model based on it. After detecting an anomaly,
the message patterns of the anomaly data were compared
to those of the normal data to determine where and why
the problems were occurring. Root cause analysis, which is
application specific, typically relies on correlating informa-
tion from different types of log sources—for example, cor-
relating log data with resource consumption data or data
from IoT sensors. In this work the error codes related to
the anomalousmessages provided additional detail for the
root cause analysis.

Using log data He et al. [8] evaluated six different algo-
rithms (three supervised and three unsupervised machine
learningmethods) for anomaly detection. They found that
supervised anomaly detection methods present higher ac-
curacy when compared to unsupervised methods; that the
use of sliding windows (instead of a fixed window) can in-
crease the accuracy of themethods; and thatmethods scale
linearly with the log size. In practice, the data available
for analysis is often unlabeled or weakly labeled, thereby
precluding the use of supervised learning techniques. The
paper by Candido et al. [3] presents a good survey of the
different log analysis techniques using machine learning
for anomaly detection and prediction and root cause analy-
sis. The tutorial paper by Rafique and Velasco [17] includes
an example of applying ML for preventive maintenance in
an optical network. The tutorial paper by Musumeci et al.
[16] presents an overview of ML approaches for network
failure management by introducing automated methods
for failure detection and prediction, and localization and
identification (root cause analysis).

Summary
In this paper we provided a characterization of telecom
systems with respect to reliability, and presented examples
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to illustrate the types of mathematical modeling and anal-
yses that are done in an industrial setting in the process
of building a reliable telecom system. The models were
presented in terms of the different phases of the product
realization process. As telecommunications systems have
stringent reliability requirements, modeling is an impor-
tant part of the development process, starting with mod-
els to evaluate alternative architectures, to predicting the
expected field reliability at the end of the testing phase. A
range of techniques is used, ranging from classic (and sim-
pler) techniques, such as reliability block diagrams, fault
trees, and Markov models, to more complex approaches,
such as stochastic Petri nets and Bayesian belief networks.
An overview of ML-based approaches was presented which
can be used when there is a large volume of data available,
such as from automated testing or from telemetry data and
log data for deployed systems.
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Edward Dunne

Jane Kister, former executive editor at Mathematical Re-
views, died December 1, 2019, at the age of seventy-five. 
Jane was an editor at Mathematical Reviews from 1979 to 
2004, starting as an associate editor, then moving to associ-
ate executive editor in 1984. She was executive editor from 
1998 to her retirement in 2004, which was an important 
period just after the release of MathSciNet in 1996. Jane 
was the first woman to become executive editor, as well as 
the first to have been promoted from within the ranks of 
Math Reviews editors. Jane received her D.Phil. from Ox-
ford University in 1972. Her thesis supervisor was Robin 
Gandy, who was a student of Alan Turing. She had a tenured 
faculty position at Oxford before coming to Ann Arbor. As a 
researcher, her mathematical specialty was logic and foun-
dations of mathematics. While working at Math Reviews, 
Jane was also an editor of the Ω-Bibliography of Mathematical 
Logic. By a strange coincidence, I was her in-house editor 
at Springer-Verlag, which is how I first came to meet her in 
Gert Müller’s office at the University of Heidelberg.

Jane was talented and kind. She was well liked by ev-
eryone at Mathematical Reviews (MR), and by the many 
throughout the AMS who knew her. She was also very good 
at what she did. When I became executive editor, I met sev-
eral times with Jane, who gave me lots of excellent advice.  

Jane Kister:  
Executive Editor Extraordinaire

Edward Dunne is the executive editor of Mathematical Reviews at the 
American Mathematical Society. His email address is egd@ams.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2096
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Peter Hinman

Jane Kister and I were both logicians, so in principle we 
had a close professional relationship, although she was a 
proof theorist and I a recursion theorist. Consequently, our 
interests overlapped only tangentially. In recent years, our 
relationship was largely social.

I first met Jane (at the time, Jane Bridge) in 1971 while 
she was at Oxford and had organized a small conference 
that I attended. We next crossed paths in 1977 when she 
was a visitor for the Winter Semester at Heidelberg, where I 
was visiting for the year 1976–77. There we saw each other 
several times a week, particularly at the logic seminar.

The most important outcome of that year stemmed from 
a visit of my good friend Jim Kister in May or June on his 
way to Greece. I’m not sure whether or not Jane was still 
in Heidelberg at the time and I don’t think they met there, 
but since Jim was planning a sabbatical visit to Oxford in 
the fall, I alerted him to Jane’s presence there. The rest is 
history!

After their wedding, a small family affair in England, 
when they returned to Ann Arbor, my wife at the time and I 
hosted a reception for Jim’s and soon to be Jane’s Ann Arbor 
friends. It was a splendid party with dueling galantines of 
goose (my wife and I couldn’t agree on the presentation) 
and, of course, excellent wine.

Over the years, Jim and Jane were my most steadfast 
friends. I got to know Jane’s parents quite well over the 
years, both during their visits to Ann Arbor and in a couple 
of my visits to London.

When my second wife, Elizabeth, was diagnosed with 
leukemia in the fall of 2008 while we were on sabbatical 
in London, we returned to Ann Arbor for a long and com-
plicated treatment that ended with her death in September 
2009. Through it all, Jim and Jane were always there for me 
when I (often) needed them. It was full circle, since I had 
left their house after drinks with them and Jane’s parents, 
Nigel and Margaret, on New Year’s Eve in 1981 for my first 
date with Elizabeth.

As Jim became less physically mobile (but never less 
mentally mobile!), Karen (my current partner) and I tried 
to help Jane as much as she would allow, but her stiff- 
upper-lip British pride sometimes got in the way. After Jim 
died, we invited Jane for dinner most every week when we 
were in town and I think were of some help getting her 
along the path of starting a new life that sadly never had 
time to fully materialize.

Although Jane abandoned mathematical research soon 
after coming to Ann Arbor, she did continue for many years 
to attend the logic seminar that Andreas Blass and I ran 
at the University of Michigan. And she—and also usually 

She came to MR social gatherings whenever she could, 
and was always glad to see how Mathematical Reviews was 
doing. She enjoyed catching up with old friends, as well as 
meeting new people.

Two recurring themes in tales of Jane and her husband, 
Jim, are their hospitality and their appreciation for fine 
wine. When Smilka Zdravkovska, a former associate editor 
at Mathematical Reviews, first met the Kisters, a fine dinner 
was planned with Smilka and Andrew Ranicki, who hap-
pened to be visiting Ann Arbor. A severe thunderstorm had 
knocked out the electricity, causing dinner to be takeout 
pizza, but Jane and Jim made sure to serve a nice Bordeaux 
with it. Smilka got to know Jane well, and remarked, “Jane 
was an excellent speaker but an even better listener. She 
would always ask questions about all the members of the 
circle of family and friends of her interlocutor. And she 
would remember the answers the next time you met her. 
This I think she inherited from her mother.” Asen Don-
tchev, another former associate editor, recalled walking to 
lunches with Jane and others from the Math Reviews office. 
He wrote, “There was a rule not to talk about work during 
lunch, but every rule is broken, as a rule.” On the way back, 
Jane would often stop or take detours to admire particularly 
splendid trees in the neighborhood. Ann Arbor, the City of 
Trees, clearly suited Jane.

Jim Kister, who was a leading topologist at the University 
of Michigan, died a year before Jane. After Jim’s death, Jane 
took a friend’s advice and never said no to an offer to go 
out to meet someone. I saw a lot of Jane in that last year.

Allyn Jackson wrote a very informative article about 
Jane Kister on the occasion of her becoming executive ed-
itor [Notices Amer. Math. Soc. 45 (1998), no. 7, 877–878].  
What follows are some reminiscences from people who 
knew Jane well.

Peter Hinman is professor emeritus of mathematics at the University of 
Michigan. His email address is pgh@umich.edu.
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played a key role at MR in helping to facilitate and manage 
the successful evolution of MR from a paper journal to an 
online database. While in retrospect it seems clear that this 
was the right choice, it was not always so clear, especially if 
you were an MR employee who was worried about keeping 
a job. From my interactions with many MR employees over 
the years, I know that MR enjoyed great employee loyalty 
and dedication to its goals. I think that much of this was 
due to Jane’s ability to relate closely with MR staff and the 
way she cared for all in her circle. Her quiet and compas-
sionate treatment of all she met enabled her to succeed as 
a manager at MR.

Jane’s role as associate executive editor was also very 
important when the executive editor position changed, 
as it frequently did. At that time, executive editors were 
recruited from the outside mathematics community. They 
often brought new ideas that helped MR evolve. However, 
it was still necessary to do all the daily work at MR, the 
work of some 70+ employees. Mathematicians from ac-
ademia didn’t come with this knowledge or experience. I 
always thought it was Jane Kister and her team of long-time 
managers who kept the operations functioning smoothly 
throughout these changes at the top. The same was true 
when other big changes were happening at MR, such as 
the move from handling mathematical articles on paper 
to online editing. A huge internal change at MR was nec-
essary to handle the expanding mathematics literature in 
a digital world.

MR has come a long way, from information typed on file 
cards to the current database with its rich links and search-
ability. It is the work of many people over many years, but 
Jane Kister is one whose work contributed enormously to 
this successful transition.

We miss her smile, her gentle laugh, and her quick wit 
that always made each meeting a little better.

Jim—participated enthusiastically in the after-seminar tra-
ditions of turkey and bagels or pizza at one of our homes. 
We didn’t often talk on mathematical themes—usually bits 
of Math Reviews politics from her or University of Michigan 
departmental gossip from me—but of course our shared 
mathematical connections were always underlying our 
friendship. I have been an MR reviewer for fifty years and I 
treasured the compliments that Jane occasionally gave for 
a review of mine that she had read.

Al Taylor

I first met Jane Kister when she came to Ann Arbor from 
Oxford in the late 1970s. She had met my colleague from 
the Michigan mathematics department, Jim Kister, when he 
visited Oxford in 1977–78. They fell in love, married, and 
Jane moved to Ann Arbor, where she accepted a position as 
an executive editor at Mathematical Reviews (MR). While 
Jane was regularly in the Michigan math department as an 
active member of the logic seminar, I didn’t have much con-
tact with her until I became a member of the Mathematical 
Reviews Editorial Committee in 1989. Then, over the next 
sixteen years, at numerous meetings in various parts of the 
volunteer leadership of the AMS, as well as in occasional 
visits to the MR building, I saw her quite regularly. After 
starting as an associate editor at MR in the 70s, by 1989, 
Jane was in a senior position in the management at MR. 
Even then, as throughout her career at MR, she kept close 
to mathematics by doing some mathematical editorial work 
and by participating in the logic seminar at Michigan. The 
year 1989 was also a time when the management structure 
at MR was changing and crucial questions about the future 
of MR were under consideration. Mathematical Reviews as 
a paper journal had been getting larger and more expensive 
as the mathematical literature expanded. As subscriptions 
became more expensive, the number of subscriptions 
was decreasing, and it was clear changes were going to be 
necessary. Throughout the next decade and beyond, Jane 

Al Taylor is professor emeritus of mathematics at the University of Michigan. 
He was chair of the Mathematical Reviews Editorial Committee (1989–
1992, 2002–2005) and associate treasurer of the AMS (1993–2002). His 
email address is taylor@umich.edu.

Al Taylor
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John Ewing

Jane Kister became the seventeenth executive editor of 
Math Reviews in July 1998. She had been at Mathematical 
Reviews for nearly twenty years before that, playing a key 
role in almost every part of its development—digitizing the 
database, computerizing operations, expanding coverage, 
and more. During that time, she worked with several dozen 
associate editors, five different executive editors (who 
headed MR), and three different executive directors (who 
headed the AMS). I was her third.

When Jane began in 1979, Math Reviews was just emerg-
ing from turmoil—large backlogs, new systems, too many 
new associate editors. Jane was stability; she was support; 
she was exquisite attention to detail. She remained all of 
these things for the next quarter century.

When I offered the position of executive editor to Jane 
in 1998, Math Reviews wasn’t facing turmoil, but it was 
facing many pressures, both inside and out. Launched only 
a few years before, MathSciNet required a change to MR’s 
operations, which were still fundamentally built upon a 
workflow geared towards a paper publication. We needed 
to speed up the process, gently but decisively. MathSciNet 
itself faced competition in a new world of online prod-
ucts with rapidly evolving business models. We needed a 
spokesperson—an expert in MR who also knew how to talk 
to mathematicians. Jane fulfilled all these needs.

During her tenure, every aspect of Math Reviews im-
proved. The vast majority of reviews, which were previously 
submitted on paper, now came in online; the time to 
publication decreased dramatically; MR added new tools 
like MR Lookup and MRef; it included links to original 
publications for the first time; and Math Reviews began to 
create a citation database from reference lists. At the same 
time, relations with the broad mathematics community, 
including Zentralblatt, steadily improved.

When I considered her appointment as executive editor, 
Jane was a twenty-year veteran of MR and fiercely loyal to 
the organization. Over the preceding years, Math Reviews 
and the rest of the AMS had not always maintained a har-
monious relationship, with occasional clashes between 
executive directors and executive editors. I hesitated to 
appoint a “fiercely loyal” internal candidate but decided 
to take the risk.

At Jane’s retirement celebration in 2004, I told a story: 
It seems two husky moving men were struggling with a 
grand piano lodged in a doorway. It was stuck despite all 
their pushing and pulling, and finally one said, “I give up; 
we'll never get this into the house.” And the other looked 
up in surprise: “In? … I thought we were trying to get it 

John Ewing

out.” I never felt Jane and I were pulling or pushing against 
one another—not once, not ever. We worked together and 
easily. Jane was an accomplished professional, who loved 
Math Reviews and who served the publication and the 
Society for more than a quarter century.

Norman Richert

I was hired by Jane in June 1999 with the title administra-
tive editor. This was a title she held under several executive 
editors: Keith Dennis, Jerry Janusz, Bob Bartels, and Don 
Babbitt. The executive editorship was more of a rotating 
position in those days, and for many day-to-day purposes 
at Mathematical Reviews, she was effectively in charge.

Jane had an incredible depth of knowledge of the details 
and history of Math Reviews. She had strong opinions 
about how things should be, yet also allowed people a lot 
of freedom. In the editorial training that she gave me, I was 
certainly made aware of the importance of grammatical de-
tails. Things that I thought were small were very important 
to her. This made a big impression on me. At the university 
from which I came to Mathematical Reviews, I had devel-
oped a reputation as the nit-picky one, relative to written 
work. I discovered I had a long way to go in that depart-
ment. Jane was always generous with her time with each 
executive editor that followed her. They would have lunch 
with her and pick her brain about history and context.

She was a very gracious and kind person, but also very 
proper. Around Christmas, there was always a delightful 
party for all the associate editors and managers hosted by 
Jim and Jane at their beautiful home. People dressed up; 
the food and wine were generous. Observing Jim and Jane 
interact with each other was heartwarming. The story of 
how Jane came to be at Math Reviews in Ann Arbor was 
the stuff of romantic movies.

The relationship between MR and the larger AMS was 
not always smooth sailing. But she would always urge the 
position that she thought was right and would stand up for 
what she thought was best for the staff. This was despite the 
fact that she thought there might be repercussions. I was 

John Ewing is president of Math for America. He was the executive director 
of the AMS (1995–2009). His email address is jewing@mathforamerica 
.org.

Norman Richert was managing editor at Mathematical Reviews. His email 
address is nrichert@comcast.net.
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always a little amused and saddened by that, since she was 
second to none in overall gravitas. Somehow, she never felt 
comfortable throwing her weight around.

Although she could be austere in her manner, Jane 
was notable for her kindness to all the staff. I am grateful 
to her for bringing me to Mathematical Reviews and for 
supporting me as I tried to get my mind around a very 
complicated operation.

It was a strange feeling when Jane announced her 
retirement, not only because she hired me, but because 
she seemed to embody the essence of what Mathematical 
Reviews was. It is a tribute to her leadership that she left 
a strong organization, with an outstanding and dedicated 
staff, that could move forward and grow, based on her 
vision.
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MATH OUTSIDE THE BUBBLE

Life-changing inspiration struck Diarra Bousso during a 
late-night slog through a stack of student papers. It was 
2018, and in her first few months as a high school math 
teacher the longtime artist had found that grading and les-
son planning left her without the time—or the energy—to 
draw. Faced one evening with a sheaf of student attempts 
at graphing linear, absolute value, and quadratic functions, 
she began to see her pupils’ misplaced vertices1 and wonky 
symmetries differently. 

“I looked at the realm of their answers across 88 stu-
dents,” Bousso remembers, “and started daydreaming the 
patterns all their combined mistakes could produce.”

The next day she pulled an all-nighter, graphing various 
functions and coloring the regions bounded by them. 
Bousso credits this wee-hours exercise with informing not 
only her classroom practice in the subsequent weeks but 
also the prints adorning her latest line of womenswear.

Bousso arrived at the overlap between parent func-
tion transformations2 and convertible jumpsuits via a 

multi-continent journey too long and dramatic to reca-
pitulate fully here (but detailed by Kristen Philipkoski 
in Forbes in December; see https://bit.ly/2UfbWlq). 
Born in Dakar, Senegal, Bousso earned a bachelor’s degree 
in applied mathematics, economics, and statistics from 
Minnesota’s Macalester College before spending two years 
as a bond trader at Credit Suisse. Unhappy in finance—“I 
fell into depression while working on Wall Street because 
I had chosen the wrong path and was miserable and felt 
no purpose,” Bousso told Forbes—she returned to Senegal 
in 2012, launched Dakar Boutique Group, and ran the 
company for five years. In 2017, she returned to the United 
States to pursue a master’s degree in mathematics education 
at Stanford. There Bousso met Nomellini-Olivier Professor 
of Mathematics Education Jo Boaler, identified her dream 
job title, and began to see how pieces of her theretofore 
fragmented identity could in fact coexist. 

When Bousso followed Boaler on Twitter back in 2017, 
a phrase in her then-professor’s bio resonated with her: 
“Creative Maths.” “I always struggled with my identity 
as both a creative and a math lover,” Bousso explains. “I 
always felt like I had to choose one over the other and that 
the intersection of the two signaled confusion or just a 

“Creative Mathematician” 
Transforms Student Errors  

into “Sartorial Celebration”
Sophia D. Merow 

Sophia D. Merow is a freelance writer and editor. Her email address is 
sdmerow@gmail.com.
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or an absolute value function is called the vertex.
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2High school curricula use parent function to mean the “simplest” func-
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Math Outside the Bubble

the math classroom to the garment.” Fashion enthusiasts 
turned out, yes, but math professors (Jo Boaler, for one: see 
Figure 2) and students, too—a real meshing of Bousso’s 
two worlds. As 2019—DIARRABLU’s most successful year 
to date—drew to a close, media requests rolled in from 
the likes of Forbes and Vogue, CNN and Reuters. But for all 
the press attention, it was the engagement of her students 
with her work that Bousso found most gratifying. Members 
of Bousso’s Algebra II and Geometry classes attended the 
Bloomingdale’s exhibition and explained the math behind 
the designs. “It was so encouraging and humbling for me,” 
she says. 

Fresh off the initial success of her math-infused fash-
ion, Bousso remains committed to forging ahead in both 
the classroom and the studio. Still teaching, she has her 
Algebra II students design coloring books using the same 
transformation process that produced DIARRABLU’s Fall 
2019 collection. She has collaborated with Boaler and fel-
low Stanford affiliate Nancy Lobell to disseminate lesson 
plans that equip teachers to similarly guide student explo-
ration of “the art that can be created from mathematics” 
(see https://bit.ly/2v1EK62). And she has situated the 
mathematical element squarely at the center of her label’s 
branding. DIARRABLU’s website describes the clothing line 
as a “sartorial celebration of geometry and modern art,” 

lack of focus.” One focus of Boaler’s work—and something 
she emphasizes in her classes—is visual mathematics and 
the brain science behind its effectiveness, and this spoke 
to Bousso. “She made me feel like my relationship with 
both math and art was valid,” says Bousso. Thus validated, 
Bousso declared herself a “Creative Mathematician” and 
told Boaler she intended to make that characterization a 
reality. 

Flash forward to last October. With her label  
DIARRABLU’s Fall 2019 collection (see Figure 1), Bousso’s 
math-fashion mashup came to ready-to-wear life. Colorful 
prints born of Bousso’s paper-grading aha! splashed polyg-
onal and curvilinear shapes across the season’s jumpsuits, 
ponchos, and maxi dresses, and Bousso took to social 
media to hype her creative process. “This season we focus 
on quadratic equations and developed an algorithm to 
graph, rotate, translate, [and] dilate the geometric shapes 
generated by the functions,” she wrote on Instagram. “We 
generated hundreds of prints algorithmically and picked 
our top 7,” she tweeted.

The collection got noticed. Bousso snagged a spot as De-
signer in Residence at the San Francisco Fashion Incubator 
and in December held a Math Lab Exhibition and Christ-
mas Pop Up at the city’s Market Street Bloomingdale’s. By 
chatting with Bousso, browsing museum-style displays of 
art and artifacts, and participating in hands-on activities, 
visitors had the chance to “follow the brand’s journey from 

Figure 1. DIARRABLU’s Fall 2019 collection signalled a new 
direction for the label: designing prints with mathematics. 

Figure 2. Boaler and Bousso at the Bloomingdale’s exhibition, 
December 2019.

https://bit.ly/2v1EK62
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Credits
Figures are courtesy of Diarra Bousso.
Author photo is by Igor Tolkov.

one that results from “an innovative celebration of math 
concepts such as Euclidean geometry, combinatorics and 
recursion.” 

Pursuing mathematics education and fashion such 
that each informs the other has been personally fulfilling 
for Bousso. She can own both her mathematical and ar-
tistic interests, but also—she hopes—help others feel the 
liveliness of mathematics and appreciate it as a creative 
discipline. “Equations are not just variables and numbers, 
they are emotions, colors, stories, shapes,” she says. “They 
are magic!” 

Asked what readers can expect from DIARRABLU going 
forward, Bousso promises “a lot more math magic” and 
“more exploration of math art from other fields beyond 
algebra and geometry.” Follow Bousso (@dbdiarrabousso) 
and/or DIARRABLU (@thediarrablu) on Twitter to stay in 
the loop.

Sophia D. Merow 

Figure 3. The Kailua and Waimea prints in DIARRABLU’s Spring/Summer 2020 collection are derived from the label’s bestselling 
Sokhna print via dilation.
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This report will summarize what occurred during the first 
quarter of 2020 relative to the coronavirus pandemic, and 
will then report major AMS accomplishments from 2019. 
The COVID-19 pandemic is impacting our profession and 
the AMS. I am intensely proud of how our professional 
society is continuing to advance research and maintain our 
connections during this challenging time.

Over the course of March 2020, AMS facilities in Wash-
ington, DC, Providence, Pawtucket, and Ann Arbor made 
significant adjustments to our operations in light of the 
COVID-19 pandemic. This included quickly changing 
many of our workflows to be paperless. All staff are tele-
working, if possible. The printing and distribution facility 
in Pawtucket, Rhode Island, remains operational with a 
skeleton crew of two or three people, as of this writing. 
Furthermore:

 • Members of the AMS Board of Trustees are in close 
consultation with staff and volunteers.

 • The AMS Investment Committee meets weekly to 
monitor and make decisions about our endow-
ment.

 • The AMS Business Continuity Team and an ad hoc 
Emergency Task Force meet weekly to monitor and 
make decisions about AMS operations.

 • The AMS Communications Department maintains 
a new AMS Resources & Updates page at https:// 
www.ams.org/home/covid-19.

 • Spring sectional meetings were cancelled, but will 
return to the same host campuses in the future.

 • All spring governance meetings were converted to 
videoconferences.

 • Some deadlines for AMS Programs, such as 2021 
Fellows nominations, have been extended.

 • AMS authors are being encouraged to provide their 
banking information for royalty payments, in place 
of Fiscal staff issuing paper checks.

Report of the Executive Director
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Catherine A. Roberts, Executive Director
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this time. We have to make many decisive choices with no 
idea how long this pandemic will last. For example, we re-
cently decided not to create the printed version of the May 
issue of the Notices of the AMS, although the full version is 
available on our website. (Did you know we posted PDFs 
of past issues back to 1954?) Since we may be unable to 
issue paper checks to our authors for some time, we are 
reaching out to collect banking information to accelerate 
our royalty payments.

What can you do? Continue to monitor https://www 
.ams.org/home/covid-19 and follow us on social media 
to stay up to date and to tap into resources. Maintain 
your AMS membership. Consider a donation to the AMS; 
of great value would be donations earmarked for area of 
greatest need. Use and share resources such as MathJobs, 
MathSciNet, Open Math Notes, and other AMS products. 
Buy some eBooks. Submit a proposal to organize a special 
session at a future AMS meeting. There are many ways our 
members can support their professional society, as we do 
our best to continue supporting our members.

The spring report to Council traditionally summarizes AMS 
activities from the prior year. Here are highlights from 2019:

 • This was the fourth year of implementation of the 
2016–2020 Strategic Plan.

 • The Campaign for the Next Generation met its $3 
million goal.

 • The AMS printshop converted to new digital 
presses.

 • 91 new books were published and Open Math 
Notes was enhanced.

 • The Math Reviews Database added 128,224 items 
and 95,767 reviews in 2019.

 • The decadal revision of the Mathematics Subject 
Classification, MSC2020, was completed.

 • New, enhanced Journal Profile pages in Math-
SciNet were released.

 • The AMS-Simons travel grants received continued 
support from the Simons Foundation.

 • The NSF funded Mathematics Research Commu-
nities again, with a program expansion to include 
a new focus on research relevant to business, in-
dustry, and government.

 • The book Living Proof, a joint AMS-MAA project, 
was mailed to approximately 1,500 math depart-
ments in the United States, and is available for free 
download and for print sale.

 • The backlog for Transactions of the AMS was elim-
inated with the publication of an extra volume.

 • The Communications Department was estab-
lished.

 • The AMS sold a surplus of IPv4 addresses, realizing 
almost $1,000,000 in revenue.

 • The Math Reviews Database continues to be up-
dated, but more slowly.

 • Books, journals, and our member journals con-
tinue to be produced, but more slowly.

 • Availability and sales of MathSciNet®, books, and 
journals continue.

Several resources (available at https://www.ams.org 
/home/covid-19) are now posted to support the math-
ematics community, and more are being developed. We 
hope to provide more resources to early career mathema-
ticians, as well as to come up with some way we can share 
the research that we would traditionally present at confer-
ences. We are particularly thinking about the emotional and 
practical support we might provide to students, especially 
those who are about to select a graduate program or enter 
the job market. To date:-

 • Using a new tool released to help in coronavirus 
conditions, more than 2,000 people have remotely 
paired their institution’s library to access Math-
SciNet and other AMS content without having to 
connect to their network.

 • The AMS joined the Copyright Clearance Center 
Education Continuity License program, providing 
access to our content for distance learning and 
other educational uses at no cost to the user.

 • AMS books and journal articles addressing relevant 
mathematical modeling content have been made 
freely available through our AMS Bookstore.

 • Resources to assist faculty in transitioning to on-
line teaching are now available.

 • A series of videos about the mathematics of 
COVID-19 are being produced by the AMS and 
are freely available.

 • A portal to media coverage about how mathemat-
ical sciences are being applied to understand and 
help address the coronavirus pandemic is being 
curated by the AMS.

In addition to scrambling to ensure that as many of our 
staff as possible can telework and have the tools they need 
to be successful, we are reaching out to members during 

AMS work must go on, even in a pandemic with no heat in the 
house.
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I also want to share that a longtime AMS employee, Lori 
Sprague, passed away in July. She worked in the Providence 
office for decades, where she was the Director of Sales and 
Member Services. A lovely tree with a plaque for Lori was 
dedicated in early fall, with many of her family members 
joining staff to remember how special she was to our AMS 
team.

During this unprecedented and uncertain time, I am 
grateful for the strong sense of community helping to bind 
us together, even as we are all now physically so far apart. 
The AMS will remain vigilant in monitoring this evolving 
situation and will continue to share thoughtful and creative 
resources for the mathematics community.

Catherine A. Roberts
Executive Director

April 2020

 • The AMS joined a multi-society Consortium on 
Sexual Harassment of Women in STEMM.

 • Donor engagement and stewardship via the Fiske 
Society was updated and expanded.

 • The Arnold Ross Lecture was held in conjunction 
with the American Regions Math League.

 • The Book Donation Program was discontinued.
 • The AMS launched an online series of interviews 

about careers in business, industry, and govern-
ment, in partnership with SIAM.

 • The AMS Social at JMM 2019 was held at the Mary-
land Science Center.

 • A reception/luncheon was introduced at some sec-
tional meetings by the Membership Department.

 • Many upgrades were made to www.ams.org, in-
cluding progress on accessibility compliance.

 • AMS MathViewer was implemented for Mathemat-
ics of Computation.

 • AMS Graduate Student Chapter information is 
now tied into our database.

 • New features to our AMS Member Directory and 
our donation portal were released.

 • New office space in Washington, DC, was leased 
and built to our specifications for January 2020 
occupancy.

 • Our accounting software, Serenic Navigator, was 
updated.

 • A new auditing firm was selected to audit financial 
statements and the employee benefit plan.

 • Professional development training for staff, par-
ticularly for managers, was enhanced.

 • The Grassroots Advocacy Program was launched 
in the Office of Government Relations.

 • The Department of Education was repositioned 
from Providence to Washington, DC.

 • Although print book sales were under budget, 
eBook revenue continued to grow.

 • Several staff retirements across the AMS led to 
many new hires and some reorganization.

We made a great deal of progress to advance planning 
for JMM Reimagined, which will begin in 2022 when the 
MAA will cease to be a managing partner. New activities 
in 2019 included restoring the undergraduate travel grants 
for JMM 2020. In 2020, we plan to establish a new com-
mittee framework for supporting this conference. We will 
also release a new set of classification codes for abstracts in 
order to welcome a wider variety of presentations, and we 
will establish new partnership agreements with multiple 
professional organizations.
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The tree dedicated to Lori Sprague in fall 2019 is blossoming.
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TO LEARN MORE ABOUT WHAT YOUR GIFT ACCOMPLISHES, 
VISIT WWW.AMS.ORG/SUPPORT

MATHSCINET ® FOR DEVELOPING COUNTRIES

JOAN & JOSEPH BIRMAN FELLOWSHIP 
FOR WOMEN SCHOLARS

THE NEXT GENERATION FUND

AREA OF GREATEST NEED

LILLIAN PIERCE, 
2019-2020 FELLOW

Photo by Steve Schneider/JMM.
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AMS DONORS MAKE A DIFFERENCE.
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2019 Contributors
Dear AMS Members and Friends,

Each year, we present this report to celebrate the many generous donors who 
have contributed to our community. This list inspires me for two reasons: your 
gifts enhance the lives and careers of mathematicians across the world, and your 
generosity affirms our shared appreciation for the AMS mission. Your donations 
in 2019 supported promising researchers and celebrated accomplished mathe-
maticians; at the same time, through The Campaign for the Next Generation, you 
established new endowment that will nurture and encourage early career math-
ematicians for decades to come.

Many of our most popular programs depend on gifts from friends. Your gifts to 
the Mathematics Research Communities for early career mathematicians help us 
meet costs beyond what’s covered by federal grants. Your support of the Epsilon 
Fund for Young Scholars helps hundreds of mathematically inclined students 
to attend summer math camps. You create opportunities for mathematicians to 
participate in our community by subsidizing AMS memberships, conferences, 
book publications, and providing travel grants for students to the JMM and AMS 
Sectional meetings. You also helped us create opportunities for rising mathemati-
cians to learn about careers outside academia through the BIG (Business, Industry, 
and Government) Career Preparation Initiative.

But just as important as their immediate impact, your donations in 2019 also 
made a powerful statement of confidence in the AMS’s mission and vision by investing in our future. The Campaign for 
The Next Generation reached its goal to raise over $3 million to support early career mathematicians. The Thomas S. Fiske 
Society added new donors, creating a legacy of generosity through their estate plans. Additionally, 2019 saw the creation 
of nine Named Endowed Funds of at least $25,000 in support of the AMS. These exciting milestones, together with your 
contributions to our annual fundraising efforts in 2019, affirm the direction and priorities of the Society.  

It is not lost on any of us that our current environment offers many reasons for anxiety. Despite these uncertainties 
and challenges, I remain unwaveringly optimistic about our work and our impact. I am confident because I have a clear 
view of where we have been and how we arrived at this point. I see members of our math community “paying forward” 
the support you received earlier in your journeys. We share a commitment to sustaining mathematics. Your generosity in 
2019 implies that many of you share my conviction that the AMS will continue to support our members, advance research, 
and connect the diverse global mathematical community.

It is on behalf of this community, for which I know we all care deeply, that I hope you will accept my heartfelt thanks.

  Catherine A. Roberts
  Executive Director

Catherine A. Roberts
AMS Executive Director
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Campaign for The Next Generation
The following generous donors made gifts and pledges totaling over $3 million to The Campaign for the Next Generation, 
which concluded on October 16, 2019. The Next Generation Fund, created during the campaign and providing support 
for early career mathematicians, will remain a strategic fundraising priority for the AMS for many years to come.

($300,000 and above)
Anonymous (1)

($100,000 to $299,999)
Sigurdur Helgason
M. Susan Montgomery

($50,000 to $99,999)
Anonymous (1)
Adrian D. Banner
Bonnie Berger and 
    Tom Leighton
Pro Mathematica Arte
Ronald and Sharon Stern

($25,000 to $49,999)
Anonymous (3)
William J. Browning
Henry Cohn
Craig Huneke
Ann Kostant
Paul and Linda Muhly
Susan Schwartz 
    Wildstrom

(Under $25,000)
Anonymous (12)
William Abikoff
William Abrams
Scot Adams
Jeffrey Adler
Ian Agol
Arzhang Alimoradi
Colin Alstad
Matthew Ando
Stuart Antman
James Arthur
Jayadev S. Athreya
Joseph Ball
William H. Barker
Hyman Bass
Frances B. Bauer 
Samuel Baumard
Georgia Benkart
Charles Bennett
George Berzsenyi
Sara Billey
Tom and Nancy Blythe
Brian D. Boe
Pardis Boroomand

Leonard John Borucki
Rudiger Braun
David Bressoud
John Brillhart
Christopher Carbone
Roger Chalkley
Sun-Yung A. Chang
Ruth Charney and 
    Stephan Cecchetti
Trung Chau 
Dee Dee Shantell 
    Chavers
Dawei Chen
Jungkai Chen
Herman Chernoff
Emma J. Chiappetta
Amy Cohen
Ralph Cohen and 
    Susan Million
Whitney Colella
John B. Conway
Gary Cornell
James Cornette
Robert J. Currier
James Damon
Ingrid Daubechies
Robert J. Daverman
Donald Davis
Pierre R. Deligne
Keith Dennis
Peter Der
Shanna Dobson
Dezmarie Doyle
Nathan Dunfield
Edward Dunne
Robert Edwards
Mohamed Elhamdadi

Jordan Ellenberg
E.G. Enbar
Alex Eskin
John H. Ewing
Benson Farb and 
    Amie Wilkinson
David Fisher
Erica Flapan and 
    Francis Bonahon
Sergey Fomin
John Franks
Solomon Friedberg
William Fulton
Ryan L. Garibaldi
Stephen Gelbart
James Glimm
Michel Goemans
Dorian Goldfeld
William H. Goldman
David Goldschmidt
Jerome Goldstein
Carolyn S. Gordon
Ryan Grady
Matthew A. Grayson
Mark L. and 
    Kathryn Kert Green
R. Griess
Robert Andrew Grossman
Rosalind Guaraldo
Robert Guralnick
Alfred W. Hales
Thomas Hales
Robert M. Harington
Jane Hawkins and 
    Michael Taylor
William R. Hearst, III
Ellen H. Heiser

Laurene Heybach
David Hoffman
Nancy Hoffman
Tara Holm 
    and Timothy Riley
John M. Hosack
Whitfield Jordan 
    Howard
Freeman Hrabowski
Paul D. and 
    Bonnie Humke
Joan P. Hutchinson
Ron Irving
Beth Isaacs
Masanori Itai
Louise Jakobson
David Jerison
Bowen Jones
Elaine Kamowitz
Edgar Kann
Herbert Kasube
Linda Keen
Chandrashekhar Khare
Garo Kiremidjian
Laurence and 
    Celia Kirsch
Estate of Joseph E. Kist
Jane E. Kister
Beverly Kleiman
Janos Kollar
Bryna Kra and 
    Brian Platnick
Robert Krasny
Andrew Kresch
Peter Kuchment
Jim Kuhn
Alice Kurland

High School math teacher and Next Generation Fund 
Campaign Committee Member Susan Wildstrom 
generously put up $10,000 in matching funds towards 
The Campaign for the Next Generation: “It can be hard 
to get the funding to go to meetings and conferences 
when you’re a rising mathematician. It’s good to know 
that the AMS will be there to support you when you 
need it.”                       —Susan Wildstrom, Campaign for 

The Next Generation Committee Member
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Soun-Hi Kwon
Jacques Lafontaine
Carl Langenhop
Gregory F. Lawler
Walter Lawson
Robert K. Lazarsfeld
David B. Leep
Benjamin Leveque
William Lewis
Anatoly Libgober
Hilarie Lieb
Douglas Lind
Eric Linn
Robert J. Lipshutz
John Locker
Susan Loepp
Gerry Loon
Ivan Loseu
Adam Lowet
Harry Lucas Jr.
Brent Lyons
Robin Marek and 
    David Beutel
Walter Markowitch, Jr.
Howard Masur
Arthur Mattuck
James Maxwell
William McCallum
Donald and 
    Mary McClure
Meaghan McConlogue
John Meier
Steven J. Miller
Irina Mitrea
Karen Mollohan
Rachel Moon
Sachin Munshi
Walter Neumann
Abigail Nichols
Zbigniew Nitecki
M. Frank Norman
Hee Oh
Kasso Okoudjou 
Ken Ono
Takashi Ono
Matthew Papanikolas and 
    Katherine Veneman
Hemant Pendharkar
Maria Pereyra

Edith Piatetski-Shapiro
Jill C. Pipher
Eric Todd Quinto and 
    Judith Ann Larsen
Shrisha Rao
Paul Redleaf
Victor Reiner
Kenneth A. Ribet and 
    Lisa Goldberg
Emily Riley and 
    Theodore Simon
Catherine A. Roberts
David Rohrlich
Jonathan Rosenberg
Joseph Rosenblatt and 
    Gay Miller
Linda Preiss Rothschild
Massimo Rovati
Min Ru
Daniel Ruberman
Alexey Rudako

Ernst Ruh
Robert Sachs
Mohammad Sajid
Shoichiro Saka
Carla D. Savage
Thomas R. Savage
David Savitt
Karen Saxe and Peter Webb
Richard Schoen
Gerald Schwarz
Alexandra Seceleanu
Gary Seitz
Timo Seppalainen
Freydoon Shahidi
T. Shintani
Brooke E. Shipley
Richard Shore
Susan and 
    Joseph Silverman
Kelvin Smith

Frank J. Sottile and 
    Sarah J. Witherspoon
Gigliola Staffilani
Norton and Irene Starr
Avi Steiner
T. Christine Stevens
Victoria Stoneman
Armin Straub
Francis Su
David Sward
Jennifer Taback and 
    Thomas Pietraho
Margaret W. Taft
Terence Tao
Jean E. Taylor
Philippe Tondeur
Mukut Tripathi
Loring W. Tu
Alice Staveley and 
    Ravi Vakil
Moshe Vard
Anthony Varilly-Alvarado
Alexander Vauth
David Vogan
Karen Vogtmann and 
    John Smillie
Sophie Vulpe
Judy and Mark Walker
Tongtong Wang
David Wegman
Steven H. Weintraub
Rebecca Weiss
Niles White
David Jacob Wildstrom
Edward Witten and 
    Chiara R. Nappi
Scott and Linda Wolpert
Melanie Wood
George V. Woodrow III
Alexander Wright
Hung-Hsi Wu
Catherine Yan
Paul Yang
Roya Zamiri Akhlaghi
Robert J. Zimmer
Anton Zorich

 
The Next Generation Fund is a new resource 
at the AMS to help doctoral students and early 
career mathematicians as they establish their 
professional lives. The goal of The Next Gener-
ation Fund is to support many individuals each 
year at modest but impactful levels. Designed 
to adapt to future needs, it will provide secure, 
dedicated support to influential career-build-
ing programs such as AMS Graduate Student 
Travel Grants, Mathematics Research 
Communities, AMS Employment Center, 
JMM Child Care Grants, and AMS Graduate 
Student Chapters.
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Campaign for the Next Generation Steering Committee                                               *Campaign Co-Chair

Hyman Bass
Henry Cohn
John Ewing
Solomon Friedberg
Mark Green

Tara Holm
Linda Keen
Bryna Kra
Robert K. Lazarsfeld*
William McCallum

Donald E. McClure
Ken Ono
Kenneth Ribet*
Catherine Roberts
Alice Silverberg

Ronald J. Stern
Jennifer Taback*
David Vogan
Susan Wildstrom
Scott Wolpert
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Thomas S. Fiske Society
Members of the Thomas S. Fiske Society create a personal legacy supporting mathematics by naming the AMS in their 
will, retirement plan, or other gift vehicle. The AMS celebrates the following people for their thoughtful vision.

Italics indicates deceased.

Anonymous (6)
Douglas H. Allen
Walter Augenstein
Richard A. and 
    Melanie Baum
Shirley & Gerald Bergum
Robert L. Bryant and 
    Réymundo A. Garcia
Ralph L. Cohen and 
    Susan Million

Anna Cueni and 
    loki der quaeler
Robert J. Daverman
Peter L. Duren
Ramesh A. Gangolli
Rosalind Guaraldo
Robert T. Kocembo
Steven G. Krantz and 
    Randi Diane Ruden
Carole Lacampagne

Yanguang Charles Li
Zhaorong Liu
Joseph S. Mamelak
Timothy E. McMahon
Eve Menger
Fredric Menger
Charles E. Parker II
Catherine A. Roberts
Moshe Rosenfeld
David M. Sward

B. A. and M. Lynn Taylor
Edmond and 
    Nancy Tomastik
Steven Weintraub
Susan Schwartz Wildstrom

Rachel B. Adams
Roy L. Adler
Alfred Aeppli
Kathleen Baxter
Barbara J. Beechler
Israel Berstein
Ernest William Brown
Richard Cohn
Edward D. Davis
Thomas Dietmair
Ky and Yu-Fen Fan
Isidore Fleischer
Sidney Glusman

James F. and Bettie Hannan
Robert Henderson
Geneva Barrett Hutchinson
Joseph E. Kist
Rada G. Laha
Ralph Mansfield
Trevor J. McMinn
Helen Abbot Merrill
Josephine M. Mitchell
Cathleen S. Morawetz
Sidney Neumann
Carroll Vincent Newsom
Albert Nijenhuis

Christos Papakyriakopolous
Mary K. Peabody
Franklin P. Peterson
Marion Reilly
James G. Renno
Joseph Fels Ritt
T. Benny Rushing
William and Theda Salkind
Arthur Sard
Paul T. and 
     Barbara Schaefer
Henry M. Schaerf
Lowell I. Schoenfeld

Steven H. and 
    Joanna Wood Schot
Rubin Smulin
Leroy Powell Steele
Eugene Toll
Waldemar and 
    Barbara Trjitzinsky
Sally Whiteman
James V. Whittaker
James K. Whittemore

Named Endowed Funds
Donors may establish named endowed funds at the AMS. The following funds were created within The Next Generation 
Fund.

The AMS Trustee Fund
The Budapest Semesters in Mathematics Fund
The Wendell H. Fleming Fund
The Nathan Jacobson Fund
The Bertram & Ann Kostant Fund
The Tom Leighton and Bonnie Berger Fund
The William J. LeVeque Fund
The William Ted Martin Fund
The Maryam Mirzakhani Fund
The Mikio Sato and John Tate Fund
The Elias M. Stein Fund
The Stephen H. Wildstrom Fund

During the Campaign for the 
Next Generation, 75 donors 
made a gift to the Maryam 
Mirzakhani Fund, which 
honors this esteemed and 
ground-breaking 
mathematician.
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PARTNERS
($10,000 and above)
Anonymous (2)
Adrian D. Banner
Bonnie Berger and 
    Tom Leighton

Joan and Joseph Birman
William J. Browning
Pierre R. Deligne
Stephen P. Gill
Robert Louis Griess Jr. and 
    Min Zhong

Thomas C. Hales
Estate of Joseph E. Kist
Donald E. and Jill C. Knuth
Douglas A. Lind
M. Susan Montgomery
Paul and Linda Muhly

John P. Ogden
Pro Mathematica Arte
The Savage Charitable 
    Fund of the Community 
    Foundation of Broward

AMS Donors
The people and organizations listed below made gifts to the AMS between January 1–December 31, 2019. The AMS thanks 
every donor on behalf of the beneficiaries for their generosity. Every gift helps advance mathematics.

In Tribute
The following friends, colleagues, and family members are being specially honored by commemorative gifts. The AMS is 
pleased to be the steward of donors’ generosity in their name.

Gifts made in honor of the following individuals:
William H. Barker by Catherine A. Roberts
Leonard Bernstein by Victor E. Terrana
Emily Primrose Brown by Stephen J. Tierney
Harvey Cohn by Herman Chernoff
Frank Firk by Steven J. Miller
Marjorie Robbins Friedlander by Eva Friedlander
Helen Grundman by Robert J. Currier
Morton Harris by George Glauberman
Henryk Iwaniec by Steven J. Miller
Harry Kesten by Richard T. Durrett
Anatoly Libgober by G. Enbar, Laurene Heybach, Beth  
    Isaacs, Alice Kurland, Hilarie Lieb and Morrie Goldman, 
    Abigail Nichols, Diana Robin, and Edith Piatetski-Shapiro

Timothy E. McMahon by John Paul
Haynes R. Miller by David Andrew Cape
Louis Nirenberg by Edgar D. Kann
Nikhil Patel by Anonymous
Rick by Rick X
Peter Sarnak by Steven J. Miller
Parvaneh Shafiee by Roya Zamiri Akhlaghi, 
    Pardis Boroomand, and Moozhan Motazedi
Susan Schwartz Wildstrom by Whitney Colella, 
    Solomon Friedberg, and Rebecca Weiss
Natalie Wong by Francis Edward Su

Gifts made in memory of the following individuals:
Family of Mr. & Mrs. Glynn E. Behmen Sr. 
    by Glynn E. Behmen
Richard L. Bishop by Bill Oglesby and Matthew Kramme
Chun-Ting Chen by Jungkai Alfred Chen
Larry Corwin by Amy Cohen
Clifford J. Earle by Elizabeth Earle
Eugene Fabes by Irina Mitrea
Leonard Fine by Paula Moss
Peter Fletcher by Aileen Fletcher
Kenneth I. Gross by Thomas Pietraho and Jennifer Taback
Richard Wesley Hamming by Martin Mandelberg
Bill Harvey by William Abikoff
Herbert M. Kamowitz by Elaine Kamowitz and 
    Solomon Friedberg
Bhalchandra Kashinath Khare by Chandrashekhar Khare
James Kister by Arthur G. Wasserman
Jane E. Kister by Ellen H. Heiser
Vadim Komkov by Henry Price Kagey
Bertram Kostant by Ann Kostant
Virginia C. Lagarias by Jeffrey C. Lagarias
Joseph Lehner by Zheindl Lehner

Cecil E. Leith by Mary Louise Leith
Vincent O. McBrien by Joseph W. Paciorek
Maryam Mirzakhani by Ravi D. Vakil, Alice Staveley, and 
    David A. Vogan Jr.
Alice Mitchell by Nathaniel Valeri
Nancy C. Ogden by John P. Ogden
Eugene A. Pflumm by Mollie Pflumm
Gian-Carlo Rota by Anonymous
Paul Sally by Judith D. Sally
Steve Sigur by Whitfield Jordan Howard
Lori Sprague by Donald E. McClure and Ellen H. Heiser
John T. Tate by Carol Tate
L. Bruce Treybig by Charles Bennett
Tsungming Tu by Loring W. Tu
Hilda Geiringer von Mises by Stephen & Margaret Gill 
    Family Foundation
Stephen H. Wildstrom by Susan Schwartz Wildstrom and 
    T. Christine Stevens
Joel Zinn by Peter Kuchment
The donor’s parents by Mohammad Shakil
Past AMS staff by Victoria Ancona
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Stephen and Margaret Gill 
    Family Foundation
Ronald and Sharon Stern
Philippe M. Tondeur
Susan Schwartz Wildstrom
Estate of Joanna Wood 
    Schot and Stephen H. 
    Schot

STEWARDS
($5,000 to $9,999)
Anonymous (3)
William Abikoff
Robert L. Bryant and 
    Réymundo A. Garcia
Herman Chernoff
Henry Cohn
Ryan L Garibaldi
David A Hoffman
Craig L. Huneke
Andrew Kresch
Greg Kuperberg and 
    Rena J. Zieve
Andrew P. Ogg
Jill C. Pipher
Kenneth A. Ribet and 
    Lisa Goldberg
San Francisco Foundation

BENEFACTORS 
($2,500 to $4,999)
Anonymous (1)
Ann L. Aknin
John B. Conway
Alex Eskin
John H. Ewing
Marjorie Friedlander
Ann Kostant
William G. McCallum
Donald and Mary McClure
Deborah and Pete Robbins

Sheila Johnson Robbins
Catherine A. Roberts
Lance W. Small and 
    Lynne Barnes Small
Loring W. Tu

PATRONS
($1,000 to $2,499)
Anonymous (9)
Ian Agol
James G. Arthur
Georgia Benkart
Nancy and Tom Blythe
Roger Chalkley
Sun-Yung A Chang
Ruth Charney and 
    Stephen Cecchetti
Gary Cornell
James L. Cornette
Robert J. Daverman
Peter Der
loki der quaeler
Robert D. Edwards
Erica Flapan and 
    Francis Bonahon
Solomon Friedberg
Eva Friedlander
Josiah Friedlander
Zoe Friedlander
William Mark Goldman
Ronald L. and 
    Fan Chung Graham
Greater Kansas City 
    Community Foundation
Elizabeth Grossman and 
    Mr. Joshua Boorstein
Rosalind J. Guaraldo
Alfred W. Hales
Jane Hawkins and 
    Michael Taylor
Tara Holm

John M. Hosack
Paul D. and 
    Bonnie Humke
Ron and Gail Irving
Linda Keen
Chandrashekhar Khare
Garo K. Kiremidjian
Laurence and Celia Kirsch
Robert V. Kohn
Robert K. Lazarsfeld
Zheindl Lehner
Robin Marek and 
    David Beutel
David B. Massey
Math for America
James W. Maxwell
John C. Meakin
Steven J. Miller
Joseph G. Moser
Walter D. Neumann
Zbigniew H. Nitecki
Eric A. Nordgren
M. Frank Norman
Ken Ono
Matthew Papanikolas and 
    Katherine Veneman
Eric M. Rains
Samuel Murray Rankin III
Peter J. Riemer
Habib Salehi
Judith D. Sally
Karen Saxe and Peter Webb
Richard M Schoen
Susan and 
    Joseph Silverman
T. Christine Stevens
Jennifer Taback and 
    Thomas Pietraho
John T. and Carol Tate
Mark A. Taylor
Ravi D. Vakil

Katherine Veneman
David A. Vogan Jr.
Karen Vogtmann and 
    John Smillie
Tongtong Wang
Steven H. Weintraub
Katrinka Wolfson
Alexander Wright
Amelie and Ilan Yehros

SPONSORS
($500 to $999)
Anonymous (9)
Joseph A. Ball
Manuel P. and 
    Maria A. Berriozabal
Henrik Bresinsky
Daniel Broennimann
Charles Allen Butler
Karl E. Byleen
Jungkai Chen
Donald M. Davis
Michael R. Douglas
Loyal Durand
Educational Advancement 
    Foundation
Benson S. Farb
Sergey Fomin
Richard L. Gantos
Stephen S. Gelbart
Dorian Goldfeld
Frank D. Grosshans
Robert M. and 
    Shelley Guralnick
Audrey Cole Hand
Garry D. Hart
Joseph A. Hughes
Yulij Sergeevich Ilyashenko
Louise Jakobson
Seva and 
    Valentina Joukhovitski

“The AMS is the world’s premier mathematics society. It is the only 
society in the US that focuses on basic research in mathematics, as well 
as both undergraduate and graduate education. Its journals and other 
publications serve the entire world mathematics community, and its 
meetings, services and data-gathering of employment information are 
of great importance to our members. The AMS is so central to our 
community that it is easy to take it for granted—but please don’t! 
Become active in its activities and programs, and give financially if you 
are able. The AMS needs your support so it can continue to support the 
mathematics community! Thank you.”

—Ralph Cohen, Chair, AMS Board of Trustees
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Allan M. Kirch
Maria Margaret Klawe
Janos Kollar
Keri A. Kornelson and 
    Noel Patrick Brady
Robert Krasny
Peter Kuchment
Carl E. Langenhop
Robert J Lipshutz and 
    Nancy Wong
Friedrich Littmann
Susan R. Loepp
Harry Lucas, Jr.
Albert T. Lundell
Ciprian Manolescu
Arthur P. Mattuck
John E. Meier
Microsoft Corporation
Rachel Moon
Takashi Ono
Gerald J. Porter
Jonathan M. Rosenberg
Ronald C. Rosier
Min Ru
Alexei N. Rudakov
Ernst A. Ruh
Shoichiro Sakai
Keith Paul Smith
Louis Solomon
Frank J. Sottile and 
    Sarah J. Witherspoon
Joel H. Spencer
David M. Sward
Terence Chi-Shen Tao
Chuu-Lian Terng
Judy Leavitt Walker
Jay A. Wood
Catherine Huafei Yan
Paul C. Yang

ASSOCIATES
($100 to $499)
Anonymous (95)
William P. Abrams
Jose Adachi
William W. Adams
Jeffrey D. Adler
Robin Hagan Aguiar
Akram Aldroubi
Daniel Alexander
Bernard C. Anderson
Donald W. Anderson
Matthew Ando
Benjamin Andrews
George E. Andrews
Stuart S. Antman

Myla M. Archer
Thomas E. Armstrong
Walter O. Augenstein
Catherine C. Aust
Sheldon Axler
Dr. Matthew Badger
John T. Baldwin
Christopher L. Barrett
Theodore J. Barth
Aryeh Baruch
Frances B. Bauer
Peter H. Baxendale
Steven R. Bell
Dr. Wolfgang Bell IV
Charles Bennett
Alan E. Berger
George M. Bergman
David R. Berman
David S. Berry
George Berzsenyi
Sara C. Billey
Marshall Bishop
Richard L. Bishop
Denis Blackmore
David E. Blair
Steven E. Blasberg
Brian D. Boe
Leonard John Borucki
Aldridge K. Bousfield
Professor Lewis Bowen
John S. Bradley
Steven B. Bradlow
Michael A. Breen
David M. Bressoud
James G. Bridgeman
John Bromback
David Broom
William Browder
Lawrence G. Brown
Andrew M. Bruckner
Joseph T. Buckley
J. P. Buhler
Stephen S. Bullock
Colin J. Bushnell
Ralph Stevens Butcher
L. Lorne Campbell
Sylvain E. Cappell
Corrado Cardarelli
Jon F. Carlson
James B. Carrell
Francis W. Carroll
David W. Carter
James R. Case
Gulbank D. Chakerian
Ronald J. Chase
Scott G. Chastain

Pak Soong Chee
Victoria Hunter Cheney
Theodore S. Chihara
Demetrios Christodoulou
Richard C. Churchill
James A. Cochran
Amy Cohen
Daniel I. A. Cohen
Donald L. Cohn
George Cole
Paul Dana Cole
Community Foundation 
    of Tompkins County
Frank F. Connor
Bruce P. Conrad
Douglas L. Costa
Malcolm A. Coulter
Michael D. Covney
Carl C. Cowen
Albert W. Currier
Everett C. Dade
David B. Damiano
James N. Damon
Martin P. Dana
Jan W. and Lynn A. Dash
Ingrid Daubechies
Paul L. Davis
Clint Dawson
Guy M. De Primo
Ms. Diane Marie De Santis
Jean E. de Valpine
Aristide Deleanu
Charles R. Diminnie
Heinz Deitrich Doebner
Peter C. Dolan
Simon Donaldson
M. Anne Dow
Dezmarie Doyle
Abdur-Rahim Dib Dudar
Edward Dunne
Paul Duvall
Elizabeth Earle
Earl F. Ecklund Jr.
Lawrence Man Hou Ein
Hans P. Engler
William M. Farmer
Ruth G. Favro
Mark E. Feighn
Burton I. Fein
David V. Finch
Aileen Fletcher
Gerald B. Folland
Julie A. Fondurulia
Ralph S. Freese
Peter J. Freyd
Daniel E. Frohardt

Bent Fuglede
E Gebhard Fuhrken
John D. Fulton
William Fulton
Joseph Galante
John B. Garnett
Lloyd A. Gavin
Joseph L. Gerver
James G. Glimm
Kevin S. Godbey
Michel X. Goemans
Jerome A. Goldstein
Daniel A. Goldston
Kenneth R. Goodearl
Robert K. Goodrich
David J. Grabiner
Kevin A. Grasse
Jack E. Graver
Larry K. Graves
Frederick P. Greenleaf
Phillip A. Griffith
Edward H. Grossman
Labib S. Haddad
Gerhard E. Hahne
Richard M. Hain
Carsten Hansen
David Harbater
Robert M. Harington
Andrew William Harrell
Michael Hartglass
Bill Hassinger Jr.
Adam O’Neill Hausknecht
Brian Hayes
Ellen H. Heiser
Simon Hellerstein
John P. Hempel
Christopher M. Herald
Gerald A. Heuer
Gloria C. Hewitt
Troy L. Hicks
Shirley A. Hill
Nancy Hingston
William R. Hintzman
Peter David Hislop
Jonathan P E Hodgson
Helmut H. W. Hofer
Hartmut Hoft
R. T. Hoobler
Jean MacGregor Horn
Philip Kneil Hotchkiss
Tiao-Tiao Hsu
James G. Huard
Birge K. 
    Huisgen-Zimmermann
James E. Humphreys
Karen C. Hunt
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Joan P. Hutchinson
Ettore Ferrari Infante
I. Martin Isaacs
Glenn K. Jacobs
Gerald J. Janusz
George A. Jennings
Hans Joergen Jensen
Eugene C. Johnsen
David Copeland Johnson
Donald G. Johnson
William B. Jones
Mattias Jonsson
Henry Price Kagey
Elaine Kamowitz
Jonathan M. Kane and 
    Janet E. Mertz
Edgar D. Kann
Victor J. Katz
Kiran S. Kedlaya
Edward L. Keenan
William Jonathan Keith
Robert P. Kertz
Julia F. Knight
Hai-Ping Ko
Ralph D. Kopperman
Antoni A. Kosinski
Adnah G. Kostenbauder
George Kozlowski
Thomas L. Kriete III
John E. Krimmel
Jim Kuhn
Alice Kurland
Jeanne LaDuke
Kee Y. Lam
Peter S. Landweber
Joseph A. Langsam
Michel L. Lapidus
Peter A. Lappan Jr.
David R. Larson
Philip and Mary Lavin
Gregory F Lawler
H. Blaine Lawson Jr.
Terry Curtis Lawson
James W. Lea Jr.
Claude LeBrun
John M. Lee
David B. Leep
J. Larry Lehman
Gerald M. Leibowitz
Joan R. Leitzel
Thomas Gibbs Leness
H. W. Lenstra
Steven C. Leth
Anatoly Libgober
Kay P. Litchfield
John B. Little

Ming Chit Liu
George W. Lofquist
Jonathan D. Lubin
Russell D. Lyons
John E. Mack
Michael C. Mackey
James Joseph Madden
Adolf G. Mader
Peter Malcolmson
Joseph Malkevitch
J. J. Malone
Giles W. Maloof
Martin Mandelberg

Edward Manougian
Walter Markowitch Jr.
Greg Marks
Thomas J. Marlowe, Jr.
Howard Masur
Ronald M. Mathsen
Stephen B. Maurer
John C. Mayer
Raymond A. Mayer Jr
Jon McCammond
Thomas L. McCoy
Clint McCrory
O. Carruth McGehee

William D. McIntosh
James G. McLaughlin
T. G. McLaughlin
Charles McMichael Jr.
Robert C. McOwen
George F. Meierhofer
Anders Melin
William Wyatt Menasco
Marvin V. Mielke
Ellen Rammelkamp Miller
Jack M. Miller
Kenneth C. Millett
Stanislav M. Mintchev

Rick Miranda
Irina Mitrea
Carlos Julio Moreno
Yasuhiro Morita
Joseph R. Morris
Kent E. Morrison
Jack Morse
Gregory Moses
Motohico Mulase
Hans J. Munkholm
James R. Munkres
Alexander Nagel
Manmath Nayak

Arnold L. Neidhardt
Csaba Nemethi
Peter E. Ney
Togo Nishiura
Andrew M. Odlyzko
Hajimu Ogawa
Bill Oglesby
Timur Oikhberg
Peter P. Orlik
Arlene O’Sean
Dr. Joseph W. Paciorek
Diethard Ernst Pallaschke
Peter Papadopol
Michelle I. Paraiso
Thomas H. Parker
Donald A. Patterson
James M. Peek
John W. Pennisten
Maria Cristina Pereyra
Sanford Perlman
William G. Pertusi
Troels Petersen
Mollie Pflumm
Edith Piatetski-Shapiro
Don L. Pigozzi
Gilles Pisier
Kendra Enid Pleasant
Roman A. Polyak
Aleksey Popelyukhin
Gopal Prasad
Eric L. Pugh
Eric Todd Quinto and 
    Judith Anne Larsen
Paul H. Rabinowitz
Louis B. Rall
James V Ralston
R. Michael Range
Salvatore Rao
S. W. Rayment
Ahmed Raza
Christopher L. Reedy
Michael Bela Revesz
Charles W. Rezk
Bruce Reznick
John F. Richards
V. Frederick Rickey
Robert D. Rigdon
James B. Robertson
Vijay K. Rohatgi
David E. Rohrlich
Sharon Cutler Ross
James Samuel Royer
Daniel Ruberman
David Ryeburn
Jeffrey R. Sachs
Robert Lawrence Sachs

“This JMM serves as an opportunity to 
launch myself into the next chapter of my 
life. I have had interviews, given a talk, and 
met with many new and old friends. Without 
your donations I would not have been able 
to attend and would have missed all these 
experiences. Thank you so much for your 
commitment to bettering the mathematics 
community!”

—Graduate Student Travel Grant beneficiary
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Michael Saitas
Yiannis Sakellaridis
Laurent Saloff-Coste
Matthew Samsel
Robert W Sanders
Chelluri C. A. Sastri
Ken-iti Sato
David L. Savitt
Cedric F. Schubert
Margery and Gerald  
    Schwarz
Warner Henry Harvey 
    Scott III
Alexandra Seceleanu
Gary M. Seitz
Stuart A. Seligson
Timo Seppalainen
Freydoon Shahidi
Richard J. Shaker
Christine and 
    David Shannon
Richard A. Shore
Stuart J. Sidney
Martha J. Siegel
Kyle T. Siegrist
Allan J. Silberger
Irina F. Sivergina
Walter S. Sizer
Christopher Skinner
John R. Smart
Mikhail Smirnov
Cameron Soelberg
Alexia Henderson Sontag
Michael J. Sormani
Alan P. Sprague
Ram P. Srivastav
Olaf P. Stackelberg
Harold M. Stark
Russell Lynn Stead
Michael Stob
Paul K. Stockmeyer
David R. Stone
Lawrence D. Stone
Armin Straub
Ruth Rebekka Struik
Daniel Studenmund
Francis Edward Su
Irena Swanson
Symantex Corp Matching 
    Gift & Dollars for Doers
Andrzej A. Szymanski
Hisao Tanaka
Jun-Ichi Tanaka
Daniel Joseph Tancredi
B. A. and M. Lynn Taylor
Laurence R. Taylor

Michael D. Taylor
TD Ameritrade
Edward C. Thoele
Lawrence E. Thomas
John A. Thorpe
Lisa Gail Townsley
Selden Y. Trimble V
Jeremy Taylor Tyson
Douglas L. Ulmer
Harald Upmeier
Charles L. Vanden Eynden

Moshe Vardi
Anthony Varilly-Alvarado
Anna Varvak
Anatoly M. Vershik
Marie A. Vitulli
Kevin R. Vixie
Sophie Vulpe
Stephen Wainger
David B. Wales

Justin Clement Walker
William Wallace
Hans Ulrich Walther
William Edwin Warren
Max Leon Warshauer
Arthur G Wasserman
David Watkins
Mark E. Watkins
Barnet M. Weinstock
Ellen Westheimer
Brian Cabell White

Brian D. Wick and 
    M. Hilary Davies
Roger A. and 
    Sylvia M. Wiegand
Steven V. Wilkinson
Ruth J. Williams
Susan Gayle Williams
Frank J. Sottile and 
    Sarah J. Witherspoon

Japheth L. M. Wood
Haviland Wright
Hung-Hsi Wu
Jared Wunsch
Bostwick F. Wyman
Zhen Xiang Xiong
Michael Yanowitch
Mitsuru Yasuhara
Sam Wayne Young
Francois Zara
Thomas Zaslavsky
Ahmed I. Zayed
Robert E. Zink

FRIENDS
($1 to $99)
Anonymous (212)
Martha L. Abell
Colin C. Adams
Nasir Uddin Ahmed
T. M. G. Ahsanullah
Fuad Aleskerov
Marcia Almeida
Colin Alstad
Shayne Amaral
AmazonSmile Foundation
Alexander Anthony 
    Ambrioso
Vrege Jolfai Amirkahanian
Victoria Ancona
Kurt Munk Andersen
Marlow E. Anderson
Michael T. Anderson
Paul Anderson
Susan Andima
Howard Anton
Deane E. Arganbright
Tom Armbruster
Kendall E. Atkinson
Paul Atzberger
Bernice L. Auslander
Roger A. Avelsgaard
Mohammad K. Azarian
Kiyoshi Baba
Spencer Backman
Armen Bagdasaryan
Robert S. Baker
Chuck Baldwin
Carlo Bardaro
Claude W. Bardos
David J. Barsky
Patricia Bauman
J. Thomas Beale
Brian K. Beamer
David S Becker
William H. Beckmann

“I absolutely loved my time at the MRC. 
The location was great and everything ran 
smoothly. We worked out on a sun patio 
every day, and I can't imagine a better 
place to do math. The added experiences of 
star-gazing, s'mores, puzzles, and the day trip 
to Newport made the free time a great and 
relaxing experience, where participants really 
got to know each other. In addition to all the 
extra things, we made significant progress on 
understanding the system we were working 
on and are writing a paper to present the 
results. We will be continuing our  
collaboration through the rest of this  
problem and hopefully working on more 
things together in the future.”

—2019 MRC Participant
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Alfred Stefan Beebe
John A. Beekman
Wolfgang Beekmann
Glynn E. Behmen
Sarah-Marie Belcastro
James S. Bethel
Gautam Bharali
Katalin Bimbo
David Samuel Bindel
Jerome Blackman
Michael N. Bleicher
Albrecht Boettcher
Mikhail E. Bogovskii
Jayaraman Boobalan
Grant M. Boquet
Pardis Boroomand
Robert E. Bozeman
Sylvia T. Bozeman
Paul F. Bracken
Tom C. Braden
Alberto Branciari
William Branson
Rudiger W. Braun
John C. Breckenridge
Stewart Brekke
Robert C. Brigham
Mikhail Brodsky
Frank R. Brown Jr.
Gordon E. Brown
Johnny E. Brown
Kenneth S. Brown
Robert F. Brown
Russell M. Brown
Robert R. Bruner
Nicholas P. Buchdahl
Daniel Buehler
Robert Bumcrot
Daniel Willis Bump
Krzysztof Burdzy
Jonathan Burns
Maggie Butler
Charles L. Byrne
Robert Lawrence Byrom
M. Carme Calderer
David Callan
Christopher Carbone
Robert C. Carlson
Maurice Chacron
Arsalan Chademan
Seth D. Chaiken
Graham D. Chalmers
Kwan-Wei Chen
William A. Cherry
Bhadrachalam Chitturi
Hubert E. Chrestenson
Stuart Citrin

David L. Clampitt
William Clee
Todd E. Cochrane
Frederick R. Cohen
Hirsh G. Cohen
Joel M. Cohen
Whitney Colella
Donald B. Coleman
Daniel Comenetz
Daniel Condurache
Thomas A. Cootz
James P. Cossey
Steven R. Costenoble
Richard W Cottle
Lenore J. Cowen and 
    William Bogstad
Al Cuoco
Terry Czubko
Constantine M. Dafermos
Peter Gueorgiev Dalakov
John P. Dalbec
Boris A. Datskovsky
Kevin Davidsaver
Martin D. Davis
Rachel Davis
Matthew G. Dawson
Peter W. Day
Louis George De Angelo
Luquesio Petrola 
    De Melo Jorge
Anthony T. Dean
Henry F. Defrancesco
Herbert A. Dekleine
Stephen Dell
Robert L Devaney
Roderic Deyo
Harold G. Diamond
Jozef Dodziuk
Dogan Donmez
Alexander N. Dranishnikov
Ioachim Mihai Drugus
James S. Dukelow Jr.
Steve N. Dulaney
David H. Easley
Patrick Barry Eberlein
Stanley Mamour 
    Einstein-Matthews
G. Griffith Elder
Nathaniel Eldredge
Joanne Elliott
Richard S. Elman
E.G. Enbar
Philip G. Engstrom
Martin Epkenhans
John M. Erdman
Gontran Ervynck

Benjamin Espinoza
Kumar Eswaran
Leonard Evens
Frank A. Farris
Arnold D. Feldman
Roberto Fernandez
Joshua Fiddler
Benji N. Fisher
Anne Kathryn Flaherty
Richard J. Fleming
Paul Fong
Robert A. Fontenot
Salvatore S. Franco
Michael W. Frazier
Stephen H. Friedberg
Eugene C. Gartland Jr.
Robert A. Gergondey
Stephen R. Gerig
Murray Gerstenhaber
James E. Gidney Jr.
Richard M. Gillette
Robert H. Gilman
Maurice Eugene Gilmore
Jack E. Girolo
Matthias K. Gobbert
Michael Colin Godfrey
Robert Gold
John A. Gosselin
Yasuhiro Goto
Ryan E. Grady
Delbert P. T. Greear
William L. Green
Gary R. Greenfield
Thomas B. Gregory
Pierre P. Grivel
Gerd Grubb
Juan Manuel 
    Guevara-Jordan
Craig R. Guilbault
Joaquin M. Gutierrez
Wynne Alexander Guy
R. Stanton Hales Jr.
Andrew J. Hanson
Heiko Harborth
Peter Niels Heller
Francis McVey Henderson
Thomas Henningsen
Ira W. Herbst
Luissette Hernandez- 
    Gonzalez
John O. Herzog
Laurene Heybach
Hugh M. Hilden
Gerald N. Hile
Michael A. Hill
Chungwu Ho

Ronald M. Hoering
Michael E. Hoffman
Nancy Lucia Hoffman
Philip John Holmes
John M. Holte
V. Dwight House
Pao-sheng Hsu
Denise Huet
Mark E. Huibregtse
Thomas Christopher 
    Humphreys
Michael G. Hurley
Carol Hutchins
Pascal Imhof
Arnold J. Insel
Lynne Kamstra Ipina
Beth Isaacs
Joseph A. Iskra Jr.
William Jackson
Herve M. Jacquet
David M. James
Barbara J. Janson
Raimund Janz
Guo Jiang
Trygve Johnsen
Brenda Johnson
Charles N. Johnson
D. Randolph Johnson
Dale Martin Johnson
David L. Johnson
Kenneth Walter Johnson
Theodore D. Johnson
Bowen Jones
Jeffry N. Kahn
Yuichiro Kakihara
Aref Kamal
Martin Lewis Karel
Johan Karlsson
Herbert E. Kasube
Vladimir Katan
John P Kavanagh
Edward L. Keller
Daniel C. Kemp
John F. Kennison
Dmitry Khavinson
Michael K. H. Kiessling
Steven J. Kifowit
Ian Kiming
David Kinderlehrer
L. Richardson King
Alexander A. Kirillov Sr.
Paul O. Kirley
Jan Kisynski
Andrew T. Kitchen
Benjamin G. Klein
Joe W. Knickmeyer



AMS Contributors

FROM THE AMS SECRETARY

JuNe/July 2020  Notices of the AmericAN mAthemAticAl society   901

Dan Knopf
K. R. K. Knorr
Tsuyoshi Kobayashi
Robert T. Kocembo
Richard M. Koch
Yoshiharu Kohayakawa
R. J. Kolesar
Heinz J. Konig
Yvette Kosmann- 
    Schwarzbach
Eric J. Kostelich
P. Robert Kotiuga
Daniel B. Kotlow
Jurg Kramer
Matthew Kramme
Wei-Eihn Kuan
Franz Viktor Kuhlmann
John Patrick Lambert
Lyle H. Lanier Jr.
David C. Lantz
Philippe Laurencot
Lorraine D. Lavallee
Robert N. Leggett Jr.
Joerg Lehnert
Suzanne Marie Lenhart
James I. Lepowsky
Howard A. Levine
Bernard W. Levinger
Andrew M. Lewis
Roger T. Lewis
Wenjing Li
Wenwei Li
Zvie Liberman
Hilarie Lieb and 
    Morrie Goldman
Burton B. Lieberman
Denise Lima
Shen Lin
Eric Mitchell Linn
Tsai-Sheng Liu
Mahir Lokvancic
John M. Long
Abey Lopez-Garcia
Maria E. Lorenz
Martin Lorenz
Adam Lowet
Leo Lutchansky Jr.
Norman Y. Luther
Brent Aaron Lyons
Richard N. Lyons
Thomas H. MacGregor
Mehran Mahdavi
David M. Malon
Kenneth L. Manders
Angeliki Maniatopoulou
Pauline Mann-Nachbar

Charles D. Marshall
David Imler Marshall
Donald A. Martin
Samuel Masih
Donald E. Maurer
J. Peter May
Ellen J. Maycock
Dieter H-J Mayer
Rafe Mazzeo
Gregory L. McColm
Robert M. McConnel
Thomas McConnell
Robert B. McFadden
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Raymond Mejia
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Michael J. Miller
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Michal Misiurewicz
Guido Mislin
Karen Mollohan
Larry J. Morley
Joan Rand Moschovakis
Paula Moss
Moozhan Motazedi
Sachin Munshi
Catherine M. Murphy
Grattan P. Murphy
Mark Naber
Bruno L. Nachtergaele
Shoichi Nakajima
Kanji Namba
Takao Namiki
Monica Nevins
Abigail Nichols
Lisa Nichols
Liviu I. Nicolaescu
Gerhard Niklasch
Tsunekazu Nishinaka
Virginia A. Noonburg
Rutger Noot
Robert Warren Norris II
David Nowicki
Richard Alan Oberle
Mogens Norgaard Olesen
Robert F. Olin
Paul D. Olson
Peter J. Olver
Yoshitsugu Oono

Bent Orsted
Morris Orzech
Bruce Thor Osbo
Brad G. Osgood
Barbara L. Osofsky
William Oswald
Michelle Ouellette
Kale Oyedeji
Judith A. Packer
Felipe M. Pait
Fotios C. Paliogiannis
Alberto Parmeggiani
Walter R. Parry
Donald S. Passman
Sarah E. Patrick
Peter Paule
Stephen Pennell
Manley Perkel
Peter A. Perry
Charles Samuel Peskin
Christopher S. Peterson
John W. Petro
Cornelius Pillen
Angel R. Pineda
Dan Pirjol
Nigel Pitt
Michael A. Pohrivchak
Harriet S. Pollatsek
Alexander Pott
Stanley Preiser
Martin E. Price
Jozef Henryk Przytycki
George S. Quillan
Michael F. Quinn
Andrew S. Raich
Dinakar Ramakrishnan
Melapalayam S. 
    Ramanujan
A. Prabhakar Rao
Louise Arakelian Raphael
A. S. Rapinchuk
Dwijendra K. 
    Ray-Chaudhuri
Frank Raymond
Paul D. Redleaf
David E. Reese
Eugenio Regazzini
Andrew Reiter
Michael Renardy
Jean N. Renault
Viktor Reshniak
Robert J. Reynolds
Iegor Reznikoff
Martin G. Ribe
Stephen J. Ricci
Norman J. Richert

Marc A. Rieffel
Thomas W. Rishel
Andrew A. Rivera
Anne D. and 
    Paul C. Roberts
Gareth E. Roberts
Joel L. Roberts
Diana Robin
Norai R. Rocco
Judith Roitman
Raymond H. Rolwing
Guillermo Romero 
    Melendez
Alexei Rosly
Bruce L Rothschild
Massimo Rovatti 
Virginia G. Rovnyak
Joachim H. Rubinstein
Robert S. Rumely
Kazuyuki Saito
Mohammad Sajid
Hector N. Salas
Thomas S. Salisbury
Leslie David Saper
Hiroshi Sato
Andre Scedrov
Doris W. Schattschneider
Gideon Schechtman
Michael J. Schilmoeller
John F. Schmeelk
Markus Schmidmeier
Mark Schroder
Paul E. Schupp
George F. Seelinger
George B. Seligman
Raymond G. Sepeta
Francesco Serra Cassano
Mohamed W. I. Sesay
Mehrdad M. Shahshahani
Mohammad Shakil
Karnum Shashidhar
Zhongwei Shen
Ching-Kuang Shene
Mark Sheppard
Toshitada Shintani
Vladimir Shpilrain
Anastasios Simalarides
Patrick J. Sime
Lloyd D. Simons
William M. Singer
Jon A. Sjogren
Stephen Slack
Laurie M. Smith
Siavash H. Sohrab
Sung Yell Song
Linda R. Sons
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John J. Spitzer
Carl R Spitznagel
Aravind Srinivasan
Ross E. Staffeldt
Dennis W. Stanton
Jim Stasheff
Avram Steiner
Kenneth Stephenson
John Colin Stillwell
Kenneth B. Stolarsky
Harold J. Stolberg
Philip D. Straffin Jr.
Emil J. Straube
Walter A. Strauss
Gerhard O. Strohmer
Garrett James Stuck
William D. Sudderth
John B. Sullivan
Richard W. Sullivan
Kelly John Suman
David C. Sutor
William J. Sweeney
Jacek Szmigielski
Roman Sznajder

Yoshinori Takei
Yoshihiro Tanaka
Elliot A. Tanis
Timothy Tatar
Leon H. Tatevossian
Samuel James Taylor
Herman J. J te Riele
Victor E. Terrana
Joseph A. Thas
Sittampalam
    Thirugnanasampanthan
Robert S. D. Thomas
Jon H. Thompson
Stephen Tierney
Craig A. Tracy
Charles R. Traina
Mukut Tripathi
Spiros Peter Tsatsanis
Emmanuel M. Tsimis
Masayoshi Tsutsumi
Ryan K. Tully-Doyle
Johan Tysk
Frederick William
    Umminger

Nathaniel Valeri
Johannes A. Van Casteren
Antonius J. Van Haagen
Joseph C. Varilly
Alexander Vauth
Robert Jerome Velazquez
Jean-Eudes Villeneuve
Paul A. Vojta
Yury Volin
Hans W. Volkmer
Jonathan M. Wahl
Roger Walker
John Thomas Walsh
Edward A. Waybright MD
Cary H. Webb
David L. Webb
Glenn F. Webb
Wolfgang Wefelmeyer
Joel L. Weiner
Rebecca Weiss
John C. Wenger
Elisabeth M. Werner
Charles M. White
Tad P. White

Gregory Angus Whittaker
Stephen J. Willson
Robert Lee Wilson
S. Robert Wilson
F. Wintrobe
Louis Witten
Melanie Matchett Wood
Arthur Wouk
Rick X
Marvin Yablon
Kikumichi Yamagishi
Fawzi M. Yaqub
Suresh Yegnashankaran
J. Michael Yohe
Manchun Yu
Noriko Yui
Roya Zamiri Akhlaghi
Jose Zero
Gaoyong Zhang
Anton Zorich
John A. Zweibel

This report reflects contributions received January 1, 2019, through December 31, 2019. Accuracy is important to us and
we apologize for any errors. Please bring discrepancies to our attention by calling AMS Development at 401.455.4111 or
emailing development@ams.org. Thank you.

Thank you for your support!
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Cole Prize in Algebra
This prize recognizes a notable research work in algebra 
that has appeared in the last six years. The work must be 
published in a recognized, peer-reviewed venue.

About this Prize
This prize (and the Frank Nelson Cole Prize in Number 
Theory) was founded in honor of Professor Frank Nelson 
Cole upon his retirement after twenty-five years as secretary 
of the American Mathematical Society. Cole also served 
as editor-in-chief of the Bulletin for twenty-one years. The 
original fund was donated by Professor Cole from moneys 
presented to him on his retirement, and was augmented by 
contributions from members of the Society. The fund was 
later doubled by his son, Charles A. Cole, and supported 
by family members. It has been further supplemented by 
George Lusztig and by an anonymous donor.

The current prize amount is US$5,000 and the prize is 
awarded every three years.

Next Prize: January 2021

Nomination Period: March 1–June 30, 2020

To make a nomination, go to https://www.ams.org 
/cole-prize-algebra.

Mary P. Dolciani Prize 
for Excellence in Research
The AMS Mary P. Dolciani Prize for Excellence in Research 
recognizes a mathematician from a department that does 
not grant a PhD who has an active research program in 
mathematics and a distinguished record of scholarship. 
The primary criterion for the prize is an active research 
program as evidenced by a strong record of peer-reviewed 
publications.

Additional selection criteria may include the following:
 • Evidence of a robust research program involving 

undergraduate students in mathematics;

AMS Prizes & Awards
Levi L. Conant Prize
This prize was established in 2000 in honor of Levi L. 
Conant to recognize the best expository paper published 
in either the Notices of the AMS or the Bulletin of the AMS 
in the preceding five years.

About this Prize
Levi L. Conant was a mathematician and educator who 
spent most of his career as a faculty member at Worcester 
Polytechnic Institute. He was head of the mathematics de-
partment from 1908 until his death and served as interim 
president of WPI from 1911 to 1913. Conant was noted as 
an outstanding teacher and an active scholar. He published 
a number of articles in scientific journals and wrote four 
textbooks. His will provided for funds to be donated to the 
AMS upon his wife’s death.

Prizewinners are invited to present a public lecture 
at Worcester Polytechnic Institute as part of their Levi L. 
Conant Lecture Series, which was established in 2006. 
Find and download videos of previous Conant Lectures at 
www.wpi.edu/academics/math/news/lconant-series 
.html.

The Conant Prize is awarded annually in the amount 
of US$1,000.

Next Prize: January 2021

Nomination Period: March 1–June 30, 2020

To make a nomination, go to https://www.ams.org 
/conant-prize.

http://www.wpi.edu/academics/math/news/lconant-series.html
http://www.wpi.edu/academics/math/news/lconant-series.html
https://www.ams.org/cole-prize-algebra
https://www.ams.org/cole-prize-algebra
https://www.ams.org//conant-prize
https://www.ams.org//conant-prize
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The current prize amount is US$5,000 and the prize is 
awarded every three years.

Next Prize: January 2021

Nomination Period: March 1–June 30, 2020

To make a nomination, go to https://www.ams.org 
/grenander-prize.

Bertrand Russell Prize 
of the AMS
The Bertrand Russell Prize honors research or service con-
tributions of mathematicians or related professionals to 
promoting good in the world and recognizes the various 
ways that mathematics furthers human values.

About this Prize
The Bertrand Russell Prize of the AMS was established in 
2016 by Thomas Hales. The prize looks beyond the con-
fines of the profession to research or service contributions 
of mathematicians or related professionals to promoting 
good in the world. It recognizes the various ways that math-
ematics furthers fundamental human values. Mathematical 
contributions that further world health, our understanding 
of climate change, digital privacy, or education in develop-
ing countries are some examples of the type of work that 
might be considered for the prize.

The current prize amount is US$5,000, awarded every 
three years.

Next Prize: January 2021

Nomination Period: March 1–June 30, 2020

To make a nomination, go to https://www.ams.org 
/russell-prize.

Ruth Lyttle Satter Prize 
in Mathematics
The Satter Prize recognizes an outstanding contribution to 
mathematics research by a woman in the previous six years.

About this Prize
This prize was established in 1990 using funds donated by 
Joan S. Birman in memory of her sister, Ruth Lyttle Satter. 
Professor Birman requested that the prize be established 
to honor her sister's commitment to research and to  

 • Demonstrated success in mentoring undergradu-
ates whose work leads to peer-reviewed publica-
tion, poster presentations, or conference presen-
tations;

 • Membership in the AMS at the time of nomina-
tion and receipt of the award is preferred but not 
required.

About this Prize
This prize is funded by a grant from the Mary P. Dolciani 
Halloran Foundation. Mary P. Dolciani Halloran was a 
gifted mathematician, educator, and author. She devoted 
her life to developing excellence in mathematics education 
and was a leading author in the field of mathematical 
textbooks at the college and secondary school levels. Read 
more about her and the foundation at www.dolciani 
halloranfoundation.org/meet-mary/.

The prize amount is US$5,000, awarded every other year 
for five award cycles.

Next Prize: January 2021

Nomination Period: March 1–June 30, 2020

To make a nomination, go to https://www.ams.org 
/dolciani-prize.

Ulf Grenander Prize 
in Stochastic Theory 
and Modeling
The Grenander Prize recognizes exceptional theoretical and 
applied contributions in stochastic theory and modeling. 
It is awarded for seminal work, theoretical or applied, in 
the areas of probabilistic modeling, statistical inference, 
or related computational algorithms, especially for the 
analysis of complex or high-dimensional systems.

About this Prize
This prize was established in 2016 by colleagues of Ulf 
Grenander (1923–2016). Professor Grenander was an in-
fluential scholar in stochastic processes, abstract inference, 
and pattern theory. He published landmark works through-
out his career, notably his 1950 dissertation, Stochastic 
Processes and Statistical Interference at Stockholm University, 
Abstract Inference, his seminal Pattern Theory: From Represen-
tation to Inference, and General Pattern Theory. A long-time 
faculty member of Brown University’s Division of Applied 
Mathematics, Grenander received many honors. He was a 
fellow of the American Academy of Arts and Sciences and 
the National Academy of Sciences, and was a member of 
the Royal Swedish Academy of Sciences.

https://www.ams.org/grenander-prize
https://www.ams.org/grenander-prize
http://www.dolcianihalloranfoundation.org/meet-mary/
http://www.dolcianihalloranfoundation.org/meet-mary/
https://www.ams.org/dolciani-prize
https://www.ams.org/dolciani-prize
https://www.ams.org/russell-prize
https://www.ams.org/russell-prize
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Preference is given to programs with significant partici-
pation by underrepresented minorities. Note that programs 
aimed at pre-college students are eligible only if there is 
a significant component of the program benefiting indi-
viduals from underrepresented groups at or beyond the 
undergraduate level.

Next Prize: January 2021

Nomination Deadline: September 15, 2020

The nomination procedure can be found at https://www 
.ams.org/make-a-diff-award. For questions, contact 
aed-mps@ams.org.

Award for an Exemplary 
Program or Achievement in 
a Mathematics Department
This award recognizes a department which has distin-
guished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, 
internally or in relation to the rest of society.  Examples 
might include a department that runs a notable minority 
outreach program, a department that has instituted an 
unusually effective industrial mathematics internship 
program, a department that has promoted mathemat-
ics so successfully that a large fraction of its university's 
undergraduate population majors in mathematics, or a 
department that has made some form of innovation in its 
research support to faculty and/or graduate students, or 
which has created a special and innovative environment 
for some aspect of mathematics research.

About this Award
This award was established in 2004. For the first three 
awards (2006–2008), the prize amount was US$1,200.  
The prize was endowed by an anonymous donor in 2008, 
and starting with the 2009 prize, the amount is US$5,000.

This US$5,000 prize is awarded annually. Departments 
of mathematical sciences in North America that offer at 
least a bachelor’s degree in mathematical sciences are 
eligible.

Next Prize: January 2021

Nomination Deadline: September 15, 2020

Nomination Procedure
A letter of nomination may be submitted by one or more in-
dividuals. Nomination of the writer's own institution is per-
mitted. The letter should describe the specific program(s) 

encourage women in science. An anonymous benefactor 
added to the endowment in 2008.

The current prize amount is US$5,000 and the prize is 
awarded every two years.

Next Prize: January 2021

Nomination Period: March 1–June 30, 2020

To make a nomination, go to https://www.ams.org 
/satter-prize.

Albert Leon Whiteman 
Memorial Prize
The Whiteman Prize recognizes notable exposition and 
exceptional scholarship in the history of mathematics.

About this Prize
This prize was established in 1998 using funds donated by 
Mrs. Sally Whiteman in memory of her husband, Albert 
Leon Whiteman.

The US$5,000 prize is awarded every three years.

Next Prize: January 2021

Nomination Period: March 1–June 30, 2020

To make a nomination, go to https://www.ams.org 
/whiteman-prize.

Mathematics Programs 
That Make a Difference
The Award for Mathematics Programs That Make a Differ-
ence was established in 2005 by the AMS’s Committee on 
the Profession to compile and publish a series of profiles 
of programs that:
1. aim to bring more persons from underrepresented 

backgrounds into some portion of the pipeline be-
ginning at the undergraduate level and leading to 
advanced degrees in mathematics and professional 
success, or retain them once in the pipeline;

2. have achieved documentable success in doing so; and
3. are replicable models.

About this Prize
One program is selected each year by the AMS Committee 
on the Profession and is awarded US$1,000 provided by 
the Mark Green and Kathryn Kert Green Fund for Inclusion 
and Diversity.

https://www.ams.org/satter-prize
https://www.ams.org/satter-prize
https://www.ams.org/make-a-diff-award
https://www.ams.org/make-a-diff-award
https://www.ams.org/whiteman-prize
https://www.ams.org/whiteman-prize
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for which the department is being nominated as well as the 
achievements which make the program(s) an outstanding 
success, and may include any ancillary documents which 
support the success of the program(s). Where possible, the 
letter and documentation should address how these suc-
cesses came about by (1) systematic, reproducible changes 
in programs that might be implemented by others, and/
or (2) have value outside the mathematical community.  
The letter should not exceed two pages, with supporting 
documentation not to exceed an additional three pages.

Nominations may be submitted through the form 
available here: https://www.mathprograms.org/db 
/programs/809 or by sending them by postal mail to 
Steve Ferrucci, 201 Charles Street, Providence, RI 02904, 
or (401)455-4113. Nominations received by September 15 
will be considered for the award announced the following 
spring; the non-winning nominations will automatically 
be reconsidered, without further updating, for the awards 
to be presented over the next two years. Questions about 
this award and the nomination process should be directed 
to Steve Ferrucci or (401)455-4113.

Award for Impact on 
the Teaching and Learning 
of Mathematics
This award is given annually to a mathematician (or group 
of mathematicians) who has made significant contribu-
tions of lasting value to mathematics education.

Priorities of the award include recognition of:
(a) accomplished mathematicians who have worked di-

rectly with pre-college teachers to enhance teachers’ impact 
on mathematics achievement for all students, or

(b) sustainable and replicable contributions by math-
ematicians to improving the mathematics education of 
students in the first two years of college.

About this Award
The Award for Impact on the Teaching and Learning of 
Mathematics was established by the AMS Committee on 
Education in 2013. The endowment fund that supports 
the award was established in 2012 by a contribution from 
Kenneth I. and Mary Lou Gross in honor of their daughters 
Laura and Karen.

The US$1,000 award is given annually. The recipient is 
selected by the Committee on Education.

Next Prize: January 2021

Nomination Deadline: September 15, 2020

Nomination Procedure
Letters of nomination may be submitted by one or more 
individuals. The letter of nomination should describe the 
significant contributions made by the nominee(s) and pro-
vide evidence of the impact these contributions have made 
on the teaching and learning of mathematics. The letter of 
nomination should not exceed two pages, and may include 
supporting documentation not to exceed three additional 
pages. A brief curriculum vitae for each nominee should 
also be included. The non-winning nominations will au-
tomatically be reconsidered, without further updating, for 
the awards to be presented over the next two years.

To nominate a colleague, please see instructions here: 
https://www.ams.org/impact.

Joint Prizes & Awards
Birkhoff Prize 
in Applied Mathematics 
(AMS-SIAM George 
David Birkhoff Prize)
The Birkhoff Prize is awarded for an outstanding contribu-
tion to applied mathematics in the highest and broadest 
sense.

About this Prize
The prize was established in 1967 in honor of Professor 
George David Birkhoff, with an initial endowment con-
tributed by the Birkhoff family and subsequent additions 
by others. The American Mathematical Society (AMS) and 
the Society for Industrial and Applied Mathematics (SIAM) 
award the Birkhoff Prize jointly.

The current prize amount is US$5,000, awarded every 
three years to a member of AMS or SIAM.

Next Prize: January 2021

Nomination Period: March 1–June 30, 2020

To make a nomination, go to https://www.ams.org 
/birkhoff-prize.

https://www.mathprograms.org/db/programs/809
https://www.mathprograms.org/db/programs/809
https://www.ams.org/birkhoff-prize
https://www.ams.org/birkhoff-prize
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Frank and Brennie Morgan 
Prize for Outstanding 
Research in Mathematics by 
an Undergraduate Student
The Morgan Prize is awarded each year to an undergrad-
uate student (or students for joint work) for outstanding 
research in mathematics. Any student who was enrolled as 
an undergraduate in December at a college or university in 
the United States or its possessions, Canada, or Mexico is 
eligible for the prize.

The prize recipient's research need not be confined to a 
single paper; it may be contained in several papers. How-
ever, the paper (or papers) to be considered for the prize 
must be completed while the student is an undergraduate. 
Publication of research is not required.

About this Prize
The prize was established in 1995. It is entirely endowed by 
a gift from Mrs. Frank (Brennie) Morgan. It is made jointly 
by the American Mathematical Society, the Mathematical 
Association of America, and the Society for Industrial and 
Applied Mathematics.

The current prize amount is US$1,200, awarded annu-
ally.

Next Prize: January 2021

Nomination Period: March 1–June 30, 2020

To make a nomination, go to https://www.ams.org 
/morgan-prize.

AMS Membership
for Early-Career 
Mathematicians
The AMS supports early career mathemati-
cians with opportunities for career develop-
ment, access to information and job listings, 
connections with prospective employers, and 
valuable member bene� ts, including:

Individual AMS members receive
free standard shipping on orders delivered
to addresses in the United States
(including Puerto Rico) and Canada
Discounts on AMS/MAA Press titles
Reduced registration at the Joint Mathematics 
Meetings and AMS Sectional Meetings
Free subscriptions to Notices of the AMS
and Bulletin of the AMS

Discounted dues rates for 
early career mathematicians 
are available for 2020:

*Applies per year to the fi rst 
fi ve consecutive years of 
regular membership. Eligibility 
begins with the fi rst year of 
membership in any category 
other than Student, Graduate 
Student, or Affi liate.

$51  
Introductory Rate* Graduate/Undergraduate 

Student Rate    

$77
Photo co

urtesy of Kate Awtrey, Atlanta Convention Photography

Join OR 
Renew 

your AMS membership today by visiting: 
www.ams.org/membership 

https://www.ams.org/morgan-prize
https://www.ams.org/morgan-prize
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COMMUNICATION

Starting from the study of random products of matrices, 
in 1963, Hillel Furstenberg introduced and classified a no-
tion of fundamental importance, now called “Furstenberg 
boundary.” Using this, he gave a Poisson-type formula 
expressing harmonic functions on a general group in terms 
of their boundary values. In his works on random walks 
at the beginning of the 1960s, some in collaboration with 
Harry Kesten, he also obtained an important criterion for 
the positivity of the largest Lyapunov exponent.

Motivated by Diophantine approximation, in 1967, 
Furstenberg introduced the notion of disjointness of er-
godic systems, a notion akin to that of being coprime for 
integers. This natural notion turned out to be extremely 
deep and to have applications to a wide range of areas, 
including signal processing and filtering questions in 
electrical engineering, the geometry of fractal sets, homoge-
neous flows, and number theory. His “×2 ×3 conjecture” is 
a beautifully simple example which has led to many further 
developments. He considered the two maps taking squares 
and cubes on the complex unit circle and proved that the 
only closed sets invariant under both these maps are either 
finite or the whole circle. His conjecture states that the only 
invariant measures are either finite or rotationally invariant. 
In spite of efforts by many mathematicians, this measure 
classification question remains open. Classification of 
measures invariant by groups has blossomed into a vast 
field of research influencing quantum arithmetic ergodic-
ity, translation surfaces, Margulis’s version of Littlewood’s 
conjecture, and the spectacular works of Marina Ratner. 
Considering invariant measures in a geometric setting, 
Furstenberg proved, in 1972, the unique ergodicity of the 
horocycle flow for hyperbolic surfaces, a result with many 
descendants.

Using ergodic theory and his multiple recurrence the-
orem, in 1977, Furstenberg gave a stunning new proof of 
Szemerédi’s theorem about the existence of large arithmetic 

Citation
A central branch of probability theory is the study of ran-
dom walks, such as the route taken by a tourist exploring 
an unknown city by flipping a coin to decide between 
turning left or right at every cross. Hillel Furstenberg and 
Gregory Margulis invented similar random walk techniques 
to investigate the structure of linear groups, which are, for 
instance, sets of matrices closed under inverse and product. 
By taking products of randomly chosen matrices, one seeks 
to describe how the result grows and what this growth says 
about the structure of the group.

Furstenberg and Margulis introduced visionary and 
powerful concepts, solved formidable problems, and dis-
covered surprising and fruitful connections between group 
theory, probability theory, number theory, combinatorics, 
and graph theory. Their work created a school of thought 
which has had a deep impact on many areas of mathematics 
and applications.

Furstenberg and Margulis 
Awarded 2020 Abel Prize

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2110

Hillel Furstenberg Gregory Margulis

The Norwegian Academy of Science and Letters has awarded the Abel Prize for 2020 to Hillel Furstenberg of the 
Hebrew University of Jerusalem and Gregory Margulis of Yale University “for pioneering the use of methods from 
probability and dynamics in group theory, number theory, and combinatorics.”
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The influence of Furstenberg and Margulis extends way 
beyond their results and original fields. They are recognized 
as pioneers by a wide community of mathematicians, from 
Lie theory, discrete groups, and random matrices to com-
puter science and graph theory. They have demonstrated 
the ubiquity of probabilistic methods and the effectiveness 
of crossing boundaries between separate mathematical dis-
ciplines, such as the traditional dichotomy between pure 
and applied mathematics.

Biographical Sketch: Hillel Furstenberg
Note: This biographical information is taken from the Abel Prize 
website: https://www.abelprize.no/c76018/binfil 
/download.php?tid=76027

When Hillel (Harry) Furstenberg published one of his 
early papers, a rumor circulated that he was not an indi-
vidual but instead a pseudonym for a group of mathema-
ticians. The paper contained ideas from so many different 
areas, surely it could not possibly be the work of one man?

The anecdote may be apocryphal, but it illustrates a 
truth that has been consolidated throughout his academic 
life: Furstenberg has a deep technical knowledge of diverse 
areas and has made insightful and surprising connections 
between them. In particular, he has made fundamental 
contributions to the field of ergodic theory, which have 
had far-reaching applications in number theory, geometry, 
combinatorics, group theory, and probability.

Furstenberg was born in Berlin in 1935. His family was 
Jewish. A few months before the outbreak of the Second 
World War, they managed to get out of Germany and fled to 
the United States. Furstenberg’s father died on the journey, 
and Hillel was brought up by his mother and elder sister 
in an orthodox community in New York.

Furstenberg became interested in mathematics when 
he saw his teacher getting into a muddle when explaining 
well-known theorems. The student enjoyed finding his 
own proofs. “Sometimes bad teachers do a good job!” he 
says. He attended the high school and college of Yeshiva 
University, graduating in 1955 with a BA and an MS. As an 
undergraduate, he was already publishing papers. “Note 
on One Type of Indeterminate Form” (1953) and “On the 
Infinitude of Primes” (1955) both appeared in the Amer-
ican Mathematical Monthly, the latter giving a topological 
proof of Euclid’s famous theorem that there are infinitely 
many primes.

Furstenberg went to Princeton University to study for his 
doctorate under the supervision of Salomon Bochner. He 
received his PhD in 1958 for his thesis, “Prediction Theory.” 
When it was published in 1960, one reviewer said: “The 
work stands as a first-rate and highly original dissertation 
on a very difficult subject.”

After spending a year as an instructor at Princeton and 
one at MIT, he got his first job as an assistant professor in 
1961 at the University of Minnesota. In a series of articles, 

progressions in subsets of integers with positive density. 
In subsequent works with Yitzhak Katznelson, Benjamin 
Weiss, and others, he found higher dimensional and 
far-reaching generalizations of Szemerédi’s theorem and 
other applications of topological dynamics and ergodic 
theory to Ramsey theory and additive combinatorics. This 
work has influenced many later developments, including 
the works of Ben Green, Terence Tao, and Tamar Ziegler on 
the Hardy–Littlewood conjecture and arithmetic progres-
sions of prime numbers.

Gregory Margulis revolutionized the study of lattices 
of semisimple groups. A lattice in a group is a discrete 
subgroup such that the quotient has a finite volume. For 
semisimple groups, Margulis classified these lattices in his 
“superrigidity” and “arithmeticity” theorems in the mid-
1970s. Armand Borel and Harish-Chandra constructed 
lattices in semisimple groups using arithmetic construc-
tions, essentially as the group of integer-valued matrices 
in a large matrix group. Margulis proved that all lattices in 
rank 2 or higher arise from this arithmetic construction, 
as conjectured by Atle Selberg. In 1978, Margulis unveiled 
the structure of these lattices in his “normal subgroup 
theorem.” Central to his techniques is the amazing and 
surprising use of probabilistic methods (random walks, 
Oseledets theorem, amenability, Furstenberg boundary), 
as well as Kazhdan property (T).

In his 1970 dissertation, Margulis constructed the so-
called “Bowen–Margulis measure” of a compact Rieman-
nian manifold of strictly negative variable curvature. Using 
the mixing property of geodesic flows with respect to this 
measure, he proved an analogue of the prime number 
theorem, an asymptotic formula for the number of closed 
geodesics shorter than a given length. Before this, the only 
such counting result was via the Selberg trace formula, 
which works only for locally symmetric spaces. Since then, 
numerous counting and equidistribution problems have 
been studied using Margulis’s mixing approach.

Another spectacular application of his methods is the 
proof in 1984 of the decades-old Oppenheim conjecture in 
number theory: a nondegenerate quadratic form with three 
or more variables either takes a dense set of values on the 
integers or is a multiple of a form with rational coefficients.

In graph theory, Margulis’s creativity resulted in his 
construction in 1973 of the first known explicit family of 
expanders, using Kazhdan property (T). An expander is 
a graph with high connectivity. This notion, introduced 
by Mark Pinsker, comes from the study of networks in 
communications systems. Expander graphs are now a fun-
damental tool in computer science and error-correcting 
codes. In 1988 Margulis constructed optimal expanders, 
now known as Ramanujan graphs, which were discovered 
independently by Alex Lubotzky, Peter Sarnak, and Ralph 
Phillips.

https://www.abelprize.no/c76018/binfil/download.php?tid=76027
https://www.abelprize.no/c76018/binfil/download.php?tid=76027
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beginning in 1963 with “A Poisson Formula for Semi- 
Simple Lie Groups,” he continued to establish himself as 
a groundbreaking thinker. His work showing that the be-
havior of random walks on a group is intricately related to 
the structure of the group—which led to what is now called 
the “Furstenberg boundary”—has been hugely influential 
in the study of lattices and Lie groups.

He was promoted to full professor at Minnesota, but in 
1965 he left the United States for the Hebrew University 
of Jerusalem, where he stayed until his retirement in 2003.

In his 1967 paper, “Disjointness in Ergodic Theory, Min-
imal Sets, and a Problem in Diophantine Approximation,” 
Furstenberg introduced the notion of “disjointness,” a 
notion in ergodic systems that is analogous to coprimality 
for integers. The notion turned out to have applications 
in areas such as number theory, fractals, signal processing, 
and electrical engineering.

In his 1977 paper, “Ergodic Behavior of Diagonal Mea-
sures and a Theorem of Szemerédi on Arithmetic Progres-
sions,” Furstenberg used methods from ergodic theory to 
prove a celebrated result by Endre Szemerédi (Abel Prize 
laureate, 2012), which states that any subset of the integers 
with positive upper density contains arbitrarily large arith-
metic progressions. Furstenberg’s proof was more concep-
tual than Szemerédi’s, and it completely changed the area. 
Its insights also became very fruitful, leading to important 
results such as the proof by Ben Green and Terence Tao that 
the sequence of prime numbers includes arbitrarily large 
arithmetic progressions.

Furstenberg’s decision to spend almost all of his career 
in Israel helped establish the country as a world center 
for mathematics, in particular for ergodic theory. In the 
academic year 1975–1976, he ran a year-long program on 
ergodic theory at the Israeli Institute of Advanced Study, 
together with Benjamin Weiss, which is considered to have 
transformed the field.

Of his many accolades, Furstenberg has won the Israel 
Prize, regarded as the top honor in Israel, and the Wolf Prize 
in mathematics. He is a member of the Israel Academy and 
the American Academy of Arts and Sciences.

Furstenberg married Rochelle, a magazine writer spe-
cializing in arts and culture, in 1958. They have five chil-
dren, sixteen grandchildren, and a growing number of 
great-grandchildren.

Biographical Sketch: Gregory Margulis
Note: This biographical information is taken from the Abel Prize 
website: https://www.abelprize.no/c76018/binfil 
/download.php?tid=76026

In a glittering mathematical career, Gregory (Grisha) 
Margulis has introduced many influential ideas, solved 
long-standing open questions, and discovered deep con-
nections between different mathematical fields. His signa-
ture approach has been to use ergodic theory in unexpected 

and ingenious ways, which has led to the creation of en-
tirely new areas of study.

Born in Moscow in 1946, he gained international recog-
nition at age sixteen with a silver medal at the International 
Mathematical Olympiad. He attended Moscow State Uni-
versity, receiving his PhD in 1970 under the supervision 
of Yakov Sinai (Abel Prize laureate, 2014). His dissertation 
revealed a particularly original mind: he constructed a 
measure—now called the Bowen–Margulis measure—that 
enabled him to discover new properties about the geometry 
of hyperbolic space. His methods subsequently inspired 
many new questions and areas of active research.

Margulis won the 1978 Fields Medal, at age only thirty- 
two, for his work on lattices in Lie groups, notably his 
arithmeticity and superrigidity theorems. The arithmeticity 
theorem states that all irreducible lattices in semisimple 
Lie groups of rank greater than 2 are arithmetic, and the 
superrigidity theorem that a representation of such a lattice 
extends to a representation of the ambient Lie group. The 
superrigidity proof demonstrated novel applications of 
ergodic theory, establishing powerful new methods that 
became very influential in many fields.

Jacques Tits (Abel Prize laureate, 2008) said of Margulis 
in 1978: “It is not exaggerated to say that, on several occa-
sions, he has bewildered the experts by solving questions 
which appeared to be completely out of reach at the time.”

Margulis, however, was unable to receive the Fields 
Medal, since the Soviet authorities refused him a visa to 
attend the awards ceremony in Helsinki, Finland. He was 
only allowed to travel abroad in 1979 when Soviet academ-
ics were given more personal freedoms. During the 1980s, 
he visited academic institutions in Switzerland, France, and 
the United States, before settling at Yale in 1991, where he 
has been ever since.

Earlier in his career, Margulis faced discrimination for 
being of Jewish origin. Even though he was one of the top 
young mathematicians in the country, he was unable to 
find a job at Moscow University. Instead, he worked at the 
much less prestigious Institute for Problems in Information 
Transmission. His contact with colleagues at the institute, 
however, led to a remarkable discovery. They told him 
about a type of connected network called an “expander 
graph.” Within days Margulis had constructed the first 
known example of an expander graph using ideas from 
representation theory, an abstract and seemingly unrelated 
field. His discovery was groundbreaking and has had many 
applications in computer science.

Margulis again demonstrated his knack for proving the-
orems in stunning and surprising ways when in 1978 he 
revealed what is now called his normal subgroup theorem, 
about lattices in Lie groups. His proof was a very original 
combination of the theory of amenable groups on the one 
hand and the Kazhdan property (T) from representation 
theory on the other.

https://www.abelprize.no/c76018/binfil/download.php?tid=76026
https://www.abelprize.no/c76018/binfil/download.php?tid=76026
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In 1984 he proved the Oppenheim conjecture, an idea 
from number theory first stated in 1929, using methods 
from ergodic theory. More important than the result was 
the whole idea of using ergodic theory in this way, and this 
created a new area, now called homogenous dynamics. The 
work of three recent Fields medalists—Elon Lindenstrauss, 
Maryam Mirzakhani, and Akshay Venkatesh—all builds on 
Margulis’s earlier ideas.

Margulis has been as prolific as he has been diverse. 
When in 2008 the Pure and Applied Mathematics Quarterly 
ran an article listing Margulis’s major results, it ran to more 
than fifty pages.

Margulis’s honors include the Fields Medal (1978), the 
Lobachevsky Prize (1996), and the Wolf Prize (2005). He 
is a member of the US National Academy of Sciences and 
a Fellow of the AMS.

Margulis and his wife Raisa (Raya) have a son and a 
granddaughter.

About the Prize
The Niels Henrik Abel Memorial Fund was established in 
2002 to award the Abel Prize for outstanding scientific work 
in the field of mathematics. It carries a cash award of 7.5 
million Norwegian krone (approximately US$720,000). 
The prize is awarded by the Norwegian Academy of Science 
and Letters, and the choice of Abel Laureate is based on the 
recommendation of the Abel Committee, which consists 
of five internationally recognized research scientists in the 
field of mathematics. The Committee is appointed for a 
period of two years.

Read more about the recipients’ life and work, as 
well as a list of previous recipients of the Abel Prize, at 
https://www.abelprize.no/c76018/seksjon/vis 
.html?tid=76019&strukt_tid=76018.

—From announcements of the 
Norwegian Academy of Science and Letters

Credits
Photo of Hillel Furstenberg is by Yosef Adest, Hebrew Univer-

sity of Jerusalem.
Photo of Gregory Margulis is courtesy of Dan Rezetti.
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ideas in global nonlinear analysis, topology, and algebraic 
geometry.

A trademark of Donaldson’s work is to use geometric 
ideas in infinite dimensions and deep nonlinear analysis to 
give new ways to solve partial differential equations (PDE). 
In this way, he used the Yang–Mills equations, which [have 
their] origin in quantum field theory, to solve problems 
in pure mathematics (Kähler manifolds) and changed our 
understanding of symplectic manifolds. These are the phase 
spaces of classical mechanics, and he has shown that large 
parts of the powerful theory of algebraic geometry can be 
extended to them.

Applying physics to problems of pure mathematics was 
a stunning reversal of the usual interaction between the 
subjects and has helped develop a new unification of the 
subjects over the last twenty years, resulting in great prog-
ress in both. His use of moduli (or parameter) spaces of 
solutions of physical equations—and the interpretation of 
this technique as a form of quantum field theory—is now 
pervasive throughout many branches of modern mathe-
matics and physics as a way to produce “Donaldson-type 
invariants” of geometries of all types. In the last five years 
he has been making great progress with special geometries 
crucial to string theory in dimensions six (“Donaldson–
Thomas theory”), seven, and eight.

Citation: Eliashberg 
Yakov Eliashberg is awarded the Wolf Prize for his founda-
tional work on symplectic and contact topology, changing 
the face of these fields, and for his groundbreaking contri-
bution to homotopy principles for partial differential rela-
tions and to topological foundations of multidimensional 
complex analysis.

Eliashberg is one of the founders of symplectic and con-
tact topology, a discipline [that] originated as mathematical 
language for qualitative problems of classical mechanics 

Citation: Donaldson 
Simon Donaldson is awarded the Wolf Prize for his leader-
ship in geometry in the last thirty-five years. His work has 
been a unique combination of novel ideas in global nonlin-
ear analysis, topology, algebraic geometry, and theoretical 
physics, following his fundamental work on four-manifolds 
and gauge theory. Especially remarkable is his recent work 
on symplectic and Kähler geometry.

As a graduate student, Donaldson made a spectacular 
discovery on the nature of four-dimensional geometry 
and topology which is considered one of the great events 
of twentieth-century mathematics. He showed there are 
phenomena in four dimensions which have no counterpart 
in any other dimension. This was totally unexpected, run-
ning against the perceived wisdom of the time. Not only 
did Donaldson make this discovery, but he also produced 
new tools with which to study it, involving deep new 

Donaldson and Eliashberg 
Awarded 2020 Wolf Prize

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2109

Sir Simon Donaldson Yakov Eliashberg

Sir Simon Donaldson of Imperial College London and the Simons Center, Stony Brook University, and Yakov Eliash-
berg of Stanford University have been awarded the Wolf Foundation Prize for Mathematics for 2020 by the Wolf 
Foundation “for their contributions to differential geometry and topology.”
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fellow at All Souls College, Oxford. He spent the academic 
year 1983–1984 at the Institute for Advanced Study, then 
returned to Oxford as Wallis Professor of Mathematics in 
1985. He spent a year as visiting professor at Stanford Uni-
versity and joined the faculty at Imperial College London 
in 1998. He joined the Simons Center in 2014. Donaldson 
was awarded the Fields Medal in 1986. His honors and 
awards also include the Junior Whitehead Prize of the 
London Mathematical Society (1985), the Crafoord Prize 
in Mathematics (1994), the Pólya Prize of the LMS (1999), 
the King Faisal International Prize (2006), the Nemmers 
Prize (2008), the Shaw Prize (with C. Taubes, 2009), the 
Breakthrough Prize in Mathematics (2014), and the Oswald 
Veblen Prize in Geometry (with X. Chen and S. Sun, 2019). 
He is a Fellow of the AMS and of the Royal Society and a for-
eign member of the US National Academy of Sciences and 
the Royal Swedish Academy of Sciences. He was knighted 
in 2012 for his service to mathematics.

Yakov Eliashberg was born in 1946 in Leningrad. He 
received his PhD from Leningrad University in 1972 under 
the direction of V. A. Rokhlin. He was a faculty member at 
Syktyvkar State University from 1972 to 1979. He worked 
in software engineering from 1980 to 1987. In 1988 he 
moved to the United States, where he joined the faculty 
at Stanford University in 1989. He was awarded a Gug-
genheim Fellowship in 1995. Other honors include the 
Oswald Veblen Prize in Geometry (with J. Cheeger and M. J.  
Hopkins, 2001), the Heinz Hopf Prize (with H. Hofer, 
2013), and the Crafoord Prize (2016). He was elected to the 
US National Academy of Sciences in 2002. He is a Fellow 
of the AMS.

About the Prize
The Wolf Prize carries a cash award of US$100,000. The 
science prizes are given annually in the areas of agriculture, 
chemistry, mathematics, medicine, and physics. Laureates 
receive their awards from the President of the State of Is-
rael in a special ceremony at the Knesset Building (Israel’s 
Parliament) in Jerusalem. The list of previous recipients of 
the Wolf Prize in Mathematics is available on the website 
of the Wolf Foundation, www.wolffund.org.il.

—From Wolf Foundation announcements

Credits
Photo of Simon Donaldson is courtesy of Simon Donaldson.
Photo of Yakov Eliashberg is courtesy of Yakov Eliashberg.

and having deep connections with modern physics. The 
emergence of symplectic and contact topology has been one 
of the most striking long-term advances in mathematical 
research over the past four decades. Eliashberg is among 
the main exponents of this development.

In the 1980s Eliashberg developed a highly ingenious 
and very visual combinatorial technique that led him to 
the first manifestation of symplectic rigidity: the group of 
symplectomorphisms is closed in the group of all diffeo-
morphisms in the uniform topology. This fundamental 
result, proved in a different way also by Gromov and called 
nowadays the Eliashberg–Gromov theorem, is considered 
as one of the wonders and cornerstones of symplectic 
topology. In a series of papers (1989–1992), Eliashberg 
introduced and explored a fundamental dichotomy “tight 
vs. overtwisted” contact structure that shaped the face of 
modern contact topology. Using this dichotomy, he gave 
the complete classification of contact structures on the 
three-sphere (1992). In these papers, Eliashberg laid the 
foundations of modern contact topology and introduced 
mathematical language which is widely used by researchers 
in this rapidly developing field.

In a seminal 2000 paper, Eliashberg (with Givental 
and Hofer) pioneered foundations of symplectic field 
theory, a powerful, rich, and notoriously sophisticated 
algebraic structure behind Gromov’s pseudoholomorphic 
curves.  It had a huge impact and became one of the most 
central and exciting directions in symplectic and contact 
topology. It has led to a significant progress on numerous 
areas, including topology of Lagrangian submanifolds and 
geometry and dynamics of contact transformations, and 
it exhibited surprising links with classical and quantum 
integrable systems.

In recent years (2013–2015), Eliashberg found a num-
ber of astonishing appearances of homotopy principles in 
symplectic and contact topology, leading him to a solution 
of a number of outstanding open problems and leading to 
a “mentality shift” in the field. Before these developments, 
the consensus among experts was that the symplectic world 
is governed by rigidity coming from Gromov’s theory of 
pseudoholomorphic curves or, equivalently, by Morse 
theory on the loop spaces of symplectic manifolds. The 
current impression based on Eliashberg’s discoveries is that 
rigidity is just a drop in the ocean of flexible phenomena.

Biographical Sketches
Sir Simon K. Donaldson was born in 1957 in Cambridge, 
United Kingdom. Through his  passion for sailing as a 
young man, he became interested in the design of boats 
and, in turn, in mathematics. He received his BA degree 
in mathematics from Pembroke College, Cambridge 
University, in 1979 and his PhD from Oxford University 
in 1983 under Nigel Hitchin and Michael Atiyah. After 
receiving his degree, he was appointed a junior research 



AMS Chapter at University of Hawaii at Manoa
“Be a Scientist Night is a night where the math “Ohana” 
gets to go out, interact with the community, and show the 
community why math and other sciences are so awesome. 
In this event we chose a location working with members of 
the Institute of Human Services to have the most profound 
impact on the local youth. This year it was held at Kahauiki 
Village, and allowed for children and their families to come 
talk to and learn from real life scientists and mathematicians. 
Living on the island of O’ahu in the state of Hawai’i, we 
have come to realize how important the land, resources and 
especially the community are to survival, and this is our way 
of giving back our expertise to those who have been so kind 
and generous with us.”

AMS Chapter at Duke
“Our chapter collaborated with SIAM Duke on organizing the 
Triangle Area Graduate Mathematics Conference (TAGMaC). 
Our speakers were fantastic and the food was awesome too!”

AMS Chapter at Boston University
“For the Distinguished Speaker Lecture, Jill Pipher came to 
speak to an audience of graduate students, undergrads, and 
faculty in the Mathematics and Statistics department. Jill spoke 
about her career trajectory through academia, giving advice for 
those looking to pursue a career in the field. She also spoke 
about her research in cryptography, and about larger objectives 
for the AMS. Her talk was followed by a Q&A session, along 
with a dinner for interested students and faculty.”

AMS Chapter at Ohio University
“Some of our AMS Graduate Chapter members visited a school 
in Wellston, OH, a rural location and one of the poorest 
communities in Ohio where there are limited resources in 
the schools. We led 6 after-school activities combining Art 
& Math, all related to the Islamic Geometric Pattern. All the 
Grad members facilitating the activity were from different 
countries: Iraq, Iran, KSA, USA, Mexico, Ghana and Nepal 
with very diverse cultures. Each table was represented by 
a Grad Student from one of these countries, showing the 
students that even people that are from a different country, 
culture and background learn the same mathematics. We also 
wanted to show them that Math is fun! The students went 
from table to table participating in the activities and really 
enjoyed themselves.” 

AMS Chapter at University of Southern Florida
“The Hasse-Weil Theorem/The Riemann Hypothesis student 
presentation served as an introduction to many different topics, 
as it was an example of a problem that combines algebra, 
geometry, topology and number theory. The presenters got 
feedback on how to manage time for the different slides 
and use the available board space for examples. This was 
an opportunity for a graduate student to practice for an 
academic presentation. The audience consisted of advanced 
undergraduate students and graduate students.” 

How do AMS Graduate Student Chapters support 
the mathematical community and beyond?



AMS Chapter at UC Berkeley
“We had noticed that Berkeley students had very little interaction 
with students from the other schools nearby, so we developed 
a one-day conference; The Bay Graduate Math Conference 
(BYGMAC) as an opportunity to increase communication and 
to create connections between graduate student researchers 
from different schools. The BYGMAC’s schedule consisted 
mainly of eight nonoverlapping talks: seven half-hour talks 
by students and one hour-long talk by a Berkeley professor. 
The talks were all about recent research while still being 
accessible to a general graduate-level audience. The talks were 
well received, there was a lot of interaction during the breaks, 
and people were in good spirits throughout the day. We look 
forward to hosting this again!” 

AMS Chapter at Brown University
“We organized three day-long conferences, consisting of six 
50min talks given by graduate students aimed at graduate 
students. The talks focused on three different targeted 
areas of Mathematics: Analysis/PDE/Probability, Geometry/
Topology, and Algebraic Geometry/Number Theory. The 
first of our conferences was the AMS Graduate Student 
Conference in Analysis, PDE and Probability at Brown. This 
conference featured six graduate student speakers from 
various universities in the Boston area (MIT, Harvard, BU and 
Brown). The conference was well received, and many of the 
attendees participated in mathematical discussions during 
the short breaks and dinner.”

AMS Chapter at Southern Illinois University
“The AMS Graduate Student Chapter at SIUC completed several 
outreach activities directed at undergraduate, high school, 
and even younger students. These included mathematics 
hands-on workshops and demonstrations for the Illinois state 
science fair, Math Field Day at SIUC, and for younger groups. 
The chapter members developed, directed, and staffed the 
presentations which were plugged into larger activities.”

“The chapter planned and hosted its 2nd annual Integration 
Bee. Most of the chapter members participated in some 
way: in planning logistics for the day-long activity of 
the Integration Bee, developing advertising and outreach, 
preparing the integration questions and answer keys, and 
marking the qualifying papers of participants. Several 
faculty members judged the one-on-one rounds of the 
elimination tournament, final rounds of the competition 
and observed firsthand the smooth and orderly operation of 
the competition.” 

For information about starting an AMS  
Graduate Student Chapter, please visit: 
www.ams.org/studentchapters

Photos courtesy of their respective universities.
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The AMS Joan and Joseph Birman Fellowship for Women 
Scholars, established in 2017 with a generous gift from Joan 
and Joseph Birman, seeks to give exceptionally talented 
women extra research support during their mid-career 
years. The first three Fellowships are also being supported 
by the Stephen and Margaret Gill Family Foundation, in 
memory of Hilda Geiringer von Mises. The primary se-
lection criterion for the Birman Fellowship, which carries 
a stipend of US$50,000, is the excellence of the candi-
date’s research. Read an interview (www.ams.org/giving 
/honoring/the-line-newsletter-fall2017-PDF 
.pdf) with Joan Birman about her decision to create the 
Fellowship with the goal of “helping more women math-
ematicians to develop their creative voices.”

The first two Birman Fellows were Margaret Beck (2018–
2019) and Lillian Pierce (2019–2020). For more informa-
tion about the Fellowship, see www.ams.org/profession 
/prizes-awards/Birman-Fellowship.

—Elaine Kehoe

Khayutin Awarded 2020–
2021 Centennial Fellowship

Ilya Khayutin of Northwestern Uni-
versity has been awarded the AMS 
Centennial Fellowship for the aca-
demic year 2020–2021. 

Khayutin tells the Notices: “I work 
in homogeneous dynamics and num-
ber theory. The interface between 
these fields is vast, so let me give a 
special example to demonstrate the 
type of questions I have been study-
ing. Consider a degree n totally real 

irreducible integral polynomial P of discriminant D. We 
are interested in solutions to P(X)=0 when X is an n × n  
matrix. The space of these solutions is a nice algebraic 
variety VP. This variety carries an action of the group PGLn 
by conjugation. The solutions in real matrices, VP(ℝ), are 
a homogeneous space for PGLn(ℝ), simply because each 
semisimple real matrix with real eigenvalues can be diago-
nalized over the reals. This observation allows us to identify 

Melnick Awarded  
Birman Fellowship

Karin Melnick of the University of 
Maryland, College Park, has been 
awarded the AMS Joan and Joseph 
Birman Fellowship for Women Schol-
ars for the academic year 2020–2021. 
Melnick’s research is on differen-
tial-geometric aspects of rigidity. This 
work comprises global and local re-
sults relating the automorphisms of a 
differential-geometric structure with 
the geometric and topological prop-

erties of the space. Melnick also works in smooth dynamics, 
in which an invariant differential-geometric structure plays 
an important role in the proof of rigidity theorems. Mel-
nick is a leader in research on the Lorentzian Lichnerowicz 
conjecture, a statement about conformal transformations 
of compact Lorentzian manifolds. Together with collabo-
rators, she has developed new techniques in the setting of 
Cartan connections that have facilitated progress on this 
problem, as well as many results for other differential- 
geometric structures and general parabolic Cartan geom-
etries. 

Karin Melnick was born and raised in the San Francisco 
Bay area. She attended Reed College in Portland, Oregon, 
and completed her PhD at the University of Chicago in 
2006 under the direction of Benson Farb. With an NSF 
Postdoctoral Research Fellowship, she went to Yale Uni-
versity as a Gibbs Assistant Professor. She received a Junior 
Research Fellowship from the Erwin Schrödinger Institute 
in the spring of 2009 and began as an assistant professor 
at the University of Maryland in the fall of 2009. She has 
been awarded an AMS Centennial Fellowship and an NSF 
CAREER grant. She is currently associate professor at the 
University of Maryland.

Melnick lives between the United States and Germany 
with her partner and their young child. She is very grateful 
for the flexibility provided by the Birman Fellowship and 
the opportunities it provides to advance her research and 
career goals.

Karin Melnick

Ilya Khayutin

http://www.ams.org/giving/honoring/the-line-newsletter-fall2017-PDF.pdf
http://www.ams.org/giving/honoring/the-line-newsletter-fall2017-PDF.pdf
http://www.ams.org/giving/honoring/the-line-newsletter-fall2017-PDF.pdf
http://www.ams.org/profession/prizes-awards/Birman-Fellowship
http://www.ams.org/profession/prizes-awards/Birman-Fellowship
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in the “Mathematics Opportunities” section of an upcom-
ing issue of the Notices.

—Elaine Kehoe

2020 Rolf Schock  
Prizes Awarded
Nikolai G. Makarov of the California Institute of Tech-
nology has been awarded the 2020 Rolf Schock Prize in 
Mathematics “for his significant contributions to complex 
analysis and its applications to mathematical physics.” Ac-
cording to the prize citation, complex analysis “investigates 
functions of complex variables. This field is vital to many 
branches of mathematics and has numerous applications 
in the natural sciences and engineering.”

The citation reads in part: “His most famous results 
concern harmonic measure in two dimensions, stating that 
the hitting probability distribution on the boundary for 
Brownian motion in two-dimensional, simply connected 
domains (domains without holes) is one-dimensional. 
Brownian motion is the random movement of small par-
ticles floating in a fluid or gas, which was studied by Albert 
Einstein in the early twentieth century.

“Nikolai Makarov has also made revolutionary contribu-
tions in the field of growth phenomena that describe crystal 
growth in a two-dimensional space. In recent years, he has 
also produced innovative results in conformal field theory 
in quantum mechanics, particularly its relationship to 
complex analysis and probability theory.” Makarov received 
his doctorate from the Steklov Mathematical Institute in 
Leningrad in 1986. He is a past recipient of the Salem Prize 
and was an invited speaker at the International Congress 
of Mathematicians in Berkeley in 1986.

Dag Prawitz and Per Martin-Löf, both of Stockholm 
University, were awarded Rolf Schock Prizes in Logic and 
Philosophy. They specialize in proof theory and construc-
tivist philosophy of mathematics. Prawitz was recognized 
for his work in “proof-theoretical normalization in natural 
deduction,” and Martin-Löf was honored “for the creation 
of constructive type theory.”

The prize carries a cash award of 400,000 Swedish krona 
(approximately US$39,000). The prizes are awarded in the 
areas of mathematics, logic and philosophy, visual arts, 
and music.

—From a Schock Prize announcement

VP(ℝ), for any degree n polynomial P as above, with the 
coset space PGLn(ℝ)/A, where A is the subgroup of diag-
onal matrices. A classical question going back to Linnik is 
how do the solutions in integral matrices, VP(ℤ), distribute 
in the space of real solutions PGLn(ℝ)/A when one varies 
the polynomial P (the degree n is fixed). In many cases we 
expect the distribution of the discrete points VP(ℤ) to be 
close to uniform when |D| is large enough.

“For n=2 this question was partially answered by 
Skubenko in the 1950s using a method due to Linnik. The 
n=2 case was finally resolved by Duke in the 1980s. While 
Linnik’s method relied on an intricate interplay between 
dynamics and arithmetic, Duke’s proof belongs to the 
theory of automorphic forms and builds upon Iwaniec’s 
amplification method. The case of higher n’s seems to be 
much harder. The question was solved for n=3 by Einsiedler, 
Lindenstrauss, Michel, and Venkatesh after the turn of the 
twenty-first century using a method inspired by Linnik’s 
work. The input they required both on the ergodic and the 
number theory sides is significantly more involved than 
for n=2. The case of n>3 is still very much open, although 
some weak partial results are known. It would be pleasing 
to see a solution of this problem in general.

“This is one flavor of questions I enjoy, some other prob-
lems are related to the asymptotic behavior of automorphic 
forms in various aspects. For example, how big can the 
sup-norm of a Hecke–Maass eigenform of large Laplace 
eigenvalue on the modular curve be when restricted to a 
fixed compact set. The study of these problems has been 
pioneered by P. Sarnak, and important deep theorems 
have been proven by many researchers. I find it especially 
beautiful when we find a common thread between these 
spectral problems and the Diophantine problems above.”

Khayutin was born in the Soviet Union; his family immi-
grated to Israel when he was five years old. He received his 
PhD in 2016 from Hebrew University under the direction of 
Elon Lindenstrauss. He was a Veblen Research Instructor at 
Princeton University and the Institute for Advanced Study 
from 2016 to 2019. He says, “My parents played a formative 
role in my education and my interest in science, and I am 
very fortunate to have a wonderful family. Although I was 
deeply interested in mathematics at an early age, it was 
not till my late twenties when I have decided to pursue a 
career in math. Since coming full circle to graduate studies 
in mathematics my passion about the subject continuously 
grows.”

The Centennial Fellowship carries a stipend of 
US$93,000, a travel expense allowance of US$9,300, and 
a complimentary Society membership for one year. The 
award was made at the recommendation of the Centennial 
Fellows Selection Committee. The primary selection crite-
rion is the excellence of the candidate’s research.

Please note: Information about the competition for the 
2021–2022 AMS Centennial Fellowship will be published 
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Bedrossian Awarded  
2019 IMA Prize

Jacob Bedrossian of the Center for 
Scientific Computation and Mathe-
matical Modeling at the University 
of Maryland, College Park, has been 
awarded the 2019 IMA Prize of the 
Institute for Mathematics and Its 
Applications (IMA) for his important 
contributions to the study of partial 
differential equations of fluid dy-
namics and in particular to the area 
of hydrodynamic stability.

According to the prize citation, Bedrossian’s research 
focuses on stability and coherent structures in fluid me-
chanics and plasma physics. His accomplishments include 
remarkable results on the stability of shear flows. Currently, 
his “major focus is on laying down mathematically rigorous 
foundations for the theories of turbulence in the physics 
literature. ‘Turbulence’ refers to the chaotic creation of small 
features in a fluid, for example, the complexity and unpre-
dictability in a cloud of smoke rising from a smokestack. 
The physical theories make predictions that seem correct 
or at least not far off when compared to experiments. How-
ever, it is currently not understood how to deduce these 
‘laws’ directly from the mathematical equations without 
adding in additional empirical assumptions, assumptions 
that one has no idea how to prove mathematically from 
the equations, but which seem to be approximately true in 
experiments. Recently, together with Alex Blumenthal and 
Sam Punshon-Smith, Bedrossian verified one of the sim-
plest of such laws in a certain range of physical settings. The 
effort required to verify this simplified law was substantial, 
involving four separate papers that draw ideas from several 
fields of mathematics.” 

Bedrossian received his PhD in 2011 from the University 
of California, Los Angeles. He has held a Sloan Research 
Fellowship (2015) and an NSF CAREER grant (2016–2021). 
He was awarded the inaugural Peter Lax Award from the 
International Conference on Hyperbolic Problems in 2020. 
He has been awarded a 2020 Simons Fellowship and will 
be spending the 2020–2021 year at the Courant Institute 
of Mathematical Sciences. 

The prize consists of a certificate and a cash award of 
US$3,000. The prize is awarded annually to a mathemat-
ical scientist who received his or her PhD degree within 
ten years of the nomination year. The award recognizes an 
individual who has made a transformative impact on the 
mathematical sciences and their applications. 

—From an IMA announcement

Bandeira Awarded  
Smale Prize

Afonso Bandeira of ETH Zurich has 
been awarded the fourth Stephen 
Smale Prize “for his pioneering work 
on the foundations of computational 
mathematics.” The citation states: 
“Bandeira is an incredibly produc-
tive and versatile researcher who has 
successfully applied and combined 
concepts and tools from optimiza-
tion theory, probability theory, infor-
mation theory, statistics, theoretical 

computer science, harmonic analysis, and number theory 
to the design and analysis of algorithms for solving real-life 
data science problems.”

Bandeira received his PhD in applied and computational 
mathematics from Princeton University in 2015 under the 
direction of Amit Singer. He held positions at the Mas-
sachusetts Institute of Technology (2015–2016) and the 
Courant Institute of Mathematical Sciences (2016–2019) 
before joining the faculty at ETH Zurich, where he is a full 
professor. He was awarded a Sloan Research Fellowship 
in 2018 and is a recipient of the ISAAC Award for Young 
Scientists from the International Society for Analysis, Its 
Applications, and Computation.

The Society for the Foundations of Computational 
Mathematics (FoCM) awards the Smale Prize every three 
years to a researcher who has received his or her doctoral 
degree in the previous ten years. The prize recognizes 
major achievements in furthering the understanding of 
the connections between mathematics and computation. 
For further information, see http://focm-society.org 
/smale_prize.php.

—FoCM announcement

Afonso Bandeira Jacob Bedrossian

http://focm-society.org/smale_prize.php
http://focm-society.org/smale_prize.php
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Bauerschmidt and Gwynne 
Awarded Davidson Prize

Roland Bauerschmidt and Ewain 
Gwynne of the University of Cam-
bridge have been named the recip-
ients of the 2020 Rollo Davidson 
Prize. Bauerschmidt was honored 
for a series of advances in scaling 
limits for statistical field theory and 
random matrices, and Gwynne was 
recognized for his outstanding work 
in conformal probability. 

Bauerschmidt received his PhD 
from the University of British Co-
lumbia. He has held postdoctoral 
positions at Harvard University and 
the Institute for Advanced Study. His 
research interests are in probability 
theory and analysis, in particular in 
their applications to statistical me-
chanics, and he is particularly inter-
ested in spin systems and phase tran-
sitions, self-avoiding walks, random 
matrices, renormalization, stochastic 

dynamics, and supersymmetry in probability theory. He is 
a coauthor (with D.C. Brydges and G. Slade) of the book 
Introduction to a Renormalization Group Method (Springer, 
2019). He tells the Notices that he likes animals and enjoys 
running in his spare time; his favorite writer is Paul Auster.

Gwynne received his PhD from the Massachusetts In-
stitute of Technology in 2018 under the direction of Scott 
Sheffield. He currently holds a postdoctoral position at 
Cambridge, supported by a Clay Research Fellowship and 
a Trinity College Junior Research Fellowship. His work 
focuses on random geometric objects in two dimensions 
which arise in theoretical physics, such as Schramm–
Loewner evolution (random fractal curves) and Liouville 
quantum gravity (random fractal surfaces). 

The Davidson Prize is awarded annually to early-career 
probabilists by the Rollo Davidson Trust.

—From a Davidson Trust announcement

Ardakov and Wemyss 
Awarded Adams Prize

Konstantin Ardakov of the Uni-
versity of Oxford and Michael We-
myss of the University of Glasgow 
have been jointly awarded the 2020 
Adams Prize in Algebra, this year’s 
chosen field.

The prize citation states: “Profes-
sor Ardakov has made substantial 
contributions to noncommutative 
Iwasawa theory and to the p-adic 
representation theory of p-adic Lie 
groups. In a long-term collabora-
tion with Simon Wadsley, he has 
developed a p-adic analogue of the 
classical theory of D-modules, of 
significance both in representation 
theory and to the local Langlands 
program. Professor Wemyss works 
at the interface of noncommutative 
algebra with algebraic geometry. He 
introduced the homological minimal 
model program and its associated 

cluster-mutations and contraction algebras to elucidate 
and potentially classify birational surgeries of threefolds 
in terms of noncommutative algebraic data.”

Ardakov received his PhD from the University of Cam-
bridge in 2004. He has been a research associate at the 
University of Sheffield (2006–2007), a Leverhulme Early 
Career Fellow and lecturer at the University of Nottingham 
(2007–2011), and Reader in Pure Mathematics at Queen 
Mary University of London before joining the Mathemati-
cal Institute at the University of Oxford in 2013. He received 
an Early Career Fellowship from the Engineering and 
Physical Sciences Research Council (EPSRC; 2013–2018) 
and was an invited speaker at the International Congress 
of Mathematicians in Seoul in 2014.

Wemyss received his PhD from the University of Bristol 
in 2008. He has held postdoctoral positions at Nagoya 
University and the University of Oxford and was lecturer 
and reader at the University of Edinburgh before joining the 
faculty at Glasgow. He is currently an EPSRC Early Career 
Fellow. He was awarded a Whitehead Prize of the London 
Mathematical Society in 2017.

The Adams Prize is awarded jointly each year by the 
Faculty of Mathematics and St. John’s College to researchers 
in the United Kingdom under the age of forty doing first-
class international research in the mathematical sciences.

—From a University of Cambridge announcement

Konstantin Ardakov

Michael Wemyss
Ewain Gwynne

Roland 
Bauerschmidt
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a complete classification of a class of Toda systems using 
purely PDE methods. This led to a wildly original theory 
of compactness and degree-counting for Toda systems on 
Riemann surfaces.” 

Wei has made “profound contributions to the math-
ematical theory of pattern formations in mathematical 
biology, in particular to spike dynamics and stability in re-
action-diffusion systems. Nonlocal eigenvalue problems are 
ubiquitous in analyzing localized patterns in such diverse 
systems as seashells, urban crime, and voting and group 
behavior in the social sciences. These unconventional ei-
genvalue problems are very complex, and little was known 
about them until one of his groundbreaking papers in 1998 
laid the foundation for their rigorous treatment.” 

Wei received his PhD in mathematics from the Univer-
sity of Minnesota in 1994. He was a postdoctoral fellow 
at SISSA in Italy before becoming professor at the Chinese 
University of Hong Kong, where he worked from 1995 until 
2012. Since 2012, he has been Canada Research Chair (Tier 
I) at the University of British Columbia. He has also been 
awarded a Simons Fellowship for 2020. He tells the Notices: 
“Outside mathematics, I like walking and enjoy reading 
Chinese martial arts novels by the famous writer Jin Yong.”

Sujatha Ramdorai of the Univer-
sity of British Columbia has been 
awarded the 2020 Krieger–Nelson 
Prize for her exceptional contribu-
tions to mathematics research, work 
that “covers a broad range of sub-
jects, including motives, K-theory, 
and arithmetic geometry.” The prize 
citation states, “She is a versatile, 
creative and technically powerful 
mathematician” who “first achieved 

international recognition for her work in the theory of 
quadratic forms, real algebraic geometry, and motives.” 
The citation continues: “In the mid-1990s, Sujatha, in 
collaboration with John Coates of Cambridge University, 
moved in an exciting new direction. The starting point was 
a general result about the Euler characteristics of p-adic 
Galois representations arising from algebraic varieties over 
p-adic fields, conjectured earlier by Coates and proved in 
the case of elliptic curves only, by J.-P. Serre. These results 
led to a long-ranging line of research responsible for rapid 
progress in the branch of number theory called Iwasawa 
theory, culminating in the creation of the new field of non-
commutative Iwasawa theory and a precise formulation of 
the so-called ‘Main Conjecture’ of Iwasawa theory.” Sujatha 
was awarded the 2006 Ramanujan Prize and was elected a 
Fellow of the Indian National Academy of Sciences in 2005. 
She served on the Indian Knowledge Commission, whose 
mandate was to guide policy and direct reforms in the areas 
of education, science, technology, agriculture, industry, and 
governance. In recent years, she has become a bridge between 

Prizes of the Canadian 
Mathematical Society

Jacopo De Simoi of the University of 
Toronto has been awarded the 2020 
Coxeter–James Prize for his work in 
the area of dynamical systems. The 
citation reads in part: “Dr. De Simoi 
works mainly in the field of dynam-
ical systems, but he has very wide 
interests, spanning from the study 
of near integrable systems to strongly 
chaotic ones. He has worked on some 
of the most prominent outstanding 

problems in the field, from the study of the standard map 
to the statistical properties of partially hyperbolic systems. 

“Together with C. Liverani, he has published two papers 
in Inventiones Mathematicae which dramatically impact the 
theory of chaos in slow–fast dynamical systems. Such sys-
tems arise naturally in classical problems of Hamiltonian 
dynamics and should be thought of as having two charac-
teristic time scales; the rough picture of the dynamics can 
be captured by a suitable averaging of the behavior of the 
orbits. By understanding the combination of slow–fast 
dynamics as a small random perturbation of the averaged 
dynamical system, De Simoi and Liverani proved that it 
exhibits a strong form of chaos for a new class of dynamical 
systems which forms an open set in a parameter space.” De 
Simoi received his PhD in mathematics from the University 
of Maryland in 2009. He held postdoctoral positions in 
Paris, Rome, and Toronto before moving to the University of 
Toronto, where he has been assistant professor since 2016.

Juncheng Wei of the University of 
British Columbia has been awarded 
the 2020 Jeffery–Williams Prize for 
his “exceptional contributions to 
the theoretical development and 
interdisciplinary applications of non-
linear partial differential equations.” 
According to the prize citation, “Dr. 
Wei’s research is remarkable in its 
breadth, depth, originality and in-
fluence. It is broadly concerned with 

developing tools of mathematical analysis and applying 
them to shed light on phenomena in physics and biology, 
which are described by mathematical models.”

His important contributions to the geometrization 
program for elliptic equations “range from counterexam-
ple to De Giorgi’s Conjecture in dimensions 9 and higher 
to nonradial bound states of magnetic Ginzburg–Landau 
equations, disproving a 1980 conjecture of Jaffe–Taubes. 
In a surprising paper with C. S. Lin and D. Ye, Dr. Wei gave 

Juncheng Wei

Jacopo De Simoi 

Sujatha Ramdorai
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Awards of the Association 
for Women in Mathematics
The Association for Women in Mathematics (AWM) has 
made its Service Awards for 2020 to the following mathe-
matical scientists.

Raegan Higgins of Texas Tech  
University was honored for her “ex-
traordinary efforts in promoting 
women in mathematics” through her 
participation in organizing commit-
tees of the 2017 and 2019 AWM Re-
search Symposia. The citation states: 
“Professor Higgins’s leadership in 
fostering synergistic connections be-
tween the AWM and the local com-
munity by identifying organizations 
and individuals who have made a 

difference has broadened our reach and furthered our 
mission of creating a more inclusive community.” Hig-
gins responds: “I am so surprised and happy to receive 
the 2020 AWM Service Award, and I thank AWM for this 
recognition. I worked to help AWM show its more inclusive 
side, to show it’s not just for mathematicians in academia, 
government, and industry. It is important to reach and 
recognize the community that has shaped and continues to 
shape female mathematicians. I hope what [I] have started 
continues and I look forward to helping AWM continue the 
work of empowering, supporting and promoting women 
in math.” Higgins received her PhD from the University 
of Nebraska in 2008 under the direction of Lynn Erbe and 
Allan Peterson. 

Omayra Ortega of Sonoma State 
University was honored “for repre-
senting AWM while working with 
the international math community 
to bring the Maryam Mirzakhani 
exhibit to the 2019 AWM Research 
Symposium, including negotiating 
for the installation and display space, 
coordination with Rice University, 
planning for long-term care of the 
display, and acting as an honorable 

steward to this collection. Dr. Ortega’s commitment served 
to invite us to see the very personal side of a very public 
mathematician.” Ortega responds: “It has been my great 
pleasure to serve the Association for Women in Mathe-
matics over the years in many different roles, but bringing 
the Committee for Women in Mathematics’ Remembering 
Maryam Mirzakhani Exhibit to the 2019 Research Sympo-
sium was one of my favorites. These efforts were a labor 
of love and were more than redeemed as I watched the  

Canadian and Indian mathematical landscapes and has 
played an important role in opening up opportunities for 
junior researchers in both countries. She is also passionate 
about outreach activities, especially in the area of making 
quality online math resources available to a broader class 
of students in the regional languages of India.

Joseph Khoury of the University 
of Ottawa is the 2020 recipient of the 
CMS Excellence in Teaching Award. 
He has been a lecturer at the Univer-
sity of Ottawa for more than twenty 
years. He received his PhD from the 
University of Ottawa in 2001 for a 
thesis focused on types of locally nil-
potent derivations, a subject linked 
to commutative algebra and algebraic 
geometry. Since 2001, he has been 

coordinator of the Math Help Center in the Department of 
Mathematics and Statistics at the University of Ottawa, where 
he also leads the department’s outreach program. His awards 
and honors include the Part-Time Professor of Year Award, 
which is the University of Ottawa’s most prestigious award 
for teaching by a lecturer; the Outstanding Contribution to 
Students’ Experience Award; and the 2017 CMS Graham 
Wright Award for Distinguished Service. He has taught a 
large variety of courses in both English and French, from 
first-year introductory mathematics classes to higher level 
discrete math and differential equations. In all of these, his 
teaching evaluations have consistently ranked near perfect, 
and the feedback that he receives from his students speaks 
to his dedication to teaching and his natural talent for the 
practice. He has organized and developed several highly suc-
cessful outreach programs such as Math Horizons Day and 
the annual CMS Math Camps (the largest of its kind across 
Canada), as well as several education sessions at various con-
ferences. He has also published a number of scientific articles 
in refereed journals and is currently writing his third book, 
A Tale of Discrete Mathematics. He and his wife Antoinette 
have three children. He enjoys, among other things, music, 
history, and international political affairs.

—From a CMS announcement
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awarded to Ximena Mercado Garcia of the University of 
Texas at Austin for her essay “From Mexico to the World: 
Dr. Villafuerte’s Mathematical Adventure,” about Laura 
Villafuerte Altuzar of the University of Texas at Austin. First 
place in the middle school category was awarded to Farren 
Stainton of Woodstock Union High School and Middle 
School, Woodstock, Vermont, for “Orange Crocs are the 
New Pocket Protector,” about Heather Vonada of Wood-
stock Union High School and Middle School. Stainton was 
also a first-place winner in the 2019 essay competition.

—From AWM announcements

Aggarwal and Li Awarded 
Clay Research Fellowships

Amol Aggarwal of Harvard Univer-
sity and Yang Li of Imperial College 
London have been awarded Clay 
Research Fellowships for 2020 by the 
Clay Mathematics Institute (CMI).

Amol Aggarwal will receive his 
PhD in 2020 from Harvard Univer-
sity, where he has been advised by 
Alexei Borodin. His research lies 
largely in probability theory and 
combinatorics, as well as their con-
nections to mathematical physics, 
integrable systems, and dynami-
cal systems. Aggarwal has already 
established himself as a powerful 
mathematician, resolving several 
long-standing conjectures of broad 
interest. His achievements to date 
include his proof of the local statis-
tics conjecture for lozenge tilings, 
prescribing how local correlations 
for random tilings of large domains  

asymptotically depend on their boundary conditions. He 
also provided rigorous proofs for predicted phase transi-
tions in the six-vertex model—a fundamental system from 
statistical mechanics—and for predicted asymptotic distri-
butions in the one-dimensional asymmetric simple exclu-
sion process, an important prototype for interacting particle 
systems. In a different direction, he proved the conjecture of 
Eskin and Zorich describing large genus asymptotics of the 
Masur–Veech volumes and the Siegel–Veech constants of 
moduli spaces of Abelian differentials. Aggarwal has been 
appointed a Clay Research Fellow for a term of five years 
beginning July 1, 2020.

Yang Li received his PhD in 2019 from Imperial College 
London, under the guidance of Simon Donaldson and 

reactions of attendees as they took in images of tender 
moments and insightful thoughts of this pioneering con-
temporary mathematician whose life was cut short during 
the peak of her career. Since the Research Symposium, 
this important exhibit has continued to inspire and be 
displayed at other locations, including the Institute for 
Advanced Studies, Pomona College, and the Joint Math-
ematics Meetings in Denver, Colorado. I am humbled 
to have been nominated by my peers and selected by the 
Executive Committee for this 2020 AWM Service Award. 
Thank you for this honor.” Ortega received her PhD from 
the University of Iowa in 2008.

Denise A. Rangel Tracy of Fair-
leigh Dickinson University was hon-
ored “for her deep commitment to 
the work of the Media Committee 
and her unflagging efforts to portray 
AWM positively in the media. Tracy 
has obtained funding for and led 
Wikipedia Edit-a-thons at both the 
Joint Math Meetings and the AWM 
Research Symposium. She initiated 
the AWM Playing Cards Project and 
tracked down and created prelim-

inary lists and data on over a thousand women for that 
project.” Tracy responds: “Thank you for this award. I am 
happy to be able to better highlight the accomplishments 
of women in mathematics, both past and present. I appre-
ciate the support AWM has given to start working on the 
Women in Math Playing Cards and thank you to all the 
other volunteers now involved in making this project a 
reality. It’ll be a great way to showcase some of the amazing 
mathematicians who also happen to be women. I especially 
hope this makes it to the nonmath world. I often feel like 
the general public doesn’t fully understand who we are or 
what we do as mathematicians (besides teach). Although 
stereotypes are changing, women are still thought of as 
a rarity in the mathematical sciences. I think Wikipedia 
can be a gateway to learning about these women. Our 
history, our achievements, our struggles, all summarized 
a few mouse clicks away from each other on a website 
many people already visit. I hope by working to improve 
and create new articles on women mathematicians, I am 
helping people better know them and the work that they 
do.” Tracy received her PhD from the University of Texas 
at Arlington in 2014.

The winners of the 2020 AWM Student Essay contest, 
“Biographies of Contemporary Women in Mathematics,” 
are the following. The grand prize, as well as first place in 
the high school category, was awarded to Lu Paris of Head-
Royce School, Oakland, California, for “A Lonely Road to 
Loving Math,” about Marissa Kawehi Loving of the Georgia 
Institute of Technology. This essay will be published in 
the AWM Newsletter. First place in the college category was 
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Osaka University, for “Pseudo Kobayashi Hyperbolicity 
of Subvarieties of General Type on Abelian Varieties,” 71 
(2019), no. 1; Masanori Hino, Kyoto University, and Shu 
Kanazawa, Tohoku University, for “Asymptotic Behavior of 
Lifetime Sums for Random Simplicial Complex Processes” 
71 (2019), no. 3.

—MSJ announcements

Simons Fellows  
in Mathematics
The Simons Foundation Mathematics and Physical Sci-
ences (MPS) division supports research in mathematics, 
theoretical physics, and theoretical computer science. The 
MPS division provides funding for individuals, institutions, 
and science infrastructure. The Fellows Program provides 
funds to faculty for up to a semester-long research leave 
from classroom teaching and administrative obligations. 
The mathematical scientists who have been awarded 2020 
Simons Fellowships are:

 • Benjamin Antieau, University of Illinois at Chicago
 • Jozsef Balogh, University of Illinois at Urbana- 

Champaign
 • Jacob Bedrossian, University of Maryland, College Park
 • Roman Bezrukavnikov, Massachusetts Institute of 

Technology
 • Paul Bourgade, New York University
 • Martin Bridgeman, Boston College 
 • Richard Canary, University of Michigan
 • Jonathan Chaika, University of Utah
 • Xiaohui Chen, University of Illinois at Urbana- 

Champaign
 • Artem Chernikov, University of California, Los Angeles 
 • David Damanik, Rice University
 • Mark Andrea de Cataldo, Stony Brook University
 • Adrian Diaconu, University of Minnesota–Twin Cities
 • Nathan Dunfield ,  University of I l l inois at  

Urbana-Champaign 
 • David Fisher, Indiana University
 • Mohammad Ghomi, Georgia Institute of Technology
 • Michael Harris, Columbia University
 • Svetlana Jitomirskaya, University of California, Irvine 
 • Tasho Kaletha, University of Michigan 
 • Boris Khesin, University of Toronto 
 • Marcus Khuri, Stony Brook University 
 • Alexander Kiselev, Duke University
 • Leonid Koralov, University of Maryland, College Park
 • Michael Lacey, Georgia Institute of Technology 
 • Yanyan Li, Rutgers, The State University of New Jersey 
 • Victor Lie, Purdue University 
 • Mauro Maggioni, Johns Hopkins University 

Mark Haskins. He has already made significant contri-
butions to the understanding of Calabi–Yau metrics in 
complex differential geometry and Riemannian manifolds 
with exceptional holonomy. In a series of three papers, he 
studied the behavior of Calabi–Yau metrics on 3-folds with 
holomorphic fibrations when the fibers have small volume. 
He discovered a new complete Calabi–Yau metric on ℂ3 
with singular tangent cone at infinity and showed that this 
gives a model for the behavior around the critical points of 
the fibration, resolving an important question in the field. 
In more recent work, he considers special Lagrangian fibra-
tions of the kind appearing in the Strominger–Yau–Zaslow 
picture of mirror symmetry and obtained new models for 
the metric around singular fibers using a powerful combi-
nation of techniques from geometry and analysis. Yang’s 
wider body of work includes many results on Yang–Mills 
connections and the solution of the Plateau problem for 
maximal submanifolds. Yang has been appointed a Clay 
Research Fellow for a term of four years beginning July 1, 
2020. He will be based at the Massachusetts Institute of 
Technology. 

Clay Research Fellowships are awarded on the basis of 
the exceptional quality of candidates’ research and their 
promise to become mathematical leaders. 

—CMI announcement

Prizes of the Mathematical 
Society of Japan

The Mathematical Society of Japan 
(MSJ) has awarded several prizes for 
2020.

Yuji Odaka of Kyoto University 
was awarded the Spring Prize “for 
his outstanding contributions to 
K-stability and its algebro-geometric 
applications.” The Spring Prize and 
the Autumn Prize are the most pres-
tigious prizes awarded by the MSJ 
to its members. The Spring Prize is 
awarded to those under the age of 

forty who have obtained outstanding mathematical results. 
The Algebra Prizes were awarded to Takuzo Okada of 

Saga University for contributions to birational Mori fiber 
structure of Fano varieties and its application to rationality 
problems and to Ryo Takahashi of Nagoya University for 
work on subcategories of module categories of commuta-
tive rings.

The Outstanding Paper Prizes, given for papers pub-
lished in the Journal of the Mathematical Society of Japan, 
were awarded to the following: Katsutoshi Yamanoi, 

Yuji Odaka
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The Parzen Prize is awarded in even-numbered years to 
a North American statistician whose outstanding research 
contributions include innovations that have had an impact 
on practice and who received his or her PhD degree twenty- 
five years or more before the date of the prize.

—From a Parzen Prize announcement

Panzer Receives Weyl Prize
Erik Panzer of the University of Ox-
ford has been awarded the 2020 Her-
mann Weyl Prize of the International 
Colloquium on Group Theoretical 
Methods in Physics for “his pioneer-
ing achievements in the calculation 
of amplitudes in gauge theories, for 
developing new mathematical struc-
tures that exploit the language of 
symmetries, and for his contribu-
tion to the description of important 

physical phenomena present in nature.” Panzer received 
his PhD in 2015 from Humboldt Universität zu Berlin 
under the direction of Dirk Kreimer. His research interests 
include Feynman integrals, hyperlogarithms, (elliptic) 
polylogarithms, (elliptic) multiple zeta values, motivic 
periods, combinatorial Hopf algebras, renormalization, 
and Dyson–Schwinger equations. He enjoys running and 
listening to jazz music and playing the piano. He tells the 
Notices: “I am from a region (Spreewald [Brandenburg, 
Germany]) that is famous for pickled cucumbers.” The 
Weyl Prize recognizes young scientists who have performed 
top-level original work in the area of understanding physics 
through symmetries. 

—From a Weyl Prize announcement

Wang and Xu Receive  
2020 IBC Award
Heping Wang of Capital Normal University, Beijing, and 
Guiqiao Xu of Tianjin Normal University have been cho-
sen as the recipients of the 2020 Joseph F. Traub Prize for 
Achievement in Information-Based Complexity. They will 
share the cash award of US$3,000. The members of the 
prize committee were Jan Vybíral, Paweł Przybyłowicz, 
Thomas Kühn, Winfried Sickel, Henryk Woźniakowski 
and Erich Novak.

—Erich Novak
Friedrich-Schiller-Universität Jena

 • Elizabeth Meckes, Case Western Reserve University 
 • Hee Oh, Yale University 
 • Richard Schwartz, Brown University 
 • Karl Schwede, University of Utah
 • Konstantinos Spiliopoulos, Boston University 
 • Bianca Viray, University of Washington 
 • Z. Jane Wang, Cornell University
 • Rachel Ward, University of Texas at Austin 
 • Juncheng Wei, University of British Columbia
 • Elisabeth Werner, Case Western Reserve University 
 • Ting Zhou, Northeastern University
 • Xinwen Zhu, California Institute of Technology
 • Aleksey Zinger, Stony Brook University

—From a Simons Foundation announcement

Yu Awarded Parzen Prize
Bin Yu of the University of Califor-
nia, Berkeley, has been awarded the 
2018 Emanuel and Carol Parzen 
Prize for Statistical Innovation for 
her “innovative, influential, and out-
standing research in algorithm and 
theory of statistical machine learn-
ing and causal inference.” Building 
on computational advances and in-
creased data availability, data science 
has emerged as a platform that inte-

grates statistics, computer science, and other disciplines. 
Yu trained in statistics but was driven to leverage new 
computational developments, including machine learn-
ing, to solve important scientific problems. She seeks to 
formalize the principles of data science while making it 
more accessible to researchers from other fields. She has 
laid out a framework called PCS, which stands for the three 
principles of data science—predictability, computability, 
and stability—to guide those who solve domain data prob-
lems with data science tools. Her interdisciplinary research 
involves genomics, neuroscience, remote sensing, and pre-
cision medicine. She and her team have been working to 
develop models to connect hospitals with needed supplies 
during the coronavirus pandemic. Yu received her PhD in 
statistics from the University of California, Berkeley, in 
1990. She held a Guggenheim Foundation Fellowship in 
2006 and was awarded the Elizabeth L. Scott Award from 
the Committee of Presidents of Statistical Societies in 2018. 
She is a fellow of the American Statistical Association, the 
Institute of Mathematical Statistics, the Institute of Elec-
trical and Electronics Engineers, the American Association 
for the Advancement of Science, the American Academy of 
Arts and Sciences, and the National Academy of Sciences. 

Erik Panzer

Bin Yu
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 • University of California, Los Angeles: Ciprian Boncio-
cat, Jacob Zhang, Kaiqi Zhu

 • University of Waterloo: Gian Cordana Sanjaya, Kai Sun, 
Anzo Zhao Yang Teh
The first-place team receives an award of $25,000, and 

each member of the team receives $1,000. The awards 
for second place are $20,000 and $800, respectively; for 
third place, $15,000 and $600; for fourth place, $10,000 
and $400; for fifth place, $5,000 and $200. Where four 
names are mentioned, there was a tie for third place at 
that institution.

Laura Pierson, Harvard University; Qi Qi, Massachusetts 
Institute of Technology; and Hanzhi Zheng, Stanford Uni-
versity, were awarded Elizabeth Lowell Putnam Prizes for 
outstanding performance by a woman in the competition. 
Each receives an award of US$1,000.

—From an MAA announcement

2020 SIAM Fellows Elected
The Society for Industrial and Applied Mathematics (SIAM) 
has elected its class of fellows for 2020. Their names and 
institutions follow.

 • Srinivas Aluru, Georgia Institute of Technology
 • Steven Ashby, Pacific Northwest National Laboratory
 • John P. Boyd, University of Michigan
 • Richard Byrd, University of Colorado, Boulder
 • Ümit V. Çatalyürek, Georgia Institute of Technology
 • David Colton, University of Delaware
 • Jorge Cortes, University of California, San Diego
 • George Cybenko, Dartmouth College
 • Alicia Dickenstein, Universidad de Buenos Aires and 

CONICET
 • Yalchin Efendiev, Texas A&M University
 • Martin J. Gander, University of Geneva
 • David M. Gay, AMPL Optimization, Inc.
 • Laura Grigori, Inria
 • George Haller, ETH Zürich
 • Alfred Hero, University of Michigan
 • Kristin E. Lauter, Microsoft Research
 • Knut-Andreas Lie, SINTEF
 • Robert Lipton, Louisiana State University
 • Yi Ma, University of California, Berkeley
 • Kavita Ramanan, Brown University
 • Olaf Schenk, Università della Svizzera Italiana
 • Jie Shen, Purdue University
 • Ronnie Sircar, Princeton University
 • Aravind Srinivasan, University of Maryland, College 

Park
 • Defeng Sun, Hong Kong Polytechnic University
 • Ruth J. Williams, University of California San Diego

ANZIAM Prizes Awarded
Australian and New Zealand Industrial and Applied Math-
ematics (ANZIAM), a division of the Australian Math-
ematical Society, has awarded medals for 2020 to three 
mathematical scientists.

Lawrence Forbes of the University of Tasmania was 
awarded the ANZIAM Medal for his “outstanding contribu-
tion over many years to applied and industrial mathematics 
with special contributions to the theory and numerical 
computation of fluid flows and the design of magnetic 
resonance imaging (MRI) coils.” Matthew Simpson of 
Queensland University of Technology received the E. O. 
Tuck Medal for his work, which “involves the development 
and application of mathematical tools for describing col-
lective migration of populations of adhesive biological cells 
and the development and use of mathematical models to 
study a range of biomedical phenomena.” Jennifer Flegg 
of the University of Melbourne was honored with the J. 
H. Michell Medal for her “outstanding record of research 
excellence in mathematical modeling over a broad range of 
applications,” particularly her contributions to the spread 
of antimalarial drug resistance and tissue repair.

—From an ANZIAM announcement

Putnam Prizes Awarded
The winners of the eightieth William Lowell Putnam Math-
ematical Competition have been announced. The Putnam 
Competition is administered by the Mathematical Associ-
ation of America (MAA) and consists of an examination 
containing mathematical problems that are designed to 
test both originality and technical competence. Prizes are 
awarded both to individuals and to teams.

The six highest ranking individuals each received a cash 
award of US$2,500. Listed in alphabetical order, they are: 

 • Ashwin Sah, Massachusetts Institute of Technology
 • Kevin Sun, Massachusetts Institute of Technology
 • Yuan Yao, Massachusetts Institute of Technology
 • Shengtong Zhang, Massachusetts Institute of Technology
 • Daniel Zhu, Massachusetts Institute of Technology

Institutions with at least three registered participants 
obtain a team ranking in the competition based on the 
rankings of three designated individual participants. The 
five top-ranked teams (with members listed in alphabetical 
order) were:

 • Massachusetts Institute of Technology: Ashwin Sah, 
Shengtong Zhang, Daniel Zhu

 • Harvard University: Sehun Kim, Sheldon Kieren Tan, 
Franklyn Wang

 • Stanford University: David Kewei Lin, John Mistele, 
Hanzhi Zheng, Yifan Zhu
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 • Ellen M. Considine (University of Colorado at Boulder), 
University of Colorado at Boulder 

 • Mayleen E. Cortez (California State University, Channel 
Islands), California State University, Channel Islands 

 • Samantha Dean (University of Chicago) 
 • Paheli Desai-Chowdhry (University of California, San 

Diego), University of California, Los Angeles 
 • Ethan N. Epperly (University of California, Santa Bar-

bara) University of California, Santa Barbara 
 • Theodore Y. Faust (Michigan State University), Michi-

gan State University 
 • Patrick T. Flynn (Oregon State University), Brown 

University 
 • Bryce A. Frederickson (Utah State University), Utah 

State University 
 • Kevin B. Fry (Stanford University), Stanford University 
 • Marisa Gaetz (Massachusetts Institute of Technology), 

Massachusetts Institute of Technology
 • Micah C. Gay (Columbia University), Columbia Uni-

versity 
 • Miriam Gordin (Brown University), Brown University 
 • Olivia Greathouse (Winthrop University), Winthrop 

University 
 • Daniel Gurevich (Georgia Institute of Technology), 

Georgia Institute of Technology 
 • Derenik Haghverdian (University of California, Los 

Angeles), University of California, Irvine 
 • Laurel Rainier Hamm Heck (Oberlin College), Oberlin 

College
 • Erik E. Herrera (California Institute of Technology), 

California Institute of Technology 
 • Addison Hu (Yale University), Carnegie-Mellon Uni-

versity 
 • Joseph Jackson (Swarthmore College), University of 

Texas at Austin 
 • Caleb Ji (Washington University), Higher School of 

Economics 
 • Siddarth P. Kannan (Pomona College), Brown  

University 
 • Kabir S. Kapoor (Cornell University), Cornell University 
 • Joshua L. Kazdan (Stanford University), Stanford Uni-

versity 
 • Colby Kelln (University of Michigan, Ann Arbor),  

University of Michigan, Ann Arbor 
 • Katherine C. Kempfert (University of Florida), Univer-

sity of California, Berkeley 
 • Brian King (Baylor University), Rice University 
 • Forest D. Kobayashi (Harvey Mudd College), Harvey 

Mudd College 
 • Casimir M. Kothari (Princeton University), Princeton 

University 
 • Noah Kravitz (Yale University), Yale University 
 • Russell Kunes (Harvard University), Columbia  

University 

 • Barbara Wohlmuth, Technische Universität München
 • Pingwen Zhang, Peking University

—From a SIAM announcement

NSF Graduate Fellowships
The National Science Foundation (NSF) has awarded a 
number of Graduate Research Fellowships for fiscal year 
2020. Further awards may be announced later in the year. 
This program supports students pursuing doctoral study 
in all areas of science and engineering and provides a 
stipend of US$30,000 per year for a maximum of three 
years of full-time graduate study. Information about the 
solicitation for the 2021 competition will be published in 
the “Mathematics Opportunities”’ section of an upcoming 
issue of the Notices. 

Following are the names of the awardees in the mathe-
matical sciences selected so far in 2020, followed by their 
undergraduate institutions (in parentheses) and the insti-
tutions at which they plan to pursue graduate work. 

 • Niven Achenjang (Stanford University), Stanford Uni-
versity

 • Ashleigh Adams (University of Minnesota–Twin Cities), 
University of Minnesota–Twin Cities 

 • Yulia Alexandr (Wesleyan University), University of 
California, Berkeley 

 • Savana J. Ammons (Harvey Mudd College), Harvey 
Mudd College 

 • Stacy A. Ashlyn (West Chester University of Pennsylva-
nia), Florida State University 

 • Marissa Ashner (Illinois Institute of Technology), Uni-
versity of North Carolina at Chapel Hill 

 • Jacksyn Bakeberg (McGill University), McGill Univer-
sity 

 • Mohit Bansil (Michigan State University), Michigan 
State University 

 • Nicholas A. Bartelo (State University of New York at 
Buffalo), State University of New York at Buffalo

 • Jesica A. Bauer (Carroll College), Rensselaer Polytechnic 
Institute 

 • Alex J. Boyd (California Polytechnic State University), 
University of California, Irvine 

 • Anuraag Bukkuri (University of Minnesota–Twin  
Cities), University of Minnesota–Twin Cities 

 • Tianhui Cai (Harvard College) 
 • Maxine E. Calle (Reed College), Reed College 
 • Kapil Chandran (Princeton University), Princeton 

University 
 • Jonathan Che (Amherst College), Harvard University 
 • Joyce A. Chew (Calvin College), Calvin College 
 • Anthony A. Coniglio (Indiana University), Cambridge 

University 
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 • Michael Kural (Massachusetts Institute of Technology), 
Massachusetts Institute of Technology 

 • Jackson P. Lautier (University of Connecticut), Univer-
sity of Connecticut 

 • Sheraline T. Lawles (University of New Mexico),  
University of New Mexico 

 • Hannah Lawrence (Yale University) 
 • Catherine Lee (Yale University), Yale University 
 • Matthew Lerner-Brecher (Columbia University),  

Columbia University 
 • Matthew E. Levine (Columbia University), California 

Institute of Technology 
 • Biyonka Liang (University of California, Berkeley) 
 • Alice D. Lin (Princeton University), Princeton University 
 • Nicholas B. Link (Rice University) 
 • Mark F. Macerato (University of Pennsylvania), Univer-

sity of California, Berkeley 
 • Wyatt Mackey (Harvard College), Stanford University 
 • Daniel P. Maes (Williams College), University of Mich-

igan, Ann Arbor 
 • Nicole F. Magill (Quest University Canada), Cornell 

University 
 • Aimee E. Maurais (Virginia Polytechnic Institute and 

State University) 
 • Vaughan McDonald (Harvard College), Harvard College
 • Trini Nguyen (California State University, Fullerton), 

University of California, Irvine 
 • Evangelos A. Nikitopoulos (Brown University),  

University of California, San Diego 
 • Alexander D. Nolte (Tufts University), Rice University
 • William J. Ogden (University of Minnesota–Twin  

Cities), University of Minnesota–Twin Cities 
 • Otto V. Osterman (University of Texas at Dallas),  

University of Texas at Dallas 
 • Natalia M. Pacheco-Tallaj (Harvard University),  

Harvard University 
 • Biraj Pandey (University of Texas at Austin), University 

of Washington 
 • David J. Passey (Brigham Young University), Brigham 

Young University 
 • Maia Powell (University of Northern Colorado),  

University of California, Merced 
 • Oron Y. Propp (Massachusetts Institute of Technology), 

Massachusetts Institute of Technology 
 • Leah Reeder (Colorado School of Mines), Colorado 

School of Mines 
 • Wyatt Reeves (University of Texas at Austin), University 

of Texas at Austin 
 • Zhi Ren (California Institute of Technology), Massachu-

setts Institute of Technology 
 • Jeremy Rubin (University of Maryland, Baltimore 

County), University of Maryland, Baltimore County 
 • Ashwin Sah (Massachusetts Institute of Technology), 

Massachusetts Institute of Technology 

 • Maya R. Sankar (Massachusetts Institute of Technology), 
Massachusetts Institute of Technology

 • Mariya A. Savinov (University of Pittsburgh), University 
of Pittsburgh 

 • Mehtaab Sawhney (Massachusetts Institute of Technol-
ogy), Massachusetts Institute of Technology 

 • Laura Seaberg (Haverford College), Haverford College 
 • Jorge S. Guzman (University of California, Irvine), 

University of California, Irvine 
 • Suzanna Stephenson (Brigham Young University), 

Brigham Young University 
 • Zachary J. Stier (Princeton University), Princeton  

University 
 • Douglas J. Stryker (Massachusetts Institute of Technol-

ogy), Massachusetts Institute of Technology 
 • Becky Tang (Swarthmore College), Duke University 
 • Alec K. Traaseth (University of Virginia), University of 

Virginia 
 • Kevin M. Tully (Wheaton College), Wheaton College 
 • Claire N. Valva (University of Chicago), University of 

Chicago 
 • Collin Victor (University of Nebraska–Lincoln),  

University of Nebraska–Lincoln 
 • Allison Y. Wang (California Institute of Technology), 

California Institute of Technology 
 • Jamelle Watson-Daniels (Brown University), Harvard 

University 
 • Natalie Wellen (Worcester Polytechnic Institute),  

University of Washington 
 • Charles J. Wolock (Harvard University), University of 

Washington 
 • Katharine Woo (Stanford University), Stanford  

University 
 • Catherine S. Xue (Yale University), Harvard University 
 • Fiona Young (Harvard College), Cornell University 
 • Teresa Yu (Williams College), Williams College 
 • Julie Y. Zhang (University of Washington), University 

of Washington 
 • Yunkun Zhou (Massachusetts Institute of Technology), 

Stanford University 
 • Emily Zhu (Carnegie-Mellon University), University of 

California, San Diego 

—NSF announcement

Credits 
Photo of Ilya Khayutin is courtesy of Olga Kalantarov Hautin.
Photo of Afonso Bandeira is courtesy of NYU Photo Bureau: 

Kahn.
Photo of Jacob Bedrossian is courtesy of Alan P. Santos/ 

University of Maryland.
Photo of Raegan Higgins is courtesy of Ashley Rodgers.
Photo of Yang Li is courtesy of Mirko Mauri.
Photo of Bin Yu is courtesy of Nan Zhao.
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 • Mathworks Honors Summer Math Camp, Texas 
State University, Max Warshauer, Director

 • New York Math Circle High School Summer Pro-
gram, Courant Institute of Mathematical Sciences, 
Kovan Pillai, Director

 • Programs in Mathematics for Young Scientists 
(PROMYS), Boston University, Li-Mei Lim, Di-
rector

 • QTM Math Circle, Emory University, Steven Olsen, 
Director

 • Summer Illinois Math Camp, University of Illi-
nois at Urbana Champaign, Alexi Block Gorman, 
Director

 • Summer Institute for Math at UW, University of 
Washington, Ron Irving, Director

 • Tapia Center for Excellence and Equity in Educa-
tion, Rice University, Marisela Rodriguez, Director

 • Yakama Mathematics Camp (Indigenous Math 
Circles Program), Yakama Nation, David Auckly, 
Director

—AMS announcement

Named Endowed Funds  
at the AMS
The AMS is pleased to offer donors the opportunity to 
establish named endowed funds at the AMS. A named en-
dowed fund refers to a fund in which the principal is kept 
intact and invested and a portion of the interest income is 
paid out annually for a specified purpose. (There is a min-
imum dollar requirement set by the AMS Board of Trustees 
to establish a named endowed fund.)

As the donor establishing the fund, you may name it to 
commemorate a family member, colleague, or mentor; this 
can be a wonderful way to honor someone of importance 
to you while your generosity is supporting mathematics. 
All fund names are subject to the approval of the AMS 
Board of Trustees.

Fund distributions may be either unrestricted or des-
ignated for a broad purpose within AMS strategic priority 
areas, for example, early career mathematicians, advocacy, 
promotion of awareness and appreciation of mathematics, 

Epsilon Awards Announced
The AMS has chosen twenty-two summer mathematics 
programs to receive Epsilon grants for 2020. These summer 
programs give students a chance to see aspects of mathe-
matics that they may not see in school and allow them to 
share their enthusiasm for mathematics with like-minded 
students.

The programs that received Epsilon grants for 2020 are:
 • All Girls/All Math Summer Camp, University of 

Nebraska Lincoln, Mikil Foss, Director
 • Baa Hózhó Math Camp, Navajo Technical Uni-

versity, David Auckly, Director
 • Bridge to Enter Advanced Mathematics (BEAM), 

Art of Problem Solving Foundation, Daniel  
Zaharopol, Director

 • Canada/USA Mathcamp, Champlain College, 
Marisa Debowsky, Director

 • Center for Mathematical Talent (CMT) Summer 
Program for Math Scholars, Courant Institute of 
Mathematical Sciences at New York University, 
Selin Kalaycioglu, Director

 • Creative and Analytical Math Program of the 
Bard Math Circle, Bard College, Japeth Wood, 
Director

 • GirlsGetMath@ICERM, Brown University, Bren-
dan Edward Hassett, Director

 • Governor’s Institute on Mathematical Sciences, 
University of Vermont, Karen Taylor Mitchell, 
Director

 • Hampshire College Summer Studies in Math-
ematics, Hampshire College, David C. Kelly, 
Director

 • Joaquin Bustoz Math–Science Honors Pro-
gram, Arizona State University, Cynthia Barragan 
Romero, Director

 • MathILy, Bryn Mawr College, Sarah-Marie Belcas-
tro, Director

 • MathILy-Er, Bowdoin College, Alice Mark, Director
 • MathPath, Mt. Holyoke College, Sam Vandervelde, 

Director
 • MathROOTS, Massachusetts Institute of Technol-

ogy, Slava Gerovitch, Director
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Feature Column. Explore the archive of essays on top-
ics such as “From Strings to Mirrors,” by Ursula Whitcher, 
“Points, Lines, and Incidences,” by Joe Malkevitch, “What's 
the 411?,” by David Austin, “More Measles,” by Bill Cas-
selman, and “Topology and Elementary Electric Circuit 
Theory, II: Duality,” by Tony Phillips. See https://www 
.ams.org/featurecolumn. 

—Annette Emerson and Mike Breen
AMS Public Awareness Officers

paoffice@ams.org

2020 Erdős  
Memorial Lecture
The 2020 Erdős Memorial Lecture will be held at the 2020 
Fall Western Sectional Meeting at the University of Utah 
on Saturday, October 24, 2020. The lecturer will be Andrei  
Okounkov of Columbia University. The 2019 lecture was 
given by Lauren K. Williams at the Fall Central Section 
Meeting.

—AMS announcement

Deaths of AMS Members
Jorge Alberto bArroso, of Brazil, died on April 29, 2015. 

Born on March 6, 1928, he was a member of the Society 
for 40 years.

JohN beNder, of Lawrenceville, New Jersey, died on June 
23, 2012. Born on October 13, 1924, he was a member of 
the Society for 59 years.

PAul chAse fife, professor, University of Utah, died on 
April 19, 2014. Born on February 14, 1930, he was a mem-
ber of the Society for 56 years.

r. gobel, professor, University of Duisburg Essen, died 
on July 28, 2014. Born on December 27, 1940, he was a 
member of the Society for 26 years.

NormAN d. lANe, professor, McMaster University, died 
on August 6, 2014. Born on November 6, 1919, he was a 
member of the Society for 51 years.

louise leoN mArkis, of New York, died on October 6, 
2015. Born on September 1, 1925, she was a member of 
the Society for 64 years.

JAmes d. reid, professor, Wesleyan University, died on 
October 27, 2013. Born on June 24, 1930, he was a member 
of the Society for 54 years.

robert l. stANley, of Portland, Oregon, died on February 
5, 2013. Born on December 30, 1921, he was a member of 
the Society for 55 years.

or fostering diversity. Examples of recently established 
funds are the Mark and Kathryn Kert Green Fund for Inclu-
sion and Diversity and the Bertram and Ann Kostant Fund 
for the Next Generation.

Named endowed funds may be funded in a variety of 
ways, including by bequest. For more information, please 
contact the AMS Development staff at 401.455.4111, or visit 
www.ams.org/support.

—AMS Development Office

From the AMS Public 
Awareness Office
Mathematicians on COVID-19. See video interviews with 
mathematicians about COVID-19, including “Modeling 
COVID-19” with Laura Forsberg White and Helen Jen-
kins, both biostatisticians at the Boston University School 
of Public Health, and a series with Mac Hyman, Tulane 
University, on the AMS YouTube channel at https://www 
.youtube.com/amermathsoc. The office is also provid-
ing a portal to media coverage of mathematicians who 
are shedding light on the coronavirus. See the Math 
in the Media news column at https://www.ams.org 
/mathmedia. 

On Mathematical Imagery. See new images in the 
“Mathscapes, Complex Flows and More” gallery of works 
by Anne M. Burns on Mathematical Imagery. www.ams 
.org/math-imagery.

“Blue Inversions,” by Anne Burns (professor emerita, Long 
Island University, Brookville, NY)

https://www.ams.org/featurecolumn
https://www.ams.org/featurecolumn
https://www.ams.org/mathmedia
https://www.ams.org/mathmedia
https://www.youtube.com/amermathsoc
https://www.youtube.com/amermathsoc
http://www.ams.org/math-imagery
http://www.ams.org/math-imagery
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Listings for upcoming mathematics opportunities to appear in Notices may be submitted to notices@ams.org.

Early Career Opportunity

NSF Mathematical Sciences 
Postdoctoral Research Fellowships

The National Science Foundation (NSF) solicits proposals 
for the Mathematical Sciences Postdoctoral Research Fel-
lowships. The deadline for full proposals is October 21, 
2020. See https://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5301.

—From an NSF announcement

Early Career Opportunity

NSF CAREER Awards

The National Science Foundation (NSF) solicits proposals 
for the Faculty Early Career Development Awards. The 
deadline for full proposals is July 27, 2020. See www.nsf 
.gov/funding/pgm_summ.jsp?pims_id=503214.

—From an NSF announcement

2021 Balaguer Prize

The 2021 Ferran Sunyer i Balaguer Prize will be awarded 
for a mathematical monograph of an expository nature 
presenting the latest developments in an active area of 
research in mathematics in which the applicant has made 
important contributions. The deadline for submissions 
is November 27, 2020. See https://ffsb.espais.iec 
.cat/en/the-ferran-sunyer-i-balaguer-prize/.

—From a Fundació Ferran Sunyer i Balaguer announcement

Early Career Opportunity

Call for Nominations for  
the SASTRA Ramanujan Prize

The Shanmugha Arts, Science, Technology, Research Acad-
emy (SASTRA) is seeking nominations for the 2020 SAS-
TRA Ramanujan Prize, awarded to a mathematician not 
over the age of thirty-two for outstanding contributions 
in an area of mathematics influenced by the late Indian 
mathematical genius Srinivasa Ramanujan. It carries a cash 
prize of US$10,000. The deadline for nominations is July 
31, 2020. See the website qseries.org/sastra-prize 
/nominations-2020.html.

—Krishnaswami Alladi, University of Florida

IMA Prize in Mathematics  
and Its Applications

The Institute for Mathematics and Its Applications (IMA) 
awards the annual Prize in Mathematics and its Applica-
tions to an individual who has made a transformative im-
pact on the mathematical sciences and their applications. 
See https://www.ima.umn.edu/prize.

—From an IMA announcement

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 

https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301
http://qseries.org/sastra-prize/nominations-2020.html
http://qseries.org/sastra-prize/nominations-2020.html
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=503214
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=503214
https://ffsb.espais.iec.cat/en/the-ferran-sunyer-i-balaguer-prize/
https://ffsb.espais.iec.cat/en/the-ferran-sunyer-i-balaguer-prize/
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/dir/index.jsp?org=ehr
www.nsf.gov/mps/dms/about.jsp
www.nsf.gov/mps/dms/about.jsp
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Early Career Opportunity

Research Experiences  
for Undergraduates

The Research Experiences for Undergraduates (REU) pro-
gram supports student research in areas funded by the 
National Science Foundation (NSF) through REU sites and 
REU supplements. See www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5517. 

—From an NSF announcement

Early Career Opportunity

Fulbright Israel  
Postdoctoral Fellowships

The United States–Israel Educational Foundation (USIEF) 
plans to award eight fellowships to US postdoctoral schol-
ars who seek to pursue research at Israeli institutions of 
higher education. The deadline for applications is Septem-
ber 15, 2020. See https://awards.cies.org/content 
/all-disciplines-postdoctoral-fellowship.

—From a USIEF announcement

mathematics
LANGUAGE OF THE SCIENCES

forensics
climatology

statistics
fi nance

computer science
physics

astronomy
robotics

genetics
medicine

engineering

biology

neuroscience
chemistry

geology
biochemistry

ecology
molecular biology

http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5517
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5517
https://awards.cies.org/content/all-disciplines-postdoctoral-fellowship
https://awards.cies.org/content/all-disciplines-postdoctoral-fellowship


Classified Advertising
Employment Opportunities

The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing 
not in keeping with the Society's standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertis-
ers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based 
on classified advertisements. 
The 2020 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless 
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they 
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: September 2020—June 17, 2020; October 2020—July 17, 2020; November 2020—August 19, 
2020; December 2020—September 16, 2020.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the 
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to 
US laws.
Submission: Send email to classads@ams.org.
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Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or 

contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone: 
86-22-2740-6039.

01

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 

http://cam.tju.edu.cn
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Mathematical Surveys and Monographs, Volume 247
June 2020, 582 pages, Hardcover, ISBN: 978-1-4704-5232-
2, LC 2019059299, 2010 Mathematics Subject Classification: 
16Txx, List US$140, AMS members US$112, MAA mem-
bers US$126, Order code SURV/247

bookstore.ams.org/surv-247

Linear Algebra II
Frederick P. Greenleaf, Courant 
Institute, New York University, and 
Sophie Marques, Stellenbosch 
University, South Africa

This book is the second of two 
volumes on linear algebra for 
graduate students in mathemat-
ics, the sciences, and economics, 
who have: a prior undergraduate 
course in the subject; a basic 
understanding of matrix algebra; 

and some proficiency with mathematical proofs. Both 
volumes have been used for several years in a one-year 
course sequence, Linear Algebra I and II, offered at New 
York University’s Courant Institute.

The first three chapters of this second volume round out 
the coverage of traditional linear algebra topics: generalized 
eigenspaces, further applications of Jordan form, as well as 
bilinear, quadratic, and multilinear forms. The final two 
chapters are different, being more or less self-contained ac-
counts of special topics that explore more advanced aspects 
of modern algebra: tensor fields, manifolds, and vector cal-
culus in Chapter 4 and matrix Lie groups in Chapter 5. The 
reader can choose to pursue either chapter. Both deal with 
vast topics in contemporary mathematics. They include 
historical commentary on how modern views evolved, as 
well as examples from geometry and the physical sciences 
in which these topics are important.

The book provides a nice and varied selection of exer-
cises; examples are well-crafted and provide a clear under-
standing of the methods involved.

Titles in this series are co-published with the Courant Institute of Math-
ematical Sciences at New York University.

Algebra and 
Algebraic Geometry

Hopf Algebras 
and Root Systems
István Heckenberger, Philipps 
Universität Marburg, Germany, 
and Hans-Jürgen Schneider, 
Universität München, Germany

This book is an introduction to 
Hopf algebras in braided monoi-
dal categories with applications 
to Hopf algebras in the usual 
sense. The main goal of the book 
is to present from scratch and 

with complete proofs the theory of Nichols algebras (or 
quantum symmetric algebras) and the surprising rela-
tionship between Nichols algebras and generalized root 
systems.

In general, Nichols algebras are not classified by Cartan 
graphs and their root systems. However, extending partial 
results in the literature, the authors were able to associate 
a Cartan graph to a large class of Nichols algebras. This 
allows them to determine the structure of right coideal 
subalgebras of Nichols systems which generalize Nichols 
algebras. As applications of these results, the book contains 
a classification of right coideal subalgebras of quantum 
groups and of the small quantum groups, and a proof of 
the existence of PBW-bases that does not involve case by 
case considerations. The authors also include short chapter 
summaries at the beginning of each chapter and historical 
notes at the end of each chapter.

The theory of Cartan graphs, Weyl groupoids, and gen-
eralized root systems appears here for the first time in a 
book form. Hence, the book serves as an introduction to 
the modern classification theory of pointed Hopf algebras 
for advanced graduate students and researchers working in 
categorial aspects and classification theory of Hopf algebras 
and their generalization.

 Mathematical
Surveys

and 
Monographs

Volume 247

Hopf Algebras
and Root Systems 

István Heckenberger
Hans-Jürgen Schneider

30
F R E D E R I C K  P.  G R E E N L E A F

S O P H I E  M A R Q U E S

Linear 
Algebra II

http://bookstore.ams.org/surv-247
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Differential Equations

Invitation to Partial 
Differential Equations
Mikhail Shubin, Northeastern 
University, Boston, MA
Maxim Braverman, Robert 
McOwen, and Peter Topalov, all 
of Northeastern University, Boston, 
MA, Editors

This book is based on notes from 
a beginning graduate course on 
partial differential equations. 
Prerequisites for using the book 

are a solid undergraduate course in real analysis. There are 
more than 100 exercises in the book. Some of them are just 
exercises, whereas others, even though they may require 
new ideas to solve them, provide additional important 
information about the subject.

Graduate Studies in Mathematics, Volume 205
July 2020, 319 pages, Hardcover, ISBN: 978-0-8218-3640-8, 
2010 Mathematics Subject Classification: 35–01, List US$89, 
AMS members US$71.20, MAA members US$80.10, Order 
code GSM/205

bookstore.ams.org/gsm-205

Discrete Mathematics 
and Combinatorics

Conversational 
Problem Solving
Richard P. Stanley, University of 
Miami, Coral Gables, FL

This book features mathemat-
ical problems and results that 
would be of interest to all math-
ematicians, but especially un-
dergraduates (and even high 
school students) who participate 
in mathematical competitions 
such as the International Math 

Olympiads and Putnam Competition. The format is a dia-
logue between a professor and eight students in a summer 
problem solving camp and allows for a conversational 
approach to the problems as well as some mathematical 
humor and a few nonmathematical digressions.

Courant Lecture Notes, Volume 30
June 2020, 312 pages, Softcover, ISBN: 978-1-4704-5425-
8, 2010 Mathematics Subject Classification: 97H60, 15–01, 
15A04, 15A15, 15A18, 15A21, 40A05, 40A25, 20B30, 
List US$59, AMS members US$47.20, MAA members 
US$53.10, Order code CLN/30

bookstore.ams.org/cln-30

Analysis

Explorations in  Analysis, 
Topology, and Dynamics
An Introduction to 
Abstract Mathematics
Alejandro Uribe A., University of 
Michigan, Ann Arbor, and Daniel 
A. Visscher, Ithaca College, NY

This book is an introduction to 
the theory of calculus in the style 
of inquiry-based learning. The 
text guides students through the 
process of making mathematical 

ideas rigorous, from investigations and problems to defi-
nitions and proofs. The format allows for various levels of 
rigor as negotiated between instructor and students, and the 
text can be of use in a theoretically oriented calculus course 
or an analysis course that develops rigor gradually. Material 
on topology (e.g., of higher dimensional Euclidean spaces) 
and discrete dynamical systems can be used as excursions 
within a study of analysis or as a more central component 
of a course. The themes of bisection, iteration, and nested 
intervals form a common thread throughout the text.

The book is intended for students who have studied 
some calculus and want to gain a deeper understanding of 
the subject through an inquiry-based approach.

This item will also be of interest to those working in geometry 
and topology.

Pure and Applied Undergraduate Texts, Volume 44
July 2020, 182 pages, Hardcover, ISBN: 978-1-4704-
5270-4, LC 2019059809, 2010 Mathematics Subject Clas-
sification: 26–01, 40–01, 54–01, 37–01, List US$85, AMS 
members US$68, MAA members US$76.50, Order code 
AMSTEXT/44

bookstore.ams.org/amstext-44

GRADUATE STUDIES
IN MATHEMATICS 205

Invitation to 
Partial Differential 
Equations

Mikhail Shubin

EDITED BY 
Maxim Braverman
Robert McOwen
Peter Topalov

http://bookstore.ams.org/cln-30
http://bookstore.ams.org/gsm-205
http://bookstore.ams.org/amstext-44
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This volume contains several articles on various aspects 
of preservers, including such topics as Jordan isomor-
phisms, Aluthge transform, joint numerical radius on C* - 
algebras, advertible complete algebras, and Gelfand-Ma-
zur algebras. The volume also contains a survey on recent 
progress on local spectrum-preserving maps.

Several articles in the volume present results about 
weighted spaces and algebras of holomorphic or harmonic 
functions, including biduality in weighted spaces of ana-
lytic functions, interpolation in the analytic Wiener algebra, 
and weighted composition operators on non-locally convex 
weighted spaces.

This item will also be of interest to those working in algebra and 
algebraic geometry.

Contemporary Mathematics, Volume 750
June 2020, 222 pages, Softcover, ISBN: 978-1-4704-4693-
2, LC 2019051607, 2010 Mathematics Subject Classification: 
15–XX, 16–XX, 30–XX, 46–XX, 47–XX, List US$120, AMS 
members US$96, MAA members US$108, Order code 
CONM/750

bookstore.ams.org/conm-750

Geometry and Topology

K -theory in Algebra, 
Analysis and  Topology
Guillermo Cortiñas, Universi-
dad de Buenos Aires, Argentina, 
and Charles A. Weibel, Rutgers 
University, Piscataway, NJ, Editors

This volume contains the pro-
ceedings of the ICM 2018 sat-
ellite school and workshop K - 
theory conference in Argentina. 
The school was held from July 
16–20, 2018, in La Plata, Argen-

tina, and the workshop was held from July 23–27, 2018, 
in Buenos Aires, Argentina.

The volume showcases current developments in K -theory 
and related areas, including motives, homological algebra, 
index theory, operator algebras, and their applications and 
connections.

Papers cover topics such as K -theory of group rings, Witt 
groups of real algebraic varieties, coarse homology theories, 
topological cyclic homology, negative K -groups of monoid 
algebras, Milnor K -theory and regulators, noncommuta-
tive motives, the classification of C* -algebras via Kaspar-
ov’s K -theory, the comparison between full and reduced  

The problems have been selected for their entertainment 
value, elegance, trickiness, and unexpectedness, and have 
a wide range of difficulty, from trivial to horrendous. They 
range over a wide variety of topics including combinator-
ics, algebra, probability, geometry, and set theory. Most of 
the problems have not appeared before in a problem or 
expository format. A Notes section at the end of the book 
gives historical information and references.

This item will also be of interest to those working in number 
theory.

Miscellaneous Books, 130
August 2020, 274 pages, Hardcover, ISBN: 978-1-4704-
5635-1, 2010 Mathematics Subject Classification: 00A07, 
00A08, 00A09, List US$50, AMS members US$40, MAA 
members US$45, Order code MBK/130

bookstore.ams.org/mbk-130

New in Contemporary 
Mathematics
Analysis

Linear and Multilinear 
Algebra and Function 
Spaces
A. Bourhim, Syracuse Univer-
sity, NY, J. Mashreghi, Université 
Laval, Québec, Canada, L. Oubbi, 
and Z. Abdelali, both of Moham-
med V University, Rabat, Morocco, 
Editors

This volume contains the pro-
ceedings of the International 
Conference on Algebra and Re-

lated Topics, held from July 2–5, 2018, at Mohammed V 
University, Rabat, Morocco.

Linear reserver problems demand the characterization 
of linear maps between algebras that leave invariant certain 
properties or certain subsets or relations. One of the most 
intractable unsolved problems is Kaplansky’s conjecture: 
every surjective unital invertibility preserving linear map 
between two semisimple Banach algebras is a Jordan homo-
morphism. Recently, there has been an upsurge of interest 
in nonlinear preservers, where the maps studied are no 
longer assumed linear but instead a weak algebraic condi-
tion is somehow involved through the preserving property.

ONTEMPORARY
ATHEMATICS

C
M

750

Linear and Multilinear 
Algebra and 

Function Spaces

A. Bourhim 
J. Mashreghi

L. Oubbi
Z. Abdelali

Editors

Centre de Recherches Mathématiques Proceedings

ONTEMPORARY
ATHEMATICS

C
M

749

Guillermo Cortiñas
Charles A. Weibel

Editors

K-theory in Algebra, 
Analysis and Topology

http://bookstore.ams.org/conm-750
http://bookstore.ams.org/mbk-130
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37F50, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/265/1288

bookstore.ams.org/memo-265-1288

On Self-Similar Sets with Overlaps 
and Inverse  Theorems for Entropy in Rd
Michael Hochman, Einstein Institute of Mathematics, Jeru-
salem, Israel

Memoirs of the American Mathematical Society, Volume 
265, Number 1287
June 2020, 100 pages, Softcover, ISBN: 978-1-4704-4177-
7, 2010 Mathematics Subject Classification: 28A80; 11K55, 
11B30, 11P70, List US$85, AMS members US$68, MAA 
members US$76.50, Order code MEMO/265/1287

bookstore.ams.org/memo-265-1287

Geometry and Topology

Degree Theory of Immersed Hypersurfaces
Harold Rosenberg, IMPA, Rio de Janeiro, Brazil, and Gra-
ham Smith, Centre de Recerca Matematica, Barcelona, Spain

Memoirs of the American Mathematical Society, Volume 
265, Number 1290
June 2020, 62 pages, Softcover, ISBN: 978-1-4704-4185-
2, 2010 Mathematics Subject Classification: 58D10; 58B05, 
58C40, 58J05, List US$85, AMS members US$68, MAA 
members US$76.50, Order code MEMO/265/1290

bookstore.ams.org/memo-265-1290

Localization for THH(ku) and the 
Topological Hochschild and Cyclic Homology 
of  Waldhausen Categories
Andrew Blumberg, The University of Texas, Austin, and Mi-
chael A. Mandell, Indiana University, Bloomington

This item will also be of interest to those working in algebra and 
algebraic geometry.

Memoirs of the American Mathematical Society, Volume 
265, Number 1286
June 2020, 100 pages, Softcover, ISBN: 978-1-4704-4178-
4, 2010 Mathematics Subject Classification: 19D55; 55P43, 
19L41, 19D10, List US$85, AMS members US$68, MAA 
members US$76.50, Order code MEMO/265/1286

bookstore.ams.org/memo-265-1286

C* -crossed products, and a proof of Bott periodicity using 
almost commuting matrices.

Contemporary Mathematics, Volume 749
June 2020, 388 pages, Softcover, ISBN: 978-1-4704-5026-
7, LC 2019045870, 2010 Mathematics Subject Classification: 
14A22, 14F05, 18F25, 18G55, 19A31, 19Dxx, 19G12, 
19K35, 19K56, 47L65, List US$120, AMS members US$96, 
MAA members US$108, Order code CONM/749

bookstore.ams.org/conm-749

New in Memoirs 
of the AMS
Algebra and 
Algebraic Geometry

Affine Flag Varieties and 
Quantum Symmetric Pairs
Zhaobing Fan, Harbin Engineering University, China, 
Chun-Ju Lai, University of Virginia, Charlottesville, VA, 
Yiqiang Li, University of Buffalo, NY, Li Luo, East China 
Normal University, Shanghai, China, and Weiqiang Wang, 
East China Normal University, Shanghai, China

Memoirs of the American Mathematical Society, Volume 
265, Number 1285
June 2020, 123 pages, Softcover, ISBN: 978-1-4704-4175-
3, 2010 Mathematics Subject Classification: 17B37, 20G25, 
14F43, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/265/1285

bookstore.ams.org/memo-265-1285

Analysis

Laminational Models for Some Spaces 
of Polynomials of Any Degree
Alexander Blokh, Lex Oversteegen, both of University of 
Alabama at Birmingham, Ross Ptacek, and Vladlen Timorin, 
both of National Research University Higher School of Econom-
ics, Moscow, Russia

Memoirs of the American Mathematical Society, Volume 
265, Number 1288
June 2020, 105 pages, Softcover, ISBN: 978-1-4704-4176-
0, 2010 Mathematics Subject Classification: 37F20; 37F10, 

http://bookstore.ams.org/memo-265-1288
http://bookstore.ams.org/conm-749
http://bookstore.ams.org/memo-265-1287
http://bookstore.ams.org/memo-265-1290
http://bookstore.ams.org/memo-265-1285
http://bookstore.ams.org/memo-265-1286
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Mathematical Physics

The Mother Body Phase Transition 
in the Normal Matrix Model
Pavel M. Bleher, Indiana University-Purdue University, India-
napolis, IN, and Guilherme L. F. Silva, Katholieke Universiteit 
Leuven, Belgium

Memoirs of the American Mathematical Society, Volume 
265, Number 1289
June 2020, 144 pages, Softcover, ISBN: 978-1-4704-
4184-5, 2010 Mathematics Subject Classification: 60B20; 
30C99, 30Exx, 30F30, 31A15, 44A60, List US$85, AMS 
members US$68, MAA members US$76.50, Order code 
MEMO/265/1289

bookstore.ams.org/memo-265-1289

Logic and Foundations

Minimal Weak Truth Table Degrees 
and Computably Enumerable Turing Degrees
Rod Downey, Victoria University of Wellington, New Zealand, 
Keng Meng Ng, Nanyang Technological University, Singapore, 
Singapore, and Reed Solomon, University of Connecticut, 
Storrs

This item will also be of interest to those working in analysis.

Memoirs of the American Mathematical Society, Volume 
265, Number 1284
June 2020, 90 pages, Softcover, ISBN: 978-1-4704-4162-3, 
2010 Mathematics Subject Classification: 03D25; 03D28, 
03D30, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/265/1284

bookstore.ams.org/memo-265-1284

L E A R N  A B O U T

A
M

S eBOOKS

Did you know that most
of our titles are now

available in eBook form?

Browse both our print and electronic 
titles at bookstore.ams.org.

http://bookstore.ams.org/memo-265-1284
http://bookstore.ams.org/memo-265-1289


Applications are invited for the position of Associate Executive Director for Meetings and Professional 
Services.  Come be part of an extraordinary collection of talent who support the Society’s extensive 
activities. This is an exciting opportunity to have a direct impact on the ways we advance research and 
create connections in the mathematics community. 

The Associate Executive Director heads the Meetings and Professional Services division and is part of the 
executive leadership team. Departments in the division support a variety of AMS meetings, programs, 
and activities that engage our members and the entire mathematical community.  This robust range of 
activities includes meetings such as the Joint Mathematics Meetings, projects such as the Annual Survey 
and Mathjobs.org, membership activities such as the AMS Graduate Student Chapters, and activities such 
as our AMS Mathematics Research Communities and the AMS Fellows program, as well as a number of 
education initiatives, various travel support programs, and several outreach activities. 

Responsibilities of the Associate Executive Director include:

• Developing and implementing long-range plans for all parts of the division

• Overseeing departments in the division, including budgetary planning and control

• Leadership and vision to ensure existing AMS programs optimize their impact, as well as in creating, 
planning, and implementing new programs

• Collaborating with other mathematical organizations

• Representing the division with AMS governance and the mathematical community

• Working closely with senior executive staff, as well as department directors across the organization, 
to ensure excellence and professionalism

Candidates should have an earned doctorate in one of the mathematical sciences as well as adminis-
trative experience. A strong interest in professional programs and services is essential, as is experience 
with grant writing. This position reports to the AMS Executive Director and also interacts with the AMS 
governance on the Council and Board of Trustees.

This position is full time, located in our Providence, RI headquarters. Salary is negotiable and will be  
commensurate with experience. Inquiries about the position are encouraged. Please contact exdir@
ams.org. This position is open until filled. Please submit letter of interest, CV, and three professional 
references to be considered for the position.

The American Mathematical Society is committed to creating 
a diverse environment and is proud to be an equal opportunity 
employer. All quali� ed applicants will receive consideration for 
employment without regard to race, color, religion, gender, gender 
identity or expression, sexual orientation, national origin, genetics, 
disability, age, veteran status, or immigration status.

POSITION AVAILABLE

ASSOCIATE EXECUTIVE DIRECTOR
for Meetings and Professional Services

AMERICAN MATHEMATICAL SOCIETY
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Meetings & Conferences of the AMS
June/July Table of Contents

Meetings in this Issue

  2020  
September 12–13 El Paso, Texas p. 940
October 3–4 State College, PA p. 946
October 10–11 Chattanooga, Tennessee  p. 947
October 24–25 Salt Lake City, Utah p. 948

  2021  
January 6–9 Washington, DC p. 950
March 13–14 Atlanta, Georgia p. 950
March 20–21 Providence, Rhode Island p. 951
April 17–18 Cincinnati, Ohio p. 951
May 1–2 San Francisco, California p. 952
July 5–9 Grenoble, France p. 952
July 19–23 Buenos Aires, Argentina p. 952
September 18–19 Buffalo, New York p. 953
October 9–10 Omaha, Nebraska p. 953
October 23–24 Albuquerque, NM p. 953
November 20–21 Mobile, Alabama p. 954

  2022  
January 5–8 Seattle, Washington p. 954
March 11–13 Charlottesville, Virginia p. 954
March 19–20 Medford, Massachusetts p. 955
March 26–27 West Lafayette, Indiana p. 956
May 14–15 Denver, Colorado p. 956

  2023  
January 4–7 Boston, Massachusetts p. 956
May 6–7 Fresno, California p. 956

See www.ams.org/meetings for the most up-to-date  
information on the meetings and conferences that we offer.

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Poten-
tial organizers, speakers, and hosts should refer to page 
110 in the January 2020 issue of the Notices for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
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IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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El Paso, Texas
University of Texas at El Paso

September 12–13, 2020
Saturday – Sunday

Meeting #1159
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: June 2020
Program first available on AMS website: July 28, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: Expired
For abstracts: July 14, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Please note that we continue to plan our 2020 Fall Sectional Meetings, as scheduled, while monitoring the impact of 
COVID-19 on travel and safety. Please know that these meetings will occur in-person or virtually. Further details will be 
posted on https://www.ams.org/meetings/sectional/sectional-index as soon as they are available.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
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Algebraic, geometric and topological combinatorics (Code: SS 6A), Art Duval, University of Texas at El Paso, Caroline 
Klivans, Brown University, and Jeremy Martin, University of Kansas.

Algebraic structures in topology, logic, and arithmetic (Code: SS 3A), John Harding, New Mexico State University, and Emil 
Schwab, The University of Texas at El Paso.

Commutative Algebra (Code: SS 12A), Sara Faridi, Dalhousie University, and Susan Morey, Texas State University.
Fixed point theory and its applications (Code: SS 5A), Monther R. Alfuraidan, King Fahd University of Petroleum & 

Minerals, KSA, Mohamed A. Khamsi, The University of Texas at El Paso, Poom Kumam, King Mongkut’s University of 
Technology, Thonburi, Thailand, and Osvaldo Mendez, The University of Texas at El Paso.

Free Resolutions, Combinatorics, and Geometry (Code: SS 17A), Anton Dochtermann, Texas State University, and Sean 
Sather-Wagstaff, Clemson University.

Geometric Inequalities and Nonlinear Partial Differential Equations (Code: SS 20A), Joshua Flynn, University of Connecti-
cut, Jungang Li, Brown University, and Guozhen Lu, University of Connecticut.

Geometry of Submanifolds and Integrable Systems (Code: SS 21A), Magdalena Toda and Hung Tran, Texas Tech University.
Groups and Their Cohomological Invariants in Arithmetic and Geometry (Code: SS 13A), Stefan Gille and Nikita Karpenko, 

University of Alberta, and Jan Minac, Western University.
High-Frequency data analysis and applications (Code: SS 1A), Maria Christina Mariani and Michael Pokojovy, University 

of Texas at El Paso, and Ambar Sengupta, University of Connecticut.
Leibniz Algebras and related topics (Code: SS 7A), Guy Biyogmam, Georgia College and State University, and Jerry Lod-

der, New Mexico State University.
Low-dimensional topology and knot theory (Code: SS 4A), Mohamed Ait Nouh and Luis Valdez-Sanchez, University of 

Texas at El Paso.
Methods and applications in data Science (Code: SS 9A), Sangjin Kim, Ming-Ying Leung, Xiaogang Su, and Amy Wagler, 

The University of Texas at El Paso.
Nonlinear analysis and optimization (Code: SS 2A), Behzad Djafari-Rouhani, University of Texas at El Paso, and Akhtar 

A. Khan, Rochester Institute of Technology.
Non-Linear Evolution Equations (Code: SS 19A), Irena Lasiecka and Roberto Triggiani, University of Memphis, and 

Xiang Wan, George Washington University.
Numerical partial differential equations and applications (Code: SS 10A), Son-Young Yi and Xianyi Zeng, The University 

of Texas at El Paso.
Recent advances in scientific computing and applications (Code: SS 11A), Natasha Sharma, University of Texas at El Paso, 

and Annalisa Quaini, University of Houston.
Recent Developments in Commutative Algebra (Code: SS 15A), Louiza Fouli and Jonathan Montaño, New Mexico State 

University.
Statistical methodology and applications (Code: SS 8A), Ori Rosen and Suneel Chatla, University of Texas at El Paso.
Stochastic Modeling in Mathematical Biology (Code: SS 16A), Mary Ballyk, New Mexico State University, Si Tang, Lehigh 

University, and Jianjun Paul Tian, New Mexico State University.
Theoretical and Computational Studies of PDEs Related to Fluid Mechanics (Code: SS 14A), Phuong Nguyen, Texas Tech 

University, Andrei Tarfulea, Louisiana State University, and Kazuo Yamazaki, Texas Tech University.
Undergraduate Teaching and Learning of Mathematics (Code: SS 18A), Paul Dawkins and Samuel Obara, Texas State 

University.

Accommodations
Participants should make their own arrangements directly with the hotel of their choice. Special discounted rates were 
negotiated with the hotels listed below. Rates quoted do not include state and local taxes (El Paso has a 17.5% occupancy 
tax, which includes 6.25% for the State of Texas. There are various taxes in local cities and towns). Other various hotel 
fees may apply. Participants must state that they are with the American Mathematical Society’s (AMS) Central Sectional 
Meeting to receive the discounted rate or use code provided. The AMS is not responsible for rate changes or for the quality 
of the accommodations. Hotels have varying cancellation and early checkout penalties; be sure to ask for details.

Hilton Garden Inn, El Paso/University, 111 West University Avenue, El Paso, TX 79902; (915) 351-2121; www.elpaso 
.stayhgi.com. Rate is US$99 for a room, bed size based on availability. To reserve a room at this rate please contact 
the hotel by phone directly at (915) 351-2121 or visit www.elpaso.stayhgi.com. Please use the group name American 
Mathematical Society when calling and AMATH when using the webpage. Group rate supersedes any other discounts and/
or promotions. A cancellation policy of 48 hours prior to the day of arrival exists, please ask for details when reserving a 
room. Amenities at this property include free Wi-Fi; room service available between 5:00 pm–10:00 pm; The Garden Grill, 
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the hotel’s on-site restaurant, serving American and Southwest cuisine; 24-hour airport shuttle; fitness room and pool.  
Check-in is at 3:00 pm, check-out is at 12:00 pm. Cancellation and early check-out policies vary and penalties may exist 
at this property; be sure to check when you make your reservation. This property is located on campus. The deadline for 
reservations at this rate is August 10, 2020. 

Holiday Inn El Paso West - Sunland Park, 900 Sunland Park Drive, El Paso, TX 79922; (915) 833-2900; www.ihg.com 
/holidayinn/hotels/us/en/el-paso/elpsl/hoteldetail?fromRedirect=true&qSrt=sBR&qIta=99801505&icdv 
=99801505&qSlH=elpsl&qGrpCd=AMS&setPMCookies=true&qSHBrC=HI&qDest=900%20Sunland%20Park%20 
Drive,%20El%20Paso,%20TX,%20US&srb_u=1. Rate is US$99 for a room with a king sized bed or a room with 2 queen 
sized beds, complimentary breakfast included. Guests can make their own reservations by calling the hotel directly at 
(915) 833-2900 or online at link provided (please input dates, click search, and the group rate will populate). When 
calling, please identify yourself as a part of the American Mathematical Society. Amenities at this property include free 
shuttle service from El Paso International Airport (call (915) 833-2900 to arrange pickup); free high-speed Wi-Fi; free 
self parking; fitness center. Pets are allowed and accepted with a non-refundable fee of US$50. Guests are responsible 
for any damages and cleaning costs that exceed the US$50 fee. Please inquire directly with hotel. Check-in is at 3:00 pm, 
check-out is at 12:00 pm. Cancellation and early check-out policies vary and penalties may exist at this property; be sure 
to check when you make your reservation. This property is located 5.6 miles from campus. The deadline for reservations 
at this rate is August 28, 2020.

Additional options for accommodations will be listed when available. Please check https://www.ams.org/amsmtgs  
/sectional.html for any updates.

Housing Warning 
Please beware of aggressive housing bureaus that target potential attendees of a meeting. They are sometimes called 
“room poachers” or “room-block pirates” and these companies generally position themselves as a meeting’s housing 
bureau, convincing attendees to unknowingly book outside the official room block. They call people who they think will 
more likely than not attend a meeting and lure them with room rates that are significantly less than the published group 
rate—for a limited time only. And people who find this offer tempting may hand over their credit card data, believing 
they have scored a great rate and their housing is a done deal. Unfortunately, this often turns out to be the start of a long, 
costly nightmare. 

Note that some of these room poachers create fake websites on which they represent themselves as the organizers of 
the meeting and include links to book rooms, etc. The only official website for this meeting is ams.org and one that has 
the official AMS logo.

These housing bureaus are not affiliated with the American Mathematical Society or any of its meetings, in any way. 
The AMS would never call anyone to solicit reservations for a meeting. The only way to book a room at a rate negotiated 
for an AMS Sectional Meeting is via a listing on AMS Sectional Meetings pages or Notices of the AMS. The AMS cannot be 
responsible for any damages incurred as a result of hotel bookings made with unofficial housing bureaus.

Food Services
At the time of the publication of this announcement, the University anticipates that there will be no dining options on 
campus. While there will be no dining options on campus there are many nearby and throughout the city of El Paso 
offering a variety of cuisines.

Some dining options in the area include: 
 • Kinley’s House Coffee & Tea, 2231 North Mesa Street, El Paso, TX 79902; (915) 838-7177; Serving coffee, tea, and 

light bites. Monday–Sunday 7:00 am–11:00 pm, 1 mile from campus.
 • Corralitos Steakhouse, 300 Cincinnati Avenue, El Paso, TX 79902; (915) 533-8335, www.corralitosteakhouse 
.com; Serving a variety of food and drink. Specializing in steak with a Mexican and American flare. Monday–Thursday 
11:00 am–10:00 pm; Friday–Saturday 11:00 am–1:00 am; Sunday 12:00 pm–8:00 pm, 0.2 miles from campus.

 • Fahrenheit 32, 2500 North Mesa Street STE C, El Paso, TX 79902; (915) 300-0111, www.facebook.com/fahrenheit32; 
Serving ice cream. Sunday–Thursday 11:00 am–9:00 pm; Friday–Saturday 11:00 am–11:00 pm, 2.1 miles from campus.

 • Coffee Box, 401 North Mesa Street, El Paso, TX 79901; www.elpasocoffeebox.com; Serving coffee, tea, and light fare 
all day. Monday–Friday 6:30 am–10:00 pm; Saturday 8:00 am–10:00 pm; Sunday 8:00 am–8:00 pm, 1.1 miles from 
campus.

 • Tabla, 115 South Durango Street Suite D, El Paso, TX 79901; (915) 533-8935, www.tabla-ep.com; Serving Spanish, 
American, and European cuisine with vegetarian and gluten-free options. Monday–Thursday 11:00 am–10:00 pm; 
Friday–Saturday 11:00 am–11:00 pm; Closed Sunday, 1.1 miles from campus.
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 • Ardovino’s Pizza, 206 Cincinnati Avenue, El Paso, TX 79902; (915) 532-9483, www.ardovinospizza.com; Serving 
Italian sandwiches, salads, and pizza. Monday–Thursday 11:00 am–9:00 pm; Friday–Saturday 11:00 am–10:00 pm; 
Sunday 11:30 am–8:00 pm, 0.2 miles from campus.

 • Tara Thai, 2606 North Mesa Street, El Paso, TX 79902; (915) 219-9307, www.tarathaikitchen.com; Serving Thai 
cuisine. Open for lunch and dinner. Monday–Thursday 11:00 am–9:00 pm; Saturday 11:00 am–10:00 pm; Closed 
Sunday, 0.5 miles from campus.

 • Starbucks, 2300 North Mesa Street, El Paso, TX 79902; (915) 577-0305, www.starbucks.com/store-locator 
/store/9765/mesa-kerby-2300-north-mesa-el-paso-tx-799023343-us; Serving coffee, tea, and light fare all 
day. Monday–Friday 6:00 am–7:00 pm; Saturday–Sunday 7:00 am–7:00 pm, 0.8 miles from campus.

 • Raising Cane’s Chicken Fingers, 2031 North Mesa Street, El Paso, TX 79902; (915) 351-4303, www.raisingcanes 
.com; Serving Raising Cane’s Chicken Fingers and Fries with Famous Sauce. Monday–Thursday 10:00 am–12:00 am; 
Saturday 10:00 am–1:00 am; Sunday 10:00 am–12:00 am, 0.7 miles from campus.

 • Sushi Place, 5905 North Mesa Street, El Paso, TX 79902; (915) 838-8088, www.thesushiplace.com; Serving sushi, 
steak, sashimi, wings, and other selections. Monday–Wednesday 11:00 am–10:00 pm; Thursday–Friday 11:00 am–11:00 
pm; Saturday 12:00 pm–11:00 pm; Sunday 12:00 pm–9:00 pm, 0.4 miles from campus.

Registration and Meeting Information
Advance Registration: Advance registration for this meeting is currently open. Advance registration fees are US$79 for 
AMS members, US$135 for nonmembers, US$16 for students and unemployed mathematicians, and US$20 for emeritus 
members. Fees are payable by credit or debit card. Participants may cancel registrations made in advance by emailing 
mmsb@ams.org. 100% refunds will be issued for any advance registrations canceled by the first day of the meeting. After 
Saturday, September 12, no refunds will be issued. Note that registration fees do not include meals.

On-site Information and Registration: The locations for Registration, the Book Exhibit, the Invited Address lectures as 
well as the Special Sessions and the Contributed Paper Sessions have yet to be determined. Please check the AMS website 
often for updates. For further information on the campus of The University of Texas at El Paso, an interactive campus 
map is available at www.utep.edu/map.

The registration desk will be open on Saturday, September 12 from 7:30 am to 4:00 pm and on Sunday, September 
13 from 8:00 am to 12:00 pm. The same fees listed above apply for on-site registration and will be payable with cash, 
check, credit or debit card.

Program Books
In order to keep registration fees as low as possible, save on printing costs, and make the meetings more environmentally 
friendly, a small fee will be charged for receiving a program book.

If you want to receive a program book, please complete the section entitled “Printed Program” on the registration form 
and pay a nominal fee of US$3 for each copy. If you do not want to receive a program book, please skip that section and 
click “Next.” All purchased program books will be distributed at the registration desk at the meeting. No program books 
will be mailed before the meeting. A small quantity of program books may be available for purchase on-site at meetings, 
however supplies will be limited.

For your convenience, the following changes have been made to the website to make the program more accessible 
and mobile-friendly. 
1. Online Timetable: The sectional meetings now have an online timetable display. It will provide a quick reference to 

where the sessions and rooms are located.
2. Print-friendly Pages: The pages of the program now have a “Print” button in the top right-hand corner. It is black 

and is depicted by a little printer. If you cannot see it, please maximize your window. The printer icon is sometimes 
bundled into the generic “share” icon when the window is re-sized. If you click the printer button, it will print the text 
of the page without additional webpage elements. If you go to the page of a special session and click the print icon, 
you will get a schedule of all the parts of that session. This can also be printed to pdf if you have a pdf printer installed.

3. Room Locations: The room locations are now more conspicuous in the web program when the program is scheduled.

Other Activities
Book Sales: Stop by the on-site AMS bookstore to review the newest publications and take advantage of exhibit discounts 
and free shipping on all on-site orders! AMS and MAA members receive 40% off list price. Nonmembers receive a 25% 
discount. Not a member? Ask a representative about the benefits of AMS membership.
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AMS Editorial Activity: An acquisitions editor from the AMS book program will be present to speak with prospective 
authors. If you have a book project that you wish to discuss with the AMS, please stop by the book exhibit.

Membership Activities: During the meeting, stop by the AMS Membership Exhibit to learn about the benefits of AMS 
Membership. Members receive free shipping on purchases all year long and additional discounts on books purchased at 
meetings, subscriptions to Notices and Bulletin, discounted registration for world-class meetings and conferences, and more!

Complimentary refreshments will be served courtesy in part of the AMS Membership Department.

Child Care Grants
The AMS will provide a limited number of reimbursement grants of US$125 per family to help with the cost of child 
care for registered participants at the meeting. The funds may be used for any form of child care that frees a parent to 
participate more fully in the meeting. Grants will be awarded on a first-come, first-served basis, one per family, and one 
per season (i.e. Spring or Fall), the latter depending on the amount of grants available. Registration for the meeting as 
well as membership in the AMS is required to apply for this program.

Information about applying for child care grants will be available prior to the opening of advance registration in January; 
watch the meeting website for details and instructions. Applications will be on MathPrograms.org and will be accepted 
on a first-come, first-served basis until July 14, 2020. Final decisions on recipients will be made on or before August 4, 
2020. All grant funds will be provided in the form of a check which will be issued at the meeting.

Special Needs
It is the goal of the AMS to ensure that its conferences are accessible to all, regardless of disability. The AMS will strive, 
unless it is not practicable, to choose venues that are fully accessible to the physically handicapped.

If special needs accommodations are necessary in order for you to participate in an AMS Sectional Meeting, please 
communicate your needs in advance to the AMS Meetings Department by: 

 • Registering early for the meeting,
 • Checking the appropriate box on the registration form, and
 • Sending an email request to the AMS Meetings Department at mmsb@ams.org or meet@ams.org.

AMS Policy on a Welcoming Environment
The AMS strives to ensure that participants in its activities enjoy a welcoming environment. Please see our full Policy on 
a Welcoming Environment at https://www.ams.org/welcoming-environment-policy.

Local Information and Maps
This meeting will take place on the campus of The University of Texas at El Paso located at 500 W University Ave, El Paso, 
TX 79968. A campus map can be found at www.utep.edu/map. Information about The University of Texas at El Paso 
Mathematics Department can be found at www.utep.edu/science/math. Please visit the University website www.utep 
.edu for additional information on the campus.

Locations of single occupancy, gender inclusive, and family restrooms will be available on-site at the meeting. The 
University of Texas at El Paso will make accommodations available to nursing persons as required by federal or state law, 
and will provide nursing persons access to a reasonable number of lactation stations across its campus. For information 
on lactation stations on campus please visit www.utep.edu/human-resources/services/benefits/lactation.html. 
Please contact Heather Butler at hpb@ams.org to make arrangements to access these rooms.

Please watch the AMS website at https://www.ams.org/meetings/sectional/sectional.html for additional 
information on this meeting. 

Parking
Parking is available for visitors to campus. For more information about parking on campus please visit www.utep.edu 
/parking-and-transportation/parking/visitors-parking.html.

Travel
The University of Texas at El Paso is located 9.2 miles from Ciudad Juárez, Mexico, 266.2 miles from Albuquerque, New 
Mexico, and 576.6 miles from Austin, the capital of Texas. El Paso International Airport (ELP) is the closest airport to the 
University. El Paso International Airport is approximately 9.2 miles from campus. The most common types of transpor-
tation used from the airport are rental cars, taxis, ride share, and shuttle services. 
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By Air:
El Paso International Airport (ELP) is the closest airport to The University of Texas at El Paso campus. El Paso Interna-
tional Airport is located approximately 9.2 miles from the University. 
By Train:
The El Paso region is served by Amtrak. Reservations can be made on Amtrak at www.amtrak.com/stations/elp. If 
traveling by rail, you will arrive at 700 West San Francisco Avenue, El Paso, TX 79901. The train station, called the El Paso 
Union Depot, is located 1.5 miles from campus.
By Bus:
The Sun Metro offers access around the city of El Paso, the home of The University of Texas at El Paso. The campus is 
accessible by bus services; standard fare costs US$1.50 and a one day fixed-route pass costs US$3.50. For additional in-
formation about bus fares and schedules please call (915) 222-3333 or visit www.sunmetro.net.
By Car:
All directions will direct drivers to a final destination of the campus of The University of Texas at El Paso. When using a 
GPS please be certain to enter 500 W University Ave, El Paso, TX 79968 as the final destination. For information on green 
transportation initiatives on campus please visit www.gogreen.utep.edu/transportation.html.

Local  Transportation
Bus and Subway Service:
The Sun Metro offers access around the city of El Paso, the home of The University of Texas at El Paso. The campus is 
accessible by bus services; standard fare costs US$1.50 and a one day fixed-route pass costs US$3.50. For additional in-
formation about bus fares and schedules please call (915) 222-3333 or visit www.sunmetro.net.
Taxi Service:
Licensed, metered taxis serve the area. Local taxi service is available from several vendors. Please visit www.elpaso 
internationalairport.com/taxis for a list of local taxi companies with airport permits. APride, Lyft, and Uber also 
operate in El Paso.

Weather
The average high temperature in El Paso for September is in the high 80s Fahrenheit, and the average low is in the mid 
60s Fahrenheit. Visitors should be prepared for warm weather. Participants are advised to check local weather forecasts 
in advance of their arrival.

Social Networking
Attendees and speakers are encouraged to tweet about the meeting using the hashtag #AMSmtg.

Information for International Participants
Visa regulations are continually changing for travel to the United States. Visa applications may take from three to four 
months to process and require a personal interview, as well as specific personal information. International participants 
should view the important information about traveling to the US found at travel.state.gov/content/travel 
/en.html. If you need a preliminary conference invitation in order to secure a visa, please send your request to hpb 
@ams.org.

If you discover you do need a visa, the National Academies website (see above) provides these tips for successful visa 
applications:

* Visa applicants are expected to provide evidence that they are intending to return to their country of residence. 
Therefore, applicants should provide proof of “binding” or sufficient ties to their home country or permanent residence 
abroad. This may include documentation of the following:

 • family ties in home country or country of legal permanent residence
 • property ownership
 • bank accounts
 • employment contract or statement from employer stating that the position will continue when the employee 

returns;
* Visa applications are more likely to be successful if done in a visitor’s home country than in a third country;
* Applicants should present their entire trip itinerary, including travel to any countries other than the United States, 

at the time of their visa application;
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* Include a letter of invitation from the meeting organizer or the US host, specifying the subject, location and dates 
of the activity, and how travel and local expenses will be covered;

* If travel plans will depend on early approval of the visa application, specify this at the time of the application;
* Provide proof of professional scientific and/or educational status (students should provide a university transcript). 
This list is not to be considered complete. Please visit the websites above for the most up-to-date information.

State College, Pennsylvania
Pennsylvania State University, University Park Campus

October 3–4, 2020
Saturday – Sunday

Meeting #1160
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: August 2020
Program first available on AMS website: August 25, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: Expired
For abstracts: August 11, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Mathematical Modeling of Infection (Code: SS 21A), Jessica M. Conway, Pennsylvania State University, Troy 
Day, Queen’s University, and Timothy C. Reluga, Pennsylvania State University.

Algebraic and Analytic Theory of Elliptic Curves (Code: SS 22A), Alina Cojocaru, University of Illinois at Chicago, Seoyung 
Kim, Queen’s University, Steven J. Miller, Williams College, and Jesse Thorner, University of Florida.

Algebraic Singularities in Arbitrary Characteristic (Code: SS 12A), Rankeya Datta, University of Illinois at Chicago, and 
Takumi Murayama, Princeton University.

Analytic Number Theory (Code: SS 11A), Angel V. Kumchev, Towson University, and Siddhi S. Pathak and Robert C. 
Vaughan, Pennsylvania State University.

Automorphic Forms and Galois Representations (Code: SS 3A), Jim Brown, Occidental College, and Krzysztof Klosin, 
Queens College, CUNY.

Cluster Algebras and Plabic Graphs (Code: SS 16A), Chris Fraser, University of Minnesota, and Max Glick, Google Inc.
Combinatorics and Computing (Code: SS 17A), Saúl A. Blanco, Indiana University, and Charles Buehrle, Notre Dame 

of Maryland University.
Commutative Algebra and Connections to Algebraic Geometry and Combinatorics (Code: SS 4A), Ayah Almousa, Cornell 

University, and Kuei-Nuan Lin, Pennsylvania State University, Greater Allegheny.
Configuration Spaces across Combinatorics and Topology (Code: SS 18A), Florian Frick and Michael Harrison, Carnegie 

Mellon University.
Conservation Laws and Nonlinear Wave Equations (Code: SS 14A), Alberto Bressan, Pennsylvania State University, Geng 

Chen, University of Kansas, and Qingtian Zhang, West Virginia University.
Drinfeld Modules, Modular Varieties and Arithmetic Applications (Code: SS 10A), Mihran Papikian, Pennsylvania State 

University, and Dinesh Thakur, University of Rochester.
Geometric Dynamics (Code: SS 23A), Mark Levi and Sergei Tabachnikov, Pennsylvania State University.
Geometry and Arithmetic of Algebraic Varieties (Code: SS 8A), Jack Huizenga, John Kopper, and John Lesieutre, Penn-

sylvania State University.
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Geometry of Groups and 3-manifolds (Code: SS 2A), Abhijit Champanerkar, College of Staten Island and The Graduate 
Center, CUNY, and Hongbin Sun, Rutgers University.

Group Representations and Related topics (Code: SS 9A), Shawn T. Burkett, Kent State University, Mark L. Lewis, Kent 
State University, and Hung P. Tong-Viet, Binghamton University.

Homological Methods in Algebra (Code: SS 5A), Ela Celikbas and Olgur Celikbas, West Virginia University, and Saeed 
Nasseh, Georgia Southern University.

Legendrian Knots and Surfaces (Code: SS 6A), Honghao Gao, Michigan State University, and Dan Rutherford, Ball State 
University.

Nonlinear Scientific Computing and Applications (Code: SS 1A), Wenrui Hao, Pennsylvania State University.
q-Series and Related Areas in Combinatorics and Number Theory (Code: SS 7A), George Andrews, David Little, and Ae Ja 

Yee, Pennsylvania State University.
Recent Developments in Gauge Theory (Code: SS 19A), Siqi He, Stony Brook University, and Ákos Nagy, Duke University.
Recent Probabilistic Advances in Mathematical Physics (Code: SS 20A), Alexei Novikiov, Izabella Stuhl, and Yuri Suhov, 

Pennsylvania State University.
Turbulence and Mixing in Fluid Dynamics (Code: SS 15A), Yuanyuan Feng, Anna Mazzucato, and Alexei Novikov, 

Pennsylvania State University.
Variational Aspects of Geometric Analysis (Code: SS 13A), Jeffrey Case, Pennsylvania State University, Casey Kelleher and 

Chao Li, Princeton University, and Siyi Zhang, University of Notre Dame.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 10–11, 2020
Saturday – Sunday

Meeting #1161
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: August 2020
Program first available on AMS website: September 1, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 18, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Quantitative approaches to social justice.
Xingxing Yu, Georgia Institute of Technology, Structure of graphs without subdivided K5.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 20A), Hashim A 
Saber, University of North Georgia.

Advances in Graph Theory (Code: SS 5A), Xiaofeng Gu, University of West Georgia, and Dong Ye, Middle Tennessee 
State University.

Advances in Image Reconstruction Algorithms for Inverse Tomography Problems (Code: SS 22A), Sanwar Uddin Ahmad, 
Colorado State University, and Taufiquar R Khan, Clemson University.

Advances in the Modeling and Computation of Fluid Flows and Fluid-Structure Interactions (Code: SS 11A), Jin Wang and 
Eleni Panagiotou, University of Tennessee at Chattanooga.

Applicable Analysis of PDE Systems which Govern Fluid Flows and Flow-Structure Interactions (Code: SS 12A), Pelin Guven 
Geredeli, Iowa State University, and George Avalos, University of Nebraska-Lincoln.
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Applied Knot Theory (Code: SS 4A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 2A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Coding Theory, Cryptography, and Number Theory (Code: SS 16A), Ryann Cartor, Shuhong Gao, Kevin James, and Felice 
Manganiello, Clemson University.

Commutative Algebra (Code: SS 1A), Simplice Tchamna, Georgia College, and Lokendra Paudel, University of South 
Carolina, Salkehatchie.

Convexity and Probability in High Dimensions (Code: SS 21A), Steven Hoehner, Longwood University, and Stanislaw 
Szarek and Elisabeth Werner, Case Western Reserve University.

Geometric and Topological Generalization of Groups (Code: SS 19A), Bikash C Das, University of North Georgia.
Homological Commutative Algebra (Code: SS 9A), Hugh Geller, James Gossell, and Sean Sather-Wagstaff, Clemson 

University.
Interactions Between Algebra, Geometry and Topology in Low Dimensions (Code: SS 6A), Alex Casella and Lorenzo Ruffoni, 

Florida State University at Tallahassee, and Michelle Chu, University of Illinois at Chicago.
Mathematics in Industry and National Laboratories (Code: SS 15A), Samantha Erwin and John Gounley, Oak Ridge 

National Laboratory.
Modern Applied Analysis (Code: SS 8A), Boris Belinskiy, University of Tennessee at Chattanooga.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 10A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Polynomials, Approximation Theory, and Potential Theory (Code: SS 13A), Aaron Yeager, College of Coastal Georgia, and 

Erik Lundberg, Florida Atlantic University.
Probability and Statistical Models with Applications (Code: SS 7A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.
Title To Be Announced (Code: SS 18A), Giulia Saccà, Columbia University.
Topological Data Analysis and Artificial Intelligence (Code: SS 14A), Vasilios Maroulas and Farzana Nasrin, University 

of Tennessee, Knoxville, Eleni Panagiotou, University of Tennessee at Chattanooga, and Theodore Papamarkou, Oak 
Ridge National Laboratory.

Salt Lake City, Utah
University of Utah

October 24–25, 2020
Saturday – Sunday

Meeting #1162
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: August 2020
Program first available on AMS website: September 17, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: Expired
For abstracts: September 1, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Bhargav Bhatt, University of Michigan, Ann Arbor, Title to be announced.
Jonathan Brundan, University of Oregon, Eugene, Monoidal categories, old and new.
Andrei Okounkov, Columbia University, Title to be announced (Erdo ˝s Memorial Lecture).
Mariel Vazquez, University of California, Davis, Title to be announced.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic combinatorics and applications in harmonic analysis (Code: SS 4A), Joseph Iverson and Sung Y. Song, Iowa State 
University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 3A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building bridges between commutative algebra and nearby areas (Code: SS 6A), Benjamin Briggs and Josh Pollitz, Uni-
versity of Utah.

Commutative Algebra (Code: SS 5A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), József Balogh, University of Illinois, and Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (2-digit MCS#51) (Code: SS 10A), 

Alexander M. Henderson, University of California, Riverside, Machiel van Frankenhuijsen, Utah Valley University, and 
Edward K. Voskanian, The College of New Jersey.

Free boundary problems arising in applications (Code: SS 17A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, The University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 7A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Temple University, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 12A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 21A), Agnés Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
How to Solve It? Heuristics and Inquiry Based Learning (Code: SS 15A), Mario Banuelos, California State University, 

Fresno, Andrew G. Benedek, Research Centre for the Humanities, Eötvös Loránd Research Network, Hungary, and Agnes 
Tuska, California State University, Fresno.

Inverse Problems (Code: SS 13A), Hanna Makaruk, Los Alamos National Laboratory, Los Alamos, NM, and Robert 
Owczarek, University of New Mexico, Albuquerque, NM, and University of New Mexico, Los Alamos, NM.

Knotted surfaces and concordances (Code: SS 18A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 
Washington University, and Maggie Miller, Princeton University.

Mathematics of Collective Behavior (Code: SS 11A), Roman Shvydkoy, University of Illinois at Chicago, and Daniel Lear.
Monoidal Categories in Representation Theory (associated with the Invited Address by Jon Brundan) (Code: SS 2A), Jonathan 

Brundan, Ben Elias, and Victor Ostrik, University of Oregon.
PDEs, data, and inverse problems (Code: SS 8A), Jared Whitehead, Brigham Young University.
Recent advances in algebraic geometry and commutative algebra in or near characteristic p (associated with the Invited Address 

by Bhargav Bhatt) (Code: SS 9A), Bhargav Bhatt, University of Michigan, and Karl Schwede, University of Utah.
Recent advances in the theory of fluid dynamics (Code: SS 20A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 19A), Joe Koebbe, 

Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Recent Developments in Distribution Theory and Its Applications (Code: SS 14A), Clement Boateng Ampadu, Boston, MA.
Several Complex Variables: Emerging Applications, Connections, and Synergies (Code: SS 16A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in graphs, hypergraphs and set systems (Code: SS 22A), John Engbers, Marquette University, David Galvin, Uni-

versity of Notre Dame, and Cliff Smyth, University of North Carolina Greensboro.
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Washington, District of Columbia
Walter E. Washington Convention Center

January 6–9, 2021
Wednesday – Saturday

Meeting #1163
Joint Mathematics Meetings, including the 127th Annual 
Meeting of the AMS, 104th Annual Meeting of the Mathe-
matical Association of America (MAA), annual meetings of 
the Association for Women in Mathematics (AWM) and the 
National Association of Mathematicians (NAM), and the win-
ter meeting of the Association of Symbolic Logic (ASL), with 
sessions contributed by the Society for Industrial and Applied 
Mathematics (SIAM).

Associate secretary: Brian D. Boe
Announcement issue of Notices: October 2020
Program first available on AMS website: November 1, 2020
Issue of Abstracts: Volume 42, Issue 1

Deadlines
For organizers: Expired
For abstracts: September 8, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Andrea Bertozzi, University of California Los Angeles, Title to be announced (AWM-AMS Noether Lecture).
Trachette Jackson, University of Michigan, Title to be announced (MAA-AMS-SIAM Gerald and Judith Porter Public 

Lecture).

AMS Invited Addresses
Douglas N. Arnold, University of Minnesota, Title to be announced.
Ryan Hynd, University of Pennsylvania, Title to be announced.
Ciprian Manolescu, Stanford University, Title to be announced.
Andrea Nahmod, University of Massachusetts Amherst, Title to be announced.
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture I).
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture II).
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture III).
Lenka Zdeborova, Institut de Physique Theorique, Title to be announced (AMS Josiah Willard Gibbs Lecture).
Xinwen Zhu, California Institute of Technology, Title to be announced.

Atlanta, Georgia
Georgia Institute of Technology

March 13–14, 2021
Saturday – Sunday

Meeting #1164
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: December 2020
Program first available on AMS website: January 28, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: August 13, 2020
For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.



JuNe/July 2020  Notices of the AmericAN mAthemAticAl society   951

MEETINGS & CONFERENCES

Differential Graded Methods in Commutative Algebra, Saeed Nasseh, Georgia Southern University, and Adela Vraciu, 
University of South Carolina, Columbia.

Providence, Rhode Island
Brown University

March 20–21, 2021
Saturday – Sunday

Meeting #1165
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: December 2020
Program first available on AMS website: January 28, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: August 20, 2020
For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sigal Gottlieb, University of Massachusetts at Dartmouth, Title to be announced.
Jennifer Balakrishnan, Boston University, Title to be announced.
Sam Payne, University of Texas, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Applied Combinatorics, Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and Caroline Klivans, 
Brown University.

Commutative Algebra, Laura Ghezzi, Department of Mathematics, New York City College of Technology-CUNY, Saeed 
Nasseh, Georgia Southern University, and Oana Veliche, Northeastern University.

Mirror Symmetry and Enumerative Geometry, Mandy Cheung, Harvard University, and Siu-Cheong Lau and Yu-Shen 
Lin, Boston University.

Recent Advances in Schubert Calculus and Related Topics, Cristian Lenart and Changlong Zhong, State University of New 
York at Albany.

Cincinnati, Ohio
University of Cincinnati

April 17–18, 2021
Saturday – Sunday

Meeting #1166
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: January 2021
Program first available on AMS website: February 25, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: September 12, 2020
For abstracts: February 16, 2021



952    Notices of the AmericAN mAthemAticAl society Volume 67, Number 6

MEETINGS & CONFERENCES

San Francisco, California
San Francisco State University

May 1–2, 2021
Saturday – Sunday

Meeting #1167
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: February 2021
Program first available on AMS website: February 25, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: October 1, 2020
For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Differential Geometry and Geometric PDE, Alfonso Agnew, Nicholas Brubaker, Thomas Murphy, Shoo Seto, and Bog-
dan Suceavă , California State University, Fullerton.

Grenoble, France
Université de Grenoble-Alpes

July 5–9, 2021
Monday – Friday

Meeting #1168
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: May 2021

Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Deadlines
For organizers: September 15, 2020
For abstracts: Not applicable

Buenos Aires, Argentina
The University of Buenos Aires

July 19–23, 2021
Monday – Friday

Meeting #1169
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: May 2021

Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Deadlines
For organizers: September 15, 2020
For abstracts: Not applicable
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Buffalo, New York
University at Buffalo (SUNY)

September 18–19, 2021
Saturday – Sunday

Meeting #1170
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: June/July 2021
Program first available on AMS website: August 5, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: February 18, 2021
For abstracts: July 27, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Kirstin Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer Mueller, Colorado State University, Title to be announced.

Omaha, Nebraska
Creighton University

October 9–10, 2021
Saturday – Sunday

Meeting #1171
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: August 2021
Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: March 9, 2021
For abstracts: August 10, 2021

Albuquerque, New Mexico
University of New Mexico

October 23–24, 2021
Saturday – Sunday

Meeting #1172
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: August 2021
Program first available on AMS website: September 2, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: March 23, 2021
For abstracts: August 26, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University of New Mexico.
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Mobile, Alabama
University of South Alabama

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: September 21, 2021
Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: April 20, 2021
For abstracts: September 21, 2021

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
Associate secretary: Georgia Benkart
Announcement issue of Notices: October 2021

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 12, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam, University of Dayton, and Youssef Raffoul, University of Dayton.  

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Virginia Tech, Stanca 
Ciupe, Virginia Tech, and Omar Saucedo, Virginia Tech.  

Advances in Operator Algebra (Code: SS 11A), Ben Hayes, University of Virginia, and David Sherman, University of 
Virginia.
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Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-
versity of Virginia, and Igor Rapinchuk, Michigan State University.  

Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 
and Rebecca R.G., George Mason University. 

Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-
son University.

Homotopy Theory (Code: SS 10A), Julie Bergner, University of Virginia, and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis. 
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin, University of Connecticut, and Li 

Chen, University of Connecticut.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall, University of Wisconsin-Madison, and 

Joris Roos, University of Wisconsin-Madison.
Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 

Waterloo. 
Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 

College, Nicola Tarasca, Virginia Commonwealth University, and Juan Villarreal, Virginia Commonwealth University.
Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki, University of Vir-

ginia, and Ken Ono, University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 24, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
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Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 
Murphy, Tufts University.

Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 
Mark Mixer, Wentworth Institute of Technology.

West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 31, 2021
For abstracts: January 25, 2022

Denver, Colorado
University of Denver

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 12, 2021
For abstracts: March 15, 2022

Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: October 2022
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023
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Distribution Center

35 Monticello Place,  
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facebook.com/amermathsoc
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Differential Equations and Linear Algebra  
Gilbert Strang, Massachusetts Institute of Technology

Differential equations and linear algebra are the two cru-
cial courses in undergraduate mathematics. This new text-
book develops those subjects separately and together. The 
complete book is a year’s course and includes Fourier and 
Laplace transforms, as well as the Fast Fourier Transform 
and Singular Value Decomposition.

Undergraduate students in courses covering differential 
equations and linear algebra, either separately or together, 
will find this material essential to their understanding.
The Gilbert Strang Series, Volume 1; 2014; 502 pages; Hardcover; ISBN: 
978-0-9802327-9-0; List US$87.50; AMS members US$70; Order code 
STRANG/1

Introduction to Linear Algebra  
Fifth Edition  
Gilbert Strang, Massachusetts Institute of Technology

This book is designed to help students understand and 
solve the four central problems of linear algebra that 
involve: (1) linear systems, (2) least squares, (3) eigenval-
ues, and (4) singular values.
The Gilbert Strang Series, Volume 2; 2016; 573 pages; Hardcover; ISBN: 
978-0-9802327-7-6; List US$95; AMS members US$76; Order code 
STRANG/2

Linear Algebra and Learning from Data  
Gilbert Strang, Massachusetts Institute of Technology

This is a textbook to help readers understand the steps that 
lead to deep learning. Linear algebra comes first, especially 
singular values, least squares, and matrix factorizations. 
Often the goal is a low rank approximation A = CR (col-
umn-row) to a large matrix of data to see its most import-
ant part. This uses the full array of applied linear algebra, 
including randomization for very large matrices.
The Gilbert Strang Series, Volume 3; 2019; 432 pages; Hardcover; ISBN: 
978-0-692-19638-0; List US$95; AMS members US$76; Order code 
STRANG/3

NOW AVAILABLE 
from the AMS

Discover more titles at
bookstore.ams.org

= Textbook

Publications of Wellesley-Cambridge 
Press. Distributed within the Americas 
by the American Mathematical Society.

http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc
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